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Abstract

We develop the 3D generalization of the planar analytical theory presented in
(Gaitanas et al., 2024), which deals with states slightly perturbed from the exact
‘single-synchronous equilibrium state’ (SSES) of the full two-body problem. The
SSES corresponds to two non-spherical gravitationally interacting bodies, settled
in nearly circular relative orbit, with rotation axes normal to the orbital plane,
rapid rotation of the primary and synchronous rotation of the secondary. In the
present paper we remove all simplifying assumptions of our previous work (Gai-
tanas et al., 2024), and show how to compute analytical solutions describing a
3-dimensional perturbation of the system from the SSES in the framework of two
distinct theories, called ‘linear’ and ‘nonlinear’. Linear theory stems from averag-
ing the equations of motion over the primary’s rapid rotation angle. This maps
the SSES to an equilibrium point of the averaged system, around which analyt-
ical solutions can be computed by linearization of the equations of motion. In
nonlinear theory, instead, we compute a high order normal form for the Hamil-
tonian of motion through a sequence of canonical transformations in the form of
series. Resonances between the basic system’s frequencies appear in the nonlinear
theory as small divisors. We show that, close to resonances, the nonlinear theory
leads to a partially integrable model, sufficient to analytically describe the evo-
lution of the relative orbit, but only of some of the Euler angles of the system.
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As a basic application, we compute analytical solutions representing various pos-
sible Didymos-Dimorphos post-impact orbital and rotational states. In this case,
all analytical formulas here proposed are of direct utility in fitting algorithms
exploiting available time series of post-impact observational data.

Keywords: binary asteroid, kinetic impactor, dynamical evolution, canonical
perturbation theory

1 Introduction

The present paper generalizes in three dimensions the methods and results discussed
in our previous work (Gaitanas et al., 2024), referring to the analytical study, in the
planar case, of the orbital and rotational dynamics in a system of two non-spherical
bodies interacting through gravitational forces. Our focus is on the case when the sys-
tem gets ‘perturbed’ (by natural or artificial causes) with respect to a basic equilibrium
state, hereafter referred to as the ‘single synchronous equilibrium state’ (SSES).

The SSES and nearby states are among the most frequently occurring endstates in
astronomical applications of the full two-body problem. Leading examples are planets
with a satellite (e.g. Earth-Moon), or binary asteroids with a secondary in synchronous
rotation. In the context of the present paper we adopt the following four requirements
of definition of an exact SSES: (i) the primary (more massive) body rotates rapidly
with respect to the orbital period of the companion and has axisymmetric (typically
oblate) shape, (ii) the secondary is triaxial and rotates synchronously with the orbit,
(iii) the rotation axes of both bodies are normal to the orbital plane, (iv) the relative
orbit is circular.

By ‘perturbation’ to the SSES we mean a small variation of any of the above
conditions (i) to (iv). Such variations can be caused by altering one or more of the
system’s parameters with respect to a parameter set for which the SSES exists, or by
assuming a small variation in the orbital or rotational state of the system with respect
to an initial SSES. Here, as in Gaitanas et al. (2024), we focus on a main example
of current interest, namely the change of the dynamical state of the binary asteroid
system 65803 Didymos after its impact with DART. In this example, the ‘perturbation’
consists in that condition (i) is not precisely fulfilled (the primary is triaxial), while
conditions (iii) and (iv) are no longer fulfilled after the impact.

We call the perturbation ‘planar’ if the vectors of the orbital and spin angular
momenta of the two bodies undergo no change in orientation in the perturbed state,
respective to the considered exact SSES (condition (iii) maintained). Planar pertur-
bations were the subject of our previous paper, in which we developed two kinds of
analytical theories, called ‘linear’and ‘nonlinear’, to describe the evolution of all gen-
eralized coordinates of the problem in the perturbed state, given the latter’s initial
conditions. In the Hamiltonian context, the planar problem has four degrees of free-
dom (length and azimuth of the relative orbit’s radius vector, and one Euler angle per
body). Averaging over the fast rotation of the primary, and exploring the invariance of
the total angular momentum, the number of degrees of freedom can be reduced to two.
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In the present paper we deal with the same problem in three dimensions. We now
have nine degrees of freedom, the coordinates (XR, YR, ZR) of the relative radius vec-
tor, and three angles (for example the ‘roll-pitch-yaw’ angles) per body. By reduction
to the relative rotation angles (see Maciejewski (1995)) the number of degrees of free-
dom can be reduced to six. However, in what follows we avoid making this reduction,
since it leads to cumbersome formulas in what regards the application of perturbation
theory, while our perturbative scheme based on canonical transformations guarantees
invariance of the non-reduced system in all three components of the total angular
momentum at any order of perturbation theory. Averaging with respect to the pri-
mary’s fast rotation is only required in the theory called below ‘linear’: in the averaged
system the primary’s effect is virtually reduced to that of an axisymmetric body, for
which the SSES is mathematically represented as an equilibrium point. We then com-
pute approximative analytical solutions for initial conditions near this point through
the linearized equations of motion. No simplifications are made, instead, in nonlin-
ear theory, which yields analytical (series) solutions in time for all nine generalized
coordinates of the problem as a function of the initial conditions.

To outline the key steps in our theories, after stating the mathematical formulation
of the problem in Section 2, we initially develop linear perturbation theory (Section
3). If the primary has triaxial shape, our adopted definition of the SSES is not strictly
fulfilled (condition (i) is violated). However, by ‘scissor’-averaging the Hamiltonian
with respect to the fast-rotating angle of the primary, we effectively recover a SSES
as equilibrium point of the averaged Hamiltonian. Physically, the process of averaging
mimics the effect of approximating the shape of the primary as axisymmetric by
rotation. Nonetheless, the information on the primary’s true triaxial shape is retained
in the solutions obtained by linear theory after averaging, since the variational matrix
of the linearized equations of motion around the equilibrium depends on the values of
all three primary’s principal moments of inertia. In summary, we give below the linear
solution in explicit form, i.e., by a set of formulas exhibiting explicit dependence on
all the physical parameters of the problem.

In Section 4, a more precise, nonlinear theory is developed through series obtained
by the method of the Lie canonical transformations. In this we implement a ‘book-
keeping’ method introduced in Efthymiopoulos (2011). A key difference between the
two theories is that the nonlinear theory is based on expansions taken not with respect
to the SSES of the averaged problem, but around a basic state of spherical rotating
bodies in Keplerian orbit. The latter turns to be a mathematically more convenient
starting point for nonlinear series expansions. On the other hand, SSES-like equilib-
rium states of the normalized equations of motion are recovered by this approach ‘on
the go’, i.e., computed by iteration of the normal form algorithm, together with their
nearby perturbed states.

In Section 5 we apply the above theories to the Didymos-Dimorphos problem, thus
obtaining 3D analytical solutions for the post-impact spin-orbit state of the system
under the assumption that the impactor’s velocity vector is slightly inclined with
respect to the pre-impact orbital plane. The momentum enhancement parameter β,
which encapsulates ejecta-related effects (see Rivkin et al. (2021)), remains central
to our analysis of this problem: β appears symbolically in all equations of motion
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and all obtained analytical solutions. As a result, the formulas presented below are
of direct utility as entry data in algorithms seeking to compute a best-fit value for β,
or of the orbital and rotational parameters of the system post-impact, on the basis
of detailed time-series observations. In the case of the Didymos system, one of the
effects observed numerically even by mild excitations of the system around a starting
SSES is the destabilization of the roll and pitch angles, which, for our assumed bodies’
physical and collision parameters, are found to enter into chaotic motion after impact
with DART for a value of β beyond β ≳ 3.6. Since estimates from Earth observations
render such a state a real possibility, we here pay some attention to it. Section 5 makes
a comparison of the analytical with the numerical solutions for the post-impact state
of Didymos-Dimorphos under various assumptions on the value of β and on the mass
and ellipsoidal axial ratios of the secondary. From these comparisons we find that the
onset of this partially chaotic regime is connected with a particular set of resonances
between the basic orbital and librational frequencies of the problem (Agrusa et al.
(2021)). The instability marginally affects the relative orbit, which can be described
very accurately as a Keplerian ellipse with precessing longitudes of the pericenter and
of the nodes, with the nodal line taken as the line of intersection of the two orbital
planes before and after the impact. Fixing the orbit by an ad hoc model of (precessing)
Keplerian ellipse, we can derive two separate restricted spin-orbit problems (one for
the primary and another for the secondary) which approximate the full problem. Then,
we show that the instability in the secondary’s rotational state observed under the full
problem corresponds to a parametric resonance observed in the respective restricted
problem.

Notwithstanding our particular interest in the Didymos-DART problem, we stress
that the analytical theories here presented are generic, i.e., applicable to any two-body
system of astronomical or astrodynamical interest settled close to single-synchronous
equilibrium state. Section 6 summarizes, in respect, our main results and conclusions.

2 Problem statement and equations of motion

2.1 Coordinate system

We consider two rigid bodies B1, B2 in space, of masses M1, M2, under their mutual
gravitational influence, as depicted in Figure 1. We assume M1 > M2 and call B1 the
‘primary’ and B2 the ‘secondary’. Both bodies are allowed arbitrary rotation, described
relative to their principal axes of inertia. We adopt the Tait-Bryan angle set 1-2-3
(commonly referred to as Euler angles, i.e. roll, pitch, yaw) for each body, denoted
hereafter by the symbols θix, θiy, θiz, i = 1, 2, where the indices (x, y, z) respectively
refer to each body’s long, intermediate, and short principal axis of inertia. For the
description of the relative orbit we employ cylindrical coordinates (r, θ, z) such that the
relative position vectorR with origin at the center of mass of the primary and endpoint
at the center of mass of the secondary has relative coordinates R = (XR, YR, ZR) with
XR = r cos θ, YR = r sin θ, ZR = z. Assuming an inertial reference frame O(XY Z)
with origin at the center of mass of the system we recover the barycentric radius
vectors R1 = OB1, R2 = OB2 through the relations R1 = −M2R/(M1 + M2),
R2 = M1R/(M1 +M2).
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Fig. 1 Coordinate system setup of the F2BP. Both bodies can move along 3 directions and spin
around 3 axes, while gravitationally interacting.

The bodies’ gravitational interaction is expressed through a ‘second-moment’
approximation of the mutual potential function (Scheeres (2009))

V (R,A1,A2) = −
GM1M2

R

− G

2R3

[
M2tr(I1) +M1tr(I2)

]
+

3G

2R5
R · (M2A1I1A

T
1 +M1A2I2A

T
2 ) ·R ,

(1)

where G is the gravitational constant, Ai is the rotation matrix of the body Bi around
its center of mass and Ii = diag(Iix, Iiy, Iiz), with Iix < Iiy < Iiz, is the (constant)
inertia matrix of the body Bi expressed in its own solidal frame. In terms of the Euler
angles θix, θiy and θiz, the matrix Ai is expressed as

Ai = AizAiyAix (2)

where

Aiz =

cos θiz − sin θiz 0
sin θiz cos θiz 0

0 0 1

 (3)

Aiy =

 cos θiy 0 sin θiy
0 1 0

− sin θiy 0 cos θiy

 (4)

Aix =

1 0 0
0 cos θix − sin θix
0 sin θix cos θix

 (5)

are the matrices corresponding to rotations about the bodies solidal axes z, y, and x
respectively.
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For dynamical states close to the SESS (see below), the solidal z−axis of both
bodies remains always nearly normal to the orbital plane. It then turns convenient to
replace the generalized coordinates θiz (yaw angles) in the equations of motion with
the ‘relative yaw angles’ ϕi, i = 1, 2 given by

ϕi = θiz − θ . (6)

When the coordinate z of the relative orbit, as well as all four angles θix, θiy, are small
quantities, the angles ϕi become nearly equal (with an error of second order in the
small quantities) to the geometrical angles formed between the lines containing the
relative radius vector R and each of the bodies’ major inertial axis xi.

2.2 Hamiltonian

For our study, we employ the Hamiltonian formalism. The total kinetic energy of the
system is

T =
1

2
mv · v +

1

2
ω1 · I1 · ω1 +

1

2
ω2 · I2 · ω2 , (7)

where

m =
M1M2

M1 +M2
(8)

is the reduced mass of the binary,

v ≡ Ṙ =

ṙ cos θ − rθ̇ sin θ

ṙ sin θ + rθ̇ cos θ
ż

 (9)

is the linear mutual velocity vector in the cylindrical coordinates and ωi is the angular
velocity of Bi, expressed in the corresponding body frame. Denoting θi = (θix, θiy, θiz),
for i = 1, 2, and using the formula

ωi(θi, θ̇i) =

 θ̇ix − θ̇iz sin θiy
θ̇iy cos θix + θ̇iz cos θiy sin θix
θ̇iz cos θix cos θiy − θ̇iy sin θix

 , (10)

the Lagrangian is expressed in terms of the generalized coordinates and velocities
(R,θ1,θ2, Ṙ, θ̇1, θ̇2) as

L = T (R,θ1,θ2, Ṙ, θ̇1, θ̇2)− V (R,θ1,θ2) , (11)

from which we derive the Hamiltonian

H = ṙpr+ θ̇pθ+ żpz+ θ̇1xpθ1x + θ̇1ypθ1y + ϕ̇1pϕ1
+ θ̇2xpθ2x + θ̇2ypθ2y + ϕ̇2pϕ2

−L , (12)
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where

pr =
∂L

∂ṙ
pθ =

∂L

∂θ̇
pz =

∂L

∂ż

pθ1x =
∂L

∂θ̇1x
pθ1y =

∂L

∂θ̇1y
pϕ1 =

∂L

∂ϕ̇1

pθ2x =
∂L

∂θ̇2x
pθ2y =

∂L

∂θ̇2y
pϕ2

=
∂L

∂ϕ̇2

(13)

are the canonical momenta, corresponding to the Hamiltonian (12). The
functional form of H(q,p), with q = (r, θ, z, θ1x, θ1y, ϕ1, θ2x, θ2y, ϕ2), p =
(pr, pθ, pz, pθ1x , pθ1y , pϕ1 , pθ2x , pθ2y , pϕ2) is

H =
1

2m
(p2r + p2z) +

1

2mr2
(pθ − pϕ1 − pϕ2)

2

+

2∑
i=1

{(
1

2Iix
+

sin2(θix) tan
2(θiy)

2Iiy
+

cos2(θix) tan
2(θiy)

2Iiz

)
p2θix

+

(
cos2(θix)

2Iiy
+

sin2(θix)

2Iiz

)
p2θiy +

(
sin2(θix)

2 cos2(θiy)Iiy
+

cos2(θix)

2 cos2(θiy)Iiz

)
p2ϕi

+

(
sin(2θix) tan(θiy)

2Iiy
− sin(2θix) tan(θiy)

2Iiz

)
pθixpθiy (14)

+

(
sin2(θix) sin(θiy)

cos2(θiy)Iiy
+

cos2(θix) sin(θiy)

cos2(θiy)Iiz

)
pθixpϕi

+

(
sin(2θix)

2 cos(θiy)Iiy
− sin(2θix)

2 cos(θiy)Iiz

)
pθiypϕi

}
+ V (r, θ, z, θ1x, θ1y, ϕ1, θ2x, θ2y, ϕ2) ,

with the potential V given as

V = Vkep + V2,0 + V2,1 + V2,2 ,

with

Vkep = − GM1M2

(r2 + z2)1/2

V2,0 = −G ((I1x + I1y + I1z)M2 + (I2x + I2y + I2z)M1)

2(r2 + z2)3/2

V2,1 =
3GM2

2(r2 + z2)5/2
×

×

(
I1x(r cos(θ1y) cos(ϕ1)− z sin(θ1y))

2
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+ I1y (z cos(θ1y) sin(θ1x) + r cos(ϕ1) sin(θ1x) sin(θ1y)− r sin(ϕ1) cos(θ1x))
2

+ I1z (z cos(θ1x) cos(θ1y) + r cos(ϕ1) cos(θ1x) sin(θ1y) + r sin(ϕ1) sin(θ1x))
2

)

V2,2 =
3GM1

2(r2 + z2)5/2
×

×

(
I2x(r cos(θ2y) cos(ϕ2)− z sin(θ2y))

2

+ I2y (z cos(θ2y) sin(θ2x) + r cos(ϕ2) sin(θ2x) sin(θ2y)− r sin(ϕ2) cos(θ2x))
2

+ I2z (z cos(θ2x) cos(θ2y) + r cos(ϕ2) cos(θ2x) sin(θ2y) + r sin(ϕ2) sin(θ2x))
2

)
.

Note that, Hamilton’s equations for the canonical pair (θ, pθ) read

θ̇ =
1

mr2
(pθ − pϕ1 − pϕ2), ṗθ = 0 . (15)

The second of the above equations comes from the fact that the gravitational interac-
tion between the bodies depends only on the relative angles ϕi, hence θ is ignorable,
and it expresses the conservation of the total angular momentum magnitude of the
system, equal in modulus to pθ. Note also that by the chosen set of Euler angles, the
Hamiltonian (14) exhibits a virtual singularity when the pitch angle becomes equal to
θiy = kπ ± π/2, k ∈ Z. However, our perturbation theories below provide analytical
expressions valid around the state θiy = 0, i.e., ‘far’ from the singularity.

2.3 Single-synchronous equilibrium state

Assume a binary system with axisymmetric primary I1x = I1y = Is. We can readily
show that, for any observed value of the primary’s spin frequency ν1,obs, and of the
system’s orbital period Tθ,obs = 2π/νθ,obs, Hamilton’s equations under the Hamilto-
nian (14) admit the following exact solution, called the ‘single-synchronous equilibrium
state’ (SSES):

r(t) = req, z(t) = 0, θ(t) = θ(t0) + νθ,obs(t− t0),

θ1x(t) = 0, θ1y(t) = 0, ϕ1(t) = ϕ1(t0) + (ν1,obs − νθ,obs)(t− t0),

θ2x(t) = 0, θ2y(t) = 0, ϕ2(t) = 0, (16)

pr(t) = 0, pz(t) = 0, pθ(t) = pθ,eq = (mr2eq + I2z)νθ,obs + I1zν1,obs,

pθ1x(t) = 0, pθ1y (t) = 0, pϕ1(t) = pϕ1,eq = ν1,obsI1z,

pθ2x(t) = 0, pθ2y (t) = 0, pϕ2(t) = pϕ2,eq = νθ,obsI2z.
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Fig. 2 Top: schematic representation of the SSES. The primary has two of its principal axes lying in
the orbital plane and rotates around its third principal axis with spin frequency equal to ϕ̇1+ θ̇ = ν1.
The relative orbit is circular, with frequency θ̇ = νθ. Bottom: an SSES created ‘by rotation’, i.e., by
averaging the Hamiltonian (14) with respect to the ‘fast’ angle ϕ1.

In Eq. (16), θ(t0), ϕ1(t0) are arbitrary initial conditions, while req is the positive
algebraic root of the equation (Scheeres (2009))

νθ,obs =

√
G(M1 +M2)

r3eq

[
1 +

3

2r2eq

(
I1z − Is
M1

+
−2I2x + I2y + I2z

M2

)]
, (17)

closest to the Keplerian estimate req ≃ req,kep = [G(M1 +M2)]
1/3/ν

2/3
θ,obs. Physically,

the system’s relative orbit is circular at radius r = req with uniform angular frequency
νθ,obs (see Fig. 2, top panel).

Consider, now, the case in which the primary body is triaxial I1x ̸= I1y. Strictly,
an SSES of the form of Eq. (16) does not exist for Hamilton’s equations under the
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Fig. 3 Our adopted pre-impact kinetic state of the binary system 65803 Didymos. The functions
r(t), θ(t), z(t) (upper row), θ1x(t), θ1y(t), ϕ1(t) (mid row) and θ2x(t), θ2y(t), ϕ2(t) (lower row) are
numerically integrated in time for G = 0.0864989, M1 = 5.150418, M2 = 0.0392693, I1x = 0.260108,
I1y = 0.267618, I1z = 0.337960, I2x = 8.20454 · 10−5, I2y = 8.88782 · 10−5, I2z = 1.1899 · 10−4,
which we refer to as ‘parameter set 1’ in Section 5. The units of measurement are in [hr], [km], [kg∗],
where 1 [kg∗] = 1011[kg]. The system is very close to an exact SSES.

full Hamiltonian (14). However, we readily find that an SSES still can be defined for
Hamilton’s equations in all nine degrees of freedom under the averaged Hamiltonian

Havg(r, z, θ1x, θ1y, θ2x, θ2y, ϕ2) =
1

2π

∫ 2π

0

H(r, z, θ1x, θ1y, ϕ1, θ2x, θ2y, ϕ2)dϕ1 . (18)

The equilibrium is given by the same formulas as in Eq. (16), with the equilibrium
radius req now given as the root of

νθ,obs =

√
G(M1 +M2)

r3eq

[
1 +

3

2r2eq

(
2I1z − I1x − I1y

2M1
+
−2I2x + I2y + I2z

M2

)]
, (19)

which closely follows the formulation of Scheeres (2009) in Eq. (17), extended here to
the triaxial case where I1x ̸= I1y, but for the SSES case. Physically, the averaging of
Eq. (18) mimics approximating the triaxial primary as axisymmetric by rotation, yet
it remains more general than directly setting I1x = I1y = Is = (I1x + I1y)/2, since
both I1x and I1y are kept as symbolic parameters in the averaged Hamiltonian (see
Fig. 2, bottom panel).

Numerically, we find that the SSES recovered by averaging the equations of motion
with respect to ϕ1 is justified if the primary is a fast rotator ν1,obs ≫ νθ,obs, and the
ratio I1y/I1x is a number of the order of unity. As an example consider the orbit of the
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65803 Didymos system prior to DART impact, with initial conditions at t0 = 0 equal
to those corresponding to Eq. (16) and req computed through Eq. (19). Fig. 3 shows
the result in time of the numerical integration of the equations of motion under the
exact Hamiltonian (14), with physical parameters as in the caption of the figure, and
estimated observed values νθ,obs = 2π/Tθ,obs, Tθ,orb = 11.92149 [hr], ν1,obs = 2π/T1,obs,
T1,obs = 2.26 [hr] and robs = 1.18 [km]. As shown in Fig. 3, the SSES is reproduced by
the real pre-impact observed motion of the system except for a fluctuation of about one
meter with respect to the equilibrium radius, and a small libration of the angle ϕ2 of
about 0.15 degrees amplitude with respect to the exact alignment of the SSES. Note,
finally, that the non-planar degrees of freedom (z, θ1x, θ1y, θ2x, θ2y) satisfy the SSES
condition exactly. This occurs because the assumed potential (of second multipole
order) preserves any initial planar symmetry by confining forces strictly to the x− y
plane and torques to the z−axis. In contrast, a potential of higher multipole order,
along with the influence of possible shape irregularities, would introduce a coupling of
in-plane and out-of-plane motions, thereby rendering the SSES approximate for the
out-of-plane degrees of freedom as well.

3 Linear perturbation theory

3.1 Linearized equations of motion around the SSES

The angle ϕ1 is ignorable in the averaged Hamiltonian (18), hence its conjugate
momentum pϕ1 is a constant of motion of the flow under Hamilton’s equations of
Havg, additional to the constant pθ. Consider the equilibrium solution of the SSES
type defined for a particular choice of parameters ν1 = ν1,obs, νθ = νθ,obs and req given
by Eq. (19). The constant quantities pθ = pθ,eq and pϕ1 = pϕ1,eq with values as in Eq.
(16) can be considered as parameters in the Hamiltonian Havg, effectively reducing
the latter to a Hamiltonian with seven degrees of freedom. In the so-reduced phase
space, Hamilton’s equations read

ṙ =
∂Havg

∂pr
ṗr = −∂Havg

∂r

ż =
∂Havg

∂pz
ṗz = −∂Havg

∂z

θ̇1x =
∂Havg

∂pθ1x
ṗθ1x = −∂Havg

∂θ1x

θ̇1y =
∂Havg

∂pθ1y
ṗθ1y = −∂Havg

∂θ1y

θ̇2x =
∂Havg

∂pθ2x
ṗθ2x = −∂Havg

∂θ2x

θ̇2y =
∂Havg

∂pθ2y
ṗθ2y = −∂Havg

∂θ2y

ϕ̇2 =
∂Havg

∂pϕ2

ṗϕ2 = −∂Havg

∂ϕ2
.

(20)
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Introducing a small disturbance to the SESS

r(t) = req + δr(t) pr(t) = δpr(t)

z(t) = δz(t) pz(t) = δpz(t)

θ1x(t) = δθ1x(t) pθ1x(t) = δpθ1x(t)

θ1y(t) = δθ1y(t) pθ1y (t) = δpθ1y (t)

θ2x(t) = δθ2x(t) pθ2x(t) = δpθ2x(t)

θ2y(t) = δθ2y(t) pθ2y (t) = δpθ2y (t)

ϕ2(t) = δϕ2(t) pϕ2
(t) = pϕ2eq

+ δϕ2(t)

(21)

and linearizing the averaged equations of motion (20) around the equilibrium state,
leads to the linear system

ξ̇ = J · ξ , (22)

where

ξ =
[
δr, δz, δθ1x, δθ1y, δθ2x, δθ2y, δϕ2, δpr, δpz, δpθ1x , δpθ1y , δpθ2x , δpθ2y , δpϕ2

]T
and the variational Jacobian matrix J has the structure

J =



0 0 0 0 0 0 0 j1,8 0 0 0 0 0 0
0 0 0 0 0 0 0 0 j1,8 0 0 0 0 0
0 0 0 j3,4 0 0 0 0 0 j3,10 0 0 0 0
0 0 j4,3 0 0 0 0 0 0 0 j4,11 0 0 0
0 0 0 0 0 j5,6 0 0 0 0 0 j5,12 0 0
0 0 0 0 j6,5 0 0 0 0 0 0 0 j6,13 0
j7,1 0 0 0 0 0 0 0 0 0 0 0 0 j7,14
j8,1 0 0 0 0 0 0 0 0 0 0 0 0 −j7,1
0 j9,2 0 0 0 j9,6 0 0 0 0 0 0 0 0
0 0 j10,3 0 0 0 0 0 0 0 −j4,3 0 0 0
0 0 0 j11,4 0 0 0 0 0 −j3,4 0 0 0 0
0 0 0 0 j12,5 0 0 0 0 0 0 0 −j6,5 0
0 j9,6 0 0 0 j13,6 0 0 0 0 0 −j5,6 0 0
0 0 0 0 0 0 j14,7 0 0 0 0 0 0 0



.

The non-zero elements of the Jacobian, jn,m, evaluated at the equilibrium point,
depend only on the chosen values of the system’s physical parameters and SSES. Their
mathematical form is provided in Appendix A.

The block structure of the Jacobian matrix J implies a natural decoupling of the
linearized equations of motion (22) in three non-interacting subsystems, namely: i) the
(planar) variables (δr, δϕ2, δpr, δpϕ2

), are grouped together into a 4x4 linear subsystem,
ii) the (non-planar) variables (δz, δθ2x, δθ2y, δpz, δpθ2x , δpθ2y ) form a 6x6 linear subsys-
tem, and iii) the primary’s (non-planar) orientation variables (δθ1x, δθ1y, δpθ1x , δpθ1y )
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form a 4x4 linear subsystem. We have
δṙ
˙δϕ2

˙δpr
˙δpϕ2

 =


j1,8δpr

j7,1δr + j7,14δpϕ2

j8,1δr − j7,1δpϕ2

j14,7δϕ2

 (23)



δż
˙δθ2x
˙δθ2y
˙δpz
˙δpθ2x
˙δpθ2y


=



j1,8δpz

j5,6δθ2y + j5,12δpθ2x
j6,5δθ2x + j6,13δpθ2y
j9,2δz + j9,6δθ2y

j12,5δθ2x − j6,5δpθ2y
j9,6δz + j13,6δθ2y − j5,6δpθ2x


(24)


˙δθ1x
˙δθ1y
˙δpθ1x
˙δpθ1y

 =


j3,4δθ1y + j3,10δpθ1x
j4,3δθ1x + j4,11δpθ1y
j10,3δθ1x − j4,3δpθ1y
j11,4δθ1y − j3,4δpθ1x

 (25)

Note that the above block structure can be understood substituting Eqs. (21) to the
system of Hamilton’s equations under the full (non-averaged) equations of motion (14)
and expanding up to terms of second degree in the small disturbance. As regards the
primary body, we then find that the expanded Hamiltonian contains: leading terms
involving pairs of variables within the set (δθ1x, δθ1y, δpθ1x , δpθ1y ) that are quadratic
(class (i)), pairs involving the variable δz and one of the variables in the previous
set (class (ii)). However, the pairs of class (i) come from the linearization of the
torque-free Euler’s equations for the primary body, hence they are not related to the
averaging process. On the other hand, the pairs of class (ii) are spin-orbit terms with
coefficients depending trigonometrically on the fast angle ϕ1, and hence vanishing after
the averaging. The same 2 classes of terms appear also for the variables describing the
secondary, but the class (ii) terms are not averaged out due to libration. In physical
terms, this difference represents the difference between the primary (fast rotator in
φ1) and secondary (librator in φ2). Finally, the decoupling of the linear block (23)
from the rest of the linearized equations of motion represents the fact that the problem
is assumed to remain essentially planar, i.e., all off-plane disturbances are considered
small quantities.

3.2 Solution of the linearized system

The 4x4 subsystem of equation (23) is identical to the linear system discussed in
Gaitanas et al. (2024) when I1x = I1y = Is (primary axisymmetric). If, instead,
(I1x ̸= I1y), the entries jn,m depend on both I1x and I1y, and hence the general
solution resumes a slightly different form. The subsystem (23) has the characteristic
polynomial

P1(λ) = λ4 + u2λ
2 + u0 , (26)
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with parameters u0, u2 whose explicit form is given in the Appendix B. The roots are
λ1,2 = ∓iω1, λ3,4 = ∓iω2, where

ω1,2 =

√
u2 ±

√
u2
2 − 4u0

√
2

. (27)

Taking into account the inequalities Iix < Iiy < Iiz, i = 1, 2, and by a leading term
expression of the coefficients u0, u2 in the small quantities M2/M1, as well as Iix/mr2eq,
Iiy/mr2eq, Iiz/mr2eq, we find that ω1, ω2 are real and positive, hence they represent
the fundamental set of linear frequencies of libration around the SSES for planar
perturbations. For a generic initial perturbation ξ(0), we obtain the general solution
of the 4x4 system in the form

δr(t) =

2∑
k=1

Cr,k(ω1, ω2; ξ(0)) cos (ωkt) + Sr,k(ω1, ω2; ξ(0)) sin (ωkt)

δϕ2(t) =

2∑
k=1

Cϕ2,k(ω1, ω2; ξ(0)) cos (ωkt) + Sϕ2,k(ω1, ω2; ξ(0)) sin (ωkt)

δpr(t) =

2∑
k=1

Cpr,k(ω1, ω2; ξ(0)) cos (ωkt) + Spr,k(ω1, ω2; ξ(0)) sin (ωkt)

δpϕ2
(t) =

2∑
k=1

Cpϕ2
(ω1, ω2; ξ(0)) cos (ωkt) + Spϕ2

(ω1, ω2; ξ(0)) sin (ωkt) ,

(28)

where the coefficients Cr,k, Sr,k, etc. depend on the the eigenvectors of the 4x4 subma-
trix of the system. Generic explicit expressions for these coefficients are cumbersome
to obtain. However, they obtain a simple form in particular cases, such as the case
of an oblique DART-like impact in the secondary asteroid in the case of the system
65803 Didymos (see Subsection 5.2.1).

Next, we examine the 6x6 linear subsystem (24), which introduces a cou-
pling of only off-plane coordinates and momenta (δz, δθ2x, δθ2y, δpz, δpθ2x , δpθ2y ). The
corresponding characteristic polynomial has the form

P2(λ) = λ6 + v4λ
4 + v2λ

2 + v0 . (29)

Its roots are λ5,6 = ∓iω3, λ7,8 = ∓iω4 and λ9,10 = ∓iω5, where

ω3 =

√
−22/3κ1/3 + 2v4 − 24/3(−3v2+v2

4)

κ1/3√
6

(30)

ω4 =

√
22/3(1 + i

√
3)κ1/3 + 4v4 − 24/3(1−i

√
3)(3v2−v2

4)

κ1/3

2
√
3

(31)
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ω5 =

√
22/3(1− i

√
3)κ1/3 + 4v4 − 24/3(1+i

√
3)(3v2−v2

4)

κ1/3

2
√
3

. (32)

Explicit expressions for the polynomial’s coefficients v0, v2, v4, along with the param-
eter κ, are given in the Appendix B. Again, by a leading terms analysis in the small
quantities M2/M1, Iix/mr2eq, Iiy/mr2eq, Iiz/mr2eq, we find that ω3, ω4, and ω5 are real
and positive, hence they represent the fundamental set of linear frequencies of the
off-plane librations of the secondary around the SSES. For a generic initial perturba-
tion ξ(0), the corresponding linear solution can be expressed in terms of the cosines
and sines cos(ωkt), sin(ωkt), k = 3, 4, 5, with amplitudes Cz,k, Sz,k, etc., similar as in
Eq. (28) for the planar perturbations. Explicit expressions in the case of a DART-like
perturbation are deferred to Subsection 5.2.1.

The final 4x4 subsystem (25) contains a coupling only in the variables
(θ1x, θ1y, pθ1x , pθ1y ), which correspond to the angular motion of the primary body. The
characteristic polynomial has the form

P3(λ) = λ4 +w2λ
2 +w0 , (33)

with explicit expressions for the coefficients w0,w2 given in the Appendix B. The
polynomial’s roots are λ11,12 = ∓iω6, λ13,14 = ∓iω7, and the two linear frequencies,
are

ω6,7 =

√
w2 ±

√
w2

2 − 4w0
√
2

. (34)

As before, the generic solution can be expressed in terms of the cosines and
sines cos(ωkt), sin(ωkt), k = 6, 7. Explicit expressions in the case of a DART-like
perturbation are again deferred to Subsection 5.2.1.

4 Nonlinear perturbation theory

The linear theory developed in the previous section yields a good first approximation
to the librational dynamics of the secondary. However, as shown by numerical examples
in the next section, the linear theory fails to encapsulate several relevant effects on the
dynamics, which manifest themselves when i) the amplitudes of librations are large,
and/or ii) the system approaches a resonance condition between the fundamental
frequencies of the system. In the present section, we develop a nonlinear perturbation
theory based on a Hamiltonian normal form. Our treatment is similar as in Gaitanas
et al. (2024), but extended to three dimensions. In particular, our series are based on
a non-resonant normal form, which yields some approximate integrals of motion. Far
from resonances, we check the accuracy of the method by quantifying the variations of
these integrals. Close to resonances, the method partially fails, but we still find that
the series are able to partially describe a subset of librational degrees of freedom. We
attribute this partial (near-)integrability to the multiplicity of the resonance close to
which the initial conditions are taken, as shown by numerical examples in Section 5.
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4.1 Hamiltonian expansion

As in our previous work (Gaitanas et al., 2024), the point of departure of our non-
linear perturbation theory is an expansion of the Hamiltonian (14) around the SSES of
two spheres (so, different from before) of masses M1, M2 in Keplerian circular relative
orbit, defined as:

r(t) = r∗, pr(t) = p∗r = 0

θ(t) = θ(t0) + ν∗θ (t− t0), pθ(t) = p∗θ = p∗ϕ1
+ p∗ϕ2

+mr∗2ν∗θ

z(t) = z∗ = 0, pz(t) = p∗z = 0

θ1x(t) = θ∗1x = 0, pθ1x(t) = p∗θ1x = 0 (35)

θ1y(t) = θ∗1y = 0, pθ1y (t) = p∗θ1y = 0

ϕ1(t) = ϕ1(t0) + (ν1 − ν∗θ )(t− t0), pϕ1(t) = pϕ1 = ν1I1z

θ2x(t) = θ∗2x = 0, pθ2x(t) = p∗θ2x = 0

θ2y(t) = θ∗2y = 0, pθ2y (t) = p∗θ2y = 0

ϕ2(t) = ϕ∗
2 = 0, pϕ2

(t) = p∗ϕ2
= ν∗θ I2z ,

where ν1 ≡ ν1,obs = θ̇1z(0) and ν∗θ =
√

G(M1 +M2)/r∗3 is the Keplerian orbital
frequency. We now perform an expansion of the full (non-averaged) Hamiltonian (14)
up to a chosen truncation order N +2, where N ≥ 1, around the above SSES, suitable
for the computation of a normal form. To this end, consider first the shift-of-center
canonical transformation of 1) all librational variables

r = r∗ + εδr pr = εδpr

z = εδz pz = εδpz

θ1x = εδθ1x pθ1x = εδpθ1x

θ1y = εδθ1y pθ1y = εδpθ1y

θ2x = εδθ2x pθ2x = εδpθ2x

θ2y = εδθ2y pθ2y = εδpθ2y

ϕ2 = εδϕ2 pϕ2 = p∗ϕ2
+ εδpϕ2

(36)

and 2) all rotational variables

pθ = p∗θ + ε2δpθ pϕ1
= p∗ϕ1

+ ε2δpϕ1
. (37)

The rotational variables are scaled with ε2 to reflect their larger characteristic
magnitude compared to the librational ones. Let

ζ =
(
δr, δz, δθ1x, δθ1y, δθ2x, δθ2y, δϕ2, δpr, δpz, δpθ1x , δpθ1y , δpθ2x , δpθ2y , δpϕ2

)
(38)

be the vector of all new librational variables. The Hamiltonian then takes the formH =
H(ζ, ϕ1, δpϕ1 , δpθ). Through the use the ‘book-keeping’ assignment (Efthymiopoulos
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(2011)), we separate the above Hamiltonian in powers of the ‘book-keeping symbol’ ε,
whose numerical value is equal to ε = 1. The expansion then, obtains the form

H =

N+2∑
j=0

εjHj(ζ, ϕ1, δpϕ1
δpθ) . (39)

Because ε = 1, we can freely lower/raise the exponents of ε at any term of the Hamil-
tonian. In our case we want to isolate the quadratic part of H in order to enable
diagonalization. Therefore we lower the book-keeping exponents in the Hamiltonian
(39) by two, but we do so only for j ≥ 2 and then apply the substitution

cos (kϕ1)← ε cos (kϕ1)

sin (kϕ1)← ε sin (kϕ1) ,
(40)

where k ∈ Z. The Hamiltonian then becomes

H = Z0(ζ, δpϕ1
δpθ) +

N+1∑
j=1

εjHj+2(ζ, ϕ1, δpϕ1
δpθ) , (41)

where Z0 is a sign-definite quadratic expression in the variables ζ. The exact form
of the function Z0 is given in Appendix C. Physically, this function represents the
integrable dynamics of two rotators (variables (θ, pθ)), (ϕ1, pϕ1

) × seven coupled linear
oscillators (variables ζ). Furthermore, by a diagonalizing canonical transformation we
switch from the variables ζ to Birkhoff complex canonical variables (Qj , Pj), j =
1, ..., 7. The transformation is given by

δr
δϕ2

δpr
δpϕ2

 = A4x4


Q5

Q7

P5

P7

 (42)


δz
δθ2x
δθ2y
δpz
δpθ2x
δpθ2y

 = B6x6


Q3

Q4

Q6

P3

P4

P6

 (43)


δθ1x
δθ1y
δpθ1x
δpθ1y

 = C4x4


Q1

Q2

P1

P2

 (44)

where the matricesA4x4,B6x6,C4x4 contain as columns the eigenvectors of the matrix
J7∇ζZ0, where J7 is the 14x14 standard symplectic matrix. By substituting equations
(42)-(44) into (41), we finally obtain the Hamiltonian

H ≡ H(0) = Z0(Qk, Pk, ϕ1, δpϕ1 , δpθ) +

N+1∑
j=1

ϵjhj(Qk, Pk, ϕ1, δpϕ1 , δpθ), (45)
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for k = 1, . . . , 7, where (omitting the constant term)

Z0 = ν∗θ δpθ + (ν1 − ν∗θ )δpϕ1 −
7∑

j=1

iωj,kerQjPj . (46)

The quantity Z0 is called the ‘kernel’ of the Hamiltonian (45) and contains the fun-
damental information regarding the system’s decomposition into 7 oscillators with
(kernel) frequencies ωj,ker and 2 rotators with frequencies ν∗θ and ν1 − ν∗θ .

4.2 Hamiltonian normal form and solution

To obtain a nonlinear theory of analytical solutions of the equations of motion under
the Hamiltonian (45), we apply Birkhoff canonical normalization, based on the Lie
series approach (Hori, 1966; Deprit, 1969), carrying out a recursive normalization
process for a maximum of N iterations (described in detail by Efthymiopoulos (2011)).
In summary, after n near-to-identity canonical transformations, the Hamiltonian in
new canonical variables reads:

H(n) = Z0 + εZ1 + . . .+ εnZn +

N∑
s=n+1

εsh(n)
s . (47)

Spliting the term h
(n)
n+1 in a normal form part Zn+1 and a part to normalize h̃

(n)
n+1, the

homological equation

{Z0, χn+1}+ εn+1h̃
(n)
n+1 = 0 (48)

is then solved (where {, } is the Poisson bracket binary operator), allowing to determine
the Lie generating function χn+1. In our case, setting

h̃
(n)
n+1 =

∑
|k|̸=0

h̃
(n)
n+1,k(δpϕ1)Q

k1
1 · · ·Q

k7
7 P ℓ1

1 · · ·P
ℓ7
7 eikϕ1

ϕ1 (49)

with |k| =
(∑

j=1,...7 |kj − ℓj |
)
+ |kϕ1 |, the solution of the homological equation (48)

reads

χn+1 = εn+1
∑
|k|̸=0

h̃
(n)
n+1,k(δpϕ1)Q

k1
1 · · ·Q

k7
7 P ℓ1

1 · · ·P
ℓ7
7 eikϕ1

ϕ1

i(ω1(k1 − ℓ1) + · · ·+ ω7(k7 − ℓ7) + ωϕ1kϕ1)
. (50)

The Hamiltonian in the next step is then expressed as

H(n+1) = exp(Lχn+1
)H(n) , (51)

truncated at the maximum order (in book-keeping) equal to N .

The Hamiltonian H(n+1) depends on the new canonical variables (Q
(n+1)
j , P

(n+1)
j ),

j = 1, ..., 7, as well as on the canonical pair (ϕ
(n+1)
1 ≡ ϕ1, δp

(n+1)
ϕ1

) and on the (con-
stant) δpθ. By the structure of the generating function (50), the new variables in all
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nine degrees of freedom are near to identity transformations of the original variables,
except for the angles θ, ϕ1, which do not transform, and the momentum δpθ, which is an
invariant of the Hamiltonian flow. Thus, after N normalization steps, the composition
of all near-to-identity transformations leads to the new canonical variables

Q
(N)
j = Qj +∆Q

(N)
j (ζ, ϕ1, δpϕ1),

P
(N)
j = Pj +∆P

(N)
j (ζ, ϕ1, δpϕ1

),

δp
(N)
ϕ1

= δpϕ1 +∆p
(N)
ϕ1

(ζ, ϕ1, δpϕ1),

ϕ
(N)
1 = ϕ1 +∆ϕ

(N)
1 (ζ, ϕ1, δpϕ1

),

θ(N) = θ, δp
(N)
θ = δpθ .

(52)

After N normalization steps, we obtain the final normal form Hamiltonian

Z(N) =

N1≤N∑
n1=0

· · ·
N7≤N∑
n7=0

[
C(N)

n1...n7
(δpθ, δp

(N)
ϕ1

)

7∏
j=1

(Q
(N)
j P

(N)
j )nj

]
. (53)

Since all dependence on the fast angle ϕ1 is eliminated in the normal form Z(N),

the conjugate momentum δp
(N)
ϕ1

becomes an integral of motion in the new canonical
variables. Physically, this is equivalent to averaging out the primary’s rapid spin from
the equations of motion. Nonetheless, the averaging is now achieved through proper
canonical normalization, instead of the non-invertible ‘scissor’ averaging adopted in

Eq. (18). Furthermore, in (53) the quantities C
(N)
n1...n7 are constants that depend on

the physical parameters, as well as on the quantities δpθ, δpϕ1 , which are integrals

of motion. The variables Q
(N)
j , P

(N)
j appear only through their product Q

(N)
j P

(N)
j .

Hence, the real quantities

I
(N)
j = iQ

(N)
j P

(N)
j (54)

are integrals of motion under the flow generated by Z(N). Finally, the equations of
motion, corresponding to the normal form Hamiltonian (53) are

Q̇
(N)
j =

∂Z(N)

∂P
(N)
j

= iωjcQ
(N)
j

Ṗ
(N)
j = −∂Z(N)

∂Q
(N)
j

= −iωjcP
(N)
j

θ̇ =
∂Z(N)

∂δpθ
= ωθc

ϕ̇1 =
∂Z(N)

∂δpϕ1

= ωϕ1c ,

(55)

with ωjc, ωθc, ωϕ1c being the canonical frequencies, containing only products of the

form Q
(N)
j P

(N)
j . As a result, equations (55) are directly integrable and yield the
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solution in time in the new canonical coordinates, namely

Q
(N)
j (t) = Q

(N)
j (0)eiωjct

P
(N)
j (t) = P

(N)
j (0)e−iωjct

θ(t) = θ(0) + ωθct

ϕ
(N)
1 (t) = ϕ

(N)
1 (0) + ωϕ1ct ,

(56)

where (Q
(N)
j (0), P

(N)
j (0), θ(0), ϕ

(N)
1 (0)) are the initial conditions of the problem, com-

puted from the initial conditions in the original variables through Eqs. (42) - (44) and
(52). Using (56), and by the inverse of the transformations (52) and (42) - (44), we
finally retrieve the analytical solution in time expressed in our original variables (see
Subsection 5.2.2).

5 Application to the post impact state of the 65803
Didymos system

5.1 Oblique impact and new equilibrium

We assume an oblique DART-like impact upon the secondary asteroid (Dimorphos) of
the 65803 Didymos system, as shown in Figure 4. The impactor’s velocity υ⃗D has two
components in the relative coordinate system: the first is tangent to the orbital plane,
parallel to the velocity vector of the secondary asteroid, aiming at its center of mass.
The second is perpendicular to the orbital plane, also aiming at the secondary’s center
of mass. This second component is quantified by the inclination γ between υ⃗D and the
initial orbital plane. During the impact, it is assumed that no direct torque is induced
upon the secondary asteroid. The resulting change in the velocity ∆υ⃗ imparted to
the secondary can be described using the momentum enhancement factor β, via the
equation (Rivkin et al., 2021)

∆υ⃗ =
βMDυ⃗D

M2
, β ≥ 1 (57)

where, in cylindrical coordinates

υ⃗D = −(υD cos γ)θ̂ + (υD sin γ)ẑ . (58)
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Fig. 4 Schematic representation of an oblique collision between the impactor and the secondary
asteroid. In the chosen coordinate system, the impactor’s velocity υ⃗D is decomposed into a tangential
component (lying in the XR − YR plane) and a normal component (along the ZR axis), with an
inclination γ. During the collision it is assumed zero net torque on the secondary.

Once the collision occurs, the binary moves away from its pre-impact single-
synchronous state. The momentum transfer from the impactor, which is oblique in this
case, modifies both the integral of motion pθ and the initial momentum pz. Setting
t0 = 0 at the time of the impact in the approximation of the averaged Hamiltonian
(18), the post-impact state has initial conditions such that all the generalized position
variables remain identical to those given in Eq. (16) for t = t0 = 0 and req computed
by Eq. (19), while the initial velocities and momenta are

ṙ(0) = 0, θ̇(0) = θ̇imp = νθ,obs −
MDυDβ cos γ

reqM2
, ż(0) = żimp =

MDυDβ sin γ

M2

θ̇1x(0) = 0, θ̇1y(0) = 0, ϕ̇1(0) = ϕ̇1,imp = ν1,obs − θ̇imp

θ̇2x(0) = 0, θ̇2y(0) = 0, ϕ̇2(0) = ϕ̇2,imp =
MDυDβ cos γ

reqM2

(59)

pr(0) = 0, pθ(0) = pθeq −
mreqMDυDβ cos γ

M2
, pz(0) = mżimp

pθ1x(0) = 0, pθ1y (0) = 0, pϕ1(0) = ν1I1z

pθ2x(0) = 0, pθ2y (0) = 0, pϕ2
(0) = νθ,obsI2z .

(60)

To the new (post-impact) value of the integral p′θ = pθ(0), corresponds a new theoret-
ical SSES, given again by Eqs. (16), but with a new equilibrium radius r′eq and orbital
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frequency ν′θ given by

θ̇′eq = ν′θ =
(I2z +mr2eq)θ̇eq

I2z +mr2′eq
− mreqMDυDβ cos γ

M2(I2z +mr2′eq)

=

√
G(M1 +M2)

r3′eq

[
1 +

3

2r2′eq

(
2I1z − I1x − I1y

2M1
+
−2I2x + I2y + I2z

M2

)]
.

(61)

Solving for r′eq, yields the equilibrium state around which the linear theory is to be
applied, post-impact. The radius r′eq can be expressed as an analytical function of
the physical parameters and of the impact parameter β. Taylor-expanding Eq. (61) in
powers of the small quantity δr = req − r′eq, results in

r′eq = req + Creqβ +O(δr2) , (62)

where

Creq =
2mr

9/2
eq

√
6CI + 4r2eqMDυD cos γ

M2

√
G(M1 +M2)

(
6I2zr2eq − 2mr4eq + 3CI(5I2z +mr2eq)

)
CI =

2I1z − I1x − I1y
2M1

+
−2I2x + I2y + I2z

M2
.

(63)

In the following, we adopt two distinct physical configurations for the Didymos-
Dimorphos system, hereafter referred to as ‘parameter set 1’ and ‘parameter set 2’.
Each set specifies a different combination of the system’s physical parameters, namely
the individual masses Mi and the principal moments of inertia Iix, Iiy, Iiz, i = 1, 2.
The adopted values are listed in Table 1. Our motivation for checking two parame-

Parameter Parameter set 1 Parameter set 2
M1 [kg∗] 5.150418 5.159394
M2 [kg∗] 0.0392693 0.0287669
I1x [kg∗·km2] 0.260108 0.260562
I1y [kg∗·km2] 0.267618 0.268085
I1z [kg∗·km2] 0.337960 0.338550
I2x [kg∗·km2] 8.20454 · 10−5 4.33115 · 10−5

I2y [kg∗·km2] 8.88782 · 10−5 6.07052 · 10−5

I2z [kg∗·km2] 1.18990 · 10−4 6.59724 · 10−5

Table 1 Physical parameters adopted for each configuration

of the Didymos-Dimorphos system. 1 [kg∗] = 1011[kg].

ter regimes stems from the current uncertainty surrounding the precise post-impact
configuration of the system. Observational and dynamical analysis indicate that the
DART impact likely induced reshaping of Dimorphos (Naidu et al., 2024), altering its
inertia tensor and orbital response (‘parameter set 2’). At the same time, pre-impact
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determinations of Dimorphos’ ellipsoidal dimensions, as obtained from DRACO imag-
ing (Daly et al., 2024), provide a natural baseline for ‘parameter set 1’. The adopted
masses and inertia values are therefore constructed with nominal observational con-
straints on bulk densities and volumes, such that the ellipsoid semi-axes and the
resulting inertia tensors are compatible with the reported figures. Importantly, rather
than inferring the system’s total mass from a purely Keplerian fit to the binary orbit,
we acknowledge that the Didymos - Dimorphos system is not strictly Keplerian and
therefore, the orbital mean motion is governed by Eq. (19).

Notably, for a fixed value of momentum enhancement factor β, we find that
different choices of the system’s physical parameters, each consistent with current
observational uncertainties, can lead to qualitatively different dynamical outcomes. In
particular, while some parameter values yield regular, quasi-periodic evolution follow-
ing the impact, others give rise to chaotic behavior under the same perturbation. This
sensitivity underscores the importance of exploring multiple plausible configurations,
as even slight variations in the parameters, such as in I2x, may suffice to induce a
transition from order to chaos.

5.2 Comparison of the linear and non-linear theories

5.2.1 Solution of the linear theory

From the particular DART-like impact initial conditions of Eq. (60), we have δr(0) =
req − r′eq, δpr = 0, δϕ2 = 0, δpϕ2

(0) = (νθ − ν′θ)I2z. Then, we readily find that only
some of the sine and cosine coefficients of the general solution (28) of the 4x4 planar
linear subsystem acquire non-zero values. The solution (28) then takes the form

δr(t) = Ar(ω1, ω2) cos (ω1t) +Ar(ω2, ω1) cos (ω2t)

δϕ2(t) = Aϕ2(ω1, ω2) sin (ω1t) +Aϕ2(ω2, ω1) sin (ω2t)

δpr(t) = Apr (ω1, ω2) sin (ω1t) +Apr (ω2, ω1) sin (ω2t)

δpϕ2
(t) = Apϕ2

(ω1, ω2) cos (ω1t) +Apϕ2
(ω2, ω1) cos (ω2t) ,

(64)

with coefficients Ar,Aϕ2
,Apr

,Apϕ2
as given in the Appendix B. Note that these coef-

ficients depend on the differences δr(0) = req − r′eq, and νθ − ν′θ. Using Eq. (62), we
can then obtain a linear solution of the form

rlin(t;β) = r′eq(β) + δr(t;β)

ϕ2,lin(t;β) = δϕ2(t;β)

pr,lin(t;β) = δpr(t;β)

pϕ2,lin(t;β) = pϕ2
(r′eq(β)) + δpϕ2

(t;β) .

(65)

i.e., depending explicitly on the impact parameter β.
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Working in the same way, we obtain the linear solution of the 6x6 system (24) for
a DART-like oblique impact as

zlin(t) = δz(t)

θ2x,lin(t) = δθ2x(t)

θ2y,lin(t) = δθ2y(t)

pz,lin(t) = δpz(t)

pθ2x,lin
(t) = δpθ2x(t)

pθ2y,lin
(t) = δpθ2y (t) ,

(66)

with

δz(t) = Az(ω3, ω4, ω5) sin (ω3t)

+Az(ω4, ω5, ω3) sin (ω4t)

+Az(ω5, ω3, ω4) sin (ω5t)

δpz(t) = Apz (ω3, ω4, ω5) cos (ω3t)

+Apz
(ω4, ω3, ω5) cos (ω4t)

+Apz
(ω5, ω3, ω4) cos (ω5t)

(67)

δθ2x(t) = Aθ2x(ω4, ω3, ω5) cos (ω3t)

+Aθ2x(ω3, ω4, ω5) cos (ω4t)

+Aθ2x(ω4, ω5, ω3) cos (ω5t)

δpθ2x(t) = Apθ2x
(ω3, ω4, ω5) sin (ω3t)

+Apθ2x
(ω4, ω3, ω5) sin (ω4t)

+Apθ2x
(ω5, ω3, ω4) sin (ω5t)

(68)

δθ2y(t) = Aθ2y (ω3, ω4, ω5) sin (ω3t)

+Aθ2y (ω4, ω3, ω5) sin (ω4t)

+Aθ2y (ω5, ω3, ω4) sin (ω5t)

δpθ2y (t) = Apθ2y
(ω3, ω4, ω5) cos (ω3t)

+Apθ2y
(ω4, ω3, ω5) cos (ω4t)

+Apθ2y
(ω5, ω3, ω4) cos (ω5t) ,

(69)

where the linear amplitudes Az(ωℓ, ωm, ωn), Aθ2x(ωℓ, ωm, ωn), Aθ2y (ωℓ, ωm, ωn),
Apz

(ωℓ, ωm, ωn), Apθ2x
(ωℓ, ωm, ωn), Apθ2y

(ωℓ, ωm, ωn) are provided explicitly in the
Appendix B.

Finally, since we assume that the impactor strikes at the secondary asteroid, the
primary exhibits no direct initial disturbance in its angular momenta, resulting in
δpθ1x(0) = δpθ1y (0) = 0. In such a scenario, the corresponding linear solution for the
primary’s variables θ1x(t), θ1y(t) is trivial (θ1x(t) = θ1y(t) = 0). In order to obtain
a non-trivial solution for these variables, we then need assign an initial disturbance
(offset) in the orientation itself of the primary at the moment of impact, namely
δθ1x(0) = δθ1x0 ̸= 0 and δθ1y(0) = δθ1y0 ̸= 0. By doing so, both the angular positions
and the momenta get excited, rendering a non-zero linear solution of the 4x4 subsystem
(25). We find:

θ1x,lin(t) = δθ1x(t)

θ1y,lin(t) = δθ1y(t)

pθ1x,lin
(t) = δpθ1x(t)

pθ1y,lin
(t) = δpθ1y (t)

(70)
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Fig. 5 Comparison between the numerical (blue) and the linear (orange) solution for the parameter
set 1, post DART impact for β = 1. The impactor’s inclination, relative velocity and mass are γ = 9o,
υD = 22121.6 [km/hr] and MD = 5.79434·10−9 [kg∗] respectively. The primary’s initial orientation is
set to δθ1x0 = δθ1y0 = 0.0025o, corresponding to the maximum amplitude resulted by the numerical
solution.

with

δθ1x(t) = A1θ1x
(ω7, ω6) cos (ω6t)

+A1θ1x
(ω6, ω7) cos (ω7t)

+A2θ1x
(ω6, ω7) sin (ω6t)

+A2θ1x
(ω7, ω6) sin (ω7t)

δpθ1x(t) = A2pθ1x
(ω6, ω7) cos (ω6t)

+A2pθ1x
(ω7, ω6) cos (ω7t)

+A1pθ1x
(ω7, ω6) sin (ω6t)

+A1pθ1x
(ω6, ω7) sin (ω7t)

(71)

δθ1y(t) = A2θ1y
(ω7, ω6) cos (ω6t)

+A2θ1y
(ω6, ω7) cos (ω7t)

+A1θ1y
(ω7, ω6) sin (ω6t)

+A1θ1y
(ω6, ω7) sin (ω7t)

δpθ1y (t) = A1pθ1y
(ω7, ω6) cos (ω6t)

+A1pθ1y
(ω6, ω7) cos (ω7t)

+A2pθ1y
(ω6, ω7) sin (ω6t)

+A2pθ1y
(ω7, ω6) sin (ω7t) .

(72)

Again, explicit expressions for the amplitudes A1θ1x
(ωℓ, ωm), A2θ1x

(ωℓ, ωm),
A1θ1y

(ωℓ, ωm), A2θ1y
(ωℓ, ωm), A1pθ1x

(ωℓ, ωm), A2pθ1x
(ωℓ, ωm), A1pθ1y

(ωℓ, ωm) and

A2pθ1y
(ωℓ, ωm) are given in the Appendix B.

The dynamical evolution of the binary system following the DART impact, for
parameter set 1 and momentum enhancement factor β = 1, is illustrated in Figure 5.
The solid blue curves correspond to the numerical integration of the full, non-averaged
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Fig. 6 Left: comparison between the numerical (blue) and the linear (orange) solution for β = 3.6.
Right: comparison of the numerical solution with the nonlinear solution, truncated at order N = 4.

Hamiltonian system, whereas the dashed orange curves represent the analytical lin-
earized solution derived from Eqs. (65), (66) and (70). As seen in the numerical curves
r(t), ϕ2(t), θ2x(t), θ2y(t), the post-impact behavior of the system remains regular,
characterized by multi-periodic librations and small-amplitude oscillations. Further-
more, the analytical predictions by linear theory closely match the numerical curves.
As regards the off-plane motion of the primary, (curve θ1x(t)), since in linear theory
the motion in the angles θ1x(t), θ2x(t) is decoupled from the rest of the system, the
analytical solution is a superposition of linear oscillator modes obtained by setting
an arbitrary initial amplitude, and exhibit no coupling with the orbit of the sys-
tem (see Subsection 3.1). The numerical curves, instead, show this coupling which is
through nonlinear terms in the equations of motion. To compare the linear with non-
linear modes behavior, in the curves shown in Fig. 5 we introduce an ad hoc initial
orientation δθ1x(0) = δθ1y(0) = 0.0025◦, corresponding to the maximum amplitude
of libration attained by the numerical solution. We then see that the linear solution
exhibits a fast oscillation with frequency close to the fast frequency of the numerical
solution, but fails to reproduce the slow-frequency modulation of the latter solution.

Figures 6, 7 and 8, now, highlight the transition to chaotic behavior of the system
under more energetic impact conditions, with β = 3.6. The left-column panels in Fig.
6 compare the full numerical solution with the linear analytical approximation for a
relatively short-time propagation (40 days). We observe that the libration angle ϕ2(t)
retains a quasi-regular behavior, and it is fitted qualitatively by the linear analytical
solution, the difference in the two solutions being due mostly to the de-phasing of the
analytical solution due to the error in the linear estimate of the libration frequency.
In fact, correcting for this error by the nonlinear theory (see next subsection) makes
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Fig. 7 Same as in Figure 6, but for long term propagation.

the analytical and numerical solutions to coincide (compare the top-left and top-right
panels in Fig. 6. On the other hand, the numerical solution in the off-plane variables
θ2x(t), θ2y(t) shows that the corresponding modes are unstable from the beginning,
and cannot be fitted neither by the linear nor the nonlinear analytical solution.

On the other hand, as the instability leads the secondary’s off-plane oscillations
to grow in amplitude, the nonlinear couplings between in-plane and off-plane degrees
of freedom eventually destabilize the in-plane regular libration as well (Fig. 7). In the
chosen parameter set the destabilization takes place at a time t ≈ 90 days. Note that
the timescales involved imply possible consequences in the interpretation of observa-
tional data of the system post-impact. In particular, as shown in Fig. 8, after the
loss of partial stability the osculating semi-major axis and eccentricity of the system
undergo variations, leading, in particular, to noticeable change in the value of the
mean eccentricity and rate of apsidal precession.

5.2.2 Solution of the nonlinear theory

To obtain the corresponding nonlinear analytical solution for a DART-like perturba-
tion, we set the same post-impact initial conditions as in the linear theory, given by
Eqs. (59)-(60). However, we assign no initial offset in the orientation of the primary,
i.e., we set δθ1x(0) = δθ1y(0) = 0. This choice is justified by the fact that, within the
full (non-averaged) Hamiltonian system, all degrees of freedom are coupled. Thus, even
in the absence of a direct perturbation to the primary’s attitude angles, the inclined
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Fig. 8 Top: numerical Cartesian states r(t) and z(t). Mid and bottom: numerical Keplerian elements
a(t), e(t), ω(t) and Ω(t) - all for β = 3.6, corresponding to chaotic evolution.

impact is sufficient to excite all relevant dynamical modes - an effect clearly illustrated
in the numerical results of Figure 5, where the blue curve of θ1x(t) displays non-trivial
evolution despite zero initial displacement.
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Under these assumptions, the nonlinear analytical solution computed as in Eqs.
(56), back transformed in the original variables is

rcan(t;β) = r∗ + Pr,0(β) +

Nr,tot∑
i=1

[
Cr,iβ

kr,i cos
[
Ωi(β)t

]]

zcan(t;β) =

Nz,tot∑
i=1

[
Cz,iβ

kz,i sin
[
Ωi(β)t

]]

θ1x,can(t;β) =

Nθ1x,tot∑
i=1

[
Cθ1x,i

βkθ1x,i cos
[
Ωi(β)t

]]

θ1y,can(t;β) =

Nθ1y,tot∑
i=1

[
Cθ1y,i

βkθ1y,i sin
[
Ωi(β)t

]]

θ2x,can(t;β) =

Nθ2x,tot∑
i=1

[
Cθ2x,i

βkθ2x,i cos
[
Ωi(β)t

]]

θ2y,can(t;β) =

Nθ2y,tot∑
i=1

[
Cθ2y,i

βkθ2y,i sin
[
Ωi(β)t

]]

ϕ2,can(t;β) =

Nϕ2,tot∑
i=1

[
Cϕ2,iβ

kϕ2,i sin
[
Ωi(β)t

]]

θcan(t;β) = θ(0) + ωθc(β)t+

Nθ,tot∑
i=1

[
Cθ,iβ

kθ,i sin
[
Ωi(β)t

]]

ϕ1,can(t;β) = ϕ1(0) + ωϕ1c(β)t+

Nϕ1,tot∑
i=1

[
Cϕ1,iβ

kϕ1,i sin
[
Ωi(β)t

]]
.

(73)

We observe that the nonlinear solution (73) is represented as trigonometric time
series, whose frequencies Ωi(β) are linear combinations of the canonical frequen-
cies ωjc, ωθc, ωϕ1c, which themselves are polynomial expressions of β. Specifically, the
frequencies Ω(β) are expressed as

Ωi(β) =

7∑
j=1

[
njωjc(β)

]
+ nϕ1

ωϕ1c(β) + nθωθc(β) , nj , nθ, nϕ1
∈ Z , (74)

with amplitudes also determined by polynomial expressions in β. The coefficients
Cr,i, Cz,i, ..., Cϕ1,i depend directly on the physical parameters inherent to the system.
Each solution includes a finite series summation, indicated by indices i, which run
from 1 up to their respective totals Nr,tot, Nz,tot, ..., Nϕ1,tot. Similar expressions (here
omitted) can be derived for the conjugate momenta.
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Fig. 9 Comparison between the numerical (blue) and nonlinear-analytical (orange) solution for
β = 1. The primary’s initial disturbance is now set to δθ1x0 = δθ1y0 = 0.

From the structure of the solution of rcan(t;β), we observe that although the
starting point of the canonical normalization procedure is the idealized two-sphere
single-synchronous configuration, where both bodies are assumed spherical, the canon-
ical formalism recovers ‘on the go’ (i.e. through iteration of the normalization steps) a
more precise value for the equilibrium state req, consistent with the effect on the orbit
by the bodies’ triaxiality. The correction is encoded in the polynomial term Pr,0(β),
which represents a displacement of the equilibrium radius of the orbit with respect to
the radius r∗. As a result, r∗+Pr,0(β) serves as a refined estimate of the mean orbital
separation of the bodies, around which small oscillations take place. This estimate
mirrors the behavior observed by ‘scissor averaging’ in the linearized theory, while
offering higher-order corrections consistent with the mutual potential expansion.

Figure 9 (same parameters as Fig. 5) shows the comparison of the full numerical
solution (blue) with the nonlinear (‘canonical’) analytical solution obtained from the
normal form iterated at order N = 4 (orange) in the parameter set 1 for β = 1.
Comparing with the linear analytic solution (Fig. 5), the nonlinear theory accurately
captures the amplitude modulation and phase evolution in all degrees of freedom,
including the primary’s libration in the angle θ1x (and also θ1y, which is similar, but
not shown in the figures). Figure 10, which presents the absolute difference between
the numerical and linear or nonlinear analytical solution, shows that the nonlinear
solution consistently improves the accuracy, i.e., produces a lower error than the linear
solution.

As already mentioned, increasing the impact parameter to β = 3.6 causes a regime
transition in which the system exhibits only partially regular behavior. Figure 11
shows the one year evolution of all nine coordinates of the system. We distinguish
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Fig. 10 Absolute differences between the numerical and analytical solutions (linear and canonical)
for a total duration of 120 days.

Fig. 11 One year evolution of all nine coordinates of the system in the case of the parameter set 1
with β = 3.6. First row: the coordinates r(t), θ(t), z(t) of the relative orbit. Second row: the primary’s
angles θ1x(t), θ1y(t), ϕ1(t). Third row: the secondary’s angles θ2x(t), θ2y(t), ϕ2(t).
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Fig. 12 Quasi-integrals of motion in time, corresponding to Eq. (54), but transformed via N inverse
Lie transformations back to the original variables ζ of Eq. (38). The evolution of the quasi-integrals is
shown in the case of the trajectory of parameter set 1 with β = 3.6, corresponding to Figs. 8 and 11.
Each panel shows the quasi-integrals computed with the normal form iterated N times with N = 1
to 4.

three groups of variables depending on their observed evolution: i) the three primary’s
angles (θ1x, θ1y, ϕ1) as well as the angle θ of the relative orbit exhibit a long-term
regular behavior. The angles θ1x, θ1y undergo a slowly modulated libration of tiny
amplitude, while ϕ1 and θ rotate with nearly constant frequencies. ii) The variables
r, z, θ2y initially exhibit a transient regular behavior, then converted into bounded
chaotic libration-like motion. iii) the secondary’s angles ϕ2, θ2x, initially exhibit a
transient regular librational behavior, which then turns into a chaotic motion switching
erratically between libration and rotation. From the dynamical point of view, these
different types of evolution observed in the coordinates’ time series can be properly
characterized through the evaluation of the time series representing the quasi-integrals

of Eq. (54). These include the seven products I
(N)
j = iQ

(N)
j P

(N)
j , for j = 1, . . . , 7,

and the quantity δp
(N)
ϕ1

which are exact invariants of the truncated flow under the

normal form Hamiltonian Z(N), but only approximate integrals of the full Hamiltonian
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flow, exhibiting small and bounded variations for those variables which exhibit regular
behavior. The variation of the quasi-integrals can be computed through the expressions

I(N)(ζ, θ, ϕ1, δpϕ1), δp
(N)
ϕ1

(ζ, θ, ϕ1, δpϕ1) found by the transformation (52), where the
evolution of ζ(t),θ(t),ϕ1(t),δpϕ1(t) is obtained by the numerical time series through
the full equations of motion.

Figure 12 displays the evolution of the eight quasi-integrals over time for the tra-
jectory of Fig. 11. A classification consistent with the decoupling observed in the

linear system (see Eqs. (42)-(44). Namely: i) The integrals I
(N)
1 = iQ

(N)
1 P

(N)
1 and

I
(N)
2 = iQ

(N)
2 P

(N)
2 correspond to the nonlinear normal modes associated with libra-

tions in the primary’s Euler angles θ1x, θ1y. ii) The integrals I
(N)
3 = iQ

(N)
3 P

(N)
3 ,

I
(N)
6 = iQ

(N)
6 P

(N)
6 , and I

(N)
7 = iQ

(N)
7 P

(N)
7 are related to the nonlinear normal modes

associated with the secondary’s Euler angles (θ2x, θ2y, and ϕ2). iii) The integrals

I
(N)
4 = iQ

(N)
4 P

(N)
4 and I

(N)
5 = iQ

(N)
5 P

(N)
5 are related to nonlinear normal modes asso-

ciated with epicyclic oscillations of the relative orbit in the variables r and z with
respect to the equatorial equilibrium circular orbit. iv) Finally, δpϕ1

is the angular
momentum associated with the primary’s rotation in the relative yaw angle ϕ1. From
Figure 12, we observe that the integrals associated with the primary’s Euler angles (I1,
I2, and δpϕ1

) exhibit an initial phase of stability, which lasts for t ≲ T1 = 150 days.
This timescale is related with the modulation timescale induced by the orbit in the
nearby resonances as we will see in the following. In this phase, the fluctuations on
the integrals shrink in size as the order N of the normal form increases. After the time
T1, however, the three above quasi-integrals truncated at order higher than N = 1

show an abrupt variation, while the integrals I
(1)
1 , I

(1)
2 , and δp

(1)
ϕ1

(truncated at order
N = 1) keep representing quasi-constants of motion. The fact that the three quasi-
integrals loose their stability beyond order N = 1 is due to the presence in the series

of small divisors (see the next subsection). Note also that the integrals I
(N)
3 and I

(N)
6 ,

associated with the secondary’s Euler angles θ2x, θ2y exhibit a phase of initial linear
drift, lasting up to T2 ≃ 70 days, from where on their behavior undergoes the same
qualitative transitions as for the integrals I1, I2, δpϕ1 . Comparing with Fig. 11, the
transition at time T1 is connected to a chaotic switch of the secondary’s rotational
state in the angles θ2x, ϕ2 from libration to rotation. The transitions observed at the
timescale T2 are connected to resonance effects, as analyzed in the next subsection.
Finally, both transitions have small effects in the orbit, which, however, remains essen-
tially a bounded orbit with nearly constant angular velocity and mean values of the
cylindrical coordinates r and z.

Further discussion on the behavior of the analytical series is made in the next
subsection. As a general remark, the above dual approach - examining both trajectories
and conserved quantities - reveals the hierarchy of stability among the degrees of
freedom of the system, and illustrates how canonical normalization exposes ‘hidden’
partial regular structure in the dynamics, even under the presence of chaos.
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5.3 Sensitivity of the solution to the system’s parameters. The
role of resonances

It is possible to see that the transition of the system from regular to chaotic behavior
observed in the previous figures is very sensitive to the system’s parameters, which
determine the proximity of the system to a single or multiple resonance condition,
i.e. a commensurability between the fundamental orbital and librational frequencies of
the system. The most important resonances (see Agrusa et al. (2021)) are between the
orbital frequencies of the system and the librational frequencies of the secondary. Their
role is revealed through a simplified ‘spin-orbit’ model for the secondary, obtained by
considering the equations of motion for the secondary as given by the Hamiltonian
(14), with the substitution pθ − pϕ1

− pϕ2
→ ωθ(t) = θ̇(t), and the substitution of

the relative orbit (r(t), θ(t), z(t)) with the one found under the averaged, over the
primary’s angle ϕ1, axisymmetric potential

Vorb = −
G(M1 +M2)

(r2 + z2)1/2
+

G(I1x + I1y − 2I1z)

4(r2 + z2)3/2

(
1− 3z2

r2 + z2

)
. (75)

Epicyclic theory then yields the following approximate solution for the relative orbit
under the potential (75):

r(t) ≃ rc + ξ0 cos(κt), z(t) =

(
v0z
κz

)
sin(κz(t)), ωθ(t) = ωc

(
1− 2ξ0

rc
cos(κt)

)
(76)

where the equilibrium radius req = rc is the positive root of the equation

r20

(√
r0V ′

0(r0)−
MDvDβ cos γ

M2

)2

= r3cV
′
0(rc)

with V0(r) = Vorb(r, z = 0), r0 equal to the initial cylindrical radius at the moment of
the impact (set equal to req), ξ0 = r0− rc, v0z = MDvDβ sin(γ)/M2, and the epicyclic
frequencies given by:

κ =

(
G(M1 +M2)

r3c
+

3G(I1x + I1y − 2I1z)

4r5c

)1/2

ωc =

(
G(M1 +M2)

r3c
− 3G(I1x + I1y − 2I1z)

4r5c

)1/2

(77)

κz =

(
G(M1 +M2)

r3c
− 9G(I1x + I1y − 2I1z)

4r5c

)1/2

.

As shown in Fig. 13, the epicyclic approximation to the relative orbit fits excellently
the numerical orbit under the full Hamiltonian as long as the latter remains regular.
Inserting the approximate solution (76) to the equations of motion, linearizing with
respect to the SSES solution θ2x = θ2y = pθ2x = pθ2y = ϕ2 = 0, pϕ2

= I2zωc,
considering the oscillations in z as of second order, and expanding the quantity 1/(r2+
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Fig. 13 The epicyclic approximation of Eqs. (76) (solid line) superposed to the exact numerical
solution (dotted curve) for the relative orbit for β = 3.6 under parameter set 1, for a short propagation
of 4 days.

z2) up to terms of first degree in the epicyclic amplitude ξ0 = r0 − rc, we arrive at
a simplified system of linearized equations for the Euler angles of the secondary. For
the off-plane angles we find:

˙δθ2x
˙δθ2y
˙δPθ2x
˙δPθ2y

 = (B1 +B2(t))


δθ2x
δθ2y
δPθ2x

δPθ2y

 (78)

where δPθ2x = δpθ2x/I2x, δPθ2y = δpθ2y/I2y, and

B1 =


0 ωc 1 0(

I2z
I2y
− 1
)
ωc 0 0 1

−
(

I2z
I2y
− 1
)

I2z
I2x

ω2
c 0 0 −

(
I2z−I2y

I2x

)
ωc

0 −ω2
c
I2z
I2y
− 3G(I2z−I2x)M1

I2yr3c
− I2x

I2y
ωc 0



B2(t) =


0 0 0 0
0 0 0 0
0 0 0 0

0 9G(I2z−I2x)M1

I2yr4c
ξ0 cos(κt) 0 0

 .

For the libration angle ϕ2, instead, we obtain the forced (non-homogeneous) spin-orbit
second order differential equation

ϕ̈2 +
3GM1

r3c

(I2y − I2x)

I2z
(1− 3ξ0

rc
cos(κt))ϕ2 = −2κωcξ0

rc
sin(κt) . (79)

Through the above approximation, we can now recognize two types of resonances
which affect the evolution of the secondary’s Euler angles: i) The linearized equations
of motion (Eqs. (78) and (79)) exhibit parametric resonance, similar as described in
Wisdom (1984). ii) Nonlinear resonances occur by small divisors involving commensu-
rabilities between five frequencies, namely the two orbital frequencies (κ, κz) and the
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Fig. 14 Plot of the moment of inertia ratios I2x/I2z , I2y/I2z where various linear or nonlinear
resonances affect the dynamics and/or the convergence of the analytical series solution. The blue line
corresponds to the locus of the resonance κ − 3κz + 2(ω1 − ω3) = κ − 3κz + 2(ωprec − ωlib) = 0 in
the plane of the moment-of-inertia ratios (I2x/I2z , I2y/I2z) for the system in all parameters as in
parameter set 1, except for the moments of inertia I2x, I2y altered within the limits indicated in the
figure. The point (1) corresponds to the exact conditions of the parameter set 1, and satisfies the
resonance condition with an offset ∆ω = |κ− 3κz + 2(ω1 − ω3)| = 2.9 · 10−4[hr]−1. By contrast, for
the parameter set 1′ (I2x = 8.23863 · 10−5, I2y = 8.92192 · 10−5, I2z = 1.1899 · 10−4 in units same as

in Table 1 the offset is ∆ω = 5.09 · 10−3[hr]−1, while for the parameter set 1′′ (I2x = 8.93181 · 10−5,
I2y = 9.07161 · 10−5, I2z = 1.24425 · 10−4) the offset is ∆ω = 2.2 · 10−1[hr]−1. The two strips in
orange indicate values where parametric resonance takes place. The points 1p and 1p’ correspond to
the parameters I2z = 1.1899 · 10−4 and I2x = 7.88606 · 10−5, I2y = 8.86832 · 10−5 (point 1p), or
I2x = 7.76410 ·10−5, I2y = 8.74755 ·10−5 (point 1p′). The gray domain below the diagonal I2x = I2y
indicates initial conditions for which the secondary’s libration is linearly unstable (ωlib imaginary).
The nonlinear analytical series solution converges for all parameter values in the white area of the
plot where the numerical solution is regular.

three rotational frequencies ωj , j = 1, 2, 3, where ω1, ω2 are obtained by the eigenvalues

of the matrix B1 and ω3 = (3GM1(I2y − I2x)/I2z)
1/2

r
−3/2
c is the classical spin-orbit

libration frequency. Note that these latter resonances create multiplets around the
resonances discussed in Agrusa et al. (2021). The multiplets are due to the small fre-
quencies of precession of the periapsis and of the nodes, ϖ̇, Ω̇, of the secondary’s
orbit with respect to the Keplerian orbit. The latter frequencies are connected with
the epicyclic frequencies through the relations λ̇ = ωc, ϖ̇ = ωc − κ, Ω̇ = ωc − κz.
The association of one resonance in the multiplet with the corresponding central reso-
nance in Agrusa et al. (2021) can be done using, in addition, the relations ω1 = ωprec

(frequency of precession of the secondary’s spin axis), and ω3 = ωlib (secondary’s libra-
tion frequency). As shown in Fig. 14, we find that the chaotic behavior exhibited by
the system for the parameter set 1 at β = 3.6 is caused by the nonlinear resonance
κ− 3κz + 2(ωprec − ωlib) = 0. Since all three frequencies ωj , j = 1, 2, 3 depend on the
moment-of-inertia ratios I2x/I2z, I2y/I2z (or the corresponding axial ratios), keeping
β = 3.6 as well as all the parameters of the parameter set 1 fixed, and altering the
axial ratios I2x/I2z, I2y/I2z even slightly, as indicated in Fig. 14 (set 1’), leads the
system off-resonance and restores the regular character of the motion. In particular,
as shown in Fig. 15, changing slightly the secondary’s axes’ length (by a few meters),
suffices to set the system off-resonance and restore the regular character of the orbits.
For a resonance offset ∆ω = |κ− 3κz + 2(ω1 − ω3)| of the order of 10−3, the effect of
the resonance is still visible as a slow modulation of the libration in the angles θ2x, θ2y.
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Fig. 15 The evolution of the secondary’s angles under the full model of the equations of motion for
β = 3.6 and secondary’s axial ratios corresponding to the parameter set 1 (top row), 1’ (middle row)
or 1” (bottom row).

This creates the characteristic ‘zig-zag’ variation of the integrals I3 and I6 computed
through the nonlinear normal form (see Fig. 16). The ‘zig-zag’ period is equal to the
modulation period, and interprets the transient period T2 observed in Fig. 12. On the
other hand, for a resonance offset as high as ∆ω ∼ 10−1, the modulation disappears
and the typical non-resonant behavior of all integrals of motion computed by the non-
linear normal form is restored (Fig. 16). In this case, the analytical predictions of the
evolution of the orbit with the nonlinear normal form returns to be more precise by
about two orders of magnitude with respect to the linear analytical solution.

As regards the orbits in the zone of parametric resonance of Fig. 14, we first
note that, by the form of Eqs. (78) and (79), parametric resonance conditions appear
whenever the epicyclic frequency κ is in near-resonance condition with one of the
libration, precession or nutation frequencies of the secondary. In particular, we find
that the thick orange strip in the upper corner of Fig. 14 indicates parameters leading
to Floquet instability around the exact resonance κ = 2ω3 = 2ωlib. The points marked
(1p) and (1p′) satisfy the above resonance with an offset of |∆ω| = 4 · 10−5[hr]

−1
and

|∆ω| = 1.3·10−4[hr]
−1

. Notwithstanding their close proximity to the resonance, we find
that the numerical orbits (Fig. 18) are regular, a fact which indicates that the nonlinear
terms in the equations of motion restores stability in the close neighborhood of the
(Floquet unstable) periodic orbit at the center of the resonance. However, the fact that
these orbits are inside the parametric resonance zone implies that a nonlinear resonant
normal form is required to eliminate the corresponding small divisors and represent
analytically the orbits. As a consequence, our non-resonant normal form constructions
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Fig. 16 Evolution of the quasi-integrals of motion I3 and I6 for the same orbits as in Fig. 15.

Fig. 17 Comparison between numerical, linear and nonlinear solutions of ϕ2(t) and θ2y(t) for the
orbit with β = 3.6 and parameter set 1′′ (regular case).

fails to reproduce correctly the evolution of all three secondary’s Euler angles (see Fig.
18). Similar results hold the the second thin line of parametric resonance in Fig. 14,
which corresponds to the resonance 3κ = 2ωprec.

Testing several simulations as those described above, in general we find that the
break of near-constancy of the integrals of motion is very local, and happens only very
close to nonlinear resonances as those described above. As a second example, for β =
3.6, the parameter set 2 of Table 1 leads to chaotic behavior of the system with similar
features as for the parameter set 1 (Fig. 19). In this case, a careful analysis of the
frequencies shows that we are within a nonlinear doubly-resonant domain, created by
the intersection of the resonances R = 3ωprec−ωlib = 0 and R′ = 2ωprec+ωlib−ωnut+
2(κ−κz)=0. In fact, for the orbit of Fig. 19 each of the two resonances independently is
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Fig. 18 Comparison between numerical (blue) and nonlinear (orange) solutions in r(t) and the
secondary’s angles θ2x(t) and ϕ2(t) for the orbits with β = 3.6 and parameters corresponding to the
parameter set 1, except for the values or I2x, I2y , I2z , which are taken as indicated in Fig. 14 for the
points 1p (left column of panels) or 1p′ (right column of panels).

satisfied by an offset of about 3 · 10−3[hr]
−1

, while their linear combination is satisfied
with an offset of about 1.8 · 10−4[hr]

−1
.

Most notably, as shown in Fig. 19, also in this case we find the chaotic behavior
affects mostly the time series of the orbital eccentricity, and appears to lead to a
circularization of the orbit, i.e., an abrupt decrease of the orbital eccentricity which
takes place at about the same time (t ≈ 50 [days]) when the onset of large scale chaotic
behavior of the orbit takes place. A qualitative interpretation of this evolution of the
orbital eccentricity (similar also as in Fig. 8) stems from the consideration that, after
the onset of large scale chaos, the stochastic evolution of all three Euler angles of the
secondary implies that, as regards its contribution to the gravitational potential which
determines the orbit, the secondary behaves on the average as a spherical body. That
is, dynamical chaos in the rotation implies an effect similar to the physical effect caused
by a secondary’s re-shaping (see Naidu et al. (2024)). It is important to recognize,
however, that in our case the effect on the observable orbital parameters stems from
a chaotic behavior of a conservative dynamical system, while real re-shaping is a
dissipative physical process.

6 Conclusions

As a summary of our results, in the previous sections we constructed two 3-
dimensional, linear and nonlinear, theories able to reproduce analytically the
evolution in time of the relative orbit and of the bodies’ relative orientation in
binary systems interacting through gravitational forces and torques being close to the
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Fig. 19 Comparison between numerical (blue) and nonlinear (orange) solution for the parameter
set 2. The primary’s attitude remains almost intact, while the rest of the variables gradually drift to
chaos.

‘single-synchronous’ equilibrium state, whose exact definition was given in Subsection
2.3. As a focus example of application, we reproduce analytically the post-impact
state of the Didymos-Dimorphos system under various assumptions for the system’s
physical parameters. Our main conclusions are:

1) Far from i) nonlinear resonances leading to chaos, or ii) linear (parametric) reso-
nance, we find that our theories reproduce with precision the numerically observed
evolution of the perturbed system. In the case of the Didymos-Dimorphos system,
our nonlinear theory, based on a Hamiltonian normal form of the fourth order with
respect to a suitably-defined book-keeping parameter, leads to predictions whose
errors are of the order of centimeters in the relative orbit and arcminutes in the
post-impact evolution of the secondary’s libration angles. On the other hand, linear
theory has errors growing linearly in time as a result of the gradual de-phasing of the
linear analytical from the numerical solution, due to the difference between the linear
and nonlinear normal mode frequencies of the system. The cummulative error with
the linear theory raises to about two orders of magnitude larger than with nonlinear
theory after about one year of evolution of the system.

2) Linear theory, however, offers insight into the dynamics through the block struc-
ture of the variational matrix of the linearized equations of motion. In particular,

40



through the analysis of Subsection 3.1, three blocks are identified: i) the block of the
in-plane variables (epicyclic difference of the cylindrical radius δr = r − rc coupled
with the secondary’s libration angle δϕ2), ii) the block of the off-plane variables (z of
the relative orbit and the secondary’s angles θ2x, θ2y), and iii) the primary’s angles
θ1x, θ1y, which, in linear theory, are coupled only between themselves through Euler’s
free-torque equations. The nonlinear theory, however, introduces extra couplings
through all of the above three blocks.

3) General precision tests on the validity of the nonlinear theory are provided through
the computation of approximate integrals of motion associated with the nonlinear
normal modes of the systems. Such integrals break partially close to resonances, or
completely inside resonance zones, where the evolution of the system becomes chaotic.
We identify two types of resonances: ‘linear resonances’ are parametric resonances
qualitatively similar as described in Wisdom (1984), but with a forced frequency
equal to the epicyclic frequency κ of the relative orbit. Nonlinear resonances, instead,
appear as harmonics in the series of perturbation theory involving both the radial and
vertical epicyclic frequencies κ, κz of the relative orbit, as well as all three librational
frequencies of the secondary.

4) In the case of the Didymos-Dimorphos system, we examine two different parameter
sets suggested in literature by the analysis of post-impact observational data (see
Section 5). Besides probing the accuracy of our analytical theories, we examined also
states close to a nonlinear resonance. As regards the application of our theories to the
analysis of real data based on the DART experiment, we emphasize two aspects: i)
our time series of the evolution of the system are obtained through simple analytical
formulas explicitly containing the physical parameters and beta, which practically
eliminate any need of numerical integrations once the system’s post impact state is
assumed to be non-chaotic. For example, our formulas can be inserted directly in
any algorithm aimed to parmeter-fit the post-impact light curves, radar data etc. of
the system. ii) For chaotic orbits, instead, we emphasized the existence of transient
timescales of several months (see Subsection 5.2.2) corresponding to the system’s
stickiness close to a regular state before the onset of chaos.

5) Inspecting the time series of the evolution of orbital elements for chaotic orbits,
we find that the timescale corresponding the onset of large-scale chaotic evolution
of the secondary’s Euler angles is imprinted in observable time series mostly as a
sudden drop of the system’s orbital eccentricity. We interpret this effect by the fact
that the stochastic evolution of all three secondary’s Euler angles after the onset
of chaos implies that the secondary affects the orbit on the average as a spherical
body. Hence, as regards the orbit, this dynamical effect in an otherwise conservative
dynamical system mimics the dissipative effect of real re-shaping of the secondary.
The comparison between these two different scenaria leading to circularization of the
orbit presents interest as regards the interpretation of real post-impact data for the
Didymos-Dimorphos system, and it is proposed for further study.
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Appendix A Nonzero elements of the Jacobian
matrix J

j1,8 =
1

m
(A1)

j3,4 = θ̇1z(0) = ν1,obs (A2)

j3,10 =
1

I1x
(A3)

j4,3 =
θ̇1z(0)(I1z − I1y)

I1y
(A4)

j4,11 =
1

I1y
(A5)

j5,6 = θ̇eq (A6)

j5,12 =
1

I2x
(A7)

j6,5 =
θ̇eq(I2z − I2y)

I2y
(A8)

j6,13 =
1

I2y
(A9)

j7,1 =
2θ̇eq
req

(A10)

j7,14 =
1

I2z
+

1

mr2eq
(A11)

j8,1 =− 3mθ̇2eq

+
G[−3M2(I1x + I1y − 2I1z) + 2M1(−6I2x + 3(I2y + I2z) +M2r

2
eq)]

r5eq

(A12)

j9,2 =
−G[−9M2(I1x+I1y−2I1z)+2M1(−12I2x+3(I2y+3I2z)+2M2r

2
eq)]

4r5eq
(A13)

j9,6 =
3GM1(I2x − I2z)

r4eq
(A14)

j10,3 =
(I1y − I1z)(3GM2I1y + 2θ̇1z(0)

2I1zr
3
eq)

2I1yr3eq
(A15)

j11,4 = −θ̇21z(0)I1z +
3GM2(I1x − I1z)

2r3eq
(A16)

j12,5 =
θ̇2eq(I2y − I2z)I2z

I2y
(A17)
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j13,6 = −θ̇2eqI2z +
3GM1(I2x − I2z)

r3eq
(A18)

j14,7 =
3GM1(I2x − I2y)

r3eq
(A19)

Appendix B Coefficients and parameters of the
linear solution

The parameters u0, u2 of the characteristic polynomial P1(λ) (Eq. (26)) are given by

u0 = j1,8j14,7(j
2
7,1 + j7,14j8,1) (B20)

u2 = −j1,8j8,1 − j7,14j14,7 . (B21)

The linear amplitudes Ar,Aϕ2
,Apr

,Apϕ2
of the solution (64) are given by

Ar(ωℓ, ωm) =
δpϕ2

(0)j1,8j7,1 − δr(0)(ω2
m + j1,8j8,1)

ω2
ℓ − ω2

m

(B22)

Aϕ2(ωℓ, ωm) =
ω2
ℓ j7,14 + j1,8(j

2
7,1 + j7,14j8,1)

ωℓj1,8j7,1
Ar(ωℓ, ωm) (B23)

Apr
(ωℓ, ωm) =

−ωℓ

j1,8
Ar(ωℓ, ωm) (B24)

Apϕ2
(ωℓ, ωm) =

ω2
ℓ + j1,8, j8,1
j1,8j7,1

Ar(ωℓ, ωm) . (B25)

The coefficients of the characteristic polynomials P2(λ), P3(λ) (Eqs. (29), (33))) are
given by

v0 = −j1,8
(
j26,5 + j6,13j12,5

) [
j9,2j

2
5,6 + j5,12

(
j9,2j13,6 − j29,6

)]
(B26)

v2 = 2j1,8j5,6j6,5j9,2

+ j25,6
(
j26,5 + j6,13j12,5

)
+ j5,12j13,6

(
j26,5 + j6,13j12,5

)
+ j1,8

[
j5,12j9,2j12,5 + j6,13

(
j9,2j13,6 − j29,6

)] (B27)

v4 = −2j5,6j6,5 − j1,8j9,2 − j5,12j12,5 − j6,13j13,6 (B28)

κ = −27v0 + 9v2v4 − 2v34 + 3
√
3
√

27v20 + 4v32 − 18v0v2v4 − v22v
2
4 + 4v0v34 (B29)

w0 = (j24,3 + j4,11j10,3)(j
2
3,4 + j3,10j11,4) (B30)

w2 = −2j3,4j4,3 − j3,10j10,3 − j4,11j11,4 (B31)
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The corresponding linear amplitudes of the non-planar solutions (67), (71) are:

Az(ωℓ, ωm, ωn) =
δpz(0)j1,8(ω

2
m+j1,8j9,2)(ω

2
n+j1,8j9,2)[ω

2
ℓ j6,13+j5,12(j

2
6,5+j6,13j12,5)]

ωℓ(ω2
ℓ−ω2

m)(ω2
ℓ−ω2

n)[−j1,8j6,13j9,2+j5,12(j26,5+j6,13j12,5)]
(B32)

Aθ2x(ωℓ, ωm, ωn) =
δpz(0)(j5,12j6,5−j5,6j6,13)(ω

2
ℓ+j1,8j9,2)(ω

2
m+j1,8j9,2)(ω

2
n+j1,8j9,2)

(ω2
ℓ−ω2

m)(ω2
m−ω2

n)j9,6[−j1,8j6,13j9,2+j5,12(j26,5+j6,13j12,5)]
(B33)

Aθ2y (ωℓ, ωm, ωn) = −
δpz(0)(ω

2
ℓ+j1,8j9,2)(ω

2
m+j1,8j9,2)(ω

2
n+j1,8j9,2)[ω

2
ℓ j6,13+j5,12(j

2
6,5+j6,13j12,5)]

ωℓ(ω2
ℓ−ω2

m)(ω2
ℓ−ω2

n)j9,6[−j1,8j6,13j9,2+j5,12(j26,5+j6,13j12,5)]
(B34)

Apz
(ωℓ, ωm, ωn) =

ωℓ

j1,8
Az(ωℓ, ωm, ωn) (B35)

Apθ2x
(ωℓ, ωm, ωn) =

(ω2
ℓ+j1,8j9,2)[ω

2
ℓ j6,5+j5,6(j

2
6,5+j6,13j12,5)]

j1,8j9,6[ω2
ℓ j6,13+j5,12(j26,5+j6,13j12,5)]

Az(ωℓ, ωm, ωn) (B36)

Apθ2y
(ωℓ, ωm, ωn) =

−ωℓ(ω
2
ℓ+j1,8j9,2)(ω

2
ℓ+j5,6j6,5+j5,12j12,5)

j1,8j9,6[ω2
ℓ j6,13+j5,12(j26,5+j6,13j12,5)]

Az(ωℓ, ωm, ωn) (B37)

A1θ1x
(ωℓ, ωm) =

δθ1x(0)(ω
2
ℓ + j3,4j4,3 + j3,10j10,3)

ω2
ℓ − ω2

m

A2θ1x
(ωℓ, ωm) =

δθ1y(0)ωℓ[ω
2
mj4,3 + j3,4(j

2
4,3 + j4,11j10,3)]

(ω2
ℓ − ω2

m)(j24,3 + j4,11j10,3)

(B38)

A1θ1y
(ωℓ, ωm) =

ω2
mj4,11 + j3,10(j

2
4,3 + j4,11j10,3)

ωm(j3,10j4,3 − j3,4j4,11)
A1θ1x

(ωℓ, ωm)

A2θ1y
(ωℓ, ωm) =

−A1θ1y
(ωℓ, ωm)A2θ1x

(ωm, ωℓ)

A1θ1x
(ωℓ, ωm)

(B39)

A1pθ1x
(ωℓ, ωm) =

−[ω2
mj4,3 + j3,4(j

2
4,3 + j4,11j10,3)]

ωm(j3,10j4,3 − j3,4j4,11)
A1θ1x

(ωℓ, ωm)

A2pθ1x
(ωℓ, ωm) =

−A1pθ1x
(ωm, ωℓ)A2θ1x

(ωℓ, ωm)

A1θ1x
(ωm, ωℓ)

(B40)

A1pθ1y
(ωℓ, ωm) =

ω2
m + j3,4j4,3 + j3,10j10,3
j3,10j4,3 − j3,4j4,11

A1θ1x
(ωℓ, ωm)

A2pθ1y
(ωℓ, ωm) =

A1pθ1y
(ωm, ωℓ)A2θ1x

(ωℓ, ωm)

A1θ1x
(ωm, ωℓ)

(B41)
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Appendix C Full form of Z0

Z0 =
ν21I1z
2

+
G
(
2M1(2I2x − I2y −M2r

∗2) +M2(I1x + I1y − 2I1z + 2I2z)
)

4r∗3

+
G(6M1(2I2x − I2y − I2z) + 3M2(I1x + I1y − 2I1z) +M1M2r

∗2)

2r∗5
δr2

+
G(−9M2(I1x + I1y − 2I1z) + 2M1(−12I2x + 3I2y + 9I2z + 2M2r

∗2))

8r∗5
δz2

+
(I1z − I1y)(3GM2I1y + 2ν21I1zr

∗3)

4I1yr∗3
δθ21x

+
3GM2(I1z − I1x) + 2ν21I1zr

∗3

4r∗3
δθ21y

+
G(M1 +M2)(I2z − I2y)I2z

2I2yr∗3
δθ22x

+
G(−3I2xM1 + I2z(4M1 +M2))

2r∗3
δθ22y

+
3GM1(I2y − I2x)

2r∗3
δϕ2

2

+
δp2r
2m

+
δp2z
2m

+
δp2θ1x
2I1x

+
δp2θ1y
2I1y

+
δp2θ2x
2I2x

+
δp2θ2y
2I2y

+
I2z +mr∗2

2I2zmr∗2
δp2ϕ2

+ ν∗θ δpθ + (ν1 − ν∗θ )δpϕ1

+
2ν∗θ
r∗

δrδpϕ2
+

ν1(I1z − I1y)

I1y
δθ1xδpθ1y + ν1δθ1yδpθ1x

+
ν∗θ (I2z − I2y)

I2y
δθ2xδpθ2y + ν∗θ δθ2yδpθ2x +

3GM1(I2z − I2x)

r∗4
δzδθ2y

(C42)
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