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Abstract

We establish a domination principle for positive operators, yielding a
upper bound on the essential spectral radius and a practical quasi-com-
pactness criterion on weighted supremum spaces. We then apply these
results to absorbed Markov processes and show that quasi-compactness
of the transition kernel ensures existence and convergence to quasi-statio-
nary distributions in broadly reducible settings, without regularity require-
ments. In continuous time, we show that measurability plus quasi-com-
pactness at a single time propagates to all times, rules out periodic be-
havior, and yields convergence to quasi-stationary distributions. Two il-
lustrative cases demonstrate the scope and simplicity of the criteria.

1 Introduction

The fact that compactness/quasi-compactness of a non-negative operator P on
a Banach lattice B can be obtained by domination property has been initiated
by the remarkable results obtained in [18, Theorem 4.5]: it is proved therein
that if B is norm continuous and if P,Q are two non-negative operators with
0 < P < Q and Q compact, then P is itself a compact operator (we also refer
the interested reader to the contemporary article [37], where the author prove
by simpler means an important special case). The extension of this domina-
tion condition for quasi-compactness has been studied from then, but appears
to be false in general: in [15], the authors provide an interesting counter ex-
ample on some L? space, where 0 < P < Q with Q a quasi-compact operator
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and P not quasi-compact. Quasi-compactness of non-negative operators have
nontheless been obtained under particular conditions on B or Q. More pre-
cisely, in [6], the author shows that if B is a pre-dual function space and Q is
quasi-compact with essential spectral radius 0, then this is also the case for P;
in [47], the author shows that if Q satisfies a suitable regularity property and
B = 3B, (E), then the essential spectral radius of P is upper bounded by that of
Q; several properties entailed by similar domination assumptions are also pro-
vided in [34],[45].

Our first main result is that the quasi-compactness of P can be derived from
domination properties by positive operators. Assuming that 0 < P < K+ S,
where K is a non-negative compact operator and S a non-negative operator, we
show that r.ss(P) < r(S), where r.5:(P) denotes the essential spectral radius of
P, as soon as the positive part (P - S)+ of P— S is well defined. Motivated by ap-
plications to probability theory, we focus on the setting where B is a weighted
function space over a measurable space (E,&) which is countably generated,
and where P and Q are kernels on E. In this case, we show that 0 < P < Q does
imply that res5(P) < 1ess(Q).

Our second main result concerns the problem of existence and convergence
to quasi-stationary distributions for discrete time absorbed Markov processes.
Let (X,)nen be a discrete time Markov evolving in a measurable space (E U
{0},&9), where 0 ¢ E is absorbing: for all n = 753 =inffn =0, X, =0}, X, =0
almost surely. We assume that {3} € &, that the o-algebra &9 is countably gen-
erated and we set & = &° N E. As usual, for any probability measure y on E, we
denote by P, the law of X with initial distribution u, and by E, its associated ex-
pectation, and, for all x € Eu0, we set P, :=Ps_and E, := Es . We are interested
in the existence of a probability measure vs on E such that

Pyos(Xn € Aln<15) =vqQs(A), Yn=0 and A€ &.

Such a measure is referred to as a quasi-stationary distribution. One easily
checks (see e.g. [14,35]) that, if there exists a probability measure y on E such
that

lim P,(X,€Aln<ty) =vgs(A), VAEeE,

n—+oo
then vg is a quasi-stationary distribution. Among the several approaches that
have been devised to prove the existence of quasi-stationary distributions, the
study of the spectral properties have been particularly successful for the study
of diffusion processes [33} 44, 8, 9, 32} 31} 23, 24] and for birth and death pro-
cesses [46], often through arguments relying on the auto-adjoint properties
of the infinitesimal generator or of an auxiliary generator (see also [11] for a
probabilistic approach to the study of these models). Recently, some authors



focused specifically on the quasi-compactness of the transition kernel opera-
tor, using regularity assumptions such as strong Feller regularity, see e.g. [21,
28, [7, 5 22], see also the recent [42] with in-depth considerations and prac-
tical criteria for Krein-Rutman type results. In this article, we show that the
quasi-compactness of the transfer kernel entails strong properties for quasi-
stationary distribution theory, extending results from [48, 39, 26] to the non-
conservative case. In particular, our condition does not require the semi-group
of the process under study to be strongly Feller or even Feller, and can instead
leverage the quasi-compactness by domination criterion that we first obtained.
We show how this can be done through the use of Lyapunov type criteria.

Our third main result concerns the problem of existence and convergence
to quasi-stationary distributions for discrete time absorbed Markov processes.
We prove that measurability (in time) of the semi-group and quasi-compactness
of the transition kernel at one positive time is enough to deduce the quasi-
compactness of the transition kernel at all times ¢, the aperiodicity of the pro-
cess, and convergence of the process to quasi-stationary distribution as ¢ €
[0, +00) tends to infinity. As far as we know, this result is also new for conserva-
tive Markov processes and the study of their stationary distributions.

In Section[2} we state and prove our quasi-compactness by domination cri-
terion. In Section[3} we focus on the study of quasi-stationarity for discrete time
processes through quasi-compactness of the transition kernel (Section3.1) and
through Lyapunov type criteria (Section[3.2), and for continous time processes
(Section 3.3). We conclude the paper with two applications in discrete (Sec-
tion[4.1]and continuous time (Section[4.2).

2 Quasi-compactness by domination arguments

Let (B, | - II) be a Banach lattice (we refer the reader to [2, Chapter 4] for refer-
ences and first properties of Banach Lattices), with order =. A linear operator
Q on B is called positive if Qf = 0 for all element f € B such that f = 0. Given
two linear operators P and Q on B, we say that0< P<Qif0< Pf < Qf forall
element f € B such that f = 0. Given a bounded operator Q on B, we denote
by [|Q|l the operator norm of Q and by r(Q) its spectral radius (in particular,
positive linear operators on a Banach lattice are bounded, according to [2, The-
orem 12.3]).
The essential spectral radius of an operator Q on B is defined by

ress(Q) := lim inf{[|Q" ~K|I''": K € # (B)},

where £ (B) denotes the set of compact operators on B (we refer the reader
to [2, Chapter 5] for definitions and properties of compact operators on Banach
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lattices). This definition captures the asymptotic behavior of the "non-compact
part" of Q under iteration and provides a quantitative measure of how closely
the powers of Q can be approximated by compact (or finite rank) operators.
The essential spectral radius can also be defined as the common radius of the
different essential spectra of Q, as detailed in [20, Section 1.4].

An operator Q on B is said to be quasi-compact if ress(Q) < r(Q), where r(Q)
is the spectral radius of Q.

Remark 1. Following another standard definition, ress(Q) can be defined as the
infimum of those p = 0 such that B admits a decomposition

B=F,® H,,

into closed, Q-invariant subspaces with dim F,, < oo, all eigenvalues of Q F, hav-
ing modulus = p, and r(Q, Hp) < p (see e.g. [27]). The bounded linear operator
Q is thus quasi-compact if there exists a decomposition

B=FeH,

into closed, Q-invariant subspaces, where dimF < oo, all eigenvalues of Q|r
have modulus equal to the spectral radius r(Q), and the restriction Q,y satisfies
r(Quu) < r(Q). The link between this alternative definition and the definition
we give in terms of compact approximation is a by-product of the properties
established in the first chapter of [41].

Finally, given a bounded linear operator Q on B, we say that the positive
part of Q, noted Q., is well defined if, for all f =0,

Q+f:=sup{Qg, g€ B,0=g=f}

defines a positive linear operator on B. In particular, Q is well defined if B is
Dedekind complete (see e.g. [2] page 13), which is the case for L (u) spaces,
1 < p < o0, on a countably generated measured space (E, &, u) with p o-finite
(see e.g. Example 2.52 p.48 in [4])).

Theorem 1. Let P be a positive operator on B and assume that there exists two
positive operators K and S such that K is compact, (P - S) + is well defined and
0<P<K+S. Thenress(P) <r(S).

Theorem |(l|immediately entails the following corollary.

Corollary 2. If, in addition to the assumptions of Theorem[l, we have r(S) <
r(P), then P is quasi-compact.



Proof of Theorem|[l, We deduce from 0 < P < S+ K that
0=(P-9)+ =K,
where (P — S). is a positive kernel defined by
0x(P—=8)+ =(0xP—-04S+, Vx€E.
We also have
P=(P-84++SAP

where0<SAP < S§,sothat ||[SAP| =|S].
We deduce that, for all n =0,

n . . . . . . .
P'=8§"+Y 51 P-9),5"+ Y STHP-9),5I(P-9),S" T+ Ky,

i=1 l<i<j=n

where K, is a finite sum of products of operators where (P - S); appears at least
three times. According to the following lemma, we deduce that K, is compact.

Lemma 3. Let S1,S>,S3,S4,Q1,Q2, Q3 be non-negative bounded operators and
Ky, K>, K3 be non-negative compact operators such that 0 < Q; < K; for all i €
{1,2,3}. Then the operator

§10Q1520Q2530Q354
is compact.

ProofofLemma@ We observe that 0 < §;0Q; 52 < §1 K152, 0 < Q253 < K»,S3 and
0 < Q384 < K384, where the operators $1K;S2, K»S3 and K3S4 are compact.
Hence, according to Aliprantis—-Burkinshaw Theorem 5.14 [Positive Operators,
Aliprantis—Burkinshaw], the product of the three operators is a compact opera-
tor. O

Considering the first three terms in the above decomposition, we get that

(n

. nn-1) _
[P = K| < ISI" + 1ll (P = S)+ 11 1S])™ 1+T||(P—S)+||2||Sn" 2,

We deduce that

Fess(P) = (ress(P™) "™ < ISIP2/7 (ISI12 + 1P = ), I I1SI + (P = S),12) "

—ISII.

n—+oo



We thus proved that r.ss(P) < [|S]|.
We conclude the proof by proving that this inequality implies that ress(P) <
r(S). Indeed, we get from 0 < P < S+ K that, foralln>1,

0<P"<S"+K,

with K’ given by the sum of products of bounded operators where the compact
operator K appears at least once. This entails that K’ is a compact operator and
hence, according to the first part of the proof, that r.s(P") < ||S”|l and hence
that

Fess(P) = Tess (P ™ < || S™1/7 r(S),

n—+oo

where we used Gelfand formula for the last inequality. This concludes the proof
of Theorem[1] O

We specialize now our results on the case of weighted spaces of measur-
able functions. More precisely, considering a countably generated measurable
space (E, &) and a measurable function V' : E — (0, +00), we define the function
space

L®(V):={f:E—C,3C>0, such that | f(x)| < CV(x), Vx€ E},

endowed with the weighted supremum norm || f|lv = sup,.g l‘];((—j?)l We say that

afunctional R: E x & — Ris a kernel if, for all x € E, R(x,-) is a o-finite measure,
and, for all A € &, R(-, A) is measurable. A kernel such that |R(-, V)|ly < oo is
called a kernel from E to L*°(V) and it defines a linear operator on L*°(V). In
the following result, r.ss(R) is then the essential spectral radius of the induced
linear operator.

We obtain the following corollary to Theorem |1, which extends [47, Corol-
lary 3.7], by removing the regularity condition on P.

Corollary 4. Let P and Q be kernels from E to L°(V) such that0 < P < Q. Then
Tess(P) < ress(Q).

Proof of Corollary[4 The proof relies on Theorem(ljand on the following equiv-
alent definition of the positive part of a kernel: given a kernel R from E to
L*®(V), we have

Rif(x):= 6xR)+ [, (n)

where (6 R) is the positive part of the measure d,R. The fact that R, is itself a
kernel is a consequence of section 2 in [19]. In addition, we have [|R|| < I RIl,
since, for all non-negative f € L°(V) and all x € E,

IR f(0] = R | f1(%) = RIf14, () < WIRIN fLa Nv < NRINNFllv,



where A, is the positive set in the Hahn decomposition of the measure dR.
Similarly, r(Ry) < r(R).
By definition of rs(Q), for any ¢, we can find a finite rank operator K and
a (possibly signed) bounded operator S such that Q = K+ S and ||S” e <
Iess(Q) + € for some n > 1. Since we also have 0 < P" < Q" = K’ + §", with K’
a finite rank operator, we can assume without loss of generality that n = 1.
Since K is a finite rank operator, its image is a finite subspace of L*°(V) and
hence there exist h;,..., h; bounded continuous functionals from L*°(V) to R,
and ay,...,aq € L°(V) such that, for all x € E and all non-negative f € L*°(V),
d d
Kf(x)=) hi(Hai(x) <Kf(x):=

i=1 i=1

hi+(fla;l(x)

where h; . (f) = sup{h;(g), 0 < g < f}. We deduce that 0 < P < K + S, where K
is a non-negative finite rank operator and [[| S|l < ISl < ress(Q) + €.

Using Theorem we deduce that 7.5 (P) < r.5s(Q)+€, and hence that 7,44 (P)
Tess(Q). O

Remark 2. In L? spaces, Corollary does not hold true (see the counter example
in [15]), precisely because [|S+ I < [IS]| does not hold true in general. We refer
the reader to [1] for several examples of disaccording compactness properties
of Sand S, on L” spaces.

3 Application to quasi-stationary distributions the-
ory

3.1 Quasi-compactness criterion for quasi-stationary distribu-
tions in discrete time

In this section, we consider the particular case where P is the submarkov tran-
sition kernel of an absorbed Markov process X. More precisely, we set, for all
non-negative measurable function f: E — Ry,

Pf(x) = [Ex(f(Xn)ln<ra);

with the same assumptions as in the introduction. In particular, & is assumed
to be countably generated throughout the section (see Remark[4] to extend the
results outside of this setting). We also assume that we are given a function
V:E—(0,+00).



Theorem 5. Assume that P is a quasi-compact operator on L*°(V). Then there
exists an integer d = 1, an integer valued bounded function j : E — R, a finite
set I and some probability measures v; on E such that v;(V) < +oo and non-
identically zero non-negative functions n; € L°°(V) for each i € I, such that, for
all fe L*(V),alln=1,allke{0,1,...,d—1} andall x€ E,

r(P)—dn—k
n s i KanedLnsieary) = LMk (DVik (D] < sk V@I fllv, )

iel

wherev; i = v; Pk, Nik= r(P)_kni and a,, goes to0 when n — +oo.
In addition, there exist disjoint subsets E; C E, i € I, such that

1. Fi:=E;U{x€E, Px(3n=0, X,4 € E;) =0} is a closed subset for X;.,

2. v; is supported by F; and is a quasi-stationary distribution for X,., with
.pd _ dy,.
viP% =r(P)%v;,

3. v; restricted to E; is a quasi-stationary distribution for X. restricted to E;,
4. oneachE;, j=0,n;>0andn; =0 foralli' #i.

Remark 3. When the process X is conservative, that is P,(r5 = +oo) = 1 for
all x € E, it is known that the quasi-compactness of P entails the result [26]
(see also the extended preprint version [25]), see also [39] and [48] for quasi-
compact Markov kernels on By, (E) (in the non-conservative case, the treatment
of B = By(E) and B = L*°(V) are equivalent using V-transforms -see Remark||
below, but this is not the case for the conservative case, since the V transform
of a Markov kernel is not, in general, a Markov kernel). When restricting to the
particular conservative case, we have j = 0 and the novelty of Theorem 5] thus
entirely lies in the domination criterion.

Remark 4. In the proof of Theorem |5, we make use of [39, Proposition 3.78,
Chapter 6], which requires & to be countably generated. Besides that, the proof
requires only minor modifications to get the same result without the countable
generation assumption.

Remark 5. We recall that our result also apply to non-conservative semi-group
(non-necessarily sub-Markov) on L*°(V), via the classical and straightforward
use of V-transform. We refer the reader to [12] for details on this strategy.

Proof of Theorem[5, The proof relies on the decomposition of the state space
into subsets Ej, Ey, .. .,E,,,E;,,E;Hl such that the semi-group associated to X is
well behaved on each Ey, E}: each Ej can be decomposed into communica-
tion classes where it converges (at times that are multiple of some period) to a



one-dimensional operator, while each E_ is such that the process escapes ex-
ponentially fast (compared to p(P)) from E;C This will allow us to apply [13}
Theorem 4.1].

The proofis divided in four steps. In the first step, we build E; and Ej. In the
second step, we build by induction Ey, E}, ..., Ep, E, and Ep.;. In the third step,
we apply the above cited result to the process at times that are multiples of a
given integer d. In the four step, we conclude by extending the convergence to
any time.

Step 1. First sets in the state space decomposition. According to Corollary 4] P
is a quasi-compact operator on B = L*°(V). We deduce from [43] that there
exists a non-negative non-zero function n; € B such that Pn, = r(P)n;. Let
E) :={x € E, n1(x) >0} and define the Markov kernel T on E by

1

T =
1= om

P(m f)(x).

The Markov kernel T is the so called 1, transform of P. We emphasize, for later
use, that E\ E; is a closed subset for the Markov chain X (meaning that X cannot
escape E \ E; before absorption).

We set V; = n_V1 on Ej. One easily checks that T is a quasi-compact oper-
ator on L*°(V7), with underlying state space E;. We deduce from [25, Corol-
lary IV.3] and the adaptation of [39, Proposition 3.8] (this adaptation is sug-
gested in [25], and one can also adapts the arguments of [48], the main addi-
tion being the non-trivial fact that the kernel T is power-bounded) that there
exist a finite number r > 1 of integers d,,, p = 1,...,r, and measurable functions
Ups € L®(V1), 6 =1,...,d, such that }_, 35 Up s = 1 and probability measures
my,s carried by the pairwise disjoint sets E,, s = {U, 5 = 1} such that, if d denotes
the least common multiple of the d,, then for every k,

rodp
d+k
(D)= Y Ups-k®Mps
p=1r=1

<Cp", 3)

for some p <1 and C > 0. In addition, the sets E, = UsE,, s are closed set, and
the sets E, 5 and the number d, are the corresponding cyclic classes and pe-
riod.

In terms of our original sub-Markov process, this entails that the sets Eps
are absorbing for the Markov chain (X;,,4) n>0 and that, for all f € L*°(V) and all
x € E, 5, we have

|F(P) M fXna) L) = M (0OV105 (D] < CO"VEIflly, @)



where Ej o5 := Ep 5 01,06 := N1Up s is positive on E , s and vy,55 = my 5(./11).
Finally, setting E] = E;\U,E,, we have m,, 5(E}) = 0 and hence, forall f € L™(V)
andall x€ E},

|r() M f X)Lt )| < CO" VOO £l 5)

This concludes the first step.

Step 2. Inductive construction of the other subsets. As mentioned above, the
subset E \ E is closed. We denote by R = P\, the kernel P restricted to E\ Ej.

If r(R) < r(P), then we set p =1 and E;H = E\ E;. The definition of the
spectral radius entails that (5) holds true with E;g .1 instead of Ej.

Otherwise, we have r(R) = r(P) and, since it is dominated by P, the kernel
R is quasi-compact according to Theorem I} As a consequence, Step 1 applies
to R and we deduce that there exists E; < E\ E; such that () and (5) holds true,
with the subsets E; , 5 replaced by the closed subsets E, , s  E» (the range of
p and 6 may of course change, while we can assume without loss of generality
that d is the same), the functions 77, 5 replaced by 7, 5 (which are positive on
E; ) and the probability measures v, , 5 replaced by the probability measures
V20,6 ON Ey 5 5, and E| replaced by E), := Ex \ Up 5E> 5.

Repeating this procedure, we build iteratively Es, Ej, ..., Ep, E},, E; 1, forsome
p = 2. Note that each 7; , s is an eigenfunction associated to the eigenvalue
r(P)% for the semi-group associated to P restricted E \ (EyU...UE;_7). One
easily checks that, to each such eigenfunction, one can build an element 17’1., oo

of ker(P? — r(P)?I)! on E such that i coincides with Nipes on E; 5 5. Since P
is quasi-compact, }_; 4 ker(P% — r(P)?1)! is finite dimensional in B, and hence,
since the 1 oop form a free family in B, we deduce that

p <dim (Zker(Pd ~ r(P)I)") < 0.
i,d

Step 3. Convergence at times multiples of d. We are now in position to apply [13}
Theorem 4.1] to the kernel P9. Indeed, the state space E can be decomposed
in Ey = u,-E; and the subsets E; , 5. Assumption (B1) therein holds true with
Wi s = ‘/lEi,p,é according to (4), Assumption (B2) holds true since communi-
cation from the set E; , 5 to the set Ejs s is only possible (but not necessarily
true) if i < i’, Assumption (B3) is easily obtained from (§) with W, = Vjg, and,
finally, Assumption (B4) holds true since }_; W; = V and P is a bounded oper-
ator in L*°(V). We deduce from [13, Theorem 4.1] that the process (X,,4)n>0
satisfies Assumption (A) in the cited reference: there exists an integer d = 1, an
integer valued function j : E — Ry, a finite set I and some probability measures
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v; on E such that v;(V) < +oo and non-identically zero non-negative functions
n; € L°(V) for each i € I, such that, for all f € L*°(V),alln=1andall x€ E,

r(P) " (nd) T OB (f Xan) Lna<r,) — Y1 ()i (f)

iel

sapVIfly, (6

where a,, goes to 0 when n — +oo. In addition, the fact that r(P%) = r(P)4 and
[13, Theorem 4.1] also entails the last statement of Theorem 5

Step 4. Conclusion. Let v; ;. = r(P)"%v; Pk, so that Vik+d = Vik forall i,k. Ap-
plying (6) to P* f instead of P* f, we get

()" (nd) O (f Xan+ ) Lnask<r,) = 3 0i (Vi k(f)

iel

sap V(@I fllv.

and hence, setting n; i = r(P)‘kn i

<r(P) a, Vvl fiv.
@)

r(P) " (nd) TR (f Xan+ ) Lndsk<ry) = 3 Mk (Vi £ (f)

iel

In addition, we have

r(P) K| (nd) I — (nd + )T

[Ex(|f(an+k)|1nd+k<ra)

nd— _ (nd + k)=/®
<r(P) nd k(nd) ](X)[Ex(|f(an+k)Ilnd+k<‘ra) (W— )

)((nd+k)—maxf ~ )

(nd)—maxj

—max j
)((nd+k) _1),

= (Zm,k(x)vi,k(lfl) +r(P) @ VI filv
iel
<P~ X Inilv V) Vi flly + maxam V@l fllv

iel (nd)—maxj

where % —1— 0when n — +o0. This and (7) allows us to conclude the

proof (up to a change in a,,). O

We conclude with two interesting special cases, first when the process is
irreducible in the sense of Definition[1|below, and the other one when the state
space is topologically irreducible with a lower semi-continuous type property
for the semi-group.

Definition 1. We say that the process (X,,) sen is totally irreducibleif, forall y € E
and A€ &,

dn =1 such that P, (X, € A) >0—= Vx € E, 3n =1 such that P, (X, € A) > 0.
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For a totally irreducible process, the set Ej ;,; in the proof of Theorem [5|is
equal to E, which immediately entails the following corollary. Note that, if the
process is aperiodic, one can choose d = 1 in this result.

Corollary 6. If, in addition to the assumptions of Theorem/[5, the process X is
totally irreducible, then there exists an integer d = 1, a probability measure v
on E such that v(V) < +oo and a positive function n € L (V) such that, for all
feLl>®WV),alln=1,allke{0,1,...,d-1}andall x€ E,

FPY "R (f Xane) Lnarkery) = NEOVE(D| < CO"VOIflv, ®)

wherev, =vP*, C>0andpe(0,1).

We focus now on the situation where E is a separable topological space en-
dowed with its Borel o-field &, X is topologically irreducible (see the definition
below) and P has some lower semi-continuous property.

Definition 2. We say that the process (X,,) nen is fopologically irreducible if, for
all open set O c E, and all x € E, there exists n = 1 such that P, (X, € O) > 0.

The following result is then an immediate consequence of Corollary|6]

Corollary 7. If, in addition to the assumptions of Theorem/[5, E is a topological
space, X is topologically irreducible and, forall Ac & and all y € E,

dn =1 such that P, (X, € A) > 0= liminf supP,(X,, € A) >0,

A=Y n=1

then the assumptions of Corollary|6 hold true.

3.2 Lyapunov type criterion

Let (X;,) nen be a sub-Markov process on a measurable space (E,&) where & is
countably generated.
We consider the following hypothesis.

Assumption (H). There exist 8; € (0,7(P)), a function V : E — (0,+00) and a
measurable subset Ex c E such that:

(H1) (Global Lyapunov criterion). We have

E.(V(X1)1li<,) =01V(2), Vz€ E\ Eg.

(H2) (Local domination). There exists a positive compact operator K on L (V)
such that

0<Pfx)<Kf(xX)+0L V)l fllv, Vx€Eg, feL®(V), f=0.

12



Under the above assumptions, we have the following result.

Theorem 8. If Assumption (H) holds true, then the assumptions of Theorem 5
hold true.

Remark 6. For practical use, we note that r(P) can be bounded from below
using Lyapunov type criterion. Following the idea of [11], let us assume that
there exists a non-zero non-negative function ¢ € L*°(V) such that Py = 0¢ for
some 6 > 0. Then r(P) = 6. Indeed, this implies that P"¢ = 6"¢,, hence

pn 1/n
r(P)= lim [IP")"'" = lim % >
n—+oo n—+oo ”(p”Vn
Proof of Theorem[8 Let S be the positive kernel defined by
Sf(x) = Lugp Pf(0) + gy (P = K)1 f (%), VXEE, f:L7(V).

According to the second line of (H2), we have ||S|| < 8; < r(P).
Thenwe have 0 < P < Q:= K+ Swith

Tess(Q) = 1(S) = ISl <7(P).

This concludes the proof of Theorem |8 O

It is worthwhile to compare this result with [11], where the authors prove
a similar result with a different assumption (H3). More precisely, therein the

authors assume that )
infyex Py(n <714)

1 .
nz0 sup,cx Px(n <7p)

Despite its apparent simplicity and apparent local aspect, it is usually the most
difficult point to check and it involves the control of the trajectories of the pro-
cess among the whole state space E. The domination property proposed in
(H2) can thus be understood as a simpler local alternative.

In practice, there are many ways to prove that an operator K on L*(V) is
compact. However, it is often simpler when the base set on which the functions
are defined is localized. To deal with this situation, we propose the following
localized version of Assumption (H2).

Assumption (H2loc) For all A > 0, there exists a compact operator K4 on the
function space L*(1y<4) such that

0<P(fly<a)(x) <Ka(fly<a)(x), Vxe{V<A}land feL™V).

We conclude this section with the following localized result.
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Corollary 9. Assume that (H1) and (H2loc) hold true, and that 0 < infg, V <
supg, PV <oo. Then, forany p > 1, Theorem@ holds true with V''? instead of
V.

Remark 7. As will be clear in the proof, it is actually sufficient to assume that
(H2loc) holds true for one sufficiently small value of A > 0, namely such that
p-1 < supEKPV
A - 6 infEK v
Proof of Corollary[d Let p>1andset V' = V!/P. Let A> 0 be such that
1 Supg, PV
AP-L infg, V'

291’

and define the positive operators S, K on L°(V’) by
Sf(x) =1xep Pf(X) + 1xep P(fLiy>ap) (X).

and

Kf(x)=1v=aKa(flv<a)(x),
for all x € E and f = 0. We observe that, denoting by 28 the unit ball of L*°(V’),
K(98) is compact in L°(1y<4) = L1 y/< 41/p), which is itself continuously em-
bedded in L*®(V’). We deduce that K is a compact operator on L (V). In ad-
dition, for all f € L>®(V"),

|SFO)| = Legr PV O fllvr + L POV Lys ) N fll v
PV (x)
< Lygr PV Pl fllv + Lierc g Ifllv
<O V'Ol fllv.

In particular, we have 0 < P < K+ S with K compact on L (V") and || S|| < 63, so
that K + S is quasi-comapct with r.4(Q) < 681 < r(P). Hence the Assumptions of
Theorem[5l are verified. O

Remark 8. There are several ways to prove that a linear operator K is compact
on L*(E’) for some E’' c E, in particular when this subset is for instance com-
pact or bounded.

1. Asimple situation is for instance when there exists a summable sequence
of non-negative numbers (aj) = and of probability measures (vi)x=o on
E' such that

K= Z agVi.
k=0

2. An other classical situation is when E’ is a compact subset (of a topo-
logical set E), and K = R? with R strong Feller, meaning that, for all f €
L*®(E"), Rf is bounded continuous.

14



3.3 Quasi-compactness criterion for quasi-stationary distribu-
tions in continuous time

Let (X;) ;>0 be a continuous time Markov process on a separable topological
space E U {0}, with E endowed with its Borel o-field & and {0} ¢ E is measurable
and absorbing (see [40, Chapter III], Definition (1.1) and Section 3). We denote
the absorption time of X by 75 :=inf{z = 0, X; = d} and the semi-group of X on
E by (P¢) =0, which is defined, for all x € E and f = 0, by

P f () := Bx(f (X 1i<ry) = Ex(f (X)L x,20)-

Theorem 10. Assume that, for all bounded measurable function f =0, the map
t €0, +00) — P; f(x) is measurable and that there exists T > 0 and a measurable
function V : E — (0,+00) such that Pt is a quasi-compact operator on L*°(V).
Assume in addition that P;V < CrV forall t € [0, T] and some constant Ct > 0.
Then
r(Pr)~"

——F[F X1 - (X)vi =a;Vix ) 9

A4 o b X01icr) i;m( WilH)|<a V)l filv (9)
where a; — 0 when t — +oo, and where the objectsn;,v;, j are the same as in the
statement of Theorem|[5 applied to Xr..

Remark 9. There are two remarkable consequences of the above result on pos-
itive continuous time semi-groups (P;) ;>0 on an L*°(V) space (recall also that
this result implicitly applies to general non-conservative semi-groups via V-
transforms). First, if Pt is quasi-compact for some T > 0 and P;V < CrV for all
t € [0, T] and some constant Cr > 0, then P; is quasi-compact for all ¢ > 0. Sec-
ond, under theses conditions, (P;);>o cannot have a periodic behaviour, con-
trarily to the discrete time setting, so that, in Theorem 5|applied to Pr, one can
take d = 1.

As far as we know, Thorem and these two consequences are new also in
the context of conservative semi-groups.

Remark 10. Since the above theorem relies on the property of the discrete time
semi-group (P,r)n=0, all the discrete time setting results (Corollaries [6] and
and the results of Section [3.2), are useful in the context of continuous time
semi-groups.

Remark 11. If (Py) sej0,+00) 1S DOt measurable in ¢, one can also adapt the dis-
crete time results of the previous sections to the continuous time setting fol-
lowing the classical lines of [36] or, in the context of quasi-stationary distribu-
tions, [11]. For instance, following some of the main principles of the above ref-
erences, the result holds true with I of size 1 if the process satisfies in addition
the Doeblin/Lyapunov conditions [11, Assumptions F0, F1, F2]. The treatment
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of this situation is very similar to this reference, and thus we do not detail it any
further. Following this direction, and similarly as in the discrete time Lyapunov
type condition, allows to replace the Harnack type condition F3 in [11] with a
quasi-compactness condition, which, in some cases and thanks to Theorem []}
can be much easier.

Proof of Theorem[10 Assume without loss of generality that 7 = 1. According
to Theorem 5| applied to the T-skeleton chain of X, we deduce that there ex-
ist an integer d = 1, an integer valued bounded function j : E — R;, a finite
set I and some probability measures v; on E such that v;(V) < +co and non-
identically zero non-negative functions n; € L°°(V) for each i € I, such that, for
all felL*®(V),alln=1andall x€E,

P —dn
r) [Ex(f(an)lnd<ra)_Zni(x)vi(f)

(dn)i® < <ApaVOlflv, (10)

where @, goes to 0 when n — +o0.
For any fixed j € I, any h = 0 and x € E;, we deduce, replacing f by Py, f in
the above inequality and using the fact that n;(x) =0 for all i # j, that
r(P)~ "
(dn)i™

Similarly, taking as initial distribution 6 Py, we obtain

[Ex(f(an+h)1nd<ra) -n;j(x)V; (Prf)| < @naVIPLS V.

r(Py) ="

(dn)i® < AnadxPrVIflv.

Ex(f (Xan+n)Lna<ry) = Y_0xPrnivi(f)
i

Since P,V (x) < oo by assumption, we deduce from the two previous inequali-
ties that, forall h = 0,

N (x)vj(Ppf)=)_6xPrnivi(f). (11)
iel
In particular, there exists a finite non-negative matrix A; indexed by I x I such
that
T(Pl)_thPh = [Apljivi.
iel

Using the vectorized notation v for the (column) vector (v;) je;, we deduce that
r(P)~"P;, = Ayv, so that r(Py) ™S 'vPP, = r(Py) ' AsvP; = A A,v.

Since (v;) jer forms a free family and since r(P)™*"*vPsP; = r(P) "~ 'vPs; =
As+1v, we observe that A; is uniquely determined for all # > 0 and hence that,
foralls,t =0,

AsAt = Agiq.
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We claim that, denoting I the identity matrix indexed by I x I,
At:I, Vi=0. (]-2)

Once this is proved, we can conclude: it implies that, for all & € [0,d], v; P}, =
r(P)"v jforall j € E and hence, from applied to Py, f instead of f, that

r(Py) ="

(o ExU Xanen)lnas<s,) = r(P)" Y n:0vi(f)| € @na VO IPLS Iy

iel

<CrangVIlflv.
This entails (9) with
;= C&sindina + CA+ DT o,

for some constant C > 0.
It remains to prove (12). Since r(P)""dyp,, = v forall n =0, we have

Apa=1,Vn=0.

As a consequence, forall 1 =0, A;A|;/4)4+a-¢ = I and hence A, is invertible with
inverse A|s/4)a+d-t which is a matrix with non-negative entries. In particular,
we deduce from [17] that, for all =0, A; is the product of a diagonal matrix D;
and a permutation matrix Q;. Since this decomposition is unique, we deduce
from the properties of (A;) >¢ that, forall s, =0,

Dsy=DsDyand Qsyr = Q;Qy.

Setting Q; := Q:} for all ¢ < 0, the family (Q;);cg defines a measurable homeo-
morphism between the topological groups (R, +) and (S;, x) (where S; denotes
the group of permutation matrices indexed by I x I). Since R has the Baire prop-
erty and Sy is separable, we deduce from Pettis Theorem, and more precisely
from its corollary [30, Theorem 9.10], that Q is continuous in ¢ € R. Since the
set S; is discrete, we deduce that Q is constant and hence that

Q:=Qy=1,Vr=0.

In addition, since Dg,; = DsD; for all s, t = 0 and since ¢ — D, is bounded over
finite intervals (since this is clearly the case for A;), we deduce that the diagonal
elements of D, are of the form e’ for some c¢; € R, i € I. Since D, ; = I for all
n =0, we deduce that c; = 0 for all i € I and hence that

D;=1,Vt=0.

We have thus proved the claim (I2), which concludes the proof of Theorem[10]
O
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4 Applications

4.1 Markov chain with laziness and killing

Let (E,&) be measurable spaces with & countably generated and let R be a
Markov transition kernel on E, and let 0 ¢ E. We consider the Markov process
X on E U {0} with the following transition dynamics:

Px(X1€)=pr(X)R(x,") +ps(x) 65+ pa(x)0s,

where pp, ps and py are non-negative measurable functions on [0, 1] such that
PR+ ps+ps =1, and py(0) = 1. Said differently, this is a simple Markov process
which, when at a point x, evolves according to the transition R with probability
p(x), is lazy (i.e. it stays in x) with probability ps(x), and is sent to the cemetery
point 0 otherwise. Note that 0 is absorbing.

Corollary 11. Ifthereis a probability measure u on E such that

Sl

and if llpslleo + lPallco < 1, then Theorem|5 holds true with V = 1.

This example, despite its simplicity, doesn't fit in existing framework for the
existence of a quasi-stationary distribution (apart when E is countable). The
main reasons are that the family of laws P,(X; € -), x € E is degenerate (be-
cause of the § is the definition) and is not regular (since we do not make any
assumption on the regularity of the functions pg, ps and pj).

Proof of Corollary[11, Let P be the operator on L*(E) associated with X. Then
we have 0 < P < K+ S, where Kf(x) := au(f) and Sf(x) := ps(x) f(x) define
positive operators such that K is compact (since its range is one-dimensional)
and p(S) < 05 lloo < 1= | 05lleo <  (P). 0

4.2 Continuous time processes on R? with a locally bounded
density and a Lyapunov type function

Let (X;) re[0,+00) D€ @ continuous time Markov process on R? d = 1. For any
t >0, we say that the law of X; admits a locally bounded density if, for all R > 0,

sup
xeR4, ||x|<R

dP(Xy, € ) H
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where A, is the Lebesgue measure. This property is known to hold true for
many families of continuous time processes since the seminal work of Aron-
son [3], under mild regularity assumptions, see e.g. the recent works on kinetic
stochastic differential equations [16)} 29, 38] and references therein.

Let D c R? and denote by 7p :=inf{t = 0, X, ¢ D} the exit time from D. We
define the process (X;) re[0,+o00) aS

Xt ift<tp,
Xt = .
0 otherwise,

where 8 ¢ R? is a cemetery point. We denote by (P;)c(0,+00) the semi-group
associated to the sub-Markov process X on D.

Corollary 12. Assume that t € [0, +o0) — P; is measurable and that there exists
T > 0 such that X1 admits a locally bounded density. Assume in addition that
there exists a function V : R? — (0, +00) which is locally bounded away from 0
and oo and such that

V()
(P1)>1 —_—.
T e V@

Then the assumptions of Theorem[10 hold true. In particular, this is the case if,

forsome T >0, r(Pr) >0 andlimsup _. ;oo % =0.

Remark 12. In the present setting, we may have r(P7) = 0, which means in our
case thatlimsup,_, , ., %ln Ex(V(X{)1;<r;) = —ocoforall x € D. This is for instance
the case if d = 2, with

dX! = X*?dt, dX?=dB,,
with B a standard one dimensional Brownian motion, and with D a bounded
subset of R x (1, +00), so that the process exit D with probability 1 after a time
larger than the position diameter of D. In this case, there may be quasi-stationary
distributions, but the conditional law of the process is ill defined for ¢ large
enough.

Remark 13. In [22] and [10], under additional structural or regularity assump-
tions, such as strong Feller continuity of X or Harnack inequality, the case of
kinetic diffusions killed at the boundary of a cylinder is considered. Our re-
sult is inherently more general and, perhaps even more interestingly, allows for
much shorter proofs.

Proof. 1t is sufficient to prove that Pr is quasi-compact. In order to do so, we
aim to apply Theorem|8|to the operator Pr. Let R > 0 be large enough so that

Ex(V(X7))
9 = Sup —m8M8M< T(P ).
! ||x||>pR V(x) g
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and let Ex = {l|x|l < R}. Then Assumption (H1) is immediate (by definition of
0:. In addition, for all non-negative f € L*°(V),

O0<Prf=< sup

xeR4, || x||<R

dP(X, €9) H
i, N Aa(f),

which implies (H2) with K: f— A4(f). O
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