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We investigate a unified Landau—gauge fixing that continuously interpolates between the view-
points of the Serreau-Tissier (ST) copy-averaged formulation and the (Refined) Gribov—Zwanziger
(RGZ) restriction to the first Gribov region. By combining the ST weight with a GZ-type horizon
term and localizing both through the replica trick and the BRST-invariant Aﬁ formulation, we obtain
a single, local, BRST-invariant, power-counting renormalizable action. Algebraic renormalization
shows that all counterterms are reabsorbed by a common set of field and parameter renormaliza-
tions, therefore the unification is algebraic rather than merely additive. The replica sector yields
a radiatively generated gluon screening mass, while the RGZ parameters are fixed by the horizon
and condensate gap equations; we also give infrared matching conditions that link both descriptions
at small momentum. We present a compact BRST-superspace rewriting of the RGZ block and a
simple hybrid superspace that hosts the ST replicas and RGZ side by side; these add no dynamics
and organize the Ward-identity analysis. The resulting gluon propagator interpolates among the
massive Faddeev—Popov—ST and the RGZ decoupling forms. This framework offers a controlled way
to study how infrared Yang—Mills correlators depend on the balance between copy averaging and
horizon suppression, and it suggests practical lattice tests through tunable copy weighting.

I. INTRODUCTION

Quantizing nonabelian Yang-Mills (YM) theories by means of the standard Faddeev—Popov (FP) prescription is
remarkably successful in the ultraviolet (UV) but faces conceptual and practical obstacles in the infrared (IR) [I 2].
In particular, the Landau pole spoils naive perturbation theory and the gauge-fixing condition does not fully eliminate
the gauge freedom because of the existence of Gribov copies, which are distinct field configurations related by gauge
transformations that satisfy the same gauge condition [3,[4]. The Gribov problem is intrinsic to the nontrivial geometry
of gauge orbits and not to a specific gauge choice; see, for instance, the review [3].

Two complementary continuum strategies have emerged to tame Gribov copies and capture YM IR dynamics. The
Gribov—Zwanziger (GZ) framework restricts the functional integral to the first Gribov region 2, where the FP operator
M = —@LDZI’(A) is positive definite. This restriction is implemented through the (nonlocal) horizon functional

H(A") written in terms of the transverse, gauge-field Aﬁ, and can be localized with the Zwanziger auxiliary fields (@, )
and (@, w) [0, [7]. The RGZ extension includes dynamical dimension-two condensates, introducing mass scales (m, M)
and leading to a local, renormalizable action whose gluon and ghost correlators match lattice data from the deep IR
up to several GeV [SHI0]. In the A" formulation, an exact all-order BRST symmetry is retained in linear covariant
gauges (LCG), which guarantees, e.g., a-independence of gauge-invariant observables and nonrenormalization of the
longitudinal sector [IIHI13].

Independently, J. Serreau and M. Tissier and further work collaborators proposed a family of Landau gauges free of
Gribov ambiguities, defined by an explicit weighted average over copies [T4HI6]. In practice, one averages an operator
O over all extrema U; of the Landau functional f[A,U] = [d%ztr (AY)? with a nonuniform weight

det(F[A, U]+ (1)

PIAUL = 1 e a0

e~AFlAU]

where F is the Landau-gauge FP Hessian, and 3, ( are gauge-fixing parameters of mass dimension two. A gauge-
invariant observable is unaffected by the procedure thanks to the normalization by > . P[A,U;]. Using the replica
trick and a superspace nonlinear sigma-model representation, one obtains a local, perturbatively renormalizable field
theory in d = 4 which, for correlators of A and ghosts, reduces to a massive FP theory with a gluon mass term ~
and a ghost mass ~ ¢ [I4]. The replica sector exhibits a phenomenon of radiative symmetry restoration (akin to the
d = 2 NLo model), which selects a phase where a nonzero screening gluon mass survives in the replica limit n — 0
[16]. Crucially, within a range of renormalized parameters, the one-loop renormalization-group (RG) flow shows no
Landau pole in the IR [I4].
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These approaches share the goal of curing Gribov issues and at the same time providing an IR-safe perturbative
description of YM. GZ/RGZ implements a hard restriction to £ by means of the horizon functional (and dynamical
condensates), whereas ST implements a soft lifting of copy degeneracy through a tunable weighted average, realized
locally by means of replica NLo fields. Both are local and renormalizable, and reproduce lattice-inspired decoupling-
type gluon propagators [I7]; see also the spectral and positivity analyses consistent with gluon confinement [18-20].
It is then natural to ask whether a more general gauge-fixing exists that interpolates between them.

Therefore, in this work, we construct a unified gauge-fixing that treats ST and RGZ as limiting cases. At the level
of the copy average, we combine the ST weight with a GZ-type horizon suppression,

- U;] det(FIAU+CL)  —gf[A,U)—*H(A™Vi
ZiS(Z)O[A }We BfIA U=~y H( )

A =
<<O[ ]>>57C”Y Z S(Z) det(F[A,U;]+¢1) e—BFIA U]~y H(AMU:) ’

| det F[A,U]

so that 7 = 0 reproduces ST, while (8 — oc0,{ — 0) yields RGZ. We then derive a local action by mixing the ST
replica/superspace localization with the Zwanziger localization in the A" formulation [7, TTHI4, [16]. The resulting the-
ory is local and power-counting renormalizable, enjoys the exact BRST of the A" sector, and continuously interpolates
the structure of the gluon two-point function between a massive-FP (ST) form and the RGZ decoupling form. In this
sense, our unified construction prepares a controlled framework to study how infrared YM correlators depend on the
balance between (i) copy averaging and radiative restoration in the replica sector (set by 3, () and (ii) horizon suppres-
sion and condensates (set by v, m, M). It connects smoothly with functional approaches (Dyson—Schwinger equations
(DSEs) and the functional renormalization group (FRG)) [21H24] and with massive extensions of Faddeev—Popov
theory [25] [26].

This paper is organized as follows. Section [[]|reviews the ST and RGZ formalisms, emphasizing their gauge-fixing
mechanisms and dynamical mass generation. Section [[T]] constructs the unified local action that interpolates between
them through the replica trick and the BRST-invariant RGZ formulation. Section [[V] presents the algebraic proof
of renormalizability based on Slavnov—Taylor, antighost, and ghost identities, while Section [V] analyzes the coupled
gap equations and their matching on the two sectors. A compact superspace formulation unifying both sectors
is investigated in Section [VI and its complete derivation is collected in Appendix [D} Section [VII| summarizes the
main results and discusses physical implications and possible extensions. Finally, Appendices [AHC| compile technical
material, including field dimensions and ghost numbers, the linearized Slavnov operator and auxiliary Ward identities,
non-renormalization relations, replica one-loop corrections, small-momentum expansions, tree-level Feynman rules, the
Nielsen identity, and dimensional-regularization conventions.

II. BACKGROUND: CONTINUUM APPROACHES TO THE GRIBOV PROBLEM

In this section we summarize the two main continuum approaches that address the Gribov ambiguity in nonabelian
gauge theories. Both share the goal of providing a consistent infrared (IR) formulation of Yang-Mills (YM) theory
in the Landau gauge while preserving gauge invariance of physical observables. The first approach, ST, resolves the
ambiguity by averaging over Gribov copies with a weighted functional measure that can be represented as a local field
theory involving nonlinear sigma-model (NLo) superfields. The second, known as the RGZ framework, restricts the
domain of the functional integral to the first Gribov region through the introduction of the horizon functional and its
localization through auxiliary fields. We review their main ingredients below.

A. The Serreau—Tissier gauge and radiative symmetry restoration

Following Refs. [I4H16], the Landau gauge condition
9, AY =0, (1)
with Ag =UAU 4 éU ouU t, can be equivalently formulated as the stationarity condition of the functional

fIA U] = / dlztr[(A])*], (2)

whose extrema U; correspond to Gribov copies. Instead of selecting one specific extremum, Serreau and Tissier
proposed to perform a weighted average over all copies, defining the expectation value of an operator O as

ol = =T,

3)



where the weight function is chosen as

det(F[A,U] + (1) —BIA]

PIAUI= —aa 71a,0) ’ @

with F[A, U] the Faddeev—Popov (FP) operator in the Landau gauge, F*°[A; z,y] = —0,,[0,0°° +gf*P AS, (z)] 5D (x—
y), and S, ¢ two gauge—fixing parameters of mass dimension two.

Gauge—invariant observables are unaffected by this procedure due to the normalization in Eq. . The functional
average can be reformulated as a local and perturbatively renormalizable field theory by introducing auxiliary ghost
(¢,¢) and Nakanishi-Lautrup (b) fields, together with a group-valued matrix field U(x) integrated with the Haar
measure:

Syt A, ¢, e, b] = / APz [0,(Dc® + gf P AL + C e + b0, A% + (A%)?). (5)

These fields can be unified into a superspace nonlinear sigma-model (NLo) superfield V(z,6,6), enabling a compact
representation of the gauge—fixing action:

Sl V] = / A dd i e |(D,V) (D) + 200093V 05V, (6)

with D,V = 0,V + igVA,,. Employing the replica trick, the authors showed that the corresponding super-NLo
model exhibits a phenomenon of radiative symmetry restoration, similar to what occurs in the two—dimensional
O(N)/O(N — 1) model. In the symmetric phase, a finite screening gluon mass m? ~ f( emerges at tree level,
consistent with lattice observations of a massive gluon propagator in the Landau gauge. This framework thus provides
a gauge—fixing free of Gribov ambiguities, local and renormalizable, and reduces in practice to a massive extension of
the FP action [25] [26].

B. The refined Gribov—Zwanziger framework
An alternative approach, initiated by Gribov and developed by Zwanziger, enforces the restriction of the functional

integral to the first Gribov region (2, defined as the set of gauge fields satisfying the Landau condition d, A}, = 0 and
for which the FP operator M (A) = =, D4"(A) is positive definite [3, 6, [7]. This restriction can be implemented

by adding to the action the nonlocal horizon functional
H(AY = g [ dtadly (oA @) M 4] ) oA ), 7
where AZ is a gauge—invariant, transverse composite field defined through a Stueckelberg field £ as

Al = BT A+ gfﬁaﬂh, h = 96" " 8)

The horizon term can be localized by introducing Zwanziger auxiliary bosonic fields (@, ¢) and Grassmann fields
(@,w), leading to the Gribov—Zwanziger (GZ) action. The refined GZ (RGZ) model further includes dimension—two
condensates (A?), (pp — @w), generating additional mass scales (m, M) that improve agreement with lattice data
[8,@]. In the BRST-invariant A" formulation [I1HI3], the complete RGZ action reads schematically

SRGZ _ SFP o /d4x (@ZCMQb(Ah)@ZC o —ZcMab(Ah)ch) o /d4ngabC(Ah) (4P + 50)
m die Ah) Ah _ M2 d4 5ab ,ab _ —ab ab) (9)
@M Pp — W W)

where 7 is the Gribov parameter determined self-consistently by the horizon condition (H(A")) = d(N? — 1). The
resulting gluon propagator exhibits the so—called decoupling behavior,

D(p*) = .
P = o (m2 + M2)p? + m2M2 + 242NA*
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remaining finite and nonzero at p> — 0, while the ghost propagator is infrared finite. This framework preserves
an exact BRST symmetry and yields correlation functions in quantitative agreement with lattice data over a wide
momentum range. For later convenience, the BRST structure of the Zwanziger doublets (¢, w) and (@, @) can be
recast in a compact (4]|1) superspace form, where the BRST operator s acts as a translation along a single Grassmann
coordinate 6. This reformulation, detailed in Appendix 7?7, makes BRST nilpotency and algebraic renormalizability
manifest, without introducing any new degrees of freedom.

Both the ST and RGZ formalisms thus furnish local, renormalizable and gauge—invariantly meaningful treatments of
the Gribov problem. The former implements a smooth averaging over copies through replica NLo fields and radiative
restoration, while the latter imposes a hard restriction to the first Gribov region by means of the horizon condition
and condensates. Their structural similarity (both leading to a massive yet confining gluon sector) motivates the
unified approach developed in the next section.

III. A UNIFIED GAUGE FIXING: INTERPOLATING BETWEEN ST AND GZ/RGZ

The ST construction fixes the gauge by averaging over all Gribov copies with a nonuniform weight P[A, U] built
from the Landau functional f[A,U] and the FP Hessian F[A, U] [14], 16]. In parallel, the GZ framework restricts
the functional measure to the first Gribov region through the horizon functional H(A"), written in terms of the
transverse, gauge—invariant composite field AZ [6, (7, 111 12]. To unify both, we propose the following mixed averaging
for a gauge—dependent operator O:

, v, Qet(FIA US4+ CL) g pia v, — A* H(AMVo)
D LY 1
B.Cy T Z s(i) det(F[A,U;]+ (1) o8 FIAUI] — ~4 H(AMUi)
| det F[A, Uj]|

(10)

i

Here s(i) = sign det F[A, U], B, ¢ are the ST gauge—fixing parameters of mass dimension two controlling, respectively,
a gluon mass and a ghost mass term in the local formulation, and v is the Gribov mass of GZ. Gauge-invariant
observables are unchanged by . The limits

(y=0) = ST, (8 = 00,( = 0) = GZ, (8,7 # 0) = interpolation

make the interpolation explicit.

As in [T4HI6], the ST weight is localized by introducing a matrix field U(x) and ghost/antighost /Nakanishi-Lautrup
fields (c, ¢, b) or, equivalently, the NLo superfields V in superspace. The denominator is handled through the replica
trick [27]: introduce n superfields {V}}%_, and take n — 0 at the end. Independently, the horizon functional is localized
A la Zwanziger with (,¢) and (w,w) fields and the transversality of A" is implemented with the Stueckelberg field
h = €9 Lagrange multiplier 7 and the pair (7, 7), see [TTHI3].

Choosing one replica to factor out the group volume and denoting by Sst[A4; V] the local ST gauge—fixing sector
with parameters (3, (), the unified local action reads

Sunit = Sym[A] + Sep[4,c,6 8 + > Ssr[4; Vil
k=2

_ /d4(E ((ﬁzc Mab(Ah) 902,6 _ (ch Mab(Ah) ch) _ ’72/d4$ gfabc (Ah)z (QD + (ﬁ)i)bc
m2
+ [ da(r oty e M) ) + T e <0 [da o -aw. )

with Ah = hTA,h + ghlf@uh, Oy Al =0 and M (A") = -9, D% (A"). The last line implements the RGZ refinement
through dimension—two condensates [, [9].
The ST block and the GZ/RGZ block each admit a nilpotent BRST symmetry. In the A" formulation one has the
exact BRST (to all orders)
sA, = —Dyc, sc=%[cc], sc=ib, sAh =0, s(@, 0, 0,w,n,7,7) =0,

and s = 0 [I1, 12]. The ST replica sector enjoys supersymmetries in superspace for ¢ = 0; for ¢ # 0 these are
softly broken but the local theory remains perturbatively renormalizable in d = 4 [I4] [16]. Because the two sectors



couple only through A/A”  the combined action is local and power—counting renormalizable; the proof follows
by merging the Ward identities of [I4) [I6] with the algebraic renormalization in [9) TTHI3].

For v = 0 and M = m = 0 we recover the ST massive FP theory with parameters (3,¢) and n replicas. The
replica sector behaves as a constrained NLo model; for ¢ = 0 closed replica loops vanish (topological sector), while
¢ # 0 allows nontrivial loops and a phenomenon of radiative symmetry restoration in the replica sector [16]. In that
symmetric phase, only the singled replica contributes to the tree-level gluon mass, yielding a finite screening mass
mZ = f3 in the limit n — 0; in the broken phase m? ~ nj — 0.

Taking 8 — oo (which selects absolute minima of f[A,U]) and ¢( — 0 while keeping v # 0 switches off the
replica dynamics and reproduces the RGZ local action with exact BRST and parameters (v, m, M) fixed by their gap
equations [7, @ [IT]. With both sectors active, the tree-level transverse gluon two—point function reads schematically

AP = PP Z(p*;a) + BErep(Cphase) + Mraz(p®y, m, M), (12)

ST replica mass block RGZ pole structure

where Z., = 1 in the replica-—symmetric phase (and 0 in the broken phase, in the limit n — 0) as found in [10],
and Mgz (p?) represents the usual RGZ refinement. Thus, the unified propagator interpolates continuously between
a pure ST massive FP and an RGZ-type decoupling curve. The nonperturbative parameters satisfy coupled gap
equations:

or or ar

_ = h = 2_ _— = _— =
> 0 = (H(A") =4V(N*-1), 5z =0 =0 (13)
as in RGZ [9], and for the replica sector [16]
Br . X Br ) Xe+6 o Xr
2 ? = T(XT) - T(Xr + CT)7 87’ ? = (Xr + Cr) In ,E2 — XrIn ﬁa (14)

with X, > 0 the replica mass scale in the symmetric phase, T(m?) the (dimensionally reduced) tadpole integral, and
bars denote renormalized quantities in the scheme of [I6]. BRST/Nielsen identities of the A" formulation ensure that
physical quantities do not depend on the linear—covariant gauge parameter o and that the longitudinal sector is not
renormalized, to all orders [IT], [12].

Varying (,¢) at fixed (v, m, M) deforms the IR mass scale in . The replica—symmetric domain (radiative
restoration) provides a natural way to generate a Curci—Ferrari-like gluon mass from gauge fixing [14] [16], while RGZ
controls the nonlocal horizon physics and condensates. Implementing a weighted—copy average on the lattice (tunable
B,¢) and comparing the measured gluon/ghost correlators with can test whether data prefer predominantly
ST-like, RGZ-like, or mixed regimes. The unified action reproduces (i) ST for v = 0, including the phase
diagram in (8, ¢); (ii) RGZ for f — co,( — 0; and (iii) preserves exact BRST in the RGZ sector and perturbative
renormalizability in the ST sector

Then, the gauge fixing and its local version furnish a concrete bridge between the ST copy—average
mechanism (with its replica NLo phenomenology and radiative symmetry restoration) and the GZ/RGZ restriction
to the first Gribov region (with horizon suppression and condensates).

IV. RENORMALIZABILITY

The proof of renormalizability follows the algebraic approach based on the identification of all Ward identities and
the characterization of the most general counterterm compatible with them, according to the procedure of algebraic
renormalization [28]. Therefore, we work in the Landau gauge, 9,4, = 0, and use the BRST-invariant formulation
of RGZ based on the composite transverse, gauge-invariant field AZ. We, thus, unify the ST replicated gauge-fixing
with the RGZ sector:

Stot = SYM [A} + SFP [Aa c, Ev b] + SST [Av {Vk}v ﬁv C] + SGZ[Ah7 ®, 957 w, a); ’7]
+ Seet[ A", 0, B, w,@; M, M?] + Stranse[A", 7,7, 7], (15)

where AZ = hTAHh + ghfaﬂh, h = €9, and Vi(z,0,0) are the ST replica superfields (k = 2,...,n; the limit n — 0
is taken at the end). The parameters 3, ¢ are the ST gauge-fixing masses. The BRST operator s is nilpotent, s? = 0,



and acts as

sAj, = —Dzb(A)cb, sct = %f‘lbccbcc7 sc® = b, sb® =0, (16)
sh = —igch, SAZ’a =0, (17)
sngb = s@zb = swzb = s_zb =0, s = sn® = su" =0, (18)
sV =ig Vi c (k=2,...,n). (19)

To control non-linear variations we couple external sources (antifields)
Sext = /d4x (KZ SAZ + L? sca), (20)
with engineering dimensions [K] = 3, [L] = 4 and ghost numbers gh(K) = —1, gh(L) = —2. We define ¥ = Stot + Sext-

The Slavnov functional reads
oY 0Y oY 0% ox
_ 4 = a_" | —
S(E)/dx(6K35AZ+6L“50“+b 6c“> 0. (21)

Linearizing around ¥ gives the nilpotent operator

5% 6X | 0% X | 680X | 0% 6X 60X
_ 4 ua v a’ 2 _
BuX = /d ’ (51{3 5As T Az 5K ' 5La gen T peadra T 55a) - Be=0 (22)

Besides , the following hold:

Gauge condition (b-equation): % = 0L A} (23)
. . 0% )y
Antighost equation (Landau): Saa + 0y 5K =0. (24)
: a 4 g abc b 4 a
Ghost equation: g'x= [ dz e +gf*ee 5 Y =AY, (25)
c

with a linear classical breaking A% (non-renormalized). For A" we impose transversality with a Lagrange multiplier:

5% .
W == aﬂAZ’ == O (26)

The replica sector enjoys (i) permutation symmetry S,,_; among V. (k>2); (ii) for ¢ = 0, topological supersymmetries

(which suppress replica loops); for ¢ # 0, S,—1 and the assumed gauge covariance of Vi remain.
Now, consider a local perturbation ¥ — ¥ + ¢ AY with dim(AY) <4 and gh = 0. Symmetries imply

0AY 0AX +8'6AE o, 0AX ~0, (27)

Bn AX =0, ob oc oK or

plus the replica symmetries. The cohomology of By, at ghost number 0 is generated by gauge-invariant polynomials
in F,, and A", together with the BRST-invariant, dimension-two operators (A")? and (@y — @w). The replica sector
is cohomologically trivial for local counterterms, and S,_; forbids terms that distinguish replicas (k > 2). Up to
Bys-exact terms (field /source renormalizations), the most general local solution is

AY = /d4x [ao iFiV—Fal (8H6a)Dzbcb+a2 1b* 0A*+as g(AZ)2+a4CE“C“+a5 (AZ’“)Q—I—aG (po—ow)|+Bs(...). (28)

In particular, the superspace replica superfields V; do not require independent wave-function renormalization factors:
any possible divergence in the V) sector can be absorbed into the renormalization of (A, ¢, ¢) and the gauge-fixing
parameters (3, (), preserving the unitarity constraint VTV = 1. No new structures beyond those already in ¥ appear:
the theory is stable under renormalization. Although the unified action can be decomposed into an ST-like and an
RGZ-like block, algebraic renormalization acts on the total functional as a single BRST complex. The cohomology of
Bs; contains only gauge-invariant representatives built from A", F,,, and the composite replica operators, so that all



allowed counterterms are reabsorbed by a single set of renormalization constants. Hence, the unification is algebraic
rather than additive. Therefore, the multiplicative renormalizations are written as

A, = ZE/QAM,R, c:Zg/QcR, E:ch/QER, 9= Zg9R,

v = Zp2vh, m? = Z2 m%, M? = Zyp» M3,
B = ZzgBr, (= ZcCrs (29)

and analogously for all auxiliary fields ¢, ¢, w, @, h,....
From , and in the Landau gauge (Taylor scheme) one obtains

ZyZ. 72N =1, Zg=27',  Ze=2ZI" (30)

In the BRST-invariant RGZ sector (based on A"), known non-renormalization relations reduce the number of inde-
pendent Z’s to Z4 and Z,; the renormalizations of 7%, m?, M? are then fixed functions of (Za, Z., Z,). Thus, all
admissible counterterms are reabsorbed by renormalizations of fields, couplings, and mass parameters already present
and therefore the unified action Syt is renormalizable to all orders in the algebraic sense.

V. GAP SYSTEM, SUPPRESSION MECHANISMS, AND MATCHING (ST < RGZ)

In the RGZ construction, the functional integral is restricted to the first Gribov region Q = {A4,]0,4, =
0, M®(A) > 0}, where M = —6ung is the FP operator. This is implemented by the horizon condition

(H(AM) = 4V(N? — 1) with H(A") = g2 febe ARO[ M1 (AM)]od fdec Ale which introduces the Gribov parameter
. For 7 > 0 the no-pole condition guarantees the positivity of M(A") and suppresses field configurations lying
outside §2. As a consequence, the gauge-fixed measure

dprazlA] & dA 5(9,A,) det M(A) e~ SvmlAl=7"H (A"

is effectively supported inside 2. However, the restriction is not complete: copies related by gauge transforma-
tions within £ can still survive, corresponding to degeneracies of the Landau functional along the boundary of the
Fundamental Modular Region (FMR).

In the ST formulation, Gribov copies are included but weighted statistically through the replica-averaged partition
function

(O ox [WAIOLA] exp] = Syal4] — 8 F(A) € Suplid V]

where F(A) = 1 [(8,A,)? is the Landau functional. For large 3, a standard large-deviation argument shows that
the measure concentrates around the local minima of F(A) along each gauge orbit, thus exponentially suppressing
copies with higher values of F as exp[—8 AF]. In the formal limit 8 — oo, the distribution approaches the set of
minimal configurations that define the FMR, although possible degeneracies within 2 may persist. Hence, the ST
weight implements a controlled suppression of Gribov copies rather than a hard restriction.

The unified construction mixes these two mechanisms: the RGZ horizon term suppresses configurations outside €2,
while the replica weight concentrates the measure near the minima of F inside 2. Together they give a continuous,
BRST-consistent interpolation between statistical averaging and horizon-driven elimination of redundant copies.

A fundamental conceptual link between the ST and RGZ formalisms lies in the interpretation of the dynamically
generated gluon mass. In the ST replica approach, the parameter Sr defines a screening mass mf] = (g arising from

m2

radiative symmetry restoration, while in the RGZ construction, the term T(Ah)2 represents a condensate-induced

mass m? 4. Identifying these scales,

2 2 2 s A
gives a natural matching condition between the two frameworks. This relation summarizes how infrared mass genera-
tion may be viewed either as the outcome of copy averaging (ST) or of horizon suppression and condensate formation
(RGZ). We now make this correspondence explicit by analyzing the two families of gap equations and showing how the
replica-generated scale Bz can be matched onto the RGZ parameters (m?, M2 A\*) under the same renormalization
conditions.



For ¢ # 0, the supersymmetric NLo replica sector radiatively restores symmetry. Introducing a superfield Lagrange
multiplier x to relax the N? = 1 constraint and integrating out Ny, (k > 2) exactly, the renormalized gap equation in

d = 4 (DR+MS) reads

812 Br R XR +Cr . XR
—3 B,Q = (XR,sym + CR) In X 7syin2 ¢ — XR,sym In X ;S2ym (31)
9dr M 1% 1%

with a unique solution X sym > 0 in the parameter domain (phase boundary)

87 Br
—5 —

Cr Cr
< In>= < 2=, 32
g5 Gl I e (32)

In the symmetric phase (the case of interest), the gluon screening mass at ¢ — 0 is
m? = fBr, (33)

because the tree-level mass from the (n—1) replicas cancels against their one-loop tadpole, leaving only the singled-out
copy (k = 1) which factors the group volume. The momentum-dependent replica contribution is O(g?) and enters as
a one-loop correction to the gluon propagator. In BRST-invariant RGZ, the three mass parameters are fixed by:

Fvac

Gribov horizon ((H(A")) = 4V(N? —1)): 6872 =0 (34)
Y
I‘Va,C FVaC

Dimension-two condensates (refinement): a(?mQ =0, a@ 5> =0. (35)

To make this correspondence explicit, we expand both descriptions around small external momentum and identify
the infrared matching conditions between the replica-generated scale S and the RGZ parameters. At tree level in
the RGZ sector, the transverse gluon propagator reads

2 2
+ M
l)RGZ7 tree 2y _ D )\4 4. 36
A ) = R ) T 7 (36)
Hence the inverse propagator and its infrared limit are
2 2Y (12 2 4 2772 4
RGZ, tree/ 2\ _ RGZ, tree, 2y\\—1 (p + M )(p +m )+)‘ RGZ, tree _ m=M= + A
On the ST side, in the replica-symmetric phase (¢ # 0) one has a radiatively generated screening mass

I35(0) =m. = Br. (38)

Requiring that the unified description reproduces the same infrared mass scale fixes the IR matching condition

! m2M? 4 \*
Fr(0)=Br = ——Fg— =0 < m*M? + \* = M? Bg. (39)
Next, expand I'r(p?) around p? = 0 in the unified theory,
L) = Br +2Z7'0° + I + E9%(0%) + 0@"), (40)
from ST

and impose the slope matching at the origin,

d (m? + M?)M? — (m2M? + \*) m?  Br
F/ 0 ; RGZ, tree/ 2 _ _ _ A1
T( ) dp2 T (p ) =0 M4 M2 M2> ( )
where we used (39) in the last equality. Therefore,
-1 /e /RGZ m® — Br
Z70 4 II2P(0) + IIp5%(0) = ———. (42)

M2



Equations (39) and (42]) provide two relations tying the ST mass scale Sr to the RGZ parameters (m M2, \*) under
a common renormahzatlon scheme, while OT,./07% = 0 and the condensate gap equations fix v2, m?, and M?2.
In this way, the replica-generated mass S acts as the infrared anchor that determines the RGZ mass combmatlon
m2M? + \* and constrains the ratio (m? — Sg)/M? through the slope at the origin.

Having establibhed the infrared and slope matching conditions (39)—(42)), the full gap system comprises the replica
equation (31)) together with the horizon and condensate gaps (34)—(35). Solvmg them within a common renormal-
ization scheme, e.g. the infrared-safe one, will determine the RGZ parameters (v, m?, M2 \*) consistently with the
dynamically selected Sr from the replica sector.

Moreover, Nielsen identities guarantee the gauge-parameter independence of the transverse pole mass; ( — 0 col-
lapses the replica loops (topological limit), while v — 0 and M? — 0 recover the Curci-Ferrari limit. The lattice
comparison can then be organized through D44(0) and its slope dD/dp?|,2—¢, keeping all the gaps simultaneously
satisfied. The corresponding analysis proceeds as:

1. Fix the renormalization scheme and impose the Landau conditions for Z4, Z.; use Z,Z. Zl/2 1.

2. Solve the ST gap to obtain X g sym and the allowed phase domain; set g = mg.

3. Compute ITP(p?) (momentum-dependent part) and TI}%(p?) at one loop.
4. Match I'r(0),I'-(0) with (or the one-loop RGZ result), and solve (34)+ (B8] for (m?, M2 A1),

5. Verify Slavnov/Nielsen identities and compare gluon/ghost correlators with lattice data.

VI. UNIFIED SUPERSPACE FOR ST AND RGZ

This section puts the superspace ingredients in one place and shows how we host, side by side, the ST replica block
and the RGZ block in a supersymmetric way. As previously stated the two blocks only interact through the gauge
field A, (or the BRST-invariant composite AZ) This makes the symmetry content transparent and supports the
algebraic renormalization used above The Zwanziger localization fields form the BRST doublets s, = w,, sw, =
0, sw, = @u, s¢, =0, with s? = 0. Using a (4|1) superspace with Grassmann coordinate and s = Jy, we package
them as ¢, <pu—|—0ww u = w,+0¢,. With the BRST-invariant composite Ah =hiA,h+1 hT8 h (and 0, Ah =0

enforced by Stransv ), the localized horizon+refinement sector is

_ _ M2 _ 2
Sl({l(‘;lz) —/d4x 6 @, M(A") @, + 729/‘1495 df AZ((I)M + )+ 7/d4$ A6 ®,®,, + % d'z (AZ)Qv

with M(A") = —9D(A"). 1t is BRST-invariant by construction and reproduces the usual component form after df
integration. The ST replica block is written with two Grassmann coordinates (6, 61) and group—valued superfields
Vi € SU(N), k=2,...,n, with

1 & _ _
Ser = 7 > / d*z dordfr tr [(Dﬂvk)T(Duvk) +2¢ 00 9y, V] aeTVk] ;

and the singled replica is described by Sgp[A,c,¢,b]. The topological supersymmetries are softly broken by (; for
¢ — 0 replica loops cancel. We place both blocks in a (4|3) superspace With (0; Or,0r), where 0 generates the RGZ
BRST and (6, 01) the ST topological pair. The symmetry algebra has s3 = Q? = Q? =0, [sp, Q] = [sB,Q] = 0, and
{Q, Q} softly broken by ¢. The total action reads

Shyb = SYM + SFP + Stransv [Ah] + SST[A; Vk] + S}({4G|1Z) [Ah> (I)a i)]a

and reduces to pure ST for v =0 (and m = M = 0), and to pure RGZ for 5 — oo, ¢ — 0. The Slavnov identity for
sp plus the topological Ward identities in the replica block imply that all allowed local counterterms are absorbed
by the common renormalizations already used in the main text (including ZQZCZ}L‘/ 2 = 1, Zg = Zgl, Ze=Z;'in
Landau gauge). For more details the reader can see the Appendix @
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VII. CONCLUSIONS AND OUTLOOK

We have built and analyzed a unified gauge fixing that continuously interpolates between the Serreau—Tissier copy-
averaged Landau gauge and the (Refined) Gribov—Zwanziger restriction to the first Gribov region. At the level of the
functional average, our construction combines the ST weight based on the Landau functional and the FP Hessian with
a GZ-type suppression driven by the horizon functional. Using the replica trick and the AZ localization, we derived a
manifestly local, power-counting renormalizable action that couples a replica NLo sector to the BRST-invariant RGZ
sector through the gauge field only.

On the structural side, the unified action enjoys (i) the exact nilpotent BRST symmetry of the A" formulation
in the RGZ block and (ii) the replica permutation symmetry (and, for ¢ = 0, topological supersymmetries) in the
ST block. By mixing the corresponding Ward identities, we established algebraic renormalizability to all orders: the
most general local counterterm compatible with the identities is a linear combination of operators already present in
the classical action and can be reabsorbed by multiplicative renormalizations of fields, the coupling, and the mass
parameters (3,(,v,m?, M?). In the Landau scheme, the Taylor relation ZchZX 2 = 1 holds and fixes the non-
renormalization of the ghost—gluon vertex at vanishing ghost momentum; Z3 = Zzl and Z; = Z! follow directly. It
is important to note that the unification achieved here is not merely structural but algebraic: the BRST cohomology
connects the ST and RGZ sectors through the gauge field, representing a single renormalizable framework for both
descriptions.

Dynamically, the ST replica sector exhibits radiative symmetry restoration for ¢ # 0, leading (in the replica-
symmetric phase) to a finite screening gluon mass equal to the renormalized parameter, mg = Bg, after the n — 0
limit. In parallel, the RGZ parameters (v, m?, M?) are selected by the horizon condition and the two dimension-two
gap equations. We formulated a consistent matching strategy in which the small-momentum expansion of the full
transverse two-point function fixes (i) I'r(0) = Sr and (ii) the wave-function normalization, while the three RGZ gaps
determine (y,m?, M?) at the same renormalization scale. The resulting propagator interpolates smoothly between a
massive-FP (ST) form and the RGZ decoupling form, providing a controlled node to study how infrared correlators
depend on the relative weight of copy averaging versus horizon suppression and condensates.

Phenomenologically, the framework suggests direct lattice tests. Implementing a tunable copy-weighting (varying
B,¢) and confronting the measured D 44(0) and its slope with the unified prediction would indicate whether present
ensembles are closer to the ST-like, RGZ-like, or mixed regime. On the continuum side, the one-loop momentum-
dependent piece from the replica sector is finite at p — 0 (the mass is fixed already at tree level), and the BRST/Nielsen
identities secure gauge-parameter independence of the transverse pole mass.

Several developments now become natural:

(i) completing the unified one-loop analysis of gluon and ghost propagators (and selected vertices), including the
running of the couplings and masses;

(ii) solving the coupled gap system beyond one loop and studying the renormalization-group flow on the ST-RGZ
interpolation;

(iii) extending the construction to linear covariant gauges and to finite temperature/chemical potential; and

(iv) exploring the impact on hadronic observables through functional methods: the DSEs and the FRG.

Altogether, the present work gives a concrete and flexible bridge between two IR descriptions of YM theories, clarifying
their common ground and offering a single, local, BRST-consistent setting in which to quantify their interplay.
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Appendix A: Field content, Ward identities, and basic non-renormalization

We collect the engineering (mass) dimensions and ghost numbers of all fields and external sources used in the unified
ST 4+ RGZ formulation (Euclidean d = 4):

‘Au c ¢ b‘Pu@uWu@uh(f)AzTW n K, L
dimf 1 0 2 2 1 1 1 1 0 1 2 2 2 3 4

gh({0 41 -1 0 0 0 O O O O O +1 -1 -1 =2

Replica superfields Vi(2,0,0) (k = 2,...,n) are dimensionless and ghostless. The Grassmann coordinates satisfy
f df df 00 = —1 and carry no engineering dimension. With ¥ = Sio¢ + Sext, the ST identity reads

6% 0% 6% 0% |, 6%
— 4 = a_" ) —
5()= /d “””(51(3 54z T §Lade T 5ca) 0

Linearizing around ¥ defines the nilpotent operator

+ +

BX*/d%[az 6X | 0% 0X | 0¥ X 0¥ X LX}
T 0Ke 0Ag " §Aa 0K ' 6Ledcr | §er oLt gl

It acts consistently on the Aﬁ—sector because SAZ = 0 and on the Stueckelberg field through sh = —igch.

(i) Gauge condition: % = 0, A} (A2)
. : . 0% o
(ii) Antighost equation: Saa + M@ =0. (A3)
iii) Ghost equation: gy = | d*x i + gf“l’cébi =AY, A4
5 5b .
Ca C
(iv) A" transversality: % = 8#/12’“ =0. (A5)

The replica sector enjoys (a) the permutation symmetry S,_1 of {Vi}r>2 and (b) for ¢ = 0 additional topological
supersymmetries which suppress replica loops.

At ghost number zero, the cohomology of By is generated by gauge-invariant polynomials in F},, and in the BRST-
invariant composite AZ, plus the dimension-two, BRST-invariant operators (A")? and (¢¢ — @w). The Stueckelberg
sector and the replica supermultiplets assemble in BRST-covariant trivial pairs for local counterterms; S, _; forbids
replica-distinguishing terms. Hence the most general local counterterm is Eq. in the main text, up to Bg-exact
pieces, proving all-order stability.

In Landau gauge, combining the ST identity with the antighost and ghost equations yields the Taylor relation for
the ghost—gluon vertex at vanishing ghost momentum,

1/2 - _
ZyZ2. 757 =1,  Zg=2z7',  Zc=2 % (A6)
In the BRST-invariant RGZ formulation (based on A"), standard algebraic arguments reduce the independent Z’s to
(Za, Z.); the renormalizations of v, m?, M? become fixed functions of (Za, Z., Z,) constrained by (A6]). Also, the
above identities, together with the properties of the linearized operator By, are the algebraic ingredients securing the

stability of the unified action under renormalization. They give the starting point for the infrared matching analysis
summarized in Sec. [Vl

Appendix B: Replica one-loop tensor and small-momentum matching

Integrating the N fluctuations (symmetric phase) yields, at leading order in g,

P (q) = (n=1) B0 + (n = 1) g% [ L7 (a) = (@) (B1)
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with

m? _ 2 ddp (2]7 - q)u(2p - Q)u
IMV (@) =n /(27r)d (p2 + m2) ((p —q)?+ mz)

= 26;1,1/ Tm2 + (q25uu - qqu) F‘m2 (q2) (BZ)

Dimensional regularization in d = 4 — 2¢ with [i? = 4me~ 72?2 gives

ddp 1 m2 ,BQ
T2 = p% . 1+In £ B
m = H /(27T)dp2+m2 167r2( i >+O() (B3)

Fa(4%) = - 481772 s+§+l i+8m (H ¢ ) (\F+2\/q7+4m2> o B

Using the ST gap (symmetric phase) to eliminate the momentum-independent divergence, one obtains
P (q) = (n = 1) 8 [B = 20%(Tx — Ts)] + (€0 — qua) 7(d®), (B5)
with the finite scalar
m(q*) = (n = 1)5* [ Feac(q®) — Fx(a*) ]

- _(”4’8713292 hﬁ%< ¢ +3C+I<q2) —f(ll(’ijoﬂ . F(z)=2 (1+ i)g/zln(\/}+ Vita).
(B6)

The 1/¢* terms cancel between the brackets, so is regular at ¢> — 0. At ¢ = 0, tree + tadpole cancel in the
symmetric phase, leaving the screening mass mg = Br (from the singled-out replica).
For the full transverse inverse two-point function

Tr(p®) = D7 (p?) = m2 + Z7'p* + TIEP (p?) + TIFC2 (p?) + -+ -

expanding at small p? and using the ST gap gives

re d
HTp(pQ) =01 p2 + O(p4)a a1 = d792 [(quuv - Q;qu/) W(q2)] (B7)

q?=0
Thus the replica sector only corrects the wave-function renormalization at p? = 0. The IR matching conditions used
in Sec. [V read

HRGZ
dp?

FT(O) = 5R7 F/T (O) zZ~ + ay + ) (BS)

0

which fix Bz (from ST) and relate (m?, M?,\*) to (Bgr, Z) once the RGZ gaps are imposed.

Appendix C: Practical rules: tree-level Feynman rules, Nielsen identity, and DR conventions

2 M2 Y
p°+ 7 P,,(p)zél,—p”p.
(p? + M?)(p* +m2) + M7 o

e Gluon (RGZ tree): ng(p) = 6P, (p)
Ghost: G*(p) = —52 —

e Ghost: (p) =— el

e Zwanziger fields (¢, ¢,w, @) propagate with masses set by M? (refined sector).

e Replica superfields do not propagate as ordinary local fields; their one-loop net effect is encoded by (B1)).
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Standard YM three-/four-gluon vertices; ghost—gluon vertex (Taylor kinematics non-renormalization); RGZ cou-
pling gf®¢A" (o 4+ @). We impose MOM conditions at p? = p?:
Daal)| = DEFGA),  Gulo?)| =G,
fixing Z4, Z. and imposing ZgZCZi‘/2 =1 in Landau gauge.
In linear covariant gauges introduce a BRST doublet («,x) with sa = x, sy = 0 and couple x to the BRST
variation of a gauge-fixing insertion. Differentiating the ST identity with respect to x and to the fields yields

2 Pr(?) = N5 o) 7 (6?),

with A regular near the pole. Hence the pole position p? = m?

pole
(a = 0) this reduces to the statement used in the main text.
We use d = 4 — 2¢ and the MS scale ji? = 4me~ 7212, The basic integrals used in Eqs. (B3)—(B4) are

dp 1 m? 2
2¢e — -+ — | +
/(27T)d p>+m? 1672 ( 1t ) Ofe) (C1)

4m2
ddp 1 L1, / +1
2¢e
= — + 2— + O(e), C2
/(27r)d (P> +m?)((p— q)? + m?) 1672 1 + 4m2 1 () (©2)

from which (B3)—(B4) follow after standard tensor reduction.

is a-independent to all orders; in Landau gauge

Appendix D: Unified superspace for ST and RGZ

In this appendix, we show with more details compared to Section the BRST (4]1) superspace for the RGZ sector
and a simple “hybrid” superspace that hosts both the ST replica block and the RGZ block side by side. Throughout,
the two blocks talk to each other only through the gauge field A, (or its BRST-invariant composite Aﬁ) The
Zwanziger localizing fields come in BRST doublets

swzb = wzb, swzb =0, sy, = <pM , sgBZb =0, (D1)

with s2 = 0. This already looks like a (nilpotent) supersymmetry: each fermionic field is the BRST variation of
a bosonic partner. We use a (4|1) superspace with Grassmann coordinate 6 and define the BRST differential as a
translation:

s = 20’ 6% =0, s2=0. (D2)

In the RGZ setup, there is no independent anti-BRST, so one Grassmann direction is enough. Package the doublets
into BRST superfields

ab . ab ab Fab L —ab
b (a,0) i= @iP(2) + 0uil(a), DU, 0) = D2P(x) + 0 B (a), (D3)
so that s ® = 9g® and s ® = Jy®. The engineering dimensions and ghost numbers follow from the components:
[@]=[®] =1,  gh(®)=gh(2) =0,

with gh(w) = +1 and gh(®) = —1. We work with the BRST-invariant composite field
1
Al = hiA,h+ ghTﬁﬂh, 9, Al =0, (D4)

where h = €%9¢. The transversality is enforced by a Lagrange multiplier 7 and an auxiliary BRST doublet (7, %), while
sAl = 0. The localized horizon action is written as a (4|1) superspace integral

Shor = / d df [ B3 (,0) M (A" @l (2,0)] + 22 g f* / d'wdg Al () (Bl + BlF), (D5)
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with M (AM) = -9, D3P (A"). Using [ df (Xo 4 6X;1) = X3, one recovers the standard component form

/d”‘xd@éM@:/d% (@Mg;—a;/\/lw), /d4zd9Ah-(<I)+<i>):/d4:1:Ah-(<,0+@). (D6)

The RGZ dimension-two pieces are BRST—invariant:
M? 4 = abgab _ M 4 b, _ab b, ab
SM2:7/dxd9<I>Zd>Z:7/d (puront — aptuit), (D7)
and
m? 4 h,a\2
= [ ey (D8)
which needs no superspace lifting. Collecting terms, the BRST-superspace action for RGZ is
S _ / 0z (Sep[A,,26] + Suuse[ A7, 1]) + / a9 B7° Mob(AM) B
2 b 4 h be | FHb M? 4 bpab | m? 4 2
+ gf“c/ddeAﬂ’“(<1>f+<I>ﬂc) -5 /dxdGCI)“CI)“ 5 /d (A# )<, (D9)

This is BRST-invariant by construction (translation along 6). Coupling sources to BRST variations one builds the
Slavnov functional; the linearized operator includes the #-translation and is nilpotent. The cohomology at ghost num-

ber zero is generated by BRST-invariant operators made of F,,, AP and ®®. Hence the algebraic renormalizability

of the RGZ block follows: no counterterm beyond those already present is allowed by the identities. It is consistent
to take (@)1 = @, (@)1 = &, and [dff =1, [df1 = 0. Since A" is real and BRST-invariant, the mass term is
positive in Euchdean signature.

Now we will place the ST replica sector and the RGZ sector in a common superspace. The ST block lives along a
topological pair (6, 01); the RGZ block lives along a BRST coordinate 6. They couple only through A, (or AZ)
Use a (4]3) superspace with Grassmann coordinates

(0; Or,07),
and define three nilpotent differentials
SBEaSBa QEagT, Qza(;,r;

with s3 = Q? = Q% = 0 and [sp, Q] = [sB, Q] = 0. In the ST block, {Q, Q} is softly broken by ¢ (topological limit at
¢ =0). We keep the BRST—invariant composite

Al = BT AL+ ;maﬂh, 0, Al =
imposed by Siranse[A"; 7, 1,7], and sBAZ = 0. Next, we introduce n — 1 group—valued superfields

Vi(z,0r,0r) € SUN),  Vivi=1, k=2...,n,

where D, Vi, = 0, Vi, + ig Vi A,. Their gauge-fixing action is
SST[A Vk 2 Z/d x dfr d9T tr (DMV;C) (D Vk) +2¢ QTGT 39TV]C 89TVk

The usual FP part Srp[4, ¢, ¢, b] plays the role of the “singled” replica. BRST covariance is sgVy = ig Vic with the
standard sg on (4, ¢, ¢,b). As in the above mentioned RGZ case, we gather Zwanziger doublets into (4]|1) superfields
along 6p:

' (2,08) = ¢ (v) + 0w (2), @) (z,08) = @’ (x) + 06 ¢} (2),
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with sg® = 0, P, sp® = (%B(i), and sBAZ = 0. The horizon-+refinement sector is

Siea AN @, 8] = / diz dfp B MP(AR) B 4 42g fabe / 'z dfy Alo(Db + B)

M2 _ 2
+ 5 / d*z dog PO + % / d*z (Al")?, (D10)

in which M (A") = -9, D4*(A"). Putting all pieces together (and imposing 9, A = 0):
Shyb = SYM [A} + SFP[Aa c, Ea b] + Stransv [Ah7 Ty, 77] + SST [Av {Vk}; 57 C] + Sl({l(‘}lz) [Ah, (ba (I)] . (Dll)
The only link between the ST and RGZ parts is A,, (and AZ) The symmetry algebra is generated by (sp; Q, Q) with
3123 = Q2 = QQ = 07 [SB7 Q] = [8B7 Q_] = Oa {Q7 Q} soft o< C
Limits: (i) ¢ = 0 kills replica loops (topological limit); (ii) v = 0, m = M = 0 gives back the massive FP/ST limit;
(iii) 8 — oo, ¢ — 0 yields pure RGZ.
Then, we define the Slavnov functional for sg with sources (K, L) coupled to BRST variations, and the topo-
logical Ward identities for (@, Q) in the replica block. The linearized operator By factorizes into two commuting
pieces. At ghost number zero, the cohomology is generated by BRST-invariant polynomials in F},, and AP plus the

dimension-two operators (A")% and (®®). The replica block is cohomologically trivial for local counterterms under
the S,,_1 permutation symmetry. Therefore all enabled counterterms are absorbed by multiplicative renormalizations

Zay Zey Zgy Zgy Dy Ty o2y Zag2,

where the Landau (Taylor) relations ZgZCZi/2 =1,2Z3 = Zgl, Ze = Z 1. If one prefers a single group—valued object,
define

N(CB, 037 QT, éT) = exp{ig [G_TCT + 11 + H_TQTBT + QBC]} U({E)7
with U € SU(N), sgN = igN ¢, and (Q, Q) acting on the “T” components only. Then the ST functional becomes

Syt = gi2 / d*z dordfr tr[(DN) (DN + 2¢ 0107 g NT 9 N,

where unitarity ATA” = 1 kept manifest. The Zwanziger fields remain as adjoint superfields (®, ®) along 6p.
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