
Preprint version. This work has been submitted to the IEEE for possible publication.

1
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Localization Leveraging LiDAR-Based Robot Detections
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Abstract—Accurate long-term localization using onboard sen-
sors is crucial for robots operating in Global Navigation Satellite
System (GNSS)-denied environments. While complementary sen-
sors mitigate individual degradations, carrying all the available
sensor types on a single robot significantly increases the size,
weight, and power demands. Distributing sensors across multiple
robots enhances the deployability but introduces challenges
in fusing asynchronous, multi-modal data from independently
moving platforms. We propose a novel adaptive multi-modal
multi-robot cooperative localization approach using a factor-
graph formulation to fuse asynchronous Visual-Inertial Odome-
try (VIO), LiDAR-Inertial Odometry (LIO), and 3D inter-robot
detections from distinct robots in a loosely-coupled fashion.
The approach adapts to changing conditions, leveraging reliable
data to assist robots affected by sensory degradations. A novel
interpolation-based factor enables fusion of the unsynchronized
measurements. LIO degradations are evaluated based on the
approximate scan-matching Hessian. A novel approach of weight-
ing odometry data proportionally to the Wasserstein distance
between the consecutive VIO outputs is proposed. A theoretical
analysis is provided, investigating the cooperative localization
problem under various conditions, mainly in the presence of
sensory degradations. The proposed method has been extensively
evaluated on real-world data gathered with heterogeneous teams
of an Unmanned Ground Vehicle (UGV) and Unmanned Aerial
Vehicles (UAVs), showing that the approach provides significant
improvements in localization accuracy in the presence of various
sensory degradations.

Index Terms—Multi-Robot Systems, Cooperative Localization,
Multimodal Localization, Factor Graph, Unmanned Aerial Vehi-
cle, Unmanned Ground Vehicle, LiDAR

SUPPLEMENTARY MATERIAL

Video: https://mrs.fel.cvut.cz/coop-mm-localization

I. INTRODUCTION

IN Global Navigation Satellite System (GNSS)-denied envi-
ronments, fusing different localization modalities is crucial

to provide robustness to various environmental challenges [1].
Visual-based localization requires cheap and light-weight sen-
sors, but it is sensitive to illumination changes and texture-less
environments. Light Detection and Ranging (LiDAR)-based
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Figure 1. (a) A LiDAR-equipped UGV with a single camera-carrying UAV
and (b) one LiDAR-equipped UAV cooperating with two camera-equipped
UAVs.

localization exhibits better accuracy and works in challeng-
ing lighting conditions, but requires heavy power-consuming
sensors, significant geometric structure in the environment,
and presence of objects in the relatively small range of 3D
LiDARs.

Multi-robot localization methods enable the distribution of
different sensors on different robots in different parts of the
environment. In such a case, all robots do not need to carry
all the sensors to be able to fully function in every specific
scenario. A LiDAR-carrying robot can provide accurate local-
ization in an area with sufficient geometric structure, while a
camera-equipped robot can take care of the localization in
a place without geometric features but with enough visual
texture. Moreover, multi-robot localization enables the robot
team to cooperate to fulfill the desired task, such as cooperative
mapping, sensing, inspection, or search and rescue.

Multi-modal multi-robot localization is crucial for enabling
truly heterogeneous robot teams to operate in various envi-
ronmental conditions (see Fig. 1), but it comes with a set
of its own unique challenges. In a multi-modal multi-robot
localization scenario, we need to fuse data from sensors carried
by multiple different robots, which are independently moving
with respect to each other and communicating over a network
with possibly limited bandwidth. The data are asynchronous,
and the sensory degradations can cause certain parts of the
estimated state to be unobservable.

Multi-modal localization methods can be loosely-coupled,
processing the modalities separately into distinct estimates and
fusing them afterwards, or tightly-coupled, jointly processing
the modalities at the feature / sensory data level. While tightly-
coupled methods are generally more accurate, applying such
methods to multi-robot scenarios is challenging due to the
necessity to transmit more data between the robots and due
to the data being obtained from mutually distant and moving
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Table I
MATHEMATICAL NOTATION AND NOMENCLATURE.

Symbol Meaning

a scalar value a
a vector a
A matrix A
A set A
A reference frame / robot A
SE(3) special Euclidean group
SO(3) special orthogonal group
TA

B SE(3) pose of B in frame A, matrix
transforming vectors from B to A

T̂A
B estimated SE(3) pose of B in frame A

T̃ pose obtained by applying tangent-
space perturbation to pose T

RA
B SO(3) rotation of B in frame A

Rz(θ) rotation matrix about the z-axis by an-
gle θ

RW
A (α, β) constraint on the roll α and pitch β of

A in frame W
tAB translation of B in frame A
dA
B detection of B in frame A

ξA perturbation vector on the tangent space
associated with the pose TW

A ; applied
on the right side of TW

A ; orientation is
expressed before translation

Exp : R6 → SE(3) exponential map, mapping from the lo-
cal vector space to the Lie group SE(3)

Log : SE(3) → R6 logarithm map, mapping from the Lie
group SE(3) to local vector space

Σ covariance matrix
N (µ,Σ) multivariate normal distribution with

mean µ and covariance matrix Σ
W2(Σ1,Σ2) 2-Wasserstein distance between Σ1 and

Σ2

TrA trace of matrix A[
TA

B

]
tr

translational component of pose TA
B

J Jacobian matrix
[x]× skew-symmetric matrix constructed

from x
Jr

∣∣
x

right Jacobian of SE(3) evaluated at x
AdT adjoint of T
I6 identity matrix of size 6× 6
[a]x x-component of the vector a
a⊥ vector orthogonal to vector a

locations.
In contrast, a loosely-coupled fusion scheme requires com-

paratively lower communication bandwidth and enables modu-
larity, providing the option to easily swap between the specific
algorithms processing each sensory modality. However, such a
loosely-coupled fusion method needs to be able to efficiently
evaluate the reliability of each input to adaptively fuse them
to provide an accurate location estimate at all times.

A. Problem Statement

We tackle the problem of adaptive loosely-coupled multi-
modal multi-robot localization. The problem is illustrated
in Fig. 2. Table I describes the mathematical notation and
nomenclature used throughout the paper. We focus on the case
of cooperative localization in a team of one LiDAR-carrying
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Figure 2. Robot X is localized in local frame L using a LIO algorithm.
Robot Y is localized in a local frame V using a VIO algorithm. Robot X
detects the relative 3D position of robot Y . Robot Z represents another VIO-
utilizing robot detected by robot X . W denotes the world reference frame of
the cooperative localization algorithm. All the reference frames are gravity-
aligned. Blue dashed lines represent the estimated variables TW

X ,TW
Y .

Orange solid lines represent poses TL
X ,TV

Y provided by the individual
odometry algorithms. The red dotted line represents the relative detection
dX
Y of robot Y by robot X .

robot and one or more camera-equipped robots. A LiDAR-
carrying robot X is localized in local frame L using a LiDAR-
Inertial Odometry (LIO) algorithm, providing pose TL

X . A
camera-equipped robot Y is localized in local frame V using
a Visual-Inertial Odometry (VIO) algorithm, providing pose
TV

Y . Robot X detects the 3D position dX
Y of robot Y w.r.t.

the gravity-aligned body frame of robot X . We assume that all
the frames of reference are aligned to the gravity vector as all
robots are equipped with Inertial Measurement Units (IMUs),
enabling the estimation of the gravity vector direction.

The task tackled in this paper is to utilize the LIO / VIO data
from separate robots and inter-robot detections to periodically
estimate the poses TW

X ,TW
Y of each robot in the common

reference frame W , while minimizing localization error with
respect to the true robot poses.

The system times of all robots are assumed to be synchro-
nized throughout the estimation process. The odometry data
and detections are produced asynchronously. The inter-robot
detections are anonymous, requiring the approach to solve the
association problem. No global measurements, i.e., no GNSS
data, are available to the algorithm. The robots are capable of
explicit communication.

The LIO algorithm is based on solving the scan matching
problem, optimizing a point-to-plane / point-to-line cost func-
tion, enabling the option to analyze the approximate Hessian
to evaluate scan matching degeneracy. The VIO is based on a
Kalman filter, outputting uncertainty estimates in the form of
covariance matrices.

We focus on the specific case of LIO and VIO-utilizing
robots to highlight the significant applicability of the approach
to heterogeneous robot teams, but it is worth mentioning that
the proposed method is applicable to other odometry sources
as well, assuming that they provide similar capabilities of
evaluating their uncertainty. Similarly, though we focus on
LiDAR-based detections between the robots, the method is
applicable to other relative localization methods capable of
producing accurate 3D detections of neighboring robots.
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B. Related Work

1) Multi-Modal Localization on a Single Robot: Most
single-robot fusion approaches are not easily applicable to a
multi-robot scenario. Many approaches operate in a coarse-
to-fine manner, obtaining the estimated pose of the robot
body with one modality and using the result as a prior to
refine the estimate with another modality [2], [3]. In [4],
the authors proposed an IMU-centric multi-modal odometry
based on a factor graph. In their approach, they constrained
the IMU prediction using relative pose factors and detected
possible sensory degenerations by analyzing the information
matrices of the respective optimization problems for each
modality. Many single-robot multi-modal approaches use a
tightly-coupled scheme [5]–[11], fusing LiDAR, visual, and
inertial measurements in a single estimator without dividing
the process into completely separate modality-specific subsys-
tems. In [12], the authors utilize intermittent VIO data when
LiDAR degeneracy is detected, while aiding VIO by using
LiDAR points as additional features. In [13], a factor-graph-
based LiDAR-visual-inertial odometry was proposed, fusing
data from different modalities as relative poses and associating
depth information from the LiDAR data to the visual informa-
tion. Despite the advantages of these methods in a single robot
scenario, a coarse-to-fine approach, tight-coupling of sensor
data, associating depth from LiDAR data with visual features,
or centering the approach around a single IMU odometry are
not easily applicable to a multi-robot scenario, where each
sensory modality is placed on a separate robot, the robots
need to wirelessly communicate their data, and the changing
transformation between the robots is obtained through noisy
detections. Therefore, we focus on a parallel loosely-coupled
architecture, running completely separate odometry algorithms
on each robot, converting them to relative poses, and weighting
the individual poses based on their estimated reliability.

2) Evaluating the Uncertainty of a Sensory Modality:
To achieve accurate and robust performance, loosely-coupled
fusion methods must be able to detect sensory degradations
and adapt the fusion process accordingly. For LiDAR-fusing
methods based on minimizing the point-to-plane cost function,
the standard solution is to analyze the eigenvalues of the
approximate Hessian of the optimization problem and per-
form thresholding or calculate a covariance matrix from the
approximate Hessian [2], [3], [14]–[16]. In our method, we
obtain a binary evaluation of the reliability of LiDAR-based
localization by thresholding the minimum eigenvalue of the
approximate Hessian matrix.

For visual-based methods, the usual approaches for eval-
uating uncertainty and detecting sensory degradation include
analyzing the number of visual features [13], [17], threshold-
ing the estimated IMU biases [13], analyzing the determinant
of the covariance matrix [3] in Kalman filter-based algorithms,
thresholding on the maximum change of odometry output with
respect to IMU odometry [13], or analyzing the information
matrix of the optimization problem [4]. However, even a small
amount of visual features may provide sufficient constraints,
and thus, the number of features may not sufficiently cor-
relate with the localization error. Thresholding IMU biases

may provide enough information about the complete loss of
localization, but not about finer uncertainty changes. In a
Kalman filter-based VIO, analyzing the covariance matrices
is the obvious choice. We need to obtain the uncertainty of
the relative poses between consecutive filter outputs. However,
the cross-covariances between the consecutive filter outputs
are unknown. Ignoring cross-covariances when calculating
relative pose covariance would lead to degradation of the
uncertainty [18].

In this work, we propose a novel approach of weighting
relative poses calculated from the outputs of a Kalman filter-
based algorithm proportionally to the Wasserstein distance be-
tween the probability distributions of consecutive filter outputs.
Such an approach is compatible with any Kalman filter-based
method without requiring any modifications to the odometry
method itself.

3) Multi-Robot Cooperative Localization: Multi-robot Si-
multaneous Localization and Mapping (SLAM) algorithms
usually rely on inter- and intra-robot loop closures, obtaining
relative transformations between the different robot frames
by aligning mutually observed features, viewpoints, or par-
tial maps. The architecture usually consists of a front-end
odometry combined with a back-end pose graph optimization
running on a server or running on each robot in a decentralized
fashion. Most of such approaches focus on a single extero-
ceptive modality. In [19]–[21], such methods are proposed
for 3D LiDAR sensors. In [22], pairwise Ultra-wideband
(UWB) measurements are fused with the LiDAR odometry
and LiDAR-based loop closures. In [23]–[25], visual-based
multi-robot SLAM methods are proposed, combining VIO
front-ends with visual-based place recognition or map-based
loop closures. The authors of [26] fused VIO ego-motion
estimates with UWB ranges, visual detections of cooperating
UAVs, and map-based loop closures. However, all of these
methods are limited in the sense that they utilize only a single
main sensory modality, either visual or LiDAR data. Such an
approach lacks the adaptiveness that can be provided by a
multi-modal method. In [27], a collaborative localization and
mapping method for a ground-aerial team is proposed, but each
robot in the team needs to be equipped with both a LiDAR
and a camera. In [28], a SLAM method for a UAV swarm
fusing both LiDAR and visual data is proposed. However, all
robots need to carry both LiDAR and camera sensors, as the
inter-robot loop closures are only obtained for each modality
separately. Obtaining loop closures from a combination of
different modalities is complicated, as the sensors inherently
capture different types of information. Furthermore, place-
recognition-based approaches require significant communica-
tion bandwidth to perform the loop closures.

Utilizing direct detections of cooperating robots enables
straightforward relative localization without requiring the
robots to use the same sensory modalities and minimizes the
communication requirements. In [26], the visual detections
were used in addition to loop closures and UWB measure-
ments. In [17], ultraviolet markers were utilized for camera-
based detection of cooperating UAVs in a multi-robot state
estimation method. In [29], the authors proposed a tightly-
coupled decentralized LiDAR-based odometry for a swarm of
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UAVs utilizing LiDAR-based detections of reflective markers
on board the UAVs. However, the aforementioned all relied
primarily on a single sensory modality, either LiDAR or
camera-based. In [30], LiDAR-based detections were utilized
for relative localization in a heterogeneous team of a LiDAR-
equipped and camera-equipped UAV. However, the fusion
approach did not deal with variable uncertainties of the local-
ization inputs and always treated the LiDAR-based localization
as perfectly reliable. Such an assumption is not valid in many
real-world environments. In [31], the authors proposed an
active collaborative localization method for a UGV-UAV team.
The UGVs were detected from cameras on board the UAVs
and used as landmarks to improve the localization of the
UAVs. The work primarily dealt with the optimal placement of
the UGVs in the environment. However, the UGVs were only
utilized as static landmarks, and the work did not deal with
improving localization performance in the other way around,
i.e., improving localization of the UGVs by the UAVs.

In our work, we utilize direct 3D detections of the cooperat-
ing robots, obtained from LiDAR data. In contrast to the state-
of-the-art methods, we focus on a scenario where the multi-
robot team combines multiple different sensory modalities, but
each robot is equipped with only one distinct exteroceptive
sensor type, e.g., one robot is only equipped with a LiDAR,
while another robot is only equipped with a camera. Our
approach adapts to changing sensory degradations in the
environment and does not rely on the assumption that a single
modality is always reliable or always more accurate than the
other one.

C. Contributions

The contributions of this work are summarized as:

• A novel adaptive loosely-coupled multi-modal multi-
robot fusion method for cooperative localization. The
method utilizes direct 3D detections of cooperating
UAVs, enabling us to efficiently fuse localization out-
puts from different sensory modalities without the need
to perform place recognition on the sensory data. The
detections are represented by a novel interpolation-based
quaternary factor, enabling efficient fusion of data from
unsynchronized sources.

• A novel approach of weighting relative pose factors
proportionally to the Wasserstein distance of consecutive
outputs of a Kalman filter-based algorithm, enabling the
method to utilize information about the variable uncer-
tainty of the odometry without degrading the estimate
due to unknown cross-covariances.

• Theoretical observability analysis of the problem of co-
operative localization based on odometry estimates and
relative 3D detections with respect to various assumptions
and odometry degradations.

The proposed method was extensively evaluated on real-world
data gathered with a UGV-UAV and UAV-only team. The
accuracy of the approach was quantitatively evaluated with
respect to motion-capture and Real-Time Kinematic (RTK)
ground truth.
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Figure 3. Factor graph representation of the cooperative localization problem
for two robots. Circles represent the estimated variables. Squares represent
the factors, i.e., the measurements and prior information. Relative poses of
robot X are obtained from a LIO algorithm, while relative poses of robot Y
are provided by a VIO algorithm.

II. MULTI-ROBOT LOCALIZATION METHOD

We formulate the cooperative localization problem as a factor
graph [32] with the estimated robot poses, priors, and mea-
surements represented by multivariate Gaussian distributions.
As the distinct measurement sources are unsynchronized, we
utilize a novel interpolation-based factor representing the inter-
robot detections. The odometry measurements are adaptively
weighted based on the reliability of each robot’s odometry.

A. Factor Graph-Based Formulation

The factor graph for the cooperative localization problem
for two robots is illustrated in Fig. 3. The problem is
modeled by a set of estimated SE(3) variables X̂ =
{T̂W

X0
, T̂W

X1
, . . . , T̂W

Xn
, T̂W

Y0
, T̂W

Y1
, . . . , T̂W

Ym
} representing the

poses of the robots at specific moments in time and a set
of factors representing the measurements. The factors include
prior factors, the SE(3) relative pose factors representing the
relative movement of each robot obtained from an odometry
algorithm, and the R3 inter-robot position detection factors.
Additional robots detected by robot X would be incorporated
analogously, by connecting the corresponding set of estimated
robot poses to the poses of robot X through the 3D position
detection factors. Let L = {TXk

Xk+1
| k = 0, . . . n − 1} be

the set of n LIO relative poses of robot X , V = {TXl

Xl+1
|

l = 0, . . .m− 1} be the set of m VIO relative poses of robot
Y , and D = {di | i = 0, . . . p} be the set of p inter-robot
detections. Let Xi,Xj ,Xk,Xl,Xq, be the subsets of variables
connected to the i-th inter-robot detection factor, j-th SE(3)
prior factor, k-th LIO relative pose factor, l-th VIO relative
pose factor, and q-th tilt prior factor, respectively. Let Lk,Vl be
the relative pose measurement corresponding to the k-th LIO
and l-th VIO relative pose factors, respectively. The estimation
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problem can be equivalently expressed as a weighted nonlinear
least squares problem as

X̂ = argmin
X

(∑
j

∣∣∣∣∣∣epriorj (Xj)
∣∣∣∣∣∣2
Σprior

j

+

+
∑
q

∣∣∣∣etiltq (Xq)
∣∣∣∣2
Σtilt

q

+
∑
k

∣∣∣∣eLIOk (Xk,Lk)
∣∣∣∣2
ΣLIO

k

+

+
∑
l

∣∣∣∣eVIO
l (Xl,Vl)

∣∣∣∣2
ΣVIO

l

+
∑
i

∣∣∣∣edeti (Xi,di)
∣∣∣∣2
Σdet

i

)
,

(1)

where epriorj is the error function of the SE(3) prior factors,
etiltq is the error function of the zero-roll-pitch prior, eLIOk is
the error function of the LIO relative poses of robot X , eVIO

l

is the error function of the VIO relative poses of robot Y ,
and edeti is the error function of the 3D inter-robot detections
between robot X and robot Y . Each error is weighted by
the corresponding covariance matrix representing the Gaussian
noise associated with the measurement. The random SE(3)
variables [33] are defined with the tangent-space perturbations
of the noise-free pose T applied on the right side:

T̃ = TExp(ξ),T ∈ SE(3), ξ ∼ N (0,Σ), (2)

where Exp() is the exponential map of SE(3), mapping
elements of the vector space R6 to the Lie group SE(3),
and ξ is the perturbation vector in the tangent space with the
convention of expressing orientation before translation to be
compatible with the GTSAM library. Assuming that T repre-
sents an SE(3) pose in the world frame, the corresponding
covariance matrix Σ is then defined in the body frame of T.

To be able to incrementally build and solve the factor graph
in real time, the graph is solved in a sliding window, utilizing
a fixed-lag smoother based on the iSAM2 [34]. Due to the
assumption that all the reference frames are gravity-aligned,
we constrain the roll and pitch angles of all poses to zero using
a prior factor on each estimated variable.

B. LIO Relative Factor

The relative pose is calculated from two consecutive outputs
of the LIO algorithm as

TXk

Xk+1
=

(
TL

Xk

)−1
TL

Xk+1
. (3)

We assume that the LIO utilizes a scan matching algorithm
minimizing a point-to-line or point-to-plane cost function, and
we utilize binary detection of LIO degeneration based on the
minimum eigenvalue of the approximate Hessian evaluated
by the optimization method. For a detailed description of the
scan matching degeneracy detection, see [14]. We consider the
current LIO output degenerated if

min(eig(ATA)) < λthr, (4)

where A is the Jacobian of the scan-matching cost function
evaluated at the current linearization point and λthr is a
predefined threshold. We assume that when the LIO is not
degenerated, it is more reliable than the VIO method, and
when the LIO is degenerated, the LIO position and yaw output

are unusable. Therefore, we set the covariance matrix of the
LIO relative pose as

ΣLIO
k = diag(σ2

α, σ
2
β ,

loσ2
γ ,

loσ2
pos,

loσ2
pos,

loσ2
pos)∆t, (5)

when both of the LIO poses TL
Xk

,TL
Xk+1

are reliable and as

ΣLIO
k = diag(σ2

α, σ
2
β ,

hiσ2
γ ,

hiσ2
pos,

hiσ2
pos,

hiσ2
pos)∆t, (6)

if either of the poses TL
Xk

,TL
Xk+1

is degenerated. ∆t is the
difference of timestamps of poses TL

Xk
,TL

Xk+1
. σα and σβ

are equal for both cases, as we constrain the roll and pitch
angles to be constantly zero. σγ and σpos are the respective
standard deviations corresponding to the yaw angle and to the
positional part. The standard deviations are selected so that

loσγ ≪ hiσγ ,
loσpos ≪ hiσpos (7)

and based on analyzing the average error of the LIO relative
poses w.r.t. ground-truth measurements in real-world data.

C. VIO Relative Factor

The relative pose is calculated from two consecutive outputs
of the VIO algorithm as

TYl

Yl+1
=

(
TV

Yl

)−1
TV

Yl+1
. (8)

We assume that the VIO algorithm is based on a Kalman filter
and encodes uncertainty information in the covariance matrix
of each output. The consecutive local poses are described by
the jointly Gaussian probability distribution

N
([

TV
Yl

TV
Yl+1

]
,

[
Σl,l Σl,l+1

Σl+1,l Σl+1,l+1

])
. (9)

Assuming that all the covariance matrices are defined in the
same reference frame, the covariance matrix of the relative
pose can be calculated as

Σrel = Σl,l +Σl+1,l+1 −Σl,l+1 −Σl+1,l, (10)

where Σl,l and Σl+1,l+1 are the covariance matrices es-
timated by the Kalman filter at time steps l and l + 1,
respectively. The cross-covariance matrix Σl,l+1 between the
consecutive Kalman filter estimates is generally unknown,
but ignoring the cross-covariance would lead to degradation
of the estimate [18]. Therefore, we approximate the relative
pose covariance matrix by a matrix proportional to the 2-
Wasserstein distance [35]–[37] between the covariance ma-
trices of the consecutive filter outputs. For the covariance
matrices Σl,l,Σl+1,l+1, the squared 2-Wasserstein distance
between them is the solution of the problem

W2(Σl,l,Σl+1,l+1)
2 = min

Σl,l+1

Tr(Σl,l +Σl+1,l+1 − 2Σl,l+1)

(11a)

s.t.

[
Σl,l Σl,l+1

Σl+1,l Σl+1,l+1

]
≥ 0. (11b)

The Wasserstein distance is a statistical distance and a met-
ric on the space of covariance matrices, and its calculation
assumes maximal correlation between the two covariance
matrices and thus provides a lower bound on the trace of the
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relative pose covariance. The 2-Wasserstein distance between
the two Gaussians can be calculated as

W2(Σl,l,Σl+1,l+1) =√
Tr

[
Σl,l +Σl+1,l+1 − 2(Σ

1
2

l,lΣl+1,l+1Σ
1
2

l,l)
1
2

]
. (12)

To utilize this calculation, the covariance matrices
Σl,l,Σl+1,l+1 need to be defined in the same reference
frame. In our case, the covariance matrices outputted by the
VIO algorithm are defined on the SO(3) × R3 manifold.
In our approach, we utilize only the positional part of the
covariance matrices; therefore, we can directly calculate
the Wasserstein distance between the positional covariance
matrices with no transformation necessary. We assume that
the error of the relative pose measurement is proportional
to the Wasserstein distance between the two covariance
matrices. However, the Wasserstein distance provides only
a lower bound on the trace of the relative pose covariance
matrix, and using it directly as the trace of the relative pose
covariance matrix would result in an overconfident estimate.
Furthermore, we do not assume that the covariance matrix
always provides a consistent estimate of the uncertainty,
i.e., the incoming covariance matrices Σl,l,Σl+1,l+1 may be
underconfident or overconfident. Therefore, we scale it by a
constant factor as

vσpos = µW2(Σl,l,Σl+1,l+1). (13)

The scaling factor µ depends on the system model of the
VIO algorithm and the odometry sampling rate and is selected
based on analyzing the average error of the VIO output
with respect to ground-truth measurements on real-world data.
Next, we bound the standard deviation to always stay between
predefined thresholds as

vσ̄pos = max(vminσpos

√
∆t,min(vmaxσpos

√
∆t, vσpos)).

(14)
The thresholds are selected such that

loσpos ≤ vminσpos <
vmaxσpos ≤ hiσpos. (15)

The standard deviation of the yaw measurement is calculated
as

vσ̄γ =

{
vσγ∆t if vσpos ≤ vmaxσpos

ν vσγ∆t if vσpos >
vmaxσpos

, (16)

where vσγ is an empirically-selected parameter and ν is
a predefined scaling factor inflating the yaw sigma if the
positional measurement is deemed unreliable due to high
positional standard deviation. The covariance matrix of the
relative pose measurement is set as

ΣVIO
l = diag(σ2

α, σ
2
β ,

vσ̄2
γ ,

vσ̄2
pos,

vσ̄2
pos,

vσ̄2
pos). (17)

D. Interpolation-Based Detection Factor

The relative robot detection is represented by a quater-
nary factor connecting the temporally-adjacent variables
TW

Xk
,TW

Xk+1
,TW

Yl
,TW

Yl+1
. The factor utilizes the assumption

of constant velocity between consecutive variables. The error
function is defined as

edeti =
[(
TW

Xint

)−1
TW

Yint

]
tr
− di, (18)

where d is the detection, [ ]tr selects the translational part
of the SE(3) matrix, and TW

Xint
, TW

Yint
are obtained by linear

interpolation on the SE(3) manifold as

TW
Xint

= TW
Xk

Exp
(
τXLog

((
TW

Xk

)−1
TW

Xk+1

))
, (19a)

TW
Yint

= TW
Yl
Exp

(
τY Log

((
TW

Yl

)−1
TW

Yl+1

))
, (19b)

τX =
tdet − tXk

tXk+1
− tXk

; τY =
tdet − tYl

tYl+1
− tYl

, (19c)

where tdet is the time of the detection, tA represents time of
variable TW

A , Exp denotes the SE(3) exponential map, and
Log is the SE(3) logarithm map.

Let us denote ξA the perturbation vector on the tan-
gent space associated with the pose TW

A . The analytic
Jacobian matrix of the detection factor error function at
TW

Xk
,TW

Xk+1
,TW

Yl
,TW

Yl+1
is formulated as

J =
[
∂edet

∂ξXk

∂edet

∂ξXk+1

∂edet

∂ξYl

∂edet

∂ξYl+1

]
, (20)

where the submatrices are calculated using the chain rule as

∂edet
∂ξXk

=
∂edet
∂ξXint

∂ξXint

∂ξXk

,
∂edet
∂ξXk+1

=
∂edet
∂ξXint

∂ξXint

∂ξXk+1

, (21a)

∂edet
∂ξYl

=
∂edet
∂ξYint

∂ξYint

∂ξYl

,
∂edet
∂ξYl+1

=
∂edet
∂ξYint

∂ξYint

∂ξYl+1

. (21b)

The partial derivatives of the detection error function with
respect to perturbations of the interpolated poses TW

Xint
and

TW
Yint

are formulated as

∂edet
∂ξXint

=
[(
RW

Xint

)T [
tWYint

− tWXint

]
× RW

Xint
−I3

]
, (22a)

∂edet
∂ξYint

=
[
03

(
RW

Xint

)T
RW

Yint

]
, (22b)

where [a]× denotes a skew-symmetric matrix constructed from
vector a. The partial derivatives of the interpolated poses with
respect to perturbations of the estimated variables are

∂ξAint

∂ξAk

= Ad
T

Aint
Ak

− τAJ
A
ExpJ

A
LogAd

T
Ak+1
W TW

Ak

, (23a)

∂ξAint

∂ξAk+1

= τAJ
A
ExpJ

A
Log, (23b)

where AdT denotes the adjoint of T and the specific partial
derivative can be obtained by substituting Ak, Ak+1 with
Xk, Xk+1 or Yl, Yl+1. The Jacobians of the exponential and
logarithm maps are formulated as

JA
Exp = Jr

∣∣
τALog

((
TW

Ak

)−1
TW

Ak+1

), (24a)

JA
Log = J−1

r

∣∣(
TW

Ak

)−1
TW

Ak+1

, (24b)

where Jr, J−1
r denote the right Jacobian of SE(3) and its in-
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verse, evaluated at the corresponding linearization points [38].
The detection covariance Σdet is set as

Σdet
i = diag(σ2

det, σ
2
det, σ

2
det) (25)

where σdet are constant values, which are empirically tuned
on real-world data to reflect the noise of the detections and the
inaccuracies caused by the constant-velocity assumption used
by the factor.

The detections are anonymous, i.e., the detections contain
no information about which robot is detected and may contain
false positives. Therefore, it is necessary to associate each
incoming detection to a tracked robot before the detection
is inserted into the graph. To perform the association, the
measurement distance of the detection is calculated based on
eq. (18) and the detection is associated to the closest robot if
the measurement distance is below a predefined threshold.

E. Graph Initialization
To initialize the factor graph, we need an initial guess for
the pose of each robot. We assume that there is no prior
information about the position and yaw orientation of the
robots. The detections are anonymous, i.e., the detections
contain no information about which robot is detected and may
contain false positives. Therefore, we obtain the initial pose
of each robot by aligning its movement trajectory observed in
the detections and in the odometry data.

We assume that the detector provides tracking of the de-
tected object, i.e., we can construct a buffer of detections
corresponding to a single object, but it is unknown which
buffer corresponds to which robot. For each robot and for each
detection buffer, we construct a sliding window of detections
and corresponding robot poses, and solve the problem of
alignment of the two point patterns as

t̂LV , θ̂ = argmin
tLV ,θ

∑
i

∣∣∣∣RL
V (θ)p

V
Yi

+ tLV − dL
Yi

∣∣∣∣2 , (26a)

tLV ∈ R3, θ ∈ [−π, π], (26b)

TL
V =

[
Rz(θ) tLV
0T 1

]
∈ SE(3). (26c)

To obtain correspondences at the same time steps, pV
Yi

is
calculated by linear interpolation of the temporally-adjacent
positions to the time of the detection dL

Yi
. The problem

can be solved analytically using the Kabsch-Umeyama al-
gorithm [39], solving only for the rotation and translation.
The initialization is considered successful if the cost of (26a)
falls below a predefined threshold and the trajectories are
sufficiently large, as the alignment problem degrades as the
robot trajectories degrade to a single point, and noise in the
data might compromise the result.

To initialize the factor graph, we anchor the pose of the
robot X at the origin

TW
X0

= I4 (27)

and calculate prior poses of the remaining robots based on the
transformations obtained from trajectory alignment as

TW
Y0

= TL
V T

V
Y0
. (28)

T̂W
X1

T̂W
X2

T̂W
Y1

T̂W
Y2

TW
X1

RW
Xp

(α, β)

RW
Ys
(α, β)

TX1
X2

TY1
Y2

d1 d2

SE(3) prior

relative pose

tilt prior

detection

Figure 4. Simplified factor graph used in the observability analysis of the
cooperative localization problem. The graph represents two poses of robot X
and two poses of robot Y . Detections are synchronized with the odometry
measurements, removing the need for interpolation. In the visualized situation,
the factor graph is fully constrained.

The covariance matrices of the prior poses are empirically
selected to reflect a strong constraint on anchoring TW

X0
at

origin and a comparatively larger uncertainty of the prior pose
TW

Y0
, which can be corrected over the course of the estimation

process.
To perform the initialization, each detected robot needs

to separately perform an initialization maneuver so that the
trajectory alignment problem can be solved. As the estimated
transformation TL

V has only 4 Degrees of Freedom (DOFs),
this initialization maneuver can be a short flight in a straight
line.

III. OBSERVABILITY ANALYSIS

To analyze the observability of the estimation problem with
respect to various situations and sensory degradations, we
construct the Jacobian matrix of the stacked measurement
model of a simplified factor graph representing two poses
of robot X and two poses of robot Y (see Fig. 4). By
analyzing the rank of the resulting Jacobian matrix, we can
determine whether the stacked measurements are sufficient
for fully constraining the estimated variables. Furthermore, by
analyzing the nullspace of the Jacobian matrix, we can obtain
the unobservable directions, i.e., the subspace of the values of
the estimated variables whose changes result in no change of
the cost function.

For clarity of the analysis, we consider robot detections to be
synchronized with the odometry measurements, thus removing
the need for pose interpolation, and we assume that the roll
and pitch angles of all poses are zero, with the orientation
depending on yaw only. We construct the following Jacobian
matrices from partial derivatives of the cost function (1) w.r.t.
estimated robot poses:

JLIO =
[
∂eLIO

∂ξX1

∂eLIO

∂ξX2
06×6 06×6

]
∈ R6×24, (29a)

JVIO =
[
06×6 06×6

∂eVIO

∂ξY1

∂eVIO

∂ξY2

]
∈ R6×24, (29b)

Jdet
1 =

[
∂edet

1

∂ξX1
03×6

∂edet
1

∂ξY1
03×6

]
∈ R3×24, (29c)
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Jdet
2 =

[
03×6

∂edet
2

∂ξX2
03×6

∂edet
2

∂ξY2

]
∈ R3×24, (29d)

Jprior
X =

[
I6×6 06×6 06×6 06×6

]
∈ R6×24, (29e)

Jprior
Y =

[
06×6 I6×6 06×6 06×6

]
∈ R6×24, (29f)

Jtilt =
[
I2×2 02×4

]
∈ R2×6, (29g)

Jtilt
4 =


Jtilt 02×6 02×6 02×6

02×6 Jtilt 02×6 02×6

02×6 02×6 Jtilt 02×6

02×6 02×6 02×6 Jtilt

 ∈ R8×24, (29h)

corresponding to Jacobian of the LIO odometry factor, VIO
odometry factor, detection between TW

X1
and TW

Y1
, detection

between TW
X2

and TW
Y2

, SE(3) priors on poses TW
X1

and TW
Y1

,
and prior on the roll and pitch angles of all poses, respectively.
The values of the partial derivatives are formulated as

∂eLIO

∂ξX1

=

[
−
(
RW

X2

)T
RW

X1
03×3(

RW
X2

)T [
tWX2

− tWX1

]
× RW

X1
−
(
RW

X2

)T
RW

X1

]
(30a)

∂eLIO

∂ξX2

= I6×6 (30b)

∂edet1

∂ξX1

=
[(
RW

X1

)T [
tWY1

− tWX1

]
× RW

X1
−I3

]
, (30c)

∂edet1

∂ξY1

=
[
03

(
RW

X1

)T
RW

Y1

]
, (30d)

with ∂eVIO

∂ξY1
, ∂eVIO

∂ξY2
, ∂edet

2

∂ξX2
, and ∂edet

2

∂ξY2
formulated analogously

by substituting the corresponding variables into the partial
derivative equations.

A. Full-Rank Jacobian

The Jacobian of the full factor graph with both odometry
measurements, both detections, prior on pose TW

X1
, and prior

on the roll and pitch angles is

Jfull =
[
JLIO,JVIO,Jdet

1 ,Jdet
2 ,Jprior

X ,Jtilt
4

]T
(31)

and its rank is
rank(Jfull) = 24, (32)

demonstrating full observability of the estimation problem.

B. No Global SE(3) Prior

By removing the SE(3) prior on pose TW
X1

, we obtain

Jno
prior =

[
JLIO,JVIO,Jdet

1 ,Jdet
2 ,Jtilt

4

]T
, (33a)

rank(Jno
prior) = 20, (33b)

exhibiting four unobservable DOFs corresponding to the trans-
lation and yaw orientation w.r.t. the global frame of reference.
As the graph does not contain any global measurements and
the SE(3) prior is utilized only to anchor the graph at an
initial pose and to make the problem solvable, over time, the
estimated poses will exhibit long-term drift with respect to the
global reference frame.

C. No Roll and Pitch Prior

By removing the roll and pitch prior from Jacobian Jfull, we
obtain

Jno
rpprior =

[
JLIO,JVIO,Jdet

1 ,Jdet
2 ,Jprior

X

]T
, (34a)

rank(Jno
rpprior) = 23. (34b)

To obtain the unobservable direction, we calculate the
nullspace of the Jacobian as

Null(Jno
rpprior) = span




012×1

RY1

W (tWY1
− tWY2

)
03×1

RY2

W (tWY1
− tWY2

)
03×1


 , (35)

showing that when robot Y is moving in a straight line,
its 3D orientation cannot be fully determined without addi-
tional information. By incorporating the assumption of gravity-
alignment of all reference frames in the form of the roll-pitch
prior, our approach circumvents this unobservability. Note that
the unobservable direction is expressed in the body frame of
the robot poses.

D. No Movement of Robot Y

By setting the pose TW
Y2

equal to pose TW
Y1

, we obtain a
situation with no movement of the robot Y :

Jno
move = Jfull

∣∣
TW

Y1
=TW

Y2

, (36a)

rank(Jno
move) = 23, (36b)

Null(Jno
move) = span




014×1

1
05×1

1
03×1


 , (36c)

showing that without the movement of robot Y , we cannot
fully determine the orientation of robot Y , as the relative
orientation between the odometry frame of robot Y and the
odometry frame of robot X is unobservable.

E. LIO Degradation

In case of a detected LIO degradation, the ΣLIO covariance in
eq. (1) will be greatly increased, minimizing the influence of
the LIO term on the objective function. Therefore, we remove
the corresponding line from the Jacobian Jfull. By removing
the part corresponding to the LIO measurement from the full
Jacobian and analyzing the result, we can ascertain which
subspace of the estimated variables is not constrained by other
measurements and thus cannot be corrected in the event of LIO
degradation. We assume that the degradation happens after a
period of normal operation, and the graph contains valid prior
estimates of both robot poses. We construct the Jacobian of a
factor graph with LIO degradation as

JLIO
deg =

[
JVIO,Jdet

1 ,Jdet
2 ,Jprior

X ,Jprior
Y ,Jtilt

4

]T
, (37a)

rank(JLIO
deg ) = 23, (37b)
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Null(JLIO
deg ) = span





08×1

1[
RX2

W (tWX2
− tWY2

)⊥
]
x[

RX2

W (tWX2
− tWY2

)⊥
]
y

013×1




, (37c)

indicating that in such a case, there is insufficient information
to distinguish between the change in the yaw of the robot X
and its movement in the direction perpendicular to the line
connecting the robots. The notation x⊥ represents a vector
perpendicular to vector x and the subscripts [a]x and [a]y
represent the x- or y-component of vector a. By inserting an
additional detected robot Z, we obtain

JLIO′
deg =



JLIO
deg 032×6 032×6

06×6 06×6 06×6 06×6
∂eVIO

∂ξZ1

∂eVIO

∂ξZ2

∂edet
3

∂ξX1
03×6 03×6 03×6

∂edet
3

∂ξZ1
03×6

03×6
∂edet

4

∂ξX2
03×6 03×6 03×6

∂edet
4

∂ξZ2

06×6 06×6 06×6 06×6 I6×6 06×6

02×6 02×6 02×6 02×6 Jtilt 02×6

02×6 02×6 02×6 02×6 02×6 Jtilt


,

(38a)
rank(JLIO′

deg ) = 36. (38b)

The resulting Jacobian is full-rank, showing that the problem
becomes fully observable when two distinct robots with reli-
able pose estimates are detected.

F. VIO Degradation

In case of a VIO degradation, the influence of the VIO term
from eq. (1) is minimized. Therefore, we obtain

JVIO
deg =

[
JLIO,Jdet

1 ,Jdet
2 ,Jprior

X ,Jprior
Y ,Jtilt

4

]T
, (39a)

rank(JVIO
deg ) = 23, (39b)

Null(JVIO
deg ) = span


020×1

1
03×1

 , (39c)

indicating that the yaw of pose TW
Y2

is unobservable from the
available measurements. Such a situation cannot be improved
by adding additional robots, as the detections do not provide
any orientation information about the robot Y , and the robot
Y itself cannot detect other robots.

IV. EXPERIMENTAL VERIFICATION

The proposed cooperative localization approach was quanti-
tatively evaluated on custom datasets gathered in an indoor
environment with motion-capture ground-truth data and in a
large-scale outdoor environment with RTK ground-truth data.

In all evaluations, the LIO-SAM algorithm [40] was used as
the LIO of robot X . The LIO-SAM algorithm was modified
to work with the six-axis IMU of the Ouster 3D LiDAR;
thus, the LIO does not have information about the global yaw
orientation. The internal threshold of LIO-SAM for consider-
ing the scan matching problem degenerated was empirically
tuned for use with the employed 3D LiDAR. The OpenVINS

Table II
PARAMETER VALUES USED IN THE EXPERIMENTS. ALL THE PRESENTED

RESULTS WERE OBTAINED WITH THE SAME SET OF PARAMETERS. µY AND
µZ REPRESENT DIFFERENT VALUES OF µ FOR UAVS Y AND Z SELECTED
DUE TO THE UAVS’ DIFFERENT CONSTRUCTION RESULTING IN DIFFERENT

ODOMETRY ACCURACY.

Parameter Value

odometry rate 2Hz
detection rate 10Hz
smoother window length 30 s
λthr 430
σdet 0.13m
loσpos 0.01m
hiσpos 5.0m
loσγ 0.001 rad
hiσγ 1.0 rad
vminσpos 0.1m
vmaxσpos 5.0m
ν 20
µY 260
µZ 500
vσγ 0.01 rad

algorithm [41] was utilized as the VIO of robot Y . Parameters
of OpenVINS were tuned for reliable performance on the real-
world data. Note that the parameters of OpenVINS were not
the same on all datasets due to the use of different cameras
in the indoor and outdoor experiments, different constructions
of the camera-equipped UAVs, and different amounts of vi-
sual features in the environments. For obtaining the relative
detections of robot positions, we placed reflective markers on
the UAVs representing the detected robots Y and Z and we
utilized a 3D LiDAR-based detector inspired by the tracking
module of [42] with the detections initialized based on the
reflective markers and using centroids of clusters of LiDAR
points as the robot detections. The system time of the robots
was synchronized over a wireless network using the chrony
implementation of the Network Time Protocol (NTP). The
sensor data were recorded on board the robots and processed
offline. Table II shows data rates and parameters used by the
proposed algorithm. These parameter values were the same for
all experiments.

When processing the ground-truth measurements and eval-
uating the accuracy of a robot trajectory, we followed the
approach proposed in [43]. For each individual estimated
trajectory, we calculated ground-truth data interpolated to the
times of the estimate, aligned the estimated data to the ground-
truth data using the Kabsch-Umeyama algorithm [39], and
calculated the Absolute Trajectory Error (ATE) as the Root
Mean Squared Error (RMSE) of the estimated position/yaw
orientation. In all plots of the estimated data, the estimates
were plotted in the ground-truth reference frame after the
alignment.

A. Real-World UGV-UAV Indoor Experiments

As the LiDAR-carrying robot X , we utilized the Unitree
B1 quadruped carrying the Ouster OS0-128 LiDAR. As the
camera-equipped robot Y , we used a small custom-made UAV
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Figure 5. xy-plots of odometry data (LIO, VIO), the proposed cooperative localization method (COOP), and ground truth (GT) from the experimental
evaluation. All estimated trajectories were aligned to the ground-truth data for evaluation.

based on the DJI F330 frame, equipped with the RealSense
T265 tracking camera and with reflective markers placed on its
legs (see Fig. 1). Ground-truth measurements were obtained
using the OptiTrack motion capture system.

We performed four different experiments. The localization
errors from these experiments are listed in Table III. The
xy-plots of data obtained in these experiments are shown in
Fig. 5, and the altitude and yaw plots are shown in Fig. 6. The
experiments were performed in a feature-rich environment,
where the LIO was considered reliable the entire time.

In the Indoor #1 experiment, the UAV Y was flying in a
circle with varying altitude, while the UGV X was walking
around the circle. For the UGV, the error of the proposed
cooperative localization method (COOP) was the same as the
error of the LIO, as the LIO was considered reliable the entire
time. For the UAV, both the positional and rotational errors
were significantly reduced.

In the Indoor #2 experiment, we utilized the same data as
in the previous case, but we artificially created strong VIO
degradation in part of the trajectory. For half of the UAV’s

trajectory (when x > 3), the camera images were replaced
with completely black images. In the degraded part of the
trajectory, the VIO needed to rely on IMU data only and
therefore exhibited significant drift, mainly in the z-axis. For
the UGV, the COOP error stayed approximately the same as
the LIO error. For the UAV, the VIO error was corrected by
the COOP method, with the 3D ATE decreasing from 4.671m
to 0.101m.

In the Indoor #3 and Indoor #4 experiments, the UAV X
was flying in a figure-eight and circular trajectory, respectively,
with the UGV walking next to it. For the UGV, the COOP
error again stayed approximately the same as the error of LIO.
For the UAV, the positional error was significantly reduced.
In the figure-eight trajectory, the UAV’s VIO rotational error
was already very low, and the COOP rotational error stayed
approximately the same. In the circular trajectory, the UAV’s
rotational error was significantly reduced.
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Figure 6. Altitude and yaw plots of odometry data (LIO, VIO), the proposed cooperative localization method (COOP), and ground-truth data (GT).

B. Real-World Multi-UAV Outdoor Experiments

A custom-made UAV based on the X500 frame was used as the
robot X [44]. The UAV carried the Ouster OS0-128 LiDAR.
As the camera-equipped robots Y and Z, we utilized two
smaller UAVs equipped with the mvBlueFOX-MLC200wG
cameras and the ICM-42688-P IMU, providing data for the
VIO (see Fig. 1). The smaller UAVs each had a slightly dif-
ferent construction, resulting in different amounts of propeller-
induced vibrations acting upon the IMU, thus resulting in
different VIO accuracy for each UAV. Ground-truth positional

measurements were provided by the Holybro H-RTK F9P
modules. Ground-truth measurements of yaw were obtained
from the onboard flight controller units processing external
magnetometer data from the F9P modules. The localization
errors from the outdoor experiments are listed in Table III,
the xy-plots are shown in Fig. 5, and the altitude and yaw
plots are shown in Fig. 6 and Fig. 7.

Four different experiments were made. In the Outdoor #1,
the UAVs X and Y flew around a large-scale open field
(see Fig. 8). The mutual distance between the UAVs ranged
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Figure 7. Continuation of the altitude and yaw plots of odometry data (LIO, VIO), the proposed cooperative localization method (COOP), and ground truth
data (GT).

between 2.9m and 24.9m with the mean mutual distance of
9.9m. The experiment was characterized by large portions
of LIO degeneracy. The LIO was reliable only for limited
times, mainly at the right and top parts of the trajectory, when
the UAVs flew close to the trees next to the field. The rest
of the time, the LiDAR data contained only the featureless
ground plane with no geometric features usable to sufficiently
constrain the scan matching problem. Although the VIO of
UAV Y was usable the entire time, it exhibited significant
long-term drift, significantly increasing the scale of the entire
VIO trajectory (see Fig. 5 - Outdoor #1). The proposed
cooperative localization method managed to combine the data,
significantly decreasing the localization errors for both UAVs.
The localization error of UAV X decreased from 74.591m to
10.373m in position and from 1.219 rad to 0.360 rad in yaw.
The error of UAV Y decreased from 46.458m to 10.692m in
3D position and from 0.131 rad to 0.092 rad in yaw.

In the Outdoor #2 experiment, the UAVs flew in an en-
vironment between several buildings, where the LIO was
reliable for the entire time. The COOP error of UAV X stayed
approximately the same as the LIO error. The COOP error of
UAV Y significantly decreased in 2D, but slightly increased
in 3D due to the altitude estimation error of the LIO at the
end of the trajectory.

In the Outdoor #3 experiment, one LiDAR-equipped UAV
X and two camera-equipped UAVs Y and Z were utilized.
The UAVs were flying in figure-eight trajectories, and the LIO
of UAV X was reliable the entire time. For the UAV X , the
localization error of COOP stayed approximately the same as
the LIO localization error. For the UAV Y , the error of COOP
was similar to the VIO error with significant error decrease in

the z-axis. For the UAV Z, there was a significant decrease
in both the 2D and 3D error.

The Outdoor #4 experiment utilized the same raw data as
the previous experiment. In this experiment, we artificially
created LIO degradation. After the UAVs started following
their trajectories, the point clouds incoming into the LIO
algorithm were modified by removing all points above the
ground plane, thus removing features usable for scan match-
ing. This feature removal resulted in the LIO data being useless
in the xy-plane (see Fig. 5 - Outdoor #4), as well as in
yaw (see Fig. 7 - Outdoor #4). Utilizing the VIO data from
the remaining two UAVs and their detections, the proposed
cooperative localization method was able to correctly estimate
the pose of UAV X and reconstruct its figure-eight trajectory.
The localization error of UAV X was reduced from 4.077m
to 0.875m in 3D position and from 1.668 rad to 0.067m
in yaw orientation. It is worth mentioning that the use of a
single detected UAV was insufficient for correctly estimating
the changing pose of UAV X in the presence of such strong
LIO degradation. This corresponds to the findings of the
observability analysis in sec. III-E, which showed that in the
case of a LIO degeneracy and a single detected robot, there
is one unobservable DOF, while in the case of two detected
robots, this unobservability is mitigated.

C. Evaluating the Use of Wasserstein Distance

We want to verify the assumption that the Wasserstein dis-
tance between the covariance matrices of two consecutive
VIO positions correlates with the real-world localization error
and validate the decision to set the standard deviations of
the VIO relative position measurements proportional to the
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Table III
POSITIONAL AND ROTATIONAL LOCALIZATION ERRORS FROM THE

EXPERIMENTAL EVALUATION. LOCALIZATION ERRORS OF THE PROPOSED
COOPERATIVE LOCALIZATION METHOD (COOP) AND OF THE RESPECTIVE

INDIVIDUAL ODOMETRY METHODS (LIO, VIO) ARE COMPARED. THE
MINIMAL ERRORS FOR EACH ROBOT IN EACH DATASET ARE IN BOLD.

Dataset Robot Method 2D ATE
[m]

3D ATE
[m]

rot. ATE
[rad]

Indoor #1
circle

var. height

UGV X
LIO 0.029 0.047 0.013
COOP 0.029 0.047 0.013

UAV Y
VIO 0.483 0.489 0.155
COOP 0.065 0.079 0.041

Indoor #2
circle

var. height
VIO deg.

UGV X
LIO 0.029 0.047 0.013
COOP 0.030 0.068 0.013

UAV Y
VIO 0.497 4.671 0.104
COOP 0.076 0.101 0.043

Indoor #3
figure eight

UGV X
LIO 0.025 0.029 0.010
COOP 0.026 0.029 0.010

UAV Y
VIO 0.280 0.281 0.012
COOP 0.076 0.089 0.013

Indoor #4
circle

UGV X
LIO 0.023 0.044 0.017
COOP 0.027 0.046 0.017

UAV Y
VIO 0.440 0.458 0.137
COOP 0.084 0.098 0.048

Outdoor #1
around
field

UAV X
LIO 74.386 74.591 1.219
COOP 10.091 10.373 0.360

UAV Y
VIO 46.391 46.458 0.131
COOP 10.425 10.692 0.092

Outdoor #2
between
houses

UAV X
LIO 0.145 0.972 0.154
COOP 0.155 0.902 0.156

UAV Y
VIO 0.553 0.715 0.112
COOP 0.162 0.896 0.109

Outdoor #3
3 UAVs

UAV X
LIO 0.194 0.200 0.052
COOP 0.198 0.204 0.051

UAV Y
VIO 0.295 0.923 0.069
COOP 0.315 0.333 0.063

UAV Z
VIO 0.595 1.010 0.197
COOP 0.311 0.328 0.239

Outdoor #4
3 UAVs
LIO deg.

UAV X
LIO 4.076 4.077 1.668
COOP 0.525 0.875 0.067

UAV Y
VIO 0.294 0.923 0.069
COOP 0.354 0.767 0.060

UAV Z
VIO 0.595 1.010 0.197
COOP 0.550 0.880 0.210

Wasserstein distance. For each experiment and each respective
camera-equipped UAV, we calculated the Pearson correlation
coefficient of the Wasserstein distance corresponding to each
relative VIO position measurement and the norm of the
3D relative position error, calculated from the ground-truth
data. Table IV shows the obtained correlation coefficients.
A positive correlation between the Wasserstein distance and
relative position error was found in all datasets. The largest
correlations were observed in the Indoor #2 and Outdoor #1
experiments, which contained the largest variations in VIO
accuracy. In the Indoor #2 experiment, we repeatedly created
VIO degradations by blocking the camera image, and in the
Outdoor #1 experiment, the number of visual features varied
significantly while the UAV was flying around the field.

Fig. 9 shows a comparison of the VIO and LIO relative
position errors and the σpos utilized by the proposed coop-

UAV X (LIO) - GT

UAV Y (VIO) - GT

0 400 m

300 m

Figure 8. Ground-truth trajectories from the Outdoor #1 experiment, where
the two UAVs flew around an open field.

Table IV
PEARSON CORRELATION COEFFICIENTS OF WASSERSTEIN DISTANCES
AND THE NORMS OF RELATIVE 3D POSITION ERROR OF THE VIO. THE

VALUES FOR OUTDOOR #4 ARE EQUAL TO THE VALUES OF OUTDOOR #3,
AS THE VIO DATA WERE EQUAL.

Dataset Correlation coefficient

Indoor #1 0.221
Indoor #2 0.758
Indoor #3 0.590
Indoor #4 0.563
Outdoor #1 0.807
Outdoor #2 0.644
Outdoor #3 - UAV X 0.460
Outdoor #3 - UAV Y 0.597

erative localization method from the Outdoor #1 experiment.
This data showcases the necessity of having the measurement
covariance matrices adaptively react to changing odometry
accuracy. The LIO relative position error plot shows several
moments in time when the LIO error was low, surrounded by
periods of low accuracy. The σpos of UAV X in the bottom
plot reflects this changing accuracy.

Similarly, the σpos of UAV Y reflects the changing lo-
calization accuracy of the VIO. Notably, there was a large
increase of VIO localization error after t = 320 s with two
sharp peaks at t = 326 s and t = 342 s. Failing to detect such
an increase in localization error would lead to inconsistency
between the measurements obtained from the detections and
the VIO data and would result in large estimation errors. In
our experiments, utilizing a static covariance matrix, which
did not reflect this large localization error, resulted in loss of
the estimate due to large localization error and subsequent
failure to associate new detections to the estimate due to
exceeding the maximum allowed detection distance. It is worth
mentioning that such sharp peaks in localization error and
in the Wasserstein distance are often produced after loss
and subsequent re-detection of visual features. The employed
VIO algorithm, OpenVINS, tracks a fixed number of SLAM
features in its state vector throughout the estimation process.
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Figure 9. Comparison of the LIO relative position error, VIO relative position
error, and the σpos values used in the covariance matrices of the proposed
cooperative localization method from the Outdoor #1 experiment.

After the features are lost, the correction caused by regaining
the features can cause a sudden jump in the VIO estimate,
accompanied by a sudden decrease in the covariance matrix
of the VIO position. The Wasserstein distance can be used to
conveniently quantify such a change in localization accuracy
and lower the weight of the corresponding relative position
measurement in the factor graph.

D. Investigating the Findings of the Observability Analysis

As established theoretically in sec. III, in the case of odometry
degradations, the tackled cooperative localization problem
exhibits unobservable directions. In case of LIO degradation,
i.e., odometry degradation of the detecting robot X , there is
one unobservable DOF in the direction of the yaw of robot
X and the vector perpendicular to the line connecting the
robots. In case of VIO degradation, i.e., odometry degradation
of the detected robot Y , the yaw orientation of robot Y is
unobservable. We explore these findings experimentally to
verify them and to provide further insight into the problem.

1) Unobservable DOF of the Detecting Robot X: We
utilized data from the experiment Outdoor #3, where one
detecting UAV X and two detected UAVs Y and Z were
following figure-eight trajectories. We overwrote the eigen-
values of the LIO’s approximate Hessian to consider the LIO
output degenerated between t = 300 s and t = 400 s. We
compared three different situations. First, we utilized only a
single detected UAV Y in the cooperative localization process.
Second, we utilized only UAV Y and changed hiσγ to the same
value as loσγ , forcing the algorithm to consider the yaw values

of the LIO measurements as reliable for the entire time. Third,
we utilized both of the detected UAVs Y and Z.

Fig. 10 shows data from the analysis. To analyze the con-
sistency of information in the factor graph, we composed each
UAV detection with the pose of UAV X at the corresponding
timestamp, and compared it with the estimated poses of the
detected UAVs Y and Z, interpolated to the same timestamp.
Furthermore, we plotted the estimated positions of UAV X at
the same timestamp. The left plot in Fig. 10 shows that there
is no significant discrepancy between the detections composed
with the poses of UAV X and the interpolated poses of UAV
Y , although the poses of UAV X exhibit significant drift. The
position drift is caused by the unobservable direction, as the
estimated poses of UAV X fulfill the optimization objective
to minimize the error of the detection factors and the error
of the VIO measurement factors, but at the time of the LIO
degeneracy, the poses of the UAV X are not fully constrained,
resulting in the observed drift.

In the central plot of Fig. 10, we constrained the yaw
measurements from the LIO algorithm to always be consid-
ered reliable. Such a constraint eliminated the unobservable
direction, and the position drift was mitigated. In the right
plot of Fig. 10, we instead utilized two detected UAVs at the
same time. The position drift of UAV X disappeared, because
the unobservable direction was mitigated by utilizing multiple
detected UAVs, confirming the findings of the observability
analysis from sec. III-E.

Note that in the Outdoor #1 experiment, which used a single
detected UAV and contained large areas of LIO degradation,
the drift caused by the unobservable direction was not as
pronounced, as the UAVs were often changing their relative
position, resulting in changes in the unobservability direction,
and the errors caused by the unobservability were much
smaller than the localization improvements provided by the
cooperative localization method.

2) Yaw Unobservability of the Detected Robot Y : We uti-
lized data from the Indoor #1 experiment. Between t = 300 s
and t = 400 s, we artificially inserted cumulative drift of
the yaw orientation of UAV Y with a constant velocity of
0.05 rad/s. Fig. 11 shows a comparison of the resulting yaw
of VIO, the yaw estimated by the cooperative localization
method, and the ground-truth yaw. The yaw from VIO and
from the cooperative localization method coincide the entire
time, and there is an increasing offset from the ground-truth
data. The offset stays constant even after the drift stops being
added at t = 400 s because the yaw orientation of UAV Y
is unobservable from other data than the VIO measurements.
This behavior corresponds to the findings of the theoretical
analysis in sec. III-F.

E. Discussion of Results

The experiments have confirmed the ability of the proposed
cooperative localization method to adapt to changing condi-
tions and significantly improve the localization accuracy in the
presence of sensory degradations. The quantitative evaluation
of experiments in sec. IV-A and sec. IV-B has shown the
localization accuracy of the cooperative localization method to
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Figure 11. The effect of unobservable yaw of the detected UAV Y in the
presence of pure yaw drift. We artificially inserted constant-velocity yaw drift
between t = 300 s and t = 400 s.

be similar to the accuracy of the individual robot odometries
when no sensory degradations are present and to signifi-
cantly improve the localization performance in the presence
of sensory degradations. Simultaneously, the method provides
localization in a common reference frame, which is crucial
for enabling any cooperation between the robots. As shown
in sec. IV-C, the Wasserstein distance between the covariance
matrices of consecutive VIO positions highly correlates with
the real-world localization error, especially in the presence of
visual degradations. Weighting the relative VIO measurements
proportionally to the Wasserstein distance is thus crucial for
the adaptivity of the algorithm. Finally, the findings of the
theoretical analysis regarding the unobservable directions in
the presence of odometry degradations were experimentally
verified in sec. IV-D. The experiments have confirmed that
there is one unobservable DOF in the presence of odometry
degradation of the detecting robot, which can be mitigated
by utilizing multiple detected robots. Finally, the experiments
have demonstrated the unobservability of the yaw orientation
of the detected UAV. To mitigate this unobservability, the
method would need to fuse an additional source of information
about the yaw of the detected robot, or the detected robot itself
would need to have the ability to detect other robots.

V. CONCLUSIONS

A novel multi-modal multi-robot adaptive cooperative local-
ization approach was proposed in this paper. The proposed
method fuses LIO and VIO measurements from different
robots with direct 3D detections between the robots in a
loosely-coupled fashion using a factor graph-based formula-

tion. A novel interpolation-based quaternary factor enables
efficient fusion of the data from unsynchronized sources of
measurements. The approach adaptively reacts to the changing
reliability of the measurements to enhance the localization
performance in the presence of sensory degradations. The
degradation of LIO measurements is detected by analyzing the
eigenvalues of the approximate Hessian of the scan matching
problem. The changing uncertainty of VIO measurements
is evaluated in a novel approach based on the Wasserstein
distance between the covariance matrices of consecutive VIO
positions. Theoretical analysis was performed to analyze the
observability of the tackled cooperative localization problem
under various conditions, especially in the presence of odome-
try degradations. The proposed method and the findings of the
theoretical analysis were extensively evaluated on real-world
data gathered with a UGV-UAV and a UAV-only team. The
accuracy of the approach was quantitatively evaluated with
respect to motion capture and RTK ground truth. The experi-
ments have shown that the proposed cooperative localization
method provides significant improvements in localization ac-
curacy in the presence of sensory degradations.
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C. E. Denniston, S.-P. Deschênes, K. Harlow, S. Khattak, L. Nogueira,
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