Highly efficient quantum Stirling engine using multilayer Graphene
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In this work, quantum Stirling engines based on monolayer, AB-stacked bilayer, and ABC-stacked
trilayer graphene under perpendicular magnetic fields are analyzed. Performance maps of the useful
work (nW) reveal a robust optimum at low magnetic fields and moderately low temperatures, with
all stackings capable of reaching Carnot efficiency under suitable configurations. The AB bilayer
achieves this across the broadest parameter window while sustaining finite work, the monolayer
exhibits highly constrained regimes, and the trilayer shows smoother trends with sizable nW/. These
results identify multilayer graphene, particularly the AB bilayer, as a promising platform for effi-
cient Stirling engines, while also highlighting the versatility of the monolayer in realizing all four

operational regimes of the Stirling cycle.

PACS numbers:

I. INTRODUCTION

Quantum thermodynamics examines how the funda-
mental principles of energy transfer, heat exchange, and
entropy apply to small systems where quantum effects
such as coherence, entanglement, spin correlations, and
discrete energy levels give rise to thermodynamical prop-
erties with no classical counterpart, and where quantum
statistics provides a natural framework to describe these
phenomena [1-15].

In this context, considerable attention has been de-
voted to understanding how quantum systems, such as
trapped ions, superconducting qubits, quantum dots, and
low-dimensional electronic materials and their diverse be-
haviors can be harnessed to implement heat engines ca-
pable of producing useful work. Among quantum ther-
mal machines, the Stirling cycle has attracted particular
interest due to its potential to achieve high efficiency in
regimes where thermalization and isochoric processes can
be controlled with precision [16-32]. In light of these con-
siderations, theoretical and experimental investigations
have shown that quantum heat engines based on discrete
energy spectra may surpass their classical counterparts in
specific regimes, particularly when the working substance
exhibits a tunable energy level structure and distinctive
statistical properties [33, 34]. Within this framework,
graphene and its multilayer stacks under perpendicular
magnetic fields stand out as promising platforms due to
their unique Landau level spectra [35-39], combined with
their ease of fabrication and precise experimental con-
trol [40-51].

In this regard, several studies have proposed graphene-
based systems, including quantum dots and multilayer
structures, as candidates for quantum engines [52-62].
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It is important to emphasize that many previous studies
rely exclusively on Boltzmann statistics and employ sim-
plified descriptions that neglect the fermionic nature of
the electronic working fluid in graphene [7, 41, 42, 63].
In contrast, the present analysis explicitly incorporates
the Fermi—Dirac statistics of charge carriers under re-
alistic doping and experimental conditions. Moreover,
the large degeneracy of the Landau levels implies that
the number of participating electrons can be very high,
providing a unique framework to explore quantum cor-
rections to thermodynamic quantities arising from the
discreteness of the Landau-level spectrum while remain-
ing within the thermodynamic limit. As a result, thermal
fluctuations are strongly suppressed, making it possible
to isolate genuine quantum effects from those associated
with finite-size fluctuations.

This study examines the quantum Stirling cycle us-
ing monolayer, AB-stacked bilayer, and ABC-stacked tri-
layer graphene under perpendicular magnetic fields as
the working medium. By incorporating Fermi-Dirac
statistics into the thermodynamic description, the analy-
sis provides a realistic account of electronic population
dynamics, particularly at low temperatures and finite
doping, extending beyond the idealized charge-neutrality
point and enhancing the relevance of the results to ex-
perimental conditions. Within a grand-canonical formal-
ism, thermodynamic quantities such as internal energy
and entropy are evaluated, accounting for the symme-
tries specific to each multilayer configuration.

The chemical potential p is determined self-
consistently throughout the cycle to ensure particle-
number conservation, enabling a consistent realization of
the Stirling cycle with the magnetic field as the exter-
nal control parameter and the system evolving through
isothermal and isomagnetic strokes. The analysis reveals
that the distinct Landau levels spectra of monolayer, bi-
layer, and trilayer graphene systems determine the heat
exchanged during the cycle and, consequently, the result-
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FIG. 1: Schematic representation of the lattice structure
of graphene multilayer systems (under a perpendicular homo-
geneous magnetic field B). Panel (a) shows the monolayer,
panel (b) the AB-stacked bilayer, and panel (c¢) the ABC-
stacked trilayer.

ing efficiency and performance. Among these systems,
AB-stacked bilayer graphene provides the most favorable
regime, combining high efficiency with finite work out-
put.

The structure of the paper is as follows. Section II in-
troduces the theoretical framework and the Landau level
spectra for graphene with different multilayer stackings.
Section III derives the thermodynamic functions required
to implement the Stirling cycle. Section IV presents the
analysis of efficiency and work output across different
regimes. Finally, Sec. V presents the conclusions with a
summary and possible extensions.

II. THEORY AND METHODS
A. Landau Level Spectrum in Multilayer Graphene

At low electronic doping, within the low-energy ap-
proximation where a Dirac-like equation provides an
accurate description of the electronic properties of
graphene, the Landau level spectra of multilayer struc-
tures in a perpendicular magnetic field can be expressed
through simple analytical formulas [37-39]. These rela-
tions are written in terms of the Fermi velocity vy ~
3 x 10% [m/s], the elementary charge e, the Planck con-
stant h, the Landau level index n, and the external
magnetic-field strength B.

1. Landau Level Spectrum of Monolayer Graphene

Monolayer graphene is a single layer of sp?-hybridized
carbon atoms arranged in a two-dimensional honeycomb
lattice. The primitive unit cell of this structure contains
two inequivalent sites, A and B, corresponding to the
filled and empty circles in Fig. 1(a). The correspond-
ing reciprocal lattice is also honeycomb, featuring two
inequivalent points, K and K, in the Brillouin zone [35].

Each carbon atom contributes one electron to the va-
lence and conduction bands. Remarkably, the low-energy
electronic structure exhibits a linear dispersion relation,
ex = hvr|k|, centered at the K and K’ symmetry points.
This behavior is characteristic of massless Dirac fermions
[35].

When subjected to a perpendicular magnetic field
B, these ultrarelativistic quasiparticles exhibit a unique
Landau-level spectrum given by [35]

el =+nMvn, n=0,1,2,..., (1)

where the characteristic cyclotron frequency is

[2ev2 B
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A distinctive feature of this spectrum is the presence
of a zero-energy Landau level (n = 0) shared equally by
electrons and holes. Unlike conventional two-dimensional
electron gases, here the Landau levels are not equally
spaced but instead scale proportional to vnB, a direct
consequence of the massless Dirac-like Hamiltonian that
effectively describes the electronic dynamics at low ener-
gies and at B = 0.

These features give rise to a fourfold-degenerate zero-
energy state, originating from the spin and valley de-
grees of freedom, while higher Landau levels preserve
the same degeneracy. This aspect will be further ad-
dressed in the following section, where it plays a central
role in the formulation of the grand partition function.
The resulting spectral asymmetry and nonuniform level
spacing have profound implications for both the quantum
Hall effect and the thermodynamic behavior of monolayer
graphene [47, 48, 64, 65].

2. Landau Level Spectrum of AB-Stacked Bilayer Graphene

In AB-stacked bilayer graphene, shown in Fig. 1(b),
the low-energy excitations correspond to massive chiral
quasiparticles, whose pseudospin is locked to the momen-
tum orientation due to the interlayer coupling. Under the
application of a perpendicular magnetic field B, their cor-
responding Landau level spectrum is described by [37]

g;%g:img”m7 n=0,1,2,..., (3)

where the effective cyclotron frequency wgz) and effective

mass m* are, respectively

eB t
w? = pos and m* = ﬁ (4)

Here, the dominant interlayer hopping parameter is
t, =~ 0.39eV, which yields an effective mass m* ~
0.0343 m.. In contrast to monolayer systems, not only
n = 0 forms a zero-energy Landau level, but also n =1,
leading to a twofold degeneracy of the zero mode that



is further enlarged by spin and valley symmetries. For
n > 2, the Landau levels are unequally spaced and in-
crease approximately linearly with B, in contrast to the
V/B-scaling observed in the monolayer. This spectral
structure plays a central role in determining the ther-
modynamic and transport properties of bilayer graphene
under perpendicular magnetic fields [37].

3. Landau Level Spectrum of ABC-Stacked Trilayer
Graphene

In ABC-stacked (rhombohedral) trilayer graphene,
shown in Fig. 1(c), the low-energy bands follow a cubic
dispersion E o k2, in contrast to the linear and quadratic
cases discussed previously. Under a perpendicular mag-
netic field B, the Landau levels are given by [51]

nn—1)(n—2), ne{0,1,2,...},
(5

where the cyclotron frequency is
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Here, vp denotes the Fermi velocity and ¢; ~ 0.3€eV is
the dominant interlayer hopping parameter.

This spectrum exhibits the characteristic scaling €,,
B3/2_ consistent with cubic-dispersion models reported in
the literature. The first three levels (n = 0,1, 2) collapse
to zero energy, increasing the zero-mode degeneracy. For
n > 3, the levels become non-equidistant and increasingly
spaced, while remaining compressed compared to bilayer
systems due to the \/n(n — 1)(n — 2) dependence.

Since the Landau-level spectra are analytically well es-
tablished for all three systems, a sufficiently large yet
finite number of levels is included in the calculations to
ensure numerical convergence over the relevant tempera-
ture and magnetic-field ranges.

III. THERMODYNAMIC DESCRIPTION OF
MULTILAYER GRAPHENE SYSTEMS UNDER
MAGNETIC FIELD

A. Grand canonical formalism

The thermodynamic properties of electrons in
graphene multilayer systems under perpendicular mag-
netic fields are naturally described within the grand-
canonical ensemble, where both the temperature T and
the chemical potential i serve as control parameters. In
this framework, the central quantities of interest are the
internal energy U, the entropy .S, and the particle number
(N), which together determine the efficiency and work
output of thermal cycles.

For multilayer graphene with quantized Landau levels

Effy)i (with ¢ = 1,2,3 denoting monolayer, bilayer, and

trilayer), the grand-canonical partition function can be
written explicitly as

Z(l) _ H |:1 +e—6(65:1)i_ﬂ):|9n 7 (7)

n,t
For the Landau-level energies defined in Egs. (1), (3),
and (5), the corresponding degeneracies g;,” are given by
e For all levels with n > 1 have degeneracy gﬁf) =4.

e The zero-energy level (n = 0) exhibits enhanced
degeneracy:

gV =4, P =8 ¥ =12 (8)

Taking these degeneracies into account, the grand po-
tential can be expressed as
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from which the thermodynamic quantities follow as
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Equivalently, one may start from the Fermi—Dirac dis-
tribution, which gives the occupation of each single-
particle state,

1 1
f(&l%T)*m’ 5*,637T7 (11)
together with the density of states (DOS),
vO(e) =3 g0 o(e — el). (12)
n,+
This allows the same observables to be written as
V1) = [ dev(E) ) (13)
—00
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(15)

Both approaches are formally equivalent: the discrete-
level formulation based on the grand potential and the
continuum representation using the DOS combined with
the Fermi-Dirac distribution, both yielding to identi-
cal thermodynamic quantities. It is worth emphasizing
that the DOS representation makes explicit the role of
Landau-level degeneracies, particularly the zero-energy
states in all systems. For the purposes of this work, we
adopt the latter approach in our calculations.

, U=0QO4TS+u(N).
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FIG. 2: Color map of the total number of electrons (N} as a function of magnetic field B [T'] and chemical potential i [meV]
for (a) monolayer, (b) bilayer and (c) trilayered graphene system under a fixed temperature 7' = 50 K.

B. Energy Scales and Parametrization of the
Chemical Potential to Conserve Particle Number

Having established the theoretical framework, we now
estimate the order of magnitude of the energy separation
between the ground state and the first accessible Landau
excitation as the magnetic field B is varied. This quantity
(A) sets the relevant energy scale for the thermodynamic
analysis, since it determines the temperatures required
to thermally populate excited states as the field is varied
[35, 37, 38, 51].

In monolayer graphene, the spacing between the
ground and first excited Landau levels can be expressed
as

(16)

Amono(B) - hwgl) >~ 363 \/E |:meV:| .

VT

yielding Apmono(1T) 36.3meV, Apono(3.11T)
64.0meV, and Apono(5T) = 81.2meV.

In AB-stacked bilayer graphene, described at low en-
ergies by a parabolic band with effective mass m™*, the
first nonzero Landau level appears at n = 2. The corre-
sponding separation is

~
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~
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meV]. an
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which gives Api(1T) 4.77meV, Api(3.117)
14.8meV, and Ap;(57T) = 23.9meV.

For rhombohedral (ABC) trilayer graphene, the first
accessible excitation occurs at n = 3, with

~
~

meV]
T3/2

Aui(B) = hw® ~ 0.771 x (B)*/? [ } (18)
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leading to Ay(17T) 0.77meV, Ayi(3.117T)
4.23meV, and Ag;(5T) ~ 8.62meV.

Within the field range 0.1-5T, the energy separation
between consecutive Landau levels in the trilayer re-
mains consistently smaller than in the bilayer and well
below that of the monolayer. This hierarchy implies that
monolayer graphene requires substantially higher tem-
peratures to thermally populate its first excited Landau
level, whereas the trilayer can achieve full population at
comparatively lower temperatures.

Since the thermodynamic quantities explicitly depend
on the energy levels through the chemical potential, it
is essential to examine how p evolves with the magnetic
field B. To this end, we study the total particle number
(N), whose dependence on B and u provides indirect yet
crucial information about the chemical potential. This
behavior is shown in Fig. 2, which presents contour plots
of (N) as a function of the magnetic field for monolayer
(a), bilayer (b), and trilayer (c) graphene at a fixed tem-
perature T = 50 K.

In Fig. 2(a), the monolayer exhibits contours of (V)
that approximately follow a square-root scaling, y o< VB,
consistent with the relativistic Landau-level spectrum

5%1) x vnB characteristic of Dirac fermions.

For the AB-stacked bilayer in Fig. 2(b), the contour
lines reveal an almost linear dependence of p on B, indi-
cating a scaling of the form p o« B while preserving the

particle number. This trend reflects the bilayer Landau-

level structure 5%2) x By/n(n — 1), where carriers behave
as massive quasiparticles with a linear field dependence
at low energies.

In the trilayer case, shown in Fig. 2(c), the scal-
ing becomes significantly steeper. The chemical po-
tential required to maintain a fixed (NN) increases
rapidly with B, in agreement with the spectrum
e B3/2\/n(n —1)(n — 2) of ABC-stacked trilayer
graphene. This sharp increase arises from the high den-
sity of low-energy states and the prominent degeneracy
of the zero-energy levels.



Overall, these results clarify the dependence of the par-
ticle number and chemical potential on magnetic-field
strength, providing the basis for the consistent imple-
mentation of thermodynamic cycles such as the Stirling
cycle, examined in the next sections.

The analysis of the energy scales and the behavior of
the chemical potential in monolayer, bilayer, and trilayer
graphene reveals marked differences among these sys-
tems. To enable a consistent comparison, in this work the
chemical potential is adjusted as a function of tempera-
ture and magnetic field such that the particle number
remains fixed:

N. = (N(u(B,T),B,T)) = constant. (19)

In this manner, the particle number N, in Eq. (19) is
conserved throughout the entire thermodynamic cycle,
with N, to determine p(T, B) within the grand—canonical
framework. This choice enables a direct comparison of
the distinct scaling behaviors in mono-, bi-, and trilayer
graphene, thereby highlighting the physical differences
that originate from their respective Landau-level struc-
tures. In this framework, the chemical potential is effec-
tively parametrized by enforcing particle-number conser-
vation. Applying the Maxwell relation

du as

dT |y~ dN,

—0. (20)

T

It follows that the parametrized p remains constant un-
der temperature variations, while being nontrivially mod-
ified by the external magnetic field, as illustrated in
Fig. 2.

For reference to experimental scales, we provide an or-
der—of-magnitude estimate obtained from the magnetic
length, ¢g = \/h/(eB). If N, electrons are assumed to
occupy an effective area m¢%, the corresponding sheet
density can be approximated as

B
Nap A 671 N, ~4.86x 10N, B em™2.  (21)
T
For instance, at B = 1 T the estimated densities are

nap ~ {2.43, 3.89, 7.29} x 10* ecm~2 for N, = {5, 8,15}.
This correspondence is not meant to represent an ex-
act relation but rather to serve as a practical bench-
mark linking the effective particle number N, employed
in the calculations with typical carrier densities reported
in graphene samples.

Having established the Landau-level spectra in Egs. 1,
3, and 5, together with the parametrized chemical poten-
tial of Eq. 19 that ensures a fixed particle number across
all three systems. We now turn to the analysis of thermo-
dynamic quantities directly relevant for the operation of
quantum heat engines. In particular, we investigate how
each multilayer configuration responds under thermal cy-
cling, an aspect of central importance for the implemen-
tation of the Stirling cycle. Fig. 3 presents the internal
energy of the monolayer, bilayer, and trilayer graphene as
a function of temperature, for several fixed magnetic-field
values and at constant particle number N, = 15.
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FIG. 3: Internal energy U(T, B) as a function of tempera-
ture for (a) monolayer, (b) bilayer, and (c) trilayer graphene
at different magnetic fields, with the particle number fixed at
N, = 15.

C. Thermodynamic Properties: Internal Energy
and Entropy of Multilayer Graphene

Having established the Landau-level spectra in Egs.(1,
3, 5) and the parametrized chemical potential in Eq.(19),
we now turn to the analysis of thermodynamic quantities
directly relevant for the operation of quantum heat en-
gines. In particular, we examine how each multilayer
configuration responds under thermal cycling, which is
especially pertinent for the implementation of the Stir-
ling cycle. The internal energy U(T, B) of monolayer,
bilayer, and trilayer graphene is presented in Fig. 3 as a
function of temperature for several fixed magnetic-field
values, at constant particle number N, = 15.
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FIG. 4: Entropy S(T, B) as a function of temperature for
(a) monolayer, (b) bilayer, and (c) trilayer graphene at differ-
ent magnetic fields, with the particle number fixed at N. = 15.

In the monolayer case, shown in Fig. 3(a), the internal
energy increases moderately with temperature, follow-
ing a smooth and weakly nonlinear trend. This behav-
ior reflects the relativistic nature of Dirac fermions and
the square-root spacing of the Landau levels. Increas-
ing the magnetic field enhances the Landau-level sepa-
ration, which produces an upward shift in the baseline
of internal energy, while the overall temperature depen-
dence remains predominantly sublinear. For the range
of fields considered, the internal energy varies between
approximately 600 and 950meV. In Fig. 3(b), the bi-
layer system exhibits a more pronounced curvature com-
pared to the monolayer, particularly at intermediate tem-
peratures. At lower magnetic fields, the internal energy
rises more rapidly with temperature, consistent with the
parabolic band structure and the enhanced density of
states near charge neutrality. Because of the smaller

Landau-level separations, the states are more easily pop-
ulated than in the monolayer, which increases the sensi-
tivity of the internal energy to thermal excitations. The
overall magnitude of internal energy varies between ap-
proximately 80 and 170 [meV] across the magnetic-field
range considered.

In Fig. 3(c), trilayer graphene exhibits a qualitatively
distinct behavior. At high temperatures, all curves dis-
play an approximately linear increase in internal en-
ergy with comparable slopes, largely independent of the
magnetic field. Similar to the monolayer and bilayer
cases, the separation between different B values per-
sists throughout the entire range, with the distinction
being most evident at low temperatures, indicating that
magnetic-field effects remain relevant despite thermal ex-
citations. This behavior reflects the denser and more
intricate low-energy spectrum of the trilayer, which en-
hances the internal energy under stronger fields. Over-
all, the temperature dependence of the internal energy in
trilayer graphene arises from a competition between two
effects: the magnetic field increases the spacing between
Landau levels, thereby reducing the number of thermally
accessible states and suppressing the growth of internal
energy; in contrast, raising the temperature promotes the
occupation of higher-energy states, leading to an overall
increase in internal energy. Within the explored tempera-
ture window, no crossover or inversion is observed among
the curves for different magnetic fields, suggesting that
neither mechanism fully dominates.

The next discussion focuses on the entropy to fur-
ther characterize the thermodynamic response. Fig. 4
presents the temperature dependence of the entropy
S(T, B) for monolayer, bilayer, and trilayer graphene at
different magnetic fields, with the particle number fixed
at N, = 15. While all three systems exhibit a mono-
tonic increase of entropy with temperature, notable dif-
ferences arise in magnitude, curvature, and sensitivity
to the magnetic field, underscoring the distinct thermo-
dynamic responses of each multilayer configuration. In
Fig. 4(a), the entropy of monolayer graphene remains
negligible at low temperatures and begins to rise appre-
ciably only above T ~ 25K, where thermal excitations
populate higher Landau levels. The increase is markedly
nonlinear, particularly at lower magnetic fields. This
behavior reflects the relativistic Landau-level structure
where stronger magnetic fields enlarge the spacing be-
tween energy levels and thereby suppress thermal acti-
vation. Consequently, higher fields substantially reduce
the entropy and produce a clear separation among the
curves.

In Fig. 4(b), the bilayer case exhibits a more regular
and approximately linear increase of entropy with tem-
perature throughout the explored range. The entropy
rises from about 0.2meV /K to nearly 0.75 meV /K at the
lowest field B = 1.5 T. The larger values compared to
the monolayer reflect the denser Landau-level structure
associated with the parabolic dispersion. Sensitivity to
the magnetic field is also more pronounced, as stronger



FIG. 5: Diagram of the quantum Stirling cycle in terms of
entropy S and the perpendicular magnetic field B. Curves
AB and CD correspond to the isotherms at T = Ty and
T = Ty, respectively. As the magnetic field increases at fixed
temperature, the entropy decreases, and vice versa.

fields systematically shift the curves downward.

For the trilayer configuration shown in Fig. 4(c),
the entropy starts near 0.2meV/K and grows beyond
1.3meV/K for B = 1.5T, displaying a rapid and non-
linear increase with temperature. The entropy curves
exhibit a strong dependence on the magnetic field. This
behavior originates from the cubic low-energy dispersion,
which generates a high density of states and reduces the
spacing between adjacent energy levels, effectively pro-
ducing a quasi-continuous spectrum that remains ther-
mally active even under stronger magnetic fields.

1. Quantum Stirling Cycle

The quantum Stirling cycle, illustrated in Fig. 5, con-
sists of four strokes: two isothermal and two isomagnetic
processes. In this framework, the perpendicular magnetic
field B acts as the external control parameter, while the
working substance is assumed to remain in thermal equi-
librium with the reservoirs during all stages of the cycle.
The sequence of strokes is as follows:

e (A — B) Isothermal expansion at temperature Ty,
with the magnetic field decreasing from By to By,

e (B — C) Isomagnetic cooling at fixed B = By,
with the temperature lowered from Ty to Ty,

e (C — D) Isothermal compression at temperature
Ty, with the magnetic field increasing from Bp, to
BHa

e (D — A) Isomagnetic heating at fixed B = By,
with the temperature raised from T, back to Th.

TABLE I: Sign convention for heat and work: W > 0 for
work output, W < 0 for input; > 0 for heat absorbed,
Q@ < 0 for heat released by the system.

Operational regime | W | Qout | Qin
Engine >0 <0 >0
Refrigerator <0 >0 <0
Accelerator <0 <0 >0
Heater <0 <0 <0

The heat exchanged during each stage is expressed as

Qap =Ty [S(Br,Tu) — S(Bu,Tu)|,
Qcp =T [S(Bu,Tr) — S(Br, T1)],
Qpc =U(Br,Ty) —U(Br,Ty),
Qpa =U(By,Ty) —U(Bg,TL),

where the labels L and H are used to distinguish the low
and high values of B and T. Invoking the first law of
thermodynamics, the total heat absorbed @Q;,, the heat
released Qoyt, and the net work W per cycle can be ex-
pressed as

Qin = Qap + Qpa, (26)
Qout = @Bc + Qcp, (27)
W = Qin + Qout- (28)

The convention adopted here is that ) > 0 corresponds
to heat absorbed by the system, while W > 0 indicates
net work performed by the system. Within this frame-
work, the efficiency of the cycle is given by

W, _|¥Bct@Qcp
Qin Qas +Qpa

The physical significance of these expressions is clari-
fied when related to the entropy behavior discussed in
Sec. III C, which shows that entropy increases as the
external magnetic field decreases at fixed temperature.
This guarantees that the isothermal expansion stroke
(A — B), performed from By to Bj, corresponds to a
positive entropy change AS > 0, and thus a positive heat
input Qap > 0. In contrast, the isothermal compression
stroke (C — D), carried out at lower temperature and in
the reverse direction By, — By, yields a negative entropy
change and therefore a negative heat exchange Qcp < 0.
Consequently, the different operational regimes of the en-
gine are governed entirely by the heat contributions dur-
ing the isomagnetic strokes (B — C and D — A).

Table T summarizes the adopted sign convention for
heat and total work across the four operational regimes
considered. In this convention, a positive total work
W > 0 indicates that the system delivers mechanical
work to the surroundings, whereas W < 0 corresponds
to work being supplied to the system. Similarly, a pos-
itive heat @ > 0 denotes energy flowing into the work-
ing substance, while () < 0 represents heat released to

n : (29)




the external reservoirs. Under these definitions, an en-
gine operates with W > 0, absorbing heat from the hot
reservoir (Qi, > 0) and rejecting heat to the cold one
(Qout < 0)

If, under the same parameters, the cycle is run in the
reverse (clockwise) direction relative to Fig. 5, the device
operates as a refrigerator. In this case, external work
input (W < 0) is required to extract heat from the cold
reservoir (Qout > 0) and release it to the hot reservoir
(Qin < 0)

Beyond these two classical regimes, previous studies
have shown that the quantum Stirling cycle may also op-
erate in two additional regimes that arise purely from
its quantum character [21, 29, 66-69]. In the accelera-
tor regime, both the total work and the heat released to
the cold reservoir are negative, indicating that external
work input is accompanied by simultaneous heating of
both reservoirs. In the heater regime, all heat flows are
negative and W < 0, so that the external work is entirely
dissipated as heat into both reservoirs. As will be shown
in later sections, the exotic thermodynamic properties of
the system, which arise from the constraint of particle
number conservation, can induce these additional opera-
tional regimes.

IV. RESULTS
A. Stirling Engine Efficiency

In this section, the efficiency of the Stirling engine
defined in Eq. (29) and illustrated in Fig. 5 is exam-
ined. The working substances correspond to the stacked
graphene systems of Fig. 1, with the chemical potential
parametrized along all strokes of the cycle to maintain a
fixed particle number N, € {5,8,15}.

To quantify these effects, Fig. 6 presents the efficiency
7 as a function of the low magnetic field By for mono-
layer, bilayer, and trilayer graphene. For each configu-
ration, the high magnetic field By and the bath tem-
peratures T, and Ty are kept constant as indicated in
the panel captions, while the Carnot efficiency ne =
1 — Ty /Ty is shown as a horizontal red reference line.

In the monolayer case shown in Fig. 6(a), the condi-
tions for the system to operate as an engine are strongly
constrained for thermal reservoirs at T, = 50.7K and
Ty = 53.85K, corresponding to a Carnot efficiency
of n¢ ~ 0.06, with the high magnetic field fixed at
By =4.0T. Although some curves (e.g., N. = 5) can, in
principle, achieve the Carnot limit with finite work, this
only occurs at low carrier densities and within narrow
By, intervals. Outside these regions, the device switches
to other operational regime modes and the definition of
efficiency is not well defined. It is for this reason that
only small intervals where the substance operates as an
engine exist, while no efficiency curves are observed be-
yond them.
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FIG. 6: Stirling engine efficiency n as a function of the
low magnetic field By for (a) monolayer, (b) bilayer, and (c)
trilayer graphene. Each panel shows results for N. = 5,8,15
and the Carnot bound n¢. Parameters are: (a) T, = 50.7 K,
Tn = 53.85 K, By = 4.0 T, nc = 0.058; (b) T, = 45.9 K,
Ty = 47.7 K, By = 3.18 T, no = 0.037; (c) Tr, = 18.2 K,
Ty =19.7K, By = 3.11 T, nc = 0.078.

This restricted behavior can be interpreted as a conse-
quence of the large spacing between relativistic Landau
levels, which limits the thermal accessibility of higher-
energy states. As a result, the heat exchanged during the
isothermal strokes, while retaining the correct sign for en-
gine operation, becomes smaller in magnitude. When the
work contribution from the isomagnetic strokes surpasses
that of the isothermal ones—an effect enhanced by the
Landau level separation—the net work output turns neg-



0.20f — R
S
> 0.15 -
2 — Monolayer
Zg 0.10 S
: Trilayer
m —n

0.05 |

0.0?

.0 1.5 20 * N

B, [T]

FIG. 7: Stirling engine efficiency n as a function of the low
magnetic field By at fixed high field By = 3.1 T. Reservoir
temperatures are set to 71, = 21.3 K, Ty = 27.3 K for the
monolayer; Tr, = 16.7 K, Ty = 21.4 K for the bilayer; and
T, = 10.0 K, Ty = 12.9 K for the trilayer. In all cases, the
Carnot efficiency is nc = 0.22.

ative and the cycle ceases to function as an engine. These
exotic behaviors associated with monolayer graphene will
be discussed in later sections.

For the bilayer graphene in Fig. 6(b), the system op-
erates as an engine across the entire By range consid-
ered, with the high magnetic field fixed at By = 3.18 T.
The thermal reservoirs are maintained at T, = 45.9K
and Ty = 47.7K, corresponding to a Carnot efficiency
of n¢ =~ 0.04. Under these conditions, the curves for
N, =5 and N, = 15 attain the Carnot bound at finite
values of B, with the N, = 15 case attaining nc at
lower Bj, values than N, = 5. In contrast, the N, = 8
curve remains slightly below nc over the full range, ex-
hibiting a broad maximum just under the Carnot line
at By ~ 0.8[T]. This reflects a more balanced compe-
tition between the isothermal and isomagnetic contribu-
tions arising from the parametrization of the chemical
potential. This intermediate behavior highlights how the
bilayer spectrum, with its linear scaling in B, provides
a broader operational window: depending on the carrier
number, the cycle can either saturate the Carnot limit or
remain close to it with finite work output.

For the trilayer graphene in Fig. 6(c), the high mag-
netic field is fixed at By = 3.11T, while the thermal
reservoirs are set at T;, = 182K and Ty = 19.7K
with a Carnot efficiency nc ~ 0.08. Under these con-
ditions, the N, = 15 curve reaches the Carnot bound
near By ~ 2.1T, whereas the N, = 5 case attains n¢ at
By, ~2.65T, closer to the upper field value By = 3.18 T.
In contrast, the N, = 8 curve remains consistently lower
across the full range, exhibiting a broad maximum well
below n¢. This behavior indicates that the enhanced
zero-mode degeneracy and the steeper B3/2 scaling of
the spectrum restrict the proximity to reversible perfor-
mance, with the sharpness of the response being induced
by the parametrization of the chemical potential. Over-
all, this smoother yet less favorable trend demonstrates
that, although trilayer graphene can reach Carnot effi-

ciency for specific carrier numbers, its operational win-
dow in temperature space is narrower than in the bilayer
case, and the efficiency maxima are more sensitive to the
choice of N,.

The purpose of Fig. 6 is to demonstrate, over a com-
mon range of magnetic field values, that all stacking con-
figurations considered here are capable of reaching the
Carnot efficiency. The comparison was designed such
that, for each stacking, at least one of the selected par-
ticle numbers N, attains n¢ within approximately the
same efficiency window. Because this requires employ-
ing similar operational temperatures across the panels,
the resulting efficiencies in Fig. 6 appear relatively small.
The main motivation behind this choice is to provide a
direct and uniform demonstration that the Carnot bound
can, in principle, be achieved in all cases, irrespective of
the stacking.

In contrast, Fig. 7 focuses on the case N, = 8, where
all stacking configurations operate as an engine with the
same fixed high magnetic field By = 3.1 T. The ther-
mal reservoirs are chosen such that for the monolayer
the temperatures are T, = 21.3K and Ty = 27.3K, for
the bilayer Tp, = 16.7K and Ty = 21.4K, and for the
trilayer 17, = 10.0K and Ty = 12.9 K. Despite these dif-
ferences, all three cases correspond to the same Carnot
efficiency, ng ~ 0.22.

This configuration highlights the role of carrier density
in shaping the operational regime. For the trilayer, the
maximum efficiency nearly reaches the Carnot limit as
Br, — 1.0T (the lowest field considered), whereas for the
monolayer it occurs at higher fields, around By, ~ 2.4 T.
The bilayer exhibits an intermediate response, achieving
the Carnot limit near By, ~ 1.9T. Compared to Fig. 6,
which employed a uniform By, range to demonstrate that
Carnot efficiency can be reached across all stackings, the
present figure emphasizes how the optimal field for re-
versible operation shifts significantly between systems.
This contrast underscores the crucial interplay between
the Landau-level spectrum and the chemical potential in
determining the precise conditions under which Carnot
efficiency is realized.

B. Stirling Maximum Gain

In Sec. IV A, it was shown that different graphene
stackings can reach Carnot efficiency for distinct parti-
cle numbers and thermal reservoirs. However, achieving
maximum efficiency does not necessarily imply maximiz-
ing the extracted work. For this reason, this section an-
alyzes the maximum gain, defined as the product n - W
(useful work), as a function of particle number and stack-
ing configuration, while keeping the reservoirs fixed and
sweeping over the same magnetic-field range. To illus-
trate this behavior, Fig. 8 displays contour maps of nW
as functions of the low parameters By, and 17, with the
hot bath fixed at Ty = 23 K and By = 4.0 T. The rows
correspond to monolayer, bilayer, and trilayer graphene,
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(a) Monolayer n-W with N.=5 meV

(b) Monolayer n-W with N=8 meV

(c) Monolayer n-W with Ne=15 meV
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FIG. 8: Contour plots of the product nn - W as a function of

Thw = 23K and By = 4T. The panels correspond to monolayer (a

N =5, (center) Ne =8, and (right) N, = 15.

while the columns show the cases N, € {5,8,15}. In all
configurations, the best performance is concentrated at
low magnetic fields (B < 1.5 T) and moderately low
temperatures (T, ~ 10—15 K), reflecting the enhance-
ment of work and efficiency in regimes where a denser

set of thermally accessible Landau levels is available.

In the monolayer case, shown in Figs. 8(a)—(c), the
high-nW region is narrow and quickly suppressed as ei-

the low parameters By and Tp, with fixed high parameters
)-(c), bilayer (d)-(e) and trilayer (g)-(i) graphene with (left)

ther By or T}, increase. The maximum for N, = 5
occurs at the lowest field and within 7, € 10—13K.
For N, = 8, the favorable region expands slightly in
field range (B € 1.0—-1.5T) but narrows in tempera-
ture (71, € 10—11K). At N, = 15, the contour shrinks
again in field range relative to N, = 8, though it widens
in temperature (T, € 10—14K). The maximum values
also increase markedly with particle number, from about



0.1meV at N. = 5 to 1.0meV at N, = 8, and nearly
10meV at N, = 15.

For bilayer graphene, illustrated in Figs. 8(d)—(f), the
optimum broadens into a smoother, rounded peak, in-
dicating a wider operational window consistent with the
enhanced density of states. For N, = 5, the maximum
again appears near the lowest field but over a broader
temperature range (77, ~ 10—15K), together with a sec-
ondary plateau around By ~ 2.5T. For N, = 8, the
maximum shifts back to very low fields and a narrow
window of T, ~ 10—11K. At N, = 15, the contours
resemble the previous case but display a low-nW pocket
at By ~ 2.8—3.4T. The scaling with particle number
differs from the monolayer: the maxima are 0.15meV for
N, = 5, 2.0meV for N, = 8, but remain at 2.0meV
for N, = 15, showing saturation rather than continued
growth.

The trilayer configuration, depicted in Figs. 8(g)—(i),
sustains sizable values of nWW over a comparable By, range
and extends to slightly higher 7p. At N, = 5, the
maximum is located near the lowest field and around
Tr, ~ 10K, reaching 2.0meV. For N, = 8, the contours
broaden both in field and temperature, with the maxi-
mum increasing to 3.0meV. At N, = 15, the pattern
closely resembles the N, = 8 case but with a higher max-
imum of about 6.0meV, still significantly smaller than
the monolayer for the same particle number. This reduc-
tion is a direct consequence of the smaller Landau-level
spacing and lower energy scale in the trilayer system.

C. Stirling Operational Regimes

In the previous sections, the working substances were
shown to operate as engines with high efficiency and
significant work extraction. Nevertheless, these systems
may also display exotic behaviors, leading to the emer-
gence of different operational regimes. To illustrate this
point, Fig. 9 presents the operational map of the Stir-
ling cycle for monolayer graphene at fixed By = 3.0 T,
Tr = 46 K, and N, = 5. Within the explored window
of low magnetic field By, and hot reservoir temperature
Ty, no engine region is observed. Instead, the diagram
reveals a small refrigerator domain at By ~ 0.7—1.8 T
and Ty ~ 46—49.5 K, two accelerator wedges near the
lowest and highest values of By, and a broad heater re-
gion covering most of the parameter space.

The absence of engine operation indicates that, un-
der these conditions, heat exchange in the isomagnetic
strokes dominates over the isothermal contributions.
This outcome reflects both the wide spacing of relativis-
tic Landau levels and the parametrization of the chemi-
cal potential imposed to maintain N, = 5 throughout the
cycle. Consequently, the system exhibits W < 0 across
the entire diagram, with the specific regime determined
by the balance of heat flows: refrigerator, accelerator, or
heater. These results align with the performance maps in
Fig. 8, where the monolayer shows weak nWW values and a
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FIG. 9: Operational regimes of the Stirling cycle for mono-
layer graphene with N. = 5, as functions of the low mag-
netic field By and hot reservoir temperature Ty, at fixed
Bpg =3.0T and T, = 46 K.

rapidly vanishing optimum, as well as with the efficiency
curves in Fig. 6, which display only small, low-efficiency
engine regions and predominantly non-engine behavior.
Engine windows may emerge under different parameter
choices, but are absent in the present configuration.

It should be emphasized that realizing different opera-
tional regimes in bilayer and trilayer graphene would re-
quire substantially lower temperatures and much higher
magnetic fields than those explored in this study, owing
to their smaller characteristic energy scales. Accordingly,
the present analysis focuses on regimes accessible at com-
paratively higher temperatures, which are not only more
relevant for the purposes of this work but also more fea-
sible from an experimental perspective.

V. CONCLUSIONS AND DISCUSSION

In this study, quantum Stirling cycles in monolayer,
AB-stacked bilayer, and ABC-stacked trilayer graphene
under perpendicular magnetic fields were investigated
within a grand-canonical, fully fermionic framework
based on the exact Landau spectra. An order-of-
magnitude comparison between the particle number N,
the chemical potential employed in the simulations, and
sheet carrier densities defined by the magnetic length in-
dicates that the most favorable regimes are experimen-
tally accessible.

Thermodynamic quantities, including internal en-
ergy and entropy, were consistently evaluated using
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Fermi—Dirac statistics, with the chemical potential
u(T, B) parametrized to conserve particle number along
both isothermal and isomagnetic branches. In this frame-
work, the perpendicular magnetic field acted as the ex-
ternal control parameter driving the cycle.

Across the explored parameter space and for mul-
tiple fixed particle numbers, the monolayer and the
stacked configurations demonstrated the capacity to
reach Carnot efficiency under suitable magnetic condi-
tions. Among them, the AB bilayer exhibited the broad-
est operational window and reached the Carnot bound
while sustaining finite work output, whereas the mono-
layer showed more constrained operation and the trilayer
presented smoother efficiency trends with sizable values
of the combined performance metric nW over a compa-
rable By, range.

Overall, the monolayer Stirling cycle, due to its larger
Landau-level spacing and higher characteristic energy
scale, delivered greater useful work at higher efficiency
compared with the bilayer and trilayer cases. Its capa-
bility to operate across all thermodynamic regimes as an

engine, refrigerator, heater, and accelerator highlights its
versatility. This feature suggests possible applications,
such as employing the monolayer cycle to cool other
working substances including quantum batteries or su-
percondensates, while simultaneously acting as a heater
at elevated temperatures.
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