Broadband Thermal Noise Correlations Induced by Measurement Back-Action
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Modern mechanical sensors increasingly measure motion with precision sufficient to resolve the
fundamental thermal noise floor over a broad band. Compared to traditional sensors — achieving
this limit only near resonance — this capability provides massive gains in acquisition rates along with
access to otherwise obscured transient signals. However, these stronger measurements of motion are
naturally accompanied by increased back-action. Here we show how resolving the broadband thermal
noise spectrum reveals back-action-induced correlations in the noise from many mechanical modes,
even those well-separated in frequency. As a result, the observed spectra can deviate significantly
from predictions of the usual single-mode and (uncorrelated) multimode models over the broad
band, notably even at the mechanical resonance peaks. This highlights that these effects must be
considered in all systems exhibiting measurement back-action, regardless of whether the resonances
are spectrally isolated or the readout noise is high enough that the noise peaks appear consistent with
simpler models. Additionally, these correlations advantageously allow the thermal noise spectrum
to reach a minimum — equivalent to that of a single mode — in a band far from the resonance peak,

where the mechanical susceptibility is comparatively stable against frequency noise.

The most sensitive mechanical measurements have tra-
ditionally relied on resonance to enhance signals above
readout noise, in order to achieve thermally limited op-
eration [1, 2] in a narrow band near the mechanical fre-
quency. As readout techniques continue to improve, it
is now increasingly common to achieve this fundamen-
tal noise limit far from resonance [3, 4], even with mod-
ern low-noise mechanical elements [5-7]. This broadband
regime promises massive gains in the rate at which infor-
mation is gathered, while also unlocking sensitivity to
transient (and other broadband) signals that would have
otherwise been obscured.

Achieving this regime with modern sensors requires
stronger measurement, meaning back-action (e.g., radi-
ation pressure) necessarily plays a larger role. Usually
this first appears as optical spring and damping effects
[8-11], but one can also observe quantum fluctuations
in the back-action forces [12-14], even now over a broad
band [6].

Here we show how this back-action serves to corre-
late the noise from many mechanical modes in a way
that strongly impacts the observed thermal noise spec-
tra over a broad band. Similar narrowband correlations
have been observed near two degenerate resonances [15]
and, by resolving thermal noise over the broad band,
we reveal striking features involving a large number of
modes — even those that are well-separated in frequency.
Equally importantly, we find these effects are large even
at the observed resonance peaks, where one might expect
the resonantly enhanced response to dominate over the
broad and comparatively small background from other
modes. Because of this, these effects must be considered
in all systems exhibiting such back-action effects, even
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in the presence of high readout noise, where well-isolated
resonance peaks appear to behave consistently with tra-
ditional single- or multi-mode models. Finally, as a prac-
tical consideration, we find that the lowest force noise —
approaching that of a single mode — advantageously al-
ways occurs near the bare mechanical frequency, allowing
one to exploit the optical spring to shift unstable reso-
nance peaks away from this optimal measurement band.

Model.— To see how back-action induced noise correla-
tion (BANC) presents itself, consider the optomechanical
system drawn in Fig. 1(a), comprising a Fabry-Perot op-
tical cavity in which one mirror is a flexible object with
many mechanical modes (e.g., a membrane, string, rib-
bon, or cantilever), the combined motion of which mod-
ulates cavity resonance frequency w,. to create dispersive
coupling G = J,w, [11]. This can be modeled by the
feedback loop drawn in Fig. 1(b), with mechanical modes
(indexed by j) independently driven by uncorrelated en-
vironmental (e.g., thermal) force noises of amplitude F;
at frequency w. With structural damping [1], a mode
with inertial mass m;, bare resonance frequency {25, and
quality factor @); has susceptibility

1/m;
07— - i92/Q; W)

Xm,j =

that nominally converts F! ’; to uncorrelated displacement

Z; = Xm,;jF; (about equilibrium value Z;), but with the
cavity driven to mean photon occupancy n at mean de-
tuning A from resonance, the optomechanical coupling
G converts the summed displacement & = > ; Zj to de-

tuning fluctuations A = —G1 that modulate the cavity
photon number 7 = —DA according to the optical cav-
ity’s detuning susceptibility D(A, 72) = dan [11, 16] (just
a constant in the fast-cavity limit ,, < k, where x is
the cavity’s energy decay rate). Finally, the optomechan-
ical coupling factor AG converts this fluctuation back to
a radiation force applied to all modes in parallel, closing
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FIG. 1. Model for back-action-induced thermal noise correla-
tions. (a) Canonical optomechanical system with a multimode
mechanical system for one mirror. (b) Feedback loop describ-
ing (a), with one row per mechanical mode, each converting
forces (including uncorrelated thermal noise F'j) to displace-
ments z; through mechanical susceptibilities xm,;. The op-
tomechanical coupling G' converts the total Z to detuning A,
and the cavity’s detuning susceptibility D (just a constant in
the fast-cavity limit) converts this to photon number ficay,
which finally applies radiation force —hGnecay to all modes
simultaneously, correlating displacements Z;. (c) Plot of ex-
pected thermal displacement noise amplitude spectrum /Sy
including N=1,001 modes (black curve) of an ideal string with
a cavity mode positioned at its center (frequencies w normal-
ized by 1). For this example, the cavity is driven by a red-
detuned laser, applying anti-spring and shifting all modes to
lower frequency. The blue dash curve includes only the funda-
mental (j = 1), which exhibits less shift. The red curve shows
the result treating all N modes independently, but increasing
G to match the fundamental resonance frequency, highlight-
ing major broadband and (inset) resonant discrepancies. (d)
Dividing v/S, by the total susceptibility to external forces (at
the cavity spot) yields a force noise floor /S (black). The
dashed blue lines represent the (structural) force noise [1] for
each individual mode. Importantly, the noise at the shifted
resonance frequency (red dashed line) is significantly different
than expected for a single mode. Moreover, the single-mode
limit is approached at the bare mechanical frequency, far from
the modified resonance, where the spectrum is comparatively
insensitive to frequency noise artifacts.

the loop and causing BANC.

Combining the aforementioned transfer functions we
arrive at a self-consistent linear system of equations, with
the displacement of each mode [ satisfying

B = XmaFl — ExXom Zi?j, (2)
J

where ¢ = hG?D represents the strength of the back-
action; in the fast cavity limit, this is just the optical
spring constant. Solving this system for #; (using the
Sherman-Morrison equation) yields

F1 = Xmy | FI — 77£ZXm,ij (3)
J

with optomechanical “interference factor”

1
1+€Zka,k’

such that the total displacement

f:ﬁZXm,jFr (5)
J

n=

If the driving noises F,  are uncorrelated and character-
ized by power spectral densities Sr;, the corresponding
total displacement noise spectrum becomes

Se = |77|2 Z |Xm,j|2 SF- (6)
J

Within the context of sensing an externally applied
force F' the corresponding noise floor is then

Sr = Su/ [xml”, (7)

where Y is the total susceptibility to F including all
modes. Note x,, depends heavily on where and how the
force is applied, since this changes the inertial (i.e., ef-
fective) mass of each mode. As a simple example, when
sensing an external force that is applied at the same loca-
tion as the measurement (e.g., when sensing the radiation
force itself), we can calculate xm, by setting Fj — Fin
Eq. 5, such that

Xm — nZXm,j~ (8)

J

To illustrate the characteristic spectral features of
BANC with a concrete example, we calculate §, and Sg
with the flexible mirror in Fig. 1(a) modeled as an ideal
string, normalizing units so that m; = 1, ; = j, and
temperature kT = 1. We also assume the cavity mode
is centered on the string, such that only modes having
odd j — those with antinodes at the cavity field — par-
ticipate. To help with visualization, we assume a con-
stant Q;€2; product with ¢, = 1000 and thermal force
noise Sg; = 4j 2 JwQ; associated with structural damping
[1]. The solid black curves in Fig. 1(c) and (d) show the
resulting displacement and force noise spectra for back-
action strength £ = —0.7 (anti-spring), including the first
N = 1,001 modes. As expected, each resonance peak
in Fig. 1(b) is shifted to lower frequency, with the fun-
damental shifted farther than the (stiffer) higher-order
modes.

There are several important quantitative features asso-
ciated with BANC. First, the frequency shift associated
with a given & is quite different than that predicted for
a single mode (blue dashed line, N = 1), owing to the
contributed susceptibility of the higher-order modes at
low frequency. In this case, the discrepancy is significant
for the fundamental mode, even though the next lowest
mode has three times larger frequency. Moreover, if one



ignores the influence of the other modes and adjusts G
by 20% so that the shifted €2; matches observations, the
expected broadband noise level is far from accurate — as
is the value at resonance (inset) — even when summing all
the “background” contributions from the same N = 1001
modes (each modeled with its own optomechanical loop
and the same G). Moreover, the mechanical damping
(linewidth) of the shifted mode is comparatively broad-
ened, owing to the non-vanishing imaginary component
of the higher-order mode susceptibilities; note we did not
include any laser cooling in this model.

BANC provides access to an important technical ad-
vantage as well, which is readily visible in the total force
noise floor (solid black line) of Fig. 1(d): despite the
shift in resonance frequency, the low-noise bands — where
the S achieves a value at (or a little below) that of a
single mode (blue dashed lines) — remain at the bare me-
chanical frequencies ;. Importantly, this is now where
the (modified) susceptibility has no sharp features, elim-
inating artifacts and noise associated with resonance fre-
quency drift during measurement.

Note the peaks in between these low-noise bands arise
from destructive interference (anti-resonances) in the
structure’s response to external drive.

Observed back-action induced noise correlations.—
BANC becomes unmistakable when resolving thermal
noise over a broad band. To access this regime, we as-
semble the optomechanical system drawn in Fig. 2(a),
comprising a ~80-um-long fiber cavity [20], etched [21]
to finesse ~7,000 for 1550 nm light, with a “tram-
poline” [18, 19] mechanical resonator — a 90-nm-thick
SigNgmembrane patterned into a 100-um-wide pad sus-
pended by 1.5 pum-wide tethers within a 3 mm wide win-
dow — suspended at the center, as shown in Fig. 2(b, in-
set). This is mounted on a vibration isolation stage at ul-
trahigh vacuum (3 x 10~8 mbar), and addressed by either
1550 nm light for high-finesse optomechanics or 1310 nm
light (outside the mirror coatings’ high-reflectivity band)
for low-finesse readout with negligible back-action (as in
Ref. [22]). To eliminate classical amplitude noise from
the 1550 nm light, we pick off 6 mW upstream and feed
back to an intensity modulator (IM), generating nearly
shot-noise-limited output below ~ 100 kHz [17]. Light
reflected from the cavity is collected for readout and
used to feedback-stabilize the cavity length, locking to
the side of the resonance. Figure 2(b) shows the trampo-
line’s thermal mechanical spectrum acquired using only
the 1310 nm laser. The labeled major peaks correspond
to the “symmetric” (s;), “torsional” (t;), and “antisym-
metric” (a;) modes, near predictions from COMSOL sim-
ulations (dashed lines). We perform ring-down measure-
ments to determine the fundamental s; mode quality fac-
tor Q1 = (13.2 £ 0.8) x 10°.

Figure 3(a) and (b) show broadband motional spectra
measured (dark blue) with 1550 nm light at detuning
(input power) A = —0.26x (22 uW) and A = 0.27x (12
uW), respectively. To calibrate the y-axis, we note that
the amplitude quadrature of the reflected light (in the
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FIG. 2.  Membrane-cavity system and measurement setup.
(a) Optomechanical setup. Up to 2 mW of 1550 nm light is
stabilized to near the shot noise limit by intensity modulator
(IM) feedback [17] and / or 300 W of 1310 nm light drive
an 80-pm-long fiber cavity with a Si3N4 “trampoline” [18, 19]
aligned near the center (inset image). The mirror coatings
achieve finesse ~7,000 at 1550 nm, while the 1310 nm light,
outside the high-reflectivity band of the mirrors, generates
roughly sinusoidal (very low finesse) fringes with negligible
back-action. Reflected light from either beam is collected by
a photodiode (PD), and the 1550 nm light is fed back to sheer
piezos under the fiber mirrors to stabilize A during measure-
ment. In this case, the feedback gain is reduced until the feed-
back bandwidth <300 Hz, such that this does not influence
the noise measurements over the bands plotted in Fig. 3; for
measurements with 1310 nm light, feedback is not necessary.
(b) “Bare” mechanical spectrum (using 1310 nm light), show-
ing the fundamental “symmetric” mode sp at 37.7 kHz, along
with several higher-order symmetric (torsional) modes s; (t;)
and antisymmetric modes a; [18]. Magenta vertical lines show
mode frequencies predicted by COMSOL, and gray peaks cor-
respond to high-mass chip modes and electronic noise peaks
that do not play a role.

“fast-cavity” limit k > ;) takes on the form [11]

< G\/ 2’iexﬁcav(’i - K/ex)A ~
Xout i = &€, (9)
(A2 + 12 /4) /A2 1 (/2 — Fiex)?

where Z is the trampoline displacement, A is the mean
detuning, and kex is the cavity light’s decay rate into the
collection path. For the red (blue) detuning, the cav-
ity linewidth x/27 = 0.72 GHz (0.68 GHz) (varies with
trampoline position [18, 23]) and Kex = 0.1x (0.18k) es-
timated from the asymmetry of the reflected resonance
lineshape [24]. The cavity photon occupancy ficay =
KoxMin/ (k2 /4 4+ A?) for input photon rate nj, [11], and
the optomechanical coupling G is estimated from the op-
tical spring shift at low power [11], where the corrections
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FIG. 3. Displacement (a)-(b) and force (c)-(d) spectra
measured (dark blue) with the cavity driven by 1550 nm
laser at detuning (incident power) A = —0.26x (22 pW)
and A = 0.27x (12 uW) for the left and right plots, respec-
tively. In (a) and (b), the black solid curve shows a fit to
the BANC model using Eq. 13, assuming bare mechanical
frequency Q1 /27 = 37.7 kHz, quality factor 13.2 x10°, tem-
perature T=295 K, susceptibility tail xg = 0.457 + 0.003 as
fixed, independently measured parameters (see main text),
and background noise tail Ar = 4.95 x 10726 m2, Qe /2
= 22.3 kHz (41.8 kHz) and Teg/2m = 1145 Hz (49 Hz) as
free parameters for red (blue) detuning. The light blue curve
shows the contribution from the first mode (j = 1), and the
orange shows that of the higher-order modes (j > 1). Shaded
regions represent the uncertainties, dominated by those of
the quality factor and input coupling rate kex calibrated from
measured cavity and membrane parameters (see main text).
Dashed (solid) gray lines show contributed shot noise and
QRFN (measured laser phase noise). (c) and (d) present
force noise spectra from Eq. 7, with x.,, estimated from the fit
parameters. Red lines in (c)-(d) show force noise estimated
by summing all modes independently (no correlations), as in
Fig. 1(c). Pink (grey) shading indicates bands where corre-
lations suppress (enhance) the noise relative to this naive ex-
pectation. Single-mode sensitivity is approached at the bare
mechanical frequency, despite thermal intermodulation noise
(TIN) peaks, rather than at the resonance peak (red dashed
line).

discussed above are negligible.

To model the thermal spectrum S, near and below the
fundamental mode frequency, we approximate the total
susceptibility Xm ~ Xm,1 + X®r + X1, where the combined
bare susceptibility of the higher-order modes (far below
their own resonant frequencies) is approximated by a con-
stant “Hooke’s law tail” ygr and non-vanishing imaginary
component yp associated with structural damping at low
frequencies [1]. Assuming x1 < xgr (i.e., assuming high-
(@ resonances), we can then approximate the back-action-
modified susceptibility of the fundamental mode

) 1
(14 &xr) —1

1+ &xn — ibxa

[mi(1+&xn)] ™
025 — w? — iwleg

|1 Xm, 1] = +¢ (10)

; (11)

where T'o is the modified damping (including xp, laser
cooling, and/or photothermal effects [16]), and

~ 2 g/ml
Qe =~ 4 'Ql + 71 o (12)

is the effective (shifted) frequency. The optomechani-
cal “strength” parameter £ o D X Ncay X Ny (Input
power), meaning the observed nonlinear dependence of
Qefr 0N Neay allows an estimate xyr = 0.457£0.003 (using
my = 4.26 ng estimated from COMSOL [18]). Finally,
assuming structural damping [1], this approximation pre-
dicts a thermal displacement spectrum

SP = Inxma*SE + Y Inxm.1° S, (13)
i>1
Amq kT2 1 A
2 1B 1 T
~ o —, 14
‘77X ,1| ( Qlw + |Xm,1 2 > ( )

where the combined low-frequency noise from all of the
higher-order modes (x 1/w) is captured by the phe-
nomenological “background noise tail” parameter Ar.
Note all noise sources are multiplied by |nxm1]? and
therefore contribute significantly to the resonance peak
at Qer, while the background term is divided by |xm1?,
suppressing its contribution near the original (bare) me-
chanical frequency ;.

The presence of thermal intermodulation noise (TIN)
[25, 26] peaks precludes reliable least-squares fitting of
the entire data set, but we can still use “clean” frequency
bands to constrain Ar. The black line in Fig. 3(a)-
(b) shows SI® assuming T = 295 K, with background
A = 4.95 4 0.01 x 10726 m?, estimated by simultane-
ously fitting the “clean” background data below 20 kHz of
both data sets, using effective frequency Qeq/27m = 22282
+ 3.8 (41761 +1.4) Hz and damping rate Teg/27 = 1145
+ 8.5 (49 + 2.7) Hz for red (blue) detuning constrained
by data near the resonance peak. The model then extrap-
olates to follow the noise floor (in between TIN peaks)
over the majority of the measurement bandwidth for both
detunings, capturing the BANC-induced enhancement
and suppression of broadband noise at high and low fre-
quencies expected for each situation. The deviations in
Fig. 3(a) above 35 kHz are consistent with the broadband
“TIN forest” observed with sufficiently low readout noise
[25, 26]. Also as expected, the orange curves in (a) and
(b), show the background noise tail contribution (second
term in Eq. 13), which is peaked at Qg and suppressed
at the bare mechanical frequency, where the observed



noise approaches that of a single mode (j = 1, light blue
curves).

To ensure these spectra are not driven by laser noise,
the gray curves show the readout noise from our laser’s
amplitude (dashed) and phase (solid) noise, both of
which are at least a factor of 10 smaller than observa-
tions.

Under the same approximations, we can also estimate
a noise floor for force measurements (at the measurement
location) by dividing all of the curves in (a) and (b) by
the magnitude of the total susceptibility

Yo R Xm,1 + XR
T4 € (Xma + XR)

(15)

For reference, we have included a red curve representing
the expectations from the aforementioned “naive” model
(where one sums the noise of each mode individually,
ignoring correlations, as in Fig. 1). The shading em-
phasizes the discrepancy, with pink highlighting broad
regions where correlations produce noise observed below
these expectations, despite the TIN background. Finally,
the red dashed lines highlight the observed fundamental
mode resonance peak, where excess noise occurs primar-
ily due to Qg fluctuations during measurement. Impor-
tantly, this sharp feature is far from the band in which
the lowest noise is observed.

Conclusions— We demonstrate displacement mea-
surements capable of resolving broadband back-action-

induced noise correlations in the thermal noise from
many modes of a “trampoline” resonator. Importantly,
the effect can be strong even if the modes are well-
separated in frequency. Moreover, since the (shifted)
mechanical resonance noise peaks are also strongly im-
pacted, it is important to consider these effects in any
system exhibiting such back-action effects, even if the
readout noise is too high to resolve the broadband fea-
tures. We also find that the lowest noise bands occur near
the bare mechanical frequencies, even if the optical spring
has shifted the resonance frequencies far away, and that
this low-noise band approaches that of a single mode.
Systems less susceptible to TIN, and/or those employing
active TIN suppression (e.g., laser cooling [11], multi-
mode servos [16], or nonlinear noise canceling [27]), can
in principle eliminate artifacts associated with resonance
frequency noise. These low-noise bands should particu-
larly benefit broadband measurements of quantum radia-
tion force noise (QRFN)[6] and ponderomotive squeezing
[28], since the maximum visibility and degree of squeezing
occur where thermal force noise is minimized. Finally, we
note that these multimode interactions can actually sup-
press the force noise floor slightly below that of a single-
mode in these bands, due to the increased mechanical
compliance afforded by the “Hooke’s law tail” from the
combined susceptilibity of the higher-order modes. This
effect is too small to conclusively observe here, but is in-
creasingly relevant when the external force is applied over
a smaller area (i.e., exciting a broader band of higher-
order modes).
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