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ABSTRACT. Zamolodchikov periodicity is a property of certain discrete dynamical systems
and was one of the primary motivations for the creation of cluster algebras. It was first ob-
served by Zamolodchikov in his study of thermodynamic Bethe ansatz, initially for simply-
laced Dynkin diagrams. It was proved by Keller to hold for tensor products of two Dynkin
diagrams, and further shown by Galashin and Pylyavskyy to hold for pairs of commuting
simply-laced Cartan matrices of finite type, which Stembridge classified in his study of ad-
missible W-cells. We prove that the Zamolodchikov periodic cluster algebras are in bijection
with pairs of commuting (not necessarily reduced or simply-laced) Cartan matrices of finite
type. We fully classify all such pairs into 29 infinite families and 14 exceptional types in
addition to the 6 infinite families and 11 exceptional types in Stembridge’s classification,
and show that all of these families can be derived from simply-laced types through two oper-
ations preserving Zamolodchikov periodicity, folding and taking transpose. Our work holds
connections to Kazhdan—Lusztig theory, and our main theorem helps classify all nonnegative
W-cells for products of two dihedral groups, W = I>(p) x Iz(q).
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1. INTRODUCTION

1.1. Zamolodchikov periodicity. For a generic cluster algebra, repeatedly applying the
same nontrivial mutation sequence puqps - - - p will yield infinitely many cluster variables.
However, if A is a cluster algebra of finite type, any mutation sequence will result in finitely
many cluster variables. In 2003, Fomin and Zelevinsky proved that the finite type cluster
algebras are in bijection with finite type Cartan matrices [FZ03a]. In particular, the finite
type quiver cluster algebras are in bijection with the simply-laced (type A, D, or E) Cartan
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matrices, while the finite type cluster algebras with skew-symmetrizable exchange matrices
correspond to the (not necessarily ADE) Cartan matrices.

In this paper, we focus on a specific bipartite mutation sequence and analyze which cluster
algebras yield finitely many cluster variables under this sequence.

An n x n matrix B is bipartite if there exists a coloring € : [n] — {o, e} of [n] such that
for all 4, j of the same color, b;; = b;; = 0. It is well known that mutation is a local move, so
mutations p; and p; commute if b;; = b;; = 0. Thus in a bipartite matrix, we may define the
bipartite mutations p. and pe as the combined mutation at all white vertices and all black
vertices, respectively. We say a bipartite matrix B is recurrent if i,(B) = pe(B) = —B. In
particular, pope(B) = B. A bipartite recurrent matrix B is Zamolodchikov periodic if the
sequence of mutations fi./teftofle - - . acting on the seed is periodic.

Zamolodchikov periodicity was first observed by Zamolodchikov in his study [Zam91] of
thermodynamic Bethe ansatz, initially focusing on the simply-laced Dynkin diagrams A,,, D,,,
and FE,. His conjecture was generalized by Ravanini-Valeriani-Tateo [RVT93], Kuniba-
Nakanishi [KN92], Kuniba-Nakanishi-Suzuki [KNS94], and Fomin-Zelevinsky [FZ03b]. The
conjecture was proved for all tensor products I' ® A of Dynkin diagrams by Keller [Kell3]
and later in a different way by Inoue-Iyama-Keller-Kuniba-Nakanishi [IIK™13al TTK™13b].
More recently, Zamolodchikov periodic quivers were fully classified by Galashin—Pylyavskyy
in 2019 [GP19].

1.2. The main theorem. The following theorem is the main result of this paper.

Theorem 1.1. The Zamolodchikov periodic B-matrices are in natural bijection with pairs
of commuting Cartan matrices (I'; A). The period divides hr + ha, where hr,ha are the
Cozeter numbers of I, A.

Remark 1.2. It is worth noting that the different Zamolodchikov periodic B-matrices do not
necessarily generate distinct cluster algebras. For example, there are two distinct Zamolod-
chikov periodic quivers, Fg and A, ® Az, that produce the same cluster algebra. FEg has a
period of length 14, while A3 ® Ay has a period of length 7. Similarly, Dy and As ® Ay are
distinct Zamolodchikov periodic quivers with respective periods 8 and 6 that produce the
same cluster algebra.

Now, we formulate the plan of the paper. In Section |2, we introduce bipartite dynamics
of cluster algebras and their connections to Dynkin diagrams through Stembridge’s classifi-
cation. Then, the proof of Theorem is broken up into two parts. In Section [3] we classify
all pairs of commuting Cartan matrices as admissible Dynkin biagrams. We find that there
are 29 infinite families and 14 exceptional types in addition to the 6 infinite families and 11
exceptional types classified in [Stel0].

In Section [, we prove that these admissible Dynkin biagrams are in bijection with
Zamolodchikov periodic B-matrices through a 5-way equivalence whose outline was adapted
from [GP19]. In particular, we show that the class of Zamolodchikov periodic B-matrices
is preserved under two operations: folding and taking transpose (B — BT); see Figures
and [9] It is a standard fact that folding the B-matrix commutes with cluster mutations
and thus preserves Zamolodchikov periodicity. On the other hand, taking transpose does
not commute with cluster mutations, and thus it is surprising that it preserves the class of
Zamolodchikov periodic B-matrices.

In Section [5, we explore connections between admissible Dynkin biagrams and WW-graphs
from Kazhdan-Lusztig theory. In particular, we generalize a result in [Stel0] which connects
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Zamolodchikov periodic quivers to admissible W-cells for W the product of two dihedral
groups.

Finally in Section [0 we conjecture behavior of a variant of tropical mutation on Zamolod-
chikov periodic B-matrices.

2. PRELIMINARIES

2.1. Cluster algebras. Cluster algebras were first introduced in [FZ02] by Fomin and
Zelevinsky with applications to dual canonical bases, total positivity in semisimple Lie
groups, and Zamolodchikov periodicity for Y-systems of finite root systems.

An n xn matrix B is skew-symmetrizable if there exists some ¢ € R” such that Vi, j € [n],
¢;ibi; = —c;bj;. In other words, a matrix B is skew-symmetrizable if there exists some nonzero
scaling of the rows ¢ € RZ that makes the matrix skew-symmetric.

Definition 2.1. A labeled seed in field F is a pair (x, B) where

e r = (z1,...,x,) is an n-tuple of elements in F forming a free generating set; that is,
x1,...,%, are algebraically independent, and F = C(z1, ..., x,),
e B = (b;;) is an n x n skew-symmetrizable integer matrix.

We use the following notation:

e z is the (labeled) cluster of this seed (x, B),
e the elements x4, ..., x, are its cluster variables,
e B is the exchange matriz, also known as the B-matrix.

A quiver is a directed graph without loops and cycles of length 2. When an exchange matrix
B is skew-symmetric, the seed can be represented as a quiver (), where B is the adjacency
matrix of Q).

Definition 2.2. Let (x, B) be a labeled seed. Let k € [n]. The seed mutation py, in direction

k transforms (x, B) into the new labeled seed py(x, B) = (@', B") defined as follows:
e The cluster ' = (z,...,2},) is given by 2’ = z; for all j # k, whereas zj is

determined by the exchange relation
bikx>0 bir<0

e The exchange matrix B’ = (b};) is given by

—bij ifi="Fkorj=k,
) bi o bidyy  if i, by > 0,
T ) bij — bgbry if b, by < 0,

bij otherwise.

Definition 2.3. Let (x, B) be a seed, and let X be the set of all cluster variables obtained
from any sequence of mutations of this seed. The cluster algebra A of geometric type over
C generated by the seed (x, B) is the C-subalgebra of the ambient field C(x) generated by
all cluster variables: A = C[X].

In general, X' is an infinite set. When X is finite, we say the cluster algebra A is of finite
type.
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2.2. T-systems and Zamolodchikov periodicity. Given a bipartite recurrent B-matrix,
one can decompose it as a sum of two skew-symmetrizable matrices B =T + A, T' = (FU)
and A = (A;;), as follows:

bij if bij > 0,¢ = o, €; — o, bij if bij > 0,6, = o, €; = O,
Fij = bij if bij <0,¢; = e, €; = O, Aij = bij if bij < 0,¢ = o, €; = @,
0  otherwise. 0  otherwise.

Throughout the paper, we often use these matrices as unsigned matrices, so we define the

matrices I' = (I';;) and A = (4;;) by

=|Tyl, Ay =4y

for all 4,7 € [n]. One can also associate to B = I + A a T-system, an infinite system of
algebraic equations, defined as follows. Let & = (x1,...,2,), and let Q(x) be the field of
rational functions in these variables. The T-system associated with B is a family Tj(t) of
elements of Q(x) satisfying the following relations for all k € [n] and all ¢ € Z:

T(t + DTt — 1) HT e ORE

At each time step, when ¢, = o, Ti(t + 1) is only dependent on black indices (¢; = o).
Similarly when ¢, = o, T;.(t+1) is only dependent on white indices (¢; = o). Because of this,
the T-system associated with B splits into two independent components. For our purposes,
we consider only one component. From now on, assume that the T-system is defined only
for k € [n] and ¢ € Z such that

(2.2) ¢, =0 and t=0 (mod 2) or e, = and t=1 (mod 2).
The T-system is set to the following initial conditions:
T:(0) =2, and Ty(1) =y, for all k satisfying (2.2)).

Notice that the T-system relations are exactly the same as the exchange relations for
cluster mutation in a bipartite recurrent setting. In particular, this initialization will result
in the same sequence of cluster variables as the mutation sequence fiofteftofte - - . acting on
the initial seed (x, B). We say the T-system is periodic if there exists some positive integer
N such that Ty(t +2N) = Ty (t) for all k € [n],t € Z. The period is the smallest such N.

Example 2.4. Consider the following bipartite recurrent 5 x 5 B-matrix B = T + A with
bipartition €¢; = €3 = ¢4 = @ and €5 = €5 = o.

0o -1 0 0 1 0 -1.00 O 0 0 0 0 1
1 0 1 -1 0 1 0 10 0 0 0 0 -1 0
B={0 -2 0 0O 2(=|0-200 0|40 0 0 0 2
o 3 0 0 =3 0 0 00 =3 0O 3 0 0 0
-1 0 -1 1 O 0 0 01 O -1 0 -1 0 0
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Let us compute the first few elements of the T-system associated with B.
T2(0> = T9, T5(0) = Is5, Tl(l) = T, T3<1) = I3, T4(1) = T4,

2 3 2 3
123 + Xy 123 + Xy
TQ(Q) = . ’ T5(2) = T )
2 5
2 3 2 3 2 3 2 3
T35 + X T1x5 + X T1X5 + X T1x5 +x
T1(3) — 3 4 + 3 47 T3(3) _ 3 4 + 3 4.
T1X2 1Ty T3X2 T3y

Definition 2.5. A bipartite recurrent B-matrix is Zamolodchikov periodic if its associated
T-system is periodic.

2.3. Tropical T-systems. Given a bipartite recurrent B-matrix, we define an analogous
system of algebraic equations.

Let A € R™ be a labeling of the n indices. The tropical T-system t* associated with B is
a family £2(¢) € R of real numbers satisfying the following relations for all k£ € [n] and all
teZ:

Q@+1y+ﬁa—q):nmx<§:F%@@%§:Aﬂ@@0.

Again, we only consider the subsystem defined for k € [n] and ¢ € Z satisfying (2.2)). The
tropical T-system is set to the following initial conditions:

t2(0) =\, and (1) =)\, for all k satisfying (2.2).

In other words, this system is the tropicalization of the T-system associated with B (see
Section [4.3)).

We say the associated tropical T-system t* is periodic if there exists a positive integer N
such that #)(t +2N) = t)(¢) for all k € [n],t € Z.

Example 2.6. Let us continue working with the same 5 x 5 matrix B from our previous
example with ¢, = e3 = ¢, = o and €5 = ¢ = 0. Let A = e5 = [0,0,0,0,1]". Then, the initial
values of ¢} (t) are

(0 =0, t0)=1, t(1)=0, #(1)=0, ¢t (1)=0.

The values of the tropical T-system #* are given in Table |1} Notice that (¢t + 12) = ()
for all k£ € [6]. This is a special case of the tropical version of Zamolodchikov periodicity
where the period is N = 6, the Coxeter number of B; and G2 (see Table .

2.4. ADE bigraphs. In [Stel(], Stembridge studies admissible W-cells in the case of W =
I(p) x I(q), direct products of two dihedral groups. He classifies all such W-cells which are
in 4-to-1 correspondence with admissible ADE bigraphs, defined as follows.

An ADE bigraph is an ordered pair of simple undirected graphs (G, G2) which do not
share edges such that G; U G is bipartite and each connected component of Gy, G5 is an
ADE Dynkin diagram. The dual of an ADE bigraph (G1, G3), denoted (G, G2)*, is defined
to be (G, G1). An ADE bigraph (G, G2) is admissible if the adjacency matrices Ag,, Ag,
commute. We can depict an ADE bigraph as a single graph with red and blue edges, where
the red components are associated to GG; and the blue components are associated to Gb.

Notice that the adjacency matrices here are closely related to the Cartan matrices for G
and Gy, Cg, and Cg,. In particular, Ag, = 2] — Cg, and Ag, = 21 — Cg,, where Ag is the



6 ARIANA CHIN

k

‘ 1 2 3 4 5
0 0 1
1 0 0 0
2 0 -1
3 0 0 0
4 0 1
5 1 1 1
6 3 2
7 2 2 2
8 3 4
9 2 2 2
10 3 2
11 1 1 1
12 0 1
13 0 0 0

TABLE 1. The evolution of values of the tropical T-system tA ) for By >y Go.

= =

FIGURE 1. A nonadmissible ADE bigraph (left) and an admissible ADE
bigraph (right). The vertices v; and vy form a nonadm1881ble pair.

Cozeter adjacency matriz of G. If B is a skew-symmetric matrix such that the element-wise
absolute value | B| is the associated Coxeter adjacency matrix Ag, we call B a signed Cozxeter
adjacency matriz of G.

Remark 2.7. One can also visualize admissibility of an ADE bigraph. An ADE bigraph is
admissible if and only if the number of length two red-blue paths from ¢ to j is the same
as the number of length two blue-red paths from ¢ to j for every pair of vertices i,7. An
example of admissible and nonadmissible ADE bigraphs is shown in Figure

Given an ADE bigraph (G1,G3) with bipartition € : [n] — {o,e}, there is a unique
associated bipartite quiver () defined as follows:
o If (u,v) is an edge in Gy, direct it so that it points from o to e.
o If (u,v) is an edge in G, direct it so that it points from e to o.

Let T', A be the _resulting signed Coxeter adjacency matrices for GG and G, respectively.
Then, B =T + A is the adjacency matrix of the quiver Q.

Stembrldge s classification of admissible ADE bigraphs includes 6 infinite families and 11
exceptional types. Below, we list a few of these types.

Tensor products. Let A and A’ be two Dynkin diagrams of rank n and m, respectively.
The tensor product, or box product, of A and A’ is denoted A® A’. It consists of m red copies
of A connected to each other with blue edges. The red and blue Coxeter adjacency matrices
I' and A are Kronecker products of the form Ay ® I,,, and I,, ® Ay, respectively. From this,
it is straightforward to see that tensor products are admissible. An example of the tensor
product Dy ® Ay is given in Figure
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l

FIGURE 2. The tensor product Dy ® Ay.

FIGURE 3. The twist Dy x Dj,.

FI1GURE 4. The binding Fg * Fs.

Uy Uy
Us
U3
us
Us
V2
Uz
Vg
U1
Uy
U7

FI1GURE 5. The binding A7 x Ds.

Twists. Twists are denoted A x A, and consist of two red copies of A connected to each
other with blue edges. The red and blue Coxeter adjacency matrices are of the form

Ay 0 [0 A,
G IR

where A, is the Coxeter adjacency matrix of A, so it is clear that twists are admissible. An
example of the twist Dy x Dy is given in Figure [3

Eg % Eg. This exceptional bigraph has two red copies of Eg, which are connected to each
other with blue edges as shown in Figure [4]

D5 X A,. This exceptional bigraph has one red copy of D5 and one red copy of A7, which
are connected to each other with blue edges as shown in Figure [} This family is self-dual.
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Asz,—1 % Dy q. Each bigraph in this family has two red components, Ay,_1 and D,,,
which are connected with blue edges as depicted in Figure )l In particular, let As,—1 be
labeled with vertices vy,...,v9,-1, and let D, 1 be labeled with vertices wuy, ..., Uy, Upi1
as shown in Figure Then, wu; is connected to v; and wvs,_; with a blue edge for all © €
{1,2,...,n — 1}, while u,, and u,; are connected to v, with blue edges. This is a specific
instance of the infinite families listed below.

The (A™'D),, family. Each bigraph in this family is obtained by taking As, 1 ® A,
and then attaching the final (red) copy of Ay, ; to an additional red component D, 4
with blue edges, Ay, 1 * D, 1. This family is self-dual; when one swaps the blue and red
components, one obtains (A"'D),,. In [Stel()], this is denoted as

(A™'D), == (Agp 1 = Aoy 1 =+ = Agy 1 % Dyyyy).

The (AD™™1),, family. Each bigraph in this family is obtained by taking D, 1 ® A,, 1
and then attaching the first (red) copy of D, to an additional red component A, 4
with blue edges, As,_1 * D, 1. This family is self-dual; when one swaps the blue and red
components, one obtains (AD"1),,. In [Stel(], this is denoted as

(ADm_l)n = (AQn—l * Dn+1 = Dn-‘rl == D”+1)'

In [GP19], Galashin—Pylyavskyy proved that the Zamolodchikov periodic quivers are in
natural bijection with admissible ADE bigraphs. For the classification of Zamolodchikov
periodic cluster algebras, we generalize the idea of an ADE bigraph to include all Dynkin
diagrams.

2.5. Dynkin biagrams. A Dynkin biagram is a tuple (I', A) of two (not necessarily irre-
ducible) n x n Coxeter adjacency matrices such that their sum B = I' + A is bipartite and
[', A share no nonzero entries. The dual of a Dynkin biagram (I'; A), denoted (I, A)*, is
defined to be (A, I'). Finally, a Dynkin biagram (I', A) is admissible if the associated Cartan
matrices Cr = 21 — I and Ca = 21 — A commute, or equivalently if I' and A commute.

In this paper, we depict Dynkin biagrams as a union of red Dynkin diagram components
associated to I' connected by blue Dynkin diagram components associated to A. An example
of admissible and nonadmissible Dynkin biagrams is shown in Figure [6]

Remark 2.8. The definitions of tensor products and twists extend naturally to include all
Dynkin diagrams A, not just ADE types. Because the definition is identical, it is still clear
that both tensor products and twists are admissible Dynkin biagrams.

Remark 2.9. We can also visualize a Dynkin biagram as a directed graph with red and
blue edges, where I' corresponds to red edges and A corresponds to blue edges. We say
an edge of a Dynkin diagram is simple if it is undirected, and nonsimple if it is a directed
multi-edge. Every ADE Dynkin diagram is made up of simple edges, and every non-ADE
Dynkin diagram has a nonsimple edge.

Each simple edge (u,v) can be replaced by two directed edges (u,v), (v,u). A nonsimple
edge with corresponding matrix entries b,, # b,, can be replaced with b,, directed edges
(u,v) and b, directed edges (v,u). Then, a Dynkin biagram is an arrangement of these
edges on a shared bipartite vertex set [n] such that I' and A share no edges.

Under this characterization, (I'A);; is the number of red-blue paths from i to j. Similarly,
(Al');; is the number of blue-red paths from i to j. Thus a Dynkin biagram (I',A) is
admissible if the number of red-blue paths from ¢ to j is the same as the number of blue-red
paths from i to j for every pair of vertices i, j € [n].
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= =

FIGURE 6. A nonadmissible Dynkin biagram (left) and an admissible Dynkin
biagram (right). The vertices v; and vy form a nonadrms&ble pair.

Given a Dynkin biagram (I'; A) on n vertices with bipartition € : [n] — {o, e}, there is an
associated bipartite B-matrix B ="' + A defined as follows:

L'y if e, =o0,¢; = o, JAVE if e, =®,¢; = o,
Fij = _Fij if € =0, Ej = O, Aij == _Aij if €; = O, Ej = e,
0 otherwise. 0 otherwise.

Notice this is consistent with directing red edges o — e, and blue edges @ — o.

Example 2.10. Let us find the skew-symmetrizable matrices T', A associated with the ad-
missible Dynkin biagram Bj <y GGy, defined in Section and depicted in Figure This
Dynkin biagram has two red components, B3 and G5, and two blue components, Bs and Gs.
The set of vertices is {1,2,3,4,5}, where ¢; = €3 = ¢, = @ and €3 = €5 = o. The associated
Coxeter adjacency matrices are

01 000 0 00O01
1 0100 00010
I'=1(0 2 0 0 0O andA=1]0 0 0 0 2
00003 03 000
00010 10100
From the bipartite coloring, we see the associated signed Coxeter adjacency matrices are
0O -1 0 0 O 0O 0 0 o0 1
. 1 0 1.0 O . 0O 0 0 —-10
r=10 -2 0 0 0| andA={0 0 0 0 2
0O 0 00 =3 0O 3 0 0 0
0O 0 01 0 -1 0 -1 0 0

Notice that these are the same matrices as those from our running example.
3. CLASSIFICATION OF COMMUTING CARTAN MATRICES AS ADMISSIBLE DYNKIN
BIAGRAMS
3.1. Bindings and folding.

Definition 3.1. Let (I'; A) be a Dynkin biagram. If I' = I'; U Ty and every edge of A
connects I'; to 'y, then (I', A) is a binding of I'y and I's.

For instance, the tensor product of I' with A,, Bs, or G5 is a binding of two copies of T'.
We use the notation

T=T)=T®A;, ([ =0)=T®B;, ([=T)=T8CG,,
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and refer to these as parallel bindings.
In the special case that (I'; A) and (A,T") are both bindings, we refer to this as a double
binding. For example, the twist I' X I' is a double binding of two copies of I'.

Definition 3.2. A bicolored automorphism f : [n] — [n] is an automorphism that satisfies
the following.
(i) €7(s) = €& (preserves bipartite coloring of vertices).
(ii) For all 41,45 in the same f-orbit I, and for all j € [n], b; ;bi,; > 0 (preserves edge
colors).
(111) For all 7,5 € [n], bf(i)f(j) = bz]
(iv) For all 4, j in the same f-orbit I, b;; = b;; = 0.

Definition 3.3. Let B be a bipartite skew-symmetrizable matrix, and let f be a bicolored au-
tomorphism on B. Then, one may fold B to get f(B), another bipartite skew-symmetrizable
matrix with rows and columns indexed by f-orbits, defined as

f(B)ry = Zbij’ for any j € J.
iel
Moreover, f(B) splits naturally into f(B) = f(I') + f(A), where
f@)y = ZFU and f(A)r; = ZA”, for some fixed j € J.
iel iel
In particular, the result does not depend on j € J.
With a bicolored automorphism, one can fold bindings to obtain other bindings. For

instance, there exists a bicolored automorphism that folds the exceptional binding D5 X A
into an exceptional binding of B, and Cy, denoted By X C} (see Figure [7)).

/ 1

V1 Uy Uy
/
V2 Vs
-
/
V3 U3
i
V4 Uy

F1GURE 7. The folding of exceptional type D5 X A7 to ByX Cy. The vertices
v; and v} form the f-orbit v/ for each i € {1,2,3,4}. This folds D5 to B, and
A7 to 04.

In addition, with a valid bicolored automorphism that folds Dynkin diagram I' to Dynkin
diagram A, one can fold the twist I' x I' into another binding. We use the notation A x I' and
I' x A to denote a binding of A and I' obtained by folding one side of a twist, and A; b Ay
to indicate a binding of A; and Ay obtained by folding both sides of the twist I' x I'. An
example of a sequence of folds that lead to a binding of the form A; <t Ay is depicted in
Figure[8l All bindings obtained by folding twists are depicted in Figures [9] [10] and [12]
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Remark 3.4. In general, C,, is only defined for n > 3. However in this paper, we sometimes
use (5 to denote the opposite orientation of By. This notation is useful in distinguishing
between the bindings B,, X D, and C,, x D, 1 when n = 2 (see Figure E[)

U1 ) Uy U2
us

FiGURE 8. A sequence of folds from Dy x Dy to B3 X Dy to By <1 G5. The

vertices vy, vy and wuq,uo, ug indicate the nontrivial orbits in each bicolored
automorphism.

= =¥

FiGURE 9. The double bindings B3 x D4 and C3 x Dy.

= B

Bg > GQ 03 D> GQ
B3 ) GQ Cg B ) GQ

FIGURE 10. The double bindings Bs D12 G5 and 03 D12 Gs.

L
>
>

FIGURE 11. The double binding Bs > Cs.
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— =

FIGURE 12. The double bindings G5 X1 Dy and Gy X9 Dy.

SERNIEEREE

FiGUuRE 13. The bindings Bs * C5 and Fjy x Fy.

Proposition 3.5 ([Stel(]). A Dynkin biagram is admissible if and only if all of its bindings
are admissible.

By definition, all parallel bindings are tensor products, which are admissible. We also know
that twists are admissible. Using Proposition [3.5, we can string together various sequences
of parallel bindings and twists to form admissible Dynkin biagrams. For example,

B, *C, :=(By=By=---= By X By)" and
F4 *F4 = (BQ = BQ X BQ = BQ)*
are both admissible bindings (see Figure .

We can construct even more bindings by dualizing strings of parallel bindings and folded
twists as follows:

Aoy % By := (D3 =Ds=---= D3 x By)",
Aoy 1% C = (D3 =Dy =---= D3 x(Cy)",
Bp* Dpyq = (Co=Cy=---=Cy x D3)¥,
Cp*Dpi1 = (By=By = = By x D3)*,
Eg#1 Fy = (By = By x Dy = Dy)*,
(

EG *o F, = Cg = CQ X D3 = Dg)*
Each of these bindings are depicted in Figures [I4] [15] and

FIGURE 14. The bindings B3 * Dy and C3 * Dy.

Now, we are able to describe the classification of admissible non-ADE Dynkin biagrams
in terms of the bindings defined above.
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a
<

FiGURE 15. The bindings A; * By and A7 x Cy.

FIGURE 16. The bindings Eg %1 Fy and Fg %o F}.

Theorem 3.6. The connected, admissible non-ADE Dynkin biagrams are:

(a) tensor products I' @ A for I' or A non-ADE, twists I' x I" for I" non-ADE, and the
double bZTLdanS Bn X Dn+1, On X Dn+1, Bn > On; G2 X1,2 D4, B3 >y,2 GQ, 03 1,2 Gg,

and By X CYy,

(b) bindings By, x Agp—1, Cp % Asp_1, By * Cp, By % Dypyq, Cpx Dyyy, Fy*19 Eg, Fyx Fy,
(C) BQXBQEH-EBQ, BQEBQXBQEBQ,
(d) (BA™ ™Y, = (By*Agp 1 =--= Ay, 1), (B"1A), = (B, == B, * Ag_1),
(6) B, = By, * Agp1 = Agp1,

(f) (CA™1), = (Cp % Agy 1 =+ = Ag, 1), (C"TA), = (C,=-+=Cp* Agyy),
(g) Cn =Cp % Ay = Ay,

(h) (BC™ 1), =(B,xC,=---=C,), (B"'C),=(B,=---=B,*C,),

(i) B, = B, xC,, = C,,

() (BD™ Y, = (B,* D1 =-+-=D,1), (B"'D),=(B,=--=B,*Dp,1),
(k) B, = By * Dypy1 = Dy,

ﬂ) (CDm—l)n — (C’n * Dn+1 =...= Dn+1); (Cm—lD)n — (Cn =...= C’n * Dn+1);
(m) Cn = On * Dn+1 = Dn+17

(n) (F4Eg171)1,2 = (F4 *1,2 E6 == EG): (FfilEe})l’g = (F4 == F4 *1,2 EG);
(0) F4 EF4 *q Eﬁ EEE;, F4 EF4*2E6 EE(};

(p) FyxFy=---=F,, Fy=F,*F,=F,.

In each of the families of the form (A AT™Y) or (AT'Ay), there are m factors.

3.2. Operations preserving admissibility.

Lemma 3.7 (Folding biagrams). Let (I, A) be an admissible Dynkin biagram and let f be a
bicolored automorphism. Then folding along f produces another admissible Dynkin biagram

(I, A).
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Proof. For any two vertices ¢, 7 in (I'; A), we know that
AT)y =Y Aulyy = Taly; = (TA)y.
2 k

Now, fold along f to produce (f(I'), f(A)). Let I, J be disjoint orbits of f. It suffices to
show that the number of blue-red paths I — J is the same as the number of red-blue paths
I —J.

Z FA)kf(D)gs = Z (Z Azk/> (Z ij> for arbitrary k' € K,j € J

So, (F(A)F(D),, = (FD)F(A),, -

The following operation plays an important role in the proof of the bijection between
admissible Dynkin biagrams and Zamolodchikov periodic cluster algebras in Section

Definition 3.8 (Global Flip). Given a Dynkin biagram (I, A), we can produce another
Dynkin biagram by taking the transpose (I'", AT). We call this operation a global flip of a
Dynkin biagram.

Notice that if (I', A) is a pair of commuting Cartan matrices, (I'", A") is also a pair of
commuting Cartan matrices. In other words, admissibility is preserved under global flips.
This operation has no effect on ADE types, and changes the direction of any nonsimple edges
in non-ADE types. Figures [J and [12] are examples of global flips.

Remark 3.9. This operation is equivalent to taking the Langlands dual of a group. In
particular, if GG is a reductive algebraic group with Dynkin diagram A, its Langlands dual
L@ has Dynkin diagram A/, where A’ is the global flip of A.

3.3. Classification of admissible double bindings. Much of the work of classification
was in classifying the non-ADE double bindings by analyzing potential pairings of Dynkin
diagrams and dominant eigenvectors of their corresponding Cartan matrices.

Theorem 3.10. The admissible non-ADE double bindings are

(a) parallel bindings T =T, T =, T, and T =3 T for T’ € {As, By, Go},

(b) twists T x T' for non-ADE T,

(¢) By X Dyyy, Cp X Dyyy, By <Gy, Gy X9 Dy, By <y g G, Cs3 <y Go, and
(d) the exceptional binding By X Cy.

Lemma 3.11. All double bindings listed in Theorem[3.10] are admissible.
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Proof. We have already discussed how parallel bindings and twists are admissible.

All of the remaining double bindings listed in Theorem [3.10] can be obtained from an
admissible ADE bigraph, classified in [Stel0], through a series of global flips and foldings
along bicolored automorphisms as follows:

Dn+1 X Dn+1 = Bn X Dn+17

(B X Dypi1)" = Cp X Dyyy,
Co X Dpiq— C,px By,
D4 X D4 — G2 X1 D4,
(G2 %1 D4)T = Gy Xg Dy,
Go X1 Dy — Gy >y Bs,
Gy Xo Dy — G < Bs,
D4 X Cg — G2 > Cg,
(G2 >y B?,)T = Gy >y O,

D5&A7l—>B4X|C4.
By Lemma [3.7 and Lemma [3.8] these are all admissible bindings. O

Corollary 3.12. Each of the bindings Ao, 1% By, Asp_1%Cy, ByxC,, ByxDyyq, Cpox Dy,
Eg 12 Fy, Fy* Fy are admissible.

The following proposition lists the dominant eigenvectors for each Dynkin diagram’s Cox-
eter adjacency matrix. A calculation for each ADE type is in [Stel0, Appendix A], and the
non-ADE types can be obtained via a standard folding argument or a direct computation.

Proposition 3.13. The following are the dominant eigenvectors for each Dynkin diagram’s
Cozxeter adjacency matriz:

(i) If the vertices of A, are numbered 1 —2 — --- —mn, then

- . s ) 2m . nw
U4 = [sin ,sin ,...,sin )
i () o (2) o ()

(i) If the vertices of B,, are numbered

1==2—-3— ... —n,

then the left and right dominant eigenvectors are

1 2 -1

= | =, cos <1> , COS il ,...,COS u and
2 2n 2n 2n

TR Ll 2m (n = Lm

Upg = {1,003 <2n>’COS (2n),...,cos( o .

(iii) If the vertices of C,, are numbered

=|
sl

1==2-3—---—n,
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then the left and right dominant eigenvectors are

2 —1
vE = |:1,COS <1> , COS <_7r) ,...,CO8 (u)} and
2n 2n 2n
1 T 27 (n—1)m
R _ | Z - — ~ 7
C—|:2,COS<2n),COS<2n),...,COS< 5 )}

() If the vertices of D,, are numbered

2
|
1-3—4—-—n,

=l

then

N 11 0 27 (n—2)m
Up = |=,=,cos , COS yoooyc08 | ————— | .
22 2n — 2 2n — 2 2n — 2

(v) If the vertices of E,, (n =6,7,8) are numbered

2
1—3—A|I—5—---—n,
and 0 = 7, where h = 12,18,30 is the Coxeter number, then
—, _ [sin@ sinf sin20 _ sin(n—4)0 sin 0
vE= [sinB&’ sin20’ sin360’ ' sin(n —3)8" " sin(n — 3)6}

(vi) If the vertices of Fy are numbered 1 — 2==3 — 4, then the left and right dominant
eigenvectors are

L 2 1 V2 n 2 2
UF_ll’\/E—\/ﬁ’ﬁ—l’ 2] wd 7= |0

(vii) If the vertices of Gy are numbered 1=&2, then the left and right dominant eigenvectors
are

— — 3
vE = [1,\/5] and Tg = [1, g] .
We now present three lemmas that will be useful for identifying double bindings in the
proof of Theorem [3.10]

Lemma 3.14. In a connected admissible Dynkin biagram (I, A), the Cozeter adjacency
matrices I' = 21 — Cr and A = 2] — Ca have a common dominant eigenvector v € RY,.

Proof. Recall that if B is the adjacency matrix of a strongly connected directed graph, then
the Perron—Frobenius Theorem implies that B has a dominant eigenvalue with left and right
eigenspaces of dimension 1, the corresponding eigenvectors have positive coordinates, and
these are the only positive eigenvectors of B.

Notice that every connected Dynkin biagram corresponds to a pair of nonnegative ad-
jacency matrices I', A that together describe a strongly connected directed graph. Let
B =T + A be the resulting adjacency matrix. Then,

Bl =T?+ Al =T?+TA =TB.
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If ¥ is a dominant eigenvector of B, we have
BI'v =TBv = \gl'".

So, I'U" is in the Ap-eigenspace of B. By Perron—Frobenius, this eigenspace is of dimension
1, hence 'V = ¢+ U is some scalar multiple of ©¥". Thus ¥ is an eigenvector of I'. By a
similar argument, v is also an eigenvector of A.

Since v is a dominant eigenvector of B, by the Perron—Frobenius Theorem, v has all
positive values. Let I" have k components: I' =T'y @ --- @ I';,. U can be decomposed into a
sum of positive eigenvectors supported on each I'-component: ¥ = U+ - -+ U. By Perron—
Frobenius, each U; is a dominant eigenvector for I';. So, ¥ is a sum of dominant eigenvectors
for I'y,...,T';, making it a dominant eigenvector for I'. By an analogous argument, v is a
dominant eigenvector for A. O

Corollary 3.15. In a connected admissible Dynkin biagram (', A), all irreducible compo-
nents of I' (resp., A) have the same Coxeter number hy (resp., ha ).

Proof. Let A be a Dynkin diagram. From Lemma 2 of [Dam15],

A = 2cos (%),

where ) is the dominant eigenvalue of the Coxeter adjacency matrix Ap and h is the Coxeter
number of A.

Given a connected admissible Dynkin biagram (", A), let ¥ be the common dominant
eigenvector of I'; A made up of all positive coordinates. Recall from the proof of Lemma
that v = U +---+ U} is a sum of dominant eigenvectors supported on each component
I'y,...,I'x. Thus,

I =T10U1+ -+ 0 =AU+ + AU},
so each component I'; has the same dominant eigenvalue. From [Dam15], this means each
['-component has the same Coxeter number hr. Similarly, each component of A has the
same Coxeter number ha. OJ

Corollary 3.16. Let Ay, Ay be two Dynkin diagrams, and let U1, Us be the corresponding
dominant eigenvectors of their Cozeter adjacency matrices. If U1 = c - Uy for some scalar
c € Ryg, then A; = As.

Define the color type of a Dynkin diagram A to be the multiset {a,b}, where a and b
denote the number of vertices of each color in the bipartite coloring of A. Table 2] lists the
color types of each of the Dynkin diagrams.

Lemma 3.17 ([StelQ]). If (I, A) is an admissible double binding and the two components

of T have color types {a,b} and {c,d}, then the two components of A have color types {a,d}
and {c,b} or {a,c} and {b,d}.

Proof. As (I', A) is bipartite, since every edge in I' connects A; to Ay and I'y is connected,
(I N Ay) U (T N Ay) is the bipartite partition of the vertices of I'y. Similarly, (I'o N Ay) U
(I'y N Ay) is the bipartite partition of the vertices of I'y, and (I'y N A;) U (I'y N A;) is the
bipartite partition of the vertices of A;, for i =1, 2.

Thus, the bipartite partition of (I', A) is

(CiNADU T NA)) U (T NA) U (T2 NAY)).
The two components of A have color types {a,d} and {c, b} or {a,c} and {b,d}. O
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Dynkin Diagram | Coxeter Number h Color Type
Aop 2n +1 {n,n}
Aon+1 2n + 2 {n+1,n}
Ban, 4n {n,n}
Baon4+1 4dn + 2 {n+ 1,71}
Copn 4n {n,n}
Con+1 4n + 2 {n+1,n}
Day, 4n — 2 {n+1,n—1}
Dop41 4n {n+1,n}
Eg 12 {3,3}
Er 18 {4, 3}
Eg 30 {4,4}
Fy 12 {2,2}
G2 6 {1,1}

TABLE 2. Coxeter numbers and color types of each Dynkin diagram.

Lemma 3.18. If (A,T") is an admissible non-ADE double binding, then at least two compo-
nents of {I'1,Ts, A1, Ag} must be non-ADE.

Proof. Suppose there is only one non-ADE component. Without loss of generality, let it be
I'y. Let 4,5 be two vertices in I'; connected by a nonsimple I'-edge, and let k be a vertex
adjacent in A to j. Then, I';; # I';;. Notice that no Dynkin diagram has a vertex adjacent
to two nonsimple edges, so (7, 7) is the only nonsimple I'-edge adjacent to i.

Now, we count (I'A);x. All such paths will necessarily be made up of simple edges except
for ones that trace (i,7), (4, k). Tracing these simple paths backwards to produce blue-red
paths k& — ¢ will yield the same number of paths. However, the number of paths (i, 5), (j, k)
is

Ui Agi # AL,
so the total number of red-blue paths (I'A);; will not be the same as the total number of
blue-red paths (AT);.

On the other hand, the number of blue-red paths ¢« — k will be the same as the number
of red-blue paths k — i, as these paths are all made up of simple edges. Admissibility gives

(CA)i = (AT)ip = (TA) g = (AD) g,
which is a contradiction. O

We are now ready to present the proof of Theorem [3.10, We break up the proof into two
parts. This proof structure was adapted from [Stel0]. First, we examine admissible double
bindings where I'y 2 I's. Then, we classify all admissible double bindings with isomorphic
components.

Lemma 3.19. If (I, A) is an admissible double binding such that the two components of
I' are not isomorphic, then (I', A) is either B, X D11, Cp X Dyyy, By, b Gy, G X9 Dy,
Bg <y 5 Gs, Cs 1,2 G, or B4 (4.

Proof. Using Corollary we may examine all possible non-isomorphic pairings {I'y, 'y}
with the same Coxeter number. As all admissible ADE double bindings were classified by
Stembridge [Stel0], we assume I'y must be non-ADE. This gives us possibilities

{Bn(cn)7A2n71}7 {Bn(Cn)aDnJrl}a {B6<Cﬁ)7E6}a {B9<09)7E7}7 {Bl5(015>7E8}7
{B6<Cﬁ>7F4}7 {33(03)7G2}7 {Bnacn}v {F47A11}7 {F47D7}7
{F4,E6}, {Gg,Ag,}, {G27D4}.
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Observe from Table [2| that {a,b} is a color type of a Dynkin diagram if and only if
la — b] < 2. Using this and Lemma [3.17] valid color types for A reduce the above list to

{BQTHC%} {{nvn}v{n>n}}> {B2n+1a02n+1} {{n+1>n}?{n+1an}}>
{Bon, Doni1} {{n.n},{n+1,n}}, {Can, Dops1} {{n,n}, {n+1,n}},
{B3<C3> A5} {{271}7{372}}7 {B2n+1(02n+1)7D2n+2} {{n+ 17n}7{n+27n}}7

{B4<C4) A7} {{2’2}7{473}}7 {B5(05)aA9} {{372}7{574}}7
{B(i(CG) Eﬁ} {{37 3}7 {37 3}}7 {BQ(OQ)v E?} {{5’ 4}7 {47 3}}7
{B6< ) } {{3a 3}7{272}}a {B3(C3)7G2} {{271}7{1>1}}7
{F47D7} {{2a2}7{473}}7 {F4aE6} {{272}7{373}}7
{G27A5} {{171}7{372}}a {G2>D4} {{171}7{371}}

Notice Lemma[3.17 asserts that if {a, b}, {c, d} is a listed color type, then either {a, c}, {b, d}
or {a,d},{b,c} must be a valid color type. This combined with Lemma eliminates
{B5(C5), Ag} from the list.

We first check that the following color types not listed in Lemma [3.11] are incompatible
double bindings.

{BS<C3)7 A5} {{Qa 1}7 {37 2}}7 {B4(O4)a A?} {{27 2}’ {4a 3}}7
{BG(OG>’ Eﬁ} {{37 3}7 {37 3}}7 {39(09)7 E7} {{57 4}7 {47 3}}’
{Bs(Co), Fi}t {{3,3},{2.2}}, {Fy, D7} 12,2}, {4,3}},
{Fy, Eg} {{2,2},{3,3}}, {Gs, A5} {{1,1},{3,2} }.

Throughout this portion of the proof, we heavily use Lemma to compare dominant
eigenvectors of components in the double bindings. The color set projections of all dominant
eigenvectors relevant to this proof are listed in Table [8] By Lemma [3.14] we know that T
and A share a common (left/right) eigenvector v that is some linear combination of the
dominant eigenvectors of I'y, Iy and that of Ay, As:

— — — — —
U=0cur, @cur, =diva, ©dava,.

So if we write

— —
— — UVrinA Vrona
A:(UFl UFQ):(—>1 1 _)2 1 7

v T'iNAs v T'aNAsg

there is some scaling of the columns of A which result in the rows being dominant eigenvectors
for A1, Ay. Moreover, note that non-ADE Dynkin diagrams have distinct left and right
dominant eigenvectors, which we call chiral eigenvectors. Each chiral eigenvector has at
least one chiral vertex, an index whose value changes between the left and right eigenvector.
So, there must exist a valid scaling for the left common dominant eigenvectors and the right
common dominant eigenvectors. Recall from the proof of Lemma[3.17] that this 2x2 partition
gives the bipartite coloring of (I', A). In addition, as observed in Proposition , the right
dominant eigenvector for (), is the left dominant eigenvector of B, and vice versa, so we
may investigate them both in the same case.

Case 1: {Bg(Og),A5}

The following are the matrices of color sets for the left and right eigenvectors:

R i ol
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Type | Color Set o Color Set
As {1.000, 1.000} {1.000}
As {1.000,1.618} {1.000,1.618}
As {1.000, 1.000, 2.000} {1.000, 1.000}
Az {1.000, 1.000, 2.414, 2.414} {1.000, 1.000, 1.414}
By | {1.000} {1.000}
{1.000} {1.000}
Bs | {1.000, 1.000} {1.000}
{1.000, 2.000} {1.000}
By | {1.000, 2.414} {1.000, 1.414}
{1.000, 2.414} {1.000, 1.414}
Bs | {1.000, 1.618, 2.618} {1.000, 1.618}
{1.000, 2.618, 3.236} {1.000, 1.618}
Bsg {1.000, 2.732, 3.732} {1.000, 1.000, 1.732}
{1.000, 2.732, 3.732} {1.000, 1.732, 2.000}
Bz {1.000, 2.247, 2.802, 4.049} {1.000, 1.802, 2.247}
{1.000, 2.802, 4.049, 4.494} {1.000, 1.802, 2.247}
Bs | {1.000, 2.848, 4.262, 5.027} {1.000, 1.307, 1.848, 2.414}
{1.000, 2.848, 4.262, 5.027} {1.000, 1.848, 2.414, 2.613}
By {1.000, 2.879, 2.879, 4.411, 5.411} | {1.000, 1.879, 2.532, 2.879}
{1.000, 2.879, 4.411, 5.411, 5.759} | {1.000, 1.879, 2.532, 2.879}
Cs {1.000, 2.000} {1.000}
{1.000, 1.000} {1.000}
Cy | {1.000, 2.414} {1.000, 1.414}
{1.000, 2.414} {1.000, 1.414}
Cs {1.000, 2.618, 3.236} {1.000, 1.618}
{1.000, 1.618, 2.618} {1.000, 1.618}
Ce {1.000, 2.732, 3.732} {1.000, 1.732, 2.000}
{1.000, 2.732, 3.732} {1.000, 1.000, 1.732}
Cr {1.000, 2.802, 4.049, 4.494} {1.000, 1.802, 2.247}
{1.000, 2.247, 2.802, 4.049} {1.000, 1.802, 2.247}
Cs {1.000, 2.848, 4.262, 5.027} {1.000, 1.848, 2.414, 2.613}
{1.000, 2.848, 4.262, 5.027} {1.000, 1.307, 1.848, 2.414}
Co {1.000, 2.879, 4.411, 5.411, 5.759} | {1.000, 1.879, 2.532, 2.879}
{1.000, 2.879, 2.879, 4.411, 5.411} | {1.000, 1.879, 2.532, 2.879}
Dy {1.000, 1.000, 1.000} {1.000}
Ds | {1.000, 1.000, 1.414} {1.000, 2.414}
Dg {1.000, 1.618, 1.618, 2.618} {1.000, 1.618}
D {1.000, 1.000, 1.000, 1.732} {1.000, 2.732, 3.732}
E¢ {1.000, 1.000, 2.732} {1.000, 1.366, 1.366}
Er {1.000, 1.879, 2.532, 2.879} {1.000, 1.532, 2.879}
Es {1.000, 1.618, 2.956, 4.783} {1.000, 1.209, 1.618, 1.956}
Fy {1.000, 1.366} {1.000, 2.732}
{1.000, 2.732} {1.000, 1.366}
G2 {1.000} {1.000}
{1.000} {1.000}

TABLE 3. Color set projections for dominant eigenvectors of Dynkin diagrams.
For non-ADE types, the first row is the left eigenvector and the second row is
the right eigenvector. In each non-ADE type, the boldface numbers are chiral
vertices.

By Lemma [3.18] A, Ay must contain a non-ADE component and therefore its color
type must be in our list above. The only possibility is for Ay, Ay to also be of type
{B5(C3), A5}

In the right matrix, the cardinality of color sets forces the pairing {1,2} and {1, 1,2}
for As. However, {1,2} is not a color set for As, so these types are incompatible.
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U1
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4 "

FIGURE 17. The only possible pairing of vertices for the case {By(Cy), Fr}.
The vertices vy, v form a nonadmissible pair.

Case 2: {B4(C4),A7}

Below is the matrix of color sets for both the left and right eigenvectors:

{1,2.414} {1,1,2.414,2.414}
{1,1.414}  {1,1,1.414}

By Lemma [3.18, Ay, As must contain a non-ADE component and therefore its color
type must be in our list above. By color type, Ay, Ay must be of type {B5(C5), Dg}.

However, in order to match the cardinality of the color type for Dg, the set {1,1,2.414,2.414}

above must be a color set for Dg, which it is not.
Case 3: {B@(C@),Eﬁ}
Below are the matrices of color sets for the left and right eigenvectors:

{1,2.732,3.732}  {1,1,2.732} {1,2.732,3.732}  {1,1,2.732}
{1,1,1.732}  {1,1.366,1.366}|" {1,1.732,2} ~ {1,1.366,1.366}| -

By Lemma [3.18) Ay, Ay cannot both be ADE. By color type, if Ay 2 Ay, then Ay, Ay
must be of type { Bs(Cs), Eg} or { B, Cs}. But neither {1, 1,2.732} nor {1, 1.366, 1.366}
is a color set for Bg(Cg), so both cases are incompatible.
If Ay =2 Ay, then Ay = Ay € {Bg, Cg}. By the same argument above, these are both
incompatible types.
Case 4: {By(Cy), £}
Consider the right eigenvector color sets below:

{1,2.879,4.411,5.411,5.759} {1,1.879,2.532,2.879}
{1,1.879,2.532, 2.879} {1,1.532,2.879}

One of Ay, Ay must be non-ADE, so by color type, A, Ay must be of type { Bo(Cy), E7}.
The color set cardinalities force an exact pairing, yielding the biagram depicted in
Figure [I7] However, this is not admissible.

Case 5: {Bs(Cs), Iy}
The following are the matrices of color sets for the left and right eigenvectors:

{1,2.732,3.732} {1,1.366} {1,2.732,3.732}  {1,1.366}
{1,1,1.732} ~ {1,2.732}|" {1,1.732,2}  {1,2.732}|"

First we consider when A; 22 Ay. There are no compatible color types if both Aj, A,
are ADE (proof of [Stel0, Lemma 4.7]). If Ay, Ay are not both ADE, then by color type
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they must be types {Bs, C5}. However, B;(Cj5) includes the color set {1,2.618,3.236},
which is not one of the color sets above.

Now suppose A; = Ay. Then A; = A, € {A5,B5,C5, Ds}. By the argument
above, they cannot be Bs or C5. The eigenvector for As includes {1,1,2} as one of
its color sets, which is not one of the sets above. Similarly, the eigenvector for Dy
includes the color set {1,1,1.414}, which is not one of the sets above. Thus, this case
is incompatible.

Case 6: {Fy, D;}
The following is the matrix of color sets for both the left and right eigenvectors:

{1,1.366} {1,1,1,1.732}
{1,2.732} {1,2.732,3.732}|

One of Ay, Ay must be non-ADE, so by color type, Ay, Ay must be of type { B5(C5), Dg}-
However {1,1,1,1.732} is not a color set for Dg, so this is incompatible.

Case 7: {Fy, Es}
The following is the matrix of color sets for both the left and right eigenvectors:

{1,1.366}  {1,1,2.732}
{1,2.732} {1,1.366,1.366} | -

By Lemma [3.18) Ay, Ay cannot both be ADE. By color type, if Ay % Ay, then Ay, Ay
must be of type {Bj,Cs}. However, {1, 1.366, 1.366} is not a color set for Bj or Cs,
so this is incompatible.
If Ay =2 Ay, then Ay =2 Ay € {B5,C5}. By the same argument above, this is not
possible.
Case 8: {Gs, A5}
The following is the matrix of color sets for both the left and right eigenvectors:

0]

One of Ay, Ay must be non-ADE, so by color type, Ay, Ay must be of type { B3(C3), D4 }.
However, D, has color set {1,1, 1}, which is not one of the sets above.
So, we have successfully eliminated all potential type pairings not listed in Theorem [3.10]
We now show that the remaining type pairings { B,,, Cy, }, { Bn(Cy), Dni1}, {Bs(C3), G2}, and
{Gs, D,} result in the Dynkin biagrams listed in Theorem [3.10}

Recall that every non-ADE Dynkin diagram has a chiral eigenvector. We say a color set
is chiral if it changes values between the left and right eigenvectors. For this next section,
we use a stronger assumption of the pairing of color sets that takes chiral eigenvectors into
account. Because of this, we use the notation vy(v,) to indicate the values for the left and
right eigenvector, so that one can more easily identify the chiral color sets. We call a chiral
color set distinguishable if its left and right counterparts are not scalar multiples of each
other under any permutation of the entries.

Notice that a double binding is not just a pairing of color sets for I' and A; it is a pairing
that must be consistent with both the left and right eigenvectors. Because of this, if A has
a distinguishable chiral color set, it cannot be dealt a pairing of color sets that are both
nondistinguishable chiral color sets.

For example, B,, and C, have a distinguishable chiral color set for all n # 2,4, and as a
result B, and C,, are distinguishable from each other by their color sets in these cases. To
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U2
U1
Uy
U2

FIGURE 18. The potential vertex pairings when I'y =& By, I's = (4, and
Ay, Ay = By (left) or Ay, Ay = Cy (right). The vertices vy, vy and ug, uy form
nonadmissible pairs.

see this is true, consider the color sets of C), and B, from Proposition |3.13]

{{vl, oo ue(vk/2) {vr, . ve/2(0k) }
{ry,...,rs} {ri,...,rs} ’

where v; < vy < .-+ < wvg. The chiral color sets {vy,...,vx(vx/2)} are distinguishable
whenever % > vy, as changing sides preserves the minimum element of the set.

. -1 .. .
When n is odd, v; = cos (%) and v, = 1 are the minimum and maximum elements

of the chiral color set. Then,

SN (CES Lo RS L

T
on on 3 =

which is always true.

. -2 N .
When n is even, v; = cos (%) and v, = 1 are the minimum and maximum elements

of the chiral color set. Then,

%Zcos(w) —= MZ

T
on m -3 — "=l
which leaves only the case n = 2, 4.
Now we are ready to show the remaining type pairings are those listed in Theorem [3.10]
Case 1: {B,,C,}, n>3
First consider when A} =2 Ay, n # 4. Then, A} = Ay € {A,,, B, Cy, Dogi1, Fs, Er, Ex}.
Since B,, and C,, have distinguishable chiral color sets, A must also have distinguishable
chiral color sets, so Ay = Ay € {B,,C,}. So we have the following pairing:
o Ay {u, .. up(ve/2) U A{ry, ... st
o Ay {uy, ... u/2(vp) U {ry, .. s )
However, B,, and C,, have distinct chiral color sets, so it is impossible for A; & As.
When n = 4, we have the possibilities Ay = Ay € {Ay, By, Cy, Fy}. A4 has the color
set {1,1.618} and Fj has the color set {1,1.366}, neither of which is a color set of B,
or Cy. Assigning Ay = Ay = By or Ay =2 Ay = () yields two Dynkin biagrams which
are not admissible (See Figure . So we must have A; 22 As.
If Ay 22 A,, we first note there are no potential non-isomorphic ADE color types
that match (proof of [Stel(, Lemma 4.7]), so A; and Ay cannot both be ADE. Thus
they must be in the list above as {Bs(Cs), Eg}, {Fu, Es}, {Bs(Cs), Fu} or {B,,C,},
of which only {Fj, Es} and {B,,C,} have not yet been eliminated as incompatible
types. Fg has the color set {1, 1,2.732}, which is not a color set of Bgs(Cs), and F has
the color set {1,1.366}, which is not a color set of B5(C5). Thus the only possibility
for A is {B,,C,}. Since each eigenvector of B,,C, has a distinguished chiral color
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U1

%]

FiGURE 19. The potential pairing of vertices for I'y & By, 'y =& D5, A =
Cy, Ay = Ds. The vertices vy, vo form a nonadmissible pair.

set, this forces the same pairing above, resulting in the admissible Dynkin biagram
B, 1 C,, depicted in Figure [II] When n = 4, there is an alternate pairing, yielding
the exceptional double binding By X Cy (see Figure @

Case 2: {B,(C,),Dy1}

By Proposition |3.13] the eigenvectors of C,, and D,, 1 have the following color sets:

{v1, .., ve(ve/2)} {v1, ..o vp—1, Uk /2, v /2}
{ri,...,rs} {ri,...,rs} ’

where v; < vy < -+ < vg. By Lemma[3.18, A; and A, must be a listed non-ADE pair.
The only possibilities for compatible types are {B,(C,), D,+1} and {B3(C3), Gy}, If
Ay, Ay are {B3(C3), Go}, then T'y, 'y must be { By, A3}. However, A3 has the color set
{1,1}, which is not a left color set of C5. So Ay, Ay must be {B,,(C},), D41}

Consider first when n # 4. Since D,,y; does not have a distinguishable chiral color
set, we have the following pairing of color sets:

o Doy A{vr, . e, v /2,0 /2 U, .. s )

o B,(Cp) : {vr, ... ve/2(v) U {ry, .. s}
As B, and C,, have distinct chiral color sets for n # 4, Ay, Ay must be {C,,, D11}
This uniquely determines the biagram to be C), X D, ;1. Similarly, when we start with
{By, Dyy1}, we get B, x D, 1. Both of these biagrams are depicted in Figure |§|

When n = 4, the values of the color sets determine the same pairing as above.
However, there is an alternate assignment of vertices for I'y & C,, Ay & B, which
results a nonadmissible Dynkin biagram. Similarly, when we have I'y & B,,, A1 = C,,,
we get a nonadmissible Dynkin biagram depicted in Figure [19]

Case 3: {B3(Cs3),Ga}

The eigenvectors of C'3 and G2 have the following color sets:

{{1’{21(}1)} Eﬂ |

We first note there are no potential non-isomorphic ADE color types that match (proof
of [Stel(, Lemma 4.7]), so A; and Ay cannot both be ADE. Thus they must be in the
list above as either { B3(C3), Gy} or {Bs, A3}. Notice that A has the color set {1, 1},
which is not a left color set of Cs. So Ay, Ay must be of type {B;3(C5), Go}. Since Bj
and Cj5 have distinct chiral color sets, Aq, Ay must be of type {C3, G2 }. There are two
choices for the pairings of sets, so with Lemma [3.8] this yields two different biagrams
for {Cs, G2}, C5 <15 Gy, Similarly, when we start with {Bs, G2}, we get Bz <y 2 Go
(see Figure [10]).
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V2

U1

FIGURE 20. A pairing of vertices for I'y 2 'y & By and A; =2 Ay = Cy. The
vertices vy, vy form a nonadmissible pair.

Case 4: {G3, D4}
The following are the color sets for both left and right eigenvectors:

[{1} {1,1, 1}}
{1v {1} |-
This cardinality of color sets is unique to Dy, so A1, Ay must also be {Gs, D,}. There
are two different pairings, producing Go X Dy and Gy X9 Dy (see Figure .

O

The following lemma, combined with Lemma [3.19 completes the proof of Theorem |3.10|

Lemma 3.20. If (T', A) is an admissible double binding such that the two components of T’
are isomorphic, then (I', A) is either a parallel binding or a twist.

Proof. We are given I'} = I'y, and also only consider A; = Ay, otherwise the biagram would
be dual to one already classified in Lemma[3.19] Let the color type of I'1,I's be {a,b}. Then
the color type of A; = A, must also be {a,b} by Lemma [3.17

First consider when I' 22 A. The following is a list of all possible distinct non-ADE pairings
{I", A} with the same color type:

{BmAn}7 {CmAn}a {Bnacn}a {BQnJrlaD?nJrl}a
{Cons1, Doni1}, {Bs(Cs), Es}, {B:(C7), Er}, {Bs(Cs), Es},
{Fy, Ay}, {Fy, B4(Cy)}, {Ga, Ao}, {Goa, B}

We first consider the infinite cases. When I'y =2 I'y = B, (C,,), there is an eigenvector with
strictly increasing values. Since D,, and A, each have a color set with repeated values,
both {Bogi1(Coky1), Aokr1} and {Bagy1(Cogr1), Doxy1} are incompatible types.

When n = 2k, from Proposition the two color sets of A,, are identical and have all
distinct values, so there exists an ordering of the vertices of each color set that is strictly
increasing. However, even though B, and C,, have increasing color sets, when n > 2, the
relative ordering of vertices changes between sides, so there is no assignment of values to
vertices that produces increasing sets in both the left and right dominant eigenvectors. So
when n > 2, {B,(C,), A,} are incompatible types. When n = 2, { By, A3} has two potential
pairings, one of which is admissible, By ® As.

For the case of {B,,C,}, n > 3, we know the chiral color set for B, is distinct from
the chiral color set for C, for all n # 4, so this is an incompatible pairing. When n = 4,
the assignment of color set values to vertices results in the nonadmissible Dynkin biagram
depicted in Figure [20]

In each of the pairings {B,(C,), E,} for n € {6,7,8}, there is a color set of E,, that is not
a color set of B, (C,,).
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In the pairings {Fy, A4} and {Fy, B4(C4)}, Ag has the color set {1, 1.618} and By(Cy) have
the color set {1,2.414}, neither of which is a color set of Fj.

For each of {Gs, A2} and {G,, By}, there are two possible pairings to create a biagram,
one of which is admissible: Gy ® Ay and Gy ® Bs.

Now suppose I' =2 A. We show that this produces only twists or tensor products. From
Stembridge’s paper, we know this is true for ADE I" and A.

When I'; A 2 By, both assignments are admissible: By X By and By ® Bs.

When I''A = B, or C,, for n > 2, the color set pairings must give one distinguishable
chiral set to each A-component, yielding B,, x B,, and C,, x C,,.

When I'; A = Fj, the color set values are distinct, so the color set pairings and vertex
assignments are uniquely determined to produce F) x F}.

When I', A = (G5, both assignments are admissible: G5 x G5 and G5 ® Gs. O

Proposition 3.21. The only other unit bindings besides the double bindings are Ay ® A =
Ay, By @ A1 = By, and Gy @ Ay = Go.

Proof. Any smaller unit binding can be written as (I'; A), where I is connected and A has at
most two components. If A = A; LAy, then every edge of I' connects A; and A,. Moreover,
every vertex of A; is adjacent along a I'-edge to a vertex in Ay ([Stel0, Lemma 2.5]), so
Aq LI Ay is the bipartite coloring of the diagram. However, this means A;, Ay are each all
one color, so we have Ay, Ay = A;.

If A has only one component, then by Lemma [3.14] I" and A share a common dominant
eigenvector. By Corollary A

In each of the cases I' € {B,, C,, Fy, Go, E7, Eg}, I' has an eigenvector with distinct
values, which uniquely determines the assignment of vertices so that A = I'. However, this
means that A shares edges with I', a contradiction.

All of the ADE types A,,, D,, and Eg have nontrivial bigraph automorphisms that fix the
dominant eigenvector, but each one results in a diagram that shares edges with the original.
Thus there are no other unit self-bindings. 0

3.4. Proof of the classification. The idea of the proof of Theorem uses Proposition
and is based on a basic argument adapted from [Stel0]. Let I' have k& components,
I'y,...,T%. We define C to be the component graph on the vertex set [k] that has an edge
{i,7} if there exists an edge of A that connects vertices of I'; and I';. Such an edge then
denotes the binding of I'; and T';.

Since every admissible Dynkin biagram can be formed through a series of taking duals and
gluing together bindings, the class of connected admissible Dynkin biagrams is the smallest
class G that contains

(i) A1 ® Ay, A1 ® As, A1 ® By, A1 ® G and all admissible Dynkin double bindings,
(ii) all admissible Dynkin biagrams obtained by gluing together bindings in G along some
connected component graph C, and
(iii) the dual of every biagram (I', A) in G such that A has at most 2 components.

The list in Theorem [3.6| clearly satisfies (i). It remains to prove (ii) and (iii).
Proof of (ii). Let (I', A) be a connected admissible Dynkin biagram whose bindings are listed
in Theorem [3.6] or Stembridge’s classification:

(1) the parallel and twisted bindings,
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(2) Aop_1 % By, Agy1 % Cy, By % Cy, By x Dyyq, Cp % Dyyyq, Eg *19 Fy, Fy* Fy,

(3) A2n—1 * Dn+17 Eﬁ * Eﬁ, D6 * D6> Eg * Eg,

(4) the double bindings Bn X Dn+1, Cn X Dn—l—lu Bn > Cn, G2 X122 D4, Bg >y 2 GQ, and
C3 < 2 G,

(5) the exceptional bindings By X Cy, Ds X A7, and E; X Dy.

Since Stembridge has already classified the connected admissible ADE bigraphs, we may
assume there is at least one non-ADE binding in (I'; A). We only need to show that (I', A)
is listed in Theorem [3.6l

If all bindings in C are parallel, (I', A) is necessarily a tensor product. So, assume there is
some nonparallel binding. We first note that C must be acyclic, as all Dynkin diagrams are
acyclic ([Stel0, Lemma 2.5(b)]). So, C is a tree. We show C is necessarily a path.

Suppose C has a node of degree at least 3. Then, every vertex in the corresponding
component I'g has deg, > 3 ([Stel0, Lemma 2.5(a)]). If one of the nonparallel bindings is
ADE;, then each I'-component has a vertex with deg, > 2. So, the vertex in the nonparallel
binding has two different paths to I'y, forming a A-component containing at least two points
of I'y. However, there is no Dynkin diagram with more than one vertex of degree 3. If one of
the nonparallel bindings is not ADE, then there exists a vertex adjacent to a nonsimple A-
edge. Then, this yields a non-ADE A-component connected to I'g which therefore contains
a degree 3 vertex. However, no non-ADE Dynkin diagrams have any degree > 3 vertices. So
there must be no nodes of degree 3, and C is just a path.

Now suppose there is more than one nonparallel binding in C. Since subdiagrams of
Dynkin diagrams are Dynkin diagrams, we can prune our path to be a component graph C
with exactly two nonparallel bindings at the ends. Since A is acyclic, a maximal A-path
through distinct vertices necessarily terminates at vertices v such that deg, (v) = 1. These
end vertices must occur in the components of I' at the ends of C, since the vertices in all other
components necessarily have degs(v) > 2. In every nonparallel binding listed above, every
A-component either contains at least two edges or is a nonsimple edge. So, the vertices one
step away from the endpoints of a maximal A-path either have deg, (v) > 3 or are adjacent
to nonsimple edges. Dynkin diagrams have at most one vertex of degree > 3, and non-ADE
Dynkin diagrams have at most one nonsimple edge and no vertices of degree > 3. So if at
least one nonparallel binding is non-ADE, there is at most one binding in C, contradicting
our assumption of two nonparallel bindings. If both nonparallel bindings are ADE, then
all maximal A-paths are of length < 2 and hence all A-components must be isomorphic to
either Az, Bs, (3, Dy, or Go. This is a contradiction, since every A-component is a gluing of
A-components from the two nonparallel bindings, and therefore has at least four edges.

Thus, C is a path with exactly one nonparallel binding.

If our nonparallel binding is ADE, then every I'-component contains a vertex with deg, >
2. So, extending the path with bindings on either side will produce a vertex of degree 3.
As no non-ADE Dynkin diagrams have vertices of degree 3, C cannot have any nonsimple
parallel bindings. Therefore in this case, C is an ADE bigraph, which has been classified by
Stembridge in [Stel0).

Now suppose our nonparallel binding is non-ADE. If in this nonparallel binding, Iy con-
tains one of the following, then I'y must be an end node of C.

e a vertex v with deg,(v) = 3. Extending this path with a binding would create a
degree 4 vertex.
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e a vertex v such that deg, = 2 and v is adjacent to a nonsimple A-edge. Extending
this path with a binding would create a non-ADE Dynkin diagram with a degree 3
vertex.

e a vertex v adjacent to a Gy A-component. Gy is not a subdiagram of any other
Dynkin diagram.

Each of the non-ADE double bindings and twists besides By x By satisfy one of these criterion
in both I' components. So if the nonparallel binding is a double binding or twist, then C
consists of only one binding.

We can explicitly give all component graphs of other non-ADE bindings by observing
two things. First, no Dynkin diagrams have more than one nonsimple edge, so all parallel
bindings in C must be simple parallel bindings. Second, in a Dynkin diagram, a nonsimple
edge either occurs at the end of a path (B,,C,) or in the middle of a length 3 path (Fj).
So, starting from a non-ADE nonparallel binding, we may either extend with simple parallel
bindings arbitrarily in one direction or once in each direction.

Below are the potential component paths for each of the remaining nonparallel non-ADE
bindings:

By X By = By X By=---= DBy, By = By X By = By,
By * Agpy = (BA™),, (B™A),, B, =B,* Asn_1 = Aon_1,
Cp* Agy = (CA™ 1Y), (C™A),, C,=C,p % Agy1 = Agy1,
B, xC, = (BC™™"),, (B™'C),, B,=B,*C,=0C,,
B, * D,y = (BD™"Y),, (B™'D),, B,=B,*Dy,1 = Dy,1,
Cp*Dpyy = (CD™ ), (C™'D),, C,=Cy,* Dyy1 = Dy,
Fy*1 Es = (FyEP 1Y), (F"'Eg)1, Fy = Fy* Eg = F,
Fy %y By = (FyE™ 1)y, (F" 1 Eg)y, Fy= Fy*o Eg = Eg,
FyxFy = FyxFy=---=F,, Fy=F,xF,=F}.
These are all listed in Theorem [3.6 0

Proof of (iii). Let (I'; A) be a biagram listed in Theorem such that A has at most two
components. Since tensor products are dual closed, and all non-ADE double bindings are
self-dual, we can assume (I'; A) is one of the following biagrams:

By X By=---= By +— B, xC,,
By = By X By = By <— Fy x F},
By x A3 +— By x Ag,
(BA™ 1)y < By, * Aoyt
(B™'A)y < Cyy % Dypy1,
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By = By x A3 = A3 «— Fy %1 Eg,
By x D3 <— By * D3,
(BD™ 1)y ¢ Cpy % Agpy_1,
(B™ D)y ¢ By, % Dy,
By = By % D3 = D3 <— Fy %9 Eg.
The right hand side lists the dual for each Dynkin biagram. These are all listed in Theorem
3.6l OJ

To finish the proof of the classification, it remains to check that all biagrams listed in
Theorem are admissible Dynkin biagrams.

Proof. 1t is clear that all components are Dynkin diagrams. By Theorem and Corollary
[B.12, all bindings are admissible. Every family listed in Theorem is made up of these
bindings, so by Proposition (3.5} all of the biagrams listed in Theorem are admissible.
This concludes the proof of Theorem [3.6] U

3.5. A key observation.

Proposition 3.22. Any admissible Dynkin biagram can be obtained from an ADE bigraph
through a sequence of global flips and folds along bicolored automorphisms.

Proof. Notice that if I" folds to I/, the tensor product I' ® A folds to IV ® A. Similarly, the
twist ' x T" folds to I x T".
We have already shown in the proof of Lemma that each of the double bindings can
be obtained through a series of global flips and folds along bicolored automorphisms.
Each of the remaining bindings can also be obtained from ADE bindings through sequences
of global flips and folds as follows:
DnJrl * Aanl = Bn * A2n717
(Bn * A’42n—1)—r - Cn * A2n—17
A2n—1 * Dn+1 — Cn * Dn+17
(Cn * Dn+1)T = Bn * Dn+1,
Cn * Dn+l = Bn * Cn;
FEg x Bg — Iy %1 E6,
(Fy*1 EG)T = Fy *o Eg,
Fyxy Eg— Fy x F}.
From part (ii) of the proof of Theorem if the non-ADE Dynkin biagram is not a tensor

product, twist, or double binding, then it can be written as a path of parallel bindings with
one nonparallel binding:

== -=hxly=0y=---=T1,.

For the rest of the proof, we notate the above Dynkin biagram as I'? % I'J'. There is some
ADE binding that yields I'y * I's through some sequence v = vy ..., of global flips and
folds. We can obtain an admissible ADE bigraph that will yield the Dynkin biagram I'! «I'}?
through a sequence of global flips and folds by globally taking the inverse of this sequence ~
as follows:
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0.8 0.8

0.5 0.5

F1GURE 21. A strictly subadditive labeling for Dy, ® A,.

2¢/2 2v/2
4 4
2¢/2 2v/2

FIGURE 22. A fixed point labeling for A3 x A,.

(1) Let By be the Dynkin biagram I'f x I'J*. Set k = /.
(2) Given By = AT x ALY,
(i) if 4 is a global flip, let By_1 = (By)".
(ii) if v is a folding from A} * A} to Ay % Ay, then let By = (A})" x (A))™.
(3) If £ = 1, we are done, and By is the desired ADE Dynkin biagram. Otherwise, let
k =k — 1 and repeat step (2). O

4. CLASSIFICATION OF ZAMOLODCHIKOV PERIODIC CLUSTER ALGEBRAS

In this section, we prove that Zamolodchikov periodic B-matrices are in bijection with
admissible Dynkin biagrams. To do so, we introduce the following two notions:

4.1. Strictly subadditive labeling. Let B = T + A be a bipartite recurrent B-matrix,
and let I' = [I'|, A = |A]. We say a labeling p € RZ, of the indices [n] is strictly subadditive
if for all k € [n],
2pp > Zrikl)ia 2pk > Z Ajipj.
i J
If this inequality is not strict, this is called a subadditive labeling. An example of a strictly
subadditive labeling of Dy ® As is given in Figure [21]

4.2. Fixed point labeling. Let B = I + A be a bipartite recurrent B-matrix, and let
I'=I'|,A = |A|. We say a labeling p € RZ, of the indices [n] is a fized point labeling of B

if for all k € [n],
p=11n"+ 110"
i j

An example of a fixed point labeling of A3 x Aj is given in Figure 22
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(5) T-system is periodic

2PN

(4) Tropical T-system is periodic (3) Fixed point labeling

I T ]

(1) Admissible Dynkin biagram |«: >|(2) Strictly subadditive labeling

F1GURE 23. The plan for the proof of Theorem .

Theorem 4.1. Let B =T + A be a bipartite recurrent B-matriz. The following are equiva-
lent:
(1) (I', A) is an admissible Dynkin biagram.
(2) B has a strictly subadditive labeling.
(3) B has a fized point labeling.
(4) The tropical T-system associated with B is periodic for any initial labeling X € R™.
(5) The T-system associated with B is periodic.

4.3. Connection between periodicity and tropical periodicity. This section covers
(5) = (4) as well as (3) + (4) = (5). For a linear function A : R — R and a polytope
P C R?, define

sup(A, P) = sup{\(z2)|z € P}.

For any Laurent polynomial p € Z[z*!], say,

b= Z Caway
aczd
define its Newton polytope Newton(p) C R¢ to be Newton(p) == Conv{a € Z¢ | ¢, # 0}.
Moreover, a Laurent polynomial p is called Newton-positive if for every o € Z? that is a

vertex of Newton(p), we have ¢, > 0. Observe that mutation preserves Newton-positivity,
so all Laurent polynomials in the birational T-system 7T'(t) are Newton-positive.

Lemma 4.2 ([GP19]). For a map ) : [n] — R, the tropical T-system t* is obtained from the
birational T-system via the following transformation:

t)(t) = sup(\, Newton(T,(t))).

Notice that if the T-system is periodic, it immediately follows that the tropical T-system
t)(t) is also periodic.

For p € Z[x*!] and i € [n], define deg,,..(i,p) € Z and deg,;, (i,p) € Z to be the maximal
and minimal degree of z; in p viewed as an element of Z[z7"'] with all other indeterminates
{x;},2 regarded as constants.

For i € [n], define ¢; : [n] — R to be

, 1 ifi=j,
5(j) = { ’

0 otherwise.
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Throughout this section, we use the following notation for every j € [n].
L 0 lf Ej = 0O,
TN e =
Then, notice that the tropical and birational T-systems t;‘ and T} are defined only for t € Z
such that ¢ + 7; is even.
Observe that the tropical T-system with initial condition 9; tracks the maximal degrees

of x; in Laurent polynomials appearing as entries of the birational T-system. Precisely, we
have t?i = deg. (2, T5(t)) for all i,j € [n] and all ¢ € Z with t + n; even. The following

lemma is an extension of Proposition 6.6 in [GP19], and shows that tji tracks the minimal
degrees of z; as well:

Lemma 4.3. For allt € Z and i,j € [n],
— degyin (i, Tj(t)) = degu (i, Ti(t +2))  for e = o, and
- degmin(i’ E(t)) = degmax('é’ E(t - 2)) fO’f’ € = o.

Proof. The values — deg,;, (4, T;(t)) clearly satisfy the same recurrence as the values deg,,,. (¢, T;(¢)).
Therefore it suffices to check the initial case ¢ = 7;. Initially, we have

degmax(ia 7}(”])) = 52(]) and — degmin@’ Tv](ﬁ])) = _5Z<j)
Assume for instance that ¢; = o and 1; = 0. Let us look at ¢ = 2, when 7}(¢) is defined only
for €; = o. Since ¢; = o, b;; = 0 and
deg oy (i, T5(2)) = max(0,0) — degay (1, T5(0)) = —di(j).
For ¢t = 3, we must have ¢; = e.
deg o (1, T5(3)) = max(—|by[, 0) — degy (i, T5(1)) = —d6:(j) = 0.

To summarize, for all j € [n],
degma)((i? 1—3(2 + 77])) = _5l<-7) - = degmin@’ Tj?(ﬂ]))

The case of ¢; = o is treated similarly. When ¢ = 2, we have ¢; = o, giving us

— degy,iy (i, T5(2)) = max(—[bi;], 0) + degn (4, T5(0)) = d:(j) = 0.
When ¢ = 3, we have ¢; = o, so b;; = 0 and

- degmin(iv T‘J(?))) = maX<O7 0) + degmin(ia E(l)) = 51(])
So when ¢; = e,
- degmin@? 7—}(2 + 77])) = 5l(]) - degmax(nj)‘
O

Proposition 4.4. Given an integer N and a bipartite recurrent B-matrix, the following are
equivalent:

5 46 .
(1) t5'(t +2N) =t;'(t) for alli,j € [n],t € Z.
(2) t}(t +2N) = t}(t) for all X € R" and j € [n],t € Z.
(3) There exists a labeling ¢ € R, such that T;(t + 2N ) = ¢;T;(t) for all j € [n],t € Z.
In any of these cases, if B has a fized point labeling, then c; =1 for all j € [n].
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Proof. Notice that (2) = (1) is trivial. Also, (3) = (2) follows directly from Lemma [£.2]
as Newton(c;T;(t)) = Newton(T;(t)).

To show (1) = (3), it is enough to consider ¢ = n;, because if Tj(n; + 2N) = ¢;T;(n;) for
all j € [n], then we can get the case of arbitrary ¢ via the substitution z; = Tj(t + n;) for
all j € [n]. By Lemma[£.3] (1) implies that for every 4,5 € [n],

deguuax (4 Tj(n; + 2N)) = degua (i, Tj(;))  and

degmin(iv T‘](T/J + QN)) = degmin@? T’](nj»
Since T;(n;) = x;, degna. (2, Tj(n;)) = deguin (i, T;(n;)) = 0,(i) and therefore Tj(n; +2N) dif-
fers from T);(n;) by a scalar multiple ¢;. Since they are both Newton-positive, ¢; is necessarily
positive, so (3) follows.

Finally if p € RZ, is a fixed point labeling, then substituting z; = p; for all j € [n] into
T;(t 4+ 2N) = ¢;T;(t) yields p; = ¢jp; and thus ¢; = 1. O
Remark 4.5. This proof is identical to the proof of Proposition 6.8 in [GP19], but uses
Lemma [4.3] instead of Proposition 6.6.

4.4. Admissible Dynkin biagrams have periodic tropical T-systems.
Galashin—Pylyavskyy proved in [GP19] that admissible ADE bigraphs have periodic tropical
T-systems. Recall from Proposition that every admissible Dynkin biagram can be
obtained from an admissible ADE bigraph through a sequence of global flips and folds along
bicolored automorphisms. In this section, we prove that both of these operations work well
with tropical mutations in order to show that all admissible Dynkin biagrams inherit periodic
tropical T-systems.

Lemma 4.6. Let B =T + A be a bipartite recurrent B-matriz. Let C' be a diagonal matriz
with positive diagonal entries ¢ € R such that CB s a skew-symmetric matriz. Let p € R"
be a labeling of B. Define A\ € R™ as \; := Clipi, for alli € [n]. Let

pz + Pr = Max (Z szsz, Z Ajkpj) and )\;C + /\k — Imax (Z sz/\u Z Akj)\j)
i j i J

j
for k € [n]. Then, X\, = ip%

Proof. Since ¢ scales the rows of B to be skew-symmetric, Vi, j € [n] ¢;|bi;| = ¢;]bji]. Then
we see that

max (Z sz’pza Z Ajkpj) = Imax (Z CiFikAia Z CjAjkAj>
i j i J

— Imax (Z ckl“m-)\i, Z CkAkj)\j)
J

1

= Ci - Max (Z sz)\u ZAkj)\]> .
( J

Since pr = ¢\, we have pj = ¢\, too. O
Proposition 4.7. The tropical T-system t* associated with (I', A) is periodic for all X € R®
with period N if and only if the tropical T-system t* associated with (I'", A") is periodic for
all A € R™ with period N.
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Proof. Let t{(t) be the tropical T-system for B, and let *(¢) be the tropical T-system for
—B". Suppose —B" is periodic with period N. Then for any labeling A € R”,
A _ ,
t7(t +2N) =t} (t) forall j € [n]teZ
Let p € R" be a labeling for B. Let A € R™ be defined as ); := +p;, for all i € [n]. Then by
Lemma [4.6]
t(t+2N) =cp -t (t+2N) = cp - (1) = tL(1).

Thus B is tropical periodic with period at most N. Since B = —(—B")T, the periods of B
and —BT are the same. 0

Definition 4.8. Let f : [n] — [n] be a bicolored automorphism of B. p € R" is an f-
symmetric labeling of B if Vi € [n], pru) = pi.

Definition 4.9. Let f be a bicolored automorphism of B, and let p be an f-symmetric
labeling. Then, define f(p) € R¥P) to be a labeling on the orbits of f such that

f(p)f = Pi;
for every f-orbit I, and any ¢ € I.
Remark 4.10. In [FWZ17], Fomin-Williams-Zelevinsky define a quiver @ to be globally
foldable under a group G if mutating at all vertices in a G-orbit results in a quiver that is
still foldable under G. Due to our restriction to bipartite dynamics, in this paper all bipartite
recurrent quivers are globally foldable, as the quiver (and B-matrix) is fixed up to sign by
fho and fle.

Lemma 4.11. Let (B, f,p) be a B-matriz, a bicolored automorphism, and an f-symmetric
labeling. Let K be an orbit of f, and let i denote tropical mutation at index k. Then,

prc o f(p) = follrer ti(p)-

Proof. We can reformulate the statement as the following. Let A € R”, \* € RVB) such
that

() Aj=p; Vj € K,
(ii) A% = py for all orbits J # K of f,
)

(iii) A\x + pr = max (Zl Lixpi, Zj Ajkpj) Vk € K, and

(1) N + £()ie = masx (2, ()i f (o) X5 F(B)osc (0)s).

Then we want to show A}, = \; for any k € K, and thus (B, f, A) folds to (f(B), \*).
Notice that

max (Z f( U(f 1, Zf JKf ) = max Zf(F)IKpi7 Zf(A)JKpj>
= max ZZFzImZZAJ}pr>

el J jed

= max Zrikpi:ZAjka) .
( J

Since we already know f(p)x = py for k € K, we have \j, = \; for any k € K.
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O

Proposition 4.12. If the tropical T-system t* associated to (I', A) is periodic for all X € R™
with period N, and f is a bicolored automorphism, then the tropical T-system t associated
to (f(I'), f(A)) is also periodic for all X € R™, with period dividing N .

Proof. Let A € RF(B) be any labeling of (f(T), f(A)). Define p € R™ as follows:
pi = Ar Vi€ I, for every f-orbit I.

p is clearly an f-symmetric labeling, and for every f-orbit I, f(p); = p;i = A;. So, f folds
(B, p) into (f(B),\). Let t/(t) be the tropical T-system for (I, A), and let £(¢) be the
tropical T-system for (f(I), f(A)). Since £(t) is periodic, by Proposition [4.11]

Pt +2N) =t0(t +2N) = t(t) = t)\(t)

for every f-orbit I, Vt € Z. Thus the tropical T-system for (f(I'), f(A)) is periodic with
period dividing . 0

Corollary 4.13. The tropical T-system associated to an admissible Dynkin biagram (T'; A)
1s periodic, with period dividing hr + ha.

Proof. From Proposition every admissible Dynkin biagram can be obtained from an
admissible ADE bigraph through a series of folding and transpose operations. Admissible
ADE bigraphs are shown in [GP19] to have periodic tropical T-systems t* for all A € R™,
with period dividing hr + ha. By Proposition and Proposition [4.7] each application of
these operations produces another B-matrix whose tropical T-system is periodic for every
A e R O

Remark 4.14. It is worth considering the size of the period for each of the Zamolodchikov
periodic families. In [Kell3], Keller proves the period for tensor products I' ® A divides
hr + ha. In |[GP19], Galashin—Pylyavskyy show that the period for twists I' x I" is Ar when
hr is even. In the remaining ADE families, they derive periodicity from that of tensor
products, preserving the period to be a divisor of Ar 4+ ha. In our construction, we derive all
admissible Dynkin biagrams by folding ADE bigraphs and taking transposes in a way that
preserves periodicity. As a result, all of the admissible Dynkin biagrams are Zamolodchikov
periodic with period dividing hr + ha. However, the actual period of each family is still
unknown.

4.5. Strictly subadditive labeling <= admissible Dynkin biagram. The following
characterization of finite type Cartan matrices is due to Vinberg:

Theorem 4.15 ([Vin71]). Let A be an n x n Cartan matriz. Then A is of finite type if and
only if there exists a vector o € RY, such that Ao € RZ,.

The following proposition and its proof generalize Proposition 5.1 in [GP19].

Proposition 4.16. Let B = ' + A be a bipartite recurrent B-matriz. B has a strictly
subadditive labeling if and only if (I'; A) is an admissible Dynkin biagram.

Proof. First, we claim that for a bipartite matrix B, B is recurrent if and only if ', A
commute. We can see this is true by observing the action of p., te on a bipartite matrix B.
If i, j are two indices of different color, then B;; = p1o(B);;. If ¢, j are both black, then (i, (B);;
is the number of directed length 2 paths from ¢ to j, which is (AI');; — (I'A);;. Similarly if
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i,j are both white, then pe(B);; is the number of directed length 2 paths from ¢ to j. Then
it is clear that B is recurrent if and only if p,(B), i1e(B) remain bipartite, which is exactly
when (AF)Z] = (FA)U

It remains to show that B has a strictly subadditive labeling if and only if the connected
components of I'; A are Dynkin diagrams.

One direction follows directly from Vinberg’s characterization. Recall that the Cartan
matrices and Coxeter adjacency matrices are closely related:

Cr=2I—-T, COa=2I—A.

Given a strictly subadditive labeling of B, restricting to one irreducible component of I' or
A remains strictly subadditive.

2p1, > Zrikpia 2p1, > Z Ajrp;-
¢ J
Rearranging, we get
(Crp)k = 2k — Zrikpi >0, (CAP)k = 2p1 — Z Ajrp; >0,

J

and it is clear that by Vinberg’s characterization, each of the components of C{' and C} are
of finite type. Therefore, each of the components of Cr and Ca are also of finite type and
are Dynkin diagrams.

For the other direction, let (I', A) be an admissible Dynkin biagram. Recall from Lemma
3.14]that I', A have a common dominant eigenvector 7 € R%. Recall also that the dominant
eigenvalues for I" and A are 2 cos(m/hr) and 2 cos(m/ha), respectively. So we have

20y, > 2cos(m/hr)vy = (VD) = Zfikvi and
vy, > 2cos(m/ha)vy = (TA)y = > Ajyu;
J

for all k € [n]. This is a strictly subadditive labeling of B. O
4.6. Fixed point labeling <= strictly subadditive labeling.

Proposition 4.17. Let B be a bipartite recurrent B-matriz. There exists a fixed point
labeling for B if and only if there exists a strictly subadditive labeling for B.

The proof is identical to that of Proposition 4.1 in [GP19], but with matrix notation
instead of graph notation to account for skew-symmetrizable matrices.

Proof. For any labeling p € RY,, define another labeling Zp € RY; by
(Zo)e = W P+ T
i J

We may view Z as a map Z : RY; — R, whose fixed points in RY; are exactly the fixed
point labelings for B.
For two labelings p', p"” € RL;, we write p’ > p” (resp., p' > p") if and only if p' — p" € RZ,

(resp., p' — p" € RL;). Notice that Z T >+/2 > 1. We introduce an intermediate condition
and show the following are equivalent:
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(i) There exists a strictly subadditive labeling of B.
(ii) There exists a labeling p° € RZ; satisfying T < Zp° < 0
(iii) There exists a fixed point labeling for B.
We start with (ii)) = (iii). It is easy to see that if p > p’ then Zp > Zp'. Already, we
have Z1 > 1 and Zp® < p°. Therefore the convex compact set

(1,0 = {p e RL |1 < p < p}

is mapped by Z to itself, so (iii) follows immediately from the Brouwer fixed point theorem.
Since Z1 > 1 none of the coordinates of this fixed point can be equal to 1 and so our fixed
point is in RY;

Now we show (ili) == (i). Assume p € RZ, is a fixed point of Z. Define v € RZ by
v = log py, for all k € [n] and then we have

¢ = p = (Zp)kz\/pr““+prj’“>maX \/pr““,\/pr”“ :
i ( J

J

so after taking the logarithm of both sides we see that v is a strictly subadditive labeling of
B.

It remains to show (i) == (ii). Assume v € R% is a strictly subadditive labeling of B.
Since n is finite, there exists a number ¢ > 0 such that

U — q > Zl"ikyi, U — q > Z Ajpv;
( J

for all k € [n]. Let @ > 1 be a large enough real number so that a? > 2. Define p;, := o** for
all k& € [n]. Then we have

(Zp>k - \/H ;OZF“C + HpJA]k = \/azz Digvi aZj Ajgvj
g J

20021 < a* = py.

Clearly, we have 1< p and 71 < Zp, SO
1T<Z1 <Zp<p,
which concludes the proof. 0

4.7. Tropical periodicity = strictly subadditive labeling.

Proposition 4.18. Let B be a bipartite recurrent B-matrix and assume the tropical T'-system
t* associated with B is periodic for all A € R™. Then there exists a strictly subadditive labeling
for B.

The proof is identical to that of Proposition 7.1 in [GP19], but with matrix notation
instead of graph notation to account for skew-symmetrizable matricesﬂ

IProposition is also a special case of [Miz21l Theorem 5.5].
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Proof. Let N € N be the period of the tropical T-system so that for all i, j € [n], tji (t+2N) =
t?i(t). We wish to find a strictly subadditive labeling v € RZ%,. To do so, we construct

intermediate labelings a’ € R" for every i € [n]. Define a’, as the sum of deg,,,. (¢, Tj(t)) over
one period:

e 0 ife;=o0
:Zt12k+m Wherenjz{ L
k=0

1 lej:..

We first show that a' > 0 for all i € [n]. By Lemma , the average of deg,,,. (4, T;(t)) over
one period equals the average of —deg, ;. (i,7;(t)). Since deg, (7, T;(t)) > deg.in (i, T;(t))
for every t € Z, we get a} > —a’. This implies a} > 0 for all 7,5 € [n].

In addition, if bZJ #0ande; = o,¢; = o, then degmax(z T5(2)) = |bij| > 0 = degn (2, T5(2))
and in this case, aj > —aj Slmﬂarly if ¢, = o,¢; = o, then deg, .. (4, Tj(—1)) = |b;| > 0 =
degin (4, T5(—1)). Hence a’ > 0 when by; # 0.

Next, we claim the labeling a' is (not necessarily strictly) subadditive:

(4.1) 2a; > max (Z Ty;al, ZAgjaé) :
¢ ¢

Indeed, using the periodicity of t‘s.", we can write

2a = t (2k + ;) +Zt (2k + n;)
k=0

= k=1
-1

- (82 (2k + ;) + 7 (2k + 2+ ;).
k=0

2

This is the form for tropical mutation, and is equal to

N-1
= max (Zr@tg 2k +1+41,), ) Agty 2k+1+nj)>

k=0 L

N—-1 N—-1
> max (Z DTty 2k 4+ 14m5), > > Aty (2k+1+ nj)>
l

k=0 ¢ k=0
= max ( E Ly;ay, g Agﬂ}) :
¢ ¢

Thus o' is a subadditive labeling. The only way (4.1)) can be an equality for j € [n] is when
one of the following holds:

o forall k€ {0,1,..., N — 1},

(4.2) S Tty 2k 4+ 14my) > Aty (2k + 1+ 1)
l l
o forall ke {0,1,...,N — 1},
(4.3) S Tty 2k 4+ 14m;) <> Aty 2k + 1 +1).

L 4
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As noted in the proof of Lemmal[4.3] there are two integers ki and ks such that for all £ € [n],
£y (2k1 + 14m;) = 6:(0) and &) (2ks + 1+ n;) = —5;(0).

Thus if b;; # 0, then we get nonzero summations in (4.2)) and (4.3 for k& = ky, ke and
neither of these inequalities hold for all values of k simultaneously. It follows that the

inequality (4.1)) is strict whenever b;; # 0. This allows us to define v as a sum over all a”:

n
l/j = aj.
i=1

Clearly, v inherits subadditivity from a‘, and since each vertex j is a neighbor of some vertex
i, v is strictly subadditive. By the same reasoning, v; > 0 for all j € [n]. O

This concludes the proof of Theorem [£.1] and Theorem [I.1]

5. CONNECTIONS TO W-GRAPHS

In 2010, Stembridge studied admissible ADE bigraphs, as they helped classify the admis-
sible I5(p) x Iy(q)-cells, which encode the action of the standard generators inherited from
Ir(p) x I5(q) on the Kazhdan-Lusztig basis of its associated Iwahori-Hecke algebra H(W).
In this section, we explore which W-graphs are associated with admissible Dynkin biagrams.
We adopt most of our notation from [Ste08] and [Stel0)].

Let I be a finite index set. An I-labeled graph is a triple A = (V,m, 7) such that

(i) V is a vertex set of size n € N,
(ii) m € Mat,x,(Z[g*'/?]) is a weighted adjacency matrix, and
(iii) 7 : V — {subsets of I} is a labeling of the vertices, called the T-invariant.

Now, let W be a Coxeter group relative to a generating set S = {s; | i € I}. Let {T; | i € I}
be the corresponding set of generators of the associated Iwahori—Hecke algebra H over the
ground ring Z[g*'/?]. Recall that the defining relations for H are the quadratic relations
(T: — q)(T; + 1) = 0 for all i € I, and the braid relations inherited from (W, S).

Definition 5.1 (W-graph). An I-labeled graph A is a W-graph if the Z[g*™/?]-module M),
freely generated by vertex set V' may be given the H-module structure such that for all

ueV,
Ti(w) qu if i & 7(u),
Z‘ u = . .
—u+ ¢'/? D rigr() MV if 1 € T(u).

In particular, these operators always satisfy the quadratic relations (7; — ¢)(7; + 1) = 0,
so the only nontrivial condition to satisfy is maintaining the braid relations.

In addition, if m,,, = 0 whenever 7(u) C 7(v), then we say the I-labeled graph is reduced.
Notice that when 7(u) C 7(v), the value of m,, never plays a role in the operators defined
above. So without loss of generality, we assume our W-graphs are always reduced. A W-
graph is a W-cell if its matrix of edge weights m is strongly connected. Since the vertex
set of any directed graph can be uniquely partitioned into strongly connected components,
it can be shown that a W-graph A can be broken into W-cells. If A is a reduced W-graph,
then a vertex v with 7(v) = () or 7(v) = [n] necessarily has outdegree 0 or indegree 0. So in
this case, {v} forms its own cell of A. Such cells are called trivial.
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Given a Coxeter group W, one can construct a W-graph (V, m,7) by taking the matrices
representing the action of the standard generators 7; on the Kazhdan—Lusztig basis of H.
In particular, the matrix m of edge weights is exactly a function of the coefficients in the
Kazhdan-Lusztig polynomial P,,(g). For more details on the construction, we refer the
reader to [KL79].

Remark 5.2. In this section, we focus on classifying W-cells that are bipartite with non-
negative edge weights. This is a generalization of admissible W-cells as defined in [Ste08§],
which captures several combinatorial features of Kazhdan-Lusztig W-graphs. Indeed, since
P, ,(q) only has integral powers of ¢, it follows that m is bipartite. Additionally, for a fi-
nite Coxeter group W, its associated Kazhdan-Lusztig polynomial P, ,(¢) has nonnegative
integer coefficients, so these W-graphs have nonnegative edge weights.

T = (U,m,n) is a Wi-graph and A = (V,m’, 13) is a Wa-graph, the outer product T' ® A
is the Wy x Wa-graph with vertex set U x V' and

T(uv) = 11 (u) U 72(v),

"
uv,u’v’

— /
m — mu,u’év,v’ + mv,vléu,u’a

for all u,u’ € U and v,v" € V. Notice that the outer product I' ® A gives the same matrix
as the tensor product I' ® A, so this notation is consistent.
The following two lemmas were proven in [Ste0§].

Lemma 5.3. Let A be a reduced {1,2}-labeled graph such that every vertex has T-invariant
{1} or {2}. If m is the matrixz of edge weights of A, then A is an I3(p)-graph if and only if
op(m) = 0, where ¢,(t) is the degree p — 1 polynomial defined by the recurrence

Gri1(t) =t (t) — ¢p—1(¢)
with initial conditions ¢o(t) =0, ¢1(t) = 1.
Lemma 5.4. Let (W,S) be a Coxeter group, and let A be a W-graph. If m,, # 0, then
for every i € T(u) — 7(v) and j € T(v) — 7(u), s; is bonded to s; in the Cozeter diagram of

(W, 5).

In [Ste08], the nontrivial admissible I(p)-cells are shown to be in correspondence with 2-
colorings of ADE Dynkin diagrams with Coxeter number h dividing p. The following result
is a generalization of this result to Dynkin diagrams.

Theorem 5.5. A bipartite strongly connected multigraph with vertex color labels {1},{2} is
a nontrivial Iy(p)-cell with nonnegative edge weights m if and only if it is a Dynkin diagram
of finite type whose Coxeter number divides p.

The proof of Theorem [5.5|is a modification of the proof in [Ste0§].
Proof. Let A be an appropriately labeled multigraph, viewed as an admissible {1, 2}-labeled

graph with a symmetric edge-weight marix m. From Lemma 5.3} we know A is an I,(p)-cell
if it is strongly connected and satisfies ¢,(m) = 0. Notice that

sin(r + 1)0 = 2cos @ sinrf — sin(r — 1)6,
which is the same recurrence as ¢,(t) if we let £ = 2 cosf. The only difference is in the initial

conditions. Where ¢o(t) = 0 and ¢;(t) = 1, we now have sin(0-6) = 0 and sin(1-6) = sin(6).
It is straightforward to see that for all k£ € N,

sin k6 = sin 0 - ¢(2 cos ).
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It follows that ¢,(2cos0) = 2222 and therefore the roots of ¢,(t) are exactly

sin 6

k
2 cos (—W) NVEe{l,...,p—1}.
p

If ¢,(m) = 0, then all eigenvalues of m are roots of ¢,, which are strictly less than 2. In
particular, 2 — m is a Cartan matrix whose eigenvalues are strictly positive.

Since m is strongly connected, it is irreducible. By the Perron-Frobenius Theorem for
irreducible nonnegative matrices, there exists a positive eigenvalue A with eigenvector v €
R”,. The matrices 2—m and m have the same eigenvectors, so v € R” and (2—m)v € R%
too. By Vinberg’s characterization, 2—m is a Cartan matrix of finite type, so m is the Coxeter
adjacency matrix of a Dynkin diagram.

Conversely, suppose we have a Dynkin diagram with Coxeter adjacency matrix A and
bipartite labeling 7. We want to see for which Dynkin diagrams is A = (V, A, 7) an I1(p)-
cell. We already know if ¢,(A) = 0, then all eigenvalues of A are roots of ¢,. Recall from
[Dam15] that the eigenvalues of A are of the form 2 cos (%), where the e; are exponents of
A and h is the Coxeter number. In particular, A has n distinct eigenvalues Aq,..., \,, so A
is diagonalizable. If \; is a root of ¢, for every 4, it follows that ¢,(A) = 0. This happens
exactly when h divides p. U

Given the form of the nonnegative I(p)-cells, the following theorem presents the con-
nection between nonnegative Io(p) X I2(q)-cells and connected admissible Dynkin biagrams.
This is a generalization of the result in [Stel0] classifying the admissible I5(p) x I5(q)-cells.

Theorem 5.6. The Iy(p) x I5(q)-cells with nonnegative edge weights are in correspondence
with certain {1,2,3,4}-labeled connected admissible Dynkin biagrams (I'; A) such that hr
divides p and ha divides q. In particular, each such Dynkin biagram has four distinct labelings
that produce an Iy(p) x I5(q)-cell.

The following proof is adapted from [Stel()].
Proof. We will show that I5(p) x I3(q)-cells with nonnegative edge weights will be either

(1) outer products of nonnegative I5(p)-cells with trivial I5(q)-cells (or vice versa), or
(2) other connected admissible Dynkin biagrams with respective Coxeter numbers ha|p
and hr|q and vertex labels V (i, ) = {v|7(v) = {i+1,j+3}} forming a 2x2 partition.

Let A = (V,m, 7) be a nonnegative I5(p) x I5(q)-cell. Let T7, T, be the associated generators
for Ir(p), and Ts, Ty the generators for I5(¢). By Lemma [.4] if m,, # 0, then for every
i € T(u) —7(v) and j € 7(v) — 7(u), s; and s; do not commute. Since A is reduced,

—7(v) = {1} and 7(v) — 7(u) = {2} (or vice versa).

—7(v) = {3} and 7(v) — 7(u) = {4} (or vice versa).

If 3,4 & 7(u), then in each of the cases above the same must be true for 7(v) and therefore
all vertices, since A is strongly connected. So, the restriction of A to I3(q) results in a
disjoint union of copies of a trivial I(q)-cell A, and the restriction to I5(p) results in a single
nonnegative I5(p)-cell. This is the outer product of the nonnegative I5(p)-cell and the trivial
cell A. The same applies if 1,2 ¢ 7(u), leaving the outer product of a nonnegative I5(q)-cell
and a trivial I(p)-cell.

(v)
(i) 7(v) is a proper subset of 7(u).
:



42 ARIANA CHIN

Similarly, if 3,4 € 7(v), then the same is true for 7(u) and all other vertices, as A is strongly
connected. This leaves the outer product of a nonnegative I5(p)-cell and a trivial I5(q)-cell.
The same is true if 1,2 € 7(v), leaving the outer product of a nonnegative I5(g)-cell and a
trivial I5(p)-cell.

From Theorem [5.5] each of these trivial outer products are in correspondence with Dynkin
diagrams with suitable Coxeter numbers and a bipartite labeling.

The remaining possibility is when for each vertex w of A, 7(w) contains one element of
{1,2} and one element of {3,4}. Then there are no edges of type (i), so A has no one-
directional edges (u,v such that m,, = 0 and m,, # 0). A has the structure of a Dynkin
biagram (I', A) if we let " be edges of type (ii) and A be edges of type (iii). Indeed, restriction
of A to Iy(p) or Iy(q) yields a disjoint union of I5(p)-cells or I5(q)-cells, which by Theorem
are Dynkin diagrams with Coxeter numbers hr dividing p and ha dividing g. Moreover,
[ and A share no edges and A is bipartite (vertices with labeling {1,3} or {2,4} are one
color, and vertices with labeling {1,4} or {2,3} are the other color).

To show that (I', A) is admissible, notice that I" exactly represents the action of the element
¢ VAT +Ty)—(¢/*—q/?) in the H-module M, on the elements v € V corresponding to the
vertices of A. Similarly, A represents the action of the element ¢~ /2(Ty +T}) — (¢*/* — ¢~ '/?)
in M, on the elements v € V. Since T}, Ty, commute with T3, T, in My, these two elements
also commute, so '’A = AT". Thus, (I'; A) is an admissible Dynkin biagram.

Conversely, suppose that (I', A) is a connected admissible Dynkin biagram such that the
Coxeter numbers hr, ha divide p and g respectively. There are four potential W-cell struc-
tures (V,m, 7). First, let V be the vertices in I'; A and let m = I' + A. Choose a ver-
tex vp in ([, A). If both I' and A are nontrivial, then let vy be assigned a 7-labeling of
{1,3},{2,3},{1,4} or {2,4}. Then, 7 is determined for all other vertices by letting I'-edges
be of type (ii) and A-edges be of type (iii).

If A is trivial, then let vy be assigned a 7-labeling of {1}, {2},{1,3,4} or {2,3,4}. Then,
7 is determined for all other vertices by letting all edges be of type (ii). Similarly if I is
trivial, we let vy be assigned {3}, {4}, {1,2,3} or {1,2,4} and let all edges be of type (iii).

By Theorem [5.5] restrictions of (I', A) to either I or A yields admissible I5(p)-graphs or
I5(q)-graphs. To show this is a nonnegative I5(p) x I5(q)-cell, the only remaining relation to
check is that 77,715 commutes with T3, T}.

A straightforward calculation shows that when 7(u) = {1,3} and 7(v) = {2,4}, the
coefficient of v in ¢~ (T1T3 — T3Ty)(u) is the difference between the number of blue-red
paths and red-blue paths from u to v. Otherwise, the coefficient vanishes. Since (I',A) is
admissible, the coefficients always vanish, so T1T3 — 1377 = 0. Similar arguments show that
T1 commutes with T, and 75 commutes with T3, T}. O

Remark 5.7. The proof of Theorem is identical to Stembridge’s proof (Theorem 6.5),
with the exception of using Theorem instead of the analogous statement for admissi-
ble I5(p)-cells. As a result, we are left with a Dynkin biagram structure, which can have
nonsymmetric edge weights instead of a bigraph structure.

6. CONJECTURES

Theorem|[I.I has further implications that hint at a strong connection between root systems
and bipartite cluster algebras. Let B be a Zamolodchikov periodic B-matrix, and let ¢} be
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13 0 1 2 3 4 5 6 7

t)\(t) 2 0 —-09 -1 4.9 6 7T 1.1 2.1 -4.9 1 -1 4 1
1-1 4 6 5 2 1 2 -0.9 1.1 -0.9 2 0

TABLE 4. The evolution of the tropical T-system of type A; ® As for one
half period. The red boldface numbers are the I'-mutations, while the blue
boldface numbers are the A-mutations.

its corresponding tropical T-system. Recall the form for tropical mutation at index k € [n]:

th(t+ 1)+t (t — 1) = max <Z Tt} (1), ) Ajktj.(t)> :

For a generic initial labeling A € R", we can color this mutation either red or blue, depending
on the evaluation of the max function. If the maximum is >, 't} (¢), then we call this a
I-mutation, and color it red. Otherwise if the maximum is Ajktg\(t), then we call this a
A-mutation, and color it blue.

Recall that the number of roots in a root system is h - r, where h is the Coxeter number
and r is the rank. If we color mutations for one period hr + ha in the tropical T-system, we
observe an interesting pattern:

Conjecture 6.1. Let (I', A) be an admissible Dynkin biagram with r vertices. The number
of I'-mutations in one period is the number of roots in the root systems associated to each
['-component, totaling to hr - r. Similarly, the number of A-mutations in one period is the
total number of roots in the root systems associated to each A-component, ha - 7.

This conjecture has been verified by SageMath on all non-ADE families in Theorem
for small n, as well as all infinite ADE families for n < 10.

Example 6.2. Let us consider the Dynkin biagram given by A, ® As, with I' consisting
of two A3 components, and A consisting of three Ay components. The Coxeter numbers of
each are hy = 4 and ha = 3, respectively. So, the length of one period is hAr +ha = 7. In the
tropical T-system, this corresponds to iterating ¢ by 14 time steps, as each time step only
mutates half of the vertices.

Suppose our initial labeling is A = [2,0,—0.9,1,—1,4] € R°. In Table , we can see the
evolution of the T-system #(t) over half a period of mutations. In this case, after half a
period we reach the same state as ¢ = 0, but with the rows flipped. The second half of
the period behaves identically. The total number of ['-mutations in one period is 6hr = 24,
which is two times the number of roots in the Az root system. Similarly, the total number
of A-mutations in one period is 6ha = 18.

In fact, one can visualize the space of all initial labelings A € R" as partitioned into
chambers based on the sequence of colored mutations A produces in one period. Going from
one chamber to another involves crossing a linear wall which swaps some number of red and
blue mutations in the period. Let A be a Dynkin diagram. For the small case of A ® Ay, we
observed the following, implying a potential bijection between chambers and clusters.

Conjecture 6.3. Let n > 2. Let A € {As,, Bo,, Cop, E,, Fy, Go} be a Dynkin diagram of
rank k. Consider the Dynkin biagram A® A;. The space of initial labelings R* is partitioned
into ¢, distinct chambers, where ¢, is the number of seeds in the cluster algebra of type A.
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The following conjecture generalizes Conjecture [6.1) and applies to affine X finite ADE
bigraphs as defined in [GP20).

Conjecture 6.4. Let (I'; A) be an admissible biagram with r vertices where the components
of I" are affine Dynkin diagrams and the components of A are Dynkin diagrams. The number
of A-mutations is bounded above by the total number of A-roots, ha - 7.

This conjecture has also been verified by SageMath on all 19 families in the classification
from [GP20] of affine X finite ADE bigraphs for n < 5.

[Dam15]
[FWZ17]
[FZ02]
[FZ03a]
[FZ03b)
[GP19]
[GP20]

[IIK*13a]

[IIK*+13b)]

[Kel13]
[KL79]
[KN92]
[KNS94]
[Miz21]
[RVT93]
[Ste0s]
[Ste10]
[Vin71]

[Zam91]
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