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As quantum technology matures, the efficient benchmarking of quantum devices remains a key
challenge. Although sample-efficient, information-theoretic benchmarking techniques have recently
been proposed, there is still a gap in adapting these techniques to contemporary experiments.
In this work, we re-formulate five of the most common randomized benchmarking techniques in
the modern language of the gate-set shadow tomography. This reformulation brings along several
concrete advantages over conventional formulations of randomized benchmarking. For standard and
interleaved randomized benchmarking, we can reduce the required gate-set size and, using median-
of-means estimators, also reduce the required experimental sample size. For simultaneous and
correlated randomized benchmarking, we can additionally reconstruct the Pauli-terms of correlated
noise channels using additional post-processing of only a single experimental dataset. We also present
a minimal approach to extract leakage errors. Our work provides a clear avenue for comprehensive,
reliable, and convenient benchmarking of quantum devices, with all methods formulated under a
single umbrella technique that can be easily adapted to a range of experimental quantities and gate

sets.

I. INTRODUCTION

The ability to build high performance quantum pro-
cessors relies on acquiring precise control over quantum
systems. To this end, the capacity of performing targeted
operations that may only address parts of the system is
crucial. However, near-term quantum devices are prone
to errors of multi-factorial origin. These may stem, for
example, from imperfect manufacturing, inaccuracies in
control fields, unforeseen interactions that couple differ-
ent parts of the system, or undesired interactions with
the environment. While quantum error correcting codes
have been developed that allow for fault-tolerant quan-
tum computing [TH3], their efficacy requires gate errors to
be bounded below a certain threshold [Il [ [5]. Addition-
ally, error correcting schemes typically assume errors to
be uncorrelated [T, [6]. Given these constraints, and the
myriad of effects leading to noise, diagnostic tools that
provide reliable noise characterization are essential to the
development of high performance quantum processors.

Quantum process tomography is a well-established
technique that provides full gate error reconstruction [7,
8. Its implementation, however, is challenging, with
two issues arising as limitations: firstly, the measure-
ment overhead required for tomographic reconstruction
scales exponentially in the number of qubits [9], and sec-
ondly, its gate noise estimations are vulnerable to inac-
curacies arising from state preparation and measurement
errors (SPAM) [10]. A commonly employed character-
ization technique that addresses both these difficulties
is randomized benchmarking (RB) [11HI3]. By forgoing
full error reconstruction, RB allows for efficiently probing
average noise metrics, while still guaranteeing that these
estimates are independent of SPAM errors. To gain infor-
mation on specific average noise properties, different RB
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protocols have been developed that tailor to efficiently ex-
tract a targeted noise metric. This can be, for example,
learning the noise affecting a specific gate in the gate-
set (interleaved RB) [I4] I5], estimating the coherence
of the noise (purity RB) [16, [I7], or estimating crosstalk
(simultaneous RB and crosstalk RB) [I8] [19].

Beyond error characterization, the dimensionality
curse is a shared obstacle to all practical attempts for
learning properties of an unknown quantum state. Like
with noise reconstruction, full state tomography also
scales exponentially in the number of qubits. Hence,
its practical implementation has also shifted towards ac-
quiring only partial information on targeted quantum
state properties, rather than aiming for full reconstruc-
tion. Recently, classical shadow tomography has been
introduced as a sample efficient protocol that, albeit not
aiming for full state reconstruction, still allows for es-
timating multiple properties of a quantum state from
the same data in post-processing [20]. Crucially, the
required number of samples to attain a certain estima-
tion precision is not directly dependent on the number
of qubits, but rather on the type of observables we wish
to learn [20]. The classical shadow protocol relies on
data collected from several repetitions of state evolution
through randomly selected unitary gates. Unlike RB,
however, the end result in classical shadow tomography
is a data-set that allows for the estimation of multiple
expectation values, instead of a single figure of merit.
Given that knowledge of many noise facets are actually
desirable to render a more comprehensive picture of the
noise corrupting quantum operations in a real device, it
would be desirable to import the multiple observable es-
timation capabilities of classical shadow to the realm of
RB techniques. The gate-set shadow protocol is a recent
noise characterization protocol that allows to re-frame
RB into a similar framework as the classical shadow pro-
tocol [21, 22]. While the protocol establishes an impor-
tant development in the field of RB techniques, adopting
this new approach can be hindered by unclarity on how
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FIG. 1. Overview of the the gate-set shadow protocol: data
collection phase. (a) We start by selecting gates uniformly at
random from a given gate-set G. (b) This creates a sequence
of random gates that are then applied to the input state. The
resulting outcome is measured in a computational basis. Iter-
ating over this process allows us to create a data-set formed
by the pairing of random sequences with the corresponding
outcomes, (x;, ;)

it relates and allows extraction of information akin to the
already well-established RB protocols.

In this work, we provide several use cases of the gate-
set shadow protocol that emulate several existing RB
methods. We also explore how the gate-set shadow pro-
tocol can be used to provide further complementary noise
metrics to those of RB. Specifically, we cover the relation
between the gate-set shadow protocol and the RB tech-
niques: standard RB, interleaved RB, simultaneous and
correlated RB and leakage RB. Furthermore, we make
use of different gate-sets for the implementation of these
protocols. Although RB techniques are commonly asso-
ciated with using Clifford gates, this is not a necessary
fixed constraint [15] 23] 24]. In fact, depending on the
native gates of a quantum device, opting for a smaller
gate-set maybe desirable [25], particularly when imple-
menting arbitrary Clifford gates results in large sequences
of native gates. However, uncertainty on how to adapt
the protocol for different gate-sets can effectively prevent
exploiting this extra degree of freedom. While character
RB [26 27] is a known route to implement RB with gen-
eral groups as gate-sets, we argue that the shadow gate-
set offers a much more unified and practical framework
to achieve RB diagnostics with arbitrary gate-sets. We
complement our use cases with open source code that
can serve as basis for practical implementations of the

protocol [28].

II. GATE-SET SHADOW PROTOCOL

The gate set shadow protocol shares many similarities
with RB-like methods, but adds to it the flexibility and
data driven power of classical shadow tomography, which
can simultaneously estimate multiple quantities from the
same data. [20]. Similar to RB, we apply a random se-
quence of m gates. This is followed by a measurement in
a computational basis to retrieve a bit-string outcome,
x;. Thus, the fundamental units of information are com-
posed by the pairs (z;,8;), i.e. the bit-string outcome
x; resulting from applying the random sequence of gates
g ={91,92, .-, 9m}- A complete dataset is then made of
S = NK samples of pairs (z;,g;) where K is the num-
ber of randomizations for each sequences length and N
is the number of different sequence lengths. Experimen-
tally, the protocol is therefore almost identical to RB,
with the difference that the end recovery gate inverting
the sequences is removed (see Fig. [1] for an overview of
the experimental phase of the protocol).

To describe the measurement process in the post-
processing step [20, 2I], we employ the language of
positive-operator-valued measures (POVMs). POVM
measurements are characterized by the POVM elements,
{E.}z, each corresponding to a measurement outcome
x. These are positive operators whose sum produces the
identity, i.e. >~ FE, = 1. The probability to obtain out-
come z is given by p(z) = Tr(E,p) for a state p. In
a broad sense, we seek to estimate several expectation
values, reflecting crucial properties about our quantum
gates. These properties may be the overall error-rate of
a gate-set, or more detailed metrics relating to the pres-
ence of crosstalk, leakage from a computational subspace,
etc. To maintain immunity to SPAM errors, we extract
these quantities from an exponential fit to the average se-
quence functions, similar to RB. In the gate-set shadow
protocol, the sequence functions that we are interested
in, termed sequence correlation functions [21], are given
by

falzi gi) = ¢ Te(Ey, SapST) (1)
where cgg) is a normalization constant, E, is the POVM
element corresponding to the bit-string z;, and p is the
initial state. Additionally, we define the matrix

Su = UnAUp_1A... AU, AU, (2)

where U; is the ideal noise-free unitary operator corre-
sponding to the gate g;. Here, A is a user-defined oper-
ator (referred to as probe operator) and Sj4 is formed by
taking a sequence of gates, inserting the probe operator
A between every two consecutive gates, U; and U;;1. In
practice, we evaluate Eq. using the the Pauli trans-
fer matrix (PTM) formalism [29, 30] (see Appendix [A]]
for a more detailed description of the PTM formalism).
In this formalism, we can write the sequence correlation
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FIG. 2. Overview of the the gate-set shadow protocol: post-
processing phase. (c) For each data-set entry (z;,g:), we con-
struct the sequence correlation function fa. A typical choice
for A is to fix it as a subspace projector. Specific choices of
subspace projectors are illustrated in the figure for the case of
the two-qubit Clifford group(Csz) and the local Clifford group
(Cr?) as gate-sets. (d) Taking the mean (or median-of-means,
MoM) of all the sequence correlation functions gives an esti-
mate of the sequence function, l?:A(m)7 which can then be
fitted to an exponential decay model to extract targeted fi-
delities.

function as
Fa(wi,g) = ) veo(Ey, )T Sa vec(p) (3)

where vec(+) is the vectorization operator and where S, is
now the PTM representation of the gate-sequence defined
in Eq. . The average behavior of this sequence func-
tion correlates with how a certain outcome x; is modified
by noise, depending on how we pick A. A particularly
convenient choice for the probe operator A is to set it
as a subspace projector. In this way, the sequence corre-
lation functions only retain targeted information on the
gate noise. Such choice can, for example, target crosstalk
noise. In general, the freedom to choose the probe oper-
ator is the key property of the gate-set-shadow method
and it is this freedom that allows us to estimate different
observables in the postprocessing phase (see Fig. [2|for an
overview of the postprocessing stage of the protocol).
Averaging the sequence correlation functions for each
sequence length m leads to the average sequence func-
tion k #.(m) that converges to an exponentially decaying
function [2I]. Computing the average sequence function
I%f . (m), for each value of m, can be achieved either by

using the empirical mean, ky, (m) = éZf:l fa(zi, ),
or the median-of-means (MoM) given as

k+N-1

Z fA xwgz ;

(K—1)N +1}| . (4)

kg (m) = medlan[

ke{l,N+1,2N+1,...,

The median-of-means is known for its greater robustness
against outliers and its ability to perform better under
heavy-tailed distributions [31]. This feature can be par-
ticularly useful when computing confidence intervals for
finite-size datasets, as it will become clearer in the next
section.

Throughout this work, we will exemplify how multi-
ple RB protocols can be formalized under the gate-set
shadow protocol, identifying instances where the protocol
may ease the process of obtaining common RB metrics,
and where it may actually offer additional information,
otherwise impossible to extract from the original RB pro-
tocols. We refer to Appendix [B] for a more technical dis-
cussion on the construction of the sequence correlation
function and its expectation value.

III. STANDARD AND INTERLEAVED RB

The main goal of various randomized benchmarking
(RB) techniques is to characterize the quality of the ex-
perimentally implemented quantum operations. Conven-
tionally, we quantify this quality through the average
gate fidelity F(£,U), where U is the desired unitary gate
and & is its experimental implementation. In the Pauli
Transfer Matrix (PTM) notation, we can define the av-
erage fidelity as [32]

Tr(UTE) +d

FE&U) =—a3n

()

where U is the PTM representation of the ideal unitary
and d is the dimension of the Hilbert space. Both stan-
dard RB [I1} [12] as well as interleaved RB [14] aim to
estimate this average gate fidelity. However, it is im-
portant to note that standard and interleaved RB have
different goals: standard RB aims to characterize the av-
erage fidelity over a gate set, while interleaved RB aims to
characterize the average fidelity of a single gate. Mathe-
matically, standard RB is designed to find F'(A, Z), where
7 is the identity operator and A is the average noise of
the full gate-set [I2], while interleaved RB strives to find
an estimate for F(U, U), where U is the noisy implemen-
tation of U [I4]. The main insight of RB is that, as long
as we only aim to quantify the average noise strength, it
is sufficient to estimate the trace Tr(...) rather than re-
constructing the full PTM matrix of the noise A. Thus,
the challenge in RB is simplified to constructing efficient
methods to experimentally estimate the trace.



In RB, the trace is obtained by measuring the aver-
age sequence fidelity as a function of the number of ap-
plied gates (i.e, the sequence length) [I1l 12 22]. The
experimentally obtained data is then fitted to an expo-
nential decay as a function of the sequence length m, i.e.
a function of the type bg + ag A™. When using the Clif-
ford gate-set, fully random sequences of gates give rise
to A o« Tr(A,Z). On the other hand, the interleaved
sequences employed in interleaved RB produce a fitting
model where A o< Tr(AyA,Z). Here, Ay denotes the av-
erage error modifying the experimentally implementation
of the gate U. While Tr(AyA,Z) is not directly related
to the target fidelity we would like to estimate, we can
obtain a bounded value for F(U,U) by combining stan-
dard and interleaved RB [14} [33] to obtain a single value
estimate using the same strategy as in Ref. [I4]. The
gate-set shadow protocol can be used to emulate both
standard and interleaved RB. It comes as an advantage
anytime the choice of gate-set differs from the standard
multi-qubit Clifford group. Character RB has a simi-
lar goal [25] 26], allowing to benchmark gate-sets beyond
the standard Clifford group. The gate-set shadow proto-
col allows for a much more flexible and less experimen-
tally costly way of implementing character RB. In the
next section, we consider a specific example of emulating
interleaved RB using a gate-set other than the Clifford
group. We refer the reader to appendices for the
derivation of the interleaved fitting models presented in
this work.

A. Example: Interleaved RB beyond the Clifford
group

While most applications of RB like protocols make use
of the Clifford group as a gate-set, this might not be
the most convenient choice. Particularly, if building up
Clifford operations requires applying a long sequence of
native gates, then the process can be demanding in terms
of the required coherence time [25]. Furthermore, this
issue becomes even more pressing for multiqubit systems,
since the size of the Clifford group scales as 20(‘12), with
g the number of qubits [I7]. Here, we consider the task
of benchmarking a CNOT gate, using a smaller gate-set,
G. We take G to be a particular case of the CNOT-
Dihedral gate-set (G(1) in [34]) which forms a group [23]
20l [34]. All the gates in this gate-set can be built from
the elementary gates listed in S (see Appendix for
more details):

S = {X ®1,1® X, CNOTQJ, CNOTLO}. (6)

In total, G is formed by 24 distinct gates, i.e. the same
size as the single-qubit Clifford gate-set. Assuming that
all gates experience the same noise on average, averag-
ing all implemented noisy random sequences yields an
effective noise process similar to depolarizing noise. In
contrast to the Clifford group, the average over random
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FIG. 3. Average sequence functions, ka(m), for different

choices of gate-set and different choices of the random se-
quences. Recall that m is the length of the sequences. The
function ka(m) either emulates the sequence fidelity of stan-
dard (sta.) RB (random sequences) or interleaved (int.) RB
(interleaved sequences). Panel a) makes use of the Clifford
gate-set, while uses the G(1) CNOT-Dihedral gate-set. Panel
b) shows the sequence correlation function associated with
the decay rate A1, and A2, respectively. These are required
to estimate the average fidelity (see Eq.). The estimated
decay rates from the fit lead to average fidelities in Tab. [[}
The noise model for the simulations is discussed in the main
text. For panel b), only the decays obtained using the mean
are showed, since in this case both estimators yield similar
results.

sequences for gate-sets that do not fully scramble the full
Hilbert space leads to a different type of depolarizing-
like noise. Instead of there being only one probability
event, p, of moving to a fully mixed state on the entire
Hilbert space, there are now several distinct probabil-
ity events, p;, for different smaller subspaces of the full
Hilbert space. Thus, the different probability events p;
lead to additional decaying factors A; in the RB decay
model [13] I8 22]. Averaging over random sequences
produced by the concrete gate-set G in Eq.@ gives rise
to a decay profile with two decaying factors, A\; and As.
Isolating each \; is possible if we filter out all information
in the random sequences that lives outside the subspace
where the corresponding effective mixed state 1; resides.
This projection is accomplished by making an appropri-
ate choice of probe operator A in postprocessing. In par-
ticular, the convenient choice of probe operator A is to
set A to be a projector onto the target subspace, A = P;.
In the PTM notation, the projectors simply correspond
to block diagonal matrices, where only one of the blocks
correspond to an identity matrix and all remaining diag-
onal blocks are zero, see Appendix for more details.

Similarly to interleaved RB [I4], an estimate for
F(U,U) requires us to estimate both Tr(A) and
Tr(UTUA), where A is the average gate error over the
gate-set G, and U is the noisy implementation of the
CNOT gate. This requires us to estimate the two de-
caying factors A1 and Ao, see Fig. When the se-
quences of gates g; correspond to purely random se-
quences, the decay rates are related to the trace of the
average error channel \; o Tr(IF’iA). Similarly, the



Gate-set Average Estimated Ground Truth  Interleaved
Gate Fidelity Gate Fidelity Fidelity Bounds
Cy 098 (+0.03/—0.03) 098  [0.879,0.997]
G(1) 0.979 (+0.03/ —0.04)  0.986  [0.865,0.997]

TABLE I. Estimated average fidelity of the CNOT gate, using
the estimator outlined in Ref. [I4]. Estimates were produced
by simulating the gate-set shadow protocol with two gate-sets:
the two-qubit Clifford gate-set, C2, and the CNOT-Dihedral
gate-set, G = G(1). Results were obtained using the sample
mean for both groups, since in this case no significant differ-
ence was found between the mean and the median-of-means.
The error margins on the average gate fidelity estimates cor-
respond to the uncertainty on the fit. The interleaved fidelity

bounds are calculated using Eq. (B33) in Appendix.

interleaved sequences produce decay rates where \;
Tr(]P’iUTIP’iUAUA). For the standard case, we set A = P,
to determine each decaying factor \; in the postprocess-
ing step. For the interleaved sequence, we post-process
using A = P;U'P; with U representing the interleaved
gate. Thus, we can estimate the traces as

with either £ = A or &€ = AyA, see also Appendix
for further details. In Fig. , we show the average
sequence functions, k4(m), obtained using either the
two-qubit Clifford group or the CNOT-Dihedral G(1)
group as gate-sets and with either fully random or inter-
leaved sequences. We perform the gate-set shadow post-
processing step to estimate each decaying factor sepa-
rately. We note that choosing the Clifford gate-set yields
essentially the same post-processing step except that we
only need to estimate one decay factor. The numerical
simulations use single-qubit gates that suffer from low
rate incoherent noise sources (Pauli noise). Noisy CNOT
gates are modeled with a coherent error of a 2-qubit zz
entangling gate given by R, (), with 0 fixed at § = 0.1
(see Appendix for further details). As discussed, the
estimated decay rates A; are the only required informa-
tion to bound the target gate fidelity and estimate the
single point average gate fidelity proposed in Ref. [I1]:

(d Fsta - 1)
(d Fuc — 1)

(est) (17 _ (d_l)
FEOYO,U)=1- y [1—

]. 8)

Here, F, is the average gate-set fidelity estimated from
averaging over fully random sequences, and Fi, is the
equivalent quantity estimated from averaging over inter-
leaved sequences.

In Tab. [} the estimated bound and single-point esti-
mate for the average fidelity of the CNOT gate are pro-
vided for both gate-sets. Both single-point estimates are
comparable, which supports the use of a smaller gate-set.

Pauli Noise, Clifford (Mean) Pauli Noise, Clifford (MoM)
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FIG. 4. Coverage probability for different confidence inter-
vals and different sample sizes. The results are obtained by
simulating the gate-set shadow protocol 100 times, and re-
computing the confidence intervals, using each of the listed
methods in the main text. The two plots differ by the choice
of estimator: mean (left) or median-of-means (right). In this
case, the protocol uses the two-qubit Clifford group as gate-
set and gate errors are simulated with a Pauli noise channel.

As a final remark, we note that choosing between these
two particular gate-sets also requires adapting the choice
of input state and computational basis used for measure-
ments. Indeed, the choice of the Clifford gate-set employs
the z—computational basis, while the CNOT-Dihedral
gate-set requires choosing the input and POVM elements
as a mixed basis, where the first qubit is measured in
the z—computational basis and the second qubit in the
x—computational basis (see Eq. in Appendix.
While this may at first seem like a disadvantage, it is
rather a consequence of the protocol’s flexibility: if on the
one hand it forces more conscious initial choices from the
user, at the same time it grants the freedom to optimize
these choices and achieve the best compromise between
fidelity estimation accuracy and experimental overhead.

B. The median-of-means and robust confidence
intervals

In both classical shadow tomography [20] and the gate-
set shadow protocol [2I], the median-of-means (MoM)
plays a central role in establishing an upper bound for
the number of required samples. The MoM estimator
is known to be a more robust estimator compared to
the empirical mean whenever outliers corrupt the sam-
pled data or when the underlying distribution is heavy-
tailed [3I]. In this section, we provide further support
for the MoM robustness, particularly with regards to the
coverage probability of estimated confidence intervals.

Our approach is to exploit the data-driven framework
of the gate-set shadow protocol to construct approximate
confidence intervals using nonparametric bootstrap tech-
niques [35] B6]. Our target parameter is the correspond-
ing decay factor A;. To estimate the coverage probability,
for each sample size, we simulate the gate-set shadow pro-
tocol 100 times, each time re-computing the approximate
confidence intervals. The coverage probability is then de-
fined as the fraction of times the ground truth value was



contained in the predicted interval. The target parame-
ters \; are estimated using both the empirical mean and
the MoM. In Fig., we compare the coverage probabil-
ity for the Clifford group, Cs, for different sample sizes
and different methods for estimating confidence intervals,
by simulating the noisy gates using an incoherent noise
source (Pauli noise) for different number of repetitions K.
The gray line in Fig. refers to the desired confidence
level of the estimated confidence interval. For larger sam-
ple sizes, all methods provide conservative estimates for
the confidence interval: all tend towards a higher cov-
erage probability. However, decreasing the sample size
leads to a coverage probability below the target confi-
dence level for the mean estimator. Moreover, the BCa
(bias-corrected and accelerated) bootstrap method tends
to provide higher coverage probabilities for K > 15. The
baseline method corresponds to bounding the estimate
by a two-standard deviation interval, where the standard
deviation is retrieved from the covariance matrix of the
fitting algorithm as often employed in practical imple-
mentations of RB protocols [37]. The MoM estimator
has, generally, a better performance under smaller sam-
ple sizes, leading to a coverage probability that does not
fall below the target confidence level. We refer to Ap-
pendix [C]for further details on the numerical estimations
of the confidence intervals.

IV. SIMULTANEOUS AND CORRELATED RB

The ability to selectively target and perform opera-
tions over a sub-set of qubits in the system is crucial for
any successful scalable quantum processor. Such goal re-
quires, for instance, very precise control fields that are
able to carry out target operations without unintention-
ally affecting the state of the idle qubits. Yet, control
fields can sometimes spillover to other qubits outside of
the target set and induce unintended changes. These er-
rors are termed operation or classical crosstalk [I8] 38].
Additionally, residual interactions between qubit sub-
systems may persist, coupling their dynamics and pre-
venting selective operational control [38].

Within the framework of RB techniques, simultaneous
RB offers a route to detect operational crosstalk [I8].
The procedure works by comparing the error rates ob-
tained from separate individual RB experiments with the
error rates produced by applying the RB protocol simul-
taneously to all partitions of qubits [I§]. In addition to
operational crosstalk, it is important to know whether
noise sources induce correlations between qubit subsys-
tems since correlated crosstalk is particularly damaging
for quantum error correction [3,[39,[40]. Correlated RB is
a step towards distilling information on the locality and
weight of crosstalk errors from simultaneous RB experi-
ments [19]. In this section, we explore how the gate-set
shadow protocol may be used to more easily extract the
same information as simultaneous RB and correlated RB.
Additionally, we provide examples on how the protocol

may be used to gain further insights into the presence of
correlated crosstalk noise. For the sake of concreteness,
we will focus on a two-qubit system.

A. Detecting operation crosstalk

To illustrate the protocol, we focus on the task of esti-
mating the extra errors induced on the first qubit by un-
intentionally operating a second qubit. In other words,
we use the gate-set C; x Z for the case where only target
operations are applied to the first qubit, and the local
Clifford group C; x C; [2I] when both qubits are simul-
taneously targeted by single-qubit Clifford gates.

When using the gate-set C; x Z, we can calculate the
average gate fidelity as

= TI‘(]PHA) +d1
e dl(dl + 1)

1-—X

=
1 + dl ) (9)

% and dy = 2. The projector Py de-
notes the projector onto the first qubit subspace. Em-
ploying the gate-set shadow protocol to estimate Eq.@
requires averaging over the relevant sequence correlation
function fa(x,g). This is achieved by fixing A to be
A = P,. Additionally, we prepare the qubit in the state
|0) and measure in the z-computational basis, such that
we have the POVMs given by

where \; =

vec(Ep) = vec(]00)(00]) + vec(|01)(01]) ,

10

vec(E1) = vec(]10)(10[) + vec(|11)(11]). (10)
It follows that the gate-set shadow protocol allows to
retrieve a single depolarization parameter by fitting the
sequence function to the model (see Appendix for
proof)

ka(m) =co N1 (11)

The constant ¢y absorbs the contribution of state-
preparation and measurement (SPAM) errors.

For the gate-set C; X C1, we find the effective depolariz-
ing parameters \;; and \;;, where \;; is the effective de-
polarizing parameter of qubit ¢, while simultaneously ap-
plying random gates to subsystem j, and \;; corresponds
to the effective depolarizing parameter of the joint sys-
tem of ¢ and j. The efficient extraction of these parame-
ters is accomplished by estimating, in the postprocessing
phase, the mean value of the sequence correlation func-
tion, fa(g, A), over our dataset using different choices of
the probe operator A summarized in Tab. [} In each of
the three post-processing cases, we can fit a single expo-
nential decay model, as in Eq. , to extract A;; and
Aij-

In Fig. , we see that the gate-set shadow protocol,
with the gate-sets C; X Z and C; x Cq, can be used to es-
timate A1 and A;j3. Moreover, in Fig. we see that the



A Subspace

Traceless subspace _ 1
Py of qubit 1 )\1‘2 B 3Tr(IP1A)

Depolarization parameter

Traceless _ 1
P> of qubit 2 )\2‘1 - 3TI'(IP2A)
Joint traceless
P53 subspace of qubit 1
and qubit 2

)\12 = %TI“(]P3A)

TABLE II. List of probe operators yielding different effective
depolarizing parameters for the gate-set shadow protocol ap-
plied to the local Clifford group Ci xC1 . In each fitting model,
¢; is a SPAM dependent constant, while the corresponding de-
polarizing parameters depend only on the average error chan-
nel A affecting the gates. For a more precise definition of the
projectors P;, see Tab. [[V]in Appendix B3
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FIG. 5. Comparison of the decay curves of A1 and A5 for the
gate error channel described in the main text. Each data point
in the left panel results from the averaging of 1000 points,
representing the different realizations of the random circuit
at fixed circuit length m. The panel on the right shows the
absolute difference between the estimated A; and its ground
truth value, based on the error model described in the main
text. The estimates for the target parameters were obtained
in both figures using the median-of-means (MoM).

gate set shadow protocol remains a robust estimator of
A1 over a variety of gate error strengths. The gate errors
were modeled such that gate operations on qubit-1 in-
duce an amplitude damping channel on qubit-2 with the
damping strength varied in Fig. . Additionally, each
operation on qubit-1 was followed by a single qubit ro-
tation R, (61). In Appendix we have provided more
details on the error model. The corresponding estimated
values for A1 and )2, shown as an inset in the figure, are
all the required information to evaluate the crosstalk met-
ric proposed in Ref. [I8]. More precisely, the error rate
affecting qubit-1, when no operations are applied to the
second, is simply 71 = 1 — F, with F} given by Eq.@.
Additionally, the error rate affecting qubit-1 when also
simultaneously applying random gates to qubit-2, ry,
can be calculated in the same way. Determining how the
error rate of the first qubit changes due to controlling the
second can be found directly in postprocessing simply by

determining 0712 = [r1 — rij2| = |A1 — )\1|2|(d1di:1).

B. Detecting correlated crosstalk

We now focus on the case where crosstalk is induced by
correlated gate noise. In particular, we consider coherent
crosstalk errors [19] [38]. Our goal is to identify simple
ways in which the gate-set shadow protocol can be use-
ful for extracting diagnostic metrics for correlated noise.
One immediate advantage of the present protocol is in
obtaining the correlated metric A = A1z — Ajj2Ag)1, pro-
posed in [I8], while keeping the robustness to SPAM er-
rors. Standard application of simultaneous RB would re-
quire taking additional measurements and combine them
to effectively estimate each decaying factor individu-
ally [18]. This strategy, however, is sensitive to SPAM
noise. Character RB is known to enable efficient single-
decay extraction for the C; x C; gate-set [25] 26], but
can increase experimental overhead. Within the gate-
set shadow protocol, the efforts to isolate a specified de-
caying factor are fully done in the postprocessing phase.
Hence, no additional experimental overhead is incurred
beyond the standard application of the protocol itself.
We refer to Appendix for further discussion of the
fitting models corresponding to the local Clifford group
as gate-set.

The central idea proposed in Ref. [2I] is based on
the reconstruction of the unital noise marginals of the
gate noise. The unital marginals are defined as A; =
P;AP; [21]. We can estimate the A; from the gate-set
shadow protocol with a single experimental dataset by
repeating the post-processing step with the probe opera-
tor A equal to each local Clifford element C. From each
of these elements we get a decay factor A\¢ and we can
estimate the unital marginal as

Ai=4;) Ao PCTP;, (12)
C

where A; is a normalization constant, see Appendix [E}

The crosstalk metric A can be generalized to the level
of the unital marginals [21]. To make this statement more
concrete, we focus on a 2-qubit system and consider the
following metric

SRy = (A1 @ Ag) Ay . (13)

For uncorrelated noise, §Ro = 1 [21]. In Fig.(6), we
show dRo for coherent gate errors modeled either by a
xx, yy or zz entangling gate. The presence of correla-
tions is visible from the higher weight matrix elements in
0Ro, preventing R, from being a perfect identity ma-
trix. Yet, like crosstalk RB [19], we would like to charac-
terize directly the locality and weight of crosstalk errors.
To achieve this, we use the full unital marginal given by

Ap =) A, (14)

and transform it into Pauli noise (see Eq.(E3) in Ap-
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FIG. 6. dR2 for coherent gate errors, given by: R4 (0) (top
panel), Ryy(6) (middle panel) and R..(f) (bottom panel).
For all three cases, the angle 6§ was fixed at § = 0.5. In
each row, from left to right: the first two figures are obtained
by simulating the gate-set shadow protocol, while the third
figure corresponds to the actual value of Rz, derived using
full knowledge on the simulated error model (the ground truth
(GT) value). The data was simulated using 15000 random
sequences per sequence length.

pendix . The goal is to find the dominant weight and
locality features of the underlying gate noise from the
resulting Pauli error rates.

In Fig., we show the effective Pauli error rates
attained in postprocessing for the correlated coherent
errors (also shown in Fig. @ In Tab. we show
the corresponding correlated RB amplitudes, ¢; [19].
These are the coefficients defining a new parametriza-
tion of the simultaneous RB depolarizing noise channel
in terms of fixed-weight depolarizing amplitudes. Note
that the explicit relation between the amplitudes {¢} and
the simultaneous RB decaying factors can be found in
Refs. [19,[22]. In general, these amplitudes agree with the
corresponding Pauli error rates, in the sense that they are
able to correctly identify the dominant weight subspace
contribution. However, contrary to the noise marginals,
the set of amplitudes {é} cannot provide more detailed
information on the errors within each subspace. A patho-
logical example of this effect is a CNOT-like error chan-
nel. As seen in Tab. [T} the error amplitude in the joint
subspace €3 does not capture the explicitly correlated er-
rors from the CNOT-type error channel [I8]. However,
in the reconstructed Pauli representation, see Fig. |8 we
readily observe the CNOT-like error. We refer to Ap-
pendix [E] for additional details on the crosstalk metrics
discussed in this section.
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FIG. 7. Estimated Pauli error rates for the reconstructed uni-
tal marginals. The gate error model applied in the simulations
corresponds to one of the following three two-qubit rotation
gates: Ry, (0) (top panel), Ryy(0) (middle panel) and R, ()
(bottom panel). For all three cases, the angle 6 was fixed at
6 = 0.5. The ground-truth (GT) values are derived using full
knowledge on the simulated error model.
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FIG. 8. Estimated Pauli error rates for the reconstructed
unital marginals. The gate error channel applied in the sim-
ulations corresponds to a CNOT channel. The ground-truth
(GT) values are derived using full knowledge on the simulated
error model.

V. LEAKAGE RB

All the RB variants discussed so far operate under the
assumption of no leakage outside the computational sub-
space. However, many promising quantum computing ar-
chitectures, such as superconducting qubits [6] or qubits
defined in quantum dots arrays [41], define their qubit
states embedded in a multi-level environment [27] [40].

Leakage RB [27| [42] aims to characterize the average
probability of leaking out of the computational subspace,
referred to as leakage (L), and the average probability of
the reverse process, known as seepage (S). We can define
these with respect to the gate noise A as [27]

1
L= —Vec(]lg)Jr A VGC(]ll) ,
dy
! (15)
S = —Vec(]ll)T A Vec(lg) ,
do
where d; and ds are, respectively, the dimension of the
computational and leakage subspace.



Gate Noise Model é1 &a &3 {e1,€2,¢3}
R0 (0) 0.002 (+0.005/ — 0.002) 0(+10° %) 0.068 (10.002/ —0.002) {0,0,0.068}
Ry, (0) 0 (+0.002) 0 (40.003) 0.07134 (40.002/ — 0.003) {0,0,0.068}
R..(0) 0 (40.002) 0.002 (+0.003/ — 0.002) 0.068 (+0.003/ — 0.003) {0,0,0.068}
CNOT 0.684 (+0.068/ — 0.069) 0.662 (+0.074/ — 0.075) 0 (+0.149/ — 0.281)  {2/3,2/3,0}

TABLE III. Estimated correlated RB amplitudes, {£}, for the new parametrization of the simRB depolarizing noise. The
predicted amplitudes are obtained by simulating the gate-set shadow protocol with the same gate error models as in Figs.—
(8). The values reported were obtained using the median-of-means (MoM). The last column shows the actual values for the
{e} coeflicients for the simulated noise. The notation is as follows: &1 corresponds to a weight-1 coefficient, where all weight
is in the qubit-1 subspace, €2 is a weight-1 coefficient, with all the weight in the qubit-2 subspace, and finally €3 is a weight-2
channel, with weight on both qubit subspaces. For more details on the evaluation of the amplitudes {£}, see Appendix

For concreteness, we consider a singlet-triplet qubit en-
coded in two electron spins [27]. This choice delegates
the states, with total spin of m = 1 and m = —1, to
the leakage subspace. We will focus on the characteriza-
tion of leakage and seepage rates in the case where the
target computational gates are single-qubit Pauli gates.
With this aim in mind, we consider the gate-set shadow
protocol implemented with the following gate-set G [27]

G:<Xc@ZL,ZcEBHL>. (16)

Here, X¢ (Z¢) refers to the Pauli-X (Z) gate applied
to the computational subspace, while Z; (H}) refers to
the Pauli-Z (Hadamard) gate applied to the leakage sub-
space. In the definition of G, the notation (.) indicates
that all the elements in this gate-set can be built from
the elementary gates listed inside (.) (see Appendix
for a description of all the elements in G). In total, G is
formed by 16 different elements. Note that the gate-set
G cannot induce either leakage or seepage. Thus, we are
aiming to characterize leakage caused by gate noise.

For the gate-set GG, there are two projectors onto the
sub-spaces where the qubit states remain unchanged by
all gate operations, see Appendix [B4] These projectors
can be expressed as

1
IP’((Jl) = ZVec(]l ®1) vec(l® 1),
! (a7)
sz) = Zvec(Z ® 1) vec(Z @ 1)T,

where the tensor product is defined in the PTM space of
the triplet and singlet qubit and its leakage space. We
take the input state to be initialized in the computation
subspace and take the POVMs to be:

vec(E,) = {vec(1y),vec(l2)} , (18)
vec(p) = vec(1y) . (19)

With this choice of POVMs, and the probe operator given
as

A=Py:=P" + PP, (20)

we find that the sequence correlation function is

1,if B, =1,

feo(2,8) = (21)
0, otherwise .

In the absence of SPAM errors, this correlation function
leads to the average sequence function model

_ S I
T S+L S+L

with A = (1—S—L). This model can then be used as the
fitting function, allowing the leakage and seepage rates to
be estimated [27], [42], see also Appendix

kg, (m) P (22)

The flexibility of the method allows us to pick another
probe operator. Let us consider

A=PY, (23)

which generates a sequence correlation function that al-
ternates in sign, depending on the choice of POVM ele-
ment

1,if B, =1,

fﬂnéz) ('1:? g) = (24)
—1, otherwise .

When no SPAM errors are present, the resulting average
sequence function reads

S—L 2L

=2 TE S m, 25
S+L S+L (25)

k]P’éz) (m)
Both of these models may be used to extract an estimate
for L and S with similar accuracy, see Fig. 0] While
the leakage fitting is not SPAM insensitive, we note that
if SPAM errors can be treated as a perturbation of the
ideal POVM operators and input state, then the results
obtained remain approximately valid.
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FIG. 9. Estimated leakage rate, L, using as fitting model ei-
ther Eq.([22) or Eq.(25). The panel on the right shows the
estimated L versus the strength of the non-unital noise, here
modeled by taking the tensor product of two single-qubit
amplitude damping (amp. damp.) noise models, with the
same amplitude damping probability. The gate noise chan-
nel employed in both figures results from the composition
of Pauli noise with the resulting amplitude damping noise.
The black line corresponds to the exact value of L. The left
panel shows the normalized residuals between predictions and
ground truth values. The data was generated by taking 1000
random sequence repetitions per sequence length.

VI. CONCLUSIONS

In this work, we have explored the gate-set shadow
protocol as a unified formalism for various RB protocols
and formulated concrete examples for how to use it
in practical experimental circumstances. We can view
each RB variant as a different realization of the gate-set
shadow protocol, with different choices for: input state,
POVM elements, gate-set and probability distribution
defining the selection of random gates. For other choices
of gate-set beyond the multi-qubit Clifford group, the
resulting fitting model often harbors the contribution of
many different decay factors [I8 27]. To decrease the
fitting complexity of the model, character RB can be
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implemented [26, 27]. Throughout the use cases explored
here, we have demonstrated how the present protocol
effectively allows to perform character RB at the post-
processing level. This ability obliterates the need for
further adaptations of the protocol at the data-collection
phase. We have also identified instances where additional
choices of the probe operator A give rise to additional
gate noise metrics that would otherwise be impossible
to obtain from the original RB protocol. The study of
the confidence intervals highlights how the information
extracted from the gate-set shadow protocol can be
further enhanced by computational statistical methods
or, more generally, by data-driven approaches. This may
bring speed-up benefits that can decrease the sample
overhead and lead to, for example, the reconstruction of
the error marginals with less demanding sample require-
ments. We envision the gate-set shadow protocol as a
flexible protocol that allows for benchmarking routines
to be tailored and optimized for each specific experiment.
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Appendix A: Mathematical Preliminaries

1. Pauli transfer matrix formalism

Throughout this work, we explicitly made used of the Pauli transfer matrix (PTM) representation of quantum
operations (also known as the Liouville representation). This representation exploits the fact that the Pauli matrices
form an orthonormal basis, with respect to the Hilbert-Schmidt inner product, i.e.:

1
5Ivf(Pij) =d,;, P,P; € {1,X,Y, Z} .

(A1)

This allows us to express any linear operator, such as a single qubit density matrix p, as a linear combination of the
Pauli matrices. More generally, the same orthonormality property also holds true for the set of normalized n-qubit

Pauli matrices, defined as:
1

Var

{1, X,Y, Z}*" = {00, 01,02,03}°" .

(A2)
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Hence, we can use the n-qubit Pauli matrices as basis vectors, by employing the vectorization operation. This is a
linear transformation that maps a matrix onto a vector. Note that since the n—qubit Pauli matrices are d X d matrices,
their vectorization produces vectors with length d2. Thus, the vectorization process moves us from a Hilbert space of
dimension d to a Hilbert space of dimension d2. It is common to denote the vectors in the higher-dimensional Hilbert
space by employing the notation |.)) [I7, [27]. Although we did not use this convention in the main text, instead
explicitly highlighting the vectorization transformation p — vec(p), we adhere to it here. Using this notation, the
orthogonality condition in Eq. becomes equivalent to the condition ({c;|c;)) = d; ;, and linear operators, such as
density matrices, become vectors, with the basis decomposition:

d?—1 d?—-1
o) =D Tr(olp) loa)) = 3 ((aile)) o)) (A3)

where d = 2". Quantum operations, also known as quantum channels [43], are linear operators that map density
matrices to density matrices. Any gate can serve as an example of a quantum operation (quantum channel). We
will use the two terms, quantum operations and quantum channels, interchangeably. In the PTM representation,
quantum channels are then linear operators that map vectors into vectors, and thus naturally allow for an explicit
matrix representation. In particular, a generic quantum channel £ can be expressed in the PTM representation as:

d?-1
EFTM) ., — R(E) = Z Tr(o]E(0y)) |oa)) (o]
d2—1 . (A4)
= > (R©),, lo))(os]
1,7=0

ie., it is a matrix, with matrix elements given by (R(E))i,j’ or equivalently as (R(S))” = Tr(agg(oj)) =
((0il€(04))) = ((6:|R(E)|oj)). Note that in the in the main text we have assumed that all quantum channels are
directly expressed in the PTM representation, that is U = UPTM)_ Any sequence of transformations induced by the
action of several channels on a density matrix can now be fully expressed as a sequence of matrix transformations.
Thus, the composition of any two channels becomes the product of their PTM matrices, and a tensor product channel
is equivalent to the tensor product of the PTM matrices of the individual channels [I7, 22]:

10) = [€(Ea(p)))) = R(E)R(Ea) Ip)) (A5)

1)) =1(& @ &) (p1 @ p2)))
=R(&) @ R(&) [p1 @ p2)) (A6)

= (’R,(Eb) |p1>>) ® (R(ga) ‘p2>>) :

Quantum channels are assumed to be completely positive (CP) and trace preserving (TP) operations. These conditions
guarantee that the resulting density matrix p’, with p’ = £(p), is a suitable density matrix [43]: a positive operator,
with trace one.

Throughout this work, we have exclusively focus on 2-qubit systems (d = 4). The explicit matrix representation of a
generic 2-qubit quantum channel is given as:

[70)) [Tiz0))

= (ol 1 0O
R(E) <<Ti¢o(7ﬂg R(E))’ (A7)

where to make the notation more compact, we denote |7p)) := |oo @ 0¢)), 07 is the zero row vector, R(E) is a 15 x 15
matrix, we is a 15-dimensional column vector with possibly non-zero entries, and |7;0)) is shorthand notation for
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the set of vectors |11)),|m2)), ..., |T15)), defined as:
IT1)) := |oo ® 01))
IT2)) = loo ® 02)) ,
|73)) = |oo ® 03)) ,
|T4)) = |o1 ® 00)) ,
|75)) := |o2 ® 00))
I76)) = |03 ® 00)) ,
|T7)) = |o1 ® 01))
|78)) = |01 @ 02)) , (A8)
IT9)) = |o1 ® 03)) ,
IT10)) = |02 ® 01)) ,
IT11)) == |02 ® 02)) ,
|T12)) == |02 ® 03)) ,
IT13)) := |og ® 01)) ,
|T14)) := |03 ® 02)) ,
IT15)) == |03 ® 03)) .

Note that we are always free to re-order the vectors |7;«0)) and re-define their labeling, without changing the
general structure of the matrix in Eq. l) The vector wg is formed by the matrix elements Tr(T#O £ (7'0)) =

%Tr (Ti;go & (116X16)). This means that only non-unital quantum channels will have @g # 0. A unital channel is any
quantum operation that leaves the identity unchanged. Any unitary gate serves as an example of a unital channel.
On the other hand, a noise process like amplitude damping is not a unital operation.

2. Simple introduction to group representations in the context of gate characterization

This section provides a general introduction to the principles of finite groups and representation theory, which
are used to derive analytical expressions for the fitting models in the main text. It is not intended to provide a
comprehensive overview of the topic, but rather to clarify how some analytical results are obtained. Well-established
results from representation theory of finite groups are introduced directly, without going over the proofs. For a more
in-depth overview, see Refs. [44] [45].

The PTM formalism has allowed us to think of gates as matrix operations on a vector state. Typically gates
are generated by a composition of elementary gate operations from a given gate-set, where the latter contains a
finite number of gates. In the PTM formalism, this composition is simply a series of matrix products. We can
then consider all the different matrices that can be generated by taking any combination of products of elementary
matrices in the gate set, i.e.:

New gate = H R(gi)R(9;5) s 9i,9; € Gate-set . (A9)
9iy9;j

If, through the procedure outlined in Eq.(A9Y)), the number of distinct gates we are able to build satisfies the following
requirements:

1. The number of distinct elements (matrices) that can be generated is finite. After taking a certain number of
products, we merely retrieve gates that have already been generated;

2. The identity operation is contained within the set of elements we have created;
3. For each element, its inverse operation is also contained in the set of distinct elements we have produced,

then the collection of generated gates can be mathematically defined as a finite group [44], and we can identify the
gate-set, (G, as a matrix group. More generally, group theory allows us to study the properties of a group at an
abstract level, where we may infer properties and relations between its elements without ever needing to specify
concrete algebraic objects to represent them. In the present context, even if identifying the action of physical gates
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as matrices is already an abstract construction, we are still employing a concrete basis to express these matrices,
namely the PTM representation. This means we are interested in exploring the group properties of the gate-set in
a concrete vector space. In very broad terms, representation theory provides the tools to study the properties of an
abstract group as a matrix group of squared matrices, inheriting the same structure as the original abstract group [44].
Concretely, let gq, g» and g. be elements of a group, related as g. = gq X g, and M (g,), M (gp) and M(g.) are square
matrices. These matrices form an appropriate representation of the group if:

M (ga)M(gp) = M(gc) , for all ga, gy, gc € G . (A10)

Thinking in terms of quantum gates, this means that, whenever the gate-set G forms a group, the PTMs of its
gate operations form an actual matrix representation of the corresponding group. The PTM formalism implies a
particular basis choice (the Pauli basis). However, Eq. does not imply there is a unique set of matrices forming
an appropriate representation of a group. Indeed, any matrix similarity transformation acting over all matrices M
(such as a change of basis), M (g) = SM(g)S™1, is an equally suitable representation, i.e. it likewise satisfies Eq..
Since there are many possible matrix representations available, the study of how the group matrices relate to each
other and how they transform vectors in their corresponding vector space cannot be dependent on our particular basis
choice, but rather needs to be rooted in properties that remain invariant to it. Given the freedom in the choice of
basis, we are always at liberty to find S such that SM(g)S~1!, for all M(g), renders the matrices to have a block
diagonal form:

M1_§g) 6 (:):
M(g) = : : . : ,forallge G. (A11)
0 0 . My(9)

Each matrix M;(g) in Eq. is a lower-dimensional matrix. Its dimensionality can even be as low as a 1 x 1 matrix,
giving rise to a scalar. In representation theory, we search for an S that can simultaneously transform all matrices
M (g) into block diagonal form, while at the same time guaranteeing that this is the similarity transformation that
brings them as close as possible to full diagonal form. Note that for most purposes we never need to explicitly find
the transformation S. Its existence is sufficient for us to directly think of the matrix representations of the group
as matrices with the structure in Eq.. Recalling that M(g) is a matrix defined in some vector space V', what
Eq. clarifies is that a group will naturally give rise to a decomposition of the underlying space, V', in terms of
smaller subspaces V;. For each vector contained in a subspace, v; € V;, the action of any group element over vj; is fully
dictated by the action of the lower-dimensional matrix M;(g). Since there are no non-zero matrix elements outside
the diagonals, there is no way for the group operations to transform o; into a vector belonging to a different subspace.
Thus, M(g) ¥ =), M;(g) U;. Consequently, to understand how the group operations induce transformations on the
basis vectors, we only need to study how each lower-dimensional matrix transforms the vectors in the corresponding
subspaces. In the present context, this is the precursor for the emergence of smaller subspaces that will render the
description of the average gate noise as a type of depolarizing noise, with possibly distinct depolarizing parameters.

The matrices M (g) are called reducible representations, and the lower dimensional matrices, M;(g), are called irre-
ducible representations (irreps). The irreps can be equivalent or inequivalent. Two irreducible representations are
said to be equivalent if there is a similarity transformation that can relate the two, M; = SM;S~! (with i # j). In
the context of finite groups, we distinguish between different irreps by their trace: inequivalent irreps have different
traces, equivalent irreps share the same trace. The trace of a (matrix) representation is often refer to as the character
of the representation:

Character of the ith irrep := x;(g)

= Tr(M;(9)) (A12)

Character of a reducible rep. := x(g)
= Tr(M(g)) .

There are groups that, upon arriving to Eq., result in a description in terms of irreducible representations that
are all different from one another (all irreps are inequivalent). These groups are called multiplicity-free groups. The
n—qubit Clifford group (C,,), the local Clifford group (C;"), and the CNOT-dihedral group presented in the main text
are all examples of multiplicity-free groups. On the other hand, some groups can lead to a decomposition that contains

(A13)



14

equivalent irreps, and are called non-multiplicity-free groups. The group C; x Z, used in the study of operational
crosstalk in Section [[VA] is an example of a non-multiplicity-free group. An important result in representation theory
of finite groups is that the characters of irreducible representations satisfy the orthonormal condition [44] [45]:

ﬁ S xi ) (9) = iy (A14)

geqG

where |G| stands for the order of the group (total number of distinct elements in G). The number of times the same
irrep appears in Eq. is referred to as the multiplicity of the irrep. The fact that inequivalent irreps lead to
different characters satisfying the orthogonality condition in Eq. enables us to determine the multiplicity of an
irrep with only knowledge on the character of the representations [45]:

1
Multiplicity of the ith irrep := a; = 1€l Z X" (9)x:i(g) - (A15)
geG

Whether or not a gate set is equivalent to a multiplicity-free group is a relevant piece of information for any quantity
resulting from averaging over group operations. This will soon become clearer when considering the average gate
noise.

For any finite group, there is always one irreducible representation that assumes the form of an identity operation
for all the elements in the group. In Eq., this irrep will appear as a scalar in the diagonal equal to one, i.e.
M;(g) =1, for all g € G. Since this irrep is the same for all elements in the group and will induce no transformations
over the basis vectors in V, it is often called the trivial irrep. In contrast, all other irreps can induce different
transformations on the basis of states, depending on which element g we are considering. For this reason, they will
sometimes be refer to as non-trivial irreps. The trivial irrep coincides with its character. This is true for any scalar
irreducible representation. Note that since the irreps of the group give rise to a decomposition of the vector space into
subspaces, the trivial irrep is associated to an one-dimensional subspace. To convey the relation between subspaces
and irreps, we refer to the subspaces as simply irreducible subspaces, with the same labeling as the one ascribed to
the irreps.

Weighted averages over group operations can be used to create projectors onto irreducible subspaces [26, [45]. In
particular, averaging over group representations yields a projector onto the trivial subspace [45]:

1
Py = il Z M(g) . (A16)

geqG

It is important to note that if the trivial irrep is a not multiplicity free irrep, then the projector Py becomes higher-
dimensional, instead of a simple one-dimensional projector. Projectors to other irreducible subspaces can also be
obtain by a similar averaging procedure. The main difference compared to Eq. is that the representations are
weighted by the irrep character of the target subspace, i.e. x;(g). We will not make use of this result explicitly here,
but note that it is the basis of why character RB is capable of extracting each decaying rate separately, whenever the
corresponding group is multiplicity-free [26].

Taking the Kronecker product between representations provides yet another possible way of representing the group
elements. If M;(g) and M,(g) are two real and irreducible representations, then the result of averaging M;(g) ® M;(g)
over all group elements is zero, unless M;(g) and M;(g) are equivalent irreps. This result will be extensively used over
the next sections. We can also consider what is the result of averaging an arbitrary constant matrix over all group
operations. In that case, instead of a single projector, we get a weighted sum of all irreducible subspace projectors [18]:

Multiplicity free group: ﬁ Z M(g) BM ™ *(g) =
geG
_ymem)
= 2 ™) s (A17)

= zn:/\i(B) P,
i=1
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1
Non-multiplicity free group: Gl Z M(g) BM™*(g) =
geG

_yy _hB (BT g

i=1 k=1 TT((P(k’k/))T PEMI)) Z

3 S A @) B

i=1 k,k'=1

(A18)

In Eqs. and , n denotes the number of distinct irreps, a; is the multiplicity of the ith-irrep, P; is the
projector onto the ith irreducible subspace, ]P’Z(.k’k/) is a projector connecting two sub-spaces: it projects from the
subspace associated to copy k' of ith-irrep to the subspace corresponding to copy k of the ith-irrep. The symbol
T denotes matrix transposition. In the context of the present work, we note that the RB procedure of generating
random sequence of gates and then averaging over them is directly related with the group averages in Eq. m (if
the gate-set is multiplicity free) or Eq. m (if the gate-set is non-multiplicity free). This relationship exists because
RB assumes that all gates experience the same noise, or at least that deviations from this limit are weak. Indeed,

identifying the constant matrix B as the gate noise APTM) makes it clear that the coefficients \; (or )\Ek’k,)) are
precisely the RB decay rates. This also clarifies why certain gate-sets can give rise to fitting models with different
complexity. The number of decay rates contributing to the fitting model depends on how the group decomposes into
irreps, which in turn constrains the dynamic of states to smaller subspaces of the full vector space.

Appendix B: The mathematical construction of the fitting models

In this section, we provide the derivation of the fitting models presented in the main text. We note that the
general procedure for constructing the gate-set shadow models is provided in Ref. [21]. To provide more clarity in the
derivation of the fitting models presented here, we revisit in this section the essential steps in the general formulism
derived in Ref. [21].

We begin by rewriting the correlation function, fa(z,g), using the PTM notation introduced in Section
and the machinery of representation theory from Section

m—

f@@fﬁWEm%nH i(95)1p)) (B1)

In Eq., g; is a gate from a gate-set G. Its corresponding PTM matrix is given by R(g;). Since we take the gate-
set to form a group, each matrix R(g;) can be identified as a block-diagonal matrix, with each block corresponding
to an irrep matrix. Then R;(g;) is the ith-irrep block. Note that we did not specify in the main text that the
sequence correlation function is derived from selecting an irrep rather than taking the full reducible PTM matrix.
This omission was made in order to maintain focus on the main steps of the protocol. We start by assuming fully
random sequences of gates, and discuss interleaved sequences separately. The remaining terms in Eq. are A, the
user-defined probe-operator (already in the PTM formalism), and C(fi) a the normalization constant. The sequence
function, k4 (m), specifies the fitting model, and is defined as the expectation value of f4(x,g). Viewing fa(z,g) as a
random variable, evaluating its expectation value requires assigning a probability distribution function, p(x, g), to it:

p(z, H R(9;)1p)) - (B2)

The form of p(z,g) merits a few observations. Firstly, we note that p(z,g) is defined as the probability that, in a
noisy experimental setup and given a sequence of gates g, the measured outcome is z. As both gate noise and SPAM
noise can affect the distribution of measurement outcomes, p(x, g) incorporates the effects of both types of noise. This
is accounted for by letting E, and p be the noise implementation of the POVM element and input state, respectively.
Secondly, p(x,g) is define through the more general reducible (PTM) representation of the gates. Lastly, we adopt
the usual RB convention for modeling the noisy gates, in which the noisy implementation of an ideal gate R(g) is
given by R(A)R(g). This is less general than taking, as in Ref. [21I], the noisy gates to be R(AL)R(9)R(Ar). It,
nevertheless, provides a more direct mapping to the RB fitting models. The sequence function is then given by the
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expectation value [21]:

ka(m) = germ Z fa(z,g) p(z,8)

it
=) B {Z} <<Ex|7zi<gm>jr__[llARi(gjnp»«E R(A)R(gm h R{g;)IP)

- B {Z} Tr[ | (Ritg mr_[ )]Tr[p>><< (B (R(gmf:]j:vzmm(gj))} (B3)
- geam {Z} Tr[m@p (Be © A (E2)| (Rilgm) © Rigm) ) j_:<A®R< >>(Rz‘<gﬂ‘>®7€<gﬂ‘>)}

— ;}n Tr[g(p, p.EeEr) B (Rilgm) @ Rign ): Q]EZG (Rxgj)@R(gj))] ,

where we have defined Q(p, p, Ex, Ex) = |p @ p))((E, ® A*(E,)|. As discussed in Section taking averages over
representations gives rise to a projector. In particular, note that for representations [45]:

Ri(9) @ R(g) = (Ril9) ® RF*(9)) @ (Rilg) ©@RT*(9)) - (B4)

J#i

Since R;(g) and R;(g) are distinct irreps, only the term R;(g) ® Ry (g) provides a non-zero contribution when
averaging over all group elements [21]. As discussed in the previous section, uniformly averaging over a representation
gives rise to a projector onto the trivial subspace. This allows us write:

£ (Ri(g) @ R(9)) = Pusi - (B5)

geG

Providing a basis decomposition for the trivial projector requires specifying the group and the choice of irrep in the
sequence correlation function. Keeping the discussion general for now, Eq.(B3|) can be further simplify to:

balm) =) " T |00, B ) (P40 RAPus ) | (B6)

1. Standard RB
a. Multi-qubit Clifford group

The multi-qubit Clifford group is a multiplicity-free group, with only two irreducible representations [21 [46]. This
statement applies for any n—qubit system, but in order to simplify the discussion, we focus on a 2—qubit system.
The emergence of the two distinct irreps can be made more evident by recalling the following statements about the
PTM formalism. The first is the observation that we now work in a vector space spanned by the vectorized set of
all 2-qubit Pauli operators. The second is that any CPTP operation in this space has the structure of the matrix in
Eq.. Furthermore, with the exception of the addition of a phase factor, the Clifford group acts as a permutation
of the normalized Pauli vectors (see appendices of Refs. [I7, [18]), i.e.: R(g)|:)) = £|m)) , g € C,,. The exception
to this permutation of Pauli vectors is the vectorized identity, that always gets mapped to itself by the action of the
group. It then follows that R; o(g) = 0, which simplifies Eq. to:

[70)) [7izo))

_ ({1 07 )
Rig) <<Ti750( ] R(Q)) (B0
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From the discussion in Section we recognize R(g) in Eq. as a reducible representation of the group. There
are then two irreps: a scalar irrep (the trivial irrep), associated to the one-dimensional vector space spanned by the
single vector |7p)), and a non-trivial irrep, operating on the subspace spanned by the set of vectors {|7;))}ix0. Recall
that the sequence correlation function in Eq. relies in specifying a particular irrep. To then recover the standard
RB fidelity from the gate-set shadow protocol, the following settings should be applied: the gate-set is fixed to be
the multi-qubit Clifford group; the random sequences are constructed by uniformly sampling the group; fa(z,g) is
evaluated using only the non-trivial irreducible representation; and A is fixed as the projector onto the corresponding
non-trivial subspace. Using the basis vectors specified in Eq., the projector onto the non-trivial subspace is given
as:

15
=Yl (B8)

The trivial projector in Eq.(B5) is now evaluated with R;(g) fixed as the non-trivial irrep, R;(g) = R(g) . Since
R(g) operates in the subspace spanned by the vectors {|7;))}iz0, the matrix representation R®?(g) has a natural

decomposition in terms of the basis vectors {|7;)) ® [7;))};5-;. Considering that R(g) permutes, with phases =,

the basis vectors {|7;))}io, an invariant vector under the action of R®?(g), for any Clifford element g, is given by a
uniform superposition of the vectors {|7;)) @ |7;))}1%, i.e.:

e = = SR ©17) = o S vee(Im) ) = o IPL) (B9)
IARE : IARE : IARE

Note that we have used the relation between the Kronecker and outer product: [|i)) ® |)) = Vec(| >)<<y|) [47]. In
the equation above, the constant |P;| = Tr(P;) is introduced as a normalization factor. This allows us to express the
trivial projector in Eq.(B5|) as:

IFDtlriv = Utriv g:riv = UP) | |P1>><< | . (BIO)

The fitting model in Eq. then reduces to:

balm) =) D7 T |2 B B2) (15 (BalASRANIED) PO} E) |

z€{0,1}?
0 B . 1 m—1

=l D |0 p B Ba) (7 (BIR(APLAT) P ) } (B11)
z€{0,1}2

(V) -1

= 9 Am1(AT, ) Z P (P1|Up, p, Eu, Eu)|P1))

z€{0,1}?

with A(AT,A) = 5] | (IPHATIPHR(A)). Note that in Eq. 1D we used the matrix vectorization result for the triple
matrix product ABC [48]:

|ABC)) = (CT @ A)|B)) . (B12)
Letting A = IPq, the resulting decay rate can be directly related to the average gate-set fidelity (see Eq.):

dF(A,T) — 1

AP, A) = a1

Tr(P1R(A)) = (B13)

1
Py

with d the dimension of the Hilbert space. The decay rate A(P1, A) is the typical figure of merit measured in standard
RB. We note that, in this case, a convenient choice of POVM operators and input state is to set them as operators
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defined in the z-computational basis, i.e.:

100) = 100)) = 3 (1m0} + 7)) + 7)) + [mis))) = |Eoo))
1
|Eor)) %(m» — 7)) + I76)) — I713)) ) -
[B10)) = 5 (I70)) + 7)) = I76)) = Im35)) )
1B1)) = 5 (1)) = Irs)) = o)) + ) )

It only remains to determine the normalization constant c(O). This constant is defined such that, in the absence of
SPAM and gate noise, k4(1) = 1. In this regime, Eq.(B11] reads

k) =) D7 B (1190 B EIPY)

z€{0,1}?
0
() Z |[P| Z 7_1|P Z E |Tj>>2 (B15)
ze{0,1}2 i#0 7#0
32 g 1 © 20
Z T 2B = el = el =
936{0 1}2 J7#0

The value of the normalization constant CS&) is in agreement with numerical simulations of the protocol, guaranteeing

ka(1) =1 in the noiseless regime.

b. CNOT-Dihedral group G(1)

The CNOT-Dihedral group G(1) is a multiplicity-free group. It is generated by the elements in the set S, up to a
global phase factor w (here C denotes the space of complex numbers). This means that all elements in the group can
be obtained as a finite combination of elements in S. Additionally, two elements are considered identical if they only
differ by a scalar multiplicative phase factor.

G(1)=(S)/(wl:weC), S={X®1,1®X,CNOT,;,CNOT, ¢} . (B16)

This group has 24 distinct elements, and is a subgroup of the Clifford group. To construct all its elements, we make
use of the algorithm proposed in Ref. [34]. This allows us to describe all elements in the group as the union of the
four sets:

S ={19L1®X,X®1,X®X}={lixa, X2, X1, X ® X}, (B17)

= {CNOTy,1, CNOTq,9, X;CNOTy;, X;CNOT g, (B18)
X,CNOTy,1, XoCNOT 9, (X ® X)CNOTy1, (X ® X)CNOT1} ,

83 = {CNOT,;CNOT; 3, CNOT; ,CNOTy 1, X;CNOT,;CNOTp, (B19)
X;CNOT, (CNOTy 1, XoCNOT, ;CNOT; 5, XoCNOT; (CNOT (B20)
(X ® X)CNOT,;CNOT o, (X ® X)CNOT;,(CNOTy1} ,

84 = {CNOT,;CNOT; ;CNOTy,1, X;CNOT,,;CNOT;,(CNOTY 1, (B21)
X,CNOT(,;CNOT; (CNOTy 1 , (X ® X)CNOT;CNOT; ;CNOTy,; } .

Note that in Eq.(B16|) we are representing the group elements as operations acting on a 2—qubit Hilbert space, and
move to the PTM description later on. It is clear that, up to a phase, the elements in S; always transform any
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2—qubit Pauli operator back to itself. The action of the CNOT gates over the Pauliset {Z®1,1® Z,Z ® Z} simply
interchanges the Pauli operators within the set:

CNOTo1 {Z®1,1® Z,Z® Z} CNOTo, ={Z® Z,1® Z,1® Z} ,

CNOT10{Z®1,1®Z,Z® Z} CNOT1,={Z2®2Z2,Z21,11 Z} . (B22)
Since the elements within the set of gates from S; to Sy are a composition of the gates in &; and the CNOT gates,
the action of all group elements over {Z® 1,1® Z, Z® Z} simply produces the same set, with re-ordering of the three
Pauli operators. Thus, once in the PTM formalism, the vectors {|73)), |76)), |715))} form an invariant subspace. All
the group elements will map the Pauli identity to itself. This enables the trivial irrep to be recovered again in relation
to the one-dimensional vector space spanned by {|70))}. We can proceed similarly to Eq.(B22) to obtain the action
of the group elements over the remaining 2—qubit Pauli operators. This allows us to conclude that the subspace
spanned by {|7)) }i—{1,2,...,14)\{3,6} 1S also an invariant subspace. The three subspaces are disjoint and together span
the full PTM vector space. Hence, the CNOT-Dihedral group G(1) has three distinct irreducible representations,
with dimensions 1 (trivial), 3 and 12. Identifying the irreps is important for benchmarking the fidelity of the gate-set.
The standard RB figure of merit, F(A,Z), can be decomposed in terms of the projectors onto the two non-trivial
irreducible subspaces of G(1):

1 1
= s (R TR s
ji+d(d1_|_]_)<|P1| A(Pl,/\) + |P2| A(IP%A)) 9

with

Pr= ) |{nl, P2= > [T} (il - (B24)

i={3,6,15} i={1,2,...,14}\{3,6}

The gate-set fidelity in Eq.(B23) shows that gauging its value relies in acquiring an estimate for both A\(PPy, A) and
A(Py,A). The fitting model for each of these quantities follows essentially the same steps as those discussed in
Section (B 1al Indeed, Egs.(B10| - to carry through, with the exception that the projectors are now either PP or
P, as deﬁned in Eq. - The ch01ce between the two depends on whether we are constructing the fitting model for
A(P1, A) or A(P2, A). We note, however, that the convenient choice of input state and POVM elements is no longer the
z—computational basis, as for the Clifford group. We can understand this as a consequence of the irrep decomposition
of the CNOT-Dihedral group G(1). The states spanning the z—computational basis either belong to the trivial irrep
or the 1st non-trivial irrep, with projector P;. Therefore, this choice of measurement basis fails as good probe to the
second non-trivial subspace. This highlights that a good choice of POVMs and input state is one that has overlap with
all invariant subspaces of the group. For this reason, all simulations employing the CNOT-Dihedral group G(1) were
run with the input and POVM elements set to a mixed basis, where the first qubit is measured in the z—computational
basis and the second qubit in the x—computational basis, i.e.:

100) = 5 (I7o)) + 1)) +176)) + Iras))) = |Bos))
1B = 5 (1) = ) + b)) = Ims)))
114 = 5 (Iroh) + b)) = o)) — I}
1B) = 3 (Iro)) — Ir)) — 7o)} + Ims)))

(B25)

2. Interleaved RB

The goal of interleaved RB is to extract information on the average error rate of individual gates [14]. This is
achieved through constructing interleaved sequences, where the desired benchmarking gate is intertwined between
randomly selected gates. We adopt the same noise modeling convention as in interleaved RB, whereby the noisy
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random gates and the noisy target random gate, U, are modeled respectively as [14]:
R(3) = R(MR(g) » R(U) = RU)R(Avr) - (B26)

Given this noise model and interleaved sequences, the probability distribution, p(z,g), introduced in Eq.(B2) is
modified to:

p(z,8) = (B[ R(A)R(g m)R(U)R(AU)R(A)R(gm—I)R(U)R(AU)R(A)'“R(QI)|p~>>

(B27)
((ExIR(A H R(MR(g;)15))
where we defined:
R(A) := R(U)R(Ay)R(A) . (B28)
The sequence function model is then given by the expectation value:
geGXm Z fa(z,g) p(z, g)
x€{0,1}"
m— m— (B29)
= cfA germ Z (Ez|Ri(gm) 1:[ i(95)|P))( E IR(A U R(9;)1p)) »
ze{0,1}" = Jj=1
which has a very similar structure to Eq.(B3)). This allows us to directly write:
~ ~ m—1
katm)=c?) > T [fz(p, p o Br) (Pusie (A @ R(A)Prsiy ) ] . (B30)

To further simplify the fitting model, we need to specify both the choice of gate-set and the probe operator. In
accordance with the main text, we examine the fitting model produced by the multi-qubit Clifford group, and the
CNOT-dihedral group G(1).

a. Multi-qubit Clifford group

The similarity between Eq.(B30) and Eq. allows us to immediately write the sequence function for this gate-set
as:

ka(m) = ¢ <|P1| Te (P, A7 m(A))) Y 57 (B, . By BB (B31)
z€{0,1}2

Suppose then that U is one of the Clifford gates in the gate-set. Then choosing the probe operator to be A = R(U*),
renders the interleaved RB decaying factor as:

MU*, ApA) = ﬁTr(mRT(U)PlR(A))
= & Tr(PyRY(U)B/R(U) R(Av)R(A)) (B32)
= T PRARA)

From Eq., the decaying factor A\(U*, Ay o A) can be directly related to average fidelity F‘(AUA,I).~ As stated in the
main text, having both knowledge on F(A,Z) and F(AyA,Z) is sufficient to bound the value of F(U,U). This result
arises from the fact that (see Ref. [33] for proof) for any two quantum channels, A and B, the following inequality
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holds true:

AB A B A B A B A B
X = xSx$) = (1= x5 (1 = xi)| < 2\/Xéo)xéo)(1 xS =X, (B33)

A — M#, and likewise for X(()g) and Xé’és). By identifying A = Ay, B = A, and thus AB = AyA,

where o
the inequality can be inverted to obtain an estimate for F(Ay,Z) = F(U,U). Note that this approach does not
require any assumptions on the specific type of noise affecting the gates, i.e. whether it is a depolarizing channel, a

unitary channel, or any other type.

b. CNOT-Dihedral group G(1)

Interleaved RB choosing the CNOT-Dihedral group G(1) as gate-set follows similarly to the multi-qubit Clifford

group, with the exception that there will be two decaying factors contributing to the average fidelity F(AyA,Z) (see
Eq.). This follows directly from the decomposition of the group in two non-trivial irreps. Nevertheless, the
choice of probe operator remains the same, i.e. A = R(U*), so long as U is a gate shared in common by the two
gate-sets. Note that the CNOT-Dihedral group G(1) is a subgroup of the two-qubit Clifford group. In the main text,
the chosen target gate was a CNOT, which is contained in both groups.
In order to extract each decaying factor separately, two sets of sequence correlation functions, {fa(x;,g;)}:, need to
be constructed. The first set is evaluated using only the first non-trivial matrix irrep of the gates, R1(g). Instead, the
second set is computed using the second non-trivial matrix irrep of the gates, R2(g). Note that extracting the matrix
irreps can be directly attained from knowledge on the corresponding invariant subspace projector: R;(g) = P;R(g)P;.
The last remaining difference with respect to the multi-qubit Clifford group as gate-set is the choice of POVM’s and
input state, which are now given by Eq.. The desired fidelity F (U ,U) can then be bounded with Eq., from
knowledge on the estimates of both F(AyA,Z) (protocol with interleaved sequences) and F(A,Z) (protocol with fully
random sequences).

3. Simultaneous RB
a. The local Clifford group C?

The local Clifford group on two-qubits, (Clxg, is another example of a multiplicity-free group. It is formed by taking
the direct product of two single-qubit Clifford groups. In the theory of finite representation groups, we can construct
the matrix representations of the direct product of two groups by taking the Kronecker product of their irreps [44].
As discussed in Section the Clifford group has two distinct irreps. Let us then denote Rg(g) and R1(g) as
the trivial and non-trivial irreps of single-qubit Clifford group, respectively. The representations Rg(g) ® Ro(g),
Ro(g) ® R1(g), Ri1(g) ® Ro(g) and R1(g) ® R1(g) are the resulting direct product representations. We can see that
these form irreps of C;“ by again looking at how these representations transform the normalized Pauli vectors. Note
that these are tensor product matrix representations acting on tensor product vectors. As such, each representation
acts separately on each single-qubit Pauli, i.e. (Ri(g) ® Ri(9))|o: ® 0;)) = (Ri(9)|o))) @ (Ri(g)|o;))). Hence, the
four representations are irreps with corresponding irreducible subspaces as given in Tab. [[V] In simultaneous RB, the

Irreducible Representation Invariant Subspace Projector
Trivial irrep Vo = Span{|7'o>>} Py = |70)) {{70|
1st non-trivial irrep V4 = Span{|m4)), |75)), |76)) } P1 = Yicqaser [T (7l
2nd non-trivial irrep Vo = Span{|7'1>>, |T2)), |7'3>>} Py =3 12,3} |70 ({74
3rd non-trivial irrep V3 = Span{\77>>, ey |7'15>>} P3 = 2137 |7:)) ({7:]

TABLE IV. List of irreps of the (ClX2 group. The table also includes the corresponding irreducible subspaces and the projectors
to those subspaces. Note that we are adhering to the vector labeling convention introduced in Eq.(AS).

sequence fidelity is a mixture of three decaying parameters, each originating from a depolarizing channel in one of
the non-trivial irreducible subspaces [I§]. The gate-set shadow protocol allows us to extract each of these parameters
separately. To derive the fitting model for each decaying factor, the sequence correlation function f4(x,g) is evaluated
fixing the irrep to one of the non-trivial irreps in Tab. The corresponding fitting model is given by Eq., with
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the trivial projector, Py, now related to the invariant subspace of the chosen irrep, i.e. Piyiy = ﬁml))((PJ Thus,
this leads to a decaying model similar to Eq.(B11)). By fixing the probe operator A as the projector onto the invariant
subspace of the chosen irrep, we arrive at one of the fitting models in Tab. [} Proceeding in this way for all non-trivial
irreps, we can generate each of the fitting models in Tab. [l Each model is of the form:

ka(m) =c¢; (W) . (B34)

The constant ¢; is a SPAM dependent parameter. From Eq.(B11]), we can immediately conclude that ¢; is given by:

0 1 - -
=l Y (Bl p B B (B35)
z€{0,1}2

with Q(p, p, E,, E,) defined as in section [B| The set of normalization constants {CS&)} is determined by the limit of

no SPAM and gate errors. A priori, each irrep can give rise to a different normalization constant. In this case, and
using the input state and POVM elements defined in Eq.(B14]), we have:

0 1 ~ -
A=Pr: ka(l)=c) > W«anp,p,@,@)\m»
wefo,132 1

(0)

C

fi
ok SIRCAVIEEED SR SRR (A (B36)

ie{4,5,6} z€{0,1}2 je{4,5,6}

65“0) (0)
_ Py 0) _
=1 — cfp1 =12.

0 1 ~ -
A= Pg : k‘A(1> = C;F;)), Z W<<P3|Q(P»P,EmEm)|P3>>
z€{0,1}2 3
C;O) 15 15
= 53 S Umle)® D0 > (Ealr)? (B37)
i=7 2€{0,1}2 j=7
(0)
Cfe (0)
= 363 e Cler =36.

Following similar arguments, c(fgl =12.

b. The group C1 x T

The group C; x Z is a non-multiplicity-free group, and is a subgroup of the local Clifford group C; 2. The non-
multiplicity arises because there are four copies for each of the two distinct irreps of the C; x Z group. To motivate
this statement, let us consider only the subset of operations of the form R(g)® 1 € (C1X2, and ask how these transform
the normalized Pauli vectors in each invariant subspace of the local Clifford group (see Tab. for definition of the
subspaces). We start with the trivial subspace, spanned by the vector |og ® 0¢)), and note that it is again mapped to
itself by the action of all R(g) ® 1 operations. The second non-trivial invariant subspace, however, is partitioned into
three vector spaces. This can be understood by noting that the vectors |09 ® 05)), |00 ® 0y)) and |og ® o)) are all
mapped to themselves by the operations R(g)® 1. Therefore, the group C; xZ gives rise to four invariant vector spaces
for the trivial irrep. Proceeding in the same fashion for the remaining irreps of the local Clifford group, it is possible
to conclude that the vector subspace of the first non-trivial irrep prevails as an invariant subspace for the action of the
operations R(g) ® 1. The same is no longer true for the third invariant subspace. Here, the action of the operations
R(g) ® 1 partitions the subspace into three smaller invariant subspaces: {[0; ® 02))}ie{w,y,2}> 1100 ® 0y)) tica,y.2)
and {|o; ® 0.)) }iefa,y,z}- These vector spaces, along with subspace of the first non-trivial irrep, all correspond to the
same non-trivial irrep: they all describe how the action of the group permutes (up to a phase) the basis vectors for
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the first qubit state. Thus, in C; x Z the non-trivial irrep occurs with multiplicity four. Note that another approach
to ascertaining the multlphmty of the irreps is to directly evaluate Eq.(A15)) numerically.

For the task of estimating the fidelity in Eq. @ the convenient choice of probe operator is to set A = Py, with the
projector Py defined as in Tab. [[V] This requires us to build sequence correlation functions, where the gate operations
are represented by the non-trivial irrep. Given the freedom of basis choice, we take the non-trivial irrep to be expressed
in the same basis as the probe operator. This corresponds to fixing the irrep to one specific copy in f4(z,g). To obtain
the corresponding fitting model, we need to evaluate the average sequence function k4(m). All steps in Section
are generic, and thus, carry through. The choice of gate-set, however, dictates the basis decomposition of the trivial
projector, Py, which now contains mixing of the different irrep copies. To simplify notation, let us re-label the basis
vectors in Eq.(A8) as follows:

Non-trivial irrep, copy 1:

1 1 1
|02 ® 00)) = i) s oy @ ao)) = 1)), lo. @ oo)) = ™))
Non-trivial irrep, copy 2:

2 2 9
|Uw ®0'w>> = |Tl( )>> ) |0'y ®0’w>> | ( )>> , |Uz ®0':p>> = |T?E )>> 7
Non-trivial irrep, copy 3:
e ®ay)) = |17)) , loy @ 0y) = 157)) s oz @) = I757)

Non-trivial irrep, copy 4:

joe @) = 1Y), loy @ 02)) = 1Y), |ow ©0.)) = 1Y) .

(B38)

In Eq.(B38)), the basis vectors spanning the trivial irrep are not included. This is justified, since the trivial projector
will not have any contribution from this irrep. For this reason, we neglect the trivial irrep and its copies for the
remaining of this section.

The vector basis of Py in Eq. is now given by {\Tl(1)>> ® |Tl(j)>>}. Recall from Eq. lb that the trivial projector
was defined by averaging over representations of the form R;(g) ® R;(g), where R;(g) is the ith non-trivial irrep.

Since the group is now non-multiplicity-free, we define RY) (g) as the non-trivial irrep matrix in the ith copy subspace.
Furthermore, because we fix the subspace in which the sequence correlation functions are evaluated, we need to search
for a set of independent vectors that are invariant under the matrix operations of the form Rgl)(g) ® Rgz) (g9). These
vectors will provide a basis for the trivial projector Py, namely:

[Py
» 1,
ter: |IP1 thnv Utmv |IP1 Z |]P) b9 ><<IP)( j)i
k=1 (B39)
Py | [P [Py

with vm— ’j) vec (|, = ® PR
t \/WZ| \/UPTZ |l l mZil |l >>
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Hence, the fitting model in Eq. simplifies to:

balm) = ) 3 T\ BB (G X X (@A AN BN

2€{0,1)2 kK LU nn/

m—1
0 0 1 k / 171‘3 ,k’
= C(fA) E Tr {Q(p,p,EgE, E,) (|IP’12 E E ) (AP Sll,k )AT>> |]P,l( )>><<PS/ )l) ]

6{0,1}2 k,k" LU n, n’
o) - RN S
0) ] , ,
|]P)1| Z H[Q(papa E:mECE) <>‘1JZ/]P)I >><<Pl/ |> :|
$€{071}2 1,1

(0)

C ~

3T T e s o 4B X B @]
2€{0,1}> Ly
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11% Z ATE S TUE, @ A (B[P (P @ 5))

z€{0,1}2 Ly
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|n»f| D Y Un I (BN I (B RO)IAD))
2€{0,1}2 L

(B40)

where we have used the choice of probe operator A = Py and applied the vectorization identity in Eq.(B12). Note
that Ay g is defined as:

Mo = IIP’ K: Z P R(AEL AT))

— W IZ Tr (P R(A)PE) AT)

/ (B41)
B ﬁ Z<<Tl('1)|R(A)|T,(L1)))<<7-T(Lk AT |7y
n

3
1 1 1
= i 2RI b b
=1
In the main text, we have defined A1 = A1 1. The POVM elements and input state, defined in Eq.(10)), are given by:

1)) = loo ® ao)) + |5
|Eo)) = 2|p)) , (B42)

1B1)) = |oo ® o0)) — [757))

and can be used to simplify the sequence function, k4(m), further. Applying the definitions in Eq.(B42)) to Eq.(B40)
leads to the sequence function:

(0)
kA<m>:2|§;l| > NS stia (-1 (D I (E R )
ze{0,1}2 LI (B43)
(0)
_ S ym—1 (D)5 55 1)
= g {1 (B — B)IRM)Im™))

Thus, SPAM errors can affect the fitting procedure, by reducing the amplitude of the multiplicative pre-factor. The
fitting model, however, remains a single decay model even in the presence of SPAM. In the absence of SPAM errors,
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the model reduces to:

(0)

C
ka(m) = g AT (n3 IR (B44)

which, in the limit of perfect gate operations, allows to determine the normalization constant as c;(i) = 2|Pq|.

4. Leakage RB

The aim of leakage RB is two-fold: to characterize the leakage and seepage rates and to estimate the average gate
fidelity restricted to the computational subspace. In this work, we focused only on the first goal. Recall that the
leakage and seepage rates are defined as [27]:

1
L= —{(L]AlL)) ,
1
1 (B45)
S= d*<<11|A|12>> :
2
In this case, dy = dy = 2. Since we want to estimate both L and S, this anticipates that a useful choice of

probe operator is to take a linear combination of the computational and leakage subspace projectors, |11))({(1;]| and
|12))((12], respectively. The gate-set group here is given by the generators in Eq.(16) [27], and contains 16 distinct
elements, given by:

G={leol,le(-1),X®Z,X®(-2),Z®H,Z& (—H),
XX, X0 (-X),19:Y,1® (—iY),iY ® HZ, (B46)
iY & (—HZ),iY ®HX,iY & (-HX),Z ®iHY,Z ® (—iHY)} .

This group is a non-multiplicity-free group. Additionally, while the group elements induce separate transformations
on the computational and leakage subspace, G cannot be written as a direct sum group [27]. This means that the
irrep decomposition of the group does not align with the partition of the vector space into a computational and
leakage subspaces: the irreps’ invariant subspaces can mix both the computational and leakage subspace. Indeed, this
statement is already true for the trivial irrep. This irrep has two copies, each spanned by a one-dimensional vector
space containing either the basis vector |og ® gg)) or |0, ®gg)). Note that we can equivalently write og ® o9 = 09 D o
and 0, ® g = 09 @ (—0y), from which follows that the group elements leave the states |op ® 0¢)) and |0, ® o9))
unchanged. Another crucial observation is that the states |1;)) and |13)) admit a full decomposition in terms of the
PTM states spanning the trivial irrep:

111)) = |oo ® 00)) + |03 ® 00)) , |12)) = |00 ® 00)) — |03 @ 00)) (B47)

This guides our choice of sequence correlation function to be one in which the irreducible representation is fixed to
the trivial irrep. However, unlike in Section we now take the trivial irrep as given by the block diagonal portion
containing the two copies of the trivial irrep. Alternatively, we can view this sequence correlation function as the sum
of two elementary sequence correlation functions, where for each the trivial irrep is fixed to one of the irrep’s copy.
We define as in the main text the projectors:
1 11
PV = B{"Y = oo ® 00)) ({00 ® 00 ,
1,2
Py = oo ® 00)){(0: ® o0 ,
2,1
Py = 0w ® 00)){(o0 ® o0 ,
2 2,2
Py =By = |02 @ 00)) ((0x @ 00 ,

(B48)
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and consider two choices for the probe operator: A = IPgl) + IPE)Q) =Py or A= IP’(()Q). The first choice leads to the
sequence correlation function:

m—1
foo(@.8) = ) ((Eu|Ri(gm) HM (97)10)) = ) (B[P ) + ) (B[P |p)) B19)

- cfA 5Em—]11 )

where we have used the ideal set of POVM elements and input state, defined as:

[E2)) = {|Eo)), [E)} = {[11)), [12))} , o)) = %|111>> : (B50)

Note that since we are taking the trivial irrep as the block diagonal portion containing both copies of the trivial irrep,
its matrix representation is equivalent to the matrix representation of the projector Py. The combined action of the
sequence of gates and interleaved probe is then reduced to the action of the single projector in Eq.(B49| - The second
choice of probe operator is equivalent to only retaining one of the terms in Eq.(B49 -

(0) (2) Cgfo)
fpém (r,8) = Cia (Ex |]P lp)) = 2A (5Ex:]11 - 5E1:]12) . (B51)

The simplified sequence correlation function in Eq.(B49) leads to the sequence function:

key(m) =) E E0|HR R(g;)|3) =

GXm
m—1
=6}Tge]§3;m<<A* E)iD(anm) T (') R0D()) 1)
=i (gn@ Dgm) <gecDT D(g))m71|ﬁ>> (B52)

1

(" (Bo)ipo( E DT (g)R(4)D()) " 17)

m—1

- c}?}<<A*<Eo>|IPo (7 E D' oyR)D(9)" 1)

A (Eo)l [ + ({2 @ a0l R(A) oo @ o)) B + ({02 @ ool R(A) - @ o)) BE2 ] 15))
where we have re-written the gate sequence in terms of the new random gates, defined recursively as:

D(g1) =R(g1) ,
D(gi+1) = R(gi+1)D(g:) ,
and used the group averages in Eq.(A16) and Eq. - to obtain the trivial prOJector Py and the average group

twirling channel, respectively. Note that the re-parametrization of the gates in Eq.(B53) is akin to the procedure
followed in standard RB [12]. Focusing on the operator product in Eq.(B52] -

(B53)

m—1
[PS") + (0 @ 00| R(A) oo @ 0o))PE + (0 @ 00| R(A)|o= @ o)) BED |7 =

m—2

m—1 n

=P+ (Roo(A)" " B +R6,0<A>( 3 (Res(A) )Pff’” = (B54)
n=0

1 - Rg,les_l(/\)>]1}(2,1)

m—1
=P + (Res(A)™ " BEH?) +R6,O(A)< e B

where we employed the vector basis labeling defined in Eq.(A8]) and, thus, changed to a more compact notation, with
Re,6(A) = ((16|R(A)|76)) and Reo(A) = ((16|R(A)|70)). Note that in Eq.(B54)), the term multiplying Re,0(A) is a
geometric series, with constant ration |r| < 1, whenever gate errors are present. In the limit of no gate errors, the
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geometric series converges to m — 1, and Eq.(B54)) simplifies to the projector Py. This limit is instructive to fix the
value of the normalization constant c((i): inserting Py in Eq. 1| renders c((i) = 1. In the presence of noisy gates, the
operator product is given by Eq.(B54]), which can then be replaced in Eq.(B52) to produce:

kp,(m) = by + apA™ "t , with:

bo = ({01} (BRI + 1o s (Bl R W) )
! (B55)
a0 = (BIRW)e)) (19} - T Eom s (ol )

A=TRee(A) .

To clarify the relationship between the constants a¢ and by and the leakage and seepage rates, we need information
on SPAM noise. This underscores the primary challenge in estimating these parameters: in the case of leakage RB,
they appear as multiplicative constants rather than as the exponent that sets the decay rate of the sequence function.
Consequently, their estimates are necessarily affected by the presence of SPAM noise. Assuming that no SPAM noise

is present, Eq.(B55|) reduces to:

S L
= I L B56
Feo (m) S+ L A L+S’ (B56)

where we have used the following additional equalities between the noise matrix elements and the leakage and seepage
rates:

- L=t r@m))

2
1—L—S=Ree(A) =\, (B57)
S—L=TReo(A).
For the second choice of probe operator, A = IP82), Eq. li allows the sequence function to be expressed as:
by (m) = ke, (m) = TE (B3| T ROOR(9)17) - (B58)
0 gEme ]:1

The second term in this equation has essentially the same form as Eq. 1’ with the replacement Ey — E;. Following
then a similar procedure, in the limit of no SPAM errors, we obtain:
(S-1L) 2L

kpf)2)(m): S+L +L+S)\ . (B59)

Since S — L = Re,0(A), for all unital gate noise channels, Eq.(B59) simplifies to a simpler fitting model.

Appendix C: Confidence Intervals

In general terms, bootstrap methods entail resampling from the original data, with replacement, to generate replicate
datasets. For each replicate dataset, we can construct an estimate of the target parameter, in this case . In
the context of our problem, a full bootstrap loop consists of the following iterative steps. First, creating replicate
datasets by resampling, with replacement, from the set of sequence correlation functions {f(z;,g:)}X ,, with fixed
sequence length m. This step is performed for all values of m probed during the simulated experiment. The attained
replicate correlation function datasets are then use to obtain the average sequence function I%A(m), which, following
the usual procedure, is fitted to a decay model to generate an estimate for X\i. This entire process is repeated B
times, culminating in the creation of B bootstrap estimates for ;. We fixed the number of bootstrap samples to
be B = 10000, since it is typically recommended to use a higher value of resampling for the estimation confidence
intervals [36]. We obtain estimates for the confidence intervals using two non-parametric bootstrap methods: the
percentile method and the BCa (bias-corrected and accelerated) method [35], B6]. Additionally, we also employed
the bootstrap procedure to estimate the sample variance. The sample variance was then used and to construct the
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FIG. 10.  Coverage probability for different confidence intervals and different sample sizes. The results are obtained by

simulating the gate-set shadow protocol 100 times, and recomputing the confidence intervals, using each of the listed methods:
the BCa method, the percentile method, taking the normal distribution assumption, and a two-standard deviation interval,
where the standard deviation is retrieved from the covariance matrix of the fitting algorithm. In this case, the protocol uses
the CNOT-dehedral group, G = G(1), as gate-set and gate errors are simulated with a Pauli noise channel. Recall that this
group has two decay factors \;. The present case shows the coverage probability for A;.

Pauli Noise, G(1), Irrep2 (Mean) Pauli Noise, G(1), Irrep2 (MoM)

.1.00 1.001

o)

2095/ 2 ¢ 0.95

%0.90 0.90

§ 0.85 0.85

$0.80 0.80
BCA Percentile Normal Baseline BCA Percentile Normal Baseline

< K=15 90% cov. < K=50 < K=100 < K=500 ~ K=1000
FIG. 11.  Coverage probability for different confidence intervals and different sample sizes. The results are obtained by

simulating the gate-set shadow protocol 100 times, and recomputing the confidence intervals, using each of the listed methods:
the BCa method, the percentile method, taking the normal distribution assumption, and a two-standard deviation interval,
where the standard deviation is retrieved from the covariance matrix of the fitting algorithm. In this case, the protocol uses
the CNOT-dehedral group, G = G(1), as gate-set and gate errors are simulated with a Pauli noise channel. Recall that this
group has two decay factors \;. The present case shows the coverage probability for As.

confidence interval resulting from assuming the normal distribution. Lastly, we also obtained the confidence interval
resulting from bounding the target estimate by a two-standard deviation interval, where the standard deviation is
retrieved from the covariance matrix of the fitting algorithm. In this section, we offer additional examples of the
coverage probability as a function the sample size for the Clifford group, Cs, or the CNOT-Dihedral group, G = G(1).
In Figs.—, we show the coverage probability generated by each confidence interval, across different values of
K. The confidence intervals in Figs. 1j correspond to different methods of obtaining a confidence region from a
finite date-set. Across all Figs.—, if the sample size is big enough, then all approximate confidence interval are
conservative, i.e. the actual coverage probability is above the nominal value (here set as 90% coverage probability).
If we focus on the empirical mean and the Clifford group as gate-set, in general we would require a very large value
of K to attain a confidence interval with at least 90% coverage probability, based on the standard distribution.
This situation generally improves, if we consider the smaller gate-set provided by the CNOT-dihedral group. For
all Figs.—, the MoM estimator provides more conservative confidence intervals, even for smaller sample sizes.
The BCa method gives consistently more conservative confidence intervals, across all sample sizes, and for the error
channels explored in this work.

Appendix D: Numerical simulation details

In this work, all numerical simulations pertaining the experimental stage of the gate-set shadow protocol were
obtained using the PennyLane Python package [49].
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Unitary Noise, Clifford (Mean) Unitary Noise, Clifford (MoM)

.1.00 1.00
S
£0.95 0.95

%0.90 0.90

§ 0.85 0.85
3 0.80 0.80

BCA Percentile Normal Baseline BCA Percentile Normal Baseline
« K=15 90% cov. < K=50 < K=100 < K=500 < K=1000
FIG. 12.  Coverage probability for different confidence intervals and different sample sizes. The results are obtained by

simulating the gate-set shadow protocol 100 times, and recomputing the confidence intervals, using each of the listed methods:
the BCa method, the percentile method, taking the normal distribution assumption, and a two-standard deviation interval,
where the standard deviation is retrieved from the covariance matrix of the fitting algorithm. In this case, the protocol uses
the two-qubit Clifford group as gate-set and gate errors are simulated with a unitary channel, namely the two-qubit zz gate
R..(0), with 6 = 0.1.

Unitary Noise, G(1), Irrepl (Mean) Unitary Noise, G(1), Irrepl (MoM)
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-« K=15 90% cov. -« K=50 - K=100 -« K=500 - K=1000

FIG. 13. Coverage probability for different confidence intervals and different sample sizes. The results are obtained by simulating
the gate-set shadow protocol 100 times, and recomputing the confidence intervals, using each of the listed methods: the BCa
method, the percentile method, taking the normal distribution assumption, and a two-standard deviation interval, where the
standard deviation is retrieved from the covariance matrix of the fitting algorithm. In this case, the protocol uses the CNOT-
dehedral group, G = G(1), as gate-set and gate errors are simulated with a unitary channel, namely the two-qubit zz gate
R..(0), with # = 0.1. Recall that this group has two decay factors A;. The present case shows the coverage probability for A;.

1. Gate error model for Section [[TLA]

To obtain the numerical results in Fig., we modeled gate errors as follows:

1. Gate operations obtained from only applying single-qubit gates to the two-qubit system are perturbed by a
Pauli noise channel [50] (see Fig.(15), panel 1):

15
Apaui(p) = Y _pj PjpP; ,with P; € {1, X,Y, Z}®* . (D1)
j=0

The set of amplitudes p; form a probability distribution over the Pauli operators.

2. Gate operations that are produced by a composition of single-qubit gates with a single CNOT gate are perturbed
by a composition of unitary errors, modeled by the zz—gate R..(0) (see Fig.(15]), panel 2), with Pauli noise:

e~/2 0 0
0 €92 o 0
0 0 €92 ¢
0 0 0 e W0/2

Al == Rzz (0) o APauli aWIth Rzz (0) = (D2)

3. Gates that require two CNOT gates to implement are perturbed by applying the previous error rate twice and,
likewise, gates that require three CNOT gates are perturbed by three consecutive applications of A;.



30
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FIG. 14.  Coverage probability for different confidence intervals and different sample sizes. The results are obtained by
simulating the gate-set shadow protocol 100 times, and recomputing the confidence intervals, using each of the listed methods:
the BCa method, the percentile method, taking the normal distribution assumption, and a two-standard deviation interval,
where the standard deviation is retrieved from the covariance matrix of the fitting algorithm. In this case, the protocol uses
the CNOT-dehedral group, G = G(1), as gate-set and gate errors are simulated with a unitary channel, namely the two-qubit
7z gate R..(0), with 6 = 0.1. Recall that this group has two decay factors A;. The present case shows the coverage probability
for Ao.

We note that the G(1) CNOT-dihedral group allows all of its elements to be built from gates requiring at most three
CNOT gates. For the two-qubit Clifford group, we apply the same type of errors described above, following the
decomposition of the group used in Ref. [51].

8 8B ma |
Apauli Apauli Rzz(al)'
g B

Clifford gate Clifford gate

FIG. 15. Pictorial circuit-based representation of the gate errors used in simulating results in Section [[TTA]

2. Gate error model for Section [V Al

To obtain the numerical results in Fig., we modeled operational crosstalk by letting the gate operations on
qubit-1 induce an amplitude damping channel on qubit-2. Additionally, we modeled the noisy gate operations on
qubit-1 by taking each operation to be distorted by a single qubit rotation R.(6;). The angle 6; was fixed to 6; = 0.2
for all gate operations. The error channel on the two-qubit system is then the result of applying two independent
error channels to each qubit: a single-qubit z—rotation (R.(f;)) to qubit-1 and an amplitude damping channel on
qubit-2 (Aap(y2)). Each of these elementary channels are defined in the Kraus decomposition [7] as:

e—101/2
Rz(ol)(P) = Uz(el) P U,;r(el) ) Uz(gl) = ( g ez'901/2) )
) (D3)
Aap()(p) = KjKj,Kzl 0 K= (g V)
ap(12)(p) jZ::O P 0 (0M> <() O>

A pictorial circuit-based representation of the resulting noisy sequence gates is shown in Fig.(16)). The amplitude
damping parameter v, was fixed at 75 = 0.02. These settings produce the decaying curve in Fig.(5|) for the gate-set
Cy X Z. The lower panel in the figure corresponds to evaluating the performance of the protocol across a range values
for 61, while keeping v, unchanged.

The curve in Fig. corresponding to the gate-set ClX2 was generated by modeling the error gates in a similar fashion.
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FIG. 16. Pictorial circuit-based representation of a set of two noisy gate operations from C; x Z applied to a two-qubit system.
The gate errors are modeled according to Eq.(D3)). The ideal gate operations are represented by the gates g1 and go.

Since operations are now simultaneously applied to both qubits, we consider that operations on qubit-2 also induce
a amplitude damping channel on qubit-1 (Asp(v1)), while at the same time causing distorted gate operations on
qubit-2 by the single-qubit rotation R, (f2). Here, we set 1 = 0 = 0.2 and 1 = 2 = 0.02.

For both curves in the upper panel of Fig., each sequence length results from an average of 1000 random gate
sequences (K=1000).

Appendix E: Unital marginals reconstruction

Unital marginal channel reconstruction relies on the decomposition of the channel as a linear combination of elements
of the local Clifford group, according to the formula [21]:

| 2

P;
|C

m:| ijﬂﬂmmm,

CeC; (El)

Tr(P,CTR A
mmAwtmdm”)

To ensure clarity of the presentation, let us expand on the adopted notation in Eq.. We use C; to denote the
set of local Clifford gates acting non-trivially on the ith subspace. For example, for a two-qubit system, the set of
operations {C; ® 1}, with C; a single-qubit Clifford operation, maps the full subspace spanned by the basis vectors
{|loi®00))} onto itself. Applying this logic, and using the same labeling as in Tab. we can identify C; = {C; ®1};,
C; = {1 ®C;}; and C3 = {C; ® Cr}(jk)20- The dimension of each subspace is equivalent to |P;| = Tr(P;). For
any gate C in the set C,, its representative Pauli transfer matrix admits a block diagonal form. Hence, P;CP; simply
corresponds to extracting the block that acts on the ith subspace. Finally, |C;| denotes the total number of elements
in the set C;. The decomposition in Eq. is particularly convenient, because the expansion coefficients A\(CT, A)
are precisely the figures of merit estimated in the gate-set shadow protocol. Indeed, each A(CT,A) corresponds to
taking the mean (or median-of-means) of the sequence correlation function f4, with A = CT.

In Ref. [21], there are two proposed crosstalk metrics:

SRy =|As— Ay ®Ag| , 6Ro=|(A1 @A) 'Ag|. (E2)

In the main text, we have focused on §R2, but note that, for the most part, 61 and R4 are related. We note, however,
that §Rq will be ill-defined if A; ® Ay is not an invertible matrix. In Figs.—7 we illustrate the application of
the two metrics to gauge correlations in the system, for different simulated error channels. The pathological case of
the CNOT error [51] highlights the fact that the noise marginals do retain additional relevant information regarding
the structure of the underlying gate noise. This can be understood as follows. Starting from the original gate noise,
the construction of the unital marginals traces out all but information on the couplings between different elements
within the same subspace. If now only information on the trace of the unital marginals is retained, then we operate
at the level of the depolarizing-like noise, which is the effective noise accessed by the simultaneous RB protocol.

For all error models besides the CNOT case, the POVM elements were fixed to be the measurements in the
z-computational basis, i.e. {Ey}, = {]|00)(00],]01)(01],]10)(10|,|11)(11|}. However, if we use the same set of mea-
surements for the case where the average gate error is described by a CNOT channel, the resulting dataset cannot
accurately retrieve structured information on the gate noise for all invariant subspaces. We may use the freedom in
choosing the set of POVM operators and initial state to bypass this issue. Indeed, the numerical results in Fig.
employ a different choice for initial state and POVM elements, namely they make use of the initial state and POVM
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FIG. 17. dR1 for the case of a gate error model given by the tensor product of two single-qubit rotations along the z—axis.
The rotational angles were fixed to be 61 = 02 = 0.1. From left to right: the first two figures are obtained by simulating the
gate-set shadow protocol and reconstructing the unital marginals via Eq.. The third figure corresponds to the actual value
of 6R: (ground truth (GT)), derived using full knowledge on the simulated error model. Consistent with the fact that the
simulated gate noise is uncorrelated, the matrix elements are small in amplitude, indicating that the resulting noise is close to
uncorrelated noise. The data was simulated using 15000 random sequences per sequence length.
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FIG. 18. R4 for the case where the gate error model corresponds to one of the following three two-qubit rotation gates: Rqx(6)
(top panel), Ry, () (middle panel) and R..(#) (bottom panel). For all three cases, the angle § was fixed at § = 0.5. In each
row, from left to right: the first two figures are obtained by simulating the gate-set shadow protocol and reconstructing the
unital marginals via Eq,; the third figure corresponds to the actual value of R1 (ground truth (GT)), derived using full
knowledge on the simulated error model. The data was simulated using 15000 random sequences per sequence length.

elements described in Eq.. The CNOT case, although arguably an unrealistic example, highlights the interplay
between the performance of the gate-set shadow protocol and the choice of input and measurement basis.

In the main text, we also presented the conversion of the unital marginal channels into Pauli channels. Obtaining the
Pauli channel can be done by computing the average of Ar over the set of all 2-qubit Pauli operations, in postpro-
cessing. In the PTM formalism, taking the average of a give quantum operation &£, over all n-qubit Pauli gates, is
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CNOT , Mean CNOT , MoM CNOT , GT
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FIG. 19. dR.1 for the case where the gate error model corresponds to a CNOT operation. From left to right: the first two
figures are obtained by simulating the gate-set shadow protocol and reconstructing the unital marginals via Eq.; the third
figure corresponds to the actual value of R1 (ground truth (GT)), derived using full knowledge on the simulated gate noise.
The data was simulated using 15000 random sequences per sequence length.

given by:

4" -1

1
Ep ZPiSPi, (E3)

= 4777,
=0

The motivation behind this transformation is as follows: since each of the unital marginals already corresponds to a
projection of the gate noise to a particular subspace, we expect the effective Pauli noise produced by Eq. to reflect
the dominant weight and locality features in its Pauli error rates. To retrieve the Pauli error rates, some additional
steps are required. Firstly, we note that these are a probability distribution over the 2-qubit Pauli matrices. Since
we are using the PTM formalism, we need to define a mapping between these two equivalent noise descriptions, i.e.
from 2-qubit Pauli matrices to their vectorized versions. This is achieved through the relation [19]:

4" -1

1
= (—1){FasPe) (&p)
b=0

pa b,b Y (E4)

where (P,, P,) = 0 if the Pauli matrices P, and P, commute, and (P,, P,) = 1 if they anti-commute. Imprecision
in the reconstruction of the unital channel marginals can cause some of the estimated error rates p, to be negative,
particularly if their true value is zero. To reinforce the constraint that the amplitudes p, should correspond to a
probability distribution, we perform a final Euclidean projection onto the probability simplex [62]. After this final
step, the resulting set of amplitudes {p,}, is guarantee to satisfy the constraint > p, = 1, p, > 0, although
inaccuracies in the channel marginal reconstruction may still lead to a final probability distribution that differs from
the ground truth one. A similar imprecision is present for the correlated RB coefficients. In particular, inaccuracies in
the estimates for the A parameters can cause small negative amplitudes for some of the estimated {é} set, particularly
when the corresponding ground truth amplitude is zero. In simulations, we first evaluate £5. Since the amplitudes {£}
should be strictly positive [I9], we have set a threshold value, where if &5 is negative but has a small amplitude, i.e.
|é2| < 0.1, we fix it to be zero, and proceed similarly for the remaining & parameters. This threshold value explains
why not all amplitudes in Tab. [[TI] have a lower error estimate. In Tab. [[TI] the error estimates were computed by
considering how the set {£} changed when the simultaneous RB decay rates increased or decreased, based on their
respective error estimates. The simultaneous RB error estimates were defined from the fit uncertainty: they were
retrieved from the standard deviation of the estimated covariance matrix (namely, we used 20 standard errors).
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