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ABSTRACT
Learned cardinality estimation requires accurate model designs to

capture the local characteristics of probability distributions. How-

ever, existing models may fail to accurately capture complex, mul-

tilateral dependencies between attributes. Diffusion models, mean-

while, can succeed in estimating image distributions with thousands

of dimensions, making them promising candidates, but their heavy

weight and high latency prohibit effective implementation. We seek

to make diffusion models more lightweight by introducing Acceler-

ated Diffusion Cardest (ADC), the first "downsized" diffusion model

framework for efficient, high-precision cardinality estimation. ADC

utilizes a hybrid architecture that integrates a Gaussian Mixture-

Bayesnet selectivity estimator with a score-based density estimator

to perform precise Monte Carlo integration. Addressing the issue of

prohibitive inference latencies common in large generative models,

we provide theoretical advancements concerning the asymptotic

behavior of score functions as time 𝑡 approaches zero and con-

vergence rate estimates as 𝑡 increases, enabling the adaptation of

score-based diffusion models to the moderate dimensionalities and

stringent latency requirements of database systems.

We also introduce ADC+, an optimized variant that dynami-

cally identifies queries with high volume and selectivity, bypassing

complex density evaluations in these cases to reduce variance and

latency. Through experiments conducted against five learned esti-

mators, including the state-of-the-art Naru, we demonstrate that

ADC and ADC+ offer superior robustness when handling datasets

with multilateral dependencies, which cannot be effectively sum-

marized using pairwise or triple-wise correlations. In fact, ADC+ is
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10 times more accurate than Naru on such datasets. Additionally,

ADC+ achieves competitive accuracy comparable to Naru across all

tested datasets while maintaining latency half that of Naru’s and

requiring minimal storage (<350KB) on most datasets.

1 INTRODUCTION
Score-based Diffusion Models have presented the deep learning

community with a very, if not the most, attractive way of acquiring

highly local information about a complex high-dimensional prob-

ability distribution [3]. These models work by training a neural

network to approximate the score (gradient of its log function) of

an evolving probability density function, which, starting out as the

distribution to be learned, is gradually turned into Gaussian noise

through a diffusion process. Using the learned score function, score-

based diffusion models can then reverse the diffusion process by

solving a backward diffusion stochastic differential equation (SDE),

and, in doing so, sample from [6][22][25] or evaluate [24][25] the

underlying distribution at the user’s request.

Given their success, one may naturally wonder whether cardi-

nality estimation, a task crucial for the ideal performance of query

optimizers, can also benefit from diffusion models. Indeed, several

learned cardinality estimation models, such as Naru[27] and DQM-

D[8], are already performing cardinality estimation by approximat-

ing an underlying probability density function at individual points,

then numerically integrating it across the queried region using

various Monte Carlo schemes[16][27]. However, simply grabbing a

popular score-based diffusion model off the shelf probably won’t

work due to the three reasons below.



First, while conventional models used for image generation excel

at approximating distributions with thousands of dimensions, the

sampling process often takes up to tens of seconds, even with

the help of advanced TPUs[11] and time-saving techniques like

consistency models[23] or DPM Solver[17], which is often longer

than the time it costs to actually execute the query.

Second, image generation and cardinality estimation require

different magnitudes of precision: while making it five times more

likely to generate a specific image gives a generative model its

unique art style, predicting 5000 tuples to exist in a region where

only 1000 actually do gives a query optimizer an optimization

disaster.

Most importantly, existing works on diffusion models have never

touched on the problem of integrating the probability density func-

tion across a given region, a task useless for image generation, yet

crucial for cardinality estimation.

We aim to overcome the aforementioned limitations by present-

ing Accelerated Diffusion Cardest (ADC) and ADC+
1
, downsized

diffusion models suited for cardinality estimation with their struc-

ture described in Figure 1, where
• ADC answers ranged queries via a prediction-sampling-

correction Monte Carlo algorithm, and

• ADC+ takes a shortcut to skip sampling and correction

when answering high volume, high selectivity queries, for

which the prediction is already accurate enough.

Figure 1: ADC’s training and inference framework.

Here, our major contributions are:

(1) Downsizing Diffusion Models. We present the first applica-

tion of diffusion models to cardinality estimation, providing

theoretical guidance that results in more expressive net-

works and better parameter choices under moderate dimen-

sionalities. We overcome existing challenges by presenting

two major findings regarding the diffusion process and the

score function. That is, we give asymptotic estimates for

the score function as 𝑡 → 0 around regions with differ-

ent continuity conditions, helping us mitigate the problem

of score blowup by introducing normalization coefficients
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that grow at different speeds, and we give lower bounds

for the speed at which ∇ log𝑝𝑡 (𝑥) converges to − 𝑥

𝜎2 (𝑡 ) as

𝑡 grows large, which proves faster than what is generally

assumed [3], helping us choose the integration time-step

and 𝑇 , the perturbation upper bound. Using these results,

one can design diffusion models that are more accurate and

efficient in the database scenario, utilizing their relative

freedom from the curse of dimensionality.

(2) Constructing ADC/ADC+. Using such findings, we design

ADC, a diffusion-based algorithm that estimates query car-

dinality using three modules: a Score Estimator 𝑠𝜃 (𝑥, 𝑡) to
match the score function ∇ log𝑝𝑡 (𝑥), a Density Estimator
𝑝𝜃 (𝑥) to estimate pointwise densities using an integration

formula for likelihood evaluation [24], and a Gaussian Mix-

ture Model(GMM)-Bayesnet hybrid Selectivity Estimator
𝑞(𝑥) to be the predictor in the Monte Carlo formula∫

𝑉

𝑝 (𝑥)𝑑𝑥 =

∫
𝑉

𝑞(𝑥)𝑑𝑥 · E𝑞 (𝑥 |𝑥∈𝑉 )
𝑝 (𝑥)
𝑞(𝑥) (1)

for ranged queries. ADC+ further uses features "predicted

selectivity

∫
𝑉
𝑞(𝑥)𝑑𝑥" and "query volume" to identify queries

for which the variance added by E𝑞 (𝑥 |𝑥∈𝑉 )
𝑝 (𝑥 )
𝑞 (𝑥 ) exceeds the

bias it corrects, in which case it trusts the selectivity estima-

tor to directly output

∫
𝑉
𝑞(𝑥)𝑑𝑥 , resulting in lower median

Q-error and latency compared to ADC.

(3) Experimental Evaluation. We test ADC and ADC+ against

five learned estimators (DeepDB[10], Naru[27], LW-NN,

LW-Tree[7],MSCN[13]), adhering towell-established bench-

marks for dataset choice and workload design[26]. We find

that ADC and ADC+ are able to learn complex, multilateral

dependencies between attributes that cannot be captured

by pairwise or triple-wise correlations. In fact, on a syn-

thetic dataset designed to magnify the above trait, ADC+

performs best in the models tested, being 10 times more

accurate
2
than Naru on 95%th and 99%th Q-error. ADC+

also performs well on real-world datasets, rivaling Naru in

accuracy and almost always beating all other models, using

less than 350KB of storage space and with a latency of less

than 10ms per query for the majority of datasets.

2 BACKGROUND AND RELATEDWORK
2.1 Cardinality Estimation
2.1.1 Problem Formulation. Consider a relation 𝑅 with attribute

domains {𝐴1, ..., 𝐴𝑑 } and a query𝑄 , which can be viewed as a subset

Ω ⊆ 𝐴1×𝐴2× ...×𝐴𝑑 , cardinality estimation requires us to estimate

the query’s cardinality, i.e., |Ω∩𝑅 |, without conducting a full search
of the relation 𝑅.

More specifically, existing research on cardinality estimation,

such as [9] and [7], often consider an important subproblem in

which {𝐴𝑖 }𝑑𝑖=1
are all bounded intervals of R and Ω =

∏𝑑
𝑖=1

𝐵𝑖 , with

𝐵𝑖 ⊆ 𝐴𝑖 a subinterval of 𝐴𝑖 (possibly 𝐴𝑖 itself). This is also the

subproblem we study throughout the paper.

2
We define "accuracy" as the difference between Q-error and 1, as 1 is Q-error’s optimal

value
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2.1.2 Current Methods. Current approaches to cardinality estima-

tion can be very roughly categorized into learned and non-learned

methods [26]. Traditional non-learned methods, such as small-scale

sampling, multidimensional histograms [2], Bayesnet [4], and ker-

nel density estimators [9], are usually more time-efficient and rela-

tively robust to constant updates [26], but less accurate than learned

models. Thus, they are of more use when the data distribution is

simple, when the database is frequently updated, or when the pre-

cision requirements are not strict.

Learned models, on the other hand, usually conduct cardinality

estimation in one of two ways [26]. Regression models, such as

MSCN [13], LW-tree, and LW-NN [7], learn from labeled queries

by converting them into feature vectors, then constructing a re-

gression model to match these vectors with the true cardinality of

corresponding queries. Besides producing estimation results more

accurate than traditional models, these models also have the ad-

vantage of taking relatively little time to train, and can make an

estimate as quickly as many non-learned methods.

Joint distribution models, meanwhile, assume that data points

are distributed according to a probability density function 𝑝 (𝑥),
and thus turn cardinality estimation into a numerical integration

problem: that is, calculating 𝑝 (𝑥) at individual points, then sum-

ming them up using a predefined integration scheme. For example,

estimators like Naru [27] and DQM-D [8] calculate the joint distri-

bution function by factorizing it into conditional distributions

𝑝 (𝐴1, ..., 𝐴𝑛) =
𝑑∏
𝑖=1

𝑝 (𝐴𝑖 |𝐴1, ..., 𝐴𝑖−1),

then sum them up using the Monte Carlo formula (1) with the

predictor, 𝑞(𝑥), constructed via sequential sampling (Naru), VEGAS

[16] (DQM-D), or other algorithms. While joint distribution models

cost more time to train and infer, they are known to produce some

of the most accurate cardinality estimators.

2.1.3 Why Diffusion Models? The high accuracy of joint distribu-

tion models invites us to dig deeper into this specific category. How-

ever, current joint distributionmodels all share a subtle but common

limitation: conventional methods of constructing the estimator 𝑝 , be

it autogression (Naru, DQM-D) or sum-product networks (DeepDB

[10]), tend to treat a tuple as a collection of correlated, but ulti-

mately distinct, set of attributes rather than a single unified point,

risking declines in accuracy if different attributes exhibit complex,

multilateral correlations (eg. lying a short distance from several

disjoint submanifolds of high curvature) that cannot be efficiently

captured by pairwise or even triple-wise correlation alone. While

Naru, arguably the state-of-the-art joint distribution estimator, at-

tempts to handle this by factorizing autoregression models in the

most expressive way possible (i.e., considering all prior attributes

when predicting a new one), it thus experiences a high latency,

and, as shown in our experiments, still struggles to capture enough

details when the distribution grows too complex.

A diffusion model, on the other hand, generates an image by

solving a unified reverse diffusion equation, rather than predicting

the values of independent pixel clusters. What’s more, their accu-

racy and expressiveness are repeatedly proven by their success in

the generation of images and videos, whose dimensionality often

soars in the realm of thousands. Therefore, they bring the potential

of overcoming the previous limitation, taking the achievements of

joint distribution models one step further.

2.2 Score-Based Diffusion Models
2.2.1 Introduction and Notations. Score-based diffusion models are

the generative models that made AI drawing and video generation

a reality, thanks to pioneering work by Song, Dickstein and Kingma

[25], Song and Dhariwal [23], Ho, Jain, and Abbeel [11], Leobacher

and Pillichshammer [6], and many others. For clarity, we present

a summary of notations in Table 1. Each notation will also be

explained upon its first appearance.

Table 1: Mathematical Notations

Notation Definition

𝑑 Dimensionality of the dataset

𝑤 Standard Brownian motion

𝑤̂ Standard Wiener process in reverse time

𝜑𝜎2 Distribution density function of N(0, 𝜎2)
𝜏𝑘 Scaling operator (𝜏𝑘 ◦ 𝑔) (𝑥) = 𝑘𝑑𝑔(𝑘𝑥)
Φ Cumulative density function of N(0, 1)

𝑝0 (𝑥) The original data distributionwe seek to reconstruct

𝑘𝛼,𝛽 (𝑡) 𝑒
∫ 𝑡

0
𝛼 (𝑠 )𝑑𝑠

, abbreviated as 𝑘 (𝑡)
𝜎2

𝛼,𝛽
(𝑡) Function satisfying

𝑑
𝑑𝑡
(𝜎2 (𝑡)) = 𝛽 (𝑡) − 2𝛼 (𝑡)𝜎2 (𝑡),

𝜎2 (0) = 0, abbreviated as 𝜎2 (𝑡)
𝑝𝑡,𝛼,𝛽 (𝑥) Distribution derived by perturbing 𝑝0 using the dif-

fusion SDE 𝑑𝑥 = −𝛼 (𝑡)𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤 from time 0 to

𝑡 , abbreviated as 𝑝𝑡 (𝑥)
𝑝0𝑡,𝛼,𝛽 (𝑥 |𝑥0) Distribution derived by perturbing 𝛿𝑥0

, a distribu-

tion concentrated on 𝑥0, using the above SDE from

time 0 to 𝑡 , abbreviated as 𝑝0𝑡 (𝑥 |𝑥0).
𝑞(𝑥) Distribution reconstructed by the GMM predictor.

𝑞𝑡,𝛼,𝛽 (𝑥) Distribution derived by perturbing 𝑞0 = 𝑞 using the

above SDE from time 0 to 𝑡 , abbreviated as 𝑞𝑡 (𝑥).
𝑠𝜃 (𝑥, 𝑡) Neural network, often used to approximate

∇ log𝑝𝑡 (𝑥), with 𝜃 the learnable parameter.

𝜖 Early stopping time implemented upon training

𝑠𝜃 (𝑥, 𝑡), see 3.3 for why it is needed.

𝑠𝜃 (𝑥, 𝑡) 𝑠𝜃 (𝑥, 𝑡 + 𝜖)

2.2.2 Forward and Backward process. Given a set of data points

satisfying an unknown distribution 𝑝0 in the sample spaceR𝑑 , score-
based diffusion models attempt to learn and sample from 𝑝0 in two

steps: the Forward Process and the Backward Process[25].
The Forward Process gradually injects white noise into the sam-

ple points to create Gaussian kernels around them, slowly turning

𝑝0 into a smooth Gaussian distribution using the forward Stochastic
Differential Equation (SDE)

𝑑𝑥 = −𝛼 (𝑡)𝑥𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤, 𝑡 ∈ [0,𝑇 ], (2)

where𝑤 refers to the standard Brownian motion.

Twomost common choices for 𝛼 and 𝛽 are 𝛼 (𝑡) = 0, 𝛽 (𝑡) = 1 (the

VE scheme) and 𝛼 (𝑡) = 1, 𝛽 (𝑡) =
√

2 (the VP scheme)[25]. However,

works including [14] and [28] show that we can, in theory, choose

any positive function for 𝛼 and 𝛽 without fundamentally changing

3



the model, as is formally stated by the theorem below. Therefore, we

shall assume the VP scheme in all later discussions unless otherwise

specified.

Theorem 2.1.
3 Let 𝑝0 be a probabilistic distribution and {𝑝𝑡 |𝑡 ∈

[0,𝑇 ]} be a family of distributions derived by perturbing 𝑝0 using

the SDE (2) from time 0 to time 𝑇 . Let 𝑘 (𝑡) = 𝑒
∫ 𝑡

0
𝛼 (𝑠 )𝑑𝑠 , and 𝜎2 (𝑡) be

the solution of the initial value Ordinary Differential Equation (ODE)

𝑑𝜎2/𝑑𝑡 = 𝛽 (𝑡) − 2𝛼 (𝑡)𝜎2 (𝑡)
𝜎2 (0) = 0,

then, for each choice of 𝛼 and 𝛽 , it would hold that

𝑝𝑡,𝛼,𝛽 = (𝜏𝑘 (𝑡 ) ◦ 𝑝0) ∗ 𝜑𝜎2 (𝑡 ) (3)

∇ log𝑝𝑡,𝛼,𝛽 (𝑥) = 𝑘 (𝑡)∇ log 𝑝𝜎2 (𝑡 )𝑘2 (𝑡 ),0,1 (𝑘 (𝑡)𝑥), (4)

where 𝜏 in R𝑑 is the scaling operator (𝜏𝑘 ◦ 𝑓 ) (𝑥) = 𝑘𝑑 𝑓 (𝑘𝑥) and
𝜑𝜎2 (𝑡 ) in R𝑑 is the probability density function of N(0, 𝜎2 (𝑡)𝐼𝑑 ).

The Backward Process, in turn, generates a sample point by

first sampling a starting point

𝑥 (𝑇 ) ∼ N (0, 𝜎2 (𝑇 )𝐼𝑑 ) ≈ 𝑝𝑇,𝛼,𝛽 (𝑥),
then using it as an initial value to solve the reverse diffusion SDE
[25]

𝑑𝑥 = −[𝛼 (𝑡)𝑥 + 𝛽2 (𝑡)∇ log𝑝𝑡 (𝑥)]𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤̂
where 𝑤̂ denotes a standard Wiener process in reverse time.

To approximate the unknown score function, ∇ log𝑝𝑡 (𝑥), diffu-
sion models train a neural network 𝑠𝜃 (𝑥, 𝑡) to minimize∫ 𝑇

0

E𝑝𝑡,𝑎𝑝𝑝𝑟 (𝑥 ) [𝛽2 (𝑡)


∇ log𝑝𝑡,𝑎𝑝𝑝𝑟 (𝑥) − 𝑠𝜃 (𝑥, 𝑡)



2

2
]𝑑𝑡 (5)

in a process called score matching, with

𝑝𝑡,𝑎𝑝𝑝𝑟 (𝑥) =
1

𝑁

𝑁∑︁
𝑖=1

N( 𝑥𝑖

𝑘 (𝑡) , 𝜎
2 (𝑡)𝐼𝑑 ) (6)

being our empirical approximation for 𝑝𝑡 (𝑥) from 𝑁 i.i.d. samples.

2.2.3 Error Analysis and Likelihood Evaluation. Theorem 2.2, dis-

covered by Song and Durkan[24], provides a robust error analysis

for diffusion models and a formula for estimating pointwise density

values of the underlying distribution.

Theorem 2.2. [24] Let 𝑠𝜃 (𝑥, 𝑡) : R𝑑 × R+ → R𝑑 be a neural
network and 𝑝0 be a probability distribution, and 𝑝0,𝜃 (𝑥) to be the
marginal distribution of 𝑥 (0) after 𝑥 (𝑇 ) ∼ N (0, 𝜎2 (𝑇 )𝐼𝑑 ) is per-
turbed by the reverse diffusion SDE

𝑑𝑥 = −[𝛼 (𝑡)𝑥 + 𝛽2 (𝑡)𝑠𝜃 (𝑥, 𝑡)]𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤̂
from time 𝑡 to time 0. Using the notation of Theorem A, the KL
divergence between 𝑝0 and 𝑝𝜃 can be upper bounded by

𝐷𝐾𝐿
(
𝑝0 (𝑥) , 𝑝0,𝜃 (𝑥)

)
≤ 𝐷𝐾𝐿

(
𝑝𝑇,𝛼,𝛽 ,N

(
0, 𝜎2 (𝑇 )𝐼𝑑

) )
+1

2

∫ 𝑇

0

E𝑝𝑡,𝛼,𝛽 (𝑥 ) [𝛽
2 (𝑡)



∇ log𝑝𝑡,𝛼,𝛽 (𝑥) − 𝑠𝜃 (𝑥, 𝑡)


2

2
]𝑑𝑡, (7)

while the value of log 𝑝𝜃 (𝑥0) can be lower bounded by

log 𝑝0,𝜃 (𝑥0) ≥ E𝑝
0𝑇 (𝑥 |𝑥0 ) log𝜑𝜎2 (𝑇 ) (𝑥)+

∫ 𝑇

0

𝑛𝛼 (𝑡)𝑑𝑡− 1

2

∫ 𝑇

0

𝛽2 (𝑡)·

3
See Appendix A for proof of all theorems

E𝑝
0𝑡 (𝑥 |𝑥

0
) [∥∇ log𝑝0𝑡 (𝑥 |𝑥0) − 𝑠𝜃 (𝑥, 𝑡)∥22 − ∥∇ log𝑝0𝑡 (𝑥 |𝑥0)∥22]𝑑𝑡

(8)

with the equal sign holding in both inequalities if there exists a prob-
ability distribution 𝑞 such that 𝑠𝜃 (𝑥, 𝑡) = ∇ log𝑞𝑡 (𝑥),∀𝑡 ∈ [0,𝑇 ].

Theorem 2.2 lays the foundation for our model, allowing us to

estimate a probability density function at any point, and hence

conduct cardinality estimation, by training 𝑠𝜃 (𝑥, 𝑡) and integrating

it across time and sample space.

Our model, ADC, is composed of three key modules: the Score
Estimator, the Density Estimator, and the Selectivity Estimator. Sec-
tions 3 to 5 shall each be devoted to one of the estimators above.

3 THE SCORE ESTIMATOR
3.1 Model Choice
The score estimator trains a neural network, 𝑠𝜃 (𝑥, 𝑡), to approx-

imate the score function {∇ log𝑝𝑡 (𝑥) |𝑡 ∈ (0,𝑇 ]}, thus providing
the density estimator with the data it needs to calculate pointwise

densities. Compared to training a network that directly outputs

∇ log𝑝𝑡 (𝑥), works on score-based diffusion models usually find one

of the following two methods much more efficient.

These approaches, named the data prediction model [12][18]
and the noise prediction model [18][25] respectively, are both
inspired by a corollary of (2) that 𝑥 (𝑡) ∼ 𝑝𝑡 (𝑥) is the sum of two

independent variables 𝑥𝑠𝑖𝑔 and 𝑥𝑛𝑜𝑖𝑠𝑒 , where 𝑘 (𝑡)𝑥𝑠𝑖𝑔 ∼ 𝑝0 (𝑥) and
𝜎 (𝑡)−1𝑥𝑛𝑜𝑖𝑠𝑒 ∼ N(0, 𝐼𝑑 ). Therefore, ∇ log𝑝𝑡 (𝑥) equals∫

R𝑑 [𝜏𝑘 (𝑡 ) ◦ 𝑝0] (𝑥𝑠𝑖𝑔)∇𝜑𝜎2 (𝑡 ) (𝑥 − 𝑥𝑠𝑖𝑔)𝑑𝑥𝑠𝑖𝑔∫
R𝑑 [𝜏𝑘 (𝑡 ) ◦ 𝑝0] (𝑥𝑠𝑖𝑔)𝜑𝜎2 (𝑡 ) (𝑥 − 𝑥𝑠𝑖𝑔)𝑑𝑥𝑠𝑖𝑔

= E𝑝𝑠 (𝑥𝑠𝑖𝑔 |𝑥 )
𝑥𝑠𝑖𝑔 − 𝑥
𝜎2 (𝑡) ,

where

𝑝𝑠 (𝑥𝑠𝑖𝑔 |𝑥) = [𝜏𝑘 (𝑡 ) ◦ 𝑝0] (𝑥𝑠𝑖𝑔)𝜑𝜎2 (𝑡 ) (𝑥 − 𝑥𝑠𝑖𝑔)
denotes the conditional distribution of 𝑥𝑠𝑖𝑔 for a fixed 𝑥 .

As a result, the data predictionmodelworks by having 𝑣𝜃 (𝑥, 𝑡)
learn to match E𝑝𝑠 (𝑥𝑠𝑖𝑔 |𝑥 )𝑘 (𝑡)𝑥𝑠𝑖𝑔 , the normalized conditional ex-

pectation of 𝑥𝑠𝑖𝑔 for a given 𝑥 , and then output

∇ log𝑝𝑡 (𝑥) ≈ 𝑠𝜃 (𝑥, 𝑡) =
𝑣𝜃 (𝑥, 𝑡)
𝜎2 (𝑡)𝑘 (𝑡) −

𝑥

𝜎2 (𝑡) .

Similarly, defining

𝑝𝑛 (𝑥𝑛𝑜𝑖𝑠𝑒 |𝑥) = [𝜏𝑘 (𝑡 ) ◦ 𝑝0] (𝑥 − 𝑥𝑛𝑜𝑖𝑠𝑒 )𝜑𝜎2 (𝑡 ) (𝑥𝑛𝑜𝑖𝑠𝑒 ),
the noise prediction model has 𝑣𝜃 (𝑥, 𝑡) learn to match

E𝑝𝑛 (𝑥𝑛𝑜𝑖𝑠𝑒 |𝑥 )
𝑥𝑛𝑜𝑖𝑠𝑒

𝜎 (𝑡) ,

and then output ∇ log𝑝𝑡 (𝑥) ≈ 𝑠𝜃 (𝑥, 𝑡) = 𝑣𝜃 (𝑥,𝑡 )
𝜎 (𝑡 ) .

Conventional works on diffusion models usually stick to one

of the two designs throughout the score matching process. How-

ever, we can easily predict which design works better at a given

time 𝑡 . Indeed, as 𝑥 = 𝑥𝑠𝑖𝑔 + 𝑥𝑛𝑜𝑖𝑠𝑒 , absolute error from approximat-

ing E𝑝𝑠 (𝑥𝑠𝑖𝑔 |𝑥 )𝑥𝑠𝑖𝑔 and E𝑝𝑛 (𝑥𝑠𝑖𝑔 |𝑥 )𝑥𝑛𝑜𝑖𝑠𝑒 equally affect the error term

∇ log𝑝𝑡,𝑎𝑝𝑝𝑟𝑜𝑥 (𝑥) − 𝑠𝜃 (𝑥, 𝑡)


2

2
for any choice of (𝑥, 𝑡). Thus, pre-

dicting the smaller of 𝑥𝑠𝑖𝑔 and 𝑥𝑛𝑜𝑖𝑠𝑒 would reduce the denominator

for relative error, thereby leading to a larger relative error tolerance.
A common property of the forward diffusion process is that

the signal-to-noise ratio, E(𝑥𝑠𝑖𝑔)/E(𝑥𝑛𝑜𝑖𝑠𝑒 ), decreases uniformly
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with 𝑡 . Thus, we have ADC’s score estimator break score matching

into two parts: approximating ∇ log𝑝𝑡 (𝑥) with a data prediction

model 𝑠𝜃2,𝑡𝑎𝑖𝑙 (𝑥, 𝑡) when 𝑡 is above a threshold 𝑇𝑡𝑟𝑢𝑛𝑐 , and a noise

prediction model 𝑠𝜃1,ℎ𝑒𝑎𝑑 (𝑥, 𝑡) when 𝑡 is below it. To the best of our

knowledge, this is the first time such a practice has been adopted

in the field of score-based diffusion models.

Many studies [3] [21] [23] show that 𝑝𝑡,𝑎𝑝𝑝𝑟 (𝑥), when constructed
from i.i.d. samples, grows drastically larger and more volatile as

𝑡 → 0 and eventually explodes to infinity. As a result, 𝑠𝜃1,ℎ𝑒𝑎𝑑 must

be somewhat heavy to produce moderately accurate estimations,

but 𝑠𝜃2,𝑡𝑎𝑖𝑙 can be very lightweight yet just as precise, especially

since when 𝑝𝑡 gets sufficiently close to N(0, 𝜎2 (𝑡)), the data pre-
diction model’s added term,

− 𝑥

𝜎2 (𝑡) = ∇ log𝜑𝜎2 (𝑡 ) (𝑥),

has already completed the bulk of score matching pretty decently.

Therefore, our approach of implementing two separate models not

only improves precision but can also speed up computation by

calculating the score function with a heavy network only where it

is really needed. Finally, the extra storage space cost incurred by

training two separate models is quite minimal: On all benchmark

datasets, the extra network used by the data prediction model,

𝑠𝜃2,𝑡𝑎𝑖𝑙 , only takes up roughly a third of 𝑠𝜃1,ℎ𝑒𝑎𝑑 ’s storage space.

3.2 Model Architecture Improvement: QuadNet
Due to difficulties encountered in training, we modify the noise pre-

diction model based on the observation that the term 𝑥𝑛𝑜𝑖𝑠𝑒 might

or might not cancel itself out when calculating E𝑝𝑛 (𝑥𝑛𝑜𝑖𝑠𝑒 |𝑥 )
𝑥𝑛𝑜𝑖𝑠𝑒
𝜎 (𝑡 ) ,

making the growth pattern of ∇ log𝑝𝑡 (𝑥) vary significantly depend-
ing on the smoothness of 𝑝0 (𝑥) instead of being fixed to a uniform

O( 1

𝜎 (𝑡 ) ), as is assumed by the traditional model design.

The theoretical foundation of our proposed modifications is

summed up in the theorem below.

Theorem 3.1. Let 𝑝0 be the weighted average of several positive
distributions {𝑝𝑖 }𝑛𝑖=1

, such that

{𝑉𝑖 }𝑛𝑖=1
:= {𝑥 |𝑝𝑖 (𝑥) > 0}𝑛𝑖=1

are open domains in R𝑑 intersecting only at their boundaries, and
each 𝑝𝑖 is Lipschitz with constant 𝑘𝑖 in the interior (but not necessarily
at the boundary) of 𝑉𝑖 . Denote 𝑉0 = R𝑑\ ∪𝑛𝑖=1

𝑉𝑖 for convenience, and
let {𝑝𝑡 |𝑡 ∈ (0,𝑇 ]} be the family of distributions derived by perturbing
𝑝0 according to the VE[25] scheme (results for the VP[25] scheme can
be immediately derived from Theorem A), then:

(1) ∀𝑥 ∈ 𝑉𝑖 such that 𝐵(𝑥, 𝑟 ) ⊆ 𝑉𝑖 ,
∇ log𝑝𝑡 (𝑥0) = ∇ log 𝑝0 (𝑥0) + 𝛿1 (𝑥0, 𝑡),

with 𝛿1 (𝑥0, 𝑡) an infinitesimal term of order 𝑂 (𝜎 (𝑡)).
(2) ∀𝑥 ∈ 𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 with at most one of 𝑖 and 𝑗 being zero, if

𝐵(𝑥0, 𝑟 ) ⊆ 𝑉𝑖∪𝑉𝑗 , 𝑝0,𝑖 (𝑥0)+𝑝0, 𝑗 (𝑥0) > 0, and inside 𝐵(𝑥0, 𝑟 ),

d

(
𝑦,𝑇𝑥0

(𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 )
)
≤ ℎ ∥𝑦 − 𝑥0∥22

holds for some constant ℎ and all 𝑦 ∈ 𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 , then ∀𝜆,
∇ log𝑝𝑡 (𝑥0 + 𝜆

√
𝑡 ®𝑛) would equal

𝑒−
𝜆2

2 (𝑝0,𝑖 (𝑥0) − 𝑝0, 𝑗 (𝑥0)) ®𝑛
2𝜎 (𝑡)

(
Φ(𝜆)𝑝0,𝑖 (𝑥0) + (1 − Φ(𝜆)𝑝0, 𝑗 (𝑥0))

) + 𝛿𝜎 (𝑥0, 𝜆, 𝑡),

with ®𝑛 the unit vector normal to𝑇𝑥0
(𝜕𝑉𝑖 ∩𝜕𝑉𝑗 ), pointing from

𝑉𝑗 to 𝑉𝑖 , and 𝛿𝜎 (𝑥0, 𝜆, 𝑡) a residual term of order 𝑂 (1).
(3) ∀𝑥 ∈ 𝑉0, suppose 𝑦0 ∈ 𝑉𝑖 is the point closest to 𝑥0 such that

𝑦0 ∈ ∪𝑘𝑖=1
𝑉𝑖 . If 𝑃 (𝑥 ∈ 𝐵𝑟 (𝑦) |𝑥 ∼ 𝑝0) > 𝑀1𝑟

𝑘 ,∀0 < 𝑟 < 𝑅 for
some constants𝑀1, 𝑘1, while

∥𝑧 − 𝑥0∥22 − ∥𝑦0 − 𝑥0∥22 ≥ min{𝑀2, 𝑘2 ∥𝑧 − 𝑦0∥22}
for all 𝑧 ∈ ∪𝑘𝑖=1

𝑉𝑖 and some constants𝑀2, 𝑘2, then

∇ log𝑝𝑡 (𝑥0) =
𝑦0 − 𝑥0

𝜎2 (𝑡) + 𝛿𝜎2 (𝑥0, 𝑡),

with 𝛿𝜎2 (𝑥0, 𝑡) a term of order 𝑜 ( 1

𝜎 (𝑡 )1+𝜖 ) for all 𝜖 > 0.

Such estimates inspire us to present Quadnet, a new network

structure. That is, for a 𝑑-dimensional dataset, we have our network

𝑠𝜃1,ℎ𝑒𝑎𝑑 generate a vector (𝑣𝜎2 , 𝑣𝜎 , 𝑣1) of length 3𝑑 , and output

∇ log𝑝𝑡 (𝑥) ≈
𝑣𝜎2

𝜎2 (𝑡) +
𝑣𝜎

𝜎 (𝑡) + 𝑣1,

so that each module effectively captures the behavior of ∇ log𝑝𝑡 (𝑥)
near one type of region, while correcting the residual error term

near the more "explosive" regions.

To illustrate the advantage of Quadnet, we define a toy dataset

as of Figure 2, and have a Quadnet of shape [3, 10, 25, 25, 10, 6] com-

pete against three compare group networks of shape [3, 10, 25, 25, 10,

6, 2] in performing score matching for small 𝑡 . Compared to its com-

petitors that possess only the quadratic (1/𝜎2 (𝑡)), linear (1/𝜎 (𝑡),
i.e. a traditional noise prediction model), or constant (i.e. one that

directly approximates ∇ log𝑝𝑡 (𝑥)) scaling module, Quadnet con-

verges faster, settles to a lower error, and becomes less prone to

falling into saddle points than all of its competitors.

Figure 2: The 2d toy dataset for testing (left) and the loss curve
of different score matching network architectures (right).
"Ideal network" (red) refers to Quadnet while Network 1
(blue), 2 (yellow), and 3 (green) possess only the quadratic,
linear, and constant scaling module, respectively.

3.3 Choosing Early Stopping Time
Despite the enhancements above, it is widely observed that the

score function would still grow to a point beyond the approxima-

tion ability of any neural networks when 𝑡 becomes too close to

zero. Score-based diffusion models used for image generation mit-

igate this problem by implementing early stopping [21][23]: that

is, training the score matching model (i.e., calculating the score
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approximation loss) and running the reverse diffusion SDE solver

on the interval (𝜖,𝑇 ] rather than (0,𝑇 ], and treating 𝑥 (𝜖) rather
than 𝑥 (0) as the final sample.

The score estimator in ADC is trained using the same early

stopping approach, with 𝜖 , the early stopping time, selected among

values { 1

1280
, 1

640
, 1

320
, 1

160
} using a trial-and-error approach (starting

from
1

1280
and increasing 𝜖 if the MSE loss proves too big). We notice

that the best choice for 𝜖 increases with dimensionality and volume

of the data distribution’s typical set, but more work is still needed

to determine the best choice for 𝜖 ahead of model construction.

4 THE DENSITY ESTIMATOR
4.1 Model Design
Relying on 𝑠𝜃 (𝑥, 𝑡) ≈ ∇ log 𝑝𝑡 (𝑥), as input, the density estimator

calculates pointwise joint densities using the formula (15), in which

we denote

∥∇ log𝑝0𝑡 (𝑥 |𝑥0) − 𝑠𝜃 (𝑥, 𝑡)∥22 − ∥∇ log𝑝0𝑡 (𝑥 |𝑥0)∥22
as 𝑔𝑥0

(𝑥, 𝑡, 𝑠𝜃 ) for convenience. In the formula (15),

𝑓 (𝑥0, 𝛼, 𝛽,𝑇 ) = E𝑝
0𝑇 (𝑥 |𝑥0 ) log𝜑𝜎2 (𝑇 ) (𝑥) +

∫ 𝑇

0

𝑛𝛼 (𝑡)𝑑𝑡

can be calculated analytically, thus leaving the estimation of

1

2

∫ 𝑇

0

𝛽2 (𝑡)E𝑝
0𝑡 (𝑥 |𝑥

0
)𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 )𝑑𝑡

to be the bulk of our work.

Again, due to early stopping and score blowup, our network

𝑠𝜃 (𝑥, 𝑡) is not (and cannot be) trained to produce the value of

∇ log𝑝𝛿 (𝑥) for all 𝛿 < 𝜖 , potentially leading to wildly inaccu-

rate representations. There are three ways to deal with this: we

can evaluate the integral while skipping the [0, 𝜖) interval, we
can assume 𝑠𝜃 (𝑥, 𝛿) = 𝑠𝜃 (𝑥, 𝜖) for all 𝛿 < 𝜖 , or we can define

𝑠𝜃 (𝑥, 𝑡) = 𝑠𝜃 (𝑥, 𝑡 + 𝜖), 𝛼 (𝑡) = 𝛼 (𝑡 + 𝜖), ˜𝛽 = 𝛽 (𝑡 + 𝜖) and calculate

log 𝑝𝜖,𝜃 (𝑥0) ≈ 𝑓 (𝑥0, 𝛼, ˜𝛽,𝑇 ) +
∫ 𝑇

0

˜𝛽2 (𝑡)E𝑝
0𝑡 (𝑥 |𝑥

0
)𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 )𝑑𝑡,

which would be an approximation of

𝑝𝜖 (𝑥) = [(𝜏𝑘 (𝜖 ) ◦ 𝑝0) ∗ 𝜑𝜎2 (𝑡 ) ] (𝑥)
more numerically stable.

ADC chooses the third approach despite the added perturba-

tion, both because it’s easier to analyze theoretically, and because

the first two approaches seem to introduce arbitrary spikes in the

approximated joint distribution function that significantly reduce

the accuracy of the current selectivity estimator, designed using a

predictor-corrector importance sampling algorithm. Whether the

first two approaches might work for a different selectivity estimator

design can be a topic of future research.

The above formula requires us to integrate𝑔𝑥0
across both sample

space (when calculating E𝑝
0𝑡 (𝑥 |𝑥

0
)𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 )) and time. Here, time

comes at a much lower dimension than space. What’s more, we

generally know much more about how the norm of ∇ log𝑝𝑡 (𝑥)
changes with respect to time than how it does with respect to space,

as the latter greatly depends on the underlying distribution.

To account for such, we present a hybrid integration approach:

for integration across time, ADC implements an adaptive stepsize

Midpoint Rule Integrator, which is more suited for low-dimensional

functions and can be easily modified to capitalize our knowledge of

the score function’s behavior; for calculating the expectation across

space, ADC implements a Quasi Monte Carlo [15] integrator much

more robust against the curse of dimensionality.

Summing it up, for our chosen VP perturbation scheme where

𝛼 (𝑡) = 1 and 𝛽 (𝑡) =
√

2 are set to constants, ADC approximates∫ 𝑇

0

E𝑝0𝑡 (𝑥 |𝑥0 )𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 )𝑑𝑡

using

𝑁∑︁
𝑖=1

(𝑡𝑖 − 𝑡𝑖−1)
2
𝑘

[ 2
𝑘∑︁
𝑗=1

𝑔𝑥0

(
𝜎 (𝑡𝑖 )Φ−1

(
𝑧 𝑗 + 𝑦 (𝑡𝑖 )

)
+ 𝑥0

𝑘 (𝑡𝑖 )
, 𝑡𝑖 , 𝑠𝜃

)]
, (9)

where 0 = 𝑡0 < 𝑡1 < ... < 𝑡𝑁−1 < 𝑡𝑁 = 𝑇 is a partition of [0,𝑇 ],
𝑡𝑖 = (𝑡𝑖−1 + 𝑡𝑖 )/2; {𝑧 𝑗 }2

𝑘

𝑗=1
is a Sobol sequence of length 2

𝑘
in the

unit cube; {𝑦 (𝑡𝑖 )}𝑁𝑖=1
are 𝑁 random samples from U( [0, 1]𝑑 ), used

to perturb {𝑧 𝑗 } so that the integrator will not focus too much on

any specific region; Φ is the distribution function of the standard

normal distribution, acting pointwise on each coordinate; and the

sum between 𝑧 𝑗 and 𝑦 (𝑡𝑖 ) is taken in T
𝑛
rather than R𝑛 to prevent

out-of-domain inputs for Φ−1
.

4.2 Integrand Choice
Based on the data prediction model, we further propose modifying

the expression of 𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 ) for 𝑡 > 𝑇𝑡𝑟𝑢𝑛𝑐 in a way that drastically

reduces integration error and allows for the use of much larger

time-steps.

Our idea is based on the following observations. First, for large 𝑡 ,

𝑠𝜃 (𝑥, 𝑡) would quickly approach − 𝑥

𝜎2 (𝑡 ) . Second, the data prediction

model is already using
𝑣𝜃 (𝑥,𝑡 )
𝜎2 (𝑡 )𝑘 (𝑡 ) to approximate the residual term

∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 ) rather than ∇ log𝑝𝑡 (𝑥) itself. Most importantly,

E𝑝0𝑡 (𝑥 |𝑥0 )
[ 

∇ log𝑝0𝑡 (𝑥 |𝑥0) +

(
𝑥/𝜎2 (𝑡)

)

2

2
− ∥∇ log𝑝0𝑡 (𝑥 |𝑥0)∥22

]
is exactly calculated as

𝛽2 (𝑡) (𝑛𝜎2 (𝑡)𝑘2 (𝑡) + ∥𝑥0∥22)
𝜎4 (𝑡)𝑘2 (𝑡) ,

which can be integrated analytically on any interval whenever 𝛼 (𝑡)
and 𝛽 (𝑡) are constants.

With the above in mind, for all 𝑡 > 𝑇𝑡𝑟𝑢𝑛𝑐 , ADC decomposes

𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 ) into the terms

1

𝜎4 (𝑡)𝑘2 (𝑡) ⟨𝑣𝜃 (𝑥, 𝑡), 𝑣𝜃 (𝑥, 𝑡) − 2𝑥0⟩ − ⟨
𝑥

𝜎2 (𝑡) ,
𝑥

𝜎2 (𝑡) −
2𝑥0

𝜎2 (𝑡)𝑘 (𝑡) ⟩,

leaves the second term for exact calculation, and only approximates

the first term, denoted from now on as 𝑔𝑟𝑒𝑠,𝑥0
(𝑥, 𝑡, 𝑣𝜃 ), using hybrid

numerical integration.

Thismodification ismeaningful in that as 𝑡 gets larger,𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 ),

the original integrand, would approach a nonzero value that varies

notably with 𝑥 , but 𝑔𝑟𝑒𝑠,𝑥0
(𝑥, 𝑡, 𝑣𝜃 ) converges to zero at a rate no

slower than O( 1

𝜎4 (𝑡 )𝑘2 (𝑡 ) ), i.e., O(𝑒
−2𝑡 ) under the VP scheme. As

a result, ADC is allowed to implement much larger time steps for

even moderately large 𝑡 , significantly boosting its efficiency.
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Algorithm 1 Set Time-step Scheme for Density Estimator

Require: Time threshold 𝑇𝑡𝑟𝑢𝑛𝑐 , early stopping time 𝜖 , baseline

step-size 𝛿ℎ𝑒𝑎𝑑 , 𝛿𝑡𝑎𝑖𝑙
Ensure: Time-step scheme {𝑡𝑖 }𝑁𝑖=0

1: Set 𝑠0 ← 𝑇𝑡𝑟𝑢𝑛𝑐 , 𝑖 ← 0

2: while 𝑠𝑖 > 0 do
3: 𝑠𝑖−1 ← 𝑡𝑖 − 𝛿ℎ𝑒𝑎𝑑 · 𝜎 (𝑠𝑖 )𝜎 (𝑠𝑖+𝜖 )

𝜎 (𝑇𝑡𝑟𝑢𝑛𝑐 )𝜎 (𝑇𝑡𝑟𝑢𝑛𝑐+𝜖 ) , 𝑖 ← 𝑖 − 1

4: end while
5: 𝑠𝑖 ← 0, 𝑁1 ← 𝑖

6: 𝑖 ← 0

7: while 𝑠𝑖 < 𝑇 do
8: 𝑠𝑖+1 ← 𝑠𝑖 + 𝛿𝑡𝑎𝑖𝑙 · 𝜎

4 (𝑇𝑡𝑟𝑢𝑛𝑐 )𝑘2 (𝑇𝑡𝑟𝑢𝑛𝑐 )
𝜎4 (𝑠𝑖 )𝑘2 (𝑠𝑖 )

, 𝑖 ← 𝑖 + 1

9: end while
10: 𝑠𝑖 ← 𝑇 , 𝑁 ← 𝑖 − 𝑁1

11: {𝑡𝑖 }𝑁𝑖=0
← {𝑠𝑖−𝑁1

}𝑁𝑖=0

12: return {𝑡𝑖 }𝑁𝑖=0

4.3 Parameter Choice
We discuss our rationale for choosing two parameters: 𝑇 , the inte-

gration upper bound, currently set to 3; and {𝑡𝑖 }𝑁𝑖=0
, the timestep

scheme, currently chosen via the pseudocode in Algorithm 1.
To choose 𝑇 , we consider the following theorem that provides

a lower bound for the speed at which 𝑝𝑡 converges to a known

Gaussian distribution N(0, 𝜎2 (𝑡)𝐼𝑑 ).

Theorem 4.1. Let 𝑥 be a random variable taking values {𝑥𝑖 }1≤𝑖≤𝑛
with equal probability (as is always the case when we construct 𝑝𝑡
from i.i.d. sample points), such that 1

𝑛

∑𝑛
𝑖=1

𝑥𝑖 = 0. Take 𝑝𝑡 (𝑥) to be
the marginal distribution of 𝑥 (𝑡) when 𝑥 (0) = 𝑥 is perturbed by the
diffusion SDE

𝑑𝑥 = −𝛼 (𝑡)𝑥𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤
from time 0 to time 𝑡 . Then, we would have

(1) E𝑝𝑡 (𝑥 )




∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

≤ 𝑓 (𝑡,𝑥̃ )
𝜎4 (𝑡 )𝑘2 (𝑡 ) .

(2) E𝑝𝑡 (𝑥 )




∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

≤ 𝑓 (𝑡,𝑥̃ )𝑔 (𝑡,𝑥̃ )
𝜎4 (𝑡 )𝑘2 (𝑡 ) .

where

𝑓 (𝑡, 𝑥) = 1

𝑛

𝑛∑︁
𝑖=1

∥𝑥𝑖 ∥22

and

𝑔(𝑡, 𝑥) = 1

𝑛

𝑛∑︁
𝑖=1

(𝑒
2∥𝑥𝑖 ∥22+𝑓 (𝑡,𝑥̃ )

2𝜎2 (𝑡 )𝑘2 (𝑡 ) − 1).

The above theorem tells us that under the condition E𝑝0 (𝑥 )𝑥 = 0,

predicting ∇ log𝑝𝑡 (𝑥) using the score function of a normal distri-

bution results in an error term that decays at a speed of roughly

O( 1

𝜎4 (𝑡 )𝑘2 (𝑡 ) ) for small 𝑡 , and roughly O( 1

𝜎6 (𝑡 )𝑘4 (𝑡 ) ) for large 𝑡 , with
the transition guaranteed to happen when

2 ∥𝑥𝑖 ∥22 + E𝑝0 (𝑥 ) ∥𝑥 ∥
2

2

2𝜎2 (𝑡)𝑘 (𝑡) ≤ log 2

holds for all {𝑥𝑖 }𝑛𝑖=1
. Meanwhile, one can deduce from (14) that

𝐷𝐾𝐿 (𝑝𝑇 (𝑥),N(0, 𝜎2 (𝑇 ))) =
∫ ∞

𝑇

E𝑝𝑡 (𝑥 )





∇ log𝑝𝑡 (𝑥) +
𝑥

𝜎2 (𝑡)





2

2

𝑑𝑡,

so setting𝑇 slightly beyond this transition point might be the most

cost-effective approach.

In the case of ADC, our normalization process ensures E𝑝0 (𝑥 ) = 0,

and each attribute’s max and min value differ by 3.2. As a result,

under the VP scheme, setting 𝑇 = 3 would suffice for all datasets of

moderate dimensionality.

To choose the timestep scheme, we first perform an error analysis

on our hybrid integrator. For an arbitrary timestep partition scheme

{𝑡𝑖 }𝑁𝑖=0
, define the time-related discretization error 𝛿𝑖,𝑡𝑖𝑚𝑒 (𝑥0) as∫ 𝑡𝑖+1

𝑡𝑖

[E𝑝0𝑡 (𝑥 |𝑥0 )𝑔𝑥0
]𝑑𝑡 − Δ𝑡𝑖E𝑝

0𝑡 (𝑥 |𝑥0 )𝑔𝑥0
(𝑥, 𝑡𝑖 , 𝑠𝜃 ),

and the space-related discretization error 𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦) as

E𝑝0𝑡 (𝑥 |𝑥0 )𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 ) −

1

2
𝑘

2
𝑘∑︁
𝑗=1

𝑔𝑥0

(
𝜎 (𝑡)Φ−1

(
𝑧 𝑗 + 𝑦

)
+ 𝑥0

𝑘 (𝑡) , 𝑡, 𝑠𝜃
)
.

Given the curse of dimensionality and that the volatile 𝑔(𝑥, 𝑡, 𝑠𝜃 )
was already "smoothed up" somewhat upon calculating E𝑝0𝑡 (𝑥 |𝑥0 )𝑔𝑥0

,

one can naturally expect {𝛿𝑖,𝑡𝑖𝑚𝑒 (𝑥0)}𝑁𝑖=1
to be significantly smaller

than {𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦 (𝑡𝑖 ))}𝑁𝑖=1
with a dense enough timestep scheme,

in which case we have the following theorem.

Theorem 4.2. Define Var(𝑥0) to be the error term’s variance upon
approximating log 𝑝𝜖,𝜃 (𝑥0) with formula (9). Assuming that

(1) The partition is dense enough that for the same𝑦, fluctuations
of Δ𝑡𝑖𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦) for different 𝑡 in [𝑡𝑖−1, 𝑡𝑖 ] is negligible
compared to the total integration error,

(2) The error terms {𝛿𝑖,𝑡𝑖𝑚𝑒 (𝑥0)}𝑁𝑖=1
are negligible compared to

{𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦 (𝑡𝑖 ))}𝑁𝑖=1
, and

(3) The sequence {𝑦 (𝑡𝑖 )}𝑁𝑖=1
consists of i.i.d. samples fromU( [0, 1]𝑑 )

hold for all 𝑥0, E𝑥0∼𝑝0
Var(𝑥0) would be minimized under a timestep

scheme where 𝑡𝑖 − 𝑡𝑖−1 is chosen inversely proportionate to(
E𝑥0∼𝑝0

[Var𝑦𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)]
) 1

2 .

One issue yet unresolved is that E𝑥0∼𝑝0
[Var𝑦𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)] proves

very hard to estimate. As a result, the current version of ADC (some-

what boldly) deems the term proportionate to

Ex0∼p0
Ep

0t(x|x
0
)

(
𝑔𝑥0
(𝑥, 𝑡, 𝑠𝜃 )

)
2

when 𝑡 < 𝑇𝑡𝑟𝑢𝑛𝑐 and

Ex0∼p0
Ep

0t(x|x
0
)

(
𝑔𝑟𝑒𝑠,𝑥0

(𝑥, 𝑡, 𝑠𝜃 )
)

2

when 𝑡 > 𝑇𝑡𝑟𝑢𝑛𝑐 , leaving the task of more accurately estimating

E𝑥0∼𝑝0
[Var𝑦𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)] for upcoming research.

The decay rate of the second term is estimated to be no slower

than 𝑂 (1/(𝜎8 (𝑡)𝑘4 (𝑡))) when 𝑡 → ∞, as we already discussed.

For the first term, Theorem 3.1 proves that for all 𝑥0 such that

𝑝0 (𝑥0) ≠ 0, E𝑝0𝑡 (𝑥 |𝑥0 ) ∥∇ log𝑝𝑡+𝜖 (𝑥)∥42 can be upper bounded by

8E𝑝0𝑡 (𝑥 |𝑥0 )





 𝑥 − 𝑥0

𝜎2 (𝑡 + 𝜖)





4

2

+ 8E𝑝0𝑡 (𝑥 |𝑥0 )


𝛿𝜎2 (𝑥, 𝑡 + 𝜖)



4

2
,

which, using the bounds on 𝛿𝜎2 (𝑥, 𝑡), can be roughly estimated as

proportionate to
1

𝜎4 (𝑡+𝜖 ) . Therefore, Cauchy’s Inequality proves

E𝑝0𝑡 (𝑥 |𝑥0 ) (⟨∇ log𝑝𝑡+𝜖 (𝑥),∇ log 𝑝𝑡+𝜖 (𝑥) − 2∇ log𝑝0𝑡 (𝑥 |𝑥0)⟩)2

to grow at a rate no faster than 𝑂 (1/(𝜎2 (𝑡)𝜎2 (𝑡 + 𝜖))) as 𝑡 → 0,

thus justifying our pseudocode implementation.
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5 THE SELECTIVITY ESTIMATOR
5.1 Predictor Choice: Why GMM
While the score estimator and density estimator are effective in cal-

culating the probability density function’s value at any given point,

we still need to integrate this function over the entire queried region

in order to estimate the selectivity of ranged queries. ADC does this

by utilizing the importance sampling Monte Carlo formula (1) that

Naru [27] and DQM-D[8]’s selectivity estimator are both based on,

which, when E𝑞 (𝑥 |𝑥∈𝑉 )
𝑝 (𝑥 )
𝑞 (𝑥 ) is approximated using i.i.d. sampling,

becomes an unbiased estimator with variance proportionate to( ∫
𝑉

𝑞(𝑥)𝑑𝑥
)

2

Var𝑥∼𝑔 (𝑥 |𝑉 )
(𝑝 (𝑥)
𝑞(𝑥)

)
.

To enhance speed and precision, the selectivity estimator of ADC

must construct a predictor that can be rapidly integrated, rapidly

sampled from, and resembles the corrector 𝑝𝜖,𝜃 as much as possi-

ble. However, the predictors constructed by Naru (via progressive

sampling) and DQM-D (via VEGAS [16]) require multiple phases

of sampling. This is undesirable for us, considering that evaluating

the density function at one point already requires a not-so-easy

numerical integration process.

Gaussian Mixture Models (GMMs) attempt to reconstruct a dis-

tribution 𝑞 using the expression

𝑞 =

𝑁∑︁
𝑖=1

𝑤𝑖N(𝑦𝑖 , 𝐻𝑖 ), (10)

and ADC’s choice to train one as its predictor is born out of the

very same considerations listed above.

In terms of speed, the advantage of GMM manifests in that for

{𝐻𝑖 }𝑁𝑖=1
diagonal and 𝑉 = {(𝑥1, .., 𝑥𝑑 ) |𝑎 𝑗 ≤ 𝑥 𝑗 ≤ 𝑏 𝑗 ,∀𝑗} a hyper-

rectangle in R𝑑 ,
∫
𝑉
𝑞(𝑥)𝑑𝑥 can be calculated as∫

𝑉

𝑞(𝑥)𝑑𝑥 =

𝑁∑︁
𝑖=1

𝑤𝑖

𝑑∏
𝑗=1

[
Φ(ℎ 𝑗 𝑗 (𝑏 𝑗 − 𝑦 𝑗 )) − Φ(ℎ 𝑗 𝑗 (𝑦 𝑗 − 𝑎 𝑗 ))

]
,

and conditional samples {𝑥 𝑗 ∼ 𝑞(𝑥 |𝑉 )} can be drawn using 𝑑 + 1

random numbers 𝑧𝑖 ∼ 𝑈 [0, 1] per sample, with 𝑧𝑛+1 determining

which kernel N(𝑦 𝑗 , 𝐻 𝑗 ) 𝑥 belongs to, and 𝑧𝑖 determining the 𝑖th

coordinate of 𝑥 to be

𝑥𝑖 = Φ−1
(
𝑧𝑖Φ(ℎ𝑖𝑖 (𝑏𝑖 − 𝑦 𝑗,𝑖 )) + (1 − 𝑧𝑖 )Φ(ℎ𝑖𝑖 (𝑦 𝑗,𝑖 − 𝑎𝑖 ))

)
.

As a result, when 𝑉 is a hyperrectangle, sampling and integration

can both be performed with a time cost independent of𝑉 ’s diameter

and comparable to that of calculating a pointwise density value.

In terms of similarity to 𝑝 , another advantage of GMM is that

the underlying distribution 𝑝𝜖 , which 𝑝𝜖,𝜃 seeks to approximate,

always has a KDE[9]-type expression

𝑝𝜖 (𝑥) =
1

𝑀

𝑀∑︁
𝑖=1

N(𝑘 (𝜖)−1 (𝑥𝑖 ), 𝜎2 (𝜖)),

as in the database case, 𝑝0 is simply the average of delta functions

placed at sample points. Given their unique shape and smoothness

features, we can reasonably assume that Gaussian mixtures work

best at matching local features of Gaussian mixtures.

Instead of a query-based training approach, ADC trains its GMM

predictor to maximize the log-likelihood function

1

𝑀

𝑀∑︁
𝑗=1

log𝑞(𝑥 𝑗 ) . (11)

using the EM algorithm [5], an elegant GMM-exclusive optimizer

that trains GMMs by iteratively alternating between estimating the

posterior responsibilities of mixture components (E-step) and updat-

ing the model parameters to maximize the expected complete-data

log-likelihood (M-step). Compared to one-size-fits-all optimizers

like Stochastic Gradient Descent (SGD), EM is very robust and effi-

cient, as it requires no hyperparameters, guarantees a monotone

increase of likelihood, and always converges to a local maximum

value.

An important detail of our GMM implementation is based on

the following observations: first, 𝑞, when trained to maximize the

function (11), is in fact trying to approximate 𝑝0 = 1

𝑀

∑𝑀
𝑖=1

𝛿 (𝑥𝑖 )
itself rather than the perturbed 𝑝𝜖 . Second, perturbing GMMs using

a diffusion process is extremely easy: setting 𝑞0 (𝑥) to be the 𝑞(𝑥)
defined in (10), we would simply have

𝑞𝑡 =

𝑁∑︁
𝑖=1

𝑤𝑖N
( 𝑦𝑖

𝑘 (𝑡) ,
𝐻𝑖

𝑘 (𝑡) + 𝜎
2 (𝑡)𝐼𝑑

)
.

With this in mind, ADC’s selectivity estimator assumes that∫
𝑉
𝑝0,𝜃 (𝑥)𝑑𝑥∫

𝑉
𝑝𝜖,𝜃 (𝑥)𝑑𝑥

≈
∫
𝑉
𝑞0 (𝑥)𝑑𝑥∫

𝑉
𝑞𝜖 (𝑥)𝑑𝑥

,

and then corrects for the early stopping error by actually calculating∫
𝑉

𝑝0,𝜃 (𝑥)𝑑𝑥 ≈
∫
𝑉

𝑞0 (𝑥)𝑑𝑥 · E𝑥∼𝑞𝜖 (𝑥 |𝑉 )
(𝑝𝜖,𝜃 (𝑥)
𝑞𝜖 (𝑥)

)
.

While a somewhat bold approach, numerical experiments have

proven such a design crucial for ADC’s optimal performance.

5.2 A GMM-Bayesnet Hybrid
A common flaw shared by ADC’s predictor and corrector is that

GMMs and diffusion models both work by "bleeding" portions of

density from the typical set onto neighboring regions. When one

or more pairs of attributes (𝐴𝑖 , 𝐴 𝑗 ) exhibit near-functional depen-
dency, hence the typical set’s projection onto (𝐴𝑖 , 𝐴 𝑗 ) becomes a

1-dimensional curve, such a practice significantly distorts the local

probability distribution, leading to large errors for extreme-case

queries.

Thus, ADC further introduces Bayesnet [4] to handle function-

ally dependent attribute pairs. In the case where knowing the value

of an attribute 𝐴𝑖 can help narrow down the range of another at-

tribute 𝐴 𝑗 to 𝑐 (chosen to be 0.05 in the current model) times the

original, ADC, instead of training a GMM and a diffusion model on

all attributes, would instead work by training:

• a diffusionmodel 𝑝𝜖 and a GMM𝑞modeling the distribution

of all attributes excluding 𝐴 𝑗
• a Bayesnet histogram modeling the conditional probability

density 𝑝 (𝐴 𝑗 |𝐴𝑖 ) as a function piecewise constant with

respect to 𝐴𝑖 and 𝐴 𝑗 .
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Now, given a query asking for all points inside 𝑉 =
∏𝑑
𝑘=1
[𝑎𝑘 , 𝑏𝑘 ],

ADC predicts its selectivity using

𝑁∑︁
𝑚=1

𝑤𝑚
©­«
∏
𝑘≠𝑖, 𝑗

∫ 𝑏𝑘

𝑎𝑘

𝜑𝐻𝑚,𝑘𝑘
(𝑥𝑘 − 𝑦𝑚,𝑘 )𝑑𝑥𝑘 · 𝑔𝑖 (𝑚,𝑎 𝑗 , 𝑏 𝑗 )ª®¬ ,

with 𝑔𝑖 (𝑚,𝑎 𝑗 , 𝑏 𝑗 ) defined as∫ 𝑏𝑖

𝑎𝑖

𝜑𝐻𝑚,𝑖𝑖
(𝑥𝑖 − 𝑦𝑚,𝑖 )𝑝 (𝑦 𝑗 ∈ [𝑎 𝑗 , 𝑏 𝑗 ] |𝑥𝑖 )𝑑𝑥𝑖 ,

then corrects its prediction using theweighed average of { 𝑝𝜖 (𝑧𝑟 )
𝑞𝜖 (𝑧𝑟 ) }

𝑛
𝑟=1

,

with {𝑧𝑟 }𝑛𝑟=1
i.i.d. samples from 𝑞𝜖 and the weight of each sample

point set proportionate to

{𝑝 (𝑥 𝑗 ∈ [𝑎 𝑗 , 𝑏 𝑗 ] |𝑧𝑟,𝑖 )}𝑛𝑟=1
.

Because 𝑝 , constructed using histograms, is constant with respect

to 𝑥𝑖 in each of the intervals {[𝑥𝑖,𝑠 , 𝑥𝑖,𝑠+1]}𝑆−1

𝑠=0
, with 𝑆 the number of

partition intervals for the 𝑖th attribute’s range, the above formulas

can be evaluated much faster by calculating and caching, for the

dimension 𝑖 , each slice [𝑥𝑖,𝑠 , 𝑥𝑖,𝑠+1], and each Gaussian kernel𝑚,∫ 𝑥𝑖,𝑠+1

𝑥𝑖,𝑠

𝜑𝐻𝑚,𝑖𝑖
(𝑧𝑚,𝑖 − 𝑥𝑖 )𝑑𝑥𝑖

once upon initializing the model, as well as calculating

{𝑝 (𝑦 𝑗 ∈ [𝑎 𝑗 , 𝑏 𝑗 ] |𝑥𝑖 ∈ [𝑥𝑖,𝑠 , 𝑥𝑖,𝑠+1])}𝑆−1

𝑠=0

once upon receiving a query and using the values for everyGaussian

kernel.

For our benchmark datasets, the above Bayesnet implementation

worked very well on power and higgs, successfully cutting down

the max Q-error of queries by more than five times, as the range of

the 0th attribute can be narrowed down to an average of 4.5% of its

original by knowing the 4th attribute’s value.

5.3 Introducing ADC+
We briefly discuss ADC+, another GMM-based addition aimed

at enhancing ADC’s speed and accuracy on large-volume, high-

selectivity queries.

In numerical experiments, we observe that the GMM predic-

tor itself can handle such "easy" queries quite competently, often

resulting in a level of precision that rivals or even exceeds the en-

tire prediction-sampling-correction algorithm. Thus, we further

upgrade ADC by training a decision tree classifier T : R2 → {0, 1}
and implementing the pseudocode in Algorithm 2 (for concise-

ness, we depict the general case where Bayesnet is not used; in case

it is, the algorithm can be easily modified by replacing the above

formulas with those in 5.2).
ADC+ trains 𝑇 to minimize the square of log Q-error. That

is, given a set of sample queries, we use gini impurity as our

loss function and set the weight of each query to | (log𝑄𝐴𝐷𝐶 )2 −
(log𝑄𝐺𝑀𝑀 )2 |, where𝑄𝐴𝐷𝐶 and𝑄𝐺𝑀𝑀 refers to the Q-error on that

query when estimated using the entire ADC algorithm or only the

GMM predictor, respectively. To prevent overfitting and reduce stor-

age costs, the decision tree is designed to always have a maximum

depth of 4.

As the advantages of ADC+ are more easily verified experi-

mentally instead of theoretically, more information regarding our

Algorithm 2 ADC+

Require: Relation 𝑅 with attributes {𝐴𝑖 }𝑑𝑖=1
and tuples distributed

according to 𝑝0, GMM predictor 𝑞, score estimator 𝑠𝜃 (𝑥, 𝑡) ≈
∇ log𝑝𝑡 (𝑥), density estimator 𝑝𝜃,𝜖 , classifier T, sample number

𝑛, queried region 𝑉 =
∏𝑑
𝑖=1
[𝑎𝑖 , 𝑏𝑖 ].

Ensure: 𝑆𝑒𝑙 ≈
∫
𝑉
𝑝0 (𝑥)𝑑𝑥

1: vol←∏𝑑
𝑖=1

𝑏𝑖−𝑎𝑖
max{𝐴𝑖 }−min{𝐴𝑖 }

2: 𝑄 ←
∫
𝑉
𝑞(𝑥)𝑑𝑥

3: if T(log𝑄, log vol) = 0 then
4: 𝑆𝑒𝑙 ← 𝑄

5: else
6: Sample {𝑥𝑟 }𝑛𝑟=1

∼ 𝑞𝜖 (𝑥 |𝑥 ∈ 𝑉 )
7: {𝑦𝑟 }𝑛𝑟=1

← { 𝑝𝑠𝜃 ,𝜖 (𝑥𝑟 )
𝑞𝜖 (𝑥𝑟 ) }

𝑛
𝑟=1

8: 𝑆𝑒𝑙 ← 𝑄 ·mean{𝑦𝑟 }𝑛𝑟=1

9: end if
10: return 𝑆𝑒𝑙

motives behind creating ADC+, as well as the performance gains

resulting from it, shall be provided in subsection 6.3.

6 EXPERIMENTS
6.1 Experimental Setup
6.1.1 Datasets. We test the performance of ADC on three real-

world and one synthetic dataset, including:

Forest[1]: Forest coverage type dataset with 581012 rows, used as
a benchmark bymultiple influential works on cardinality estimation

[7] [9] [13] [26]. Following the practice of [26], we keep the first 10

continuous attributes for evaluation.

Power[1]: Dataset with 2.1 million rows, recording power con-

sumption information of a French household at a 1-minute sampling

rate, used alongside forest in all four essays above. Following the

practice of [26], we keep the 7 continuous measurement attributes

excluding date and time, and convert "?" to -1 when dealing with

the 1.25% of rows consisting entirely of missing values.

Higgs[1]: A dataset with 11 million rows and 28 continuous

attributes, recording the kinematic properties of microscopic parti-

cles measured by detectors in an accelerator, used as a cardinality

estimation benchmark by [20] and used by [19] to train their sum-

marization model in identifying common frequency and correlation

patterns. Following the practice of [20], we use the 7 high-level

features to construct our test dataset
4
.

Modulo: A synthetic dataset designed according to the philos-

ophy that leads to our creation of ADC: treating all attributes as

a single, unified entity is at times necessary for producing decent

estimates. The dataset consists of 4 million rows and five attributes

𝐴,𝐵,𝐶 ,𝐷 , and 𝐸, where 𝐴, 𝐵, and 𝐷 are independent integers taking

the values 0 to 1999 with equal probability;

𝐶 = (𝐴 + 𝐵 + 𝜖1) mod 2000, 𝐸 = (𝐴 + 𝐷 + 𝜖2) mod 2000,

and 𝜖1, 𝜖2 are independent integers taking the values 0 to 199 with

equal probability. A property of modulo is that all five attributes

4
We round all values in higgs to three-digit decimals because Naru, due to the encoding

strategy chosen by [26], can take weeks for training and minutes for inference when

given the original data. We note that ADC (which lacks an encoder) and most other

models can train and infer just as smoothly on the original dataset.
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are pairwise independent from one another, making it challenging

for estimators that work by discerning pairwise correlations.

We note thatmodulo is artificially and specifically designed to

highlight a correlation pattern that conventional estimators fail to

capture, and the results on this dataset should best be interpreted as

"We found a rare but solid loophole that no existing model, except

for ours, managed to address", rather than "ADC can outperform

other models in real-world scenarios as much as it did here".

6.1.2 Workloads. For each dataset, we create 100,000 queries for

training query-driven methods, 10,000 queries for validation, and

10,000 queries for testing using the program provided by [26]. That

is, for a 𝑑-dimensional dataset, we design queries asking for all

points lying within a hyperrectangle, where:

• The hyperrectangle works as a filter for 𝑘 attributes and

spans the entire range of all others, with 𝑘 a random integer

uniformly selected between 1 and 𝑑 .

• The center of the hyperrectangle has a 90% chance of being

randomly sampled from the dataset (data-entric), and a

10% chance of being randomly sampled from a uniform

distribution spanning the range of each attribute (random-

centric)

• For each attribute with a non-trivial range bound, the query

range width on that attribute has a 50% chance of being

sampled from U( [0, 𝑅𝑖 ]) and a 50% chance of being sampled

from Exp( 10

R
i

), with 𝑅𝑖 denoting the difference between max

and min values of that attribute.

6.1.3 Comparative Techniques. We briefly introduce versions of

our model and the models we use for comparison, which include

all learned estimators tested in [26].

For the sake of giving each model a similar size budget while

preventing poor results due to bad parameter choices, comparative

techniques are trained using the same hyperparameter settings the

author of [26] chose for the dataset forest, putting the parameter

size of each model at around 0.5MB per dataset except Naru on

higgs (due to its expensive encoding scheme).

• ADC: Our estimator ADC in its raw form, always going

through the prediction-sampling-correction procedure for

every query.

• ADC+: ADC in its most optimal form, after implementing

the changes proposed in 5.3.
• ADC-: The performance of ADC’s selectivity estimator as

a standalone model, which we report to quantify accuracy

improvements gained by the diffusion model corrector, i.e.,

the score estimator and density estimator.

• MSCN [13]: a query-driven regression model which pro-

cesses the feature vector of queries using a multi-set con-

volutional network.

• Lw-Tree and LW-NN [7]: two lightweight query-driven

regression models that process the feature vector of queries

using either a gradient boosted tree (LW-Tree) or a neu-

ral network (LW-NN), and enhance their precision with

the help of CE (correlation based) features extracted from

simple heuristic estimators.

• DeepDB [10]: a data-driven joint distribution model that re-

constructs data distributions using sum-product networks.

• Naru [27]: a data-driven joint distribution model that re-

constructs data distributions by training an autoregressive

model and answers ranged queries using sequential sam-

pling, shown by [26] to be the most robust and accurate

learned model on most test datasets.

6.1.4 Experiment Device and Accuracy Metric. We run all of our

experiments on a server equipped with dual-socket Intel Xeon Gold

6140 systems, each Intel Xeon Gold 6140 having 36 physical cores

(72 hardware threads) and a base clock frequency of 2.30 GHz. We

choose Q-error, defined as

max{𝐶𝑎𝑟𝑑𝑟𝑒𝑎𝑙
𝐶𝑎𝑟𝑑𝑒𝑠𝑡

,
𝐶𝑎𝑟𝑑𝑒𝑠𝑡

𝐶𝑎𝑟𝑑𝑟𝑒𝑎𝑙
}

to be our accuracy metric, with zero values for𝐶𝑎𝑟𝑑𝑟𝑒𝑎𝑙 and𝐶𝑎𝑟𝑑𝑒𝑠𝑡
both set to 1 to prevent division by zero. We report max, 99th

percentile, 95th percentile, median, and geometric mean Q-error as

our evaluation benchmarks in accordance with [26].

We note that the performance of LW-Tree/LW-NN on forest and
MSCN, Naru, DeepDB on power are not as good in our experiments

as they were in [26]’s, possibly due to different Python library

versions and our smaller size budget for the "power" dataset
5
.

While we record in Table 2 the results from our experiments for

methodological consistency, we also encourage readers to look up

the original figures in [26] for a more comprehensive comparison.

6.2 Experimental Results
6.2.1 Accuracy Evaluation. The results for all estimators are listed

in Table 2(a) for real-world datasets and Table 2(b) formodulo,
which we shall separately discuss.

For the real-world datasets, ADC+ consistently demonstrates

top-tier performance, beating every model besides Naru on every

benchmark except "max" and "median" on forest. Naru is the only

model with performance rivaling ADC+’s, ranking above ADC+

on four benchmarks but falling slightly behind on nine others.

Meanwhile, ADC performs almost identically to ADC+ on 95th and

99th Q-error, but falls somewhat behind on GM Q-error due to its

higher median Q-error values. Considering that the estimator Naru

comes with the downside of much higher latency, such results are

enough to earn ADC+ a place among the best cardinality estimators.

For the datasetmodulo, ADC’s advantage scenario, the complex,

multi-attribute correlations caused Naru, DeepDB, and MSCN to

significantly drop in accuracy, while LW-Tree’s performance exhib-

ited less drastic declines. LW-NN is the only estimator to exhibit

performance comparable to ADC on this dataset, almost catching

up with ADC+ on 95th and 99th Q-error, but still falling signifi-

cantly behind ADC+ on the benchmarks GM and max. Meanwhile,

the GMM predictor of ADC, a close relative of the KDE algorithm,

only exhibits barely satisfactory performance on 95th and 99th

Q-error, while Bayesnet implemented via the Chow-Liu algorithm,

which only captures pairwise correlations, would be incapable of

learning anything more than single-attribute histograms, showing

that this decline is not unique to learned estimators.

5
In a personal communication, professor Xiaoying Wang, the original author of [26],

confirmed that such deviations are plausible and likely attributable to stochastic

differences arising from software library versions. They also said that in their original

experiments, their GM Q-error results were 1.32 for LW-Tree and 1.35 for LW-NN
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Table 2: Comprehensive Experimental Data.

(a) Q-Error of Different Estimators on Real-world Datasets

Models Forest Power Higgs

GM 50th 95th 99th max GM 50th 95th 99th max GM 50th 95th 99th max

MSCN 1.72 1.17 8.00 19.5 138 1.26 1.02 5.00 19.9 392 1.20 1.01 2.99 14.8 199

DeepDB 1.35 1.06 4.25 13.0 3408 1.09 1.00 1.53 3.88 1870 1.06 1.00 1.28 2.77 866

LW-NN 1.51 1.22 4.37 14.33 8306 1.17 1.06 1.89 4.25 2.2 · 10
4

1.10 1.02 1.50 3.57 2.6 · 10
4

LW-Tree 1.64 1.33 5.50 13.90 3176 1.13 1.02 1.75 4.33 2.6 · 10
4

1.09 1.01 1.52 4.17 928

Naru 1.27 1.06 3.21 8.00 452 1.05 1.01 1.19 2.00 3174 1.04 1.00 1.11 2.06 258

ADC- (ours) 1.35 1.11 4.00 8.00 1978 1.05 1.00 1.23 2.24 190 1.03 1.00 1.13 1.86 143

ADC (ours) 1.32 1.16 3.00 6.00 426 1.07 1.03 1.27 2.00 128 1.05 1.01 1.14 2.00 78
ADC+ (ours) 1.28 1.10 3.00 6.00 426 1.04 1.00 1.22 2.00 128 1.03 1.00 1.13 1.96 78

(b) Q-error of Different Estimators on Modulo

Models Modulo

GM 50th 95th 99th max

MSCN 1.74 1.10 16.5 48.0 176

DeepDB 1.55 1.03 9.00 23.0 10503

LW-NN 1.14 1.06 1.54 3.00 919

LW-Tree 1.27 1.07 2.36 17.0 10318

Naru 1.80 1.01 20.57 51.38 30235

ADC- 1.11 1.01 1.74 3.12 70

ADC 1.12 1.07 1.45 2.06 40
ADC+ 1.08 1.01 1.44 2.06 40

(c) Latency (L,ms), Training Time (T,min), and Storage Cost (S,MB)

Forest Power Higgs Modulo

L T S L T S L T S L T S

0.49 20 0.61 0.36 20 0.54 0.37 20 0.54 0.46 20 0.50

14 12 0.56 4.8 5.7 0.54 4.4 6.9 1.5 4.3 6.2 0.67

0.26 102 0.43 0.33 103 0.43 0.27 102 0.43 0.33 104 0.42

0.12 0.18 0.65
a

0.12 0.15 0.60 0.12 0.18 0.57 0.12 0.16 0.59

51 49 0.65 26 116 0.38 155 1770 1.6 34 156 0.43

3.0 600 0.11 4.9 600 0.11 4.4 600 0.11 2.7 600 0.07

34 600 0.44 23 600 0.33 23 600 0.33 16 600 0.22

26 600 0.44 7.9 600 0.33 4.8 600 0.33 7.2 600 0.22

a
The open-source code of [26] did not report LW-Tree’s parameter size like it did with the other four models; thus,

the parameter size of LW-Tree is estimated under the assumption that LW-Tree’s full storage cost/parameter size

ratio is roughly identical to that of LW-NN.

Compared to its standalone GMM predictor, ADC’s diffusion

model components result in significant accuracy gains for challeng-

ing queries and workloads, but generally fail to further enhance

accuracy if the workload and/or query is already simple. That is,

ADC significantly reduced max Q-error on all datasets, notably

reduced 99th percentile Q-error on all datasets except for higgs,
which is the most simple; reduced 95th percentile Q-error for the

hardest datasets forest and modulo, but increased median Q-

error on all four datasets tested. The reasons why this is the case,

as well as what to do about this phenomenon, shall be discussed in

subsection 6.3.

6.2.2 Latency, Storage Space, and Training Time. To evaluate the
practicality of ADC+ in actual user scenarios, we discuss the infer-

ence latency, training time, and storage requirements of ADC+ in

comparison with other learned models.

Regarding per-query latency, the most important feature besides

accuracy, ADC+ usually answers a query within the 7-10 millisec-

onds range on all datasets except forest. This is much slower than

MSCN, LW-Tree and LW-NN, which answer a query within 0.5 ms

(within 0.2ms for LW-Tree), and somewhat slower than DeepDB,

but is also 2× as fast as Naru on forest and power while more

than 4× as fast as Naru on higgs andmodulo. Given that ADC+

is almost entirely written in Pytorch, it might also be possible to

further speed up ADC+ with the help of GPUs, which, sadly, we do

not have access to.

In terms of storage space, ADC+ is at an advantage compared to

all other models, with parameters taking up 0.44MB of space for

forest and less than 0.35MB for all other datasets. To be more pre-

cise, the network 𝑠𝜃1,ℎ𝑒𝑎𝑑 usually takes up 125 to 200 KB of storage,

𝑠𝜃2,𝑡𝑎𝑖𝑙 around 50 KB, the GMM predictor usually takes up around

10𝑑 KB with 𝑑 the dataset’s dimensionality, the Bayesnet compo-

nent, if used, usually takes up around 40KB, and other artifacts,

including the decision tree, some database information, and a his-

togram we use for single-attribute queries, usually take up around

20 KB. Meanwhile, all comparative techniques have at least 0.42MB

of trainable parameters (except Naru on power), and the actual

number often goes further beyond that. We note that other learned

models can be made more lightweight if needed, though often at a

cost. For example, in their original essay, LW-Tree and LW-NN [7]

conducted their experiments using models as small as 16KB, but, as

a result, measured significantly higher Q-errors on forest, power,
and higgs than we did.

ADC is rather at a disadvantage when it comes to training, with

its total training time amounting to 10 hours and only forcibly

exiting from training then due to meeting our time constraint.

While Naru and LW-NN can also take several hours to train, which

is especially true for large datasets, training usually takes as little

as 20 minutes for MSCN, 10 minutes for DeepDB, and is completed
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within one minute for LW-Tree. However, we also point out that the

training process of ADC, which heavily relies on Pytorch, can be

greatly sped up with the help of a GPU (which we don’t have access

to), and we are currently working on enhanced score matching

methods to cut down training time while producing just as accurate

results.

Figure 3: Performance of ADC and ADC- with respect to
GMM-estimated selectivity (𝑥-axis) and query volume (𝑦-
axis), both shown on a log scale

6.3 Reducing Median Q-error: Why ADC+
Our motivation for creating ADC+ is that ADC, in its raw form,

performs somewhat awkwardly on median Q-Error, nearly always

losing to its GMM predictor, ADC-. In fact, onmodulo, ADC ironi-

cally increased the distance between median Q-error and 1 by five

times, ranking embarrassingly near bottom place on this benchmark

despite its decent 95th, 99th, and max Q-error performance.

Why is this? We suspect that it’s caused by the fact that, unlike

other estimators, there are no "very easy" queries for ADC, and

even a query that only asks about two independent attributes or

one whose queried region spans 90% of the sample space must

undergo the same prediction-sampling-correction procedure. In

this case, ADC’s predictor-corrector integration scheme often finds

itself adding non-negligible variance to correct an already tiny bias,

a choice that is increasingly likely to backfire as the GMM predictor

grows more competent.

To test our hypothesis, we create a scatterplot documenting the

query volume and GMM-predicted selectivity of 100,000 training

queries for each of the 4 datasets, with blue points depicting queries

where the GMM predictor performs better than ADC, red points

depicting the opposite, and green depicting queries where the two

methods are tied (often due to both predicting a cardinality smaller

than 1). Indeed, we can see from Figure 3 that while the relative

proportion of red points tends to increase notably in the lower-

left corner, each graph’s upper-right corner contains a very dense

cluster that is almost exclusively blue.

What’s even better, separating a large proportion of blue points

from red, at least those on the upper-right corner, can often be done

by drawing simple, straight boundary lines, a task ADC performs by

training a decision tree. Compared to neural networks, a decision

tree of depth 4 takes up less than 3KB and classifies a query in 20

microseconds, making its implementation almost free of costs.

One might worry whether wrongly classifying points that ac-

tually benefit from predictor-corrector integration would lead to

worse 95th and 99th percentile Q-error results. Fortunately, exper-

iments show that ADC+’s effects on these benchmarks, though

small, are seldom negative. On median Q-error, meanwhile, ADC+

acts as the game changer, successfully halving the distance between
median Q-error and 1 on all four datasets while successfully beat-

ing MSCN, LW-Tree, and LW-NN on power, higgs, andmodulo.
What’s even better, ADC+ is also able to cut down the per-query

latency of ADC, because the benefits gained from potentially avoid-

ing two lengthy steps of numerical integration often far outweigh

the negligible classification costs.

7 CONCLUSION
The ability of diffusion models to reconstruct complex distributions

with high dimensions makes them accurate cardinality estimators.

We have proven this by constructing ADC and ADC+, whose ac-

curacy exceeds many famous peers on real-world and synthetic

datasets.

The current capabilities of ADC+ are slightly limited by its long

training time and inability to handle categorical attributes, issues

we seek to resolve in future studies. We also wonder whether some

theorems, network structures, and modeling approaches we pro-

posed upon designing ADC, such as switching from noise to data

prediction as 𝑡 gets larger, might be beneficial for training diffusion

models in general, despite influences of the manifold hypothesis

and the much higher (3000+) dimensionality.

Overall, ADC+ provides a good starting point for exploring the

use of diffusion models in cardinality estimation, a rather uncon-

ventional crossover that can produce very promising fruits.

A PROOF OF THEOREMS
Theorem 2.1. Let 𝑝0 be a probabilistic distribution and {𝑝𝑡 |𝑡 ∈

[0,𝑇 ]} be a family of distributions derived by perturbing 𝑝0 using

the SDE (2) from time 0 to time 𝑇 . Let 𝑘 (𝑡) = 𝑒
∫ 𝑡

0
𝛼 (𝑠 )𝑑𝑠 , and 𝜎2 (𝑡) be

the solution of the initial value Ordinary Differential Equation (ODE)

𝑑𝜎2/𝑑𝑡 = 𝛽 (𝑡) − 2𝛼 (𝑡)𝜎2 (𝑡)
𝜎2 (0) = 0,

then, for each choice of 𝛼 and 𝛽 , it would hold that

𝑝𝑡,𝛼,𝛽 = (𝜏𝑘 (𝑡 ) ◦ 𝑝0) ∗ 𝜑𝜎2 (𝑡 ) (12)

∇ log𝑝𝑡,𝛼,𝛽 (𝑥) = 𝑘 (𝑡)∇ log 𝑝𝜎2 (𝑡 )𝑘2 (𝑡 ),0,1 (𝑘 (𝑡)𝑥), (13)

where 𝜏 in R𝑑 is the scaling operator (𝜏𝑘 ◦ 𝑓 ) (𝑥) = 𝑘𝑑 𝑓 (𝑘𝑥) and
𝜑𝜎2 (𝑡 ) in R𝑑 is the probability density function of N(0, 𝜎2 (𝑡)𝐼𝑑 ).
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Proof. It can be easily verified that under perturbation of the

stochastic differential equation 𝑑𝑥 = −𝛼 (𝑡)𝑥𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤, a random

variable 𝑥 (0) which takes the value 𝑥0 with probability 1 would

satisfy the distribution 𝑥 (𝑡) ∼ N ( 𝑥0

𝑘 (𝑡 ) , 𝜎
2 (𝑡)) at time 𝑡 . Therefore,

if 𝑥0 ∼ 𝑝0 (𝑥),𝑝𝑡 (𝑥) would have the expression

𝑝𝑡,𝛼,𝛽 (𝑥) =
∫
R
(2𝜋𝜎2 (𝑡))− 𝑑

2 𝑒
−




𝑥− 𝑦

𝑘 (𝑡 )



2

2

2𝜎2 (𝑡 ) 𝑝0 (𝑦)𝑑𝑦

=

∫
R
(2𝜋𝜎2 (𝑡))− 𝑑

2 𝑒
−




𝑥− 𝑦

𝑘 (𝑡 )



2

2

2𝜎2 (𝑡 ) 𝑘𝑛 (𝑡)𝑝0 (𝑦)𝑑 (
𝑦

𝑘 (𝑡) ),

hence 𝑝𝑡,𝛼,𝛽 = (𝜏𝑘 (𝑡 )𝑝0) ∗ N (0, 𝜎2 (𝑡)).
As

(𝜏𝜆 ◦ 𝑓 ) ∗ (𝜏𝜆 ◦ 𝑔) = 𝜏𝜆 ◦ (𝑓 ∗ 𝑔)
and

𝜏𝜆 ◦ N (0, 𝜎2) =N(0, 𝜎
2

𝜆2
),

this means that

𝑝𝑡,𝛼,𝛽 (𝑥) = 𝜏𝑘 (𝑡 ) ◦
(
𝑝0 ∗ N (0, 𝑘2 (𝑡)𝜎2 (𝑡))

)
,

and hence 𝑝𝑡,𝛼,𝛽 (𝑥) =
(
𝜏𝑘 ◦ 𝑝𝜎2𝑘2,0,1

)
(𝑥).

Directly differentiating the formula on both sides immediately gives

∇ log𝑝𝑡,𝛼,𝛽 (𝑥) = 𝑘 (𝑡)∇ log 𝑝𝜎2𝑘2,0,1 (𝑘 (𝑡)𝑥),
finishing the proof. □

Theorem 2.2. Let 𝑠𝜃 (𝑥, 𝑡) : R𝑑 × R+ → R𝑑 be a neural network
and 𝑝0 be a probability distribution, and 𝑝0,𝜃 (𝑥) to be the marginal
distribution of 𝑥 (0) after 𝑥 (𝑇 ) ∼ N (0, 𝜎2 (𝑇 )𝐼𝑑 ) is perturbed by the
reverse diffusion SDE

𝑑𝑥 = −[𝛼 (𝑡)𝑥 + 𝛽2 (𝑡)𝑠𝜃 (𝑥, 𝑡)]𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤̂
from time 𝑡 to time 0. Using the notation of Theorem A, the KL
divergence between 𝑝0 and 𝑝𝜃 can be upper bounded by

𝐷𝐾𝐿
(
𝑝0 (𝑥) , 𝑝0,𝜃 (𝑥)

)
≤ 𝐷𝐾𝐿

(
𝑝𝑇,𝛼,𝛽 ,N

(
0, 𝜎2 (𝑇 )𝐼𝑑

) )
+1

2

∫ 𝑇

0

E𝑝𝑡,𝛼,𝛽 (𝑥 ) [𝛽
2 (𝑡)



∇ log𝑝𝑡,𝛼,𝛽 (𝑥) − 𝑠𝜃 (𝑥, 𝑡)


2

2
]𝑑𝑡, (14)

while the value of log 𝑝𝜃 (𝑥0) can be lower bounded by

log 𝑝0,𝜃 (𝑥0) ≥ E𝑝
0𝑇 (𝑥 |𝑥0 ) log𝜑𝜎2 (𝑇 ) (𝑥)+

∫ 𝑇

0

𝑛𝛼 (𝑡)𝑑𝑡− 1

2

∫ 𝑇

0

𝛽2 (𝑡)·

E𝑝
0𝑡 (𝑥 |𝑥

0
) [∥∇ log𝑝0𝑡 (𝑥 |𝑥0) − 𝑠𝜃 (𝑥, 𝑡)∥22 − ∥∇ log𝑝0𝑡 (𝑥 |𝑥0)∥22]𝑑𝑡

(15)

with the equal sign holding in both inequalities if there exists a prob-
ability distribution 𝑞 such that 𝑠𝜃 (𝑥, 𝑡) = ∇ log𝑞𝑡 (𝑥),∀𝑡 ∈ [0,𝑇 ].

Proof. Proof for this theorem is elegantly provided by Song,

Durkan, Murray and Ermon in [24]. □

Theorem 3.1. Let 𝑝0 be the weighted average of several positive
distributions {𝑝𝑖 }𝑛𝑖=1

, such that

{𝑉𝑖 }𝑛𝑖=1
:= {𝑥 |𝑝𝑖 (𝑥) > 0}𝑛𝑖=1

are open domains in R𝑑 intersecting only at their boundaries, and
each 𝑝𝑖 is Lipschitz with constant 𝑘𝑖 in the interior (but not necessarily
at the boundary) of 𝑉𝑖 . Denote 𝑉0 = R𝑑\ ∪𝑛𝑖=1

𝑉𝑖 for convenience, and
let {𝑝𝑡 |𝑡 ∈ (0,𝑇 ]} be the family of distributions derived by perturbing

𝑝0 according to the VE[25] scheme (results for the VP[25] scheme can
be immediately derived from Theorem A), then:

(1) ∀𝑥 ∈ 𝑉𝑖 such that 𝐵(𝑥, 𝑟 ) ⊆ 𝑉𝑖 ,

∇ log𝑝𝑡 (𝑥0) = ∇ log 𝑝0 (𝑥0) + 𝛿1 (𝑥0, 𝑡),

with 𝛿1 (𝑥0, 𝑡) an infinitesimal term of order 𝑂 (𝜎 (𝑡)).
(2) ∀𝑥 ∈ 𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 with at most one of 𝑖 and 𝑗 being zero, if

𝐵(𝑥0, 𝑟 ) ⊆ 𝑉𝑖∪𝑉𝑗 , 𝑝0,𝑖 (𝑥0)+𝑝0, 𝑗 (𝑥0) > 0, and inside 𝐵(𝑥0, 𝑟 ),

d

(
𝑦,𝑇𝑥0

(𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 )
)
≤ ℎ ∥𝑦 − 𝑥0∥22

holds for some constant ℎ and all 𝑦 ∈ 𝜕𝑉𝑖 ∩ 𝜕𝑉𝑗 , then ∀𝜆,
∇ log𝑝𝑡 (𝑥0 + 𝜆

√
𝑡 ®𝑛) would equal

𝑒−
𝜆2

2 (𝑝0,𝑖 (𝑥0) − 𝑝0, 𝑗 (𝑥0)) ®𝑛
2𝜎 (𝑡)

(
Φ(𝜆)𝑝0,𝑖 (𝑥0) + (1 − Φ(𝜆)𝑝0, 𝑗 (𝑥0))

) + 𝛿𝜎 (𝑥0, 𝜆, 𝑡),

with ®𝑛 the unit vector normal to𝑇𝑥0
(𝜕𝑉𝑖 ∩𝜕𝑉𝑗 ), pointing from

𝑉𝑗 to 𝑉𝑖 , and 𝛿𝜎 (𝑥0, 𝜆, 𝑡) a residual term of order 𝑂 (1).
(3) ∀𝑥 ∈ 𝑉0, suppose 𝑦0 ∈ 𝑉𝑖 is the point closest to 𝑥0 such that

𝑦0 ∈ ∪𝑘𝑖=1
𝑉𝑖 . If 𝑃 (𝑥 ∈ 𝐵𝑟 (𝑦) |𝑥 ∼ 𝑝0) > 𝑀1𝑟

𝑘 ,∀0 < 𝑟 < 𝑅 for
some constants𝑀1, 𝑘1, while

∥𝑧 − 𝑥0∥22 − ∥𝑦0 − 𝑥0∥22 ≥ min{𝑀2, 𝑘2 ∥𝑧 − 𝑦0∥22}

for all 𝑧 ∈ ∪𝑘𝑖=1
𝑉𝑖 and some constants𝑀2, 𝑘2, then

∇ log𝑝𝑡 (𝑥0) =
𝑦0 − 𝑥0

𝜎2 (𝑡) + 𝛿𝜎2 (𝑥0, 𝑡),

with 𝛿𝜎2 (𝑥0, 𝑡) a term of order 𝑜 ( 1

𝜎 (𝑡 )1+𝜖 ) for all 𝜖 > 0.

Proof of 3.1(1). With a change of coordinates, we may assume

WLOG that 𝑥0 = 0 and that ∇𝑝0 (𝑥) = 𝑘𝑒1 is parallel to the first

coordinate axis. Now, consider the cube 𝐶𝑟 = {𝑥 | ∥𝑥 − 𝑥0∥1 < 𝑟 }
where 𝑟 = 𝑅

𝑑
, and we would have

∇ log𝑝𝑡 (𝑥) =
∫
R𝑑 𝑝0 (𝑥) (2𝜋𝑡)−

𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 · 𝑥
𝑡
𝑑𝑥∫

R𝑑 𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥

which can be decomposed into∫
𝐶𝑟

𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
𝑥
𝑡
𝑑𝑥 +

∫
R𝑑 \𝐶𝑟 𝑝0 (𝑥) (2𝜋𝑡)−

𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
𝑥
𝑡
𝑑𝑥∫

𝐶𝑟
𝑝0 (𝑥) (2𝜋𝑡)−

𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥 +
∫
R𝑑 \𝐶𝑟 𝑝0 (𝑥) (2𝜋𝑡)−

𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥

We shall now denote the term

∫
𝐶𝑟

𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
𝑥
𝑡
𝑑𝑥 by 𝑎1,∫

R𝑑 \𝐶𝑟 𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
𝑥
𝑡
𝑑𝑥 by 𝑎2;

∫
𝐶𝑟

𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥

by 𝑏1,

∫
R𝑑 \𝐶𝑟 𝑝0 (𝑥) (2𝜋𝑡)−

𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥 by 𝑏2. Now, it suffices to show

• 𝑎1 = ∇𝑝0 (𝑥0) +𝑂 (
√
𝑡)

• 𝑎2 = 𝑜 (𝑡𝑛) for all 𝑛
• 𝑏1 = 𝑝0 (𝑥0) +𝑂 (

√
𝑡)

• 𝑏2 = 𝑜 (𝑡𝑛) for all 𝑛.
The bounds on 𝑎2 and 𝑏2 are easy to verify, as

∫
R𝑑 \𝐶𝑟 𝑝0 (𝑥)𝑑𝑥 ≤ 1

and 𝑒−
∥𝑥 ∥2

2

2𝑡 · 𝑥

𝑡𝑛+1
decays uniformly to zero in R𝑑\𝐶𝑟 for all 𝑛 as
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𝑡 → 0. For the estimation of 𝑎1, we have

𝑎1 =

∫
𝐶𝑟

𝑝0 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
𝑥

𝑡
𝑑𝑥

=
1

2

∫
𝐶𝑟

(
𝑝0 (𝑥) − 𝑝0 (−𝑥)

)
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡
𝑥

𝑡
𝑑𝑥

=

∫
𝐶𝑟

(
⟨∇𝑝0 (𝑥0), 𝑥⟩ +

1

2

(
𝜖𝑝0
(𝑥) − 𝜖𝑝0

(−𝑥)
) )
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡
𝑥

𝑡
𝑑𝑥,

where 𝜖𝑝0
(𝑥) = 𝑝0 (𝑥) − 𝑝0 (𝑥0) − ⟨∇𝑝0 (𝑥0), 𝑥 − 𝑥0⟩.

Using the fact that ∇𝑝0 (𝑥0) = 𝑘𝑒1, we know that for 𝑛 > 1,∫
𝐶𝑟

⟨∇𝑝0 (𝑥0), 𝑥⟩(2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
⟨𝑥, 𝑣𝑛⟩

𝑡
𝑑𝑥 = 0,

and for 𝑛 = 1,∫
𝐶𝑟

⟨∇𝑝0 (𝑥0), 𝑥⟩(2𝜋𝑡)−
𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡
⟨𝑥, 𝑣1⟩

𝑡
𝑑𝑥

=

∫ 𝑟

−𝑟
(2𝜋𝑡)− 1

2 𝑒−
𝑥2

1

2𝑡
𝑘𝑥2

1

𝑡
𝑑𝑥1

∫
𝐶𝑑−1

𝑟

(2𝜋𝑡)− 𝑑−1

2 𝑒−
𝑥2

2
+...+𝑥2

𝑑
2𝑡 𝑑𝑥2 ...𝑑𝑥𝑑

=𝑘

∫ √
𝑡
−1

𝑟

−
√
𝑡
−1

𝑟

(2𝜋)− 1

2 𝑒−
𝑥2

1

2 𝑥2

1
𝑑𝑥 ·

(
2Φ

(√
𝑡
−1

𝑟

)
− 1

)𝑑−1

,

a term which approaches 𝑘 = ∇𝑝0 (𝑥0) exponentially fast as 𝑡 → 0.

Meanwhile, for the residual term, we have



1

2

∫
𝐶𝑟

(
𝜖𝑝0
(𝑥) − 𝜖𝑝0

(−𝑥)
)
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡
𝑥

𝑡
𝑑𝑥






2

≤
∫
𝐶𝑟

𝜖𝑝0
(𝑥) (2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡
∥𝑥 ∥

2

𝑡
𝑑𝑥

≤
∫
R𝑑

ℎ ∥𝑥 ∥3
2

𝑡
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡 𝑑𝑥

≤
√
𝑡

∫
R𝑑

ℎ ∥𝑥 ∥3
2
(2𝜋)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2 𝑑𝑥 =𝑂 (
√
𝑡),

hence 𝑎1 = ∇𝑝0 (𝑥0) +𝑂 (
√
𝑡). Finally, for the bound on 𝑏1, we can

similarly verify using the symmetry of 𝐶𝑟 that∫
𝐶𝑟

(2𝜋𝑡)− 𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑝0 (𝑥0) + ⟨𝑥 − 𝑥0,∇𝑝0 (𝑥0)⟩𝑑𝑥

equals 𝑝0 (𝑥0) ·
(
2Φ(𝑟
√
𝑡−1)

)𝑑
, hence 𝑝0 (𝑥0) minus an exponentially

decaying term, and that����∫
𝐶𝑟

(2𝜋𝑡)− 𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝜖𝑝0
(𝑥)𝑑𝑥

����
≤

∫
𝐶𝑟

ℎ ∥𝑥 ∥2
2
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥 ∥2

2

2𝑡 𝑑𝑥 ≤ ℎ𝑡

hence 𝑏1 = 𝑝0 (𝑥0) +𝑂 (𝑡), finishing the proof. □

Proof of 3.1(2). We may assume WLOG that 𝑥0 = 0 and ®𝑛 = 𝑒1.

Defining 𝐶𝑟 and 𝑎1, 𝑎2, 𝑏1, 𝑏2 as in the proof of 3.1(1), we shall con-

tinue to verify that

• 𝑎1 =
𝑒
− 𝜆

2

2

(
𝑝𝑖 (0)−𝑝 𝑗 (0)

)
√

2𝜋𝑡
+𝑂 (1)

• 𝑎2 = 𝑜 (𝑡𝑛) for all 𝑛
• 𝑏1 = Φ(𝜆)𝑝0,𝑖 (𝑥0) + (1 − Φ(𝜆)𝑝0, 𝑗 (𝑥0) +𝑂 (

√
𝑡)

• 𝑏2 = 𝑜 (𝑡𝑛) for all 𝑛.

As before, the bounds on 𝑎2 and𝑏2 can be verified using the uniform

convergence of 𝑒−
∥𝑥 ∥2

2

2𝑡 · 𝑥

𝑡𝑛+1
in R𝑛\𝐶𝑟 .To derive the estimations on

𝑎1 and 𝑏1, we further divide 𝐶𝑟 into the subsets 𝑉 +𝑖 ,𝑉
−
𝑖 ,𝑉 +𝑗 ,𝑉

−
𝑗 ,

where 𝑉 −𝑖 =𝑉𝑖 ∩𝐶𝑟 ∩ {𝑥 |𝑥1 < 0}, 𝑉 +𝑖 =𝑉𝑖 ∩𝐶𝑟 ∩ {𝑥 |𝑥1 ≥ 0}, and
𝑉 −𝑗 ,𝑉

+
𝑗 are similarly defined.

This way, 𝑝0\𝐶𝑟 can be decomposed as 𝑝0 = 𝑝𝐶𝑟 + Δ𝑝 + 𝜖𝑝 , where:

𝑝𝐶𝑟 (𝑥) =
{
𝑝0,𝑖 (𝑥0) 𝑥1 ≥ 0

𝑝0, 𝑗 (𝑥0) 𝑥1 < 0

(16)

Δ𝑝 (𝑥) =

𝑝0,𝑖 (𝑥0) − 𝑝0, 𝑗 (𝑥0) 𝑥 ∈ 𝑉 −𝑖
𝑝0, 𝑗 (𝑥0) − 𝑝0,𝑖 (𝑥0) 𝑥 ∈ 𝑉 +𝑗
0 else

(17)

𝜖𝑝 (𝑥) =
{
𝑝0,𝑖 (𝑥) − 𝑝0,𝑖 (𝑥0) 𝑥 ∈ 𝑉𝑖
𝑝0, 𝑗 (𝑥) − 𝑝0, 𝑗 (𝑥0) 𝑥 ∈ 𝑉𝑗

(18)

Now, for the estimate of 𝑝𝐶𝑟 , we can verify with the methods used

to prove 3.1(1) that

∫
𝐶𝑟

𝑝𝐶𝑟 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡 𝑑𝑥 equals(
Φ(𝜆)𝑝0,𝑖 (𝑥0) +

(
1 − Φ(𝜆)

)
𝑝0, 𝑗 (𝑥0)

)
+ 𝑜 (𝑡),

and that

∫
𝐶𝑟

𝑝𝐶𝑟 (𝑥) (2𝜋𝑡)−
𝑑
2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡
𝑥
𝑡
𝑑𝑥 equals

𝑒−
𝜆2

2 (𝑝𝑖 (0) − 𝑝 𝑗 (0))√
2𝜋𝑡

+ 𝑜 (𝑡) .

For 𝜖𝑝 , we can also verify with the methods used to prove 3.1(1)

that �����∫𝐶𝑟 𝜖𝑝 (𝑥) (2𝜋𝑡)− 𝑑
2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡 𝑑𝑥

�����
≤

∫
R𝑑

𝑘




𝑥 + 𝜆√𝑡𝑒1





2

(2𝜋𝑡)− 𝑑
2 𝑒−

∥𝑥 ∥2
2

2𝑡 𝑑𝑥,

hence belonging to 𝑂 (
√
𝑡), and that




∫𝐶𝑟 𝜖𝑝 (𝑥) (2𝜋𝑡)− 𝑑
2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡
𝑥 − 𝜆

√
𝑡𝑒1

𝑡
𝑑𝑥







2

≤𝑘
∫
R𝑛
(2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡

∥𝑥 ∥
2
·
(
∥𝑥 ∥

2
+



𝜆√𝑡𝑒1




2

)
𝑡

𝑑𝑥,

hence belonging to 𝑂 (1).
Finally, for the estimation of Δ𝑝 , defining 𝐶𝑑−1

𝑟 = {(𝑥2, ..., 𝑥𝑛)}, we
have�����∫𝐶𝑟 Δ𝑝 (𝑥) (2𝜋𝑡)− 𝑑

2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡 𝑑𝑥

�����
2

≤
∫
𝐶𝑑−1

𝑟

∫ ℎ∥𝑦 ∥2
2

−ℎ∥𝑦 ∥2
2

|Δ𝑝 (𝑥) | (2𝜋𝑡)− 1

2 𝑒−
(𝑥

1
−𝜆
√
𝑡 )2

2𝑡 𝑑𝑥1 (2𝜋𝑡)−
𝑑−1

2 𝑒−
∥𝑦∥2

2

2𝑡 𝑑𝑦

≤ sup

𝑥

|Δ𝑝 (𝑥) |
∫
𝐶𝑑−1

𝑟

2ℎ ∥𝑦∥2
2√

2𝜋𝑡
(2𝜋𝑡)− 𝑑−1

2 𝑒−
∥𝑦∥2

2

2𝑡 𝑑𝑦 =𝑂 (
√
𝑡)
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and that, similarly,∫
𝐶𝑑−1

𝑟

∫ ℎ∥𝑦 ∥2
2

−ℎ∥𝑦 ∥2
2

|Δ𝑝 | (2𝜋𝑡)− 𝑑
2 𝑒−
∥𝑥−𝜆√𝑡𝑒1∥2

2

2𝑡



(𝑥1, 𝑦) − 𝜆
√
𝑡𝑒1




2

𝑡
𝑑𝑥1𝑑𝑦

≤ sup

𝑥

|Δ𝑝 (𝑥) |
∫
𝐶𝑑−1

𝑟

(2𝜋𝑡)− 𝑑−1

2 𝑒−
∥𝑦∥2

2

2𝑡

2ℎ ∥𝑦∥2
2

(
ℎ ∥𝑦∥

2
+ 𝜆
√
𝑡 + ∥𝑦∥

2

)
𝑡
√

2𝜋𝑡
𝑑𝑦

=𝑂 (1)
Summing all of the above, we conclude that

𝑎1 =
𝑒−

𝜆2

2

(
𝑝𝑖 (0) − 𝑝 𝑗 (0)

)
√

2𝜋𝑡
+𝑂 (1)

and that

𝑏1 = Φ(𝜆)𝑝0,𝑖 (𝑥0) + (1 − Φ(𝜆)𝑝0, 𝑗 (𝑥0) +𝑂 (
√
𝑡),

finishing the proof. □

Proof of 3.1(3). We shall still assumeWLOG that𝑦0 = 0. Define

the ball 𝐵𝑡,𝛿 as {𝑥 | ∥𝑥 − 𝑦0∥2 < 𝑅
√
𝑡

1−𝛿 }, then, ∇ log𝑝𝑡 (𝑥0) + 𝑥0

𝑡

would equal∫
𝐵𝑡,𝛿

𝑝0 (𝑥 )
(2𝜋𝑡 )𝑑/2 𝑒

− ∥𝑥−𝑥0 ∥22
2𝑡

𝑥
𝑡
𝑑𝑥 +

∫
R𝑑 \𝐵𝑡,𝛿

𝑝0 (𝑥 )
(2𝜋𝑡 )𝑑/2 𝑒

− ∥𝑥−𝑥0 ∥22
2𝑡

𝑥
𝑡
𝑑𝑥∫

𝐵𝑡,𝛿

𝑝0 (𝑥 )
(2𝜋𝑡 )𝑑/2 𝑒

− ∥𝑥−𝑥0 ∥22
2𝑡 𝑑𝑥 +

∫
R𝑑 \𝐵𝑡,𝛿

𝑝0 (𝑥 )
(2𝜋𝑡 )𝑑/2 𝑒

− ∥𝑥−𝑥0 ∥22
2𝑡 𝑑𝑥

.

Still denoting the two terms in the numerator as 𝑎1, 𝑎2 and the two

terms in the denominator as 𝑏1, 𝑏2, we now seek to prove that

• 𝑎1 < 𝑏1𝑅
√
𝑡
−(1+𝛿 )

• 𝑎2 = 𝑜 (𝑡𝑛)𝑒−
∥𝑥0 ∥22

2𝑡 for all 𝑛 > 0

• 𝑏1 > 𝐶𝑡𝑘𝑒−
∥𝑥0 ∥22

2𝑡

• 𝑏2 = 𝑜 (𝑡𝑛)𝑒−
∥𝑥0 ∥22

2𝑡 for all 𝑛 > 0

As 𝑒−
∥𝑥−𝑥0 ∥22

2𝑡 ≤ 𝑒−
∥𝑥0 ∥22

2𝑡 max{𝑒−
𝑘

2
𝑡1−𝛿𝑅2

2𝑡 , 𝑒−
𝑀

2

2𝑡 } onR\𝐵𝑡,𝛿 , the bound
for 𝑏2 is easy to derive. The bound for 𝑎2 can be similarly proven,

as for small enough 𝑡 , ∥𝑥 − 𝑥0∥2 > ∥𝑥 ∥
2
− ∥𝑥0∥2 ensures that

𝑒−
∥𝑥−𝑥0 ∥22

2𝑡 ∥𝑥 ∥
2
≤ max{𝑒−

∥𝑥−𝑥0 ∥22
2𝑡 , 𝑒−

∥𝑥0 ∥22
2𝑡 } · 2 ∥𝑥0∥2 .

To prove the lower bound on 𝑏1, consider the ball 𝐵𝑡2,0. Noting that

𝑒−
∥𝑥−𝑥0 ∥22

2𝑡 > 𝑒−
∥𝑥0 ∥22

2𝑡 𝑒−∥𝑥0 ∥2𝑒−
𝑡
2

holds for all 𝑥 ∈ 𝐵𝑡2,0, 𝑃 (𝑥 ∈ 𝐵𝑟 (𝑦) |𝑥 ∼ 𝑝0) > 𝑀1𝑟
𝑘1

implies that∫
𝐵
𝑡2,0

(2𝜋𝑡)− 𝑑
2 𝑒−

∥𝑥−𝑥0 ∥22
2𝑡 𝑝0 (𝑥)𝑑𝑥 ≥ 𝑀1𝑡

𝑘1 · 𝑒−
∥𝑥0 ∥22

2𝑡 𝑒−∥𝑥0 ∥2𝑒−
𝑡
2 .

Finally, 𝑎1 < 𝑏1𝑅
√
𝑡
−(1+𝛿 )

follows immediately from the fact that

∥𝑥 ∥
2
𝑡−1 ≤ 𝑅

√
𝑡
−(1+𝛿 )

in 𝐵𝑡,𝛿 . □

Theorem 4.1. Let 𝑥 be a random variable taking values {𝑥𝑖 }1≤𝑖≤𝑛
with equal probability (as is always the case when we construct 𝑝𝑡
from i.i.d. sample points), such that 1

𝑛

∑𝑛
𝑖=1

𝑥𝑖 = 0. Take 𝑝𝑡 (𝑥) to be
the marginal distribution of 𝑥 (𝑡) when 𝑥 (0) = 𝑥 is perturbed by the
diffusion SDE

𝑑𝑥 = −𝛼 (𝑡)𝑥𝑑𝑡 + 𝛽 (𝑡)𝑑𝑤
from time 0 to time 𝑡 . Then, we would have

(1) E𝑝𝑡 (𝑥 )




∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

≤ 𝑓 (𝑡,𝑥̃ )
𝜎4 (𝑡 )𝑘2 (𝑡 ) .

(2) E𝑝𝑡 (𝑥 )




∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

≤ 𝑓 (𝑡,𝑥̃ )𝑔 (𝑡,𝑥̃ )
𝜎4 (𝑡 )𝑘2 (𝑡 ) .

where

𝑓 (𝑡, 𝑥) = 1

𝑛

𝑛∑︁
𝑖=1

∥𝑥𝑖 ∥22

and

𝑔(𝑡, 𝑥) = 1

𝑛

𝑛∑︁
𝑖=1

(𝑒
2∥𝑥𝑖 ∥22+𝑓 (𝑡,𝑥̃ )

2𝜎2 (𝑡 )𝑘2 (𝑡 ) − 1) .

Proof of 4.1(1). We only need to prove the lemma under the

VE perturbation scheme (𝛼 (𝑡) = 0, 𝛽 (𝑡) = 1), and all other cases

follow immediately from the equivalence of perturbation schemes.

In this case, 𝑝𝑡 (𝑥) can be expressed as

𝑝𝑡 (𝑥) =
1

𝑛

𝑛∑︁
𝑖=1

N
(
𝑥𝑖 , 𝑡

)
,

meaning that E𝑝𝑡 (𝑥 )




∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

would equal∫
R𝑑



 1

𝑛

∑𝑛
𝑖=1
N

(
𝑥𝑖 , 𝑡

)
(𝑥) · 𝑥𝑖

𝑡



2

2

1

𝑛

∑𝑛
𝑖=1
N

(
𝑥𝑖 , 𝑡

)
(𝑥)

𝑑𝑥,

which, by Jensen’s Inequality, is no greater than∫
R𝑑

1

𝑛

𝑛∑︁
𝑖=1

(
N

(
𝑥𝑖 , 𝑡)

)
(𝑥)




𝑥𝑖
𝑡




2

2

)
𝑑𝑥 = 𝑓 (𝑡, 𝑥),

noting that 𝑘 (𝑡) = 1 under the VE scheme. □

Proof of 4.1(2). As
1

𝑛

∑𝑛
𝑖=1

𝑥𝑖 = 0,

∇ log𝑝𝑡 (𝑥) +
𝑥

𝜎2 (𝑡) =
1

𝑛

∑𝑛
𝑖=1

(
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥) − 𝑘

) 𝑥𝑖
𝜎2 (𝑡 )

1

𝑛

∑𝑛
𝑖=1
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥)

would hold for any 𝑘 ∈ R. Thus,



∇ log𝑝𝑡 (𝑥) + 𝑥

𝜎2 (𝑡 )




2

2

would be

no greater than

©­« 1

𝑛

𝑛∑︁
𝑖=1

(
N

(
𝑥𝑖 , 𝜎

2 (𝑡)
)
(𝑥) − 𝑘

1

𝑛

∑𝑛
𝑗=1
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥)

)
2ª®¬

(
1

𝑛

𝑛∑︁
𝑖=1





 𝑥𝑖

𝜎2 (𝑡)





2

2

)
.

In the above formula, the second term is easily calculated as 𝑓 (𝑡, 𝑥).
To upper bound the first term,we take𝑘 to be 1

𝑛

∑𝑛
𝑗=1
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥),

after which the original expression can be proven equal to∫
R𝑑

1

𝑛

𝑛∑︁
𝑖=1

(
N

(
𝑥𝑖 , 𝜎

2 (𝑡)
)
(𝑥)

)
2

1

𝑛

∑𝑛
𝑖=1
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥)

𝑑𝑥 − 1.

Using the mean value inequality,
1

𝑛

∑𝑛
𝑖=1
N

(
𝑥 𝑗 , 𝜎

2 (𝑡)
)
(𝑥) can be

lower bounded by

(
2𝜋𝜎2 (𝑡)

)− 𝑑
2 𝑒
−
∥𝑥 ∥2

2
− 2

𝑛
∑𝑛
𝑗=1
⟨𝑥𝑗 ,𝑥⟩+ 1

𝑛
∑𝑛
𝑗=1
∥𝑥𝑗 ∥2

2

2𝜎2 (𝑡 ) .

Plugging the above expression into the denominator makes the

original expression integrable, resulting in the final estimation

𝑓 (𝑡, 𝑥), 𝑔(𝑡, 𝑥). □
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Note: Our model, ADC, estimates the moment of transition

from 𝑂 ( 1

𝜎4 (𝑡 )𝑘2 (𝑡 ) ) decay to 𝑂 ( 1

𝜎6 (𝑡 )𝑘4 (𝑡 ) ) decay using max ∥𝑥 ∥2
2

rather than E𝑝0 (𝑥 ) ∥𝑥 ∥
2

2
. This is due to the fact that, for 𝑝0 with non-

bounded support, such a transition might be arbitrarily postponed

even if E𝑝0 (𝑥 ) ∥𝑥 ∥
2

2
remains bounded.

For example, let ˜𝑥𝑁 take the value − 1

𝑁
with probability

𝑁 2

𝑁 2+1
, the

value 𝑁 with probability
1

𝑁 2+1
, and 𝑝𝑡,𝑁 (𝑥) denote the marginal

distribution of 𝑥 (𝑡) when 𝑥 (0) = ˜𝑥𝑁 is perturbed using the diffusion

SDE above. Then, we would have

lim

𝑁→∞
𝜎4 (𝑡)𝑘2 (𝑡)E𝑝𝑡,𝑁 (𝑥 )





∇ log𝑝𝑡,𝑁 (𝑥) +
𝑥

𝜎2 (𝑡)





2

2

= 1.

for all 𝑡 > 0.

Theorem 4.2. Define Var(𝑥0) to be the error term’s variance upon
approximating log 𝑝𝜖,𝜃 (𝑥0) with formula (9). Assuming that

(1) The partition is dense enough that for the same𝑦, fluctuations
of Δ𝑡𝑖𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦) for different 𝑡 in [𝑡𝑖−1, 𝑡𝑖 ] is negligible
compared to the total integration error,

(2) The error terms {𝛿𝑖,𝑡𝑖𝑚𝑒 (𝑥0)}𝑁𝑖=1
are negligible compared to

{𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦 (𝑡𝑖 ))}𝑁𝑖=1
, and

(3) The sequence {𝑦 (𝑡𝑖 )}𝑁𝑖=1
consists of i.i.d. samples fromU( [0, 1]𝑑 )

hold for all 𝑥0, E𝑥0∼𝑝0
Var(𝑥0) would be minimized under a timestep

scheme where 𝑡𝑖 − 𝑡𝑖−1 is chosen inversely proportionate to(
E𝑥0∼𝑝0

[Var𝑦𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)]
) 1

2 .

Proof. The Monte Carlo estimator (6) has bias

∑𝑁
𝑖=1

𝛿𝑖,𝑡𝑖𝑚𝑒 (𝑥0),
which is negligible under assumption 2; and variance

𝑁∑︁
𝑖=1

(Δ𝑡𝑖 )2Var𝑦 (𝑡𝑖 ) (𝛿𝑡𝑖 ,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦 (𝑡𝑖 ))),

which, under assumption 1, can be approximated by∫ 𝑇

0

ℎ(𝑡)Var𝑦 (𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦))𝑑𝑡,

where ℎ(𝑡) = ∑𝑛
𝑖=1
X[𝑡𝑖−1,𝑡𝑖 ]Δ𝑡𝑖 .

For a timestep scheme that partitions [0,𝑇 ] into 𝑁 intervals, we

always have

∫ 𝑇
0

1

ℎ (𝑡 )𝑑𝑡 = 𝑁 . Therefore, the calculus of variations

shows that

E𝑥0∼𝑝0

∫ 𝑇

𝑇𝑡𝑟𝑢𝑛𝑐

ℎ(𝑡)Var𝑦 (𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦))𝑑𝑡

attains its minimum when

1

ℎ(𝑡) =𝐶

√︃
E𝑥0∼𝑝0

Var𝑦 (𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)),

and hence when the step size is chosen inversely proportionate to

the square root of E𝑥0∼𝑝0
Var(𝛿𝑡,𝑠𝑝𝑎𝑐𝑒 (𝑥0, 𝑦)). □
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