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We propose a fault-tolerant quantum computation scheme that is broadly applicable to quantum
low-density parity-check (QLDPC) codes. The scheme achieves constant qubit overhead and a time
overhead of O(d**°M) for any [[n,k,d]] qLDPC code with constant encoding rate and distance
d = Q(n'/*). For good qLDPC codes, the time overhead is minimized and reaches O(d**°™"). In
contrast, code surgery based on gauging measurement and brute-force branching requires a time
overhead of O(du)lJrc’(l))7 where d < w < n. Thus, our scheme is asymptotically faster for all codes
with a < 2. This speedup is achieved by developing techniques that enable parallelized code surgery
under constant qubit overhead and leverage classical locally testable codes for efficient resource
state preparation. These results establish a new paradigm for accelerating fault-tolerant quantum
computation on qLDPC codes, while maintaining low overhead and broad applicability.

I. INTRODUCTION

Quantum error correction is essential to realizing large-
scale quantum computation [1-4]. According to the fault-
tolerance theorem, when the physical error rate is below
a constant threshold, arbitrarily high computational ac-
curacy can be achieved by choosing a quantum error cor-
rection code with sufficiently large code distance d [5, 6].
However, fault-tolerant quantum computation (FTQC)
inevitably introduces additional resource overheads: each
logical qubit requires multiple physical qubits for en-
coding and for supporting its computational operations,
referred to as qubit overhead; each round of logical-
qubit operations must be implemented through multiple
rounds of physical-qubit operations, referred to as time
overhead. For instance, when computation is performed
using the surface code via lattice surgery, the qubit over-
head scales as O(d?), while the time overhead scales as
o(d) [7, 8].

Substantial effort has been devoted to reducing the
resource overhead of FTQC. A major advance in this di-
rection is the development of low-overhead quantum low-
density parity-check (QLDPC) codes, such as hypergraph
product (HGP) codes, which achieve a constant encod-
ing rate [9]. This property ensures that the logical qubit
number k scales linearly with the physical qubit number
n, i.e. k = ©(n). Recent breakthroughs have led to the
discovery of good qLDPC codes, which further improve
the code distance from d = ©(n'/?) to d = ©(n) while
maintaining a constant encoding rate [10-14].

To enable logical computational operations on qLDPC
codes, two main strategies have been developed: the
concatenated codes combined with gate teleportation
(CC+GT) approach [15-18] and the code surgery ap-
proach (a generalization of lattice surgery) [8, 19-29]. For
general qLDPC codes, the most efficient known method
is the gauging measurement combined with brute-force
branching (GM+BFB)—a form of code surgery that
achieves constant qubit overhead and a time overhead
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scaling as O(d?t°(M)) [assuming the logical operator
weight w = O(d)] [22-24, 28]. A lower time overhead
of O(d**t°(M) can be attained using a refined variant of
the CC+GT scheme [18]; however, its applicability is re-
stricted to (almost) good quantum locally testable codes
(qLTCs)—also known as ¢3-qLTCs—which, beyond hav-
ing constant encoding rate and constant relative distance,
must also possess constant soundness [18, 30].

In this work, we propose a new scheme applicable
to general qLDPC codes, achieving lower resource over-
head than the GM+BFB protocol and extending the
O(d**+°M) time overhead to a broader code families. For
gLDPC codes with a constant encoding rate and code dis-
tance d = Q(n'/%), our scheme attains a time overhead
of O(d*t°M) while maintaining constant qubit over-
head. Compared with GM+BFB, our method achieves a
smaller time overhead for all constant-rate qLDPC codes
whose relative distance exceeds that of HGP codes (i.e.,
a < 2). In particular, for good qLDPC codes, the time
overhead is further reduced to O(d'T°(")). Although this
minimal overhead matches the best performance of the
CC+GT approach, our scheme achieves it under weaker
conditions—requiring only a constant encoding rate and
a constant relative distance.

Our scheme integrates code surgery with gate telepor-
tation by performing the parity-check measurements re-
quired in code surgery through gate teleportation. To
minimize resource overhead, we introduce two key tech-
niques: parallelized code surgery (PCS) and locally-
testable state preparation (LTSP). In PCS, multiple code
blocks share a common ancilla system (a set of mutually
coupled qubits) to implement computational operations,
thereby reducing the qubit overhead of code surgery to
a constant. In LTSP, the resource states required for
gate teleportation are prepared with constant qubit and
time overhead, employing a classical locally testable code
(LTC) that requires only two constants—constant encod-
ing rate and constant soundness [13, 31, 32]. Leverag-
ing local testability, we can effectively control measure-
ment errors in parity-check measurements: when per-
forming code surgery with resource states prepared via
LTSP, only a single round of parity-check measurements
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is needed, reducing the time overhead of code surgery
from O(d) to O(1). The introduction of PCS and LTSP
inevitably leads to serialization of logical operations, re-
sulting in a final time overhead of O(d®*°(!)). As general
overhead-reduction techniques, PCS and LTSP not only
improve the asymptotic scaling of FTQC but also offer
practical means to lower overhead in near-term, finite-
size implementations.

II. RELATED WORKS

Two general approaches have been developed for
fault-tolerant quantum computation with qLDPC codes:
CC+GT and code surgery.

Gate teleportation implements logical gates by con-
suming pre-prepared resource states [15, 17, 18]. Gottes-
man proposed using gate teleportation to operate on logi-
cal qubits encoded in qLDPC codes, with resource states
generated via concatenated codes [15]. This approach
is made possible by the existence of well-established
fault-tolerant quantum computation protocols in certain
concatenated codes, such as the concatenated Steane
codes [16]. In Gottesman’s approach, the resource state
is prepared by simulating its preparation circuit using
fault-tolerant operations of the concatenated code, pro-
ducing an encoded resource state. This is then decoded
using the decoding circuit of the concatenated code to
yield the unencoded resource state needed for gate tele-
portation. Since the simulation is fault-tolerant and the
decoding circuit introduces only local stochastic errors at
an asymptotically constant rate, the final resource state
can be made sufficiently accurate to enable reliable gate
teleportation.

Several variants of the CC+GT approach have been
developed, all achieving constant qubit overhead [17, 18].
Their primary difference lies in the time overhead. Con-
sider a quantum computer consisting of M memory
blocks, each encoded using an [[n, k, d]] gLDPC code. To
implement a quantum circuit of size |C| on the K = Mk
logical qubits with a target failure rate €, the logical error
rate per operation must be reduced to pr, = O(¢/|C).
Achieving this requires the concatenated code to have
sufficiently large distance, ensuring that the encoded re-
source states are prepared with error rate O(pr). This
requirement imposes a significant qubit cost on resource
state production. To maintain a constant total qubit
overhead, resource states are provided to only a subset of
memory blocks at any given time. As a result, each layer
of logical operations must be executed over multiple time
steps. The overall time overhead is determined by both
the cost of preparing resource states and the complexity
due to serialization. In Gottesman’s original protocol,
and its subsequent improvement [15, 16], this overhead
scales as O(poly(K)). A more recent advancement [17]
reduces the time overhead to
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where 1 and 7, are parameters characterizing the con-
catenated code; note that |C|/e = O(poly(K)) in typical
scenarios. Here, we have re-expressed the time overhead
by assuming an exponential suppression of the logical er-
ror rate with code distance, i.e., pr, = e~ allowing
for a direct comparison with code-surgery protocols.

A further breakthrough was reported in Ref. [18],
which introduced state distillation protocols capable of
achieving an almost constant spacetime overhead. Before
distillation, a concatenated code with modest distance is
used to produce resource states with a sufficiently small
constant error rate. These are subsequently distilled to
achieve the target error rate of O(py). Due to the effi-
ciency of the distillation process, the time cost of prepar-
ing resource states becomes negligible, making serializa-
tion cost the dominant contribution to the overall time
overhead. Consequently, the total time overhead is re-

duced to
O <log1+°(1) <|f’|)> = O(d*oW).

However, since the efficient distillation relies on local
testability, achieving this O(d'*°()) overhead requires
the underlying code to be an (almost) good qLTC, char-
acterized by triple constants: constant encoding rate,
constant relative distance, and constant soundness.

Code surgery is a generalization of lattice surgery, orig-
inally developed for implementing logical operations on
surface codes [8, 19, 20, 22-26, 28, 29]. In code surgery,
the original code is temporarily deformed by coupling it
to an ancilla system, enabling the measurement of one
or more selected logical Pauli operators. These logical
measurements can then be used to implement Clifford
gates. Code surgery for qLDPC codes was first proposed
in Ref. [19], known as the CKBB protocol, named after its
authors. In this protocol, a logical operator is measured
using an ancilla system of O(dw) physical qubits, where
w is the weight of the logical operator. Since w > d, the
required ancilla size is comparable to that of a surface
code. Subsequent works introduced gauging measure-
ments, which reduced the ancilla size to O(w!'+t°(1)) phys-
ical qubits [20, 23, 24]. Gauging measurements achieve
this by transforming the relevant checks into those of a
repetition code and constructing the ancilla system using
an expander graph, thereby achieving robustness against
certain errors that the CKBB protocol mitigates using
additional qubits.

Code surgery faces an inherent limitation in time effi-
ciency: the parity-check measurements of the deformed
code must be repeated for ©(d) rounds to reliably correct
measurement errors. As a result, lattice surgery on sur-
face codes incurs a time overhead of O(d). In the CKBB
and gauging measurement protocols, when logical oper-
ators are measured sequentially—one in each block at a
time—the total time overhead for measuring ©(k) logi-
cal operators (a layer of operations on k logical qubits)
is O(kd) = O(d**+9).

To improve time efficiency, general techniques have



Code Protocol Qubit overhead exponent Time overhead exponent  Refs.
qLDPC codes GM-+BFB 0 >2 [25, 28]
with & = ©(n) DS 1 1 [22]

and d = Q(n'/*) _polylog CC+GT 0 > 2a [17]
PCS+LTSP+GT 0 a This work

Good qLTCs 08 CC+GT 0 1 [18]
PCS+LTSP+GT 0 1 This work

Surface codes LS 2 1 [33]

TABLE I. Qubit and time overheads in fault-tolerant schemes using quantum low-density parity-check (QLDPC) codes. The

exponent b in the overhead expression O(db+°<1)) is referred to as the overhead exponent. Techniques developed for code
surgery include gauging measurement (GM) [23, 24], brute-force branching (BFB) [22], and devised sticking (DS) [22]. Typical
protocols based on gate teleportation (GT) utilize concatenated codes (CC) [15, 17, 18]. We note that the overhead estimates
for the polylog CC+GT [17] and log CC+GT [18] protocols rely on the assumption of a single-shot decoder and good quantum
locally testable codes, respectively. Lattice surgery (LS) [33] is a method for quantum computation on the surface code (SC).
This work introduces two new techniques for reducing time overhead: parallelized code surgery (PCS) and locally-testable state

preparation (LTSP).

been developed to construct deformed codes that support
the simultaneous measurement of multiple logical oper-
ators. Two main approaches are devised sticking and
brute-force branching [22]. In devised sticking, an ar-
bitrary number of logical operators can be measured in
parallel using a single ancilla system of O(nd) physical
qubits [34]. This approach has a time overhead of O(d)
and a qubit overhead of O(d), assuming the underlying
code has constant encoding rate. In brute-force branch-
ing, an intermediate deformed code is constructed to dis-
tribute the logical operators across disjoint supports, en-
abling their measurements to be performed in parallel.
A protocol that combines gauging measurements with
brute-force branching (GM+BFB) [28] achieves a time
overhead of O(dw'*°™M) while reducing the qubit over-
head to constant.

Note that code surgery operations alone can only im-
plement Clifford logical gates. A parallelized magic
state injection protocol enables the preparation of magic
states with (almost) the same resource scaling as code
surgery [25].

In addition to typical CC+GT and code surgery pro-
tocols, Ref. [17] proposes preparing gate-teleportation re-
source states using surface codes (or alternatives such as
color codes, rather than concatenated codes), and then
implementing gate teleportation on high-rate qLDPC
code blocks via code surgery.

III. SCHEME

We now sketch our scheme for FTQC. In our scheme,
we adopt the code-surgery approach and propose to im-
plement code surgery via gate teleportation. We intro-
duce two key techniques to minimize qubit and time
overheads: PCS and LTSP; see Fig. 1 and Sec. IV. In
PCS, we construct deformed codes that enable simul-

taneous logical operations on multiple code blocks and
achieve constant qubit overhead. In LTSP, we gener-
ate gate-teleportation resource states exploring classical
LTCs, minimizing the time cost while maintaining con-
stant qubit overhead. As a result, our scheme achieves a
time overhead of O(d®t°(")) and constant qubit overhead,
as summarized in Theorem 1.

Theorem 1. Consider a classical-input/classical-output
quantum circuit C' composed of Clifford and T gates, with
size |C| = WD, where W denotes the width and D =
poly(W) denotes the depth. There exists a constant €, €
(0,1) such that for any e, € (0,1), one can efficiently
construct a fault-tolerant version Cpr with width Wgr
and depth Dyt satisfying
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where a is a constant associated with the memory code
block. If Cpr operates under a local stochastic o-error
model with o € {X, Z} and physical error rate pppy < €,
at every location, then the total variation distance be-
tween the output distributions of C and Cpr is at most
€r.

A detailed proof is provided in Appendix H 4.

A. Codes

Our scheme employs a set of error correction codes,
as listed in Table II. A qLDPC code, referred to as the
memory code, is used to encode logical qubits. We per-
form operations on these logical qubits via code surgery,
which requires the construction of corresponding de-
formed codes. A classical LDPC code, called the R code,
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FIG. 1. Schematic illustration of our scheme. Each execution of the locally-testable state-preparation circuit produces kg
copies of the resource state, which are then used in gate teleportation to implement parallelized code surgery (PCS). PCS
applies logical operations simultaneously on kr target code blocks, using a single ancilla system shared across the kr blocks.
The locally-testable state-preparation circuit has almost constant qubit and time overhead, while gate-teleportation-based PCS
also maintains constant qubit and time overhead.

Locally-testable state preparation circuit

Codes Parameters Examples

Hypergraph product, a = 2 [9]
Quantum Tanner, a = 1 [35]

Memory code (Q) k=0©(n) and d = Q(n'/) Expander LP , a = 1 + ¢ [13]
DLV, a =1+ € [30]
LH, a = 1 [36]
DHLV, a = 1 [14]
R code (C) ki = O(ng) and dp = Q (n}?/an) Expander, ar = 1 [37]
Tanner, ag = 1 [38]
Fcode (C)  kr = O(np), dp = Q (n;/“F), and s = O(1) PK, ar = 1 [13]

Lossless-expander LTCs, ar = 1 [32]

TABLE II. Quantum (Q) and classical (C) codes utilized in our protocol. The quantum computer is structured into multiple
blocks, each encoded in a qLDPC code, called memory code. The quantum computation is performed on logical qubits within
these memory-code blocks via code surgery, where each operation corresponds to a specific deformed code. The deformed code
is generated utilizing a classical linear code, called R code. To implement the parity-check measurements of a deformed code (or
the memory code), we prepare the corresponding gate-teleportation resource states using another classical linear code, referred
to as the F' code. This code has to be a locally testable code, and s denotes its soundness. In examples, ¢ denotes an arbitrary
positive number. Additionally, we employ a low-distance surface code to suppress errors during resource state preparation and
to inject T-gate magic states, and a high-distance color code to prepare S-gate magic states. We use ds and dc to denote
distances of the surface and color codes, respectively.

is used in constructing the deformed codes, replacing the teleportation. The requirements for these codes, along

role of the repetition code in the CKBB protocol. An- with representative examples, are presented in Table II.
other classical LDPC code, referred to as the F code, Additionally, our scheme also employs a surface code and
serves as the core component of the resource-state fac- a color code for various auxiliary tasks.

tory, which produces the resource states required for gate



B. Quantum computer

As depicted in Fig. 2, the quantum computer comprises
three main components: the memory, the resource-state
factory, and the magic-state factory. The memory con-
sists of multiple memory-code blocks. M of the blocks
store the logical information, giving a total of K = Mk
data logical qubits. Here, & is the logical dimension of the
memory code. The remaining memory-code blocks serve
as ancillas. The resource-state factory produces the re-
source states required for gate teleportation, while the
magic-state factory prepares encoded magic states.

C. Logical measurements—Parallelized code
surgery

We achieve universal quantum computation using mea-
surements of logical Pauli operators, supplemented with
encoded magic states. Table III summarizes all logical
measurements used in our scheme. These measurements
are realized through PCS; see Fig. 3 for the circuit. Each
logical measurement corresponds to a specifically tailored
deformed code. The construction of the deformed codes
is detailed in Sec. IV A. A key feature of PCS is that the
deformed codes require only a constant qubit overhead.

We refer to the collection of code blocks involved in a
logical measurement as a target block. For example, the
measurement Z; ® Z; ® X; acts on a target block com-
posed of three memory-code blocks. In conventional code
surgery, a logical measurement is performed on a single
target block at a time. In contrast, PCS performs the
same logical measurement simultaneously on kg identi-
cal target blocks, where kg is the logical dimension of the
R code; see Fig. 1.

D. Gate teleportation—Locally-testable state
preparation

The fundamental operations in error correction and
code surgery are parity-check measurements. In our
scheme, we perform parity-check measurements on vari-
ous quantum codes: the memory code, surface code, color
code, and deformed codes. In the standard CSS code for-
malism, each code corresponds to two sets of stabilizer
operators—X-type and Z-type—represented by the cor-
responding check matrices Hx and Hz. We measure the
X and Z generators separately. For each of Hx and Hz,
the parity-check measurements are implemented via gate
teleportation, each consuming a dedicated resource state;
see Fig. 4 for the circuit.

We prepare the gate-teleportation resource states using
LTSP. Each type of resource state is prepared by a tai-
lored state-preparation circuit. Each execution of such a
circuit generates kr identical copies of the corresponding
resource state, where kr denotes the logical dimension of

the F code; see Figs. 1 and 5. The detailed construction
of these circuits is provided in Sec. IV B.

A key feature of LTSP is that, by encoding with an
LTC, the prepared resource states possess a crucial prop-
erty: the parity-check measurements performed using
these resource states are effectively free of measurement
errors. Consequently, only a single round of measure-
ments is required in PCS (and other code-surgery proto-
cols).

E. Universal quantum computation

We adopt the following universal set of logical gates:
Hadamard gate, S gate, T gate, and controlled-NOT
gate.  Using logical measurements, we can realize
controlled-NOT and Hadamard gates directly, while S
and T gates are implemented via logical measurements
assisted by their corresponding magic states. In addition
to the logical gates, initialization and measurement of
memory-code logical qubits are also required. Table IV
summarizes all logical operations, with relevant circuits
given in Appendix B.

For the S-gate magic state, we prepare it using a color
code with a sufficiently large code distance de. The state
is first created on a color-code block using the transver-
sal S gate and then transferred to a memory-code block
via logical measurements. Because the operations are
fault-tolerant, the resulting magic state attains fault-
tolerant—level fidelity, eliminating the need for further
magic-state distillation.

For the T-gate magic state, we prepare it using a sur-
face code with a small code distance ds. A noisy magic
state is first generated on a surface-code block follow-
ing the protocol in Ref. [39], and then transferred to a
memory-code block. Since the prepared state is noisy,
further distillation is required, which is performed using
a constant-spacetime-overhead protocol [18].

Each logical S gate requires one S-gate magic state as
input. Since the magic state is preserved after use, it
can be reused. To exploit this, we prepare M copies of
the S-gate magic state prior to computation, with each
copy stored in an ancilla memory-code block. These an-
cilla blocks serve S gates for data memory-code blocks
throughout the entire computation.

In contrast, each T' gate consumes one copy of the T-
gate magic state. Therefore, these magic states must be
generated on demand during computation.

F. Cost analysis

We now present a scheme for qubit allocation and log-
ical circuit compilation, followed by an analysis of the
associated resource overhead. While the scheme leaves
significant room for further optimization, it is sufficient
to establish our main conclusions: a constant qubit over-
head and a time overhead of O(d®t°M).
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FIG. 2. Quantum computer and allocation of physical qubits. In the memory, the memory-code blocks are divided into four
groups according to their functions. Each group contains M blocks, and each block occupies n physical qubits. The resource-
state factory produces resource states specified by the corresponding check matrices, which are organized into three families
(indicated by the dashed boxes). In each dashed box, the notation O(A) x O(B) denotes the total number of physical qubits
used for generating resource states within that family: each type of resource state is prepared by a tolerated locally-testable
state-preparation circuit requiring O(B) physical qubits, and O(A) such circuits are run in parallel. In the magic-state factory,
O(M) surface-code blocks are used to inject T-gate magic states into O(M) memory-code blocks, while an additional O(M)

ancillary memory-code blocks are employed for magic-state distillation.




Logical operator (set) o

Resource states

X HZ (X)), HY x kr
Z; HZ(Zj), HY x kr
X; ® Xy HP(X; @ X1), HY x 2kg
Z; @ Zy H2(Z; ® Z1), HY x 2kg
Z; ® Xy H2(Z; ® X1), HY x kg, HY X kg
Z; ® 7, @ X1 HP2(Z; ® Zy ® X1), HY x 2kr, HY x 2kg
Zs® 7y HP(Zs ® 7)), HY x kg, HY¥ X kg
Ze ® Z4 HP2(Zo ® 7)), HY x kr, HY x kg

TABLE III. List of logical measurements. X; (Z;) denotes the X (Z) logical operator of the jth logical qubit in a memory-
code block; Zs is the Z logical operator of a distance-ds surface-code block; and Z¢ is the Z logical operator of a distance-dc
color-code block. A resource state is specified by the corresponding check matrix H: the state H is used to measure Z stabilizer
operators represented by H. The notation H xm denotes m copies of the resource state. Measurements of X stabilizer operators
are obtained by applying transversal Hadamard gates to rotate the basis. We use Hp with ¢ = M, D, S,C to represent the
P € {X,Z} check matrix of the memory, deformed, surface, and color codes, respectively; and HZ (¢) denotes the Z check
matrix of the deformed code tailored to the measurement of logical operator(s) o. Each set of resource states enables the
simultaneous application of the same logical measurement on kg identical systems (target blocks).
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FIG. 3. Circuit for parallelized code surgery. The ancilla sys-
tem is transversally initialized in the state |[4+) and measured
in the X basis. The R gate rotates the logical measurement
basis to Z: for each memory-code block on which the mea-
sured Pauli operator acts as X, a transversal Hadamard gate
is applied. The central step of code surgery is a single round of
parity-check measurements of the deformed code, specifically
measuring Z stabilizer operators Z(H D ). Implemented via
gate teleportation with a resource state from locally-testable
state preparation, this single round suffices to guarantee fault
tolerance. The feedback gate V is a Pauli gate.

The allocation of qubits in the quantum computer is
illustrated in Fig. 1. In addition to data memory-code
blocks, the memory includes ancilla memory-code blocks
organized into three sectors: one stores S-gate magic
states, another supports the implementation of H, S,
and controlled-NOT gates, and the third manages slot
switching in PCS. For the latter, when logical operations
are performed on ¢ < kp target blocks, ancilla blocks
are used to fill the remaining kr — ¢q slots. Each sector
contains M ancilla memory-code blocks. Since the mem-
ory code has constant encoding rate, the total number of
physical qubits in memory is O(Mk), where Mk is the
total number of logical qubits in the data memory-code
blocks. Both the resource-state factory and the magic-
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FIG. 4. Gate teleportation. The circuit involves three sets

of qubits: the first set carries the input state, while the sec-
ond and third sets encode the resource state. The diagram
illustrates operations on a representative qubit from each set
(black lines), with the same operations applied in parallel to
the remaining qubits (gray lines). Depending on measure-
ment outcomes, a Pauli gate V' is applied on the output qubit.
Dashed boxes indicate Pauli errors, and white boxes denote
trivial errors. Arrows trace the paths of error propagation
through the circuit.

state factory also require O(Mk) physical qubits. Alto-
gether, the quantum computer contains O(Mk) physical
qubits, yielding a constant qubit overhead.

We now turn to the time overhead. Consider compil-
ing a single layer of logical operations acting on disjoint
data logical qubits. These operations are serialized into
multiple sub-layers so that, in each sub-layer, every data
memory-code block performs at most one logical opera-
tion. Consequently, the number of operations per sub-
layer is at most M. This serialization reduces to a graph
coloring problem, and a full layer of operations can be
scheduled within O(k) sub-layers; see Ref. [18] and Ap-
pendix C. If the time overhead of each sub-layer—given
the constant qubit overhead—is T', then the total time
overhead is O(kT). Next, we analyze the time overhead
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FIG. 5. Circuit for generating resource states used to mea-

sure Z stabilizers. The diagram illustrates operations on se-
lected representative qubits (black lines), with similar opera-
tions applied in parallel to the remaining qubits (gray lines).
The procedure begins by applying transversal controlled-NOT
gates between two sets of qubits to prepare Bell states. An an-
cilla qubit is then used to measure each Z-stabilizer operator
of the code, with the illustrated example assuming a weight-
four stabilizer for the representative ancilla qubit. Measure-
ment outcomes of the ancilla qubits determine Pauli gates V,
which are subsequently applied. Each qubit in this circuit is
encoded using a F code, which has only Z-type stabilizers.
An example Tanner graph is shown, where blue (red) squares
represent Z (X) stabilizers. Note that the depicted graph
is from the [7,4,3] Hamming code; in practice, the F code
should be an LTC with large enough distance. Furthermore,
each qubit of the F code is itself encoded in a low-distance
surface code, forming a two-level encoding scheme. All opera-
tions are performed via transversal gates within both the fac-
tory and surface codes. After preparing the encoded resource
states, decoding is performed to obtain unencoded resource
states. This is achieved by measuring selected qubits in the
X and Z bases as illustrated in the figure and applying Pauli
gates to the remaining qubits based on the outcomes. The
measurement pattern is determined by the standard form of
the generator matrices. The entire decoding process can be
completed in O(1) time, producing kr copies of unencoded re-
source states per circuit run. To correct errors, parity-check
measurements (PCMs) of the F code are performed before
decoding. Since the F code is an LTC, measurement errors
in PCMs are equivalent to low-weight Pauli errors, and a sin-
gle round of PCMs suffices to reliably detect and correct X
errors (including measurement errors on ancilla qubits) by ex-
ploiting the propagation of F-code Z stabilizers (highlighted
in bold cyan and magenta lines). As a result, each resource
state copy has only low-weight residual errors.

of each sub-layer.

The physical circuit depth of all logical operations is
O(1), assuming access to sufficient gate-teleportation re-
source states and distilled magic states. The circuits of
logical operations are detailed in Appendix B, where log-
ical measurements are implemented using the PCS cir-
cuit shown in Fig. 3, and the parity-check measurements
in PCS are realized via the gate-teleportation circuit in
Fig. 4. Consequently, the time overhead T is entirely
determined by the efficiency of the two state factories.

Gate-teleportation resource states used in logical op-
erations fall into two categories: those for parity checks
of the memory code and those for parity checks of de-
formed codes. In PCS, a deformed code can simultane-
ously act on kr code blocks. Accordingly, to implement
up to M operations in a sub-layer, the number of re-
quired memory-code resource states is O(M), while that
of deformed-code resource states is O(M/kgr). In LTSP,
each execution of the preparation circuit produces kg
identical copies of a resource state. For memory-code re-
source states, the preparation circuit requires O(kk’pd%)
physical qubits; for deformed-code resource states, it re-
quires O(kkpkpd%) qubits. Here, ds = polylog(d) is the
surface code distance, which will be justified later. In
both cases, the circuit depth is O(dg). Therefore, with
O(MEK) physical qubits allocated to the resource-state
factory, one can generate all gate-teleportation resource
states needed for a sub-layer within time O(d%,).

For each sub-layer of logical operations, at most M
copies of distilled T-gate magic states are required. The
preparation of these states proceeds in two stages. In
the first stage, we prepare O(M) copies of noisy magic
states on distance-dg surface-code blocks, which are sub-
sequently transferred to memory-code blocks—each copy
is transferred from a surface-code block to the first logical
qubit of a memory-code block. The noisy-state prepara-
tion circuit requires O(ME) physical qubits and has a
depth of O(1), while the necessary resource states are
generated in the resource-state factory with a time over-
head of O(d%). In the second stage, we distill the noisy
magic states. Using a constant-overhead distillation pro-
tocol [18], we can obtain M copies of distilled magic
states from the noisy inputs. The distillation stage in-
curs a time overhead of O(d°(Vd%), where d°(") originates
from the distillation circuit, and the df’g factor arises from
the resource-state generation.

Based on the above analysis, the total time overhead
for each sub-layer is O(do(l)df’;), resulting in a time over-
head of O(kd°Md%) = O(d*t°M) for an entire layer.
Note that dg = polylog(d). In addition to executing log-
ical operations, the computation also requires the prepa-
ration of S-gate magic states and the initialization of
data memory-code blocks prior to computation. These
tasks can be completed in time O(kd%)—the same or-
der as that of an operation layer—given O(Mk) physical
qubits. A detailed analysis is provided in Appendix D.

IV. LOW-OVERHEAD CODE SURGERY

In the resource-efficient code surgery protocol, specif-
ically devised sticking, the overall spacetime overhead
scales as O(d?). This overhead arises from two sources.
One factor of d comes from the qubit cost of construct-
ing the ancilla system in code surgery. In devised stick-
ing, the ancilla size scales as O(kd) to measure ©(k)
logical operators simultaneously. The other factor of d
reflects the inherent time-efficiency limitation of conven-



Logical operations

Logical measurements Extra resource states

Initialization HY
Mea; Z;
H; Zj®Z1,)_(j,Zj®)_(1,Z1 Hgl
S; 71 ® 71, Z; @ 71 ® X1, X1 Hy'
T 2,071, X1x2, 21071, Z; @ Z1 ® X1 T-gate magic state, H3'
CNOT,, Za® Z1, Xo© X1, 21 Hy'
Noisy T-gate magic state preparation Zs ® 7, HY, Hy, HY
Fault-tolerant S-state magic state preparation Zc ® 7y HS, HS, HY

TABLE IV. Universal set of logical operations employed in our scheme. Initialization prepares all logical qubits of a memory-
code block transversally in the state |0). Mea;, Hj, S;, and T; denote, respectively, the Z-basis measurement, Hadamard
gate, S gate, and T gate acting on the jth logical qubit of a memory-code block. Note that Mea; can be used to reinitialize
a logical qubit. CNOT, ; is the controlled-NOT gate with control the ath logical qubit of block A and target the bth logical
qubit of block B, where A and B may be the same or different blocks. Each logical operation is implemented through a set of
logical measurements and therefore consumes corresponding resource states; the table also lists any additional resource states
consumed in addition to those used in the logical measurements. A T gate consumes one copy of the T-gate magic state,
whereas an S gate requires one copy of the S-gate magic state as input but does not consume it. In addition to the universal
operation set, we also list the magic-state preparation operations.

tional code surgery, which requires ©(d) rounds of parity-
check measurements to suppress measurement errors. In
this work, we develop an approach that eliminates both
d-scaling factors, enabling a constant-spacetime-overhead
implementation of code surgery. However, it imposes
constraints on the operation set, resulting in an overall
time overhead of O(d*t°(")) when compiling a general
logical circuit.

We address the qubit cost with PCS. In this approach,
code surgery is applied simultaneously across multiple
memory blocks using a single ancilla system. Conse-
quently, with an ancilla of size O(kpoly(d)), we can
operate on O(kpoly(d))—the same polynomial—logical
qubits in parallel, resulting in a qubit overhead that re-
mains constant.

We overcome the inherent time-efficiency limitation of
code surgery through the combination of gate teleporta-
tion and LTSP. The central challenge is to reduce the
time overhead without compromising the constant qubit
overhead [15, 28]. To this end, we utilize gate telepor-
tation to perform parity-check measurements, and pro-
pose generating the required resource states using a clas-
sical LTC. Leveraging the local testability property, we
demonstrate that the overhead from state preparation
contributes only an almost constant factor to the qubit
cost, while reducing the time overhead of code surgery to
almost constant.

Although the d? factor is eliminated, the use of PCS
and TSP imposes constraints on the compilation of log-
ical circuits. In particular, only an operation set of
size O(1) can be applied to each memory block, simi-
lar to the CC+GT protocol using state distillation [18].
This limited operation set restricts intra-block paral-
lelization and necessitates serialization of logical oper-
ations. As a result, the overall time overhead scales as

O(kd°M) = O(dateM)),

A. Parallelized code surgery

Before presenting our scheme, we first review the qubit
overhead in several existing code surgery protocols; see
Fig. 6. In the CKBB protocol, the ancilla system is con-
structed as a hypergraph product code, which is a prod-
uct of two linear codes, referred to as the glue code and
the R code throughout this paper. To measure a log-
ical operator via code surgery, a layer of qubits along
the glue-code direction [horizontal direction in Fig. 6(a)]
is coupled to the support of the operator to extract its
eigenvalue. Consequently, the glue code has size O(w),
where w is the weight of the logical operator. The R code
is chosen as a repetition code of length ©(d) to suppress
errors in the ancilla, thereby setting the size of the an-
cilla in the other direction [vertical direction in Fig. 6(a)].
Together, these yield an overall ancilla size of O(wd) per
measured logical operator. In the gauging measurement
protocol, the R-code dimension is minimized by using an
expander-based construction that controls errors through
graph-theoretic properties, reducing the ancilla size to
O(w1+0(1)) per measured operator. In devised sticking,
the ancilla is also constructed as a hypergraph product
code. However, the glue-code layer is coupled to multiple
logical operators simultaneously. By carefully designing
the glue code, the ancilla can be programmed to measure
an arbitrary subset of logical operators. When measur-
ing up to k logical operators in parallel, the glue code has
size O(k), resulting in an overall ancilla size of O(kd).
Thus, the qubit overhead per logical operator is reduced
to O(d).

In our approach, we further reduce the qubit overhead
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FIG. 6. Code surgery schemes. Each orange circle represents
a memory block. Magenta and green circles denote two types
of subsystems that constitute the ancilla system. Dashed cyan
circles indicate logical operators to be measured. (a) CKBB
protocol. The ancilla system comprises multiple subsystems
and is coupled to the support of the target logical operator.
(b) GM+BFB protocol. The ancilla system consists of two
components: branch-sticker subsystems (magenta), which di-
rectly couple to memory blocks to isolate logical operators,
and gauging-measurement subsystems (green), which couple
to the branch stickers to facilitate readout. Although only
one layer of branch stickers is shown, measuring ¢ logical op-
erators in parallel requires O(logd) layers in practice. (c)
Devised sticking. The ancilla system is coupled to a subset of
the memory block that may overlap with logical operators be-
yond the targeted ones. By appropriately designing the glue
code, any subset of logical operators can be selectively mea-
sured, while unmeasured logical operators (dashed red circles)
are preserved. (d) Parallelized code surgery. Logical opera-
tors on multiple memory blocks are measured simultaneously.
The ancilla system comprises two parts: the large magenta
circle corresponds to the second columns of HZ and HZ in
Eqgs. (3) and (4); the green circles correspond to the third
columns. There are ng green-circle subsystems in total, with
kr of them coupled to memory blocks. Errors on the magenta
subsystem (indicated by white-face markers) are equivalent to
errors on the memory blocks.

by coupling a single ancilla system to multiple memory
blocks; see Fig. 6(d). Specifically, we select the R code to
be a constant-rate LDPC code (see Table II). We require

the R code to have distance dg = 2 (n}{/a’%) for some

finite constant ag, ensuring that its block length satisfies
ngr = poly(d) when dr = ©(d). Each independent code-
word of the R code functions as a dedicated channel for
reading out the eigenvalues from a corresponding mem-
ory block. Consequently, a R code of length ng enables
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simultaneous measurement of ©(ng) memory blocks and
O(kngr) logical operators. This construction reduces the
eventual qubit overhead per logical operator to O(1).

The idea of coupling an ancilla system to the mem-
ory multiple times may have broader applications. It has
been discussed as a potential strategy for measuring high-
weight logical operators [40]. This technique may also of-
fer a pathway to reducing qubit overhead when measur-
ing multiple operators within a single code block. How-
ever, such applications remain underdeveloped due to the
absence of a rigorous justification of fault tolerance—
specifically, there is no guarantee that the resulting de-
formed code maintains a well-lower-bounded distance. In
contrast, the approach presented in this work provides a
systematic framework for constructing the ancilla system
and designing its coupling to memory blocks, ensuring a
provable code distance while faithfully implementing the
desired logical operations.

We now present the scheme of PCS. Following the stan-
dard formalism for CSS codes, we represent the target
code by the tuple (Hx,Hz,Jx,Jz). This corresponds
to the code of the target block on which the logical mea-
surement is applied. The target block could be a single
memory-code block or a composite of multiple blocks. To
simplify notation, we use [[n, k, d]] to denote the param-
eters of the target code, although this notation has also
been used for the memory code. Here, Hx and Hz (Jx
and Jyz) are the check (generator) matrices, representing
X and Z stabilizer (logical) operators of the code, respec-
tively. Formal definitions of these matrices and notation
can be found in Appendix A 1. These matrices satisfy
the standard conditions: HxHz = HxJ} = HzJy =0
and JXJE = FE}, where Fj, is the k X k identity matrix.

In PCS, we perform simultaneous logical measure-
ments on multiple target blocks. On each block, we
measure ¢ independent Z logical operators, which can
be compactly represented by the matrix aJz. Here,
o€ Fng is a full-rank matrix, with each row specifying
a Z logical operator. Given a R code with logical dimen-
sion kg, the same single-block measurement specified by
aJz can be applied in parallel to kg target blocks. While
we focus on single-block measurements of Z logical op-
erators, the generalization to multi-block measurements
and X logical operators is straightforward.

To realize the parallelized measurement, we employ a
deformed code defined by the following check matrices:

r T
H)l? _ By, ® Hx 0 GR ®T 3)
0  E.,©H; Hp® By,

and

Hg _ Ek}:®HZ TO 0 . . (4)
rR®S Hp®FEng En, @ Hg

Here, rx is the number of rows in the matrix Hx, and the
superscript ‘r’ denotes the right inverse of a matrix. The
matrices Hgr, Ggr, Hg, S, and T will be explained later.



In each check matrix, the first column corresponds to the
kg target blocks, while the second and third columns rep-
resent the ancilla system. In the code surgery procedure,
the ancilla-system qubits are initialized in the |+) state.
Parity-check measurements associated with the deformed
code are then performed, followed by X-basis measure-
ments on the ancilla-system qubits. This protocol im-
plements the desired Z logical measurements across the
target blocks.

The matrices Hg and Gg define the R code, where
Hp, is the check matrix and G is the generator matrix.
We choose G in its standard form, so that its right in-
( By, 0
The ancilla system used in the protocol is a hypergraph
product code generated from the R code and the glue
code, the latter specified by the check matrix Hg. The
X and Z check matrices of the hypergraph product code
are given by the last two columns in the second row of
HZ and HZ| respectively.

The matrices Hg, S, and T are constructed following
the framework of devised sticking [22], such that they
satisfy the following conditions: i) HxST = THg; ii)
there exists a matrix R such that aJzRS = aJz and
Hg(aJzR)T = 0; and iii) there exists a matrix 3 such
that oy JxST = BHg. Here, o) € Fék_Q)Xk is a full-
rank matrix satisfying a; aT = 0. These conditions en-
sure that the ancilla system is correctly programmed and
coupled to the target blocks: the intended logical oper-
ators are measured, while the unmeasured operators are
preserved throughout the code surgery procedure. Fur-
thermore, the matrices Hg, S, and T are constructed
to be sparse: their row and column weights are bounded
above by a constant, ensuring that the resulting deformed
code remains a qLDPC code. In particular, S is designed
to have both row and column weights exactly equal to
one, a property that contributes to maintaining a favor-
able distance in the deformed code. Finally, when the
generator matrices Jx and Jz are expressed in standard
form, and assuming that the logical operators selected
for measurement act on mutually disjoint sets of logical
qubits (i.e. the logical thickness is one), the number of
rows and columns in Hg scales as O(k). This ensures
that the qubit overhead of code surgery is constant.

We can measure the target logical operators because
they belong to the stabilizer group of the deformed code.
This is demonstrated by the relation

verse takes the form GYRT = , which is sparse.

(Bu®(alz) 00) = (0 Gro(aizR) ) HIG)

This equation also specifies how to extract the eigenval-
ues of the target logical operators from the measurement
outcomes of the stabilizers.

Next, we sketch the proof for a lower bound on the
distance of the deformed code. The key idea is to use the
technique that establishes an equivalence between errors
on the ancilla system and errors on the target blocks;
see Fig. 6(d). On each target block, the weight of the
equivalent error is upper bounded by the weight of the
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original error on the ancilla system. Consequently, the
distance of the deformed code is lower bounded by the
distance of the target code. We note, however, that an
error on the ancilla system may be equivalent to multi-
ple distinct errors on different target blocks, resulting in
error amplification. In the present protocol, such ampli-
fication is tolerable because error correction is performed
independently on each target block. Finally, we empha-
size that the validity of the error equivalence argument
assumes that the error weight is below the distance of
the R code. Therefore, the R code must have sufficiently
large distance to ensure fault tolerance.

Lemma 1. Suppose the target code is a qLDPC code
with constant encoding rate, and the R code is an LDPC
code also with constant encoding rate. Then, the re-
sulting deformed code supports PCS with constant qubit
overhead. In particular, the deformed code defined by
Eqgs. (3) and (4) is a qLDPC code whose size—that is,
the number of rows and columns in its check matrices—
scales as O(krk). This code enables the intended opera-
tion: the parallel measurement of an identical set of up
to k logical operators, specified by aJz, across kg target
blocks. Moreover, if Hg is full-rank, the distance of the
deformed code satisfies dp > min{d, dg}.

See Appendix E for the proof.

B. Locally-testable state preparation

The inherent time-efficiency limitation of code surgery
arises from the need to correct measurement errors. In
conventional code surgery, a subset of logical operators is
measured by coupling the target block to an ancilla sys-
tem, resulting in a deformed code whose stabilizer group
includes the logical operators to be measured. Eigenval-
ues of these operators are then extracted by perform-
ing parity-check measurements of the deformed code,
i.e. measuring its stabilizer operators. However, due to
the presence of measurement errors, these measurements
must be repeated for ©(d) rounds to ensure accurate er-
ror correction and reliable eigenvalue extraction. Con-
sequently, if parity-check measurements could be per-
formed without measurement errors, this would elimi-
nate the ©(d) repetition factor and significantly reduce
the overall time overhead.

Parity-check measurements free of measurement errors
can be effectively realized through gate teleportation.
The key insight is that, in gate teleportation, all errors
can be interpreted as acting either on the input or output
state, as illustrated in Fig. 4. This leads to the following
effective picture: the input state may carry some error,
followed by a single round of error-free parity-check mea-
surements, after which additional errors may occur on
the output state. Although the measurements are ef-
fectively error-free in this picture, it remains crucial to
ensure that the effective errors on both the input and
output states are low-weight and therefore correctable.



In particular, this requires that the resource state used
in gate teleportation contains only low-weight errors.

Errors in the resource state can be managed either by
using a high-distance concatenated code or by apply-
ing state distillation [15-18]. While high-distance con-
catenated codes incur substantial spacetime overhead,
constant-overhead state distillation requires the quantum
memory to be encoded in a good qLTC. Since our objec-
tive is a general method of reducing spacetime overhead
for qLDPC codes, an alternative approach is necessary.
Furthermore, even if the memory were encoded in a good
qLTC, constructing a deformed code that also satisfies
local testability is a highly nontrivial task, further limit-
ing the practical applicability of constant-overhead state
distillation in our context.

Our approach, LTSP, offers a generic method to control
measurement errors in qLDPC-code quantum error cor-
rection, while requiring only almost constant overhead;
see Fig. 5. Central to this approach is generating resource
states using a classical LTC, which we refer to as the F
code because it serves as the core component of the re-
source state factory (see Table II). In our scheme, each
resource state is dedicated to measuring only Z stabi-
lizer operators—X stabilizer operators can be measured
by rotating the basis. When measuring Z stabilizers, we
simulate the corresponding measurement circuit by en-
coding logical qubits in the F code. Specifically, we treat
the classical code as a quantum code that protects only
Z operators. Then, the measurement circuit is simulated
with transversal operations. This simulation produces
an encoded resource state, which can be efficiently trans-
formed into the eventual unencoded resource state. Our
method reliably produces resource states meeting the re-
quirement that errors remain low-weight, as summarized
in Lemma 2. Importantly, this approach is broadly ap-
plicable to any qLDPC code.

Lemma 2. Consider the generation of gate-teleportation
resource states for measuring Z stabilizer operators of a
deformed code. Suppose the F code is an LDPC code
with constant soundness. Let |€¥] and |€}| denote the
weights of X and Z errors occurring during the state
preparation circuit, respectively. Let |e¥°] and |eZ5]| de-
note the weights of X and Z errors present on one copy
of the prepared resource state. If these errors are un-
detectable and satisfy |e¥| < dp/Ci, then the follow-
ing bounds hold: |e%5| < Cole?¥| and |eB%| < Csle|,
where C1, Cs, and C3 are constants determined by the
weight and soundness parameters of the involved codes.
The state preparation circuit uses O(nDan?g) physical
qubits, has depth O(dg), and produces ng copies of the
resource state. While dg can be arbitrary positive integer,
in practice it is chosen to scale as polylog(npng). These
conclusions naturally generalize from deformed codes to
arbitrary CSS-type qLDPC codes.

See Appendix F for a detailed explanation of the pro-
tocol and the corresponding proof.
Now, we explain why errors on the resource state re-
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main low-weight. Recall that our goal is to measure sta-
bilizer operators of a qLDPC code (the deformed code),
and the F code used for simulation is a classical LDPC
code. This ensures that the entire circuit has low depth
and a low-density structure, so Pauli errors generated
directly by circuit operations are inherently low-weight.
The challenge arises in the feedback operations: to pre-
pare the resource state within the logical subspace of
the deformed code, we apply Pauli gates conditioned
on measurement outcomes identifying the subspace sec-
tors. However, these measurements can be faulty. Since
these feedback Pauli gates may have large weight, even a
low-weight measurement error can propagate into a high-
weight Pauli error on the output resource state. We ad-
dress these measurement errors by simulating the circuit
using an LTC (the F code): due to the local testability,
measurement errors can be corrected using only a single
round of parity-check measurements.

Next, we analyze the resource costs. To reduce the
qubit overhead for generating resource states, we pro-
pose using a double-constant classical LTC with constant
encoding rate and constant soundness [13, 31, 32]. Sim-
ilar to the R code, we require the F code to have dis-

1/(LF
P

tance dp = (n ) for some finite constant ap, en-

suring that its block length satisfies np = poly(d) when
dr = ©(d). Because the encoding rate is constant, we
can produce ©(ng) copies of the resource state simulta-
neously, ensuring constant qubit overhead. Since both
the F code and the deformed code are (q)LDPC codes,
the circuit depth remains constant.

Finally, we address a critical issue neglected in the
above discussion. Because the F code is classical, it can
only protect against one type of error, allowing the other
type to accumulate. In fact, it cannot correct either error
type to the fault-tolerant level up to our circuit design.
This error accumulation typically results in a vanishing
fault-tolerant threshold. To overcome this, we further
encode each physical qubit of the F code into a logi-
cal qubit of a low-distance surface code (or any other
low-distance code supporting a certain logical operation
set). The measurement circuit has size O(np), where
np is the length of the deformed code. When simulat-
ing this circuit with the F code, the circuit size becomes
O(npng). To control error accumulation, it suffices to
choose a surface code distance dg = polylog(npng). In-
corporating the surface code increases the circuit size to
O(npnpgpoly(ds)), thus contributing only a polylogarith-
mic overhead factor to the spacetime cost.

V. CONCLUSIONS

We have presented a general scheme for FTQC on
gLDPC codes that combines code surgery with gate tele-
portation and introduces optimizations in deformed-code
construction and resource-state preparation. Our ap-
proach achieves constant qubit overhead while signifi-
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Appendix A: Preliminaries
1. Notations

We use |o| and || e || to denote the Hamming weigh and the matrix norm induced by Hamming weight, respectively,
i.e. the norm of a matrix A € F5"*" is

| A] :max{hij' : uEFgl—{O}}. (A1)

We denote by A; . and A, ; the j-th row and j-th column of the matrix A, respectively, and we denote by A" the
right inverse.
Let b = (b1,b2,...,b,) € F3. We use

o(b) = Mg ®ot (A2)

to represent n-qubit o = X, Z Pauli operators. When B € FJ'*",

o(B) = N (A3)

U(Bm,o)

is a list of Pauli operators.

An [[n, k,d]] CSS code is represented by four matrices Hy € F5X*" Hz € F3?*" and Jx, Jz € F’;X” that satisfy
conditions HXHE = Hx Jg = JXHE =0, JXJFZF = F). The stabilizer of the code is generated by operators X (Hx)
and Z(Hz). The X and Z logical operators of the j-th logical qubit are X ((Jx);e) and Z((Jz);.s), respectively.

We use (H%,Hy,J%,J5) with ¢ = M, D, S,C to represent the memory, deformed, surface, and color codes, re-
spectively. Regarding parameters of a quantum code, we use notations n., k., d., %, and r%. Check and generator
matrices of the R and F codes are H. € F5<*" and G.. € FS“X"“ with ¢ = R, F, respectively, which satisfy H.GT = 0;
and we also use d,. to denote the distance of a classical linear code.

2. Primitive operations, spacetime locations, and error models

The primitive operations are illustrated in Fig. 7. Given a quantum circuit, there are two sets of spacetime
locations. Quantum locations are the qubits during time intervals between primitive operations; see Figs. 11, 13, and
14 for examples, in which red boxes represent the quantum locations. Classical locations are outcomes of projective
measurements: In the measurement of o(A), the outcome is a vector v € FJ*, and (—1)* is the eigenvalue of
0 (Aj.), i.e. each element corresponds to an operator; such a measurement introduces m locations, and each location
corresponds to one element in the outcome.

We assume that errors can occur independently at any location. We now justify the error model. For initializations
and gates with errors, each of them can be modeled as an ideal operation with errors occurring at the locations
immediately after the operation. For qubit measurements with errors, they can be modeled as ideal measurements
with errors occurring at locations immediately before the measurements: these errors effectively flip measurement
outcomes. For a projective measurement with errors, it can be modeled as a measurement that projects the state
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FIG. 7. (a) Transversal initialization that prepares each qubit in the state |[¢)). (b) Transversal measurement that measures
each qubit in the basis 0 = X, Z. (c¢) Gate U. Here, U is a layer of single-qubit gates, i.e. U =U1 QU2 ® - - -, where Uy, Us, . ..
are single-qubit gates on qubits 1,2,. .., respectively. (d) Projective measurement on n qubits that measures Pauli operators
o(A), where A € F3'*". (e) Generalized transversal controlled-NOT gate. The control (target) is a set of m (n) qubits. The
transformation X (A; ) is (not) applied on the target when the j-th control qubit is in the state |1) (]0)). We assume that the
matrix A has rows and columns of weight at most wmaqs, Where wmqz 1S a positive constant.

onto the correct subspace with errors occurring in the measurement outcome and at locations immediately after the
measurement: the errors at locations after the measurement may induce an effective incorrect projection. Compared
with taking spacetime locations in circuits that projective measurements and generalized transversal controlled-NOT
gates are decomposed into standard single-qubit and two-qubit operations (see Lemma 3), our choice of spacetime
locations could overestimate effective circuit distances and the fault-tolerance threshold by a constant factor, which
does not change our conclusions.

Lemma 3. Projective measurements and generalized transversal controlled-NOT gates specified by a matrix A can
be implemented using a circuit composed of single-qubit and two-qubit operations. If the row and column weights of
A are bounded above by a positive constant Wmas, then the circuit has depth at most wpmar + 2. Moreover, an error
occurring at a single location in this circuit may propagate to at most wmax locations.

Proof. We only need to consider generalized transversal controlled-NOT gates because projective measurements can
be implemented using them. Specifically, to measure the operators X (A), we initialize the control qubits in the |+)
state, apply the generalized transversal controlled-NOT gate defined by the matrix A, and then measure the control
qubits in the X basis. Similarly, to measure Z(AT), we initialize the target qubits in the |0) state, apply the same
gate, and then measure the target qubits in the Z basis.

A generalized transversal controlled-NOT gate can be implemented by a circuit of depth at most wpyay, since
scheduling the controlled-NOT gates corresponds to an edge-coloring problem on a bipartite graph [41, 42].

Each qubit in the circuit is involved in at most wmax controlled-NOT gates. On a control (target) qubit, an X (2)
error can propagate to the corresponding target (control) qubits, while Z (X) errors do not propagate. Therefore,
a single-qubit error may only spread to qubits within the corresponding support set. As a result, the weight of the
propagated error is upper bounded by wax- O

3. Locally testable codes

Definition 1. (w, s)-locally testable codes [31]. A linear code C' C F% is called (w, s)-locally testable if it has a
parity-check matrix H € F5*"™ with rows of weight at most w such that for any vector u € Fy we have

1
—|Hu"| > i1rni1r1|u—c|. (A4)
T n ceC

The parameters w and s are positive real numbers called the locality and soundness, respectively.

Lemma 4. If H € F5*" is the check matriz of an (w,s)-locally testable code, for every vector vT € colspH, there
ezists a vector u, € F2 such that v¥ = Hul and

n
< —\v|.
ud < o (45)



15
Proof. Because v* € colspH, there exists w € F% such that vT = Hw™. Then, there exists ¢, € kerH such that
1 S
| > —|w— ¢l A6
ol 2 S (46)

The lemma is proved by taking u, = w — cy. O

Appendix B: Logical operations

The circuits implementing logical operations are shown in Fig. 8, while the circuits for magic-state preparation are
shown in Fig. 9.
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FIG. 8. Logical operations. (a) Initialization. (b) Measurement Mea;. (c) Controlled-NOT gate CNOT, ;. (d) Hadamard
gate H;. (e) S gate S;. (f) T gate T;. Each group of horizontal lines represents a memory-code block. Single-qubit gates
are applied to the target memory-code block. Each of the gates CNOT, 3, H;, and S; requires an ancilla memory-code block
initialized in the |+) state. Magic states are stored in the first logical qubit of their respective memory-code blocks.

Appendix C: Serialization

We use a pair (B, F) to denote a logical operation: the operation F' € {Mea;, H;,S;,T;,CNOT, ;} applied on
the block(s) B. Specifically, if F' € {Mea;, H;,S;,T;} is applied on the u-th block, then B = u; if ' = CNOT,, is
applied on the a-th logical qubit in the u-th block and the b-th logical qubit in the v-th block, then B = (u,v).

We define the qubit support of the operation (B, F) as

{(uv])}a ifB:u, Fe{Meaijj’SjvTj}v

supp(B, F) = {{(u,a), (v,0)}, if B = (u,v), F=CNOT,.
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FIG. 9. (a) Preparation of the S-gate magic state: a fault-tolerant copy is prepared on the first logical qubit of the memory-
code block. (b) Preparation of the T-gate magic state: a noisy copy is prepared on the first logical qubit of the memory-code
block.

Similarly, we define the block support of (B, F') as

{u}, if B =u,

{u,v}, if B = (u,v). (C2)

supp(B) = {

Consider an operation set OS = {(B;, F}) | l = 1,2,...,L}. We say that OS is qubit-disjoint if and only if the
qubit supports are disjoint, i.e.,

supp(Bi,, Fi,) Nsupp(By,, Fi,) =0 Vi # lo. (C3)
Similarly, OS is block-disjoint if and only if the block supports are disjoint, i.e.,
supp(By,) Nsupp(By,) =0 Vi # lo. (C4)

Lemma 5. For any qubit-disjoint operation set OS = {(B;, F}) : 1 =1,2,...,L} (an operation layer) acting on code
blocks, each encoding k logical qubits, there exists a partition P of OS such that |P| = O(k), and every element of P
(a sub-layer) is block-disjoint.

Proof. We construct the partition as follows (see also Ref. [17, 18]).

First, we map the operation set OS to a multigraph with loops G = (V, E,r). Suppose the operation set acts on
M code blocks; then the vertex set is V = {1,2,..., M}. The edge set E = {1,2,..., L} has the same cardinality as
the operation set, and r(I) = supp(B;) specifies the endpoint vertices of the I-th edge.

Next, we find a proper edge coloring of G, i.e., a mapping f : E — C, where C is the set of colors, such that any
two edges incident to the same vertex receive different colors. Since OS is qubit-disjoint, the maximum degree of G
is k. Then, the minimum number of colors required for the coloring, the chromatic index of G, is O(k) [18, 43].

Next, we find a proper edge coloring of G, that is, a mapping f : E — C, where C' is the set of colors, such that
any two edges incident to the same vertex are assigned different colors. Because OS is qubit-disjoint, the maximum
degree of G is k. Hence, the minimum number of colors required for such a coloring—the chromatic index of G—is

O(k) [18].
Finally, we construct the desired partition as P = {U, : ¢ € C}, where U, = {(Bi, F;) : f(l) = ¢}. Each U, is
block-disjoint by construction, and |P| = O(k), completing the proof. O

Appendix D: Detailed cost analysis

In this section, we analyze the time overhead under the constraint of a constant qubit overhead. We assume that
the number of logical qubits k is small compared to M. Specifically, we assume that the memory code distance scales
as d = O(polylog(Mk)), which determines both the block length n and the corresponding logical qubit number k.
This distance is sufficient to achieve a logical error rate per operation pj, satisfying 1/pp = O(poly(Mk)). If the
logical circuit size is polynomial, i.e. |C| = O(poly(ME)), then this choice of code distance is also sufficient to achieve
any target total logical error rate e satisfying 1/e = O(poly(Mk)).
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Lemma 6. Suppose d,dr,dr = O(polylog(Mk)). Assuming a sufficient supply of distilled magic states, any block-
disjoint operation set (sub-layer) OS can be implemented in time O(d%), requiring O(Mk) physical qubits in the
resource-state factory.

Proof. Let num(F') denote the number of occurrences of operation F' € Mea;, H;,S5;,T;,CNOT, 3 in OS. Because
OS5 is block-disjoint, ) mnum(F) = |0OS| < M. We define

)< [ [ [t o
Since
batch(F) < dlg [le (;Rnum(F) + 1) + 1] +1, (D2)
we obtain

M k) (k krk krkpd?
batch(F) < + O(k*)(kr + RZFJF RRF 5)7 (D3)
ZF krkrdZ

where we have used that |[Mea;, H;, S;,T;, CNOT, ;| = ©(k?).

The operation set OS is implemented in d% steps, where each step contains at most batch(F)krkpr copies of
operation F' acting on different code blocks.

To illustrate, consider F' = Mea;. This operation requires two types of resource states: H D (Zj) and H¥. For each
step, at most batch(F)kp copies of HZ(Z;) are needed. These can be generated by running batch(F) copies of the
corresponding LTSP circuit in parallel, requiring at most batch(F) x O(nkrkrd%) physical qubits. Similarly, up to
batch(F)kgrkr copies of HY are needed, which can be produced by running batch(F)kg copies of the corresponding
LTSP circuit in parallel, requiring at most batch(F)kr x O(nkprd%) physical qubits. Therefore, the total number of
physical qubits required for operation F is batch(F)O(nkgrkpd%).

The same scaling applies to all operations, yielding

IN

Nrspa < Y batch(F)O(nkgkpd) (D4)
F

IN

O(MFk) + O(Kkpkpd3). (D5)

Assuming d, dr,dr = O(polylog(MEk)), we have k3kpkpd% = O(polylog(Mk)), under assumptions on code rate and
distance. Consequently, Nrgp1 = O(MEk), i.e., the total number of physical qubits required in the resource-state
factory to implement a block-disjoint operation set scales linearly with the logical qubit count.

Each step involves running LTSP circuits in parallel, which requires a time overhead of O(dg). Since there are d%
steps, the total time overhead for implementing a block-disjoint operation set is O(d%). O

Lemma 7. Suppose d,dr,dr = O(polylog(Mk)) and dg = O(polylog(d)). Then M copies of distilled T-gate magic
states can be generated in time O(do(l)dg), requiring O(MFk) physical qubits in the resource-state and magic-state
factories.

Proof. The generation of distilled magic states consists of two stages. First, we prepare noisy magic states, and then
we distill them.

The circuit for noisy magic-state preparation is shown in Fig. 9(b). We begin by preparing a noisy magic state
on a surface-code block, which is subsequently transferred to the first logical qubit of a memory-code block. Using
the constant spacetime-overhead distillation protocol, to obtain M copies of distilled magic states, we require O(M)
copies of noisy magic states [39]. Consequently, O(M) surface-code blocks and O(M) memory-code blocks are needed
to store these states, corresponding to O(Md%) and O(Mk) physical qubits in the magic-state factory, respectively.

The M’ = O(M) copies of noisy magic states are prepared over d% steps, where each step produces at most m’krkp

copies, with
1[1[1
=L e [l &
d% | kr | kr (D6)

We require four types of gate-teleportation resource states: HY, Hf;, Hg, and I{ZD(ZS ® Z1). In each step, up to
m'krkp (m'krkr, m'krkr, and m'kp) copies of HM (H%, Hy, and HZ (Zs ® Z1)) are required. These resource
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states can be generated by running m’'kr (m'kr, m'kr, and m’) copies of the corresponding LTSP circuits in parallel,
which demand at most m’kr x O(nkpd%) (m'kp x O(d%kprd%), m'kr x O(d%krd%), and m’ x O(nkrkpd%)) physical
qubits. Since dg = O(polylog(n)), the total number of physical qubits is O(m/nkrkrd%) = O(M’'n) = O(Mk). The
time cost of each step is O(dg), therefore, the overall time overhead of preparing noisy magic states is O(d%).

To prepare M copies, the distillation circuit requires O(M) logical qubits, has a depth of O(polylog(d)), and
is repeated O(d°M) times [18]. We propose to utilize only the first logical qubit of each memory-code block for
distillation. Consequently, O(M) memory-code blocks are required in the magic-state factory, corresponding to
O(ME) physical qubits.

Each layer of the distillation circuit constitutes a block-disjoint operation set, as operations are restricted to the
first logical qubit of each block. Therefore, the entire circuit can be executed in time O(d°('d%), requiring O(Mk)
physical qubits in the resource-state factory (Lemma 6).

Note that the implementation of the distillation circuits also requires ancillary memory-code blocks; however, this
contributes only a constant factor to the overall qubit overhead. O

Lemma 8. Suppose d,dr,dr = O(polylog(Mk)), dc = O(d), and ds = O(polylog(d)). The quantum computer can
be initialized in time O(kd%), requiring O(Mk) physical qubits.

Proof. There are two tasks required to initialize the quantum computer: preparing M copies of high-fidelity S-gate
magic states and storing them in M memory-code blocks—each stored in the first logical qubit of a block; and
initializing the Mk logical qubits in the data memory-code blocks in the state |0).

As shown in Fig. 9(a), a high-fidelity S-gate magic state is first prepared on a color-code block, which is subsequently
transferred to the first logical qubit of a memory-code block. We prepare the M copies in k steps, with at most
M" = [M/k] copies prepared in each step. Thus, we require M" color-code blocks, corresponding to at most
M" x O(d%) = O(MEk) physical qubits, noting that de = O(k).

As shown in Fig. 9(a), a high-fidelity S-gate magic state is first prepared on a color code block, which is subsequently
transferred to the first logical qubit of a memory-code block. We prepare the M copies in k steps with at most
M" = [M/k]} copies prepared in each step; then, we need M" color-code blocks, i.e. at most M"” x O(d%) = O(Mk)
physical qubits. Note that de = O(k).

In each step, we prepare the M" copies over dQS sub-steps, where each sub-step produces at most m”krkp copies,

with
=3l )

Similar to the preparation of noisy T-gate magic states, we require four types of gate-teleportation resource states:
HY HY, HS, and HZ (Z¢ ® Z1). In each step, up to m"krkp (m"krkp, m"krkp, and m”kp) copies of HY (HS,
HY, and HP (Zc ® Zy)) are required. These resource states can be generated by running m”kg (m”kg, m”kg, and
m'") copies of the corresponding LTSP circuits in parallel, requiring at most m”kr x O(nkpd%) (m"kr x O(d%krd%),
m"kr x O(d&krd%), and m” x O((n + d%)krkrd%)) physical qubits. Since ds = O(polylog(n)), the total number of
physical qubits is O(m/"n?krkrd%) = O(M"n?) = O(MEk), noting that dc = O(n).

According to the above analysis, the overall time overhead for preparing high-fidelity S-gate magic states is O(kd%).

The initialization of the data memory-code blocks is similar to a block-disjoint operation set and can therefore be
accomplished in time O(d%) with O(Mk) physical qubits. O

Appendix E: Parallelized code surgery - Proof of Lemma 1

Lemma 9. [25] Consider a CSS code (Hx,Hz,Jx,Jz). Let Z(aJz) be the set of logical operators to be measured,
where a € Fng s a full-rank matriz, and ¢ < k. We can realize the measurement using a deformed code, which is a

CSS code with check matrices
Hxy T
HY = El
X ( 0 Hy ) (E1)

and

H 0
g _ [ Hz E2

where S € Fy¢ ", T € F3X*"¢ Hg € F3¢™"C and Hg € F3M 7S satisfy the following conditions:
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i) HxST = THg;
ii) There ezists a matriz R € Fy "¢ such that aJz RS = aJz and Hg(aJzR)T = 0;
11i) There exists a matriz 8 € Fék_@wc such that oy Jx ST = BHg, where o) € IFék_Q)Xk is a full-rank matriz
satisfying oy o™ = 0; and
iv) HyHg = 0.
The unmeasured X and Z logical operators are X (ay Jx) and Z(aj_TJZ), respectively.

Lemma 10. [25] Given an arbitrary set of Z logical operators Z(aJz) to be measured, we can generate matrices S,
T, and Hg such that code surgery conditions i), i), and i) are satisfied, following the devised sticking approach.
Furthermore, row and column weights of the matrices Hg, S, and T are bounded above by a constant, and ||S|| = 1.
When the generator matrices Jx and Jz are expressed in standard form, and assuming that the logical operators
selected for measurement act on mutually disjoint sets of logical qubits (i.e. the logical thickness is one), the number
of rows and columns in Hg scales as O(k).

According to Lemma 10, the check matrices HZ and HZ given by Eqs. (3) and (4) has the following properties:
i) Row and column weights are bounded above by a constant, i.e. the deformed code is a qLDPC code;

ii) The number of rows and columns scales as O(kgrk).

1. Logical measurements associated with the deformed codes

Now, we verify that the deformed code given by Eqs. (3) and (4) is valid for realizing the desired measurement.
Let’s define matrices

Hx = Ey,® Hy, (E3)
Hy; = Ey,® Hyz, (E4)
Jx = B, @ Jx, (E5)
jZ = EkR(g)Jz, (EG)
a = B, ®Qa (E7)
o) = B, ®a0, (E8)
(E9)
and

S =G4S, (E10)
T = (0 G%T®T>7 (E11)
He = <HR®E"G ) (E12)

E’I’LR®HG
Hy = (ETR®HG HR®ETX>, (E13)
R = GR®R, (E14)
b=(0c"es). (E15)

Then, we can find that check matrices in Eqgs. (3) and (4) are consistent with Egs. (E1) and (E2), and the matrices
satisfy the code surgery conditions i), ii), iii), and iv), i.e.

HxST = THg, (E16)

aJzRS = aJy, (E17)

Hg(aJzR)T = 0, (E18)

a1JxST = BHg, (E19)

HyHe = 0. (E20)

Therefore, according to Lemma 9, with this deformed code, we can simultaneously measure logical operators Z (& ~Z).
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2. Distances of deformed codes

Without loss of generality, we consider the R-code generator matrix in the form
Gr = ( Ey, Pr ) : (E21)
and then
G" = (B, 0). (E22)

Lemma 11. Suppose Hpg is full-rank. For every vector v € FhR"SHEX satisfying Hpv" =0 and |v| < dg, there
exists a vector u, € F5R"¢ such that v* = Houl and

[u[(GR)es @ SI| < [IS]] % [v] (E23)
foralll=1,2,... kg.
Proof. Let v = ( ab ) Then, the condition Hyp;vT = 0 becomes
(B, @ Hg)a¥ = (Hr @ B, )bT. (E24)

Let’s introduce matrices A, B, and U such that

vec(A) = a”, (E25)

vec(B) = b7, (E26)

vec(U) = u}. (E27)
We can rewrite the condition as

HgA = BHE. (E28)
Similarly, we can rewrite vT = ﬁguf as

A = UH}, (E29)

B = HgU. (E30)

Since Hp is full-rank, there exists Hf, € FSRXTR such that HrHy, = E,,: We remark that ng > rgr when Hp is
full-rank and kg is not zero. Then, we can take

U = AHG' (E31)
to satisfy Eq. (E29). Such a matrix U also satisfies the inequality (E23). Note that
[(GR)ey @S] uf = vec (STU(GR)en) = (S"U)ey = S Usy = STAHE e (E32)
Therefore,
|[(Gr)eq ® SITul| < |IS]| x [A(HE el < (IS x la] < [IS] x [o]. (E33)

Now, we prove that the matrix U in Eq. (E31) also satisfies Eq. (E30) when |v| < dr. Using the expression of U,
we have

HoU = HgAHY' = BHEHS". (E34)
Here, we have used Eq. (E28). If
B=BHEHE", (E35)

Eq. (E31) holds. Note that the right inverse matrix of Hpg is not unique. Next, we will prove that there always exists
a right inverse matrix of Hg such that Eq. (E35) is true.
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Because |v| < dg, the matrix B has at most dg — 1 non-zero columns. Suppose the indexes of the dg — 1 columns

are i1,42,...,%id,—1 and all other columns are zero. We introduce the matrices
BO — ( Bei, Bei, -+ B-,z‘del ) , (E36)
0
HY = ( (HR)eiy (HR)eis =+ (HR)e,iap, 1 ) : (E37)

Later, we will prove that the dgp — 1 columns in HI(;?) are linearly independent, and then rg > dr — 1. Because Hp

is full-rank and has rg linearly-independent columns, we can find additional rg — (dg — 1) columns to constitute a
(0)

complete set together with columns in Hj,”. Let iq,,%4,+1,- - -, iry be indexes of the additional rg — (dr — 1) columns,
we define
1
HY = ((Heisy, (Hedeiser ~ (Hr)es, )- (E38)
Then, there exists a permutation matrix 7 € F3®*"® such that matrices B and Hp are in the forms
B = (B® 00)m, (E39)
Hy = (0 0 TP )™ (E40)
Because Hg)’l) = ( Hg)) Hg) ) is invertible, a right inverse matrix of Hg is
1)~
. H(0,1)—1 . (Hp 1)1:dR—1,-
Lo g R - 0,1)~
Hy T 0 T (Hl(% ) Vanirme |- (E41)
0

Note that 7~ = #T. Taking this right inverse matrix, we have
Eqp_1 0
BHEHLT = (B<0> 00 i 0 B
2 0,1)~ 2 0,1)~
Hg [(HEY Nianoral™ Hy [(HED agrga] ™ 0

o O
3
I
Sy
o
i~
K

Eq. (E35) has been proved.
Lastly, we prove that columns in H }(%O) are linearly independent. Suppose columns in H }(%0) are not linearly indepen-
dent, there exists a vector x € FgR_l — {0} such that HI(%O)xT = 0. Then, we can construct a vector y € Fy*,

y=(z00)m (E43)

We have Hry™ = 0, y # 0, and |y| < dg. This is in contradiction with the code distance of the R code. The lemma
has been proved. U

Lemma 12. For the deformed code with check matrices in Eqs. (3) and (4), the generator matrices of X and Z
logical operators are

IR = (ariy ) (E44)
and
JP = (aiTjZ 0 ) : (E45)

respectively. Let d be the distance of the code (Hx,Hyz,Jx,Jz). If Hg is full-rank, the distance of the deformed code
satisfies

dp > min{d/||S]|,dr}. (E46)
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Proof. The generator matrices satisfy conditions H)’?JZDT = HEJ)?T =0 and J)?JET = Ejp(k—q), 1-€. they are valid

generator matrices of the deformed code.
Let e = ( U v ) be an X logical error, i.e. HYeT = 0 and J2eT # 0. Then, we have

IjIZuT =0
and
T It # 0.

Let’s introduce the matrix U such that

vec(U) = uT.
Then,
HzU =0
and
oA T IU £ 0.

Suppose the m-th column in aj_TJ zU is not zero, we have
HzUgp, = 0

and

According to the code distance d,

le] > |Uem| > d.

Let e = (u v ) be a Z logical error, i.e. HR2eT =0 and JZeT # 0. Then, we have

Hxu" = Tv7T,
fIMvT = 0,
and
a) Jxu® + BUT # 0.
If [v| < dg, there exists a vector u, € F§®"¢ such that v7 = Hgu! and the inequality (E23) holds. Then,
Hxu" = THgu}
and
aJxut + BI:IGu;F # 0.
Furthermore, we have
Hx(u+u,S)" =0
and
ay Jx(u+uS)T # 0.
Here, we have used Eqgs. (E16) and (E19). Let’s introduce the matrix U such that

vec(U) = (u+u,S)T.

(E47)

(E48)

(E49)

(E50)

(E51)

(E52)

(E53)

(E54)

(E55)
(E56)

(E57)

(E58)

(E59)

(E60)

(E61)

(E62)
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Then,
HxU =0 (E63)
and
a1 JxU # 0. (E64)

Suppose the m-th column in ) JxU is not zero, we have

HxUy . = 0 (E65)
and
oy IJxUs m # 0. (E66)
According to the code distance d,
|Ue,m| > d. (E67)
Note that
Usin = U(Brp)em = [(Ern)me ® En)(u+u,S)"
= [(Erp)me ® EnJu’ + [(GRem ® 8] uy, (E68)
therefore,
IS > el = ful + [SI x [v] 2 [[(Brp)m.e @ Ealu®| + [[(GR)em @ S]Tuy| 2 d. (E69)
O

Appendix F: Locally-testable state preparation - Proof of Lemma 2

In LTSP, we generate resource states used to measure one type of stabilizer operator—either X or Z—of a CSS
code. Without loss of generality, we focus on the measurement of Z stabilizer operators, specifically the operators
Z(H g ) in the deformed code. The conclusions are straightforwardly applicable to X stabilizer operators or to other
CSS codes, such as the memory code.

1. Stabilizer of the resource state

X (Eny,)
{x (vm2™)

21838 20IN0SY

x
X (nH,’f"T)}

Deformed-code block - C - Deformed-code block - B
<

FIG. 10. Circuit that defines the resource state for the Z(HZ) measurement. Outcome of the Z(H%) measurement in the

. . . 'I‘D
circuit is v € F 7.

To implement the measurement of Z(HZ) using gate teleportation, we need to prepare a resource state encoded
in two blocks of the deformed code, denoted by B and C. Each block contains np qubits. Ideally, the resource state
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can be prepared as follows; see Fig. 10. First, we generate np copies of the Bell state between the two blocks, which
constitute a 2np-qubit stabilizer state, and the stabilizer is generated by operators X (HZ%) and Z(HZ*), where

We can rewrite the matrices as
HY HY
HES = | JR2 R (F2)

HZDrT ngT
and
i H)?rT H)?I‘T
ags =1 g2 g |, (F3)
Hy  Hp
such that rowspH )’?fz = rowspﬂ' ng. Without loss generality, we can choose H )?r and HY " such that J PH )Igr =
JZDng = H)?YTng = 0. Then, we apply the measurement of operators Z(Hg) on block-C, followed by a feedback
Pauli gate. Note that X (VH?TT) Z ((HD)je) X (VH?TT) = (=1)"Z ((H});,). These operations transform Bell

states into another stabilizer sate with the stabilizer generated by operators X (H%%) and Z(HE?), where

o2 g?
HRS — X X F4
e (8% "

and

En, E
HFS = | 7o ) F5

The resource state to be prepared is the stabilizer state defined by the generators X (H%) and Z(HE®).

2. State preparation using a classical locally testable code

We prepare the resource state with the circuit shown in Fig. 11. The circuit constitutes of three sets of F-code
blocks, denoted by B, C, and D, containing np, np, and 72 blocks, respectively. In each F-code block, we encode kp
logical qubits according to the following CSS code: Stabilizer operators are X (0) and Z(Hp), and logical operators
are X(Gr) and Z(G%™"). Without loss of generality, we consider the F-code generator matrix in the form

Gr = (Bi Pr ), (F6)
and then

& = (B 0). )
This circuit yields ng copies of the resource state and is supported by the following lemmas.

Lemma 13. Let |e}}| denote the total weight of Z errors occurring at the spacetime locations in the state preparation
circuit shown in Fig. 11. Then, each copy of the prepared resource state contains Z errors with total weight at most
leZ°1 < le7 |-

Lemma 14. Let |e€%| denote the total weight of X errors (including incorrect outcomes in projective measurements
of Z operators) occurring at the spacetime locations in the state preparation circuit shown in Fig. 11. Suppose the F
code is (w, s)-locally testable, and that HY has rows and columns of weights at most w2 . If the spacetime X errors
are undetectable by the two sets of checks illustrated in Fig. 5, and

dr

)
w? max{l, TLE }
TES

leX] < (F8)
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FIG. 11. Locally-testable state preparation. The outcome of the transversal measurement on D blocks is v = vec(V)T, where

D
V € FyZ2*"F and V;; is the outcome of the measurement on the j-th qubit in the i-th block. The outcome of the partial
transversal measurement on one of B and C blocks in decoding is i € Fg ¥ “FF and 1 is the outcome of the measurement on
the (kr + j)-th qubit in the block.

then each copy of the prepared resource state contains X errors with total weight at most

|e§5| < max{l,Z—I;} x e (F9)
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a. Proof of Lemma 13 - X operators and Z errors

Focusing on the j-th copy of the prepared resource state, i.e. j-th logical qubits in B and C' F-code blocks, the
propagation of X operators in spacetime is described by the generator matrix

J;Z?j = ( J?(p,B,j J;(p,c,j J}S(ij,j ) ) (F10)
where
s _ [0 (Gr)ie®HR (Gr)je®HY (Gr)je®HY (Gr)je ® HY (Bip)je® HY (F11)
KB 0 (Grje®@JR (Gr)je®@JY (Gr)je®JY (Gr)je®JY (Epp)je®@JY )
;{PC o (GF)j,o@H)lg (GF)j,o@H)[() (GF)j,o@H)D( (Gp)j,@H)? (GF)]‘7.®H£ (EkF)j_y.(X)H)? (F12)
,C\j (Gr)je®@JR (GF)je®@JR (GF)je®@JR (Gr)ie®J2 (GFr)je®@JE2 (Eip)je®J2
and

s 000
JXIjD,j = <0 0 0>7 (F13)

correspond to spacetime locations on B, C, and D blocks, respectively: The six columns correspond to spacetime
locations as illustrated in Fig. 11. We remark that operators on C' blocks do not propagate to D blocks by the second
transversal controlled-NOT gate because of [(Gr)je ® HY][Ep, ® HET] = [(Gr)je @ JR[En, ® HET] = 0. This
generator matrix describes that operators X ((Gr)je ® HY) and X ((GF)j,e ® J) on C blocks at the beginning are
transformed into operators X ((Gr)je ® HR) ® X ((Gp)je ® HY) and X ((Gp)je ® JR) © X ((Gp)je ® J) on B
and C blocks at the end, respectively. Because qubits in C blocks are initialized in the state |+), the final state is an
cigenstate of operators X ((Gr)je ® HY) ® X ((Gr)je ® HY) and X ((Gp)je @ J¥) @ X ((GF)j,e ® JR) on B and
C blocks with the eigenvalue +1.
We represent Z errors in spacetime with a vector

e = (eZp Fo efp ), (F14)
where
¢zBjc = (UB/C,l Up/c2 UB/C,3 UB/Ca UB/C5 uB/c,e) (F15)
and
B?D = (UD,l up,2 UD,S)- (F16)

The errors flip operators during the propagation according to

7P BT _ ( <H§U[<Gp>j,.1T)>+ ( (H}?U'[(EkF)j,.]T))

X,j€z
’ vec (JRU(GF)je]") vee (JRU'[(Bry)je]")
HD T
= < ﬁuéff>H§S< ? ) (F17)
TxUery Uesy
where
VeC(U) = (U;B)Q +ups3+tupast+ups+ucy+ucz+ucst+ucszt+ucas+ uc75)T, (FIS)
vec(U') = (upe +uce) (F19)
ers = Ul(Gr)je]" +U'[(Erp)sel ™ (F20)
We can find that the vector
5 = (0 ugyy ) €FFP (F21)
satisfies H )I?S egs g Fer T as illustrated in Eq. (F17). Therefore, egs represents Z errors on the prepared resource

state. According to Eq. (FF20), it satisfies the inequality [eZ%] < |e3?].
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b. Proof of Lemma 14 - Z operators and X errors

Focusing on the j-th copy of the prepared resource state, i.e. j-th logical qubits in B and C' F-code blocks, the
propagation of Z operators in spacetime is described by the generator matrix

I = (Tfss Tes s Tmeas ) (F22)
where
Jr . = (G%‘T)]}'@)ETLD (G%T)]}'@ETLD (G%T)j7°®EnD (GYFT)J'»'(X)EHD (G%T)J}'@ETLD (EkF)jv'®EnD
Z,B.g 0 0 0 0 ’
(F23)
JeP _ 0 (G%‘T)J}'@EW/D (G%T)jy'@)EﬂD (G%T)j7'®EnD (G%‘T)]}'@Eﬂo (EkF)j7.®EnD (F24)
7 0 0 Gu1)je @ HY (GR7)j 0@ HY (GR")je @ HY (Eyp)je® HE )
(GF )je@H7 (G% )je@Hy (G )je®@Hz (Egp)je® Hy
and
0 0 0
JPL . = , F25
2.0 ((G;T»,.@E@ (CT)0 ® By <G%T>j,.®ETg> (£25)

correspond to spacetime locations on B, C, and D blocks, respectively, and

s 00
JZZ,)mea,j = (O 0) (F26)

corresponds to measurements of Z(Hp): The two columns correspond to measurements on B and C blocks, re-

spectively. Note that [(G%.");e ® HZ][(GY ® E,p)(Gr ® ngT)]T = (GL1)je ® E,p, which justifies the prop-

agation through the feedback gate depending on the outcome v. This generator matrix describes that operators
Z ((G}T)j’. ® Enp) on B blocks and and Z ((G}T)jy. ® Erg) on D blocks at the beginning are transformed into

operators Z ((Ex,)je ® Eny) @ Z ((Ekyp)je @ Enp) on B and C blocks and Z ((Eg,)j,e ® HE) on C blocks at the
end, respectively. Because qubits in C' and D blocks are initialized in the state |0), the final state is an eigenstate of
operators Z ((Ejy )je @ Enp) ® Z ((Eky)je ® Eypy) on B and C blocks and Z ((Eg,. )j,e ® HE) on C blocks with the
eigenvalue +1.

We detect errors with two sets of checks. First, let 7 € F57 be the outcome of a Z(Hp) measurement, it satisfies
7 € colspHp if the circuit is error-free. Therefore, we can detect errors that flip the measurement outcome through
H ]\I;[n, where H JIC[ is the check matrix of the code colspHr. Second, because qubits in C' and D blocks are initialized
in the state |0), outcomes of Z(Hp) measurements on B and C blocks as well as transversal Z measurements on D
blocks satisfy certain equations if the circuit is error-free. Accordingly, the check matrix is

Y = (HYy HYo HYp Hf ), (F27)
where
0 0 0 0 00
Y, = 0 0 0 0 00 , (F28)
’ HF ®EnD HF ®EnD HF ®EnD HF ®EnD 00
0 0 0 0 00
0 0 0 0 00
., = |0 0 0 0 00| (F29)
’ 0 HF®EnD HF®EnD HF®EnD 00
0 0 Hr @ HP Hp@HE 00
0 0 0
0 0 0
HSP — F30
Z,D 0 O 0 ) ( )

HF(X)ETg HF@ETE HF®Er§
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and
HY ® E,, 0
F
HY pea = 0 Har © Do (F31)
’ ETF ® E’I’LD E’I‘F ® E’/’LD
0 E..®HY
We represent X errors in spacetime with a vector
e = (eXp o eEp Xea ) (F32)
where
e;?,B/c = ( up/c,1 UB/c,2 UB/Cc,3 UB/C,4 UB/C,5 UB/C,6 ) ) (F33)
ei?,D = ( Up,1 Upz2 UD;3 ) . (F'34)
and
eggmea = (UB vc ) : (F35)

The errors flip operators during the propagation according to

T _ ( vee (Up + U + Uc + UL(GE);l") ) . ( (U5 + U [(Bip)se]") ) (F0)

. j’.
Zrx vee (HZUc + HPUL + Up)[(G1)j6)") vec (HZUL(Exy)je]")
where
VeC(UB) = (UBJ +up2+ups+upq+ UCQ)T, (F37)
vec(Up) = u§’5, (F38)
vee(Uf) = ubs (F30)
vee(Uo) = (ucs +uca)’, (F40)
vee(UL) = uls, (Fa1)
vec(UpL) = ug,ﬁ, (F42)
VeC(UD) = (UDJ +up,2 + UD,3)T. (F43)
(F44)
If the spacetime error ey is undetectable by H?, it satisfies the condition H’ eifT = 0. Let
vee(Vaje) = vi/o (F45)
the condition can be rewritten as
Vs cHE ' =0, (F46)
(Up +Uc)Hp = Vp+ Vo (F47)
HRUcHE +UpHf = HRVe. (F48)
When Eq. (F46) holds, there exists Wg/c € F5?*"F such that Vp,c = WB/CHE, and
ng
|((WB/c)ael < a|(VB/C)a,-| (F49)
forall a =1,2,...,np; see Lemma 4. Then, we have
(Up +Uc)Hy = (Wg+Wo)Hp, (F'50)

HPUcHY +UpHE = HEWoHE. (F51)
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If the inequality (F8) is true,

(U +Uc)ae + (W + We)as| < max {1, :FZ} x |e| < dp (F52)
and
(HPUc +Up)pe + (HZWe)ae| < wh max {1, :;9} x leF| <dp (F53)
hold for all @ = 1,2,...,np and b= 1,2,...,72. Then, according to the F-code distance, we have
Up+Uc = W+ Wg, (F54)
HPUc+Up = HZWe. (F55)

Substitute the above equations into Eq. (F36), we obtain

gop ot _ [ vee (Ws +We+Up + UG ");6]") | [ vee ((Uf + UGBy )] ")
2 vee (HZWe + HPUR)(GE")j.a]") vec (HZUG((Exy)j0]")

uT
HZS | 0P (F56)

ugff,C
where
ultsne = Waiol(Gr)iel" + Upcl(Gr )il + Up ol (Bry)jel ™ (F57)
Accordingly, the X error on the prepared resource state is

€§S = <Ueff,B Uef f,C )a (F58)

such that Hgsegt}sT = J;pjeifT. Note that

nr
[uerr Bl + [tefrcl < max{l,w} x [e3F]. (F59)

The lemma has been proved.

3. Surface code in the state preparation

If we prepare resource states with the circuit in Fig. 11, the F code can only correct X errors, and Z errors may
accumulate and damage the prepared resource states. To solve this problem, we protect each qubit in the circuit with
a surface code.

We simulate the circuit in Fig. 11 using the surface code. Now, each qubit in the circuit becomes a surface-code
logical qubit. The circuit involves the following operations: initializations in states |0) and |+), measurements in the
X and Z bases, Pauli gates, and controlled-NOT gate. We can implement these operations on surface-code logical
qubits in the transversal way; see Figs. 12(a-d). For initializations and the controlled-NOT gate, we measure surface-
code stabilizer operators for dr = O(dg) rounds after each logical operation to correct the errors. With these logical
operations, we can simulate the circuit in Fig. 11 and prepare resource states encoded in surface-code logical qubits.

Next, to obtain resource states in physical qubits, we have to decode the surface-code logical qubits. This operation
can be realized by measuring physical qubits in a surface-code block in X and Z bases, leaving only one physical
qubit unmeasured; see Fig. 12(e). After decoding each surface-code logical qubit in the resource state, we obtain the
eventual physical-qubit resource state; see Fig. 12(f).

Finally, we analyze the impact of using the surface code on conclusions in Lemmas 13 and 14. On surface-code
logical qubits, we implement a logical operation using a set of physical operations. The logical operation has errors
only if physical operations have errors: Let wy, and wp be the weights of logical errors and physical errors, respectively;
then wy = 0 if wp = 0. For single-qubit logical operations, i.e. initializations, measurements, and Pauli gates, we
have w;, < wp: Note that wy, is either zero or one. For a logical controlled-NOT gate, because it acts on two
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FIG. 12.  Operations on surface-code logical qubits. (a) Initialization in the state |) = |0),|+). (b) Measurement in the
basis 0 = X, Z. (c) Logical Pauli gate 0 = X, Z. Vectors JE and JZ represent X and Z logical operators of the surface-code
logical qubit. (d) Logical controlled-NOT gate. (e) Decoding on a surface-code logical qubit. Black circles denote qubits. Red
and blue squares denote X and Z checks, respectively; edges of the Tanner graph have been neglected. Qubits in the area
marked in red (blue) are measured in the X (Z) basis, and the measurement outcome is the vector ux (uz). In feedback gates,
PE and PZ are vectors, and their supports are marked with open circles: In the vector P2 (Pg ), elements corresponding to
open circles in the red (blue) area are ones, and other elements are zeros. (f) Decoding of the resource state. Triangles denote
decoding operations on surface-code logical qubits, and each of them is realized with the circuit in (e).

surface-code logical qubits, wy < 2, and we have wy < 2wp. Multiple logical controlled-NOT gates constitute the
generalized transversal controlled-NOT gates in Fig. 11. The error propagation in the second generalized transversal
controlled-NOT gate may transform an error on one surface-code logical qubit into an error on multiple surface-code
logical qubits, i.e. increase the weight of logical errors. Because HZ has rows and columns of weight at most wZ,
the logical-error weight is amplified by a factor of at most wZ. Therefore, for all these logical operations, we have
wr, < 2wPwp. Decoding operations may also cause errors, which are the same as single-qubit logical operations; they
cause extra errors, and we can take into account decoding errors in the sixth column in Fig. 11.

Lemma 15 (Formal version of Lemma 2). Suppose the F code is (w, s)-locally testable, and HE has rows and columns
of weight at most wg. Let e and &3} be the X and Z spacetime (physical) errors in the state preparation circuit shown
in Fig. 11, when simulated using a surface code of arbitrary code distance. If the spacetime errors are undetectable
and satisfy

d
€] < - , (F60)
2wl max{l, "F}
TEFS
the following inequalities hold:
B9 < 202 max{l, nF} x e¥], (F61)
res
€55] < 2w2lEy). (F62)

Here, “E < 2 since F' is a good LDPC code, i.e., wrp < np.

’ rps s’

4. Overhead in the state preparation

The state preparation circuit shown in Fig. 11 involves 2np + rZ F-code blocks, so the number of data qubits is
(2np + r2)np. Additionally, we require rp ancilla qubits to implement parity-check measurements on each F-code
block, and such measurements are applied to 2np blocks. Thus, the total number of qubits is (2np —i—rZD)nF +2nprr =
O(npnp). In this circuit, all operation layers have depth one, except for two layers of parity-check measurements:
the layer between the second and third columns, and the layer between the fourth and fifth columns. According to
Lemma 3, each of these layers has depth O(1) because the deformed code is a qLDPC code and the F code is an
LDPC code. Therefore, the overall circuit depth is O(1).
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When simulating the state preparation circuit using a surface code, each qubit in the circuit is encoded in a surface
code of distance dg, requiring (2ds — 1) = O(d%) physical qubits. Since the circuit involves O(npnp) qubits,
the total number of physical qubits is O(npnpd%). Each operation on surface-code logical qubits is implemented
using a physical circuit of depth O(dr). Therefore, the overall depth of the physical circuit for state preparation is
O(dr) = O(ds).

Appendix G: Parallelized code surgery realized through locally-testable state preparation

1. Measurements

@ ®

Hx

Input state
()
= )
Input state
)
=)

3

. 1 ) . | — )
a nz 1z
S 4 S 7z
< <
o L/ o /
Z Z
] g
-4 R | S ~ —
X(z) £ X(uz)
Z(ux) a Z(nx)
N @ N

First column Second column Third column

Deformed-code block - C Deformed-code block - B Deformed-code block - A

FIG. 13. (a) Measurement of Z(HZ) based on the resource state. Outcomes of transversal measurements on blocks A and
B are px,pz € F3P, respectively. Outcome of the Z(HZ) measurement is HZ piz. (b) Effective error in the measurement of
Z(HZE) based on the resource state. Operations in the dashed box are effectively error-free.

With the resource state prepared on blocks B and C, we can transfer the state of block-A to block-C and effectively
realize the Z(HZ) measurement; see Fig. 13.

a. X operators and Z errors

The propagation of X operators in spacetime is described by the generator matrix

T = (T8 J2s TR ), (G1)
where
HY HD
Jm — X X , G2
X,A <J§ J)[() ) ( )
HEP 0
JP L, = X , G3
X,B (J)? 0> ( )
and

HP HP HD
Te = [ X TX TX) G4

correspond to spacetime locations on A, B, and C' blocks, respectively: The three columns correspond to spacetime
locations as illustrated in Fig. 13. This generator matrix describes that operators X (HY) ® X(H®) ® X(HZ) and
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X(J2)® X (J2)® X (JL) on three blocks at the beginning are transformed into operators X (H%) and X (J%) on

block-C' at the end, respectively. Note that blocks B and C' are prepared in the resource state, which is an eigenstate

of operators X(H%) ® X(HR) and X(JL) ® X(J2) with the eigenvalue +1. Therefore, such a process effectively

transforms operators X (HZ) and X (J£) on block-A into operators X (H%) and X (J) on block-C, respectively.
We represent Z errors in spacetime with a vector

ey = (e’g’A €7 e’éfc) (G5)
where

€y A/B = (UA/B,1 UA/B,Q) (G6)
and

egﬁc = (Uc,l uc,2 Uc,3)~ (GT7)

The errors flip operators during the propagation according to

m_mT HD
Jxey = ( Jf)( > U;Fff7 (G8)
X
where
Ueff = Ua1+Ua2+UB1+ Uc + Uc2 + Ucs. (G9)

Lemma 16. Let €’} be the Z spacetime error in the Z(HE) measurement based on the resource state. There exists
an effective spacetime error in the form

Ferr = (00 Fops ) (G10)

where

€Y Ceff = (0 0 Ueff)a (G11)

such that the effective error €, is equivalent to the error e, i.e. Jg(”e"Z“effT = JgepT, and €% el < leZ]. In

the effective spacetime error, errors only occur on block-C' at the end.

Proof. In the effective spacetime error, we take u.ys according to Eq. (G9). Then, J?e?effT = JPepT is true, and
|67Zn,eff| <leZl. O

b. Z operators and X errors

The propagation of unmeasured Z operators in spacetime is described by the generator matrix

77 = (T4 Tgs T ), (G12)
where
"2y o
JT A = (Hx , G13
Z,A ( Jg 0) ( )
HD)rT (HD)rT
Tgs = (( X X 7 (G14)
Tz Tz
and
D rT D rT D rT
spe = ((RYT HRYT (HRYT )
’ JZ J7 J7
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Similar to J%, the generator matrix J7* describes the transformation of operators Z ((HQ)‘T) and Z(J2) on block-A

into operators Z ((H)?)YT) and Z(JZ) on block-C, respectively.
The propagation of measured Z operators in spacetime is described by the generator matrix

e = (Tmea Tps T ) (G16)
where
maA = (HéJ 0), (G17)
s = (HE HY), (G18)
and
e = (Y HY HP). (G19)

This generator matrix describes the transformation of operators Z(HZ) on block-A into operators Z(HZ) on block-C.
Outcome of the Z(HZ) measurement is justified by the following operator propagation,

= (g g Jne) (G20)
where
ma = (B2 0), (G21)
oeB = (Hé) H?) (G22)
and
Jie = (000). (G23)

Note that the resource state is an eigenstate of operators Z(HZ) on block-B. This generator matrix describes the
transformation of operators Z(H g ) on block-A into operators Z(H ZD ) on block-B, which is subsequently measured
in the transversal measurement on block-B.

We represent X errors in spacetime with a vector

ex = (6%14 eX B e%c) (G24)
where

X a/p = (UA/B,1 UA/B,z) (G25)
and

6?0 = (UC,I uc,2 uc,3 ) (G26)

The errors flip operators and measurement outcomes during the propagation according to

I HD rT
JyeR’ = <( j‘D) )(UA,eff+UC,eff)T: (G27)
Z
et = HP (uaers +ucess) (G28)
Jment = HPuh 44, (G29)
where
UAeff = UA1TUB1 T UB2, (G30)

Uceff = Uc,1+uc2+ucs. (G31)
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Lemma 17. Let €} be the X spacetime error in the Z(HZE) measurement based on the resource state. There exists
an effective spacetime error in the form

eXeff = (CQ,A,eff 0 e?,c,eff) (G32)

where
X Aeff = (UA,eff 0); (G33)
Reers = (00 ucers ), (G34)

such that the effective error e'y ;¢ is equivalent to the error e'y, i.e.

Iz J7'
Jg}z er—)?’effT = J:nnz e?T’ <G35)
Joc Joe

and \e”X17eff| < |e%|. In the effective spacetime error, errors only occur on block-A at the beginning and block-C' at the
end.

Proof. In the effective spacetime error, we take u4 sy and uc,esr according to Egs. (G30) and (G31). Then, Eq. (G35)
is true, and [e%¢ ;| < e[ O

2. Code surgery

First column Second column Third column Fourth column
£
s = < )
- _
8 X (Hx)
< £
2 3 —_
=1
= =
o
2
g
z D
3 Z(Hz)
E
S = ™
g
) X
3
2
— <  EE— L/

FIG. 14. Code surgery.

The circuit of code surgery is illustrated in Fig. 14, which is applied on kg blocks of the code (Hx,Hz,Jx,Jz),
called memory system. Check and generator matrices of the memory system are (ﬂ' x,Hz, Jx, J 7). This code surgery
realizes the measurement of Z(a.Jy).

The input state of the memory system may carry errors. We model them as errors occurring at locations on the
memory system in the first column; see Fig. 14. Accordingly, the effective input state (the state of the memory system

before the first column) is in the codeword subspace defined by stabilizer operators X (Hy) and Z(Hz).

We realize the measurements of Z(HZ) and X (ﬁ x) with corresponding resource states. According to Lem-
mas 16 and 17, errors effectively occur on the input and output states of these measurements, i.e. outcomes of
these measurements are effectively error-free; see Fig. 13(b).

a. X operators and Z errors

The propagation of X operators in spacetime is described by the generator matrix

Jé? = (‘]Al)‘(s,M Jé?,A J%,mea)’ (G36)
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where
J?,M = (&ij ayJx Gy Chjx) (G37)
and
Tea=(65) (G38)

correspond to spacetime locations on the memory and ancilla systems, respectively, and

J4 =0 (G39)

,mea

corresponds to the measurement of X (Hy). The columns in J? o oand J é? 4 correspond to spacetime locations as

illustrated in Fig. 14. This generator matrix describes that operators X (& J x)®X (B) on two systems at the beginning
are transformed into operators X (&, Jx) on the memory system at the end. Note that operators X (&) Jx)® X (5) =
X (JL) commute with the measurement of Z(HZ). Because qubits in the ancilla system are prepared in the state

|+), such a process effectively implements a trivial transformation on operators X (& Jx).

We detect errors in the following way. Let 7 € IF];F "X be the measurement outcome of X (H’ x ). We introduce the
vector

v = (f/—&—uTT uf{;&) (G40)

Then, (—1)" is the eigenvalue of the operator X ((H%);.). Note that operators X(Hx) [X(HZ)] commute with the
feedback gate [measurement of Z(HZ)]. Therefore, we have v = 0 if the circuit is error-free. Accordingly, the check
matrix is

Hy = (HY, Hey HY ), (G41)
where
Hy Hy Hx 0
HY ., = , G42
XM ( 0 0 o) (G42)
T T
HY , = | & 2 , G43
X.A (HM HM> (G43)
and

Hﬁma=<E%“>. (Ga4)

We represent Z errors in spacetime with the vector
¢ = (G e 0) (G49)
represents errors before the X (Hx ) measurement, where

ls _
€zM = (UM,1 Up,2 UM,3 UM,4) (G46)

and
Fa = (UA,l UA2 ) (G47)

We decompose this spacetime error into two components:

elZS_b = (’LLMJ Upnr,2 UM,3 0 UAa1 UA2 0) (G48)
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represents errors occurring before the X (lfI x) measurement, and

ey = (0 00 upa 00 0) (G49)

represents errors occurring after the X (H x) measurement. Note that e g = elZS b4 elZS_a. The errors flip operators

during the propagation according to

Jie" = TRulys 4 (a1 Jx)uls, (G50)
where
Ueff = ( Up1+ Upr2 + UM UAT T UA2 ) ) (G51)
Upes = UM 4- (G52)
If the spacetlme error e is undetectable through HY, it satisfies the condition Hé?elzs = 0. This condition can be

rewritten as HXueff =0.
Lemma 18. Let elS b and els @ be the spacetime error vectors representing Z errors that occur before and after the

X(HX) measurement, respectively, during code surgery. If errors are undetectable and satisfy |els b| < dp, then the

weight of the residual Z errors on the output state of the memory system is upper bounded by \els Pl

Proof. Note that dp is the distance of the deformed code. Because |ucss| < e "] < dp and H)?ugff = 0, we have
JXueff = 0. Then,

Jeest = (ardx)ul,, (G53)

i.e. the vector u,.s represents the residual errors, and |tyes| = \els . O

b. Z operators and X errors

The propagation of unmeasured Z operators in spacetime is described by the generator matrix

75 = (5ar TEa Tmea ) (G54)
where
Ton = (@470 &g &yt @y ) (G55)
and
J5a=(00) (G56)

correspond to spacetime locations on the memory and ancilla systems, respectively, and
JZ mea =0 (G57)
corresponds to the measurement of Z(HZ). Note that operators Z(&',T.Jz) commute with the measurement of

X (Hy).
Similarly, the propagation of measured Z operators in spacetime is described by the generator matrix

J7l”§z = (J}viz,lw vaﬁz,A Jfr:z mea)’ (G58)
where

J’rliz,M = (djz aJy ady djz), (G59)



Jrlwiz,A = ( 00 ) )
and
Jts = 0.

mz,mea

Outcome of the Z (dj ) measurement is described by the following generator matrix,

ls _ ls ls ls
‘]OC - (JOC,M JOC,A Joc,mea)7

where
T = (djz 00 0),

Jéi,A = (O 0)7
and

le)‘z,mea - deR72
Here,

ryl = (EkRT‘Z 0)
and

72 = (0 ET?—]CRTZ ) °

Note that the measurement of Z(HY) measures operators Z(@.J,) because

aJs g = (@i 0).
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(G60)

(G61)

(G62)

(G63)

(G64)

(G65)

(G66)

(G67)

(G68)

D
Let v € F5? be the outcome of the Z(HZ) measurement. Then, V'le/Q is the outcome of Z(v;2H}) operators, and

V(deR'yQ)T is the outcome of Z(djz) operators.
If the circuit is error-free, we have vy{ = 1. Accordingly, the check matrix is

ls __ ls ls ls
HZ - (HZ,M HZ,A HZ,mea)’

where
Hsy = (Hz000),
HZZS,A = (0 0)7
and
HZ ppea = M-

We represent X errors in spacetime with the vector

ls __ 1 1
ey = <e§7M e)?,A 0)

represents errors before the X (ﬁ' x ) measurement, where

ls _
CxX.mMm = (uM,l Up,2 UM,3 UM,4)

(G69)

(G70)

(G71)

(G72)

(G73)

(G74)
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and
el)?,A = (UA,l UA,2 ) (G75)
Similar to Z errors, we decompose this spacetime error into two components:
5 = (wara 000 uay 00) (G76)
represents errors occurring before the Z(HZ) measurement, and

el)i_a = (0 upr2 uyM,3 Una 0 uag2 0) (G77)

represents errors occurring after the Z(HZ) measurement. The errors flip operators and measurement outcomes
during the propagation according to

Jeelet = (@ T z)uly + (@ T T)ul,, (GT8)

T .= .=
Tl = (@dz)ugsy + (A7) U, (G79)
Jéiel)?T = (& ~Z>ueTffa (G80)
(G81)

where where

ueff = Um,1, (G82)
Ures = UM2 + UM3 + Upra (G83)

If the spacetime error el)‘g is undetectable through HlZ“”7 it satisfies the condition H?el)ﬁT = 0. This condition can

be rewritten as ﬁzugff =0.

Lemma 19. Let el;_b and el)i_“ be the spacetime error vectors representing X errors that occur before and after the

Z(Hg) measurement, respectively, during code surgery. If errors are undetectable and satisfy |el)‘§7b| < d, then the
measurement outcome of Z(aJz) is correct, and the weight of the residual X errors on the output state of the memory
system is upper bounded by |el;7p|,

Proof. Note that d is the distance of the code (Hx,Hz,Jx,Jz), which is also the distance of the code
(Hx,Hz,Jx,Jz). Because |ucps| < |el)§7b\ < d and qugff =0, we have Jzugff = 0. Then,

T

Jeekt = (@ "Jp)ul,, (G84)
Tl et = (@Jz)ul,, (G85)
Jsee™ = o, (GS6)

(G87)

i.e. the measurement outcome is correct, and the vector u,.s represents the residual errors. Regarding the weight,
ls—a
[ures| < le “| O

Appendix H: THRESHOLD THEOREM

In this section, we prove the threshold theorem for our protocol. We begin by presenting the noise model used
throughout this work, in which every physical location in the circuit is subject to potential errors. Next, we perform
partial circuit reduction to obtain simplified error models in which errors occur only at the boundaries of subcircuits,
as described in Appendices F' and G. These reduced models are then used to analyze the effective errors, as illustrated
in Figs.11, 13 and 14. Finally, based on the lemmas from Appendices F and G, we establish and prove the threshold
theorem for our protocol.
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1. Noise Model

Definition 2. Quantum LDPC codes. A quantum CSS code Q = CSS(Hx, Hyz) is said to be an (r, ¢)-qLDPC
code if the row weight of both Hyx and Hz is at most 7, and the column weight of both is at most c.

To protect an original quantum circuit C' against noise during implementation, we encode it into a fault-tolerant
circuit C¥T using quantum LDPC (qLDPC) codes. We model a fault-tolerant circuit as a sequence of physical
operations, each occurring at a distinct location. A location may correspond to a single-qubit gate, a two-qubit gate,
the preparation or measurement of a single physical qubit, or simply a wait operation.

In our analysis, we must account for errors that can occur at the physical level. A widely adopted and practically
relevant noise model for fault-tolerant quantum circuits is the local stochastic Pauli error model. We define a faulty
location as one at which a local stochastic Pauli error occurs. Locations without faults perform their intended
operations correctly, while faulty locations behave incorrectly due to the presence of errors.

Definition 3. Local Stochastic Error Model. Let C be a quantum circuit (and, by abuse of notation, also the set
of its physical locations). A set of faulty locations is specified by a random variable F' C C, where arbitrary physical
errors may occur at these locations (such a set F' is referred to as a fault path). The local stochastic error model
specifies that for any subset S C C, the probability that S is contained in the random fault set F' satisfies:

s ¢ 7l < [ e (H1)

i€S
where each physical location ¢ € C' has an associated error parameter p; with p; € (0, 1].

Since any Pauli error can be decomposed into X and Z components, it suffices to consider X-type and Z-type
errors in our analysis. A Y-type error is equivalent to the simultaneous occurrence of an X-type and a Z-type error
at the same location, and is therefore covered by analyzing these two components.

Assumption 1. Local Stochastic o Error Model. We assume that C¥T is subject to a Local Stochastic o Error
Model with error probability p; for all locations i € C¥Y, where 0 = {X, Z}. This means that the error model can be
regarded as the combination of two independent models: a Local Stochastic X Error Model and a Local Stochastic Z
Error Model. In the first model, each physical location i € C¥T suffers an X -type error with probability p;, and in the
second model, each physical location suffers a Z-type error with the same probability p;. The two types of errors occur
independently, and a simultaneous occurrence corresponds to a Y -type error at that location.

We use (C,{pi}icc) to indicate that the physical errors in the circuit C' are distributed according to the locally
stochastic o error model. This model can be straightforwardly generalized to allow for different error probabilities at
different types of locations or at different time steps in the circuit Cpp. In the following, we assume that the error
parameter at each location is upper bounded by a uniform parameter pyn, € (0,1], i.e., p; < pphy for all i € C.

2. Partial circuit reduction

Partial circuit reduction is based on propagating Pauli errors through each layer of the Clifford-gate circuit, thereby
pushing these errors toward the layer boundaries. This procedure enables the replacement of certain faulty portions of
the circuit with equivalent error-free subcircuits, as is shown in FIG. 15. In what follows, we introduce the concept of
circuit reducibility, which forms the basis for partial circuit reduction used in our proofs. Circuit reducibility permits
the simplification of an incomplete circuit, defined as a contiguous segment of the full fault-tolerant circuit. We define
this simplification method as partial circuit reduction.

For clarity, we first establish notation. For any set C, we denote its power set—the set of all subsets of C—by 2¢.
We further define a binary-valued function m : 2 — {0, 1}, which serves as a failure flag. If m(F) = 1, this signals a
decoding failure or a similar error, in which case the circuit’s output may follow an arbitrary probability distribution.

Definition 4. (Definition. 13 in [17]) We say that a pair (C, {p;}icc) of an incomplete circuit C and a set {p;}icc
of error parameters for C' is d-reducible to another pair (C’,{g;}jec) of an incomplete circuit C’ and a set {g;};jec
of error parameters for C’ if there exist maps I' : 2¢ — 20" and m : 2¢ — {0, 1} satisfying the following conditions.

1. For any probability distribution of F' € 2¢ satisfying

VACC,PF2A < []pi (H2)
i€EA
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FIG. 15. Illustration of partial circuit reduction. The green shaded regions indicate locations in the circuit where faults may
occur. (a) Error propagation through the Clifford-gate circuit: the arrows indicate how Pauli errors move after passing through
CNOT gates or idle (identity) operations. (b) After applying partial circuit reduction, faults are confined to the boundaries of
the circuit, i.e., only at the beginning and end of the circuit, while the intermediate operations are effectively noisy-free.

it hold that

and

VA C C',P[m(F)=0and I'(F) 2 AT < [] g (H4)
JeEA’

2. For any set F' C C of faulty locations in C' with m(F') = 0, and any assignment of Pauli errors in F', there exists
an assignment of Pauli errors in the set I'(F) C C’ of faulty locations in C” such that C' with the errors in F
and C” with the errors in I'(F') are equivalent.

Lemma 20. (Lemma. 15 in [17]) If (C,{p:}icc) is d-reducible to (C',{q;};jccr), then for any (Co, {7t }rec,), (C'U
Co, {piticc U{ritrec,) is d-reducible to (C" U Co,{q;}jec U{ri}trec,)-

Lemma 21. (Lemma. 16 in [17]) Consider a pair (C,{p;}icc) for which C is partitioned into two disjoint subsets
Cy and Cy, and

Vie Cy, p<p®elo1], (H5)
VieCy, pi<p®el0,1] (H6)
holds. The pair (C,{p;}icc) is reducible (i.e., -reducible with 6 = 0) to another pair (C',{q;};cc’) if there exists a

1)

s and c?jj satisfying the following conditions.

map T : 2¢ — 2¢" and positive integers cry, cg

1. It holds that

b
) =0. (H8)

2. For alli € C,
P < e (H9)

3. For all j € C",
[{ie CrijeT({iD} <y, (H10)

i€ Cy:jeT({in} <. (H11)
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4. Define

C}aulty = U F({Z}) (H12)

1€C:p; #0
For all j € C}/‘aulty’
N
228 (14 2 ) 2y 2 0o, ()
and for all j € C'\ Cly,»
— (H14)

5. For any set A C C of faulty locations in C and any assignment of Pauli errors in A, there exists an assignment
of Pauli errors in the set T'(A) C C" such that C with the errors in A and C' with the errors in I'(A) are
equivalent.

Lemma 22. Wait operation. In a quantum circuit C, two sequential idle operation layers, each exhibiting a local
stochastic Pauli error with parameters bounded by p; € [0,1) and py € [0,1), respectively, are equivalent to a single
idle operation layer with a local stochastic Pauli error parameter bounded by py + p2 +p1pa < min{2p; +pa, p1 +2p2}.

Proof. Let A be a subset of k qubits in the circuit, with & < m where m is the total number of physical locations in
an idle layer. Under the local stochastic Pauli error model (Definition 3), the probability that all k qubits in A are
faulty after two sequential idle layers can be bounded by considering three disjoint cases for each qubit:

1. errors in both layers: probability < pips,
2. errors only in the first layer: probability < py,
3. errors only in the second layer: probability < ps.

If i qubits fall into case (1), j into case (2), and k — i — j into case (3), then

Pr(S C F] < [[ o < (pip2) pips "7 =pi"p5 7. (H15)
les

Summing over all possible such configurations, we obtain

SR (k=N g s
PrfsC P <Y <Z> ( j >pzl+3pg—y (H16)
= (p1 +p2 + pip2)". (H17)

which corresponds to a single idle layer with local stochastic error parameter peq = p1 + p2 + p1p2. Finally, since
pip2 < min{py, pa} for p1,pe € [0, 1), we have peq < min{2p; + pa2, p1 + 2p2}.
O

3. Applications of circuit reducibility

The circuit primarily consists of two main components. The first is the preparation of resource states, which serve
as essential inputs for both logical operations and error correction. These resource states are subsequently consumed
during the second component, gate teleportation, which uses them to implement logical gates and perform error
correction. Next, we perform partial circuit reduction on the resource state preparation and gate teleportation stages.
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FIG. 16. Circuit reducibility applied to the resource state preparation circuit. The figure shows the equivalent circuit obtained
after applying the reduction procedure described in Sec. H2. Red shaded regions indicate locations where local stochastic o
errors occur, and the parameters shown below each region give upper bounds on the error rates for those locations. These
bounds are derived using the partial circuit reduction technique, which propagates Pauli errors through Clifford gates and
merges multiple wait operations into equivalent wait operations. A detailed derivation of these bounds is presented in the
subsequent analysis.

a. Resource state prepration

As shown in Fig. 16, the resource state preparation circuit can be transformed, via the circuit reducibility procedure
described in Sec. H2, into an equivalent form in which all faults are confined to specific red shaded regions. The
parameters shown beneath each red region represent upper bounds on the local stochastic Pauli error rates for the
corresponding faulty locations. These bounds are obtained by propagating Pauli errors through Clifford gates and
merging idle periods into single wait operations, following the partial circuit reduction method. A detailed derivation
of these bounds will be provided in the subsequent analysis.

We first analyze the reducibility of the Z(H g ) measurement operation within the resource state preparation circuit,
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(a) (b)
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FIG. 17.  Reducibility of the Z(H D) measurement circuit in resource state preparation. (a) Original gadget CZHZ) with

initial/final wait layers and a syndrome measurement subcircuit of depth s; red regions mark locations where faults may occur.
(b) Equivalent reduced circuit via Lemma 21, propagation errors from faulty locations in C*™ to those in Cy&it,

as shown in Fig. 17.
Proof. Let C% (HZ) be a measurement gadget of total depth 2 + s1, composed of:
1. an initial wait layer C}"®* of depth 1,

2. a syndrome measurement circuit C™? of depth at most s, where s; > Wmax and Wyay denotes the maximum
row (or column) weight of the parity-check matrix HZ.

3. a final wait layer Cy®* of depth 1.
Thus,
C«Z(Hg) — Ci)vait U Csynd U C«;\/ait7 (H18)

For all locations i € CJ*tuCs"duCyait, the physical error rate satisfies p; < pphy. We consider Pauli error propagation
from faulty locations in C*¥"¢ to those in O3, To apply Lemma 21, we set C; = C"4 and Cy = Oy, After

propagation, we partition C*¥"4 U C¥i* into the set of non-faulty locations C’fgﬁ?aulty and the set of faulty locations
synd
Cfayulty:
CSde U C’;\fait = Crsz)ﬂtfiaulty U Cfsglﬁ(sy (ng)

syn wait synd
This error propagation defines a map I'sy"d ; 2(¢ ey 9(Criey) | A single-qubit Pauli error propagating through
a single-depth layer can expand to at most a two-qubit Pauli error, since each physical gate acts on at most two qubits.
Therefore, a Pauli error originating in C*V*? may propagate to at most 2% locations, while an error in C%** does not

propagate. Thus,
T4 ({3})] < epy = 251 for i € YU Cyait, (H20)

2 _q

. . d . .
Moreover, each location in Ci7h\¢ can be affected by errors from at most s12%* locations in C*™4 and at most ¢ =

faulty
location in Cy2it:

{i e C: j e (i} < V) = s2%, (H21)
i Cymit s e T (i} < o) = 1. (H22)

Furthermore, under this partition, p; < p) = Pphy for all i € C* and p;, < p? = Pphy for all i € Cyait,
synd

Therefore, if we choose ¢; for all j € Cfaulty as
1)
(2) p(l) Cbw (1)
g > 20w (1 + (2)> (p(2))1/cfw + 2w (p(1))1/cfw (H23)
p
=222 (2ppny) /2 4297 (ppny) /P (H24)

= ¢, (H25)



44

then the map I and the error parameter sets {pi}iccevmauoysn and {g;};c cevna satisfy all conditions in Lemma 21.
faulty

Thus, (C¥™d U Cyait {p;}) is reducible to (C32 {4} jecppma ) and (O ity {0} jegmma ). O

faulty> nonfaulty’ nonfaulty

After performing the Z(H ZD ) measurement, Pauli gates are applied based on the measurement outcomes. We can
assume each location has an error parameter p; < cpphy, and that these errors do not propagate.

Then, we analyze the circuit reducibility of the Bell state preparation operation within the resource state prepara-
tion, as shown in Fig. 18.

(a) (b)

1 1
|+) |+)
] —
1 P 1 P

g g
[0) S [0) S5
L] = a =

BS
Dphy Dphy Pphy Dphy q

FIG. 18. Reducibility of the Bell state preparation circuit in resource state preparation. (a) Original Bell state gadget with red
regions indicating fault locations, each having physical error rate ppny. (b) Equivalent reduced circuit obtained via Lemma 21,

. synd . . .
mapping faults to CElY = Clauy, with uniform effective error rate q=5.

Proof. The proof follows similarly to the reducibility analysis of the Z(HZ) measurement circuit. For the Bell state
preparation, the syndrome subcircuit has depth s; = 1. We set p(!) = Dphy p3 = Pphy- The forward and backward

bounds are cgy = 2, c](;g =2, c](ozg = 1. Applying Lemma 21, for all j € Cfsay;‘liy,
(1) 0&3
2 1
g = 2% (1 + p(2)> (p2)) /et 4 gim (p(1))1/enw (H26)
p
=2 (14 1)*(ppny) "> + 4(ppny) /> (H27)
= 12(pphy)1/2 (H28)
=¢"5. (H29)

O

We analyze the reducibility of the Z(HZ) measurement operation within the resource state preparation circuit,

shown in Fig. 19. In contrast to the reducibility of C#H z ), we will achieve the equivalent circuit by backpropagation
of errors.

Proof. Let C?(Hr) be a measurement gadget of total depth 2 4 so, composed of:

1. an initial wait layer C}'®* of depth 1,

2. a syndrome measurement circuit C’fynd of depth at most so,
3. a final wait layer Cy of depth 1.

Thus,
CZ4Hr) — Cyity Ciy“d U Cyrait, (H30)

For all i € C}it U C’fynd U CYi* the physical error rate satisfies p; < pphy-
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FIG. 19. Reducibility of the error correction gadget CZ’F) for the local testable code.(a) Original the error correction gadget
CZHr) (b) Equivalent reduced circuit obtained.(c) Illustration of backward propagation of X and Z errors.

We consider Pauli error propagation from faulty locations in C’fynd U Cyait to those in C}#t. In Lemma 21, we set
Cy = O™ U Oyeit, Oy = O)it, After propagation, we partition
CZMr) = crne U Ciine (H31)

faulty nonfaulty’

where Cfsﬁlfy contains all locations reached by propagated errors.

. wait synd wait Synd
This defines the map Isynd ; 2(CI* O™ VCT™) _y 9(Cauiy) -~ A single-qubit Pauli error in one layer can affect at

most two qubits in the next layer. Thus, an error originating in nynd U C¥3it can spread to at most 22 locations,
giving cgy = 2%2. Errors in C%31 remain localized.

Each location in C’fsglﬁfy can be influenced by at most célvg = (s9 4 1)2% locations in C¥™ U Cy* and at most

¢2) = 1 location in C}it:

{i e O™ Uyt j e DY)} < (s2 4 1)2°2, (H32)
[{i € O™ . j e T ({i})}] < 1. (H33)
We set p() = popy for i € C™ U Oyt and p®) = pypy for i € O, Then, for all j € C'fsglﬁ?y,
qj > 2w (1 + (2)> ( (2))1/ch + 2°bw( (1))1/wa (H34)
=9. 2(s2+1)2 2 (pphy)l/232 + 2(82+1)252 (pphy)1/252 (H35)
= ¢MTC. (H36)

For j € C’;ﬁﬁfamty, we have ¢; = 0. Thus, (C3*t U C™ U Cy@it, {p;}) is reducible to (C22  {g; 1 ecpma ) and

faulty? oty
synd
(Cnonfaulty ) {O}] cosyrd

nonfaulty

Following the syndrome measurement, a Pauli feedback operation is applied. Since the exact circuit depth of this
feedback stage is not specified, we assume a depth of 1, and assign an error probability of per = cppny, to each
physical location, where c is a constant. This assumption is justified by the fact that Pauli gates do not propagate
errors; consequently, the feedback stage can be modeled as a sequence of idle operations subject to local stochastic o
errors. By applying Lemma 22, we merge any sequence of wait operations, as well as any Pauli operation adjacent
to a wait operation, into a single equivalent wait operation. In addition, the remaining Pauli feedback operations are
processed in the same way, by merging any Pauli operation followed by a wait operation, as well as any sequence of
wait operations, into a single equivalent wait operation. O
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Finally, we consider the decoding stage within resource state preparation. Let CSDEF = CPec y C™ait denote a
decoding gadget based on the surface code (the factory code). This gadget is an incomplete circuit consisting of a
decoding subcircuit CP°¢ and a set of wait locations OVt

The decoding process of the surface code is illustrated in Fig. 12. Since CP° contains only X- or Z-basis mea-
surements and Pauli gates conditioned on the measurement outcomes, any faulty decoding circuit can be transformed
into an equivalent fault-free decoding circuit by propagating the resulting Pauli errors to the corresponding faulty
locations in C'Wait,

Assumption 2 (Error Model for Surface Code Decoding Gadget). Let CR& = CPUC™ait denote a decoding gadget
based on the surface code (the underlying code). We assume that this gadget is subject to a local stochastic o error
model, with error probability for each location j given by:

p; =0 if jeCre, (H37)
pj < Apphy  if j € CVE (H38)

where \ is a constant.

Similarly, for the LTC code (the factory code), let C’LD%C = CPeey vt denote the corresponding decoding gadget.
We assume:

p;=0 if jeCPe, (H39)
pj < Mp if je v, (H40)

where M is a constant that depends on the specific construction of the factory code.

b. gate teleportation

As shown in Figs. 22(a) and 22(b), the errors are propagated from the CNOT gate to the subsequent idle operations.
Furthermore, by applying Lemma 22, we obtain the desired reduced subcircuit (Fig. 13).

4. Threshold theorem analysis

In this section, we analyze the probability of logical errors and the residual errors that remain uncorrected after
the error correction procedure for both logical Clifford gates (e.g., H, S, and CNOT) and non-Clifford gates (e.g.,
CCZ) implemented via code surgery. Before proceeding with the analysis, we introduce the notation @ = (|¢),t,p) to
denote a quantum state |¢) that satisfies the following two conditions: (1) it has undergone fewer than ¢ Pauli errors,
with each error acting on a distinct physical qubit; and (2) it has been subjected to a circuit of wait operations that
induce local stochastic Pauli errors, with the error parameter at every location less than p, where p € [0,1). This
notation is introduced for convenience in the subsequent analysis.

a. Resource state preparation of clifford gate

To implement logical Clifford gates, we perform a sequence of joint measurements as illustrated in Fig. 8. The
resource states required for these joint measurements are listed in Table I11. We introduce the notation H2S to denote
this sequence of resource states. For error correction, we define one HRS as np copies of H Mor HY.

Assumption 3. Let Q be a distance-d surface code. Suppose the code suffers from local stochastic noise with error
probability p1 per qubit initially, error rate py per physical qubit per syndrome extraction, and error rate ps for each
measured syndrome bit. Assume the syndrome measurement is repeated d times. Then there exists a threshold e
such that if min{p1, pa,p3} < €wns, there exists a decoding algorithm such that, after performing logical operations
(transversal Clifford gates + error correction), the logical error rate satisfies

P l4]+1
me () )

€th,s

Theorem 2 (Resource State Preparation for Clifford Gates). There exists a constant €, € (0,1) such that, for
resource state preparation, there is a circuit Cys of depth ©(dg) and Ays = @(nRSde%‘) locations, satisfying:



47

e In the absence of noise, the circuit outputs kr resource states HES.

e Under noise, with physical error rate ppny < €, the expected output is Qrs = ((H?S)@”W, tr, )\pphy), and the
failure probability satisfies Pr|Cys, fail] < %‘;(_Q(d)).

Here, nrs denotes the number of physical qubits in the resource state HXS, and t;, = min {1%, ;U—FD}
z

Proof. We employ LTSP to prepare these resource states. Consider the noisy case with pphy < €. Each qubit in
Cs is encoded using the surface code with code distance dg = O(polylog(d)). By Theorem 3, each logical operation

7SJ+1
induces a logical error with probability pr,.s = (Ef; ) .
As shown in Fig. 16, the circuit contains ©(ngrg kr) logical locations (logical operations implemented using the

surface code). The number of fault paths producing exactly ¢ errors is (@("Rts ke )).

Applying the local stochastic error model (Definition 3), the probability of accumulating more than ¢;,/2 X errors
or tr,/2 Z errors is bounded by

. O(nrsk A tx,m O(nrek A tz,Mm
Pr(Cys; fail) < ( (nas F)) [c1 (prs)"” } +< (nRs F)> {cl (pLs)"? } . (H42)
tx,m tz m

Using the standard binomial bound (Z) < (%)k, we obtain

@( i ) tx, m @( i ) tz,Mm
Pr(C.ss al) < ( R ) + ( YT ) - (1143)
(1/pLs) tx,m (1/pLs) tz.m
_ tr — _tr_
Here, tx,m = P max{l,% and tz,m Twl

Therefore, there exists a constant e, for which, whenever ppn, < €, the failure probability satisfies Pr(Cs; fail) <
krkr exp(—Q(d))
12 :

Here, ¢; and A are constants such that clpéflﬁl = max {Mpphy, qLTC7 qBS7 qEC, qMS + 2cpphy} €10,1).

Finally, by Assumption 2, unencoding the surface code yields kp resource states HES satisfying Q. =
((H§S>®kF7 tLv )\pphy), namely:

1. Fewer than ¢ Pauli errors, each acting on a distinct physical qubit.

2. Subjected to a wait-operation circuit inducing Apphy-local stochastic Pauli errors.

b. Error analysis during code surgery

In this section, we use Lemmas 19, 18, 17, and 16 to analyze the error probability of efficient errors at every location
during the code surgery process. We first analyze the Z(HZ) measurement circuit, and then consider the case of code
surgery, which involves performing both the Z(HZ) and X (Hx) measurements.

Efficient errors during Z(HZ) As shown in Fig. 20(a), the Z(HZ) measurement circuit contains multiple
red-shaded regions, each annotated with the maximum error probability per location. Using circuit reducibility
[Fig. 20(b)], the error model is simplified by mapping faults to the boundaries of the subcircuit. According to
Lemmas 17, Z-type Pauli errors localized within distinct red regions can be equivalently mapped to corresponding
faults occurring at the end of Block-C. Similarly, wait operations with local stochastic Z errors from various regions
can be mapped to the end of Block-C, as shown in Fig. 20(c).

By Lemma 22, multiple idle-operation layers with local stochastic X errors are equivalent to one such layer, with
each location error probability at most qgg, where q(cis is the sum of contributions from all fault regions:

(J((?S = 2Pphy + 121711){; + 4(A + 2)Ppny + 6pphy + 2(c + 2)pphy- (H44)

Similarly, X errors arising from various red regions can be effectively transformed into equivalent errors occurring
at the end of Block-C or the begining of Block-A of the circuit. As shown in Fig. 20(d), we have

455 = 2y + 12922 + 2(\ + 2)pyny (H45)

485 = (A + 2)Pphy + 6Pphy + 2(C + 2)Dphy- (H46)
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FIG. 20. Effective error models for the Z(HZ%) measurement circuit. (a) Original Z(HZ) measurement circuit, where red
shaded regions indicate locations subject to local stochastic o(c = X, Z) errors. (b) Reduced form of the circuit obtained via
circuit reducibility, in which faults are mapped to the boundaries of the subcircuit. (c¢) Effective error model for X-type Pauli
errors, with q(cg and q(czs) denoting the maximum probability of X errors per location at the beginning of Block A and at the
end of Block C, respectively. (d) Effective error model for Z-type Pauli errors, with q(CS denoting the maximum probability of
Z errors per location at the end of Block C.

Efficient errors during code surgery The analysis of X (Hx) is identical to that of Z(H%), except that X and
Z errors are exchanged.

a. X-type errors. According to Fig. 20, X-type errors effectively occur at the beginning and end of these mea-
surements. We use the corresponding effective X-error model as the error model for Z(HZ) and X (Hx) in code

surgery. By reducing adjacent circuits of wait operations into a single one, we obtain the effective error model shown
in Fig. 21(b), where:

A5 =5 2o e
Q(CEJSS' = Q(Czsg + 2Pphy, (H48)
155 = 5 + 2o a9

Using Lemmas. 19, the effective X error model for the case where X errors occur at the end of X (Hx) measurement
and at the begin of Z(HZ) measurement is shown in Fig. 21(c), with:

q(c7)s = 2(1(05)3 + q(%f + 2(c+ 2)pphy- (H50)

b.  Z-type errors. Following a similar reduction process, we obtain the effective Z error model shown in Fig. 22(c):
q953) = 4} + 2Dphy (H51)

qG5) = &5 + 2ppny + 2055, (H52)
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FIG. 21. Effective X-type error models during code surgery, where red-shaded regions indicate locations subject to local
stochastic X errors. (a) Initial code-surgery circuit. (b) Reduced circuit obtained using the effective Z(H%) and X (Hx) error
model. Here, q(cﬁ, qg-)s)‘, and q(CS denote the maximum probability of an X error per location for the corresponding red-shaded
regions. (c) Final effective X-error model for the case where X errors occur at the end of the X (Hx) measurement and at the
beginning of the Z(H D ) measurement, with QSS and q(cg denoting the maximum probability of an X error per location for the
corresponding regions.

where qgf = q(%g + 2pphy and (J(%‘)g = qgf + (2¢+ 2)pphy-

c. Code surgry

Then, based on the previous discussion, we consider the failure probability of code surgery. Note that it is not
necessary to ensure that all errors are corrected during the logical operation; we only require that the residual errors
are controlled such that they do not cause logical errors in the subsequent process.

a. Measurement protocol. During code surgery, we employ the Roped-Devised-Sticking protocol, in which logical
operators on ng memory blocks are measured simultaneously. For each logical operator, a measurement outcome is
obtained. We define dg,; = 0 to indicate that no logical operator has been incorrectly flipped (operation succeeds),
whereas dg = 1 denotes the occurrence of such an erroneous flip (operation fails). Furthermore, we use |q_5>in to
denote the input state, and |¢)ou; to denote the state after the operation (i.e., joint measurement ). Both |¢);, and
|#)outs Tepresent logical states without any Pauli errors, i.e., in the ideal, noise-free setting.

Lemma 23 (Lemma 1 in [15]). Consider a set S of t nodes in a graph where each node has degree at most z. Let
M., (s,S) be the number of sets containing S and in total s nodes (s —t nodes beyond those in S), which form a union
of connected clusters, each containing at least one node from S. Then M,(s,S) < e'~1(ze)s~t, where e is the base of
the natural logarithm.

During resource state preparation, we generate ((HXS)®FF ¢y Appy.), which denotes kp resource states HES
containing at most ¢, total errors. Because these errors are not uniformly distributed, we conservatively assume that

each resource state may contain up to tj errors, i.e., (H RS 41, )\pphy). Although this assumption inflates the error

count, subsequent analysis confirms that it does not affect the final result.

Theorem 3 (Code Surgery). There exists a constant eqs € [0,1) such that, for ppny € [0, €cs), there is a gadget Gades
of depth ©(1) and Aes = ©(np) locations satisfying:

e In the noise-free setting, Gades performs joint measurements on the memory codes.

e The input state is Qin = (|q_$>gkR, 2tr,, czp;{$2) and resource states are QFS = (HES t1, Appny)-

e Under noise, the expected output is Qcog = (|$>?ukﬁ, 2tr,, CQp;{1¢2) with dga1 = 0, and the failure probability (i.e.,
no producing Qcs with 0ty = 1) satisfies Pr[Gadcs, 0tan = 1] < w,
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(c) Final effective Z error model.

JZAY

where co and As are constant and statisfy czpll)hy = max{q(cg, q(cl%)}.

Proof. We largely follow the proof of Theorem 2 in Ref. [15], with minor modifications. A logical error is assumed
to occur if and only if there exists a connected cluster of s > dp qubits containing at least [s/2] actual errors in the
fault path. We analyze how errors in the input and resource states propagate during the joint measurements, and
determine the minimum number of actual errors required to cause a logical failure.

We separately consider two cases in code surgery: (1) a logical X error that causes the Z(HZ) measurement to

fail, and (2) a logical Z error that causes the X (f[ x ) measurement to fail. For each case, we determine the minimum
number of actual errors required to produce the corresponding logical failure.

Case 1: Z(HZ) measurement failure due to a logical X error. The input state Q;, contains at most 2t;, errors,
and the resource state contains at most ¢z, errors. By Lemma 17, during Z(HZ) an X error in the resource state is
equivalent to appearing either on block-A at the beginning or on block-C at the end. Consequently, at most t;, X
errors from the resource state and 2t;, X errors from the input state may be mapped to the beginning of Z(HZ).
According to Lemma 18, this mapping is equivalent to the input state having 3t;, X errors, forming part of a connected
error cluster. Therefore, a cluster must contain at least [s/2] — 3t actual errors to produce a logical X error and
cause the Z(HZ) measurement to fail.

The Z errors in Qi, and Qoyt are equivalent to appearing at the end of the Z(H ZD ) measurement, with at most 3¢y,
such errors.

Case 2: X (lfI x ) measurement failure due to a logical Z error. By Lemma 17, an X error in the resource state is
equivalent to appearing either on block-A at the beginning or on block-C at the end. Together with the uncorrected
3tr Z errors from the Z(H%) measurement, there are at most 4¢;, errors at the beginning of the X (Hx ) measurement
circuit. According to Lemma 19, this is equivalent to the input state having 4¢;, Z errors, forming part of a connected
error cluster. Therefore, a cluster must contain at least [s/2] — 4¢;, actual errors to produce a logical Z error.

Using Lemma 22, we combine input-state o errors with rate czpll){$2
and Fig. 22. The probability of ¢y = 1 is then bounded by: (i) Z errors with rate q(clsl) + 202])}1)
1/A2
phy

and circuit-induced errors, as shown in Fig. 21

}/$2, (ii) X errors with

rate q((fg + 2cop . The first term corresponds to Case 1, and the second term to Case 2. Applying Lemma 23, we
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obtain:

n-kr s Asvs/2— np Asvs/2—
Pr[Gads, 0t = 1] < " Z (2ze) (q(clsl) + 282]);{13,2) /2=3te 4 o Z (2ze)s(q8§ + 202p;{1y2) /[2=4tr
s>dp s>dp

n- kg (22€ q(clsl) + 262p;{$2)dD76tL L (2ze qgg + QCszl){]éQ)dD*StL s
/A —
¢ (1 -2z q(clsl) + 2C2pp}/1y 2) € (1 -2ze q((fg + 262pp}/1y 2)

where z is a constant related to the weight of the memory code. Therefore, there exists a constant e.s for which,
whenever pphy < €, the failure probability satisfies

IN

kr exp(—Q(d)).

P csy Ofail = 1] <
r[Gad (Sf 1 ] 12

(H54)
After performing code surgery, as illustrated in Fig. 21 and Fig. 22, the output still needs to undergo two equivalent
wait operations, with effective X- and Z-error probabilities q% and q(cl%), respectively. There exist constants co and

Ay such that

A
CQp;{lyQ = max{q(cl%), q(cg} (H55)

This inequality ensures that the output sbject to local stochastic o errors with residual o error probability clp;{lfl,

upper-bound the effective X and Z error probability arising in the code surgery gadget. In addition, there are

residual errors from the Z(HZ) and X (Hy) measurements, with an analysis process similar to that described above.

Specifically, there are at most t;, errors originating from the resource state of Z(HZ), of which t; X errors are

corrected during the X (Hy ) measurement; and at most ¢, errors originating from the resource state of X (Hy).
Thus, we have

kr exp(—Q(d))

PI‘[GadCS, 5fail = 1] < 12 )

which ensures that code surgery succeeds while keeping the residual errors within 2¢;,. Moreover, the error parameters
1/A1
O

at every location of the wait operations are bounded by C1Pphy -

Theorem 4 (Error Correction). There exists a constant eqc € (0,1) such that, for ppny € [0, €cc), there exists an error
correction gadget Gadgc of depth ©(1) and Agc = ©(3np) locations satisfying:

e In the noise-free setting, Gadgc performs error correction on the memory code blocks.

e The input state is Qin = (|P)out, 2t L, clp;{lﬁl)(@"}% and the resource states are QES = ((HM)®"® 1 Apppny).

e Under noise, the expected output is Qrc = ((|qz§>0ut)®"R,QtL,czp;£¢2), and the failure probability (i.e., no
producing Qrc with 5t = 1) satisfies Pr[Gadgc, 0t = 1] < kg exp(—Q(d)) /4.

Proof. We follow the same cluster-based analysis as in Theorem 3.

Case 1: Z(HY) measurement failure due to a logical X error. The input state contains at most 2¢;, errors and
the resource state contains at most t;, errors. Thus, at most ¢;, X errors from the resource state and 2t; X errors
from the input state may be mapped to the beginning of Z(H2). According to Lemma 18, this is equivalent to the
input state having 3t;, X errors, forming part of a connected error cluster. Therefore, a cluster must contain at least
[s/2] — 3t actual X errors to produce a logical X error.

Case 2: X(H é\(/f ) measurement failure due to a logical Z error. From Case 1, there are 3t; uncorrected Z errors
from the Z(HY) measurement. Considering at most ¢, Z errors from the resource state, there are at most 4t
effective errors at the beginning of X (HY). According to Lemma 19, this is equivalent to the input state having 4¢,
Z errors, forming part of a connected error cluster. Thus, a cluster must contain at least [s/2] — 4ty actual Z errors
to produce a logical X error.

Using Fig. 20 and Lemma 22, since the input is (\cﬁ)out,QtL,@p;{lﬁz), we obtain qEES = q(CS + 202p;{§2, QEEQ()J =

YAz s shown in FIG. 23.

qg; + 2¢2Dpny
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FIG. 23. Error correction involving sequential Z(H2') and X (HY) measurements. (a) and (b) illustrate the propagation of X
errors during the measurement process. (¢) and (d) illustrate the propagation of Z errors during the measurement process.

The failure probability is then bounded by

n n
PriGad 5ai —11 < o 9 s/ EC\s/2—3tL e 9 s( EC\s/2—4t
r[Gadgc, dtail ]_anze Z(Ze) (a¢1y) * e Z(ze) (q(2))

s>dp s>dp
(2Z€ quC)dD—GtL (226 qEQC)dD_StL
<npg [3 o p LV (H56)
€ (1 -2ze qﬁ?) € (1 -2ze qg()j)

Therefore, there exists a constant €. for which, whenever ppny < €cs, the failure probability satisfies Pr[Gadgc, il =
1] < kR exp(=Q(d))

i 4 .

After error correction, as shown in Fig. 23, the output still needs to undergo two equivalent wait operations, with
effective X- and Z-error probabilities 2q?2§ + q(03§ and qgg, respectively. According to Eq. H50, clpllpéﬁl > 2q(02§ + qgg
In addition, there are residual errors between the two measurements: at most t;, X errors from Q?s and at most tr,
errors from Q§S .

Thus, we have Pr[Gadgc, 0ty = 1] < M, ensuring that error correction succeeds while keeping the
residual errors within 2¢7,, and that the error parameters are bounded by clplljflﬁl. O

We now consider a complete joint-measurement procedure. One round of error correction is performed before the
code-surgery step, and another round is performed afterwards. In this process, six resource states must be prepared. We
consider performing krpkpr joint-measurement operations in parallel. Combining the above bounds for all constituent
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gadgets yields the overall failure probability of the joint measurement:

Pr[GadChfford, Ofail = 1] =2kp PI‘[GadEc, Ofail = 1] + kr PI‘[Gadcs, Ofail = 1] + 6 PI‘[CRs, fall}
< kr kg exp(—$2(d)). (H57)

Thus, the average failure probability per joint measurement is exp(—£(d)).

d. Resource state preparation of magic injection

In this section, we focus on the preparation of resource states for magic state injection and the probability of

successful magic injection. The resource states involved in this process include HZ (Zs ® Z1), (Hy)®"%, (Hg)‘g’m,
and (HM)®"r_ For notational convenience, we collectively denote them as (H3)RS.

Theorem 5 (Resource State Preparation of Magic injection). There exists a constant exgm € (0,1) such that, for
resource state preparation, there is a circuit Cism of depth ©(dg) and Asm = @(kkpkgd%) locations, satisfying:

e In the noise-free setting, the circuit outputs kp resource states (HS)RS.

e Under noise, the expected output is Q5 = (((HS)RS)®FF tg, Appny ), and the failure probability (i.e., no producing
QS with 6.y = 1) satisfies Pr[Crsm, Opait = 1] < kkpkr exp(—Q(ds))/4 < 6“{’%

ds

Here, ts = 9.

Proof. The proof follows the same procedure as in Lemma 2. For the resource states preparation used in magic
state injection, we continue to employ LTSP . The circuit contains ©(kkrkpr) logical locations (logical operations

implemented using the surface code). The number of fault paths producing exactly ts = O(dg) errors is (@(M;SF kR)).

Applying the local stochastic error model (Lemma. 3), the probability of accumulating more than tg/2 X errors or
ts/2 Z errors is bounded by

. © k INREZ & ® k Atz,s
Pr(Ces; fail) < ( (nns F)> o1 (o) +< (s F)> [ (9)*]
tx,s tz.s

S( @(nRslkF)qe )tX’S_F( O(nrskr) cre )tzysl (H58)
(1/ps)" S

A A
1/pLs > tx,s (1/pL,s)1/2 "ty

Here, tx s = t—sn and tz g = 455 . Therefore, there exists a constant ey for which, whenever Dphy < €rsM,
’ 4w? max{l,mfs ’ dwy
the failure probability satisfies
. €noisy
Pr(Cism; fail) < kkgkr exp(—Q(ds))/4 < . (H59)

12

Finally, by Assumption 2, unencoding the surface code yields kr logical states (HS)RS satisfying the conditions of
Qs

1. Fewer than tg Pauli errors, each acting on a distinct physical qubit.

2. Subjected to a wait-operation circuit inducing Appny-local stochastic Pauli errors.

O

For magic state injection, we require a noisy T-gate magic state |Tnoisy> that has already been encoded in a surface
code of distance ds. Its density matrix can be expressed as

pT.Ss = (1- pcrr)|T>S<T|S + €noisy Perror,S- (H60)
where:
e |T)g is the ideal logical T-gate magic state encoded in the surface code,

® Do is the probability that preparation fails to produce the desired T-gate magic state, in which case the block
is in perror,s, @ (possibly mixed) erroneous logical state encoded in the surface code.
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During injection, the input state is

_ on
QM,in = (|Tnoisy>Sa 07 Cf)‘pphy) f ) (H61)
where c3 is a constant and ng is the number of resource states.

Theorem 6 (Magic injection). There exists a constant ey € (0,1) such that, for ppny € [0,em), there is a gadget
Gady of depth ©(1) and Ay = ©(np) locations satisfying:

e In the absence of noise, Gady prepares a memory-code block encoding a single logical qubit in the state |T)y
(ideal logical T-state in the memory code).
RS)

o The input state is Qu, in = (|Tnoisy>s, 0, 03pphy)®kR and resource states are Q5 = (((H2)R9), tg, APphy ) -

o Under noise, the expected output is Qm,out = (|T>ﬁkR72tS,01p;£§1) with dg = 0. And the failure probability
(i.e., not producing Qwm ou as specified while 01 = 1) satisfies Pr[Gad, dgait = 1] < €noisy -

Proof. The circuit of the gadget Gady; is shown in Fig. 9. We begin by analyzing the preparation of the logical
state |[+)m in the memory-code block. The physical qubits are first initialized in the |+) state, i.e., the input is
(|4+)®mr) 0, popy). Following the reasoning in the proof of Lemma 4, we consider the measurement of Z(HJ).
Since at most tg errors originate from the resource state, a cluster must contain at least [s/2] — ts actual X-type
errors to induce a logical X error. Taking into account the input state’s intrinsic error probability, the effective
X-error rate entering the Z(H g[ ) measurement is given by q(cg + 2pphy, Where q(clﬁ denotes the error contribution

from the measurement circuit itself (see Fig. 20). Consequently, the failure probability can be bounded as
/2=t ki K exp(—(ds))

T _ n s CS
Prl|)a, drat = 1] < mae Y (2z¢) (455 + 200my ) < > . (H62)

SZdD

Next, we consider performing the Z(H g) and X (H 5";) measurements on the surface code or on physical qubits. We
refer to this procedure as the gadget Gadgc,s, which is used either to perform error correction on the surface code or
to prepare the surface code in the logical state |+)g or |0)g. This procedure follows the same analysis as in Lemma 4,
with the following key differences:

e The number of input-state errors is zero.

e The resource state contains at most tg errors.

1/A,

phy qg? = q(%s)’ + 202p;£§2, with ¢ = max{cs, 1} and Ay = 0.

A o+ 2
e A connected cluster of size s > dg is required to produce a logical error.
The probability that the gadget Gadgc,s fails due to a logical error is
n _ n _
Pr{Gadso v, it = 1] < ng [26 > e (gf)7 P+ — Y (220)°(a) ‘“S}

s>dg s>ds

PRl
<ng|— +

R
€ (1 - 2ze, /qg()j) € (1 - 2ze, /qg()j)
< kg - kexp(—Q(ds))

< ; (H63)

We then analyze the joint measurement H g (Zs ® Z;) used for magic-state injection. We first consider the code-
surgery procedure, i.e., Gadcg,g, which follows an analysis similar to that in Theorem 3. The key difference is that
the input state contains 7tg residual errors from previous operations, of which 6tg originate from the surface-code
block and tg from the memory-code block. In addition, the resource state itself contains at most tg errors. Since the
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deformed code has code distance ds, a connected cluster of size s > dg is required to produce a logical error. The
probability that the gadget Gadcg,g fails due to a logical error is

n-npr A _
Pr[Gadcs,s; 0tail = 1] < po” Z (22€)%(2pphy + clpll)}/ly 1)s/2-8ts
s>dgs
np 1/A1\s/2—
12 S (0 + eanlf T
Sst

1/A _
g n-ng (226 2Pphy+0119p{ly1)ds 16ts

=€ (1 —2ze\/2pphy + clp;l/lfl)

I/Al )ds—lgts
phy

np (2ze 2q(c4§ + c1p

2 (1 —2ze Qq% + clpéﬁﬁl)
< k- krexp(—(ds))

- 3

. (H64)

It is clear that there exists a constant ey € (0,1) such that, for ppny € [0, enm), the final step in Eq. H62, H63 and
H64 holds. Finally, we perform error correction on the memory code using the gadget Gadgc. Its failure probability
is denoted by Pr[Gadgc, dtaii = 1]. Note that the memory code contains at most 10t < t1, errors, and thus does
not affect the bound in Theorem 4. Combining the above bounds for all constituent gadgets yields the overall failure
probability of magic-state injection:

Pr[Gadwm, 0tail = 1] = Pr[|+)m, ain = 1] + 3 Pr[Gadec m, Otann = 1]
+ Pr[Gadcs,s, 0tail = 1] + Pr[Gadgc, 0gait = 1])
< €noisy - (H65)

Thus, we have 1 — Pr[Gad, dtait = 1] > 1 — €n0isy, ensuring that error correction succeeds while keeping the residual

A

errors within 2tg, and that the error parameters at every location of the wait operations are bounded by C1Pphy -

In other words, a logical T-gate magic state can be prepared in the memory-code block with logical error probability
2€noisy, matching the physical-level error rate.

Theorem 7 ( Theorem 1.4 in [18]). Let |CCZ) = CCZ|+)®3. There exists a distillation protocol (using noiseless
Clifford operations and measurements) MSD(e) and a constant noise threshold €noisy such that the following holds.
Upon receiving N (independent) noisy states whose infidelity with |CCZ) is €iy/2 < €noisy, where N > N(emsp) is a
sufficiently large number, MSD(e) produces @(m) states each of which has infidelity at most ¢ with |CCZ).
Furthermore, the quantum depth and classical depth of MSD(g) are both polyloglog(1/e). Here, the o(1) exponent

1
scales as O(m).
Theorem 8 (Main result with vanishing threshold). Consider a classical-input/classical-output quantum circuit C
composed of Clifford and T gates, with size |C| = WD, where W denotes the width and D = poly(W) denotes the
depth. There exists a constant €, € (0,1) such that for any e;, € (0,1), one can efficiently construct a fault-tolerant
version Cpr with width Wgr and depth Dpr satisfying

W,

MF/T = Owoo(1), (H66)

D o) 1C

Drr — O ttog (), (167)
€L

where a is a constant associated with the memory code block. If Crr operates under a local stochastic o-error model
with o € {X,Z} and physical error rate ppny < €. at every location, then the total variation distance between the
output distributions of C and Cpr is at most €y,.

Proof. Let e, = min{en, €5, €rsM, €ecs €cs}- We employ the constant-overhead magic state distillation scheme from
Ref. [18] to obtain a T-gate magic state with infidelity exp(—(d)). From Eq. H57, the total variation distance



between the output distributions of C' and Cgr is

5:0('0')@mem—mw»

krkr

= 0(|C1) O (exp(—(d)))

—olcyo

S €r,.

)
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From Appendix D, the width of Crr is O(ME). Since we use a quantum code with constant encoding rate, we have

Wer

O(MF)

W O(K) :OW—>oo(1)'

(HT72)

From Theorem 7, in order to prepare M copies of T-gate magic states with infidelity k exp(—£2(d)), the required depth

is O ((d°™) polylog(d)) . Therefore, we obtain

D
—F = O(kd}) O ((d°<1>) polylog(d)) (HT73)
= OWaoo(daJro(l)) = Ow— oo <loga+o(1) |€C|) , (H74)
L
where k = ©(d*) and o(1) exponent roughly scales as O(loglolg(d) + lolilg(g;)d) )- O
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