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ABSTRACT: We classify four-dimensional N/ = 1 supersymmetric gauge theories with a
simple gauge group admitting a large N limit that flow to non-trivial superconformal fixed
points in the infrared. We focus on the cases where the large N limit can be taken while
keeping the flavor symmetry fixed so that the putative holographic dual has a fixed gauge
group. We find that they can be classified into three types — Type I, Type II, and Type 111
— exhibiting universal behavior. Type I theories have a # ¢ in the large N limit and scale
linearly in N; the gap of scaling dimensions among BPS operators behaves as 1/N. Type II
theories have a = ¢ in the large N limit, and satisfy a ~ ¢ ~ % dim G, and Type III theories
have a ~ ¢ ~ 1dimG. For Type II and Type III theories, the gap of scaling dimensions
stays O(1) in the large N limit. We enumerate relevant and marginal operators of these
theories and find that non-trivial conformal manifolds emerge upon relevant deformations.
Moreover, we find that a modified version of the AdS Weak Gravity Conjecture, based on the
supersymmetric Cardy formula, holds for all of these theories, even for finite V.
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1 Introduction and Summary

Conformal field theory (CFT) describes the critical point of the phase transition, the gapless
phase of matter, and also quantum gravity. Moreover, it serves as a simpler model for more
general quantum field theory (QFT) and also arises as an endpoint of the renormalization
group flow. Therefore, it is apparent that understanding the precise nature of conformal field
theory is crucial to addressing fundamental questions in theoretical physics.

In this paper, we focus on the four-dimensional superconformal field theory (SCFT),
which has played a pivotal role in the modern development of quantum field theory. Thanks
to its robustness, it has been an indispensable tool to discover deep non-perturbative phe-
nomena in quantum field theory and string theory, such as S-duality [1, 2], IR duality [3],
and AdS/CFT correspondence [4-6]. One crucial aspect of the aforementioned phenomena
is that they involve intricate connections among a family of theories, rather than a single



theory. Therefore, it is important to explore the space of QFTs, involving the classification
of SCF'Ts, a longstanding challenging problem.

For the case of maximal supersymmetry (N = 4), it is conjectured that they are classified
by the simple Lie groups, realized by the N = 4 super Yang-Mills theory. There are partial
classification results for the extended supersymmetry A" > 2 [7-21], but it is still a challenging
problem. There are fewer results for the case of minimal supersymmetry (N = 1), because
the constraints imposed by supersymmetry are much weaker, making the problem even more
difficult, and there have been fewer attempts along these lines [22-26]. In this paper, we
attempt to classify a small subset of the 4d N/ = 1 SCFT theory space, realized by large N
gauge theories with a simple gauge group. The current work is a continuation of the previous
paper by two of the authors (KL and JS) [23].

We will focus on the large N limit, which is a powerful tool for understanding strongly
interacting systems [27]. This limit simplifies the theory, providing the small parameter 1/N,
so that we can compute various observables in a perturbative way. Our motivation for the
large N limit is the AdS/CFT correspondence [4-6]. Via AdS/CFT correspondence, quantum
gravity in anti-de Sitter space in d 4+ 1 dimensions is exactly equivalent to a d-dimensional
conformal field theory. Therefore, we can study AdS quantum supergravity by studying large
N superconformal field theories. Even though AdS/CFT is best understood when the bulk
theory is weakly coupled Einstein gravity, it is important to note that the correspondence
holds even if the bulk is exotic. The bulk ‘gravity’ might be highly quantum, strongly-coupled
with light strings. Therefore, we are naturally motivated to ask the question: for a given
CFT, when do we have a good holographic dual, described by a weakly-coupled Einstein-like
gravity? This question has been studied in [28, 29], for example. By exploring the space of 4d
N =1 SCFTs, we would like to understand how gravity emerges from large N gauge theories.
As was shown in [23, 30], our classification program yields a set of SCFTs whose spectrum is
dense in the sense that the gap in the operator scaling dimensions scales as 1/N. This set of
theories cannot be holographic, since the gap should scale as O(1) for a holographic theory,
or the spectrum has to be sparse. We also find many examples whose operator spectrum is
sparse, so that they are putatively holographic.

Another motivation comes from the Swampland program [31]. The purpose of the Swamp-
land program is to find universal properties for the low-energy effective field theory in order
for it to be consistently coupled to quantum gravity. In the framework of the AdS/CFT
correspondence, the swampland conjectures can be translated to the universal properties of
conformal field theories. One such swampland conjecture, which has been studied in the
context of holography, is the Weak Gravity Conjecture (WGC) [32, 33]. The Weak Gravity
Conjecture was initially derived in the semi-classical regime, so there is no a priori good rea-
son for it to be true for exotic gravitational theories. However, if we wish to view WGC as a
genuine constraint for any consistent theory of quantum gravity, it must be true for a generic
AdS/CFT setup, even if the bulk is exotic or the boundary CFT is weakly-coupled. Indeed,
in the context of AdS3/CFTsg, the AdS Weak Gravity Conjecture can indeed be shown to be
a consequence of modular invariance of the partition function [34-36], showing that it comes



from the consistency of the theory. We can ask if the AdS WGC holds in higher dimensions
as well. Indeed, there are numerous non-holographic examples and counter-examples for the
AdS WGC [23, 30, 33]. Using the result of our classification, we have proposed a modified
AdS WGC that holds for arbitrary 4d SCFTs [37].

1.1 Summary of results

In this paper, we classify all possible 4d (N = 1) SCFTs under the following assumptions:

1. Each of them arises as a renormalization group fixed point of a gauge theory with a
simple gauge group and a number of matter chiral multiplets.!

2. The rank of the gauge group N can be scaled to be large. Therefore, the gauge group
is restricted to the classical ones: SU(N), SO(N) and Sp(N).

3. The superpotential is set to zero, W = 0.
4. The flavor symmetry remains fixed as we take the large N limit.

The last condition is motivated by holography, since the flavor symmetry is mapped to the
gauge symmetry in the bulk. This is the continuation of the classification program of large N
4d superconformal gauge theories as outlined in [23]. Unlike previous work, which focuses on
theories with dense spectra, this work comprehensively studies all classes of large-N theories
under the aforementioned assumptions. Since our paper is inevitably long, we summarize the
results in this section and highlight some of our findings.

Universality of R-charges and central charges We find that, in the large N limit, the
leading-order behavior of the R-charges of chiral multiplets, as well as the central charges
a and c, is universal across certain sets of theories. Based on these universal behaviors, we
classify large N theories into three distinct types, which we call Type I, II, and III. They are
essentially determined by the effective number of matters in rank-2 tensor representations of
the gauge group. For the SU(N) gauge theories, we define the effective number of rank-2
tensors as

NDIJFNEJFNHJFNE

Nrank-2 = Nagj + (1.1)

5 )
where Ng refers to the number of matter (chiral) multiplets in representation R of the gauge
group.

If Nianko is either 2 or 3, the leading behavior of the R-charges and central charges
becomes universal in the large N limit. For theories with Nyan.0 = 2, which we refer to as
Type II theories, the asymptotic behavior is

12 — /26
,+
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! Conformal gauge theories obtained without RG flow have been classified in [22].



For Nianko = 3 theories, which we refer to as Type III theories, we find
2 1
Ryanic ~ By~ 5+ ONY, a~c~ 7 dim(G) + O(N), (1.3)

The central charges a and ¢ for the Type II and III theories agree in the large N limit, as is
required for a holographic theory. Notice that the leading behavior of R-charges and central
charges for the Type III theory is identical to that of N' =4 SYM theory. For the Type II
theory, they resemble that of the two-adjoint theory or the N'= 4 SYM with one of the chiral
adjoints integrated out. We observe % = % X %, where % is a universal number that appears
when we flow from /' = 2 to N/ = 1 SCFT via integrating out adjoint chiral multiplets in the
N = 2 vector multiplet [38]. We also find that in the Veneziano limit — where N — oo with
the number of fundamentals scaling as O(N) — the leading-order behavior of both R-charges
and central charges remains universal across theories within each type.

The theories with Nyanko = 1, which we refer to as Type I theories, exhibit a dense
spectrum, as the rank-2 tensor chiral multiplet has an R-charge of order O(N ') [23, 30].
Type I theories generically flow to interacting SCFTs along with O(N) number of decoupled
free chiral multiplets. Since the set of decoupled operators varies across theories, we do not
find universal formulae for the R-charges and central charges. However, if we take additional
limit 1 < Ny < N, we do obtain universal behavior for the R-charges:

B A=VBN, L, VB
rank-2 3N ’ ] 3 .

The central charges for these theories scale as a = O(N),c = O(N), and they are, in general,

(1.4)

different at large N, unlike the case of Type II and III theories.

For the theories with Ny,nko = 0 or a half-integer, the number of fundamental chiral
multiplets cannot remain finite in the large N limit. Instead, it must scale as O(N), in order
to cancel gauge anomalies. Therefore, only the Veneziano limit is allowed. The detailed
aspects of these types of theories will be discussed in future work. The Veneziano limit is
unnatural from the holographic perspective, since it scales the rank of the flavor symmetry
group with N, which is identical to the bulk gauge symmetry. If we demand not to scale the
flavor symmetry as we take the large N limit, Nyanco defined in (1.1) must be an integer.?

We will primarily focus on such cases in this paper.

Conformal window We identify a family of theories parametrized by N (rank of the gauge
group) and also Ny, which is the number of fundamental/anti-fundamental chiral multiplet
pairs. For a given family, there is an allowed range of Ny, referred to as a conformal window,
under which the theory flows to a non-trivial superconformal fixed point. The most basic
requirement is the asymptotic freedom, which imposes an upper bound on Ny. In most cases,
the lower bound of Ny is zero for any N. However, there are notable exceptions where a
non-zero lower bound arises — these are studied in Section 3.1, 3.3, 4.2, and 5.1. Additionally,
certain exceptions appear only at small values of IV, as discussed in Section 3.11 and 5.5.

2The Veneziano-type limit (Ny, N — oo with a = N;/N fixed) is allowed for Type I and II, but forbidden
for Type III.



The ratio of central charges a/c We also examine the range of central charge ratio a/c
for theories in the conformal window. For a holographic theory, the ratio has to be a/c =1
at least when N is infinite [39]. However, for a finite IV, the ratio a/c is not exactly equal to
1, and it is known that this deviation contributes to the higher curvature corrections in the
supergravity effective action [40]. This also modifies the celebrated viscosity-entropy density
ratio bound n/s > 1/4x [41]. Depending on the sign of ¢—a, it can either strengthen (a/c > 1)
or weaken (a/c < 1) the bound [42, 43].

Most theories we find have a/c < 1, but there are exceptions. In particular, some SU(N)
gauge theories discussed in Section 3.2, 3.5, and 3.10, and certain SO(N) gauge theories
covered in Section 4.1, 4.2, 4.3, and 4.4 exhibit a/c > 1 when the number of fundamental
chiral multiplets (N¢) is small. We do not find such examples in Sp(N') gauge theories. There
also exists a small number of cases where a/c = 1 exactly at finite N. The theories with two
and three adjoint chiral multiplets (without any fundamentals) enjoy such a property.?

The Hofman-Maldacena unitarity bound [49, 50] restricts the ratio to lie in the window
% <2< %, and the lower and upper bound is saturated by free chiral and vector multiplets,
respectively. However, an empirical gap exists in the ratio. Namely, there are no known
theories of 1.25 < a/c¢ < 1.5 nor 0.5 < a/c < 0.6. It is therefore interesting to ask if there
exists any theory within this window, or to find a reason for it to be forbidden.

The maximum value of the a/c ratio among Type I-III theories is 417/368 ~ 1.1332, which
arises in the SO(5) gauge theory with a rank-2 symmetric tensor chiral multiplet (Section
4.1). The current known maximal value for the a/c is found in the SO(5) gauge theory
with a rank-2 symmetric and a fundamental and a singlet chiral multiplets, under a specific
superpotential, yielding a/c = 507/419 ~ 1.2100 [51]. When the superpotential is turned off,
the known maximal value of a/c arises in the ISS model [52], with a/c = 183/158 ~ 1.158.
Note that this model has a rank-3 tensor matter multiplet, making it impossible to take a
large N limit.

S : : i 70169619—220676v3201
The minimum value of the a/c ratio among Type I-III theories is 53915971 i

0.6930, found in an SU(5) gauge theory with a pair of rank-2 antisymmetric and conjugate
tensors, along with four pairs of fundamental and anti-fundamental chiral multiplets (N; = 4).
Let us remark that we find the Sp(2) gauge theory with 10 fundamental chiral multiplets
(Ny = 5) exhibits an even smaller value, a/c = 233 ~ 0.6595, and this theory is excluded in
our classification. (But see Section 6.) This value is close to 3/5, which may be the lower

bound for an interacting theory [53, 54].

Relevant operators We investigate the relevant operators of each theory. For the Type I
theories, the rank-2 tensor chiral multiplets X have R-charges of order O(N~1). Therefore,
we have the operators of the form TrOX™ (O being some combination of elementary fields or
identity) leading to a dense spectrum of operators with gap 1/N in the large N limit [23, 30].
This gives rise to O(N) amount of relevant operators. On the other hand, the Type II and

31t is known that there exists a rather large landscape of a = ¢ theories for any value of N once we introduce
‘non-Lagrangian’ components in the theory [44—48].



Type III theories contain only a finite number of relevant operators, i.e., of order O(1). For
these cases, we write an explicit list of the number and forms of the relevant operators. While
additional relevant operators may appear for small values of N, we focus on those that exist
generically in the large N limit.

Conformal manifolds We also search for the conformal manifolds using the methods of
[55, 56]. In the case where the one-loop beta function for the gauge coupling vanishes, the
theory is not guaranteed to be an interacting conformal field theory unless there exists a
non-trivial conformal manifold. Such cases are studied in [22]. On the other hand, since our
gauge theories flow to a non-trivial fixed point, we do not require the existence of a conformal
manifold. In fact, among the theories that flow, we find that only the two-adjoint theories [55]
and certain Type I theories under specific conditions have non-trivial conformal manifolds.
However, we find that for at least Ny = 0,1 cases, there always exists a superpotential
deformation, such that the deformed theory flows to a superconformal fixed point with a

non-trivial conformal manifold for general N.

Holographic SCFT We find that Type I theories are not holographic, while Type II and
IIT theories are potentially holographic. For a large N 4d CF'T to be holographic, it has to
have identical central charges a = ¢ [39] and also have a sparse low-energy spectrum [28, 29].
For the Type I theories, these conditions are not satisfied, so they cannot be holographic. The
Type II and III theories satisfy these conditions, so they are potentially holographic. Indeed,
some of these theories have known holographic descriptions, such as N' = 4 SYM theory or
the two adjoint theory, also referred to as the Leigh-Strassler theory [55, 57—60].

But these conditions do not guarantee a good holographic dual description. However,
we find a further clue that supports the notion that the Type II and III theories are indeed
holographic in nature. First, we find that upon a suitable relevant deformation, the fixed point
theory has exactly marginal operators, or it has a non-trivial conformal manifold, as described
in the previous paragraph. This is a promising signal for the theory to be ‘holographic,’ since
all the known weakly-coupled bulk descriptions come with a ‘coupling constant’ or moduli
(such as the gravitational constant, and string couplings) that can be tuned. These moduli
sometimes enable us to move away from singular to smooth internal geometry in the bulk.
See, for example [61], for a discussion on this aspect in the context of 2d SCFT.

Another universal property of a holographic theory is that it should exhibit the Hawking-
Page phase transition [62], which is dual to the confinement-deconfinement transition [63].
Namely, thermodynamic free energy at low energy is dominated by a gas of gravitons (thermal
AdS phase), and at high energies, it is dominated by the large AdS black hole. In holography,
the free energy at low energies should scale as F' = O(1), while at high energies it scales as
F = O(N?). Tt is rather difficult to carry out such a computation at finite temperature for a
strongly-coupled field theory. One interesting development in recent years is the observation
of a phase transition even at zero temperature, which is visible in the BPS sector.

The superconformal index [64, 65] counts (—1)F-graded degeneracy of certain BPS states.
Because of the Bose-Fermi cancellation, this quantity is robust, invariant under any continuous



deformations. One of the original motivations for the index is to account for the Bekenstein-
Hawking entropy of the BPS black holes in AdS found in [66-69]. This goal was achieved
later in [70-72] through utilizing complexified chemical potentials. Especially, it was found
that there is a Cardy-like formula for the superconformal index, giving asymptotic density of
states at high energies in terms of central charges [73, 74]. This formula turns out to account
for the black hole entropy in AdS. The Cardy-like limit produces the density of states for
high energy states A > N? for finite N. On the other hand, holography requires the Cardy
formula to be valid for A ~ O(N?) since the black hole states correspond to the ones with
scaling dimension O(N?). Indeed, there exists a large N saddle for the matrix integral, which
reproduces the formula without taking the Cardy limit [75, 76]. We note that among our set
of theories, this large N saddle works for the Type II and III theories, but not for the Type I
theories. This also implies that there is a Hawking-Page-like phase transition as we dial the
chemical potential (angular velocity) of the superconformal index. Therefore, Type II and 111
theories are good candidates to be holographic.

Weak Gravity Conjecture Finally, we test the AdS/CFT Weak Gravity Conjecture
(WGC). We find that the WGC proposed in [33] does not hold for some theories with fi-
nite N and even for a number of large N theories with a sparse spectrum. However, we
show that the modified WGC proposed in [37] successfully addresses all the counterexamples
identified in our study.

Generalized symmetry Let us make a comment that when the number of fundamentals
Ny is zero, the theory has a non-trivial one-form symmetry, and the detailed aspects of the
symmetry depend on the global structure of the gauge group [77]. The full list of such cases
is already studied in [78], where all possible simple gauge theories with non-trivial one-form
symmetry are classified.

1.2 Organization of the paper

The rest of the paper is structured as follows. In Section 2, we describe our methods and
strategy for the classification program. Then we discuss in detail deriving the universal
properties of SU(N) in Section 2.2, SO(N) in Section 2.3, and Sp(NN) theories in Section 2.4.
We also review how we test the AdS version of the Weak Gravity Conjecture in Section 2.5.
We describe the details of our classification result for the SU(N) gauge theories in Section
3. We find 20 families of SU(N) theories, and most of them have an additional parameter
of Ny, which is the number of fundamental/anti-fundamental pairs. In Section 4, we study
SO(N) gauge theories. There are 6 families of theories, and most of them have an additional
parameter Ny, which is the number of vector representations of SO(N). In Section 5, we
study Sp(IN) gauge theories. There are 9 families of theories, with an additional parameter Ny
being twice the number of fundamental representations.* We conclude with future directions
in Section 6.

“The number of fundamentals has to be even for Sp(N) theories due to the Witten anomaly [79].



2 Large N superconformal gauge theories

2.1 Method and Strategy

In this section, we classify four-dimensional A/ = 1 supersymmetric large N gauge theory
with a simple gauge group, which flows to an interacting superconformal field theory in the
infrared. Since we are interested in theories admitting a large N limit, we restrict the gauge
groups to the classical groups SU(N), SO(N), and Sp(N). We will also assume there is no
superpotential. Our method is identical to that of [23].

Suppose we have a gauge theory with gauge group G with chiral multiplets (labeled by
X) in the representations R, of the gauge group G. The gauge theory should satisfy two
conditions. The first and the obvious one is that it has to be free of gauge anomaly, which
constrains the matter contents of the theory as

D ARy =0, (2.1)
X

where the sum is over the chiral multiplets in the theory, and A(R,) represents the anomaly
coefficients, defined by:

A(R)de — %Tr(Tﬁ{Tﬁ, TS (2.2)

Here TR denotes the generators of the gauge group in representations R, and the normaliza-
tion is set such that A = 1 for the fundamental representation with totally symmetric rank-3
tensor d**°. Let us remark that the anomaly coefficient is non-trivial only for the SU(N)
gauge group with N > 3, since it vanishes for any real or pseudo-real representations. For
the case of the Sp(N) gauge group, there is a global gauge anomaly, known as the Witten
anomaly, that must vanish [79]. This condition imposes that the number of fundamental
representations be even.

Secondly, we want the gauge theory to flow to a non-trivial fixed point in the infrared.
This requires the one-loop beta function to be negative:

by = <3hV(G) — ZT(RX)> >0 (2.3)
X

Here, hY is the dual Coxeter number of the gauge group G, and T(R) is the Dynkin index of
the representation R, defined as:

Tr(TRTE) = T(R)6. (2.4)

The Dynkin index is normalized as T = % for the fundamental representations. It is impor-
tant to notice that the dual Coxeter number for our gauge groups is linear in N. Therefore,
for a large NV theory to be asymptotically free, the matter fields must be in the representation
whose Dynkin indices are either of order NN or of order 1. Therefore, only possible repre-
sentations are the fundamental, adjoint, rank-2 symmetric, rank-2 anti-symmetric, and their



complex conjugates, as the Dynkin index of higher-rank tensor representations grows faster
than N. Furthermore, the number of such representations is also restricted. The number
of rank-2 tensor representations should be of order one, while the number of fundamental
representations can be at most of order N.

Asymptotic freedom does not guarantee that the gauge theory will flow to an interacting
SCFT at the IR fixed point. One necessary condition is that it should have an (ABJ) anomaly-
free U(1)r symmetry, which implies

TrRGG = 1" + ) (ry — DT(Ry) =0, (2.5)

where r, denotes the R-charge for the chiral multiplet x. If there exists ABJ anomaly free
U(1) flavor symmetries Fj, we also have

TrFiGG =Y qiyT(Ry) =0, (2.6)
X

where g; , is the charge of the chiral matter x under F;. Upon RG flow, the flavor F;’s can
mix with the R-symmetry

R=Ro+ Y &F;, (2.7)
i
with e; being the parameters that need to be fixed. The superconformal R-symmetry in
the IR SCFT is determined by the a-maximization procedure [80] that maximizes the trial
a-central charge [81]

da
881‘

B 9%a

=0, —=| <0. (2.8)
IR 857,2

a(R;e;) = 3% (3TrR® — TrR) ,

IR

This is computed by assuming there exists a superconformal fixed point in the IR. If there is
no solution to this equation, then the IR physics cannot be described by a SCFT. If we do
find a sensible solution, then we conjecture that the theory flows to a SCFT in the infrared.
This procedure does not guarantee the existence of a SCF'T. However, we do not find any
argument against it either.

However, the a-maximization procedure can sometimes fail. A typical situation we face
is when certain (gauge-invariant) chiral operators have their R-charges less than 2/3 upon
a-maximization. The chiral operators satisfy the relation between their scaling dimensions A
and their R-charges

A=-R. (2.9)

2
Thus, a chiral operator with R < % violates the unitarity bound A > 1, where the equality is
saturated when the chiral operator is free. When such a phenomenon happens, it may imply
that the IR theory is sick. However, another plausible scenario is that along the RG-flow,



some operators hit the unitarity bound and decouple from the rest of the system. Therefore,
we have an accidental symmetry that only acts on the decoupled free fields. In this case, we
have to subtract the contribution from the decoupled fields in the a-maximization procedure
[82]. A well-known prescription to incorporate the decoupled chirals introduces extra “flip
field” X that couple to the decoupled chiral operator O by the superpotential [83-85]

W = X00. (2.10)

The flip field effectively provides a mass to the would-be decoupled operator O and removes it
from the spectrum in the IR. Whenever one finds chiral operators below the unitarity bound,
one should introduce extra flip fields for those operators and reapply the a-maximization
procedure. If no unitarity-violating operators remain after repeating the procedure, we stop.
We then claim that there exists a unitary interacting SCFT in the IR.

Quite often, we find that more than one operator violates the unitarity bound upon a-
maximization. One should be careful not to remove the putative unitarity-violating operators
all at once. The correct prescription is to first remove the operator with the lowest scaling
dimension, or the one farthest from the unitarity bound. This can cause some of the operators
that seem to decouple to remain coupled. This prescription is justified by the a-theorem. See
[23] for the discussion.

Let us remark that even though there seems to be no unitarity-violating operators in
the chiral ring, the putative IR theory can still suffer from unitarity violation and invalidate
our analysis. This can happen if there is an extra emergent symmetry not visible at the
level of Lagrangian that can be further mixed with R-symmetry. Sometimes such cases are
visible through the analysis of the superconformal index [51, 85-88]. In this paper, we do not
perform such a refined analysis. However, we will sometimes utilize superconformal index to
count the exactly marginal operators.

2.2 SU(N) theories

In this section, we classify SU(N) gauge theories admitting large N limits. The theories of
our interest satisfy the conditions (2.1) and (2.3). As we discussed, this restricts the allowed
matter representations to be either rank-1 or rank-2 tensor representations. The allowed
matter representations and their dimension, Dynkin index, and the anomaly coefficient of
each representation are listed in Table 1.

R O O Adj (] N H H

; N(N+1 N(N+1 N(N—-1 N(N-1
dmR) | N N N2—1 NOHD (V1) (N-1) (N-1)
WONE A T
AR) |1 -1 0 N+4 —(N+4) N-4 —(N-4)

Table 1: Matter representations in SU(N) gauge group
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Let us denote Nr to be the number of chiral multiplets in representation R under the
gauge group. Then the gauge anomaly-free condition (2.1) and asymptotic freedom condition
(2.3) are written as

6)-e
v

N N=
Np Mo, H H
N | Nagig+ —+ —+ —+ — N; N— — Nq— N=+ — < 3N.
(2.11)
The second condition restricts the number of rank-2 tensors as
N+ N+ Ng + NE
Nrank—2 = NAdj + S 3. (212)

2

On the other hand, the number of fundamental/anti-fundamental matters N, N5 can
be of order N. The effective number of rank-2 tensor Nyank.o is, in general, half-integer
quantized. However, we see that if Nyunko is a half-integer, we must take the number of
fundamentals/anti-fundamentals to be of order N to cancel the gauge anomaly.

When we scale the rank of the gauge group (V) and the flavor group (NNy) with a fixed
ratio (Ny/N = «), this is referred to as the Veneziano limit. In the current paper, we focus
on the family of theories which admit the large N limit without taking the Veneziano limit,
that is, when Npank2 is an integer. We will focus on the case where we can keep the flavor
symmetry fixed as we take the large NV limit. This ensures that the putative holographic dual
theory has a fixed gauge group in the bulk as we vary V.

Under our assumption, we can simply write all possible solutions to (2.1), (2.3), and
perform a-maximization to test the existence of the IR SCFT. This will allow us to enumerate
the possible matter representations. The result is summarized in Table 2, and we will discuss
each of them in great detail in Section 3. Under our assumption, we find that whenever Nyani.2
is an integer, the number of fundamentals/anti-fundamentals can be taken to be of order 1.°
The full list of superconformal fixed points should include the cases with the Veneziano limit.
We present the list in Table 45. The detailed aspects will appear in a future work.

In this subsection, we discuss universal properties shared among these SCFTs. Based
on their properties, we find that they can be classified into three distinct types, which we
refer to as Type I, Type II, and Type III. Especially, we find that the R-charges of the chiral
multiplets at the leading order in the large N limit are solely determined by the total number
of rank-2 tensors Npapk.o. This follows from the a-maximization procedure [80]. The IR

"Except for the case of (Ny, N) = (0,4), which is equivalent to SO(6) theory with four vectors and does
not flow to an interacting SCFT.

5The conditions of (2.11) may admit some cases with integer Nyank-2 and O(N) amounts of fundamentals
or anti-fundamentals. For example, N7 = NH =1, Nﬁ = E = 0 with N7 = Ny, Ni = 2N + Ny with

Ny =0,1,--- N satisfy the conditions.
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Type SU(N) theory NN-WGC Conformal window
LAdj + Ny (OO+0) Always 1< Ny <2N*
. IO+ 11+ Ny (O+0) a<13 0< Ny <2N -2
1H+1H+ 5 (O+0) a<03 4< Ny <2N +2
1O+ 1H+80+ Ny (O+0) a$13 0< Ny <2N -4
20 1+21 1+ Ny (O+0) a 0.6 0<Nf<N-—4
1[jj+2ﬁ+1H+8[]+Nf(D+i) a <06 0<N;<N-6
1[jj+1ﬁ+15+15+1\7f([]+ﬁ) a<0.6 0<Nf<N
1+ 1H+2H+80+ N (O+0) a <09 0<Nj<N—2
- 2[]]+2B+16i+Nf([]+i) Always 0<N;<N-8
TAdj+ 1]+ 110+ Ny (O+ 1) Always 0<Ny<N-2
QH+QE+N,»(D+E) a<0.6 0< Ny <N+4°
1Adj+1mj+15+sﬁ+Nf(D+i) Always 0< Ny < N—4°
1Adj + 1 H+ 1H+ Ny (O+0) a <06 0< Ny <N +2°
2 Adj + Ny (O+0) Always 0< N; <N~
1m+1ﬁ+25+2E+Nf(D+i> Ny =0 0 < Ny<2
3H+3H+Nf([]+i) Ny =0,1,2 0< N;<6
I 1Adj +2H+2H+ Ny (O+0) E;Vg)]g?;(l(;)n 0<N;<4
1Adj+1mj+1@+15+15 N +£4 %
2Adj+1E+1B+Nf([]+i) Always 0< Ny <2
3 Adj Always *

Table 2: List of all possible superconformal SU(N) theories with large N limit in Type
I, II, III. Each theory satisfies the modified WGC. The third column lists the condition to
satisfy the NN-WGC in the Veneziano limit (here o = Ny/N). The last column specifies the
condition for each theory to flow to a superconformal fixed point. The entries with * (if Ny
saturates the upper bound) do not flow but have non-trivial conformal manifolds [7, 22].

R-symmetry maximizes the trial a-function [81]

a({ry}) = 3% <2(N2 -1+ ZNxdim(Rx) (3(rx —1)° - (ry — 1))) ) (2.13)
X
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under the anomaly-free condition of the R-symmetry

C{ry}) =N+> NT(Ry)(ry — 1) =0. (2.14)
X

Then, a-maximization requires

da({ryy) 3 o 2 9C({ry})
= 7N,L i 1’—1 —-1)= = NZT i), 2.1
S = S Nadim(Ry)(9(ri — 1) = 1) = Ao P ANT(R) (2.15)
where A is the Lagrange multiplier. Here, we emphasize that N; is canceled on each side. The
only data that distinguishes the R-charge of each chiral multiplet is the ratio dim(R)/T'(R).

Notice that rank-2 tensors share the same value of the ratio in the large N limit

dim(R)
=N+0(1), 2.16
T(R) rank-2 ( ) ( )
while the ratio is
dim(R) ‘
=2N 4+ 0O(1), 2.17

for the fundamental/anti-fundamentals. Therefore, at the leading order in N, the chiral
matters in rank-2 tensor representations have the same R-charge as
1 32\

Trank-2 = 1-— § + 727]\/. + - (218)

Then, the leading order of the anomaly-free condition for the R-symmetry is dominated by
the rank-2 tensor chiral multiplets

C({ry}) = N(1 + Naanka(rrank2 — 1)) + O(1) = 0, (2.19)

while the fundamentals/antifundamentals contribute in O(1) since their Dynkin indices are
in that order. In the end, the value of the Lagrange multiplier and the universal leading
behavior of R-charge are given as

Trank-2 = 1- N, o +O(N_1)7
2TN 1 1
=22 )hoa
32 <Nr2ank_2 9) +0W), (2.20)
1 1
=1—,/—+——+O(NY.
e BTN, W

We see that R-charges for the matter fields in the large N limit only depend on the number
of rank-2 tensor chiral multiplets N;ank-o!

Let us remark that the universal R-charge in equation (2.20) is not valid when N =
O(N), especially when Nyank.2 is a half-integer, since the previous computation assumes the
number of fundamentals to be O(1).
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Type I (Nprank-2 =1) When Nyapie = 1, the universal R-charges of the chiral multiplets
are given according to the equation (2.20) as

Trank-2 = O(Nil) 5

2.21
o= 3_3\/5+O(N_1). (221)

We find that our numerical computation of individual SCFTs in this class yields R-charges
very close to those above. However, the precise values can differ. This is because the R-
charges of the chiral multiplets in rank-2 tensor representations are order O (N _1) for the
Type I theories [23, 30]. As a result, the spectrum of the theory in this class contains a dense
band of low-lying operators. The central charges a and c in this class grow linearly in IV, and
their ratio a/c does not asymptote to 1 in general:

a=0O(N), ¢=0O(N), a#c (2.22)

This means that this is not a good holographic theory, not having a weakly-coupled Einstein
gravity as an AdS dual.

The O(1/N) behavior of the rank-2 tensor makes some of the gauge-invariant operators
violate the unitarity bound and become decoupled along the RG flow. Typically, the number
of decoupled operators also scales as O(N), which invalidates our naive computation. Espe-
cially, the spectrum of decoupled operators differs for each theory; the R-charges in Type I
theories are not universal even in the large N limit.

However, once we take the double-scaling limit N' > Ny > 1, the Type I theories
exhibit universal R-charges. In the double-scaling limit of a Type I theory, symmetric and
antisymmetric representations are indistinguishable in the a-maximization procedure, because
the dimensions and the Dynkin indices of both are N?/2 and N/2 in the leading order.
Additionally, the fundamental and anti-fundamental chirals have identical R-charges, as the
number of each is the same, Ny, in the leading order of the double-scaling limit. Then, the
trial a-function can be written as

_3
32

Here, the last term agjp, denotes the contribution of the flip fields for the decoupled operators,

a (N?(3(rrank2 — 1)* = (Prank2 — 1)) + 2NN (3(r — 1) — (rg — 1)) + agp - (2.23)

which breaks the universality we discussed above. The two variables 7ank-2 and r are not
independent, because they are related by the anomaly-free condition of the R-charge:

N + N(""rank-Q — 1) + Nf(’I”D — 1) =0
N (2.24)

= TD =1- Ff?“rank_Q .

Since 7 is of O(1), the scaling behavior of 7ank—2 in the double-scaling limit is

N
Trank-2 ™~ Wf . (225)
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Now, to estimate agj,, we need to know the spectrum of decoupled operators. Though
the spectrum of decoupled operators for each theory differs in detail, the light operators
schematically take the common forms:

Tr X™, ¢X"q (2.26)

where X refers to any of the rank-2 tensor fields ® (adjoint), S (symmetric), S (symmet-
ric conjugate), A (anti-symmetric), A (anti-symmetric conjugate) and ¢ refers to either @
(fundamental) or Q (anti-fundamental). For example, the light operators take the form
Tr o™ ,Tlr(Sg)m2 or Q@"lé,QZ(SA)mQ and so on, depending on group theoretic prop-
erty of the representation. The detailed form of the operator will be unimportant for our
discussion.

Suppose TrX*N and ¢X"Nq are close but slightly above to the unitarity bound so that
barely decoupled, i.e. R[X*N] ~ R[gX"Ng] ~ 2/3. Operators of the form TrX™ with

m < uN and ¢X"q with n < vIN are decoupled. Then, the constants u,v take the form

2
/«LNTrank—2 — g + O(N_l) 5

9 9 . (2.27)
VNTrank-2 + 21 = (V — ) Nrignko +2==+O(N").
Ny 3
Then, p must scale inversely proportional to Ny
-2 N1 (2.28)
= 3Nrrank—2 F ‘
Also, comparing the first and second lines of (2.27), we obtain the following relation.
2 2
el S T (2.29)

The trial a-function depends on u, so that the R-charge that maximizes a is also a function
of u. In the end, the condition uN7rpanko(p) = 2/3 determines p, which turns out to be
universal in the double-scaling limit.

Let us move on to the detailed computation. We first consider agjp.

3
Aflip = 372 _dg N (3(1 - mrrank—2)3 - (1 - mrrank—2))
m=d,2d,...,u (2.30)

vIN
+N]% Z (3(1 — N Trank-2 — QTD)S — (1 — N Trank-2 — 2TI:|))> .
n=0
The first line corresponds to the contribution by TrX™ for m = d,2d, ---uN with d being

some degree to have a non-vanishing gauge-invariant operator. For example, we can have
Tr(SS)"™ with d = 2. The second line corresponds to the contribution by ¢X™q. Note that
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the functional form of the second line is universal in the double-scaling limit of an arbitrary

Type I theory. Next, we maximize a. Carefully collecting the most dominant terms in 5 8ak_2
using (2.24), (2.25), (2.28), (2.29), we obtain
3 1— N4N4 1— N3M3
§N2 <10 - BGN%fNQrfank_Q + 48Tffmmk_2 —16(1 — N#u?) | = O(N?/N?).
(2.31)

We emphasize that the maximization condition (2.31) is universal in all Type I theories,
because the model-dependent part containing d in ag;, is suppressed by 1 /N]% after differenti-
ation. It is simply because the operators of the form ¢ X™¢q (‘generalized mesons’) overwhelms
TrX™ (‘Coulomb branch operators’) by the number of flavors in the large Ny limit. Since the
generalized mesons appear in all Type I theories, the whole a-maximization procedure be-
comes universal as well in the double-scaling limit. Solving the quadratic equation of rank.2,
we obtain

3,,3 4 3 2
N NG \/26Nfu4 — 32N3u3 + SN2 +3 — 4
Trank-2 = W 2N;clﬂ4 .

(2.32)

Finally, we plug (2.32) back in the relation (2.27) to obtain the universal R-charges in the
leading order of the double-scaling limit as

2(4 +V/3)

13N;
o A= V3N, (2.33)
rank- 3N )
V3—1
TD = 3 .

The asymptotic R-charge of fundamental matters is slightly lower than what is expected from
(2.20). In Section 3, we confirm the R-charges of fundamental matters in the Type I theory
indeed approach the value of (2.33).

Type II (Nyank-2 =2) For the Type II theories (Nyank2 = 2), we find the universal R-
charges in the leading order to be

1226

5+ O(N7Y). (2.34)

1 _
Trank-2 = 5 + O(N 1) A

This is true if we scale the number of fundamentals N to be finite and do not scale with V.
Consequently, the spectrum of operators is sparse, i.e., the gap of the dimensions between
the low-lying operators is of O(1). The central charges of the theories in this class also show

the universal behavior
27

~e=-—N? N). 2.
a~c= o0 + O(N) (2.35)
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Note that when the G-gauge theory with two adjoint chiral multiplets has the central charge
given as a = ¢ = %dim G. This is also identical to that of mass-deformed N' = 4 SYM
theory, integrating out one of the adjoint chirals. For a generic Type II theory, there will
be O(N) corrections to the central charges, and the difference a — ¢ is of O(N). This term
contributes to the higher-curvature correction to the bulk supergravity [40].

The Type II theories satisfy a number of conditions that are required to be holographic.
Most obviously, we have a = ¢ at large N. Also, the low-energy spectrum is sparse in the large
N limit. In addition, the superconformal index exhibits a Hawking-Page-like phase transition,
and the large N saddle accounts for the black hole entropy in the AdSs [76]. In many respects,
Type II theories provide a generalization of Klebanov-Witten theory [89] (except that the
KW theory has a non-simple gauge group); having superconformal R-charges 1/2 for the
chiral multiplets, non-trivial conformal manifolds (upon superpotential deformation), phases
of superconformal indices, and so on. It would be interesting to find a holographic dual for
other Type II theories.

Type IIT (Nyank-2 =3) For this class, the universal R-charges in the leading order are
given as

2 _
Trank-2 ~ T = g + O(N 1) . (236)

The leading behavior of the R-charges is identical to that of weakly-coupled conformal gauge
theory, where the gauge coupling does not run [22]. This includes the N'=4 SYM theory.

The dimensions of chiral operators are almost integer-quantized (since r ~ 2/3 means
A ~1). Also, the two central charges exhibit universal behavior in the large N limit as

1
awc:iNz—i—O(N). (2.37)

This value is identical to that of ' = 4 SYM theory, whose central charge is given as a =
c= idim G. Generally, Type III theories have O(NN) corrections to ¢ — a, which contribute
to the higher-curvature corrections to the bulk supergravity, as in the case of Type II. Type
III theories also satisfy the same criterion to be holographic as Type II theories. The crucial
difference is that the theory is connected to a relatively weakly-coupled fixed point, in the sense
that the scaling dimensions of fields/operators are very close to the engineering dimensions.
This means that the flow is ‘short.” We would like to remark that many known holographic
theories that are dual to AdSsx SE5 behave as such [90, 91] (for example AdSs x YP? with
p = q), except that the gauge groups are non-simple in those cases.

Veneziano limit Before moving on to other gauge groups, let us comment on the Veneziano
limit. The Veneziano limit is to take the number of the fundamentals Ny to grow with N,
when taking the large N limit of the gauge group rank, while keeping the ratio fixed:

Nf=aN. (2.38)
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The anomaly-free constraint of the R-symmetry becomes

C({TX}) - N(1 + Nrank—2(rrank-2 - 1)) + OZN(TD - 1) = O(l) .

(2.39)

Here, we used the fact that the R-charge of fundamental and anti-fundamental chirals is the

same. Using the a-maximization procedure (with the R anomaly constraint) as in (2.15), the

R-charge of fundamental matters can be written as

Then, we obtain the equation

1 32) 1 16X .
b Ntz \[ g+ g7~y g + gz = O

Then the Lagrange multiplier A and the consequent R-charges turn out to be

o gy Va6 + 0%) + 907 — ot — 2N, 6 N;aniczony /18 + 2N2, , — o
16(2Nr23nk—2 - C¥2>2
6Nr2ank—2 - 6Nrank—2 — 30(2 -+ Oé\/18 + 2Nr2ank-2 — a2 )
renke2 = O(N~YY,
e 3(2Nr23nk-2 - 042) + ( )
6N o + 3 — 3a% — N, k_Q\/18+2N§ o, —a?
o = ran ran ank.2 . O(Nil) |

3 (2Nr2ank—2 - a2)

(2.40)

(2.41)

+0(1),

(2.42)

Here, among the two solutions for (2.41), we picked the one so that R-charges approach %

near the upper limit of the conformal window:

Trank-2 5 T = —.
e - a=3—Niank-2 3

We see that the R-charges depend only on Nyank2 and a = Ny/N.

(2.43)

For the Type I theories, (2.42) needs to be corrected because of the decoupled operators.

To analyze the decoupled operators in the Veneziano limit, it is easier to start from the upper

bound of the conformal window o = 2 and lower the number of flavors. When the number

of flavors Ny is large enough, the R-charge of rank-2 tensor matters scales as O(1) in the

Veneziano limit, so that no operator decouples.

The first operator that can decouple is TrX? when the R-charge for the tensor reaches

Trank-2 = 1/3, which happens at

o= \/g ~ 0.632456 .
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As we lower the value of «, the value of r..n1.0 gets lowered, and more operators of the form
TrX™ will decouple. The decoupling will correct the R-charges, but the correction will be of
O(1) and does not affect the leading order in large N, Ny.

The first operator that decouples and can affect the leading order of R is given by the
form ¢q¢’, which has the multiplicity of order N]% = a?N?. When it gets decoupled, we have

2 37
2y=3 = a= 2‘[ ~ 0.177124. (2.45)

After qq¢' decouples, the R-charges are given as

a(15a — /20 — 48a + 87a2 — 16a3)

Trank-2 =

2_9 ’
3B8a+a ) (2.46)
. 9o + 3a? — 6 4 V20 — 48a + 87a% — 1603
0o 3(8a+ a? —2) '

Treating R-charge as an order parameter, we can say there is a phase transition as we dial «,
since its behavior jumps. The transition observed across o ~ 0.177124 is a second-order phase
transition because the R-charges are continuous, but j—; jumps. The next phase transition
occurs when the operator of the form ¢X¢' decouples. When it happens, we have

2
20+ a2 = 5 = @~ 0.100506. (2.47)

After removing the decoupled operator, we get the R-charges as

@ (27a — 1202 + 302 — V20 — 96 + 311a2 — 228a3 + 3604 + 8a5 + a6)
3(16c — 1102 + 603 — at — 2) ’
2l — 2102 + 1503 — 3a* + V20 — 96 + 31102 — 22803 + 360t + 8a5 + ab — 6
T = .
- 3(16a — 1102 + 603 — a* — 2)

Trank-2 =

(2.48)

Again, the transition at o ~ 0.100506 is a second-order phase transition. A similar second-
order phase transition occurs whenever the operator of the form ¢X"¢' decouples. Concretely,
we have

¢X%¢ : a~0.0703675,

¢X3¢ : o~ 0.0541733,

¢X*q' : a~0.04405, (2.49)

As we further lower the value of o, more and more second-order phase transitions occur. In
the end, the limit o — 0 is not well-defined in the Type I theories because these theories do
not have universal R-charges in the generic large N limit Ny < V.
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2.3 SO(N) theories

Similar to the previous subsection, we classify the SO(NN) gauge theories that admit the large
N limit and flow to interacting SCFTs. One crucial difference between the SU(N) and the
SO(N) gauge group is that the SO(N) is a real group. Consequently, any representation
in the SO(N) group is real, and the SO(N) gauge theories are free of gauge anomaly, i.e.,
A(R) = 0. Additionally, the adjoint representation is given by the rank-2 antisymmetric
tensor, which reduces the number of possible cases. The allowed representations of the chiral
multiplets in the large N limit are vector ([J), rank-2 symmetric ((TJ), and rank-2 antisym-
metric representations (E]) We do not include spinor representations in Spin(N) as their
degrees of freedom grow much faster than those of rank-2 tensors at large N. Some relevant
group-theoretic properties of these representations are given in Table 3.

R | [ N H
dim(R) | N NOED g NOD)

TR) |1 N+2  N-2

Table 3: Matter representations in SO(N) gauge group

Asymptotic freedom constrains the number of matter multiplets to
N(N— + NH) + (2N — 2N+ N) <3N —6. (2.50)
We define the number of rank-2 tensors as
Nrank> = Ny + N, (2.51)

whose maximum is bounded above by 3 from the asymptotic freedom.

Now we repeat the analysis as done in Section 2.2. The full list of classification is given
in Table 27. Here, let us attempt to determine the universal R-charges in the large N limit.
The trial a-charge is given as

a({ry}) = 3% (N(N — 1)+ > Nydim(Ry ) (3(ry — 1)° = (ry — 1)) : (2.52)

X

under the R-anomaly constraint
C{ry}) =N -2+ N\TRy)(ry —1)=0. (2.53)
X
Introducing the Lagrange multiplier A, the a-maximization yields

%Nidim(Ri)(Q(m _ 12— 1) = ANT(Ry). (2.54)
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From this, we obtain

B 1 32\T(Ry)
ri=1- \/9 T T dm®Ry) (2.55)

In the large N limit, all the rank-2 tensor representations have the same ratio of the dimension
and the Dynkin index
TR) 2

dm@®) "N (2:56)

Consequently, the rank-2 tensor matters have same R-charge rn.2 in the leading order in

N
[T 64X .
Trank-2 = 1 — § + 727]\] + O(N ) . (257)

We can then easily find the R-charge of the chiral multiplets in rank-2 tensor representations
by directly solving the anomaly constraint

C({TX}) = N(l + Nrank—Z(rrank—Q - 1) + 0(1) = O, (258)
to yield
Trank-2 = 1 — +ON71,
2 Nrank—2 ( )
27 1 1
A= N[ 2 N1
i (32 5) o, (2:59)
1 1
=1—/—+-——5—+O0N.
e 18 * 2Nr2ank-2 i ( )

We get the same universal leading order expressions for the R-charges of rank-2 tensors and
vector (fundamental) matters as in the case of SU(N) gauge theories.

As in the case of SU(N) gauge theories, the universal expression for the Type I theories
is spoiled by the decoupled operators. At the end of the day, we find the same universal
R-charges (2.33) in the double-scaling limit N > Ny, > 1, with Ny being given by the
number of SO(N) vectors. One difference is that the number of rank-2 tensor matters (2.51)
in SO(IN) gauge theories is integer-quantized.

Since the R-charges of chiral multiplets share the same universal behavior as the SU(N)
gauge theories in the large N limit, the theories of each type also share the same qualitative
behaviors as those of the SU(IN) gauge theories of the same type, such as the density of the
low-lying operators and asymptotic behavior of the central charges. For the Type I theories,
some operators decouple from the rest of the theory, which spoils the above universality. The
universality is retained in the double-scaling limit, as in the cases of SU(N) theory. In fact,
the same schematic form of operators with (2.26) may decouple in SO(N) gauge theory:

TTX™, QX"Q (2.60)
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where X refers to any of the rank-2 tensor fields S (symmetric) or A (anti-symmetric). @ refers
to the vector (or fundamental) representation of SO(N). For example, the light operators
take the form TrS™,TrA?" or QS"Q,QA"Q, and the detailed form will depend on the
group theoretic property of the representation. By exactly the same argument as for the case
of SU(N), the universal R-charges of vectors and rank-2 tensors turn out to be exactly the
same as (2.33) in the double-scaling limit.

2.4 Sp(N) theories

Lastly, let us discuss the Sp(N) gauge theories that flow to interacting SCFTs in the IR.
Asymptotic freedom condition in the large N limit allows only three representations for the
chiral multiplets: fundamental (0), rank-2 symmetric (7)), and rank-2 antisymmetric (H).
There is no local gauge anomaly for the Sp(IN) gauge theories i.e., A(R) = 0. However, Sp(N)
gauge theory can have a global gauge anomaly, often referred to as the Witten anomaly [79].
It restricts the number of fundamental chiral multiplets to be even. The dimension and the
Dynkin index of each representation are listed in Table 4.

R | O EN H
dim(R) | 2N N(2N+1) N@2N-1)-1

TR) | 3 N+1 N -1

Table 4: Matter representations in Sp(IN) gauge group

We repeat the same analysis as done in Section 2.2 and 2.3. From the asymptotic freedom,
we have

1
N <NDj + NH) + (NDJ — NH + 2ND> <3N +3. (2.61)
We define the number of rank-2 tensor matters Nyank.2 as
Nrank-2 = Nl:\j + NH <3, (262)

which is integer-valued. Next, we perform the a-maximization to obtain the IR R-charges.
The trial a-charge is written as

al{ry}) = 332 <2N(2N 1)+ > N(Blry — 1) — (ry — 1))) , (2.63)

X

under the anomaly-free constraint for the R-symmetry

C{ry}) =N+1+> NT(Ry)(ry—1)=0. (2.64)
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Using the Lagrange multiplier A, as we did for the SU and SO theories, we obtain the universal
R-charges in the large N limit as

1
Trank-2 = 1 — o + O(N_l) )
rank-
27N ( 1 1> 1
r=EN “Hiow,
16 \N2_ . 9 (2.65)
1 1
=4 yOo(NY.
= 18 " 2Nr2ank—2 " ( )

We find that the asymptotic R-charges of chiral multiplets are the same as those of SU(N)
and SO(N) gauge theories. This justifies our trichotomy of Type I, II, and III. As before,
the formula for the N,anko has to be corrected due to the decoupled operators.

The full list of theories we find is given in Table 35.

2.5 Testing AdS Weak Gravity Conjecture

The Weak Gravity Conjecture (WGC) is one of the well-known Swampland conjectures, which
constrains the charged matter spectrum in a quantum theory of gravity [32]. This conjecture
states that, in any consistent theory of gravity, there must be a particle with a mass smaller
than its charge. This is motivated by the condition that an extremal black hole can decay
without leaving remnants. See [92], for a more comprehensive review on the WGC.

We test the Weak Gravity Conjecture in AdS space against our list of theories, utilizing
the AdS/CFT correspondence. The AdS5/CFTy version of the WGC was first formulated by
Nakayama and Nomura [33], which we call NN-WGC. The NN-WGC states that in a four-
dimensional conformal field theory with a single U(1) flavor symmetry, there should exist an
operator whose scaling dimension A is smaller than its U(1) charge ¢:

2
q kp
4 5 o 2.66
AZ ~ 12¢ (2.66)
Here, the central charges kr and ¢ are found in the coefficients of the two-point functions of
the conserved current J, and the energy-momentum tensor 7}, respectively:

(Ju()J,(0)) = %%IMV@?), (T (2)Tpe(0)) = g;cgluv,pa(x)v (2.67)

where 1, (2) = 6 — 2y /2° and L po(2) = (Lup(2) Lo (2) + Lo (2)10p(2)) /2 = 8,8,0 /4.
The NN-WGC (2.66) is based on a specific black hole solution, the extremal AdSs Reissner-
Nordstrom black hole, and it assumes that the scaling dimension of an operator A ~ Lm
where L is the AdS radius and m is the mass of the particle in the bulk such that Lm > 1.

However, it is intriguing that the theories with a dense spectrum (Type I) and with a
fixed small N, which are far from being holographic, still satisfy the NN-WGC [23, 30]. In
fact, it was already observed in [33] that many of the non-holographic theories indeed satisfy
the conjecture. However, it was also found in these papers that some non-holographic theories
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do not satisfy the NN-WGC. These facts motivate us to test the NN-WGC further and see
if the conjecture can be ‘improved’ to become a universal property of any 4d SCFT, as was
the case of WGC in 2d CFT [34-36].

To this end, we further extend the survey across the Type I, II, and III theories. Moreover,
to test against ‘non-holographic’ theories, we also investigate the Veneziano limit of these
theories, which is to take the large N limit with a fixed Ny/N. We find that some theories
fail to meet the NN-WGC condition (2.66).

It is very interesting to find that WGC holds for theories that are very far from being
holographic. This fact suggests that there might be a version of WGC that holds universally
for all consistent CFTs. For the case of AdS3/CFTy, the universality eventually originated
from the modular invariance of the partition function. This modular invariance also gives rise
to Cardy’s formula [93] for the asymptotic density of states at high-energy in terms of the
central charge ¢. Unfortunately, the modular invariance in higher-dimensional CFT is much
less understood and does not seem to give useful constraints on the CFT data. Instead, it
was found that the Cardy-like limit of the superconformal index exhibits a universal property
similar to Cardy’s formula [73, 74]. Motivated by this, we propose a modified version of WGC

'S kr

Az > 2Gc —2a)’ (2.68)
based on the supersymmetric Cardy formula. No counterexamples have been found for this
modified WGC, and some examples even saturate this bound (2.68). This modification, along
with a few representative examples, has been reported in [37]. In this paper, we provide a
comprehensive result.

Our theories in general have multiple U(1) flavor symmetries. In such cases, we need to
consider the convex hull condition, which is a refinement of WGC when multiple U (1) charges
are present [94]. For simplicity, let us focus on the scenario where we have two U(1) flavor
symmetries U(1); and U(1)2, that are orthogonal in the charge-to-dimension ratio space. The

term ‘orthogonal’ is defined with respect to

TrRFFy =Y (ry — D1 ()2 ()[R = 0, (2.69)
X

where ¢;(x) denotes the flavor charge of x. The charge-to-dimension ratios of gauge-invariant
operators can be visualized in Figure 1. Consider the chiral ring operators O; and Oo; the
charge-to-dimension ratio of multiparticle states composed of these operators forms a convex
hull. This is due to the relation Ap,0, = Ap, + Ap,, leading to the charge-to-dimension
ratios aligning on the line segment connecting those of O; and Os. If the ratio of an extremal
black hole is outside the convex hull, this implies there is no state (particle) that an extremal
black hole can emit to decay. Therefore, to be consistent with the WGC, the convex hull
must look like Figure 1 (b), enclosing the unit circle completely. This is known as the convex
hull condition, which is more stringent than imposing WGC for each U(1)’s. In general, there
may be n U(1) flavor symmetries. Then, we construct the convex hull in the n-dimensional
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(a) Inconsistent with WGC (b) Consistent with WGC

Figure 1: The charge-to-dimension ratio space with two flavor charges U(1); and U(1)s.
The normalization of the ratio is set by the ratio of an extremal black hole lying on the
dotted unit circle. Solid lines represent the convex hull made by gauge-invariant operators
01, ceey Oy4.
charged particles. (b) When the convex hull encloses the unit ball, any extremal black holes

(a) An extremal black hole outside the convex hull cannot decay by emitting

can decay by emitting particles.

Fields || SU(N) R| T(R) | A(R)
Q (] N 3 1
o Adj N2 -1 N 0
S (11 | sN(N+1) | 3(N+2) | N+4
A H INN-1) | JN=-2) | N—4

Table 5: The dimensions, Dynkin indices, and anomaly coefficients of allowed irreducible
representations of SU(N). We omit the complex conjugates.

charge-to-dimension ratio space. By determining the minimum distance from the origin to
the convex hull, we can check whether the theory satisfies the WGC or not.

3 Superconformal SU(N) gauge theories with large N limit

In this section, we analyze all possible supersymmetric SU(N) gauge theories that flow to
SCFTs and can have a large N limit. As mentioned in Section 2, only a small number of
denote the
fundamental, rank-2 symmetric, and rank-2 anti-symmetric representations, respectively. In

addition, there are complex conjugates of those representations, Q([]), S([T]), and E(H)

representations are allowed. See Table 5. The Young diagrams [ |, [ [ ], and H
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The gauge anomaly-free condition is expressed as:

ST AR,) = (Ng — Ng) + (N +4)(Ns — Ng) + (N = 4)(Na—Np) =0.  (3.1)

The asymptotic freedom conditions are given by:

1 N +2 N -2
bO:3N_§(NQ+N@)_NXNAdj_T(NS+N§)_T

These two conditions constrain the set of admissible theories to a finite number of families.

(Na+N;)>0. (32)

The result is listed in Table 2. We also summarize the range of the a/c ratio and the condition
for the existence of a non-trivial conformal manifold in Table 6.

In general, the R-charges of each chiral multiplet are irrational, determined by the a-
maximization. Consequently, the R-charge of a generic gauge-invariant chiral operator has
little chance of being marginal. Nevertheless, there might be certain gauge-invariant operators
whose R-charge is exactly two, guaranteed by the anomaly-free condition of the R-symmetry
(2.5).

2N, T(R,)
he+ Y (ry —DT(Ry)N, =0 <= XX ry =2. (3.3)
ZX: * . — > MiT(Ry) —h¢

The above relation implies that an operator of the form

0 =[x : (3.4)
X singlet
is marginal if
2N, T(R

T(Ry) € Z for all y appear in O . (3.5)

Px =
> NxT(Ry) — hs
From this, we can extract a condition for a theory to contain a marginal operator of this
form:

2N, T(Ry) > Y NT(Rg) — h¢, for any x . (3.6)
X

For example, this means that any Type II or III theory containing exactly one chiral multiplet

in B or B representation, whose spectrum is sparse (3, NyT'(Ry) ~ 2h¢;, 3hy;), cannot have
a marginal operator of this kind. Some of our theories do have marginal operators of this
kind, whose condition is summarized in Table 6. The conformal manifold does not appear
frequently in our theories. However, we discover that, once the theory is properly deformed
by a sequence of relevant operators, we do find non-trivial conformal manifolds to emerge.

In this section, we describe each family of theories (parametrized by the number of
fundamental/anti-fundamental pairs Ny). We identify its R-symmetry and central charges, as
well as the relevant /marginal operator spectrum. We find the conditions on Ny for the theory
to be an interacting SCFT. We also test two versions of the AdS Weak Gravity Conjecture
and find that NN-WGC is sometimes violated, whereas our modified WGC is always satisfied,
even for a finite V.
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Conformal
T N) th f
ype SU(N) theory Range of a/c manifold
_ 0.8214 ~ 23 Ne>1
LAdj + Ny (O+0 28 r>1,
s ) < a/c<0.9948 2N/Ny € Z
_ _ 0875 =1I<a/c Nf=0
I 1 1 N 8 r=0,
O+ 100+ Ny (O+0) < s = 10507 N ez
— - 0.6930 ~ 70169619—220676/3201 N, — 4
1 +1 + N + 83242074 f i
B H s (a+0) <a/c<0.9159 N €2z
— Ny =0,
1[|j+1H+si+Nf(D+i) 0.86 = 22 < a/c <0.9196 N —2¢c4Z or
Ny=2N —4
_ _ 0.9286 ~ 13 < a/c
2[00+ 20+ Ny (O+0O) *
< 14001 ~ 1,0288
1O+ 20+ 1H+80+ N, (O+0) 0.9286 ~ 3 < a/c < 1 *
1O+ 1+ 1 H+1H+ N (O+0) 0.9251 < afc< 1 *
— o o 0.8520 ~ 660981.—6:308\/3ﬁ
1Dj+1H+QH+8D+Nf(D+D) 641602 *
I <afc<1
2Dj+2H+1ai+Nf(D+i) 0.9286 = 13 <a/c < 1 *
Ads _ _ 0.9286 ~ 138 < a/c
LAdj + 11+ 1+ Ny (O+0) < serae0ssr VI . 1 (183 Ny=N-2
— o 0.7901 ~ 29426941 —79632/1765
2 + 2 + N D+ l:‘ 33008942 *
B H s ) <afe<1
LAdj + 1+ 1H+80+ N, (O+0) 09167~ 1L < qa/c <1 Ny=N -4
LAdj +1H+ 1H+ N (D+0) 0875 =1 <ajc<1 Nf=N+2
2Adj+ Ny (O+0) 0.8913 ~ 52 <a/c<1 Ny =0,N
1O+ 1+ 2H+ 2H+ N (O+0) 0.9430 < a/c < 1 %
— - 0.8203 ~ 28358414-8216/1869
3 +3 +N D+D 3890246 *
H B s ) <afc<1
111 1Adj+2B+2E{+Nf(D+il 0.8879 ~ 103 < g/c <1 Ny =4
1Adj+1Dj+Lﬁ+1B+1B 0.9891 ~ % <a/c<1 Always
2Adj+ 1H+1H+ N (O+0) 0.9369 ~ 19 < q/c <1 Np=2
3 Adj afc=1 Always

Table 6: The third column lists the range of the ratio a/c for general N and Ny within the
conformal window. The last column denotes the condition for the theory to have a non-trivial

conformal manifold. The entries with * do not have a non-trivial conformal manifold, in the

absence of a superpotential. We observe that a conformal manifold emerges once a suitable

superpotential is turned on.
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3.1 1 Adj+ Ny ([1+[1)

Matter content and symmetry charges Consider an SU(N) gauge theory with an
adjoint and Ny pairs of fundamental and anti-fundamental chiral multiplets. The matter
fields and their U(1) global charges are listed in Table 7. This theory for a small, fixed Ny is
already studied in [23].

# | Fields | SUN) | U(1); | U(1)g | U(1)g
Ny | @ ] N 1 Rq
Ny | Q W N -1 R

1 i) Adj | -N; | 0 Ro

Table 7: The matter contents and their corresponding charges in SU(N) gauge theory with
1 adjoint and N; fundamental/anti-fundamental pairs.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
set of single-trace gauge-invariant operators in schematic form:

1. Trd™*, n=23,...,N.
2. Qr®"Q;, 0,1,...,N—1.

n n AN AN
3.6Q111"‘ IIJ\[V’ EQill...Qj;V_

We omit various gauge and flavor indices that are contracted. We define the ‘dressed quark’
as Q7 = ®"Q; and Q}L = ®"Q; to simplify the expression.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

5N
a~"NyN— —L roNTY, (3.7)

11 N?
¢~ foN - Tf +O(NY,

10 3VBEN
ajc~ — —
11 242N

O(N72).
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Figure 2: The central charge ratio for SU(N) theory with 1 Adj + Ny ([]+ [] ). Left:
a/c versus N with a fixed Ny. Right: a/c versus N with a fixed « = N¢/N.

In the Veneziano limit N, Ny — oo with a = Ny/N fixed, the result of a-maximization is as

follows:
o = Ry~ ST L oy,
o~ 280 _45222)_+ ;()220 — % e o), (3:8)
oo 960 + 21a1;(2(22i;)22a3)\/mN2 +O(N),
oton MO T 0N,

For a fixed Ny, since the R-charge of an adjoint chiral multiplet scales as 1/N, the
scaling dimension (proportional to the R-charge) can become arbitrarily small for large N.
As a result, the spectrum of gauge-invariant operators becomes dense and there are O(N)
decoupled operators [23, 30]. We refer to theories exhibiting this behavior as Type 1.

In the Veneziano limit with Ny/N < \/% ~ (0.6325, the dimension of an adjoint chiral
multiplet becomes less than 1/2. Then, the dimensions of the gauge-invariant operators of
the form Tr®™ and @Q I<I>m@ 7 can violate the unitarity constraint for some n > 2 and m > 0.
These unitary-violating operators become free and decouple along the RG flow.

In the presence of decoupled operators, the results of a-maximization (3.7) are no longer
valid, but after flipping decoupled operators and performing a-maximization again, one can
get the correct answer. For example, in the case of Ny = 1, after flipping all decoupled
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operators, the correct result of the a-maximization is given by

Ro ~ 0.7156/N + O(N~?),

Rg =R~ 0.2844 + O(N 1),
a ~ 0.5008N + O(1), (3.9)
¢~ 0.5034N + O(1)
1

a/c~0.9948 4+ O(N™ ).
The plot of a/c is shown in Figure 2. In general, the ratio lies within the range 0.8214 ~
2 < a/c $0.9948. The minimum value of a/c arises when (Ny, N) = (4,2). The maximum

values occur in the large N limit with Ny = 1.

Conformal window The conformal window is already obtained in [23]. The upper bound
of the conformal window is simply the asymptotic freedom bound. When Ny = 0, this theory
does not flow to an interacting superconformal fixed point; instead, it is identical to N = 2
SYM theory, whose IR phase is in the Coulomb phase described by Seiberg-Witten theory [2].
When Ny = 2N, the gauge coupling does not run and is exactly marginal, and gives rise to an
interacting N' = 2 SCFT (upon turning on the cubic superpotential) [55]. For 1 < Ny < 2N,
the a-maximization procedure poses no issue apart from the decoupling for a small Ny. The
conformal window is therefore 1 < Ny < 2N.

Relevant operators For a fixed Ny, since the R-charge of ® scales as 1/, there are O(NV)
relevant operators of the form Tr®"™ and 1<I>m@ 7- The O(NN) amount of them get decoupled
along the RG flow.

The matter content of this theory is identical to that of N = 2 supersymmetric QCD with
Ny fundamental hypermultiplet flavors. One can deform the theory by a cubic superpotential
W = Q®Q to land on N' = 2 supersymmetric theory. This theory is, in general, IR-free
and in the Coulomb phase with massive charged particles [95]. Only for Ny = 2N, it gives a
superconformal theory (with vanishing 1-loop beta function).

One can consider the deformation of the form W = Tr®*+1. In this case, a well-known
dual description due to Kutasov-Schwimmer [96, 97] is given by SU(kN; — N) theory with a
number of flip fields. This theory also has a non-Lagrangian dual description given by gauging
multiple Argyres-Douglas theories [98].

Let us also note that when Ny = 1, one can flip all the operators of the form Tr®" and
Q®"Q. Upon such a deformation, we obtain (A, Aoy_1) Argyres-Douglas theory [99-103]
in the IR with supersymmetry enhancement [104, 105]. When Ny = 2, there also exists
a deformation along with flipping which triggers a supersymmetry-enhancing RG flow to
(A1, Dan) Argyres-Douglas theory [106].

We plot the a/c against the number of single-trace relevant operators. The behavior of
a/c in this case is opposite to the result in [51], which examines the ratio across a large set
of N' =1 superconformal fixed points of simple, small N gauge theory. In [51], a/c tends to
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be close to 1 when the number of relevant operators is small. However, in these Type I large
N theories, the ratio slightly increases as the number of relevant operators increases.

0.9946 - “\
o \\\\\\\\\\
0.9944 \\\\‘ \‘ \\\\\\\

0.9942 -

0.9940 -

09938 %

0.9936 -,

I I I I
1000 1500 2000 2500

Figure 3: a/c versus the number of single-trace relevant operators in SU(N) with 1 Adj +
Ny ([0 + ) with Ny =1 and 100 < N < 600.

Conformal manifold As discussed earlier, the anomaly-free condition for U(1)r symme-
try allows us to identify the combinations of elementary fields in (3.4) with R-charge 2,
corresponding to marginal operators. For this theory, the anomaly-free condition is given by

1 1 2N
N+N(Rg — 1)+ =Nf(Rg—1)+ =Ny(R5—1) =0 = “~Rg+Ro+ Rs=2. (3.10)
2 2 Q N, Q

This implies that the operators of the form

~ 2N

(Tr®")(Qr2™Q7), n+m = N (3.11)
f

are marginal for 2N/N; € Z. The maximum value of n and m is N — 1, meaning that n +m

can never reach 2N. Thus, in the Ny = 1 case, one cannot make marginal operators of the

form in (3.11).

In the case of Ny = 2, for any N, there exist (multi-trace) marginal operators of the form
(Trd™)(Q®™Q;), n+m=N. (3.12)

Note that Tr®P with p < 0.4465N and Qﬂlﬂéj with ¢ < 0.1069N are decoupled (this is an
approximation at large N). Nevertheless, since there are O(N) possible ways to partition n
and m such that n + m = N while satisfying n > 0.4465N and m > 0.1069/N, the theory
contains O(N) marginal operators, leading to the existence of a large-dimensional conformal
manifold.

For 2 < Ny < 2N, there are no marginal operators for general N, except for values of N
satisfying 2N/Ny € Z. For such an N with a fixed Ny, the theory again has O(NN) marginal
operators of the form (3.11), leading the theory to have an O(N)-dimensional conformal
manifold.
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Figure 4: Testing AdS WGC for SU(N) theory with 1 Adj + Ny ([]+[]). The minimum
distance from the origin to the convex hull with a fixed & = Ny/N. Theories below the solid
line of minimum distance 1 do not satisfy the WGC.

When Ny = 2N, the conformal manifold has dimension one for N > 3 and dimension
seven for N = 3. The conformal manifold contains a one-dimensional subspace that preserves
N = 2 supersymmetry [7, 22].

When searching for all possible superpotential deformations in SU(3) Ny = 1 adjoint
SQCD, we find certain deformations where the IR fixed points have a non-trivial conformal
manifold. However, we were unable to find a superpotential deformation that works for
general N, as it includes terms that are not relevant for larger V.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 4. Let us
remark that we consider only a subset of low-lying gauge-invariant operators, rather than the
full chiral ring. These selected operators are sufficient, as they can form the vertices of the
convex hull generated by the full set of chiral ring operators. Since the set of operators that
appear as the convex hull vertices can depend on NV, this leads to the observed discontinuities
in the plot.

3.2 1[[J+ 1]+ Ny (J+1)

Matter content and symmetry charges Consider an SU(N) gauge theory with a pair
of rank-2 symmetric and its conjugate, together with Ny pairs of fundamental and anti-
fundamental chiral multiplets. The matter fields and their U(1) global charges are listed in
Table 8.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
set of single-trace gauge-invariant operators in schematic form.
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# | Fields | SU(N) | U1); | U(1)y | U(1)3 | U(1)g

Ny | Q 0 | N+2| 1 0 Ro

Ny| @ ] |IN+2| -1 0 Ry
1 S 11 | =Ny 0 1 Rs
1| S [T | =Ny | 0 -1 Rg

Table 8: The matter contents and their corresponding charges in SU(N) gauge theory with
a pair of symmetric and its conjugate, together with Ny pairs of fundamentals and anti-
fundamental chiral multiplets.

1. Tr(SS)", n=1,2,...,N—1.
2. Q1(59)"Q;, 0,1,...,N—1.
3. Q15(89)"Qs, Q;S(SS)"Q;, 0,1,...,N—2.

4.6Q?11"'Q?]C], EQ?II...Q[LN_

Iy
5. EESN_k(Qleh)"'(Q]kQJk)v eegN_k(@fléjjl)"'(@fk@jk)a 0,1,...,Ny.
Here, we define the dressed quarks as Q% = (Sg)”QI and él’i‘ = (SS’V)”@I~

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

3—\/5+22\@+15Nf

fio=tig~—3 v O
6+v5N; O5N7+14V5Ny 440 s
fis=fs~ =N~ 10N? O™,
63 4+ 10v/5N 15N? 4 44/5N; + 162
o~ 03 10VONy o 15Ny ! +O(NY, (3.13)
48 32
60 + 11V5Ny 20N7 + 56v/5N; + 195 O
‘ 18 10 !
63 + 105N, 3(25vVBN? + 360N? + 198v/5N; — 540
afc~ +10v/5 f ( f f f ) O(N2).
60 + 11v/5N; 10(60 + 11v/5Nf)2N

For a fixed Ny, the R-charge of a rank-2 symmetric chiral multiplet scales as 1/N. As a result,
the spectrum of gauge-invariant operators becomes dense, with O(N) operators decoupling,
and hence this theory belongs to the Type I class.

In the Veneziano limit N, Ny — oo with a = Ny/N fixed, the leading-order result of
a-maximization coincides with (3.8) in the previous section, where Rg = Rz ~ Rg. This
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Figure 5: The central charge ratio for SU(N) theory with 1 [ ]+ 1[[ ]+ Ny ([]+ [
). Left: a/c versus N with a fixed Ny. Right: a/c versus N with a fixed « = Ny/N.

leading behavior of the R-charges of rank-2 tensor chiral multiplets is universal across Type I
theories. However, since the set of decoupled operators differs from theory to theory, the final
corrected R-charges do not exhibit universality. As discussed in Section 2.2, we can obtain a
universal result if we take the additional limit 1 < Ny < N.

In this theory, operators of the form Tr(SS)", Q1(§S)”C~2i, @f(Sg)"S@j are decoupled
along the RG flow. For example, in the case of Ny = 0, after flipping all decoupled operators,
the correct value of a/c is given by

19 7 L
~N— 4 — . .14
afe~ 15+ Toan T O T) (3.14)

The plot of a/c is shown in Figure 5. We find that the ratio lies within the range 0.875 =
7/8 < a/c < 3553/3353 ~ 1.0597. For Ny = 0,1 and sufficiently large N, the ratio a/c is
greater than 1. The minimum value of a/c arises in the Veneziano limit with o — 2. The
maximum value of a/c occurs when (Nf, N) = (0,10).

Conformal window The conformal window is obtained in [23]. The upper bound is the
asymptotic freedom bound. When Ny = 2N —2, even though it has a vanishing beta function
for the gauge coupling, it is marginally irrelevant without a non-trivial conformal manifold
[56]. Therefore, it does not give an interacting SCFT. The same argument works for all the
theories whose upper bound of the asymptotic freedom is excluded (strict inequality) from
the conformal window.

For a small Ny, the a-maximization procedure poses no issues apart from the decoupling
for a small Ny. Notably, we find that the Ny = 0 theory flows to a good interacting SCF'T
upon removing the decoupled operators. The conformal window of this theory is therefore
0< Ny <2N —2.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 symmetric chiral mul-
tiplet scales as 1/N, there are O(N) relevant operators of the form Tr(Sg)”, Q1(§S)"©f,
@i(Sg)”S@j. The O(N) amount of them get decoupled along the RG flow.

One can consider the deformation of the form W = Tr(S S )k+1. In this case, the theory
has a dual description given by SU((2k + 1)N; + 4k — N) gauge theory [107] with a number
of flip fields.
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Conformal manifold In the case of Ny = 0, there is only one U(1) flavor symmetry, under
which S carries charge +1 and S carries charge —1. This symmetry does not mix with the
U(1)r symmetry because it is baryonic or traceless. As a result, the U(1)r symmetry is
uniquely determined by the R-anomaly cancellation condition as

2
= ~ = —_— ]-
Rs = Rg N 12 (3.15)
For even N, except for N = 2, there exists marginal operators of the form
Tr(SS)N+2/2 - Ty (88)"Tr(SS)™, n+m=(N+2)/2. (3.16)

Note that n and m has to be greater than | (N +2)/6] since the operators of the form Tr(S5)"
with n < [(IV+2)/6] are decoupled. Consequently, there exists an O(N) number of marginal
operators, leading the theory to have an O(N)-dimensional conformal manifold. For odd N,
a non-trivial conformal manifold appears only when N = 3, where the marginal operators
have the forms of (TrSS)(ee 53) and (TrSS)(eeS3). For odd N > 3, since the operator of the
form TrSS is decoupled, the operators of the form (TrSS)(eeSN), which have the marginal
dimension, do not exist in the chiral ring.

Let us now consider the case of Ny # 0. From the anomaly-free condition for the U(1)g
symmetry, we obtain

N+2 N+2 1 1
N+T(Rs—1)—|-T(R§—1)+§Nf(RQ—1)+§Nf(R@—1):0
N+2 N +2 Ny Ny (3.17)
s+ s+ Qt xRy =2
Ny +2 Ny+2 Ny +2 Ny+2

Taking into account Rg = Rz and Rg = R@, each of the coefficients does not need to be an

integer. Rather, it implies the possibility that an operator of the form
o 2(N+2) 2Ny

SPSI0" 0% == = = 3.18

A A e i s (3.18)

might be marginal if p+ ¢ and r + s are integers. However, r 4+ s can be an integer only when

Ny = 2 with r + s = 1. In that case, the operator cannot be gauge-invariant with a single
fundamental representation. Empirically, we have not identified any marginal operators for
generic N and Ny > 0.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of o in the Veneziano limit, whereas the
modified WGC always holds. The result is shown in Figure 6.

3.3 1H+1E+Nf(D+E)

Matter content and symmetry charges The third entry of Type I theories is an SU (V)
gauge theory with a pair of rank-2 anti-symmetric and Ny pairs of fundamental and anti-
fundamental chiral multiplets. The matter fields and their U(1) global charges are listed in
Table 9.
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# | Fields | SUN) | UQ)y | U()y | UM)s | U1)g

Ny |oQ O |[N-2| 1 0 | Rq

Ny | @ 0O |N-2| a1 0 | Ry
1] 4 H | -0 1 Ra
1| 4 H | v | o 1 | Ry

Table 9: The matter contents and their corresponding charges in SU(N) gauge theory with a

pair of anti-symmetric tensor and its conjugate and Ny fundamental /anti-fundamental pairs.

Gauge-invariant operators Let I and J denote the flavor indices for (). We present the

set of single-trace gauge-invariant operators in schematic form as follows:

L Tr(AA)", n=1,2,..., [ ],

2. Qr(AA)"Q;, 0,1,...,[¥] 1.

4. eAth”'QIN_Qna egnéfl'“@f]v_%l? n = ’V 2

0,1,..., 52 —1.

Nfo—|’”

S 1F]

R-charges and central charges For N = 3, the rank-2 anti-symmetric tensor is the same

as the anti-fundamental representation. Thus, we only consider cases with N > 3 here.
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a/c versus N with a fixed Ny. Right: a/c versus N with a fixed « = N¢/N.

We perform the a-maximization to compute the R-charges of the matter fields and central
charges. In the large N limit with a fixed Ny, they are given by

3—v56 —22V/5+ 15Ny

flg=Rg~—5—+——gn— O,
B —6+VB5N;  5N7 —14V5+40 s
Ra=lg~ =~ 10N?2 O,
—63 + 10vBN 15N% — 445Ny + 162
o~ ZOBHI0VENy o 15N ! +O(NTY, (3.19)
48 32
—60 + 115Ny 20N? — 56v/5N; + 195 L O
‘ 48 10 !
/ —63+10v5N;  3(25vV5N} — 360N7 + 198v/5N; + 540) N
a/c ~ — .
—60 + 115Ny 10(—60 + 11v/5N)2N

For a fixed N¢, the R-charge of the rank-2 anti-symmetric chiral multiplet scales as 1/N.
Therefore, this theory belongs to Type I.

In the Veneziano limit with a fixed o = Ny /N, the leading-order result of a-maximization
is the same as (3.8) in the previous section, with R4 = R; ~ Rg. This result is universal
across Type I theories when we neglect the effect of decoupled operators.

To perform a-maximization correctly, we must take into account the decoupled operators
of the form Tr(AZ)”, Q[(XA)”@i, QIZ(AIZ)”QJ, and éf(Aﬁ)”Aéj. Additionally, for even
N, operators of the form ¢ AN/2 and e AN/2 exist, and if Ny = 4, these operators are also
decoupled. The plot of the correct value of a/c is shown in Figure 7. For example, in the
case of Ny = 4, after flipping all the decoupled operators, the ratio a/c is approximately
a/c ~ 0.7538 — 0.1221/N at large N, which is obtained via fitting the result for N from 100
to 600.

We find that the ratio of central charges for this theory lies within the range 0.6930 ~
7016961533338216@ < a/c $£0.9159. The minimum value of a/c arises when (Nf, N) = (4,5).
We numerically find that the maximum value of a/c occurs in the Veneziano limit with
a~ 0.1.
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Conformal window The conformal manifold for this theory is already found in [23]. The
upper bound comes from the asymptotic freedom. When N; < 3, this theory does not flow
to an interacting superconformal fixed point, as there is no solution that locally maximizes a
or satisfies the Hofman-Maldacena bound for the ratio a/c. Otherwise, the a-maximization
procedure poses no issues. The conformal window of this theory is therefore 4 < Ny < 2N +2.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 anti-symmetric chiral
multiplet scales as 1/N, there is O(N) number of relevant operators of the form Tr(AA)",
Qr(AA)"Qj, QrA(AA)"Qy, QFA(AA)"Qz, e A"Qr, -+ QIy s, €A"Qf - Qf, and O(N)
decoupled operators among them. This is a generic feature of Type I theory.

Upon deforming the theory by the superpotential W = Tr(AA)**!, the theory admits a
dual description given by SU((2k+1)Ny—4k— N) gauge theory with the same set of charged
matters with certain superpotential and flip fields [107].

Conformal manifold From the anomaly-free condition for U(1)r symmetry, we obtain

N -2 N -2 1 1
N2 e N2y N gy W gy 520
Ny—2 AT N, =2 AT N, 29T N2t T T
When Ny = 4, equation (3.20) becomes
N -2 N -2
TRA + TRE + 2RQ + QRQ =2. (3.21)
For even N, there exist marginal operators of the form
\n nmA NA N -2
TI'(AA) (Qll(AA) le)(sz(AA) sz)’ m,l>1, n—l—m—i—l:T (322)

Note that operators of the form Tr(Aﬁ)l7 with p < 0.3070N, as well as Q(AZ)‘?@, QE(AE)‘]CNQ,
and @A(EA)‘I@ with ¢ < 0.0965N, are decoupled — this is an approximation at large N.
Nevertheless, since there are O(N) possible ways to partition n, m, and [ such that n+m+1 =
(N — 2)/2 while satisfying n > 0.3070N and m,l > 0.0965N, the theory contains O(N)
marginal operators. This leads to the theory having an O(N)-dimensional conformal manifold.

For Ny > 4, there are no integer combinations of R-charges that sum up to 2 in equation
(3.20). As a result, marginal operators cannot be constructed using this equation. Empiri-
cally, we have not identified any marginal operators for generic N and Ny > 4.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory does not satisfy the NN-WGC for large values of « in the Veneziano limit, whereas
the modified WGC always holds. The result is shown in Figure 8.
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3.4 153+1E+8E+Nf(m+i)

Matter content and symmetry charges The fourth entry in Type I is an SU(N) gauge
theory with a rank-2 symmetric, a conjugate of rank-2 anti-symmetric, Ny fundamental, and
Ny + 8 anti-fundamental chiral multiplets. The matter fields and their U(1) global charges
are listed in Table 10. This is a chiral theory, with different numbers of fermions with each
chirality.

# | Fields | SUN) | U(1) Ul | UQ)s | UQ)R
Ny Q ] N +2 N-2 |N;+8| Rg
Ni+8| Q ] N +2 N -2 -N; | Rg
1 S (1] | —2N; -8 0 0 Rs
1 A ﬁ 0 —2N; -8 | 0 Ry

Table 10: The matter contents and their corresponding charges in SU (N) gauge theory with
L+t H+ 80+ N (O + DD

Gauge-invariant operators Let I and J denote the flavor indices for ). The set of
single-trace gauge-invariant operators in schematic form is given as follows:
T N-1
L Te(SA)*™, n=12,...[%F].

2. Qr(AS)"Q;, n=0,1,...,N —2.
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3. QIA(SA)"Q;, n=0,1,...,N—2.

4. Q;S(AS)"Q;, n=0,1,...,N 2.

5 e A0QgQp s =[P L

6. eeSNT(QLQs) - (Qr,Qs), n=0,1,...,Ny.
7. € (Sgs)(N—n)/ZQ’E L Qb

Here, we define the dressed quarks as

(3.23)

0" — (SA)"2Qr n=0,2,4,...,
" sA 280 n=1,35,... .

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

3—v6 Ny+4

= ~ ~v N_2
Rq RQ 3 + oN +O( ),
Ro 4t 3(N;+4)v/5  2TN7 + (216 — 10(Ny + 4))V/5 + 384 ON-9)
5 9N B 54N2 + )
4+ 3(Np+4)v/5  2TN7 + (216 + 10(Ny + 4))V/5 + 384 L
Ry~ - +O(N™3)
9N 54N? (3.24)
5(Ns+4)V5 45N} + 360Ny + 722 . :
o~ ——o N - +O(NTY),
24 96
11(N¢ +4)V5 36N?% + 288Ny + 575
~ ( f4—g )\/>N_ f = f + Nfl),

10 45NJ% + 360N + 826
11 726(Ny + 4)VBN

O(N7?).

For fixed Ny, the R-charges of rank-2 symmetric and rank-2 anti-symmetric chiral multiplets
scale as 1/N, which is a characteristic feature of Type I theories.

In the Veneziano limit with a fixed o = Ny /N, the leading-order result of a-maximization
is the same as (3.8) in the previous section, with Rg ~ R3 ~ Rge. This result is universal
across the Type I theories.

Precise a-maximization requires removing the decoupled operators, take the form Tr(S 2)2”,
QI(ES)”@j, Q]A/(SAV)”Q(], and @jS(gS)”@j. The plot of a/c is shown in Figure 9. For ex-
ample, in the case of Ny = 0, after flipping decoupled operators, the ratio a/c is approximately
a/c ~ 0.9196 — 0.3246 /N, where we fit the result for N from 100 to 600.

We find the central charge ratio lies within the range 0.86 < a/c < 0.9196. The minimum
value of a/c arises when (Ny, N) = (4,4). The maximum value of a/c occurs in the large N
limit with Ny = 0.
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Conformal window The conformal window is already identified in [23]. The upper bound
comes from the asymptotic freedom. For this theory, when it is at the top of the confor-
mal window Ny = 2N — 4, there is a non-trivial conformal manifold [22] so that it is an
interacting SCFT. For small Ny, the a-maximization procedure poses no issue. For instance,
a-maximization always yields a unique real solution, and the resulting central charges lie
within the Hofman-Maldacena bound. The conformal window of this theory is therefore
0< Ny <2N —4.

Relevant operators For a fixed Ny, since the R-charges of rank-2 tensor chiral multi-
plets scale as 1/N, there are O(N) relevant operators of the form Tr(AA)", QI(EA)”@j,
QrA(AA)'Q;, QrA(AA)"Qj, € A"Qr, -+ Qry_y,, €A"Qf -+~ Q; , and O(N) decoupled
operators among them.

One may consider the deformation W = Tr(SZ)Q(kH). In this case, the theory admits a
dual description as an SU ((4k + 3)(Ny +4) + 4k — N) gauge theory [107] with a set of flip
fields.

Conformal manifold Consider the anomaly-free condition for U(1)z symmetry to obtain

N 42 N -2 1 1
N+T(RS*1)+T(RZ*1)+§N]0(RQ*1)+Q(Nf+8)(R@*1):0
N+2, N-2, Ny . N+8. (3.25)
Ny +4 s Ny+4 A Ny+4 Q Ny +4 Q 7

First, let us consider the case of Ny = 0. The equation (3.25) implies that the operators of
the form

Tr(SA)(QS(AS)"Q), with4(2n4+m)+2=N (3.26)

are marginal. Here, the operators of the form Tr(SA)% with p < 0.05519N and QS(AS)1Q
with ¢ < 0.02944N are decoupled and not present in the interacting SCFT. Nevertheless, for
a given N = 4k + 2, there are O(INV) possible ways to partition n and m such that 2n+m = k
while satisfying n > 0.05519N and m > 0.02944N. Thus, the theory contains O(/N) marginal
operators, leading to an O(N)-dimensional conformal manifold.
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For Ny > 0, there are no integer combinations of R-charges that sum up to 2 in equation
(3.25). As a result, there is no marginal operator of this form. We have not identified any
marginal operators for generic NV and Ny > 0.

When Ny = 2N — 4, the one-loop beta function for the gauge-coupling vanishes. At this
value, the theory possesses a non-trivial conformal manifold [22].

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of o in the Veneziano limit, whereas the
modified WGC is always satisfied. The result is shown in Figure 10.
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Figure 10: Testing AdS WGC for SU(N) theory with 1 [T+ 1H+ 80+ Ny (0 +0)-
The minimum distance from the origin to the convex hull with a fixed o = Ny/N. Theories
below the solid line of minimum distance 1 do not satisfy the WGC.

35 2[ 1+ 21+ N, (O+0)

Matter content and symmetry charges The first example of the Type II theory is
the SU(N) gauge theory with two pairs of rank-2 anti-symmetric chiral multiplets and their
conjugates, as well as N pairs of fundamental and anti-fundamental chiral multiplets. The
matter fields and their U(1) global charges are listed in Table 11.

Gauge-invariant operators Let [ and J denote the flavor indices for ), and K and L
denote the flavor indices for S. We present a sample of single-trace gauge-invariant operators
in schematic form, rather than providing an exhaustive list of such operators. The ellipsis
indicates that only the low-lying operators have been listed. This subset is sufficient to
identify relevant operators or to test the Weak Gravity Conjecture.

L Tr(Sk, Sg, -+ Sk, Sz ), n=12,....
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# | Fields | SU(N) | U1); | UQ)2 | UQ)s | U)R

Ny | Q [ |2N+4] 1 0 Rg

Ny| Q (] |2N+4| -1 0 R
2 S (11 | -Ny 0 1 Rs
2 | S 11 | —Ny 0 -1 Rg

Table 11: The matter contents and their corresponding charges in SU(N) gauge theory with
200+ 2010+ Ny (O+ 1) -

2. Ql(gl} SKl)-"(gf( SKn)éj, n=0,1,....
3. QrS;(Sk, Sk )(SKn )Qy, n=0,1,....

4. €(S(x, S8k QP - QYN

In_2;°
5. EESKl"'SKN_i( nl ) (Q QTZZ)

6. The conjugates of the above-listed operators.

Here, the dressed quarks are defined as

Q?: (SKIS SKn/QSK /2)Q1 n:0,2,4,... s (3‘27)

(SKIS SK(n 1)/251(( 1)/2)SLQI n=1,3,5,....

R-charges and central charges There are no decoupled operators along the RG flow,
which is a generic feature of Type II (and also Type III) theory. Upon a-maximization, we
obtain the R-charges of the matter fields and central charges, in the large N limit with a
fixed Ny as follows:

12— /26 39N, +41v/26 1

+ 2 — +O(N7?),
1 244 NpV26 1 _
Rs=Rg~ 5+ —— == +O(N ),

The central charges a and c¢ of the theory are given by

Rg=Rg~

27 198 + 13N ;/26
N2+ N NO

@™ 198 7683 +O(N),

27 150 + 17N ;+/26 0

~ —N? N N 3.29

a 2(12 — N;v/26) 1 L
—~1 — N .
c + 81 N + O( )
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When Ny < 2, the ratio a/c is greater than one for sufficiently large V. Since a pair of rank-2
symmetric tensors contributes the same as an adjoint chiral multiplet to the central charges
in the leading order in the large N limit, the coefficient 27/128 for the N? is identical to that
of the two adjoint theory (which will be discussed in Section 3.14). We classify theories whose
central charges exhibit this behavior a ~ ¢ ~ % dim G as Type II theories.

With the ratio a = Ny/N fixed, the R-charges of the matter fields, in the Veneziano
limit, are given by

24 — 24/26 — a2 4 3o — 302

Rg =Rs~ O(N~!
12 — 302 + aV/26 — a2 1 '
Rs =Rz ~ O(N™
S S 3(8 — ()é2) + ( ) ;
and the central charges a and c of the theory are given by
648 — 27902 + 18a* + 20(26 — a?)3/%
~ N*+O(N
“ 48(8 — a2)2 + O,
648 — 303a? + 21a* + 4a(17 — a?)V26 — a2 _,
~ N+ O(N 3.31
13a(8 — o2
afc~1— a8 —a’) +O(NTY).

162v/26 — a? 4+ (685 — 7T1a? — 3026 — a?)
These leading-order behavior of central charges in the Veneziano limit is universal across Type
IT theories.

The ratio a/c lies within the range 13/14 ~ 0.9286 < a/c < 14001/13609 ~ 1.0288. The
minimum value of a/c arises in the Veneziano limit with v — 1. The maximum value of a/c
occurs when (Ny = N) = (0,5). Figure 11 illustrates the behavior of the ratio a/c.

Conformal window As before, the upper bound of the conformal window is determined
by the asymptotic freedom. For small Ny, we find that the a-maximization procedure poses
no issue. For instance, a-maximization always yields a unique solution, and the resulting
central charges lie within the Hofman-Maldacena bound. Therefore, we conjecture that this
theory flows to a good interacting SCFT for 0 < Ny < N — 4.
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Relevant operators For generic N and Ny, there exist the following relevant operators:

e four operators of the form TrS K§ 7 with a dimension % <A <2,
° N]% operators of the form Q[@j with a dimension 1.7253 ~ IQ_T\/% <A<2,

e N¢(Ny + 1) operators of the form Q1§]~<Q J and their conjugates with a dimension
24753 = 15-¥26 < A < 3.

As we see, the number of relevant operators does not scale with N for a fixed Ny. The
low-lying operator spectrum is sparse (or the gap in the operator dimensions is of O(1)) in
the large N limit.

Upon a deformation of the form

W = MlTI‘(Slgl)kl+1 + M2Tr(52§2)k2+1 + Mg(TI‘81§2 + TI‘SQ§1) . (332)

where M; are the gauge-singlet chiral superfields, a dual description is proposed [108]. It
is given by an SU ((2k* + 1)Ny 4 4k* — N) gauge theory, with a set of flip fields, where
k* = 3 [(2ky + 1)(2k2 + 1) — 1]. However, we note that the operator of the form M(SS)k+1
is not relevant either at the W = 0 fixed point or at the W = Mg(Tr51§2 + TTSQ§1) point
for k > 1, which casts a doubt on the proposed duality.

Conformal manifold There are no marginal operators for generic Ny and IV in the absence
of a superpotential. However, we find that with a suitable superpotential deformation, the
theory can flow to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, the following superpotential deformation allows the theory to possess
a non-trivial conformal manifold:

W = M151§1 + M251§2 + M152§2 + MM, . (3.33)

Here, My and My are flip fields, which are gauge-singlet chiral superfields. We find that
this superpotential deformation is relevant for all N. Upon deformation, we find that the
IR SCFT has a sufficient number of marginal operators so that we have an exactly marginal
operator. One way of checking this is to use the superconformal index [86]. For instance, the
reduced superconformal index” for the SU(5) gauge theory with this superpotential is given
by

Ired — t2.14 + 22&3486 + 2t5.36 + t5.57 + t6 + . (334)

The coefficient of 6 term gives the number of marginal operators minus the number of
conserved currents. If this coefficient n is positive, the theory has to have at least n ex-
actly marginal operators [56, 86]. The marginal operators take the form Tr5’1§251§1 and
Tr51§252§2. These operators remain marginal for general N with a fixed Ny = 0.

"Reduced index is defined as Z,eq = (1 — t3y)(1 — t*/y)(Z — 1) so that it removes the descendants. Here we
use the standard fugacities (¢,y) so that the trace formula for the index is given as Z = Tr(—l)Ft3<R+j2)y2j1.
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Figure 12: Testing AdS WGC for SU(N) theory with 2[ [ ]+ 2[ [ ]+ Ny ([1+[]).
The minimum distance from the origin to the convex hull with a fixed o = Ny/N. Theories
below the solid line of minimum distance 1 do not satisfy the WGC.

For the Ny = 1 case, upon the following superpotential deformation, the IR theory
possesses a non-trivial conformal manifold:

W = Q151Q1 + Q151Q1 + M1S2S1 + M1S5S2 + M?. (3.35)
The reduced index for the SU(6) gauge theory with this superpotential is given by
Troa = 263 + 36 4 2448 196 ... (3.36)

From the coefficient of t®, we see that there exist at least two exactly marginal operators.
The marginal operators take the form TrS: S 7 5.8 %, This deformation and the presence of
marginal operators of these forms works for general N with a fixed Ny = 1.

We note that the superpotential that provides a non-trivial conformal manifold is not
unique; other deformations can also endow the theory with a conformal manifold.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of « in the Veneziano limit, whereas the
modified WGC always holds. The result is shown in Figure 12.

3.6 1D]+2E+IH+8D+Nf(D+E)

Matter content and symmetry charges The next example of the Type II theory is the
SU(N) gauge theory with a rank-2 symmetric tensor, two conjugate of rank-2 symmetric
tensors, a rank-2 anti-symmetric tensor, Ny + 8 fundamental, and Ny anti-fundamental chiral
multiplets. The matter fields and their U(1) global charges are listed in Table 12.
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# | Fields | SUN) | U(1) U(1)s U(1)3 U(l)y | Ug
Ny +8| Q ] N+2 | N+2 | N-2 Ny Rq
Ny Q O N +2 N +2 N-2 | -N;-8| Rj
1 S [T] | —2N;—38 0 0 0 Rs
2 S 1] 0 ~Ny—4 0 0 Rg
1 A = 0 0 —ON;—8| 0 R4

Table 12: The matter contents and their corresponding charges in SU(N) gauge theory with
1O+ 20+ 1H+ 80+ Ny (O +0).

Gauge-invariant operators Let I and J denote the flavor indices for @), and K denote
the flavor indices for S. We present a sample of single-trace gauge-invariant operators in
schematic form, rather than providing an exhaustive list of all such operators as follows:

CAS~

1. Tx(SSg, -+ SSg )

7)o Tr(AS

Klu n:1,2,....

3. Qr(Sg, S+ Sg S)(Sg, A+ Sz AQy, n,m=0,1,....

4. Qr(Sgz, S+ Sg S)(Sg A--Sg A)SQ;, n,m=0,1,....
5. QpS(Sg, S+ Sg S)(Sg, A+~ Sg A)Q;, n,m=0,1,....
6. QfA(Sg S-Sz S)(Sg A+ Sz A)Qj, nm=0,1,....

7. e At 711 N <§R1A§;}2)i ~71111 L QN

In—i In_2;

8. eeSTAM(QUQN) - (QQNF), i+2j+k=N.

9. 665]?1 . gfg(é?f ~7J7_111) o (éanz‘émN,i)‘

IN—; TJIN—i

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined as

Il Q =~ ) (337)
(SSg, -+ 98k, )(ASE )SQ; n=1,3,5,...

o AS -~
i+1 SK(nfl)/Z
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and

é’} _ (51?15) . (fgiS)(fl}HlA) e (fl?nmA)Qf n=20,2.4,... | (3:38)

(S7,9) - (Sg.9)(Sg, A)---(Sf((n_lmA)gQI n=1,305,...

i+1

R-charges and central charges We perform the a-maximization to compute the R-
charges. No operators are decoupled along the RG flow, as is the case for all the Type
IT theories. The R-charges of the matter fields and central charges, in the large N limit with
a fixed Ny, are given by

12 — /26 N T8(Ny +4) + 41126

Fe=FRo~—7 624N +O(NT?),
1 31+3(Ny+4)v/26 ~
RSZR§N§+ (72fN ) + O(N 2):
1 174+ (Ny+4)v26
Ra~ o+ (221\7 )\/>+O(N‘2),
27 99 + 13(Ns + 4)/26 (3.39)
+ St 0
~ —N? N + O(N
@™ 108 768 +O(NT),
27 75+ 17(Ny + 4)V/26
~ ——N? N + O(N°
€™~ 128 768 + O,
—12 4+ (N; + 4)v/26
ajc~1-— +(81J;\7+ )\/>+O(N_2).

The ratio a/c is always less than one and it asymptotes to 1 in large N. The leading-order
terms of the R-charges and central charges are universal across the Type II theories, as we
have seen in the case of two pairs of rank-2 symmetric tensors, (3.28) and (3.29).

With a fixed « = N¢/N, the R-charges of the matter fields, in the Veneziano limit, are
given by

24 — 24/26 — a2 4 3a — 302

RQ:RQV 3(8—042) +O(N71),
12 — 302 + aV/26 — a2 B
Rs = Rg ~ 36— a?) +O(N™Y, (3.40)
12 — 302 + aV/26 — a2 _
Ra ~ 36— o?) +O(NY,

which exhibit the same leading behavior as in (3.30) for the theory with two pairs of rank-2
symmetric tensors. Similarly, the leading-order term of the central charges matches (3.31):

648 — 27902 + 18a* + 20/(26 — a?)3/?

~ N*+O(N
“ 48(8 — a2)? +ON),
648 — 303a? + 21at + 4a(17 — a?)V26 — a2 _,
~ N2+ O(N 3.41
13a(8 — a?
ajc~1— (8 — a’) +O(N7Y).

162v/26 — a? + (685 — 71a? — 30av/26 — a?)
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Figure 13: The central charge ratio for SU(N) theory with 1 [ [ |+ 2[ [ ]+ 1 B + 8]

+ Ny (O + ). Left: a/c versus N with a fixed Ny. Right: a/c versus N with a fixed
o = Nf/N.

These leading-order terms in the Veneziano limit are universal across entire Type II theories.

The ratio of central charges a/c lies within the range 13/14 ~ 0.9286 < a/c < 1. The
minimum value of a/c arises in the Veneziano limit with v — 1. The maximum value of a/c
occurs in the large N limit with Ny = 0. Figure 13 illustrates the behavior of the ratio a/c.

Conformal window The asymptotic freedom bounds the upper limit of the conformal
windows to be Ny < N — 6. For small Ny, we find that the a-maximization always yields a
unique solution, and the resulting central charges lie within the Hofman-Maldacena bound.
Hence we conjecture that this theory flows to an interacting SCFT for 0 < Ny < N — 6.

Relevant operators For generic NV and Ny, there exist following relevant operators:

e two operators of the form TrS S 7z with a dimension % <A <2,
e N¢(Ny + 8) operators of the form Q[@j with a dimension 1.7253 ~ % <A<2,

o (Ny+8)(INy+9) operators of the form Q1§I~(QJ and w operators of the form
@fS@j with a dimension 2.4753 ~ 15%\/% <A <3,

° w operators of the form C~2[~AC~2j with a dimension 2.4753 ~ 15%4‘/% <A<3.
As we see, the number of relevant operators does not scale with N for a fixed Ny. The
low-lying operator spectrum is sparse (or the gap in the operator dimensions is of O(1)) in
the large N limit.

Conformal manifold There are no marginal operators for generic Ny and IV in the absence
of a superpotential. However, we find that upon a suitable superpotential deformation, the
theory flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = Q151Q2 + Q351Q4 + Q552Q6 + Q752Qs . (3.42)
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Figure 14: Testing AdS WGC for SU(N) theory with 1[ [ ]+ 2[ [ |+ 1 H + 8]+ Ny (

[]+[1). The minimum distance from the origin to the convex hull with a fixed a = N 7/N.
Theories below the solid line at the minimum distance 1 do not satisfy the WGC.

We can test this by computing the reduced superconformal index. For example, the super-
conformal index for the SU(7) gauge theory with this superpotential is given by

Treq = 26385 43¢0 ... (3.43)

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operators include, for example, Q5§1Q5, Q5§1Q7, Q1§2Q1, Q1§2Q3,
and others. This deformation and the presence of marginal operators of these forms are
universal for general N with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W = MiQ1Q1 + Q251Q3 + Q151Q5 + Q15:Q6 + My My + Q75:Qs . (3.44)

Here, My and M, are flip fields, which are gauge-singlet chiral superfields. The IR fixed point
theory possesses a non-trivial conformal manifold. We can verify this using the superconformal
index. For instance, the reduced index for the SU(8) gauge theory with this superpotential
is given by

Ired — 2t3'87 + t3'93 + 8t3'99 + t5'85 + 2t5'88 + 8t5'94 + t6 4o (345)

See the positive coefficient for t5. The marginal operators include, for example, Q1§1Q1,
Q151Q7, Q252Q2, Q252Q)4, and others. Such a deformation and marginal operators exist for
general N with a fixed Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of a in the Veneziano limit, whereas the
modified WGC always holds. The result is shown in Figure 14.
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3.7 1[|j+1ﬁ+15+19+Nf(D+ﬁ)

Matter content and symmetry charges The third entry of the Type II theory is an
SU(N) gauge theory with a rank-2 symmetric, a rank-2 anti-symmetric, and their conjugate
chiral multiplets, as well as Ny pairs of fundamental and anti-fundamental chiral multiplets.
The matter fields and their U(1) global charges are listed in Table 13.

# | Fields || SUN) | U(1)1 | U(Q)2 | U3 |U()y | U1)s | U(D)R
Ny Q ] N+2 | N-2 1 0 0 Rg
Ny | Q (] | N+2|N=-2]| -1 0 0 R
1 S [T —Ny 0 0 1 0 Rg
1| S T | =Ny | 0 0 -1 0 Rg
1| A = 0 | =Ny | 0 0 1 R4
1| A Q 0 | =Ny | 0 0 -1 R;
Table 13: The matter contents and their corresponding charges in SU(NV) gauge theory with
L+ 1O+ 1+ 1+ N (O+ D)

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form:

1. Te(SS), Te(AA)™, Tr(SA?™, n=1,2,....N—-1, m=12..., Y]
2. Tr(SS)F(AA)(SA)™(AS)™, k,l,m,n=1,2,....

3. Qr(SS)F(AA(SA)™(AS)'Q;7, k,I,mn=0,1,....

4. QrS(SS)F(AA)(SA)™(AS)'Qs, k,,mn=0,1,....

5. QrA(SS)F(AA)(SA)™AS)"Qs, k,l,m,n=0,1,....

6. €A'Qp - QpN 2, eATQp - QpN .

7. €€S'AY(Q,9Q,) - (91,9s.), i+2j+k=N.

8. The conjugates of the above-listed operators.
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The ellipsis indicates that only the low-lying operators have been listed. Here, the dressed
quarks are defined as:

. {(sé’)i(sﬁ)ﬂ (AS)n/2=i=i(y; n=0,24,...,

I = ~ ~ o~ (3.46)

(Ss)i(SA)J(As)(n—l)/Z—i—stvf n=1,35,....
This subset is sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges. There are no decoupled operators along the RG flows. The R-charges of the matter
fields and central charges, in the large N limit with a fixed Ny, are given by
12 -v26 Ny _9
= -~~~ — _ N
Rq RQ 19 + SN + O( )
1 =10+ 3NsV26
. AN
2 72N
1 10+ 3Npv26 _9
~—F —— 4+ O(N
2 * 2N +0( )
27 13v/26 526 + 117N?
—_N? 4 NyN — e
128 768 3072
27 1726 1162 + 423N?
—_N? NyN — - f
128 768 9216
2
2Nf\/26 N —1404 + 685Nf N O(N*3)
81N 6561 N2

Rg = Rg ~ O(N7?)

Ra =R
(3.47)

a ~

¢~ +O(NTh

ajc~1-—

The ratio a/c is always less than one, and it asymptotes to 1 in large N. The leading-order
terms of the R-charges and central charges are universal across Type II theories.

This theory contains an equal number of symmetric and anti-symmetric tensors. In such
cases, the sub-leading O(/V) contribution to the central charges is proportional to Ny, and
thus vanishes when Ny = 0. Consequently, for Ny = 0, we have a — ¢ ~ O(1), which is an
uncommon feature.

In the Veneziano limit with a fixed o = Ny /N, the leading-order result of a-maximization
is the same as (3.30) and (3.31) in the previous section, with R4 = Ry ~ Rg. This result is
universal across the Type II theories.

We find that the ratio of central charges for this theory lies within the range 0.9251 <
a/c < 1. The minimum value of a/c arises when (Ny, N) = (3,4). The maximum value of
a/c occurs in the large N limit with Ny = 0. Figure 15 illustrates the behavior of the ratio

afc.

Conformal window The asymptotic freedom bounds the upper limit of the conformal
window to be Ny < N. For small N, we find that the a-maximization always yields a unique
solution, and the resulting central charges lie within the Hofman-Maldacena bound. Hence,
we conjecture that this theory flows to an interacting SCFT for 0 < Ny < N.
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Figure 15: The central charge ratio for SU(N) theory with 1 [T]+ 1]+ 1 H +1 E
+ Ny ([0 4 ). Left: a/c versus N with a fixed Ny. Right: a/c versus N with a fixed
a= N¢/N.

Relevant operators For generic NV and Ny, there exist the following relevant operators:

e an operator of the form TrSS with a dimension 1.4456 SA<2,

e (if Ny = 0) an operator of the form Tr(55)2? and (TrSS)? with a dimension 2.8911 <
A <3,

where the left equality holds when (Ny, N) = (0,4).

e an operator of the form TrAA with a dimension % <A<2,
° NJ% operators of the form QIQVJ with a dimension 1.7253 ~ H_T‘/% <A<2,

e N¢(Ns + 1)/2 operators of the form Q15Q; and their conjugate with a dimension
24753 = 15=¥26 < A <3,

e N¢(Ny — 1)/2 operators of the form QIZQ 7 and their conjugate with a dimension
24753 ~ 1=V26 < A < 3,

For certain small values of N, additional relevant operators not listed above exist. However,
since their presence depends on the specific values of N and Ny, we will only list the generic
relevant operators that appear for general N.

Conformal manifold There are no marginal operators for generic Ny and N in the absence
of a superpotential. However, upon a suitable superpotential deformation, we find that this
theory flows to a superconformal fixed point with a non-trivial conformal manifold.

When Ny = 0, the following superpotential deformation allows the theory to possess a
non-trivial conformal manifold:

W =Tr(SS)%. (3.48)
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We can test this by computing the reduced superconformal index. For example, the super-
conformal index for the SU(5) gauge theory with this superpotential is given by

2
Treq = 2t° +1° <52y>+--~. (3.49)
y

The positivity of the coefficient at the ¢ term indicates that there is a non-trivial conformal
manifold. The marginal operators take the form Tr(AA)2, (TrAA)2, Tr(SA)2, Tr(AS)?2,
TrAASS , and TrASSA. This deformation and the marginal operators of these form exist for
general N with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W =QSQ+ QSQ + MiTrAA + MyTrSS + My M. (3.50)

Here, M7 and My are flip fields, which are gauge-singlet chiral superfields. It turns out that
the IR fixed point theory possesses a non-trivial conformal manifold. We can verify this using
the superconformal index. For instance, the reduced index for the SU(5) gauge theory with
this superpotential has a positive coefficient at the t® term:

2

Y
The marginal operators take the form Tr(SA4)2, Tr(AS)2, and Tr(SSAA). Such a deformation
and marginal operators exist for general N with a fixed Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of & = Ny/N in the Veneziano limit, whereas
the modified WGC always holds. The result is shown in Figure 16.
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3.8 1[|j+1H+2E+SE+Nf(D+E)

Matter content and symmetry charges The fourth entry of the Type II theory is an
SU(N) gauge theory with a rank-2 anti-symmetric, a rank-2 symmetric, two conjugate rank-
2 symmetric, Ny fundamental, and Ny + 8 anti-fundamental chiral multiplets. The matter
fields and their U(1) global charges are listed in Table 14.

# | Fields | SU(N) | U(1) Ul | UL)s | U1 | U)g
Ny Q n N +2 N-2 |Nj+8| 0 Rq
Ni+8| Q ] N +2 N -2 — Ny 0 R
1 S [T] | —2N;—38 0 0 0 Rg
1 A H 0 —ON; =8| 0 P R
2 A g 0 0 0 -1 | Ry

Table 14: The matter contents and their corresponding charges in SU (N) gauge theory with
1Dj+1H+2H+8E]+Nf (O+0).

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form, rather than providing an exhaustive list of all such operators as follows:

1. Tr(SAgy - SA Te(AAy - AA

7)., n=12..., m=12....

Ak
2. Tr(SAg; -+ SAg J(AAg - Ay ), nom=1,2,....

3. QrAg A Ay A)(Ag S Ay S)Q5, nom=0,1,....
4 Q(Ag A Ay A)(Ag S Ay S)AQy, nom=0,1,....
5. QpS(Ag A+ Ay A)(Ay S+ Ay $)Qj, nm=0,1,....
6. QiA(A A+ Ay A) (A S+ Ay 8$)Qz, n,m=0,1,....
7. e Al ?11...97;&:, E(gﬁl"‘Aﬁi)é?f”‘é?fvvj'

8. €S AY(QFI QYY) (Q1FQT), i+2j+k=N.

ALN/2) 7 AN-LN/2] ALN/2) 7 AN-IN/2) :
9. eeA]\71 (A(MlA) ) , 66A]\71 (A(MIS)A]%) if N is odd.
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The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined by:

- (SAz, ---Séﬁnp)@] . n=0,24,... 552
(SAﬁl SAM(n—l)/Q)SQi n = 173757”.
and
T A A A Y A ) .

R-charges and central charges We perform the a-maximization to compute the R-
charges. There are no decoupled operators along the RG flows. The R-charges of the matter
fields and central charges, in the large NV limit with a fixed Ny, are given by

12 —+/26  —41v/26 + 78(Ny + 4)

fo=Rg~—0 624N +O(NT?),
1 =174 (Ny +4)V/26 L
~S — N
RS 9 + 2UN + O( ) )
1 —31+3(Ny+4)v26 B
Ra=HRz~g 72]f\7 O, (3.54)
27 —99 + 13(N; + 4)/26 '
~ ——N? N NO
a1t T 768 +O(NT,
27 —75+ 17(Ny + 4)/26
~ —N? N NO
e~ gt T 768 +OM),
12+ 2(Ns + 4)v/26
ajc~1— i (81]01\—;— ) +O(N™?)

The ratio a/c is always less than one, and it asymptotes to 1 in large N. The leading-order
behavior of the R-charges and central charges is universal across Type II theories.

In the Veneziano limit with a fixed « = Ny /N, the leading-order result of a-maximization
is the same as (3.30) and (3.31) in the previous section, with R4 = R7 ~ Rs. The result is
universal across the Type II theories.

We find that the ratio of central charges for this theory lies within the range (660981 —
6380+/321) /641602 ~ 0.8520 < a/c < 1. The minimum value of a/c arises when (Ny, N) =
(0,3). The maximum value of a/c occurs in the large N limit with Ny = 0. Figure 17
illustrates the behavior of the ratio a/c.

Conformal window The asymptotic freedom bounds the upper limit of the conformal
windows to be Ny < N — 2. For small Ny, we find that the a-maximization always yields a
unique solution, and the resulting central charges lie within the Hofman-Maldacena bound.
Hence, we conjecture that this theory flows to an interacting SCFT for 0 < Ny < N — 2.
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a=N f / N.
Relevant operators For generic NV and Ny, there exist the following relevant operators:

e an operator of the form TrAA with a dimension % <A<2,

e N¢(Ns +8) operators of the form Qléj with a dimension 1.7253 ~ % <A<2,

N

° w operators of the form QVfSQVj with a dimension 2.4753 ~ 15_4 <A<3,

3

. (Nf+7)2(Nf+8) <A <3,

operators of the form C~2 I~AC~2 7 with a dimension 2.4753 ~ 15—

W~
E
=

e N;(Ns—1) operators of the form Q[AVMQJ with a dimension 2.4753 ~ 15_4 <A<3.

The number of relevant operators does not scale with N for a fixed Ny. The low-lying operator
spectrum is sparse in the large N limit.

Conformal manifold There are no marginal operators for generic Ny and N in the absence
of a superpotential. However, we find that upon a suitable superpotential deformation, the
theory flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = MlTrAgl + MQTI‘AAVQ + MMy + @15@2 + @114@2 . (355)

Here, M; and M, are flip fields, which are gauge-singlet chiral superfields. We can test this
by computing the superconformal index. For example, the reduced superconformal index for
the SU(5) gauge theory with this superpotential is given by

2
Trea = 2t° + 24t° +1° (5 — 2y — ) 4+ (3.56)
y

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operators include, for example, Tr(AA;)%, TrAA;SAy, M2, Q1AQs,
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Figure 18: Testing AdS WGC for SU(N) theory with 1 [ [ ]+ 1 H +2 H + 8]+ Ny (

[]+[]). The minimum distance from the origin to the convex hull with a fixed a = Ny/N.
Theories below the solid line at the minimum distance 1 do not satisfy the WGC.

@35@3, and others. This deformation and the marginal operators of such form exist for
general N with Ny = 0.
For the Ny =1 case, consider the following superpotential deformation:

W = MiTrAA; + Q1AQ: + Q15Qs + MyTrAAy + QQy + My M. (3.57)

We find that a non-trivial conformal manifold emerges at the IR fixed point. We can verify
this using the superconformal index. For instance, the reduced index for the SU(5) gauge
theory with this superpotential has a positive coefficient at the t5 term:

1
Trea = 2t° + 24¢° + 1 (5 — 2y — 2) e (3.58)
Y

The marginal operators include, for example, Tr(Aﬁl)Q, TrAﬁngg, M2, Q@g, @3A@4,
QQ35Q3, and others. Such a deformation and the marginal operators exist for general N with
a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory does not satisfy the NN-WGC for large values of & = Ny/N in the Veneziano limit,
whereas the modified WGC always holds. The result is shown in Figure 18.

3.9 2D]+2E+16E+Nf(D+ﬁ)

Matter content and symmetry charges Next case of the Type II theory is given by
SU(N) gauge theory with two rank-2 symmetric, two conjugate rank-2 anti-symmetric, Ny
fundamental, and Ny + 16 anti-fundamental chiral multiplets. The matter fields and their
U(1) global charges are listed in Table 15.
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# | Fields || SUNN) | U@1) | UQ1) | UM)s |UQ)g
Ny Q ] N+2 | N-2 |N;+16| Rg
Ny +16 | Q O N+2 | N-2 | -N; | Rj
2 S [T | -N;—8 0 0 Rs
2 A Q 0 —Ny -8 0 R;

Table 15: The matter contents and their corresponding charges in SU(N

2Dj+2g+16i+Nf([]+E]).

Gauge-invariant operators

) gauge theory with

Let I and J denote the flavor indices for ), K and L denote
the flavor indices for S, and M denote the flavor indices for A. We present a sample of

single-trace gauge-invariant operators in schematic form as follows:

L Te(Sk, Ay -+ Sk, Az ), n=2,3,....

2. Qr(Ag, Sk, -+ Agz Sk, )@ n=0,1,....

3. QrAy (S, Agp, -+ Sk, Az )Qu, n=0,1,....
4. @fSL(ZﬁlsKl---ﬁMnsKn)@j, n=0,1,....
5. € (SK1AVMVISK2) E (SL1AVMSL2)Q?11 QR
6. €S, -+ Sk, (Q7r Q) - (Qy QN D).

7 e ALNI/QJ (G A) AJJ\VJQ)LN/QJ Auvl/zJ (A

e e AN AN -2
€Ay, A Q) QT
S) N%*)“W if V is odd.
2

The ellipsis indicates that only the low-lying operators have been listed. This subset is

sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

define the dressed quarks as

(SKl‘Z]\//V[I "SKn/2AM /2)QI
(SKlAZT/fl ''SK(nfl)/2AJ\A](TL_U/Q)SQI~
(As7, Si -+ Ay /25 K@
(A]T/ﬁ SKl AM(n 1)/25K(" 1)/2)AQI

,59,

Here, we
n=20,2,4,...,

(3.59)
n=135,....
n=20,2,4,...,

(3.60)
n=135....
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R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

12—+/26 Ny +8

— ~ ~U —2
Rg = RQ 13 SN +O(N™7),
1 —10+3(Ns +8)v26 Ly
Rg 5 + ON + O(N ) ,
1 10+ 3(N; +8)v26 _
Rj~ o+ N +O(N72),
27 13(Ny + 8)v/26 (3.61)
~ - N? ! N+ O(N°
‘™ 128 768 + O,
27 17(Ny + 8)Vv/26
C ~ @N2 f768 N+O(N0),
2(Ny +8)v/26
afer1— (fsuv)\ﬁ +O(N7?2).

We again find that none of the gauge-invariant operators decouple along the RG flow. The
leading-order terms of the R-charges and central charges are universal across the Type 11
theories. Similarly, in the Veneziano limit with a fixed & = Ny/N, the leading terms of
R-charges and central charges are also universal across Type II theories.

We find that the ratio of central charges a/c is always less than one, taking a value
within the range 13/14 ~ 0.9286 < a/c < 1. The minimum value of a/c can be obtained in
the Veneziano limit with o — 1. The maximum value of a/c occurs in the large N limit with
Ny = 0. Figure 19 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. For small Ny, we find that the a-maximization always yields a unique
solution, and the resulting central charges lie within the Hofman-Maldacena bound. There-
fore, we conjecture that this theory flows to an interacting SCFT for 0 < Ny < N — 8.
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Relevant operators For generic N and Ny, there exists the following set of relevant op-
erators:

e N¢(Ny+ 16) operators of the form Q[@j with a dimension 1.7253 ~ 12%‘/% <A<2,

e (Ny+16)(Ns+17) operators of the form @fSK@j with a dimension 2.4753 ~ 15747‘/% <
A <3,

e N;(Ny—1) operators of the form Q[AVMQJ with a dimension 2.4753 ~ B_T‘/% <A<3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold There are no marginal operators for generic Ny and N when the
superpotential is turned off. However, upon a suitable superpotential deformation, the theory
flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = Q151Q2 + Q351Q4 + Q552Q6 + Q752Qs + Q9S2Q10 + Q1151Q11 + Q1251Q13

N (3.62)
+ Q1252Q12 .

We can test this by computing the superconformal index. For example, the reduced super-
conformal index for the SU(9) gauge theory with this superpotential is given by

Trea = 6755 428593 4 316 ... (3.63)

The positivity of the coefficient at the t% term indicates the existence of a non-trivial confor-
mal manifold. The marginal operators include, for example, éloSlélo, éloSlélg, @1 Sg@l,
@152@11, and others. This deformation and the marginal operators of these forms persist for
general N with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W = Q151Q2 + Q351Q4 + Q551Q6 + Q751Qs

ShE TRSTIE T erl e TR (3.64)
+ Q952Q10 + Q11.52Q12 + Q1352Q14 + Q1552Q16 -

At the IR fixed point, this theory possesses a non-trivial conformal manifold. We can again
verify this from the superconformal index. For instance, the reduced index for the SU(10)
gauge theory with this superpotential has a positive coefficient at the t% term:

Trea = t39% 4166398 4 26587 1 166798 4746 ... | (3.65)

The marginal operators includes, for example, @152@1, @152653, @951659, @95’1@11, and
others. Such a deformation and marginal operators exist for general N with a fixed Ny = 1.
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Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory does not satisfy the NN-WGC for some finite N with large values of «, whereas the
modified WGC always holds. The result is shown in Figure 20.

310 1Adj+1[[J+ 1]+ N (O+0)

Matter content and symmetry charges The next example of the Type II theory is an
SU(N) gauge theory with an adjoint and a pair of rank-2 symmetric and its conjugate, as
well as Ny pairs of fundamental and anti-fundamental chiral multiplets. The matter fields
and their U(1) global charges are listed in Table 16.

# | Fields | SUN) | U(1); | U()2 | U()3 | UL)s | UD)g

Ny | Q ] N 0 1 0 Rg

Ny | Q ] N 0 -1 0 R
1| @ Adj | -N; [N+2| 0 0 Re
1| s 1] 0 | =N | 0 1 Rs
1| S T 0 | =N | 0 1 | Rg

Table 16: The matter contents and their corresponding charges in SU(N) gauge theory with
TAdj+ 1]+ 110+ Ny (J+ ).
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Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form as follows:

1. Trd"*, n=23,...,N.

2. Trd"(SS)™, n=0,1,....,N, m=1,2,...,N—1.

3. Q(89)"®™Q, n,m=0,1,...,N—1.

4. QS(89)"d™Q, n=0,1,...,.N—2, m=0,1,....N—1.
b €Qpt - QY.

6. €eSH(QTIQT) - ( ?]]\,v:: 7}11\1]\:1)

7. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as:

I =

. {cbi(s§)”/2—ic21 n=0,24,..., (3.66)

1(89)n1/2-i5Q; n=1,3,5,....
R-charges and central charges We perform the a-maximization to compute the R-

charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

12— /26 411/26 + T8Ny

Fg=Hhe~— 624N +O(NT?),
1 41+ 3N;v/26 L
Rg ~ = 4 — VS (N
e~ gt 72N +OW™),
1 31+3N/26
Rs =Rz~ 5+ —er\f +O(N72),
27 99 + 13N /26 (3:67)
+ ! 0
~ SN2 TN N L O(N
@™ 198 768 + O,
27 75 + 17N/26
~ SN2 DUV N L O(NO
™ 198 768 +O(N),
—12 4+ 2N /26
afe~1— +81Nf +O(N2).

We again find that no gauge-invariant operators decouple along the RG flow. The leading-
order behavior of the R-charges and central charges is universal across Type II theories.
Similarly, in the Veneziano limit with a fixed o« = Ny/N, the leading terms of R-charges and
central charges are also universal across Type II theories.
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For Ny = 0,1 and sufficiently large N, we find that the ratio of central charges a/c is
greater than 1. In general, the ratio a/c lies within the range 13/14 ~ 0.9286 < a/c <
(161399 + 81+/2641)/162580 ~ 1.0183. The minimum value of a/c can be obtained in the
Veneziano limit with a — 1. The maximum value of a/c occurs when (N¢, N) = (0,5).
Figure 21 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. For this theory, when it is at the top of the conformal window Ny = N — 2, there
is a non-trivial conformal manifold [22] so that it is an interacting SCFT. For small N, we
find that a-maximization always yields a unique solution, and the resulting central charges
lie within the Hofman-Maldacena bound. Therefore, we conjecture that this theory flows to
an interacting SCFT for 0 < Ny < N — 2.

Relevant operators For generic N and Ny, there exist the following relevant operators:
e an operator of the form Tr®? with a dimension % <A <2,
e an operator of the form TrSS with a dimension % <A<2,
° N]% operators of the form Qjéj with a dimension 1.7253 ~ 12%‘/% <A <2,
e an operator of the form Tr®SS with a dimension % <A <3,

° NJ? operators of the form QICPQVJ with a dimension 2.4753 ~ % <A <3,

w operators of the form @) 1§Q J and their conjugate with a dimension 2.4753 ~

1526 < A < 3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

It was proposed in [109] that deforming the theory by the superpotential W = Trok+! 4
Tr®SS leads to a dual description given by SU(3kNy + 4 — N) gauge theory with certain
superpotential and a set of flip fields. However, the superpotential deformation is not relevant
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at the W = 0 fixed point for k£ > 1. Notably, near the fixed point described by W = eSS ,
the first term can be relevant for arbitrary k if N is sufficiently large (and Ny is fixed).

Conformal manifold When Ny = N — 2, which lies at the upper bound of the conformal
window, the theory possesses a non-trivial conformal manifold that contains a one-dimensional
subspace that preserves N' = 2 supersymmetry [22]. At this value, the theory is a conformal
gauge theory with no running coupling.

When Ny < N — 2, there are no marginal operators for generic NV in the absence of a
superpotential. However, upon a suitable superpotential deformation, this theory flows to a
superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, consider the following superpotential deformation:

W = M Tr®d? + M2, (3.68)

At the IR fixed point, there exists a marginal operator of the form Tr®?. Upon this defor-
mation, the theory possesses a single U(1) flavor symmetry, under which S carries charge +1
and S carries charge —1. Since the operator Tr®* is neutral under this flavor symmetry, it is
exactly marginal. This deformation works for general NV with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W = MiQQ + M, Trd? + M3 . (3.69)

Here, M; is a flip field, which is a gauge-singlet chiral superfield. We can test this by comput-
ing the superconformal index. For example, the reduced superconformal index for the SU(5)
gauge theory with this superpotential is given by

1 1
Tooq = 23 + 1429 1 45 (2 oy > 19514 | 459 4 46 (1 - > L (3.70)
Y Y

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operators take the form Tr®* and Q®2Q. Such a deformation and
marginal operators exist for general N with a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 22.

3.11 2H+2E+Nf(|:|+i)

Matter content and symmetry charges Next entry of the Type II theory is an SU(N)
gauge theory with two pairs of rank-2 anti-symmetric tensors and conjugates, along with Ny
pairs of fundamental and anti-fundamental chiral multiplets. The matter fields and their U(1)
global charges are listed in Table 17.
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# | Fields || SUN) | U1)1 | U1y | U)s | U(1)g

Nyl Q [1 |2N—-4] 1 0 Rq
Ny | Q ] |[2N—-4] -1 0 R
2 | A H | -~ | o 1 Ra
2 | A E —Ny 0 -1 R

Table 17: The matter contents and their corresponding charges in SU(N) gauge theory with

QH+QE+Nf(|:|+E).

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote

the flavor indices for A. We present a sample of single-trace gauge-invariant operators in

schematic form as follows:

L Tr(AmAgp - Av, Ay ), n=1,2,....

n Mn

2. Ql(gﬁlAMl . 'ZMRAMn)ij, n=0,1,....

3. QJMO(EMIAMI.--ZMHAMn)QJ, n=0,1,....

4. €Ay - A Q7 QPN

InN_2;

5. ce Ay (Apn DAy M N

s odd.

6. The conjugates of the above-listed operators.
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The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as

A Agg, o Amy, , Agy =0,2,4,...
Q}l = ( M NMl ]\4"7'/2 NMTL/Q)QI,V n 07 » ) (371)
(An Agg, - "AMn/QAMn/z)AQf n=1,35,....

R-charges and central charges For N = 3, the rank-2 anti-symmetric tensor is the same
as the anti-fundamental representation. Therefore, we only consider cases with IV > 3 here.

We perform the a-maximization to compute the R-charges of the matter fields and central
charges. We find that there are special cases for small IV that require separate discussion. For
the SU(4) theory, the rank-2 antisymmetric tensor is nothing but the vector representation of
SO(6). When Ny = 0, this is simply identical to SO(6) theory with four vectors, which does
not flow to an interacting SCFT. Instead, this theory is in the Coulomb phase with a massless
photon supermultiplet [110]. When N; = 1, we find a set of gauge-invariant operators that
decouple along the flow. Upon removing them, we get an interacting SCFT.

When (N¢, N) = (0,5), we find that the gauge-invariant operators of the form

TrAy, A TrAn, Agz, Avi Ay, (3.72)

Mo
hit the unitarity bound along the RG flow and decouple from the rest of the system. Therefore,

we must flip these decoupled operators to perform the a-maximization correctly. This can be
done by introducing the following superpotential:

W = X TrA1 Ay + XoTrA Ay + XsTrAs Ay + Xy Trdo Ay + X5Tr(A1 A)?
+ X Tr(Ay Ay Ay Ag) + X7 Tr(A1 AL As Ay) + XgTr(A1 A1 As Ag)
+ XoTr(A1A2)? + X19Tr(A1 Ag Ag Ay) + X 11 Tr(A1 Ag Az Ay)
+ X12Tr(A241)% + X13Tr(A24,)?

(3.73)

where X;’s are gauge-singlet chiral superfields. Upon flipping decoupled operators, we obtain
the correct result of the a-maximization given by

97 119 97
— = — ~1.0104 =—>~12 = — ~0.8151. .74
5 2T o 0104, ¢ 96 396, a/c 119 0.815 (3.74)

For (N, N) = (1,4),(0,5),(0,6),(0,7),(0,8),(1,5),(1,6),(2,4), we find the only decou-

pled operators are of the form TrA AA~/[2. They must likewise be flipped in order to perform

Ri=Rj=

the a-maximization correctly.
For all the other cases (when NN is large enough), none of the gauge-invariant operators
decouple along the RG flow. The R-charges of the matter fields and central charges, in the
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large N limit with a fixed Ny, are given by

12— /26 —41/26 + 39N;

Ro=Rg~—73 312N +OWNT,
RA_REN;vLWJrO(N_z),
a~ %M 4 18 +722Nf\/%N +O(NY), (3.75)
¢~ %NQ L B0 +722Nf\/%1v + O(NY),
ajc~1— —2 —;i]\[\ff\/% +O(N7?).

The leading-order behavior of the R-charges and central charges is universal across the Type
IT theories. Similarly, in the Veneziano limit with a fixed o = Ny/N, the leading terms of
R-charges and central charges are also universal across Type II theories.

We find that the ratio of central charges a/c is always less than one, taking a value within
the range 0.7901 ~ (29426941 — 796321/1765)/33008942 < a/c < 1. The minimum value of
a/c arises when (Ny, N) = (3,4). The maximum value of a/c can be obtained in the large N
limit with Ny = 0. Figure 23 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. When Ny < N + 4, the a-maximization procedure presents no issue (except for
N = 4,Ny = 0, which is a confining theory): it always yields a unique solution, and the
resulting central charges fall within the Hofman-Maldacena bound. We therefore conjecture
that this theory flows to an interacting SCFT for 0 < Ny < N + 4, with the exception of
(N¢,N) = (0,4).

Relevant operators For generic values of N and Ny (except for the cases where there are
decoupled operators), there exist the following relevant operators:

e four operators of the form TrA, Az with a dimension 1.0616 SA<2,
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. N]% operators of the form Q[@j with a dimension 1.3153 < A < 2,

e N¢(Ny — 1) operators of the form Q[ZMQJ and their conjugates with a dimension
1.8461 <A < 3,

e (if Ny < 4) nine operators of the form TrAM1Z]\72AM3gM4

form (TrAn, Azz )(TrAp, Agz)) with a dimension 2.1232 S A < 3,

and ten operators of the

The number of relevant operators does not scale with N for a fixed Ny. The low-lying operator
spectrum is sparse in the large N limit.
Upon a deformation of the form

W = MlTr(Alle)’““ + .AngI‘(AQ/TQ)kQJrl + Mg(TrAlzlz + TrAQle) . (3.76)

where M; are the gauge-singlet chiral superfields, a dual description is proposed [108]. It is
given by an SU ((2k* + 1)Ny — 4k* — N) gauge theory, with a number of flip fields, where
k* = 1[(2k1 + 1)(2k + 1) — 1]. However, we note that the operator of the form M (AA)k+!
is not relevant either at the W = 0 fixed point or at the W = M3 (TI'A1/~12 + TrAQ/L) point
for k£ > 1, which casts a doubt on the proposed duality.

Conformal manifold There are no marginal operators for generic Ny and N in the absence
of a superpotential. However, upon a suitable superpotential deformation, the theory flows
to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = TrAlglAng + XITI'AQA/l + XQTYAQAVQ . (377)

Here, X;’s are flip fields, which are gauge-singlet chiral superfields. We can test this by
computing the superconformal index. For example, the reduced superconformal index for the
SU(9) gauge theory with this superpotential is given by

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operators take the form Tr(A4; A;)? and Tr(A; A3)2. This deformation
works for general N > 9 with a fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = Tl“AlAlelgz + M]_TI'AQA/]_AQAVQ . (3.79)

Here, M; is a flip field, which is a gauge-singlet chiral superfield. At the IR fixed point, this
theory possesses a non-trivial conformal manifold. We can verify this using the superconformal
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Figure 24: Testing AdS WGC for SU(N) theory with 2 H + 2 H + N¢ (J+[J). The
minimum distance from the origin to the convex hull with a fixed « = Ny/N. Theories below
the solid line at the minimum distance 1 do not satisfy the WGC.

index. For instance, the reduced index for the SU(7) gauge theory with this superpotential
has a positive coefficient at the t5 term:

Treq = 26313 426289 1o 18589 146 (3.80)

The marginal operators take the form Tr(Algl)Q, TI‘(AL;{Q)Q, MlTr(Aggl)Q, MlTI'(AQZQ)Z.
Such a deformation—along with possible flipping of decoupled operators—and marginal opera-
tors exist for general N > 7 with a fixed Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of o = Ny/N in the Veneziano limit, whereas
the modified WGC always holds. The result is shown in Figure 24.

3.12 1Adj+1[|j+1E+SE+Nf(D+ﬁ)

Matter content and symmetry charges Next case of the Type II theory is an SU(N)
gauge theory with an adjoint, a rank-2 symmetric, a conjugate of rank-2 anti-symmetric, Ny
fundamental, and Ny +8 anti-fundamental chiral multiplets. The matter fields and their U(1)
global charges are listed in Table 18.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form as follows:

L Trd”, Tr(SA)?", n=23,...,N—-1, m=1,2,... Y]

2. Trd"(SA)™, n=1,2,....,N—1, m=1,2,... Y]
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# | Fields | SUN) | U®1) U(1)s U(l)s | U1)s | U
Ny Q ] N N +2 N-2 |N;/+8| Rg
Ny +8| Q O N N +2 N-2 | -N; | Rg
1 ) Adj | —N;—4 0 0 0 Ry
1 S 1] 0 —2N; -8 0 0 Rs
1 A E 0 0 —2N;-8| 0 R;

Table 18: The matter contents and their corresponding charges in SU (N) gauge theory with
1Adj+1Dj+1H+SE+Nf (O+0)-

3. Qo"(AS)"Q; n=0,1,....N—1, m=0,1,...,N —2.
4. QAP (SA)"Qs, Q;SP"(AS)"Qj7, mn=0,1,...,N—1, m=0,1,...,|YF].

5. €(SAS)Q ... QN cAIQE ... QN

In_2;° In_2;

6. eeSY(QTIQT) - ( 7;]]\;’__: 7};\1]\:2)

7. ceAN®3 if N is odd.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as:

on PH(SA)2-Q, n=0,2,4..., (3:581)
T @i(SA)D2-i8Q; n=1,35...,
and
5 @i(A;S)"/Q—Z‘Q} =024, (3.82)
I @i(AS)m D12~ 4AQ; n=1,3,5...,

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
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they are given by

12—/26 Ny +4

— ~ ~~ -2
RQ _RQ D SN +O(N ),
1 (Nf +4)\/% 9
~o g TV N
Rs 5 + SN + O( ),
1 —10+3(Ny +4)v26 L
~ = N
Rg 5 + N + O( ),
1 10+ 3(Ny +4)v26 s
o N 3.83
Ry~ g+ N +O(N7), (3.83)
27 13(Ny +4)v/26
~ —N? N NO
¢ 108 763 +OMT),
27 17(Ny +4)v/26
~ —N? N + O(N°
™~ 128 768 + O,
2(N; + 4)v/26
afc~1— (f+—)\ﬁ_|_O(N—2)‘

81N

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type II theories. Similarly,
in the Veneziano limit with a fixed a = N¢/N, the leading terms of R-charges and central
charges are also universal across Type II theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 11/12 ~ 0.9167 < a/c < 1. The minimum value of a/c arises when (Ny, N) =
(0,4). The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure
25 illustrates the behavior of the ratio a/c.
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Figure 25: The central charge ratio for SU(N) theory with 1 Adj + 1 [ [ |+ 1 H +8[]

+ Ny ([ + ). Left: a/c versus N with a fixed Ny. Right: a/c versus N with a fixed
o = Nf/N.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. For this theory, when it is at the top of the conformal window N; =
N —4, there is a non-trivial conformal manifold [22] so that it is an interacting SCFT. For small
Ny, the a-maximization always yields a unique solution, and the resulting central charges lie
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within the Hofman-Maldacena bound. We therefore conjecture that this theory flows to an
interacting SCFT for 0 < Ny < N — 4.

Relevant operators For generic N and Ny, there exist the following relevant operators:

e an operator of the form Tr®? with a dimension 3 < A < 2,

o Nojw

e an operator of the form Tr®3 with a dimension 9 < A < 3,

e an operator of the form TrdSA with a dimension % <A<3,

N¢ (N + 8) operators of the form Qléj with a dimension 1.7253 ~ % <A<2,

Nf2 operators of the form qu)@j with a dimension 2.4753 ~ % <A <3,

° w operators of the form QfS@j with a dimension 2.4753 ~ M_T\/% <A <3,

o Ne(N;—1)

5 operators of the form QIEQJ with a dimension 2.4753 ~ M—Tm <A<3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

It was proposed in [109] that upon deforming the theory by the superpotential W =
Trd*+! + TrdS A, the theory admits a dual description given by SU(3k(Ny +4) — N) gauge
theory with certain superpotential and flip fields. However, we note that the superpotential
deformation is relevant at W = 0 fixed point only for & = 1,2. Therefore, the theory does
not flow to the new interacting fixed point for k£ > 2 at least from the W = 0 fixed point.
However, near the fixed point described by W = Tr<I>SAV, the first term can be relevant for
arbitrary k if NV is large enough (and Ny is fixed).

Conformal manifold When Ny = N —4, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < N — 4, there are no marginal operators for generic N in the absence of a
superpotential. However, upon a suitable superpotential deformation, this theory flows to a
superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, consider the following superpotential deformation:

W = M Tr®? + M2, (3.84)

At the IR fixed point, there exists a marginal operator of the form Tr®*. This deformation
breaks the U(1); flavor symmetry listed in Table 18. The operator Tr®* is exactly marginal
since it is neutral under the remaining flavor symmetries. This deformation works for general
N with a fixed Ny = 0.

For the Ny = 1 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = Q15Q1 + Q25Q3 + QuSQs + TrdSA + M1QQy + ME + Q1Q6Q1Qr - (3.85)
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We can test this by computing the superconformal index. For example, the reduced super-
conformal index for the SU(6) gauge theory with this superpotential is given by

Trog =2 4+ 83+ 4200 4.0, (3.86)

The positivity of the coefficient at the t term indicates the existence of a non-trivial confor-
mal manifold. The marginal operators include, for example, M1QQ2, (Q1Q2)?, Q1Q2Q1Q3,
Q6S5Qs, Q6SQ7, and others. Such a deformation exists for general N with a fixed Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of & = Ny/N in the Veneziano limit, whereas
the modified WGC always holds. The result is shown in Figure 26.

3.13 1Adj—|—1H—|—1H—|—Nf (O0+0)

Matter content and symmetry charges Next case of the Type II theory is given by
SU(N) gauge theory with an adjoint and a pair of rank-2 anti-symmetric and its conjugate,
as well as Ny pairs of fundamental and anti-fundamental chiral multiplets. The matter fields
and their U(1) global charges are listed in Table 19.  For SU(3), the rank-2 anti-symmetric
tensor is the same as the anti-fundamental representations. Thus, we only consider the case
with N > 3 here.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form as follows:

1. Trd", n=2,3,...,N,
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# | Fields || SUN) | UQ); | U2 | U(1)s | U(1)s | UM)g

Ny | Q ] N |[N-2| 1 0 Rg

Ny | Q ] N |[N-2]| -1 0 R
1| @ Adj | -N; | 0 0 0 Ry
1| 4 H 0 | =Ny | 0 1 R4
1| A E 0 | =Ny | 0 -1 Ry

Table 19: The matter contents and their corresponding charges in SU (N) gauge theory with
1Adj+1B+1B+Nf (O+0).

2. Ted"(AA)™, n=0,1,...,N, m=12,. . Y]

3. Qre"(AA)"Q;, n=0,1,....N—1, m=0,1,....[¥] 1.
4. QrA(AA)Qr, n=0,1,... N2 —1.

i N1 N —24
5. cAIQp .. QPN E

In_2;

6. ec AN®3 | if N is odd.

7. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as:

n (3.87)

o d"/2Q; n=0,2,4...,
e tD2AQ; n=1,3,5....

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. When (N¢, N) = (0,4), we find that the
gauge-invariant operator Tr®? hits the unitarity bound along the RG flow and decouples.
In this case, we must flip the decoupled operators in order to perform the a-maximization
correctly. This can be done by introducing the following superpotential:

W= XTrd?, (3.88)

,75,



where X is a flip field. Now, upon correcting the a-maximization, we obtain

—33 + /12481 333 — 21/12481
Ro= 22T V2R 02048, Ry =220 T VROl L4103,
267 267 (3.89)
, _ 528552+ 12481/12481 22772, = —292311 + 6730+/12481 ~ 2ALTA,

380208

so that the ratio of central charges is a/c ~ 0.9420.

For all the other cases, none of the gauge-invariant operators decouple along the RG flow.
We obtain the R-charges of the matter fields and central charges, in the large IV limit with a
fixed Ny as

190104

12— V26 T8N, — 4126

Fo="HRy~— 624N +O(NT%),
1 —3143N;V/26 _2
o~ N
Ry 5 + N +O( ),
1 —41+3N:/26
Ry ~ -+ i ! +O(N_2)v
227 729]5\9]+ 13N /26 (3.90)
~ LN T V2N + O(NO
@~ gt T 768 +ONT),
27 —75+ 17N;\/26
~ —N? N NO
e~ gt 7683 +O(),
12 4+ 2N;+/26 L
a/c~1——81N +O(N™7).

The leading-order behavior of the R-charges and central charges is universal across the Type
IT theories. Similarly, in the Veneziano limit with a fixed &« = Ny/N, the leading terms of
R-charges and central charges are also universal across Type II theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.875 = 7/8 < a/c < 1. The minimum value of a/c arises when (N¢, N) =
(6,4). The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure
27 illustrates the behavior of the ratio a/c.
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Figure 27: The central charge ratio for SU(N) theory with 1 Adj + 1 H +1 H + Ny ([
+ []). Left: a/c versus N with a fixed Ny. Right: a/c versus N with a fixed « = Ny/N.
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Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. For this theory, when it is at the top of the conformal window N; =
N+2, there is a non-trivial conformal manifold [22] so that it is an interacting SCFT. For small
Ny, the a-maximization always yields a unique solution, and the resulting central charges lie
within the Hofman-Maldacena bound. We therefore conjecture that this theory flows to an
interacting SCFT for 0 < Ny < N + 2.

Relevant operators For generic NV and Ny, except for the cases where some operators get
decoupled, we have the following set of relevant operators:

e an operator of the form Tr®? with a dimension 1.0448 < A < 2,
e an operator of the form TrAA with a dimension 1.2588 SAK2,
e an operator of the form Trd AA with a dimension 1.7810 <A<3,
e an operator of the form Tr®? with a dimension 1.5672 < A < 3,

. NJ? operators of the form Qléj with a dimension 1.5418 < A < 2,

. NJ? operators of the form QICDQJ with a dimension 2.1195 < A < 3,

Ng(Ng—1)

5 operators of the form QIAVQJ with a dimension 2.4495 < A < 3,

e (if Ny < 2) an operator of the form Tr®* and (Tr®?)? with a dimension 2.0896 < A < 3,

e (if Ny < 2) an operator of the form Trd2AA and (Tr®? - TrAA) with a dimension
2.3035 S A <3,

e (if Ny < 2) an operator of the form Tr(AA)? and (TrAA)? with a dimension 2.5173 <
A <3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Upon deforming the theory by the superpotential W = Tr®*+! 4 TrCIJAE, a dual de-
scription is proposed in [109], which is given by SU(3kN; — 4 — N) gauge theory with a
certain superpotential and flip fields. We find the first term in the superpotential for & > 2
is irrelevant near W = 0, but at the fixed point of W = ®AA, it is relevant for large enough
N (and small Ny).

Conformal manifold When Ny = N 42, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold that contains
a one-dimensional subspace that preserves N = 2 supersymmetry [7, 22].

When Ny < N + 2, there are no marginal operators for generic NV in the absence of a
superpotential. However, upon a suitable superpotential deformation, this theory flows to a
superconformal fixed point with a non-trivial conformal manifold.
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For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = M;Trd? 4+ Trd? . (3.91)

Here, M is a flip field, which is a gauge-singlet chiral superfield. In this deformed theory,
the only remaining flavor symmetry is the U(1) symmetry under which the A and A fields
carry charges +1 and —1, respectively, while all other fields are neutral. There exists a
marginal operator of the form M?, which is uncharged under the flavor symmetry. Thus, this
deformation leads to a one-dimensional conformal manifold for general N.

For the Ny =1 case, consider the following superpotential deformation:

W =Trd%AA + X1QQ, (3.92)

where X is a flip field. At the IR fixed point, this theory possesses a non-trivial conformal
manifold. We can verify this using the superconformal index. For instance, the reduced index
for the SU(5) gauge theory with this superpotential has a positive coefficient at the ¢® term:

Trea =20 + 8250 4 4 %0 4210 4. (3.93)

The marginal operators take the form Q®*Q, (Tr®?2)(Q®2Q), and (Tr®3)(Q®Q). Such a
deformation exists for general N with a fixed value of Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
does not satisfy the NN-WGC for large values of & = Ny/N in the Veneziano limit, whereas
the modified WGC always holds. The result is shown in Figure 28.
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314 2Adj+ Ny (O+0J)

Matter content and symmetry charges The last Type II example is an SU(N) gauge
theory with two adjoints and Ny pairs of fundamental and anti-fundamental chiral multiplets.
The matter fields and their U(1) global charges are listed in Table 20.

# | Fields | SUN) | U(1); | U(1)s | UMD)g

Ny | Q [] 2N 1 Ro

Ny | Q ] N ~1 R
2 i) Adj | —N; 0 Ry

Table 20: The matter contents and their corresponding charges in SU(N) gauge theory with
2 Adj + Ny (O+0)

Gauge-invariant operators Let [ and J denote the flavor indices for (), and P denote
the flavor indices for ®. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. Te(®p, - ®p), n=23,....
2. Q[@Pl...@PnQVIN7 n:(]’l"”'

3. €Qp - Q?]Jyj Q- QPN

In

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as Q}F = ®p, --- ®p Q and QF = $p, --- Pp, Q.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by
12 —v26 Ny _9
—_— + — N

12 + 8N +0( )

1 Nyv26 _9

~ = N
Re 5 + SN + O( ),
2 V
—7]\72 13Ny 26N
128 768
2 17TNV2
—7N2 Ny 6N
128 768
2Nv/26

81N

Rg=Rg~

an~ +O(NY), (3.94)

+O(N"),

C ~

ajc~1-—
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Figure 29: The central charge ratio for SU(N) theory with 2 Adj + Ny ([]+ []). Left:
a/c versus N with a fixed Ny. Right: a/c versus N with a fixed a = Ny/N.

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type II theories. Similarly,
in the Veneziano limit with a fixed a = N¢/N, the leading terms of R-charges and central
charges are also universal across Type II theories.

We observe that the ratio of central charges a/c lies within the range 41/46 ~ 0.8913 <
a/c < 1. The minimum value of a/c arises when (Ny, N) = (2,2). If Ny =0, a/c is exactly
1. This is a prototypical example of a = ¢ theory [45]. This theory is known to have a
non-Lagrangian dual theory [78]. Figure 29 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. For this theory, when it is at the top of the conformal window Ny = N,
there is a non-trivial conformal manifold [22] so that it is an interacting SCFT. For small
Ny, the a-maximization always yields a unique solution, and the resulting central charges lie
within the Hofman-Maldacena bound. We therefore conjecture that this theory flows to an
interacting SCFT for 0 < Ny < N.

Relevant operators For generic N and Ny, we have the following set of relevant operators:
e three operators of the form Tr®p ®p, with a dimension % <A<L2,
e four operators of the form Tr®p ®p,®p, with a dimension % <A<L3,

° N]% operators of the form Q[@j with a dimension 1.7253 ~ IQ_T\/% <A<L2,

. 2NJ% operators of the form Q[@p@j with a dimension 2.4753 ~ % <A <3.

We get the lower bound of operator dimensions above when Ny = 0, while the upper bound
appears when Ny = N. The number of relevant operators does not depend on N for a fixed
Ny. The low-lying operator spectrum is sparse in the large /N limit, which is a feature of
Type II theory.

Upon deforming the theory by the superpotential W = T1r<I>/IfJrl + Tr®1®3, the theory
admits a dual description given by SU(3kNy — N) gauge theory with certain superpotential
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and flip fields [111]. The first term in the superpotential is irrelevant at the W = 0 fixed
point for k£ > 2. However, the second term makes the first term relevant for large enough
N (and small N¢). Therefore, we have a non-trivial fixed-point SCFT described by this
superpotential. In fact, it was shown in [112] that there exist superconformal fixed points
described by the superpotentials given by polynomials describing ADE singularities. Another
duality has been proposed in [113] for W = Tr®$ + Tr®3 and tested in [114].

Conformal manifold When Ny = N, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny = 0, there exist twelve quartic marginal operators and the theory has a three-
dimensional non-trivial conformal manifold. For details, see [78, 88].

For 0 < Ny < N, there are no marginal operators for generic IV in the absence of a
superpotential. However, upon a suitable superpotential deformation, this theory flows to a
superconformal fixed point with a non-trivial conformal manifold.

For example, when Ny = 1, upon the following superpotential deformation, a non-trivial
conformal manifold emerges at the IR fixed point:

W = Q®1Q + M ®,®y + My®3 . (3.95)

Here, M;’s are flip fields, which are gauge-singlet chiral superfields. We can test this by
computing the superconformal index. For example, the reduced superconformal index for the
SU(2) gauge theory with this superpotential is given by

1
Trea = 26757 4 1343 4429 _ p471 <y + ) +30 M 0 (3.96)
y

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The exact marginal operator takes the form MyTr®?, which is neutral under the
remaining flavor symmetry after the deformation. This deformation works for general N with
a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 30.

3.15 1[|]+1ﬁ+25+29+Nf(D+ﬁ)

Matter content and symmetry charges The first example of the Type III theory is an
SU(N) gauge theory with a pair of rank-2 symmetric and its conjugate, two pairs of rank-2
anti-symmetric and its conjugate, and Ny pairs of fundamental and anti-fundamental chiral
multiplets. The matter fields and their U(1) global charges are listed in Table 21.

For N = 3, the rank-2 anti-symmetric tensor is the same as the anti-fundamental repre-
sentations. Therefore, we only consider cases with N > 3 here.
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Figure 30: Testing AdS WGC for SU(N)) theory with 2 Adj + Ny ([[]+[]). The minimum
distance from the origin to the convex hull with a fixed o = Ny/N. Theories below the solid

line at the minimum distance 1 do not satisfy the WGC.

# | Fields || SUN) | U1); | UQ)y |UQ)s | UML) | UQ)s | U(Dg
Nyl Q [1 |2N-4 0 1 0 0 Ro
Ny | Q ] |2N-—4 0 -1 0 0 R
1 S 1] 0 OIN—4 | 0 1 0 Rg
1 S 1] 0 2N —4 0 —1 0 Rg
2 | A H | -5 | -N-2| o0 0 1 | Ry
2 | A ﬁ ~N; |-N-2| 0 0 -1 | Rz

Table 21: The matter contents and their corresponding charges in SU (N) gauge theory with
1|:|:|+1|:|:|+2B+2H+Nf (O+0).

Gauge-invariant operators Let I and J denote the flavor indices for @), and M denote

the flavor indices for A. We present a sample of single-trace gauge-invariant operators in

schematic form as follows:

L Te(SS)", Te(SAs -+ SAy ),

2. Tr(Am, Az - An, A
3. Tr(SA

4. Qr(SS)F (A, Ay, -

M’

M2m

L)

- SAy Y(Ady | Ady

n=12,...

n=12....

Mn+m

-AM,AMZ)(S/IMH . SA
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)(SS)Y, n=0,1,...

Ml+

i1 ) (Ang, S



5. QuS(SS) (A Ay, - An Az ) (SAg, - SAg ) A, S A, S)Q

6. QrAsz (SS)F(Am Agy, -+~ A Az )(SAzp -+ SAg N Aw,, S+ Awgy,, 8)Qy

T eAn o Ap, Q- QFN

In_2;

8. €S Ay, - Anp, (Qr, Q) - (21, Q0,), i+2j+k=N.

9. e ARy M (A M)Ay i N s odd,

10. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined as

(SS)(SAgy, - SAy  )Q n=0,24,...,

Q=1 = M2
)SQ n=1,3,5....

(SS)Z(SAA71 ... SA (3.97)

M(n—l)/Q—i

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
we obtain

+O(N7?),

B 2 N2
Q=Ng~ 3% 5N
2 N;p—2
Rs=Hg~ 5+ 9N
9 N;p—2 ~
RAZRgNg-i- gN + O(N 2)7

1 IN; — 1
~ = N2 f
a~ VT TR
1 N
~ N2+ LN L O(N®
Nf—l—l

+O(N7?),

(3.98)
N + O(NY),

ajc~1— +O(N7?).
We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type III theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.9430 < a/c < 1. The minimum value of a/c arises when (N¢, N) = (1,4).
The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure 31
illustrates the behavior of the ratio a/c.
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Figure 31: The central charge ratio a/c versus N for SU(N) theory with 1 [T ]+ 1[ [ ]+
2B+2B+M4D+iy

Conformal window The asymptotic freedom bounds the upper limit of the conformal
windows to be Ny < 2. The a-maximization always yields a unique solution, and the resulting
central charges lie within the Hofman-Maldacena bound. We therefore conjecture that this
theory flows to an interacting SCF'T for 0 < Ny < 2. Therefore, there is no Veneziano-type
limit.

Relevant operators For generic NV and Ny, there exist the following relevant operators:

e an operator of the form TrSS with a dimension 1.7598 SA<2,

e four operators of the form TrAy, Ag; with a dimension 1.8603 S A <2,
° Nf2 operators of the form QIQVj with a dimension 1.9506 < A < 2,

° w operators of the form Q[§QJ and @iS@j with a dimension 2.8932 < A < 3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit, which is a universal feature of Type III

theories.

Conformal manifold There are no marginal operators for generic N and Ny = 0,1 in the
absence of a superpotential. However, upon a suitable superpotential deformation, the theory
flows to a superconformal fixed point with a non-trivial conformal manifold.

For any Ny = 0, 1, upon the following superpotential deformation, a non-trivial conformal
manifold emerges at the IR fixed point:

W = MTrA Ay + MTrAy Ay 4+ M2, (3.99)
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Figure 32: Testing AdS WGC for SU(N) theory with 1 [T+ 1 [+ 2H+2H+

Ny ([0 + [J). The minimum distance from the origin to the convex hull with a fixed Ny.
Theories below the solid line at the minimum distance 1 do not satisfy the WGC.

where M is a flip field, which is a gauge-singlet chiral superfield.® At the IR fixed 1 point, R A =
Rz =1/2. This theory contains marginal quartic operators of the form TrA MlA A M; A— My
and it possesses a non-trivial conformal manifold. Such a deformation exists for general N.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that, for
Ny = 1, this theory does not satisfy the NN-WGC for any N, whereas the modified WGC
always holds. The result is shown in Figure 32.

3.16 3H+3E+Nf(m+ﬁ)

Matter content and symmetry charges The second example of the Type III theory
is an SU(N) gauge theory with three pairs of rank-2 anti-symmetric and its conjugate and
Ny pairs of fundamental and anti-fundamental chiral multiplets. The matter fields and their
U(1) global charges are listed in Table 22.

For N = 3, the rank-2 anti-symmetric tensor is the same as the anti-fundamental repre-
sentations. Thus, we only consider cases with N > 3 here.

Gauge-invariant operators Let I and J denote the flavor indices for @), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. TT(AMNZMlAMnAMn), ??,21,2,... .

8Here, one should be careful not to integrate out M too early. The order of deformation is crucial, since
(AA)? is irrelevant at W = 0 fixed point, but its flip deformation is relevant. See [51] for more discussion of
the deformation and RG flow of this type.
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# | Fields || SUN) | U1); |UQ1)y | U3 | U()g
Ny | Q ] |3N-6] 1 0 Rq
Ny | Q ] |3N—-6| -1 0 R
3| A H “N; | 0 1 Ry
3| A Q —Ny 0 -1 R;

Table 22: The matter contents and their corresponding charges in SU (N) gauge theory with
15+ 35+ 3 0+ D).

2. Qf(gﬁlAMl“‘gMnAMn)@j, n=0,1,....
3. QIKMO(AMlﬁMI---AMngMn)QJ, n=0,1,....

Lo Au, o A QR QY

In_2; *

5. ee Ay AN ANL, mitnet+ng=N, ningny=12,... if Nisodd.

6. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined as

(AMlAJT/fl T AMn/gAMn/Q)QI n=20,2,4,...,

N _ (3.100)
(Anr Ay, - Aniyy oAy, JAQE n=1.3.5,....

My ~1)/2

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. When (Ny, N) = (0,4), we find that nine
gauge-invariant operators of the form TrA, 21\71 hit the unitarity bound along the RG flow
and decouple. After flipping these operators, the R-charges of the matter fields and central
charges are given by

1 15 9 5

3 0= c=-=, ale=—. (3.101)

Ra=Rz= N 1’ 6

For all other cases, none of the gauge-invariant operators decouple along the RG flow.
The R-charges of the matter fields and central charges, in the large N limit with a fixed Ny,
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Figure 33: The central charge ratio a/c versus N for SU(N) theory with 3 H +3 B + Ny
(O+0)-

are given by
Ny —6
18N

3

2 Nf—6
Ra=Ri~3+ gy
4

RQ:RQN*—F +O(N72)7

2
+O(N?),
1

2N; — 3

1 N
~-N24+ N NO
c 1 +16 + O(NY),
Nf+3

12N

ajc~1— +O(N7?).
The leading-order behavior of the R-charges and central charges is universal across Type 111
theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.8203 ~ (2835841 + 8216+1/1869) /3890246 < a/c < 1. The minimum value
of a/c arises when (N¢, N) = (1,4). The maximum value of a/c can be obtained in the large
N limit with Ny = 0. Figure 33 illustrates the behavior of the ratio a/c.

Conformal window The asymptotic freedom bounds the upper limit of the conformal
windows to be Ny < 6. For small Ny, the a-maximization always yields a unique solution,
and the resulting central charges lie within the Hofman-Maldacena bound. We therefore
conjecture that this theory flows to an interacting SCFT for 0 < Ny < 6.

Relevant operators For generic N and Ny, except in cases where decoupled operators are
present, there exist the following relevant operators:

e nine operators of the form TrAy, A~ with a dimension 1.2641 S A <2,

My

. NJ% operators of the form QIQVj with a dimension 1.4157 < A < 2,

— 87 —



3N (Np—1)
* 2

A <3,

operators of the form QIEMQJ and @iAMéj with a dimension 2.3209 <

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.
It was proposed in [108] that with the deformation

W = MlTI‘(Algl)lirl + MQTI'(AQIZ{Q)]C2+1 + M3TI'(ASE3)]€3+1

~ ~ ~ ~ 3.103
+ M4(TI"A1A2 + TrAs A + TrAsAs + TTAQAg) . ( )

with flip fields (gauge-singlets) M;, the theory admits a dual description as an SU(N) gauge
theory with a certain superpotential, where NN is given by

- 1
N =@k + DNy —4k" =N, k=g [2k + D)2k + D(2ks + 1) =1 . (3.104)

However, we note that the operator of the form M(AA)**1 is irrelevant both at the W = 0
fixed point and at the fixed point where the last term in (3.103) is turned on for & > 1.
Therefore, the validity of this proposed duality remains doubtful.

Conformal manifold There are no marginal operators for generic Ny and IV in the absence
of a superpotential. However, upon a suitable superpotential deformation, the theory flows
to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, we find that upon the following superpotential deformation, a
non-trivial conformal manifold emerges at the IR fixed point:

W = MlTI"AlAvl + MQTI‘AQAlg + M3TI‘A3Z3 . (3105)

Here, M;’s are flip fields. We can test this by computing the superconformal index. For ex-
ample, the reduced superconformal index for the SU(5) gauge theory with this superpotential
is given by

Trea = 66767 + 36333 4 574533 4 46 .. (3.106)

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial con-
formal manifold. The marginal operators take the form MlTrAggz, MlTrAngg, MgTrAgﬁl,
MgTrAlﬁg, M3TrA2g1, and M3TrA1g2. Such a deformation exists for general N with a
fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = MQQ + M?. (3.107)

Here, M is a flip field, which is a gauge-singlet chiral superfield. At the IR fixed point, this
theory possesses a non-trivial conformal manifold. We find that the reduced index for the
SU(5) gauge theory with this superpotential has a positive coefficient at the t5 term:

Treq = 1063 +12t4° 49765 4 ... (3.108)
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Figure 34: Testing AdS WGC for SU(N) theory with 3 H +3 H + Ny ([1+J). The
minimum distance from the origin to the convex hull with a fixed Ny. Theories below the
solid line at the minimum distance 1 do not satisfy the WGC.

The R-charges are given by Rg = RQ = Ra = Ry = 1/2, so the marginal operators are of the

quartic form TrAyy, AVMEA M; Z]%, Q@TrA A A M, and similar operators. Such a deformation
exists for general N with a fixed value of Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that, for
Ny = 3,4,5, this theory does not satisfy the NN-WGC for any N, whereas the modified WGC

always holds. The result is shown in Figure 34.

3.17 1Adj+2H+2E+Nf(D+ﬁ)

Matter content and symmetry charges The next example of the Type III theory is an
SU(N) gauge theory with an adjoint and a pair of rank-2 anti-symmetric and its conjugate,
and Ny pairs of fundamental and anti-fundamental chiral multiplets. The matter fields and
their U(1) global charges are listed in Table 23.

When N = 3, the anti-symmetric representation is identical to the anti-fundamental
representation. Therefore, we consider only N > 3 cases here.

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. Trd*, n=23,...,N.

2. Trd™(An, Agz -+ An Ay ), n=0,1,...,N, m=12,....

3. Qlcpn(fTMlAMl---AmAMm)Qj, n,m=0,1,....
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# | Fields | SU(N) | U1), | U1y | U1)s | U)y | U(D)g
Ny | Q n N |2N—-4| 1 0 Ro
Ny | Q ] N |2N—-4| -1 0 R
1 o Adj | —N; 0 0 0 Rg
2 | A H 0 | -N; | 0 1 R4
2 | A g 0 — Ny 0 -1 Ry

Table 23: The matter contents and their corresponding charges in SU (N) gauge theory with
1Adj+2B+2B+Nf (O+0).

4. QIA’ZMO@T%AVMIAMl"'ZMmAMm)QJa n,m:O,l,... .
5. €AM1 . “AMiQZl . QTLN—ZZ‘ )

In_2;

6. ec Ay AY7 @, nmi+ny=N, nny=12,... if Nisodd.

7. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined as

(A Agg, - Am,p Agp Q1 n=0,24,..., 5,100
(AMlAﬂl"‘AM(nfl)/QA )AQi n:1,3757_'_ .

~3
I

Mn 1)/
R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

2 N;—4 -
RQ—R@ §+ lfSN + O(N 2),
2 N;—4
Ry == O(N—2
*=3 oy TOWT,
2 N;—4
Ry=Ri~ 3+ gN +O(N?),
’ N (3.110)
L ar2 f 0
a 4N+ 51 N +O(N"),
1 N
~ N2y N NO
c 1 +16 + O(NY),
~1— O(N
ajc oy TOWT)
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Figure 35: The central charge ratio a/c versus N for SU(N) theory with 1 Adj + 2 B + 2
H+ 5 (O+0)-

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type III theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.8879 ~ 103/116 < a/c < 1. The minimum value of a/c arises when
(N¢,N) = (4,4). The maximum value of a/c can be obtained in the large N limit with
Ny = 0. Figure 35 illustrates the behavior of the ratio a/c.

Conformal window The asymptotic freedom bounds the upper limit of the conformal
windows to be Ny < 4. When Ny = 4, there is a non-trivial conformal manifold [22].
For small Ny, the a-maximization always yields a unique solution, and the resulting central
charges lie within the Hofman-Maldacena bound. We therefore conjecture that this theory
describes an interacting SCFT for 0 < Ny < 4.

Relevant operators For generic N and Ny, there exist the following relevant operators:

e an operator of the form Tr®? with a dimension 1.4031 < A < 2,

o four operators of the form TrA,;, A~ with a dimension 1.5969 < A < 2,

My
e an operator of the form Tr®? with a dimension 2.1047 < A < 3,

e four operators of the form TrA,y, EM;I) with a dimension 2.2984 < A < 3,
. NJ% operators of the form Q[@J with a dimension 1.7222 < A < 2,
. Nf2 operators of the form qu)@j with a dimension 2.5764 < A < 3,

e N;(Ny — 1) operators of the form Q[A/MQJ and @fAM@j with a dimension 2.7833 <
A <3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

— 91 —



[
w
=
w

1.25 1.25
o L2f o l2f
Q Q
c c
3 3
® 115 ® 1.15
© S e
g ; g
g 1 g i
£ £
=105} =105
; © N0 . N=3 . . N0 . N=3
1 + N=1 ——WGC bound [ 1 - N=L ——WGC bound [
. N2 . N2
0.95 : : : 0.95 : : :
0 50 100 150 200 0 50 100 150 200
N N
(a) NN-WGC (b) modified WGC

Figure 36: Testing AdS WGC for SU(N) theory with 1 Adj + 2 H +2 H + N (O+0
). The minimum distance from the origin to the convex hull with a fixed Ny. Theories below
the solid line at the minimum distance 1 do not satisfy the WGC.

Conformal manifold When Ny = 4, which lies at the upper bound of the conformal
window, the theory possesses a non-trivial conformal manifold that contains a one-dimensional
subspace that preserves N' = 2 supersymmetry [7, 22]. At this value, the theory is a conformal
gauge theory with no running coupling.

For Ny < 4, there are no marginal operators in the absence of a superpotential. However,
upon a suitable superpotential deformation, this theory flows to a superconformal fixed point
with a non-trivial conformal manifold.

For instance, by turning on the superpotential W = M;Tr®? + M2, where M is a flip
field, the theory admits an exactly marginal operator given as Tr®?*, which is neutral under
the remaining flavor symmetry after the deformation. Such a deformation (and also the
marginal operator) exists for general N with a fixed Ny.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that, when
(N¢,N) = (1,5),(2,6),(3,6),(3,7), this theory does not satisfy the NN-WGC, whereas the
modified WGC always holds. The result is shown in Figure 36.

3.18 1Adj+1[|j+1ﬁ+1a+1g

Matter content and symmetry charges The next example of the Type III theory is an
SU(N) gauge theory with an adjoint, a pair of rank-2 symmetric and its conjugate, and a
pair of rank-2 anti-symmetric and its conjugate chiral multiplets. This theory is a conformal
gauge theory with no running coupling. The matter fields and their U(1) global charges
are listed in Table 24. For N = 3, the rank-2 anti-symmetric tensor is the same as the
anti-fundamental representations. Thus, we only consider cases with N > 3 here.
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# | Fields || SUN) | U(1); | UQ)2 | U)s | U(1)y | U(D)g
1| Adj || Adj | N+2|N—-2| o0 0 Ro
1| s (] | -N 0 1 0 Rg
1 S 1] -N 0 -1 0 Rg
1] A H 0 N | o0 1 Ra
1] A g 0 -N 0 -1 R,

Table 24: The matter contents and their corresponding charges in SU (N) gauge theory with
1Adj+1Dj+1Dj+1H+1H.

Gauge-invariant operators Let P denote the flavor indices for ®. We present a sample
of single-trace gauge-invariant operators in schematic form as follows:

1. Trd™, n=2,...,N.

2. Tr(89)", Tr(AA)™, Tr(SA?™, n=1,2....N—1, m=12.. [¥1].
3. Trd (SS) (AAK(SANASY™, i, jkl,m=12 ...

4. QoI (SS) (AAF(SA(AS)™Q5, i,j,k,l,m=0,1,....

5. QrS0(SS) (AAK(SAAS)™Qy, i,j.k,l,m=0,1,....

6. QrAD(SS)I (AAF(SA(AS)"Qy, i,k l,m=0,1,....

T eAIQp - QINTE L AIQ . QN

8. e AN®3 if N is odd.
9. €€S'A%(9,Qy,) - (9r,9s.), i+2j+k=N.

10. The conjugates of the above-listed operators.

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, the
dressed quarks are defined as:

. {qﬂ'(s§)ﬂ‘ (SAYF(AS)"/2-i=i=kQ, n=0,24,...,

n— O (3.111)

P'(SS) (SAYR(AS)—D/2=i=i-k§Q: n =1,3,5,....
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Figure 37: The central charge ratio a/c versus N for SU(N) theory with 1 Adj + 1 [ [ ]+
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R-charges and central charges We perform the a-maximization to obtain the R-charges
and central charges to be

2
R@—Rs—Rg—RA_R~_§a

Ll b 1, 1 fem1 1 (3.112)
“=3 24’ “T 1 60 YT T sNZ—1"

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type III theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range @ ~ 0.9891 < a/c < 1. The minimum value of a/c arises when N = 4.
The maximum value of a/c can be obtained in the large N limit. Figure 37 illustrates the
behavior of the ratio a/c.

Relevant operators For generic N, there exist the following relevant operators:
e an operator of the form Tr®? with a dimension A = 2,
e an operators of the form TrSS with a dimension A = 2,
e an operators of the form TrAA with a dimension A = 2.

Conformal manifold This is a conformal gauge theory whose couphng does not run. There
exist five marginal operators of the form Tr®3, Tr<I>SS Tr@AA Tr@SA and Tr®AS. The
conformal manifold has dimension two for N # 6 and three for N = 6 and contains a one-
dimensional subspace which preserves N' = 2 supersymmetry [7, 22].

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant opera-
tors and U(1) flavor charges identified at the beginning of this section. We find that, when
N =4, this theory does not satisfy the NN-WGC, whereas the modified WGC always holds.
The result is shown in Figure 38.
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3.19 2Adj+1H+1E+Nf(D+E)

Matter content and symmetry charges The next example of the Type III theory is an
SU(N) gauge theory with two adjoints and a pair of rank-2 anti-symmetric and its conjugate
chiral multiplets. The matter fields and their U(1) global charges are listed in Table 25. For
N = 3, the rank-2 anti-symmetric tensor is the same as the anti-fundamental representations.
Thus, we only consider cases with N > 3 here.

# | Fields | SUN) | U(1); | UQ1)y | U3 | U(L)g | U(L)g

Nyl @ L] N 0 1 0 Rg

Ny | Q ] N 0 -1 0 Ry
2 | Adj Adj | =Ny [N—=2]| 0 0 Rs
1| 4 B 0 | 2N | o 1 Ry
1| A Q 0 | —2N | 0 -1 Ry

Table 25: The matter contents and their corresponding charges in SU (N) gauge theory with
2Adj+1H+1H+Nf (C+00).

Gauge-invariant operators Let I and J denote the flavor indices for (), and P denote
the flavor indices for ®. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:
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1. Tr®p -- - ®p , Tr(AA)™, n=23,..., m=12..., [N-1].

9. TT(‘I)Pl""I)Pn)(AxZ)m, n=0,1,..., m=12...,|%1].

w

. Q[(@pl‘~-@pn)(gA)méi, n,sz,l,... .
4. QIAV(q)Plépn)(AZ)mQJvéfA(q)Pl(I)Pn)(Ag)m@ja n,m=0,1,....
5. €A"Qp - Qry s, ngéfl'”éfzv_zn'

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as

Op D —0,2,4,. ..,
Q?:{ PR, Qr " (3.113)

(I)Pl --'(I)p<n+1)/2AQI~ n = 1,3,5,... .
R-charges and central charges We perform the a-maximization to compute the R-

charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

2 Ny—2

Ro=Rg~ 3+ =% +O(N7%),
2 N;y—2 g
~ = N
Rg 3—1— oN + O( ),
2 Nf—4 _
RAZRZNg-i- SN + O(N 2)7
1 N, _ 1 (3.114)
~IN2L 2 T N NO
a~ + 13 + O(NY),
Lo Nf 0
Nf+1 )
ajc~1— 19N +O(N77).

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges and central charges is universal across Type III theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.9369 ~ 123 < q/c < 1. The minimum value of a/c arises when (N, N) =
(2,4). The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure

39 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. When Ny = 2, there is a non-trivial conformal manifold so that it is an interacting
SCFT [22]. For small Ny, the a-maximization always yields a unique solution, and the
resulting central charges lie within the Hofman-Maldacena bound. We therefore conjecture
that this theory describes an interacting SCF'T for 0 < Ny < 2.
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Figure 39: The central charge ratio a/c versus N for SU(N) theory with 2 Adj + 1 B +1
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Relevant operators For generic NV and Ny, there exist the following relevant operators:
e three operators of the form Tr®p ®p, with a dimension 1.7848 S A <2,
e an operator of the form TrAA with a dimension 1.8607 < A < 2,
e four operators of the form Tr®p ®p, ®p, with a dimension 2.6772 S A < 3,
e two operators of the form TrAA® p with a dimension 2.7531 < A <3,

° Nf2 operators of the form QIQVj with a dimension 1.9507 < A < 2,

. 2NJ% operators of the form Qﬂbp@j with a dimension 2.8994 < A < 3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold When Ny = 2, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

For Ny < 2, there are no marginal operators in the absence of a superpotential. However,
upon a suitable superpotential deformation, this theory flows to a superconformal fixed point
with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = M Trd; ®y + MyTrAA + M M, . (3.115)

Here, M;’s are flip fields. We can test this by computing the superconformal index. For ex-
ample, the reduced superconformal index for the SU(5) gauge theory with this superpotential
is given by

1
Y

— 97 —



1.6 1.6
B15F Q15F
c c
S i
D 14f D14
o kel
S1at £ 1af
ET E”
£ £
Si12t S12

11 N 1.1

. Nf:O . N,:Z . N,:O . Ng:2
1 - N1 —— wWGC bound H 1 - Ni=1 —— WGC bound H
0 50 100 150 200 0 50 100 150 200
N N
(a) NN-WGC (b) modified WGC
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The positivity of the coefficient at the t® term indicates the existence of a non-trivial con-
formal manifold. The marginal operators includes TrCI>p1<I>p2Ag and Tr<I>p1A<I>p2Z. This
deformation—along with possible flipping of decoupled operators—and the presence of marginal
operators are universal for general N with a fixed Ny = 0.

For the Ny = 1, the following superpotential deformation produces a non-trivial confor-
mal manifold in the IR:

W = Trd, AA + O, P3. (3.117)

The theory admits exactly marginal operators given as QCD%@ and (T‘rq)%)(QQV), which are
neutral under the remaining flavor symmetry after the deformation. Such a deformation (and
also the marginal operator) exists for general N with a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant opera-
tors and U(1) flavor charges identified at the beginning of this section. This theory satisfies
both versions of the WGC. The result is shown in Figure 40.

3.20 3 Adj

The last case of the Type III theory is an SU(N) gauge theory with three adjoint chiral
multiplets. This theory is a conformal gauge theory with no running coupling. The R-charge
and the central charges are given by

2 1
3 e=c= Z(N2—1). (3.118)

The leading-order behavior of the R-charges and central charges is universal across Type 111

Ry =

theories.
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Fields || SO(N) | T(R) R
Q [] 1 N
o Adj | N-—2| NI
S [T1 | N+2 | X80
A H | v-2| MG

Table 26: The Dynkin indices and dimensions of irreducible representations R in SO(N).

The single-trace gauge-invariant operators are of the form
Trdp ---Pp,, n=2.3,.... (3.119)
There exist six relevant operators of the form
Trdp $p, . (3.120)
For N > 2, there are eleven marginal operators of the form
Tr®p, @p,Pp, , (3.121)

which decompose into the 1 @ 10 representations of the SU(3) flavor symmetry. For N = 2,
however, only a single marginal operator exists, corresponding to the singlet of the SU(3)
flavor symmetry. For N > 2, the dimension of the conformal manifold is three, and a one-
dimensional subspace, parametrized by the singlet of SU(3), preserves N’ = 4 supersymmetry.
Along another direction, one can instead preserve a U(1) x U(1) flavor symmetry, correspond-
ing to the so-called -deformation [55]. A non-Lagrangian dual description for this theory is
obtained in [47].

4 Superconformal SO(N) gauge theories with large N limit

In this section, we classify and study all possible superconformal SO(N) gauge theories that
flow to SCFTs and admit a large NV limit. As discussed in Section 2, only the representations in
Table 26 are allowed. The Young diagrams[ |,[ | |, and H denote the fundamental, rank-
2 traceless symmetric, and rank-2 anti-symmetric representations, respectively. Since these
representations are real, our SO(N) theories considered here are free from gauge anomalies.

From the asymptotic freedom, we require the one-loop beta function to be negative. This
implies

bo = 3(N —2) — N — (N +2)Ng — (N — 2)N4 > 0, (4.1)

where Ng, Ng, N4 denotes the number of fundamental (vector), symmetric and anti-symmetric
tensor chiral multiplets respectively. This condition constrains the set of admissible theories
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Type SO(N) theory NN-WGC Conformal window
(Ny, N) # (10,9), (11, 10),
(12,10), (12,11), (13, 11),
: 1T+ Ny (14,11), (13,12), (14,12), | 0 < N; <2N — 8&*
(15,12), (14,13), (15, 13),
(15,14), (16, 15)
1H+ 50 Always 1< Ny <2N -4
211+ Ny[] Always 0< Ny <N-10
II 1Dj+1quNf[] (Ny, N) # (4,10) 0< Ny <N -6
2H+ N [ Always 0<N;<N-—2
11 3 3 Always %

Table 27: List of all possible superconformal SO(N) theories with large N limit in Type
LILITI. The third column lists the condition for each theory to satisfy the NN-WGC in
the Veneziano limit. The last column specifies the condition for each theory to flow to a
superconformal fixed point. The entries with * (if Ny saturates the upper bound) do not flow

but have non-trivial conformal manifolds [7, 22].

to a finite number of families. The result is listed in Table 27. We also summarize the range
of the a/c ratio and the condition for the existence of a non-trivial conformal manifold in
Table 28.

In this section, we describe each family of theories, parametrized by the number of pairs
of fundamental (vector) chiral multiplets. We determine their R-symmetry, central charges,
and analyze the spectra of relevant and marginal operators. We then identify the conditions
on Ny for the theory to be an interacting SCFT. We also test two versions of the AdS Weak
Gravity Conjecture and find that NN-WGC is sometimes violated, whereas our modified
WGC always holds, even for a finite V.

1T+ Ny [

Matter content and symmetry charges The first entry of the Type I theories is SO(N)

4.1

gauge theory with a rank-2 traceless symmetric tensor and Ny vector (fundamental) chiral
multiplets. The matter fields and their U(1) global charges are listed in Table 29.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a

sample of single-trace gauge-invariant operators in schematic form as follows:

1. TxrS™, n=12,...,N.
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Type SO(N) theory Range of a/c Conformal manifold
Ny =0,
1T+ N[O 0.875 =% <afc < 358 ~1.1332 N € 2Z or
I Ny =2N -8
1+~ O 0.875 = I < ajc < BIETTVIE ~ 1 0021 | (2N —4)/N; € Z
211+ Ns [ 0.9286 ~ 12 < a/c < 13 ~ 1.0556 Ny=N-10
1+ 1H+ N O] 09286~ 2 < afe < 1 ~1.0625 Ny=N-6
2H+ N0 0.9286 ~ 22 < q/c < 1 N;=0
11 3 H ajc=1 Always

Table 28: Central charge ratio and the conformal manifold of SO(N) theories. The third
column lists the range of the ratio a/c for general N and Ny within the conformal window.

The last column denotes the condition for the theory to have a non-trivial conformal manifold
(with W = 0).

# | Fields || SO(N) | U1)p | U
Ny | Q [1 | N+2| Rg
1 S (I] | =Ny | Rs

Table 29: The matter contents and their corresponding charges in SO(N) gauge theory with
1T+ Ny D

2. Q1S"Qy;, n=01,...,N—1.

3. 6QI1 '”QIN~

This subset is sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
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they are given by

3-v6  8/5+3N
V5 | 8VEH3Ny

Rg ~ O(N~2
Q 3 6N (N75),
12 5N, N?+ 45N+ 16
Rg ~ V5 L ! +O(N7?%),
3N N2
63 + 5v/5N 15N% +80v/5N; + 516
o~ B3 H5VENy o 15N ! +O(NTY, (4.2)
48 64
120 + 11+/5N 8N? + 41v/5N; + 256
e T Vo In-—L ! +O(NTY),
96 32
3 2
ojc~ 126+ 10v/5N;  3(5VHN} + 84NF — 176v/5N; — 2592) N,
120 + 11v/5N; 2(120 + 11v/5N;)2N

For a fixed Ny, the R-charge of a rank-2 symmetric chiral multiplet scales as 1/N. As a result,
the spectrum of gauge-invariant operators becomes dense, with O(N') operators decoupling,
and hence this theory belongs to the Type I class.

In the Veneziano limit N, Ny — oo with a o = Ny /N fixed, the result of a-maximization
is as follows:

6 — 20 — a2 4 3a — 302

Rg ~ O(N—1
aV/20 — a2 — 3a?
Rg ~ O(N~!
—18a%(5 — a?) + (20 —a?)32 1,
~ N2+ O(N 4.3
“ 48(2 — a2)? x N+ O, (4.3)
_ 2 4 _ 3 _ A2
o 96a” + 21a* + (22a — 20°)vV20 — « ><1N2—|—O(N),
48(2 — a2)2 2
440 — 7602 — 30v/20 — o2
ajc~ a a a +O(NTY).
484 — 8902

The leading-order terms of R-charges, a/dim(G), ¢/ dim(G), and a/c are the same as those
given in equation (3.8) for the SU(N) Type I theories. This leading behavior of the R-charges
and central charges is universal across Type I theories. However, since the set of decoupled
operators differs, the R-charges have to be corrected. As discussed in Section 2.2, we obtain
a universal result if we take the additional limit 1 < Ny < N.

In the presence of decoupled operators, the naive results of a-maximization are no longer
valid, and we have to perform a-maximization again after flipping decoupled operators to
obtain the correct answer.? In the case of N ¢ = 0, upon removing the decoupled operators,

When N; = 0, we do not have to invoke a-maximization. Anomaly constraint determines the R-charge.
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Figure 41: The central charge ratio for SO(NV) theory with 1 [ [ ]+ Ny []. Left: a/c versus
N with a fixed Ny. Right: a/c versus N with a fixed o = Ny/N.

we obtain the following result:

4
RS_7N+2’
3059 18725
~ N — O(N™!
“~ 30 01 TON) (4.4)
965 18593 '
c N—-—""4+0ON

T 7687 T 2304
3059 2667112

~ N72).
9805 | 8381025V ON™)

a/c

We find that the ratio of central charges a/c lies within the range 0.875 = 7/8 < a/c <
417/368 ~ 1.1332. The ratio a/c is greater than one when Ny < 3. The minimum value of
a/c can be obtained in the Veneziano limit with o« — 2. The maximum values arises when
(Ng,N) =(0,5). The plot of the ratio a/c is shown in Figure 41.

Conformal window The upper bound comes from the asymptotic freedom. For this the-
ory, when it is at the top of the conformal window Ny = 2N — 8, there is a non-trivial
conformal manifold [22] so that it is an interacting SCFT. For small Ny, we find that the a-
maximization always yields a unique solution, and the resulting central charges lie within the
Hofman-Maldacena bound. We therefore conjecture that this theory describes an interacting
SCFT for 0 < Ny <2N —8.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 symmetric chiral mul-
tiplet scales as 1/N, there are O(N) relevant operators of the form TrS™ and Q;S™@ ;. The
O(N) amount of them get decoupled along the RG flow.

One can consider the deformation of the form W = TrS2(*+1), This operator is indeed
relevant for N large enough so that the theory flows to a good fixed point (with some operators
decoupled). In this case, the theory has a dual description given by SO ((2k + 1)Ny — N +4)
gauge theory [115] with a number of operators flipped, similar to Kutasov-Schwimmer duality.
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Conformal manifold In the case of Ny =0, the U(1)g symmetry is uniquely determined
by the anomaly-free condition as

Rg = . (4.5)

For even N (except for N = 2), the equation (4.5) implies that the operators of the form

TeSN+2/2 0 (Te§™)(TeS™), n+m=(N+2)/2€Z. (4.6)
are marginal. Here, the operators of the form TrS? with p < |(N+2)/6] are decoupled and are
not present in the interacting SCFT. Nevertheless, there are O(N) possible ways to partition
n and m such that n+m = (N + 2)/2 while satisfying n,m > |(N +2)/6]. Thus, the theory
contains O(N) marginal operators, leading to an O(NN)-dimensional conformal manifold. For
odd N, there is no operator of this form as (N + 2)/2 is not an integer. Empirically, we have
not identified any marginal operators for odd N with Ny = 0.

Let us consider the case where Ny > 0. As in the SU(/NNV) gauge theories, the anomaly-
free condition for the U(1)r symmetry allows us to identify the possible combinations of
elementary fields producing marginal operators. From the R-anomaly cancellation condition,
we have

N -2+ (N+2)(Rs—1)+Nf(Rg—1)=0

2(N +2) 2Ny (4.7)
—Rg 2.
Ny +4 Ny +4

This equation suggests that an operator of the form

S2(N+2)/(Ny+4) 92Ns/(Ny+4) 2(N +2) ’ 2Ny c7. (4.8)
Ny+4 " N;y+4
could be marginal. 2N;/(N¢ + 4) becomes an integer only for Ny = 4, where it takes the
value of 1. However, even in this case, there is no gauge-invariant operator composed only
of a single (). Thus, no marginal operators of this form can exist. Empirically, we have not
identified any marginal operators for generic N and 0 < Ny < 2N — 8. When N; = 2N —§,
a non-trivial conformal manifold exists [22].

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory does not satisfy the NN-WGC for the following values of Ny and N:

(N¢,N) = (10,9), (11, 10), (12,10), (12,11), (13,11), (14,11), (13,12), (14, 12) ,

(4.9)
(15,12), (14,13), (15,13), (15, 14), (16, 15) ,

On the other hand, the modified WGC always holds. The result is shown in Figure 42.
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Figure 42: Testing AdS WGC for SO(N) theory with 1 [T ]+ Ny [ The minimum
distance from the origin to the convex hull with a fixed a = Ny/N. Theories below the solid
line at the minimum distance 1 do not satisfy the WGC.

4.2 1H+NfD

Matter content and symmetry charges Next case of the Type I theory is the SO(N)
gauge theory with a rank-2 anti-symmetric tensor and Ny vector (fundamental) chiral multi-
plets. Notice that the rank-2 anti-symmetric tensor is the adjoint representation of SO(N).
The matter fields and their U(1) global charges are listed in Table 30. For N = 3, this

# | Fields || SO(N) | U1)p | U()g
Ny | @ (] | N=2] Rg
1] A H | -5 | Ra

Table 30: The matter contents and their corresponding charges in SO(N) gauge theory with
1H+ Ny [

theory is the same as the SU(2) gauge theory with an adjoint chiral multiplet, which is al-
ready discussed in Section 3.1. Moreover, since SO(4) is not a simple group, we restrict our
analysis to the cases with SO(N > 4) gauge group.

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form as follows:

1 TrA?, n=1.2,...,[%].
2. Q1A"Qy, 0,1,...,N.

n N-N
3- GA QII..'QIN_QT,/’ n:(Tf‘L?L%J

- 105 —



This subset is sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

3—v5 —4vV5+ 15N

R O(N—2
Q 5 T 30N +O(N77),
" VBN; 5N} —8V5Ny ON-3)
AT 3N 10N2 ’
5v/5N 15N7 — 8v/5Ny X
~ N — N— (4.10)
“ A8 64 +O(NT),
11v5BN 40N? —19y/5N
oo LLVENg o AONG T yomw,
96 160
10 3v5N; — 36 5
~ o 2Y T N2y,
ajer~ 4 ooy TOWVT)

For a fixed Ny, the R-charge of a rank-2 anti-symmetric chiral multiplet scales as 1/N. As
a result, the spectrum of gauge-invariant operators becomes dense, with O(N) operators
decoupling, and hence this theory belongs to the Type I class.

In the Veneziano limit N, Ny — oo with a = Ny/N fixed, the leading-order terms of
R-charges, a/dim(G), ¢/ dim(G), and a/c are the same as those given in equation (3.8) for
SU(N) Type I theories. This behavior is universal across Type I theories. However, since the
decoupled operators are distinct across the Type I theories, the final corrected R-charges and
central charges are not universal. As shown in Section 2.2, we do obtain a universal result if
we take the double-scaling limit of 1 < Ny < N.

In the presence of decoupled operators, a-maximization requires correction. In this theory,
operators of the form TrA?" and QrA"Q; get decoupled along the RG flow. After flipping
decoupled operators, we perform the a-maximization again. For example, in the case of
Ny = 1, after flipping all decoupled operators, we get the central charge ratio a/c given as
a/c~0.9948 — 0.0120/N.

We find that the ratio a/c lies within in the range 0.875 = 7/8 < a/c < (257 +
77v/985) /2668 ~ 1.0021. The minimum value of a/c can be obtained in the Veneziano limit
with a — 2. The maximum value arises when (N¢, N) = (1,6). Figure 43 illustrates the
behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. When Ny = 2N — 4, the gauge coupling does not run, and the theory possesses a
conformal manifold, whose one-dimensional locus has N = 2 supersymmetry. When Ny = 0,
it is identical to N’ = 2 SYM theory and does not flow to an interacting superconformal fixed
point. Instead, the IR theory is described by an abelian gauge theory with massive charged
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Figure 43: The central charge ratio for SO(N) theory with 1 H + Ny []. Left: a/c versus
N with a fixed Ny. Right: a/c versus N with a fixed a = Ny/N.

particles [2]. Otherwise, the a-maximization procedure poses no issues: it always yields a
unique solution, and the resulting central charges fall within the Hofman-Maldacena bound.
We therefore conjecture that this theory flows to an interacting SCFT for 1 < Ny < 2N — 4.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 anti-symmetric chiral
multiplet scales as 1/N, there are O(NN) relevant operators of the form TrA?" and Q;A"Q .
The O(N) amount of them get decoupled along the RG flow.

One can consider the deformation of the form W = TrA2 Y which is relevant for N
large enough. In this case, the theory has a dual description given by SO ((2k + 1)Ny +4 — N)
gauge theory [116] with a set of gauge-invariant operators flipped. This is nothing but SO
version of the Kutasov-Schwimmer duality.

Conformal manifold From the anomaly-free condition for the U (1) symmetry, we obtain
N—-2+(N-2)(Ra—1)+Nf(Rp—-1)=0

2N — 2 4.11
uRAJrQRQZZ. ( )
Ny

This implies that the operators of the form

2(N -2
(A (QA™Q), 2 m =202 (412)
!
are marginal for 2(N — 2)/Ny € Z.
For Ny = 1, the operators of the form
(TrA?)(QA™Q), 2n+m =2(N —2), (4.13)

are marginal. Here, the operators of the form TrA?’ with p < 0.4658N and QA2%7Q with
q < 0.0684N are decoupled and not present in the interacting SCFT. Nevertheless, there
are O(N) possible ways to partition n, m such that 2n + m = 2(N — 2) while satisfying
n > 0.4658N and m > 0.0684N. Thus, the theory contains O(N) marginal operators,
leading to an O(N)-dimensional conformal manifold.
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Figure 44: Testing AdS WGC for SO(N) theory with 1 H + Ny []. The minimum distance
from the origin to the convex hull with a fixed o = Ny/N.

Similarly, for Ny = 2, there exist O(N) marginal operators of the form
(TrA*™)(QA™Q), 2n+m =N —2, (4.14)

leading to an O(N)-dimensional conformal manifold.

For 2 < Ny < 2(N — 2), there are no marginal operators for general IV, except for values
of N satisfying 2(IN — 2)/N; € Z. For such an N with a fixed Ny, there are again O(V)
marginal operators, resulting in an O(N)-dimensional conformal manifold.

For the case of Ny = 2N —4, there is a one-dimensional conformal manifold that preserves
N = 2 supersymmetry [7, 22], which is nothing but N' = 2 SO(N) SQCD with N — 2
fundamental hypermultiplets.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory satisfies both versions of the WGC. The result is shown in Figure 44.

43 2]+ N;[O

Matter content and symmetry charges The first example of the Type II theory is
SO(N) gauge theory with two rank-2 traceless symmetric tensors and Ny vector (fundamen-
tal) chiral multiplets. The matter fields and their U(1) global charges are listed in Table 31.

Gauge-invariant operators Let I and J denote the flavor indices for (), and K denote
the flavor indices for S. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. TrSk,---Sk,,, n=2,3,....
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# | Fields || SO(N) | U)p | U)g

Ny | @ [] |2N+4| Rq

2| s | 00O | -N; | Rs

Table 31: The matter contents and their corresponding charges in SO(N) gauge theory with
211+ N Ll

2. QrSk, - Sk, Qs, n=0,1,....

3- € (S(l‘sé))nQIl T Q1N72n ‘

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

12— /26 39N, + 7726
Rg ~ + / + O(N_z) ,
12 312N
1 48+ N;v/26 o
Rgn~ -4+ — UV L o(N
579 oy O,
277 1 13(18 4+ N;+/26)
2w ZN? N NO 4.15
@™~ 7198 7 3 1536 +OMNT), (4.15)
27 1, 138+ 17N;v/26 o
~ N N
“Y 18 7 2 1536 + O,
2(—24 + N+/26
ajc~1-— ( + Y )+O(N_2).

81N

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across Type II theories,
matching the results in equations (3.28) and (3.29).

In the Veneziano limit with a fixed & = Ny/N, the R-charges of the matter fields and
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the central charges are given by

24 — 2v/26 — a2 + 3a — 30?2

R O(N—!
12 — 3% + aVv/26 — a2 .
Rg ~ O(N
s 3(8 — a?) OV,
648 — 27902 + 18a* 4 2a(26 — a?)3? 1,
~ -N N 4.16
48 — 24210t +40(17 - a®)V26 — a2 1
CN68 3030” + 21a* 4+ 4a(17 — a”) V26 — « « In? Loy,
48(8 — a?)? 2
1 2
afc~1— 3a(8 - o) +LO(NTY),

162v/26 — o2 + (685 — 7T1a? — 300v/26 — o2)

The leading-order terms of the R-charges, a/ dim(G), and ¢/ dim(G) are the same as those,
(3.30) and (3.31), in SU(N) Type II theories.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.9286 ~ 13/14 < a/c < 19/18 ~ 1.0556. The minimum value of a/c can
be obtained in the Veneziano limit with @« — 1. The maximum value of a/c arises when
(N¢,N) = (0,10). Figure 45 illustrates the behavior of the ratio a/c.
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Figure 45: The central charge ratio for SO(NN) theory with 2[ [ ]+ Ny []. Left: a/c versus
N with a fixed Ny. Right: a/c versus N with a fixed o = N¢/N.

Conformal window The upper bound of the conformal window is determined by asymp-
totic freedom. For this theory, when it is at the top of the conformal window Ny = N — 10,
there is a non-trivial conformal manifold [22] so that it is an interacting SCFT. For small
Ny, the a-maximization procedure always yields a unique solution, and the resulting central
charges lie within the Hofman-Maldacena bound. We therefore conjecture that this theory
describes an interacting SCFT for 0 < Ny < N — 10.

Relevant operators For generic N and Ny, there exist the following relevant operators:
e three operators of the form TrSx, Sk, with a dimension % <A<2,

e four operators of the form TrSk, Sk, Sk, with a dimension % <A <3,
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° w operators of the form Q7@ ; with a dimension 1.7253 ~ H_T\/% <A<L2,

o N;(Ns+1) operators of the form Q7SxQy with a dimension 2.4753 ~ M_T\/% <A<L3,

where the upper bound arises when Ny = N —10. The number of relevant operators does not
depend on N for a fixed N;. The low-lying operator spectrum is sparse in the large N limit.

Upon deforming the theory by the superpotential W = TrSf'H +TrS1 53, a dual descrip-
tion is proposed in [109], which is given by SO(3kNy + 8k + 4 — N) gauge theory with a
certain superpotential and flip fields. We find that the first term in the superpotential for
k > 2 is not relevant near W = 0, but at the fixed point of W = TrSng, it is relevant for
large enough NV with a fixed Ny.

Conformal manifold When Ny = N — 10, the one-loop beta function for the gauge cou-
pling vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].
When Ny < N — 10, there are no marginal operators for generic N in the absence of a
superpotential. However, upon a suitable superpotential deformation, the theory flows to a
superconformal fixed point with a non-trivial conformal manifold.
For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = M TtS;Ss + MyTrSt + M . (4.17)

Here, M;’s are flip fields, which are gauge-singlet chiral superfields. We can test this by
computing the superconformal index. For example, the reduced superconformal index for the
SO(11) gauge theory with this superpotential is given by

Tooq = 1208 443 4 (415 4 445 | 4485 | 4542 46 4 (4.18)

The positivity of the coefficient at the t5 term indicates a non-trivial conformal manifold to
exist. The marginal operator takes the form TrS}. Such a deformation and exists for an
arbitrary N with a fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = M TrS, Sy + M7 . (4.19)

At the IR fixed point, this theory possesses a non-trivial conformal manifold. We can verify
this using the superconformal index. For instance, the reduced index for the SO(12) gauge
theory with this superpotential has a positive coefficient at the t5 term:

Treq = 32 + 45 490 ... (4.20)

The marginal operator includes, for example, TrSt, (TrS7)?, Tr(S152)%, and others. Such a
deformation and marginal operators exist for general N with a fixed Ny = 1.
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Figure 46: Testing AdS WGC for SO(N) theory with 2 [T ] + Ny [ The minimum
distance from the origin to the convex hull with a fixed o = Ny/N.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
always satisfies both versions of the WGC. The result is shown in Figure 46.

4.4 1Dj+1H+NfD

Matter content and symmetry charges

Next entry of the Type II theories is SO(N)

gauge theory with a rank-2 traceless symmetric tensor, a rank-2 anti-symmetric tensor, and

Ny vector (fundamental) chiral multiplets. The matter fields and their U(1) global charges

are listed in Table 32.

# | Fields | SO(N) | U(1)y | U(1)2 | U()g

Ny |oQ 0 |[N+2|N-2| Rg
1| s 0] | =Ny | 0 | Rs
1| 4 = 0 | =Ny | Ra

Table 32: The matter contents and their corresponding charges in SO(N) gauge theory with

1O+ 1H+ Ny O

Gauge-invariant operators Let I and J denote the flavor indices for ). We present a

set of single-trace gauge-invariant operators in schematic form:

1. TeS™, TrA?™, n=23,..

SN, m=12...
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2. TerA™S™, n=2,3,..., m=12,....
3. QrS"A"™Qy;, n=0,1,..., m=0,1,....
4. EAnQ[1~--Q[N72n.

R-charges and central charges We perform a-maximization procedure to compute the
R-charges of the matter fields and central charges. In the large /N limit with a fixed Ny, they

are given by

12 — /26 n 13Ny +124/26

~ N2
o 12 104N +O(NT),
1 62+ 3N;\/26 _2
~ o TV N
Rg 5 + 5N + O( ),
1 82+ 3N;v26
RAN§+T]\;C+O(N72),
27 1 36 + 13N /26 (421)
+ f 0
~ 2L IN2 2TV N
@~ 198 XNt 1536 +O(N),
27 1 —12+ 17N;\/26
~—— x —N? N NO
€~ g X T 1536 +OMT),
—24 4+ 2N /26
afc~1— 2T 2NVED L on-2y,

81N

We find no gauge-invariant operators decouple along the RG flow. The leading-order behavior
of the R-charges, a/dim(G), and ¢/ dim(G) is universal across Type II theories. Similarly,
in the Veneziano limit with a fixed & = Ny/N, the leading terms of R-charges and central
charges are also universal across Type II theories.

We observe that the ratio of central charges a/c lies within the range 0.9286 ~ 13/14 <
a/c < 17/16 = 1.0625. The ratio a/c is greater than one when Ny < 2. The minimum value
of a/c can be obtained in the Veneziano limit with o — 1. The maximum value of a/c arises
when (N¢, N) = (0,6). Figure 47 illustrates the behavior of the ratio a/c.

- 113 -



Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. When it is at the top of the conformal window Ny = N — 6, there is a non-trivial
conformal manifold [22] so that it is an interacting SCFT. For small N¢, the a-maximization
always yields a unique solution, and the resulting central charges lie within the Hofman-
Maldacena bound. We therefore conjecture that this theory describes an interacting SCFT
for 0 < Ny < N —6.

Relevant operators For generic NV and Ny, there exist the following relevant operators:

e an operators of the form TrS? with a dimension 3 < A < 2,

SIS [Ne][oV)

e an operators of the form TrA? with a dimension 3 < A < 2,

w operators of the form (Q;Q; with a dimension 1.7253 ~ H_T\/% <A<L2,

e an operators of the form TrS? with a dimension % <A <3,

e an operators of the form TrA2S with a dimension % <A<3,

w operators of the form Q;S@Q; with a dimension 2.4753 ~ 15%/% <A<3,

2

operators of the form Q;AQ s with a dimension 2.4753 ~ 15=¥26 - A < 3.

® 2

Ny(Ng—1)
2

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Upon deforming the theory by the superpotential W = TrS*t! 4 TrS A2, a dual descrip-
tion is proposed in [109], which is given by SO(3kN; + 8k — 4 — N) gauge theory with a
certain superpotential and flip fields. We find that the first term in the superpotential for
k > 2 is not relevant near W = 0, but at the fixed point of W = TrSA?, it is relevant for
large enough N with a fixed Ny.

Conformal manifold When Ny = N —6, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < N — 6, there are no marginal operators for generic IV in the absence of a
superpotential. However, upon a suitable superpotential deformation, the theory flows to a
superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = M TrA% + M2, (4.22)

Here, M; is a flip field, which is a gauge-singlet chiral superfield. We can test this by comput-
ing the superconformal index. For example, the reduced superconformal index for the SO(7)
gauge theory with this superpotential is given by

1 .
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Figure 48: Testing AdS WGC for SO(N) theory with 1[ [ ]+ 1 H + Ny []. The minimum
distance from the origin to the convex hull with a fixed a = Ny/N. Theories below the solid
line at the minimum distance 1 do not satisfy the WGC.

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operator takes the form TrA*. This deformation works for general
N with a fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = M TrA? + M2, (4.24)

At the IR fixed point, this theory possesses a non-trivial conformal manifold. We can verify
this using the superconformal index. For instance, the reduced index for the SO(8) gauge
theory with this superpotential has a positive coefficient at the t5 term:

1

The marginal operator takes the form TrA%. Such a deformation exists for general N with a
fixed N f= 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory does not satisfy the NN-WGC for (Ny,N) = (4,10), whereas the modified WGC
always holds. The result is shown in Figure 48. The detailed calculation is presented in [37].

4.5 2H+NfD

Matter content and symmetry charges The last entry of the Type II theories is SO(N)
gauge theory with two rank-2 anti-symmetric tensors and Ny vector (fundamental) chiral
multiplets. The matter fields and their U(1) global charges are listed in Table 33.
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# | Fields | SOV) | UW)p | UQ)R
Nyl @ 0 | 2N-4| Rg
2 | 4 H | =N | Ra

Table 33: The matter contents and their corresponding charges in SO(N) gauge theory in
2 H + N ¥ ]

Let I and J denote the flavor indices for @), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in

Gauge-invariant operators

schematic form as follows:
1. TrAp, -+ A,
2. Qrim, - A, Qu,
3. €Ay - "AMZ-QZI S QiIN=2

In_2;

n=23....

n=0,1,....

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture. Here, we
define the dressed quarks as

(4.26)

We perform the a-maximization to compute the R-
In the large N limit with a fixed Ny,

R-charges and central charges
charges of the matter fields and central charges.
they are given by

12—\/%+39Nf—5\/%+

Ro~ =5 312N 0N,

Ra~ %*— ]\;Jci]/V%*'O(N_Z),
- 12778 y %NQ L 162 +151§évf\/%N+O(No)7 (4.27)
e 2T ey DORINN o,

afc~1— 2Nf\/% +O(N7?).

We find that no gauge-invariant operators decouple along the RG flow. The leading-order term
of the R-charges, a/dim(G), and ¢/ dim(G) are universal across Type II theories. Similarly,
in the Veneziano limit with a fixed & = Ny/N, the leading terms of R-charges and central
charges are also universal across Type II theories.
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Figure 49: The central charge ratio for SO(N) theory with 2 B + Ny []. Left: a/c versus
N with a fixed Ny. Right: a/c versus N with a fixed o = N¢/N.

We observe that the ratio of central charges a/c lies within the range 13/14 ~ 0.9286 <
a/c < 1. The minimum value of a/c can be obtained in the Veneziano limit with o — 1. The
maximum value of a/c arises when Ny = 0. Figure 49 illustrates the behavior of the ratio

a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. For small Ny, the a-maximization procedure always yields a unique solution, and the
resulting central charges lie within the Hofman-Maldacena bound. We therefore conjecture
that this theory flows to an interacting SCFT for 0 < Ny < N — 2.

Relevant operators For generic N and Ny, there exist the following relevant operators:
e three operators of the form TrAys, Ay, with a dimension 3 <A < 2,

° w operators of the form (Q;Q; with a dimension 1.7253 ~ 12%‘/% <A<2,

e N¢(Ny—1) operators of the form QA Qs with a dimension 2.4753 ~ 15%4‘/276 <A<3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold When N; = 0, there are twelve marginal operators: six are single-
trace operators of the form

TrApn, Ane, Anis Ay (4.28)
and the remaining six are multi-trace operators of the form
(TrAng Ang, ) (TrAn, Angy) - (4.29)

These marginal operators lead to a non-trivial conformal manifold.

When Ny > 0, there are no marginal operators for generic N in the absence of a su-
perpotential. However, upon a suitable superpotential deformation, the theory flows to a
superconformal fixed point with a non-trivial conformal manifold.
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Figure 50: Testing AdS WGC for SO(N) theory with 2 H + Ny []. The minimum distance
from the origin to the convex hull with a fixed o = Ny/N.

For the Ny = 1 case, the following superpotential deformation gives rise a non-trivial
conformal manifold in the IR:

W = MTrA; Ay + M}. (4.30)

The theory admits exactly marginal operators of the form TrA2 A3, Tr(A; A2)?, and TrA?Tr A3,
which are neutral under the remaining flavor symmetry after the deformation. This deforma-
tion works for general N with a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory satisfies both versions of the WGC. The result is shown in Figure 50.

4.6 35

The only Type III theory with SO(IN) gauge group is the one with three rank-2 anti-symmetric
tensor (adjoint) chiral multiplets. It has the same matter content as N' = 4 SYM theory.
This theory is a conformal gauge theory with no running coupling. The R-charges and the
central charges are given by

2 1 1 1
Ry 30 a=c¢ 4dlmG 13 ( ) (4.31)

The leading-order behavior of the R-charges and central charges is universal across the Type
IIT theories.
The single-trace gauge-invariant operators are of the form

TrAy, - Ay, , n=1,2,.... (4.32)
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Fields | Sp(N) | T(R) IR
Q O 3 2N
o Adj | N+1| N@2N+1)
S [T] | N+1| NE@2N+1)
A H N-1|N@N-1)—1

Table 34: The Dynkin indices and dimensions of irreducible representations R in Sp(N).

There are six relevant operators of the form TrAys, Ay, and a marginal operator of the form
TrAi Az As. The theory possesses a one-dimensional subspace in the conformal manifold that
preserves N/ = 4 supersymmetry.

5 Superconformal Sp(N) gauge theories with large N limit

In this section, we analyze all possible superconformal Sp(NN) gauge theories that can have a
large N limit. As discussed in Section 2, only the representations in Table 34 are allowed. The
Young diagrams|[_],[ [ ], and H denote the fundamental, rank-2 symmetric tensor, and rank-
2 traceless anti-symmetric tensor representations, respectively. Since these representations
are (pseudo-)real, our Sp(N) theories considered here are free from gauge anomalies. The
Witten’s global anomaly [117] restricts the number of chiral multiplets in the fundamental
representation to be even.
The one-loop beta function is required to be negative:

1
bo=3(N +1) = SNg — (N + 1)Ns — (N = 1)N4 > 0, (5.1)

where Ng, Ng, and N4 denote the number of fundamentals, symmetric tensors, and anti-
symmetric tensors, respectively. Note that Ng must be even due to the Witten anomaly.
When the one-loop beta function becomes zero, the coupling is generally marginally irrelevant,
unless there is a non-trivial conformal manifold. These two conditions constrain the set of
admissible theories to a finite number of families. The result is listed in Table 35. We
also summarize the range of the central charge ratio a/c and the condition for a non-trivial
conformal manifold to exist in Table 28.

YExcept for the cases of (Ny, N) = (0,2),(0,3),(1,2). When (Ny, N) = (0,2), the theory is equivalent to
SO(5) gauge theory with two vectors, which does not flow to an interacting SCFT. For (Ny, N) = (0, 3), (1, 2),
the a-maximization procedure yields negative central charges, so we conjecture that these theories do not flow
to unitary interacting SCFTs.

"Except for the (N, N) = (0,2) case, in which the theory is equivalent to SO(5) gauge theory with three
vectors and does not flow to an interacting SCFT.
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Type Sp(N) theory NN-WGC Conformal window
. 1T ] +2Ns[] Always 1 <Ny <2N +2°
1H + 23 [0 Always 4< Np<2N 44
211+ 2Ny [] Always 0<Ny<N+1
. 1+ 1H + 28O Always 0< Ny <N +3*
2H + 2Ny [ Always 0< Ny < N 4510

211+ 1H + 2N, Always 0< Ny <2

— N7, N) % (2,5), (3,6),
2B B | SN
t 3H + 283y [ (N, N) #(5,3),(6,3) | 0<N; <6l
3 Adj Always *

Table 35: List of all possible superconformal Sp(/N) theories with large N limit in Type
LILITI. The third column lists the condition for each theory to satisfy the NN-WGC in
the Veneziano limit. The last column specifies the condition for each theory to flow to a
superconformal fixed point. The entries with * (if Ny saturates the upper bound) do not flow
but have non-trivial conformal manifolds [7, 22].

51 1]+ 2 N;[]

Matter content and symmetry charges The first entry of the Type I theories is Sp(N)
gauge theory with a rank-2 symmetric and 2Ny fundamental chiral multiplets. The matter
fields and their U(1) global charges are listed in Table 37.

Gauge-invariant operators Let I and J denote the flavor indices for Q). Let by € be the
invariant anti-symmetric matrix of the Sp(N) group, defined as

0 —Iy
Q= , (5.2)
Iy 0

where Iy is the N x N identity matrix. We present a set of single-trace gauge-invariant
operators in schematic form as follows:

1. Tr(QS)?", n=1,2,...,N.

2. Q/(29)"QQ,, 0,1,...,2N —1.
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Type Sp(N) theory Range of a/c Conformal manifold
. 1[T] + 2Ny [ 0.8409 ~ 3T < a/c < 0.9367 2(N+1)/N; €Z
1H + 28, O 0.7028 ~ 473 < /¢ < 0.9159 Np=4
217 + 2Ny O 0.9261 ~ 23TTE-82V2T03 < /¢ < 1 Ny=0
. 1L+ 1H + 2Ny [0 0.8529 ~ 2 < afc <1 Ny=N+3
2H + 28y O 0.6788 ~ 2MBLIVI0) /0 N;=N+5
2mj+15+2Nf[] 0.9475 < afc < 1 *
10 +2H + 23O 0.8659 ~ L < a/c <1 Ny=4
11 3H + 23, [ 0.7742 o BEAB_9VED) < /e <1 Ny =6
3 Adj afe=1 Always

Table 36: Central charge ratio and the condition for the conformal manifold to exist in Sp(N)
theories. The third column lists the range of the ratio a/c for general N and Ny within the
conformal window. The last column denotes the condition for the theory to have a non-trivial
conformal manifold. The entries with * do not have non-trivial conformal manifolds.

# | Fields || Sp(N) | UMW) | U()g
oON; | Q ] |N+1| Rg
1| s | O | -~ | Bs

Table 37: The matter contents and their corresponding charges in Sp(N) gauge theory with
1 T]+2 N[

R-charges and central charges We perform the a-maximization to compute the R-

charges of the matter fields and central charges. In the large N limit with a fixed Ny,
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they are given by

3—v5  2V5+ 15Ny

Ro ~ O(N—2
5N: bHN?+ 45N+ 16
RSN\[ f_ ! ! —|—O(N73),
3N 10N?2
55N 15N? + 4/5N
o~ BVONg 10N S o). (5.3)
12 16
11v/5N;  80N7 4+ 19v5N; .
~ N — N—
¢ 24 80 O,
10  3v5N;+18 i
~— 2V DT N72).
aler~ 1 ooy TOWNT)

For a fixed Ny, the R-charge of a rank-2 symmetric chiral multiplet scales as 1/N. As a result,
the spectrum of gauge-invariant operators becomes dense, with O(N) operators decoupling,
and therefore this theory belongs to the Type I class.

In the Veneziano limit N, Ny — oo with a fixed a = N¢/N, the result of a-maximization
is as follows:

6 — 20 — a2 4 3a — 302

Ro ~ O(N~!
av20 — a2 — 302
Rg ~ O(N—!
—1802(5 — a?) + (20 — a?)3/? )
~ 2N2 + O(N 5.4
¢ 18(2 — a2)? X 2N+ ON), (54)
_ 2 4 _ 3 A2
o 96a” + 21a* + (22a — 20°)V20 — « « 2N? + O(N) .
48(2 — a2)2
440 — 7602 — 3av/20 — a2
ajc~ a a Yy O(N1).
484 — 8902

The leading-order terms of R-charges, a/dim(G), ¢/ dim(G), and a/c are the same as those
given in equation (3.8) for SU(NN) Type I theories and equation (4.3) for SO(N) Type I
theories. This leading behavior is universal across Type I theories. However, since the decou-
pled operators are distinct across the Type I theories, the resulting corrected R-charges and
central charges are not universal. As discussed in Section 2.2, we obtain a universal result if
we take the additional limit 1 << Ny < N.

Since there exist decoupled operators, the naive results of the a-maximization are no
longer valid. We must correct the a-maximization by flipping decoupled operators. For
example, in the Ny = 1 case, upon flipping all decoupled operators, the central charge ratio
a/c is given by 0.9367 — 0.1261/N.

We find that the ratio a/c lies within the range 0.8409 ~ 37/44 < a/c < 0.9367. The
minimum value of a/c arises when (Ny, N) = (6,2). The maximum value can be obtained in
the large IV limit with Ny = 1. Figure 51 illustrates the behavior of the ratio a/c.

-122 -



alc alc

N
200 300 400 500 600 200 300 400 500 600 __ . o4
0.98)
— N;=1
0.98 ool 2205
Ny=2 :
0.96 0.04l a=1.0
Ny=4
092} — a=15
0.94 — N=10
0.90- — a=1.9
0.92]
— 0.88

Figure 51: The central charge ratio for Sp(N) theory with 1 [T ]+ 2 Ny [] Left: a/c
versus N with a fixed Ny. Right: a/c versus N with a fixed « = Ny /N.

Conformal window The upper bound is determined by the asymptotic freedom. When
it is at the top of the conformal window Ny = 2N + 2, there is a non-trivial conformal
manifold [22] so that it is an interacting SCFT. When Ny = 0, it is identical to N' =2 SYM
and does not flow to an interacting superconformal fixed point. Instead, the IR theory is
described by an abelian gauge theory with massive charged particles [2]. For small Ny, the
a-maximization procedure always yields a unique solution, and the resulting central charges
lie within the Hofman-Maldacena bound. We therefore conjecture that this theory flows to
an interacting SCFT for 1 < Ny < 2N + 2.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 symmetric chiral mul-
tiplet scales as 1/N, there are O(NN) relevant operators of the form TrS?® and Q;S™Q . The
O(N) amount of them get decoupled along the RG flow.

One can consider the deformation of the form W = Tr(£25)%*2, which is relevant for suffi-
ciently large N. In this case, the theory has a dual description given by Sp ((2k + 1)Ny — N — 2)
gauge theory [116], with a set of gauge-invariant operators flipped. This is the Sp version of
the Kutasov-Schwimmer duality.

By considering a flip deformation of all the ‘Coulomb branch operators’ of the form
Tr(Q25)% and ‘generalized mesons’ of the form QS"Q, we obtain the (Ay, Asx) Argyres-
Douglas theory as its fixed point with emergent A" = 2 supersymmetry [105].

Conformal manifold From the anomaly-free condition for U(1)r symmetry, we obtain

N+1+(N+1)(Rs—1)+Nf(Rg—1)=0

2(N +1 5.5
gRS +2Rg =2. (5:5)
Ny
This implies that the operators of the form
n m 2(N+1
(1:@S)") (@1(05)"Qy) . 2n-+m = AL (56)

are marginal whenever 2(N + 1)/Ny € Z. For such an N satisfying 2(N + 1)/Ny € Z with
a fixed Ny, the theory contains O(/N) marginal operators, leading to an O(N)-dimensional
conformal manifold.
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Figure 52: Testing AdS WGC for Sp(N) theory with 1 [T ] + 2 Ny [[]. The minimum
distance from the origin to the convex hull with a fixed o = Ny/N.

When Ny = 2N + 2, there is a one-dimensional conformal manifold that preserves N' = 2
supersymmetry [7, 22|, which is nothing but N/ = 2 Sp(N) conformal SQCD with N + 1
fundamental hypermultiplets.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
satisfies both versions of the WGC. The result is shown in Figure 52.

52 1H+2 N[

Matter content and symmetry charges The next case of the Type I theory is the Sp(N)
gauge theories with a rank-2 anti-symmetric tensor and 2Ny fundamental chiral multiplets.
The matter fields and their U(1) global charges are listed in Table 38.

# | Fields || Sp(N) | U(1)p | U()Rr
oN; | Q 0 | N—1| Rg
1| A H | -5 | Ra

Table 38: The matter contents and their corresponding charges in Sp(NN) gauge theory with
1H+2 N0

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
set of single-trace gauge-invariant operators in schematic form as follows:

1. Tr(QA)™, n=23,...,N.
2. Qr(A"QQ;, 0,1,...,N—1.
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Figure 53: The central charge ratio for Sp(N) theory with 1 H + 2 Ny [} Left: a/c versus
N with a fixed Ny. Right: a/c versus N with a fixed o = Ny/N.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
they are given by

3—vV5  —4V5+ 3Ny

Rg ~ O(N~2
—6+V5N; N7—2VBNp+4 »
Ra~ - + O(N7?),
3N 2N2
—63 + 10v/5N 15N? — 40v/5N; + 129
o~ “03HI0VENy o 15N ! +O(NTY), (5.7)
24 16
—60 +11V5N; 16N} — 41v/5N 4128 + o)
‘ 24 16 !
ofc —63+10v5N;  3(5vBN} — 42N} — 445N + 324) N2,
—60 + 115Ny 2(—60 + 11v/5N;)2N

For a fixed Ny, the R-charge of a rank-2 anti-symmetric chiral multiplet scales as 1/N. As
a result, the spectrum of gauge-invariant operators becomes dense, with O(N) decoupled
operators, and hence this theory belongs to the Type I class.

In the Veneziano limit with a fixed a = Ny¢/N, the leading-order terms of R-charges,
a/dim(G), ¢/ dim(G), and a/c are universally across Type I theories. As discussed in Section
2.2, we obtain a universal result if we take the additional limit 1 < Ny < N.

In the presence of the decoupled operators, the results of a-maximization above are no
longer valid since there exists accidental symmetry acting on decoupled operators. To fix
this, we flip the decoupled operators and perform a-maximization again. For example, in the
case of Ny = 4, upon flipping all decoupled operators, we obtain the central charge ratio a/c
to be 0.7540 — 0.2410/N.

We find that the ratio lies within the range 0.7028 ~ % <a/c < 0.9159. The minimum
value of a/c arises when (Ny,N) = (4,3). The maximum value can be obtained in the
Veneziano limit with a ~ 0.1. The plot of the ratio a/c is shown in Figure 53.
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Conformal window The upper bound of the conformal window comes from the asymp-
totic bound. For Ny < 3, the a-maximization procedure yields negative central charges, so
these theories cannot flow to unitary interacting SCFTs. In fact, we expect a runaway su-
perpotential to be dynamically generated [118] as in the case of SU(N) SQCD with Ny < N
[119]. When Ny = 3, the theory confines without chiral symmetry breaking [118]. The theory
at the IR fixed point is described by massless free fields. This can also be seen from our anal-
ysis via a-maximization, as all the gauge-invariant operators decouple and the central charges
of the would-be interacting sector become zero [23]. For all other cases, the a-maximization
procedure always yields a unique solution, and the resulting central charges lie within the
Hofman-Maldacena bound. We therefore conjecture that the theory flows to an interacting
SCFT for 4 < Ny < 2N + 4.

Relevant operators For a fixed Ny, since the R-charge of a rank-2 symmetric chiral multi-
plet scales as 1 /N, there are O(N) relevant operators of the form Tr(24)™ and Q;(QA)™QQ ;.
The O(N) number of them get decoupled along the RG flow.

One can consider the deformation of the form W = Tr(QA)**!, which is relevant for suf-
ficiently large N. In this case, the theory has a dual description given by Sp (k(Ny —2) — N)
gauge theory [115], with a set of gauge-invariant operators flipped. When N; = 4, a dual
description for the case without superpotential is proposed in [118].

Conformal manifold From the anomaly-free condition for U(1)r symmetry, we obtain

N—|—1—|—(N—1)(RA—1)+Nf(RQ—1):O
2N — 1) 2N, (5.8)
S = R, =2.
Nf—QRA+Nf— RQ

For example, when Ny = 4, this equation (5.8) suggests that an operator of the form

(QhAnQJl)(QIgAmQJQ) , n+m= N -1 y (5.9)

to be marginal. This gives O(NN) amount of marginal operators, leading to an O(N)-
dimensional conformal manifold.

For Ny > 4, the expression 2N¢/(Ny — 2) in (5.8) cannot be an even integer. Since
the gauge-invariant operators always contain an even number of ()’s, marginal operators of
the above form cannot exist. Empirically, we have not identified any marginal operators for
generic N and Ny > 4.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory satisfies both versions of the WGC. The result is shown in Figure 54.

53 21+ 2 N;[]

Matter content and symmetry charges The first entry of the Type II theories is Sp(IV)
gauge theory with two rank-2 symmetric and 2N, fundamental chiral multiplets. The matter
fields and their U(1) global charges are listed in Table 39.
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Figure 54: Testing AdS WGC for Sp(N) theory with 1 H + 2 Ny []. The minimum distance
from the origin to the convex hull with a fixed o = Ny/N.

# | Fields || Sp(N) | Ul)r | U(D)g

2N; | Q [1 |2N+2| Rg

2 | s | 03| N | Rs

Table 39: The matter contents and their corresponding charges in Sp(NN) gauge theory with
2T ]+ 2Ny

Gauge-invariant operators Let I and J denote the flavor indices for ), and K denote
the flavor indices for S. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. T‘I‘(QSKI)(QSKQH), n:1,2,... .

2. Qr(QSk,) -+ (U9k,)QQs, n=0,1,....

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of matter fields and central charges. In the large N limit with a fixed Ny, they
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are given by

12 —v/26 78Ny +5v/26
2 " 62N
1 Npv26
2" 24N

+O(N7?),

+O(N7?),

1+ 13N;v/2
a,~—><2N2—i——8 13N v26
128 384
81+ 17N /26
~ 2l oN2 STV
S DT 384
IN /26
IV L O(NTY).
SIN

N+ OV (510)
+O(NY),
afc~1-—

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across Type II theories.

In the Veneziano limit with a fixed o = Ny/N, the R-charges of the matter fields and
the central charges are given by

24 — 2v/26 — a2 + 3a — 30?2

R O(N~!
12 — 3% + aV/26 — a2 .
Rg ~ O(N
s 3(8 — a?) OV,
648 — 27902 + 18a* +2a(26 — a?)%2 1
~ —N?+O(N 5.11
48 — 24210 +40(17 - a?)V26 —a? 1
CN68 303" + 21a* 4+ 4a(17 — a”) V26 — « « Ln? Loy,
48(8 — a?)? 2
13a(8 — a?) .
afc~1— +O(N7).

162v/26 — o2 + (685 — 7102 — 3001/26 — o2)

The leading-order terms of the R-charges, a/dim(G), and ¢/ dim(G) are the same as those
in SU(N) and SO(N) Type II theories.

We find that the ratio of central charges a/c lies within the range 0.9261 ~ (213779 —
8121/2753)/184826 < a/c < 1. The minimum value of a/c arises when (N¢, N) = (3,3). If
Ny =0, a/cis exactly one. Figure 55 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. For small Ny, the a-maximization procedure always yields a unique solution, and the
resulting central charges lie within the Hofman-Maldacena bound. Especially when Ny = 0,
it is in the same conformal manifold as the mass-deformed N/ = 4 SYM theory obtained by
integrating out one of the adjoint chiral multiplets. We therefore conjecture that this theory
flows to an interacting SCFT for 0 < Ny < N + 1.

Relevant operators For generic N and Ny, there exist the following relevant operators:
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Figure 55: The central charge ratio for Sp(IN) theory with 2 [T ]+ 2 Ny [} Left: a/c
versus N with a fixed Ny. Right: a/c versus N with a fixed a = Ny/N.

e three operators of the form Tr(QSk, )(2Sk,) with a dimension 3 < A <2,

e N;(2Ny—1) operators of the form Q;QQ ; with a dimension 1.7253 ~ H_T‘/% <A<L2,

e 2N¢(2Ny+1) operators of the form Q(Q2Sk)QQ ; with a dimension 2.4753 ~ 15_47\/% <
A <3.

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold When Ny = 0, there exist twelve marginal operators of the form
Tr(25k, ) (25K, ) Tr(QSk; ) (2Sk,) - Tr(QSk, ) (25K, ) (25K, ) (25K, (5.12)

and the theory possesses a non-trivial conformal manifold.

For Ny > 0, there are no marginal operators for generic IV in the absence of a superpo-
tential. However, upon a suitable superpotential deformation, we find that the theory flows
to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 1 case, we find that upon the following superpotential deformation, a
non-trivial conformal manifold emerges at the IR fixed point:

W =Q1(0251)Q1 + Q192Q2 . (5.13)

We can test this by computing the superconformal index. For example, the reduced super-
conformal index for the Sp(2) gauge theory with this superpotential is given by

1
Trea = 3t° — 2t%/2 (y - ) +910 4 - (5.14)
y

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operator takes the same form as (5.12). This deformation is valid
for any N with a fixed Ny = 1.
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Figure 56: Testing AdS WGC for Sp(N) theory with 2 [T ]+ 2 Ny [[]. The minimum
distance from the origin to the convex hull with a fixed a = Ny/N.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 56.

&41[D+IH+2MD

Matter content and symmetry charges Next case of the Type II theories is Sp(N)
gauge theory with a rank-2 symmetric, a rank-2 anti-symmetric, and 2Ny fundamental chiral
multiplets. The matter fields and their U(1) global charges are listed in Table 40.

# | Fields | Sp(N) | U | U, | UM)g

oN; | Q [0 |[N+1|N-1| Rq
1| s ||| =N | o Rs
1| A H 0 | =Ny | Ra

Table 40: The matter contents and their corresponding charges in Sp(N) gauge theory with
1DD+1H+2ij

Gauge-invariant operators Let [ and J denote the flavor indices for ). We present a
sample of single-trace gauge-invariant operators in schematic form as follows:

1. Tr(QA)"™, Tr(QS)*™, n=23,...,N, m=12....,N.

2. Tr(QA)(QS)*™, n,m=1,2,....
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3. Qr(QA(Q9)*™QQ;, n,m=0,1,....

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform a-maximization to compute the R-charges
of the matter fields and central charges. We find that for small values of N, there are special
cases in which a gauge-invariant operator decouples along the RG flow. We must flip this
decoupled operator to obtain the correct answer from the a-maximization.

When (N, N) = (0,2), (0,3), we find that the operator of the form Tr(25)? is decoupled.
Upon flipping this operator, we obtain the correct result of the a-maximization given by

18 + /10831 151 — v/10831
Rg = ZW ~ 02157, Ra =~ ~ 03528,
5.15
130320 + 108311/10831 11762y/10831 — 200145 (5:15)
a= ~ 1.1741, c= ~ 1.2060
849072 849072
for (Ny, N) = (0,2), and
17 + /2269 1
Rg — 2—9 ~0.3094, Ra= o (133 — 2\/2269) ~ 0.3811,
5.16
92691/2269 — 52136 37 (161/2269 — 371) (5.16)
- ~ 32108, c= ~ 3.3224
17424 4356

for (N, N) = (0, 3).

For all other cases, none of the gauge-invariant operators decouple along the RG flow.
The R-charges of the matter fields and central charges, in the large N limit with a fixed Ny,
are given by

12— V26 13Ny — 6v26
12 104N
1 —41+3N;/26
Rs~ =+ Y240
2 72N

1 —31+3N;v/26

1 -2
R4 2+ N +O(N™9),

27 —18 4+ 13N;+/26
a~—— x2N? + + f

128 384

27 17N ¢/26
e~ 2L W 9ON? 4 6+ 17Nyv26 N

128 384
12+ 2N¢/26
12+ 2Nfveb +O(N7?).

81N
The leading-order behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across
Type II theories. Similarly, in the Veneziano limit with a fixed o« = Ny/N, the leading terms
of R-charges and central charges are also universal across Type II theories.

+O(N7?),

Rg ~

(N7%),

(5.17)
N+ O(NY),

+O(N),

afc~1-—
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Figure 57: The central charge ratio for Sp(N) theory with 1 [ ]+ 1 H + 2 Ny [] Left:
a/c versus N with a fixed Ny. Right: a/c versus N with a fixed « = N¢/N.

We find that the ratio of central charges a/c is always less than one, taking a value within

the range 0.8529 ~ %—i < a/c < 1. The minimum value of a/c arises when (Ny, N) = (5,2).

The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure 57
illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. When it is at the top of the conformal window Ny = N + 3, there is a non-
trivial conformal manifold [22] so that it is an interacting SCFT. For Ny < N + 3, the
a-maximization procedure always yields a unique solution, and the resulting central charges
lie within the Hofman-Maldacena bound. Thus, we conjecture that the theory flows to an
interacting SCFT for 0 < Ny < N + 3.

Relevant operators For generic N and Ny, except for the cases with small N where some
operators decouple, there exist the following relevant operators:

e an operator of the form Tr(Q25)? with a dimension 1.0537 < A < 2,

e N¢(2Ny — 1) operators of the form Q;QQ; with a dimension 1.5297 S A <2,

e N¢(2Ny + 1) operators of the form Q;(£29)QQ s with a dimension 2.0566 < A < 3,
e N;(2Ny — 1) operators of the form Q7(24)QQ; with a dimension 2.1843 S A < 3,

e (if Ny < 2) an operator of the form Tr(Q2S)* and (Tr(£25)?)? with a dimension 2.1074 <
A <3,

e an operator of the form Tr(Q2A)? with a dimension 1.2167 < A < 2
e an operator of the form Tr(QA)(Q2S)? with a dimension 1.6783 < A <3
e an operator of the form Tr(QA)? with a dimension 1.8251 < A < 3,

e (if Ny < 2) an operator of the form Tr(QA4)* and (Tr(Q24)?)? with a dimension 2.4335 <
A<3,
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The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

It was proposed in [109] that upon deforming the theory by the superpotential W =
Tr(QA)*1 4+ TrAS?, the theory admits a dual description given by Sp(3kNy—4k+2—N) gauge
theory with a set of gauge-invariant operators flipped. The first term in the superpotential
for k > 2 is irrelevant near W = 0, but at the fixed point of W = TrAS?, it is relevant for
sufficiently large N with a fixed Ny. Therefore, this superpotential indeed describes a good
fixed point.

Conformal manifold When Ny = N +3, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < N + 3, there are no marginal operators for generic NV in the absence of a
superpotential. However, we find that upon a suitable superpotential deformation, the theory
flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = Tr(QA)* + X, Tr(QS)?. (5.18)

Here, X} is a flip field, which is a gauge-singlet chiral superfield. We can test this by computing
the superconformal index. For example, the reduced superconformal index for Sp(4) gauge
theory with this superpotential is given by

Tog = +33 4+ 45 4., (5.19)

The positivity of the coefficient at the t5 term indicates the existence of a non-trivial conformal
manifold. The marginal operator takes the form of (Tr(2A4)?)2. Such a deformation exists
for general N with a fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = Q1(Q4)QQs + Tr(Q29)%(QA4)% + X1 Tr(QS)%. (5.20)

The marginal operators include, for example, Q1(£25)*QQ2 and Tr(QA)(25)6. There is only
one U (1) flavor symmetry, under which @ carries charge +1 and Q3 carries charge —1. Thus,
these marginal operators are exactly marginal. This deformation works for general N with a
fixed Ny = 1.

Weak Gravity Conjecture We test the AdS WGC using the gauge-invariant operators
and U(1) flavor charges identified at the beginning of this section. We find that this theory
always satisfies both versions of the WGC. The result is shown in Figure 58.

5.5 ZH+2NfD

Matter content and symmetry charges The last entry of the Type II theories is Sp(NN)
gauge theory with two rank-2 anti-symmetric tensors and 2Ny fundamental chiral multiplets.
The matter fields and their U(1) global charges are listed in Table 41.
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Figure 58: Testing AdS WGC for Sp(N) theory with 1[ T ]+ 1 H + 2 Ny [ ] The minimum
distance from the origin to the convex hull with a fixed a = Ny/N.

4 | Fields | Sp(N) | U)p | U(L)g

2N, | Q [] |2N-2| Rg

2 A H ~N; | Ra

Table 41: The matter contents and their corresponding charges in Sp(NN) gauge theory with
2H+2 N30

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. Tr(QAN,) -+ (QAN,), n=2,3,....

2. QI(QAMl)(QAMn)QJ; TL:O,l,... .

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform a-maximization to compute the R-charges
of the matter fields and central charges. We find that for small values of N, there are special
cases that require separate discussion. We first spell these special cases out and then describe
the generic case.

For the Sp(2) theory, the rank-2 anti-symmetric tensor is nothing but the vector represen-
tation of SO(5). When Ny = 0, this theory is identical to the SO(5) theory with two vectors,
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which does not flow to an interacting SCFT, rather, confines without a chiral symmetry
breaking [110].

When (N¢,N) = (0,3),(1,2), the a-maximization procedure yields negative central
charges, so these theories do not flow to unitary interacting SCFTs. In fact, it generates
a runaway-type dynamical superpotential as in the case of Sp(N) with 1 anti-symmetric
tensor, as we discussed in Section 5.2.

When (N¢, N) = (0,4), we find the gauge-invariant operators of the form

Tr(QAMl ) (QAM2)7 TT(QAM1 )(QAM2 ) (QAMs)a Tr(QAM1 ) (QAMz)(QAM3 ) (QAM4) (5'21)

hit the unitarity bound along the RG flow and decouple from the rest of the system. Therefore,
we must flip these decoupled operators. This can be done by introducing the following

superpotential:

W = X Tr(QA1)? + XoTr(QA)? + X3Tr(QAL)(QA) + X4 Tr(QA41)% + X5Tr(QA4,)3
+ XeTr(QA)?(QA2) + X7Tr(QA;) (Q42)% + XgTr(QA)* + XoTr(QA2)?
+ X10Tr(QA1)3(QA2) + X11Tr(QAL) (QA2)3 + X15Tr(QA;)3(QA4,)?
+ X13Tr((Q241)(242))3(QA41)(QA4,),

(5.22)

where X;’s are gauge-singlet chiral superfields. Upon flipping decoupled operators, the R-
charges of the matter fields and central charges are given by

1 265 289 265
Ry = 5= 0.1667, a= 128 = 2.0703, c= 128 22578, ajc= 289 = 0.9170, (5.23)

which has no unitarity-violating gauge-invariant operators in the chiral ring.

When (N¢, N) = (1, 3), the gauge-invariant operators of the form Tr(Q2Ax;, )(QAns,) and
Tr(QAN, ) (AN, ) (QA,) decouple. In the cases of (Ny, N) = (0,5), (0,6), (0,7), (1,4),
(1,5), (2,2), and (2, 3), only operators of the form Tr(2As, )(2Anz) decouple.

For all other cases, none of the gauge-invariant operators decouple along the RG flow.
The R-charges of the matter fields and central charges, in the large N limit with a fixed Ny,
are given by

12 — /26 L T8Ny —77V/26

~ N2
o 12 624N +OMNT),
1 —24+ N;V/26 Ly

2 13(—=9 + N,v26

a ~ —7 x 2N? + (=9+ ! )
128 384

—69 + 17Nf\/26N

N +O(NY), (5.24)

27
~ —— x 2N? NO
€ g AN 384 +OMI),
24 + 2N;/26 »
oo 2T ENIVED 5Ny
a/e sy TOWT)
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Figure 59: The central charge ratio for Sp(N) with 2 H + 2 Ny [] Left: a/c versus N
with a fixed Ny. Right: a/c versus N with a fixed o = N¢/N.

The leading-order behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across
Type II theories. Similarly, in the Veneziano limit with a fixed o« = Ny/N, the leading terms
of R-charges and central charges are also universal across Type II theories.

We find that the ratio of central charges a/c is always less than one, taking a value within
the range 0.6788 ~ 2(148 + 131/19)/603 < a/c < 1. The minimum value of a/c arises when
(N¢,N) = (2,2). The maximum value of a/c can be obtained in the large N limit with
Ny = 0. Figure 59 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. At the top of the conformal window Ny = N + 5, the theory possesses
a non-trivial conformal manifold [22], and is therefore an interacting SCFT. However, there
are special cases for small Ny. As discussed earlier, the theory does not flow to an interacting
SCFT for (Ny,N) = (0,2), (0,3), and (1,2). In all other cases, the a-maximization procedure
is well-behaved: it always yields a unique solution, and the resulting central charges lie
within the Hofman-Maldacena bound. We therefore conjecture that this theory flows to an
interacting SCFT for 0 < Ny < N + 5, with the exception of (Nf, N) = (0,2),(0,3),(1,2).

Relevant operators For generic N and Ny, except in cases where decoupled operators are
present, there exist the following relevant operators:

e three operators of the form Tr(2Ax, ) (2Az,) with a dimension 1.0206 S A < 2,

e N¢(2Ny — 1) operators of the form Q;QQ ; with a dimension 1.3196 S A <2,

2Nf(2Ny — 1) operators of the form Q(QAn)Q2Q s with a dimension 1.8299 < A <3,

e four operators of the form Tr(QAps, )(QAn, ) (QAN,) with a dimension 1.5567 S A < 2,

(if Ny < 4) six operators of the form Tr(QAps, ) (LA, ) (QAN ) (A, ) With a dimension
2.0756 < A < 3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.
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It was proposed in [109] that upon deforming the theory by the superpotential W =
Tr(QA;)*! +TrA; A2, the theory admits a dual description given by Sp(3kNy—4k—2—N)
gauge theory with a set of gauge-invariant operators flipped. We find that the first term in the
superpotential for k > 2 is not relevant near W = 0, but at the fixed point of W = TrA; A%,
it is relevant for sufficiently large N with a fixed Ny. Hence, the IR theory described by this
superpotential is a good interacting SCFT.

Conformal manifold When Ny = N 45, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < N + 5, there are no marginal operators for generic NV in the absence of a
superpotential. However, it turns out that upon a suitable superpotential deformation, the
theory flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, we find a non-trivial
conformal manifold to emerge at the IR fixed point:

W = Tr(QA;)(QA)3 . (5.25)

Under this superpotential deformation, no U(1) flavor symmetry survives. Therefore, we get
an exactly marginal operator given as (TrA;A2)(TrA2). Such a deformation (and also the
marginal operator) exists for general N > 8 with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W = Q1(241)(Q245)QQs . (5.26)
In the deformed theory, the marginal operators take the form of

Q1(41)°Q2, Q1(QA2)°Q2, Tr(241942)(Q19Q2) . (5.27)

There are two U(1) flavor symmetries: under the first U(1), the fundamental and anti-
fundamental chiral multiplets are charged to +1 and —1, respectively; under the second, the
rank-2 anti-symmetric fields and their conjugate are charged to 4+1 and —1, respectively.
There exist exactly marginal operators that are neutral under those flavor symmetries, so
that we have a non-trivial conformal manifold. Such a deformation exists for general N > 7

with a fixed Ny = 1. For the case of N = 6, the marginal operators are of the form
Tr(QAM,) -+ (QAMg)-

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 60.

5.6 2D]+1H+2me

Matter content and symmetry charges The first entry of the Type III theories is Sp(IV)
gauge theories with two rank-2 symmetric tensors, a rank-2 anti-symmetric tensor, and 2Ny
fundamental chiral multiplets. The matter fields and their U(1) global charges are listed in
Table 42.
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Figure 60: Testing AdS WGC for Sp(N) theory with 2 B + 2 Ny []. We plot the minimum
distance from the origin to the convex hull with a fixed o = N¢/N.

# | Fields || Sp(N) | U(1); | U1)2 | U(D)g
oONy | Q [ |2N+2|N-1| Rg
2 S (1] —Ny 0 Rs
1| 4 = 0 | =Ny | Ry

Table 42: The matter contents and their corresponding charges in Sp(N) gauge theory with
2DD+1H+2Nﬂj

Gauge-invariant operators Let I and J denote the flavor indices for ), and K denote
the flavor indices for S. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. Tr(QA)"™, Tr(QSk,) - (NSk,,,), n=2,3,...,.N, m=1,2,....
2. Tr(QA)"(QSk,) -+ (QSk,,,), mym=1,2,....

3. Q[(QA)”(QSKl)(QSKm)QQJ, n,m:O,l,... .

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
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they are given by

2 Ny—2 .
~Z N
Ro~3+ 5§ +O(N™7),
2 Ny-2 »
Ro ~ = O(N
S 3+ 9N =+ ( )7
2 N¢f—2
RANf f )
AT +5 (5.28)
~ = x2N2 4 20N 4 o(NO
1 N 2
c~1x2N2+%N+O(NO),
~1— N .
alc 19N +O( )

We find that no gauge-invariant operators decouple along the RG flow. The leading-order
behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across Type III theories.

We find that the ratio of central charge a/c is always less than one, taking a value within
the range 0.9475 < a/c < 1. The minimum value of a/c arises when (N, N) = (1,2). The
maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure 61 illustrates
the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window comes from the asymptotic
freedom. The a-maximization procedure always yields a unique solution, and the resulting
central charges lie within the Hofman-Maldacena bound. Thus, we conjecture that the theory
flows to an interacting SCFT for 0 < Ny < 2. We see that there cannot be a Veneziano-type
limit for this theory.

Relevant operators For generic NV and Ny, there exist the following relevant operators:
e three operators of the form Tr(QSk, )(2Sk,) with a dimension 1.7902 < A < 2,
e an operator of the form Tr(QA)? with a dimension 1.8391 < A < 2,

e three operators of the form Tr(Q2Sys, ) (251, )(R2A) with a dimension 2.7098 < A < 3,
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e an operator of the form Tr(QA)? with a dimension 2.7587 < A < 3,

e N¢(2Ny — 1) operators of the form Q;QQ; with a dimension 1.9392 S A < 2,

® 2N¢(2Ny + 1) operators of the form Qr(25k)QQ ; with a dimension 2.8689 S A < 3,
e N;(2N; — 1) operators of the form Q;(24)QQ; with a dimension 2.8913 S A < 3,

The number of relevant operators does not depend on N for a fixed N;. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold There are no marginal operators for generic Ny and N in the absence
of a superpotential. However, upon a suitable superpotential deformation, we find that the
theory flows to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, we find a non-trivial
conformal manifold to emerge at the IR fixed point:

W = Tr(QA)(QS;)2. (5.29)

Upon this deformation, a single U (1) flavor symmetry remains, under which S; carries charge
+1, A carries charge —2, and S5 is neutral. Therefore, there exist exactly marginal operators
given as Tr(Q5)* and (Tr25%)2, both of which are neutral under this symmetry. Such a
deformation (and also the marginal operators) exists for general N with a fixed Ny = 0.

For the Ny = 1 case, consider the following superpotential deformation:

W = Tr((251)%QA1) + Tr(Q1025:19Q1) + Tr((252)%QA4,) . (5.30)

We can verify this using the superconformal index. For instance, the reduced index for the
Sp(2) gauge theory with this superpotential has a positive coefficient at the ¢ term:

1
Trea = 334 429 9427 <y + ) A S AR (5.31)
y

The marginal operators take the form of Q1Q250Q0Q1, Q102500Q2, Q205Q5. Such a defor-
mation exists for general NV with a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant oper-
ators and U(1) flavor charges identified at the beginning of this section. We find that this
theory always satisfies both versions of the WGC. The result is shown in Figure 62.

5.7 1Dj+2H+2NfD

Matter content and symmetry charges Next case of the Type III theories is Sp(IV)
gauge theory with a rank-2 symmetric tensor, two rank-2 anti-symmetric tensors, and 2Ny
fundamental chiral multiplets. The matter fields and their U(1) global charges are listed in
Table 43.
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Figure 62: Testing AdS WGC for Sp(IN) theory with 2[ [ ]+ 1 H + 2 Ny [] We plot the
minimum distance from the origin to the convex hull for Ny = 0, 1.

# | Fields || Sp(N) | U(1) | U()2 | U(r
oN; | Q 1 |N+1|2N-2| Rg

1 S (11 | =Ny 0 Rs

2 | A = 0 | —-N; | Ra

Table 43: The matter contents and their corresponding charges in Sp(N) gauge theory with
1[T]+2 H +2 N, [

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

L. Tr(QAp,) - (QAn,), Tr(2S)?™, n=23...,N, m=12,....
2. Tr(QAM,) -+ (QAn,)(2S)*™, nym=1,2,....

3. Qr(QAp) -+ (QAN, )(QS)™QQ s, n,m=0,1,....

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.

R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. In the large N limit with a fixed Ny,
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We find that none of the gauge-invariant operators decouple along the RG flow. The leading-
order behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across Type III theo-
ries.

We observe that the ratio of central charges a/c is always less than one, taking a value
within the range 0.8659 ~ 71/82 < a/c < 1. The minimum value of a/c arises when (N¢, N) =
(4,2). The maximum value of a/c can be obtained in the large N limit with Ny = 0. Figure
63 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. At the top of the conformal window N; = 4, the theory possesses a
non-trivial conformal manifold [22], and is therefore an interacting SCFT. For small Ny, the
a-maximization procedure always yields a unique solution, and the resulting central charges
lie within the Hofman-Maldacena bound. Thus, we conjecture that the theory flows to an
interacting SCFT for 0 < Ny < 4.

Relevant operators For generic NV and Ny, there exist the following relevant operators:

e three operators of the form Tr(Q2Ans, )(QAn,) with a dimension 1.5597 S A <2,

— 142 —



e four operators of the form Tr(2Ans, ) (A, ) (AN, ) with a dimension 2.3395 S A < 3,

e an operator of the form Tr(25)? with a dimension 1.3883 < A < 2,

N¢(2Ny — 1) operators of the form Q7QQ s with a dimension 1.7094 S A < 2,

N¢(2Ny + 1) operators of the form Q;(£25)Q2Q ; with a dimension 2.4035 S A < 3,
e 2N;(2Ny — 1) operators of the form Qr(£2Ax)2Q s with a dimension 2.4908 < A < 3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold When Ny = 4, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < 4, there is no marginal operator for generic NV in the absence of a superpo-
tential. However, upon a suitable superpotential deformation, we find that the theory flows
to a superconformal fixed point with a non-trivial conformal manifold.

For the Ny = 0 case, upon the following superpotential deformation, a non-trivial con-
formal manifold emerges at the IR fixed point:

W = M Tr(QA1QAs) + M Tr(QS)? + MyTr(QS)2. (5.33)

Here, M;’s are flip fields, which are gauge-singlet chiral superfields. In the IR, the marginal
operators take the form of MyTr(QA1)% and M2(245)2. Since these operators carry opposite
charges under the flavor symmetry, the combination of them generates a non-trivial conformal
manifold [56]. This deformation works for general N with a fixed Ny = 0.

For the Ny =1 case, consider the following superpotential deformation:

W = Q1041Q2 + Tr(QA;)? + Tr(QA;QA4,08) + X, Tr(25)%. (5.34)

Here, X is a flip field, which is a gauge-singlet chiral superfield. We can verify the exis-
tence of the conformal manifold from the superconformal index. For instance, the reduced
superconformal index for Sp(2) gauge theory with this superpotential is given by

Tood = 265 +4t19/4 1 4316 .. (5.35)

The positivity of the coefficient at the t® term indicates a non-trivial conformal manifold to ex-
ist. The marginal operators take the form of Q;QSQ42QQ 7, Tr(2A42)%(Q25)?%, Q1(29)*QQ1,
and Tr(Q29)%. Such a deformation exists for general N with a fixed Ny = 1.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant opera-
tors and U(1) flavor charges identified at the beginning of this section. We find that, when
(N¢,N) = (2,5),(3,6),(4,2),(4,6),(4,7), (4,8), this theory does not satisfy the NN-WGC,
whereas the modified WGC always holds. The result is shown in Figure 64.
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5.8 3H+2Nfg

Matter content and symmetry charges The next entry of the Type III theory is Sp(N)
gauge theory with three rank-2 anti-symmetric tensors and 2Ny fundamental chiral multiplets.
The matter fields and their U(1) global charges are listed in Table 44.

# | Fields || Sp(N) | Ul)r | U()R

oN; | Q 0 |3N-3| Rg

3 | A H | N | Ra

Table 44: The matter contents and their corresponding charges in Sp(NN) gauge theory with
sH+2 N80

Gauge-invariant operators Let I and J denote the flavor indices for ), and M denote
the flavor indices for A. We present a sample of single-trace gauge-invariant operators in
schematic form as follows:

1. Tr(QAN,) - (QAN,), n=2,3,....

2. QrQA) - (QAx,)Qs, n=0,1,....

The ellipsis indicates that only the low-lying operators have been listed. This subset is
sufficient to identify relevant operators or to test the Weak Gravity Conjecture.
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R-charges and central charges We perform the a-maximization to compute the R-
charges of the matter fields and central charges. However, for small values of N, we iden-
tify special cases that must be discussed separately. For the Sp(2) theory, the rank-2 anti-
symmetric tensor is the same as the vector representation of SO(5). When Ny = 0, this
theory is identical to the SO(5) theory with three vectors, which does not flow to an inter-
acting SCFT. Instead, it is in a Coulomb phase with a massless photon and charged particles
[110].

When (Ny, N) = (0,3), (1,2), the gauge-invariant operators of the form Tr(Q2 A, ) (AN )
hit the unitarity bound along the RG flow and decouple from the rest of the system. There-
fore, we must flip these decoupled operators. This can be done by introducing the following
superpotential:

W = X1 Tr(QA1)? + XoTr(QA45)% + X3Tr(QA3)?

+ X4 Tr(QA1)(QA2) + X5Tr(QA4;)(QA43) + X6Tr(QA4:)(QA43) (5.36)

where X;’s are flip fields. Upon flipping decoupled operators, the R-charges of the matter
fields and central charges are given by
47 13 47
Ry ~(0.3333, a= 6= 2.9375, c¢= il 3.25, ajc= £ = 0.9038, (5.37)

_1
=3=
for (Ny, N) = (0,3), and

74 — /1409 9+ /1400
R =12 204393, Ra= BT ~ 0.1869, (5.38)
30324 + 1409+/1409 18832 + 995/1400
- i ~ 0.8366, = i ~ 1.0194, (5.39)
110224 55112
179243 + 1828/1409
_ ~ 0.8207 5.40
afe 302018 ’ (5.40)

for (Ny, N) = (1,2).

For all other cases, none of the gauge-invariant operators decouple along the RG flow.
The R-charges of the matter fields and central charges, in the large N limit with a fixed Ny,
are given by

2 Nf_6 —92
~ = N
Ro~3+—gv tOWNT),
2+Nf—6
3 IN

1
~ = x 2N?
a 1 X +

Ry~ +O(N72),
2Ny +3
24
Nf+2

N + O(NY), (5.41)

N +O(N?),

1
~ = X 2N?
c 4>< +
Nf—|-3

~1—
a/c 12N

+O(N7?).
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Figure 65: The central charge ratio for Sp(/V) theory with 3 B + 2 Ny []

The leading-order behavior of the R-charges, a/dim(G), and ¢/ dim(G) is universal across
Type III theories.

We find that the ratio of central charges a/c is always less than one, taking a value within
the range 0.7742 ~ 3(243842 —985/849) /833662 < a/c < 1. The minimum value of a/c arises
when (N, N) = (2,2). The maximum value of a/c can be obtained in the large N limit with
Ny = 0. Figure 65 illustrates the behavior of the ratio a/c.

Conformal window The upper bound of the conformal window is determined by the
asymptotic freedom. At the top of the conformal window N; = 6, the theory possesses a
non-trivial conformal manifold [22], and is therefore an interacting SCFT.

As discussed before, the theory does not flow to an interacting SCFT for (N¢, N) = (0, 2).
In all other cases, the a-maximization procedure is well-behaved: it always yields a unique
solution, and the resulting central charges lie within the Hofman-Maldacena bound. We
therefore conjecture that this theory flows to an interacting SCFT for 0 < Ny < 6, with the
exception of (Ny, N) = (0, 2).

Relevant operators For generic N and Ny, except in cases where decoupled operators are
present, there exist the following relevant operators:

e six operators of the form Tr(QAu;, ) (2Ans,) with a dimension 1.0875 S A < 2,
e N¢(2Ny — 1) operators of the form Q;QQ; with a dimension 1.3687 S A <2,
e 3N¢(2Ny — 1) operators of the form Qr(24,)QQ; with a dimension 1.9125 S A <3,
e ten operators of the form Tr(QAus ) (AN, ) (QA) With a dimension 1.8715 S A <3,

The number of relevant operators does not depend on N for a fixed Ny. The low-lying
operator spectrum is sparse in the large N limit.

Conformal manifold When Ny = 6, the one-loop beta function for the gauge coupling
vanishes. At this value, the theory possesses a non-trivial conformal manifold [22].

When Ny < 6, there are no marginal operators for generic N in the absence of a su-
perpotential. However, upon a suitable superpotential deformation, the theory flows to a
superconformal fixed point with a non-trivial conformal manifold.
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Figure 66: Testing AdS WGC for Sp(N) theory with 3 H + 2 Ny []. We plot the minimum
distance from the origin to the convex hull. Theories below the solid line at the minimum
distance 1 do not satisfy the WGC.

For instance, by turning on the superpotential W = M;Tr(QA1)% + MyTr(Q242)? +
M3Tr(QA3)%, where M;’s are flip fields, the theory admits a non-trivial conformal mani-
fold. We can verify the existence of the conformal manifold from the superconformal index.
For instance, the reduced superconformal index for the (N¢, N) = (0,4) case with this super-
potential is given by

Trea = 3t%/3 4+ 361073 1 106* + 27416/3 146 4. (5.42)

The positive of the coefficient at the ¢® term indicates a non-trivial conformal manifold to
exist. The marginal operators take the form of M;Tr(242)(2A43), MaTr((Q2A3)(QA4;)), and
M3(Tr(Q2A1)(Q2Az2)). This deformation works for general N with a fixed Ny.

Weak Gravity Conjecture We examine the AdS WGC using the gauge-invariant opera-
tors and U(1) flavor charges identified at the beginning of this section. We find that, when
(N¢,N) = (5,3),(6,3), this theory does not satisfy the NN-WGC, whereas the modified WGC
always holds. The result is shown in Figure 66.

5.9 3[ 1]

The last case of the Type III theories is Sp(IN) gauge theory with three rank-2 symmetric
chiral multiplets. It has the same matter content as the N' = 4 SYM theory. This theory is
a conformal gauge theory with no running coupling. The R-charges and the central charges
are given by

1
Ry = - a:c:ZN(QN—i—l). (5.43)
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The leading-order behavior of the R-charges and central charges is universal across the Type
IIT theories.
The single-trace gauge-invariant operators are of the form

Te(QSh,) -+ (Sh,), n=1,2.... (5.44)

There exist six relevant operators of the form Tr(Q2S,)(€2Shs,) and a single marginal oper-
ators of the form Tr(QS51)(£252)(2S3). The theory possesses a one-dimensional subspace in
the conformal manifold that preserves N' = 4 supersymmetry.

6 Discussion

In this paper, we classified all supersymmetric simple gauge theories that 1) flow to interacting
SCFTs in the IR, and 2) admit a large N limit while flavor symmetry is fixed, 3) without a
superpotential. We find that such theories fall into one of three classes, which we call Type
I, II, and III, by the number of rank-2 tensor matters. We find surprising universality across
these theories. Each of Type II and III shares universal R-charges of matters, and it turns
out that all universal R-charges and consequent spectral behaviors are solely determined by
Nrank-2 regardless of the gauge group and the number of matters. For the Type I theories,
upon taking the double scaling limit N > Ny > 1, we find universal R-charges. We also find
that once we take N, Ny to be large with a = Ny/N kept fixed, the Veneziano limit, in the
Type I and II theories, they again share universal R-charges determined by two parameters
Niankeo and a. We have studied various aspects of each theory in detail: central charges,
the spectrum of relevant gauge-invariant operators, the conformal window, the conformal
manifold, and the Weak Gravity Conjecture. In particular, we find that every single theory
(even for a finite V) satisfies the modified WGC, even though some of them do not satisfy
the original version of [33]. It suggests that WGC is a generic property of 4d (S)CFT.

The Type I theories are rather unusual in many ways. The UV description is still given
by a conventional gauge theory, whose degrees of freedom are naturally described by matrices.
Therefore, the linear scaling of central charges in N is very surprising. There is a very strong
quantum effect, yielding large anomalous dimensions. This phenomenon is also in conjunction
with the dense spectrum, meaning that the gap on the operator dimensions scale as 1/N. This
implies that Type I theories cannot be holographic. Nevertheless, we find they all satisfy the
(modified) WGC. It is interesting to look for a bulk spacetime interpretation of the Type I
theory, which has a dense spectrum of low-lying operators.

In many respects, Type II and III theories are good candidates to be holographic. They
have @ = c in the large NV limit, a sparse spectrum at low energy, and exhibit a Hawking-
Page-like phase transition of the superconformal index. Moreover, they all can be deformed
via appropriate superpotentials (and a number of flip fields), whose fixed points are equipped
with non-trivial conformal manifolds. This implies that the fixed point theory is not an
isolated SCF'T without any tunable coupling; rather, it has the potential to be deformed to
one described by a weakly-coupled gravity in the bulk. It would be interesting to find a way to
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further test if these theories are holographic, or directly construct supergravity backgrounds
giving the dual theory.

Let us also mention that almost none of our theories have exactly marginal couplings
connected to the free theory. The only such case is when we are at the upper end of the
conformal window, at which the theory does not flow. Such examples are already classified in
[22]. If we invoke the CFT version of the Swampland Distance Conjecture (SDC) [120, 121],
this implies that all of our theories (except the ones that do not flow) should have a compact
conformal manifold. See [122] for the study of 4d conformal gauge theories whose conformal
manifold is non-compact. Unlike these previous studies, our SCF'Ts are strongly-coupled with
no obvious cusps at which we get free gauge fields. Another possibility is that the conformal
manifold remains non-compact. At the same time, at an infinite distance limit, there exists
a dual description involving the coupling of strongly-coupled components that disintegrate
with a free vector or chiral multiplet. We cannot rule this out in an obvious way, since we
know that in many A = 2 theories at infinite coupling, a strongly coupled SCFT emerges
that is weakly gauged [12, 123, 124]. For the Type III theories, it may be possible to have
a non-compact direction in the conformal manifold at large N, given that the R-charges of
the fields asymptote to that of the free value and get closer and closer to conformal gauge
theories in the limit. However, since the theory is not strictly connected to the free theory, it
may mean that the distance in the conformal manifold grows with N. It would be interesting
to find a method to estimate the size of a conformal manifold and test the AdS SDC for the
strongly-coupled theories.

In this paper, we classified all possible supersymmetric simple gauge theories whose large
N limit can be taken while the number of flavors is kept constant. We restricted to such
case since we wanted to keep the bulk gauge group to be fixed. However, if we relax this
assumption, we obtain many SCFTs whose rank of the flavor symmetry increases in the large
N limit. For example, the SU(N) SQCD in the conformal window should have %N < Ny <
3N. More generally, SU(N) gauge theory with Nyanke = 0,1/2,3/2,5/2 should contain
Ny o< N to cancel the gauge anomaly while keeping asymptotic freedom in the large N limit.
Except for the case of Nyanko = 1/2, the spectrum of low-lying operators is expected to be
sparse, and at most O(1) number of operators could decouple. See Table 45 for the full list.
The detailed aspects of these theories will appear elsewhere.

In addition, we only considered gauge theories whose gauge groups are simple Lie groups.
On the other hand, most of the known good holographic conformal gauge theories are of
quiver type [89-91]. Once we allow the gauge group to be semi-simple, we get many more
possibilities. Moreover, in the current paper we restricted ourselves to the case without
superpotential W = 0. It would also be interesting to investigate these theories in the
presence of superpotentials. For instance, one encounters a rich variety of generalized Kutasov
dualities [96, 97]. Such dualities for all Type I theories were studied in the mid-1990s [96,
97, 107, 115, 116, 125]. Kutasov-type dualities are also known for Type II SU(N) theories
which include adjoint matter fields, as well as certain Type II SO(N) and Sp(N) theories
[109, 111]. In addition, certain Type II SU(N) theories with no adjoint matter fields but
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’ Nrank-2 ‘ Theories ‘ Conformal window ‘

o0 | Ny (O+0) | SN < N; < 3N |
" 1T+ (N+4) 00+ Ny (O0+00) 0.1705N — 2.2853 < Ny < 2N — 3
1H+w-90+ N (0+0) 0.1711N +3.8517 < Ny < 2N + 3
2+ 2(N+4) 0+ Ny (O+0) 0<N;<N-6
1 1m+1H+2Ni+Nf(D+i) 0<N;<N
QH+2 H0+ N, (O+0) 02 < N; < N+6
A+ 1+ (N+4) T+ Ny (O +00) 0<N;<N-5
2+ 1H+ W+12) 0+ N (O+0) 0<N;<N-—7
1M+ 1+ 1H+ W -90+ N (O0+0) 0<Ny<N+1
1+ 1H+1H+ wW+90+ N (O+0) 0<N;<N-—1
3/2 1[D+2B+(N+4)D+16E+Nf(g+i) 0<N;<N-9
eH+1H+ w-90+ N5, (O+0) 08 <Ny <N+5
1Adj+ 1[0+ (N+4) O+ N (O+0O) 0<Nf<N-3
1Adj+ 1H+ (V=9 0+ N, (O+0) 0<N;f<N+3
1[1]+2H+ (BN —4) O 0< Ny <3
sH+3(WN -9 0+ Ny (O+0) 0" < Ny <9
1[]]+1[D+2H+2(N—4)i 0< Nf<4
1+ 2H+1H+28 0 0< Ny<2
) 3H+1ﬁ+2(1\7—8)i 0< Ny <10
3H+1H+2 HO+ Ny (O+0) 0< Ny<38
1AdJ+1[D+1B+2Ni %
LAdj+2H+2(N-9) 0+ N (O+0) 0< Ny <6
1O+ 200+ 2H+ w-12)0+ N (O+0) 0< Ny <5
1[D+1ﬁ+2H+1B+(N—4)i 0<N;<3
1[D+QH+2B+(N+4)E 0<Np<1
sH+ 200+ w-200+ N, (O+0) 0< Ny <11
5/2 sH+ 1o+ 1H+ w-120+ N (0+0) 0< Ny<9
sH+2H+ w-90+ N (O+0) 0< Ny <7
1Adj+1[1j+1ﬁ+15+(1v—4)i 0<Np<1
1Adj+1[D+QB+(N—12)D+Nf(D+i) 0<Np<7
1Adj+2B+1H+(N—4)i+Nf(D+i) 0<N;<5
2Adj+1H+ (V-9 0+ N (O+0) 0< Ny<3

Table 45: List of all possible superconformal SU(N) theories where only the Veneziano limit
is allowed. We also specify the condition for the gauge theory to flow an interacting SCFT.
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with additional gauge singlets are explored in [108]. One can also combine flip deformation
along with ordinary relevant deformations to obtain a vast landscape of SCFTs [51, 85]. It
may be possible to find new dualities and universal features in such SCFT landscape.
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