ESCAPE OF MASS OF THE p-CANTOR SEQUENCE

NOY SOFFER ARANOV AND STEVEN ROBERTSON

ABSTRACT. Let p be a prime. In 2017, Kemarsky, Paulin, and Shapira (KPS) conjectured that
any Laurent series over F, exhibits full escape of mass with respect to any irreducible polynomial
P(t) € Fp[t]. In 2025, this was shown to be false in the case p = 2 and P(t) = ¢t by Nesharim,
Shapira and the first named author. This work shows that for any odd prime p and any irreducible
polynomial P(t) € F,[t], the so-called p-Cantor sequence provides a counterexample to the afore-
mentioned conjecture over Fp.

Furthermore, the concepts of mazximal escape of mass and generic escape of mass are introduced.
These lead to two natural variations of the KPS conjecture, both of which are shown to hold for
all previous counterexamples.
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1. INTRODUCTION

Let a € R be a quadratic irrational. A classical theorem of Lagrange states that the regular con-
tinued fraction expansion of « is eventually periodic. For any prime p € N and any k& € N it is clear
that p*a is also a quadratic irrational, and hence, its continued fraction expansion is also eventually
periodic. That is, for every k € N, there exist £, my € N and by(p*a), ..., b, (p*a), a1(pFa), . . .,
ag, (p*a) € N such that the continued fraction expansion of « is

pFa = [bo (pkoa> Peeey by, (pka> ca1 (pFa) ... ap, (PFa)

Above, the bar notation denotes the periodic part of the continued fraction expansion. It is natural
to investigate how the continued fraction expansion of p*a evolves as k grows. There are two key
components of this evolution - the length of the period ¢ and the magnitude of the partial quotients
comprising the periodic part of the continued fraction expansion. The former line of enquiry was
resolved by Aka and Shapira | | when they proved that the period of the continued fraction
expansion of pFa grows exponentially.

Theorem 1.1. | , Theorem 1.2] Let p be a prime and let « be a quadratic irrational. Then,
there exists a constant ¢ depending on « and on p, such that for every k € N,

by =cp® +o0 (p%k) .

Furthermore, they proved that no individual partial quotient in the periodic part of the continued
fraction expansion of p*a makes up a positive logarithmic proportion of the total mass as k tends

towards infinity (see | , Theorem 1.2] or | , page 2|):
Theorem 1.2. | , Theorem 1.2] For every quadratic irrational o € R, and for every prime
number p,

- max;—1, s, log (ai(pkoz))
koo 3Tk log(ai(pFa))
If (1.1) holds, then the sequence {p¥a}ren is said to exhibit no escape of mass.

= 0. (1.1)

In order to prove Theorems 1.1 and 1.2, the aforementioned authors utilized the well established con-
nection between the continued fraction expansion and the geodesic flow on X = PGLy(R)/ PGL2(Z)
| , |, which is identified with the space of lattices up to homothety. Moreover, they in-
vestigated the dynamics of the diagonal group A C PGLy(R) on X to obtain results about the
evolution of continued fraction expansions.

Given a compact A orbit, Az C X, it is understood that Az supports a unique A invariant prob-
ability measure p,. By Dirichlet’s units theorem | , Chapter 3|, periodic A orbits correspond
to quadratic irrationals. For a quadratic irrational «, let z = x, € X be the associated lattice. In
| |, the authors analysed the evolution of measures Hpka 3= Ha g s where p is prime and « is a
quadratic irrational to obtain Theorems 1.1 and 1.2. In order to do so, they examined weak star
limits of measures corresponding to nested lattices satisfying specific arithmetic relationships.

Theorem 1.3. | , Theorem 4.8(A)| Let Ag € X be a lattice with a compact A orbit. Let
{An}neNu{o} C X be a sequence of lattices, such that for every n > 0, one has A1 € A, and
Ap/Any1 = Z/pZ as Z modules. Then, besides possibly two exceptional sequences, the measures
A, converge to mx in the weak star topology, where mx is the Haar measure supported on X
satisfying mx (X) = 1.

Remark 1.4. In fact, | , Theorem 4.8(A)| is more general than Theorem 1.5. However, its
general form is not relevant to this paper and is therefore omitted.
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In particular, when Ay corresponds to the lattice A k., one obtains the following theorem, which

pras
implies Theorem 1.2.

Theorem 1.5. | , a specific case of Theorem 4.8(A)| Let p be prime and let « be a quadratic
wrrational. Then, the measures {,upka}keN converge to my in the weak star topology.

Kemarsky, Paulin, and Shapira | , | investigated function field analogues of Theorems
1.1, 1.2, 1.3, and 1.5. In order to state these results, the function field setting is introduced.

1.1. Continued Fraction Expansions in F,((t71)).
Let g be a positive power of a prime, and let F; be the unique finite field of cardinality g. Define
the field of formal Laurent series over F, by

F,(t™h) = { > ant™ian €Fy h € Lay # o} .

n=—nh

Similarly, define the ring of polynomials over I, as

h
F,lt] = {Zantn tap €Fg,h € Nyay, # O} .
n=0

In the function field setting, the analogue of R (Z, respectively) is given by F,(t~1)) (IF,[t], respec-
tively). In line with this analogy, the function field version of Q is given by the field of rational
functions:

F,(t) = {z\]\{((;) : M(t), N(t) € Fy[t], N(t) # 0} .

A Laurent series O(t) € F,((t71)) is called irrational if ©(t) ¢ F,(¢). Additionally, the counterpart
to the prime numbers is given by the set of irreducible polynomials over Fyt].

In analogy with the real numbers, every Laurent series ©(t) € Fy((#7!)) has a unique continued

fraction expansion of the form
e 1 e e ©
o(t) = A (1) + = [aP @ AP0, AP ), ], (1.2)

S}
AP+ T

where AE@] (t) € Fyft] for ¢ > 0 and deg (Az[e]
Laurent series ©(t) € Fy((t™1)) is the solution to a quadratic equation with coefficients in F,[#] if
and only if its continued fraction expansion is eventually periodic | , Theorem 3.1]. That is,

O(t) € Fy((t71)) is a quadratic irrational if and only if then there exist mg, fg > 1, and there exist
polynomials BZ[Q] (t) € Fyt] for 0 < i <me € N and Al°) (t) € Fyt] for 0 < i < lg € N such that

)

(t)) > 1 for ¢ > 1. Furthermore, an irrational

o) = [3391 (t); BI(), ..., BE (1), AP (¢),..., A 0)| . (1.3)

Let P(t) € F,[t] be an irreducible polynomial. Similarly to the real case, it is natural to study how
the degree of partial quotients of P(t)* - ©(t) evolve as k — co. This was studied by de Mathan
and Teulié in | |, who established (when P(t) = t) that the maximal degree of these periodic
partial quotients is unbounded.

Theorem 1.6. | , Theorem 4.5] For every quadratic irrational ©(t) € Fy(t™1)), one has
limsup max deg (Agtke] (t)) = o0. (1.4)
k—oco =l..likg
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So far, the analogy between the real and function field case has remained consistent. However, this
breaks down in view of Theorem 1.7, which is the function field analogue of Theorem 1.2.

Theorem 1.7. | , Theorem 1| Let P(t) € Fy[t] be an irreducible polynomial, and let O(t) €
F,(t™1) be a quadratic irrational. Then, there exists 0 < ¢ < 1, depending only on P(t) and ©(t),
such that

i lim inf e {deg (A['@'P%) - ”’0}
n—00 k—o00 Zepkdg(A[eP]())

> c. (1.5)

In fact, Theorem 1.7 is saying more than just that Theorem 1.2 does not hold over function fields.
The additional ‘minus n’ term in the numerator of equation (1.5) is saying that Theorem 1.2 fails
to adapt to function fields even when one is allowed to remove any fixed amount from the size of
the maximal partial quotient (that is, from the numerator of (1.1)). This lead to the following
conjecture.

Conjecture 1.8. | , Conjecture 6] For every irreducible polynomial P(t) € F,[t] and every
quadratic irrational Laurent series O(t) € Fy((t™1)), one has

Max;—1,.. ¢, ., Max {deg (A[e‘Pk](t)) —n, O}

lim liminf =1 1.6
o5 D o7 dog (A5 710) (16)
In 2025, the first named author, Erez Nesharim, and Uri Shapira | , Theorem 1.2| disproved
Conjecture 1.8 when P(t) =t and ¢ = 2.
Theorem 1.9. | , Theorem 1.2] Let {7,}nen C Fo be the Thue-Morse sequence, and let
T =3 hen Tt ™ € Fo((t™1)). Then,
Sitt max {deg (A7) —n,0} 4
lim liminf = - (1.7)
n—00 k—oco Ttkde (ATt] ) 3

Above, the sum in the numerator of equation (1.7) replaces the maximum in the numerator of
equation (1.8). Clearly, this implies that Theorem 1.9 is a counterexample to Conjecture 1.8.

1.2. Escape of Mass in Hecke Trees over F,((t71)).

The contents of subsection 1.2 provide an alternate description of the results in subsection 1.1 in
the language of so called Hecke trees. This information is provided for completeness, but it is not
necessary to understand the paper as a whole.

By adapting the analysis in | , , |, both | | and | | used results on distri-
butions of measures in Hecke trees' to obtain results regarding the continued fraction expansions of
quadratic irrationals. Indeed, many of the theorems in the previous subsection can be rephrased in
terms of Hecke trees.

One associates a quadratic irrational ©(¢) € F,(¢t71)) to a lattice

A € Ly :=PGLy (Fy((t™")) / PGLy (F4[t])

IFor more information about Hecke trees see | , |.



by using the geometric embedding. Then, by Dirichlet’s units theorem, this lattice has a compact

orbit under the diagonal group
A:{(al >:a1,a27é0}.
a2

Hence, A supports a unique A invariant probability measure pap.

One of the fundamental questions in homogeneous dynamics revolves around finding accumulation
points of the sequence of measures {uap, fnen, where {AA, }nen is some sequence of compact A
orbits. Due to Dirichlet’s units theorem, this question is a way to study the distribution of number
fields. This question has also been studied in both the real | , , | and the positive
characteristic setting | , , , ].

Definition 1.10. Let 0 < ¢ < 1. A sequence of compact A orbits {AA, },en exhibits ¢ escape of
mass if for every accumulation point g = limg_o0 144, , one has u(Ly) < 1 —c. The escape of
mass is said to be full if one can take ¢ = 1.

nk7

In | |, Kemarski, Paulin, and Shapira proved that all compact A orbits arising from a sequence
of number fields (which satisfy certain arithmetic relationships) exhibit full escape of mass. They
proved this result by studying dynamics of the diagonal group acting on Hecke trees.

Definition 1.11 (Hecke Tree). Let P(t) € F4[t] be an irreducible polynomial. Lattices Ay, Ag € Lo
are called P(t)-Hecke friends if

(1) AQ g Al, and
(2) there exists some n > 1 such that Ay /Ay = Fy[t]/P(t)"Fq[t].

If n =1, A; and Ay are called P(t)-Hecke neighbors.

Let Ay € Lo2. Define Tp(Ag) as the tree whose nodes are P(t)-Hecke friends of Ag, where two lattices
are connected by an edge if they are Hecke neighbors.

Definition 1.12 (Branch). A branch in Tp(Ag) is a sequence {A, },en such that for every n € N|
An11 and A, are Hecke neighbors. A branch is identified with a point on the boundary of the tree
ITp(No) = P(Fy(t)p), where Fy(t)p is the completion of F,(t) with respect to the P-adic norm
(see | , | for details), and P(K) is the projective line defined over a field K. A branch is
called rational if it is identified to a point in P(IF,(¢)).

Theorem 1.13. | , Theorem 1| Let Ag € Lo, and let be a P(t) € Fy[t] be an irreducible
polynomial. Then, there exists some 0 < ¢ = cp,p < 1, such that for every rational branch in
Tp(Ao) exhibits ¢ escape of mass.

By the analysis in | ; |, Theorem 1.7 and Theorem 1.13 are equivalent. Furthermore,
Conjecture 1.8 can be rephrased in terms of Hecke Trees:

Conjecture 1.14. | , Conjecture 6] For every choice of rational branch {Ay}nen, one has
that limy—yo0 ptan,, = 0.

Theorem 1.9 is also rephrased in the language of Hecke trees.

Theorem 1.15. | , Theorem 1.2| For every rational branch {Ay}nen in Ti(A;), there exists
a subsequence {ny}ren C N, such that the limiting measure p = limg_, o HAA,, satisfies w(Lo) > %
6



1.3. Main Results.

This paper is intended to be seen as the second in a pair of papers whose collective goal is to
disprove Conjecture 1.14. Indeed, the main results of this paper are attained by closely examining
the so-called number wall of the p-Cantor sequence (see sections 3 and 5 for definitions), which is a
two-dimensional sequence over F,,. The global structure of this sequence was established in | |
and the theorems contained therein are crucial to this work.

The results in this paper fall into three categories.

1.3.1. Disproving Conjecture 1.8.
The primary aim of this paper is to fill the gap in Conjecture 1.8 left by Theorem 1.9. That is, to
disprove Conjecture 1.8 in all cases.

To this end, the following definition is made.

Definition 1.16. Let 0 < ¢ < 1 and let P(t) € F,[t] be an irreducible polynomial. A quadratic
irrational ©(t) € F,((t7!)) exhibits ¢ escape of mass with respect to the sequence {P(t)k}keN if

lim liminf nglpk ax {deg (AEQ.Pk](t)) _ 0}
n—00 k—o0 ngipk deg (Az[elpk](t))

> c. (1.8)

When ¢ = 1, O(¢) is said to exhibit full escape of mass. If ¢ is maximal, then, ©(¢) exhibits
exactly c escape of mass.

Remark 1.17. By the analysis in | , |, Definitions 1.16 and 1.10 are equivalent.

Just as in Theorem 1.9, if ©(t) € F,((t™!)) exhibits exactly ¢ < 1 escape of mass, then O(t) is a
counterexample to Conjecture 1.8.

The disproof of Conjecture 1.8 comes in the form of two theorems. The former such result states
that, for any odd prime p, the so-called p-Cantor sequence {cz(»p )}'>0 is an explicit counterexample
(2

to Conjecture 1.14 over [, in the case P(t) = t. The definition of this sequence is postponed
to Section 3, as it is not required to state the results of this paper. For convenience, define?

Op(t) =t - 32 Pt e (1Y),
Theorem 1.18. For any odd prime p, the Laurent series ©,(t) € Fp((t™1)) exhibits ezactly % escape
of mass with respect to the sequence {tF};>o.

In other words, Theorem 1.18 shows that for every increasing sequence of natural numbers {k; };en,
one has that

Zfi’{tkl max {deg (Agep'tki}(t» o 0}

b, iki ki
Ziiﬁ»t deg (AEGpt ](t)>
The latter result is a transference principle that allows one to take any Laurent series with c-escape

of mass with respect to the sequence {tk}kzo and return a Laurent series that has c-escape of mass
with respect to the sequence {P(t)*}1>q, for any choice of irreducible polynomial P(t) € F,[t].

lim lim
n—00 1—>00

> = (1.9)

SRR

2The extra factor of ™" is here as it is often useful to index sequences starting from the zeroth term, but it is also
useful to consider Laurent series in F,,(t~1)) to have no fractional part.
7



To this end, let O(t) = > , a;it™" € Fp(t™1)) be a Laurent series and P(t) € Fyt] be some
polynomial. Then, define the Laurent series

O(P(t) == Y a;P(t) € Fp(t™"). (1.10)

i=—h

Theorem 1.19. Let ¢ € [0,1] and let O(t) € F,(t1)) be a Laurent series that exhibits c-escape of
mass with respect to the sequence {t*}r>o. Then, for any irreducible polynomial P(t) € F,[t], the
Laurent series ©(P(t)) € F,(t™1)) exhibits c-escape of mass with respect to the sequence { P(t)*}.

By applying Theorem 1.19 to Theorems 1.9 and 1.18, the following corollary is immediate.
Corollary 1.20. Recall 7(t) and ©,(t) from Theorems 1.9 and 1.18, respectively. For any irreducible
polynomial P(t) € Fp[t], T(P(t)) (©,(P(t)), respectively) exhibits exactly % (%, respectively) escape
of mass with respect to the sequence {P(t)*}1>¢.

Corollary 1.20 amounts to a complete disproof of Conjecture 1.8.

In terms of Hecke trees, Theorems 1.18 and 1.19 imply that Conjecture 1.14 does not hold in any

odd characteristic. In particular, due to the analysis of | , |, one obtains the following
corollary to Theorem 1.18.

Corollary 1.21. For every odd p, every irreducible polynomial P(t) € Fp[t] and for any rational
branch {An}nen € Tp (Ae,), there exists a subsequence {ny}, such that the limiting measure p :=

im0 f1aA,,, satisfies w(Ly) > PP%Q.

1.3.2. Maximal Escape of Mass.
In view of Corollary 1.20, one considers an alternative version of Definition 1.16 where lim sup is
used in place of liminf in equation (1.8):

Definition 1.22. Let P(t) € F,[t] be an irreducible polynomial. A quadratic irrational ©(t) €
F,((t71)) exhibits c-maximal escape of mass with respect to the sequence {P(t)¥} x>0 if

o o7 max {deg (AEG'P’C} (t)) —n, o}
Sy Ser" deg (APP” (t))

> c. (1.11)

When ¢ = 1, O(¢) is said to exhibit full maximal escape of mass with respect to the sequence
{P(t)*}1>0-

Similar to the Thue Morse sequence | , Corollary 4.8], the p-Cantor sequence has full maximal
escape of mass.

Theorem 1.23. For any odd prime p and any irreducible polynomial P(t) € F,[t], the Laurent

series ®(t) = O,(P(t)) € F, exhibits full mazimal escape of mass with respect to the sequence
{P(t)* }i>0.
Both Theorem 1.23 and | , Corollary 4.8] provide evidence to the following Conjecture, which

refines Conjecture 1.14.

Conjecture 1.24. Let p be any prime, P(t) € Fylt] be any irreducible polynomial and O(t) €
F,(t™Y) be any quadratic irrational. Then, ©(t) ezhibits full mazimal escape of mass with respect
to the sequence {P(t)*}1>0.

8



1.3.3. Generic Escape of Mass.

If ©,(P(t)) exhibits exactly % escape of mass with respect to the sequence {P(t)*}1>0, then this
means there exists a specific increasing sequence of natural numbers {k;};cn, for which the inequal-
ity in equation (1.9) is an equality. Similarly, Theorem 1.23 states that there exists a different
increasing sequence of natural numbers {k/};cy such that, when k; replaced by &/, the left hand side
of (1.9) is equal to 1. Therefore, it is natural to inquire what one can say about the escape of mass
when {k;};cn is replaced by a "generic" increasing sequence of integers k € N. That is, to ask what

one can say about the escape of mass from a metric point of view.

Since there is no probability measure supported on all of N, a natural notion of probability on N is
given by the density:
Definition 1.25. Let A C N and let ¢ € [0,1]. Then, A has density c if

An{L,?2,...
AL m)]

m—o00 m

d(A) =

C.

To apply the concept of density to escape of mass problems, the following quantity is defined.

Definition 1.26. For every n > 1 and for k € N, define the n-escape of mass in the k*P diagonal
of the quadratic irrational ©(¢) with respect to the sequence {P(t)*};>0 as

ng'lpk max {deg (Al[e'Pk](t)) —n, ()}
N lf@‘lpk deg <A£@'Pk} (t)) .

1=

ekm = ekm(@(t)) : (1.12)

Remark 1.27. In this paper, generic escape of mass is only considered in the case P(t) = t. Hence,
P(t) is not reflected in the above notation.

Remark 1.28. The use of the word "diagonal" in Definition 1.26 is explained in Chapter 3.

Clearly, the escape of mass as defined in Definition 1.16 is given by

nh_)nrolo hkrglorgf ern(0(1)).

The metric generalisation of escape of mass is now defined.

Definition 1.29. A quadratic irrational Laurent series ©(t) € F,((¢71)) is said to exhibit full
generic escape of mass with respect to the sequence {P(t)*};>0 if for every e > 0,

Tim d({k € N: epn(O() >1-2}) =1, (1.13)

Theorem 1.30. For every odd prime p, the p-Cantor sequence ©(t) exhibits full generic escape of
mass with respect to the sequence {t*}1>¢.

The same result is established when the p-Cantor sequence is replaced with the Thue-Morse se-
quence.

Theorem 1.31. Let {7, }nen be the Thue-Morse sequence. Then, T(t) = > 00, Tot™ ™ exhibits

n=1
generic full escape of mass with respect to the sequence {tk}kzo,

By the analysis of | , |, one obtains the following corollary to Theorem 1.30 and Theorem
1.31.

Corollary 1.32. For every prime p, there exists a quadratic irrational v, € Fp((t™1)), such that
every € > 0, and for every rational branch {Ay}nen C Ty (Al,p), one has

Jim d({k € N: pan, (La) > e}) = 0.
9



Due to Conjecture 1.14, | , Theorem 2|, Theorem 1.30, Theorem 1.31, and | , Corollary
4.8], the following conjecture is made.

Conjecture 1.33. Let O(t) € F,(t 1)) be a quadratic irrational and let P(t) € Fy[t] be an irreducible
polynomial. Then, O(t) exhibits full generic escape of mass with respect to the sequence {P(t)¥}i>o.

1.3.4. Structure of Paper.

The proof of Theorem 1.19 is elementary and completed in Section 2. Theorems 1.18, 1.23, 1.30, and
1.31 are achieved by rephrasing Definition 1.16 in terms of the properties of the so-called number
wall of a sequence, which is defined in 3. Section 4 explicitly states the connection between escape
of mass and number walls, and Section 5 then introduces the p-Cantor sequence and states the
construction of its number wall. Finally, 7 completes the proof of Theorems 1.18, 1.23, 1.30, and
1.31.

Acknowledgments. The first named author would like to thank Uri Shapira for proposing this
question to her. She would also like to thank Erez Nesharim for multiple discussions which led to
the ideas in this paper, as well as Omri Solan, Yeor Hafouta, and Jon Chaika for useful intuitions
about generic escape of mass. The second named author would like to thank Fred Lunnon for his
discussions relating to the number wall of the p-Cantor sequence. Both authors would also like to
thank Faustin Adiceam for suggesting that they work together on this question.

2. ESTABLISHING THEOREM 1.19

Two lemmas are required to prove Theorem 1.19. The first relates the coefficients of ©(t)~! to

O(P ().

Lemma 2.1. Let O(t) = Y% , a;it™" € Fp(t™1) and let O(t)~1 = Y22°, bit=". Then, for any
polynomial P(t) € Fy[t], O(P(t))~ =32, b, P(t)".

Proof. By multiplying ©(t) and ©(¢)~!, one obtains

K3
a_pb, =1, and Za_h+jbh+i_j =0 foralli>0.

j=0
To conclude, note that
O(P(t) - Y biP(t) " = > aP{t)" > bP(t)"
i=h i=—h i=h
= Z P(t)~"- Z a—htjbntij
i=0 §=0
=1-Pt)"+0.

0

The second lemma relates the continued fraction coefficients of ©(t) € F,((t!) to the partial
quotients of O(P(t)).

Lemma 2.2. Let P(t) € Fy[t] be a polynomial and let O(t) € Fp((t™1)) be a Laurent series whose
continued fraction expansion is given by
O(t) = [Ao(t); A1(1), Aa(t), ... ].
Furthermore, let
©(P(t)) = [Bo(t); Bi(t), Ba(t), .. .|
be the continued fraction expansion of ©(P(t)). Then, for every i > 0, one has B;(t) = A;(P(t)).
10



Proof. The proof proceeds by induction on 4. For the base case, note that Ag(t) (Bo(t), respectively)
is equal to the polynomial part of ©(t) (©(P(t)), respectively). Therefore, from the definition of
©(P(t)) (equation (1.10)), By(t) = Ag(P(t)).

Assume that for all i’ < i, By(t) = Ay(P(t)). That is,
O(P(t)) = [Ao(P(t)); A1(P(1)), ..., Ai—1(P(t)), Bi(t), Bi+1(t), - - . ].
For 0 < j <4, define
C5() = [A; (0 Apsa(0).-..] and D) = [A;(P(O)s s Ayss (P(O) .- Ay (P(D)), Blt), Bisa (D). ).
Note that, C;(t) and D;(t) satisfy the relations

1 1
Gt - Aam M P 5 oA L)

Cj(t) =

It is now shown by induction that D;(t) = C;(P(t)) for all 0 < j < i. The base case is immediate
from the fact that Do(t) = ©(P(t)) and Cy(t) = O(¢). For the induction step,

1
ijl(P(t)) _Aj—l(P(t)) L = 21 C](P(t))

Finally, note that B;(t) is the polynomial part of D;(t) = C;(P(t)), which is equal to 4;(P(t)). O

Dj(t) =

The proof of Theorem 1.19 is now completed.

Proof of Theorem 1.19. Let P(t) € F,[t] be any irreducible polynomial. For notational ease, define
®(t) := O(P(t)) and dp := deg(P(t)).

With notation from Definition 1.16,

A[@'Pk](t) Lemma 2.2 A[e'tk](P(t)),

and hence
deg (A?'P’“](t)) — dp - deg (AZ[@'tk](t)) .
Also by Lemma 2.2, ¢4 pr = £g.x. Therefore,
Zfi’lpk max {deg (A?'Pk} (t)) —-n, O} Zfﬁfk max {deg <A£®'tk] (t)) — a5 0}

Therefore, when n = d,, - n’ for any n’ € N,
Zfi’lpk max {deg (A?'Pk](t» —n, O} ngfk max {deg (Age'tk} (t)) —n/, O}
lim inf = liminf .

k—o0 Zfilpk deg (AE'I)P’“] (t)) k—o0 ngltk deg (A[etk](t)>

i
(2.1)
To conclude the proof, note that as n,n’ — oo, the above equations both form bounded monotonic
decreasing sequences that intersect infinitely often. Hence, the limits as n’ — oo of the left hand

side and the right hand side of (2.1) are equal to one another. |
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3. NUMBER WALLS

All remaining proofs in this paper rely on carefully analyzing the number wall of the p-Cantor
sequence as constructed in | |. In this section, number walls are defined. The following family
of matrices provide the bricks with which number walls are built.

Definition 3.1. A matrix (s;;) for 0 < i < n,0 < j < m is called Toeplitz if all the entries on
any of its diagonals are equal to one another. Equivalently, s; j = s;41 j+1 for any 7, j € N for which
these entries are defined.

Given a doubly infinite sequence S := (s;);ecz, natural numbers m and v, and an integer n, define
the (m + 1) x (v+ 1) Toeplitz matrix T5(n;m,v) := (Si—jtn)o<i<m,0<j<v a8

Sn Sn+1 Ce Sn+v
Sp—1 Sn <o Sntu—1
Ts(n;m,v) :=
Sp—m  Sn—-m+1 .-+ Sn—m+twv

If v = m, this is abbreviated to Ts(n;m).
3.1. Definition of a Number Wall.

Definition 3.2. Let S = (s;);cz be a doubly infinite sequence over a field K. The number wall
of the sequence S is defined as the two dimensional array of numbers Wi (S) = (W (S)[m, n])nmez
with
det(Ts(n;m)) if m >0,
Wk(S)[m,n] =41 if m=—1,
0 if m < —1.
When K = F, for some prime power ¢ € N, Wk(S) is abbreviated to W,(S).

To stay consistent with standard matrix notation, m increases as the rows go down the page and n
increases from left to right.

Remark 3.3. Whilst the first instance of number walls in the literature is due to Conway and Guy
| , pp. 85-89| , Toeplitz matrices (and their determinants) have been studied since the 1900s.
The theory of number walls was greatly developed by Lunnon | | and | |, and they have
since been applied to problems in Diophantine approximation | , , |, dynamics
| |, and discrepancy theory | |.

3.2. The Profile of a Number Wall.
To compute escape of mass, it is only important that an entry in the number wall is zero or nonzero
(see Corollary 4.6), with its exact value in the latter case being irrelevant, whence this definition:

Definition 3.4. Let Wk(S) be the number wall of a sequence S over a field K. The profile of
Wk(S), denoted by

X(Wk(S)) = x(Wk(8S))[m, n]men, m<n<r—m,

is a two dimensional array with the same width and height as Wi (S), is defined by
0 i W(S)[m,n|=0
X otherwise.

X(Wx(8))[m,n] = {

Above, X should be interpreted as an arbitrarily chosen symbol. In other words, the profile of a
number wall shows only where its zero entries are located.
12
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FIGURE 1. Left: The number wall W;5(S) for the sequence S =
(1,1,3,2,1,0,0,0,2,0,2,0) € Fi2, where the zeroes are coloured in red. Right: The
profile of Wi (S).

3.3. Diagonals of Number Walls.
For the purposes of studying the escape of mass of a Laurent series (see Section 4), it is more natural
to consider the entries that appear on a given diagonal. This motivates the following definition.

Definition 3.5. Let S = (s;)o<i<» be a finite sequence over a field K of length 7, and let Wk (S) =
(W(S)[m,n])0<m<v_1j m<n<r—m D€ the number wall generated by S. For an integer k > 0, the

2
k*h-diagonal is defined as

Dﬁ&z{%kﬁwmm+m:0§m§{r;ﬂ—ﬁ}.

When S is infinite, one defines Dy (S) similarly as
Dy (S) = {Wk(S)[m,m + k] : m € N}.

Finally, let Wi (S)[m, k] := Wik (S)[m, m + k] be the entry on row m and diagonal k, of the number
wall generated by the sequence S.

3.4. Identifying Sequences with Laurent Series.

The zeroth partial quotient of ©(¢) (that is, the polynomial part of ©(t)) is irrelevant to any
discussion on escape of mass of ©(t) (see Corollary 4.6). This motivates an equivalence class on
sequences over a field K defined by the following relationship:

(8h)icz ~ (8i)icz if and only if s, =s; for all i > 0.

For convenience, let the sequence (s;);cz, where s; = 0 for all i < 0, be the representative of each
class. For ease, these representatives are denoted by (s;)i>0.

Then, one identifies the equivalence class of sequences over K represented by S = (s;)i>0 with the
Laurent series O(t) = t713°° s;t7¢ € K((¢t1). Additionally, define To(n;m,v) = Ts(n;m,v),
Wk (S)[m,n] = Wk (©)[m,n] and Wk (S)[m, k] :== Wk (0)[m, k].

4. ESCAPE OF MASS IN NUMBER WALLS

This section explains how number walls can be used to calculate the escape of mass of a quadratic
irrational. This is achieved via the Lemma 4.2, which shows that for every k£ € N and every sequence
S = (s;)i>0 € K, the degrees of the partial quotients of t*=1 .32 s;¢~% are displayed visually on
the number wall of S. Before Lemma 4.2 is stated, some preliminary definitions are required.

13



4.0.1. The Norm and Fractional Part of Laurent Series.
The following two classical functions on Laurent series are defined:

Definition 4.1. Let h € Z and (s;);>_p be a sequence over a field K with s_p # 0. Then, the
fractional part of the Laurent series Y .o , s;t™" is

<§: sit_i> = i sit ™.

i=—h t=max{l,—h}

That is, the fractional part of ©(t) € K((t~1)) is obtained by removing all non-negative powers of .

The absolute value of a Laurent series is given by

oo
Z Sit_i

i=—h

=q", (4.1)

where ¢ = |[K| if K is finite, and ¢ = 2 otherwise.

4.0.2. Statement of Lemma 4.2.
For a sequence S over a field K, recall the £*® diagonal of Wk (S) (denoted Dy (S)) from Definition
3.5.

Lemma 4.2. Let O(t) = t7 132 s;t7" € K(t™1) be a Laurent series, let S = (si)i>0 be the
sequence of its coefficients. For k € NU {0}, denote the continued fraction expansion of <tk . 6(t)>
by
-tk Otk
(o) = 040w, 4P wy(e), .|

Then, Dy(S) is comprised of successive zero portions of length deg (AEQ'M (t)) — 1 separated by

nonzero entries. FExplicitly, WK(S)[m, k] # 0 if and only if Zgzo deg (Az[e‘tk](t)> = m for some
jeN.
Lemma 4.2 is depicted by the image below.

O 0 ® ........................... deg(AIQf ](f)) -1 d A[Of ](t) .,
deg(Al[@t ](t)) =3 0 ®®-\de (ALO’ ](t) -1 2 eg[ [Zof] )
KRR (A[Or l(t)} -5 deg[AS (t)] -3
00 0 -
deg|A 1) =1
deg(4h™" () = 4 : 8% deg(4:”" ) =2 (4" 0)

FiGURE 2. The profile of the first three diagonals of a number wall are depicted

above, with the top row having index 0. The first, second and third diagonal are
Lk

drawn in black, blue and red respectively. The degree of AZ[-@ t ](t) is given by one

plus the number of zeroes between the i*™® and the (i + 1) nonzero entry of diagonal

k.
14



Section 4.1 is dedicated to proving Lemma 4.2, whereas Section 4.2 uses Lemma 4.2 to rephrase
escape of mass (Definition 1.16) in terms of number walls.

4.1. Proving Lemma 4.2.
First, some further definitions are required.

4.1.1. Hankel Matrices.
To bridge the gap between number walls and the partial quotients of a Laurent series ©(t) € K((t~1)),
the following family of matrices are defined.

Definition 4.3. Let m and n be natural numbers. A matrix (s; ;) for 0 <i <n,0 < j < mis called
Hankel if all the entries on any anti-diagonal are equal to one another. Equivalently, s; ; = s;41,j—1
for any i, 7 € N for which this entry is defined.

Given a doubly infinite sequence S := (s;);ez, natural numbers m and v, and an integer n, define
an (m+ 1) x (v+ 1) Hankel matrix as Hg(v) := (Sitj+n)o<i<m,0<j<v; namely

Sn Sn+1 Sn42 .- Sn+v
Sn+1
Sn+2
Hg(n;m,v) :=
Sndm .- ceeeee Spdmaov

If m = v, this is shortened to Hg(n;m), respectively. Furthermore, the Laurent series O(t) =
S sit7h € K((¢t71) is identified with the sequence S = (s;);>0. Accordingly, define Hg(n;m,v)
:= Hg(n;m,v).

It is clear that Hankel and Toeplitz matrices are related. Indeed, by elementary row operations one

has that .
det(Hs(n;m)) = (—=1)[ 51 det(Ts(n + m;m)). (4.2)

4.1.2. Number Walls and Approximations of Laurent Series.

The connection between approximations to t=1-3°2°  s;t=" € K((¢~1)) and zero entries in Wi ((s;)i>0)

is now established.

Lemma 4.4. Let g be as in Definition 4.1, let ©(t) = t=1- 32 sit 7t € K(t7Y)), let N(t) € K[t] be

a polynomial of degree dn, and let | and k be natural numbers. Then, the following are equivalent:
(1) The following inequality is satisfied:

N[N o) < a7 (4.3)

(2) For every 0 <i <1—2, one has Wg(S)[dn + i, k] = 0.
To prove Lemma 4.4, the following lemma from the literature is required.

Lemma 4.5. | , Chapter 10| or | , Lemma 2.3| Let S = (s;)i>0 be a sequence, and let
H := Hg(1;m—1) = (si+j—1)1<ij<m be the m x m Hankel matriz with entries in a field K. Assume
that the first v columns of H are linearly independent, but that the first r + 1 columns are linearly
dependent (here, 1 <r < m —1). Then, the principal minor of order r, that is, det(sitj—1)1<ij<r,
does not vanish.
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Proof of Lemma 4.4. Implication (1)=-:(2) From the definition of the norm over function fields
(Definition 4.1), equation (4.3) holds if and only if

’<G)(t) Stk N(t)>‘ < gl (4.4)

Let n; € K (for 0 < i < dy) be such that

dn
> nit' = N(#). (4.5)
=0

Then, the coefficient of t=% in (O(t) - t* - N(t)) is given by

dn
E Sitk+j—1705-
§=0

Equation (4.4) is equivalent to demanding that the coefficient of =% in (O(t) - t* - N(t)) is equal to
zero for all 1 <i <[+ dy — 1. That is,

no
ni
Ho(k;dy +1—2,dy) - . =0. (4.6)

Nd N

This implies that the dy + 1 columns of Hg(k;dy + 1 — 2,dy) are linearly dependent. Therefore
det(He(k;dn +1)) =0, (4.7)
for every 0 <i <[ — 2. By equation (4.2), one has that
det(To(k + dn +i;dy + 1)) =0, (4.8)

for every 0 < i <1 — 2. By the definition of the number wall (Definition 3.2), this implies Lemma
4.4(2).

Proof of implication (2)=-(1): Assume that for 0 < i < [ — 2, equation (4.8) holds. By equation
(4.2), equation (4.7) also holds. Consider the matrices Hg(k;dy + 1 — 2) and He(k;dy + 1 — 3).
Since det(Hg(k;dy + 1 — 3)) = 0, the negation of Lemma 4.5 with » = I — 2 implies that at least
one of the following two conditions is false:

(1) The first dy + 1 — 2 columns of Hg(k;dy + [ — 2) are linearly independent;

(2) The first dy + 1 — 1 columns of Hg(k;dy + 1 — 2) are linearly dependent.
Since det(He(k;dy + 1 —2)) = 0, condition (2) is true. Hence, condition (1) does not hold. That
is, the columns of Hg(k;dn + 1 — 2,dx + | — 3) are linearly dependent.

By repeating the process but with » = [ — 3 and using the fact that det(Heg(k;dy +1—4)) = 0, one
obtains that He(k;dy + 1 — 2,dy + 1 — 4) has linearly dependent columns. Repeating this step a
total of [ — 2 times implies that equation (4.6) holds for some vector n € K*+1. Defining N(t) as
in equation (4.5) and using the equivalence between (4.4) and (4.6) completes the proof. O

4.1.3. Classical Results on Continued Fractions over Function Fields.
To obtain Lemma 4.2 from Lemma 4.4, further well-established results are required from the theory
of continued fractions over function fields. Let
(€] () _
o) = AP ®: A7), | e k@)
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be a Laurent series. Then, the i*" convergent of O(t) is the rational function defined by truncating
the continued fraction expansion of ©(t) after the first ¢ entries. That is,

Mi(t) 1 4015 4©) ©]
N [AO (t); AP ), ... Al (t)} e K(t).
Then, it is well known (| , Chapter 3.1|, for example) that
deg(N, Zdeg (A[@] ) (4.9)
Furthermore, one has that
©] |~
Ni(®)] - 1O - Ni(e)] = [ASh )] (4.10)
and hence
M;(t) 1
ot) — _ . 411
O @ | T N 1

Finally, the convergents give the ‘best possible’ approximations to ©(t) with respect to the degree
of the denominator. That is, for any polynomial N (t) satisfying deg(N (t)) < deg(N;(t)),
M(t) M;(t)
ot)— ——=| > t) — .
0= F7g| 2 o0~ K5

(4.12)

4.1.4. Proof of Lemma 4.2.

For k € N, let
M;p(t)
Nig(t)
By combining equation (4.10) with Lemma 4.4, one obtains that for every i € N and every 0 < j <
deg (Az[e'tk}(t)) -2, WN/K(S)[deg(Ni(t)) +7,k] = 0. Therefore, by equation (4.9), Dy(S) is comprised

AP ), AP ), AP0 )]

of deg (AEth](t)) — 1 consecutive zero entries separated by elements of K. These appear on rows
with index deg(NV;(¢)) — 1. This is illustrated below.

Row —1- ®
Row 0 deg( @tk (t))

Row deg(Ny(t)) -1 0

FIGURE 3. An illustration of diagonal k of the number wall. The large dots represent
a generic entry of K. The entry on row —1 is nonzero from Definition 3.2.
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It remains to show that, for every 4, the deg(N;(t)) — 1™ entry of the k" diagonal is nonzero. This
is achieved by contradiction.

Indeed, assume that the entry on row deg(N;(t)) — 1 were equal to zero. Then, Dg(S) contains a
k k
string of deg (Age.t ](t)> +deg <Az[$1t ](t)) —1 zero entries starting on row deg(N;_;(t)). By Lemma

4.4, this is equivalent to the existence of some polynomial N (¢) with deg(N (t)) = deg(N;—1(t)) such
that

O-t

w0l {ote) 1 ()| < (o0 Jra(B0)) 1)

This implies that there exists a polynomial M(¢) € K[t] such that

—de, [@'tk] —de; [.@‘tk] —2.de i
o - M0 -, dex (A1) ~dex (420 -2 dex(, ) 1)
N(t)
By equation (4.11),
deg(Ni-1 (1)) + deg (A" V(1)) = deg(N;(1)).
Hence,
(4.14) (49) ! i
[SE
N1 (0)]- 1N - |4 )|
) 1
[Ni—1 ()] - [Ni(2)]
Mi_1(t)
— ot ,
’ ()= Ni_1(t)
which contradicts equation (4.12). O

4.2. Calculating Escape of Mass using Number Walls.

Let O(t) = t71- 32 s;t7" € K((¢t1)) be a quadratic irrational, and let S = (s;);>0 be the sequence
of its coefficients. A simple corollary of Lemma 4.2 is that Dg(S) is eventually periodic for any
k € N. This enables the following rephrasing of Definition 1.16:

Corollary 4.6. Let O(t) = t=1- Y% sit™" € K(t™')) be a quadratic irrational, and let S = (s;)i>0
be the sequence of its coefficients. For k a non-negative integer, let Hy(Wx(S)) = (hri)o<i<e, be a
finite sequence, where hy,; is the row index of the ith nonzero entry in the periodic part of Dy(S).
Then, for ¢ € (0,1], ©(t) exhibits ¢ escape of mass with respect to the sequence {t'};>q if and only if

l
lim liminf itq max {hy; — hgi—1 —n,0}

> c. 4.15
n—00 k—oo Py, — hio = ( )

Proof. By Lemma 4.2, hy, ; — hy;—1 = deg <A£®'tk](t)). To conclude the proof, note that the denom-
inator of the equation in Definition 1.16 becomes Zfi1(hk,i —hgi-1) = hig, — hio- O
Therefore, a complete understanding of the profile (recall Definition 3.4) of Wk(S) enables the

calculation of the escape of mass of ©(t) with respect to the sequence {t'};>.
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5. THE p-CANTOR SEQUENCE AND THE PROFILE OF ITS NUMBER WALL

The p-Cantor sequence is an automatic sequence, the profile of its number wall over ), is a 2-
dimensional automatic sequence | , Theorem 5.1]. Automatic sequences are a useful tool to
construct quadratic irrationals due to Christol’s Theorem | |. To define the p-Cantor sequence,
automatic sequences are introduced.

5.1. Automatic Sequences.
An alphabet X is a finite set of symbols. Given a finite alphabet X, a finite word over ¥ is a
concatenation of finitely many letters from 3. Denote the set of finite words over X by X*.

Definition 5.1. Given two words w = aj ...ay and v’ = d} ...al, in ¥*, define the concatenation
operator by

wxw =ay...au}...a, €.
Then, ¥* is a monoid with respect to the concatenation, where the identity element is the empty
word €.

Denote the set of infinite words over ¥ by ¥°°, and X% := ¥* U 2>,

5.1.1. One Dimensional Automatic Sequences.

Definition 5.2. For a word w € X%, denote the length of w by L(w). If w € ¥, define L(w) = oco.
Definition 5.3. Let ¥, A be finite alphabets. A coding is a function 7 : ¥ — A%, satisfying

T(ogo1...) =T1(0o0)T(07) . ...

Note that to define a coding 7 it suffices to define 7(a) for every a € .

A coding is called a d coding if for every w € ¥*, one has L(7(w)) = dL(w). If A = X, the

d-coding 7 is called a uniform d-morphism?.

Let ¢ : ¥% — X% be a uniform d-morphism. A letter a € ¥ is called ¢-prolongable if the first
letter of ¢(a) is a. If w = ooy - -+ € X satisfies ¢p(w) = w, then, o is ¢-prolongable. In this case,
w is a fixed point of ¢, denoted ¢>°(0p) = w. Furthermore, w = lim,_,~ ¢™(0g), where ¢"(0y¢) is
defined inductively as ¢™(o¢) = ¢ (qﬁ”*l(ao)).

For the purpose of this paper, the following definition of automaticity arising from Cobham’s theo-
rem | | is used.

Definition 5.4. A sequence S is k-automatic if there exist natural numbers k,d € N and finite
alphabets ¥ and A, such that S is the fixed point of some uniform k-morphism ¢ : ¥ — 2 under
a d-coding 7 : 22 — A%

5.1.2. Two Dimensional Automatic Sequences.
Words have a natural generalization to higher dimensions. For the purposes of this work, only
two-dimensional automatic sequences are required and thus, are defined below.

Let 3 be a finite alphabet. A two-dimensional finite word w made up from 3 is defined as a
matrix

W = (Jm,n)OSmSM,OSnSN where M, N Z O,
and 0,,, € X. In agreement with standard matrix terminology, 0,,, € £ denotes the entry of w in
column n and row m.

3These definitions are non-standard, but they are more convenient for the purposes of this paper.
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Let X% denote the set of finite two-dimensional words made up from ¥. Similarly, let 35° be the set
of two-dimensional infinite words, each of which is an infinite two-dimensional matrix (o n)mnen-

Define 2522 = 25 U X8e.

Given k and, I € N, a two-dimensional uniform [k,[]-coding 7 : ¥ — X is a function that
satisfies the following two properties:

(1) For any letter o € ¥, 7(0) returns a k x | matrix in ¥3.
(2) Let M,N € N and let W = (0 n)o<m<Mo0<n<N € X3 be a two-dimensional word. Then,
the function 7 satisfies

gp,0 001 - OQO,N T(Uo,o) 7'(00,1) T(UO,N)

oMO0 OM1 't OMN T(omo) T(oma) -0 T(OMN)
Similarly to the one-dimensional case, a [k, []-coding is called a [k, {]-morphism if A = X.
A letter og € ¥ is called ¢-prolongable if ¢(09)oo = 0p. Just as in the one-dimensional case,

define ¢ (o) iteratively as ¢*(o0) = ¢(¢*1(00)) and ¢°(o¢) = og. Then, the limiting sequence
#>(00) = limy_,00 #¥(00) exists if and only if g is ¢-prolongable.

In the two dimensional case, automatic sequences are defined in a similar manner using a general-
ization of Cobham’s theorem to higher dimensions | , Theorem 14.2.3].

Definition 5.5. A two dimensional sequence S is [k, []-automatic if there exist natural numbers
k.l k' I' such that S is the image (under a [k,1']-coding) of a fixed point of a two-dimensional
uniform [k, []-morphism.

5.2. The p-Cantor Sequence.

5.2.1. The p-Morphism that Defines the p-Cantor Sequence.
Let X be a finite alphabet and let w € ¥*. For a natural number i < L(w), let w; denote the i*®
letter of w.

Definition 5.6. Let p be an odd prime and let

r,={0,1,...,p—1}

be the finite alphabet made up from the elements of I, and associate n € I', with n € F,,. Define
a p-morphism ¢y, : F}? — Fg as

n(pz) modp if i=0 mod 2

0 otherwise

(5.1)

for every n € F, and for 0 <4 < p. Then, the p-Cantor sequence cw) = (cz(-p )> - is defined as
7

limy, 00 qbg(l) over IF,. Furthermore, to adapt C®) into a doubly infinite sequence, define cl(-p g

for all i < 0. Define ©,(t) := t~1 >, cgp)t_i € Fp((t™1)) to be the Laurent series associated to
.
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Example 5.7. LetT'7 ={0,1,2,3,4,5,6}. Then, the 7-Cantor sequence is given by the 7-morphism
¢ :T$ = T defined by:

#7(0) = 0000000 #7(A) = 1030301 #7(2) = 2060602
#7(3) = 3020203 ¢7(4) = 4050504 ¢7(5) = 5010105
#7(6) = 6040406.

5.2.2. The Laurent Series O,(t) is a Quadratic Irrational.

Before diving deeper into the properties of C®) it is confirmed that the Laurent series O,(t) is

quadratic over F),. For brevity, define po 5

Lemma 5.8. For any odd prime p, the Laurent series ©,(t) € F,(¢t7)) is a quadratic irrational.

Proof. Instead of working with ©,(t) directly, the proof instead works with the Laurent series

Op(t) :=1t-©,(t). Clearly, ©,(t) is a quadratic irrational if and only if ©,(t) is a quadratic irrational.

It suffices to prove that
p2
-~ rad P2\, _9;
Op(t) = 6,1 (Z)t % (5.2)
i=0

Indeed, rearranging this equation gives

P2 -1
sy = (S (™)) .
(t) (Z ( )t (5.3)
1=0
The denominator of the right hand side of equation (5.3) is the binomial expansion of
(1+t72)P2,

Thus,

~ 1

Op(t) = (1 +1t7%)72,
so that (:)p(t) is quadratic. All that remains is to prove (5.2). To achieve this, one extends the
definition of a p-morphism to apply to Laurent series in the following natural way:

Let ¢ : T} — I'S! be a p-morphism and let O(t) = >7° sit™* € F,((t71)) be a Laurent series whose
coefficients are given by a sequence (s;);en over F,. Then, define

0o p—1
G(O(1) =Y 77y ()it ™). (5-4)
=0 7=0

Let ¢, be as in Definition 5.6. As C®) = ¢, (C(p)) by definition, one has that ép(t) = qu(ép(t))
and hence,

o0 0o P2
6,(t) =3 Pt =33 (1;2>C§p>t(m+2i)

p)t—(pj+2i)

Il

s

(e

Y
: SRR
~

I

()

QQA

Finally, as ©(t?) = O(t)P holds for any Laurent series O(t) € F,((¢~1)), the proof is complete.  [J
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5.3. The Morphism that Generates The Right-Side of Wp(C(p)).
This subsection details the finite alphabet A, the [p, p]-morphism ®, : A} — AL and the [1,1]-
coding IT : A$ — {0, X}§} that generates (X(WP(C(p))[m, n]))
5.1]. The alphabet A is defined first.

as shown in | , Theorem
m,n>0

5.3.1. The Finite Alphabet A.
Regardless of the choice of the prime p, the alphabet A consists of 12 letters - 8 of which are labeled
by the cardinal and intercardinal directions:

A= {Au Ba F7 07 EN7 EE7 ES) EW7 CNE7 CSE7 CSW7 CNW}
To make the roles of the letters of A more intuitive, the alphabet A is split into four sub-alphabets.

Aunits 1= {Aa B}, Aeroes = {F,O},
Aedges = {ENa EE, E57 EW}, »Acorners = {CNEa CSEv CSWa C1NW}

The image of each letter under ®,, and II is both explicitly given and illustrated. With the exception

of A, B and F', the images of all the above letters under ®, and II are very simple. For those three
letters, it is recommended to look at the picture before reading the definition.

For the remainder of this section, 0 < m,n < p—1 are natural numbers and let ®,(-);, , is the item
in the m'™ row and the n'® column of the image of the input under ®,,.

5.3.2. The Image of ®, on Aypits.
The [p, p]-morphism ®,, acts on the letters A and B as,

A ifm=0=n mod 2 B ifm=0=n mod 2
0 ifm=0#n mod2 F ifm=0#n mod2
cI)p(A)m,n - . . cI)p(B)m,n = . o )
F ifm#Z0=n mod 2 0 ifm#Z0=n mod 2
B ifm=1=n mod 2 A ifm=1=n mod?2
that is,
A 0 A 0 A A 0 A B F B F B B F B
F B F B F F B F 0 A 0 A O 0 A O
A 0 A 0 A A 0 A B F B F B B F B
F B F B F F B F 0 A 0 A O 0 A O
®,(A) = A 0 A 0 A A 0 A ®,(B) := B F B F B B F B
0 A 0 A - A 0 A B F B F B B F B
F B F B F - F B F 0 A 0 A O 0 A 0
0 A 0 A A 0 A B F B F B B F B
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5.3.3. The Image of ®, on A.cres.
Define ®,(F') and ®,(0) as

Cyw if m=n=0,
Cyg if m=0 and n=p—1,
Csww if m=p—1 and n=0,
Csg if m=n=p-—1,
Q,(F)mn =< En if m=0 and 0#n#p—1, ®,(0)p,n, = 0 for all m,n,

Eg if 0#m#p—1 and n=p—1,
Eg if m=p—1 and 0#n#p—1,
Ew if 0#m#p—1 and n=0,

0 otherwise,
that is,
Cvw Eny Exn --- Eny En Cng 0 0O 0 0 0
Ew 0 o --- 0 0 Eg 000 -+ 000
Ew 0 o --- 0 0 Eg 000 -+ 000
®F) = i L 0=
Ew 0 0o --- 0 0 Eg 0 0O -0 00
Ew 0 o --- 0 0 Eg 000 --- 000
Csw Es Es --- Eg FEg Cgsg 000 --- 000

Remark 5.9. The letter F' was chosen to stand for the word “Frame", as the image of F' under ®,, is
ap— 2 X p— 2 square of zeroes framed by the letters labelled with the corresponding cardinal and
intercardinal directions.

5.3.4. The Image of ®, on Acqges-
The [p, p]-morphism ®,, acts on the elements of Aeqges as,

En ifm=0 Er ifn:p—l
By(EN)mn = ©p(E =
p(EN)m.n {0 otherwise p(EE)mn {0 otherwise
Es ifm=p-1 Eyw ifn=0
Oy(Es)mn = ©p(E =
’P( S)m,n {0 otherwise P( W)m,n {0 otherwise ’



that is,

Ey En
0 0
0 0
¢,(En) = :
0 0
0 0
0 0
0 0
0 0
0 0
@p(Es) = . .
0 0
0 0
Es Es

5.3.5. The Image of ®, on Acorners-
The [p, p]-morphism ®,, acts on the elements of Acorners as,

(I)p(CNE)m,n =

(I)p(CSW)m,n =

that is,

Cnw
Ew
Ew
®,(Cyw) == -
Ew
Ew
Ew

CNE
En

En
0
0

)

En Eny En En 0 00
0 0 0 0 0O 0 O
0 0 0 0 0O 0 O

: ®,(Fp) = :
0 0 0 0 0O 0 O
0 0 0 0 0 00
0 0 0 0 0 00
0 0 0 0 Ew 0 0
0 0 0 0 Ew 0 0
0 0 0 0 Ew 0 0
: 1 d(Bw)i= o
o --- 0 0 0 Ey 0 O
o --- 0 0 0 Eyw 0 0

Eg Es Es Eg Ew 0 0

ifm=0 and n=p—1 Csg

ifm=0 and n#p—1 Eg

. q)p<CSE)m,n =

ifm=#0 and n=p—1 Eg

otherwise 0

ifm=p—1 and n=0 Cnw

itm=p—1 and n#0 E

. P 7& (I)p(CNW)m,n = N

ifm#p—1 and n=0 Ew

otherwise 0

En Eny Exn En Eny Exn En
o --- 0 0 0 0 0 0
o --- 0 0 0 0 0 0

D @y(Cnp) =1

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

Lo ®,(Csp) = :

0 0 0 O 0 O 0

0 0 0 O 0 O 0

Eg Es FEg FEg Es FEg FEg

ifm=n=p-1
ifm=p—1+#n
ifm#p—1=n
otherwise

Im=n=0

ifm=0#n
ifm#0=n ’
otherwise
Enx Enx CnE
0 0 Eg
0 0 Eg
0 0 Eg
0 0 Eg
0 0 Eg
0 0 Eg
0 0 Eg
0 0 Eg
0 0 FEg
0 0 FEg
Es Es Csg



5.3.6. The [1,1]-coding II on A.
Let L € A. Then, the [1,1]-coding IT : A} — {0, X'}$} is defined by,

if [ =
H(L)m’n:{o i 0

X otherwise
The following Theorem from | | lies at the heart of every proof in this paper.

Theorem 5.10. | , Theorem 5.1] Let A, &), : A} — A and 11 : A — {0, X}$! be as described

above. Then,
X <(Wp (c) [m,n})mmel\]) = TI(3>(A)).

6. PROPERTIES OF THE NUMBER WALL OF THE p-CANTOR SEQUENCE

The goal of this section is carefully analyze the morphism ¢, and the coding II, so to gain a precise
understanding of ®7°(A).

6.1. The Morphism and Group Actions.

In this section, a group action on A is defined. To compute escape of mass, the symmetries of this
group action are exploited. Let G = (p,n, ¢|p*, 1%, ¢?) be a product of a cyclic group of order 4 and
two cyclic groups of order 2.

(1) Then, p acts on A in the following manner:
p(X) = X, for X € Aupits U Azeroes,
p(En) = Eg, p(Eg) = Eg, p(Es) = Ew , p(Ew) = EN, (6.1)
p(Cnw) =CnE, p(Cne) = Csi, p(Cse) = Csw p(Csw) = Cnw.
(2) The ¢ action on A is defined as:
(A)=DB, «(B)=A,
u(X)=X, for X € A\ Aunits-
(3) The n action is defined as:
n(0) =F n(F)=0
n(X) =X, for X € A\ A.eroes-
6.1.1. Reducing the Alphabet.
Due to these symmetries, A is described through the action of G on a subset of A, which is denoted

by T. Let T = {0, A, Ep,Cng, F'}. To avoid visual clutter, the subscripts are removed to obtain
T = {0, A, E,C, F'}. The motivation behind these symbols is the following

0 <> zero, A< first, E <>edge, C <> corner, F <« frame. (6.4)

The p action lifts to blocks of size p* x p¥ with entries in T by

¢

ap,o PN aO,pk—l
a;j € {A, B} for some 1, j
ap,0 NN a07pk_1
0 . _ apk_l’o c. a’pk—l,pk—l
plage_10) - plaoo)
apk,1,0 . Clpkapk,l . .
: else
P(apk—1,pk—1) e P(ao,pk—1)

(6.5)
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The actions of 1 and ¢ also lift to an action on p* x p* blocks, which are described shortly.

6.1.2. The Morphism ®, on T.
Using the alphabet T, the morphism @, : T — TP*? is given by

A 0 A ... A 0 A (A) F (4 ... (A) F (A
F (A F ... F A F o A o0 ... A 0 A
A 0 A ... A 0 A (A) F (A) (A) F 1(A)
Ao SNV \ IS ' L (690)
A 0 A A 0 A (A) F (A) (A) F (A)
F A F F (A) F 0 A 0 A 0 A
A 0 A A 0 A (A) F (A (A) F (A
00 0 -1 —1 1
00 0 pp2<(EC)) p O(E) p 0(E) g
0—: © LFe : : Lo (6.7)
Do p(E) 0 0 E
00 0 P(C)  p(E) p(E)  p(C)
00 0 E pH(E) p ' (E) pH(E) C
00 0 F 0 0 0 E
Em: - 1, Cw 0 0 0 E (6.8)
00 ..0E : : g : :
00 ... 0F 0 0 0 E

Note that ®, is p equivariant on the letters a € T, since D, (p'(E)) = p'(Pp(E)), ®,(p"(C)) =
pl(@p(C))’ and p(q)p(X)) = (I)p(X) = (I)p(p(X)) for X € Aun’its U AZET‘065~

The remainder of this subsection establishes properties of the morphism ®, which are crucial in
computing escape of mass in Section 7.2.
6.1.3. k-Pseudo Windows.

Definition 6.1. For k£ € N, denote the set of two dimensional words with entries in A of side length
Pk x pk by APExPE A large k-pseudo-window" of size p* is a square zero block in APPXP* and is
denoted by Zj = 0,k ,x. A small k-pseudo-window is a word Wy € APPXPY of the form

p*(C) p(E) pX(E) ... pX(E) p*(E) C
pA(E) 0 0o ... 0 0 E
pA(E) 0 0o ... 0 0 E
W= : : : : L (6.9)
PA(E) 0 0 0 0 E
pPA(E) 0 0 0 0 E
p*(C) p(E)  p(E) p(E)  p(E) p(C)

Define Wy = F and Zy = 0.

The following lemma is an immediate consequence of the definition of ®,.

4The word “window” comes from the fact that zero regions in a number wall always come in squares, which are
called ‘windows’. Since this is a square of zeroes but it is not within a number wall, the word ‘pseudo’ has been
added.
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Lemma 6.2. For every k € N, one has

(1) q)p(Wk) = Wk+1;
(2) ©p(Zk) = Zitr’

6.1.4. The Repeated Image of ® on the Letters of T.
The next theorem complements Lemma 6.2 by establishing the image of the remaining letters of T

under @';.

Theorem 6.3. For every k,
(1)
k-1
;7 (A)
‘]:qu
-1
;7 (A)

ohL(A)
Wi
k1

D7 (A)

(2)

1 (u(A))
Zi_1
r1(u(A))

Z_1 or1(A)
(I)’;—l(L(A)) Wi_1
Zy—1 op1(A)
Zy1 ohL(A)
Op(u(A) Wi
Zp—1 op-1(A)
Wi_1 @’;_1 L(A))
o (A) Zp—1
Wi_1 (I)lgfl L A))
Wior @5 1(u(A))
(I)I;_I(A) Zr_q
Wi @y~ (1(A4))

Wi @y~ (u(A))
or1(A) Zi1
or1(A) kzlk—l

Wi1 @ (u(4))
;1A Zip—1
<I>’]§_1 (A)) Wi

Zr—1 or-1(A)

(I)lgfl L A)) Wi_1

(I)l;*l(b(A)) Wk,1
Zy_1 (I)];_I(A)
BE1(u(A) Wiy

oyt (L(A)).
Zy—1
E1(u(A))

Proof of (1). The proof proceeds by induction on k. For k = 1, this holds due to the definition of
®,(A). Assume that the claim holds up to k. By the definition of @, the induction hypothesis,

and Lemma 6.2, one has
k-1

;7 (A)
Efkq

-1

;7 (A)

EH(A) = @, :
k-1

P, (A)
Wi_1
k—1

;7 (A)

Dp(A)
Wi
Dr(A)

Dh(4)
Wi,
ok(A)

@5 (1(A))

@y (1(A))

. Zk-1

-1

7 (1(4))
Zi1

Pp-l(A)
‘]:qu
1
oy (A)

. Z_1

1

)
Zk—1

or-1(A)
Wi
k—1

o7 (4)

Dy (A)
Wy
Ok (A)

A
Z,
OF(A)
Wi,
DF(A)

Zy,

Zy,

The proof of (2) is very similar and thus is omitted.
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Dy(A)
Wy
Dr(A)

Dh(4)
Wi,
ok (A)

or1(A) Zg—1
Wi—1 @571 (u(A))
oh1(A) Zip1
PELA)  Zy
Wio1 @571 (u(A))
@’;_1(14) Zi—1
Zy, Pr(A)
Dr((A) Wy
Zy, o5 (A)
Zk qﬂ;kA)'
F(1(A) Wy
7. Dr(A)

Pr1(A)
T}:VkA
1
o, (A)

DhL(A)
Wi
k-1

o, (A)




The elements of AP*~ ' *P"™!
pk—l % pk—l

in @’;(A) denoted by CIDI;,_I(A), Zi—1, Wg_1, and q)];_l(L(A)) are called
words.

6.1.5. The Actions . and n on AP**P"

Definition 6.4. Define the action of 1 on p* x p* words X € AP**P" by

Zy, X =Wy
nX)={ W, X=2 . (6.10)
X  else
Define the ¢ action recursively. For
X[)’o e X07p,1
¥ — : . : c Apk+1 xph+1
Xp-10 -0 Xp-1p-1
where X ; € APPPY for all 0 < i, < p— 1, define
(@5(u(A)) X = 2,(4)
Xoo - Xopa Q)IS(A) X ‘I)];(L(A))
7 : = UXoo0) - u(Xop-1) : (6.11)
Xp-10 - Xp_1p-1 : : else
U Xp-10) - U Xp-1p-1)

With this definition, p, 7, ¢ are ®,-equivariant.

Lemma 6.5. For every g € G = (p,n,t), for every k € N and for every X € Akapk, one has
Dp(9X) = gPp(X).

Proof. Tt suffices to verify this for every X € A. By definition, ®,(0), ®,(F), ®,(A), ®,(c(A)) are p
invariant, as are 0 and F', and it is clear that ®, is p equivariant on F and C.

By the definition of 7, for every word X € AP"*#"\ {®F(F), ®(0)}, one has that n(®,(X)) =
P,(X) = ®p(n(X)). Moreover,

n(@p(Wk)) = n(Wi1) = Zit1 = @p(Zk) = @p(n(Wi)),
and
(Pp(Zk)) = 1(Zk41) = Wig1 = @p(Wi) = @p(n(Zk))-

Induction is now used to prove that for every k > 0, ®, is ¢ equivariant on AP XP" The case k = 0
holds trivially. Assume that ®,, is ¢ equivariant on AP et X e APTTHT

If X = @’;(A), then, by the definition (6.11),
H(®p(X)) = (@ 7H(A)) = 2T ((A)) = Dp(P5(1(A))) = Bp(e(P(A))) = By(e(X).
Similarly, if X = @I;(L(A)), then,

UPp(X)) = U D ((A))) = D1 (A) = @y(R)(A4)) = Bp(u(X)).
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Otherwise, let X; ; € APPXPE for 0 < i,5 < p* —1, be a word such that

Xoo .- Xop-1
x=[ : :
Xp—10 - Xp_1p-1
Then, by the induction hypothesis,
U(Xoo) .- U Xop-1) Pp((Xop) - Pp(u(Xop-1))
Pp(L(X)) = : : = : :
UXp-10) - UXp-1p-1) Pp(t(Xp-1,0)) - Pp(e(Xp-1p-1))
UPp(X00)) - UPp(Xop-1))
= : : = 1(Pp(X)).
UPp(Xp-1,0)) - U Pp(Xp-1p-1))

6.1.6. The Outermost Edges of Words in AP xPE
Next, some claims about the outermost rows and columns of @I;(A) are proved.

Lemma 6.6. For every k € N,
(1) the first row of CI)I;(A) contains only the letters 0 and A
(2) the first column of CD’;(L(A)) contains only the letters 0 and ((A).

Proof. Claim (1) is proved explicitly and claim (2) follows from (1) and Lemma 6.5 with g = p.
When k = 1, this is clear by the definition of ®,(A). Assume that the claim holds up to k. By
Theorem 6.3, the first row of @g“(A) is composed of copies of the first row of @’; (A) and copies
of the first row of Zi. By the definition of Z; and the induction hypothesis, both of these contain
only zeroes and A’s. Hence, the claim follows. (Il

Lemma 6.7. For every k € N,
(1) the first and last columns of @’;(A) contains only the letters F', A, E, C, and p(C);
(2) the first and last rows of ®E(L(A)) contains only the letters F, 1(A), p(E), p(C), and p*(C).

Proof. Part (1) is proved, and (2) follows from (1) and Lemma 6.5. By the symmetry of Theorem
6.3, it suffices to prove the claim for the last column of @';(A). When k = 1, the claim is true due
to the definition of ®,(A). Assume that the claim holds for k. By Theorem 6.3, the last column of
<I>';+1(A) consists of copies of the last columns of QJI;(A) and of Wj. By the induction hypothesis

and the definition of Wy, the last column of <I>];+1(A) consists only of F, A, E,C, p(C). O

6.1.7. The Maximal Size of Pseudo Windows.

As a consequence, all (large) pseudo windows in q)]; (A) are of size at most pF~!.

Lemma 6.8. The largest zero regions in @I;(A) (respectively CIJI;(L(A))) are given by large (k —1)-
psuedo-windows.

Proof. The proof is completed for @’;(A). The method is identical for @’;(L(A)) and is therefore
omitted.

A simple induction shows that all zero regions in CDI; (A) are either large or small &’-psuedo-windows
for some 0 < k' < k. If @’;(A) did contain a large or small k-pseudo-window, it must intersect

at least two distinct p*~1 x p*~! subwords of ‘P]; (A). By Lemma 6.6, the first and last row of
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(I)’;,_l([,(A)) contain no zeroes. Hence, by Theorem 6.3 and Lemma 6.6, a large or small k-pseudo-

window intersecting Zj;_; cannot intersect (I)];_l(L(A)) and @lg_l(A). On the other hand, by the
definition of Wy_1, a large or small k-pseudo-window intersecting Wj_1 must be contained in Wj_;.
Hence, by Lemma 6.6, all zero windows in @’;(A) must be contained in some p*~1 x pF¥~! subword

of Q)l; (A), which is a contradiction. O

6.1.8. Diagonals of ®3°(A).
Let j € N. Similarly to in Section 3.3, define the j-th diagonal of ®3°(A) by

D(8°(4)) = {82 (A)[n,n+j] - n € NU{0}},
where ®2°(A)[m, n] is the entry in row m and column n of ®°(A).

For X € AP a subword of ®°(A) and j € N, denote the intersection of the j-th diagonal of
®2°(A) with X by D;(®3°(A)) M X.

Definition 6.9. Let j € N. Then, D;(®;°(A)) is eventually periodic with period ¢ if there
exists V € N, such that for every n > N,

O (A)[n + 6,n+ L+ j] = ¥ (A)[n,n + j].

Let P(j) denote the period length of D;(®;°(A)). If D;(P>°(A)) is not eventually periodic, define
P(j) = oc.

The following corollary follows immediately from Theorem 6.3 and plays a crucial role in proving
that all the diagonals of ®>°(A) are periodic.

Corollary 6.10. Let 0 < j < p¥ — 1. Then, the first 2p* entries of Dj(®>(A)) are split into the
four following consecutive blocks:

(1) A0, 5], ..., DA — 1~ j,pk — 1];

(2) Zk[pk _j70]7 e 7Zk[pk -1,5—- 1]}

(3) Dp((AN[0, 7], .. p(e(A))p* — 1 —j,p* —1];
(4) Wk[pk _j70]7 . '7Wk[pk -1,j- 1]

Remark 6.11. Note that when j = 0, (2) and (4) are not defined, since indeed the 0" diagonal does
not intersect Z; and W.

Remark 6.12. Let 0 < j < pF—1.
(1) By Corollary 6.10(2), D;(®>*(A)) N Z, =0,...,0.
———

7 times

(2) By Corollary 6.10(4),

D;(@%(A)) MW, = {p*(E), 0,...,0, p(E)}.

J—2 times
6.1.9. The Diagonals of ®°(A) are Periodic.
Through Corollary 6.10 and Remark 6.12, one obtains the following lower bound on P(j), which is

illustrated below.
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the j-th diagonal

q)k(A) \\ Zk

BF(1(A)) LW

N

N

FIGURE 4. The j-th diagonal is periodic, with its period being comprised of its jour-
ney through four components, where the red part is its intersection with ®*(A), the
cyan part is its intersection with Zj, the pink part is its intersection with ®*(.(A)),
and the blue part is its intersection with W,.

Corollary 6.13. Let p* —1 < j < p*tl. Then, P(j) > 2p*+!.

Proof. By Lemma 6.8, the largest zero portion in @’;H(A) is a large k-pseudo-window, which has
side lengths p¥. Since j > p¥ — 1, then, by Remark 6.12(1), D;j(®;°(A)) M Zy41 does not appear in
Dj(®3°(A)) M ‘IDI;H(A), that is the cyan part of the diagonal in Figure 4 did not appear in the red
part of that diagonal. Hence, by Corollary 6.10, P(j) > p**1.

It is now shown that D;(®;°(A)) M W41 does not appear in

(Di(@3() Mk () | (Di(@(A) 1 Zeyn) || (Pi@a) o+ ((4))),

that is, the blue part of the diagonal in Figure 4 does not appear in the red, cyan, or pink parts of
that diagonal. By Remark 6.12(2), the blue part of the diagonal in Figure 4 is given by

——
D;(°(A)) M Wit = p*(E), 0,...,0, p(E).
j—2 times
Firstly, if j > p* 4+ 3, then, j — 2 > p* 4+ 1. Therefore, by Lemma 6.8, Dj(®;°(A)) M Wyyq is not
contained in D;(®5°(A)) M ®ETL(A) or in Dj(®5°(A)) ML (L(A)). Thus, the only other place the
J — 2 zeroes in D;(®;°(A)) M Wiy could appear is in D;(®5°(A)) M Zg11 (the cyan part of the
diagonal in Figure 4). By Remark 6.12(1), D;(®5°(A4)) M Zg11 =0, ..., 0, and thus, by Lemma 6.7,
'Ht./—/
j times

D;j(®p°(A)) M Wiy1 does not intersect Zyy1.

Thus, the period of D;(®,°(A)) consists of its intersections with <I>’I§+1(A), Zt1, (I)];+1(L(A)), and
Wii1. Therefore, the period of the j-th diagonal is at least 2p**! when j > p* + 3.

If j = p¥ +1i, where i = 1,2, then, by Corollary 6.10, Dj(®5°(A)) M Zyy1 (the cyan part in Figure 4)
consists of exactly j consecutive entries. Hence, if D;(®p°(A)) M Wiy = p*(E), 0,...,0,p(E) (the
——

J—2 times

blue part of the diagonal in Figure 4) appeared in

(D@5 () @ (A)) || (D3(@35(4) 1 Zey) | (Di(@57()) M@ ((4)) )
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then by Lemmas 6.6 and 6.7, this configuration has to be contained in @’;H(A) (the red part of the
diagonal in Figure 4) or in @];H(L(A)) (the pink part of the diagonal in Figure 4).

By Lemma 6.8 and the definition of W, the only zero windows of <I>§+1(A) (respectively <I>l;+1(L(A)))
of size at least p¥—1 < j—2 are contained in Z;. On the other hand, by Lemma 6.7, a diagonal which
enters Zj, first goes through the last column of @’; (A) (respectively, the last row of @’;fl(L(A))), does
not consist of p?(E). Thus, the configuration p?(E), 0,...,0, p(E) does not appear in @’;“(A) (the
7—2 times
red part of the diagonal in Figure 4) or in q)l;H(L(A)) (the pink part in Figure 4). As a consequence,
the period of the j-th diagonal consists of its intersections with @’;“(A), Zit1, (I”;+1<L(A)), and
Wi 1. Hence, the period of the j-th diagonal of ®°(A) is at least 2pktl, O

Lemma 6.14. Let k € N. For any p* +1 < j < pFtl, D;j(®5°(A)) is periodic with P(j) < 2pktt,

Proof. The proof proceeds inductively on k. For k = 0, this is a consequence of the definition of
®,,(A), the definition of ®,(¢(A)), Theorem 6.3, and Corollary 6.10.

For the purposes of this proof, for a multiset X = {x1,..., 2y} € A™, define

Pp(X) = {Pp(21),- .., Pplam)},
so that ®, also acts on diagonals. Let 1 <4 < 2p**! — 1. Then, ®, maps ®°(A)li, j] to the square

{OX(A)CK: (p—1)i+1<<i(p—1)j+1<k<pj}.

Hence, ®5°(A)[i,i + j] arises as part of the image under @, of the ®;°(A) H%J , Lﬂﬂ—th entry.

QAENES

/=1

Moreover if j = Z?:o jep®, then,

55
p b

Thus, ®;°(A)[4,4 + j] arises from the Zif:l Gt + LH%J - BJ -th diagonal.

®,°(4)

Let i = ]Ziol iep’ be the base p expansion of 7. Then,

V’JrjoJ B VJ _ o o | | kg et
p p p p

:VoJrjoJ_VoJ:Vo%-joJ: 0 do <p—Jjo, or jo =0,

p p p I p—jo<ip<p-—1

Let p* +1 < j < p**1. The proof now splits into two cases. The first case is jo = 0. In this case,

one has D;(®,°(A)) = @, <Dj (@;"(A))) Hence, by the induction hypothesis for D; ($°°(A)) and
p p

(6.12)

the fact that ®, is a function from A to AP*P, the j-th diagonal is periodic with P(j) < 2p**!.

If jo # 0, for every i = 1,...,2pF"1 — 1, then, D0(A)[i, i + j] arises from

oW [ [ [l osesofUmqs ][+ ] oozt somn



This means that D;(®>°(A)) arises as parts of the images of DVJ (@;°(A)) and DVJ D0(A))
p

o
under @,

3 7
P p+1

By the induction hypothesis, DL J (@;°(A)) and the DL J (@,°(A)) are periodic with period length
at most 2pF. Thus, their images under ®,, are periodic with period length at most 2pF 1 so that
the D;(®>°(A)) is periodic with period length at most 2p*+?. O
Corollary 6.15. Let k € N and let pF < j < pFt1 — 1. Then, P(j) = 2p*+1.

7. ESCAPE OF MAssS COMPUTATIONS

Theorem 5.10 and the results of the previous section are now used to prove Theorems 1.18, 1.23,
1.30, and 1.31.

7.0.1. Escape of Mass of D;j(P>*(A)).
Recall that by Corollary 4.6, escape of mass can be computed by using the number wall through
equation (4.15). Furthermore, by Theorem 5.10, I1(®,°(A)) generates x (Wp (C(p))). Hence, the

escape of mass of the j-th diagonal of Wp(C(p)) can be computed through the similar notion of
escape of mass of Dj(Pp°(A)).

For j,N € N, let e; v be the proportion of mass greater than N which escapes in the j-th di-
agonal in ®°(A). By Corollary 6.15, one can express e; v explicitly by

Zhi+1,jg2pk+1 max{hi'i‘l:j - h’i»j — N, 0}
€N = 2phH ,

(7.1)

where hyj < hgj < ... are the indices at which ®>°(A)[h;;, hi; + j] # 0. For j < p*!, define
®k+1,5,N to be the amount of mass of size at least N which escapes in the j-th diagonal of PFHL(A),
that is
Pht14N = > max{hii1,j — hij — N,0}.
hit1,;<pFtl-1—j
Note that the periodic nature of the diagonals implies that for every j € N, there exists N for which
¢k+1,5,~8 = 0. Hence, one can take N large enough so that ¢xi10n = 0.

The following lemma is a direct consequence of Lemmas 6.5, 6.6, and 6.7.

Lemma 7.1. Let k € N, let p* +1 < j < p**! and let 7~11,j < l~12,j < ... be the indices for which
O ((A))[hij, hij + ) # 0. Then,

Pr+1,5,N = > max{h;11; — hij — N,0} + On(1). (7.2)

hit1;<pFti—1—j

Proof. The proof proceeds by induction. For k = —1, Corollary 6.15 implies that the first diagonal
of t(A) has the following path:

(1) (c(A))[0,0],...,2((A)[p—1,p—1J;
Note that by (6.6), ®(c(A))[i,i], P(A)[4, 7] € {A,(A)} for every i,j < p — 1. Thus, the right hand
side of (7.2) is equal to zero for every N € N and ®g; 5 = 0 for every N € N.
Assume that (6.6) holds up to k—1, and (6.6) is now proved for k. Let pF4+1 < j = jkpk+2f:_01 gip* <
pF*1 and let suf(j) = j — jxp*. By Theorem 6.3 Corollary 6.15(2), the 5 diagonal of ®*+1(,(A))

consists of
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(1) @+ (e (4 ))[0 glooe o @A) PP =1 — M 1]
(2) Wi [p"! = 4,0],. o, Wi [p*H = 1,5 = 1;
(3) @*FH(A)0, 5], ..., PFFH(A) M — 1 - pM —1];
(4) Zk—l—l[pk—H _jv O]a ) Zk-l—l[pk—‘rl - 17.] - 1]
On the other hand, the ;' diagonal of ®**1(A) consists of (3),(4),(1),(2). By Lemma 6.6 and

Lemma 6.7, reordering the steps (1),(2), (3),(4) does not affect ¢541 ; n. Therefore, by the induction
hypothesis, on has (7.2). O

Lemma 7.2. Let k € N and let pF +1 < j = Z?:o Jept < pFtL. Then, for every sufficiently large
k,

J+ k18 + On(1)
€N = ]

> gj +ON(p"). (7.3)

Proof. By Corollary 6.15, the period of the j-th diagonal is 2p¥*!. Hence by Lemma 7.1, for any
large enough k, ej ny can be computed via Corollary 6.10 to obtain

C2¢kyN | 27+ ON(1) A dkr1,n +ON(D)
€N = opit1 o PR

> % +On(P"). (7.4)
(|

Remark 7.3. Due to the definition of IT and Theorem 5.10, the escape of mass of the j* diagonal
of the number wall of ©,(t), denoted e; n(O,(t)) and defined in equation (1.12), is equal to e; n for
every pair (j, N), such that j is large enough with respect to N.

7.1. Computing ¢p1 -
Equation (7.3) shows that to bound e; y, it suffices to bound ¢y j . Assume that k is sufficiently

large with respect to IV, so that O],L(l) is very small, and write ¢y ; instead of ¢r41 ;v to ease on

notations.

Definition 7.4. For j = Zf:o 4ip', where 0 < j; <p—1for 0 < i < k and j; # 0, define the suffix
of j by

suf (j Z jip’

and
k k
o (Z jiﬂ) => aip' =p" -}
i=0 i=0

Then, a; = p — j; for every i =0, ..., k. Note that for every j, the orbit of j under the operations
suf and « is finite.

Remark 7.5. The motivation for defining a(j) is the fact that, for j as in Definition 7.4, D;(®;°(A))r
<I>’;(A) contains exactly «(7) entries. Moreover, ji is even if and only if ay, is odd. Hence, by Theorem
6.3,
(1) if ji is even, then, the j-th diagonal enters and leaves ®41(A) at the word ®F(A) € APEXD"
(2) if ji is odd, then, the j-th diagonal enters @’;‘H(A) at the p* x p* word Z; and leaves
OEH1(A) at the word Wy, € AP P,

This is illustrated in Figure 5
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I (A)

2y, '~.<§§(A) }

Wi, @A),

FIGURE 5. The path of the j-th diagonal in @’;H(A). The purple diagonal corre-
sponds to even ji, whereas the pink diagonal corresponds to odd j.

The goal is now to write ¢py1,; as a function of ¢y1 7, where j’ is in the (finite) orbit of j under
the operators o and suf. In particular, the following theorem is established.

Theorem 7.6. Up to an additive constant of size at most p,

¢k,suf(j) Jk=p—1, SUf(]) 7é 0

2 (p" — suf(5)) + Pr i —sut () Je=p—2,suf(j) #0

(p—jx —3) - (PF —suf(§)) + (p = jr — 2) - brsur(y) O < jr <p— 3 is even,suf(j) # 0
(p— k) - (BF —suf(§)) + (p— gk — 1) - Gy pr—sur(y) Jk <P —4 is odd,suf(j) # 0
(p—Jr) - P* j = kb, jk is odd

L0 j= jkpk,jk 18 even.

¢k+1,j =

(7.5)
If the expression in the right hand side of (7.5) is negative, then, ¢py1; = 0.

Proof. In order to prove Theorem 7.6, it suffices to go over four different cases.

Case 1: jp =p—1.
If j = p — 1, then by Theorem 6.3, the j-th diagonal intersects <I>];+1(A) only at

@I;(A)[O,suf(j)], e @I;(A)[pk —suf(j) — 1,p" — 1].

Hence, ¢k+1,; = Pk sut(j)-
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ok {}I).

E+1
@y (A)
FIGURE 6. the path of the j-th diagonal when j, =p—1

Case 2: j, =p—2.
If jp = p— 2, then by Theorem 6.3, the j-th diagonal intersects @’;H(A) at the following
entries:

(a) Zy[0,suf(5)], ..., Zu[p" — suf(j) — 1,p" —1];

(b) ®5(A)[p* — sut(j), 0], ..., BE(A)p* — 1, suf(j) — 1]

(c) Wg[0,suf(5)],..., Wg[pF — suf(j) — 1,p* — 1].

the j-th diagonal

7| PE(A)

<

N

Wi,

k+1
o, (A)
FIGURE 7. the path of the j-th diagonal when ji = p — 2

Thus, (bk—l-l,j = 2(pk - SUf(j)) -2+ (bk,pkfsuf(j)'

Case 3: 2 < jp <p-—3is even.

If jr < p— 3 is even, the j-th diagonal begins by going over the following route [pk;;k_jJ
times:

(a) BECAO, sul(7)], .. ., PE(A) P — suf(j) — 1,5 — 1]

(b) Zy[p" — suf(5),0],. ... Ze[p" — 1,suf(j) - 1J;

(©) DEW(A[O, Sl ()], ., BE(u(A) [ — suf(j) — 1,p* —1];

(d) Wi[p® —suf(4),0], ..., Wi[p® — 1,suf(j) — 1].
Furthermore,

pk+1 —j _ pk-‘rl o Zi:() jlpz
2pk 2pk
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. k—1 . 4
_p—de X g
2 2pk
sl suf() =0
B pifjéf?’, else .

Pt —j
2pk

By Remark 7.5, after going through the route (a), (b), (c), (d) L
diagonal enters @’;(A)[O,suf(j)], . ,@’;(A)[pk —suf(j) — 1,p*F —1].

J times, the ;'

(I)];+1(A)

ok (oA, Wi

FiGURE 8. The purple line denotes Case 3.1 and the burgundy line is Case 3.2, both
defined below.

(a) Case 3.1: 2 < j, < p— 3 is even and suf(j;) = 0. In this case, j = jip®. Thus, the
jep"-th diagonal does not intersect Z; and Wj, at all. That is, it enters @fj(A) as soon
as it leaves ®%(.(A)) (and vice versa). Hence, ¢y 11 j, ¢ = 2050 = 0.

(b) Case 3.2: 2 < ji < p—3is even and suf(ji) # 0. By Remark 7.5 and the steps (a),

(b), (¢), (d),

¢k+1,j = % (2 ' (pk - Suf(j)) + 2¢k,suf(j)) =+ ¢k,suf(j)
= (p — Jk— 3) <pk - SUf(]) + (z)k,suf(j)) + ¢k,suf(j) (76)

= (p—jr —3) - (" = suf(4)) + (p — jr — 2)brsut(s)
Case 4: j, <p—4 is odd.
If jr < p—4isodd, then, the j-th diagonal intersects @’;*1(14) in the following route which

is repeated {pk;*jJ times:

(a) Zk[O suf ()], ., Zx[p* —suf(j) —1,p* —1];

(b) ®5(e(A))[p" —Suf( ), O]w-wCI’IZ(A)[pk — 1,suf(j) — 1;
(( ; Wk[o SUf( )] 7Wk’[p _Suf(j) - ka - 1];

( ) [p* suf( '),0],...,@’;(A)[pk—1,suf(j)—1].
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. k+1_ . i f .
Since 2 2F L = 0k sgp(kj), one has that
pk—i-l —j _ P—zjk Suf(j) =0
2pk N W else '

By Remark 7.5, after repeating (a), (b), (c), (d) Lp
goes through steps (a), (b), and (c).

k: .
;plk_]J times, then, the j-th diagonal

(I)l;+1(A)

Wy, ek ()

Zki)k )

FIGURE 9. The pink line is Case (0a) and the red line is Case (0b).

(a) Case 4.1: ji < p—4 is odd and suf(j) = 0.
In this case, j = jip¥, so that the j-th diagonal does not intersect @lg(A) or @”;@(A)).

Hence,
pP—J .
P15 = 2]k -2p" = (p— ji)p"
(b) Case 4.2: ji < p—4 is odd and suf(j) # 0. In this case,
pP—Jk—2 : ;
Phtty =% (2(Pk —suf(j)) + 2¢k,pk—suf(j)) +2(p" — suf () + bppr—sut(s)

= (p— ji) (P" — sut(§)) + (p — jix — D)@k ph—sut(j)-

7.2. Escape of Mass and and Maximal Escape of Mass.
The goal of this section is to deduce Theorems 1.18 and 1.23 from Theorem 5.10.

7.2.1. Maximal Escape of Mass.
The proof of Theorem 1.23 is short, and so it is completed first. Indeed, it suffices to find a sequence
of diagonals which exhibits full escape of mass.

Lemma 7.7. Let k € N and let 1 < j, < p — 2 be an odd integer. Then, the sequence {jip*}ren
exhibits full escape of mass, that is

lim lim e. » nv(©) = 1.
N—o00 k—00 JkP ’N( )
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Proof. By Lemma 7.2 and Theorem 7.6, for every k sufficiently large with respect to NV,

(p—gp" + " — 1+ 0Nn(1) PP+ ON(1)
Cippk N = pht1 - pht1 :

Hence for every N > 1, e;, . y — 1 as k — oo. Thus, by Theorem 5.10 and Remark 7.3,

lim lim e; » v(©)= lim lim e; x nv = 1.
N—o0 k—oo JkP ’N( ) N—o00 k—o0 akp" N

7.2.2. Bounding the Escape of Mass.

k+1

Lemma 7.8. For every k € N and p* < j < p**1, one has ejN > % +On(p~").

Proof. By Lemma 7.2, if ji > 2, then,

J+ ki1 +On(1) _ jrp” - 2 _
€N = +ka+1 8 = pE+1 +On(p~ ") > » +On(p~*HY).

Thus, by Remark 7.3, for every sequence () = Zfﬁo ji(n)pi with jé:) > 2 and k,, — o0,

2
lim liminfe.( O) = lim liminfe.m) v > —.

Hence, by Lemma 7.2, Lemma 7.7, and Remark 7.3, it suffices to prove that e; y > }2; +On(p~™F)
when ji = 1 and suf(j) # 0. In this case, Theorem 7.6,

Frer1in = (0= 1" —suf(5)) + (0 = 2) bk agsur(s)) + O(1)
= pFt —pF — (p — 1) suf(§) + (p — 2)B.a(sur()) + O(1).
Therefore, by Lemma 7.2 and Remark 7.3,
_ J+ dry1; +On(1)

€N (0) =ejn = phtl
P suf(h) + M —pF = (p — 1) suf(5) + (0 — 2) @ pr—sut(y) + On(1)
- pkz+1
(p - 2) Suf(]) - (p - 2)¢k,pk—suf(j) 1
—1- g +On <pk> . (7.7)

Since suf(j) < p*, then, suf(j) — Do ph—sut(j) < p¥. Thus, the right hand side of (7.7) is at greater
than or equal to
p—2 _ 2 _
L= P’ —On(p™") = P On(p™").

(1) (n)

As a consequence, for any sequence j(™ = Zfﬁo Ji pF with Jg, =1, one has

2 2
lim liminfe;m y > lim lim ( + ON(p_kn)> =

N—oco n—o0 N—oon—oo \ P p

n

To conclude the proof of Theorem 1.18, it suffices to find a sequence which exhibits exactly % escape
of mass.

Lemma 7.9. The {2p*}ren diagonals exhibit % escape of mass.
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Proof. By Lemma 7.2 and Remark 7.3, for every N > 1, and for every sufficiently large &,

o2 P12 ON(1)
2p*,N P pht1 pht1

By Theorem 7.6, ¢y 41 o+ y = 0. Therefore,

2 1 2
eZp’“,N:];—i_ON W —>5,

as k — oo. Hence, by Lemma 7.8, the {2p*}ren diagonals exhibit exactly % escape of mass. U
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7.3. Generic Escape of Mass.

7.3.1. A General Method to Establish Generic Escape of Mass.

The following terminology is introduced to provide a method of proving generic escape of mass
claims. This methodology is sequence agnostic, but in this paper it is applied to the p-Cantor and
Thue-Morse sequences, the number wall of the latter being constructed in | |.

Definition 7.10. Let X be a finite alphabet and let ¢ : X% — X3 be a [p, p]-morphism. For
a € X and a square block B € XP" X" let N, (B) be the number of appearances of a in the B.

This function is central to the following Fubini like claim which is used to prove that the p-Cantor
and Thue Morse sequences exhibit full generic escape of mass.

Theorem 7.11. Let p be a prime power, let m € N, and let O(t) € F,((t~1)) be a quadratic irrational.
Let X be an alphabet containing the symbols 0 and A, let ¢ : ng — Xgl be a [p, p]-morphism such
that A is (-prolongable, and let € : X — {0,1} be an [m, m]-coding. Assume that £(0) = Opsxm,
¢(0) = Opxp, and that the profile of the number wall of ©(t) is equal to £((>(A)). If

fim Yo(CA) _ (7.8)

then, for every e > 0,
lim d(k € N:ep,(O(t)) >1—¢) =1.

n—o0

Remark 7.12. For the p-Cantor sequence, m =1 and & = II.
Proof of Theorem 7.11. For k € NU {oc0o}, define

o= U [ G x [ G+ e
(i,7) € 7% :
0<id,j<p,
¢*(A)i, 4] =0
Then,
Ao(By) = NO(;L;(A))’ (7.9)

where A is the Lebesgue measure on [0, 1] x [0, 1]. Since (*°(A) exists, then,
B

= lim By (7.10)

k—o00

is well defined. Note that By are simple measurable sets approximating B.,. Hence, by (7.8) and
(7.9), A2(Boo) = limg_00 A2(Bg) = 1.

First, to account for the limit on n — oo in the definition of escape of mass, a variation of & is
defined. For k € NU {oo} and n € NU {0}, define &, in the following manner: For every diagonal
0<j<p’—1,andevery 2<i<p’—j—1, define

) 1 ¢=1,...,min{n, hj;y1 — h;;}
D AN+ s hii + 0+ 5] = e e e
En(C AN+ Ryis by + £+ 5] E(CH(A)) [hya + £ hys + £+ 5] else

That is, &, is identical to &, but where every string of at least n zeroes on a diagonal has had the
first n zeroes replaced with ones.
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Additionally, define

By = U [z’p_km_l, (1 + l)p_km_l] X {jp‘km_l, (7 + l)p_km_1 )
(i,7) € Z?
0<i,j<mpF—1
En(CF(A)[i, 5] =0
Since limy,_,o ¢F(A) exists, then, the limit Bo, := limg oo By, is well defined. Moreover, By,

are simple measurable sets approximating Bso ,,. Therefore, for every n € NU {0} and for every
ke NU{oo},

. No(&a(CH(A) .
dm = e~ A ABrn) = MBoo).
Note that the ;' diagonal of &,(C¥(A)) differs from the j* diagonal of £(¢¥(A)) in at most néy
entries, where ¢y, is the length of the period of the k-th diagonal. By | , Theorem 10| and the
analysis of | , |, there exists Cg() > 0 such that £ < Cg)k. Hence,
No(£(¢F(A))) | No(€n(¢F(A))) _ No(€(C*(A))) — nCoy kp*
p2Fm?2 = 2Fm?2 Z 2Fm?2
No(€(¢M(4))) K
= W - Om,@(t),n(kp )-
Consequently,
- No(€(€(A4)) _ . No(&n(¢*(4)))
A2(Boco) = lim == o = i =~ Me(Boan); (7.11)
for every n € N. Since £(0) = Oy, then,
No(£(¢*(A))) _ No(€F(A))m? _ No(€*(A))
p2Fm?2 = p2Rm?2 -
By passing to a limit,
k
)\Q(BOO 0) 2 lim M = )\Q(BOO) == 1, (712)
’ k—o00 p2k

so that A\a(Boo,0) = 1. Thus, by (7.11) and (7.12), for every n € N, Aa(Boso ) = 1.

Let A1 be the one dimensional Lebesgue measure in R? and for a € [0, 1], define
Dy={(z,1—z—a):a<z<1-a}.

By Fubini’s Theorem, for every n € N and for \; almost every a € [0, 1], one has A\ (BoonNDy) = 1.
The fact that Aj(Boson N D) = 1 is now translated to generic escape of mass. Let

k k y
851)(”) < 552)(”) << Sgb)kny (n)

be the indices satisfying &x(¢F(A)) [s%)(n),j + sg-{? (n)} = 1. By the definition of escape of mass
and Lebesgue measure, for any sequence j; with ji < p* and limg_so0 ji,

b n,j
Rl (CRIDE PO

k

lim ej, n = khm

= lim M\ (B Dy, 1

where e; ,, is defined in (7.1) and

T i+ . k-
STERES PN
! pk pk
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Thus, by (7.13) for A\; almost every a € [0,1], and for every increasing sequence j; with Z—’z — a,
lim €pm = lim >\1(Bk,n N Dk,jk) = >\1(Boo,n N Da) =1. (714)
k—00 k—o00

Since every j € N is part of some sequence ji < p* with limj_,o0 g—ﬁ = a, then, for every n € N and

for every € > 0, one has

]{jgk:em>1—5}\

lim :/\1{CL€[0,1]:/\1(Boonﬂpa):1}:1.
k—o0 K ’
O
Therefore, to prove Theorems 1.30 and 1.31, it suffices to prove that ®, (respectively the morphism
from | |) satisfies the conditions of Theorem 7.11.
Proof of Theorem 1.30. By | , Theorem 1.6], the set B, (see equation (7.10) defined by ®,, has
k

Hausdorff dimension less than 1. Therefore, limy_, oo w = 1, and hence, by Theorem 7.11,
Theorem 1.30 follows. U

7.3.2. Proof of Theorem 1.51.

Theorem 1.31 is now established using a more general method that can be applied to any sequence
whose number wall is fully understood. In particular, one requires the morphism from | | that
generates the number wall of the Thue-Morse sequence over Fs.

Definition 7.13. Let X = {zg,z1,...,2,} be a finite alphabet. With the symbols of Definition
7.10, define the transition matrix of ¢ to be the matrix M € X™*" by

in—l (C(xj—1)>

Mi; = 2 = P(zi1 in ¢(zj-1)),
where P(z;—1 in {(xj—1)) is the proportion of appearances of x;_1 in {(z;—1). For j € {0,1,...,n—1}
and k > 1, denote N(C*(27)) = (Nuo (¢*(5)), - -+ N,y (¢F(25)))", and let P(¢*(x5)) = N (¢F ()

be the probability distribution vector of ((x;). Note that M T'is a stochastic matriz, that is the sum
of the elements in every row is 1.

Remark 7.14. The motivation behind the definition of M is the following fact: for every a,b € X,

Ny(¢H (@) = Y Na(C* (@) No(¢(a)). (7.15)

zeX
Hence, for every x € X,
1 1 _ _
B(¢*(2)) = N(¢H(@)) = 5 M N (@) = M*P(((a)).

Thus, if A is the initial symbol, and zg = 0, then P(0 in ¢¥(A)) is equal to the first coordinate of
M*TP(C(A)).

The methods to prove Theorem 1.30 and the morphism from | | are used to prove Theorem
1.31.

Definition 7.15. The Thue Morse sequence {7, }en is defined by the morphism y : {0,1} — {0,1}?
given by
1(0) =01 and p(1) = 10.
Let 7= Y22 7yt € Fo((t™1)). It is known that 7 is a quadratic irrational | ].
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In | |, the first named author, Erez Nesharim, and Uri Shapira found a morphism and coding
which generates the rotated number wall (which is called the diagonally aligned number wall) of 7.
Explicitly, the diagonally aligned number wall of a sequence © = {O,,},,¢cn is defined by

0 n>m-+1
1 n=m-++1
0) = ,
Smn(©) 0 m=mn mod 2
detH@(mz_",m;”) m>nand m#n mod 2

where Hg(m, n) was defined in Definition 4.3. Essentially, §, »(©) is a rotation by 45° of W (0O).
Hence, to evaluate escape of mass in the diagonally aligned number wall, one computes escape of
mass along the columns, instead of along the diagonals (see | | for details). Explicitly, the
following lemma is an immediate consequence of Corollary 4.6 and the definition of a diagonally
aligned number wall.

Lemma 7.16. Let O(t) = Y22, 0;t7" be a quadratic irrational and let t*O(t) = [0;ax1,- - Thy -
Let dy.j be the j™ non-zero coordinate in the k'™ diagonal of §(©). Then, O(t) exhibits c-escape of
mass if and only if

. _smax{di i1 —di;—n,0
lim Tim inf ZJ—L---A 1 {dk,j+ J ,0} > e

0 — -
nree koo S5 (e — dig)

In | |, the authors proved that 7 exhibits % escape of mass and moreover, found a sequence
{t"= 7} which exhibits full escape of mass. To do so, they used the following [2,2]-morphism to
generate §(7).

Let ¥ ={a;,b;,c; : 0 <i <3} U{da,dp,0} and let

G = (p,n, t|p*,n*, %, pnpn, pupt,mne) = Dy x Z/2Z = {p,n|p*,n*, pnpn) x (¢]*)

be the product of the dihedral group of order 8 by a group of order two. For an integer ¢ and an
integer n, denote [i],, =4 mod n. Then D, acts on ¥ in the following manner:

plo) =o, n(o) =o,
p(a;) = ajqy),, fori=0,1,2,3
n(ao) = ao, n(az) = az, n(a1) = az, n(az) = ay,
p(bi) = by, fori=0,1,2,3 (7.16)
n(bo) = by, n(bz) = bz, n(b1) = b3
p(ci) = ¢z, , fori=0,1,2,3,
n(co) = ¢, n(c1) =c1, n(c1) = cs.

Moreover, ¢ is the operation which switches between a and b. Explicitly, Z/2Z acts on ¥ in the
following manner:

d, x=d,
(x)=<ds x=dp. (7.17)
x else

Note that ¥ is a union of exactly four G orbits whose representatives are {0, ag, co,da}.
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The [2, 2]-morphism from | | is the unique p, ¢, and 7 equivariant [2, 2]-morphism defined by
g:Y = N2 by

o O a C
0(0) = o o U(aO) = dg b(())’
§ (7.18)
a o o
U(da) = a(l] bzv U(C0> = co O

where for every M = Z Z € X222 p n, and ¢ act on M by
_ p(c) up(a)) _ und)  «(n(b)) _ Ha) (b)
YT @) o) "M ) ) M )

The p equivariant [4,4]-coding  : ¥ — {0, 1}**4 is defined by

p(M

000 0 000 0
000 0 000 0
RlO)=g g o o "€ =¢ ¢ o 0
000 0 1000
0100 000 1
00 1 0 1010
K(da)_o 1 0 1’ F”-(db)_o 1 0 1 (720)
1010 00 1 0
0100 0100
00 1 0 101 0
rla) =g 1 ¢ 10 A =4 ¢ o p
1010 000 0

where p is the action which rotates by 90° clockwise. Let 0™ (ag) = lim, o 0™(ag). In this case, the
symbol o plays the role of the symbol 0 from Theorem 7.11. By | , Theorem 1.13], k(c*°(da))
is the diagonally aligned number wall of 7.

Proof of Theorem 1.31. Firstly, one can obtain the conclusion of Theorem 7.11 holds for diagonally
aligned number walls, since these are essentially number walls rotated by 45 degrees and as Lebesgue
measure is rotation invariant. Note that for every a € 3, the number of zeroes in x(a) is G invariant,
that is the number of zeroes in k(ga) is equal to the number of zeroes in x(a) for every g € G.
Hence, a can be identified with ¢(a), p(a), and n(a) without changing the number of zeroes in
k(c"¥(da)). Since this identification does not effect escape of mass, it suffices to work with a simplified
morphism ¢’ defined on the alphabet {o,cg,a9,da} by (7.18). The transition matrix of o with
respect to this alphabet is

4 3 00
110 1 1 0
M=1100 2 4 (7.21)
0 010
Note that the eigenvalues of M are {1, %, 1*4‘/5, 1+4‘/5} with respective eigenvectors
6v5 6v5
ol I I - O R (7.22)
o | o |4 V5 _ 5
0 0 ) 5 ) 5



Note that by decomposing P(c(da)) as a linear combination of eigenvectors, one has

6v5 65

0 1 - 34 —3 - 5

LA IO I S O B S A N I 0 N AR AN IR

2 o] 20| 0 8 40 14 V5 8 ' 40 1_ V5

1 0 0 > >
Hence,

k k
1 1-+5 21 95 1++5 1 5

20 -4k 4 40 40 4 8 40
=1-04% =1

P <o in O'k(da)> =1+

as k — oo. Thus, by Theorem 7.11, for every € > 0,

lim d(keN:epn(r) >1—¢)=1
N—oo
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