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1 Introduction

The Standard Model of particle physics (SM) has so far enjoyed remarkable phenomenological
success, demonstrating a competency for describing physics at all energy scales yet probed
by collider experiments [1, 2, 3]. Despite this, it is widely believed that the SM is an effective
field theory, having only a finite energy range within which its physical predictions remain
accurate [4, 5]. Furthermore, it is conceivable (and hoped) that the energies probed at the
Large Hadron Collider lie in close proximity to the end of the SM domain of validity, thus,
potentially revealing new degrees of freedom at the TeV scale [6, 7].

The existence of physics beyond the SM (BSM) is further motivated by several persis-
tent, theoretical issues. These include, but are not limited to, neutrino oscillations [8, 9],
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the strong CP problem [10, 11, 12] and the flavour hierarchy problem [13, 14]. However,
perhaps the most compelling indication of BSM physics comes from naturalness arguments
[15, 16, 17]. The Higgs mass is radiatively unstable against quantum corrections, exhibiting
a quadratic sensitivity to the energy scale at which the SM is UV completed [18]. From
quantum gravity arguments alone, this scale could be as high as the Planck scale (1019GeV)
[19], yet experimentally the Higgs mass lies comfortably at around 125GeV [20, 21]. This
large gap in scales has a tendency to imply a hugely fine-tuned cancellation between the
parameters of the SM and its UV extension, such that the correct physical Higgs mass is
recovered.

Two of the most contemplated remedies to this problem are the existence of a TeV-
scale supersymmetry (SUSY) [22, 23, 24], and models in which the Higgs is realised as the
lightest bound state of some new strongly interacting dynamics, i.e. composite Higgs models
(CHMs) [25, 26, 27]. Both of these solutions, whilst qualitatively very different, share a
common feature, namely the introduction of a large number of new degrees of freedom with
a mass spectrum characterised by a particular energy scale. For CHMs, this is the scale
of confinement for the new strong dynamics, with the new degrees of freedom being the
microscopic constituents from which the Higgs and other bound states are comprised [28].
For SUSY, the degrees of freedom are the superpartners to those of the SM, as well as an
additional Higgs doublet, whose masses are expected to surround the scale of SUSY breaking
[23].

Both models involve new symmetries that are manifest at high temperatures. As the
universe cools, the symmetries are spontaneously broken, leading to a phase transition (PT)
that produces the low-temperature effective theory resembling the SM. This has parallels to
the electroweak PT, whereby the Higgs mechanism generates masses for gauge bosons [29,
30, 31]. Naturalness arguments favour the BSM PT to take place at temperatures as low
as phenomenologically allowed [32], typically a few TeV [33]. However, if these concerns are
neglected, then the scales may in principle be much higher [34, 35].

The PTs associated with SUSY and composite Higgs models are not only of interest
from a particle theory perspective, but also have cosmological significance [36, 37, 38]. In
this work, we are particularly interested in the corresponding drops in the radiation equation
of state, which depend on the order of the PT and the number of degrees of freedom that
promptly become non-relativistic. For first-order PTs, thermodynamic quantities, and thus
the equation of state, sharply change at the critical temperature [39]. On the other hand, in
the case of a crossover or second-order transition, at the critical temperature, thermodynamic
quantities vary more smoothly. This generally results in a smaller, more gradual reduction
in the equation of state.

Regardless of the order, the drop is expected to be proportional to the number of the de-
grees of freedom becoming non-relativistic, making our considered BSM models distinctively
relevant. There are several cosmological calculations which are sensitive to the equation of
state parameter [40, 41, 42]. In this work, we focus on primordial black holes (PBHs) [43],
which are typically thought to form from the collapse of density fluctuations [44, 45]. Black
hole formation is sensitive to both the inwards gravitational force, and thus energy density,
as well as outwards pressure gradients. Therefore, if such objects were to form in the early
universe, they are naturally expected to be sensitive to the equation of state. In fact, the
abundance of PBHs is exponentially sensitive to this parameter. Therefore, in this work we
focus on the BSM models predicting the largest drops in equation of state, and calculate the
corresponding enhancements in PBH abundances. Work has been done to this end [46, 47],
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however we expand on this by focusing on specific BSM models.
Recently, there has been renewed interest in PBHs, both as a potential dark matter

candidate [48, 49] and as sources of gravitational waves (GWs) [50, 40, 51, 52], which links
BSM PTs directly to observable phenomena in cosmology. With a large proportion of these
studies being relevant to lower-mass PBHs (M ≲ 10−6M⊙), they are thus relevant to these
higher-energy particle physics PTs.

The rest of the paper is organised as follows: In Section 2, using the SM as an example,
we demonstrate the methodologies used later in the determination of the evolution of the
equation of state, and exemplify the generic sensitivities to BSM degrees of freedom using a
toy model. In Section 3, we detail the mass spectrum and degrees of freedom for the Minimal
Supersymmetric SM, and use this to calculate the equation of state. In Section 4 we apply
the methodology developed in Section 2 to a UV realisation of composite Higgs models, and
study the equation of state during the PT. The enhanced spectrum of PBHs resulting from
the equations of state produced in Section 3 and Section 4 are presented in Section 5, which
are the main results of this work. In Section 6, we summarise our conclusions, and give
our outlook for future work on this subject. Finally, we give some more details as to our
calculations in the appendices.

2 From Standard Model to beyond

Before discussing BSM physics, we begin by describing the thermodynamics of the SM itself
in some detail. Our purpose for doing this is twofold. Firstly, it is a good opportunity to,
within a familiar context, develop the methodologies that we later employ. Secondly, this
provides further background information for those less familiar with the SM and the QCD
PT. Those more comfortable with SM thermodynamics may wish to skip to Section 2.3,
where we use a perturbative toy model to describe the equation of state in a general BSM
scenario.

2.1 Relativistic degrees of freedom

After reheating, the early universe is filled with a hot, dense plasma of relativistic particles
[53, 54] (see [55, 56, 57] for reviews). As the universe expands, the density and pressure of
the plasma scale as radiation. However, when the temperature drops below the mass of a
given particle species, it becomes non-relativistic, leaving a slight offset in the scaling laws.
The effective numbers of relativistic degrees of freedom are given by

g∗ρ(T ) =
30ρ(T )

π2T 4
, g∗s(T ) =

45s(T )

2π2T 3
, (2.1)

where ρ(T ) is the energy density and s(T ) is the entropy density. We note that fitting
functions for these quantities have been provided in [41]. The equation of state parameter,
which tracks the ratio of the pressure to the energy density, is a pivotal quantity in cosmology.
Using p(T ) = s(T )T + ρ(T ), we may write

ω(T ) ≡ p(T )

ρ(T )
=

4g∗ρ(T )

3g∗s(T )
− 1. (2.2)
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When in thermal equilibrium, the energy density and pressure of an ideal gas is determined
from statistical mechanics

ρi =
gi
2π2

∫ ∞

mi

√
E2 −m2

i

exp(E/T )± 1
E2dE, (2.3)

pi =
gi
6π2

∫ ∞

mi

(E2 −m2
i )

3/2

exp(E/T )± 1
dE, (2.4)

where mi is the particle’s mass, gi is the particle’s degrees of freedom, and the plus (minus)
sign in the denominator applies to fermions (bosons). These formula may be used to rewrite
the equation of state

ω(T ) =
1

3
−
∑
i

δωi(T ), (2.5)

where the departure of the plasma from pure radiation due to a given particle species is
described by

δωi(T ) =
5

π4
gi

g∗ρ(T )

(mi

T

)2 ∫ ∞

mi/T

√
u2 − (mi/T )2

eu ± 1
du. (2.6)

Within the SM, the first drop in the equation of state occurs at the electroweak (EW)
scale. The top quark, Z, W, and Higgs boson, contributing a total of 20.5 effective degrees
of freedom, each become non-relativistic during this period. Due to the observed Higgs
mass [58], this PT is thought to be a crossover [59]. However, for the models considered in
this paper, a first-order electroweak PT may be realised [60, 61]. In this case, GW signals
are expected from bubble collisions [62], which could be detectable in future experiments.
Following the EW crossover, the bottom and charm quarks, as well as the τ leptons annihilate,
accounting for a total of 24.5 degrees of freedom. Subsequently, there is the QCD PT, which
has also been found to be a crossover, and is the topic of the next subsection. Shortly
after this, a further 6.5 degrees of freedom decouple, corresponding to the muons, µ, and
pions, π±, π0. Lastly, e−e+ annihilation and neutrino decoupling occur, leaving g∗ρ ≈ 3.36
relativistic degrees of freedom remaining [63].

2.2 The QCD phase transition

QCD is a gauge theory based on a local SU(3) symmetry group. In addition to 16 gluonic
degrees of freedom, there are 6 species of quarks that possess colour charge. Of these 6
quarks, from a QCD perspective, the up and down are effectively massless, with the strange
quarks being light [64], leading to an approximate chiral flavour symmetry GF = SU(3)L ×
SU(3)R. The flavour symmetry is spontaneously broken into its vectorial subgroup HF =
SU(3)V by the QCD vacuum, producing 8 pseudo-Nambu-Goldstone bosons [65]. At the
QCD confinement scale, there are 31.5 relativistic fermionic degrees of freedom coming from
the up, down and strange quarks.

An understanding of the QCD PT in the context of cosmology is highly motivated
[40, 41, 42]. Moreover, numerous theories beyond the SM are strongly interacting, such as
composite Higgs models. Despite occurring at higher energy scales, it is expected that the
composite Higgs PT will share some qualitative features with that of QCD. Therefore, in the
remainder of the subsection we describe the SM QCD PT. By demonstrating these techniques
in the context of QCD, we will subsequently apply them to our study of composite Higgs
models in Section 4.
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2.2.1 The M.I.T. bag model

The quantity responsible for defining the scale of the QCD PT is the critical temperature, Tc.
This value is typically extracted from lattice simulations [66, 67, 68], where it has been found
to be around 155MeV. For T ≲ Tc, it is expected that the plasma behaves like an ideal gas
in thermal equilibrium. Whilst the most precise determination of the critical temperature is
extracted from the lattice, analytical techniques still provide a reasonable estimate. These
techniques offer a simpler alternative calculation, without resorting to numerical methods.

One such example is the M.I.T. bag model [69], whereby hadrons are approximated as
bubbles of perturbative vacuum, within which quarks freely propagate [70]. Qualitatively, the
PT occurs once neighboring bubbles overlap and fill the entire volume of the plasma. Thus,
following [71], we define the ratio of the volume occupied by bubbles to the total volume as

rV (T ) =
∑
i

4πgi
3

R3
i T

3

∫
d3k

(2π)3
1

e
√

k2+m2
i /T ± 1

(2.7)

where Ri is the radius of the hadron. A precise determination of the radius must come from
experiment, however, since we are only interested in an estimate of Tc, we use dimensional
analysis Ri ∼ 1

mi
. The critical temperature is then defined through solving rV (TC) = 1.

Applying this to the spectrum of QCD resonances, we find the critical temperature to be
≈ 133MeV, which is within 15% of the best fit value. Thus, we expect to obtain a critical
temperature of the correct order of magnitude when applied to composite Higgs models.

2.2.2 Full QCD equation of state

For T ≫ Tc, we are able to make use of finite-temperature QCD. The pressure of the quark-
gluon plasma is typically written as an expansion in the strong coupling constant, g3. Cur-
rently, this is known up toO(g63 ln(1/g3)) [72], however major progress has been made towards
calculating the full g63 pressure [73], which is now within reach if applied in the context of
[74]. For completeness, we describe the full finite-temperature QCD pressure calculation in
Section A. Furthermore, a large amount of work has been done providing alternative pertur-
bative techniques for calculating the thermodynamics of hot QCD [75, 76, 77, 78, 79].

Having described the perturbative aspects of the QCD plasma at both high and low
temperatures, we are left with the non-perturbative phase. The most robust description we
have of this regime is from the lattice, which is then extrapolated to the continuum limit.
This has been the topic of extensive work, with full results given for Nf = 2 + 1 flavors [80,
81, 82], as well as Nf = 2+ 1+ 1 [83]. We take the results of the latter to plot the full QCD
pressure in Fig. 1. Furthermore, we normalize to the ideal Stefan-Boltzmann gas, defined in
a general SU(Nc) gauge theory with Nf fermions

pideal(T ) =
T 4π2

90

[
(2N2

c − 2) + (4NcNf
7

8
)

]
, (2.8)

where the term in the square brackets simply counts the degrees of freedom. For the SM
QCD PT, we set Nc = 3 and Nf = 4.

For the hadronic gas model, we include each of the QCD bound state degrees of freedom
of the SM with masses up to O(Tc). This information can be found in [63], for example. We
plot these results up to the critical temperature found in Section 2.2.1 using the M.I.T. bag
model. We see a good agreement between the hadronic gas and lattice results up to this
point, which has already been pointed out, for example, in [80, 84, 41]. We likewise see
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Figure 1: The pressure during the SM QCD PT, normalised to the Stefan-Boltzmann limit.
At lower temperatures, we use the hadronic gas model. At high temperatures we employ
finite-temperature QCD results, up to O(g63 ln(1/g3)) in the strong coupling constant. During
the non-perturbative phase we use lattice data from [83].

excellent agreement between the lattice results and those of the finite-temperature QCD,
down to temperatures as low as 0.5GeV. Here, we use Eq. (A.5), and set the renormalisation
scale µ = 2πT .

Using the pressure, we define the trace anomaly

∆QCD(T ) = T
d

dT

{
pQCD(T )

T 4

}
. (2.9)

Finally, we can write ρ(T ) and s(T ), appearing in Eq. (2.1), as functions of p(T ) and ∆(T ).
These can then be estimated as

ρQCD(T ) = T 4

[
∆QCD(T ) +

3pQCD(T )

T 4

]
,

sQCD(T ) = T 3

[
∆QCD(T ) +

4pQCD(T )

T 4

]
.

(2.10)

In the early universe, the QCD PT does not occur in isolation, but in a thermal bath of
colourless particles, comprising 17.25 relativistic degrees of freedom. At temperatures greater
than Tc, the energy density of the background plasma is expected to be related to its pressure
through ργ = 3pγ . For our purposes, it is the total equation of state for the thermal plasma,
including both QCD and the remanent relativistic degrees of freedom that is of interest. For
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T ∼ Tc and greater, this is

ω(T ) =
1

3 +
T 4∆̃QCD(T )
rγ+p̃QCD(T )

. (2.11)

where the tilde notation denotes a quantity that is normalised to the SB limit of pQCD in
Eq. (2.8). The temperature dependence of ∆̃QCD and p̃QCD have been measured on the
lattice [83], and rγ = g∗,γ/g∗,QCD is the ratio of degrees of freedom within the background
plasma to those of quarks and gluons in the UV.

2.3 A Toy Model

Having established the basics of SM thermodynamics, we now study a toy model for a BSM
sector. This will set up our later discussions, in which we investigate motivated BSM models.
Specifically, we exemplify some generic features that can be expected from drops in relativistic
degrees of freedom, and the imprints left on the equation of state. Consider the following toy
model

LToy = LSM + LBSM + Lint (2.12)

where

LBSM =
1

2
∂µϕ

a∂µϕa − 1

2
m∗Oab

S ϕ
aϕb + iΨi/∂Ψi −m∗Oij

F Ψ̄
iΨj (2.13)

In addition to the SM, there is a BSM sector characterized by a common mass scale m∗,
with ns real scalar fields and nf Dirac fields. The eigenvalues of the matrices Oab

S and Oij
F

determine the physical mass spectrum of the model. The BSM sector is coupled to itself, and
to the SM, through the unspecified Lint, keeping it in thermal equilibrium with the plasma of
the early universe. For the present discussion, it will be assumed that the couplings within
Lint are perturbative. At T ∼ m∗, the BSM degrees of freedom become non-relativistic,
and the equation of state is obtained using Eq. (2.6). Through varying ns and nf , with the

eigenvalues of Oab
S and Oij

F randomly distributed around 1, we explore the response of the
equation of state in Fig. 2.

From the figure, two interesting features arise. Firstly, as expected, increasing ns and
nf leads to larger drops in the equation of state. Notably, we find that (ns, nf ) = (24, 24)
gives roughly the same number of degrees of freedom as in the SM. However, as can be seen,
the resulting drop in ω(T/m∗) is only ≈ 0.285. Even with (ns, nf ) = (36, 36), corresponding
to 162 effective degrees of freedom, we see that we are unable to perturbatively obtain a drop
as large as that of the QCD PT, in which ωmin ≈ 0.23. This attests to the effectiveness of
non-perturbative strongly interacting PTs in softening the equation of state.

Less trivially, for large nf and ns, the drop becomes less sensitive to the exact distri-
bution of the masses. The argument here follows the central limit theorem [85, 86]. That is,
given a large enough number of particles randomly distributed about some scale, the total
distribution will approximate a normal distribution centred at that scale. If we considered a
larger window to randomly distribute our masses, we would expect more degrees of freedom
to be needed in order to recover this result. On the other hand, if this window was smaller,
we would expect a larger drop in ω(T ), for the same number of decoupling degrees of freedom.

3 Supersymmetry

Since its first introduction as a formal workaround to the Coleman-Mandula theorem [87,
88, 89], supersymmetry (SUSY) has become the single most studied extension to the SM. Of
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Figure 2: The equation of state for our toy model, as a function of T/m∗, where m∗ is
some input energy scale. We vary the number of scalars and fermions within the model,
showing explicitly the sensitivity of the equation of state to the number of degrees of freedom
becoming non-relativistic.

greatest phenomenological relevance is the application of N = 1 SUSY to the SM, known as
the Minimal Supersymmetric Standard Model (MSSM) [90, 91]. In this framework, the SM
degrees of freedom are embedded within supermultiplets which are either chiral or gauge,
with the spin of the SM particles and their superpartners differing by 1/2.

Of course, SUSY must not be exact at the current physics scales we can probe, as no
sparticles have been detected so far in experiments. Thus, it is a key requirement within
the MSSM that SUSY must be broken at some higher scale, conventionally called MSUSY.
The SM is then a low-energy effective theory of a MSSM, obtained by integrating out the
heavy supersymmetric degrees of freedom. Consequentially, the running couplings of the SM
are, to a good approximation, the same up to MSUSY. The MSSM has the nice property
that, for certain values of MSUSY, the gauge couplings of the SM run into an intersection
point, and thus may possibly unify into a single fundamental interaction at some higher-
energy scale, called the grand unified scale, or MGUT. We discuss this feature of the theory
further in Section B. Unfortunately, the lack of detection of any sparticles in colliders has
pushed the experimental bound onMSUSY such that a precise intersection is no longer viable.
Nonetheless, in the remainder of the section, and following the excellent work of [23], we focus
on the mass spectrum of the MSSM for the purpose of obtaining the equation of state.

To make this model theoretically viable, there is required to be an extra Higgs doublet.
The mass eigenstates associated to these are denoted as h0, and H0, A0 and H±, contributing
an extra 4 bosonic degrees of freedom. Secondly, the superpartners of the quarks, known as
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squarks have mass eigenstates denoted by ũL, c̃L, t̃1, ũR, c̃R, t̃2, d̃L, s̃L, b̃1, d̃R, s̃R and b̃2. As
each of these come as a particle-antiparticle pair, as well as a triplet of colour, they contribute
a total of 72 bosonic degrees of freedom. For the sleptons we have ẽL, µ̃L, τ̃1, ẽR, µ̃R, τ̃2, ν̃e,
ν̃µ and ν̃τ . The degrees of freedom associated to them are the same as the squarks, with the
obvious exception of not being in colour triplets. Thus, they contribute 18 bosonic degrees
of freedom. The total extra bosonic degrees of freedom in the MSSM is therefore 94.

For the new fermionic degrees of freedom, we get contributions from the Higgs and
SM gauge boson superpartners. The mass eigenstates are denoted as neutralinos Ñ1 Ñ2 Ñ3

Ñ4 and charginos C̃±
1 C̃±

2 . These are all chiral fermions with 2 degrees of freedom, and
thus contribute a total of 16 additional fermionic degrees of freedom. Finally we have the
gluions g̃, of which there are 8 new chiral fermions, thus giving a total contribution of 16
extra fermionic degrees of freedom. Therefore, the total number of new fermionic degrees
of freedom is 32. To convert this to effective degrees of freedom there is the 7/8 conversion
factor, which gives 28. Overall, the total number of new effective degrees of freedom beyond
the SM in the MSSM is 94 + 28 = 122.

3.1 SUSY masses

Having calculated the degrees of freedom for each of the sparticles in the MSSM, we move
on to the more technical task of calculating the corresponding masses. Once completed,
we will be in a position to calculate the equation of state for each of our SUSY breaking
scenarios. We take the majority of our mass formulae from [23], where the derivations are
explained in more detail. The majority of these masses depend on quantities which run with
renormalisation scale. Hence, in order to determine the masses of each sparticle, we must
solve a number of RGEs. For completeness, we include each of the SUSY 1-loop RGEs that
we solve in Section C.

3.1.1 Higgs bosons

We start with the masses of the Higgs bosons, which are given by the following

m2
A0 =

2b

sin2β
,

m2
h0,H0 =

1

2

(
m2

A0 +m2
Z ∓

√
(m2

A0 −m2
Z)

2 + 4m2
Zm

2
A0sin2β

)
,

m2
H± = m2

A0 +m2
W ,

(3.1)

where we take mZ = 91.188GeV, mW = 80.377GeV [92] and b is a real and positive constant
appearing in the scalar Higgs potential. Specifically, we have

b =
sin2β

2
(2|µ|2 +m2

Hu
+m2

Hd
), (3.2)

where Hu = (H+
u , H

0
u) and Hd = (H0

d , H
−
d ) define the two complex Higgs doublets and µ is

the Higgsino mass parameter. Setting H+
u = H−

d = 0, we arrive at one of the free parameters
of the MSSM, tanβ, which is given by the ratio of the two vacuum expectation values

tanβ ≡ ⟨H0
u⟩

⟨H0
d⟩
. (3.3)
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A particularly interesting feature of the MSSM Higgs sector is that the parameter β which,
as well as the Z-boson mass, sets a tree-level bound on the mass of h0 [93, 94]

mh0 < mZ | cos(2β)| ≤ mZ . (3.4)

The tree-level Higgs mass receives large radiative corrections, which are required to recover
the observed value [95]. The remainder of the Higgs A0, H0, H± have very similar masses to
each other in each of our scenarios. The running of which depends largely on the running of
Hd.

3.1.2 Charginos and neutralinos

The six mass eignestates of the neutralinos and charginos are obtained due to mixing be-
tween the Higgs bosons and gauginos. Four of these eigenstates have neutral charge, named
neutralinos Ñi(i=1,2,3,4). These sparticles are the combination of neutral Higgsinos (H̃0

u,
H̃0

d) and neutral gauginos (B̃, W̃ 0). The remaining two carry ±1 charge, named charginos
C̃±
i (i = 1, 2). These come from the combination of charged Higgsinos (H̃+

u and H̃−
d ) and

winos (W̃+ and W̃−).
Diagonalizing the corresponding mass matrices, we obtain the mass formulae for the

neutralinos and charginos as follows

mÑ1
=M1 −

m2
Zs

2
W (M1 + µsin2β)

µ2 −M2
1

+ ...,

mÑ2
=M2 −

m2
W (M2 + µsin2β)

µ2 −M2
2

+ ...,

mÑ3
= |µ|+

m2
Z(I − sin2β)(µ+M1c

2
W +M2s

2
W )

2(µ+M1)(µ+M2)
+ ...,

mÑ4
= |µ|+

m2
Z(I + sin2β)(µ−M1c

2
W −M2s

2
W )

2(µ−M1)(µ−M2)
+ ...,

mC̃±
1
=M2 −

m2
W (M2 + µsin2β)

µ2 −M2
2

+ ...,

mC̃±
2
= |µ|+

Im2
W (µ+M2sin2β)

µ2 −M2
2

+ ...,

(3.5)

where M1 and M2 are the U(1) and SU(2) electroweak gaugino mass parameters respectively
and I is the sign of µ.

We find that the runnings of each of these masses are dominated by the leading-order
term. Thus, there are roughly 3 masses to be considered in this sector, governed by the
gaugino parameters M1,M2 and µ. Furthermore, we find that µ hardly runs, and thus it
can be well approximated by it’s value given at the GUT scale. Then, it is interesting to
note that in the case of GUT-scale SUSY breaking, the boundary conditions we use set the
scale of µ to be 10−3 times that of the scalars. This will be discussed further in the following
subsection.
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3.1.3 Squarks and sleptons

For the first-family squark and slepton masses, we use the following

m2
d̃L

= m2
0 +K3 +K2 +

1

36
K1 +∆d̃L

,

m2
ũL

= m2
0 +K3 +K2 +

1

36
K1 +∆ũL ,

m2
ũR

= m2
0 +K3 +

4

9
K1 +∆ũR ,

m2
d̃R

= m2
0 +K3 +

4

9
K1 +∆d̃R

,

m2
ẽL

= m2
0 +K2 +

1

4
K1 +∆ẽL ,

m2
ν̃e = m2

0 +K2 +
1

4
K1 +∆ν̃e ,

m2
ẽR

= m2
0 +K1 +∆ẽR ,

(3.6)

where Ka terms arise from RG running proportional to the gaugino masses, given at one-loop
by

Ka(Q) =


3/5
3/4
4/3

× 2

π

∫ lnQ0

lnQ
dtαa(t)|Ma(t)|2 (a = 1, 2, 3), (3.7)

where αa are the gauge, and Ma the gaugino runnings described in Section B. There is also a
contribution to each squark and slepton mass arising from D-term quartic interactions, ∆ϕ.
These are given by

∆ϕ = (T3ϕ −Qϕsin
2θW )cos(2β)m2

Z , (3.8)

where T3ϕ and Qϕ are the third component of weak isospin and the electric charge of the
left-handed chiral supermultiplet to which ϕ belongs. We show each of these contributions
in Table 1.

ϕ T3ϕ Qϕ ∆ϕ

d̃L -12 -13 (−1
2 + 1

3S
2
w)Cβzm

2
Z

ũL
1
2

1
3 (12 − 1

3S
2
w)Cβzm

2
Z

ũR 0 2
3 −2

3S
2
wCβzm

2
Z

d̃R 0 -13
1
3S

2
wCβzm

2
Z

ẽL -12 -1 (−1
2 + S2

w)Cβzm
2
Z

ν̃e
1
2 0 1

2S
2
wCβzm

2
Z

ẽR 0 -1 S2
wCβzm

2
Z

Table 1: D-term quartic interaction contributions to squark and slepton masses. Here,
Cβz = cos(2β) and Sw = sin(θw) is the Weinberg angle.

The Yukawa couplings of each of the first- and second-family squarks and sleptons are
negligible, which leads to 7 almost degenerate unmixed pairs. Thus, we set: mẽR = mµ̃R ,
mν̃e = mν̃µ , mẽL = mµ̃L , mũR = mc̃R , md̃R

= ms̃R , mũL = mc̃L and md̃L
= ms̃L . On the
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other hand, there can be significant mixing between stop, sbottom and stau sparticles. The
mass matrices are given as follows

m2
t̃
=

(
m2

Q3
+m2

t +∆ũL v(a∗t sinβ − µyt cosβ)

v(at sinβ − µ∗yt cosβ) m2
ū3

+m2
t +∆ūR

)
,

m2
b̃
=

(
m2

Q3
+∆d̃L

v(a∗b cosβ − µyb sinβ)

v(ab cosβ − µ∗yb sinβ) m2
d̄3

+∆d̃R

)
,

m2
τ̃ =

(
m2

L3
+∆ẽL v(a∗τ cosβ − µyτ sinβ)

v(aτ cosβ − µ∗yτ sinβ) m2
ē3 +∆ẽR

)
,

(3.9)

where v = ⟨H⟩ is the vacuum expectation value of the SM Higgs (≈ 174GeV), mt is the
top quark mass (≈ 173GeV) and we define the third-family squark and slepton masses
(mQ3 ,mū3 ,md̄3

,mL3 ,mē3), the soft terms (at,b,τ ) and yukawa couplings (yt,b,τ ) in Section C.
We then obtain the mass eigenstates of the stop, sbottom and stau particles by diagonalising
these mass matrices.

For the squarks and sleptons, it is relatively straightforward to classify the running
masses. Beginning with the sleptons, we find that there are mainly two masses in each
SUSY breaking scenario. These masses may be distinguished as masses proportional to K1

and masses proportional to K2. Because we typically expect K3 ≫ K2 ≫ K1, the slepton
running masses proportional to K1/2 closely resemble the running of K1/2. However, as you
increase the SUSY breaking scale, the size of the gauge couplings at the scales of interest
lead to deviations from this inequality.

Likewise, for the squark masses, we find a largely degenerate mass distribution. This
is due to the fact that each of the running masses are proportional to K3, meaning they are
largely insensitive to the remainder of the terms in Eq. (3.6). This turns out to be important
in later discussions, due to the large number of squark degrees of freedom.

The squark masses, as well as the gluino mass, are discussed in the following subsection.
For the remainder of the MSSM sparticles, we take the tree-level pole masses. This is
equivalent to solving the following equation

m̃(Q) = Q, (3.10)

where m̃(Q) is the running mass. In Fig. 3 we show the runnings of each of the gaugino
parameters, which roughly correspond to several chargino and neutralino running masses,
as well as the gluino. Furthermore, we plot each of the squark and slepton running masses,
including the stop, sbottom and stau. Throughout this work, motivated by the boundary
conditions provided in [96], we consider several SUSY breaking scales: 5 × 103GeV (TeV
scale), 106GeV (PeV scale), 1010GeV (Intermediate scale) and 1016GeV (GUT scale).

3.2 Mass corrections

As discussed in the previous section, in order to obtain the pole masses of the majority of the
sparticles, it is usually enough to solve Eq. (3.10). Whilst approximate, it is not expected
for the corrections to be large for non-strongly interacting sparticles. Then, for the scope of
this work we believe it is justified to not include these corrections. On the other hand, due
to the fact that the gluino, as well as the squarks, interact strongly, they receive the largest
mass corrections. Thankfully, these are the simplest of the mass renormalisations. For the
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Figure 3: We show the runnings of several sparticle masses as functions of renormalisation
scale, for each of the SUSY breaking scenarios we consider: Top Left : TeV-scale, Top Right :
PeV-scale, Bottom Left : Intermediate-scale and Bottom right : GUT-scale. We plot the
running masses of the gauginos in solid, squarks in dashed and sleptons in dotdashed. As can
be seen from the figure, in each of the scenarios we consider, there is not significant running.

gluino one-loop corrected mass we use the results of [97]

mq̃ =M3(Q)

[
1−

(
∆M3

M3

)gg̃

−
(
∆M3

M3

)qq̃
]−1

, (3.11)

where (
∆M3

M3

)gg̃

=
3α3

4π

[
6 ln

(
Q

M3

)
+ 5

]
, (3.12)

and(
∆M3

M3

)qq̃

= −3α3

π

(
ln

(
Q

M

)
+ 1− 1

2x

[
1 +

(x− 1)2

x
ln |x− 1|

]
+

1

2
θ(x− 1) lnx

)
,

where M = max(M2
3 ,M

2
Q1

) and x =M2
3 /M

2
Q1

.
For the squark one-loop corrected masses we again follow [97]. Focussing on the domi-

nant QCD corrections, it is found

m2
q̃ = m̂2

q̃(Q)

[
1 +

(
∆m2

q̃

m2
q̃

)]
, (3.13)
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where (
∆m2

q̃

m2
q̃

)
=

2α3

3π

[
1 + 3x+ (x− 1)2 ln |x− 1| − x2 lnx+ 4x ln

(
Q

mq̃

)]
, (3.14)

where x = m2
g̃/m

2
q̃ .

In scenarios where there is a hierarchy among superpartner masses, these mass correc-
tions can become large [98]. We find the ratio between the average squark mass and gluino
mass to be: 0.799, 0.929 and 0.961 for TeV, PeV and intermediate scale SUSY breaking
respectively. Thus, we expect relatively small 1-loop corrections to the gluino mass. Specifi-
cally, we find the mass corrections to be: 2.89%, 3.57% and 2.37%, which is clearly in good
agreement with expectations. For GUT-scale SUSY breaking we find the biggest difference
between gluino and squark masses. This appears to be a result of the boundary conditions
described in Section C. However, we find the corrections to the gluino mass to only be 3.46%.
Then, we take the 1-loop masses to produce our final mass spectra.

3.3 SUSY equation of state

Upon calculating a given SUSY mass spectrum, we are able to calculate the corresponding
equation of state. Using the degrees of freedom outlined in the introduction to the section,
this can be done purely statistically, in a similar fashion to Eq. (2.5). For each of the
SUSY breaking scenarios considered, we find a nearly degenerate mass spectrum. That is,
each of the sparticles have a similar mass. As alluded to in Section 2.3, this has significant
implications; if a given number of degrees of freedom decouple at the same scale, this will
lead to a bigger reduction in the equation of state.

We show the contributions of each sparticle species to the equation of state in Fig. 4,
for the TeV-scale SUSY breaking scenario. From the figure, it is clear to see that the squarks
contribute most significantly to the drop in equation of state. This is to be expected, as the
they comprise over half of the MSSM degrees of freedom. To obtain the overall equation of
state, we simply sum over each of the different sparticles. Therefore, we can see from the
figure that it is still important to include each of the species when considering the overall
change in ω(T ).

We show the overall equation of state for the four different SUSY breaking scenarios in
Fig. 5. Here, we see some interesting features. Firstly, in each scenario, the largest drop in
the equation of state occurs close to the corresponding SUSY breaking scale. This comes as
no surprise; the boundary conditions of our scenarios [96] are each close to that of the SUSY
breaking. Then, unless a given quantity runs by more than several orders of magnitude, we
should be able to safely approximate m̃(Q) = Q ≈ MSUSY. Assuming the MSSM, this has
the exciting implication that, if cosmological evidence of softening in the equation of state
at some scale was found, we could associate this scale to MSUSY.

Secondly, for both the TeV and GUT scale SUSY breaking µ is given as 0.5m0 and
10−3m0 respectively, where m0 is the mass of the scalars. Then, we can see the smaller drop
corresponding to the charginos and neutralinos, with masses proportional to µ, decoupling
on these slightly different scales. Of course, each of these models has the same number of
degrees of freedom, therefore the largest drop in ω(T ) occurs in the other two scenarios,
where the mass spectra are more degenerate.

Finally, we remind the reader that this work has focused on the “minimal” model for
simplicity. However, we are motivated by maximising the additional degrees of freedom, so
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Figure 4: The equation of state for TeV-scale SUSY breaking. We split this into each
sparticles contribution, with the largest contribution coming from the squarks.
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Figure 5: The equation of state for each of the SUSY breaking scenarios we considered. We
found most of the sparticle mass spectra to be close to degenerate, leading to sharper drops.

it is exciting that we are able to obtain such large drops in the equation of state in, more or
less, the worst-case scenario. We expect any extension to the MSSM predicting additional
degrees of freedom to produce even softer equations of state. Furthermore, we have only
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considered the case of one superfield, N = 1. This does not have to be the case at all [99],
and with more (super)fields, there would be more field content, so one should expect more
degrees of freedom. We leave this for future study.

4 Composite Higgs

Composite Higgs models were originally introduced as a compelling solution to protecting
the higgs mass from extremely large radiative corrections [100, 101]. In this scenario, rather
than being elementary, the Higgs is assumed to be the lightest bound state of a new strongly
interacting sector. Additionally, if this sector possesses an approximate global symmetry
that is spontaneously broken, then composite pseudo-Nambu Goldstone bosons (pNGBs)
emerge, making some of the bound states parametrically lighter than others [27]. In modern
incarnations, the symmetry breaking pattern is chosen such that the Higgs can be identified
as a subset of the pNGBs, helping to explain why it is significantly lighter than the other
bound states of this new composite sector, which are yet to be discovered [102, 103].

Microscopically, CHMs are expected to originate from gauge theories involving fermions
[104, 105, 106, 107], and therefore large drops could be expected at around the confinement
scale. Firstly, we demonstrate the capacity of CHMs to realise large drops in relativistic
degrees of freedom explicitly. Secondly, we investigate the equation of state for a particular
class of UV models in greater detail. By applying the methodologies detailed in Section 2.2,
we will obtain an estimate of both the critical temperature, along with the evolution of the
equation of state with respect to temperature. To reiterate, our aim is to give a qualitative
description of ω(T ) within these models. This will help to better understand the cases in
which CHMs are interesting in the context of cosmology sensitive to the equation of state.
Additionally, our hope is to further motivate lattice simulations of the thermodynamics of
these particular models, such that a more precise understanding may be obtained.

4.1 UV degrees of freedom

At energies significantly higher than the confinement scale mρ, the relevant degrees of free-
dom of the composite sector are assumed to be fundamental fermions Ψ, transforming in
irreducible representations of the confining hypercolour gauge group GHC , along with the
associated gauge fields Aµ [104, 105, 106, 107]. The total number of degrees of freedom
will depend both upon the gauge group, the number of Ψ denoted Nf , and their associated
representations under GHC . Upon confinement, these will no longer be the relevant degrees
of freedom. Instead, composite resonance states with masses ∼ mρ will emerge, along with
parametrically lighter pNGB states of GF /HF flavour symmetry breaking. As the tempera-
ture of the plasma drops further, these states will promptly become non-relativistic, which
eventually, if the composite sector was in isolation, would evolve the equation of state towards
that of non-relativistic matter.

The behaviour of the equation of state within an isolated CHM is therefore expected
to be very similar to that of QCD in isolation. The distinguishing feature between the
two scenarios comes from the relativistic degrees of freedom external to these strong sectors
within the plasma. As shown in Eq. (2.11), the large drop in the QCD equation of state
may be mainly traced to the ratio rγ being small. In other words, the QCD degrees of
freedom dominate over the relativistic degrees of freedom leftover in the plasma. For CHM,
the left over degrees of freedom are the entire SM. Consequentially, for a composite Higgs
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model to modify the equation of state in a significant way, there must be a larger number of
fundamental degrees of freedom associated to it.

By using the minimal UV CHMs given in [106] we exemplify the capacity for CHMs to
readily contain enough degrees of freedom to dominate over those of the SM. A summary of
each model is given in Table 2. All models are quadratically sensitive to the number of colours
Nc, due to the presence of gauge fields, along with a linear sensitivity from fermions. Even
moderate values of Nc are capable of containing very substantial numbers of fundamental
degrees of freedom, which we show in Fig. 6. For example, in the SU(Nc) model, for Nc > 5,
rSM < 1. As Nc is essentially a free parameter for our purposes, there are a wide class of
models that will modify the equation of state in an interesting way for the present discussion.

GHC SU(Nc) Sp(2Nc) SO(Nc)

Rep. of fermions (Nc,Nf ), Dirac (2Nc,2Nf ), Weyl (Nc,Nf ), Weyl

GF /HF breaking
SU(Nf )×SU(Nf )

SU(Nf )
SU(2Nf )
Sp(2Nf )

SU(Nf )
SO(Nf )

Minimal Nf 4 2 5

Gauge field d.o.f. 2(N2
c − 1) 2Nc(2Nc + 1) Nc(Nc − 1)

Fermion d.o.f. 7
8 × 4NcNf

7
8 × 8NcNf

7
8 × 2NcNf

pNGB d.o.f. N2
f − 1 2N2

f −Nf − 1
N2

f

2 +
Nf

2 − 1

Table 2: We count, for several different symmetry breaking patterns, the effective number
of degrees of freedom. As can be seen, this depends on both Nc and Nf .

SU (Nf ) xSU (Nf )

SU (Nf )

SU (2Nf )

Sp (2Nf )

SU (Nf )

SO (Nf )

Gauge

Fermion

2 4 6 8 10
0

100

200

300

400

Nc

g *

Figure 6: We show the degrees of freedom for each of the minimal composite Higgs symmetry
breaking patterns, as a function of Nc. We split these degrees of freedom into gauge (solid)
and fermion (dashed).
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4.2 Critical temperature

The critical temperature for CHMs will be model dependent, since it relies on the precise
mass spectrum of the associated bound states. For the present purposes, we are interested
in an estimate of the critical temperature, obtained by applying the methodology developed
in Section 2.2.1. Similar to QCD, the full spectrum of resonances that emerge from a UV
composite Higgs model is determined from group theoretic considerations. Furthermore, the
masses of such states are expected to cluster around the scale mρ. It is common to make the
one-scale-one-coupling assumption (1S1C) [27, 108, 33], in which these resonances interact
with each other through a single coupling, gCS. From large-Nc considerations, first proposed
in [109, 110], the coupling is expected to be related to Nc as

gCS ∼ 4π√
Nc
. (4.1)

From Eq. (2.7) the contributions from more massive states are exponentially suppressed.
Therefore, to calculate the critical temperature, it is sufficient to consider only the lightest
resonances within the spectrum, namely the pNGBs. For the minimal model with gauge
group SU(Nc), besides the Higgs, 11 pNGB’s exist. Given the 1S1C assumption, from di-
mensional analysis the decay constant for the pNGBs will be

fCS ∼ mρ

gCS
. (4.2)

In order to generate a Higgs mass of the correct size, a certain amount of fine-tuning within
the Higgs potential is required [32, 111, 112], the size of which is quantified by the parameter

ξ = v2

f2
CS

, and thus models with a lower fCS are deemed more compatible with naturalness

expectations. Provided that no additional fine-tuning is present, it is expected that the
masses of the remaining pNGBs should cluster around the scale mΠ, which we estimate to
be

mΠ ∼ fCS

v
mh (4.3)

where mh is the Higgs mass. Thus, once Nc and mρ are specified, we simulate the spectrum
of pNGB masses by taking a random distribution of values, tightly centred around this scale.
This schematically resembles the mass spectrum of pNGBs extracted from lattice data [113].
Again, to estimate the radius of the composite states, we use dimensional analysis to obtain
Ri ∼ 1

mi
. Our conclusions are that the estimated critical temperature is consistently slightly

lower than the typical pNGB mass mΠ, and thus the two scales are closely related.

4.3 Composite Higgs equation of state

Our aim is to now extrapolate available lattice data to classify the possible evolution of
the equation of state for CHMs based on a minimal SU(Nc) gauge theory with Nf = 4.
Analogously to Eq. (2.11), the temperature dependence of the equation of state for the
universe is

ω(T ) =
1

3 + T 4∆̃CS(T )
rSM+p̃CS(T )

, (4.4)

where rSM = g∗,SM/g∗,CS .
At present, lattice data for ∆̃CS(T ) and p̃CS (T ) is not available for Nc > 3, however, we

consider two possibilities for extrapolation to larger Nc values. One possibility is that, as Nc
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increases, all the thermodynamic quantities become qualitatively similar to that of the pure
gauge theory (with Nf = 0). The argument here is based on the gauge degrees of freedom
dominating over the fermionic ones for larger values of Nc, thus leaving the fermions with less
of a thermodynamic impact [114]. Lattice data is available in the pure case for various values
of Nc [115]. Specifically, it has been shown that these quantities are essentially universal,
showing little sensitivity to Nc up to degree of freedom rescaling. This would imply that, for
the larger Nc values of interest, the pure gauge theory data may be used as an approximation
of the Nf = 4 case.

Alternatively, since the critical properties of a confining gauge theory are dependent
only upon their spectrum, which is itself independent of Nc, it might be expected that
the universality observed within the pure gauge case extends to cases where Nf ̸= 0 [116].
Lattice studies for Nc = 3, 4, 5 with Nf = 2 were performed in [116] for the temperature
dependent chiral condensate and screening masses, and find preliminary evidence to support
this conclusion. If correct, this would imply that lattice data of ∆̃CS(T ) and p̃CS (T ) for an
SU(3) with Nf = 4 simulation would be representative of all Nc cases. Such a simulation,
which will be used to describe this possibility, was performed for two different distributions
of fermion masses in [117]. This study, despite being relatively old, is consistent with that of
the pure gauge case if we rescale by the ratio of gluons to total degrees of freedom. We believe
it would be of interest to follow up this work with more modern lattice QCD techniques, and
hope to motivate this.

Interestingly, this rescaling can also be applied to the cases of Nf = 2 + 1 and Nf =
2 + 1 + 1 lattice QCD [80, 83], if we consider them as Nf = 2 studies. It can be seen by
comparing these studies that the peak in the trace anomaly reaches roughly the same value,
with the distinction occurring at higher temperatures. This itself can be attested to the
difference in fermionic degrees of freedom decoupling at these temperatures. Then, the peak
in the trace anomaly, and thus the drop in the equation of state, is closely related to the total
number of degrees of freedom becoming non relativistic, despite the highly non-perturbative
physics of a QCD PT.

In practice, the main qualitative difference between the two scenarios is the order of the
PT. For the pure gauge theory, the transition is necessarily first order, whilst in the fermionic
case we may realise a smooth crossover, as well as a first/second order PT. This discussion
is the subject of much ongoing study [118, 119, 120], and depends on several factors. Firstly,
the specific values of (Nc, Nf ) set the phase boundaries of the Columbia plot. Then, the order
of the PT is determined by the mass distribution of the fermions. As the CH constituent
fermions have not yet been observed, the mass spectrum is not known, therefore we must
remain somewhat agnostic about this specific aspect.

In the case of a first-order PT, since the universe is no longer in thermal equilibrium at
temperatures below Tc [121], we are unable to reliably predict the equation of state in this
regime. Instead, focussing on T ≳ Tc, we are able to give a description of the equilibrium
thermodynamics. In doing so, we hope to encapsulate the main qualitative behaviour, and
thus describe the equation of state regardless of the detailed PT thermodynamics.

In Fig. 7, we show the estimation of the equation of state for the two possible scenarios
considered. The blue curve represents the scenario where the thermodynamics approach
the form of the pure gauge case. Thus, we have used lattice data taken from pure gauge
simulations in [115], and rescaled with both the gauge and fermionic degrees of freedom.
The yellow and green curve represent the second scenario, where the thermodynamics is the
same for a fixed Nf , and is independent of Nc. The only remanent dependence is the masses
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of the fermions, of which we consider 2 cases: m/T = 0.2 and m/T = 0.4, as provided in
[117]. As previously discussed, we rescale the data appropriately with the degrees of freedom
associated to an Nf = 4, Nc = 5 gauge theory.

Pure gauge data

Nf=4 data,
m

T
=0.2

Nf=4 data,
m

T
=0.4

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

0.15

0.20

0.25

0.30

T /Tc

ω
(T
)

Figure 7: We show the composite Higgs equation of state for several different scenarios.
Namely, the first-order pure gauge case, as well as the crossover case, with varying fermion
masses. We rescale by the degrees of freedom associated with a Nc = 5, Nf = 4 gauge theory.

5 Primordial black holes

Over 50 years ago it was proposed that we may observe radiation accreted from compact
objects formed in the early universe [43]. Shortly after, a mechanism for generating such
objects was developed [44, 45], based on the collapse of large density fluctuations created
during inflation. These objects, now labelled as primordial black holes (PBHs), are the topic
of a large amount of ongoing research. One reason for such popularity is the possibility that
they may account for the totality, or at least a large fraction, of the dark matter abundance
[48, 122, 123, 49]. Furthermore, there have been several recent advancements in GW science,
such as LIGO, Virgo and KAGRA [124, 125, 126], as well as pulsar timing array collaborations
[127, 128, 129, 130]. These advancements have led to new perspectives on PBHs [131, 132,
133, 134, 135], and attest to the versatility of the field.

5.1 Standard scenario

In order to calculate the abundance of PBHs, we require two key pieces of information. Firstly,
the equation of state of the early universe, which we hope to have sufficiently described in the
previous sections. Using the equation of state, following the method of [136, 40], we are able
to define the threshold for collapse, δc. The threshold for collapse determines the minimum
value of a perturbation amplitude such that a PBH is formed upon horizon re-entry.
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Secondly, we are interested in the primordial curvature power spectrum, Pζ . Assuming
perturbations follow a Gaussian distribution, the curvature power spectrum gives an exact
description of them. Importantly, in order for any PBHs to form, the amplitude of the power
spectrum needs to be enhanced by many orders of magnitude from the measured value on
the large scales (10−4Mpc−1 ≲ k ≲ 1Mpc−1) of the cosmic microwave background [137].
Achieving such an enhancement of power without severe fine-tuning remains a difficulty
within single-field inflationary models [138], however multi-field models offer more promising
results [139, 140].

Throughout the remainder of the work, we assume that there is such an enhancement
of power, and parametrise it in two different ways. Firstly, we consider a cut-power-law
spectrum, given as

Pζ(k) = A

(
k

kmin

)ns−1

Θ(k − kmin)Θ(kmax − k), (5.1)

where kmin and kmax define cut-off scales, and ns is the tilt of the power spectrum.
Secondly, we consider a lognormal distribution, given as

Pζ(k) = A
1√
2π∆

exp

(
− ln2(k/kp)

2∆2

)
, (5.2)

where ∆ is the width of the power spectrum, kp is the peak scale of the power spectrum.
Once we have chosen a curvature power spectrum we can define the radiation domination

smoothed density power spectrum as

PδR(k) =
16

81
(kR)4W 2(k,R)Pζ(k), (5.3)

where W (k,R) is a window function used to relate Pζ(k) in Fourier space to the probability
distribution function of δ in real space [141, 142]. In this work, we consider a Gaussian
window function modified by a factor of 2 in the exponent [143], defined as

W (k,R) = exp

(
−(kR)2

4

)
. (5.4)

We can then use the smoothed density power spectrum to calculate the variance of the
distribution, given as

σ2(R) =

∫ ∞

0

dk

k
PδR . (5.5)

Finally, we may calculate the fraction of the universe which collapses to form PBHs, at the
time of formation. We calculate this quantity, typically labelled βPBH, using Press–Schechter
theory [144] (Although see also [145, 146]). In this formalism, and assuming that PBHs form
with exactly the horizon mass of the universe, we can approximate the abundance as

βPBH(MH) = erfc

(
δc(MH)√
2σ2(MH)

)
, (5.6)

where erfc is the complementary error function. We have also related the horizon mass and
wavelength via the following relation [147]

MH ≃ 17

(
g∗ρ(k)

10.75

)−1/6( k

106Mpc−1

)−2

M⊙. (5.7)
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Alternatively, we can describe the abundance of PBHs in terms of the fraction of cold dark
matter, given as

f(MH) =
1

ΩCDM

dΩPBH

dlnMH
, (5.8)

where ΩPBH is the total abundance of PBHs relative to the critical density and ΩCDM = 0.245
[148]. This may be written as a function of β

f(MH) =
2.4

fPBH
βPBH(MH)

(
MH

Meq

)−1/2

, (5.9)

where the factor 2.4 comes from 2(1+Ωb/ΩCDM), with Ωb = 0.0456 [148] and Meq is the
horizon mass at the time of matter-radiation equality, Meq ≈ 2.8 × 1017 M⊙. Furthermore,
we have assumed that β is constant when δc is constant.

5.2 Beyond standard scenario

The horizon mass of the universe, an important observable in the study of PBHs, will nat-
urally be low during the high-scale SUSY breaking and composite Higgs models we have
considered. This can be seen from the relation between horizon mass and temperature [147]

MH ≃ 0.15

(
g∗ρ(T )

10.75

)−1/2( T

1GeV

)−2

M⊙. (5.10)

Therefore, drops in the equation of state at high temperatures can plausibly enhance the
abundance of PBHs at several interesting mass scales, which are unconstrained by current
observations [149]. We show some examples of interesting mass ranges, along with the cor-
responding temperature of the universe in Fig. 8. From the figure, we see several future
planned GW experiments, and the corresponding scales which they will probe. These are of
interest to us as, if there were the large enhancement in power required for an abundance of
PBHs, there will also be detectable scalar-induced GWs (see [150] for a review).

We also see scales relevant to PBHs as a dark matter candidate. Firstly, we have the
asteroid-mass window [151, 49], along with the extended range if one considers higher di-
mensions [152, 153]. Secondly, we have the memory burden mass window [154, 155] (however
see [156]). This region has been made even more interesting by the recent proposal that a
memory burden effect through black hole mergers may be observed [157]. If PBHs were to
form within either of these mass ranges, it is possible that they constitute the totality of
dark matter. Lastly, we see the window in which PBHs may have stopped evaporating before
today, and left stable relics which may account for dark matter [158, 159, 160].

Considering the SUSY-breaking scenarios, we see that LISA [161] will probe scales rel-
evant for both the TeV and PeV scales (see also [162]). On the other hand, the Einstein
Telescope [163] will probe Intermediate-scale SUSY. We may also see that PeV and inter-
mediate scales will be within the asteroid mass windows. Lastly, GUT-scale SUSY offers
an enhancement in PBH abundance at scales relevant for relics. For the composite Higgs
models, each of these windows are relevant, as the drop in equation of state will occur on
a similar scale to that of confinement, which is not bounded if we neglect the naturalness
argument.

Using the SUSY equations of state obtained in Section 3, we show some example pri-
mordial black hole mass spectra in Fig. 9. Specifically, we use Eq. (5.1) and avoid having
overly broad spectra by cutting off irrelevant scales. As with the SM PTs, we still need
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Figure 8: We highlight several interesting high-energy mass scales for PBHs. This includes
several future GW experiments, as well as windows in which PBHs could constitute the
totality of dark matter.

our power spectrum to peak at similar scales to our soft equation of state, if we wish to
realise an enhancement. Interestingly, “isocurvature pumping” [164] can occur naturally in
a supergravity framework [165, 166, 167] via scalar field induced gravitational instabilities.
It would be of interest to explore these models with our predicted equations of state.

In each of the SUSY breaking scenarios we find an enhancement in the PBH abundance
of at least an order of magnitude, which is roughly the enhancement obtained over the SM
QCD PT. We note, however, that the minimum of the SUSY equation of state we obtain is
ωmin ≈ 0.27, as opposed to the QCD dropping to ωmin ≈ 0.23. Furthermore, we see from
Fig. 9 that the GUT-scale SUSY breaking leads to an increase in PBH abundance of almost
3 orders of magnitude, despite having the smallest drop in equation of state. Both of these
facts arise because we are dealing with higher energy theories. As alluded to at the start of
the subsection, the horizon mass of the universe is naturally smaller in these scenarios. This
means that βPBH will naturally be smaller. Then, because we are deeper in the tail of the
probability distribution function of the curvature perturbation, there is a higher sensitivity
to changes in the threshold for collapse, δc.

We next consider PBH mass spectra in the context of composite Higgs. Here, we
consider the minimal SU(Nc) model with 4 fermion flavours of mass m/T = 0.4, varying Nc

from 5 to 11. We take fCS = 3TeV, which is inspired by naturalness, however in theory this
could take higher values [34]. Intriguingly, is has been shown that such models may naturally
realise ultra-slow-roll inflation [168], which can provide the additional power necessary for
PBH formation [169, 170]. It is also of interest that, in these theories, if PBHs were to form
well before the confinement-deconfinement phase they could have significant colour charge
[171].

Upon choosing fCS, using the M.I.T. bag model described in Section 2.2.1, we find the
critical temperature to be ≈ 2TeV. In this theory there are 11 pNGB degrees of freedom,
which is more than around the pion scale in the SM. However, we find that because of the
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Figure 9: The PBH mass distributions corresponding to each of our SUSY equations of
state. At lower horizon masses we see a larger enhancement from a similar drop, due to βPBH

naturally being lower. We see from the previous figure that each of these enhancement peak
at exciting cosmological scales.

suppression of the relativistic SM degrees of freedom, the drop due to decoupling pNGBs is
negligible. Thus, we neglect these particles, only using them for finding the critical tempera-
ture. We show our results in Fig. 10, where we consider a lognormal Pζ defined in Eq. (5.2),
with ∆ = 1.5 and kp ≈ 4× 1010Mpc−1.

From Fig. 10, we can see the capability that strongly interacting theories have in soften-
ing the equation of state, and thus enhancing the abundance of PBHs. Due to Nc being a free
parameter, as well as the degrees of freedom scaling like N2

c , these models quickly surpass any
SM enhancement. Specifically, in these examples we find that the minimum in the equation
of state varies between 0.1 ≲ ωmin ≲ 0.17. Taking the case of Nc = 11, we find a significant
enhancement of almost 20 orders of magnitude compared to the case of pure radiation. We
expect this to be true regardless of the order of the PT, as previously discussed. However,
in the case of a first order PT, we wouldn’t be able to trust our thermodynamic description
for T ≲ Tc, due to a large departure from thermal equilibrium.

Taking the limit that rSM → 0, which is equivalent to taking Nc → ∞, we obtain that
the minimum in equation of state also tends to 0. This is because the pressure of pure
Yang-Mills is exponentially Boltzmann suppressed for T < Tc [115], therefore we obtain
a T 4∆̃CS(T )/0 term in the denominator of Eq. (4.4). There is a subtlety here; in theory,
each independent thermodynamic quantity will be exponentially Boltzmann suppressed for
T ≪ m, meaning the trace ∆̃CS will also tend to 0. However, because of the derivative factor
appearing in Eq. (2.9), the pressure reaches 0 before the trace. This can be seen by taking the
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Figure 10: PBH mass spectra for various composite Higgs scenarios. Using a lognormal
power spectrum with ∆ = 1.5, we vary Nc and see the impact this has on the drop in equation
of state and thus the enhancement of PBHs. Notably, for Nc = 11, we find that the PBH
abundance is increased by 20 orders of magnitude. For a more conservative value of Nc = 5,
we find an enhancement of 10 orders of magnitude. However, we reiterate that Nc is a free
parameter.

non-relativistic (Boltzmann) limit of the hadronic gas thermodynamic quantities Eq. (2.3)

ρB(T ) ≈ g

(
m+

3T

2

)(
mT

2π

)3/2

e−m/T ,

pB(T ) ≈ gT

(
mT

2π

)3/2

e−m/T ,

(5.11)

such that

∆B(T ) = ρB(T )− 3pB(T ) ≈ g

(
m− 3T

2

)(
mT

2π

)3/2

e−m/T ,

ρB(T )− 3pB(T )

pB(T )
≈ m

T
(m≫ T ).

(5.12)

So, although both quantities tend to 0, the trace is parametrically larger than the pressure.
One might hope that we can use this to arbitrarily enhance a given abundance of PBHs. We
note, however, that if ω becomes too small, one has to start worrying about non-spherical
effects of density perturbation collapse [172, 173, 174, 175]. We thus decide to stop our
studies once the minimum value of ω(T ) reaches 0.1. However, with more tolerance of these
effects, we would be able to enhance the PBH abundance further still.
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6 Conclusions

In this paper we have investigated the impact of several motivated beyond Standard Model
theories on the abundance of primordial black holes. We began by summarising the physics
of each Standard Model phase transition, with a particular focus on the strongly interacting
QCD phase transition. This focus is a result of the non-perturbative nature of the transition,
as well as it offering the largest known drop in equation of state. In itself, this has led to
much study within the primordial black hole literature [176, 40, 177, 134, 178], as well as in
other cosmological contexts [41, 42, 179]. The interest here arises due to the fact that the
primordial black hole abundance is exponentially sensitive to changes in the threshold for
collapse, which in turn depends on the equation of state.

When investigating beyond Standard Model theories, we chose to focus on the Minimal
Supersymmetric Standard Model, as well as composite Higgs models. Both predict a large
number of additional degrees of freedom, therefore it is expected that large drops in equation
of state may be realised. This is exactly what we find; starting with the Minimal Supersym-
metric Standard Model, we first gave some motivations for the theory before calculating the
mass spectra of several models [35, 96]. The distinction between the models is the scale at
which SUSY breaking occurs, which in turn leads to different horizon mass scales in which
one could expect a softer equation of state. Due to the perturbative nature of the Minimal
Supersymmetric Standard Model, we were then able to calculate the equation of states using
the ideal gas approximation,

Following this, we studied composite Higgs models. We first calculated the degrees of
freedom predicted by several UV realisations of these models, before focusing on the SU(Nc)
gauge theory. We develop a similar description of phase transitions within this theory to
that of the Standard Model QCD. Namely, we find that the drop in equation of state, upon
rescaling each of our quantities to the Stefan-Boltzmann limit, is dictated by the ratio of
relativistic Standard Model degrees of freedom to the number of fundamental degrees of
freedom predicted by the new composite sector. As we show, this depends quadratically on
the number of colours of the theory, Nc, which for our purposes is a free parameter. This
gives us the power to quickly produce large drops in our composite Higgs equation of state.
We end this section with a discussion on the order of the phase transition, highlighting the
main qualitative differences expected. Importantly, we expect the drop to remain a similar
value regardless of the order.

Having calculated examples of equations of state in both theories, we provide a mini-
review of primordial black hole formation in the standard picture. We then arrive at the
impact our beyond Standard Model equations of state have on the abundance of primordial
black holes. We find that in the case of the Minimal Supersymmetric Standard Model, we
are able to achieve an enhancement of 3 orders of magnitude from that of pure radiation.
Notably, this is achieved perturbatively. Then, likely our most exciting result is regarding
the composite Higgs models. We find that non-perturbatively we are able to generate an
enhancement in primordial black hole abundance of ∼ O(1020). This is achieved by intro-
ducing 11 colours, leading to the minimum in the equation of state being around 0.1. We
emphasise that, although we focussed on a scale motivated by naturalness within a composite
Higgs theory, one could in principle have this enhancement at any scale, set by fCS. We show
that, regardless of the scale these phase transitions occur, they will necessarily be of some
cosmological significance.

Lastly, we wish to emphasise an important point; it is unthinkable that colliders will

– 26 –



be able to probe physics at, say, 1010GeV any time soon. However, in the theories we have
studied, evidence for a soft equation of state could be found from future gravitational wave
experiments, bubble wall collisions, or even from a population of primordial black holes, for
example. This could lead to precious information as to the scales of physics beyond that of
the Standard Model, therefore offering one of our most promising avenues for progress.
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A Finite-temperature quantum chromodynamics

In this appendix we provide some more details on finite-temperature QCD calculations. The
beta function of the theory is written in a loop expansion of the QCD running coupling, g3,
which runs with the renormalisation scale, µ. Re-expressing the coupling as aµ = g23(µ)/16π

2,
the renormalisation group equation (RGE) reads

µ2
daµ
dµ2

= β(aµ) = −a2µ
∞∑
i=0

βia
i
µ (A.1)

where βi are coefficients computed from i+1 loop integrals. Throughout our analysis, we use
the 5-loop beta functions provided in [180]. Following [181], we integrate Eq. (A.1), which
leads to

lnµ20 −
1

β0aµ0

− β1
β20

lnaµ0 −
∫ aµ0

0

da

β̃(a)
= lnµ2 − 1

β0aµ
− β1
β20

lnaµ −
∫ aµ

0

da

β̃(a)
, (A.2)

This integral, up to 5-loop order, can be written as the following power series in aµ,∫ aµ

0

da

β̃(a)
=

(
β2
β20

− β21
β30

)
aµ +

(
β3
2β20

− β2β1
β30

+
β31
2β40

)
a2µ

+

(
β4
3β20

− β22
3β30

− 2β3β1
3β30

+
β2β

2
1

β40
− β41

3β50

)
a3µ +O(a4µ),

(A.3)

which can then be solved iteratively [182], to arrive at

aµ =
1

β0L
− b1lnL

(β0L)2
+

1

(β0L)3
[
b21(ln

2L− lnL− 1) + b2
]

+
1

(β0L)4

[
b31

(
−ln3L+

5

2
ln2L+ 2lnL− 1

2

)
− 3b1b2lnL+

b3
2

]
+

1

(β0L)5

[
3b2b

2
1(2ln

2L− lnL− 1) + b41

(
ln4L− 13

3
ln3L− 3

2
ln2L+ 4lnL+

7

6

)
− b3b1

(
2lnL+

1

6

)
+

(
5

3
b22 +

1

3
b4

)]
+O

(
1

(β0L)6

)
,

(A.4)

where bi = βi/β0 and L = ln(µ2/Λ2
QCD). Here, Λ2

QCD ≈ 0.298GeV [183], is the asymptotic
scale of QCD. Then, following the results of [72], we write the pressure of the quark-gluon
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plasma as an expansion in the strong coupling constant up to order g63 ln(1/g3)

pQCD(T )

T 4µ−2ϵ
=g03

{
αE1

}
+g23

{
αE2

}
+
g33
4π

{
dA
3
α
3/2
E4

}
+

g43
(4π)2

{
αE3 − daCa

[
αE4

(
3

4
+ ln

µ

2g3Tα1/2

)
+

1

4
αE5

]}
+

g53
(4π)3

{
dAα

1/2
E4

[
1

2
αE6 − C2

A

(
89

24
+
π2

6
− 11

6
ln2

)]}
+g63

dACA

(4π)4

{
(αE6 + αE4αE7) ln

(
g3α

1/2
E4

)
− 8C2

A

[
αM ln

(
g3α

1/2
4

)
+ 2αGln

(
g3C

1/2
A

)]}
,

(A.5)

where 1/ϵ divergences have been cancelled and details of the group theory factors, as well as
each αE , are given below.

The running of the strong coupling, and thus the β functions, will depend on the
symmetry breaking pattern of the QCD. Then, the beta functions of [180] are defined in
terms of group theory, or colour, factors. Furthermore, the pressure will also depend on
these factors, as will be seen. The SM, as well as our chosen composite Higgs model, are
both SU(Nc) gauge theories. Therefore, these group theory factors will be the same for both
theories, varying only by differences in Nc and Nf . Firstly, we define the Lie algebra of a
compact simple Lie group

T aT b − T bT a = ifabcT c, (A.6)

where T a are the generators of the representation of the fermions and fabc are structure
constants.

We also define the quadratic Casimir operators CF , of the Nc-dimensional fundamental
representation, [T aT a]ik = CF δik and CA, of the NA-dimensional adjoint representation,
facdf bcd = Cab

A . The trace normalisation of the fermion representation is Tr(T aT b) = TF δ
ab.

We also define the generators of the adjoint representation [Ca]bc = −ifabc. Higher order
group invariants can then be expressed in terms of contractions between the two totally
symmetric generator tensors

dabcdF =
1

6
Tr

[
T aT bT cT d + T aT bT dT c + T aT cT bT d

+ T aT cT dT b + T aT dT bT c + T aT dT cT b

]
,

dabcdA =
1

6
Tr

[
CaCbCcCd + CaCbCdCc + CaCcCbCd

+ CaCcCdCb + CaCdCbCc + CaCdCcCb

]
.

(A.7)
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The above group theory factors are then given by

TF =
1

2
, CA = Nc, CF =

N2
c − 1

2Nc
, dabcdA = N2

c − 1, dabcdF = NcNf ,

dabcdA dabcdA

NA
=
Nc2(N2

c + 36)

24
,

dabcdF dabcdA

NA
=
Nc(N

2
c + 6)

48
,

dabcdF dabcdF

NA
=
N4

c − 6N2
c + 18

96N2
c

.

(A.8)

Using these factors we are able to describe hot QCD thermodynamics via β functions given
in [180], as well as the αE coefficients appearing in Eq. (A.5). These are given as

αE1 =
π2

180
(4dA + 7dF ),

αE2 = − dA
144

(CA +
5

2
TF ),

αE3 =
dA
144
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+
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+
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+
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ln
µ̄eγ

4πT
+

16

3
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(A.9)

B Supersymmetric gauge unification

As previously discussed, an attractive property of SUSY is that all three gauge couplings
are able to unify. If this is indeed the case, it would signal that the three different types of
interaction within the SM descend, more fundamentally, from one single interaction at much
higher energy scales, which is rather aesthetically pleasing. Furthermore, it could shed light
on why the charge of the proton and electron are, as far as is known, identical, despite there
being no symmetry that relates them. Unification can be seen from solving the 1-loop SUSY
RG gauge coupling equations

d

dt
α−1
a = − ba

2π
, (B.1)

where αa = g2a/4π, a = (1, 2, 3), ba = (33/5, 1,−3) and t = ln(Q/Q0). Here, Q is the RG scale
and Q0 is a reference scale. The gauge couplings follow these equations on renormalisation

– 29 –



scales larger than the SUSY breaking scale. Thus, we impose boundary conditions atMSUSY.
BelowMSUSY, the gauge couplings follow the usual SM RGEs, with ba = (41/10,−19/6,−7).
We note that these values are clearly smaller than those of the MSSM due to additional
degrees of freedom propagating within the loop. We show the running of the gauge couplings
in Fig. 11, for both the SM and the MSSM with SUSY breaking at 1 TeV.

α1
-1

α2
-1

α3
-1

SM

TeV-Scale

100 106 1010 1014 1018
Q(GeV)0

10

20

30

40

50

60

αi
-1

Figure 11: The gauge coupling running as a function of the renormalisation scale, Q.
We plot the SM case, as well as SUSY breaking at around 1TeV, which vary because of
the different field content. We see the famous result that, for TeV-scale SUSY, the gauge
coupling unify at high energies.

The scale at which the gauge couplings unify, i.e. α−1
1 (MU ) = α−1

2 (MU ) = α−1
3 (MU ),

is typically referred to as the GUT scale. As we can see from Fig. 11, for TeV scale SUSY
breaking the value ofMGUT is O(1016)GeV. As previously discussed, due to the lack of detec-
tion of any sparticles in current collider experiments, there are difficulties motivating such a
scenario. A possible reconciliation for this is that SUSY breaking occurs at higher scales and
the gauge couplings receive threshold corrections. Threshold corrections are multiplets that
gain mass via the same mechanism in which the GUT symmetry is broken. Then, the value
of α−1

a (MU ) is given by the UV theory. From the IR perspective, the threshold corrections
are given as (

∆λij(MU )

12π

)
≡
(

1

αi(MU )
− 1

αj(MU )

)
, (B.2)

for i, j = 1, 2, 3 and i ̸= j.
It should be noted that, if SUSY were to break at larger scales [184], the naturalness

problem, as well as the hierarchy problem, are no longer solved by the theory. Following [35,
96], in Fig. 12 we show ∆λij for each considered SUSY breaking scenario. The corrections
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will also depend on the choice of GUT scale, which we vary from 1014GeV to 1019GeV. This
provides a visualisation of the IR physics being projected onto the higher scales. In [96],
one of the main outputs was the identification of the parameter space in which high-scale
SUSY models permit a light Higgs boson, as is observed in colliders. We use these results
as boundary conditions for the remaining RGEs, which we then use to determine the SUSY
mass spectra later in the section.
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Figure 12: The threshold corrections for each of the SUSY-breaking scenarios we considered,
similar to those plotted in [35]. We see that the corrections depend on both the input GUT-
scale, as well as the scale of SUSY breaking. However, each of the SUSY breaking scenarios
lead to smaller threshold corrections than that of the SM, for a given GUT scale.

Typically, if the gauge couplings unify at some scaleMU , it is assumed that the gaugino
masses also unify near that scale. If SUSY were a component of a GUT, this would necessarily
be true. Then, we arrive at the following equation

M1α
−1
1 =M2α

−1
2 =M3α

−1
3 , (B.3)

which is independent of RG scale. Explicitly, the one-loop RGEs of the gaugino mass pa-
rameters are given by

d

dt
Ma =

1

2π
baαaMa, (B.4)

for a = (1, 2, 3) and the quantities ba are the same as in Eq. (B.1). From these RGEs we
can see that, for a given RG scale, the products αaMa are each constant. We note that, at
tree-level, M3(Q) defines the running mass of the gluino, discussed in the main text.
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C Supersymmetry renormalisation group equations

In this appendix we provide further details of the supersymmetric RGEs solved in Section 3.
For more detail, we advise reading [23]. Firstly, appearing in the superpotential we have the
running of the Yukawa coupling of a scalar ϕk and 2 fermions ψiψj

d

dt
yijk = γiny

njk + γjny
ink + γkny

ijn, (C.1)

where γin are anomolous dimension matrices associated with the superfields. These can be
calculated for the third-family squark and sleptons, as well as the Higgs, which leads to the
following running of the individual Yukawa couplings

d

dt
yt =

yt
16π2

[
6y∗t yt + y∗byb −

64π

3
α3 − 12πα2 −

52π

15
α1

]
,

d

dt
yb =

yb
16π2

[
6y∗byb + y∗t yt + y∗τyτ −

64π

3
α3 − 12πα2 −

28π

15
α1

]
,

d

dt
yτ =

yτ
16π2

[
4y∗τyτ + 3y∗byb − 12πα2 −

36π

5
α1

]
.

(C.2)

Then, we have the final superpotential parameter RGE

d

dt
µ =

µ

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 12πα2 −

12π

5
α1

]
. (C.3)

It can be useful to approximate the Yukawa couplings: yu, yd and ye, as their (3,3) family
component. In this approximation the holomorphic soft parameters au, ad and ae may be
approximated by their (3,3) family components at, ab and aτ respectively. This leads to
following running

16π2
d

dt
at =at

[
18y∗t yt + y∗byb −

64π

3
α3 − 12πα2 −

52π

15
α1

]
+ 2aby

∗
byt

+ yt

[
128π

3
α3M3 + 24πα2M2 +

104π

15
α1M1

]
,

16π2
d

dt
ab =ab

[
18y∗byb + y∗t yt + y∗τyτ −

64π

3
α3 − 12πα2 −

28π

15
α1

]
+ 2aty

∗
t yb + 2aτy

∗
τyb

+ yb

[
128π

3
α3M3 + 24πα2M2 +

56π

15
α1M1

]
,

16π2
d

dt
aτ = aτ

[
12y∗τyτ + 3y∗byb − 12πα2 −

36π

5
α1

]
+ 6aby

∗
byτ + yτ

[
24πα2M2 +

72π

5
α1M1

]
.
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Next, we have the running of the Higgs squared-mass parameters and the third-family squarks
and sleptons

16π2
d

dt
m2

Hu
= 3Xt − 24πα2|M2|2

16π2
d

dt
m2

Hd
= 3Xb +Xτ − 24πα2|M2|2 −

24π

5
α1|M1|2,

16π2
d

dt
m2

Q3
= Xt +Xb −

128π

3
α3|M3|2 − 24πα2|M2|2 −

8π

15
α1|M1|2,

16π2
d

dt
m2

ū3
= 2Xt −

128π

3
α3|M3|2 −

128π

15
α1|M1|2,

16π2
d

dt
m2

d̄3
= 2Xb −

128π

3
α3|M3|2 −

32π

15
α1|M1|2,

16π2
d

dt
m2

L3
= Xτ − 24πα2|M2|2 −

24π

5
α1|M1|2,

16π2
d

dt
m2

ē3 = 2Xτ −
96π

5
α1|M1|2,

(C.4)

where

Xt = 2|yt|2(m2
Hu

+m2
Q3

+m2
ū3
) + 2|at|2,

Xb = 2|yb|2(m2
Hd

+m2
Q3

+m2
d̄3
) + 2|ab|2,

Xτ = 2|yτ |2(m2
Hd

+m2
L3

+m2
ē3) + 2|aτ |2,

(C.5)

describe the corrections to the Higgs scalars and third-family squark and slepton RGEs due to
the Yukawa terms and holomorphic soft parameters. The other terms in the RGEs are defined
by the remaining interactions, namely the first- and second-family squarks and sleptons. The
RGEs for each of these scalars are given by

4π
d

dt
m2

ϕi
= −

∑
a=1,2,3

8Ca(i)αa|Ma|2, (C.6)

where Ca(i) are Casimir invariants.
Finally, we describe the boundary conditions used in solving each of the SUSY RGEs.

These boundary conditions, obtained from [96], are motivated by matching terms appearing
in both the SM and the SUSY Higgs potentials. Specifically, the SM Higgs potential is given
as

V (H) =
λSMH
2

(
|H|2 − v2

)2
. (C.7)

This is compared to the one-loop matching condition for the SUSY scalar quartic coupling,
at the SUSY breaking scale. At tree-level the condition is

λtreeH (MSUSY ) = π

(
α2(MSUSY ) +

3

5
α1(MSUSY )

)
cos2(2β). (C.8)

The one-loop condition is considered due to threshold corrections, which could be large. We
show the resulting χ2-minimised boundary conditions in Table 3, however please see [96] for
more details.
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MSUSY m0 m1/2 tanβ µ

5× 103 5× 103 4.5× 104 50 2.5× 103

106 106 106 2.5 106

1010 1010 1010 1 1010

1016 1016 2× 1017 1 1013

Table 3: SUSY initial conditions table. MSUSY, m0, m1/2 and µ are each units of GeV.
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