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1 Introduction

Black hole perturbation theory is an old subject [1–4], yet it has surprising riches, some of which were not

appreciated until recently. One example has to do with the black hole Love numbers, which characterize a black hole’s

static tidal response. It has been well established for some time that they vanish for linear black hole perturbations

in four dimensions [5–13]. Recently, progress was made in understanding the symmetries behind this phenomenon.

This includes symmetries in the near zone approximation(s) [14–16], as well as exact symmetries in the static regime,

known as ladder symmetries [17–20]. Other discussions on symmetries are present in [21–25]. Understanding the

symmetries is not only aesthetically appealing; it also has practical benefits. For instance, it appears the symmetries

uncovered in linear theory extend in some form into the nonlinear regime, enabling the deduction of vanishing

nonlinear black hole Love numbers [26–28].

In the work of [17, 18], it was pointed out that the ladder symmetries have a geometric origin in the case of spin

0 perturbations. The key observation is that the action for a generic scalar in a curved background is not only

invariant under symmetries generated by Killing vectors (KVs), but also by a subset of additional conformal Killing

vectors (CKVs) referred to as melodic CKVs. Our main task in this paper is to show how the same story extends

to spin 1 and 2 perturbations around Schwarzschild black holes. As we will see, a rather pleasing picture emerges:

the SO(3,1) group generated by these melodic CKVs figures in all static linear perturbations around a Schwarzschild

black hole, whether they be spin 0, 1 or 2. Moreover, in the case of spin 1 and 2, the respective even and odd sectors

each have its own SO(3,1) symmetry, with an SO(2) symmetry connecting the two sectors. The ladder symmetries of

[17, 18] follow from the representation theory of SO(3,1), and are responsible for the vanishing of the Love numbers.

An additional bonus of our investigation is that the symmetries can be stated at the level of the gauge fields (or

certain dual scalars), and therefore the action. This is in contrast with the earlier work of [17] where the symmetries

(for spin 1 and 2 perturbations) were phrased at the level of the Newman-Penrose scalar satisfying the Teukolsky

equation of motion.

These symmetries are also relevant for the worldline effective field theory (EFT) of a point object [29]. Recall

that the idea of a worldline EFT is to zoom out, so that an object like a star or a black hole is treated as a point

particle of some mass, and finite size effects such as tidal deformability are encoded in operators localized on the

particle worldline. The Wilson coefficients of such operators are the Love numbers. In [17], it was pointed out that

the large r limit of the (“boost” part of) SO(3,1) prohibits the appearance of Love number worldline operators for

spin 0 perturbations. In this work, we will demonstrate the same applies for spin 1 and 2 perturbations.

Our paper is organized as follows. Section 2 serves as a review of how the spin 0 case works, including a discussion

of the geometric and ladder symmetries, and how they relate to the vanishing of the Love numbers. In Section 3 and

Section 4, we show how the same logic applies to the spin 1 and 2 perturbations, once the appropriate field variables

are chosen. We conclude with a discussion in Section 5. Technical details are relegated to several Appendices. In

particular, in Appendix A, we derive the condition under which two conformally related metrics share the same

melodic CKVs. We also work out the Noether current corresponding to the SO(3,1) symmetries.

Notation and Convention: We use the mostly plus signature and natural units where c = ℏ = G = 1. Lorentz

indices are labeled with Greek indices µ, ν, ρ, etc., while spatial indices are labeled with Latin indices i, j, k, etc. In

Section 4, we will perform a decomposition into radial and angular pieces and label angular indices with a, b, c, etc.

These angular indices are raised and lowered with the metric on the 2-sphere.
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2 Review: Static Spin 0 Perturbations

In this section we give a brief review of the geometric symmetries, forming an SO(3,1) group, enjoyed by static

(massless) scalar perturbations around a Schwarzschild black hole. We describe how the representation theory of

SO(3,1) gives rise to ladder symmetries, from which the vanishing of Love numbers follows. We also review how the

large distance limit of the geometric symmetries can be applied to the worldline effective field theory of a black hole,

and how it explains the vanishing of the Wilson coefficients corresponding to Love numbers. The discussion in this

section closely follows that of [17] and [18].

To that end, consider the action of a free minimally coupled, massless scalar field in a Schwarzschild background

S = −1

2

∫
d4x

√
−ggµν∂µϕ∂νϕ, (2.1)

where, in Schwarzschild coordinates, the metric is described by the line element

ds2 = −∆

r2
dt2 +

r2

∆
dr2 + r2

(
dθ2 + sin2 θ dφ2

)
. (2.2)

Here, ∆ ≡ r (r − rs), where rs is the Schwarzschild radius.

2.1 Symmetries of the Effective Metric

We are interested in static perturbations. With time derivatives set to zero, the scalar ϕ can be thought of as

effectively living in a three-dimensional (3D) space with the metric ĝij , satisfying√
ĝĝij =

√
−ggij . (2.3)

The action thus takes the form:

S = −1

2

∫
dt d3x

√
ĝĝij∂iϕ∂jϕ. (2.4)

Note that, due to the presence of the determinant, the 3D metric ĝij is not equal to the spatial components of the

full four-dimensional metric gµν . This is an algebraic tensor relationship which can be solved exactly, yielding

ĝij = −gtt
(
gij −

gtigtj
gtt

)
. (2.5)

This is the effective metric for a static scalar in a general spacetime. In the case of the Schwarzschild background,

the associated effective 3D metric is given by:

dŝ2 = dr2 +∆
(
dθ2 + sin2 θ dφ2

)
. (2.6)

As far as isometries go, this metric has the expected 3 rotational Killing vectors (KVs) as well as 7 conformal Killing

vectors (CKVs). Our scalar ϕ is not conformally coupled (and the Ricci scalar corresponding to ĝij does not vanish),

which normally means the 7 CKVs do not generate symmetries. However, it turns out 3 of them obey a special

condition which guarantees that they do. We appeal to the following theorem, which is proven in [18] and elaborated

on in Appendix A.1

1The integration over t in Equation 2.4 is trivial in our application, and is neglected in the statement of our theorem.
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Theorem. For a scalar ϕ in d dimensions with the following action (here we generalize the discussion to consider

the metric ĝij in d dimensions):

S = −1

2

∫
ddx

√
|ĝ|
(
ĝij∂iϕ∂jϕ+ αR̂ϕ2

)
, (2.7)

where R̂ is the Ricci scalar corresponding to the metric ĝij and α is a constant, a CKV ξ generates a symmetry

provided it satisfies the melodic condition:

2∇iξ
i = 0 , (2.8)

where the covariant derivatives are defined with respect to the metric ĝij . The corresponding symmetry is

δξϕ = ξi∇iϕ+
d− 2

2d

(
∇iξ

i
)
ϕ . (2.9)

Note that this holds for arbitrary values of α, including zero. In other words, it need not take the conformal

value (d− 2)/[4(d− 1)]. Additionally, note that a KV automatically satisfies the melodic condition by virtue of

∇iξ
i = 0.

Corollary. It can be shown that ξi is a melodic CKV for the metric ĝij if and only if it is a KV for the following

conformally related metric g̃ij :

g̃ij = R̂L2
0ĝij , (2.10)

where R̂ is the Ricci scalar of the metric ĝij , and L0 is an arbitrary length scale to fix the dimensions.

That we can find all melodic CKVs from studying the KVs of a rescaled metric is particularly useful in our static

three-dimensional case in which there is a known procedure for finding the exact number of Killing vectors [30]. In

the case of the Schwarzschild effective metric in Equation 2.6, the Ricci scalar is

R̂scalar =
r2s
2∆2

. (2.11)

Observe that the conformally rescaled metric,

ds̃ 2 =
r2sL

2
0

2∆2

(
dr2 +∆

(
dθ2 + sin2 θ dφ2

))
, (2.12)

describes a Euclidean anti-de Sitter space (EAdS), as demonstrated by the fact that the Ricci tensor for the metric

in Equation 2.12 is R̃ij = R̃g̃ij/3. This space, also known as hyperbolic space, has six KVs. Three of them are the

familiar rotational KVs. The other three can be thought of as translations in the hyperbolic space, or boosts in the

embedding space.2 By the Corollary above, they are thus melodic CKVs of the pre-rescaled metric, i.e. the effective

3D metric Equation 2.6, and by the Theorem they generate symmetries for the scalar ϕ. The form of the melodic

2A discussion on how to find the Killing vectors is presented in [12, Appendix A]. To summarize, EAdS can be embedded in flat space

in one higher dimension: ds2 = −dx20+dx21+dx22+dx23, subject to the constraint −x20+x21+x22+x23 = 2L2
0. The metric Equation 2.12

can be obtained by the mapping:

x1 =
rsL0√
2∆

sin θ cosφ, x2 =
rsL0√
2∆

sin θ sinφ, and x3 =
rsL0√
2∆

cos θ . (2.13)

The three rotations and three boosts in the flat 4D embedding space then map to the six KVs of the EAdS space.
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CKVs, including the three rotations and three “boosts”, are:

iK1 = −2∆

rs
sin θ cosφ∂r +

∆′

rs
(cos θ cosφ∂θ − csc θ sinφ∂φ) , (2.14a)

iK2 = −2∆

rs
sin θ sinφ∂r +

∆′

rs
(cos θ sinφ∂θ + csc θ cosφ∂φ) , (2.14b)

iK3 = −2∆

rs
cos θ ∂r −

∆′

rs
sin θ ∂θ, (2.14c)

iJ1 = − sinφ∂θ − cot θ cosφ∂φ, (2.14d)

iJ2 = cosφ∂θ − cot θ sinφ∂φ, (2.14e)

iJ3 = ∂φ. (2.14f)

The three rotation generators exactly agree with [18, eq. (2.3)], while the boost generators agree up to an irrelevant

normalization, −2/rs. This choice of normalization reproduces the standard SO(3,1) Lie algebra

[Ki,Kj ] = −iϵ k
ij Jk, [Ki, Jj ] = iϵ k

ij Kk and [Ji, Jj ] = iϵ k
ij Jk. (2.15)

Note that, in the above, ϵijk are Levi-Civita symbols, not tensors.3

2.2 Implications in Harmonic Space—Vanishing of the Love Numbers

To spell out the physical effects of these symmetries, it is helpful to decompose the scalar field ϕ in the basis of

spherical harmonics,

ϕ (r, θ, φ) =

∞∑
ℓ=0

ℓ∑
m=−ℓ

ϕℓm (r)Y m
ℓ (θ, φ) . (2.17)

Besides leaving the action invariant up to a total derivative, A symmetry maps a solution of the equations of motion

to a solution, i.e. if ϕ is a solution, so is δξϕ, where ξ is a KV or melodic CKV (Equation 2.9). If ξ is a rotation

KV, we are familiar with its effect at the level of the spherical harmonics: it mixes ϕℓm’s at different m’s (unless

the rotation is around the z-axis, in which case no raising or lowering of m occurs). As we will see below, if ξ is

the melodic CKV K3, it mixes ϕℓm’s at different ℓ’s. In other words, think of the ϕℓm’s lined up as a giant column

vector, furnishing a representation of SO(3,1). As argued in [18], it turns out to be a principal series representation.

The raising and lowering of ℓ gives rise to a ladder structure, as we will show below.

The equation of motion in harmonic space reads:

[∆∂r(∆∂r)− ℓ(ℓ+ 1)]ϕℓ(r) = 0 . (2.18)

The spherical symmetry of the Schwarzschild metric guarantees the equation is independent of m. This is why, from

now on, we drop the m index of ϕℓm(r), i.e. ϕℓm(r) can still depend on m if one wishes, but its r-dependence is

independent of m.

Let us focus on the transformation effected by K3 (the effects of K1 and K2 follow from that of K3, commuted

with a rotation, i.e. K1 and K2 raise and lower m in addition to ℓ). Consider the transformation ξi∂i, which is a

3 If one is interested in the rs → 0 flat space limit, it is more convenient to consider Kflat
i ≡ rsKi instead of Ki as the symmetry

generator. In that case, the algebra becomes[
Kflat

i ,Kflat
j

]
= 0,

[
Kflat

i , Jj

]
= iϵ k

ij Kflat
k , and

[
Ji, Jj

]
= iϵ k

ij Jk. (2.16)

Not surprisingly, Kflat
i is the generator for conformal transformation. Thus we sometimes refer to Ki as the generalized conformal

transformation.

6



rescaled version of K3 (chosen for later convenience):

ξi∂i ≡ − irs
2
K3, (2.19a)

= ∆cos θ ∂r +
∆′

2
sin θ ∂θ. (2.19b)

The variation of a scalar field with respect to this CKV, Equation 2.9, is given by

δξϕ = ∆cos θ ∂rϕ+
∆′

2
∂θ (sin θ ∂θϕ) . (2.20)

If we plug in the expansion into spherical harmonics, without assuming ϕ is a solution to the equations of motion,

we find4

δξ (ϕℓY
m
ℓ ) = −f (ℓ)D+

ℓ ϕℓY
m
ℓ+1 + f (ℓ− 1)D−

ℓ ϕℓY
m
ℓ−1, (2.22)

where

f (ℓ) =

√
(ℓ−m+ 1) (ℓ+m+ 1)

(2ℓ+ 1) (2ℓ+ 3)
, (2.23)

and the operators D±
ℓ are defined by

D+
ℓ ≡ −∆∂r −

ℓ+ 1

2
∆′ and D−

ℓ ≡ ∆∂r −
ℓ

2
∆′. (2.24)

The operators D±
ℓ have the interpretation of being ladder operators. Since the first term in δξ (ϕℓY

m
ℓ ) multiplies

Y m
ℓ+1, D

+
ℓ ϕℓ is a solution to the radial equation of motion at level ℓ+ 1 if ϕℓ is a solution at level ℓ. Similarly, D−

ℓ ϕℓ
is a solution to the radial equation of motion at level ℓ− 1.

To better understand the implications of D±
ℓ as ladder operators, it is helpful to review how they appear at the

level of the radial equation of motion. Rewriting Equation 2.18 as

Hℓϕℓ = 0 where Hℓ ≡ −∆(∂r (∆∂r)− ℓ (ℓ+ 1)) , (2.25)

where Hℓ can be thought of as a Hamiltonian operator, and utilizing the intertwining relation

D−
ℓ+1D

+
ℓ −D+

ℓ−1D
−
ℓ =

2ℓ+ 1

4
r2s , (2.26)

one can show that the Hamiltonian is expressible in terms of the ladder operators

Hℓ = D−
ℓ+1D

+
ℓ − (ℓ+ 1)

2

4
r2s = D+

ℓ−1D
−
ℓ − ℓ2

4
r2s . (2.27)

The relationships between the Hamiltonian and the ladder operators that justify the interpretation of D±
ℓ as ladder

operators are

Hℓ+1D
+
ℓ = D+

ℓ Hℓ , Hℓ−1D
−
ℓ = D−

ℓ Hℓ. (2.28)

These show that D+
ℓ ϕℓ is a solution to the equation of motion at level ℓ + 1 so long as ϕℓ is a solution at level ℓ.

Similarly, D−
ℓ ϕℓ is a solution at level ℓ− 1 so long as ϕℓ is a solution at level ℓ.

How is the ladder structure helpful in understanding the vanishing of the Love numbers? Let us first recall what it

is about the vanishing of the Love numbers that seems to demand an explanation. Looking at the equation of motion

4As pointed out in [18], this is most easily derived using

sin θ ∂θY
m
ℓ = ℓf (ℓ)Y m

ℓ+1 − (ℓ+ 1) f (ℓ− 1)Y m
ℓ−1, (2.21a)

cos θY m
ℓ = f (ℓ)Y m

ℓ+1 + f (ℓ− 1)Y m
ℓ−1. (2.21b)
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Equation 2.25, which is second order, it is clear at large r, the most general solution should be a superposition of

two independent large r asymptotics: rℓ and 1/rℓ+1. On the other hand, as r approaches the horizon rs, the most

general solution should be a superposition of the two independent asymptotics: a constant and log (1 − rs/r). The

physical solution should be one that’s regular at the horizon, and therefore approaches a constant there. Generically,

one might expect a solution that approaches a constant at the horizon to be a superposition of rℓ and 1/rℓ+1 at

large r. The vanishing of the Love numbers violates this expectation: it turns out the solution that is regular at

the horizon has rℓ behavior, but no 1/rℓ+1 tidal tail at all, at large r. Interpreting rℓ as an external tidal field, and

1/rℓ+1 as the tidal response, leads to the conclusion that the tidal deformability is zero. The question of why the

Love numbers vanish is equivalent to asking why the generic expectation fails.

We address this question in two steps. First, let’s study the bottom rung of the ladder: ℓ = 0. The equation

of motion takes the form D+
−1D

−
0 ϕ0 = 0 (Equation 2.27). Taking a cue from the simple harmonic oscillator, let us

postulate that the desired (regular) solution satisfies:

D−
0 ϕ0 = 0. (2.29)

This is analogous to saying that the ℓ = 0 ground state should be annihilated by the lowering operator. This turns

what was originally a second order equation into a first order one, for which at r → rs or r → ∞, there can only

be a single asymptotic behavior respectively. In fact D−
0 = ∆∂r is sufficiently simple that we can see the solution is

ϕ0 = constant, i.e. it has the correct regular behavior at the horizon, and it has no 1/r tidal tail at large r (i.e. it

can’t possibly be a superposition of r0 and 1/r anyway, because D−
0 ϕ0 = 0 is a first order equation).

The second step in understanding the vanishing of the Love numbers is to appeal to the ladder structure. Starting

from the ground state ϕ0 = constant solution, the solution at any level ℓ can be built by successively climbing the

ladder:

ϕℓ ∝ D+
ℓ−1 . . . D

+
1 D

+
0 ϕ0. (2.30)

The form of the raising operators (Equation 2.24) makes it clear that ϕℓ is regular at the horizon, and grows as rℓ,

without the 1/rℓ+1 tail, at large r. To summarize, the vanishing of the Love numbers requires both a ladder structure

and the existence of a ground state. The ground state condition reduces a second-order problem to a first-order one,

and the ladder ensures that the solutions at level ℓ ≥ 0 are both regular at the horizon and purely growing at infinity,

meaning the Love numbers vanish for all integer ℓ ≥ 0.

Let us close this section by making connection with the ladder symmetries pointed out by [17]. From Equation 2.22,

we see that one can obtain a level ℓ − 1 solution from a level ℓ solution by δϕℓ−1 = f(ℓ − 1)D−
ℓ ϕℓ. Employing the

same equation with ℓ → ℓ − 1, we see that one can also obtain a level ℓ solution from a level ℓ − 1 solution by

δϕℓ = −f(ℓ − 1)D+
ℓ−1ϕℓ−1. With this understanding, if we isolate the two levels ℓ − 1 and ℓ, it can be shown that

the scalar action in harmonic space is invariant under

δϕℓ = −D+
ℓ−1ϕℓ−1 , δϕℓ−1 = D−

ℓ ϕℓ . (2.31)

This has the flavor of a supersymmetry, and can be formulated as such [17]. This is called a vertical ladder symmetry.

There is a separate symmetry that also makes use of the ladder structure. Looking at the Equation 2.18, it’s clear

that for ℓ = 0, if ϕ0 is a solution, so is ∆∂rϕ0. In other words, δϕ0 = Q0ϕ0 is a symmetry, with Q0 ≡ ∆∂r.

The ladder structure can then be used to compose a symmetry at level ℓ, i.e. δϕℓ = Qℓϕℓ is a symmetry, with

Qℓ ≡ D+
ℓ−1D

+
ℓ−2...D

+
0 Q0D

−
1 ...D

−
ℓ−1D

−
ℓ . This is a symmetry that takes a level ℓ solution and maps it to another level

ℓ solution. This is called a horizontal ladder symmetry. See [17] for further discussions of how the ladder symmetries

are useful.5 It’s worth emphasizing they originate from the representation theory of the geometric symmetries

SO(3,1).

5See also [19] for a discussion of the connection of the horizontal ladder symmetry with the Wronskian.
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2.3 Application to the Worldline EFT

In this subsection, we examine the problem of the vanishing of spin 0 Love numbers from the perspective of the

worldline EFT, which treats the black hole as a generic point object from the perspective of an observer far away

[29]. This point object has a mass m, associated with which is the point-particle action:

Spp =
1

2

∫ (
e−2gµν

dxµ

dτ

dxν

dτ
−m2

)
e dτ , (2.32)

which is localized at the particle with proper time τ and worldline einbein e. A complete discussion of the EFT would

include a construction of the Schwarzschild background order by order in metric perturbation around Minkowski,

by supplementing the above with the Einstein-Hilbert bulk action (see e.g. [31, 32]). We will skip this part of the

discussion, and consider the large distance limit, in which the geometry is well approximated by Minkowski. We also

work in the limit of negligible gravitational backreaction from the scalar ϕ.

With this preamble, the scalar action is:

Sscalar = Sbulk + SLove , (2.33)

where

Sbulk = −1

2

∫
δij ∂iϕ∂jϕ d4x , (2.34a)

SLove =

∞∑
ℓ=0

λℓ
2ℓ!

∫
∂(i1 . . . ∂iℓ)T ϕ ∂(i1 . . . ∂iℓ)

T

ϕ δ(3) (x⃗) d4x . (2.34b)

Here, we have set all time derivatives to zero, because we are interested in static field configurations, and the object

is assumed to be at rest at the origin. The symbol ∂(i1 . . . ∂iℓ)T represents a symmetric and traceless combination of

derivatives. The corresponding scalar equation of motion is

∂i∂
iϕ =

∞∑
ℓ=0

λℓ
ℓ!
∂(i1 . . . ∂iℓ)T

((
∂(i1 . . . ∂iℓ)

T

ϕ
)
δ(3) (x⃗)

)
(2.35)

It can be seen that assuming an external tidal field of ϕ ∼ rℓ (which is zeroth-order in λℓ), when inserted into the

above, produces a (first order) tidal response of ϕ ∼ λℓ/r
ℓ+1. Thus, the Wilson coefficient λℓ in the EFT can be

taken to define the spin 0 Love number at multipole ℓ. It captures a finite-size effect—the spin 0 tidal deformability

of the object [29]. Determining λℓ is a matter of matching this EFT prediction with an ultraviolet (UV) computation

appropriate to the object in question. For a black hole, matching with the UV computation such as that in Section 2.2

tells us λℓ = 0 for all ℓ.

When encountering an object with vanishing Love numbers, a natural question arises: what symmetry forbids

the existence of Love number operators in the EFT? Alternatively: if λℓ ̸= 0, what symmetry is broken? Notice

this question is phrased at the level of the EFT for a generic point object, which might or might not be a black

hole. Nonetheless, we can take a cue from the UV computation for the black hole. Consider the large r limit of

Equation 2.20, i.e.

δξϕ = r2 cos θ ∂rϕ+ r∂θ (sin θϕ) . (2.36)

This symmetry transformation takes a more familiar form if written in Cartesian coordinates:

δξϕ = ci(xi − x⃗2∂i + 2xix⃗ · ∂⃗)ϕ , (2.37)

where the indices are raised and lowered with the 3D flat metric, and Equation 2.36 corresponds to choosing the

constant vector c⃗ = (0, 0, 1). This is the large distance limit of the transformation effected by K3. The corresponding
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transformation effected by K1 or K2 can be obtained by choosing c⃗ to point in the x or y direction. These trans-

formations are precisely the standard special conformal transformations, for a field of conformal weight 1/2, as is

appropriate for a scalar in (effectively) three dimensions. The above transformation corresponds to choosing

ξi = −x⃗2ci + 2cjxjx
i (2.38)

in Equation 2.9, with indices contracted with the flat metric, and d = 3.

The special conformal transformations are symmetries of Sbulk but not of SLove, i.e. the bulk Lagrangian’s variation

is a total derivative, but the Love Lagrangian’s variation is not:

δLbulk = ∂iΛ
i , Λi = −1

2

(
ξi∂jϕ∂

jϕ+
1

6
ϕ2∂i∂jξ

j

)
, (2.39)

δLLove =

∞∑
ℓ=0

λℓ
ℓ!
∂(i1 . . . ∂iℓ)T δξϕ ∂

(i1 . . . ∂iℓ)
T

ϕ δ(3) (x⃗) . (2.40)

Detailed discussions of Equation 2.39 can be found in subsection A.4. For Equation 2.40, it is tempting to declare

certain terms vanish, simply because they involve products of the delta function with powers of x⃗. For instance,

consider the ℓ = 0 term: one might naively declare λ0 δξϕ ϕ δ
(3)(x⃗) to be vanishing, but keep in mind that the ϕ field

profile is arbitrary, and could diverge at the origin. If one had naively declared δLLove to be vanishing for ℓ = 0, it

can be checked that the corresponding conservation of Noether current (see Appendix A) would be inconsistent with

the equation of motion Equation 2.35.

It is worth noting that while δLLove is not a total derivative for special conformal transformations, it is a total

derivative for rotations. Hence, the Love number operators breaks the former but respects the latter. A discussion

can be found in Appendix B.6

Two comments are in order before we close this section. First, it’s worth emphasizing that the special conformal

symmetries apply strictly in the static limit. Thus, we do not expect them to protect black holes from quantum

corrections generating a non-zero λℓ, i.e. even if the external tidal field is static, quantum loops can involve non-

static field configurations. Second, the story spelled out above is in the large r limit. One could work out subleading

corrections suppressed by powers of rs/r, by including the departure of the gravitational background from Minkowski.

3 Static Spin 1 Perturbations

We now seek to understand whether the vanishing of spin 1 Love numbers in the static limit arises from a similar

symmetry argument to that of the spin 0 case. To this end, we consider a massless vector field in the Schwarzschild

background given by the action

S = −1

4

∫
gµνgρσFµρFνσ

√
−g d4x , (3.1)

where Fµν is the Maxwell field strength tensor,

Fµν = ∂µAν − ∂νAµ, (3.2)

and we continue to use the Schwarzschild metric defined in Equation 2.2.

6The special conformal symmetries are also broken by tadpole terms, or hair terms, such as Lhair =
∑

ℓ Q
i1...iℓ ∂(i1 ...∂iℓ)T ϕ δ(3)(x⃗),

where Qi1...iℓ represents multipole moments of the object. See [17] for a discussion.
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3.1 Symmetries of the Effective Metric

We once again specialize to static perturbations and set all time derivatives to zero (i.e. Fit = ∂iAt). For

spacetimes such as Schwarzschild, with ∂tgµν = 0 and gti = 0, the action decouples for electrostatic and magnetostatic

perturbations and can be expressed as the sum of a scalar piece and a vector piece with respect to two potentially

different effective 3D metrics ĝEij and ĝBij :

S =
1

2

∫
dt d3x

√
ĝE ĝ

ij
E∂iAt∂jAt −

1

4

∫
dt d3x

√
ĝB ĝ

ij
B ĝ

kl
BFikFjl. (3.3)

Once again, the effective metrics are not merely the same as the spatial components of the 4D metric. They are

related to the full 4D metric by√
ĝE ĝ

ij
E = −gttgij

√
−g and

√
ĝB ĝ

ij
B ĝ

kl
B = gijgkl

√
−g. (3.4)

Solving these equations reveals that the effective metrics for the electrostatic and magnetostatic portions of the action

are in fact the same, with ĝij = ĝE ij = ĝB ij being

ĝij =
1

−gtt
gij . (3.5)

For a Schwarzschild background, ĝij is given by the line element

dŝ2 =
r4

∆2

(
dr2 +∆

(
dθ2 + sin2 θ dφ2

))
. (3.6)

The even parity degree of freedom, At, thus behaves as a scalar living in this effective 3D metric. We will see that

there are geometric symmetries acting on At as a result. For the odd parity degree of freedom that lives inside Fij ,

there are different ways to isolate it. One more laborious way is to carefully examine the components of Ai, which

we will describe in an inset at the end of this section; it will help make contact with our treatment in the spin 2 case.

The other way is faster and leads efficiently to the desired result, which we describe here.

The definition of Fij in terms of the gauge field Ai implies the familiar identity:

∇i(ϵ
ijkFjk) = 0 , (3.7)

where ϵijk is the Levi-Civita tensor associated to the 3D effective metric ĝij .
7 One could alternatively dispense with

the gauge field Ai, and treat Fij as the dynamical field, with the proviso that the above condition be satisfied. This

can be implemented by introducing a Lagrange multiplier χ into the (odd) action:8

Sodd =

∫
dt d3x

√
ĝ

(
−1

4
ĝij ĝklFikFjl −

1

2
χ∇i

(
ϵijkFjk

))
. (3.8)

Solving the equation of motion for Fij implies

Fij = ϵ k
ij ∂kχ . (3.9)

Plugging this into Equation 3.8 gives9

Sodd =
1

2

∫
dt d3x ĝij (∂tAt∂jAt + ∂iχ∂jχ) . (3.10)

7In other words, ϵijk = ϵ
ijk
flat/

√
ĝ, with ϵ

ijk
flat being the standard Levi-Civita in flat space. Thus, ∇i(ϵ

ijkFjk) = ∂i(
√
ĝϵijkFijk)/

√
ĝ =

∂i(ϵ
ijk
flatFijk)/

√
ĝ = 0. A useful identity is ϵijkϵljk = 2ĝil.

8An alternative way to proceed is to insist Ai as the dynamical field, in which case one can think of adding to −F2/4 the following:

(∂iχ)ϵ
ijkFjk/2. Including the factor of

√
ĝ in the integration measure, one sees that this new term gives rise to a total derivative, thus

justifying its addition. Integrating by parts reproduces Equation 3.8.
9It is important we did not simply plug Equation 3.9 into Sodd =

∫
(−F2/4)

√
ĝ d3x, in which case we would have obtained Equa-

tion 3.10 with the wrong sign. This is reminiscent of writing an action for a particle in a system with spherical symmetry. If we wanted

to enforce the constraint that mr2θ̇2 = L, where L is the angular momentum, it is important to include this as a constraint with a

Lagrange multiplier rather than plugging it directly into the action, otherwise the radial equation of motion picks up an incorrect sign in

the potential.
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Essentially, we have introduced a scalar χ, which is dual to the field strength in 3D, to isolate the odd degree of

freedom.

Putting everything together, Equation 3.3 and Equation 3.10 tell us:

S =
1

2

∫
dt d3x

√
ĝĝij (∂iAt∂jAt + ∂iχ∂jχ) . (3.11)

An electromagnetic field in a Schwarzschild background is therefore decomposable into two scalars, one even-parity,

At, and one odd-parity, χ, living in an effective 3D metric given by Equation 3.6. This effective metric (let’s refer to

it as the vector effective metric) is conformally related to the scalar effective metric, Equation 2.6, by

(ĝvector)ij =
r4

∆2
(ĝscalar)ij . (3.12)

From Section 2.1, we already know the melodic CKVs of the scalar effective metric. In Section A.3, we show that

its conformal cousin, the vector effective metric, will have the same melodic CKVs if the conformal factor relating

them is (up to a constant normalization) R̂scalar/R̂vector, i.e.

(ĝvector)ij ∝ (R̂scalar/R̂vector)× (ĝscalar)ij . (3.13)

It can be checked that this is indeed the case:

R̂vector = −3r2s
2r4

, R̂scalar =
r2s
2∆2

, and
r4

∆2
= −3

(
R̂scalar

R̂vector

)
. (3.14)

Thus, the same SO(3,1) worth of geometric symmetries from the spin 0 case apply to the even and odd sectors of

the spin 1 case. The same set of ξi’s (from J ’s and K’s in Equation 2.14a - Equation 2.14f) can be used to generate

symmetry transformations on δξAt and δξχ, according to Equation 2.9. Keep in mind that the ∇iξ
i factor in the

transformation will be slightly different, because of the difference between the vector and scalar effective metrics.

In addition to the SO(3,1) symmetries δξAt and SO(3,1) symmetries δξχ, the action Equation 3.11 has the following

SO(2) symmetry: (
At

χ

)
→

(
cosα − sinα

sinα cosα

)(
At

χ

)
. (3.15)

where α is an arbitrary constant parameterizing the rotation. This encodes the electric-magnetic duality for spin 1

perturbations around a Schwarzschild black hole.

We close this section by giving an alternative derivation of Equation 3.10. Similar reasoning will be used in the

spin 2 case. Let us spell out the gauge field components:

Aµ =

At

Ar

Aa

 (3.16)

where Aa are the angular components, with a ∈ {1, 2}. This can be further decomposed into a transverse and

longitudinal piece on the 2-sphere:

Aa = DaAE + ϵ b
a DbAO, (3.17)

where the indices a, b, c, . . . are raised and lowered using the metric on the 2-sphere, γab. Meanwhile, Da will be

the covariant derivative associated to the metric γab. This means that AE is even under parity transformations
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while AO is odd. Adopting the gauge AE = 0, the odd action can be written in terms of Ar and AO (alternatively,

doing so can be thought of as writing the odd action in terms of gauge invariant variables Ar − ∂rAE and AO):

Sodd = −1

4

∫
dt d3x

√
ĝĝij ĝklFikFjl, (3.18a)

= −
∫

dt dr dθ dφ
√
γ
∆

2r2
DaArD

aAr

+
1

2

∫
dt dr dθ dφ

√
γ

(
∆

r2
∂rAO∂rD

2AO −
(
D2AO

)2)
.

(3.18b)

The actions for Ar and AO decouple. Indeed, the equation of motion for Ar is simply

D2Ar = 0. (3.19)

This equation allows us to set Ar = 0, as long as the angular momentum ℓ ̸= 0. We have therefore isolated a

single odd-parity degree of freedom, AO, described by the action

Sodd =
1

2

∫
dt dr dθ dφ

√
γ

(
∆

r2
∂rAO∂rD

2AO −
(
D2AO

)2)
. (3.20)

This action contains up to four derivatives. To simplify it, we introduce an auxiliary field χ:

Sodd =

∫
dt dr dθ dφ

√
γ

[
χ∂rD

2AO +
r2

2∆
DaχD

aχ− 1

2r2
D2AOD

2AO

]
. (3.21)

The χ and AO equations of motion are

∂rAO =
r2

∆
χ and ∂rχ = − 1

r2
D2AO. (3.22)

If we use the χ equation of motion to integrate out χ, we recover the original action for AO Equation 3.20. If

we instead integrate out AO, we obtain an action for χ, in which χ behaves as a scalar living in the background

of the 3D effective metric described by the line element Equation 3.6,

Sodd =
1

2

∫
dt d3x

√
ĝĝij∇iχ∇jχ. (3.23)

This thus describes a different route to Equation 3.10.

3.2 Implications in Harmonic Space

As in the spin 0 case, the representation theory of SO(3,1) tells us, among other things, solutions at different

values of the angular momentum ℓ are connected by a ladder structure. We will start with the even-parity degree

of freedom At. Making use of the same melodic CKV K3 as before, and defining ξi by Equation 2.19a, we can work

out the symmetry variation of At following Equation 2.9:

δξAt = ∆cos θ ∂rAt +
∆′

2
∂θ (sin θAt)−

rs
2
cos θAt. (3.24)

The symmetry variation of At is equivalent to that of the spin 0 scalar ϕ up to the inclusion of an additional cos θ

term. Therefore, when At is decomposed into spherical harmonics, the structure is the same as Equation 2.22,

δξ

(
A

(ℓ)
t Y m

ℓ

)
= −f (ℓ)D+

ℓ A
(ℓ)
t Y m

ℓ+1 + f (ℓ− 1)D−
ℓ A

(ℓ)
t Y m

ℓ−1, (3.25)
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except the ladder operators D±
ℓ are modified to be

D+
ℓ ≡ −∆∂r −

ℓ+ 1

2
∆′ +

rs
2

and D−
ℓ ≡ ∆∂r −

ℓ

2
∆′ − rs

2
. (3.26)

The equation of motion can be written as:

HℓA
(ℓ)
t = 0 where Hℓ ≡ −∆

(
∆

r2
∂r
(
r2∂r

)
− ℓ (ℓ+ 1)

)
, (3.27)

where Hℓ can be thought of as a Hamiltonian operator. The intertwining relation is

D−
ℓ+1D

+
ℓ −D+

ℓ−1D
−
ℓ =

2ℓ+ 1

4
r2s (3.28)

and so the Hamiltonian can be expressed in terms of the ladder operators as

Hℓ = D−
ℓ+1D

+
ℓ +

ℓ (ℓ+ 2)

4
r2s = D+

ℓ−1D
−
ℓ +

ℓ2 − 1

4
r2s , (3.29)

which then leads to the same ladder algebra in Equation 2.28. This means D+
ℓ and D−

ℓ acting on a solution at level

ℓ produces a solution at level ℓ+ 1 and ℓ− 1 respectively.

At level ℓ = 1, the Hamiltonian takes the factorized form H1 = D+
0 D

−
1 . The “ground state” solution (at ℓ = 1 for

spin 1, as opposed to ℓ = 0 for spin 0) is annihilated by the lowering operator:

D−
1 A

(1)
t = 0, (3.30)

which is solved by

A
(1)
t ∝ ∆

r
. (3.31)

This solution is regular at the horizon, which we select as a proper boundary condition since At is gauge invariant

in the static limit. Additionally, far away from the black hole, this mode is growing, with no decaying tail. As

discussed in detail in the spin 0 case, the fact that the ground state solution satisfies a first order Equation 3.30

removes the puzzle of why it does not have both growing and decaying behavior at large r. By acting on the ground

state solution with a successive raising operators, and by inspecting the form of the raising operators, it can be seen

that the solutions at all ℓ ≥ 1 are regular at the horizon and purely growing at large r, with no decaying tail. It

follows that the Love numbers vanish for ℓ ≥ 1.10

Let us now turn our attention to the odd parity mode χ, where the effective metric and, as a result, the symmetry

variation are the same as before:

δξχ = ∆cos θ∂rχ+
∆′

2
∂θ (sin θχ)−

rs
2
cos θχ. (3.32)

In addition, the decomposition into ladders and the associated Hamiltonian derived from the equation of motion are

the same as for At. In order for the rest of the story to fully translate, we must make sure regularity at the horizon

is also the appropriate boundary condition for χ. Recall that AO is gauge invariant (see parenthetical remarks above

Equation 3.18), so we should insist on the regularity of AO at the horizon. Invoking the relation between AO and χ

from Equation 3.22 thus tells us χ must be regular at the horizon as well. The rest of the argument for the vanishing

of the Love numbers, for ℓ ≥ 1, carries through for the parity odd mode χ.

It is worth highlighting that the symmetries and associated ladder structures we find here are able to be applied

directly to the gauge fields. This is in contrast with the already known ladder symmetries of [17], where the ladders

were written for the Teukolsky variable Φ(s). It is possible, however, to relate the ladders found here to the ladders

on the Teukolsky variable. In the process of finding this connection, we found interesting identities for conformal

Killing tensors, which we further discuss in Appendix F.

10An ℓ = 0 mode is not considered a tidal field for spin 1, just like an ℓ = 0, 1 mode is not considered a tidal field for spin 2. The spin

1 solution derived using our approach agrees with the spin 1 even parity mode in [12] who used a different field variable.
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3.3 Application to the Worldline EFT

Let’s turn our attention to the worldline EFT in the static limit. The initial setup is the same as in Section 2.3.

Following the discussion there, we will focus on the long distance limit in which the geometry can be approximated

as flat. The relevant action, including a bulk piece and a worldline piece for the spin 1 field, is:

S = Sbulk + SLove , (3.33)

where

Sbulk =

∫ (
1

2
∂iAt∂

iAt −
1

4
FijF

ij − 1

2
χ∂i(ϵ

ijkFjk)

)
d4x , (3.34)

and

SLove =

∞∑
ℓ=1

m
λ
(E)
ℓ

2ℓ!

∫
∂(i1 . . . ∂iℓ−1

Eiℓ)T ∂
(i1 . . . ∂iℓ−1Eiℓ)

T

δ(3) (x⃗) d4x

+

∞∑
ℓ=1

λ
(B)
ℓ

4ℓ!

∫
∂(i1 . . . ∂iℓ−1

Fiℓj)T ∂
(i1 . . . ∂iℓ−1F iℓj)

T

δ(3) (x⃗) d4x .

(3.35)

Here, the point object of interest is taken to be at rest at the origin. All time derivatives are set to zero. The bulk

action comes from the flat-space limit of Equation 3.3 and Equation 3.8. The Love number terms in SLove encapsulate

the finite-size effect of tidal deformability, or in electromagnetism, more often referred to as polarizability. There are

two kinds: one for electric (parity even) polarizability, and the other for magnetic (parity odd) polarizability. The

electric and magnetic Love numbers (polarizabilities) are labeled as λ
(E)
ℓ and λ

(B)
ℓ .

The next step is to integrate out Fij as we did in Section 3.1. The main difference from before is the presence of

the Love number terms. Solving the Fij equation of motion for Fij in terms of χ — perturbatively in λ
(B)
ℓ —it can

be shown that to first order in polarizability the action takes the expected form:

S =
1

2

∫
δij (∂iAt∂jAt + ∂iχ∂jχ) d

4x

+

∞∑
ℓ=1

λ
(E)
ℓ

2ℓ!

∫
∂(i1 . . . ∂iℓ)TAt ∂

(i1 . . . ∂iℓ)
T

At δ
(3) (x⃗) d4x

+

∞∑
ℓ=1

λ
(B)
ℓ

2ℓ!

∫
∂(i1 . . . ∂iℓ)Tχ ∂

(i1 . . . ∂iℓ)
T

χ δ(3) (x⃗) d4x

(3.36)

Just as in the spin 0 case, solving the At or χ equation of motion, and matching the result against the UV

computation for a black hole, tells us that the spin 1 Love numbers for a black hole are zero. This raises the question:

what symmetry could forbid the existence of Love number operators in the EFT described by Equation 3.36 ? Or:

if λ
(E)
ℓ or λ

(B)
ℓ were non-zero, what symmetry is broken?

And just as in the spin 0 case, we take a cue from the UV computation for the black hole. Taking the large r limit

of Equation 3.24, the symmetry variation of At generated by K3 is

δξAt → r2 cos θ ∂rAt + r∂θ (sin θAt) , (3.37)

and similarly so for χ. This is simply a special conformal transformation on At or χ (as scalar), written in spherical

coordinates. The full set of special conformal symmetries (generated by the melodic CKVs K1, K2, K3) is most

simply expressed in Cartesian coordinates: simply replace ϕ in Equation 2.37 by At or χ. The special conformal

transformations are symmetries of the bulk term in Equation 3.36 but not of the Love number terms, following the

same reasoning as in the spin 0 case.

It’s worth stressing that χ, the dual scalar we introduced via Equation 3.9, is related to the gauge field in a non-

local way (see also Equation 3.22). Thus, the special conformal symmetry on χ translates into a non-local symmetry

on the gauge field.
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4 Static Spin 2 Perturbations

In this section, we aim to apply the same symmetry arguments to explain the vanishing of the spin 2 Love numbers

in the static limit. The action is given by perturbing around a background metric, ḡµν , in the Einstein–Hilbert action:

S =

∫
R [ḡµν + δgµν ]

√
− (ḡ + δg) d4x . (4.1)

The background metric in this case will still be the Schwarzschild metric, Equation 2.2.

4.1 Symmetries of the Effective Metrics

In the spin 1 case, we were able to rewrite the action in terms of two scalars, one odd parity and one even parity,

each living in an effective 3D background possessing melodic conformal Killing vectors. In the process of doing so, we

found that the theory of a 4D vector field in four dimensions decouples in the static case into a 3D vector field and

a scalar field. Following the same line of thinking, we’d like to decompose the full tensor action into the action for

a tensor field, a vector field, and scalar field in one lower dimension. This is done efficiently using the Kaluza–Klein

decomposition, which we review in Appendix C. We again expect to find two physical degrees of freedom: one

even parity mode and one odd parity one. Indeed, in this subsection, we will identify the two physical degrees of

freedom, one even-parity mode, δϕ, and one odd-parity mode, χ, resulting in the action for these two scalars given

by Equation 4.27, with the two effective metrics given by Equation 4.10 and Equation 4.23 respectively. We will also

show that the actions for the even and odd parity scalars each have the same SO(1, 3) symmetry as in the spin 0

and spin 1 case with an additional SO(2) symmetry that relates the two sectors.

As per Equation C.29, the Kaluza–Klein decomposition of the Einstein-Hilbert action into a tensor, vector, and

scalar piece in one lower dimension is

S =

∫
dt d3x

√
g3

(
R3 −

1

2
∂iϕ∂

iϕ+
1

4
e−2ϕF ijFij

)
, (4.2)

where the four-dimensional metric is parameterized as in Equation C.1,

ds2 = −e−ϕ
(
dt+Ai dx

i
)2

+ eϕg3 ij dx
i dxj , (4.3)

and Fij = ∂iAj − ∂jAi. We will refer to the collection of ϕ, Ai, and g3 ij as the Kaluza–Klein variables. Our next

step will be to obtain the actual modes of interest by expanding this about the Schwarzschild background to second

order. In relating this metric to the Schwarzschild metric, we find that the background values for the Kaluza–Klein

variables are

eϕ̄ =
r2

∆
, Āi = 0, and ds̄23 = dr2 +∆dΩ2 , (4.4)

where the backgrounds are indicated by a bar. The perturbations will then be δϕ, Ai (since the background is zero),

and δg3 ij = hij . If we expand the action to second order, we find that it decomposes into a scalar, vector, tensor,

and interaction piece,

S = Sscalar + Svector + Stensor + Sint. (4.5)

Let’s begin with the vector piece, which is already at second order in perturbations since the background F̄ij = 0:

Svector =
1

4

∫
dt d3x

√
ḡ3e

−2ϕ̄ḡij3 ḡ
kl
3 FikFjl. (4.6)
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This completely decouples from the scalar and tensor pieces. The remaining three pieces are:

Sscalar = −1

2

∫
dt d3x

√
ḡ3ḡ

ij
3 ∂iδϕ∂jδϕ, (4.7a)

Stensor =
1

4

∫
dt d3x

√
ḡ3
(
∇ih∇ih− 2∇jh∇ih

ij + 2∇khij∇jhik −∇khij∇khij
)
, (4.7b)

Sint = −
∫

dt d3x
√
ḡ3

(
hij − 1

2
hḡij3

)
∂iδϕ∂j ϕ̄. (4.7c)

Here, all covariant derivatives are those of the background metric ḡ3 ij . In simplifying the tensor portion of the action

in particular, it is helpful to observe that

R̄3 ij =
1

2
∂iϕ̄ ∂j ϕ̄. (4.8)

Let’s first study the vector action and find out whether that can be written in terms of a scalar living in an

effective metric. This proceeds in analogy to the spin 1 case, where we express Fij in terms of the odd-parity field,

χ, as in Equation 3.9 and rescale the metric g3 ij to write the action in terms of the scalar χ living in a different 3D

background,

Svector = −1

2

∫
dt d3x

√
ĝO ĝ

ij
O∂iχ∂jχ. (4.9)

The subscript O indicates that this is the effective metric for the odd-parity metric perturbation. The line element

associated with this metric is

dŝ2O =
r8

∆4

(
dr2 +∆

(
dθ2 + sin2 θ dφ2

))
. (4.10)

Having isolated the odd parity degree of freedom as a minimally coupled scalar living in an effective 3D metric

we can turn our attention to the tensor, scalar, and interaction parts of the action. By the electric-magnetic duality

of the Schwarzschild background, we expect that the remaining pieces of the action should reduce to an even-parity

scalar living in a potentially different effective metric [4]. This motivates us to decompose the tensor pieces as done

in Appendix D. First, the tensor piece hij can be decomposed into hrr, hra, and hab where a, b, c, etc. are angular

indices that are raised and lowered with the 2-sphere metric, γab given by:

ds2γ = dθ2 + sin2 θ dφ2 . (4.11)

Next, hra can be further decomposed into an even and odd parity piece while hab can be decomposed into a trace,

trace-free even, and trace-free odd piece, defined as follows:

hra = DaHE + ϵ b
a HO,

hab =
∆

2
γabK +

(
DaDb −

1

2
γabD

2

)
GE +

1

2
(ϵ c

a DcDb + ϵ c
b DcDa)GO,

(4.12)

where Da is the derivative on the 2-sphere.

We now consider combinations of these variables that are independent of gauge, aptly named gauge-independent

variables [33]. The action and equations of motion, being gauge-invariant, can then be recast entirely in terms of

these variables. This simplifies the calculation and helps us to isolate the even parity scalar living in an effective

metric while avoiding subtleties related to whether a gauge choice in the action is complete [34]. Since we have

already rewritten the vector action in terms of a scalar, we will solely focus on the terms within hij and δϕ. The
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gauge independent variables from Equation D.13 and Equation D.14 are

δϕ̃ = δϕ− rs
∆
HE +

rs
2
∂r

(
1

∆
GE

)
, (4.13a)

K̃ = K − 2∆′

∆
HE +∆′∂r

(
1

∆
GE

)
− 1

∆
D2GE , (4.13b)

h̃rr = hrr − 2∂rHE + ∂r

(
∆∂r

(
1

∆
GE

))
, (4.13c)

H̃O = HO − ∆

2
∂r

(
1

∆
GO

)
. (4.13d)

Our goal is to recast the action in terms of these variables. A shortcut to achieving this is to exploit the gauge-

invariant nature of these variables by making any convenient gauge choice that simplifies the right-hand side of

Equation 4.13a-Equation 4.13d and reduces the number of terms in the action. From looking at the gauge transfor-

mations in Equation D.12, we see that a particularly nice gauge choice is

HE = GE = GO = 0. (4.14)

This is the same as the original Regge–Wheeler gauge [1], though other popular gauge choices exist, such as the

Regge–Wheeler-unitary gauge [35]. Note that we have only used three gauge degrees of freedom. The fourth one,

arising from time diffeomorphisms, ξt, lives entirely in the vector sector and corresponds to the U(1) gauge symmetry

of the vector field Ai, as shown in Appendix D. The advantage of picking this gauge is that the gauge independent

variables become very simple:

δϕ̃ = δϕ, K̃ = K, h̃rr = hrr, and H̃O = HO. (4.15)

At any point, if one wants to recover a gauge-independent action or equations of motion, all that needs to be done

is insert a tilde on top of these remaining variables.

Let’s begin by focusing on the even sector of the tensor, scalar, and interaction actions by fixing this gauge and

ignoring terms that arise from HO, as those will decouple. Explicitly, this means utilizing the following perturbation

tensor

hij, even =


hrr 0 0

0
∆

2
K 0

0 0
∆

2
K sin2 θ

 . (4.16)

Plugging this into the scalar, tensor, and interaction actions and simplifying by using integration by parts yields:

S = −1

2

∫
dt d3x

√
γ
[
∆(∂rδϕ)

2 − ∆

4
(∂rK)

2 − rsδϕ∂rK − rshrr∂rδϕ

− ∆′

2
K∂rhrr − h2rr −

1

2
DahrrD

aK +DaδϕD
aδϕ
]
.

(4.17)

In order to further simplify this action, we will integrate out the extra degrees of freedom by using the equations of

motion. The constraint equations in this static case will correspond to equations that are less than quadratic in the

radial derivative. The hrr, K, and δϕ equations of motion respectively are:

−rs∂rδϕ− 2hrr +
1

2
∂r (∆

′K) +
1

2
D2K = 0, (4.18a)

∂r

(
rsδϕ+

∆

2
∂rK

)
− ∆′

2
∂rhrr +

1

2
D2hrr = 0, (4.18b)

∂r (∆∂rδϕ) +
rs
2
∂rK − rs

2
∂rhrr +D2δϕ = 0. (4.18c)
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These three equations can appropriately be combined into the following constraint equation:

D2

(
rsδϕ+

∆

2
∂rK − ∆′

2
hrr

)
= 0. (4.19)

Since the Laplacian of this function on the sphere is 0, the function itself must also be 0, so

rsδϕ =
∆′

2
hrr −

∆

2
∂rK. (4.20)

If we plug this constraint into the second equation, we find the following equation for hrr:(
D2 + 2

)
hrr = 0. (4.21)

There are two solutions to this equation. Either hrr is 0, or there is a fixed dipole solution with ℓ = 1. Indeed, the

dipole solution corresponds to a perturbation that shifts the position of the black hole [36], but since we are only

interested in dynamical degrees of freedom we can, without loss of generality, set hrr to 0. The second constraint

relates ∂rK with δϕ. Writing everything in terms of δϕ, we find

S = −1

2

∫
dt d3x

√
ĝE

(
ĝijE∂iδϕ∂jδϕ+ 2R̂Eδϕ

2
)
, (4.22)

where ĝE ij is exactly the same as the static scalar effective metric, given by the line element

dŝ2E = dr2 +∆
(
dθ2 + sin2 θ dφ2

)
, (4.23)

and R̂E is the Ricci scalar associated to this metric, given in Equation 2.11. The presence of this non-minimal

coupling term does not change the number of symmetries generated by melodic CKVs that the action has. As

reviewed in Section A.1, the melodic CKVs are symmetries for arbitrary coupling to the Ricci scalar, including

minimal coupling and non-conformal couplings.

Before turning our attention to the melodic CKVs associated with these two metrics, we should study the odd

sector of the tensor and scalar actions. Utilizing the fact that ϵ φ
θ = 1/ sin θ and ϵ θ

φ = − sin θ, the odd sector

perturbation metric is

hij, odd =


0

1

sin θ
∂φHO − sin θ ∂θHO

1

sin θ
∂φHO 0 0

− sin θ ∂θHO 0 0

 . (4.24)

The action in this case, upon integration by parts, reduces to

S =
1

2

∫
1

∆

((
D2HO

)2 − 2DaHOD
aHO

)√
γ d3x . (4.25)

The equation of motion in this case is simply

D2
[(
D2 + 2

)
HO

]
= 0. (4.26)

One solution to this equation is an ℓ = 1 mode, which is not considered to be a tidal field for spin 2. Instead,

this corresponds to a perturbation in the spin of the black hole [36]. Since we are only interested in the modes

corresponding to tidal fields, we can safely set this to 0.

At this point, we’ve shown that the dynamics of static tensor perturbations around a Schwarzschild black hole

can be entirely captured by two scalars, χ and δϕ living in the effective metrics Equation 4.10 and Equation 4.23

respectively. The total action describing the static spin 2 modes is given by

S = −1

2

∫
dt d3x

√
ĝE

(
ĝijE∂iδϕ∂jδϕ+ 2R̂Eδϕ

2
)
− 1

2

∫
dt d3x

√
ĝO ĝ

ij
O∂iχ∂jχ. (4.27)

19



As was the situation in the spin 1 case, the effective metric for the odd parity mode is conformally related to the

static scalar effective metric. Therefore, if the conformal factor is proportional to the ratio of the Ricci Scalar R̂scalar

and the Ricci scalar of the spin 2 odd effective metric, the melodic CKVs of the new effective metrics will be the

same as the melodic CKVs of the scalar effective metric, Equation 2.14a - Equation 2.14f. In particular, the Ricci

scalar of the odd effective metric, Ricci scalar of the scalar effective metric are, and the relationship between the

conformal factor relating the even and off metrics is:

R̂O = −15r2s∆
2

2r8
, R̂scalar =

r2s
2∆2

, and
r8

∆4
= −15

R̂scalar

R̂O

. (4.28)

Indeed, the last equation shows that the conformal factor is related to the ratio by a constant. The even effective met-

ric is precisely the same as the static scalar effective metric, so it also has the melodic CKVs given by Equation 2.14a

- Equation 2.14f.

To summarize, the geometric symmetry transformations on δϕ and on χ are both given by Equation 2.9, with ξ

being one of the melodic CKVs. Note that the effective 3D metrics for δϕ and χ are different (Equation 4.10 and

Equation 4.23), and that should be kept in mind when computing ∇iξ
i.

Another way to express the action is to explicitly include the Weyl factor,

ĝij ≡ ĝE ij = Ω−2ĝO ij , (4.29)

where Ω = r4/∆2, so

S = −1

2

∫
dt d3x

√
ĝ
(
ĝij∂iδϕ∂jδϕ+ 2R̂Eϕ

2 +Ωĝij∂iχ∂jχ
)
. (4.30)

Written in this way, we see that in addition to the SO(3,1) symmetries the even and odd sectors have separately,

there is an additional SO(2) symmetry:(
δϕ

χ

)
→

(
cosα −Ω1/2 sinα

Ω1/2 sinα cosα

)(
δϕ

χ

)
. (4.31)

This encodes the Chandrasekhar duality that maps between even-parity and odd-parity black hole perturbations [37].

A demonstration of this symmetry and derivation of the associated Noether current is contained in Appendix E.

4.2 Implications in Harmonic Space

Since these effective metrics have the same SO(3,1) symmetry as in the previous two cases, we can construct a

ladder that connects solutions at different values of ℓ. The variation of the scalars δϕ and χ under the melodic CKV

Equation 2.19a are

δξδϕ = ∆cos θ ∂rδϕ+
∆′

2
∂θ (sin θ δϕ) , (4.32a)

δξχ = ∆cos θ ∂rχ+
∆′

2
∂θ (sin θ χ)− rs cos θ χ. (4.32b)

Since δϕ in this gauge is equivalent to the gauge-independent δϕ̃ (see the discussion above Equation 4.13a), we will

impose regularity on at the horizon for δϕ. For χ, the story proceeds as in the previous section, namely that since χ

is gauge-invariant we should also impose regularity on χ at the horizon.

Since the effective metric for δϕ is the same as in the spin 0 case, the associated ladders are also the same as

in Equation 2.24. The Hamiltonian, however, is different since the action contains a non-minimal coupling term.

Namely, the radial equation of motion for δϕ (r) at level ℓ is

Hℓδϕℓ = 0, where Hℓ = −∆

(
∂r (∆∂r)− ℓ (ℓ+ 1)− r2s

∆

)
, (4.33)
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which implies that the relationship between the Hamiltonian and the ladder operators is given by

Hℓ = D−
ℓ+1D

+
ℓ +

(ℓ+ 3) (ℓ− 1)

4
r2s = D+

ℓ−1D
−
ℓ +

ℓ2 − 4

4
r2s . (4.34)

Therefore, although the Hamiltonians are different, the ladders still retain the interpretation that D+
ℓ and D−

ℓ acting

on a solution at level ℓ produces a solution at level ℓ+ 1 and ℓ− 1 respectively.

At level ℓ = 2, the Hamiltonian factorizes, H2 = D+
1 D

−
2 and the ground state solution (now at ℓ = 2 for spin 2 as

opposed to ℓ = 1 for spin 1 and ℓ = 0 for spin 0) is annihilated by the lowering operator:

D−
2 δϕ2 = 0, (4.35)

which is solved by

δϕ2 ∝ ∆. (4.36)

This ground state solution to a first-order differential equation is regular at the horizon and purely growing far away

from the black hole. The ladder can then be used to construct the solutions at any level ℓ ≥ 2 and we are now

guaranteed that they are the regular solution at the horizon and purely growing at infinity, meaning they have no

decaying tail. Hence, the Love numbers vanish for all ℓ ≥ 2.11

On the other hand, χ lives in a different effective metric. By decomposing χ into spherical harmonics, we find that

the variation under ξ implies the existence of the following ladders

D+
ℓ ≡ −∆∂r −

ℓ+ 1

2
∆′ + rs and D−

ℓ ≡ ∆∂r −
ℓ

2
∆′ − rs. (4.37)

In this case, the equation of motion is given by

Hℓχℓ = 0 where Hℓ = −∆

(
∆2

r4
∂r

(
r4

∆
∂r

)
− ℓ (ℓ+ 1)

)
. (4.38)

The intertwining relation is the same as Equation 2.26, which implies that the Hamiltonian can be expressed as

Hℓ = D−
ℓ+1D

+
ℓ +

(ℓ+ 3) (ℓ− 1)

4
r2s = D+

ℓ−1D
−
ℓ +

ℓ2 − 4

4
r2s . (4.39)

Once again the Hamiltonian factorizes at level ℓ = 2, where it simplifies into the first order equation with χ2 being

annihilated by the lowering operator:

D−
2 χ2 = 0 ⇒ χ2 ∝

(
∆

r

)2

. (4.40)

Since the solution is regular at the horizon and purely growing at infinity, the ladders can be used to raise χ2 to any

solution χℓ and we are guaranteed to find the solution that is regular at the horizon is also purely growing as rℓ at

infinity. Since there is no decaying mode, the Love numbers vanish for all ℓ ≥ 2.

4.3 Application to the Worldline EFT

Having discussed the UV symmetries, we would like to study their application to the worldline EFT. Working in

the approximation where the background is flat, the action can be decomposed into two pieces

S = Sbulk + SLove, (4.41)

11Recall again that the ℓ = 0 and ℓ = 1 modes are not considered tidal fields for spin 2. The ℓ = 0 mode is considered a mass

perturbation while the ℓ = 1 mode is considered a spin perturbation, as discussed in [36].
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where

Sbulk =

∫
dt d3x

(1
4
∂ih∂

ih− 1

2
∂jh∂ih

ij +
1

2
∂khij∂

jhik

− 1

4
∂khij∂

khij − 1

2
∂iδϕδ

iδϕ+
1

4
F ijFij

)
.

(4.42)

and

SLove =

∞∑
ℓ=2

λ
(CE)
ℓ

2ℓ!

∫
dt d3x ∂(i1 . . . ∂iℓ−2

Eiℓ−1iℓ)T ∂
(i1 . . . ∂iℓ−2Eiℓ−1iℓ)

T

δ(3) (x− x0)

+

∞∑
ℓ=2

λ
(CB)
ℓ

2ℓ!

∫
dt d3x ∂(i1 . . . ∂iℓ−2

Biℓ−1iℓ)T ∂
(i1 . . . ∂iℓ−2Biℓ−1iℓ)

T

δ(3) (x− x0) ,

(4.43)

where Eij and Bij are the electric and magnetic components of the Weyl tensor. We couple to the Weyl tensor only

since couplings to the Ricci tensor and scalar can be removed through field redefinitions. Eij and Bij are introduced

in the context of the Kaulza–Klein decomposition in Appendix C with their expressions in terms of Kalulza–Klein

variables given in Equation C.32 and Equation C.33. As before, the point object is taken to be at rest and at the

origin. Since we are working in the static limit, all time derivatives are set to zero. There are two Love numbers

that encode the finite-size effect of tidal deformability, the gravito-electric Love number λ(CE) and λ(CB). It is worth

highlighting that we are working in the limit where tidal perturbations behave as if we are strictly in flat space.

There are, in principle, additional rs corrections but they are sub-leading and enter in higher orders in perturbation

theory of the tidal field.

With that said, the next step is to simplify the action. In the vector portion of the action, we once again recognize

that Fij obeys the Bianchi identity. Hence, we can treat it as an independent field and add χ as a Lagrange multiplier,

just as in Equation 3.8. Additionally, in the Regge–Wheeler gauge of Equation 4.14, the action reduces to

Sbulk = −1

2

∫
dt d3x

(
∂iδϕ∂

iδϕ− 1

2
F ijFij + χϵijk∂iFjk

)
+

1

4

∫
dt dr dθ dφ

√
γ

(
r2

2
(∂rK)

2
+ rK∂rhrr + 2h2rr +DahrrD

aK
)

+
1

2

∫
dt dr dθ dφ

√
γ
1

r2

((
D2HO

)2 − 2DaHOD
aHO

)
.

(4.44)

Notice that in the flat space limit, hrr and K completely decouple from δϕ.12 We can therefore safely integrate out

these fields as well as Fij yielding

Sbulk = −1

2

∫
dt d3x

(
∂iδϕ∂

iδϕ+ ∂iχ∂
iχ
)
. (4.45)

On the other hand, in terms of these variables, the Love number action simplifies to

SLove =

∞∑
ℓ=2

λ
(CE)
ℓ

2ℓ!

∫
dt d3x ∂(i1 . . . ∂iℓ)T δϕ∂

(i1 . . . ∂iℓ)
T

δϕδ(3) (x− x0)

+

∞∑
ℓ=2

λ
(CB)
ℓ

2ℓ!

∫
dt d3x ∂(i1 . . . ∂iℓ)Tχ∂

(i1 . . . ∂iℓ)
T

χδ(3) (x− x0) ,

(4.46)

where we have taken the large distance limit, dropping terms suppressed by powers of rs. The total action is once

again the sum of two scalar bulk and worldline actions, with one term corresponding to the even-parity degree of

freedom and one corresponding to the odd-parity degree of freedom.

12From Eq. (4.7c), we see that the mixing between the 3D metric perturbations and δϕ becomes negligible at distances r such that

|∂iϕ̄| ≪ 1/r. This condition implies rs/r ≪ 1, and therefore the decoupling limit coincides with the large distance limit. This is somewhat

reminiscent of what happens in single-field slow-roll inflation. There, metric perturbations decouple from the inflaton fluctuations δϕ

when at time scales t such that ∂tϕ̄ ≪ 1/t, and this decoupling limit coincides with the de Sitter limit.
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Equation 4.45 and Equation 4.46 raise a natural question: what symmetries are respected by Sbulk but violated

by SLove? A black hole would be an object for which imposing such symmetries are appropriate. Alternatively, such

symmetries are broken for a generic object for which the Love numbers are non-zero.

Just as in the cases of spin-0 and spin-1, a reasonable guess for the correct EFT symmetries is to take the long

distance limit of the known geometric symmetries for a black hole (subsection 4.1; see paragraph below Equation 4.28).

For instance, the corresponding symmetry generated by K3 is (in the large r limit):

δξδϕ = r2 cos θ ∂rδϕ+ r∂θ (sin θδϕ) , (4.47)

and similarly so for χ. The full set of special conformal symmetries generated by the melodic CKVs Ki are, in

the long distance limit, expressible in Cartesian coordinates by replacing ϕ in Equation 2.37 by δϕ or χ. It can be

shown these special conformal transformations are symmetries of Sbulk, but not of SLove (see subsection 2.3 for a

discussion).

5 Discussion

In this paper, we study the geometric origin for the vanishing of static spin 1 and spin 2 Love numbers in a

Schwarzschild background. We demonstrate that for both the spin 1 and 2 static perturbations, the even and

odd sectors respectively have their own SO(3,1) symmetries. In addition, an SO(2) symmetry connects the two

sectors, essentially an electric-magnetic duality. This replicates the story known for spin 0 static perturbations.

Representation theory of SO(3,1) tells us there is a ladder structure relating perturbations at different values of

the angular momentum ℓ. Vanishing of the black hole Love numbers follows from the nature of the ground state

solution (ℓ = 1 for spin 1, ℓ = 2 for spin 2), and the higher ℓ solutions built from it by climbing the ladder: that

all solutions that are regular at the horizon have no tidal tail far away from the black hole. An advantage of our

approach is that we were able to find new ladder structures that act directly on the gauge field variables, which

complements the already known ladders for the Newman-Penrose variables [17]. We can also readily write down the

corresponding conserved Noether current, because of our formulation of the symmetries at the action level. Moreover,

it was important that we were able to reduce the action describing the physical degrees of freedom to two scalars

living in 3D effective metrics, which allows us to leverage our knowledge of melodic CKV symmetries for scalars.

As a byproduct of this analysis, we found new methods for computing all melodic CKVs, such as noting that the

space of melodic CKVs in two metrics related by a conformal factor are the same so long as that conformal factor is

proportional to the ratio of the Ricci scalars of the respective metrics.

The large r limit of (the “boost” part of) the geometric symmetries are the standard special conformal transfor-

mations in 3D flat space. It can be shown they are symmetries of the bulk action, but not of the Love number terms

on the worldline, in the static limit. It’s worth emphasizing that the special conformal symmetries apply strictly in

the static limit. Thus, we do not expect them to protect black holes from quantum corrections generating non-zero

Love numbers, i.e. even if the external tidal field is static, quantum loops can involve non-static field configurations.

Several issues are worth further investigation. First, as discussed in [26–28], some of the symmetries of the linear

theory can persist into the non-linear theory, provided the right variables are used. It would be interesting to extend

their work, which assumed axisymmetry, to more general configurations. The choice of variables we found which

makes the linear symmetries manifest might give useful hints for this exploration.

Second, the static Love numbers also vanish for a Kerr black hole. For spin 0 perturbations, it is possible to derive

a 3D effective metric with two melodic CKVs directly from the general formula Equation 2.5. It would be interesting

to work out the same for spin 1 and 2 perturbations, for which care must be taken to identify the correct even and

odd sectors. Recently, hidden symmetries were uncovered for axisymmetric and static perturbations in the Teukolsky

equation [24].
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Third, while we focus on black holes, neutron star Love numbers are also very interesting. They are known to

be non-zero, and in fact there appears to be certain universal relations governing different properties of the neutron

star, including its Love numbers, quadrupole moment and moment of inertia [38]. Is there some sense in which the

SO(3,1) symmetries are weakly broken by a neutron star? If so, can it shed light on some of these universal relations?

Lastly, the vanishing of static Love numbers is particular to four-dimensional black holes. In higher dimensions,

the Love numbers only vanish when ℓ̂ = ℓ/ (d− 3) takes an integer value [12]. (Here, d is the number of spacetime

dimensions.) As is shown in [39], there exist ladder structures for higher dimensional black holes, including the

Tangherlini and Myers–Perry solutions. However, a geometric understanding for the origin of those ladders is still

lacking. It is possible that such a geometric origin is based on symmetries generated by CKVs as was shown here in

four spacetime dimensions.
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A Melodic Conformal Killing Vectors

A.1 The Melodic Condition

The melodic condition arises from the question of whether there are conformal symmetries of a scalar action

S = −1

2

∫
ddx

√
g
(
gij∇iϕ∇jϕ+ αRϕ2

)
(A.1)

with arbitrary coupling α to the Ricci scalar (i.e. whose coupling is not necessarily the conformal coupling, αc =

(d − 2)/[4(d − 1)] for d spacetime dimensions). This is particularly pertinent to this work since we are typically

interested in the minimally coupled scalar action α = 0 and, in one case, we have α = 2.

We consider the variation of Equation A.1 under a conformal transformation generated by ξi such that the length

element transforms as

dx′
2
= Ω2 dx2 , (A.2)

with Ω (x) the conformal factor. To first order, dx′
2
= gij dx

i dxj + 2 (lnΩ) gij dx
i dxj . This results in:

∇iξj +∇jξi = −2 lnΩ gij . (A.3)

Taking the trace of both sides tells us that ∇iξ
i = −d lnΩ leading to the conformal Killing equation

∇iξj +∇jξi =
2

d

(
∇kξ

k
)
gij . (A.4)

Under a conformal transformation a scalar field ϕ (x) transforms as

ϕ′ (x′) = Ω−∆ϕ (x) , (A.5)

with conformal weight ∆ = (d− 2) /2. Infinitesimally, this is

δξϕ = ξi∇iϕ+
d− 2

2d

(
∇iξ

i
)
ϕ. (A.6)

Substituting this into the action and rearranging yields

δξS = −
∫

ddx
√
g

(
∇i

(
1

2
ξi∇jϕ∇jϕ+

n− 2

4n
ϕ2∇i∇jξ

j

)
− n− 2

4n
2 (∇ · ξ)ϕ2

+
1

2
α∇i

(
Rξiϕ2

)
− α

n

(
R
(
∇jξ

j
)
+
n

2
ξi∇iR

)
ϕ2
)
.

(A.7)

In order to demonstrate a symmetry of the action we would need to demonstrate a relationship between the last

term on the first line and last term on the last line. Indeed, this relation can be shown (see [18]) to be

2∇iξ
i = − 1

d− 1

(
R∇iξ

i +
d

2
ξi∇iR

)
. (A.8)

Using this result and integrating out the total derivatives leaves us with

δξS = −d− 1

d

(
α− d− 2

4 (d− 1)

)∫
ddx

√
g (2 (∇ · ξ))ϕ2. (A.9)

As one would expect, this will be zero if α is equal to the value of the conformal coupling, αc = (d − 2)/[4(d − 1)];

however, we also find an additional symmetry for arbitrary coupling for a subset of conformal Killing vectors obeying

the condition

2∇jξ
j = 0. (A.10)
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Conformal Killing vectors that obey this condition are known as melodic [18].

That such a symmetry exists for a scalar field with arbitrary coupling to the Ricci scalar raises the question as to

whether there is a higher spin analogue of the melodic condition, in particular for spin 1 and spin 2. The answer to

the question appears to be no. It is easy to see how problems arise when higher spins are considered; the infinitesimal

variation of a field ϕI of arbitrary spin in a flat background is given by13

δξϕI = ξi∂iϕI +
d− 2

2d

(
∂iξ

i
)
ϕI −

1

4
(∂iξj − ∂jξi)

(
Sij
) J

I
ϕJ , (A.11)

where Sij are the appropriate spin matrices for the specific field under consideration satisfying

[Sij ,Skl] = δikSjl − δjkSil − δilSjk + δjlSij . (A.12)

We thus see that for higher spins, there are contractions involving the field itself. A melodic condition for higher

spins would therefore need to be a condition on the field as well, rather than just a property of the background.

A.2 Counting and Finding Melodic Conformal Killing Vectors

A feature of melodic conformal Killing vectors is that, upon rescaling the metric by its Ricci scalar, they become

true Killing vectors of the rescaled space. That is, if ξi is a melodic conformal Killing vector in a spacetime with

metric gij , then it is a Killing vector of the metric

g̃ij = RL2
0gij , (A.13)

where L0 is an arbitrary length scale and R is the Ricci scalar of gij . The number of melodic conformal Killing

vectors is then equal to the number of Killing vectors in a spacetime whose metric is scaled by the Ricci scalar.

That this is the case follows from the identity [18]

2∇iξ
i = − 1

d− 1

(
R∇iξ

i +
d

2
ξi∇iR

)
, (A.14)

which is true for any conformal Killing vector. Recalling the melodic condition Equation A.10, for a melodic conformal

Killing vector this identity becomes

R∇iξ
i +

d

2
ξi∇iR = 0. (A.15)

We now assume that we are in a transformed space and that ξi is a Killing vector for this space. Its divergence is

therefore 0. If we were to bring it back to the unscaled space, then we would need to use the connection Ci
ij given

by [40, (D.3)],

∇̃iξ
i = ∇iξ

i + Ci
ijξ

j

= ∇iξ
i +
(
δii∇j lnΩ + δij∇i lnΩ− gij∇i lnΩ

)
ξν

= ∇iξ
i + dξi∇i lnΩ.

(A.16)

Setting this to 0 since ξi is a Killing vector in the transformed space gives

Ω2∇iξ
i +

d

2
ξi∇iΩ

2 = 0. (A.17)

Comparing with Equation A.15, we see that if ξi is a melodic Killing vector, then the above equation is true

if Ω2 = RL2
0 for a constant L0 of one length dimension. Similarly, if the transformation factor Ω2 is RL2

0, we

automatically find that ξi is a conformal Killing vector. As a result, if ξi is a Killing vector of a space g̃ij , it is a

13See Hugh Osborn’s notes on Conformal field theory here.
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melodic Killing vector of gij and if ξi is a melodic Killing vector of gij , it is a Killing vector of g̃ij . In other words,

the melodic CKVs of a metric gij are the KVs of g̃ij = RL2
0gij .

This is a powerful result for our purposes since we will mostly focus on three-dimensional spaces for which there

exists a detailed algorithm for deriving the number of Killing vectors. In particular, the authors of [30] were able to

derive an algorithm that counts the exact number of Killing vectors for any 3D Riemannian manifold.

A.3 Scaling Transformations that Preserve Melodicity

Given the prevalence of effective metrics conformally related to the scalar effective metric in this work, it is useful to

ask is whether or not scaling transformations preserve melodicity. That is whether, upon conformal transformation,

melodic CKVs of the original metric are also melodic CKVs of the transformed metric. If melodicity is preserved,

then we immediately know the melodic CKVs of the transformed space. We begin by scaling the metric by Ω2 once

again, meaning g̃ij = Ω2gij , and writing down the melodic condition in the scaled space,

2̃∇̃iξ
i = − 1

d− 1

(
R̃∇̃iξ

i +
d

2
ξi∇̃iR̃

)
. (A.18)

Transforming back to the original space, we find

2̃∇̃iξ
i = Ω−2

(
2∇iξ

i + 2

(
∇iξ

i +
d

2
ξi∇i

)(
2 lnΩ +

d− 2

2
∇j lnΩ∇j lnΩ

))
. (A.19)

This directly implies that melodicity is preserved when

2 lnΩ +
d− 2

2
∇j lnΩ∇j lnΩ = αR (A.20)

for some constant α, since that means the above equation can be rewritten using Equation A.14 as

2̃∇̃iξ
i = Ω−2 (1− 2α (d− 1))2∇iξ

i. (A.21)

Notice that this also means, due to [40, eq. (D.9)], that

R̃ = Ω−2 (1− 2α (d− 1))R. (A.22)

Thus, the value for α which ensures all CKVs become melodic is one in that maps you to a spacetime with vanishing

Ricci scalar. Moreover, melodicity is preserved when

R̃ ∝ Ω−2R. (A.23)

A.4 The Noether Current

Since melodic conformal transformations constitute symmetries of a scalar action with arbitrary coupling to the

Ricci scalar, it is natural to ask what the associated Noether current is. Noether’s theorem tells us that for a

symmetry variation of the field δsϕ, there is a conserved current

J i =
∂L

∂ (∇iϕ)
δsϕ− Λi, (A.24)

where we take the Lagrangian L to not include the integration measure
√
g and Λi is defined such that δsL = ∇iΛ

i.

Λi is determined from the total derivative that was integrated out in Equation A.9,

Λi = −1

2

(
ξi∇jϕ∇jϕ+

d− 2

2d
ϕ2∇i∇jξ

j + αRξiϕ2
)
, (A.25)
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where α is the coupling of the scalar field to the Ricci scalar in the action. Combining this with the variation of the

scalar field given in equation Equation A.6, we obtain the Noether current

J i = −ξj∇jϕ∇iϕ− d− 2

4d
∇jξ

j∇iϕ2 +
1

2
ξi∇jϕ∇jϕ+

d− 2

4d
ϕ2∇i∇jξ

j +
α

2
Rξiϕ2. (A.26)

We now want to demonstrate that this current is actually conserved. Applying ∇i on both sides, we obtain

∇iJ
i = −∇iξ

j∇jϕ∇iϕ− ξj∇i∇jϕ∇iϕ− ξj∇jϕ2ϕ

− d− 2

2d
∇i∇jξ

j
(
ϕ∇iϕ

)
− d− 2

2d
∇jξ

j∇iϕ∇iϕ− d− 2

2d
∇jξ

j (ϕ2ϕ)

+
1

2
∇iξ

i∇jϕ∇jϕ+
1

2
ξi∇i∇jϕ∇jϕ+

1

2
ξj∇jϕ∇i∇jϕ

+
d− 2

4d

(
∇iϕ

2
)
∇i∇jξ

j +
α

2

(
ξi∇iR

)
ϕ2 +

α

2
Rϕ2∇iξ

i +
α

2
Rξi∇iϕ

2,

(A.27)

where we have imposed the melodic condition, 2∇jξ
j = 0. In simplifying this, it is useful to note that the conformal

Killing equation gives

−∇(iξj)∇jϕ∇iϕ = −1

2

(
∇iξj +∇jξi

)
∇iϕ∇jϕ = −1

d
∇iξ

i∇jϕ∇jϕ. (A.28)

Using this, as well as relabeling some indices, we find

∇iJ
i = −ξj∇jϕ2ϕ− d− 2

2d
ϕ∇jξ

j2ϕ+
α

2
ξiϕ2∇iR+

α

2
Rϕ2∇iξ

i +
α

2
Rξi∇iϕ

2. (A.29)

If we insert the equation of motion 2ϕ = −αRϕ, this reduces to

∇iJ
i =

α

d
ϕ2
(
R∇iξ

i +
d

2
ξi∇iR

)
(A.30)

However, if the melodic condition is satisfied then the term in the parentheses is also 0 by Equation A.14.

B Transformation of the Love Number Operators

In this Appendix, we show that while δLLove is not a total derivative for special conformal transformation, it is a

total derivative for rotation. Specifically, for rotation:

δξϕ = ξi∂iϕ , ξi = ϵijkcjxk , (B.1)

where c⃗ is a constant vector specifying the axis of rotation. We will work out explicitly the case of ℓ = 0. The other

cases can be worked out in a similar way.

For ℓ = 0:

δLLove = λ0ξ
i∂iϕ ϕδ

(3) (x⃗) , (B.2a)

= ∂i

(
λ0
2
ϵijkcjxkϕ

2δ(3) (x⃗)

)
− λ0

2
∂i
(
ϵijkcjxk

)
ϕ2δ(3) (x⃗)− λ0

2
ϵijkcjxkϕ

2∂iδ
(3) (x⃗) . (B.2b)

The second term on the right obviously vanishes. The third term on the right also vanishes if one writes δ(3)(x⃗) =∫
eiq⃗·x⃗d3q/(2π)3. This is because the combination ϵijkxkqi = (x⃗× q⃗)j can be rewritten as (x⃗× q⃗⊥)j , if one decomposes

q⃗ into components parallel and perpendicular to x⃗: q⃗ ≡ q⃗∥ + q⃗⊥. The 2D integral over q⃗⊥ yields zero because the

integrand is odd in q⃗⊥ (keeping in mind eiq⃗·x⃗ is independent of q⃗⊥). The case of x⃗ = 0 has to be treated separately,
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but again the oddness under q⃗ → −q⃗ guarantees the momentum integral yields zero. Therefore we conclude δLLove

takes the form of a total derivative under rotation: δLLove = ∂iΛ
i
Love. Standard arguments tell us the Noether

current is J i ≡ ξj∂jϕ (∂[Lbulk + LLove]/∂(∂iϕ)) − Λi − Λi
Love, where Λi is given by Equation 2.39 for rotational ξi.

It can be checked that its conservation is consistent with the scalar equation of motion Equation 2.35. As remarked

in Section 2, one must take care not to treat Λi
Love as vanishing; otherwise, the consistency check would not have

worked out.

C The Kaluza–Klein Decomposition

In this section we seek to review the Kaluza–Klein decomposition, which is often associated with dimensional

reductions in cases where the metric does not depend on one of the coordinates. Note that we will use α, β, γ δ, etc.

for 4D tetrad indices, while we use µ, ν, ρ, σ, etc. for 4D coordinate basis indices. Meanwhile, a, b, c, and d will be

used for 3D tetrad indices, while i, j, k, etc. will be used for 3D coordinate basis indices.

The decomposition begins with a convenient parameterization of the metric, aptly called the Kaluza–Klein metric,

ds2 = −e−ϕ
(
dt+Ai dx

i
)2

+ eϕg3 ij dx
i dxj . (C.1)

An introduction to this is presented in the lecture notes by C.N. Pope. Our goal will be to write down the Riemann

tensor in terms of these Kaluza–Klein variables. For computational simplicity, define

g̃ij = eϕg3 ij . (C.2)

We define the tetrad êα as follows

ê0 = e−ϕ/2
(
dt+Ai dx

i
)

and êa = ẽai dx
i , (C.3)

where ẽai is the tetrad associated to g̃ij . The tetrad formulation is particularly useful since the presence of the

generic 3D tetrad will allow us to more easily express 4D objects, such as the Riemann tensor, in terms of equivalent

3D objects. Note that all spatial indices will be raised and lowered with g̃ij , meaning

Ai = g̃ijAj and Aa = ẽaiA
i. (C.4)

Now we can compute the spin-connection,

ωα
β = ω α

µ β dx
µ = ω α

γ β ê
γ . (C.5)

The spin-connection is used to define the covariant derivative in tetrad indices for a mixed tensor Xa
b,

∇̃cX
a
b = ∂cX

a
b + ω̃ a

c dX
d
b − ω̃ d

c bX
a
d, (C.6)

where ω̃a
b is the spin connection associated with ẽa. We can compute these spin-connections through the torsion-free

condition,

Tα = dêα + ωα
β ∧ êβ . (C.7)

The choice of spin-connection that ensures this is zero is

ω0
a = −1

2
∂aϕ ê

0 +
1

2
e−ϕ/2Fabê

b, (C.8)

where Fab = ∂aAb − ∂bAa, and

ωa
b = ω̃a

b +
1

2
e−ϕ/2F a

bê
0. (C.9)
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From here, we can compute the curvature two-form,

Rα
β = dωα

β + ωα
γ ∧ ωγ

β . (C.10)

Recall that we can relate the components of the curvature two-form to the components of the Riemann tensor

Rα
β =

1

2
Rα

βγδ ê
γ ∧ êδ. (C.11)

The Riemann tensor components are

R0
a0b =

1

2
∇̃b∇̃aϕ− 1

4
∇̃aϕ∇̃bϕ+

1

4
e−ϕFacF

c
b.

R0
abc =

1

2
e−ϕ/2

(
∇̃aFbc − Fbc∇̃aϕ+

1

2
Fab∇̃cϕ− 1

2
Fac∇̃bϕ

)
,

Ra
bcd = R̃a

bcd +
1

2
e−ϕ

(
F a

bFcd +
1

2
F a

cFbd −
1

2
F a

dFbc

) (C.12)

Note that to simplify this expression further, we made use of the Bianchi identity, ∇̃[aFbc] = 0.

In order to find the Riemann tensor for our original metric, Equation C.1, we’ll need to insert g̃ij = eϕg3 ij . The

situation is slightly more complicated than in the coordinate basis since, in the tetrad basis, spacetime dependence

is contained not within the metric, but rather within the tetrads themselves. In other words,

eϕgij = ηabẽ
a
iẽ

b
j = eϕηabe

a
ie

b
j → eai = e−ϕ/2ẽai, (C.13)

where ea is the tetrad associated to g3 ij . Now let’s study how vectors and one-forms transform. It is important to

distinguish between these since, for example, raising the index on a one-form will include a metric implicitly. For a

vector, V , and one-form X,

V a = ẽaiV
i → eϕ/2V a Va = ẽ i

a

(
gijV

j
)
→ eϕ/2Va,

Xa = ẽ i
a Xi → e−ϕ/2Xa Xa = ẽai

(
gijXj

)
→ e−ϕ/2Xa.

(C.14)

Contractions then transform as follows:

VaV
a → eϕVaV

a and XaX
a → e−ϕXaX

a. (C.15)

One other object that we will need to transform is the covariant derivative in the tetrad basis. We’ll do that by

solving for the spin-connection, through the zero torsion condition,

dea = −ωa
b ∧ eb. (C.16)

Then, using ea = e−ϕ/2ẽa,

d
(
e−ϕ/2ẽa

)
= −1

2
∂bϕ e

b ∧ ea − ω̃a
b ∧ eb. (C.17)

Combining both of the previous equations,

ω̃a
b ∧ eb = ωa

b ∧ eb +
1

2
∂bϕ e

a ∧ eb. (C.18)

The spin connection that solves this and is antisymmetric in a and b is

ω̃a
b = ωa

b +
1

2
(δac∂bϕ− ηbc∂

aϕ) ec. (C.19)

It is important to note that ω̃a
b = ω̃ a

c bẽ
c. We need to convert that to ec, which amounts to multiplying both sides

by e−ϕ/2, so

ω̃ a
c b = e−ϕ/2ω a

c b +
1

2
e−ϕ/2 (δac∂bϕ− ηbc∂

aϕ) . (C.20)
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This overall factor has e−ϕ/2, which is in line with our previous rule that in a tensor defined with n upper and

m lower indices, the transformation in the tetrad basis would pick up a factor of e(n−m)ϕ/2. The spin-connection,

however, picks up an additional connection,

C a
c b =

1

2
(δ a

c ∇bϕ− ηcb∇aϕ) . (C.21)

We summarize what happens when we perform conformal transformations, e→ ẽ = Ωe, in the tetrad basis:

1. Vectors transform with a factor of Ω regardless of whether it is an upper or lower index, while one forms

transform with a factor of Ω−1 regardless of whether it is an upper or lower index.

2. Mixed tensors transform in a consistent way. An (n,m) tensor transforms with Ω(n−m) regardless of the position

of the indices.

3. Covariant derivatives transform according to the connection

C a
c b = δ a

c ∇b lnΩ− ηcb∇a lnΩ. (C.22)

They will then include an overall factor based on the first two rules.

With this set, it is straight-forward to transform the Riemann tensor components, the results of which are listed

below:

R0
a0b =

1

2
e−ϕ∇b∇aϕ− 3

4
e−ϕ∇aϕ∇bϕ+

1

4
e−ϕηab∇cϕ∇cϕ+

1

4
e−3ϕFacF

c
b,

R0
abc =

1

2
e−2ϕ

(
∇aFbc − Fbc∇a +

1

2
Fab∇cϕ− 1

2
Fac∇bϕ

− Fbc∇aϕ− 1

2
Fab∇bϕ+

1

2
Fab∇cϕ− 1

2
ηabFcd∇dϕ+

1

2
ηacFbd∇dϕ

)
,

Ra
bcd = e−ϕRa

3 bcd −
1

2
e−ϕ (δ a

c ∇d∇bϕ− δ a
d ∇c∇bϕ− ηcb∇d∇aϕ+ ηdb∇c∇aϕ)

+
1

4
e−ϕ

(
δ a
c ∇dϕ∇bϕ− δ a

d ∇Cϕ∇bϕ− δ a
c ηbd∇eϕ∇eϕ

+ δ a
d ηbc∇eϕ∇eϕ+ ηbd∇aϕ∇cϕ− ηbc∇aϕ∇dϕ

)
+

1

2
e−3ϕ

(
F a

bFcd +
1

2
F a

cFbd −
1

2
F a

dFbc

)
.

(C.23)

From here, we can compute the Ricci tensor components:

R00 = −1

2
e−ϕ∇a∇aϕ+

1

4
e−3ϕF abFab,

R0a =
1

2
∇b

(
e−2ϕF b

a

)
,

Rab = e−ϕR3 ab −
1

2
e−ϕηab∇c∇cϕ− 1

2
e−ϕ∇aϕ∇bϕ− 1

2
e−3ϕFacF

c
b.

(C.24)

Finally, the Ricci scalar is

R = e−ϕR3 − e−ϕ∇a∇aϕ− 1

2
e−ϕ∇aϕ∇aϕ+

1

4
e−3ϕF abFab. (C.25)

We now proceed to the Weyl tensor, given by

Cαβγδ = Rαβγδ +
1

2
(Rαδηβγ −Rαγηβδ +Rβγηαδ −Rβδηαγ) +

R

6
(ηαγηβδ − ηαδηβγ) . (C.26)
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The two components of the Weyl tensor of interest for our purposes are

C0a0b =
1

2
e−ϕ

(
R3 ab −

1

3
R3ηab

)
− 1

2
e−ϕ

(
∇b∇aϕ− 1

3
ηab∇c∇cϕ

)
+

1

2
e−ϕ

(
∇aϕ∇bϕ− 1

3
ηab∇cϕ∇cϕ

)
+

1

2
e−3ϕ

(
F c
a Fbc −

1

3
ηabFcdF

cd

)
,

C0abc = −1

2
e−2ϕ

(
∇aFbc +

1

2
ηac∇dF

d
b −

1

2
ηab∇dF

d
c

)
+

1

2
e−2ϕ

(
2Fbc∇aϕ+ Fac∇bϕ− Fab∇cϕ+

3

2
(Fcdηab − Fbdηac)∇dϕ

)
.

(C.27)

One last useful object to compute is the determinant,
√
−g = det

(
eαµ
)
, which can be done as follows

det

(
e−ϕ/2 eϕ/2Ai

0 ẽ

)
= eκ1ϕ det (ẽ) = e−ϕ/2

√
g̃ = eϕ

√
g3. (C.28)

Combining this with the form of the Ricci scalar in the Kaluza–Klein decomposition in Equation C.25, the action,

upon integrating out the total derivative and switching back to the coordinate basis, becomes

S =

∫
d3x

√
g3

(
R3 −

1

2
∇iϕ∇iϕ+

1

4
e−2ϕF ijFij

)
. (C.29)

The last objects we will need are the electric and magnetic components of the Weyl tensor14,

Eαβ = Cαγβδn
γnδ and Bαβ =

1

2
ϵ ϵζ
αγ Cϵζβδn

γnδ, (C.30)

where nα is the normal vector to the 3D hypersurface. In the tetrad basis, this is simply n0 = 1 and na = 0. The

the electric and magnetic parts of the Weyl tensor in the tetrad basis thus reduce to

Eab = C0a0b and Bab =
1

2
ϵ cd
a C0bcd. (C.31)

Due to the form of the tetrad, this can be readily written in the coordinate basis. The electric tensor is

Eij =
1

2
e−ϕ

(
R3 ij −

1

3
R3g3 ij

)
− 1

2
e−ϕ

(
∇j∇iϕ− 1

3
gij∇k∇kϕ

)
+

1

2
e−ϕ

(
∇iϕ∇jϕ− 1

3
gij∇kϕ∇kϕ

)
+

1

2
e−3ϕ

(
F k
i Fjk − 1

3
gijFklF

kl

)
.

(C.32)

Meanwhile, the magnetic tensor in the coordinate basis is

Bij = −1

4
ϵ kl
i e−2ϕ

(
∇jFkl +

1

2
g3 jl∇mF

m
k − 1

2
g3 jk∇mF

m
k − 2Fkl∇jϕ

− Fjl∇kϕ+ Fjk∇lϕ− 3

2
(Flmg3 jk − Fkmg3 jl)∇mϕ

)
.

(C.33)

Note that both of these tensors are symmetric and traceless. As such, they each contain 5 independent degrees of

freedom, which in total capture the 10 degrees of freedom the Weyl tensor had.

14A helpful introduction is on this page by Leo Stein.
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D Gauge-Independent Variables

In this section, we study how the Kaluza–Klein variables, defined in Equation C.1, transform under gauge trans-

formations. Throughout this section the bar notation denotes a quantity with respect to the background metric. To

begin, consider metric perturbations on a Schwarzschild background,

gµν = ḡµν + δgµν , (D.1)

where ḡµν is the background Schwarzschild metric. We will also take the Kaluza–Klein parameters and vary them

in the same way,

ϕ = ϕ̄+ δϕ, Ai = Āi + δAi, and g3 ij = ḡ3 ij + hij . (D.2)

The background values of the Kaluza–Klein metric are given in Equation 4.4 and reproduced below for convenience

eϕ̄ =
r2

∆
, Āi = 0, and ds̄23 = dr2 +∆dΩ2 , (D.3)

where ds̄23 is the line element associated to ḡ3 ij . Similarly, δgµν is related to the perturbed Kaluza–Klein variables

by

δgtt =
∆

r2
δϕ, δgti = −∆

r2
δAi, and δgij =

r2

∆
ḡ3 ijδϕ+

r2

∆
hij . (D.4)

Under gauge transformation, δgµν transforms as

δgµν → δg′µν = δgµν +∇µξν +∇νξµ, (D.5)

where ξµ is a diffeomorphism. The individual metric components transform as:

δg′tt = δgtt −
rs∆

r4
ξr, δg′rr = δgrr + 2∂rξr +

rs
∆
ξr,

δg′tr = δgtr + ∂rξt −
rs
∆
ξt, δg′ra = δgra + ∂rξa +Daξr −

2

r
ξa,

δg′ta = δgta +Daξt, δg′ab = δgab +Daξb +Dbξa +
2∆

r
γabξr,

(D.6)

where Da is the covariant derivative on the 2-sphere compatible with γab. We can now recast these in terms of the

perturbed Kaluza–Klein variables using Equation D.4:

δϕ′ = δϕ− rs
r2
ξr, h′ra = hra +

∆

r2
∂rξa +

∆

r2
Daξr −

2∆

r3
ξa

δA′
i = δAi − ∂i

(
r2

∆
ξt

)
, h′ab = hab +

∆

r2
Daξb +

∆

r2
Dbξa +

∆∆′

r2
γabξr

h′rr = hrr +
2∆

r2
∂rξr +

2rs
r2
ξr,

(D.7)

Note that Ai uses a full spatial index i. This gauge transformation reduces to the usual gauge transformation on

the vector potential. Since ξt only appears in the transformation of Ai, this can be treated separately. Indeed, in

Section 4, we see that the part of the action that contains Ai completely decouples, leaving behind an action involving

δϕ and hij . We will restrict our attention to those variables for the remainder of the section.

There still remains a vector, hra, and tensor hab that can be further decomposed. We decompose the vector piece

to

hra = DaHE + ϵ b
a DaHO, (D.8)
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where, by construction, HE is parity-even and HO is parity-odd. For the tensor piece we first decompose into a trace

and a trace-free part and then further decompose the trace-free part into an even and odd parity piece. Explicitly,

hab =
1

2
γabK +

(
DaDb −

1

2
γabD

2

)
GE +

1

2
(ϵ c

a DcDb + ϵ c
b DcDa)GO, (D.9)

where K and GE are the even-parity pieces and GO is odd-parity. The even- and odd-parity sectors completely

decouple in the equations of motion, so we additionally decompose the diffeomorphism as

ξµ = (ξt, ξr, ξa) , (D.10)

where ξt is entirely contained in the transformation of δAi and

ξa ≡ DaξE + ϵ b
a DbξO. (D.11)

Inserting this decomposition into the gauge transformations shown in Equation D.7, we find that the gauge trans-

formations of these Kaluza–Klein variables become

δϕ′ = δϕ− rs
r2
ξr, K ′ = K +

2∆

r2
D2ξE +

2∆∆′

r2
ξr,

h′rr = hrr +
2∆

r2
∂rξr +

2rs
r2
ξr, G′

E = GE +
2∆

r2
ξE ,

H′
E = HE +∆∂r

(
1

r2
ξE

)
+

∆

r2
ξr, G′

O = GO +
2∆

r2
ξO.

H′
O = HO +∆∂r

(
1

r2
ξO

)
,

(D.12)

Inspired by [33], we find it useful to build gauge-invariant combinations of the decomposed Kaluza–Klein variables,

i.e. take combinations in such a way that all gauge dependence cancels. In the odd-parity section, there is one gauge

independent variable

H̃O = HO − ∆

2
∂r

(
1

∆
GO

)
. (D.13)

For the even parity sector, there is no unique choice of combinations. A convenient set of three gauge independent

variables are:

δϕ̃ = δϕ− rs
∆
HE +

rs
2
∂r

(
1

∆
GE

)
,

K̃ = K − 2∆′HE +∆∆′∂r

(
1

∆
GE

)
−D2GE ,

h̃rr = hrr − 2∂rHE + ∂r

(
∆∂r

(
1

∆
GE

))
.

(D.14)

E Chandrasekhar Duality of spin 2 Perturbations

Recall that the total spin 2 action with Ω = r4/∆2 is Equation 4.30

S = −1

2

∫
d3x

√
ĝ
(
ĝij∂iϕ∂jϕ+ 2R̂ϕ2 +Ωĝij∂iχ∂jχ

)
. (E.1)

For ease of notation we denote the even perturbation in this appendix by ϕ instead of δϕ. In addition to invariance

under the melodic CKV symmetries that form an SO(3,1) group, there is an additional SO(2) symmetry that rotates

the even to the odd sectors. To see this, we begin by discussing a simpler discrete symmetry that maps even to odd

perturbations and vice versa:

ϕ→ −Ω1/2χ and χ→ Ω−1/2ϕ. (E.2)
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The even action transforms as

Seven ≡ −1

2

∫
d3x

√
ĝ
(
ĝij∂iϕ∂jϕ+ 2R̂ϕ2

)
, (E.3a)

→ −1

2

∫
d3x

√
ĝ

(
Ωĝij∂iχ∂jχ+ χ∂iχ∂

iΩ+
χ2

4Ω
∂iΩ∂

iΩ+ 2ΩR̂χ2

)
, (E.3b)

= −1

2

∫
d3x

√
ĝ

(
Ωĝij∂iχ∂jχ+

(
2R̂Ω− 1

2
2Ω+

1

4Ω
∂iΩ∂

iΩ

)
χ2

)
, (E.3c)

= −1

2

∫
d3x

√
ĝ Ωĝij∂iχ∂jχ. (E.3d)

We implemented the transformation in going from the first to the second line, utilizing the fact that ∂iΩ
1/2 =

(1/2)Ω−1/2∂iΩ. In going from the second to the third line, we noted that 2χ∂iχ = ∂iχ
2 and integrated by parts.

Then, in going to the last line, we noted that the Ricci scalar is related to the scale factor Ω by

2R̂ =
1

2Ω
2Ω− 1

4Ω2
∂iΩ∂

iΩ, (E.4)

where, as a reminder, the Ricci scalar R̂ is equivalent to that in Equation 2.11. Note that we have dropped all total

derivative terms. Similarly, the odd metric transforms as

Sodd ≡ −1

2

∫
d3x

√
ĝ Ωĝij∂iχ∂jχ, (E.5a)

→ −1

2

∫
d3x

√
ĝ

(
ĝij∂iχ∂jϕ− ϕ

Ω
∂iϕ∂

iΩ+
ϕ2

4Ω2
∂iΩ∂

iΩ

)
, (E.5b)

= −1

2

∫
d3x

√
ĝ
(
ĝij∂iϕ∂jϕ+ 2R̂ϕ2

)
. (E.5c)

In going from the first to the second line, we implemented the transformation noting that ∂iΩ
−1/2 = −(1/2)Ω−3/2∂iΩ.

In going to the last line, we noted that 2ϕ∂iϕ = ∂iϕ
2 and integrated by parts. The remaining term, as pointed out in

the transformation of the even action, is equal to a Ricci scalar term. Therefore, the even and odd spin 2 perturbations

transform into one another under a simple re-scaling.

The observation that there is a field-space symmetry that transforms even-parity perturbations into odd-parity

perturbations is not new. As reviewed and explored in [37] there exists a hidden off-shell symmetry of the action,

called the Chandrasekhar duality, that maps between the odd–parity Regge–Wheeler variable and the even–parity

Zerilli variable. In the case at hand, as claimed before, this local symmetry is an SO(2) rotation in field space:(
ϕ

χ

)
→

(
cosα −Ω1/2 sinα

Ω−1/2 sinα cosα

)(
ϕ

χ

)
. (E.6)

We will show that this is a local symmetry of the action by working with the infinitesimal transformations,

ϕ→ ϕ− Ω1/2αχ and χ→ χ+Ω−1/2αϕ. (E.7)

The variation of the action is

δS =

∫
d3x

√
ĝ α
[
∂iϕ∂

i
(
Ω1/2χ

)
+ 2R̂ϕχΩ1/2 − Ω∂iχ∂

i
(
Ω−1/2ϕ

)]
. (E.8)

By explicit calculation, we find

∂iϕ∂
i
(
Ω1/2χ

)
+ 2R̂ϕχΩ1/2 − Ω∂iχ∂

i
(
Ω−1/2ϕ

)
= ∇i

(
ϕχ∇iΩ1/2

)
, (E.9)
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where the covariant derivative with associated to the metric ĝij . Therefore, the action indeed changes by a total

derivative given by the right-hand side of the above equation. By the general formula for the Noether current

Equation A.24, we find that the Noether current associated to this field space SO(2) symmetry is

J i = Ω1/2
(
χ∇iϕ−∇iχ

)
− ϕχ∇iΩ1/2. (E.10)

In the limit where Ω → 1, this reduces to the familiar SO(2) rotation Noether current, which is also the current for

electric-magnetic duality.

F Connecting to Higher Symmetries via the Spin Ladder

In Section 3, we found that the fields At and χ lived in an effective three-dimensional space, allowing us to

construct symmetries of their equations of motion out of the melodic CKVs. These symmetries were distinct from

the symmetries of the spin 0 equation of motion, as the effective three-dimensional space was different, though, as

discussed, the particular conformal relation between the two spaces let us use the same melodic CKVs in both cases.

A more direct approach to finding symmetries of the equations of motion for higher spin fields would be to use the

spin ladder operators defined in [12], which take solutions of the static Teukolsky equation with spin s to solutions

with spin s± 1. The Teukolsky equation is satisfied by the fields Φ(s)(r, θ, ϕ), which for s ̸= 0 are Newman–Penrose

scalars constructed using contractions of a null tetrad with a field with |s| indices.

After a decomposition over spin-weighted spherical harmonics, the field becomes

Φ(s)(r, θ, ϕ) =

∞∑
ℓ=|s|

ℓ∑
m=−ℓ

cℓmϕ
(s)
ℓm(r)Y

(s)
ℓm (θ, ϕ). (F.1)

The spin ladder operators defined in [12] are

E+
s = ∆∂r − s∆′ = ∆s+1∂r∆

−s, E−
s = ∂r. (F.2)

These act on the radial fields ψ
(s)
ℓ = ∆sϕ

(s)
ℓ , where we have dropped the m subscript. We also have the angular spin

operators

ðs = − (sin θ)
s
(∂θ + i csc θ∂φ) (sin θ)

−s
(F.3a)

= − (∂θ + i csc θ∂ϕ − s cot θ) (F.3b)

ðs = − (sin θ)
−s

(∂θ − i csc θ∂φ) (sin θ)
s

(F.3c)

= − (∂θ − i csc θ∂ϕ + s cot θ) , (F.3d)

which have the effect of raising and lowering the spin of the spin-weighted spherical harmonics:

ðsY (s)
ℓm =

√
(ℓ− s)(ℓ+ s+ 1)Y

(s+1)
ℓm , ðsY (s)

ℓm = −
√

(ℓ+ s)(ℓ− s+ 1)Y
(s−1)
ℓm . (F.4)

These harmonics are conveniently defined via these operators in terms of the usual spherical harmonics:

Y
(s)
ℓm =


√

(ℓ−s)!
(ℓ+s)!ðs−1 · · · ð0Yℓm, 0 ≤ s ≤ ℓ

(−1)s
√

(ℓ+s)!
(ℓ−s)!ð|s|−1 · · · ð0Yℓm, −ℓ ≤ s ≤ 0

0, ℓ < |s|

. (F.5)

These operators also obey the identities

ðs+1ðs = ∇2
S2 + 2is cot θ csc θ ∂φ − s

(
s cot2 θ − 1

)
, (F.6a)

ðs−1ðs = ∇2
S2 + 2is cot θ csc θ ∂φ − s

(
s cot2 θ + 1

)
. (F.6b)
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With all this machinery in place, we can now define the “spin ladder symmetry”

δladderξ Φ(s) = ∆−sE+
s−1ðs−1E

+
s−2ðs−2 · · ·E+

1 ð1E+
0 ð0δξE−

1 ð1E−
2 ð2 · · ·E−

s−1ðs−1E
−
s ðs∆sΦ(s), (F.7)

where

δξΦ
(0) =

(
ξi∂i +

1

6
(∇ · ξ)

)
Φ(0), (F.8)

and ξ is a melodic CKV. Here every operator acts on everything to its right. The idea is to use repeated applications

of E−
s and ðs to lower the spin of Φ(s) down to s = 0, apply the scalar symmetry operator δξ, and then raise the

spin back up to s by repeated applications of E+
s and ðs. By construction, this process will map a solution Φ(s) of

the static Teukolsky equation to another solution.

Of course, the operator defined in Equation F.7 is quite cumbersome. It has 4s + 1 derivatives, so even in the

s = 1 case it cannot be simply related to the spin 1 symmetries found in Section 3. However, as we shall show, the

s = 1 spin ladder symmetry is in fact connected to the previous spin 1 symmetries.

For s = 1, Equation F.7 becomes

δladderξ Φ(1) = ∆−1E+
0 ð0δξE−

1 ð1∆Φ(1). (F.9)

Focusing on the electrostatic case, we can express the Newman-Penrose scalar Φ(1) = Fµν l
µmν in terms of A0:

Φ(1) =
1√
2

r

∆
ð0A0. (F.10)

We can then write

δladderξ Φ(1) =
1√
2
∆−1E+

0 ð0δξE−
1 ð1rð0A0 (F.11a)

=
1√
2
∂rð0δξ∂rrð1ð0A0 (F.11b)

=
1√
2
∂rð0δξ∂rr∇2

S2A0. (F.11c)

We let δ̃ξ denote the symmetry for the scalar A0 derived in Section 3, i.e.,

δ̃ξA0 =

(
ξi∂i +

1

6
∇̃ · ξ

)
A0, (F.12)

where the tilde on the covariant derivative indicates that it is the covariant derivative associated with the the effective

metric in Equation 3.6. We now ask if δladderξ Φ(1) is related to this symmetry. We focus on the electrostatic case,

where the Newman-Penrose scalar Φ(1) = Fµν l
µmν can be expressed as

Φ(1) =
1√
2

r

∆
ð0A0. (F.13)

By using the conformal Killing equation, the melodic condition Equation A.10, and [18, eq. (F.3)], we can show that

a melodic CKV in our space must obey

∇ · ξ = 3∂rξ
r =

3∆′

∆
ξr, (F.14)

which shall be useful in the following simplifications. After a heroic amount of algebra and frequent use of Equa-

tion F.14, we find

δladderξ Φ(1) =
1√
2

r

∆
ð0
[
− δ̃ξ∇2

S2∇2
S2A0 + δnew∇2

S2A0

+
r4

∆
ξi∂i∇2

S22̃A0 +
r4

2∆

(
10

r
− ∆′

∆

)
ξr∇2

S22̃A0

]
, (F.15)
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where

δnew = ∆
[(
∂rξ

θ
)
∂θ + (∂rξ

φ) ∂φ
]
∂r +

∆

r

[(
∂rξ

θ
)
∂θ + (∂rξ

φ) ∂φ
]

+ ξr∂r −
∆′

2∆
ξr∇2

S2 +
1

r
ξr. (F.16)

We see that the two final terms inside the the square brackets in Equation F.15 vanish when A0 satisfies its equation

of motion. Since δladderξ Φ(1) solves the s = 1 Teukolsky equation by construction, the remaining terms in the square

brackets must solve the equation of motion for A0. The first term is just the symmetry from Section 3 composed

with
(
∇2

S2

)2
. Since ∇2

S2 is also a symmetry of the equation of motion, this term will solve the equation of motion

for A0 on its own. It follows that the second term must do so as well, and thus δnew must also be a symmetry of

the equation of motion for A0. Note that, though not apparent from the form of Equation F.16, if ξ is an ordinary

Killing vector, one can use the Killing equation to show that

ξr = 0, ∂rξ
θ = 0, ∂rξ

φ = 0, (F.17)

so δnew vanishes.

This new second-order symmetry of the equation of motion for A0 is not obviously expressible in terms of δ̃ξ or

other previous symmetries, but we know that any second-order symmetry of the Laplacian can be associated with

a conformal Killing tensor. The three-dimensional metric in Equation 3.6 is conformally flat, which further implies

that any conformal Killing tensor is reducible, i.e., expressible as a linear combination of symmetric outer products of

CKVs. More detail on conformal Killing tensors and symmetries of the Laplacian can be found below in Section F.1.

For now, we simply state that if the melodic CKV ξ takes the form

ξ =

3∑
a=1

caKa (F.18)

for some coefficients ca and with the Ka given in Equation 2.14a – Equation 2.14c, then the new symmetry δnew can

be associated with the following conformal Killing tensor:

T ij = −caϵabcJ (i
b K

j)
c , (F.19)

where the Ja are also given in Equation 2.14d – Equation 2.14f. More precisely, δnew = δT , where the form of δT is

given in the next section.

F.1 Conformal Killing Tensors and Symmetries of the Laplacian

On a manifold of dimension d, a two-index (not necessarily traceless) conformal Killing tensor obeys

∇(µT νρ) =
2

d+ 2

(
g(µν∇σT

ρ)σ +
1

2
g(µν∇ρ)Tσ

σ

)
. (F.20)

On a conformally flat manifold, a conformal Killing tensor corresponds to a unique second-order symmetry of the

conformal Laplacian

2c = 2− ξcR, ξc =
d− 2

4(d− 1)
. (F.21)

i.e., there exist unique second-order operators δT and δT which obey15(
2cδT − δT2c

)
Φ = 0. (F.22)

15If the manifold is not conformally flat, the right hand side of Equation F.22 instead involves the obstruction vector defined in [41].

This vector vanishes if the manifold is conformally flat, though the converse is not true.
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These unique operators are16

δTΦ = Tµν∇µ∇νΦ+
d

d+ 2
∇µT

µν∇νΦ+
d(d− 2)

4(d+ 1)(d+ 2)
∇µ∇νT

µνΦ (F.23a)

− d− 2

4(d+ 1)(d+ 2)
2Tµ

µΦ− 1

d+ 2
∇νT

µ
µ∇νΦ− d+ 2

4(d+ 1)
RµνT

µνΦ,

+
1

2(d− 1)(d+ 1)
RTµ

µΦ,

δTΦ = Tµν∇µ∇νΦ+
d+ 4

d+ 2
∇µT

µν∇νΦ+
d+ 4

4(d+ 1)
∇µ∇νT

µνΦ (F.23b)

+
3

4(d+ 1)
2Tµ

µΦ+
1

d+ 2
∇νT

µ
µ∇νΦ− d+ 2

4(d+ 1)
RµνT

µνΦ

+
1

2(d− 1)(d+ 1)
RTµ

µΦ.

Of course, we are interested in symmetries of the Laplacian, not the conformal Laplacian. If we replace the parameter

ξc in Equation F.21 with a generic parameter ξ, which includes the case of ξ = 0 for the usual Laplacian, we can

show that on a conformally flat manifold,

[
(2− ξR) δT − δT (2− ξR)

]
Φ =

2 (ξ − ξc)

d+ 2

{[
2R∇νT

µν +R∇µT ν
ν + (d+ 2)∇νRT

µν

]
∇µΦ

+
1

2
∇µ

[
2R∇νT

µν +R∇µT ν
ν + (d+ 2)∇νRT

µν

]
Φ

}
. (F.24)

The vanishing of the right hand side of this expression is the analogue of the Equation A.10 for conformal Killing

tensors (when working on a conformally flat manifold).17 When the quantity in square brackets in Equation F.24

vanishes, δT is a symmetry of the generic Ricci-coupled Laplacian. We can check that the reducible conformal Killing

tensor defined in Equation F.19 is melodic, i.e., it makes that quantity vanish, and thus δnew is a symmetry of the

Laplacian.

16To our knowledge, this is a new result, as previous work either uses a traceless conformal Killing tensor or an ordinary Killing tensor.

This result generalizes those cases, as every ordinary Killing tensor is trivially a conformal Killing tensor, but not necessarily a traceless

one.
17As in the case of CKVs, we can show that all conformal Killing tensors are melodic in flat space. Likewise, in a non-flat maximally

symmetric space, i.e., one with ∂µR = 0 but R ̸= 0, the only melodic conformal Killing tensors are ordinary Killing tensors. Furthermore,

when Tµν is a reducible conformal Killing tensor, it can be shown that it is a melodic conformal Killing tensor if it is composed of

symmetric outer products of melodic conformal Killing vectors.
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