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ABSTRACT: We present a simple and broadly applicable extension of the Casas—Ibarra
parametrisation that captures the structure of all Majorana neutrino mass models. Build-
ing directly on the original formulation, our approach naturally accommodates additional
degrees of freedom and provides a unified, minimal framework for parametrising the Yukawa
sector. It significantly simplifies both analytical treatments and numerical scans, and can
be universally applied to any Majorana neutrino mass model, regardless of the underlying
dynamics. The approach also offers a unified framework for classifying neutrino mass mod-
els according to the structure of the neutrino mass matrix, which naturally motivates the
proposal of an extended version of the Scotogenic Model. This classification scheme yields
tree-level (loop-level) representative models: the seesaw (Scotogenic Model), the linear see-
saw (the Generalised Scotogenic Model), and the linear plus inverse seesaw (the Extended
Scotogenic Model). We provide ready-to-use explicit expressions for several well-known
scenarios, including the Zee model where one of the Yukawa matrices is antisymmetric.
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1 Introduction

The origin of the light neutrino masses remains one of the most interesting questions in par-
ticle physics. Several possible mechanisms have been proposed, one of the most compelling
explanations being that neutrinos are Majorana particles, as hinted by the Weinberg opera-
tor [1]. One of the simplest high-energy completions are heavy right-handed neutrinos, such
that light neutrino masses are generated by the (Type-I) seesaw mechanism [2—6]. Other
possibilities, like radiative neutrino mass models, have also been extensively explored [7-9].

To study the phenomenology and do parameter scans of neutrino mass models, it is
very useful to parametrise the Yukawa couplings that appear in the neutrino mass matrix in



terms of light neutrino parameters' (masses, mixings and phases) and other free parameters
of the models. For this goal, several parametrisations have been proposed in the literature.
In particular, this approach has been very successfully applied to the Type-I seesaw model
using the Casas-Ibarra (CI) parametrisation [18], studied for special Yukawa textures in
Ref. [19], simplified in the case of just two right-handed neutrinos in Ref. [20], and gener-
alised to include radiative corrections [21] in [22] (see also Refs. [23-28] for other studies). In
Refs. |29, 30], other exact parametrisations for models with right-handed neutrinos, valid
outside the seesaw limit, have been derived. For Type-II seesaw [31-34], obtaining the
(symmetric) Yukawa matrix in terms of neutrino masses is trivial, while for the Type-I+II
seesaw a parametrisation has been proposed in Ref. [35]. Furthermore, parametrisations
similar to the CI one for Type-IIT and inverse seesaw can be found in Refs. [36, 37|, a modi-
fied CI parametrisation for the KNT model [38] was given in Ref. [39], and a generalised CI
parametrisation for an extension of the scotogenic model [40, 41| with several inert doublets
was proposed in [42].

It is worth noting that, although in many works the seesaw parameter space is explored
by adopting the standard CI parametrisation — where several degrees of freedom of the model
are embedded in an orthogonal complex matrix — this is not the only possible approach.
Alternative formulations have been proposed in the literature, aiming to relate more directly
the parameters of the high-energy Lagrangian to low-energy observables. In particular,
Refs. [43-45] have shown that the parametrisation can be reformulated in terms of the
hermitian combination YTY of the Yukawa couplings, which provides a complementary
perspective and can be particularly advantageous in the supersymmetric seesaw. Driven
by the same motivation, another interesting parametrisation for the inverse seesaw was
presented in [46].

In addition, other formulations for the Yukawa structure in less minimal models have
been proposed. In Ref. [47], a parametrisation of the ny x ny antisymmetric Yukawa
matrix of the singly-charged scalar present in the Zee-Babu model [48|, which appears
quadratically, has been obtained using the fact that the latter has a zero eigenvalue and
it has been extensively used in phenomenological studies [49-53]. Further, Ref. [54] also
using this fact, obtained some restrictions on the antisymmetric Yukawa matrix of models
in which it appears linearly, like in the Zee model [55-57] (see also Ref. [58]). Finally, in
Refs. [59, 60], another general but more involved parametrisation for Majorana neutrino
mass models has been proposed.

In this work, we demonstrate that the CI parametrisation can be generalised to en-
compass all Majorana neutrino mass models, providing a unified framework for Majorana
neutrino masses. Although related ideas have appeared in the literature, a self-contained
and comprehensive formulation has so far been lacking. To illustrate the straightforward
applicability of this approach, we apply it to several prototypical examples, like the lin-
ear/inverse seesaw models and the Generalised Scotogenic Model. We also include the case

Tt is worth noting the existence of models in which lepton mixing is connected to quark mixing [10-17],
without the need for Grand Unification. In such frameworks, the PMNS matrix is expressed in terms of the
quark mixing parameters, so that the Yukawa couplings depend on both neutrino and quark observables,
combined in specific ways depending on the model.



in which one Yukawa matrix entering neutrino masses is antisymmetric, like in the Zee
model, where we provide a completely explicit parametrisation in terms of some chosen free
parameters. As a spin-off, our approach naturally leads us to propose a new version of the
Scotogenic Model, which we term Extended Scotogenic Model.

The rest of the paper is organised as follows. In Sec. 2 we describe the general neutrino
mass matrix and the generalised CI parametrisation. In Sec. 3 we follow the form of the
neutrino mass matrix and study typical model realisations of it, both at tree level and at
one loop: i) the seesaw and the Scotogenic Model; #i) the linear seesaw and the Generalised
Scotogenic Model; and iii) the linear+inverse seesaw and the Extended Scotogenic Model.
In Sec. 4 we discuss models with extra symmetries and the application of the generalised
CI parametrisation to the Zee Model. In Sec. 5 we discuss an approach to parametrise the
Yukawas using the complete neutrino mass matrix in models with right-handed neutrinos.
In App. A we derive the standard CI in the seesaw limit using this approach. Our conclu-
sions are summarised in Sec. 6.

2 General neutrino mass matrix and parametrisation

We are interested in the case where the ny = 3 light neutrinos vy, acquire Majorana masses,

11—

—L, = 3 vim, vy + He.. (2.1)
In general, the ny, xny, light complex symmetric Majorana neutrino mass matrix may receive
several contributions, either at tree level and/or from radiative corrections. If there are

several contributions to light neutrino masses, the latter may be expressed in all generality

as
N
m, = Y Y MyY;, (2:2)
ij=1
where the complex Yukawa matrix Y; has dimensions n; x ny (i = 1,...,N) and the

complex mass matrix M;; = MJT; has dimensions n; x n;. For simplicity, let us consider
in the following the case of N = 2, which in neutrino mass models corresponds to just
two different sets of Yukawa couplings, Y7 and Ys. Then, the light neutrino mass matrix
becomes:

my, = YI MYy 4+ Y MyoYs + Yl Moy Yy 4 Yol Mo Ys (2.3)

The latter form may be mapped onto neutrino mass—model parameters, which we exploit
in Sec. 3. The sum of these contributions can be rewritten as

m, =Y' MY, (2.4)

Y; My, Mis
Yy = , and M= , 2.5
() (o 32 )

where



with M = MT being complex symmetric. Therefore, the neutrino mass matrix m, can
always be expressed in the form of Eq. (2.4), regardless of the underlying physics or the
order at which the different mass contributions arise. Note that this clearly also holds for
N > 2, using appropriate block matrices. This has already been pointed out in App. F of
Ref. [60].%

To study the phenomenology, it is useful to express the Yukawa couplings in terms
of light neutrino parameters and other free parameters. For Type-I seesaw, this may be
done via the CI parametrisation [18|, which can be used in the seesaw limit (see Sec. 3.1.1
below). However, in the generic case, before being able to apply the CI procedure [18], the
extended mass matrix M has to be diagonalised via the Autonne-Takagi factorisation

M=VTDyV, (2.6)

where Dy, is a real diagonal matrix with non-negative entries and V is a unitary matrix,
ViV = L, 4n,. Then exactly the same derivation as in Ref. [18| can be applied to V).
Also by means of the Autonne-Takagi factorisation, the ny, x ny, light neutrino mass matrix
may be written as

D,,, = diag(my, ma, m3) = Ul'm, U, (2.7)

with U a nz X ny, unitary matrix. Then we can write the generalised Casas-Ibarra (GCI)
parametrisation as

—1/2
Y =VD *RD U, (2.8)

where R is an (n1 + n2) X ny (semi)-orthogonal matrix, RTR =1I,,,, and we assume that
there are no strictly vanishing eigenvalues in Dyq. Here the word generalised highlights
that, by writing the Majorana neutrino mass matrix as in Eq. (2.4) and diagonalising also
M, the structure of the CI parametrisation of Ref. [18] actually holds for any Majorana
neutrino mass model.?

Note that this expression is valid for any field basis. Indeed, one can work in a basis
where the charged lepton mass matrix is not diagonal, as discussed, e.g., in Refs. [19, 20].
In this case, the matrix U can be written as U = Upyns Uz, where Upyns is the standard
PMNS mixing matrix [61-64] and Uy, accounts for the charged lepton mixing.* It is also
possible to operate in a basis where, e.g., the Majorana mass matrix of the right-handed
neutrinos in the Type-I seesaw is not diagonal, as in Ref. [20]|. However, we emphasise that
in the GCI parametrisation proposed in Eq. (2.8), the matrix V' is the one that diagonalises
the extended mass matrix M and it is not necessarily related to a change of basis, as in [20].

2Eq. 1 of Refs. [59, 60] presents the general Majorana neutrino mass matrix in a form that, while
algebraically equivalent to ours, is less transparent when several diagonal and off-diagonal terms are present.
In such cases - and when y; and y2 in that equation are subject to specific constraints - a direct use of their
master parametrisation does not follow automatically.

3 A generalised CI parametrisation was proposed in [42], but in the context of one specific model, namely
a scotogenic model with several inert doublets (rather than one as in [40, 41]), and using an orthogonal
matrix in one of the diagonalisation steps, instead of the unitary matrix appearing in the Autonne-Takagi
factorisation of Eq. (2.6).

4The choice of mass ordering (normal or inverted) becomes relevant only at this point, via the parametri-
sation of the PMNS matrix, Upmns, and the order of the eigenvalues in Di,.



We summarise the important result discussed in this section:

Any ny xnr Majorana neutrino mass matrix, which may have an arbitrary number
of contributions,

N
m, =Y Y MyY;, (2.9)
i,j=1
with Yukawas Y; of dimensions n; X ny, may be always written in the usual seesaw

way,

my, = YT MY (2.10)

with ) an (ny + ...+ ny) x ny Yukawa matrix, and M an (n; + ...+ ny) X
(n1 + ...+ ny) complex symmetric matrix. Therefore, the seesaw expression is
the most general form for any Majorana (neutrino) mass matrix. A generalised
Casas-Ibarra (GCI) parametrisation may be used,

Y= VTD/_\,}/2 RD Ut GCI parametrisation, (2.11)

where Dy = V*MVT and R is an orthogonal matrix, RTR = I,, . This is a simple
and well-suited parametrisation for numerical scans relevant to phenomenological

analyses.

A word of caution is in order. Note that, if the Yukawa matrices are not general, extra
conditions on the matrix R may need to be imposed. For instance, this is the case of
antisymmetric Yukawa matrices, f = —f7, which appear for instance in the Zee (linear
in the antisymmetric Yukawa) [65] and Zee-Babu models (quadratic in the antisymmetric
Yukawa coupling) [48], see also Ref. [56]. For the Zee-Babu case, another parametrisation
which uses the fact that an antisymmetric matrix has a zero eigenvalue is much more
straightforward to use for phenomenological studies [47, 49, 50, 52, 54|, while for the Zee
model [65] (see Refs. [66-68] for detailed studies of the phenomenology), in Sec. 4 we derive
a parametrisation of R that ensures the antisymmetric condition.

2.1 Specific form of the (semi-)orthogonal Casas-Ibarra R matrix

The key point of the CI parametrisation lies in embedding all the free parameters of the
neutrino sector — except for the eigenvalues of the M matrix — into the R matrix, thereby
making the phenomenological analysis simple and straightforward. The matrix R may,
in general, take a non-square form depending on the dimensions of the Yukawa coupling
matrices. To build a semi-orthogonal (n; +ng) X n;, R matrix we can start from the special
orthogonal group SO(n). It is well known that its dimension is d = n(n — 1)/2, so that
a matrix R € SO(n) can be parametrised with d rotation angles as the product of plane



rotations in d coordinates, as follows:

cij a=b=i,ora=b=j,

n j-1 sij a=ib=7,
R=II11Ry, with [Ril, =1 -s; a=jb=1, (2.12)
= 1 a=b¢{ij},

0 otherwise,

where ¢;; = cosf;; and s;; = sinf;;. A procedure to obtain the semi-orthogonal matrix R
with dimensions (n; + ng) X ny, is to start from a square matrix belonging to SO(ny) if
ni+mng < nr, or to SO(ny +ny) otherwise, and then reduce its dimension so as to reach the
desired (n1 + ng) x ny form. In general, a R, x,, semi-orthogonal matrix can be obtained
as:

<]1n‘()nx(m_n)> Romxm, N <m,

Ronsim = L (2.13)
R nxn — |, n>m,
(

n—m)xm
where 0,4 is a p X ¢ matrix of zeroes. As an example, let us consider the case n; =ng =1
and substitute explicitly n;, = 3. The most general R € SO(3) is

C12C13 512€13 513
R = | —s12¢23 — 12523513 C12C23 — S12523513 S23€13 | (2.14)
5128523 — C12€23513 —C12523 — S§12€23513 C23C13

and we can obtain the desired Raxs following Eq. (2.13):
Roxs = <H2‘02><1) X R3x3 - (2.15)

3 Implementations of the mass matrix and the Generalised Casas-Ibarra
parametrisation

In the following, we study in turn tree-level and loop-level implementations of diagonal, off-
diagonal and general neutrino mass matrices. We consider specific models that are widely
discussed in the literature and illustrate how to implement for them the GCI parametrisa-
tion. In all cases we start from a basis in which the M;; matrices defined above are diagonal,
and we use the notation M; for the eigenvalues of M. Also note that, when working in
the basis in which the charged lepton mass matrix is diagonal, the matrix U appearing in
all the expressions we give below coincides with the PMNS matrix, Upyns. For the latest
values of the oscillation parameters, see Refs. [69, 70].

3.1 Diagonal mass matrix

In some cases, there may only be one source of neutrino masses. In the following we study
the case in which the diagonal element M, is non-zero, M1; # 0, while the rest of elements
are zero, M12 = Mgl = M22 =0.



3.1.1 Tree level: the Seesaw case

The most famous example of My; # 0 at tree level is the usual seesaw limit of models with
extra right-handed neutrinos. If ngp = n; right-handed neutrinos N are added to the SM,
the Yukawa and mass terms in the Lagrangian read [2-6]:

o 1
—Lss=LYHN + §NCmRN+ H.c., (3.1)

where mpg is a ng X ng complex Majorana mass matrix which, without loss of generality,
can be chosen to be diagonal with positive eigenvalues, and Y is a ny, X ng complex Yukawa
matrix. Here L = (v, er)? are the left-handed lepton doublets.” We denote by H the SM
Higgs doublet, which in the unitary gauge after electroweak symmetry breaking is given by

H=(0,(h+v)/vV2)T, (3.2)

with v = 246 GeV the vacuum expectation value (VEV) and h the Higgs boson. In the
basis (vz, N¢), after Electroweak Spontaneous Symmetry Breaking (EW SSB), the complete

(nz, + ngr) x (ny + ng) neutral fermion mass matrix reads

Onysny M
MV:< L D), (3.3)

mp MR

where mp = Y v/v/2 (so mp is np, x ng). In the seesaw limit, mp < mpg, Eq. (3.3) may
be diagonalised to yield the mass matrices:

-1 T nyxXn NRXN
Miight =~ MpMp Mp eC™ L7 Mheavy = MR € Cr=nR, (34)

The spectrum contains (ny — ng) massless states at leading order. Therefore, the light
neutrino mass matrix can be written as

my, =Y My Y1, (3.5)

where Y1 = YT and My; = v?/2 mgl. Therefore, it has the form of Eq. (2.3) with My =
My = Myy = 0, and the usual CI parametrisation [18| can be used to express the Yukawa
Y1 in terms of light neutrino observables and other unknown free parameters. The most
general neutrino Yukawa coupling compatible with low energy data, in the basis where the
charged leptons Yukawa couplings and the M7, are diagonal, reads:

Yi =Dy, Ry D U (3.6)
2
= \vf m}z/Q R D s U, Standard CI parametrisation, (3.7)

where D;/[lli % is the diagonal matrix of the square roots of the eigenvalues of Mi1, D /7 is
the diagonal matrix of roots of the physical masses m; of the light neutrinos, and Ry is the
ng X ny, orthogonal matrix that includes all the free parameters describing the neutrino

This flavor structure also applies, for instance, to Type-IIT seesaw and Model A; in Ref. [71].



Field SUB)e SU@2), Uy Zs

d = (¢, po)T 1 2 /2 1
YR 1 1 0 1

Table 1: Particle content and charge assignments of the Scotogenic Model.

sector. In Sec. 5, we discuss a rewriting of the general neutrino mass matrix in Eq. (3.3),
which could potentially serve to obtain a GCI parametrisation outside of the seesaw limit,
or one that includes higher order corrections. We also show in App. A how the standard
CI may be derived in the seesaw limit using this approach.

Several other models exist in the literature where only the Mj; element is different
from zero at tree level, like Type-III seesaw [72], Model A; in Ref. [71], and other variants
of the Type-I seesaw |73-75].

3.1.2 Loop level: the Scotogenic Model

The Scotogenic Model (ScM) [40, 41] is based on a Zs symmetry, see also Ref. [7]. The
particle content with the associated charges can be found in Table 3. The relevant terms
in the Lagrangian of the model are:

1 S
~Lsent = 505mrvr + (VRO'Y L+ He.) | (3.8)

where ® = igo®*. As in the case of the seesaw, at least two copies of the fermion singlets
are needed. The scalar potential for ® and the SM Higgs doublet H is given by:

Veem = — mEGHVH + A\g(HTH)? + m33T® + \g(0TD)? (3.9)
A
+ Ago(H H)(@1®) + Ayoo(HI®)(OTH) + % (H'®)? + Hec.

The scalar mass spectrum, derived from the potential in Eq. (3.9), reads

1
Mk = \/m(% + B Ao + Aue2 + )\Hq>73) v?, (3.10)
1
myr = \/m%, + 5()\1{@ + AHop2 — )\Hq;’g,) vZ, (3.11)
2 1 2
Mg+ = \[ Mg + 5)\}1@1} . (3.12)

Here gbg and qﬁ(l) denote the real and imaginary parts of the neutral field ¢g in the additional
scalar doublet, and ¢ its charged component. The scalars ¢§ and qﬁ(l) acquire a mass split-
ting proportional to the quartic coupling Aye 3; taking Ape 3 small is technically natural
in the 't Hooft sense [76].

The exact discrete Zo prevents the singlet fermion to couple with the Higgs doublet
and neutrinos remain massless at tree level. The latter only obtain a mass at one loop from
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Figure 1: Neutrino mass contributions at the one-loop level in the Scotogenic Model. The
neutral scalars qﬁ(}f and qbé run in the loop.

the diagram shown in Fig. 1. The Majorana neutrino mass matrix reads:
1
(my)aﬁ = @Z(Yaiyﬁimlﬁ ).F(m¢éa,m¢é,m3i) 5 (3.13)
(2

where the loop function is

2 x2 2 2

x Yy Y
The neutrino mass matrix has the form of Eq. (3.5), m, = Y; My, Y} with
T MR,

Therefore, the seesaw-like flavor structure allows to use the standard CI parametrisa-
tion [18], after trivially taking into account the different global factor. This result is in
agreement with that found in Ref. [77], where the ScM was studied in the context of direct
detection of Dark Matter.

At one loop, another similar example is the ScotoSinglet Model [78]; see Refs. [79-81]
for other one-loop models and Ref. [8] for a review of radiative neutrino mass models.

3.2 Off-diagonal mass matrix

In the following we consider the scenario where only the crossed terms are non-vanishing,
i.e., Mi1 = Mo = 0. We want to show how the CI parametrisation can be implemented for
such a broad type of scenario, without considering a particular model; this means that we
do not consider if the neutrino mass matrix leads to a massless neutrino eigenvalue or to a
specific mass ordering. We will go through some other examples in the following sections.
The light neutrino mass matrix reads of Eq. (2.3) reads

my, = Y MyoYs + Y ML Y, (3.16)

which can be rewritten in the from of Eq. (3.5) with

(n (0 My
y—<y2> and M‘(Mg 0>. (3.17)



The extended Yukawa matrix is (n; + n2) x nr, and the extended mass matrix M is
(n1 4+ ng2) X (n1 + ng). The matrix M can be diagonalised by

1 Z]In Xn *Z’Hn Xn
V=_— 1xn1 RO I 3.18
\/i (HTLQ Xni HTLQX”Q ) ( )

for arbitrary ny and ne, where the presence of the 7 ensures that all eigenvalues are positive,
and with Dy = diag(Mi2, M12). Therefore, we can proceed with the GCI parametrisation
provided in Eq. (2.11).

Casen; = n, =1

In this case, the Yukawa couplings are three-dimensional vectors, so that the rank of the
neutrino mass matrix is two. This implies that such a mass structure provides one massless
neutrino. There is one parameter stemming from the Mo matrix, together with the 12
real parameters needed to specify the Yukawa interactions. As is well known, not all of
them are physical quantities. Indeed, three of them can be absorbed by a rotation of the
lepton doublets and another one by the rescaling of the parameter in Moyo. Therefore,
there are only 10 effective parameters that determine the light-neutrino sector. Finally, we
observe that the measurable parameters yield 2 masses, 3 mixing angles, and 2 phases, for
a total of 7 measurables, and we conclude that in order to describe the Majorana neutrino
mass with off-diagonal mass matrix and n; = ny = 1, we need two real parameters. These
parameters are included in the matrix R, which can be obtained by following the procedure
outlined in Eqgs. (2.14) and (2.15), setting 013 = fa3 = 0:0

cosz Fsinz 0
R = , 3.19
23 <sinz + cos z O) ( )

where z is a complex angle, yielding the 2 real parameters discussed above. It must be noted
that a & in the second column has been included to account for possible reflections of the
orthogonal R matrix. Let us now discuss how to diagonalise the M matrix in Eq. (3.17).
Using Eq. (3.18), the matrix V of Eq. (2.6) can be directly obtained.

In standard seesaw models, the mixing of the charged leptons typically scales as © ~
vmy /My, with My the mass of the heavy leptons that leads to a suppression of the
size of the Yukawa couplings, unless special mass textures are imposed in accordance with
lepton number conservation [82-90]. This feature is shared by both the Linear seesaw and
the Generalised-Scotogenic Models, discussed below as examples of tree-level and loop-
level neutrino mass generation, respectively. In the Linear seesaw scenario, lepton number
violation (LNV) arises only through a small perturbation in the mass matrix, while in the
GScM non-zero tree level neutrino masses are protected by an additional U (1)py symmetry.

5Since we need only one complex parameter two of the angles can be put to zero. The choice of which
angles to set to zero depends on the structure of the diagonal neutrino mass matrix, i.e., on the position
of its non-vanishing eigenvalues. By choosing the two non-zero eigenvalues to lie in the 2 x 2 upper-left
sub-block of D,,, only ;2 has to appear in R.

~10 -



As a consequence, in both models the violation of lepton number is strongly suppressed,
which naturally leads to a hierarchical Yukawa structure, i.e., Yo < Yj. Therefore, within
the CI parametrisation, it is immediate to take the limit of large imaginary parts of the
complex angle z,” corresponding to this strong hierarchy, which yields a rich phenomenology.
For Inverted Ordering (I0), we obtain:

—Imz Imz

e . . e . o
Y] = —— {up/ml T zu2\/m2] , Yo = — {Ulw/ﬂh + qu\/mg} , (3.20)
2M 4 2M 4
while for the Normal Ordering (NO), we have:
efImz . eImz )
Y] = — [ugw/mg F zu};w/mg] , Yo = — [uéw/mg + zuga/mg} , (3.21)
vV 2M4 2M 4

where u; are the two columns of the PMNS mixing matrix. It is worth to notice that this
result is the large mixing angle limit of the parametrisation of Ref. [20], obtained for the
seesaw scenario with two right-handed neutrinos. Also, a similar parametrisation can be
found in Ref. [91] in the context of low scale seesaw with two right-handed neutrinos.

Case n; = n, = 2

The matrix V' which diagonalises the matrix Mx4 to the diagonal form
D = diag(My, Mo, My, M), (3.22)

through the Autonne-Takagi decomposition in Eq. (2.6) is given by Eq. (3.18). Moreover,
due to the increased dimensions of the Yukawa coupling matrices and of the matrix M x4,
there are more free parameters to consider. With a similar parameter counting as the
one performed for the previous case, we find that in this scenario there are 12 free real
parameters. Using Eq. (2.13), we parametrise R4x3 as:

01x3

I
Raxs = Raxa ( 3 ) ; (3.23)

which depends on 6 complex angles, contributing to the 12 real parameters required to
describe the neutrino sector in this scenario.

Case ny =np, =3

Using Eq. (3.18), the matrix V' which diagonalises the matrix Mgxg to the diagonal form

D = diag(M1, My, M3, M1, My, M3)

"In the large imaginary part limit of the angle z, the imaginary component is assumed to be positive.

— 11 —



through the Autonne-Takagi decomposition in Eq. (2.6) can be directly obtained. With a
similar parameter counting performed as for the previous cases, we find that in this scenario
there are 24 free real parameters. Using Eq. (2.13), we parametrise Rgx3 as:

Rex3 = Rox6 ( Is ) , (3.24)
O3x3

which, in general, depends on 15 angles, for a total of 30 real parameters. Similarly to the

case with n1 = no = 1, since there are more free parameters than needed to describe the

neutrino sector, some of the angles can be set to zero. In this scenario, 3 angles turn out

to be redundant.

3.2.1 Tree level: the Linear Seesaw Model

The Linear seesaw (LSS) was first introduced in Refs. [92, 93] for left-right symmetric
models and also in grand unified theories [87, 94]. Variations of the neutrino mass matrix
have been proposed in Refs. [89, 95]. More recently, models with new scalars in higher
SU (2) representations have been proposed |71, 96]. In general, the model consists of ny
right-handed neutrinos N and ng singlet fermions S, so that the relevant terms in the
Lagrangian are: -

—L1ss = HNYNyL + LHYsS + NMpS + H.c., (3.25)

where L = iooCL”T, C the charge conjugation matrix, and Mp is a n; X ny complex mass
matrix and Yy and Yg are 3 x n; and 3 X ng complex Yukawa matrices, respectively. In
the basis (v, N¢,S), after the EW SSB, the (n1 + n2 + 3) x (n1 + n2 + 3) neutral fermion

mass matrix reads
T
0 CYy =Ys

V2 N 2
M,=| %Yy 0 Mg |. (3.26)
SYS Mp o0

Taking the limit Yy, Ys < Mpg/v, the mass matrix of the light neutrinos is given by
T2

which has the form of Eq. (3.16) with

(YSM;YN +yIME YT ) , (3.27)

my

2
v _
i=Yl, Yo=Yy, M12:?MR1. (3.28)

Note that the heavy fermions are degenerate in the aforementioned limit. The origin of the
name linear seesaw becomes evident: the Yukawa couplings of the right-handed neutrinos
enter linearly in the mass matrix, in contrast to the usual seesaw in which they enter
quadratically. A schematic diagram of the neutrino mass generation is shown in Fig. 2.
One may directly use the GCI parametrisation, Eq. (2.11), with V' given by Eq. (3.18). For
the ny = ny = 1 case, the simpler forms for the Yukawas provided in Egs. (3.20) and (3.21)
may be used for IO and NO, respectively. Note that Yg violates lepton number in two
units and therefore it is small in 't Hooft sense |76]. This correspond to the large imaginary
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Figure 2: Neutrino masses at tree level in the Linear seesaw (left) and the Inverse seesaw

(right).

part of the complex angle z. This flavor structure also applies to Models Ay and B; in
Ref. [71]. The parametrisation presented for the Linear seesaw model can be mapped onto
the parametrisation used in Ref. [90] in the case of degenerate heavy neutrinos by taking
Relz] — 6/2. Note that in that reference the Majorana phase is shifted by 7/2 in order to
provide all positive neutrino masses, whereas here the result is automatically obtained.

3.2.2 Loop level: the Generalised Scotogenic Model

Here we discuss the Generalised Scotogenic Model (GScM) [97], a generalisation of the
ScM Model [40, 41] based on a global U(1)py symmetry instead of the Zs symmetry of
ScM. We follow closely the notation of Ref. [97]. The SM is augmented by two additional
scalar doublets and at least one vector-like Dirac fermion, all charged under the U(1)pm
symmetry. The particle content with the associated charges can be found in Table 2. The

relevant terms in the Lagrangian are
—Lasen = DMy + @Y@L + oy H.c.) . (3.29)

For the case of just one fermion, the neutrino Yukawa couplings Y,Y” are three-component
row vectors. The scalar potential of ®, ® and H is given by
Vasem = —myHTH + A (HTH)? + m28T0 + Ao (0T®)2 4+ m2, 010" + Ay (9T0")?
+ Arra(HTH)(DT®) + Aprar (HTH ) (DT0') + Mg (070 (0'10)
+ Ao 2(H'®)(DTH) + Apgr o (HT ) (PTH) + Mg 2(T') (1)
+ Moo [(HT®)(HT®) + He.| . (3.30)

In the interaction basis (Hp, o, ®f), the scalar mass matrix is:

—mZ, + 202y 0 0
Mg = 0 mé + %02 (/\Hcp + )\HQQ) —%U2/\H¢.q>/ . (331)
0 —%UQ)\Hq;.q;./ m%/ + %1)2 (>\H<I>’ + )\H':I)/72)

The neutral mass eigenstates are defined as:

no = se®o+ cp®y,

0
3.32
no = — co®o + 9Py, (3.82)
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Field SUB)e SU(2), U(l)y U(l)pum

® = (o7, ¢o)T 1 2 1/2 1
= (¢, 67T 1 2 -2 1
Vector-like fermion v 1 1 0 1

Table 2: Particle content and charge assignments of the Generalised Scotogenic Model.

H - - H
~ 4
\‘ ’/
N 4
\:.ﬁl
» T 3
o, Ko

Figure 3: Neutrino masses at the one-loop level in the Generalised Scotogenic Model.

with ¢y = cosf and sy = sinf. The mixing angle is

2c

tan 260 = )
an20 = =, (3.33)
with
c=— })\ v?
=~ 5AHPV,
1
a=m3 + 5’02 (AH® + AHO2) (3.34)

1
b :m%/ + 5’02 ()\Hcpl + )\qug) .

The mass eigenstates (h, 1o, 7;) have masses:

1
B a+b+ (a—b)2—4c2>,

1
My, —\/2 <a+b— (a—b)2—402>.

Similarly to the Scotogenic Model, the exact global U(1)py prevents the singlet fermion to

(3.35)

couple with the Higgs doublet and neutrinos remain massless at tree level. The latter only
obtain a mass at one loop from the diagram shown in Fig. 3. The Majorana neutrino mass

matrix reads:

sin 260
(my)ap = 397 M;), (3.36)

> (YaiY3M; + Y Y5 M; ) F (g, my
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where the loop function is defined in Eq. (3.14). The sum over the index ¢ indicates the
generalisation to the case with multiple fermions, each with mass M;. The neutrino mass
matrix has the form of Eq. (3.16) with

sin 260

Y=Y Yo=Y’ Mo =
1 ’ 2 ’ 12 327{'2

diag(M; F(M;)) . (3.37)

For the ny = ny = 1 case, Egs. (3.20) and (3.21) may be used for IO and NO, respectively.
As a consistency check, we note that the parametrisation derived from the GCI construction

mz

coincides with that employed in Refs. [97, 98] by replacing ¢ — e~ ™2, For suitable lep-
ton number charge assignments of the additional scalar and fermion fields, lepton number
violation originates from the Yukawa coupling Y, which can thus be regarded as naturally
small in the sense of 't Hooft naturalness. This corresponds to the large imaginary part of
the complex angle z.

Let us also mention that one of the interesting features of the GScM is that the lightest
neutral particle of the dark sector (the dark fermion 1 or the lightest neutral dark scalar)

may be a good Dark Matter (DM) candidate.

3.3 Diagonal plus off-diagonal mass matrix

This case corresponds to relaxing the assumption of vanishing diagonal entries in the matrix
M, thus obtaining the most general neutrino mass matrix m,, namely that of Eq. (2.9),
for which the GCI parametrisation applies, Eq. (2.11). As in the previous case with purely
off-diagonal contributions, we will consider specific models in which neutrino masses arise
either from tree-level diagrams (the Linear plus Inverse seesaw scenario) or from one-loop
diagrams (the Extended Scotogenic Model).

3.3.1 Tree level: the Linear plus Inverse Seesaw Model

In this section we consider the Linear plus Inverse seesaw Model (LISS). It adds a small
Majorana mass for .S,

1 -
—Ligg = §SC/LS + H.c., (3.38)
to the Lagrangian of the LSS model, L1 gg given in Eq. (3.25),% so that:
Lriss = Lrss + Liss - (3.39)

Note that p violates lepton number in two units and therefore is small in t’ Hooft sense.
The tree-level neutrino mass generation in the (LSS) ISS is shown on the left (right) panel
of Fig. 2. The neutrino mass matrix reads:

0 LYi %Ys

vl
M= | LYy 0 Mg |. (3.40)
FYS ML op

80ne can also add another one in the M} element, but it will only contribute to neutrino masses at
one loop. See Ref. [89, 99, 100] for other variants of the inverse seesaw.
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Similarly to the usual seesaw limit, we can assume Yy v, Ygv, u < Mg, so that the mass
matrix of the light neutrinos to the lowest order reads:

2
m,, — % (YSM;;YN FYIMETYT 4 yIME ! MM;;YN) : (3.41)

where the first (second) contribution corresponds to the linear (inverse) seesaw. This has
the form of Eq. (2.3) with

7)2 -1 _ 2}2 _
Yi=Ys, Yo=Yy, Mp=_Mp pMp',  Mo=Mp.  (342)

We now illustrate how the Yukawa parametrisation is modified in the presence of a non-zero
diagonal mass term for the case n; = no = 1. In such a scenario, the R is the same as in
Eq. (3.19) and V is obtained from Eq. (3.18). This scenario differs from the LSS one due to
the small contribution to the M eigenvalues proportional to the LNV term p. Therefore,
now the heavy fermions form pseudo-Dirac pairs. The diagonalisation of M gives:

0 M Mo + M22/2 0
v AN , 3.43
<M12 M22) ( 0 Mo — M22/2> (8:43)

where =~ indicates that this expression is valid in the limit Msy <« Mjs. For Inverted
Ordering (IO), we obtain:

e—Imz eImz M22
Y = [u VvV Fiusy/m } [u Vmy £iusy/m },

elmz . ’
Y2 :\/Wim [UT\/ml ilu;\/mz} 5

while for the Normal Ordering (NO), we have:

—Imz Imz
e
Y, = [u U } [u +iu
1= /72 5v/ma Fiuzy/mg %4M1 5v/ma 3v/ms| (3.45)
Imz !
€ * .k
Y5 :W12 [um/mg + zu3\/m3} ,

where u; are the two columns of the PMNS mixing matrix. For completeness, we remark
that also the Y> Yukawa receive contributions proportional to the LNV term; however, these

—Imz and are thus neglected. As a consistency check,

are further suppressed by a factor e
we find that our results reproduce those of Ref. [90] upon identifying My — AM and

Mo — M.

3.3.2 Loop level: the Extended Scotogenic Model

Much like in the periodic table, where the presence of gaps has guided the search for missing
elements, the absence of a radiative model incorporating both diagonal and off-diagonal
mass contributions motivates the following proposal. The model is the generalisation of the
Scotogenic Model (ScM) [40, 41], still based on a Zg symmetry, but adding both chiralities
of the fermion singlet. We term it the Extended Scotogenic Model (EScM). The particle
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Field SUB)e SU@2), Uy Zs

d = (¢, po)T 1 2 /2 1
VL 1 1 0 1
VR 1 1 0 1

Table 3: Particle content and charge assignments of the Extended Scotogenic Model.

*\ ) » W »
-3 “re’
’/ \‘ L ~
D, Kii) (I)I) (\(I)
1 \ 1 \
1 1 1 \
[ —— > X—<——<«— |, [ ————X—————— |,

Yr(r) YL(R)

Figure 4: Neutrino mass contributions at the one-loop level in the Extended Scotogenic
Model. Left: Contributions proportional to mp, g); Right: Contributions proportional to
mp.

content with the associated charges can be found in Table 3. The Lagrangian for the model
is:
_ 1__ 1 . . .
~Lesent = Ympw + SBEmur + 5 Pgmave + (VR®'Y L+ GréTY "L+ He.), (3.46)
where for the case of just one copy of the fermion 1, the neutrino Yukawa couplings Y,Y”’

are three-component row vectors. The scalar potential is provided in Eq. (3.9). In the basis
(vL, Y%, 1), the complete neutral fermion mass matrix at tree-level reads:

00 O
M = [0 mgr mp | . (3.47)
0 mig my,
Therefore, active neutrinos are massless at tree level. One can diagonalise the heavy fermion

mass matrix. For one family of fermions, so that mg, mp and mj, are numbers, one gets:

1
Mp = 5 [mR +mr, £ \/(mL —mg)? + 4m2D)] : (3.48)

The neutral mass eigenstates are defined as:

(01 (o sinf cos@
=V(0 , V() = , 4
<¢2> 2 (¢L> (6) (— cos sin9> (3.49)

with the mixing angle defined by

2mp

tan 20 = (3.50)

mL_mR.

We can distinguish several limiting cases:

17 -



e Seesaw case: mp > mp > my,. We obtain:
M ~mp — —=, My ~mpg. (3.51)

Similarly for my, > mp > mg, interchanging mg < my..
e Pseudo-Dirac case: mp > my r. We get:
M ~ My ~mp. (3.52)
This scenario corresponds to the off-diagonal case discussed above.

Light neutrino masses are generated at one loop, as shown in the diagrams of Fig. 4. The
neutrino mass matrix can be written as in Eq. (2.4) with?

v Y Mo 1 FiMys3 + FoMach (FiMy — FoMs)sgeg (3.53)
S\ ) 3272 (F1M1 — FQMQ)S@CQ FlMlcg + FQMQS; ’ .

where sy = sinf and ¢y = cosf, with the mixing angle 6 defined in Eq. (3.50). Here
F, = ]:(mqb{f’ma%’ My,), where the loop function F is given in Eq. (3.14), and M; and Mo
are the mass eigenstates in Eq. (3.48). Importantly, even for the case of only one family of
heavy fermions, two masses for light neutrinos are generated. It is therefore possible to use
the GCI parametrisation, see also Ref. [101]|. First, let us consider the seesaw case for the
heavy fermions, mpg > mp > my, such that sy ~ mp/mp. The elements of M are given
by:

mp mp
Fy, M~ ~39.2

My ~ B
1= 3902

2
m
Fy, Moy ~ |:mLF1+(F2—F1)D . (354)

3271’2 mpeg

In the limit M}, > My, , the light neutrino mass is approximately given by

my =~

2
YT Ry <mL - mD) Y’ (3.55)

3271’2 mp

In this limit, the conventional seesaw scenario is reproduced, allowing to directly use the
GCI parametrisation. On the other hand, expanding M in Eq. (3.53) in the pseudo-Dirac
limit, mp > mp g, we have sg ~ 1//2, and obtain:

Fi+F | Fy — F
S e MR R

1 F, — F
Mg~ ——— mD+§(mL+mR) ! 2],

i+ F

JERrR[ L BB
| L DF1+F2 '

(3.56)

9Note that the contributions to the neutrino mass matrix can be equivalently expressed in the form of
Eq. (2.3).
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Field SUB)e SUQ2)L U(l)y

H 1 2 1/2
H 1 2 1/2
ht 1 1 1

Table 4: Particle content and charge assignments of the Zee Model.

Furthermore, neglecting the second term in the squared bracket, which is further suppressed
by (Fy — F»)/(F) + F») < 1 as My ~ My ~ mp, we get the neat form

Fi+Fs {mgrp mp
M~ —= . 3.57
6472 <mD my, ( )

Note that the Mj; contribution coincides with the Scotogenic one, while the Mo + Mo
contribution is the same as in the Generalised Scotogenic Model. Equivalently,

1
my = o5 (Fi + ) YTmpY + YT m Y + YT mp Y + YT mpY] . (3.58)

We thus recover the same neutrino mass structure discussed in the LSS+ISS case, with the
difference being that in the present scenario My; # 0. The presence of this term modifies the
form of the eigenvalues of M, which now receive an additional contribution proportional to
it, leading to an enhanced splitting between the eigenvalues of M (as discussed in Ref. [90]
for the LSS + ISS case). The parametrisation of the Yukawa couplings, however, remains
unchanged in its overall structure, and given by Eqs. (3.44) and (3.45) with My now
replaced by M7, + Mos.

4 Implementation of the Generalised Casas-Ibarra parametrisation in
models with extra symmetries

The GCI parametrisation is particularly useful in scenarios characterised by anarchic Yukawa
couplings, i.e., when there is no specific underlying symmetry in them. Nonetheless, the
GCI framework remains applicable and insightful also in situations where the Yukawas
have special symmetries. This is the case of an antisymmetric matrix, f = —f7, which for
instance appears in the case of a singly-charged singlet, h™,

LfLh* + He.. (4.1)

As in this case neutrino masses cannot appear at tree level, we focus on a one-loop realisa-
tion, the Zee model.

4.1 The Zee Model

As an illustrative example, we consider the Zee model [55-57], see also Ref. [66] for
a full analysis. The model provides an example of one-loop neutrino mass generation and
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Figure 5: Neutrino masses at the one-loop level in the Zee Model. The mass eigenstates
th and the charged leptons run in the loop.

consists of an extension of the Standard Model by an additional scalar doublet Hs, together
with a singly-charged scalar singlet h*t. The particle content of the model is summarised
in Table 4 and the neutrino mass generation at one-loop is shown in Fig. 5. Without loss
of generality, we work in the Higgs basis where only the scalar doublet H; takes a VEV
v =246 GeV. The Yukawa Lagrangian of the model reads

B <y1H1 + FLHQ) er+ LfLh" + He., (4.2)

where eg are the right-handed charged lepton singlets. Here y. can be taken to be diagonal,
i.e., we are in the charged lepton mass basis, with M, = ylv/ V2, whereas T, is a general
complex ny, x ny, matrix and f is a complex ny, X ny, anti-symmetric matrix, f7 = —f. The
scalar potential of the Zee model includes the LNV trilinear term:

V C pHIHyh™ + He., (4.3)

which, without loss of generality, can be chosen to be real and positive by a field redefinition
of the singlet ™. After the EW SSB, it induces a mixing between the singly-charged scalars
of the doublet Hy and the singlet h™,

V2up

2
h‘2

sin 2¢ = , (4.4)

2
m me,
hl

where hf and h;r are the mass eigenstates, with m,+ > m,+. The Majorana neutrino mass
2 1

matrix reads:

2
sin 2¢p T T +T M
my = 1672 (fMeFe + Fe Me f ) log mii (45)
1

This mass matrix can be rewritten in the form of Eq. (2.10) with the identifications

([ f [0 M
) ()

where M. is the diagonal matrix of charged lepton masses and we have absorbed the global
factors by defining

. sin2yp hi T
f= L g (4.7)
1672 if
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The explicit form of the matrix V in Dy = V*MVT is given in Eq. (3.18). This al-
lows for the use of the GCI parametrisation, Eq. (2.11). However, in this scenario, the
semi-orthogonal complex matrix R is not arbitrary, but must be such that it realises the
antisymmetric structure of the Yukawa couplings associated with the singly-charged scalar
ht,ie., fT =—f.

In the following, we show that it is possible to find an explicit parametrisation of the

R matrix that guarantees the antisymmetric condition of the Yukawa matrix f. For this,

R
R = <R;> , (4.8)

where Ry and Ry are ny, X ny, complex matrices, with n;, = 3. In this way, the orthogonality
condition RTR = I3 reads

it is convenient to write R as

RTRi 4+ RTRy =13. (4.9)
In addition, from the GCI parametrisation, considering the upper block part, we get

—1

f= ﬁMgl/Q (Ri+iRy) D s UT. (4.10)

Therefore,
Ry +iRy = A:=ivV2MY? fU D2, (4.11)

where we have introduced the matrix A and assumed that D,, is invertible. Transposing
this equation, it is immediate to see that

RTR = ATA—i(RTA+ ATRy) — RIR,. (4.12)

Notably, from this equation and the orthogonality condition in Eq. (4.9), we arrive at a
condition which is linear in Ro, namely,

RIA+ AT Ry =i (I3 — ATA) . (4.13)

Then it is possible to choose 6 free (complex) parameters and obtain analytical expres-
sions for the remaining ones in the following way. Two of the three Yukawa couplings in f
can be freely chosen, while the third one is fixed by the condition that f , being of rank 2,
has a null eigenvector [54|. Specifically, writing f as

R 0 f3 *fz
f=1-0 A, (4.14)
fo —=fi O

o = (f1, f2, f3)T is a null eigenvector of f, which satisfies
oT'm, v =0, (4.15)

leading to a quadratic equation that fixes one of the elements of f in terms of the other
two [54]. Moreover, once f is fixed, the matrix A is completely determined (for a given
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light neutrino mass matrix) and therefore Eq. (4.13) leads to a linear system of 6 equations
for the 9 elements of Rs. Actually, given that f is not invertible, neither is A, and one
can show that there are only five independent linear equations for the elements of Rs. The
linear system can always be solved analytically, yielding 5 elements of Ry in terms of the
other four that are chosen as free parameters. In turn, R; is determined from Eq. (4.11)
(which can also be used to choose a different set of free parameters).

In order to write explicitly an independent set of linear equations for the elements of
Ry, note that from f v = 0 it follows that

A(D 7 U'd) = 0. (4.16)

From this condition it is possible to write the first column of A as a linear combination of
the second and third columns, namely

Al = XA + A3A;3, (4.17)
with A2 3 determined from f and my:
Ay _2iVme Up fi

Yo iv/mi U} fi

N = 2 VT3 Us i (4.18)

Yo v/miUY fi

)

for >, /mi U} fz =% 0. Then, a proper system of five linear independent equations for the

elements of Ry := [r;], writing also A := [a;;] and i (I3 — AT A) := [b;;] = [bsi), is

( 2 Z (A2 ajo + A3 ay3) rj1 = b
J

Z ajzrj1t + (A2ajo + A3 a;3) 1j3 = b1z
J

2 aj2ri2 = b (4.19)
j

E a;j3Tj2 + a2 T3 = bas

J
2 E a;3 T3 = b3z,
J

where, if not specified, the summations go from i(j) = 1 to i(j) = 3.!° Here it is possible
to choose different sets of four free parameters and express the remaining ones in terms of
them, typically by solving smaller subsystems at a time. For example, choosing r11, 721,712
and r13 as free parameters, the solution is:

0T he equation Z]. aj2Ti1 + (A2aj2 + Asaj3)rj2 = b1z is a linear combination of the other ones and
therefore it has been omitted.
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1 b11

2
Soa + g | 2 o 2ot e |

Jj=1

r31 =

(4.20)

<T23) 1 ( azz  —(Aoaze + )\3a33)> <b13 - Z;’:l ajzri1 — (A2 a2 + Az ai3) T13>

Aad

33 —as3 A2a22 + Azaz3 b33/2 — a1z 713

(4.21)

792 1( a3z  —as bao/2 — a2 7112
-~ / \ , (4.22)
32 d\—as3  amn bag — a1z 2 — Y51 Q2753

with d = agg ags — agsasa. Finally, R; can be obtained from Ry using Eq. (4.11) and we
arrive at an explicit parametrisation for both f (see Eq. (4.10)) and T,

1
[,=—=M Y2GR) +Rs)D_ U, 4.23
\/5 e (Z 1 2) vm ( )

which results from considering the lower block part of the GCI parametrisation.

This procedure gives a parametrisation of the Zee model and other models with an
antisymmetric Yukawa matrix, with analytical expressions for all the parameters in terms
of a chosen set of free parameters. A detailed application of this method is left for future
work. We end up noting that, once the Yukawa couplings in f are fixed, instead of following
the GCI procedure outlined above, it would also be possible to set and solve analytically a
linear system of equations directly for the Yukawa couplings in I'.. This approach and the
comparison to the one outlined above are also left for future work.

5 The complete mass matrix with right-handed neutrinos: Discussion
and Outlook

It is suggestive to rewrite the complete neutrino mass matrix including right-handed neu-
trinos, M, in Eq. (3.3), in the form

M, =YY" MY, (5.1)
with .
~ Y Onpxn
Y= ( RX R) c CZnRX(nL-HLR) (52)
OnRXnL ]InR
and

e Onp U/\/i]lmz € C2RxR (5.3)
U/\/éHnR mp

where we have written quantities with a tilde to point out that we are Worklng with the

complete mass matrix. Note that Yis rectangular (unless n;, = ng) and M is symmetric.
In principle, it is possible to formally write a GCI structure in this case, similar to Eq. (2.11),

y=viD ROy W, (5.4)
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where we used a Autonne-Takagi decomposition for the (ny + ng) X (nr + ng) complete

neutrino mass matrix,
Dy = diag(my, ..., Muging) = WEM,W . (5.5)

Here V and W are 2ng x 2ng and (ng + ng) X (ng, + ng) unitary matrices, respectively,
and R is a 2ngr X (ng + ng) complex orthogonal matrix, RIR = I, +ng- Note that Y
is not general, as it has many zeroes and the identity matrix, therefore R is not arbitrary
either. A natural question emerges:

Can one use Y to obtain a parametrisation for' Y wvalid outside of the seesaw

limit, or one that uses some heavy-light mizings as input?

Although deriving a generic parametrisation valid outside of the seesaw limit using this
approach would definitely be very interesting, it is beyond the scope of this work. For other
parametrisations in models with right-handed neutrinos, which are exact and valid outside
of the seesaw limit, see Refs. [29, 30]. In the next section and in App. A we discuss the
seesaw limit, which of course should give rise to the standard CI at leading order.

5.1 The standard Casas-Ibarra parametrisation in the seesaw limit

In the seesaw limit, mp < mp (small light-heavy mixing), the complete neutral fermion
mass matrix M, can be approximately block-diagonalised to Dj; = diag(D,,Dgr) by the
full unitary matrix W. It is convenient to factor the later as

W=QU®a®L,), (5.6)

where U is the PMNS matrix and €2 encodes the light—heavy mixing. The corresponding
complete unitary mixing matrix that diagonalises M, is

W~ ((HnL_;@@T)U ©

oty ; ) + 0(6?) © =mpmp' € C'LX¥"R - (5.7)

.~ lete,

This gives rise to mass matrices in the diagonal of the form:
) ~ -1,_.T (CnLXTLL ~ (CnRXnR 5 8
Mlight = MpMpgp Mp € y  Mheavy = MR € . ( . )

In App. A we explicitly show how the standard CI parametrisation,

mp = U*DY? R, DY?, (5.9)

valid up to O(©?), may be derived in the seesaw limit, as expected, from Eq. (5.4). Here
Ry encodes the remaining freedom:

RyeCmexne RyRI'=T, if ng>ng, (5.10)

while for ng < nr, one has R?Rg = Iy
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6 Conclusions

We have shown that a simple generalisation of the Casas—Ibarra (GCI) parametrisation can
be applied to all Majorana neutrino mass models. In particular, it can be straightforwardly
applied to scenarios where there are several contributions to the Majorana neutrino mass
matrix, with both diagonal and off-diagonal terms in Yukawa space. This is highly relevant
to perform phenomenological studies, and, in particular, it allows to control certain some-
what fine-tuned regions of the parameter space when doing a numerical scan, like those
with large Yukawa hierarchies, which are governed by the imaginary parts of the complex
angles of the (semi-)orthogonal R matrix.

The approach, in turn, provides a unified framework for classifying neutrino mass
models according to the structure of the neutrino mass matrix. This strategy has highlighted
the lack of certain types of models, naturally leading to the proposal of an extended version
of the Scotogenic Model whose phenomenology may be explored elsewhere. In particular,
we have discussed different tree-level (one loop-level) examples, including the seesaw (the
Scotogenic Model), the linear seesaw (the Generalised Scotogenic Model), and the linear
plus inverse seesaw (the newly proposed Extended Scotogenic Model).

We have also provided ready-to-use expressions for the Yukawa matrices in several well-
known models. In particular, for the Zee model we have derived the constraints on the R
matrix and provided an explicit parametrisation. With our procedure, using Eq. (5.4), it
may also be possible to apply the parametrisation outside of the seesaw limit, which is left
for future work.

Note Added

While this work was being finalised, Ref. [102| appeared on the arXiv, proposing a generali-
sation of the Casas—Ibarra parametrisation and demonstrating its equivalence to the master
parametrisation of Refs. [59, 60]. We emphasise that Ref. [102] pursues a distinct aim: it
focuses on conditions that reduce the number of free parameters, whereas our emphasis is
on generality and on applications to widely studied models. The new model we propose is,
in fact, motivated by this broader perspective.
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A Derivation of the standard Casas-Ibarra from the general one

To make contact with the usual CI parametrisation, it is instructive to analyse the seesaw
limit of the general relation given in Eq. (5.4),

5 -1/2 55 11/2
y=viDZPRDy W, (A.1)
where Dy, = diag(D,, Dg). It is convenient to factor the full diagonalisation matrix as
W=QU®ea&l,,), (A.2)

where U is the PMNS matrix and 2 encodes the light-heavy mixing, so that:

Y=XRD (U eL,,)0f, x=viDJ" (A.3)

We partition the matrices as

Xaa Xab ~ AB K R
X = , R= , Q= . (A4)
Xba Xbp C D ST
Then
3 A B\ (KT st A Kt + BiRt AST+ BTt (A5)
~\ay b)) \Rt 1) \oyKt+ DRt 018t + DTt '
where we defined the intermediate blocks
Ay = (XaoA + XC) D2 U, By = (XaaB + XaD) Dy, (A.6)
Ch = (XA + XpC) DY UT, D1 = (XpB+XpD) D> (A7)

Equating with Y = diag(Y7,1,,,,) yields

vT = AK'+ B/R', (A.8)
0 = A;ST+ BiTT, (A.9)
0 = K"+ DR, (A.10)
I = ST+ DT (A.11)
In the seesaw regime ||mp|| < ||mg||, we have
Q ~ (H”L ~ 3961 © ) © =mp D! € CXnR (A.12)
-of  1,,-iefe)’ R ’

so that, to leading order,
K =1+0(©?%, T'=1+0(0?%, R =01+0(6?%, S'=-0+0(03. (A13)
Equations (A.10) — (A.11) imply

C1=0(0), D =I1+0(8?%, (A.14)
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and By = 0 at zeroth order from Eq. (A.9). Solving the By and D; equations, we obtain
at QY
C = —X;'XpwA + 0©), DDY* =57+ 062, (A.15)

where the Schur complements of X are (we assume that X,q, Xy, are invertible)
So = Xaa — Xav Xy Xpas Sy = Xpp — XpaX g Xab- (A.16)
With these, we obtain
A =S, ADY2U + 0(©), By = XauB DY+ XSy + 0(0). (A.17)
Using Eq. (A.8), we get
YT = S, ADY?U' + (XuuB DY + XS, ') ©F, (A.18)

where the second term is O(©?%). From the Autonne-Takagi decomposition of M given in
Eq. (5.3),

I, — & ®
D~:diag(§D§1,D3), V:( R 2 ) o= Dl
M o7 1, - s0T® V2
(A.19)
so neglecting O(®?) terms,
_ al —B® 2 D}? _
X=viD2t?~ b , a= \[75", 8= DR1/2. (A.20)
M ad® BI v
Then, as X,q, Xpp are invertible because «, 8 are (Dg > 0):
\/§D1/2 1)2
Sa = Xoa = XanXig' Xoa = I+ 0?) = T [11 n 0(5 D;f)} . (A.21)
Dropping the O(©2?) correction in Eq. (A.18) and choosing
A= RgT , Ry complex orthogonal , (A.22)
with RgRZT =1I,, for ngp > nr, and R;;FRg = I, for ngr < nr, we obtain:
2
YU ~ \vf DY’RI DY = mp ~ U*DY?R,DY? (A.23)

which is the familiar CI parametrisation, valid up to O(6?).
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