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Abstract

Quantum mechanical lattice models with local, bounded interactions obey Lieb-Robinson
causality. We show that this implies a domain of analyticity of the retarded Green’s function
GR(ω,k) of local lattice operators as a function of complex frequency ω and momentum
k, similar to the lightcone analyticity property of relativistic field theories. Low-energy
effective descriptions of the dynamics must be consistent with this microscopic analyticity
constraint. We consider two canonical low-energy fermionic Green’s functions describing
non-Fermi liquids, the marginal Fermi liquid and the ‘Hertz liquid’. The pole in these
Green’s functions must be outside of the Lieb-Robinson domain of analyticity for all complex
momenta captured by the low-energy theory. We show that this constraint upper bounds
the magnitude of the dimensionless non-Fermi liquid coupling in certain Hertz liquids. We
furthermore obtain, from causality, an upper bound on the magnitude |GR(ω,k)| within the
analytic domain. We use this bound to constrain the quasiparticle residue of the non-Fermi
liquids.
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1 Introduction

Lightcone causality is, of course, a foundational principle in relativistic physics. The fact that
local operators commute at spacelike separation implies analyticity properties of the S-matrix
in relativistic quantum field theory [1–5]. See [6] for a summary of known results. Analyticity
is a core ingredient in bootstrap approaches to quantum fields, as it connects high energy and
low energy dynamics [7–12]. Retarded Green’s functions in relativistic theories enjoy similar
analyticity properties through the Källén-Lehmann representation, and these have been used to
bound dynamics in states where Lorentz invariance is broken by, for example, a temperature,
charge density or magnetic field [13–19].

The Lieb-Robinson bound is a beautiful result that extends the notion of a lightcone to
local lattice models with bounded interactions [20]. The starting point for this bound is that a
localised operator evolves in time through repeated commutation with the lattice Hamiltonian.
If the Hamiltonian is also local, then each commutation can only cause the operator to spread in
space by a finite amount. The spatial growth of the operator is thereby bounded by the amount
of time that has passed. A rigorous treatment of this effect — we will be using the formulation
in [21, 22] — shows that the time-evolved operator has exponentially small norm outside of a
lightcone defined by the Lieb-Robinson velocity. The Lieb-Robinson velocity v is, up to numerical
factors, the lattice spacing multiplied by the norm of the local terms in the Hamiltonian — see
e.g. (5) below. It was argued in [23] that Lieb-Robinson causality could be used, in an analogous
way to relativistic causality, to bound low-energy observables.

In this paper we will obtain sharp causality bounds on low-energy observables arising from
lattice models. Our first result provides the tools that we need. In (11) and in Fig. 1 below we
establish a domain of analyticity of retarded Green’s functions, as a function of frequency ω and
momentum k, in lattice models that are subject to a Lieb-Robinson bound. The domain restricts
the imaginary parts of the frequency and momentum — see (6) below. At low frequencies and
momenta the domain of analyticity is the same as that obtained for relativistic theories, with
v the effective speed of light. However, at large imaginary momenta, greater than the inverse
lattice spacing, the ‘lightcone’ becomes exponentially weaker. It is still present, however.

Non-Fermi liquids are ubiquitous in strongly correlated materials, but continue to present
a major theoretical challenge because they involve strong interactions between the electrons
[24–26]. Non-Fermi liquids are often defined as exhibiting unconventional transport or thermo-
dynamic properties [27, 28], but the most direct probe of the underlying electronic dynamics is
angle-resolved photoemission spectroscopy (ARPES) [29, 30]. ARPES measurements reveal the
electronic retarded Green’s function GR(ω,k), defined precisely in (1) below. In this paper we
will show that the analyticity properties of GR(ω,k), following from Lieb-Robinson causality,
constrain the space of possible non-Fermi liquid theories that can emerge at low frequencies.

This paper will follow the ‘quantum lattice bootstrap’ methodology introduced in [31]. The
logic is to start with an effective low-energy description as given, and ask whether there are
microscopic lattice constraints on the parameters in the low-energy description. In [31] we
obtained constraints from microscopic bounds on the spectral weight ImGR(ω,k). Here we will
obtain constraints from microscopic causality.

The most basic requirement is that any pole in the electronic Green’s function GR(ω,k)
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must remain outside of the Lieb-Robinson domain of analyticity. In §3 we review some canonical
non-Fermi liquid Green’s functions, including the marginal Fermi liquid and a phenomenological
generalisation of Hertz theory that we call a ‘Hertz liquid’. These models are assumed to pertain
below some cutoff energy Λ. The parameters in the models are then the ‘quasiparticle residue’
A, a dimensionless coupling λ and a renormalised Fermi velocity v⋆F . Clearly one expects v⋆F < v,
although as we note in §4 there is room for exceptions. Our second main result, in (25), is an
upper bound on the coupling |λ| in cases where the fermionic excitation remains well-defined at
the lowest energy scales but has a non-Fermi liquid decay rate (i.e. ω < |Σ′′(ω)| < ω2 as ω → 0).
Our bound is consistent with ARPES data in overdoped cuprates, as fit in [32,33]. In cases with
stronger departures from Fermi liquid theory at low energies all velocities are driven to zero at
the lowest energies and there is no bound on λ from causality.

In §5 we obtain, using Lieb-Robinson causality, the bound (32) on the magnitude |GR(ω,k)|
of the Green’s function within the domain of analyticity. This bound then implies our third main
result, the upper bound (33) on the quasiparticle residue A. The bound is, again, strongest for
cases where the quasiparticle peak remains well-defined at the lowest energy scales. Roughly, if
the pole in the Green’s function can come close to the domain of Lieb-Robinson analyticity, then
the magnitude of the Green’s function within the analytic domain becomes too large unless the
residue is small. In the discussion §6 we extend our framework to the retarded Green’s function
for the current operator. Within the Drude model of transport, we show that our upper bound
on |GR(ω, 0)| now leads to an upper bound on the dc conductivity.

2 Analyticity from Lieb-Robinson causality

Let the operator ψ†
α create a fermion at the site α of a lattice, which is at position xα. We have

suppressed any fermion spin label. The retarded Green’s function of this fermion is

GR(ω,k) ≡ −i
∑
α

ˆ ∞

0
dt eiωt−ik·xα

〈{
ψ†
α(t), ψ0(0)

}〉
T
, ⟨ · ⟩T ≡ tr

(
· e−H/T

ZT

)
, (1)

where ZT ≡ tr e−H/T is the partition function, with T the temperature and H the Hamiltonian.
The curly bracket is the anticommutator, as usual, and k can be taken in the Brillouin zone.

In this section we will derive a domain of analyticity of the retarded Green’s function (1),
viewed as a function of complex ω and k. This will follow from controlling the Fourier transform
using the Lieb-Robinson bound, which we now recall. Firstly, define

C(t,xα) ≡
∥∥∥{ψ†

α(t), ψ0(0)
}∥∥∥ . (2)

This is an operator norm, which upper bounds the correlation function,∣∣∣〈{ψ†
α(t), ψ0(0)

}〉
T

∣∣∣ ≤ C(t,xα) . (3)

The Lieb-Robinson bound is an upper bound on the operator norm. For concreteness, let us
restrict attention to a square lattice in d spatial dimensions with lattice spacing a. We will also
consider, for simplicity, a translationally invariant nearest-neighbour Hamiltonian given by an
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operator H on each edge. These assumptions are not essential. More complicated lattices or
longer range interactions will only change the numerical value of the Lieb-Robinson velocity v in
(5) below. Note also that for a fermion creation operator

∥∥∥ψ†
0(0)ψ0(0)

∥∥∥ = 1. This immediately
implies that C(t,x) ≤ 2, with the factor of 2 from the anticommutator. The Lieb-Robinson
bound can be formulated as the stronger constraint, derived in Appendix A, that

C(t,x) <

 K
(

eht
x/a

)x/a
for x/a > eht

2 for x/a < eht
. (4)

Here x ≡ |x| and we defined h ≡ 4(2d − 1)||H|| and K ≡ 2d
2d−1 . We see in (4) that C(t,x) is

forced to decay exponentially outside the ‘lightcone’ x = vt, where the Lieb-Robinson velocity

v ≡ eha . (5)

Now consider the Green’s function (1) with complex arguments. Denote the imaginary parts

ω2 ≡ Imω , q ≡ Imk . (6)

The imaginary part q of the momentum is not restricted to the Brillouin zone. We want to
determine the set Γ of (ω2,q) such that the Fourier transform in (1) converges. Convergence
depends on the competition between the non-oscillatory exponential terms due to the imaginary
parts (ω2,q) and the exponential decay in (4). To this end, consider the absolute value

∣∣GR(ω,k)
∣∣ ≤∑

α

ˆ ∞

0
dt e−ω2t+qxα

∣∣∣〈{ψ†
α(t), ψ0(0)

}〉
T

∣∣∣ (7)

<
∑
α

[
K

ˆ xα
eah

0
dt e−ω2t+qxα+

xα
a

log eaht
xα + 2

ˆ ∞

xα
eah

dt e−ω2t+qxα

]
. (8)

Here we used (3) and (4) in the second line. We set q = |q| and xα = |xa| and used q ·xα ≤ qxα.
The convergence of (8) is determined by the behaviour of the integrand at large t and xα. In this
regime we may think of xα → x, a continuous variable. Consider, then, the Fourier transform
along the line

t = γ
x

a
, (9)

and look at the behaviour at large x/a and fixed γ. The integrands in (8) at large x/a are K e−[ω2γ−aq−log(ehγ)]x
a if ehγ ≤ 1

2 e−[ω2γ−aq]x
a if ehγ ≥ 1

. (10)

For the integral to converge we need the exponents in (10) to be negative for all γ. Depending
on ω2, either the first or the second line (10) will impose the stronger constraint. In the first
line, the minimum of the quantity in square brackets in the exponent is reached at γ = 1/ω2.
Requiring the exponent to be negative at this value gives the constraint ω2 > heaq. This will be
the strongest constraint on ω2 and q when the minimum is within the domain of applicability of
the first line, ehγ ≤ 1. That is, this is the strongest constraint for ω2 ≥ eh. If instead ω2 ≤ eh
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then the strongest constraint occurs at the boundary ehγ = 1. A negative exponent at this value
requires ω2 > ehaq. Putting the above results together we find that the integral converges for ω2 > heaq for ω2 ≥ eh

ω2 > ehaq for ω2 ≤ eh
. (11)

The retarded Green’s function GR(ω,k) is analytic in the domain of convergence R1+d + iΓ,
with Γ given by (11). Analyticity holds because differentiating GR(ω,k) with respect to ω or
k will bring down factors of t or x inside the integral that are subleading compared to the
exponential suppression (10) in the domain of convergence.1 This domain of analyticity is our
first main result. The domain constrains the imaginary parts of the frequency and momentum,
the real parts are unconstrained. A plot of the region (11) is shown in Fig. 1. At low frequencies

0 1 2 3 4
0

2

4

6

8

10

a q

ω2

h

Figure 1: The retarded Green’s function must be analytic in the shaded region, given by (11).
Recall that ω2 and q are the imaginary parts of the frequency and momentum as defined in (6).
The dashed line shows the Lieb-Robinson lightcone with the velocity defined in (5).

the bound defines a lightcone with the Lieb-Robinson velocity v in (5). At frequencies above the
microscopic energy eh the bound (11) becomes weaker and does not efficiently enforce analyticity
at momenta well below the inverse lattice spacing. We recall, however, that the imaginary part
of the momentum is not constrained to the Brillouin zone. The bound in (11) is therefore a
refinement of the bound noted previously in Eq. 36 of [31].

3 Low energy dynamics close to a Fermi surface

Any effective description of the theory that pertains at low energies and long wavelengths must
be compatible with the analyticity domain (11). Let us now recall how to describe low energy
fermionic excitations about a Fermi surface.

1With nonvanishing imaginary parts inside the domain Γ, convergence and analyticity follow from (8). For
purely real frequencies and momenta, existence of the Fourier transform (1) is the statement that the (t,xα)
Green’s function is a tempered distribution. See §2 of [34] for a more mathematically rigorous discussion.
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The full electronic retarded Green’s function (1) is expressed in terms of the self-energy Σ as

GR(ω,k) =
1

ω − ϵk − Σ(ω,k)
. (12)

We are working at zero temperature throughout. At real frequencies and momenta it is conven-
tional to denote the real and imaginary parts of the self-energy as Σ = Σ′ + iΣ′′. The Fermi
surface is then made up of points in momentum space obeying

ϵk +Σ′(0,k) = 0 . (13)

Note that Σ′′(0,k) = 0 on these points [35,36]. This is the singular locus of the Green’s function
at zero energy. Low energy fermionic excitations therefore live close to the Fermi surface. To
zoom in on these excitations we set

k = kF + k⊥ , (14)

where kF is a point on the Fermi surface, obeying (13), and k⊥ is orthogonal to the Fermi surface.
The effective theories we are about to describe arise by expanding the full Green’s function (12)
at small ω and k⊥ ≡ |k⊥|. We will consider two classes of effective theories. These theories hold
only at low frequencies and momenta, below cutoffs Λ and Λ̄,

|ω| ≪ Λ and k⊥ ≪ Λ̄ . (15)

3.1 Marginal Fermi liquid

The marginal Fermi liquid (MFL) was originally proposed as a phenomenological model for
the normal state of the cuprate high temperature superconductors [37]. For a recent discussion
see [38]. It captures widely observed physical properties of non-Fermi liquids, including a T -linear
resistivity and logarithmic in temperature specific heat.

The low energy excitations are governed by the Green’s function

GR
MFL(z,k) =

A
z − v⋆Fk⊥ − ΣMFL(z)

. (16)

Here v⋆F is the renormalised Fermi velocity and we have used z to emphasize that we are interested
in complex frequencies. The self-energy takes the form

ΣMFL(z) = λ z log

(
−iz
Λ

)
+O

(
z2

Λ

)
, (17)

where λ ≥ 0 is the coupling and Λ is the cutoff energy scale (15). In (17) any additional linear-
in-z terms in the self-energy have been absorbed into a rescaling of the bare z term, leading to
the nontrivial weight A ̸= 1 in the numerator of (16). Higher order analytic corrections to the
self-energy must be retained in (17) but, as indicated, are suppressed relative to the bare term
by powers of z/Λ. We will drop these terms in the remainder. For real frequencies ω:

Σ′
MFL(ω) = λω log

|ω|
Λ
, Σ′′

MFL(ω) = −λπ
2
|ω| . (18)
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These obey the Kramers-Kronig relations (including a semicircle at |z| = Λ in the contour). The
parameters {A, v⋆F , λ,Λ} can vary around the Fermi surface. Indeed the MFL form may only
pertain over a region of the Fermi surface. We will remain at a fixed kF . An important property
of (16) is that the only singular k⊥ dependence is in the dispersion about the Fermi surface.

3.2 Hertz liquid

A Hertz liquid arises from scattering of fermions by a critical boson [39, 40]. It is theoretically
challenging to control this scattering in two-dimensional systems. Nonetheless, we can view the
Hertz liquid as a phenomenological low-energy model that generalises the MFL self-energy to a
continuous exponent α (cf. [41, 32,33]). That is

GR
Hertz(z,k) =

A
z − v⋆Fk⊥ − ΣHertz(z)

, (19)

now with

ΣHertz(z) = −iλ(−iz)
α

Λα−1
+O

(
z2

Λ

)
. (20)

The factors of Λ make the coupling λ dimensionless. A MFL arises in the limit α → 1 (with
Λ fixed take A ≈ α−1

λMFL
AMFL, v⋆F ≈ α−1

λMFL
v⋆F MFL and λ ≈ −1 + α−1

λMFL
) whereas α = 2 is a

conventional Fermi liquid. In general, α can take any positive value. As for the MFL above, we
have absorbed any linear-in-z terms in the self-energy into a rescaling of the bare z term, leading
to the weight A ̸= 1 in (19). We will focus on α < 2 so that the leading low-energy behaviour of
the self-energy is non-Fermi liquid. This restriction also ensures that higher order analytic terms
in the self-energy (20) can be neglected for |z| ≪ Λ. At real frequencies ω we now have

Σ′
Hertz(ω) = −λ sin

(απ
2

)
sgn(ω)

|ω|α

Λα−1
, Σ′′

Hertz(ω) = −λ cos
(απ

2

) |ω|α

Λα−1
, (21)

which again obey the Kramers-Kronig relations. The requirement that Σ′′ < 0 fixes the sign of
λ. For α ∈ (0, 1) we have λ > 0 while for α ∈ (1, 3) we must have λ = −|λ| < 0. The parameters
{A, v⋆F , α, λ} can vary around the Fermi surface and the Hertz liquid may only arise at ‘hot
spots’. The only singular k⊥ dependence in (19) is the dispersion about the Fermi surface.

4 Causality bounds

The pole in the retarded Green’s functions (16) and (19) must remain outside of the domain of
analyticity (11). We will probe this constraint along the pure imaginary momenta k⊥ = iq. Both
of the self-energies (17) and (20) are purely imaginary when z = iω2, with ω2 > 0. That is, we
can write Σ(iω2) ≡ iσ(ω2). The pole is therefore at

v⋆F q = ω2 − σ(ω2) . (22)

For the two examples considered in the previous section we have

σMFL(ω2) = λω2 log
ω2

Λ
, σHertz(ω2) = −λ ωα

2

Λα−1
. (23)
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The question is whether the pole (22) remains outside the region (11) enforced by Lieb-Robinson
causality. This need only be imposed over the energy and momentum scales (15) at which the
non-Fermi liquid Green’s functions are applicable.

Consider first a Hertz liquid with 1 < α < 3. These is the case in which the non-analytic
self-energy is subleading at low frequencies compared to the bare ω term in (19) and (22). These
models are mild non-Fermi liquids and have long-lived low-energy excitations. As ω → 0 it is
immediate that the condition for the pole to be outside the analytic region (11) is

v⋆F < v . (24)

That is, the renormalised Fermi velocity must be less than the Lieb-Robinson velocity (5). This
is automatically true for the bare Fermi velocity. Interactions tend to renormalise the Fermi
velocity down and hence (24) is a reasonable expectation, which we have now proven within the
context of this Hertz liquid.

Now assume that (24) holds. As the frequency is increased in this model (with 1 < α < 3) the
location of the pole (22) starts to move towards the region of analyticity. This is because λ = −|λ|
is negative, and hence σ(ω2) is positive in this case. The motion of the pole is illustrated in Fig. 2.
To see how far the pole gets we can evaluate its location at the cutoff ω2 = Λ (a more cautious

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0.0

0.2

0.4

0.6

0.8

1.0

a q

ω2

h

Figure 2: Motion of the pole (22) for various models over the range 0 ≤ ω2 ≤ Λ. All models
are shown with the illustrative values Λ = 1

2h and v⋆F = 1
3v. The dashed line is a MFL with

λ = 1. The solid black lines are Hertz liquids. From top to bottom these have {α = 3
2 , λ = −1},

{α = 3
2 , λ = −1

2} and {α = 1
2 , λ = 1}. The top curve enters the shaded region, which is excluded

by the causality bound (11), and therefore does not define a consistent theory.

reader may wish to set instead ω2 = ϵΛ, for some ϵ < 1. This will weaken the bound below by
a factor of ϵα). From (22) the cutoff is reached at momentum qΛ given by v⋆F qΛ = Λ(1 − |λ|).
For the theory to be consistent with causality, the point (qΛ,Λ) must be outside of the analytic
region (11). Typically the effective theory (19) will pertain at scales below the microscopic energy
scale, so that Λ ≲ h. This is a plausible but inessential additional assumption that simplifies the
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condition for causality in (11) to Λ < vqΛ. It follows that a consistent Hertz liquid must obey

|λ| < 1−
v⋆F
v
. (1 < α < 3) (25)

This is our second main result: a rigorous upper bound on the dimensionless coupling constant
of a Hertz liquid. Fig. 2 shows two instances of Hertz liquids with 1 < α < 3, one that respects
the bound (25) and one which does not.

Now consider the MFL and the Hertz liquid with α < 1. In these models the self-energy is
strongly singular at low frequencies and dominates the dispersion of the pole in (22). As ω → 0

the pole is well outside the analytic region and there is no constraint on v⋆F , as seen in Fig. 2.
Let us assume in the first instance that (24) nonetheless holds, i.e. that the Fermi velocity is
below the Lieb-Robinson velocity, as is typically expected. With this assumption we have

ω2 < ω2 − σ(ω2) = v⋆F q < vq . (MFL or α < 1) (26)

The first inequality here follows for the MFL from the fact that the log is negative for ω2 < Λ

and for the α < 1 Hertz liquid from the fact that λ is positive. The bound (26) implies that the
pole is always outside of the region of analyticity in these models, and there is no constraint on
the coupling from causality.

As a consistency check we can verify that the coupling bound (25) is automatically obeyed in
the limit in which a Hertz liquid with 1 < α becomes a marginal Fermi liquid. The appropriate
α→ 1 limit was given in §3.2. Indeed, (25) holds in this limit whenever v⋆F MFL < v.

An intuitive, but imprecise, understanding of the results we have just obtained can be gained
by defining a group velocity at real frequencies,

vg(ω) ≡
dω

dk⊥
=

v⋆F
1− ∂ωΣ′(ω)

. (27)

Requiring vg < v at all ω ≤ Λ, so that the group velocity never exceeds the Lieb-Robinson
velocity, does not lead to the bounds above. This is because it does not account for the broad-
ening of the fermionic excitation, which is described by the imaginary part of the self-energy.
Nonetheless, (27) captures the basic fact that when the self-energy dominates at low energies
(with ∂ωΣ

′(ω) → −∞) the group velocity goes to zero. That is to say, low-energy excitations
move increasingly slowly and this is why there is no constraint from causality in these cases.

A phenomenological Hertz liquid has been used to fit ARPES data in cuprates, with the
exponent α evolving as a function of doping [32, 33]. The data was fit to a more complicated
self-energy that is a function of temperature T as well as frequency which, however, reduces to
(19) at T = 0. For the overdoped samples it was found that 1 < α < 2 with a coupling λ̄ ≈ 0.5

that is roughly independent of α. It is not straightforward to convert λ̄ to our bounded coupling
λ.2 However, the measured λ̄ remains constant through the MFL value of α = 1. As explained
above, a Hertz liquid that continuously crosses over to a MFL is automatically causal. In this
sense, the data is consistent with our bound.

2The coupling λ̄ was defined via Σ̄′′ = −λ̄|ω|α/ωα−1
N , with ωN a fiducial energy scale and Σ̄ = Σ/A, with Σ

and A as defined in §3.2. Comparing to (21) we have Aλ̄ = −|λ|(ωN
Λ

)α−1 cos πα
2

. With the published analysis of
the data we are not able to solve this equation to obtain our dimensionless coupling λ, as A is a non-universal
quantity, sensitive to physics outside the low-energy model, and must be extracted from the experimental Σ̄′.
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Finally, we can see what happens if we allow v⋆F > v. We have noted that this is potentially
fine within the MFL or α < 1 effective theories because the strongly non-analytic self-energy
means that the pole is not dispersing linearly at the lowest energy scales. That is to say, at the
lowest energies there is no intrinsic velocity in the model and nothing is actually moving at the
speed v⋆F . Repeating the logic leading to (25) above, we can ask how far the pole gets at the
cutoff frequency ω2 = Λ. Requiring that the pole remains outside the region of analyticity shows
that the MFL is inconsistent with v⋆F > v while for the Hertz liquid we obtain the constraint

v⋆F − v

v
< λ . (α < 1) (28)

The bound (28) states that v⋆F can be greater than v in these cases, but not too much so.

5 Bound on the quasiparticle residue

The bounds in the previous §4 followed from requiring the pole in the Green’s function to be
outside of the analytic domain. In this section we will use (8) to obtain an explicit upper bound
on the Green’s function within the domain of analyticity. We will see that this upper bound in
turn implies an upper bound on the weight, or ‘quasiparticle residue’, A of the non-Fermi liquid.
We will focus on imaginary frequencies ω2 < eh — any low-energy effective description will be
within this regime. For these frequencies the integrand in the first term in (8) is maximised, as
we described below (10), at the upper endpoint of that integral. Thus we obtain

∣∣GR(ω,k)
∣∣ < ||O||2

∑
α

[
K

ˆ xα
eah

0
dt e−

ω2xα
eah + 2

ˆ ∞

xα
eah

dt e−ω2t

]
eqxα (29)

= ||O||2
∑
α

[
K

eh

xα
a

+
2

ω2

]
e−(

ω2
eh

−aq)xα
a . (30)

For generality we have re-introduced the norm ||O|| of the local operator whose Green function
is being bounded. The fermionic Green’s functions we have been considering have ||ψ0|| = 1.

It is possible to upper bound the sum over the lattice in (30) by a simple expression. Noting
that K ≤ 2 and 1

ω2
≤ 1

ω2−eahq then from (30)

∣∣GR(ω,k)
∣∣ < 2||O||2

ω2 − eahq

∑
α

[(ω2

eh
− aq

) xα
a

+ 1

]
e−(

ω2
eh

−aq)xα
a (31)

≤ 2cd(eh)
d||O||2

(ω2 − eahq)d+1
. (32)

We have verified the second step numerically, using 0 < ω2
eh − aq ≤ ω2

eh < 1, as we are restricting
attention to ω2 < eh. The constants cd =

∑
n⃗∈Zd(|n⃗| + 1)e−|n⃗| ≈ {4.005, 18.86, 100.6} for

d = 1, 2, 3, respectively. As was to be expected, the bound becomes weaker upon approach to
the low-frequency Lieb-Robinson lightcone ω2 = eahq = vq. For simplicity we focus on q = 0.

Applied to our non-Fermi liquid Green’s functions (16) and (19), the bound (32) becomes
a constraint on the numerator A. Both the Green’s functions and the bound concern the mi-
croscopic lattice fermion creation operator, as opposed to some renormalised operator defined
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within an effective field theory. These are the Green’s functions measured by ARPES. With this
in mind, in general there will be an ‘incoherent’ spectral weight that should be added to the low-
energy Green’s functions (16) and (19). This additive contribution will be essentially constant
at low energies and does not affect the analyticity arguments of the previous §4. However, it
contributes to the absolute value of the Green’s function in the bound (32). Our bound on A
in (33) below assumes that the incoherent contribution is negligible compared to the non-Fermi
liquid peaks in (16) and (19), at the energies where these pertain.

Using the Green’s functions (16) and (19) in the bound (32) one finds that the right hand
side of (32) decreases with frequency while the left hand side increases. The strongest constraint
is therefore from the upper limit ω2 = Λ < eh, giving our third main result that

A ≤ 2 cd

(
1− σ(Λ)

Λ

)(
eh

Λ

)d

. (33)

Here we set ||ψ0|| = 1. Recall that σ(ω2) was introduced in §4. For the MFL, Hertz liquid with
α < 1 and Hertz liquid with α > 1 we have, respectively, σ(Λ)

Λ = {0,−λ, |λ|}. In the first two of
these cases the bound on A is weaker than the general expectation that A ≤ 1. Even in these
cases, however, it is notable that (33) is obtained purely from causality considerations. In the
case of a Hertz liquid with α > 1 the bound (33) becomes a nontrivial constraint on A when
the pole in the Green’s function at ω2 = Λ approaches the boundary of the analytic region. In
that case 1− |λ| ≈ v⋆F /v. Often v⋆F /v ≪ 1 and then the right hand side of (33) becomes small.
Mathematically, the denominator in the q = 0 Green’s function becomes small in this limit and
thus the residue is forced to be small in order to obey the bound on the full Green’s function.

6 Discussion

In this paper we have shown that Lieb-Robinson causality implies a domain of analyticity (11)
and an upper bound (32) on the Green’s function within that domain. We have used these facts
to bound the coupling constant and quasiparticle residue of certain non-Fermi liquids. These
bounds are experimentally accessible and existing ARPES data is consistent with them.

The mathematical handle on lattice causality that we have developed here is a key step in
building a quantum lattice bootstrap program of the kind envisioned in [31], in analogy with
endeavors such as the S-matrix [42–44] or conformal [45–47] bootstraps. An important question
for future work is whether there is a bootstrap bound on the coupling constant for the case of a
marginal Fermi liquid. A heuristic argument for a such a bound was given in [24] and, as noted
there, it would imply a Planckian bound for an important class of strange metallic systems.

The Lieb-Robinson causality constraints we have derived also apply to the Green’s functions
of conserved densities and currents, leading to bounds on transport. A lightcone bound on the
diffusivity was proposed in [23], and made sharp for relativistic causality in [14, 15] and for
open lattice systems in [48]. The analyticity properties that we have established in the present
paper mean that the bounds in [14, 15] extend to diffusion in local lattice systems (as we noted
preemptively in [31]). We will now show that the upper bound (32) can be used to upper bound
the conductivity of any local lattice model that is described by the Drude model at low energies.
The conductivity is closely related to the diffusivity but is a distinct concept. Indeed, we will
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be able to set k = 0 to obtain a conductivity bound and hence the only assumption for the low
energy description is that the optical response is described by the Drude model [49].

The Green’s function for the current density operator j at k = 0 is given in Drude theory by

GR
jj(ω) =

iωσo
1− iωτ

. (34)

Here σo is the dc conductivity and τ is the current relaxation lifetime. Setting ω = iω2 and using
(32) gives an upper bound on the dc conductivity

σo ≤
2 cd||j0||2

ad
1 + ω2τ

ω2
2

(
eh

ω2

)d

. (35)

The factor of ad appears due to converting the density operator j into the on-site operator j0,
see the recent discussion in [31]. The right hand side of (35) is a decreasing function of ω2 and
hence the strongest bound is obtained at large ω2 = Λ < eh. Here Λ is the cutoff frequency for
the validity of the Drude model.

To get a sense for the consequences of (35), we can estimate ||j0|| ∼ ah and suppose that the
Drude peak extends up to a finite fraction of the microscopic scale, so that Λ ∼ h. Furthermore,
the Drude model requires 1 ≲ hτ in order for the relaxation time to be within the regime of
validity of the model. Then, up to numerical factors, we would have from (35) that

σo ≲ a2−dhτ . (36)

The usual Drude formula for conduction by well-defined quasiparticles is σo ∼ kd−2
F EF τ . Here

EF ∼ kF vF is the Fermi energy. For a large Fermi surface with kF ∼ π/a we see that (36)
becomes vF ≲ v. This is reassuringly consistent. It should be emphasised, however, that from
a low-energy perspective the two parameters σo and τ in (34) are logically independent. The
causality bound (36) can then be read as stating that, whatever the microscopic mechanism for
charge transport is, the conductivity cannot be parametrically larger than the value expected
from classical Drude theory. Essentially the same conclusion is reached from the causality upper
bound on diffusivity [23], again demonstrating a consistency between the various facets of Lieb-
Robinson causality.
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A Lieb-Robinson bound

This appendix outlines a proof of the Lieb-Robinson bound, roughly following [21,22]. This will
lead to (4) in the main text. In order to obtain explicit expressions, we consider a Hamiltonian
on a d-dimensional square lattice, with nearest-neighbour interactions all given by the same local
Hamiltonian H. The local terms in the Hamiltonian can be thought of as living on the edges of
the lattice, connecting pairs of vertices. If we wish to keep track of the edge ε in question, we
will write Hε. In addition to the operator norm C(t,xα) defined in (2) we will need to introduce
the quantity

Cε(t) ≡
||[Hε(t), ψ0(0)]||

||H||
. (37)

The time dependence here is generated using the full Hamiltonian Hfull =
∑

εHε, while Hε is
the local Hamiltonian on a single edge. Note that ||Hε|| = ||H||.

From the definition (37) a sequence of deceptively simple manipulations [21,22] imply that

C(t,xα) ≤ C(0,xα) + 2||H||
∑
xα∈ε

ˆ t

0
Cε(s) ds , (38)

where the sum is over all edges containing the vertex xα. Furthermore, one has that

Cε(t) ≤ Cε(0) + 2||H||
∑

ε′∩ε,ε̸=ε′

ˆ t

0
Cε′(s) ds . (39)

Here the sum is over all edges ε′ that share a vertex with ε, but do not coincide with ε. This final
exclusion arises in the derivation of (39) from the commutator [Hfull, Hε] =

∑
ε′∩ε,ε̸=ε′ [Hε′ , Hε].

The use of the two separate inequalities (38) and (39) accounts for the fact that C(t,xα) involves
an anticommutator while Cε(t) involves a commutator. This separation also allows us to avoid
taking a supremum over operators that is commonly used in derivations of the bound.

We can iterate (39) by using the left hand side in the integral on the right hand side. This
produces a sequence of edges ε, ε1, ε2, · · · . For each iteration, the first term on the right hand
side of (39) is zero unless the edge εk is adjacent to the origin. Let r ≡ D(xα) be the Manhattan
norm of xα. This is the minimal number of edges that must be traversed to get from the origin to
xα. A given sequence of edges ε, ε1, ε2, · · · defines path in the lattice. It follows that Cεk(0) = 0

in (39) for k < r − 1. Thus, by iterating we obtain the bound

Cε(t) ≤ (2||H||)r−1
∑

ε1···εr−1

ˆ t

0
ds1 · · ·

ˆ sr−2

0
dsr−1Cεr−1(sr−1) (40)

≤ 2
(4(2d− 1)t||H||)r−1

(r − 1)!
. (41)

The second line uses the bound Cεr−1(sr−1) ≤ 2 and the fact that, given an edge ε on a square
lattice, there are 2(2d− 1) edges ε′ obeying the conditions in the sum (39).

Using (41) in (38) gives

C(t,xα) ≤ K
(ht)r

r!
. (42)
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Here we introduced
h ≡ 4(2d− 1)||H|| , K ≡ 2d

2d− 1
, (43)

and used the fact that there are 2d edges connecting to the vertex xα. The first term in (38) is
zero unless xα coincides with the origin. Thus (42) holds for all r ≥ 1. Recalling that we always
have C(t,xα) ≤ 2 we may strengthen the bound (42) to

C(t,xα) ≤ min

(
2,K

(ht)D(xα)

D(xα)!

)
< min

(
2,K

(
eht

D(xα)

)D(xα)
)
. (44)

Here we re-introduced the Manhattan norm explicitly, setting r ≡ D(xα). The second inequality
in (44) uses a standard bound on factorial.

For the arguments in the main text to go through we will want to use the final expression
in (44) as the upper bound for x/a > eht, and the upper bound of 2 for x/a < eht. This
restriction allows us to get rid of the Manhattan norm in (44). The Manhattan norm is necessarily
greater than the Euclidean norm, D(x) ≥ x/a with x = |x|, and furthermore the function
f(x) = (exo/x)

x is monotonically decreasing for x > xo. That is, we can replace D(x) by x/a in
the final expression in (44) whenever x/a > ht. This is a weaker condition than our requirement
that x/a > eht. That is, we can take

C(t,x) <

 K
(

eht
x/a

)x/a
for x/a > eht

2 for x/a < eht
, (45)

which is (4) in the main text.
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