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Abstract—We analyze the identifiability of nonlinear networks
with node dynamics characterized by functions that are non-
additive. We consider the full measurement case (all the nodes
are measured) in the path-independent delay scenario where all
the excitation signals of a specific node have the same delay in
the output of a measured node. Based on the notion of a generic
nonlinear matrix associated with the network, we introduce the
concept of generic identifiability and characterize the space of
functions that satisfies this property. For directed acyclic graphs
(DAGs) characterized by analytic functions, we derive a sufficient
condition for identifiability based on vertex-disjoint paths from
excited nodes to the in-neighbors of each node in the network.
Furthermore, when we consider the class of polynomial functions,
by using well-known results on algebraic varieties, we prove that
the vertex-disjoint path condition is also necessary. Finally, we
show that this identifiability condition is not necessary for the
additive nonlinear model. Some examples are added to illustrate
the results.

Index Terms—Network analysis and control, system identifi-
cation.

I. INTRODUCTION

Identifiability is a fundamental property in the identification
of networked systems [1f], [2] that allows us to determine
which nodes must be excited and measured to identify all
the existing dynamics in the system. It is commonly assumed
that the network topology is known, which allows obtaining
conditions for identifiability based primarily on the structure
of the network. When linear dynamics are located at the level
of the edges, the identifiability conditions have been fully
characterized in the case of full excitation or full measurement
[3]]-[5]. In the partial excitation and measurement case, several
identifiability conditions have been derived in [6]-[9], but
necessary and sufficient conditions are still not known.

For more complex interactions [10]-[13]], most of the dy-
namics in the edges are nonlinear and the identifiability con-
ditions turn out to be in many cases different, and sometimes
weaker, than in the linear case due to the lesser risk of ambigu-
ities created by linear superposition. For the full excitation case
where nonlinear terms are present, identifiability conditions
based on the measurement of sinks were obtained in [14],
[15], which are weaker than the linear counterpart.
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Previous identifiability conditions for nonlinear networks
have been derived for additive models. In linear networks, this
assumption is always satisfied due to the superposition prin-
ciple, which restricts the type of networks that the dynamics
can model. In the nonlinear case, a model that is not additive
allows us to encompass richer behaviors in more complex
networks. This type of model can be found in neural networks
[16]], opinion dynamics [|13]], interconnection of Wiener models
[17], complex networks [18]], among others. In this case, the
output of a node is a function of the output of in-neighbors that
cannot be necessarily separated into edge functions. Therefore,
the identifiability problem is formulated in terms of node
dynamics [[19] instead of edge dynamics as in the additive
case. This implies that the class of functions that have been
previously considered in [[14]], [[15]], [20] can be extended since
the presence of a static component can be included without
ambiguity in the node dynamics.

In most networks, the excitation of nodes requires the use of
actuators, while the measurement implies the use of sensors.
Usually, the cost associated with an actuator is greater than the
cost associated with a sensor. Moreover, the implementation
of an actuator could involve a temporary disconnection of the
network, while the use of a sensor typically has less impact.
This implies that from a practical point of view, the full
measurement case is more relevant for identification. However,
in the linear case, identifiability in the full measurement case
was not usually analyzed since the conditions were obtained
from the full excitation case thanks to the symmetry of the
model. Unfortunately, in [15], it was shown that this symmetry
does not hold in the nonlinear case, which emphasizes the
necessity of an independent analysis for the full measurement
case.

In the full excitation case [14], [15], the identifiability
conditions are sufficient and necessary for any function in
the specific class. However, for some graph topologies, it is
possible that some identifiability conditions are valid except
for a particular choice of parameters in the dynamics. These
types of results are known as generic [21]], where the identifi-
ability is guaranteed for almost all parameters such as in the
linear case [4f], [8]], [9]. However, in the nonlinear case, the
functions belong to a space of infinite dimension, and a proper
characterization of this notion of genericity is fundamental to
determine what a zero measure set encompasses [[19].

A preliminary version of this paper was presented in [20]]
where a sufficient condition for the identifiability of DAGs
was derived in terms of vertex-disjoint paths when the model



is additive nonlinear. Furthermore, it was shown that certain
identifiability conditions might not hold for particular choices
of functions in the edges, similarly to the generic identifiability
in linear networks. In [20], a sufficient condition for the
identifiability of DAGs with partial excitation and measure-
ment was derived based on the notion of a generic nonlinear
matrix Jg(uk,), where uf, € RW'l. However, a formal
characterization of the space of functions that satisfies this
notion of genericity was missing. In this document, we provide
a rigorous definition of genericity based on the nonlinear
matrix Je(uk,) that will play an important role in the proof
of Theorem E} By contrast, in this work, we derive similar
identifiability conditions which are sufficient and necessary
for a more general model that is non-additive. In addition, we
fully characterize the notion of genericity that was missing in
the previous work [20]. Finally, we show that the sufficient
condition in [20] is not necessary for the additive model.

The remainder of this article is organized as follows. In
Section |l we introduce the model where the unknown dy-
namics are located at the level of the nodes and we present
the class of analytic functions that will be used in this work.
In Section we introduce the path-independent delay case
where all the excitation signals associated with a node that
influences the output of a measured node, have the same delay.
Based on this particular scenario, we present the notion of
generic identifiability where a set of measure zero is fully
characterized in terms of a finite number of parameters asso-
ciated with the analytic functions. In Section we analyze
the identifiability problem in DAGs, and we show that a DAG
is identifiable if there are vertex-disjoint paths from excited
nodes to the in-neighbors of each node in the network. For the
class of polynomial functions, we prove that the vertex-disjoint
path condition is also necessary by using well-known results
in algebraic varieties. This makes a connection between the
linear case and the non-additive nonlinear case. In Section [V]
we show with a counterexample that the sufficient condition
derived in this work is not necessary for the additive model
analyzed in [20]]. Finally, conclusions and future work are
presented in Section [VI]

II. PROBLEM FORMULATION
A. Model class

We consider a network characterized by a weakly con-
nected digraph G = (V,E) composed by a set of nodes
V ={1,...,n} and a set of edges E C V x V. The output of
each node 7 in the network is given by a nonlinear dynamics
of the form:

— k—m; k—my;, i
yf = uf ! +(I)i(y1 " ,1’.”’yMim M )7
for Y1, - YM; eMa (])

where the superscripts of the inputs and outputs denote the
corresponding values at the specific time instants, y* is the
state of the node 7, uffl is an arbitrary external excitation
signal, the delays m; ; € Z* are finite, ®; is the node function
associated with node 7, and N is the set of in-neighbors of

node 7.

uz  ya=%a(y1,y3)tu2
up  Y1=u1 Y5 =P5(y2, Y3, Y4)
7
ya=24(y1,93)
Fig. 1. Model of a network considered for the identification where all the

nodes are measured (gray) and some nodes can be excited (white and gray).
The dynamics of each node is determined by a nonlinear function ®; of the
outputs of the in-neighbors.

If a node i is not excited, its corresponding excitation signal
u; is set to zero. The model (I)) corresponds to a generalized
version of the nonlinear model in [|14], [20]], where the node
function ®; is not necessarily additive. Similarly to [20], we
assume that the node function ®; depends only on a single
past value of each in-neighbor y;n” , where m; ; can take a
value different from 1. Our goal is to analyze the effect of the
non-additivity of the model determined by the function ®,,
in the derivation of identifiability conditions, while the more
complex case with dynamics depending on several past values
of each in-neighbor is left for future work.

Unlike the additive model in [[14], [[15]], [20], we will assume
that the topology of the network G defines the arguments of
the function ®;. If (i,j) € E then ‘3%5? % 0. We do not
consider multiple edges between two nodes, since they would
be indistinguishable and hence unidentifiable.

Assumption 1. The graph G associated with the network is

known, where the presence of an edge (i,j) implies g‘;? £ 0.
J

Assumption [T] implies that we know if a node function ®;
is influenced by the output of a specific node y;.

In this work, we restrict our attention to networks that do
not contain any cycle (i.e., directed acyclic graphs), so that
the function Fj associated with the measurement of a node i
is of the form:

E_ k-1 k—2 k—M, k—2 k—M,,
yr =y o+ Fi(uiTe N VAR T ),

1,....,n; e N7 (2)

where N¢ is the set of excited nodes with a path to the
node i. The function F; determines the output of the node
i through the dynamics (I) and the excitation signals of the
nodes in N*~%, and only depends on a finite number of inputs
(ie., My,..., M,, are finite) due to the finite delays m; ;
and the absence of cycles. For the identifiability analysis, we
consider the notion of identifiability in system identification
[22], where the objective is to determine if there exists a
unique set of local dynamics ®; that leads to a global behavior
given by the functions F;. Hence, we make the following
assumption for the derivation of the identifiability conditions.



Assumption 2. [f the node i is measured, the function F; is
known.

Remark 1 (Functions ®; and F;). Although ®; and F; are
functions associated with a node 1, they are not the same since
®,; determines the dynamics of © while F; is the information
obtained through the measurement of i. Notice that ®; is a
function of the outputs of the in-neighbors and is independent
of the set of excited nodes N°¢, while F; is a function of the
excitation signals and depends on N°.

In this work, we will analyze the full measurement case
where the set of measured nodes N is given by N™ = V.
This setting corresponds to networks where we have access
to all the nodes, whose states can generally be measured
through an appropriate device like a sensor. Our objective is
to determine which nodes need to be excited to identify all
the node functions ®;. In this way, our aim is to determine
the possibility of identification, and not to derive identification
algorithms or study identification methods. Fig. [T] presents the
framework considered in this work where all the nodes are
measured, some nodes are excited and the node functions ®;
depend on the outputs of the in-neighbors.

B. Generic identifiability

We define the relationships between the measurements of
the nodes and the functions P;.

Definition 1 (Set of measured functions). Given a set of
excited nodes N°, the partially ordered set of measured
functions (F(N€), <) associated with N¢ is given by:

FN®) = {F, | i eV},

Since the potential functions considered for the analysis
of identifiability must in general satisfy some constraints
depending on the type of network or application, we restrict
the problem to a certain class of functions F: the node
functions belong to F and the identifiability is considered only
among the functions belonging to F.

We say that a a digraph G and a partially ordered set of
node functions ({®},<) = {®; € F|i € V} with &; < D,
if i < j generate F(N°) if the functions F; € F(N*®) are
obtained through (TJ). Since the ordering of the functions only
depends on the labeling of the nodes, in the rest of the paper,
we will refer to F(N¢) and {®} only as a set of measured
functions and a set of node functions respectively.

While in the full excitation case [14], [15], the set of
measured functions depends on the set of measured nodes,
in the full measurement case, the set of measured functions
encompasses all the functions Fj;, and its dependence is
expressed with respect to the set of excited nodes.

Unlike [[14]], [[15] where the notion of global identifiability
(i.e., for all functions)) was used to derive the identifiability
conditions, in this work, we will introduce the notion of
generic identifiability (i.e., for almost all functions).

Definition 2 (Generic Identifiability). Given a set of node
functions {®} = {®; € F} that generates F(N€) and any

faa=fa1+27\_fa1

D3(y1,y2) = f3,1+ fa,2+(g3+7)

D3(y1,y2) =f3,1 +f3,2 +9g3

fa2=fa2—7 f3.2

Fig. 2. Each node function ®; can be expressed as the sum of edge functions
fi,; and a function g; composed by products of the outputs of the in-
neighbors. Unlike the additive model, the presence of a static component
v does not affect the identifiability.

other set of node functions {®} = {®; € F} that generates
F(N¢). A node function ®; is generically identifiable in a
class F if F(N®) = F(N¢), implies that ®; = ®; for any ®;
and a finite number of parameters except possibly those lying
on a zero measure set. A network G is generically identifiable
in a class F if F(N®) = F(N°®), implies that {®;} = {®;}
for any {®;}.

The zero measure set of functions associated with the defi-
nition of generic identifiability will be clarified in Section
Definition [2)implies that a network G is generically identifiable
in a class F if all the node functions ®,; are generically
identifiable.

In this work, we will consider analytic functions with a
Taylor series that converges to the function for all z € R™
(possibly with a finite radius of convergence).

Definition 3 (Class of functions F4). Let F4 be the class of
analytic functions ® : R™ — R.

Therefore, in the rest of this work we will assume that ®; €
Fa for all ¢ € V. This implies that the function ®; is analytic
and can be expressed as:

2

P1;---spm; =0

’“—mtwl)pl o

k—mi m;\pas,
aP17--~7pMi (yl ) e

®; = Ywm,

3)
For our convenience, we will separate the univariate part from
the rest of the function, so that (3) can be rewritten as{]_-]:

M;
k—m; ; k—my, k—m; nr;
= fiily; ") A,
i=1

“4)

where the function g; encompasses all the terms corresponding
. k—mi)j

to the product of two or more variables Y; , and a

possible constant term, but not the terms depending only on

one variable y;c_mi’j . Hence, identifiability of ®; is equivalent

to identifiability of the functions g; and f; ; for j € N;. By

contrast, the additive model is of the form [14], [[15]:

v =ui T Y falyy ),
JEN;

&)

IThis is just a particular decomposition of the function ®; and does not
represent the existence of functions f; ; in the edges like in the additive case
(4], [15]), [20].



Fig. 3. DAG where a particular choice of delays m2 1, m3,2 and m3 1 might
generate a function F3 with a path-independent delay where the information
coming through f3 1 and f3 2 cannot be distinguished.

where f; ; is a nonlinear function associated with the edge
(i,4), and the objective of the identifiability is to determine
conditions to identify the functions f; ;. If for some functions
®,; we have g; = 0 for all © € V, then the network is additive.
Also, the network becomes additive if the additional constraint
g; = 0 for all + € V is imposed. Unlike the additive model
(®), a static component does not affect the identifiability since
we are interested on the identifiability of the node function
®; and not of the particular decomposition into f; ; and g;,
such that a static component can be included on any of the
functions f; ; or g; without changing the function ®;. For
instance, in the DAG in Fig. the static component ~ of
the node function ®3 can be considered as part of gs or as
part of fs3, and f3o without modifying ®s5. In our setting,
based on the particular decomposition (@), it is assumed that
the constant term is included in the function g;.

III. GENERIC NONLINEAR MATRIX FOR g; = 0

In this section, we will use the particular decomposition (@)
and consider the simpler problem where all the functions g; =
0 (i.e., the additive model). This simplification will be used as
a mathematical tool to analyze the more general case of non-
additive nonlinear networks. In the subsection [[II-B} we will
introduce some definitions and results associated exclusively to
the functions f; ; to explain the notion of genericity that does
not depend on the functions g;. The contents of this section
will be used in the proof of the main results in Section

A. Path-independent delay

In general, one of the main challenges in the identification
of networks is to distinguish the information that arrives to a
node ¢ through different paths. For instance, let us consider the

. . . . k—ma 1 k—ms3, 2
graph in Fig. |3| with functions fo1(y; = ), fao(ys = %)
and fg,l(yffm“). If m31 = mo1 + ms 2, the measurement

of the node 3 provides the output:

y:}; _ f371(y]1€_m2’1_1m3‘2) +f372(y12v—m3,2)
k— — k— -
= faa(yy TN + fap(fon(yy )

k—mo 1—m3 o— k—mo 1—m3 o—
= faa(uy "TTETY) p fao(fon(uy TR,
6

which implies that the information coming through f3; and
f3,2 cannot be distinguished for this particular choice of delays
mi, .

Proposition 1. For any DAG G, there exists a particular
choice of delays m; ; of the functions f; ; such that all the
variables u; associated to a node j have the same delays in
k—T;i 1 k=Tin,;
Fi(ul ey Un 1),
Proof. Since any DAG can be sorted in topological order [23]],
let us consider an arbitrary ordering of the DAG G. Without
loss of generality, we relabel the nodes in V' according to the
topological ordering, and for each edge in E, we set the delay
myp, q associated with the nonlinear function f, , as m, , =
p — q. Now, let us consider two arbitrary nodes ¢ and j such
that j is excited and reaches ¢ through several paths. Since for
a given path, the total delay is given by the sum of the delays
of each edge in the path, we have that all paths from j to @
present a total delay ¢ — j such that the function F; associated
with the measurement of the node ¢, will be a function only
of the excitation signal u?_Z_J - O
Fig. f] presents a DAG with a topological ordering where
the delays m; ; associated with the functions f; ; are chosen
according to the position of the nodes in the topological
ordering so that the delay configuration in Proposition [1] is
satisfied. Proposition [T] shows that for any DAG there exists a
particular configuration of delays such that all the excitation
signals associated with a node in a function F; have the same
delay. However, this configuration is not unique, and there
could be an infinite number of combinations of delays that lead
to the same setting. For instance, if in the topological ordering
in the proof of Proposition we set for every edge (p,q) € V,
the delay my, 4 as k(p — q) with k € Z*, we obtain a family
of delays parameterized by k, that guarantee excitation signals
u; with the same delays in F;. This particular setting, which
we call the path-independent delay case, is important for the
generalization of results to more general dynamical models
where the nonlinear functions can depend on the outputs of
nodes with several delays and the mixing of information is
possible [15]. Furthermore, the identification of networks with
this particular choice of delays is more challenging since the
number of excitation variables that can be used is smaller
and the next proposition highlights the relationship with the
general case corresponding to any configuration of delays.

Proposition 2. If a DAG G is identifiable in the path-
independent delay case, it is also identifiable in the general
case.

Proof. Let us consider an arbitrary DAG G and an arbitrary
node ¢. The output y; is of the form:

k—My

k—M,,
, Uy yees U ).

<5 Un,;

ko k-1 k—2
yr =w;  + Fi(uy 7, ..

If the node ¢ is measured, we know the function F;, and we
can restrict the analysis to the subset of the space of excitation
signals u; where for each node j € V' \ {i}, the excitation
signals satisfy u;?_m = u?iMj for any m < M; where M,
is the minimum delay in F;. In this subset, all the excitation
signals associated to a node ;7 have the same delaqy, so that the
function F; is of the form Fi(u]ffTi’l, . ,ufb_ “"), which
corresponds to the path-independent delay case. Clearly, if the

set of node functions {®} is identifiable in this subset, it is



my2=2

me,3=3

Fig. 4. DAG with a topological ordering where there exists always a particular choice of delays m; ; = % — j such that all the excitation signals u; in F;

have the same delays.

Fig. 5. A DAG where a particular choice of functions makes the network
unidentifiable. If f3 1 = f4,1 and f3 2 = f4 2, the outputs y3 and y4 are the
same, which implies that the functions f5 3 and f5 4 cannot be identified.

also identifiable in all the space, since there is no other set
of node functions {®} that leads to F; in the subset. Hence,
if the path-independent delay case is identifiable, the general
case is also identifiable. O

According to Proposition [2] the identifiability in the case of
path-independent delays implies identifiability for any other
configuration of delays corresponding to the general case. This
implies that any sufficient condition for identifiability in the
path-independent delay case is also sufficient for the general
case. By contrast, a necessary condition for identifiability
in the path-independent delay case could not be necessary
for some particular configurations of delays. However, in
our work, given a network topology G, we are interested
in identifiability conditions for any configuration of delays,
which implies the necessity of Proposition 2} Moreover, the
path-independent delay case can be considered for any graph
topology according to Proposition [I] and for this reason, in
this work, we will focus on the path-independent delay case
by considering that (Z) is given by:

k—T; 1

k—1 k=T n,
Y =ul "ty (u) yees Uny

), for 1,...,n; eNL
(7

Regarding the measurement of the node 3 in (6)), the function
F3 will be of the form:

k—T:
ys*Fii( >1)

)

where T35 1 = ma 1 + mg2 + 1.

B. Zero measure set of functions

The notion of generic identifiability introduced in Sec-
tion |lI-B} where a network could not be identifiable only for
few particular cases of functions, can be motivated by the
following example.

Example 1 (Particular choice). Let us consider the DAG in

Fig. Iffg,l = f4,1 = h1 and f3,2 = f4,2 = hg, then the
measurement of the node 5 provides the output:

v = foa(fan(uy 1) + faa(us ")
+ fralfan(uy ) + fao(uy )
=f5,3(h1(U17T5’1)+h2( 5)
+ foa(ha(u ™50 4 ho(uh~52)), (8)

and it is not possible to identify the functions f53 and fs 4
even if f31, fs2, fa1 and f42 are known, since f5 3= f54
and f5 4 = fs5,3 also satisfies @) However, Theorem || will
show that this DAG is identifiable for most functions.

Notice that a particular choice of functions like in Exam-
ple [1] can also make the DAG unidentifiable for the non-
additive nonlinear model (T) since if the outputs y3 and yq4
are the same, the functions ®5(ys,ys) and <i>5(y3,y4) =
®5(y4, y3) should generate the same measured function Fjy in
the case of absence of symmetry with respect to the arguments
(.e., P5(y3,ya) # P5(ya, y3)).

In this subsection, we will formalize this notion of generic
identifiability with respect to the functions f; ;. First, we define
the K-analytic parametrization consistent with a given graph
G in the following way Given a K € ZT, for every edge
(i,7), set variables B € R, with p > K +1, and parametrize

k—my ;
fw( ) by

K e}
k—my 4 k—my k—my,j
Fialy; ™) =3 al) ) + D B )

=1 (=K+1
)

() with 1 < ¢ < K, where we assume

for real parameters %),
k=m0 « .
that the series Y ,° . 6( (y; ") is convergent. For pairs

(,4) not connected by an edge let fi;(y; b ") = 0. We

collect all parameters a(qj) in a vector P, and introduce the

notion of a K'-generic property related to the graph G, which
is related to the notion of genericity used in [19].

Definition 4 (K -generic property). We say that a property K-
generically holds for a given graph G if, for the K-analytic
parametrization consistent with the graph G, the property
holds for all parameters a(? except possibly those lying on a
zero measure set, and for every ﬁz(?



Notice that in Definition |4} the variables 5 are not
involved in the notion of a zero measure set. Then based on
the notion a K -generic property, we define a generic property.

Definition 5 (Generic property). We say that a property
generically holds for a given graph G if there exists a K € 7T,
such that the property is K-generic.

Now, we introduce some matrices that will be used in
the proof of Theorem [I] Let us consider a static equation
associated with the dynamic model @) where we set all the
functions g; = 0 and the delays m; ; = O:

=Y fiiyh) +uf, forallieV.
JEN;

(10)

We begin by defining a network matrix J§ (y*) associated with
the graph G’ composed by the derivatives of the functions f; ;:

0 Fi2(5) f{,n(yig)
f§,1(y1) 0 fz/,n<yﬁ)
B =", . S an
;Ll(y:]f) 7’L,2(y]2€) e 0
where y* = (yF,...,y¥) is a vector with the outputs of the

nodes and can be considered as a free variable. By applying
in J2(y ), each entry of J2(y) can be expressed as a
functlon of uf, = (uf,... ,u‘chl) since the graph is acyclic.
Then, we define the nonlinear network matrix Jo(uk) as the
matrix J$(y*) evaluated in y* according to (T0):

0 Fi(ufy) Fip(ug,)
Fy1(ufy) 0 Fy pn(ug,)
Ja(ug) = : .- .- : ’
Foi(ug) Foa(uf) - 0

12)
where each F; ; is an analytic function since it is obtained by
sums and compositions of analytic functions of the form f, ;.
Notice that the coefficients of the Taylor series of each Fj ; is
a function of the parameters a( ;,; and B(e-) in (9).

In our work, we are particularly 1nterested in the genericity
of the rank of the square submatrices of Jg(uk,), which will
be used in the proof of Theorem |[l| for the derivation of a
sufficient condition for 1dentiﬁability The maximal rank of
a square submatrix J ( k) is the highest possible rank.
Given a square submatrlx J& B(uG) we say that its rank is
generic if having the max1mal rank for almost all uf, holds
generically over the K -parametrizations.

Proposition 3. The rank of any square submatrix Jé ’B(u’é)
is generic for almost all u’é.

Proof. The determlnant of any square submatrix J (u’é)
denoted by det(J (u’é)) is given by sums and products of
analytic functions of the form f; ;, so that det(Jg -~ B(u’é)) is
also analytic and can be expressed as:

det(J " (u)) =

>

(13)

Apy,..piace (u’f)pl o (uﬁ/\fﬂ)pu\fel’

If the determinant is not identically zero, there must be at
least a coefficient Apy,.copipre| # 0. Let us denote by apin
one of the nonzero coefficients corresponding to the minimum
degree Dy, of the terms in @]) This coefficient is given
by a polynomial p(Ppi,), where P, € RE is a vector
that encompasses the coefficients ag ; and variables Bi(? of
the functions f; ; in (9) associated with terms whose degree
is at most D, and K is finite and nonzero. Notice that
this polynomial p(Ppi,) can be zero only on a subspace of
dimension at most & —1. Then, the rank of the submatrix Jé B
is maximal for all P;, € RX, except possibly on a subspace
of dimension at most X —1, which has measure zero. Since one
of the coefﬁcient in (T3) is nonzero, the determinant is nonzero
for almost all u¥,. Therefore, the rank of any square submatrix
Jg Bis K- -generic and since it holds for this particular value
of K, it is also generic. O

In Section we will also analyze the submatrices of
Te(uk) = (I — Jg(uk))~1, which is well defined since
Ja(uk,) is upper-triangular in a DAG [4]. Notice that Propo-
sitionis also valid for any square submatrix Té’B(ug).

IV. DIRECTED ACYCLIC GRAPHS

In this section, we will derive a sufficient and necessary
condition for the generic identifiability of DAGs based on the
notion of vertex-disjoint paths.

A. Sufficient condition

First, similarly to the linear case and the additive model, we
will analyze the role of the sources and sinks in the identifi-
ability of DAGs for the non-additive model (I)) characterized
by node functions that are not necessarily separable in edge
functions.

Lemma 1. The outgoing edges of sources are not identifiable
if the sources are not excited. The excitation of sinks is
never necessary for the identifiability of the network. The
measurement of sources is never necessary.

Proof. The measurement of an out-neighbor j of the source ¢
provides the output:
k— mj, ]\4 —1
i yM )
(14)

k:—mjﬂ—l
yee0 Y 5o

yy =y

Since the source ¢ is not excited, (I4) becomes:

k—m 1 k—myj, jfl
yp = a0y, ). (15)
Notice that any node function ®; = &, +);(y; b ) where
1; is analytic and ;(0) = 0, also satlsﬁes @]) This implies
that it is not possible to identify @, and hence, the excitation
of all the sources is necessary for identifiability of the network.

Now, the excitation of a sink ¢ can only affect its output:
k—1
yéc = Uy + (b@?

so that the identifiability of ®, is independent of the value of

ulz 1, which implies that the excitation of the sink is never

necessary for identifiability.



Finally, the measurement of a source ¢ provides the output
Yi = uk ! that does not include any unknown dynamics of
the network. O

Next, we establish a link between vertex-disjoint paths and

. A,B/ Lk
the rank of submatrices T~ (ug).

Definition 6 (Vertex-Disjoint Paths [4]). A group of paths are
mutually vertex disjoint if no two paths of this group contain
the same vertex.

Proposition 4. The generic rank of any square submatrix
Té ’B(u’&) is at least the number of vertex-disjoint paths from
Ato B.

Proof. From Proposition [3| the rank of any square submatrix
Té ’B(u’é) is generic. Let us consider the particular case of
linear functions of the form f; ; (yf ) = @i, ]yf which clearly
belong to the class F 4. For this type of functions, the entries of
the matrix J. O( k) in (TT)) are constant values given by ¢; ; and
since they are 1ndependent of y*, the matrix Jg(uk,) in
satisfies Jg (ug;) = J3(y"). Notice that in this case, the matrix
Ja (uG) is equivalent to the adjacency matrix of a graph whose

weights are ¢; ; for each edge, and the parametrization is the
same in [4] if we fix p; ; = 0 and all }"; =0 and 37"} =0
in [4), Equation 18]. Then, according to [4, Proposmon V.1],
the generic rank of any submatrix Té ’B(u’é) for the case of
linear functions is the number of vertex-disjoint paths from
the subset of nodes A C V to the subset of nodes B C V,
which we denote by p. Finally, since the rank is generic, it
should be at least p for more general functions in the class
Fa, which completes the proof. O

In the identifiability of linear networks characterized by
transfer functions in the edges, the generic rank is equal
to the number of vertex-disjoint paths [4]. However, in our
work, we only need to know that the generic rank is at
least the number of vertex-disjoint paths, while the other
direction of the inequality is out of scope. Now, we provide
a sufficient condition based on vertex-disjoint paths for the
generic identifiability of DAGs in the full measurement case
(all nodes are measured).

Theorem 1. In the full measurement case, a DAG is gener-
ically identifiable in the class F 4 if there are vertex-disjoint
paths from excited nodes to the in-neighbors of each node.

Before presenting the proof of Theorem we recall a
technical result that will be used in the proof.

Lemma 2 (Theorem 2.35 [24]). Let H C R? and let f :
H — RY?, where p > q. If [ is continuously differentiable at
the point a € int H and the linear mapping f'(a) : RP — RY
is surjective, then the range of f contains a neighborhood of

f(a).

Proof of Theorem [I; We proceed by induction. For a
DAG and a topological ordering, we take a node i and we
denote without loss of generality by NV; = {1,...,p} the set
of in-neighbors. We assume by induction that all the dynamics
F; at the left of the node 7 have been identified. In the basic
case of N; being empty (i is a source), this assumption is

trivial. Let us set to zero all the excitation signals except by
p excited nodes with vertex-disjoint paths to the in-neighbors
of ¢. This is equivalent to having only p excited nodes in the
network. The measurement of 7 is given by:

k—m -
yf— f +‘P( m17...,’;mhp)
P
k T;, k=Tin,;
:Z 10 (Gag(ur T ))&  Gip)
=1
= ( i,17"‘7§i,p)7
k—1 k—Tj1 kaj,nj .
where & ; = uj +Fj(uy sy Un; ) is the output

of the in- nelghbor j of ¢ as a function of all the excitation
signals that arrive to 7. Let us assume that there exists a set
{®} # {®} such that F(N¢) = F(N¢). Since i € N™, the
measured functions F; and Fi must satisfy:

Fi(&its-- - bip) = Fi(&in, .. &ip), (16)
which becomes

Fi(gi,lw"agi,p) :Fi(gi,la"'7§i,p)7 (17)
since all the dynamics at the left of 7 are known (i.e., &; ; = 5”

for all j € N;) according to the induction. Now, let us define
the mapping:
= RY - RP

(§i71(w1, ey

which sends the n; excitation signals with a path to the node %
to the outputs of the in-neighbors of i. We denote the Jacobian
matrix of Z; as Jz, (w) where w = (w1, ..., wy, ). First, let us
consider the submatrix Tg/ N (uf,) of the nonlinear network
matrix T¢(uk,) defined in Section @ where the rows are
the in-neighbors of ¢ and the columns are the nodes with the
excitation signals. According to Proposition ] since there are
vertex-disjoint paths from excited nodes to the in-neighbors
of ¢, the generic rank of TN N (uk) is p. This implies

that the determinant det(TN N (uk)) is not zero and there
exists at least a minimum non-zero coefficient ayin(Prin)
where the vector of parameters P, € RE is associated
with coefficients of the functions f according to the analytic
parametrization (9).

Now, let us analyze the rank of the Jacobian matrix Jg, (w).
The determinant det(Jz,(w)) is an analytic function where
each coefficient is a function of a finite number of coefficients
of the functions f; ; and g; depending on the degree of the
coefficient of det(Jz,(w)). Let us consider an coefficient
bmin(Qmin) where Qmin = (Pmin G)T € RL and G is a
vector with a finite number of coefficients of the functions g;.
Then, let us consider the particular case when G = 0. In this
case, we have bpin = @min Which is non zero, and it could
only be zero in a subspace of dimension at most L — 1, which
has zero measure.

Since the determinant det(.Jz,(w)) is an analytic function of
w, it can be zero everywhere or only on a set of measure zero
[25]]. This implies that there exists at least a point w* # 0
such that det(J=,(w*)) # 0 and hence the generic rank of
Jz,(w*) is p. Therefore, J=, (w™*) is surjective and by virtue

Ei(wi,...,wp,)= W, )y &ip(Wi, ..o Wh, ),



of Lemma [2 the range of Z; must contain a neighborhood
of Z;(w*), which implies that holds on a set of positive
measure. Then, by the Identifiy Theorem of analytic functions
[25], we guarantee that

Fi(z1,...,2m)=Fi(z1,...,2m) forall z1,...,2,,€D CR,
which implies:
D;i(2, .- .,zm):i)i(zl, ceoyzm) forall z,...,2, €D CR,

and hence the node function ®; is generically identifiable with
respect to the parameters encompassed in the vector @iy -
Now, notice that for 7 = 2 in the topological ordering, if there
is an edge fs 1, the function &3 ; is the identity function and the
node function ®» can be clearly identified. Then, by induction,
the identifiablity analysis is valid for any node in the DAG.
Thus, all the DAG is generically identifiable. O

A direct consequence of Theorem [I] and Lemma [I] is a
sufficient and necessary condition for the identifiability of
trees.

Proposition 5. In the full measurement case, a tree is generi-
cally identifiable in the class F 4 if and only if all the sources
are excited.

B. Necessary condition for polynomial functions

To analyze the necessity of the identifiability condition
derived in Theorem [I| we will consider the class of polynomial
functions Fp,;, which are essential for the approximation of
continuous functions through the Weierstrass Approximation
theorem [26]]. Furthermore, many nonlinear systems can be
accurately identified using polynomial models [27], [28]].

Definition 7 (Class of functions Fp,;). Let Fp, be the class
of polynomial functions ® : R™ — R.

The restriction of the identifiability conditions to polynomial
functions is due to the fact that the necessity will be proved by
using the theory of Algebraic Varieties, which is exclusively
formulated for polynomials. To prove the main result of this
subsection, we will use the notion of an affine algebraic variety
in the field R.

Definition 8 (Affine algebraic variety). Ler fi,...
polynomials in Rz, ..., x,). Then we call V(f1,...
affine algebraic variety defined as:

V(fi,---s fs) =
{(a1,-..,a,) € R"|fi(ay,..

The following lemma is well-known in algebraic varieties
[29] and we provide a proof for the sake of completeness.

o fs be
, [s) the

an) =0 forall 1 <i< s}

Lemma 3. Let V C R"™ be given parametrically as:

z1 = fi(ti,...,tm)

Tpn = fn(tla~~-7tm)a

where f1,..., fn are polynomials inR[ty, ..., t,] andn > m.
Then V is included in an affine algebraic variety W (F), for
a polynomial F € R[xy, ..., x,] that is not identically zero.

Proof. The proof is left to Appendix [A] O

To explicitly compute the polynomial F' in Lemma [3] we
can apply Theorem 1 (Polynomial Implicitization) in [29].

Theorem 2. In the full measurement case, a DAG is gener-
ically identifiable in the class Fpy if and only if there are
vertex-disjoint paths from excited nodes to the in-neighbors of
each node.

Proof. a) Sufficiency: The class of polynomial functions Fp;
is a subclass of the class of analytic functions F 4. For the class
Fpol, the K -analytic parametrization (9)) is formulated with all
coefficients 61-(? = 0 for p > K + 1. Hence, the sufficient
condition of Theorem |I| also encompasses the polynomial
functions.

b) Necessity: Let us consider an arbitrary node ¢ with M;
in-neighbors, such that we have the following identifiability
problem:

Di(y1, - ym,) = @iy, - -

According to (7)), the outputs of the nodes can be expressed as
a function of the excitation signals corresponding to the nodes
in N'¢7*, such that (I8)) becomes:

O;(Fi(uf),..., Fa,(uf)) = ®(Fi(af), ..., Fa,(uf)),
E—T, (19)
where uf = (ulf_T"’l, ey U, ™), and we assume that all

the dynamics F}; of the in-neighbors of the node 7 have been
identified. Notice that is equivalent to:

A(bl(Fl(uf)a 7FML(uf)) = 07

(20)

where A®;, = o, — cin. Let us assume that the maximum
number of vertex-disjoint paths from the set of excited nodes
N°e% to the set of in-neighbors N; is D; < M;. From [4]
Lemma V.3], the size of the smallest N¢ " —\; disconnecting
seﬂ denoted by D._,;, is the maximum number of vertex
disjoint paths given by D,. Clearly, the output of each in-
neighbor of ¢ can be expressed as a function of z1,...,2p, €
D._,; since each path from the set of excited nodes N
must cross D._,;. Since the output of each node z; € D._,;
can be expressed as a function of the excitation signals u”

(20) is given by:

Aq)i(Gl(le-~7ZDi)7--~7G]Wi(zl7~-~aZDi>) =0. (2])

By applying Lemma we  guarantee
there exists a function A®; %= 0 such that
A‘I)i(Gl(Zl,...,ZDi),...,GMi(Zl,...,ZDi))~ = 0 for
all z1,...,2zp, € R. Therefore, the function ®; = ®; + AP,
also satisfies @I), which implies that the node function ®; is
not unique and therefore not identifiable with the information
obtained through the measurement of node . O

that

Example 2. Let us consider the identifiability of the node
function ®1q in the DAG in Fig. [6] The node 10 has three in-
neighbors 7, 8 and 9, which are reached by the excited nodes

2A set of nodes B is an A — C disconnecting set if every path starting in
A and ending in C contains at least one node in B, which implies that if B
is removed, there will be no path from A to C [4].



® O 2
Fig. 6. The vertex-disjoint paths {1,4, 8}, {2,5, 7}, {3, 6,9} guarantee the

identifiability of the DAG in the class Fp,;. The set of nodes {4,5,6} is a
disconnecting set.

1,2 and 3 through the vertex-disjoint paths {1,4,8}, {2,5,7},
{3,6,9}. Hence, the node function ®1q is identifiable in the
class Fpo. Furthermore, the set of nodes B = {4,5,6} is a
disconnecting set of A ={1,2,3} and C = {7,8,9} since all
the paths from A to C must cross B.

We believe that the vertex-disjoint path condition is also
necessary for the more general class of analytic functions F4.
Unfortunately, the theory of analytic varieties is not so rich
as the theory of algebraic varieties and to the best of our
knowledge, a result similar to Lemma [3| has not been derived
and it is out of scope of this paper. For this reason, we state this
potential sufficient and necessary condition as a conjecture.

Conjecture 1. In the full measurement case, a DAG is
generically identifiable in the class F 4 if and only if there are
vertex-disjoint paths from excited nodes to the in-neighbors of
each node.

V. NON-ADDITIVE AND ADDITIVE MODEL

In [20]], a similar identifiability condition based on vertex-
disjoint paths was obtained for the identifiability of DAGs in
the additive model. However, the necessity of this condition
remained as an open question. Unfortunately, the following
counterexample shows that this sufficient condition is not
necessary in the additive model [20].

V|
D—O—0

Fig. 7. A DAG where the excitation of the sources 1 and 2 is sufficient
for identifiability in the additive nonlinear model but is not sufficient for
identifiability in the non-additive nonlinear model since it does not satisfy the
vertex-disjoint path conditions of Theorem [2]

Example 3. Let us consider the DAG in Fig. [7} Clearly,
since the node 7 has 3 in-neighbors (3,5,6) and we only
have two excited nodes (1,2), there are no vertex-disjoint
paths from excitations to the in-neighbors of 7 and the DAG

is unidentifiable in the non-additive model. For the additive
model () and pure nonlinear functions, the measurement of
the node 7 is of the form:

fr3(g73(u1)) + fre(gr6(ui,u2)) + fr5(g7,5(u2)) =
Fr3(973(u1)) + fr6(g7.6(ur,u2)) + fr5(g7,5(u2)), (22)

which is equivalent to

Af73(97,3(u1)) +Af76(97,6(u1,u2)) +Af75(97,5(u2)) =0,

(23)
where we omit the time dependence of the excitation signals
uy and ug. Notice that the function gr ¢ must contain terms
of the form uiul, and if Af; # 0, these terms cannot be
canceled by Afr 3 and A f7 5 that only depend on wy and ug
respectively. Similarly, the function Afr 3 or Af; 5 cannot be
different from zero, because their terms cannot be canceled
by the other functions. Therefore, all the functions A f7 s,
Afre and Afrs must be necessarily 0 to satisfy and
hence, the DAG is identifiable in the additive model even if
there are no vertex-disjoint paths from the excitations to the
in-neighbors of 7. Notice that the incoming edges of 7 are
identifiable independently of the functions associated with the
other edges of the network.

This difference between the additive and the non-additive
nonlinear models can be explained by the separability of the
node function associated to the additive model, which limits
considerably the potential class of functions that can satisfy
the information obtained with the measurement of a node.
However, notice that for the linear case, where the functions
are necessarily separable, the vertex-disjoint path condition
is also necessary. This can be justified by the fact that the
nonlinearity of the functions might generate terms involving
the product of two or more excitation signals as in Example 3]
which will allow us to identify a node function with a reduced
number of excitation signals.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we analyzed the identifiability of a network
with a non-additive nonlinear model that can be expressed as
a node function in the case of full measurements. Unlike the
additive model, we showed that the presence of a static com-
ponent in the node functions does not affect the identifiability,
allowing us to work with a more general class of functions.
Then, we defined the path-independent delay case and we
showed that identifiability conditions for this particular case
are sufficient and necessary for identifiability in any configu-
ration of delays of the functions. We introduced the notion of
generic identifiability for nonlinear functions and characterized
the set of measure zero associated with the generic notion as a
subspace of finite dimension. For analytic functions in DAGs,
we provided a sufficient condition in terms of vertex-disjoint
paths that coincide with the identifiability conditions in the
linear case. For the class of polynomial functions, we showed
that the sufficient condition is also necessary, which is different
from the additive nonlinear model. Finally, we formulated
a conjecture about the necessity of the vertex-disjoint path



condition for the identifiability of DAGs in the class of analytic
functions.

A natural continuation of this work is to derive a result
similar to Lemma [3]for the case of analytic varieties that would
allow us to prove the final conjecture of this paper. Also, it
would be important to analyze identifiability conditions for
more general DAGs where loops are present. In this case, the
notion of an unfolded digraph associated with any network
introduced in [15] could be an important tool.
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APPENDIX
A. Proof of Lemma

Let us denote by /N the maximal degree of the polynomials

fi,-- -, fn. Then, we have that each polynomial satisfies:
deg([f1]* -+ [fa]*") < Nai + Nan < NM,
for ay + --- + a, < M. If we have more than (N%er)

polynomials of the form [f;]%* - - - [f,,]*", we have a dependent
set since (V™) is the dimension of the vector space
of N M -variate polynomials of degree m. Now, the number
of polynomials of this form is (M:") = (M;Tfl) Since
(M;TIH) = O(M™*1h), for a M large enough, the poly-
nomials [f]®t---[f,]** with a1 + --- 4+ a,, < M form a
linearly dependent set in R[¢tq, .. ., t,,]. This implies that there

are Qg ...q, € R not all zero, such that:
Z Qqy,....an [fl}al T [fn]an =0
ar+-+an <M

Thus V belongs to the affine variety W (F') where

>

a1+-+ap, <M

atr ., »0n
Qqy,....anTy Ly

F((El,...

7xn) -
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