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Abstract

We introduce the notion of asymptotic partition regularity for Diophantine equations. We
show how this notion is at the core of almost all known negative results in the Ramsey theory of
equations, and we use it to produce new ones, as in the case of Fermat-Catalan equations. The
methods we use here are based on translating asymptotic partition regularity into the context
of nonstandard extensions, via the notion of Archimedean equivalence classes of hypernaturals.

Introduction

With Arithmetic Ramsey Theory it is usually indicated a family of theorems asserting that certain
arithmetic configurations are Partition Regular (PR from now on1), where a configuration is PR
when given any finite partition of the positive integers N = {1, 2, . . . }, one can always find that
configuration contained in a single piece of the partition. Usually, a partition is also called a
coloring, every piece color and a pattern contained in a single color is also called monochromatic.

Historically, the first result in the area is Schur’s Theorem ([28]), which states that in every finite
coloring of N there are always a, b such that {a, b, a+b} is monochromatic. Later on, in 1927 Van der
Waerden proved that, for every fixed l ∈ N, you can always find a, b such that {a, a+ b, . . . , a+ lb}
is monochromatic ([29]); and in 1933 Rado ([26]) fully characterized which linear equations are PR.
Results on the nonlinear case have been more scarce; except for a few fundamental works like [5]
and [27], this line of research has been mostly active in the past fifteen years. In particular, several
new results have been obtained using methods coming from logic, namely studying the problem
from the point of view of nonstandard extensions, see e.g. [21], [8] and [11].

In this paper, we introduce a new notion of partition regularity, called asymptotic PR, which
takes into account the mutual largeness of elements of monochromatic solutions.
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Definition 0.1. Let2 I1 ⊎ · · · ⊎ Is = {1, . . . , n}. We say that P (x1, . . . , xn) = 0 is asymptotically
PR in I1, . . . , Is if for every finite partition of N, for every N ∈ N there are monochromatic solutions
a1, . . . , an such that:

(1) for all r ≤ s, for all i, j ∈ Ir | ai

aj
− 1| < 1

N ;

(2) for all r, t ∈ {1, . . . , s}, for all i ∈ Ir, j ∈ It, if r < t then Naj < ai.

The sets Ii will be called asymptotic classes.

Basically, P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is when monochromatic values in
Ii can be chosen relatively close to each other, whilst values belonging to different Ij can be chosen
arbitrarily distant from each other.

Our first simple, but relevant, result is that partition regularity and asymptotic PR are highly
related.

Theorem (A). Let P (x1, . . . , xn) ∈ Z[x1, . . . , xn]. The following facts are equivalent:

(1) P (x1, . . . , xn) = 0 is PR;

(2) P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is for some s ≤ n, I1, . . . , Is ⊆ {1, . . . , n}.

Asymptotic PR seems to be particularly well-suited to find necessary conditions for the PR of
equations, especially in the nonlinear case. In fact, we will use it to provide almost immediate proofs
of (at the best of our knowledge) all main known necessary conditions for the PR of Diophantine
equations, in particular of

• Rado’s Theorem for linear equations ([26], Theorem 4), here Theorem 2.1;

• Di Nasso-Luperi Baglini’s homogeneity condition ([11], Theorem 3.10), here Theorem 2.2;

• Barret-Lupini-Moreira’s maximal Rado condition ([3], Theorem 3.1), here Proposition 1.35.

We use asymptotic PR also to produce some new results, the main being a very strict necessary
condition for the PR of Fermat-Catalan equations (Theorem 2.8).

Theorem (B). Let n ≥ 2, let a, b ∈ Z and let P (z) ∈ Z[z] be a polynomial of degree k. If
n /∈ {k, k − 1} then axn + byn = P (z) is not PR, if not trivially (i.e. with constant solutions).

Nonstandard methods have been intensively used in this area of research in the past 15 years,
and are usually based on the well-known notion of u-equivalence ∼ (see Definition 1.6). Being a
non-Archimedean structure, ∗N also has its own notion of Archimedean equivalence ≍. Our main
result characterizing asymptotic PR is that ∼ and ≍ interact as specified in the following Theorem,
that will be our main tool in this paper.

Theorem (C). Let P (x1, . . . , xn) ∈ Z [x1, . . . , xn], and let I1⊎ · · ·⊎ Is = {1, . . . , n}. The following
are equivalent:

(1) P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is;

(2) There exists (α1, . . . , αn) ∈ ∗Nn
such that:

2In the following, we will use the symbol ⊎ to denote a disjoint union.
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(i) for all i, j ≤ n, αi ∼ αj ;

(ii) for all r ≤ s, for all i, j ∈ Ir αi ≍ αj ;

(iii) for all 1 ≤ r < t ≤ s, for all i ∈ Ir, j ∈ It αi ≫ αj ;

(iv) P (α1, . . . , αn) = 0.

The paper is structured as follows. Section 1 is divided in three parts: in the first, we prove
some basic standard facts regarding asymptotic PR, including Theorem (A) and a complete char-
acterization of the linear case; in the second, we recall the basic properties of ∼ that we need; in the
third, we relate asymptotic PR with Archimedean classes of hypernaturals and prove our Theorem
(C). Section 2 is devoted to find necessary conditions for the PR of equations. More precisely, in
Section 2.1 we give the promised new proof of several known such conditions, whilst in Section 2.2
we prove Theorem (B) and some similar negative results. In Section 3 we relate asymptotic PR to
ultrafilters: in Section 3.1 we recall the relation between ∗N and βN, in Section 3.2 we provide very
compact proofs of classical results about linear equations involving ultrafilters, and in Section 3.3
we provide a characterization of the dual notion of Archimedean classes of ultrafilters. Finally, in
section 4 we present some interesting open problems that arose from our work.

Funding LLB was supported by the project PRIN 2022 “Logical methods in combinatorics”,
2022BXH4R5, Italian Ministry of University and Research (MUR).

1 Asymptotic Partition Regularity and Archimedean classes
of hypernaturals

1.1 Asymptotic Partition Regularity

As said in the introduction, asymptotic PR, as defined in Definition 0.1, is our main topic in this
paper. We start by proving Theorem (A) from the introduction, connecting asymptotic PR and
PR.

Theorem 1.1. Let P (x1, . . . , xn) ∈ Z[x1, . . . , xn]. The following facts are equivalent:

(1) P (x1, . . . , xn) = 0 is PR;

(2) P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is for some s ≤ n, I1, . . . , Is ⊆ {1, . . . , n}.

Proof. (1) ⇒ (2) By contrast: if not, consider all the Bn possible finite partitions of {1, . . . , n},
where Bn ∈ N is the n-th Bell number. Enumerate this set of partitions as {P1, . . . , PBn

}. For each
i ≤ Bn, by our hypothesis there exist a finite partition Qi of N and a finite number Ni such that
for all Qi-monochromatic solution of P (x1, . . . , xn) = 0 at least one of the conditions in Definition
0.1 fails for Pi, Ni.

Let Q be a common refinement of Q1, . . . , QBn
, i.e. any set that is Q-monochromatic is also

Qi-mochromatic for all i ≤ Bn, and let N := max{Ni | i ≤ Bn}. As P (x1, . . . , xn) = 0 is PR, there
exists a Q-monochromatic solution a1, . . . , an. Let a

(1) = max{ai | i ≤ n} and let

I1 =

{
ai | i ≤ n,

∣∣∣∣a(1)ai
− 1

∣∣∣∣ < 1

N

}
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and, inductively, assuming to have defined I1, . . . , Ij , let a(j) = max{ai | i ∈ {1, . . . , n} \
(I1 ⊎ · · · ⊎ Ij)} and let

Ij+1 =

{
ai | i ∈ {1, . . . , n} \ (I1 ⊎ · · · ⊎ Ij) ,

∣∣∣∣a(j)ai
− 1

∣∣∣∣ < 1

N

}
.

This gives a partition of {1, . . . , n}. Assume that, in our enumeration of the partitions of
{1, . . . , n}, this partition is Pi. By construction, a1, . . . , an is a Q-monochromatic solution of
P (x1, . . . , xn) = 0 that satisfies conditions (1) and (2) of Definition 0.1 for Pi, N . Hence, as Q
refines Qi and N ≥ Ni, a1, . . . , an is also a Qi-monochromatic solution of P (x1, . . . , xn) = 0 that
satisfies conditions (1) and (2) of Definition 0.1 for Pi, Ni, which is a contradiction.

(2) ⇒ (1) This is immediate.

Example 1.2. Let us consider two simple examples.

(1) The simplest example of a PR equation is Schur’s equation x + y = z. It is easily seen that
this equation can only be asymptotically PR in {x, z}, {y} or {y, z}, {x}: in fact, z is clearly
larger than x, y, but it cannot be I1 = {z}, as this would force x, y to be in smaller asymptotic
classes, hence x+y to be smaller than z. Moreover, it cannot be I1 = {x, y, z} as, for example,
|xy − 1| < 1

2 forces (as z = x + y) | zy − 1| > 1
2 , against condition (1) in Definition 0.1. As

x, y can clearly be exchanged in this equation, this example shows also that the asymptotic
classes are not uniquely determined, in general.

(2) With similar arguments one can show that, if the Pythagorean equation x2 + y2 = z2 is PR,
then it must be asymptotically PR in {x, z}, {y} or {y, z}, {x}.

(3) Let us consider now the PR equation x+2y = z. With similar arguments as above, it is simple
to show that the asymptotic classes in this case are necessarily I1 = {x, z} and I2 = {y}.

In the linear case, asymptotic PR can be fully characterized. In fact, the asymptotic conditions in
Definition 0.1 have two forms: conditions on variables in the same asymptotic class, and conditions
on variables in different asymptotic classes.

Saying that xi, xj belongs to the same asymptotic class is equivalent to the fact that, for all N ,
we can solve monochromatically the system made of our original equation, with the addition of the
inequalities {

Nxi − xj > 0,

−xi +Nxj > 0.
(1)

When xi, xj belong to two different asymptotic classes, say xi in the largest, we have to be able,
for all N ∈ N, to solve monochromatically the original equation under the additional condition
xi−xj ≥ N ; in the language introduced in [2], this amounts to be able to solve monochromatically
the system {

P (x1, . . . , xn) = 0,

xi − xj = ∞.
(2)

In [2, Lemma 2.18], the authors proved that, when P (x1, . . . , xn) is actually a system of linear
equations, the PR of system (3) is equivalent to the PR of the following simpler one:{

P (x1, . . . , xn) = 0,

xi − xj > 0.
(3)
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When P (x1, . . . , xn) is a linear equation3, a characterization of the PR regularity of systems
where P (x1, . . . , xn) = 0 has to be solved under additional linear inequalities constraints was given
by Hindman and Leader in [17, Theorem 2], that we recall.

Theorem 1.3 ([17], Theorem 2). Let A be an m× n rational matrix, and let b
(j)
i , i = 1, ..., n, j =

1, ..., d be rationals. Then the following are equivalent:

• for every finite coloring of N there is a monochromatic vector x ∈ Nn with Ax = 0 and∑n
i=1 b

(j)
i xi ≥ 0 for j ≤ d;

• there are positive rationals q1, . . . , qd such that the system of equations formed from Ax = 0

by adding new variables z1, . . . , zd and new equations
∑n

i=1 b
(j)
i xi − qjzj = 0 for j ≤ d is

partition regular.

By using the above result, we can now show that linear equations can always be solved with
just two asymptotic classes: the largest one corresponding to variables whose coefficients sums to
zero, and the smallest one containing all the remaining ones.

Theorem 1.4. Let c1, . . . , cn ∈ Z \ {0}, let k ≤ n and assume that
∑k

i=1 ci = 0. Then the linear
equation

∑n
i=1 cixi is asymptotically PR in I1 = {1, . . . , k}, I2 = {k + 1, . . . , n}.

Proof. By the above discussion, Theorem 1.3 and Rado’s characterization of the PR of linear sys-
tems (see [26]), our thesis is equivalent to prove that for all N ∈ N, for all 2 ≤ i ≤ k, k+1 < j ≤ n
there exist q1,i, qi,1, qk+1,j , qj,k+1, q1,k+1 ∈ Q>0 such that the 2n× (3n− 1) matrix

c1 c2 c3 . . . ck ck+1 ck+2 . . . cn 0 0 . . . . . . 0 0 . . . . . . 0
N −1 0 . . . 0 0 0 . . . 0 −q1,2 0 . . . . . . 0 0 . . . . . . 0
−1 N 0 . . . 0 0 0 . . . 0 0 −q2,1 . . . . . . 0 0 . . . . . . 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
N 0 0 . . . −1 0 0 . . . 0 0 0 . . . −q1,k 0 0 . . . . . . 0
−1 0 0 . . . N 0 0 . . . 0 0 0 . . . 0 −qk,1 0 . . . . . . 0
0 0 0 . . . 0 N −1 . . . 0 0 0 . . . 0 0 −qk+1,k+2 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
0 0 0 . . . 0 −1 0 . . . N 0 0 . . . . . . . . . . . . . . . −qn,k+1 0
1 0 0 . . . 0 −1 0 . . . 0 0 0 . . . . . . . . . . . . . . . 0 −q1,k+1


satisfies the columns condition. This is attained by letting q1,k+1 = 1 and qa,b = N − 1 in all

the other cases. In fact, with this choice, if for i ≤ 3n − 1 we let Ci be the i-th column in the
matrix, and we let D = {1, . . . , k, n + 1, . . . , n + 2k − 2, 3n − 1} we see that

∑
i∈D Ci = 0, and∑

i∈[1,3n−1]\D Ci belongs to Span{Ci | i ∈ D} trivially.

Remark 1.5. Let us remark explicitly that Theorem 1.4 does not state that the asymptotic classes
in the linear case must necessarily be two. In fact, given a linear equation, for any subset of its
coefficients that sums to zero we have a different partition in two asymptotic classes; this is the
case of x+ y = z, as discussed in the Example 1.2).(1).

Moreover, there are linear equations that admit more than two asymptotic classes. For example,
let n ≥ 3 and consider the PR equation

x1 − y1 + z1 + x2 − y2 + z2 + · · ·+ xn − yn + zn = 0. (4)

3A similar argument would work for systems of linear equations, but we will not consider such a case in this
paper.
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As x − y = z is PR and admits, in any coloring, monochromatic solutions with arbitrarily large
entries, arguing like in Example 1.2.(1) it is immediate to see that Equation (4) is aymptotically
PR in {x1, y1}, {z1}, . . . , {xn, yn}, {zn}, hence with 2n asymptotic classes.

Finally, there are cases where the asymptotic classes are, indeed, uniquely determined, for
example the equation x+ 2y = z discussed in the Example 1.2.(3).

Whilst standard methods could be used to study the basic properties of asymptotic PR, we
prefer to adopt techniques coming from nonstandard analysis, as these will allow to simplify most
of our arguments. Before doing so, we recall some well-known facts regarding the nonstandard
approach to Ramsey theory.

1.2 Preliminaries: u-equivalence

We assume the reader to be familiar with the basics of nonstandard analysis, see e.g. [10] or [15].
In what follows, we work in a nonstandard extension ∗N of N, which we assume to be at least
2ℵ0 -saturated. In such a setting, it is possible to introduce the notion of u-equivalence. We refer
to [20, 21, 7, 11, 10] for extended presentations of this nonstandard approach.

Definition 1.6. Let k ∈ N and let α, β ∈ ∗Nk
. We say that α, β are u-equivalent if for all A ⊆ Nk

α ∈ ∗A ⇔ β ∈ ∗A.

We write α ∼ β when α, β are u-equivalent.

Remark 1.7. Readers with a background in model theory will easily recognise that α ∼ β if and
only if they have the same type in the full language4 over N.

Being u-equivalent can also be rephrased as follows: given α ∈ ∗Nk
, let Uα = {A ⊆ Nk | α ∈ ∗A}.

Then Uα is an ultrafilter over Nk, α is called a generator of Uα and α ∼ β if and only if Uα = Uβ ,
i.e. if and only if they generate the same ultrafilter. Subsection 3.1 will be devoted to give more
details about the relation between numbers in ∗N and ultrafilters over N.

Definition 1.8. We say that α is a generator of U if U = Uα, and write α |= U .

The identification of ultrafilters with their nonstandard generators is the idea behind Theorem
2.2.9 in [20], that we recall here in a slightly rephrased form for the easiness of the reader5.

Theorem 1.9. E(x1, . . . , xn) = 0 is PR if and only if there exist α1 ∼ · · · ∼ αn ∈ ∗N such that

E(α1, . . . , αn) = 0.

Theorem 1.9 allows to reduce the study of the partition regularity of equations to the study of
properties of types, which is usually performed using the following well-known properties.

Lemma 1.10. Let α ∈ ∗Nn
, β ∈ ∗Nm

, and let f : Nn → Nm.

(1) if α ∼ β then f(α) ∼ f(β);

4Namely the language having a relation symbol for every subset of Nk, for all k ∈ N.
5More general versions of this theorem for the PR of arbitrary configurations hold, see e.g. Theorem 2.2.11 in

[20].

6



(2) if α ∼ f(α) then α = f(α); in particular, if n = m = 1 and α ∼ β then α = β or |α − β| is
infinite;

(3) if f(α) ∼ β then there exists γ ∼ α such that β = f(γ);

(4) if α ∼ β and α ∈ Nn then α = β.

The interested reader can find a proof of the above properties, e.g., in [7].

1.3 Archimedean classes of hypernaturals

In any non-Archimedean setting the following notion, that we specialise here to the ∗N case, arises
naturally.

Definition 1.11. Two numbers α, β ∈ ∗N are in the same Archimedean class if there exist n1, n2 ∈
N such that β

n1
< α < n2β. In this case, we write α ≍ β, and define Arc(α) = {β ∈ ∗N | β ≍ α}.

We say that α ≪ β if for every n ∈ N, nα < β.

Notice that without loss of generality we may suppose n1 = n2 = n; it is also easy to check that
≍ is an equivalence relation, and that given α, β then α ≍ β or α ≪ β or α ≫ β.

The ≍-equivalence is related to integer logarithms. For the sake of clarity, let us recall here
some fundamental properties of integer logarithms that we will often use without mentioning.

Remark 1.12. For n ∈ N, n ≥ 2, let ln := ⌊logn⌋. The following properties hold:

• for every x ∈ N, nln(x) ≤ x < nln(x)+1;

• for every x, y ∈ N, ln(xy) = ln(x) + ln(y) + δ where δ ∈ {0, 1}; in particular:

• for every x,m ∈ N, ln(xm) = mln(x) + δ with δ ∈ {0, . . . ,m− 1}.

Being in the same ≍-class has also the following nice equivalent formulations; condition (3) of
the following Proposition will come particularly handy in some proofs.

Proposition 1.13. Let α, β ∈ ∗N. The following are equivalent:

(1) α ≍ β;

(2) α
β ∈ ∗Q is finite and not infinitesimal;

(3) for all n ∈ N, n > 1, ln(α)− ln(β) ∈ Z;

(4) l2(α)− l2(β) ∈ Z.

Proof. (1) ⇒ (2) Suppose β
n < α < nβ for some n ∈ N. Then 1

n < α
β < n which means that α

β ∈ ∗Q
is finite and not infinitesimal.

(2) ⇒ (3) Suppose ln(α)− ln(β) is (say, positive) infinite. By the definition of integer logarithm

α ≥ nln(α) and β ≤ nln(β)+1. So we get α
β ≥ nln(α)

nln(β)+1 = nln(α)−ln(β)−1 which is infinite since the

exponent is infinite: so (2) must be false.
(3) ⇒ (1) We know that

nln(α) ≤ α < nln(α)+1,

nln(β) ≤ β < nln(β)+1.
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Suppose ln(α)− ln(β) = k ∈ N. So we can write:

β · nk−1 < nln(β)+1+k−1 = nln(α) ≤ α < nln(α)+1 = nln(β)+k+1 ≤ β · nk+1

which means α ≍ β.
(3) ⇔ (4) It follows immediately from the base change formula for logarithms.

Due to the last equivalence in the proposition above, in what follows we will not stress on the
base we will choose: in fact, we will usually work in base 2, and we will indicate integer logarithm
in base 2 with l instead of l2.

Remark 1.14. If α ∼ β are in the same Archimedean class, Lemma 1.10.1 and Proposition 1.13
ensure that ln(α)− ln(β) = 0.

Remark 1.15. We recall here that for every finite ρ ∈ ∗R there exists a unique r = st(ρ) ∈ R,
called the standard part st(ρ), such that ρ− r is infinitesimal. Point (2) of the Proposition above
implies that α ≍ β if and only if st(αβ ) > 0.

Other easy-but-useful properties of ≍ are listed below.

Lemma 1.16. Let n ∈ N, α, β, γ, δ ∈ ∗N:

(1) if α ≫ β then α+ β ≍ α;

(2) if α ≍ β and γ ≍ δ then α+ γ ≍ β + δ;

(3) if α ≍ β and γ ≍ δ then α · γ ≍ β · δ; in particular, α ≍ β if and only if αγ ≍ βγ;

(4) α ≍ β if and only if αn ≍ βn.

Proof. (1) This is obvious (st(α+β
α ) = 1).

(2) It is enough to distinguish the case α ≫ γ and the case α ≍ γ: in the first one point (1)
above ensures that α + γ ≍ α ≍ β ≍ β + δ; for the second one we know there are n,m ∈ N such
that α < nβ and γ < mδ: if N = max(n,m) then α+γ < N(β+ δ). The other inequality is proven
similarly.

(3) If 1
nα < β < nα and 1

mγ < δ < mγ then 1
nmα · γ < β · δ < nm α · γ.

(4) We just observe that 1
kα < β < kα if and only if 1

knα
n < βn < knαn.

Proposition 1.17. Let h, k ∈ N, let n1, . . . , nh,m1, . . . ,mk ∈ N and, for all i ≤ h, j ≤ k let
αi ∼ βj . If α

n1
1 . . . αnh

h ≍ βm1
1 . . . βmk

k then {n1, . . . , nh}∪{−m1, . . . ,−mk} satisfies Rado condition,
i.e.

∑
i∈I ni =

∑
j∈J mj for some nonempty I ⊆ {1, . . . , h}, J ⊆ {1 . . . , k}.

Proof. By contrast: if αn1
1 . . . αnh

h ≍ βm1
1 . . . βmk

k , by taking the logarithms and applying Proposition

1.13.(3) we arrive to
∑h

i=1 nil (αi) = t +
∑k

j=1 mj l (βj) for some t ∈ Z. By Lemma 1.10.(1)

l (α1) ∼ · · · ∼ l (βl), hence the equation
∑h

i=1 nixi = t +
∑k

j=1 mjyj is PR by Theorem 1.9. Our
thesis follows as, by the inhomogeneos Rado condition ([26]), this PR entails that a sum of the
coefficients of the linear equation must be zero.

As said, we will use ≍ to deal with asymptotic PR. Definition 0.1, read through the lens of
Theorem 1.9, allows us to prove Theorem (C) from the Introduction.
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Theorem 1.18. Let P (x1, . . . , xn) ∈ Z [x1, . . . , xn], and let I1⊎· · ·⊎Is = {1, . . . , n}. The following
are equivalent:

(1) P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is;

(2) There exists (α1, . . . , αn) ∈ ∗Nn
such that:

(i) for all i, j ≤ n, αi ∼ αj ;

(ii) for all r ≤ s, for all i, j ∈ Ir αi ≍ αj ;

(iii) for all 1 ≤ r < t ≤ s, for all i ∈ Ir, j ∈ It αi ≫ αj ;

(iv) P (α1, . . . , αn) = 0.

Proof. For the sake of simplicity, let us suppose that s = 2, the general argument being similar.
Also, after rearranging the indices, we may assume that I1 = {1, . . . , k} and I2 = {k + 1, . . . , n}.

(1) ⇒ (2) For N ∈ N and A ⊆ N, let Γ(N,A) be the set

{x⃗ = (x1, . . . , xn) ∈ Nn | P (x⃗) = 0 ∧ ⃝⋆N (x⃗) ∧ (x⃗ ∈ An ∨ x⃗ ∈ (Ac)n)}

where ⃝⋆N (x⃗) means that x⃗ = (x1, . . . , xn) satisfies conditions (1), (2) of Definition 0.1 with N as
parameter. It follows from P being asymptotically PR that the family {Γ(N,A) | N ∈ N , A ⊆ N}
has the Finite Intersection Property. By saturation,⋂

N∈N,A⊆N

∗Γ(N,A) ̸= ∅.

If (α1, . . . , αn) is in the above intersection then:

• α1 ∼ · · · ∼ αn, as for every set A, all αi’s are either in ∗A or in ∗A
c
, hence (i) holds;

• α1 ≍ · · · ≍ αk ≫ αk+1 ≍ · · · ≍ αn, as condition ⃝⋆N holds for all N ∈ N, hence (ii), (iii)
holds;

• P (α1, . . . , αn) = 0 by construction, hence (iv) holds.

(2) ⇒ (1) Fix a finite coloring N = C1 ⊎ · · · ⊎Cr and N ∈ N. We want to find a monochromatic
solution (x1, . . . , xn) such that:

(1) for all i, j ∈ Il (l = 1, 2) | xi

xj
− 1| < 1

N ;

(2) i ∈ I1, j ∈ I2 si > Nsj .

Let α1, . . . , αn be given by the hypothesis (2). In ∗N the following hold:

• ∃i ∈ {1, . . . , r} such that (α1, . . . , αn) ∈ ∗Ci (they are equivalent);

• if i, j ∈ I1 or i, j ∈ I2, |αi

αj
− 1| is infinitesimal: in particular it will be smaller than 1

N ;

• if i ∈ I1, j ∈ I2 then αi

αj
is infinite: in particular, bigger than N ;

• P (α1, . . . , αn) = 0.
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We conclude by downward transfer applied to the formula expressing the existence in Ci of points
satisfying the desired asymptotic relations with bounds N, 1

N .

Theorem 1.18 provides a simple way to handle asymptotics. To prove this claim, we start by
providing immediate proofs of Theorem 1.1 and Theorem 1.4.

Second proof of Theorem 1.1. As P (x1, . . . , xn) = 0 is PR, by Theorem 1.9 there are α1 ∼ · · · ∼ αn

with P (α1, . . . , αn) = 0. Now divide {α1, . . . , αn} in ≍-equivalence classes A1 ≫ · · · ≫ As, where
Ai ≫ Aj means that for all α ∈ Ai, β ∈ Aj α ≫ β. For i ≤ s let Ii := {j | αj ∈ Ai}. By Theorem
1.18, we deduce that P (x1, . . . , xn) = 0 is asymptotically PR in I1, . . . , Is.

Second proof of Theorem 1.4. It is well known (see e.g. the original proof of Rado’s Theorem in
[26]) that, given a linear equation satisfying Rado’s condition, there is a sufficiently large n ∈ N
such that the equation admits a solution inside any set of the form {a, b, a+ ib | i ≤ n}. By Rado’s
Theorem for linear systems, for fixed n such configurations are PR. In nonstandard terms, this
means that there exists α, β ∈ ∗N such that α ∼ β ∼ α+ iβ for all i ≤ n. We conclude by observing
{α, β, α + iβ | i ≤ n} can be split in at most6 two Archimedean classes, one including elements
≍-equivalent to α, and one including those ≍-equivalent to β.

Theorem 1.18 tells us that to study asymptotic PR from the nonstandard point of view it is
important to understand how ≍ and ∼ interact. Some preliminary results in this direction appeared
in [12], where asymptotic relations were used to study the PR of certain infinitary configurations
related to algebraic versions of Ramsey’s Theorem. In particular, the following results were proven.

Theorem 1.19 ([12], Lemma 5.5.1). If α ∼ β and α ≍ β then st(αβ ) = 1.

Corollary 1.20 ([12], Lemma 5.5.2). If α ∼ β and αn ≍ βm then n = m and α ≍ β.

We take this opportunity to provide a simplified proof of the above Corollary.

Proof of Corollary 1.20. By 1.13.(3), by applying l to αn ≍ βn we get

l(αn) = l(βm) + c

for some c ∈ Z, hence nl(α) = ml(β) + d for some d ∈ Z. Notice that, in particular, l(α) ≍ l(β);
since l(α) ∼ l(β), Theorem 1.19 implies that n = m . We conclude by Lemma 1.16.(4).

Remark 1.21. (1) Corollary 1.20 holds, more in general, when P (α) ≍ Q(β): P (α) is in the
same Archimedean class of its leading term, and the same holds for Q(β), hence it must be
deg(P ) = deg(Q).

(2) Corollary 1.20 generalizes trivially also to monomials7 consisting of exactly two variables: in
fact, if αnβm ≍ αn′

βm′
then, clearly, either n = n′,m = m′ or (without loss of generality)

n > n′,m < m′. In the latter case, by Lemma 1.16.(3) we deduce that αn−n′ ≍ βm′−m, and
Corollary 1.20 tells us that n+m = n′ +m′. This is a special case of Proposition 1.17.

Remark 1.22. The same result is trivially true in ∗R, since the proof of Lemma 5.5.1 in [12] works,
mutatis mutandis.

6Actually, when n ≥ 3 this construction always give exactly two classes, see [12, Proposition 5.14].
7In all this paper, by monomial we mean a primitive monomial, i.e. we always assume the coefficients of the

monomials to be equal to 1.
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In its apparent simplicity, Theorem 1.19 was elemental in [12] to characterize the so-called
Ramsey PR of several configurations. Here we want to strengthen it, and Corollary 1.20 as well,
to monomials involving multiple variables. To do so, we will need some preliminary facts and
definitions.

Definition 1.23. We define the standard head (in base p) of α as st
(

α
plp(α)

)
, and denote it as

shp(α). For the sake of easiness we will sometimes omit the subscript p.

E.g., if α = 2β then its standard head in base 2 is 1. In general, write α in base p and put a
comma after the first digit: the standard part of the obtained number will be the standard head.
It follows from the definition of st that the standard head shp(α) is the unique r ∈ R such that
α = (r + ε)plp(α) for ε ∈ ∗R infinitesimal.

Definition 1.24. If α ∈ ∗N is infinite, we say that β is an approximation of α if |α− β| ≪ α.

Remark 1.25. shp(α)p
lp(α) and ⌊shp(α)p

lp(α)⌋ are approximations of α.

Proposition 1.26. If β1, β2 are approximations of α1, α2 respectively, then β1β2 is an approxima-
tion of α1α2.

Proof. Write αi = βi + εi with |εi| ≪ αi. Then

α1α2 − β1β2 = β1ε2 + ε1β2 + ε1ε2 ≪ β1β2,

as β1ε2, ε1β2, ε1ε2 ≪ β1β2.

Corollary 1.27. Let β1, . . . , βn be approximations of α1, . . . , αn respectively. If M(x1, . . . , xn) is
a monomial, then M(β1, . . . , βn) approximates M(α1, . . . , αn).

Remark 1.28. This is not true in general for polynomials, as cancellations may occur when multiple
monomials are involved: i.e, take P (x, y) := x − y and evaluate it in (α + ε, α) (for 0 ≪ ε ≪ α)
and (α, α).

A major feature of the standard head is that it is invariant via ∼-equivalence.

Proposition 1.29. If α ∼ β then sh(α) = sh(β).

Proof. We just have to observe that, if F : N → [1, p) is the function that maps x to x
plp(x) , then

F (α) ∼ F (β) by Lemma 1.10.(1). As F (α), F (β) are ∼-equivalent finite hyperreals, they have same
standard part. We conclude as, by construction, shp(α) = st(F (α)).

Proposition 1.30. Let α ≤ β in ∗R. Then:

• If α ≍ β, then sh(α+ β) =
(
sh(β) + plp(α)−lp(β)sh(α)

)
pa, where a ∈ {0, 1};

• If α ≪ β then sh(α+ β) = sh(β);

• sh(αβ) = pash(α)sh(β), where a ∈ {0, 1}.

Proof. The claims follow easily by writing α = (sh(α) + ε1)p
lp(α), β = (sh(β) + ε2)p

lp(β) and using
Remark 1.12.
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The standard head sh(α) plays a fundamental role in understanding which polynomials can be
PR and which cannot. It is a concept implicitly introduced in [11, Lemma 3.11], and related to the
maximal Rado condition introduced in [3, Definition 2.16]. Let us give a couple of examples.

Example 1.31. Let us consider the equation xy = z, which is partition regular by the multiplicative
version of Schur’s Theorem. Fix the base p, and let α ∼ β ∼ γ with αβ = γ. As sh(α) = sh(β) =
sh(γ) and sh(αβ) = pash(α)sh(β) for a ∈ {0, 1}, we deduce that necessarily sh(α) ∈ {1, p}.
Namely, ∼-equivalent solutions to xy = z must be very close to powers of p for all finite p. Explicitly,
this means that their base p expansions must have either the form:

• a 1 followed by an infinite amount of 0’s (that could be eventually followed by other digits),
or

• an infinite list of (p− 1)’s (that could again be eventually followed by other digits).

Example 1.32. Let us now consider the equation xy = 2z. This equation is PR (see e.g. [11,
Example 2.17]). Fix the base p > 2, and let α ∼ β ∼ γ with αβ = 2γ. As sh(α) = sh(β) = sh(γ),
sh(αβ) = pash(α)sh(β) for a ∈ {0, 1}, and sh(2γ) = 2sh(γ)pb, for b ∈ {0, 1}, we deduce that
necessarily sh(α) = 2pb−a, and we could argue similarly as in the previous example regarding the
digits of α.

The examples above tells us how to compute sh in the case of equalities between monomials.
This can be extended to ≍ as follows.

Theorem 1.33. Let α1 ∼ · · · ∼ αn, let p ∈ N, p ≥ 2 and let σ be the standard head of α1, . . . , αn in

base p. Let M1 (x1, . . . , xn) , . . . ,Mk (x1, . . . , xn) be monomials, with Mi =
∏n

j=1 x
di,j

j , and let di =∑n
j=1 di,j = deg (Mi) for all i ≤ k. Assume that, for all i, j ≤ k, Mi (α1, . . . , αn) ≍ Mj (α1, . . . , αn).
Then there exists m ∈ Z such that:

(1) for all i, j ≤ n,
∑n

k=1 (di,k − dj,k)lp(αk) = (di − dj)m;

(2) for all i, j ≤ n st
(

Mi(α1,...,αn)
Mj(α1,...,αn)

)
= (pmσ)

di−dj .

Proof. (1) Consider any two monomials, say M1 and M2. Since they are in the same Archimedean
class, when we apply lp we find:

n∑
j=1

d1,j lp(αj) =

n∑
j=1

d2,j lp(αj) + k1,2,

which forces
∑n

j=1(d1,j − d2,j)lp(αj) = k1,2. So, we find that lp(α1), . . . , lp(αn) solve the linear
system 

∑n
h=1 (d1,h − d2,h)xh = k1,2

...∑n
h=1(di,h − dj,h)xh = ki,j (i < j)

...∑n
j=1 (dn−1,h − dn,h)xh = kn−1,n

(5)
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Because of Theorem 1.9, System (5) is PR; from the inhomogeneous Rado’s theorem ([26]), this is
possible if and only if it has a constant solution, and the associated homogeneous system is PR. In
particular there exists m ∈ Z such that for every i, j ≤ n

∑n
h=1(di,h − dj,h)m = ki,j . Hence

(di − dj)m = ki,j =

n∑
h=1

(di,h − dj,h)lp(αh).

(2) By applying Corollary 1.27 and Remark 1.25, we can substitute σ · plp(αi) to αi. Then:

st

(
Mi(α1, . . . , αn)

Mj(α1, . . . , αn)

)
= st

(
Mi(σp

lp(α1), . . . , σplp(αn))

Mj(σplp(α1), . . . , σplp(αn))

)
.

An easy computation shows that the right hand side above is exactly (pmσ)di−dj .

Remark 1.34. In the notations of Theorem 1.33, when the monomials Mi are homogeneous we

get that st
(

Mi

Mj

)
= 1, which has Theorem 1.19 as a particular case.

The case of monomials being in the same Archimedean class arises when working with partition
regular equations. In such a case, we obtain the following result.

Proposition 1.35. Let t ∈ N and, for i ≤ t, let Mi (x1, . . . , xn) be a monomial. Suppose that
P (x1, . . . , xn) :=

∑t
i=1 Mi (x1, . . . , xn) = 0 is PR, and let α1 ∼ · · · ∼ αn ∈ ∗N be such that

P (α1, . . . , αn) = 0. Let σ = shp(α1). Assume that M1(α1, . . . , αn) ≍ · · · ≍ Mk(α1, . . . , αn) are the
largest monomials with respect to the Archimedean equivalence, and define

Pmax(x) =

k∑
i=1

Mi(x, . . . , x).

Then there exists m ∈ Z such that Pmax(p
mσ) = 0.

Proof. By Theorem 1.33, divide P (α1, . . . , αn) = 0 by M1(α1, . . . , αn) and take the standard part.
This gives the conclusion.

Corollary 1.36. If α is such that there exists a nonzero polynomial P (x1, . . . , xn) such that the
equation P (x1, . . . , xn) = 0 can be solved by nonstandard points ∼-equivalent to α, then sh(α)
must be algebraic.

Corollary 1.37. It
∑n

i=1 cixi = 0 is asymptotically PR in I1, . . . , Is, then
∑

i∈I1
ci = 0.

Notice that Proposition 1.35 can be seen as a (slightly more explicit) reformulation of Proposition
3.1 in [3]; this should not come as a surprise, as Rado functionals, introduced in [3] and developed
further in [2], share with asymptotic PR the idea of partitioning solutions to equations in terms of
some notion of largeness, which leads to a good control on the “large pieces” of the equations.

We conclude this section by highlighting some general facts about standard heads.

Remark 1.38. The standard head shp(α) depends highly on p. For example, it follows from
Dirichlet’s approximation theorem that a power of 2 can start with any fixed finite sequence of
digits in base 10. By transfer, there exists α ∈ ∗N such that 2α and π have the first N digits equal
in base 10, for N infinite. In particular sh10(2

α) = π while sh2(2
α) = 1.
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Remark 1.39. In contrast with the Remark 1.34, it is not true in general that Archimedean
equivalence between monomials forces their ratio to have standard part equal to 1. In fact, for
every real number r ∈ (0,+∞) and for every n ∈ N there exist α ∼ β ∼ γ ∈ ∗N such that

st(αβ
n

γ ) = r.

This can be shown as follows: by the multiplicative version of Rado’s Theorem (and of van der
Waerden’s Theorem as well) and by Theorem 1.9 there exist η ∼ µ ∼ ξ such that ηµn = ξ. Let
s = n

√
r and

α = ⌊s · η⌋, β = ⌊s · µ⌋, γ = ⌊s · ξ⌋.

Since α, β, γ are the image of equivalent numbers through a standard function (namely n 7→
⌊s · n⌋), they are equivalent, and st

(
αβn

γ

)
= r.

Remark 1.40. There exists α ∈ ∗N such that for all n ≥ 2 ∈ N, for all α1 < · · · < αn equivalent
to α and for all monomials M1 (x1, . . . , xn) ̸= M2 (x1, . . . , xn) one has that M1 (α1, . . . , αn) ̸≍
M2 (α1, . . . , αn).

For example, let γ be infinite and let α = 2γ
γ

. So, if a number is equivalent to α it must

be of the form 2δ
δ

for some δ ∼ γ due to Lemma 1.10.(3). Take α1 = 2γ
γ1
1 > · · · > αn = 2γ

γn
n

equivalent to α (and hence γ1 ∼ · · · ∼ γn ∼ γ). Assume that M1(x1, . . . , xn) =
∏n

i=1 x
ci and

M2(x1, . . . , xn) =
∏n

i=1 x
di . If then M1(α1, . . . , αn) ≍ M2(α1, . . . , αn), apply l2 to find

c1γ
γ1

1 + · · ·+ cnγ
γn
n = d1γ

γ1

1 + · · ·+ dnγ
γn
n +m

for some finite m. Notice that γγ1

1 ≫ · · · ≫ γγn
n : so it must be c1 = d1, and inductively, ci = di.

2 Consequences for the partition regularity of equations

2.1 Old results from a new lens

Archimedean classes and asymptotics provide a simple way to obtain necessary conditions for the
PR of equations. In this section, we show how all main known results in the area admit trivial
proofs when approached with this method.

The idea is always the same: start with a PR equation, apply Theorem 1.18 (eventually, after
taking some logarithm), take the ≍-largest monomials and force their sum to be ≍-smaller.

To clarify this idea, we start with, arguably, the most famous result about the PR of equations:
Rado’s Theorem for linear equations.

Theorem 2.1 (Rado). Let a1, . . . , an ∈ Q. The linear equation a1x1 + · · ·+ anxn = 0 is PR on N
if and only if there exists a nonempty set J ⊆ [n] such that

∑
j∈J aj = 0.

Proof of necessity. As a1x1 + · · · + anxn = 0 is PR, by Theorem 1.9 we have α1 ∼ · · · ∼ αn such
that

n∑
i=1

aiαi = 0. (6)

Without loss of generality, let α1 := max{αi | i ≤ n}, and I1 = {i | αi ≍ α1}. By dividing
equation (6) by α1 and taking the standard part we get

0 = st

(
n∑

i=1

ai
αi

α1

)
=

n∑
i=1

aist

(
αi

α1

)
=
∑
i∈I1

ai,
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as st( αi

α1
) = 1 for i ∈ J1 by Theorem 1.19, and st( αi

α1
) = 0 otherwise.

The same proof, with Remark 1.34 in place of Theorem 1.19, gives the following known gener-
alization of Rado’s Theorem to homogeneous polynomials.

Theorem 2.2 ([20, Theorem 3.5.18] and [11, Corollary 3.9]). Let P (x1, . . . , xn) be a homogeneous
PR polynomial. Then it satisfies Rado condition, i.e. a sum of the coefficients must be zero.

The same idea can also be used to reprove a generalization of Rado’s Theorem to certain
nonlinear polynomials that first appeared in [11].

Theorem 2.3 ([11, Theorem 3.10]). Let P (x1, . . . , xn) = P1 (x1) + · · ·+ Pn (xn) be a polynomial
in which every monomial contains a single variable. For every polynomial Pi (xi) let a

(i)xni
i be its

monomial with higher degree.
If P (x1, . . . , xn) = 0 is PR then there must be a nonempty J ⊆ [n] such that:

• if i, j ∈ J then ni = nj , and

•
∑

j∈J a(j) = 0.

Proof. Suppose P (x1, . . . , xn) = 0 is PR. Then by Theorem 1.9 there are ξ1 ∼ · · · ∼ ξn such that
P (ξ1, . . . , ξn) = 0. The monomials in the largest Archimedean class in P (ξ1, . . . , ξn) must have the
form a(i)ξni

i , as for every α ∈ ∗N αn ≪ αm if n < m.
Without loss of generality, suppose that ξn1

1 ≍ · · · ≍ ξnk

k are the ≍-largest monomials. Lemma
1.16.4 forces n1 = · · · = nk =: N and ξ1 ≍ · · · ≍ ξk. We conclude by letting ε = P (ξ1, . . . , ξn) −∑k

i=1 a
(i)ξNi , by dividing 0 = P (ξ1, . . . , ξn) by ξN1 and by taking the standard part:

0 = st

(
a(1)

ξN1
ξN1

+ · · ·+ a(k)
ξNk
ξN1

+
ε

ξN1

)
=

= a(1)st

(
ξN1
ξN1

)
+ · · ·+ a(k)st

(
ξNk
ξN1

)
+ st

(
ε

ξN1

)
=

(1.19)
= a(1) · 1 + · · ·+ a(k) · 1 + st

(
ε

ξN1

)
=

ε≪ξN1= a(1) + · · ·+ a(k).

We can also generalize: indeed, the argument in the proof of Theorem 2.3 works whenever the
bigger monomials have only one variable each.

Proposition 2.4. Let P (x1, . . . , xn) = a1x
d1
1 + · · · + anx

dn
n + R(x1, . . . , xn) where deg(R) <

min{di | i ≤ n}. If P is PR then there must be a (nonempty) subset J ⊆ [n] such that:

• if i, j ∈ J then di = dj and

•
∑

j∈J aj = 0.

Proof. We proceed as in Theorem 2.3, looking for the largest monomials. But since deg(R) is
small, these monomials must be in {xd1

1 , . . . , xdn
n }: indeed, order the variables with respect to their

Archimedean classes. Just for the sake of simplicity, suppose that x1 ≫ xi for all i ̸= 1. Then

n∏
i=1

xmi
i ≪

n∏
i=1

xmi
1 = x

∑n
i=1 mi

1
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and so in particular every monomial of degree r in R(x1, . . . , xn) will be smaller than xr
1. Since

deg(R) < di for all i, we conclude that all monomials in R are smaller than xd1
1 and so they cannot

be in the largest Archimedean class. Adapting this argument in general we get that monomials in
the largest class must be in between xd1

1 , . . . , xdn
n .

We conclude as in the proof of Theorem 2.3.

Recently, there has been a rising interest in characterizing the PR of equations of the form
ax+ by = cwmzn. In [14], a necessary condition for the PR of such equations if given; we reprove
it here with our methods.

Proposition 2.5 ([14, Theorem 1.(a)]). If a+ b ̸= 0 and n,m > 1 the equation ax+ by = cwmzn

is not PR.

Proof. Suppose the equation to be PR, and let α ∼ β ∼ γ ∼ δ be such that aα+ bβ = cγmδn. As
n,m > 1, by Proposition 1.17 α ≍ β ≫ γmδn. Dividing by α and taking the standard part we get
a+ b = 0, against our hypothesis.

2.2 New results: partition regularity of Fermat-Catalan equations

Methods similar to the ones of Section 2.1 can be used to obtain also new results about the PR
of nonlinear equations. We start with the following condition, which is an easy consequence of
Proposition 1.17.

Proposition 2.6. Let P (x1, . . . , xn) ∈ Z[x1, . . . , xn] be a polynomial such that no pair of mono-
mials in it satisfies Rado condition on the exponents. Then P is not PR.

Proof. Suppose it is, and let α1 ∼ · · · ∼ αn be a solution in ∗N. Due to Proposition 1.17, all
monomials in P , when evaluated in α1, . . . , αn, are in different Archimedean classes; in particular,
their sum P (α1, . . . , αn) will be in the larger one and so it cannot be 0.

One of the major open problems in the area is the PR of the Pythagorean equation x2+y2 = z2.
In [13] Di Nasso and Riggio considered generalization of this problem to Fermat-Catalan equations8,
including xn−ym = zk. Their main result, namely that such an equation is never PR if n /∈ {m, k},
can be easily seen as a consequence of Theorem 2.3 or, straight in the language of asymptotic PR,
of [12, Lemma 5.5.2]. Without loss of generality, hence, we can reduce to the case n = m. The
following question, already asked in [13, Section 4], remains open.

Question 2.7. For which n, k is xn − yn = zk PR?

The known answers to the above question are:

• yes, for n = 1 and any k ∈ N (Polynomial Van der Waerden Theorem, [5]);

• yes, for n = 2, k = 1 ([24, Corollary 1.8]);

• no, for n = k ≥ 3 (Fermat’s last Theorem).

We largely extend the class of negative answers to Question 2.7 by providing a necessary con-
dition for the PR of a larger class of equations in the following Theorem.

8Di Nasso and Riggio called these equations “Fermat-like”; we prefer to call them Fermat-Catalan equations,
following the usual number-theoretical naming.
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Theorem 2.8. Let n ≥ 2, let a, b ∈ Z and let P (z) ∈ Z[z] be a polynomial of degree k. If
n /∈ {k, k − 1} then axn + byn = P (z) is not PR, if not trivially (i.e. with a constant solution).

Proof. By exchanging x, y if necessary, we can assume that the leading coefficient ak of P (z) is
positive.

First, notice that by our hypotesis on n, k, a+b = 0 by Theorem 2.3. Therefore we can write our
equation as a(xn − yn) = P (z). As we assumed this equation to be PR without constant solutions,
there are α ∼ β ∼ γ in ∗N \ N with β > α such that a(βn − αn) = P (γ) = akγ

k + · · · + a0. As
k ̸= n, the same argument used in Theorem 2.3 shows that αn ≍ βn ≫ γk. In particular, α ≍ β
and since they are equivalent and β > α, there must exist ε ≪ α such that β = α+ ε. Hence:

a(βn − αn) = a

(
nαn−1ε

≫
+

(
n

2

)
αn−2ε2 + . . .

)
= akγ

k
≫
+ · · ·+ a0

In particular, βn − αn ≍ αn−1ε and P (γ) ≍ γk, so αn−1ε ≍ γk. By applying l we deduce that

(n− 1)l(α) + l(ε) = kl(γ) + c,

where c ∈ Z is a constant. Since ε ≤ α,

(n− 1)l(α) ≤ (n− 1)l(α) + l(ε) = kl(γ) + c ≤ nl(α). (7)

In particular, l(α) ≍ l(γ). As l(α) ∼ l(γ), by Theorem 1.19 st
(

l(α)
l(γ)

)
= 1. Dividing equation (7)

by l(α) and taking the standard part, we get n− 1 ≤ k ≤ n.

In particular, Theorem 2.8 gives the following partial answer to Question 2.7:

Corollary 2.9. Assume that xn − yn = zk is PR. Then at least one of the following conditions
holds:

(1) n = 1, or

(2) n = 2, k = 1, 2, or

(3) k = n− 1.

So, partition regular Fermat-Catalan equations must have the form

axn + byn = czk, k ∈ {n, n− 1}. (8)

We study the cases k = n, k = n− 1 separately.
If k = n− 1 we know that it must be b = −a by Theorem 2.3.

Proposition 2.10. Let a, c ∈ N. The following facts are equivalent:

(1) xn − yn = zn−1 is PR;

(2) axn − ayn = czn−1 is PR.
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Proof. (1) ⇒ (2) Under our hypothesis, by Theorem 1.9 there are α ∼ β ∼ γ such that βn − αn =
γn−1. First, let notice that α, β and γ are divisible by every natural m ∈ N. Indeed, since they
are equivalent, α ≡ β ≡ γ modulo mn−1 · c for every m, and in particular cγn−1 = a(αn − βn) ≡ 0
modulo mn−1 · c: so mn−1 · c must divide cγn−1 and hence m divides γ (and α and β).

But then α′ = c
aα ∼ β′ = c

aβ ∼ γ′ = c
aγ in ∗N solve axn − ayn = czn−1, which is then PR due

to Theorem 1.9.
(2) ⇒ (1) This is similar: arguing as above, we find α ∼ β ∼ γ ∈ ∗N such that aαn − aβn =

cγn−1. Reasoning similarly as above, we deduce that α, β, γ must are divisible by every natural
m ∈ N. Now take α′ = a

cα ∼ β′ = a
cβ ∼ γ′ = a

c γ and observe that they solve xn − yn = zn−1 to
conclude, again by Theorem 1.9.

Hence, the case k = 1 is reduced to the study on the equation xn − yn = zn−1.
If k = n, again by Theorem 2.3 we have two cases (up to symmetries): a+ b = c or a+ b = 0.

Proposition 2.11. Let a, b, c, n ∈ N. The following two facts hold:

(1) If a+ b = c, then axn + byn = czn is trivially PR;

(2) If a+ b = 0 and n > 3, then axn + byn = czn is not PR.

Proof. (1) This is immediate, as the equation admits constant solutions.
(2) We will use a classical result of Darmon and Granville about the number of solutions of

Fermat-Catalan equations ([6], Theorem 2), stating that for all integers A,B,C and p, q, r satisfying
1
p + 1

q + 1
r < 1, the equation

Axp +Byq = Czr

has only a finite number of solutions (x, y, z) with gcd(x, y, z) = 1.
Now suppose that axn+byn = czn is PR, and by Theorem 1.9 let α ∼ β ∼ γ be infinite numbers

such that aαn + bβn = cγn. Since there is only a finite number of solutions with gcd = 1, (α, β, γ)
must be a multiple of one of those irreducible solutions, say (r, s, t) ∈ N3. So α = rµ ∼ β = sµ ∼
γ = tµ: but this is impossible, unless r = s = t = 1, because of Lemma 1.10.(2). As a+ b = 0 ̸= 0,
1 is not a constant solution of our equations, so we reach a contradiction.

Minor modifications to the proof of Proposition 2.8 give the following generalization.

Corollary 2.12. Let P1(z1), . . . , Pk(zk) be polynomials of different degrees, and n /∈ {deg(Pi), deg(Pi)−
1 | 1 ≤ i ≤ k}. Then axn + byn =

∑k
i=1 Pi(zi) is not PR.

Proof. By contrast, assume the equation axn + byn =
∑

Pi(zi) to be PR. Again by Theorem 2.3
we deduce that a + b = 0, and by Theorem 1.9, let α, β, γ1, . . . , γk be ∼-equivalent numbers such
that

a(αn − βn) =

k∑
i=1

Pi (γi) . (9)

Our hypotheses ensure that αn ≍ βn ≫ Pi (γi) for all i ≤ k. Write α = β + ε, where β ≫ ε.
As the degrees of the P ′

is are all different, necessarily for i ̸= j Pi(γi) ̸≍ Pj(γj): in fact,

Pi(γi) ≍ γ
deg(Pi)
i ̸≍ γ

deg(Pj)
j ≍ Pj(γj) since γi ∼ γj .

In particular, the right hand side of equation (9) will be asymptotic to its largest monomial

γ
deg(Pi)
i . We can now conclude by the same argument used in the proof of Theorem 2.8.
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Example 2.13. x2 − y2 = z41 + z52 − 3z63 and x5 − y5 = z31 − z32 are not PR.

With a slightly more subtle argument, we can also obtain the following result, having the same
spirit.

Corollary 2.14. Let n ≥ 2. Let {k1, . . . , kn} be such that no finite sum of the ki is equal to n or
n− 1. Then the equation xn − yn =

∏m
i=1 z

ki
i is not PR.

Proof. Suppose the equation to be PR, and let α ∼ β ∼ γ1 ∼ · · · ∼ γk be a solution in ∗N. As
usual, we look for monomials in the largest class.

By Proposition 1.17, since exponents of the right-hand side do not sum in any way to n, it must
be αn ≍ βn ≫

∏m
i=1 γ

ki
i . In particular, α ≍ β and so we can write α = β + ε with ε ≪ β. So:

αn − βn = nαn−1ε+

(
n

2

)
αn−2ε2 + · · · =

m∏
i=1

γki
i ,

and in particular

αn−1ε ≤
m∏
i=1

γki
i ≤ αn.

By taking the logarithm we arrive to

(n− 1)l(α) + l(ε) ≤ l

(
m∏
i=1

γki
i

)
=

m∑
i=1

kil(γi) ≤ nl(α).

Hence, as l(ε) ≤ l(α), we get that
m∑
i=1

kil(γi) ≍ l(α). (10)

As l(γi) ≤ l(α) for all i ≤ m, by equation (10) we have that l(γi) ≍ l(α) for some i ≤ m. As
l(α) ∼ l(γi), by dividing by l(α) and taking the standard part by Theorem 1.33 we obtain

n− 1 ≤
∑
i∈I

ki ≤ n

for some I ⊆ {1, . . . ,m}, which is against our assumption. So the polynomial cannot be PR.

Example 2.15. x4 − y4 = z1z2 is not PR.

3 Ultrafilters and Archimedean classes

We already mentioned the natural relation between numbers in hyperextensions and ultrafilters: it
should not be a surprise, then, that we can use Archimedean classes to solve problems naturally
arising in the ultrafilter context. In this section we will present an example (namely, equations in
βN), and introduce the equivalent notion of Archimedean closeness for ultrafilters. But first, for
the sake of completion, let us recall the link between ultrafilters and elementary extensions.
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3.1 Preliminaries: ultrafilters and hyperextensions

We assume the reader to be familiar with the algebra of ultrafilters: if not, we refer to the monograph
[19]; we also refer to [7] for a more extensive treatment of the nonstandard approach that we
summarize here. The crucial point in the nonstandard approach to ultrafilters is the following
translation.

Remark 3.1. Let U be an ultrafilter over N (or R, say). Since U has the Finite Intersection
Property, by saturation ⋂

A∈U

∗A ̸= ∅.

So in ∗N we can find generators for U .

The u-equivalence relation can be equivalently characterized in terms of ultrafilters, as seen in
Section 1.2.

When working in dimension higher than one, and when dealing with operations with ultrafilters,
the notion of tensor products comes out naturally. We recall it in the case we are dealing with,
namely N2.

Definition 3.2. Let U ,V ∈ βN. The tensor product of U and V, denoted by U⊗V, is the ultrafilter
in βN2 defined by the following property: for all A ⊆ N2

A ∈ U ⊗ V ⇔ {n ∈ N | {m ∈ N | (n,m) ∈ A} ∈ V} ∈ U .

Tensor products can be used to define several binary operations on βN. For example, the sum
U ⊕ V of two ultrafilters can be defined as the pushforward + of the sum + : N2 → N applied
to U ⊗ V; namely, U ⊕ V = +(U ⊗ V). We refer to [19] for a through study of these notions. In
nonstandard terms, tensor products corresponds to tensor pairs.

Definition 3.3. We say that (α, β) ∈ ∗N2
is a tensor pair if U(α,β) = Uα ⊗ Uβ .

Tensor pairs in ∗N2
are fully characterized by the following theorem, due to Puritz.

Theorem 3.4. [25, Theorem 3.4] Let α, β be infinite hypernaturals. Then (α, β) is a tensor pair
if and only if, for every f : N → N such that f(β) ̸∈ N, f(β) > α.

Trivially, Puritz’s Theorem entails the following asymptotic consequence.

Corollary 3.5. Let (α, β) be a tensor pair in ∗N. Then β ≫ α.

It is known that operations between ultrafilters can be transformed into operations between
numbers in ∗N via Lemma 1.10.(3) and the notion of tensor pair. For example:

Theorem 3.6. Let U ,V ∈ βN, let α be a generator of U and β a generator of V and assume that
(α, β) is a tensor pair. Then U ⊕ V is generated by α+ β.

The last property of tensors that we will use is that we can always fix a coordinate when
searching for tensors, in the sense of the following consequence of Puritz’s characterization.

Proposition 3.7 ([7], Theorem 5.12). Let α, β ∈ ∗N be infinite numbers.
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• Rα,β = {β′ ∼ β | (α, β′) is a tensor pair} is unbounded in ∗N;

• Lα,β = {α′ ∼ α | (α′, β) is a tensor pair} is leftward unbounded in ∗N \ N.

We refer to [22] for a detailed study of tensor pairs and their extensions in higher dimensions.
Finally, we will need the following known topological property of (βN,⊕). Since we could not

find a precise reference to this exact statement, we will provide a short proof of it here.

Proposition 3.8. Let U ∈ βN be a non-principal ultrafilter; then its Z-orbit orb(U) = {n⊕U | n ∈
Z} is not open nor closed.

Proof. The set orb(U) is not open because every open set in βN \ N is uncountable. This follows

easily from the observation that over a set D we have 22
|D|

different ultrafilters (cf. [19], Section
3.6), and that given a basis set OA with A infinite, the map βA → OA extending an ultrafilter on
A to one on N is injective.

The set orb(U) is also not closed. In fact, it can be proved that {n⊕ U | n ∈ Z} = βZ⊕U , so it
is enough to prove that βZ⊕U ̸= n⊕U for every n ∈ Z. Let V be an ultrafilter with the following
property: for every r ∈ N,

R(r − 1, r) ∈ V, (11)

where R(m, r) = {n ∈ N | n ≡ m mod r}. Such an ultrafilter exists, as {R(r − 1, r) | r ∈ N}
has the Finite Intersection Property.

We show that for every n ∈ Z, V ⊕U ̸= n⊕U . Suppose, by contrast, that m⊕U = V ⊕U . Let
i ∈ [1,m+2] be such that R(i,m+2) ∈ U . Then R(i+m,m+2) = R(i,m+2)+m ∈ m⊕U = V⊕U ,
which means that

A = {n ∈ N | R(i+m,m+ 2)− n ∈ U} ∈ V.

Since R(i+m,m+2)−n = R(i+m−n,m+2), we deduce that A ⊆ {n ∈ N | n ≡ m mod m+2} =
R(m,m+ 2) ∈ V, against (11).

Remark 3.9. We notice that the ultrafilter V that we constructed in the proof above satisfies
the following stronger property: for all U ∈ βN V ⊕ U (and U ⊕ V as well) does not belong to
{U ⊕ n | n ∈ N}.

3.2 Equation in βN solved via Archimedean classes

Similar to what has been done in [12], asymptotics can be used to provide simple proofs of known
arithmetic results about ultrafilters. To provide examples of this fact, we give here two easy proofs
of well-known results first proven in [23] and [18].

Theorem 3.10 ([23], Theorem A). Let U ,V,W ∈ βN, with U non-principal. Let a, b ∈ N. If
W ⊕ aU = V ⊕ bU then a = b.

From our nonstandard point of view, Theorem 3.10 above can be rephrased as follow:

Theorem 3.11. Let a, b ∈ N and let α, β, γ ∈ ∗N with α infinite and (β, α), (γ, α) tensor pairs.
Suppose that β + aα ∼ γ + bα. Then a = b.

Remark 3.12. The same is true even if we allow a, b to be reals.
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Proof. It is enough to notice that β + aα ≍ γ + bα: then, since they are equivalent, from Theorem
1.19 we have

1 = st

(
β + aα

γ + bα

)
=

a

b
.

The above result uses the fact that asymptotic considerations give a good control on the be-
haviour of the ≍-large elements in a sums. The next result will show that such methods can be
used also to control ≍-small elements.

Theorem 3.13 ([18], Corollary 2.7). Let a, b ∈ N. Let U ,V,W ∈ βN, with U non-principal. If
aU ⊕W = bU ⊕ V then a = b.

In our nonstandard language, Theorem 3.13 reads as follows.

Theorem 3.14. Let α, β, γ ∈ ∗N with α infinite and (α, β), (α, γ) tensor pairs. Suppose that
β + aα ∼ γ + bα: then a = b.

Remark 3.15. It is not restrictive to assume that β, γ also are infinite (the result is otherwise
trivial).

For the proof we need to work in a more general context. We already noticed, in Remark 1.22,
that we may define the concept of Archimedean classes for hyperreals ∗R as we did for ∗N. Also,
the proof of Theorem 1.19 still works in ∗R, so the ration of equivalent hyperreals α ∼ β in the
same Archimedean class must be at an infinitesimal distance from 1.

Definition 3.16. Let α, β ∈ ∗S
1 \ S1, where S1 = R/Z is the unitary circle. We say that they are

in the same Archimedean class if 1
|α−st(α)| ≍

1
|β−st(β)| in

∗R.

Remark 3.17. It is easy to check that if α, β are as above and equivalent, then st(αβ ) = 1.

We also need to characterize tensor pairs in ∗S
1
. Notice that if s ∈ S1 is a standard point

and α ∈ ∗S
1 \ S1, (s, α) and (α, s) are always tensors in a trivial way. So we can suppose both

coordinates to be nonstandard. We will use the following two results proven in [22].

Theorem 3.18 ([22], Theorem 31). Let A,B,A′, B′ be sets. Let (α, β) ∈ ∗A × ∗B. Then the
following are equivalent:

(1) (α, β) is a tensor pair;

(2) for every f : A → A′, g : B → B′ the couple (f(α), g(β)) is a tensor pair in ∗A
′ × ∗B

′
.

Remark 3.19 ([22], Example 37). If α, β are infinite positive numbers in ∗R, then (α, β) is a tensor
pair if and only if for every f : R → R such that f(β) infinite, α < f(β).

Proposition 3.20. Let (α, β) be a couple in ∗S
1 \ S1. (α, β) is a tensor pair if and only if

( 1
|α−st(α)| ,

1
|β−st(β)| ) ∈

∗R× ∗R is a tensor pair.

In particular, β − st(β) is infinitesimal with respect to α− st(α), i.e. st
(

β−st(β)
α−st(α)

)
= 0.

Proof. It is enough to apply Theorem 3.18 with f(x) = 1
|x−st(α)| and g(x) = 1

|x−st(β)| . The “in

particular” part follows directly from Remark 3.19.
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Proof of Theorem 3.14. Let f be the composition of the multiplication by π with the projection
R → S1 = R/Z. f is an algebraic embedding of Z in S1.

Claim: if α ∈ ∗Z \ Z then f(α) ∈ ∗S
1 \ S1.

To prove the claim, suppose there exists α infinite such that f(α) ∈ r + Z with r ∈ [0, 1). In
particular for every n ∈ N

∗N |= ∃m > n (f(m) = r).

By transfer:
N |= ∃m > n (f(m) = r),

which is not possible because f is injective.
So, suppose (α, β) and (α, γ) are tensor pairs in ∗S

1 \ S1 such that β + aα ∼ γ + bα.
As β+ aα ∼ γ+ bα, we have that st(β)+ a · st(α) = st(β+ aα) = st(γ+ bα) = st(γ)+ b · st(α).

Let α′, β′, γ′ denote respectively α− st(α), β − st(β), γ − st(γ). We have that

β + aα− st(β + aα) = β′ + aα′ ∼ γ′ + bα′ = γ + bα− st(γ + bα).

α′, β′, γ′ are infinitesimals by construction and, by Proposition 3.20, β′, γ′ ≪ α′ by definition of ≍
on ∗S

1 \ S1. Hence β′ + aα′ ≍ γ′ + bα′. As β′ + aα′ ≍ aα′ and γ′ + aα′ ≍ bα′, it follows that
1

β′+aα′ ≍ 1
γ′+bα′ .

So in ∗S
1
we would have β′ + aα′ ∼ γ′ + bα′ and in the same Archimedean class: so by Remark

3.17

1 = st

(
β′ + aα′

γ′ + bα′

)
=

a

b
.

3.3 Archimedean closeness of ultrafilters

If we identify ultrafilters with hypernatural numbers, it is natural to ask when two ultrafilters have
generators that are in the same Archimedean class. Equivalently, given α ∈ ∗N, for what β ∈ ∗N
there exists β′ ∼ β with β′ ≍ α. This question is better expressed in ultrafilter terms, giving rise
to the following definition:

Definition 3.21. Let U be an ultrafilter on N. We define its Archimedean class

Arc(U) = {V ∈ βN | ∃m ∈ Z : l∗(V) = l∗(U) +m}

where l = l2 and l∗ is the pushforward of l to βN.

Ultrafilters in the Archimedean class of U are exactly those generated by β as above, where
α |= U .

Lemma 3.22. Fix α and β. There exists β′ ∼ β in Arc(α) if and only if Uβ ∈ Arc(Uα).

Proof. If β ∼ β′ ∈ Arc(α) then l(β′) = l(α) +m, m ∈ Z. Since Uf(α) = f∗(U) (Theorem 3.6) we
have

l∗(Uβ) = l∗(Uβ′) = Ul(β′) = Ul(α)+m = Ul(α) +m = l∗(Uα) +m

On the other hand, if Uβ ∈ Arc(Uα) then l∗(Uα) = l∗(Uβ)+m which means that l(α) ∼ l(β)+m.
But now invoke Lemma 1.10 to find the desired β′.
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Using the nonstandard equivalent, we can easily see that

Proposition 3.23. Let n ∈ N and suppose l∗(V) = l∗(U) + k. Then there exists k′ ∈ Z such that
(ln)∗(V) = (ln)∗(U) + k′.

So, defining Archimedean classes of ultrafilters via a different base does not change them.

We may ask if we can characterize Arc(U) and what kind of ultrafilters we may find, or not, in
it. We start with the second question.

Proposition 3.24. If n ∈ N and αn ∼ β ≍ α, then n = 1.

Proof. Let apply l to find
l(α) +m = l(β) ∼ l(αn) = nl(α) + r

for some r ∈ Z. So, l(α) + m and nl(α) are in the same class; and since they are equivalent we
must have

1 = st

(
l(α) +m

nl(α) + r

)
=

1

n

so n = 1.

The same proof also adapts to the following:

Proposition 3.25. If ξ ∈ ∗R>0 if finite and not infinitesimal, and αξ ∼ β ≍ α, then st(ξ) = 1.

Corollary 3.26. If fr : x → xr for r ∈ R, then (fr)∗(U) = Ur /∈ Arc(U), unless r = 1.
Similarly for P a polynomial of degree different from 1.

Corollary 3.27. If V ∈ Arc(Ur) and r ̸= 1, then V /∈ Arc(U)

Proof. In nonstandard terms, let suppose β generates V, α generates U and there exist β′, β′′ both
equivalent to β such that

• β′ ≍ αr, and

• β′′ ≍ α

So l(β) ∼ l(β′) = l(αr)+m = rl(α)+m′ and l(β) ∼ l(β′′) = l(α)+n: so we find l(α)+n ∼ rl(α)+m′,
which is not possible.

So we find disjoint classes of ultrafilters looking at their powers: of course, again, taking poly-
nomials or functions that increase polynomially gives rise to the same result.

Definition 3.28. Given A ⊆ N, we define its logarithmic expansion as

LE(A) = l−1(l(A)) =
⋃
i∈I

[2i, 2i+1)

where I = {i | ∃a ∈ A, 2i ≤ a < 2i+1} = l(A), and in general for n ∈ Z

LE(n)(A) =
⋃

i∈I,i−n≥0

[2i−n, 2i−n+1)

24



So LE(A) is obtained “exploding” every point of A to the whole 2-adic interval it is contained
in. For example if 7 ∈ A, the whole [4, 7] = l−1(l(7)) will be contained in LE(A); for LE(m)(A) it
is enough to shift these intervals: for example if again 7 ∈ A, [2, 3] = l−1(l(7)−1) will be contained
in LE(1)(A).

Remark 3.29. LE(m)(A) = l−1(l(A)−m).

Indeed, it is almost by definition that x ∈ LE(m)(A) ⇔ l(x) ∈ l(A)−m.
From here we can give an equivalent characterization of Arc(U).

Proposition 3.30. V ∈ Arc(U) if and only if V ⊇ LE(m)(U) = {LE(m)(A) | A ∈ U} for some
m ∈ Z.

Proof. ⇒) By definition, V ∈ Arc(U) means that l∗(V) = l∗(U) +m for some m ∈ Z. Let A ∈ U .
Then l(A) +m ∈ l∗(U) +m = l∗(V) from which we get l−1(l(A) +m) = LE(−m)(A) ∈ V.

⇐) Suppose V ⊇ LE(m)(U): we want to prove that l∗(V) = l∗(U) + m. For every A ∈ U ,
LE(m)(A) = l−1(l(A) +m) ∈ V and so l(l−1(l(A) +m)) ∈ l∗(V); but l(l−1(l(A) +m)) ⊆ l(A) +m,
hence ∀A ∈ U l(A) ∈ l∗(V)−m, and since {l(A) | A ∈ U} generates l∗(U) we have l∗(U) ⊆ l∗(V)−m
and we conclude by maximality.

Proposition 3.31. Arc(U) is a left ideal of (βN,⊕) that is neither open nor closed.

Proof. Let V ∈ Arc(U) and W ∈ βN. We want to show that W ⊕V ∈ Arc(U).
By hypothesis we know that there exist α |= U , β |= V in the same class. We want to find a

generator of W ⊕ V in the same class of a generator of U . By Proposition 3.7, take γ |= W such
that (γ, β) is a tensor pair. Then γ+β |= W⊕V and, by Theorem 3.4, γ+β ≍ β. Hence γ+β ≍ α.

To prove that it is not open nor close, notice that Arc(U) = l−1
∗ (l∗(U)+Z) and that the Z-orbit

l∗(U) + Z is not open and not closed (Proposition 3.8). Suppose Arc(U) open. Then, since l∗ is
open, l∗(Arc(U)) = l∗(U) + Z would be open: so Arc(U) cannot be open, and similarly it cannot
be closed.

Remark 3.32. Since l∗ is open we have that Arc(U) = l−1
∗ (U + Z) = l−1

∗ (βZ⊕U) if U is nonprin-
cipal (if U is principal, the class is exactly N ⊆ βN).

4 Open questions

This paper is meant to be a first step towards a through study of asymptotic PR. There are several
questions to be solved to perform such a study. The first, natural, one is the following.

Question 4.1. Given a PR equation E(x1, . . . , xn), can we fully characterize all its possible asymp-
totics?

The main difficulty in Question 4.1 lies in the fact that, for nonlinear equations, we do not
have a complete characterization of their PR. Even assuming the given equation to be PR, the
arguments in the proof of Theorem 1.3, that we used in Section 1.1 to characterize the linear case,
does not adapt to the nonlinear case.

Question 4.1 has an interesting sub-question.
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Question 4.2. Does it exist a nonlinear Diophantine equation P (x1, . . . , xn) = 0 which is asymp-
totically PR with three distinct asymptotic classes, but not with two? More in general, given
k ∈ N, k ≥ 3, does it exist a nonlinear Diophantine equation that is asymptotically PR with k
asymptotic classes, but not with k − 1?

Notice that linear equations that are PR can have only two asymptotic classes, as shown in
Theorem 1.4; moreover, in all nonlinear examples we have given, we have a largest class and then
“the remaining terms”, which will be split in some asymptotic classes, but we do not really know
how and how many. Question 4.2 seems related to a known problem in ultrafilters arithmetic. In
fact, as re-shown in Section 3.2, we know how to compare first and last terms in a linear sum of
ultrafilters. However, we do not have similar characterization for middle terms. For example, the
following problem is open (a similar question can be found in [18], Section 4).

Question 4.3. Is it true that if aU ⊕ bU ⊕ cU = aU ⊕ b′U ⊕ cU then b = b′?

The above problem is related to asymptotics for reasons similar to those exploited in Section
3.2: if (α, β, γ) is a tensor triple9 with U = Uα = Uβ = Uγ , then aU ⊕ bU ⊕ cU = Uaα+bβ+cγ , aU ⊕
b′U ⊕ cU = Uaα+b′β+cγ . As α ≪ β ≪ γ, Question 4.3 is actually a question about asymptotics in
disguise.

Finally, by Proposition 2.10 the remaining open problems regarding the PR of Fermat-Catalan
equations would be solved by answering the following question.

Question 4.4. Let n ≥ 3. Is xn − yn = zn−1 PR?

Due to the scarcity of known solutions to this kind of equations, we think that it is natural
to conjecture the answer to Question 4.4 to be negative. Moreover, it is known that solutions to
such equations can be parameterized, see e.g. ([16]). Therefore, Question 4.4 can be equivalently
restated in terms of PR polynomial configurations; unfortunately, the configurations arising from
these parametrization are not among those whose PR is known, and do not seem to be much simpler
to study than Question 4.4 itself.
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[27] A. Sárközy, “On difference sets of sequences of integers. I,” Acta Mathematica Academiae
Scientiarum Hungarica, vol. 31, no. 1, pp. 125–149, 1978.
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