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On the Capacity of Erasure-prone Quantum Storage
with Erasure-prone Entanglement Assistance

Hua Sun, Syed A. Jafar

Abstract

A quantum message is encoded into N quantum storage systems (Q1 . . . QN ) with assistance from NB maximally entangled
bi-partite quantum systems A1B1, . . . , ANBBNB , that are prepared in advance such that B1 . . . BNB are stored separately as
entanglement assistance (EA) systems, while A1 . . . ANB are made available to the encoder. Both the storage systems and EA
systems are erasure-prone. The quantum message must be recoverable given any K of the N storage systems along with any KB

of the NB EA systems. The capacity for this setting is the maximum size of the quantum message, given that the size of each
EA system is λB . All system sizes are relative to the size of a storage system, which is normalized to unity. The exact capacity is
characterized as a function of N,K,NB ,KB , λB in all cases, with one exception. The capacity remains open for an intermediate
range of λB values when a strict majority of the N storage systems, and a strict non-zero minority of the NB EA systems, are
erased. As a key stepping stone, an analogous classical storage (with shared-randomness assistance) problem is introduced. A
set of constraints is identified for the classical problem, such that classical linear code constructions translate to quantum storage
codes, and the converse bounds for the two settings utilize similar insights. In particular, the capacity characterizations for the
classical and quantum settings are shown to be identical in all cases where the capacity is settled.
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I. INTRODUCTION

As a cornerstone of the theory of error-correcting codes, coding for erasures plays a critical role in ensuring the reliable
storage of information. In quantum systems, where both the information and the storage medium are quantum in nature, even
the act of error detection can introduce additional errors. Erasures — errors at known locations — are less susceptible to this
vulnerability and are consequently easier to correct. This underpins the concept of erasure conversion [1], [2], which utilizes
physical principles to transform other types of quantum errors into erasures. Erasures may also emerge as the predominant error
mode in future quantum distributed storage systems, particularly if such systems can be scaled to the size of modern classical
data centers, where each storage system functions as a fault-tolerant memory unit [3], [4]. Furthermore, from an information
theoretic perspective, erasures are among the most tractable of all quantum error paradigms [4], [5], creating opportunities for
synergies between the studies of fundamental limits on one hand and practical code designs on the other [6]. Let us denote
‘erasure-prone quantum storage’ as Q̃S, with the ∼ indicating susceptibility to erasures.

The capabilities of Q̃S are significantly enhanced by entanglement assistance (EA), i.e., when quantum entanglement is
available in advance as an additional shared resource between the encoder and decoder. For example, it is known that quantum
erasure codes do not exist in the parameter regime where the locality is less than the code distance [3]. This limitation arises
primarily due to the no-cloning theorem [7], which prohibits the recovery of quantum information from a set of storage
systems whose erasure (i.e., absence) must be tolerated. Otherwise, two copies of the stored quantum information could be
reconstructed – one by a legitimate receiver without access to the erased/missing systems, and another by a hypothetical party
with access only to the ‘missing’ systems. However, such limitations can be circumvented by utilizing EA. Remarkably, EA
is also associated with improved analytical tractability from an information theoretic standpoint. A textbook example is the
capacity of a quantum channel, which remains unresolved in general but is settled if EA is available [8].

Aside from a few notable exceptions [9], [10], Q̃S with EA has been studied primarily under the assumption that the EA
is perfect, a paradigm that we may refer to as Q̃SEA [5], [11], [12], [13], [14], [15], [16]. Such a setting is illustrated in
Figure 1. While entanglement distribution is seldom perfect, the assumption of perfect EA may be justified if the encoder and
decoder can perform entanglement distillation [17], [18], [19] prior to the encoding of the quantum information, and the coded
systems are immediately sent to the receiver so the decoding can take place prior to any new corruption in the EA resource.
This may not be possible in some settings, e.g., distributed storage over an extended period. The classical communication
required in advance for entanglement distillation may not be feasible, or there may be significant risk of corruption of the EA
resource after the quantum information is encoded and before it can be decoded. It is therefore important to study settings with
imperfect EA. References [9], [10] have found various coding schemes for error-prone quantum storage with error prone EA,
to show that even imperfect EA can be quite useful. Motivated by these observations, in this work we explore the information
theoretic capacity of Q̃SẼA, i.e., erasure-prone quantum storage with erasure-prone entanglement assistance.
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Fig. 1. A Q̃SEA setting studied in [5] is illustrated. A quantum message Q0 (possibly entangled with a purifying reference system R) is encoded into N
quantum storage systems (Q1 . . . QN ) by an encoder with entanglement assistance A. Any N −K of these N systems are erased by a channel. A decoder
must recover the quantum information from the remaining (unerased) systems and the entanglement assistance B. Note that the entanglement assistance
is perfect (not prone to erasures). A feasible coding scheme specifies an encoder ENC, and an array of decoders DECK, guaranteeing recovery for every
K ∈

([N ]
K

)
.

Building upon the foundation laid in [5] for a Shannon theoretic study of Q̃SEA, we incorporate EA erasures and define
a Q̃SẼA(N,K,NB ,KB) problem. The schematic for Q̃SEA appears in Figure 2. The formal problem description appears in
Section II-B. An informal description is provided here. In the Q̃SẼA(N,K,NB ,KB) problem, a quantum message is encoded
into N storage systems (quantum systems Q1 . . . QN ) with assistance from NB maximally entangled bi-partite quantum systems
A1B1, . . . , ANB

BNB
, that are prepared in advance such that B1 . . . BNB

are stored separately as EA systems, while A1 . . . ANB

are made available to the encoder. Both the storage systems and EA systems are erasure-prone. The quantum message must
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be recoverable given any K of the N storage systems along with any KB of the NB EA systems. The information theoretic
capacity for this setting is the maximum size of the quantum message, given that the size of each EA system is λB . All system
sizes are relative to the size of a storage system, which is normalized to unity. The goal of this work is to characterize the
information theoretic capacity of Q̃SẼA(N,K,NB ,KB). Note that setting NB = KB would mean no EA systems are erased,
reducing our Q̃SẼA setting to the Q̃SEA setting. It is noteworthy that there are certain cases identified in [5] for which the
capacity of Q̃SEA is open, which will be resolved (see Observation 6 following Theorem 1) as a byproduct of our capacity
results for Q̃SẼA. A brief summary of our results is presented next.
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Fig. 2. The Q̃SẼA setting studied in this work. Note that the entanglement assistance systems B are also subject to erasures.

As the main result of this work, the exact capacity of Q̃SẼA is characterized as a function of N,K,NB ,KB , λB in all
cases, with one exception. The capacity remains open for an intermediate range of λB values, specifically K/(2KB) < λB <
(N − 2K)/NB + K/KB , when a strict majority of the N storage systems, and a strict non-zero minority of the NB EA
systems, are erased, i.e., K < N/2 and NB > KB > NB/2. For the setting that remains open, we present a lower bound (a
feasible coding scheme) that we conjecture (Observation 1 following Theorem 1) to be information theoretically optimal. As
a key stepping stone for Q̃SẼA(N,K,NB ,KB), an analogous classical storage (with shared-randomness assistance (SRA))
problem, called C̃SS̃RA(N,K,NB ,KB), is introduced, where both the classical storage and the SRA are erasure-prone. A set
of constraints is identified for the classical problem, such that classical linear code constructions translate to quantum storage
codes via a CSS construction. It is worth noting that even after the corresponding classical problem C̃SS̃RA is identified,
challenges remain on both achievability and converse fronts. On the achievability side, since C̃SS̃RA has not been previously
studied, new optimal codes have to be designed for this problem. As it turns out these optimal codes involve rather non-trivial
alignment structures. On the converse side, first a classical converse is needed to test the optimality of the codes for C̃SS̃RA, and
then after the codes are translated into quantum codes via the CSS construction, a tight quantum information-theoretic converse
is still needed to establish the information-theoretic optimality of the corresponding quantum code. Yet, it is remarkable that
the capacity characterizations for the classical and quantum settings are found to be identical in all cases where the capacity
is settled.

Figure 3 previews briefly via an example how a classical code for C̃SS̃RA is translated into a quantum code for Q̃SẼA. The
setting illustrated in the figure is Q̃SẼA(3, 1, 3, 2), where any N−K = 2 out of N = 3 storage systems and any NB−KB = 1
out of NB = 3 EA systems can be erased. A decoder is specified for each possible erasure scenario, and the goal is to find
the maximum size λ0 of the quantum message that can be stored and perfectly recovered in every allowed erasure scenario,
when all storage systems have size normalized to unity and all EA systems (A1, A2, A3, B1, B2, B3) have size λB . When the
Q̃SẼA setting is mapped to a C̃SS̃RA setting, all quantum systems become classical systems, and we are left with a classical
problem to solve, subject to certain entropic constraints. The constraints are listed in the figure. Detailed explanations are
relegated to subsequent sections. The optimal classical code (construction of Y1, Y2, Y3) is also shown in the figure, and it
is not difficult to verify that the construction satisfies all entropic constraints, mainly because of the careful alignments of
message and SR terms. The C̃SS̃RA code is then mapped to a Q̃SẼA code via the CSS construction [20], [21]. The alignments
reflect the non-trivial nature of code design for C̃SS̃RA(N,K,NB ,KB), which is inherited by the optimal quantum codes for
Q̃SẼA(N,K,NB ,KB).

The construction shown in Figure 3 achieves storage size λ0 = 1/2 with λB = 5/6. Information theoretic converse
arguments, not represented in Figure 3, but established later in the paper (Theorem 1 in Section III-A), imply that the message
size λ0 = 1/2 is optimal not only for λB = 5/6 but also for any value of λB ≥ 5/6, i.e., larger sizes of EA systems do not
increase the storage capacity for this setting. The open problem in the context of Figure 3 corresponds to the question: is the
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message size λ0 = 1/2 also achievable with λB strictly smaller than 5/6? If our conjecture holds, then applied to this example
it would imply that λ0 = 1/2 cannot be achieved by any coding scheme with EA system sizes strictly smaller than 5/6.

Lastly, note that the coding scheme shown in Figure 3 does not require particularly large alphabet. Indeed, it works over
any finite field Fq , including the binary field F2. Over F2 it corresponds to the setting where each quantum storage system
has size 6 qubits, each EA system has size 5 qubits, and the quantum message has size 3 qubits. Generally in this work, since
we pursue a Shannon theoretic formulation of storage capacity, which is not sensitive to field size, we will not attempt to
minimize the field size for our coding schemes. Indeed, in Section IV-C we present the same example from a slightly different
perspective that is easier to generalize, but requires a larger field size.

Q0 A1 A2 A3 Q̃SẼA(3, 1, 3, 2)

Q1 Q2 Q3 B1 B2 B3

ENC

DEC{1},{1,2} DEC{2},{1,3}· · · · · · DEC{3},{2,3}

Q̂0

Q̃SẼA(3, 1, 3, 2) → C̃SS̃RA(3, 1, 3, 2)

Message: Q0 → Y0 ∼ Unif.(Fκλ0
q )

Storage: Qn → Yn ∈ Fκ
q , n ∈ [3]

AnBn︸ ︷︷ ︸
(EA)

→ An = Bn︸ ︷︷ ︸
(SRA)

i.i.d.∼ Unif.(FκλB
q ), n ∈ [3]

EA: Entanglement Assistance
SRA: Shared-Randomness Assistance

Entropic Statements of Constraints
H(Y0 | Yi, Bj , Bk) = 0, i ∈ [3], j, k ∈ [3], j ̸= k

I(Y0;Yi, Yj , Bk) = 0, i, j ∈ [3], i ̸= j, k ∈ [3]

H(B1, B2, B3 | Y1, Y2, Y3) = 0
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∑
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Fig. 3. Constructing a Q̃SẼA code from a C̃SS̃RA code for (N,K,NB ,KB) = (3, 1, 3, 2) and (λ0, λB) = (1/2, 5/6). First, quantum systems are mapped
to classical systems. In addition to the decodability and security constraints identified in prior works [4], [22], [23], here the constraints for the classical
setting also include (shown in blue) recovery of the shared-randomness from the storage systems. Next, a classical code is constructed by optimally aligning
shared-randomness, local randomness (not needed in this example) and message terms to satisfy all constraints. Finally, the classical code is mapped to a
quantum code via the CSS construction [20], [21].

A. Notation

Z,R,C are the sets of integers, reals, and complex numbers respectively. The notations Z≥a (R≥a) represent the sets of
integers (reals) greater than or equal to a, respectively. [N ] denotes the set {1, 2, · · · , N}, N ∈ Z≥1. For i, j ∈ Z, the notation
[i : j] denotes the set {i, i + 1, · · · , j} when i ≤ j and the empty set otherwise. |X| denotes the cardinality of X if X is
a set, the support of X if X is a classical random variable, and the dimension of the Hilbert space associated with X if X
is a quantum system. For a set X , the set of its cardinality-k subsets is denoted as

(X
k

)
≜ {Y : Y ⊂ X , |Y| = k}, and the

notation QX denotes (Qi : i ∈ X ). For two sets X ,Y , the notation X \ Y denotes the set of elements that are in X but not
in Y . We will frequently use the notation K ∈

(
[N ]
K

)
and KB ∈

(
[NB ]
KB

)
to represent subsets of [N ] and [NB ] of size K and

KB , respectively. It will be convenient to denote their complements as Kc = [N ] \ K and Kc
B = [NB ] \ KB , respectively. For

matrices M1,M2 of compatible dimensions, (M1,M2) and (M1;M2) represent their horizontal and vertical concatenations,
respectively. MT represents the transpose of the matrix M. The notation M(I,J ) represents the sub-matrix of M formed
by retaining only the rows from the index tuple I and the columns from the index tuple J . For example, M((1, 2), (3, 4))
represents the 2×2 sub-matrix comprising rows 1, 2 and columns 3, 4 of M. For quantum systems X,Y , the notation X ⇝ Y
denotes that a unitary (isometric) map is applied to X so that it is transformed to Y . When X is a set of classical random
variables or quantum systems, H(X) denotes the joint Shannon or von Neumann (quantum) entropy of the elements in X .
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Fq denotes the finite field with q elements where q is a power of a prime. For non-zero vectors u, v, we write u ≡ v to mean
u = v/||v||, i.e., u is the unit vector obtained by normalizing v.

II. PROBLEM STATEMENT

A. Preliminaries

The dimension |Q| of a quantum system Q corresponds to the dimension of its associated Hilbert space HQ. Only finite
dimensional Hilbert spaces are considered in this work. Define S(HQ) as the set of all states of Q, represented as density
matrices (unit-trace positive semidefinite matrices) over HQ. The set of unit rank density matrices, S1(HQ) ≜ {|x⟩ ⟨x| : |x⟩ ∈
HQ, ⟨x|x⟩ = 1} corresponds to pure states. Pure states can also be represented as unit vectors |x⟩ ∈ HQ, ⟨x|x⟩ = 1. A
composite system Q1Q2 . . . QN is associated with the Hilbert space HQ1

⊗HQ2
⊗ · · · ⊗ HQN

, where each Qn is associated
with the Hilbert space HQn

, n ∈ [N ]. A qudit, representing a q-dimensional quantum system, is a unit for expressing the
size of a quantum system. The size of a quantum system Q is logq |Q| qudits. The composite system Q1Q2 . . . QN has size
logq |Q1Q2 . . . QN | = logq |Q1|+ logq |Q2|+ · · ·+ logq |QN | qudits.

B. Problem Formulation: Q̃SẼA(N,K,NB ,KB)

The goal of Q̃SẼA is to encode an arbitrary quantum message Q0, into N storage systems (quantum systems), Q1Q2 . . . QN ,
with assistance from a quantum-entanglement resource AB, A = A1 . . . ANB

, B = B1 . . . BNB
where all of A is available to the

encoder, such that given any K of the N storage systems Q1Q2 . . . QN and any KB of the NB EA systems B = B1 . . . BNB
,

there exists a decoder that can recover Q0. Note that N,K,NB ,KB ∈ Z≥0 and K ≤ N , KB ≤ NB . To highlight key parameters
we refer to an instance of Q̃SẼA as Q̃SẼA(N,K,NB ,KB). The problem is formalized by the following description of a coding
scheme.

1) Encoding and Decoding for Q̃SẼA: A diagram of the encoding and decoding procedure is shown in Figure 2.
A coding scheme for Q̃SẼA(N,K,NB ,KB) is specified by the parameters(

λ0, λB , κ, q,ENC,
(

DECK,KB : K ∈
(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)))
, (1)

where κ ∈ Z≥1, q ∈ Z≥2, and qκλ0 , qκλB ∈ Z≥1. In order to emphasize the dependence of parameters on the coding scheme,
given a coding scheme identified by a label S, we may refer to its parameters as λ0(S), λB(S), κ(S), q(S),ENC(S),DECK,KB (S).
Usually however, as in the following discussion, the label for the coding scheme will be suppressed in order to simplify the
notation if there is no potential for ambiguity.

The scheme encodes an arbitrary quantum message, Q0, of size logq |Q0| = κλ0 qudits. Associated with Q0, define R,
without loss of generality also of the same size logq |R| = κλ0 qudits, as a reference quantum system such that RQ0 is an
arbitrary pure state |φ⟩ ⟨φ|RQ0

∈ S1(HR ⊗HQ0
).

The scheme utilizes EA, represented by a maximally entangled quantum system AB, where A = A1 . . . ANB
, and B =

B1 . . . BNB
are NB-partite systems, with sizes logq |An| = logq |Bn| = κλB qudits, ∀n ∈ [NB ]. The system AB is in a pure

state,

|ϕ⟩AB = |ψ⟩A1B1
⊗ · · · ⊗ |ψ⟩ANB

BNB
,

|ψ⟩AnBn
≡

∑
j∈qκλB

|j, j⟩AnBn
, n ∈ [NB ]. (2)

RQ0 and AB are in a product state.

ωRQ0AB = |φ⟩ ⟨φ|RQ0
⊗ |ϕ⟩ ⟨ϕ|AB . (3)

The encoding operation applies the CPTP (completely positive trace preserving) map ‘ENC’,

ENC : S(HQ0
⊗HA)→ S(HQ1

⊗ · · · ⊗ HQN
), (4)

to the collective input comprised of the quantum message Q0 and the entanglement resource A, and produces the quantum
storage systems Q1Q2 . . . QN . The size of each storage system, logq |Qn| = κ qudits, for all n ∈ [N ]. Following the encoding,
the resulting state of RQ1Q2 . . . QNB,

ρRQ1...QNB = IRB ⊗ ENCQ0A→Q1...QN
(ωRQ0AB). (5)

Next we describe the decoding operation. Let K,KB denote the sets of indices of storage and EA systems that remain available
to the decoder, respectively, after the rest of the storage and EA systems are erased (see Figure 2). For each K ∈

(
[N ]
K

)
,KB ∈(

[NB ]
KB

)
, the coding scheme specifies a CPTP decoding map,

DECK,KB : S(⊗i∈KHQi ⊗j∈KB
HBj )→ S(HQ0), (6)
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which acts on the ‘unerased systems’ to output a quantum system Q̂0. The resulting state σ following the decoding operation
is expressed as follows.

σRQ̂0QKcBKc
B

= IRQKcBKc
B
⊗ DECK,KB

QKBKB
→Q̂0

(ρRQ1...QNB1...BNB
). (7)

Recall from Section I-A that Kc ≜ [N ] \ K and Kc
B ≜ [NB ] \ KB . A coding scheme is feasible if it satisfies the recovery

condition,

σRQ̂0
= |φ⟩ ⟨φ|RQ0

, (8)

for all |φ⟩ ⟨φ| ∈ S1(HR ⊗HQ0
) = S1(Cqκλ0 ⊗ Cqκλ0

) and for all K ∈
(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
.

2) Storage Capacity Region and Storage Capacity for Q̃SẼA(N,K,NB ,KB): Taking a Shannon theoretic perspective as
in [4], the dependence on κ, q is relaxed by allowing coding schemes to freely optimize over these parameters. Accordingly,
a tuple (λ0, λB) ∈ R2

≥0 is said to be achievable for Q̃SẼA(N,K,NB ,KB) if there exists a feasible coding scheme S with
λ0(S) ≥ λ0 and λB(S) ≤ λB . The closure of the set of achievable (λ0, λB) tuples is defined to be the storage capacity
region CQ(N,K,NB ,KB). For each λB ∈ R≥0, the storage capacity of Q̃SẼA(N,K,NB ,KB) is defined as

CQ(N,K,NB ,KB , λB) ≜ max{λ0 : (λ0, λB) ∈ CQ(N,K,NB ,KB)}. (9)

The storage capacity region and the storage capacity may be abbreviated as CQ, CQ(λB), respectively, when the values of the
remaining parameters are obvious from the context.

C. Problem Formulation: C̃SS̃RA(N,K,NB ,KB)

Closely related to Q̃SẼA(N,K,NB ,KB), here we introduce the problem of classical storage with shared-randomness
assistance, i.e., C̃SS̃RA(N,K,NB ,KB). The latter is a conceptually simpler setting that will turn out to be quite insightful
for exploring Q̃SẼA(N,K,NB ,KB). To emphasize the relationship between the two problems, we use similar notation for
corresponding quantities.

The goal of C̃SS̃RA is to encode an arbitrary classical message Y0, into N classical storage systems, Y1, Y2, . . . , YN , with
assistance from shared-randomness (SR) resource AB, A = A1 . . . ANB

, B = B1 . . . BNB
where all of A is available to the

encoder, such that given any K of the N storage systems Y1, Y2, . . . , YN and any KB of the NB SRA systems B1, . . . , BNB
,

there exists a decoder that can recover Y0. Since classical information can be copied, in this case it suffices to set An = Bn

for all n ∈ [NB ]. Note that N,K,NB ,KB ∈ Z≥0 and K ≤ N , KB ≤ NB . The problem is formalized by the following
description of a coding scheme.

1) Encoding and Decoding for C̃SS̃RA: A coding scheme for C̃SS̃RA(N,K,NB ,KB) is specified by the parameters(
λ0, λB , κ, q,ENC,

(
DECK,KB : K ∈

(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)))
, (10)

where κ ∈ Z≥1, q ∈ Z≥2, and qκλ0 , qκλB ∈ Z≥1. For a coding scheme labeled S, we may refer to its parameters as
λ0(S), λB(S), κ(S), q(S),ENC(S),DECK,KB (S). The label identifying the coding scheme will be suppressed if there is no
potential for ambiguity.

The scheme encodes a classical message, Y0, drawn uniformly from its alphabet Y0, of size logq |Y0| = κλ0 dits, where we
define the term dit to mean a q-ary classical symbol.

Pr(Y0 = y0) =
1

qκλ0
, ∀y0 ∈ Y0. (11)

The scheme utilizes SRA, represented by B, where B = (B1, . . . , BNB
) ∈ BNB , with size logq |B| = κλB dits. We refer

to each Bi as an SR-system. The SR is uniformly distributed.

Pr(B = b) =
1

qκλB
, ∀b ∈ BNB . (12)

The scheme also utilizes local randomness, represented by Z ∈ Z , generated locally by the encoder. The message, SR and
local randomness are independent.

Pr(B = b, Z = z, Y0 = y0) = Pr(B = b) Pr(Z = z) Pr(Y0 = y0), ∀b ∈ BNB , z ∈ Z, y0 ∈ Y0. (13)

The encoding operation applies the map
ENC : Y0 × BNB ×Z → YN ,

to the collective input comprised of the classical message Y0, the SR-resource B, and the local randomness-resource Z, and
produces the storage systems Y1, Y2, . . . , YN ∈ Y .

(Y1, . . . , YN ) = ENC(Y0, B, Z). (14)
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The size of each storage system, logq |Y| = κ dits.
Next consider the decoding operation. Let K,KB denote the sets of indices of storage and SR systems available to the

decoder, respectively, after the remaining systems are erased. For each K ∈
(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
, the coding scheme specifies

a decoder
DECK,KB : YK × BKB → Y0,

which maps the unerased systems to a decoded message,

Ŷ0 = DECK,KB (YK, BKB
), (15)

where we define YK = (Yn, n ∈ K) and BKB
= (Bi, i ∈ KB). The coding scheme is feasible if it guarantees perfect

decodability, i.e.,

Pr(Ŷ0 = Y0) = 1, ∀K ∈
(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
. (16)

The decodability constraint can be expressed equivalently as the following entropic condition,

H(Y0 | YK, BKB
) = 0, ∀K ∈

(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
. (17)

As a key distinctive feature, the C̃SS̃RA(N,K,NB ,KB) problem contains two additional constraints, stated in entropic terms
in (18) and (19) as follows.

1) Security Constraint: The erased systems must not contain any information about the classical message.

I(Y0;YKc , BKc
B
) = 0, ∀K ∈

(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
. (18)

2) SR Recovery Constraint: Collectively the storage systems Y1, . . . , YN must fully determine the SR B.

H(B | Y1, . . . , YN ) = 0. (19)

These constraints are imposed to strengthen the connection between C̃SS̃RA(N,K,NB ,KB) and Q̃SẼA(N,K,NB ,KB),
so that insights from the former may transfer to the latter. The motivation for the security constraint (18) is apparent as it
corresponds to the no-cloning condition inherent in Q̃SẼA(N,K,NB ,KB). The motivation for the SR recovery constraint (19)
is perhaps less obvious. As it turns out (Theorem 1 in Section III), imposing these constraints allows the capacity results for
C̃SS̃RA(N,K,NB ,KB) to parallel those for Q̃SẼA(N,K,NB ,KB).

2) Storage Capacity Region and Storage Capacity for C̃SS̃RA(N,K,NB ,KB): A tuple (λ0, λB) ∈ R2
≥0 is said to be

achievable for C̃SS̃RA(N,K,NB ,KB) if there exists a feasible coding scheme S with λ0(S) ≥ λ0 and λB(S) ≤ λB .
The closure of the set of achievable (λ0, λB) tuples is defined to be the storage capacity region C(N,K,NB ,KB). For each
λB ∈ R≥0, the storage capacity of C̃SS̃RA(N,K,NB ,KB) is defined as

C(N,K,NB ,KB , λB) ≜ max{λ0 : (λ0, λB) ∈ C(N,K,NB ,KB)}. (20)

The storage capacity region and the storage capacity may be abbreviated as C, C(λB), respectively, when the values of the
remaining parameters are obvious from the context.

III. RESULTS

A. Capacity Characterizations for Q̃SẼA and C̃SS̃RA

Define the following sets.

Rcut ≜
{
(λ0, λB) ∈ R2

≥0 : λ0 ≤ max(2K −N, 0) + λB ·max(2KB −NB , 0)
}
, (21)

R∞ ≜

{
(λ0, λB) ∈ R2

≥0 : λ0 ≤ min(N, 2K)−min(N −K,K)
NB

KB

}
, (22)

R1 ≜
{
(λ0, λB) ∈ R2

≥0 : λ0 ≤ K(2KB −NB)
(N−2K)+NBλB

(N−2K)2KB+KNB

}
. (23)

Our main result appears in the following theorem.

Theorem 1. For the Q̃SẼA(N,K,NB ,KB) and C̃SS̃RA(N,K,NB ,KB) problems defined in Sections II-B and II-C, the
capacity regions CQ and C, respectively, are characterized as follows.

Case 1: KB/NB ≤ 1/2,

∀X ∈ {CQ, C}, X = Rcut. (24)

Case 2: KB/NB > 1/2,K/N ≥ 1/2,

∀X ∈ {CQ, C}, X = Rcut ∩R∞. (25)
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Case 3: KB/NB > 1/2,K/N < 1/2,

∀X ∈ {CQ, C}, X ⊂ Rcut ∩R∞, (26)
X ⊃ Rcut ∩R∞ ∩R1. (27)

The proof of Theorem 1 is presented in Section VI. In particular, Section VI-C considers the quantum case and Sections
VI-A and VI-B consider the converse and achievability of the classical case, respectively.

Theorem 1 implies that in Case 1, the capacity is simply CQ(λB) = C(λB) = max(2K − N, 0), same as the capacity
without assistance from entanglement or SR. Figure 4 illustrates the capacity regions for Case 2 and Case 3.

λB

λ0

0
N−K
KB

2K −N

N − (N −K)NB
KB

λB

λ0

0
K
2

1
KB

N−2K
NB

+ K
KB

K
2

(
2KB−NB

KB

)
2K

(
1− NB

2KB

)

Fig. 4. Left: Capacity region for Case 2, i.e., when KB/NB > 1/2,K/N ≥ 1/2. Note that the upper boundary of the capacity region represents the
capacity CQ(λB) = C(λB). Right: Inner and outer bounds for capacity region in Case 3, i.e., when K/N < 1/2,KB/NB > 1/2. Note that the bounds
match if λB ≤ K/(2KB) or if λB ≥ (N − 2K)/NB +K/KB , providing an exact capacity characterization in both cases.

The following observations are in order.
1) CQ vs C: Our results on CQ and C are identical in all cases, highlighting the relationship between the two problems. The

exact capacities CQ and C are characterized in all cases except if K/N < 1/2,KB/NB > 1/2 and K/(2KB) < λB <
(N − 2K)/NB +K/KB . We conjecture that even in the case which remains open, the capacity regions are identical,
so that CQ = C in all cases. Furthermore, we conjecture that in the case that remains open, it is our inner bound that is
tight, i.e., CQ = C = Rcut ∩R∞ ∩R1 in Case 3.

2) Achievability: Our coding schemes for Q̃SẼA(N,K,NB ,KB) are obtained by first designing coding schemes for classical
setting of C̃SS̃RA(N,K,NB ,KB), and then translating them to the quantum setting via CSS codes to achieve the same
rate tuple. The connection is developed in Section III-B and formalized in Theorem 2. Remarkably, all the extreme points
(see Figure 4) of our inner bound for CQ are achieved by pure coded states ρRQ1...QNB1...BNB

(see Figure 2).
3) Converse: Theorem 1 contains two converse bounds, i.e., the two hyperplanes in Rcut and R∞. The converse bound in
Rcut is

λ0 ≤ max(2K −N, 0) + λB ·max(2KB −NB , 0). (28)

This bound has a cut-set interpretation via the classical storage problem C̃SS̃RA as follows. In (28), the LHS corresponds
to the message size H(Y0). The first term on the RHS corresponds to the total storage size of the K unerased storage
systems after subtracting from those K systems another N −K systems which need to be kept secure, and therefore
cannot provide information about the message. Intuitively, the first term on the RHS corresponds to H(Y[K]\[N−K]).
Similarly, the second term on the RHS is the total storage size available in the KB unerased SR-systems, after removing
NB −KB of those systems, which need to be kept secure, i.e., H(B[KB ]\[NB−KB ]). The insight extends to the quantum
storage problem Q̃SẼA by the connection between the two problems.
The converse bound in R∞ is

λ0 ≤ min(N, 2K)−min(N −K,K)
NB

KB
. (29)

This can be interpreted as the unlimited EA (or unlimited SR) bound, corresponding to λB → ∞. Note that the RHS
of (29) is equal to K, the number of surviving storage systems out of Q1 . . . QN , if NB = KB , i.e., EA is not erasure-
prone. On the other hand, if KB < NB , i.e., entanglement is erasure-prone, then the RHS is strictly smaller than K.
Thus, erasure-prone EA imposes a non-zero penalty, even if the size λB of the entanglement systems is arbitrarily large,
which limits the storage capacity to a value strictly less than K. The exact magnitude of the penalty, which can be
deduced from (29), is perhaps not intuitively obvious, and depends on the ratio NB/KB . An example of (29) when
(N,K,NB ,KB) = (3, 2, 4, 3) is given in Section IV-D for the classical problem; the proof also generalizes to the
quantum setting.

4) In Case 1, i.e., when KB/NB ≤ 1/2, evidently EA is useless.
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5) In Case 2, i.e., when K/N ≥ 1/2 and KB/NB > 1/2, we have only one non-trivial extreme point (see Figure 4).
In the classical problem C̃SS̃RA, the SR B is sufficient for the coding scheme and no local randomness Z is used;
correspondingly, for the quantum problem Q̃SẼA, no ancilla qudits are needed for the encoding map ENC, i.e., ENC is
unitary. An example of (N,K,NB ,KB) = (2, 1, 3, 2) is given in Section IV-A for the classical problem.

6) Case 3, where K/N < 1/2,KB/NB > 1/2, turns out to be the most challenging, and also the most interesting regime.
Here more storage systems are erased than unerased (N −K > K), so if there is no EA, then no message can be stored,
i.e., capacity is zero. EA, even though it is itself erasure-prone, still improves the capacity (see Figure 4). Remarkably,
our inner bound (conjectured optimal) contains two non-trivial extreme points. Highlights of the codes are discussed
below from the C̃SS̃RA perspective.

a) Extreme point (λ0, λB) =
(

K
2KB

, K(2KB−NB)
2KB

)
: In addition to SR B, local randomness Z is used by the encoder;

correspondingly, the quantum scheme has to carefully design ancilla qudits for the encoding. The classical (and
quantum) codes involve rather delicate structures. An example is given in Section IV-B for the classical problem.
For example, in (42), each storage system Yn contains two parts f, h, where f is some generic combination of
(Y0, B), while h is some generic combination of (Y0, Z, f0), where f0 is a part of f . Thus h contains a mixture of
the message Y0, the same f0 (across all Y1, . . . , YN ) which already contains the SR B, and the local randomness
Z. Further, f is repetition coded (MDS coded in general) across Y1 . . . YN (see (42)).

b) Extreme point (λ0, λB) =
(
2K

(
1− NB

2KB

)
, N−2K

NB
+ K

KB

)
: The classical and quantum codes in this case again

involve rather interesting alignment structure. Figure 3 illustrates the structure via a small example, which is
presented again in Section IV-C from a more conceptual, and therefore more generalizable perspective, albeit for
larger field sizes.

c) Consider NB = KB = 1, so EA is not erasure-prone. The above two extreme points reduce to (λ0, λB) =
(K/2,K/2) and (λ0, λB) = (K,N −K); space sharing of these two rate tuples achieves the blue line in Figure
4 (see Appendix A). This resolves an open problem1 in [5], which left the achievability of the blue line segment
open, while providing a proof that it represents a valid converse bound. Evidently, our inner bound for CQ is indeed
optimal when NB = KB = 1, lending support to our conjecture that our inner bound is always optimal in Case 3.

B. Translating a Linear Coding Scheme from C̃SS̃RA to Q̃SẼA

Recall from Section II-C1 that a C̃SS̃RA(N,K,NB ,KB) coding scheme is specified by the parameters
(
λ0, λB , κ, q,ENC,(

DECK,KB : K ∈
(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)))
.

Definition 1 (Linear Scheme). A C̃SS̃RA(N,K,NB ,KB) coding scheme is linear if,
1) the parameter q is a power of a prime, so that the finite field Fq exists, and
2) the encoding map ENC is Fq-linear, with the message, storage, SR and local randomness represented as vectors over

Fq , i.e., message Y0 ∈ F1×κλ0
q , storage Yn ∈ F1×κ

q for all n ∈ [N ], i.i.d. uniform SR Bi ∈ F1×κλB
q for all i ∈ [NB ], and

local randomness Z = (Z1, . . . , ZL) with i.i.d. uniform Zl ∈ Fq for all l ∈ [L].

Since the encoder for a linear scheme is Fq-linear, it follows that it can be specified by matrices An ∈ Fκλ0×κ
q , Bn ∈

FNBκλB×κ
q and Zn ∈ FL×κ

q for all n ∈ [N ], such that

(Y1, . . . , YN ) = ENC(Y0, B, Z) (30)

= Y0
[
A1 . . . AN

]
+B

[
B1 . . . BN

]
+ Z

[
Z1 . . . ZN

]
. (31)

Given the parameters λ0, λB , κ, q and matrices An,Bn,Zn, n ∈ [N ] that specify the encoder ENC as in (31), note that the
feasibility of the scheme is guaranteed (and the existence of suitable linear decoders is implied) if the constraints (17), (18),
(19) are satisfied.

A rate tuple (λ0, λB) is said to be linearly achievable if there exists a feasible linear scheme S such that λ0(S) ≥ λ0 and
λB(S) ≤ λB . The following theorem formalizes the relationship between C̃SS̃RA and Q̃SẼA via linear achievability.

Theorem 2. If a rate tuple (λ0, λB) is linearly achievable for C̃SS̃RA(N,K,NB ,KB), then the same rate tuple is achievable
for Q̃SẼA(N,K,NB ,KB).

The proof of Theorem 2 is presented in Section V. The proof is a generalization of the corresponding proof of [4, Theorem
2]. The latter setting assumes no entanglement (or SR) assistance, and the classical-quantum connection in such cases has been
noted in the prior literature [4], [22], [23]. To the best of our knowledge, the generalization in Theorem 2 to include EA (and
the corresponding SRA in the classical setting) is new, i.e., (erasure-prone) entanglement-assisted quantum storage codes have

1Remarkably, the same space-sharing argument also proves the tightness of the entropic quantum Singleton bounds, which was left open in [24] and [25],
for settings that include both classical and quantum messages [24] or only classical messages [25], respectively.
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not been previously connected to (erasure-prone) SR-assisted classical storage codes. Apparently, the main difference due to
EA is that in order to ensure that the classical code can be translated to a quantum code where the quantum encoding map is
unitary (or an isometry), we end up including the additional constraint (19) to the classical problem (i.e., we require recovery
of B from Y[N ]).

IV. EXAMPLES

In this section, we provide some examples that illustrate the key ideas in settings with smaller values of the parameters
N,K,NB ,KB , so that the notation is simpler. Sections IV-A, IV-B, and IV-C present the achievable schemes for various
extreme points of C, and Section IV-D presents the proof of the R∞ (unlimited SR) bound.

A. (N,K,NB ,KB) = (2, 1, 3, 2): Achievability of (λ0, λB) = (1/2, 1/2)

Consider the C̃SS̃RA(2, 1, 3, 2) setting as our next example. We present a linear scheme that achieves the rate tuple (λ0, λB) =
(1/2, 1/2). The parameters of the linear scheme are as follows.

1) Field size q ≥ 8 is a prime power.
2) Scaling factor κ = 2.
3) Precoding matrices are chosen such that[

A1×2
1 A1×2

2

B3×2
1 B3×2

2

]
= H4×4 =

[
1

αi − βj

]
ij

. (32)

αi, βj , i, j ∈ [4] are distinct elements in Fq . Since q ≥ 8, these distinct elements exist. Note that by construction H is a
4× 4 Cauchy matrix with 1

αi−βj
being its element in the ith row and jth column.

Local randomness Z is not needed for this scheme. The storage systems are set as

(Y1, Y2)1×4 = (Y0, B1, B2, B3)1×4 ×H, (33)

where Y0 ∈ F1×κλ0
q = Fq , the SR B1, B2, B3 ∈ F1×κλB

q = Fq , and the storage systems Y1, Y2 ∈ F1×κ
q = F1×2

q .
To show that the scheme works it suffices to verify that the constraints (17), (18), (19) are satisfied. Let us consider the

case K = {1},KB = {1, 3}. Other cases follow similarly.
1) (17): We need to show that Y0 can be recovered from the unerased systems Y1, B1, B3. Proceed as follows. Subtract the

contributions of B1, B3 from Y1 to obtain (Y0, B2) ×Hsub where Hsub = H((1, 3), (1, 2)) is the 2 × 2 sub-matrix of
H corresponding to row-indices 1, 3, and column-indices 1, 2, according to (33). As a square sub-matrix of a Cauchy
matrix, Hsub is an invertible matrix. Invert Hsub to recover Y0.

2) (18): We need to show that Y0 is independent of (Y2, B2). Proceed as follows.

I (Y0;Y2, B2) = I (Y0;Y2 | B2) (34)
≤ H (Y2)−H (Y2 | Y0, B2) (35)
≤ 2−H

(
(B1, B3)H

2×2
sub | Y0, B2

)
(36)

= 2−H
(
(B1, B3)H

2×2
sub

)
(37)

= 2−H (B1, B3) (38)
= 2− 2 = 0. (39)

(34) follows from the independence of Y0 and B2 (refer to (13)). (35) follows from the fact that H(Y2|B2) ≤ H(Y2)
(conditioning reduces entropy). In (36), the first term (expressed in q-ary units) follows from the facts that Y2 contains
2 symbols from Fq , and the uniform distribution maximizes Shannon entropy; the second term follows from subtracting
the contribution of Y0, B2 from Y2, to obtain (B1, B3)Hsub where Hsub = H((2, 4), (3, 4)). Step (37) uses the fact that
Y0, B1, B2, B3 are independent. Step (38) uses the fact that as a 2×2 sub-matrix of a Cauchy matrix, Hsub is invertible.
The last step uses the fact that B1, B3 are i.i.d. uniform symbols from Fq , so that H(B1, B3) = 2 in q-ary units.

3) (19): We need to show that B = (B1, B2, B3) can be recovered from (Y1, Y2). This follows immediately from (33),
because as a Cauchy matrix by construction, H is invertible.

B. (N,K,NB ,KB) = (3, 1, 3, 2): Achievability of (λ0, λB) = (1/4, 1/4)

For this example, we present a linear scheme for C̃SS̃RA(3, 1, 3, 2) that achieves the rate tuple (λ0, λB) = (1/4, 1/4). Local
randomness Z will be useful in this example. The parameters of the linear scheme are as follows.

1) Field size q ≥ 13 is a prime power.
2) Scaling factor κ = 4.
3) Local randomness Z = (Z1, Z2, Z3, Z4) ∈ F1×4

q is uniformly distributed.
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4) Precoding matrices are specified through the following steps. Note that Y0 contains κλ0 = 1 element in Fq and B1, B2, B3

each contains κλB = 1 element in Fq . First, choose a 4× 3 Cauchy matrix F =
[

1
αi−βj

]
ij

where the element in the ith

row and jth column is 1
αi−βj

and αi, βj , i ∈ [4], j ∈ [3] are distinct elements in Fq . Define

(f0, f1, f2)1×3 ≜ (Y0, B1, B2, B3)1×4 × F4×3. (40)

Second, choose a 6× 6 Cauchy matrix H =
[

1
γi−δj

]
ij

where the element in the ith row and jth column is 1
γi−δj

and

γi, δj , i, j ∈ [6] are distinct elements in Fq . Define

(h1, h2, h3, h4, h5, h6)1×6 ≜ (f0, Y0, Z1, Z2, Z3, Z4)1×6 ×H6×6. (41)

We are now ready to specify the storage systems. Note that Y1, Y2, Y3 each contains κ = 4 elements in Fq .

Y1 = (f1, f2, h1, h2) ,

Y2 = (f1, f2, h3, h4) , (42)
Y3 = (f1, f2, h5, h6) .

Note that the first two elements in Y1, Y2, Y3 are identical, i.e., f1, f2. The above encoding procedure is linear and thus
the precoding matrices An,Bn,Zn, n ∈ [3] are implied.

To show that the scheme works we need to verify the constraints (17), (18), (19). Consider the case K = {1},KB = {1, 3}.
Other cases follow similarly.

1) (17): We need to show that Y0 is determined by (Y1, B1, B3). Proceed as follows. Subtracting the contribution of B1, B3

from f1, f2 (the first two elements of Y1) in (40), we obtain (Y0, B2)1×2 × Fsub. As a 2 × 2 sub-matrix of a Cauchy
matrix, Fsub = F((1, 3), (2, 3))2×2 is invertible. Invert Fsub to obtain Y0.

2) (18): We need to show that Y0 is independent of Y2, Y3, B2. Proceed as follows.

I (Y0;Y2, Y3, B2)

= I (Y0; f1, f2, h3, h4, h5, h6 | B2) (43)
≤ H (f1, f2, h3, h4, h5, h6)−H (f1, f2, h3, h4, h5, h6 | Y0, B2) (44)
≤ 6−H (f1, f2 | Y0, B2)−H (h3, h4, h5, h6 | f1, f2, Y0, B1, B2, B3) (45)
≤ 6−H ((B1, B3)F((2, 4), (2, 3)) | Y0, B2)

−H ((Z1, Z2, Z3, Z4)H ((3, 4, 5, 6), (3, 4, 5, 6)) | Y0, B1, B2, B3) (46)
= 6−H(B1, B3 | Y0, B2)−H(Z1, Z2, Z3, Z4 | Y0, B1, B2, B3) (47)
= 6− 2− 4 = 0. (48)

In (43), we plug in the design of Y2, Y3 and use the fact that message Y0 is independent of SR B2 (refer to (13)).
Step (44) follows because dropping conditioning cannot reduce entropy. In (45), the first term follows from the fact
that f1, f2, h3, h4, h5, h6 are 6 symbols in Fq and the uniform distribution maximizes entropy; the third term follows
from the property that adding conditioning (on B1, B3) cannot increase entropy. In (46), the second term is obtained by
subtracting the contribution of Y0, B2 from f1, f2 and we are left with 2 linear combinations in B1, B3; to obtain the third
term, we note that f1, f2 are deterministic functions of Y0, B1, B2, B3 so that they can be dropped from the conditioning
term, and subtracting the contribution of Y0, B1, B2, B3 from h3, h4, h5, h6 we are left with 4 linear combinations in
Z1, Z2, Z3, Z4. (47) follows because F and H are Cauchy matrices by construction, so their sub-matrices have full
rank. The last step (48) is due to the fact that Z1, Z2, Z3, Z4, B1, B2, B3 comprise i.i.d. uniform symbols in Fq and are
independent of the message Y0.

3) (19): We need to show that (B1, B2, B3) is determined by (Y1, Y2, Y3). Proceed as follows. First, as Cauchy H6×6

is invertible, from h1, h2, h3, h4, h5, h6 (the last two elements of Y1, Y2, Y3) we obtain f0, Y0, Z1, Z2, Z3, Z4. Second,
we subtract the contribution of Y0 from f0, f1, f2 (f0, Y0 have been recovered and f1, f2 are the first two elements of
Y1, Y2, Y3) and obtain (B1, B2, B3) × F((2, 3, 4), (1, 2, 3)), from which B1, B2, B3 is recovered as F is Cauchy. Thus
(B1, B2, B3) is determined by (Y1, Y2, Y3).

C. (N,K,NB ,KB) = (3, 1, 3, 2): Achievability of (λ0, λB) = (1/2, 5/6)

Continuing with the same setting of C̃SS̃RA(3, 1, 3, 2), here we present the linear scheme for a different rate tuple (λ0, λB) =
(1/2, 5/6). Local randomness Z will not be used in this scheme. The parameters of the linear scheme are as follows.

1) Field size q is any prime power such that q ≥ 13.
2) Scaling factor κ = 6.



12

3) Precoding matrices are specified through the following steps. Note that Y0 contains κλ0 = 3 elements in Fq , denoted as
Y0 = (a1, a2, a3) and B1, B2, B3 each contains κλB = 5 elements in Fq . We divide the 5 elements into 2 parts, labelled
by the superscript x, y.

B1 =

b1,x1︸︷︷︸
1×2

, b2,x1︸︷︷︸
1×2

, by1︸︷︷︸
1×1

 , B2 =

b1,x2︸︷︷︸
1×2

, b2,x2︸︷︷︸
1×2

, by2︸︷︷︸
1×1

 , B3 =

b1,x3︸︷︷︸
1×2

, b2,x3︸︷︷︸
1×2

, by3︸︷︷︸
1×1

 . (49)

Choose a 6 × 6 Cauchy matrix H =
[

1
αi−βj

]
ij

where the element in the ith row and jth column is 1
αi−βj

and

αi, βj , i ∈ [6], j ∈ [6] are distinct elements in Fq . Then define h1︸︷︷︸
1×2

, h2︸︷︷︸
1×2

, h3︸︷︷︸
1×2


1×6

≜ (a1, a2, a3, b
y
1, b

y
2, b

y
3)1×6 ×H6×6. (50)

We are now ready to specify the storage systems. Note that Y1, Y2, Y3 each contains κ = 6 elements in Fq .

Y1 =
(
h1 + b1,x1 ,h2 + b1,x2 ,h3 + b1,x3

)
1×6

,

Y2 =
(
h1 + b2,x1 ,h2 + b2,x2 ,h3 + b2,x3

)
1×6

, (51)

Y3 =
(
h1 + b1,x1 + b2,x1 ,h2 + b1,x2 + b2,x2 ,h3 + b1,x3 + b2,x3

)
1×6

.

Observe that across Y1, Y2, Y3, the pattern of h terms is repeated, whereas b1,x, b2,x go through a (3, 2) MDS code
(x, y)→ (x, y, x+ y).

To show that the scheme works we verify the constraints (17), (18), (19). Consider the case K = {1},KB = {1, 3}. Other
cases follow similarly.

1) (17): We need to show that Y0 is determined by (Y1, B1, B3). Let us proceed as follows. b1,x1 , b1,x3 are known from
B1, B3. Subtract the contributions of b1,x1 , b1,x3 from Y1 (consider the first and third terms) and obtain

(h1,h3)1×4 = (a1, a2, a3, b
y
1, b

y
2, b

y
3)1×6 ×H(:, (1, 2, 5, 6))6×4. (52)

Observe that by1, b
y
3 are known from B1, B3. Subtract the contribution of by1, b

y
3 from h1,h3 and obtain

(a1, a2, a3, b
y
2)1×4 ×H((1, 2, 3, 5), (1, 2, 5, 6))4×4. (53)

As a sub-matrix of the Cauchy matrix H, the 4 × 4 matrix H((1, 2, 3, 5), (1, 2, 5, 6)) is invertible. Invert to recover
Y0 = (a1, a2, a3).

2) (18): We need to show that Y0 is independent of (Y2, Y3, B2). Proceed as follows.

I (Y0;Y2, Y3, B2)

(13),(51)
= I

(
Y0;h1 + b2,x1 ,h2,h3 + b2,x3 , b1,x1 , b1,x3 | B2

)
(54)

= H

h1 + b2,x1 ,h2,h3 + b2,x3 , b1,x1 , b1,x3︸ ︷︷ ︸
1×10

| B2


−H

(
h1 + b2,x1 ,h2,h3 + b2,x3 , b1,x1 , b1,x3 | Y0, B2

)
(55)

≤ 10−H (h2 | Y0, B2)−H
(
h1 + b2,x1 ,h3 + b2,x3 , b1,x1 , b1,x3 | Y0, B2,h2, b

y
1, b

y
2, b

y
3

)
(56)

(50)

≤ 10−H ((by1, b
y
3)×H((4, 6), (3, 4)) | Y0, B2)

−H
(
b2,x1 , b2,x3 , b1,x1 , b1,x3 | Y0, B2, b

y
1, b

y
2, b

y
3

)
(57)

= 10− 2− 8 = 0. (58)

In (54), we plug in the design of Y2, Y3, subtract the contribution of B2, i.e., bx2 , and perform invertible transformations
to simplify the terms. In (57), the third term follows from the fact that h are known given Y0, by . (58) follows from the
fact that H is Cauchy and the SR B is i.i.d. uniform and independent of Y0.
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3) (19): We need to show that B = (B1, B2, B3) is determined by (Y1, Y2, Y3). Proceed as follows.

Y3 − Y1 =
(
b2,x1 , b2,x2 , b2,x3

)
1×6

, (59)

Y3 − Y2 =
(
b1,x1 , b1,x2 , b1,x3

)
1×6

. (60)

Subtract the contribution of bx terms from Y1, Y2, Y3 and obtain h1,h2,h3, from which a1, a2, a3, by1 , by2 , by3 are
determined because H is invertible (refer to (50)). Thus B (bx, by terms) is recovered.

D. (N,K,NB ,KB) = (3, 2, 4, 3): Proof of Converse λ0 ≤ 5/3

For the setting of C̃SS̃RA(3, 2, 4, 3), here we present an information theoretic proof that the bound λ0 ≤ 5/3 applies to all
(not limited to linear) feasible coding schemes. Consider any feasible coding scheme S. Suppose K = {1, 2},KB = {1, 2, 4},
and Y0 is uniformly distributed. A feasible scheme must be able to recover Y0 from YK, BKB

. From the decodability constraint
(17), we have

κλ0 ≤ κλ0(S) = H (Y0)
(17)
= I (Y0;Y1, Y2, B1, B2, B4) (61)

= I (Y0;Y1, B1, B2, B4) + I (Y0;Y2 | Y1, B1, B2, B4) (62)
(13)
= I (Y0;Y1 | B1, B2, B4) + I (Y0;Y2 | Y1, B1, B2, B4) (63)
≤ I (Y0, B1, B2;Y1 | B4) +H (Y2) (64)
≤ I (Y0;Y1 | B4)︸ ︷︷ ︸

(18)

≤ 0

+ I (B1, B2;Y1 | Y0, B4) + κ (65)

=⇒ κλ0 − κ ≤ I (B1, B2;Y1 | Y0, B4) . (66)

(63) follows from the fact that Y0 is independent of B. In (65), the first term is zero due to the security constraint (18), where
Kc = {1} and Kc

B = {4}.
Following the same procedure as above, and setting KB as {1, 3, 4} and {2, 3, 4}, respectively, we obtain

κλ0 − κ ≤ I (B1, B3;Y1 | Y0, B4) , (67)
κλ0 − κ ≤ I (B2, B3;Y1 | Y0, B4) . (68)

Adding (66), (67), and (68), we have

3κλ0 − 3κ

≤ I (B1, B2;Y1 | Y0, B4) + I (B1, B3;Y1 | Y0, B4) + I (B2, B3;Y1 | Y0, B4) (69)
(13)
= I (B1, B2;Y1 | Y0, B4) + I (B1, B3;Y1, Y0, B4) + I (B2, B3;Y1 | Y0, B4) (70)
(13)

≤ I (B1, B2;Y1 | Y0, B4) + I (B1, B3;Y1 | Y0, B2, B4) + I (B2, B3;Y1 | Y0, B4) (71)
= I (B1, B2;Y1 | Y0, B4) + I (B3;Y1 | Y0, B1, B2, B4)

+ I (B1;Y1 | Y0, B2, B4) + I (B2, B3;Y1 | Y0, B4) (72)
(13)

≤ I (B1, B2, B3;Y1 | Y0, B4) + I (B1;Y1 | Y0, B2, B3, B4) + I (B2, B3;Y1 | Y0, B4) (73)
= 2I (B1, B2, B3;Y1 | Y0, B4) (74)
≤ 2H(Y1) ≤ 2κ (75)
=⇒ 3λ0 ≤ 5, (76)

thus producing the desired bound. Note that we repeatedly use the independence of Y0 and B and the uniformity of B (so
that Bi are independent) to add conditioning terms and to combine the mutual information terms.

V. PROOF OF THEOREM 2
Consider any classical linear scheme for C̃SS̃RA(N,K,NB ,KB) as defined in Definition 1, i.e., we are given λ0, λB , κ,

q, An, Bn, Zn, ∀n ∈ [N ] such that (17), (18), (19) are satisfied. We show how this allows us to design a quantum coding
scheme for Q̃SẼA(N,K,NB ,KB) as follows.

Consider the quantum encoding procedure first. Suppose the quantum message Q0 has κλ0 qudits where each qudit is
q-dimensional. Suppose Q0 is in an arbitrary state with density matrix ωQ0 . Without loss of generality, suppose ωQ0 has a
spectral decomposition ωQ0 =

∑
a pa |a⟩ ⟨a| and a purification |φ⟩RQ0

=
∑

a

√
pa |a⟩ |a⟩. The encoding proceeds as follows.

|φ⟩RQ0
|ϕ⟩AB (77)
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=
∑

a∈F1×κλ0
q

√
pa |a⟩R |a⟩Q0

∑
b∈F1×NBκλB

q

1√
qNBκλB

|b⟩A |b⟩B (78)

⇝
∑
a

√
pa |a⟩R

∑
b,z∈F1×L

q

1√
qNBκλB+L

|Y1, Y2, . . . , YN ⟩Q1...QN
|b⟩B , (79)

where (79) is an isometric map from Q0A to Q1 . . . QN , because (17) and (19) guarantee that from (Yn, n ∈ [N ]) =
(aAn + bBn + zZn, n ∈ [N ]), one can recover a, b. Observe that R and B go through an identity map and RQ1 . . . QNB
ends up in a pure state. Compared to Theorem 2 in [4] the main difference in the above encoding procedure is that here we
have EA AB and need to ensure that the encoding does not require access to B.

Remark 1. Note that the additional constraint (19) that we impose for C̃SS̃RA, guarantees that the above quantum encoding
procedure is feasible for Q̃SẼA, i.e., the map to produce (79) from Q0A to Q1 . . . QN is isometric. Recall that according to
the problem formulation the encoding needs not be restricted to isometric maps. Restricted as it might seem, our approach
(combined with space-sharing) provides optimal quantum schemes for all regimes where capacity is known (Case 1 and Case
2 in Theorem 1) and is conjectured to be optimal in the remaining regime (Case 3) as well.

The quantum decoding process follows from [4, Theorem 2]. Note that the same classical constraints are satisfied, i.e., (17)
for the decoding of Y0 from each decoding set (i.e., any K storage systems and any KB SR-systems) and (18) for the security
of Y0 from the complement of each decoding set (i.e., any N −K storage systems and any NB −KB SR-systems). Thus, [4,
Theorem 2] guarantees perfect recovery for any decoding set (the decoding sets are identical for C̃SS̃RA(N,K,NB ,KB) and
Q̃SẼA(N,K,NB ,KB)). For the sake of completeness let us briefly sketch the decoding procedure of [4, Theorem 2] here.

Fix any K,KB . Consider the state for RQ1 . . . QNB = RQKBKB
QKcBKc

B
, expressed as follows.

∑
a

√
pa |a⟩R

∑
b,z

1√
qNBκλB+L

|aA[N ] + bB[N ] + zZ[N ]⟩Q1...QN
|b⟩B

≡
∑
a

|a⟩R
∑
b,z

|aAK + bBK + zZK⟩QK
|bKB

⟩BKB
|aAKc + bBKc + zZKc⟩QKc

|bKc
B
⟩
BKc

B

, (80)

where for any matrix A and any set K, AK denotes the sub-matrix of A with all columns whose indices are in K =
{k1, · · · , k|K|},

AK ≜
(
A(:, k1), . . . ,A(:, k|K|)

)
. (81)

The next key step is to perform a change of basis operation. Note that the decodability constraint (17) holds, i.e., from
(aAK+bBK+zZK, bKB

) ≜ s, we may recover a; the security constraint (18) holds, i.e., (aAKc +bBKc +zZKc , bKc
B
) ≜ n

is independent of a. Then denoting z′
1 as the common part of s and n (identified through the intersection of linear subspaces),

z′
2 as the part that is in s (a linear function of s) but not in n (identified through the linear space that lies in s, but has no

overlap with n), z′
3 as the part that is in n but not in s, we have

(aAK + bBK + zZK, bKB
)

invertible←→ (a,z′
1, z

′
2, l(z

′
1, z

′
2)) , (82)(

aAKc + bBKc + zZKc , bKc
B

)
= (l(z′

1, z
′
3)) , (83)

where l denotes some linear combinations and the crucial observation is that a can be separated out from s while a cannot
be obtained at all from n. Furthermore, for any fixed a, we have (z′

1, z
′
2, z

′
3), which contains all b and z that appear in

Q1 . . . QNB, is invertible to (b,zZ[N ]). A detailed treatment of the above change of basis operation can be found in [4,
Theorem 2].

We now proceed with the decoding procedure, continuing from (80).

(80)
⇝

∑
a

|a⟩R
∑
b,z

|a, z′
1, z

′
2, l(z

′
1, z

′
2)⟩ |l(z′

1, z
′
3)⟩QKcBKc

B

(84)

≡
∑
a

|a⟩R |a⟩Q̂0

∑
z′
1,z

′
2,z

′
3

|z′
1, z

′
2, l(z

′
1, z

′
2)⟩ |l(z′

1, z
′
3)⟩QKcBKc

B

(85)

=

(∑
a

|a⟩R |a⟩Q̂0

)
⊗ · · · . (86)

Therefore, the decodability constraint (17) and the security constraint (18) together guarantee that we can unentangle RQ̂0 from
the rest of the codeword and the state of RQ̂0 is identical to that of RQ0. The rate tuple achieved for Q̃SẼA(N,K,NB ,KB)

is (λ0, λB), same as that for C̃SS̃RA(N,K,NB ,KB).
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Remark 2. Recall that according to (19), the code for C̃SS̃RA requires the full recovery of B from Y1, . . . , YN . It is not
difficult to see that such a constraint can sometimes exclude optimal schemes, e.g., in the regime where λB is large. However,
as we show in the following sections, this code achieves all (including conjectured) extreme points of the capacity region C.
The corresponding insight for Q̃SẼA is that while a pure ρ might not always be optimal (e.g., for large λB) but a pure ρ may
still achieve all extreme points of the capacity region. The achievability of the remaining points is then implied by convexity
of the capacity region, e.g., via space-sharing (see Appendix A).

VI. PROOF OF THEOREM 1

A. Converse Proof of C: Classical Storage

Our problem formulation requires perfect recovery for an arbitrarily distributed Y0, so in particular perfect recovery is
required for a uniform Y0, i.e., H(Y0) = logq |Y0| = κλ0. In the following, we assume Y0 is uniform over Y0, a set of
cardinality qκλ0 .

1) Proof of Rcut Bound: We prove that λ0 ≤ max(2K −N, 0)+ λB ·max(2KB −NB , 0) for any feasible coding scheme
S. Start from the entropic decodability condition (17) and set K = [K], KB = [NB ].

κλ0 ≤ κλ0(S) = H (Y0)
(17)
= I

(
Y0;Y[K], B[KB ]

)
(87)

≤ I
(
Y0;Y[N−K], Y[N−K+1:K], B[NB−KB ], B[NB−KB+1:KB ]

)
(88)

(18)
= I

(
Y0;Y[N−K+1:K], B[NB−KB+1:KB ] | Y[N−K], B[NB−KB ]

)
(89)

≤ H
(
Y[N−K+1:K]

)
+H

(
B[NB−KB+1:KB ]

)
(90)

≤ logq
∏

n∈[N−K+1:K]

|Yn|+ logq
∏

i∈[NB−KB+1:KB ]

|Bi| (91)

≤ κ ·max (2K −N, 0) + κλB(S) ·max (2KB −NB , 0) (92)
=⇒ λ0 ≤ max (2K −N, 0) + λB ·max (2KB −NB , 0) . (93)

Step (89) uses the security constraint (18) when Kc = [N −K],Kc
B = [NB −KB ].

2) Proof of R∞ Bound: We prove that for any feasible coding scheme S, λ0 ≤ min(N, 2K)−min(N −K,K)NB

KB
, which

becomes

λ0 ≤ N − (N −K)
NB

KB
when K/N ≥ 1/2, (94)

and becomes

λ0 ≤ K − 2K
NB

KB
when K/N < 1/2. (95)

(94) implies (95) because we may set N = 2K in (94) so that it becomes (95). Reducing N to 2K means that we only
consider 2K out of the N storage systems, which does not violate a converse argument. Therefore, it suffices to prove (94)
only, considered next. The proof is a generalization of the example in Section IV-D, where the summation of the mutual
information terms in (69) needs to be generalized (see Lemma 1).

Consider K = [K] = [N −K]∪ [N −K + 1 : K],KB = I ∪ [KB + 1 : NB ] where I ⊂ [KB ], |I| = 2KB −NB . Note that
2KB −NB ≤ KB and K/N ≥ 1/2. From the decodability constraint (17), we have

κλ0 ≤ κλ0(S) = H (Y0)
(17)
= I (Y0;YK, BKB

) (96)
= I

(
Y0;Y[N−K], Y[N−K+1:K], BKB

)
(97)

≤ I
(
Y0;Y[N−K], BKB

)
+H

(
Y[N−K+1:K]

)
(98)

(13)
= I

(
Y0;Y[N−K] | BI , B[KB+1:NB ]

)
+ κ(2K −N) (99)

≤ I
(
Y0, BI ;Y[N−K] | B[KB+1:NB ]

)
+ κ(2K −N) (100)

= I
(
Y0;Y[N−K] | B[KB+1:NB ]

)︸ ︷︷ ︸
(18)

≤ 0

+ I
(
BI ;Y[N−K] | Y0, B[KB+1:NB ]

)
+ κ(2K −N) (101)

=⇒ κλ0 − κ(2K −N) ≤ I
(
BI ;Y[N−K] | Y0, B[KB+1:NB ]

)
. (102)

Next we focus on the RHS of (102). Consider the following KB choices of I.

I1 = {1, 2, · · · , 2KB −NB}, I2 = {2KB −NB + 1, · · · , 2(2KB −NB)}mod, · · · ,
IKB

= {(KB − 1)(2KB −NB) + 1, · · · ,KB(2KB −NB)}mod. (103)
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The subscript mod means that each element i in the set is defined as i mod KB . That is, each Ij , j ∈ [KB ] has KB elements
in the set [KB ] and the elements are taken consecutively (in a cyclic manner). In total,

∑
j∈[KB ] |Ij | = KB(2KB−NB) so that

overall the union of all Ij covers the set [KB ] for a total of 2KB−NB times. For example, consider KB = 5, 2KB−NB = 3.

I1 = {1, 2, 3}, I2 = {4, 5, 1}, I3 = {2, 3, 4}, I4 = {5, 1, 2}, I5 = {3, 4, 5}. (104)

To proceed with the derivation of the converse, our goal is to treat the sum of the RHS of (102) for all I1, . . . , IKB
. This

result is stated in the following lemma.

Lemma 1. For the sets I1, . . . , IKB
defined in (103) and any disjoint sets J1,J2 ⊂ [KB ], i.e., J1 ∩ J2 = ∅, we have

I
(
BJ1 ;Y[N−K] | Y0, B[KB+1:NB ]

)
≤ I

(
BJ1 ;Y[N−K] | BJ2 , Y0, B[KB+1:NB ]

)
, (105)∑

j∈[KB ]

I
(
BIj ;Y[N−K] | Y0, B[KB+1:NB ]

)
≤ (2KB −NB) I

(
B[KB ];Y[N−K] | Y0, B[KB+1:NB ]

)
.

(106)

Proof: (105) states that we can add arbitrary conditional terms BJ . It is a simple consequence of the independence of Y0
and B and the uniformity of B, proved as follows.

I
(
BJ1 ;Y[N−K] | Y0, B[KB+1:NB ]

) (13)
= I

(
BJ1 ;Y[N−K], Y0, B[KB+1:NB ]

)
(107)

≤ I
(
BJ1

;Y[N−K], BJ2
, Y0, B[KB+1:NB ]

)
(108)

(13)
= I

(
BJ1

;Y[N−K] | BJ2
, Y0, B[KB+1:NB ]

)
. (109)

We are now ready to prove (106) by combining the mutual information terms with the chain rule and repeatedly using (105).∑
j∈[KB ]

I
(
BIj ;Y[N−K] | Y0, B[KB+1:NB ]

)
(110)

= I
(
BI1

;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
BI2

;Y[N−K] | Y0, B[KB+1:NB ]

)
+ · · · (111)

(105)

≤ I
(
BI1∪I2

;Y[N−K] | Y0, B[KB+1:NB ]

)
+ · · · if I1 ∪ I2 ⊂ [KB ] (112)

(105)

≤ I
(
B[KB ];Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
BI1∩I2 ;Y[N−K] | Y0, B[KB+1:NB ]

)
+ · · ·

else if [KB ] ⊂ I1 ∪ I2 (113)
(105)

≤ · · · (114)
(105)

≤ (2KB −NB) I
(
B[KB ];Y[N−K] | Y0, B[KB+1:NB ]

)
. (115)

In the above proof, as adding conditioning preserves the direction of inequality (proved in (105)), we keep taking union of
the I1, I2, . . . sets and split out a copy of I

(
B[KB ];Y[N−K] | Y0, B[KB+1:NB ]

)
when the union covers [KB ]; and keep going

until we have collected 2KB −NB copies. This process is easily explained by an example. Consider the sets in (104).

I
(
B1, B2, B3;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B4, B5, B1;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B2, B3, B4;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B5, B1, B2;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
(116)

≤ I
(
B1, B2, B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B1;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B2, B3, B4;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B5, B1, B2;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
(117)

≤ I
(
B1, B2, B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B1, B2, B3, B4;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B5, B1, B2;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
(118)

≤ 2I
(
B1, B2, B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B1, B2;Y[N−K] | Y0, B[KB+1:NB ]

)
+ I

(
B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
(119)

≤ 3I
(
B1, B2, B3, B4, B5;Y[N−K] | Y0, B[KB+1:NB ]

)
. (120)

To complete the overall proof, we add (102) for all I = Ij , j ∈ [KB ].

(κλ0 − κ(2K −N))KB ≤
∑

j∈[KB ]

I
(
BIj

;Y[N−K] | Y0, B[KB+1:NB ]

)
(121)



17

(106)

≤ (2KB −NB) I
(
B[KB ];Y[N−K] | Y0, B[KB+1:NB ]

)
(122)

≤ (2KB −NB)H(Y[N−K]) ≤ κ(N −K)(2KB −NB) (123)

=⇒ λ0 ≤ (2K −N)KB + (N −K)(2KB −NB)

KB
(124)

= N − (N −K)
NB

KB
. (125)

B. Achievability Proof of C: Classical Storage

Recall that the achievable rate region is convex (i.e., any convex combination of rate tuples can be achieved through space
sharing, refer to Appendix A). Also recall the fact that if a rate tuple (λ0, λB) is achievable, then (λ0−α, λB+β) is achievable
for any λ0 ≥ α ≥ 0, β ≥ 0. Thus, it suffices to consider only the extreme points.

First consider the extreme point (λ0, λB) = (max(2K −N, 0), 0) that appears in all three regimes. To see that λ0 =
max(2K −N, 0) is achievable when λB = 0, i.e., SR-systems are empty and will not be used, we note that the problem is
reduced to the uniform capacity of MDS storage graphs [4]; according to Theorem 3 of [4], λ0 = max(2K−N, 0) is linearly
achievable.

Next consider the remaining extreme points that are unique to the considered regime.
1) K/N ≥ 1/2,KB/NB > 1/2: Achievability of (λ0, λB) =

(
N − (N−K)NB

KB
, N−K

KB

)
: This proof is a straightforward

generalization of the example in Section IV-A. We give a linear scheme that achieves the desired rate tuple. The parameters
of the linear scheme are given as follows.

1) Field size q is any prime power such that q ≥ 2NKB .
2) Scaling factor κ = KB .
3) Precoding matrices are chosen such that(

AKBλ0×KB
1 , . . . ,AKBλ0×KB

N ;BNBKBλB×KB
1 , . . . ,BNBKBλB×KB

N

)
= HNKB×NKB

, (126)

where KBλ0 + NBKBλB = NKB , and H is a Cauchy matrix with 1
αi−βj

being the element in the ith row and jth

column; αi, βj , i, j ∈ [NKB ] are distinct elements in Fq (note that the field size q is large enough for such distinct
elements to exist).

Local noise Z is not used. The storage systems are set as

(Y1, . . . , YN )1×NKB
= (Y0, B1, . . . , BNB

)1×NKB
×H, (127)

where Y0 contains κλ0 = NKB − (N − K)NB elements in Fq . The SR-system Bi, i ∈ [NB ] contains κλB = (N − K)
elements in Fq , and Yn, n ∈ [N ] contains κ = KB elements in Fq .

We show that the above linear scheme works by verifying the constraints (17), (18), (19) sequentially. Consider any K ∈
(
[N ]
K

)
and any KB ∈

(
[NB ]
KB

)
.

1) (17): We need to show that Y0 is determined by YK, BKB
. To see this, subtracting the contribution of BKB

from YK
gives us (Y0, BKc

B
)×HKKB×KKB

sub where Hsub is square because

KBλ0 + (NB −KB)KBλB = KKB .

As H is Cauchy, Y0 is obtained.
2) (18): We need to show that Y0 is independent of YKc , BKc

B
. Proceed as follows.

I
(
Y0;YKc , BKc

B

) (13)
= I

(
Y0;YKc | BKc

B

)
(128)

= H
(
YKc | BKc

B

)
−H

(
YKc | Y0, BKc

B

)
(129)

≤ (N −K)KB −H
(
BKB

H
K2

BλB×(N−K)KB

sub

)
(130)

= 0, (131)

where the last step follows from the fact that

K2
BλB = (N −K)KB .

3) (19): H has full rank, so B is determined by Y1, . . . , YN (see (127)).
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2) K/N < 1/2,KB/NB > 1/2: Achievability of (λ0, λB) =
(

K(2KB−NB)
2KB

, K
2KB

)
: The linear scheme of this section

generalizes that of the example in Section IV-B. Specifically, the repetition code (f1, f2 is repeated in Y1, Y2, Y3) in the
example is generalized to an (N,K) MDS code which reduces to the (N, 1) repetition code when K = 1. The parameters of
the linear scheme that achieves the desired rate tuple are given as follows.

1) Field size q is any prime power such that q ≥ 2NKB > 2KKB +KNB .
2) Scaling factor κ = 2KB .
3) Uniform local randomness Z = (Z1, . . . , Z(N−K)KB

) ∈ F1×(N−K)KB
q .

4) Precoding matrices are specified through the following steps. Note that Y0 contains κλ0 = K(2KB −NB) elements in
Fq and Bi, i ∈ [NB ] contains κλB = K elements in Fq . First, choose a 2KKB ×KNB Cauchy matrix F =

[
1

αi−βj

]
ij

where the element in the ith row and jth column is 1
αi−βj

and αi, βj , i ∈ [2KKB ], j ∈ [KNB ] are distinct elements in
Fq . Then define f0︸︷︷︸

1×K(NB−KB)

, f1︸︷︷︸
1×KB

, . . . , fK︸︷︷︸
1×KB


1×KNB

≜ (Y0, B1, . . . , BNB
)1×2KKB

× F2KKB×KNB
. (132)

Second, pass f1, . . . ,fK through an (N,K) MDS code to generate f1, . . . ,fN such that any K distinct f i may recover
f1, . . . ,fK . To this end, choose a K ×N Vandermonde matrix V = [ζi−1

j ]ij where the element in the ith row and jth

column is ζi−1
j , ∀i ∈ [K], j ∈ [N ] and ζj are distinct elements in Fq . Then define f

T

1︸︷︷︸
KB×1

, . . . , f
T

N︸︷︷︸
KB×1


KB×N

≜
(
fT
1 , . . . ,f

T
K

)
KB×K

×VK×N . (133)

Third, choose an NKB × NKB Cauchy matrix H =
[

1
γi−δj

]
ij

where the element in the ith row and jth column is
1

γi−δj
and γi, δj , i, j ∈ [NKB ] are distinct elements in Fq . Then define h1︸︷︷︸

1×KB

, . . . , hN︸︷︷︸
1×KB


1×NKB

≜

 f0︸︷︷︸
1×K(NB−KB)

, Y0︸︷︷︸
1×K(2KB−NB)

, Z︸︷︷︸
1×(N−K)KB


1×NKB

×HNKB×NKB
.

(134)

We are now ready to specify the storage systems. Note that Yn, n ∈ [N ] contains κ = 2KB elements in Fq .

Yn =

 fn︸︷︷︸
1×KB

, hn︸︷︷︸
1×KB


1×2KB

, ∀n ∈ [N ]. (135)

The above encoding procedure is linear, thus the existence of precoding matrices An,Bn,Zn is implied.
We show that the above linear scheme works by verifying the constraints (17), (18), (19) sequentially. Consider any K =(

[N ]
K

)
,KB ∈

(
[NB ]
KB

)
.

1) (17): We need to show that Y0 is determined by YK, BKB
. Proceed as follows. First, YK contains fK, which is invertible

to f[K] as V is a Vandermonde matrix. Second, we may subtract the contribution of BKB
from f[K] and obtain Y0︸︷︷︸

1×K(2KB−NB)

, BKc
B︸︷︷︸

1×K(NB−KB)


1×KKB

× FKKB×KKB

sub . (136)

Fsub has full rank as it is a sub-matrix of the Cauchy matrix F, then Y0 is obtained with no error.
2) (18): We need to show that Y0 is independent of YKc , BKc

B
. To this end, we prove the following mutual information is

zero.

I
(
Y0;YKc , BKc

B

)
(13),(135)

= I
(
Y0;fKc ,hKc | BKc

B

)
(137)

≤ I
(
Y0;fKc ,f[K],hKc | BKc

B

)
(138)

(133)

≤ I
(
Y0;f[K],hKc | BKc

B

)
(139)
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= H
(
f[K],hKc | BKc

B

)
−H

(
f[K],hKc | Y0, BKc

B

)
(140)

≤ NKB −H
(
f[K] | Y0, BKc

B

)
−H

(
hKc | f[K], Y0, B

)
(141)

(132),(134)
= NKB −H

(
BK × FKKB×KKB

sub | Y0, BKc
B

)
−H

(
Z ×H

(N−K)KB×(N−K)KB

sub | Y0, B
)

(142)

= NKB −KKB − (N −K)KB = 0. (143)

(139) follows from the fact that fKc is a deterministic function of f[K] (refer to (133)). To obtain the first term of (141),
note that f[K],hKc contains KKB + (N −K)KB = NKB elements.

3) (19): We need to show that B is determined by Y[N ]. Proceed as follows. First, as Cauchy HNKB×NKB
has full rank,

we may from h[N ] (the last KB elements of Y[N ]), recover f0, Y0, Z with no error. Second, Y[N ] contains f [N ], from
which we may obtain f[K] as V is Vandermonde. Third, we may eliminate the contribution of Y0 from f[K] and combine
with f0 to obtain (B[NB ])1×KNB

× FKNB×KNB

sub , from which B[NB ] can be recovered with no error as F is Cauchy.
Thus SR B = B[NB ] is obtained.

3) K/N < 1/2,KB/NB > 1/2: Achievability of (λ0, λB) =
(
2K

(
1− NB

2KB

)
, N−2K

NB
+ K

KB

)
: The linear scheme of this

section generalizes that of the example in Section IV-C. Specifically, the repetition code (of h in Y ) and the (3, 2) MDS code
(of bx in Y ) in the example are generalized to a tuple of (N,K) and (N,N −K) MDS codes respectively that satisfy the
property that the product of the parity check matrix of the (N,K) MDS code and the generator matrix of the (N,N −K)
MDS code has full rank (set as generalized Reed-Solomon codes, see Lemma 2). The parameters of the linear scheme that
achieves the desired rate tuple are given as follows. Local randomness Z is not used.

1) Field size q is any prime power such that q ≥ max(2KNBKB , N).
2) Scaling factor κ = NBKB .
3) Precoding matrices are specified through the following steps. Y0 contains κλ0 = KNB(2KB −NB) elements in Fq and

Bt, t ∈ [NB ] contains κλB = (N −K)KB +K(NB −KB) elements in Fq . First, we divide Bt into 2 parts, labelled
by the superscript x, y.

Bt =

 b1,xt︸︷︷︸
1×KB

, . . . , bN−K,x
t︸ ︷︷ ︸
1×KB

, byt︸︷︷︸
1×K(NB−KB)

 , t ∈ [NB ]. (144)

Second, define α ≜ (α1, . . . , αN ) ∈ F1×N
q , v ≜ (v1, . . . , vN ) ∈ F1×N

q where ∀n ∈ [N ], αn are distinct elements
in Fq and vn ̸= 0; choose an N × N matrix GRSN×N (v,α) =

[
vjα

i−1
j

]
ij

where the element in the ith row and
jth column is vjαi−1

j , i, j ∈ [N ]. Note that GRS is the generator matrix of a generalized Reed-Solomon code. Define
GRSN×N (v,α) ≜

(
GK×N ;F(N−K)×N

)
, i.e., the first K rows are defined as G and the last N −K rows are defined

as F and note that both G,F are MDS, i.e., any maximal square sub-matrix has full rank.
Third, pass b1,xt , . . . , bN−K,x

t through an (N,N −K) MDS code (with generator matrix F) to generate b
1,x

t , . . . , b
N,x

t

such that any (N −K) distinct b
x

t may recover b1,xt , . . . , bN−K,x
t , i.e., ∀t ∈ [NB ],(b1,xt

)T
︸ ︷︷ ︸
KB×1

, . . . ,
(
b
N,x

t

)T
︸ ︷︷ ︸

KB×1


KB×N

≜

((
b1,xt

)T
, . . . ,

(
bN−K,x
t

)T)
KB×(N−K)

× F(N−K)×N .

(145)

Fourth, choose a KNBKB×KNBKB Cauchy matrix H =
[

1
βi−γj

]
ij

where the element in the ith row and jth column

is 1
βi−γj

and βi, γj , i, j ∈ [KNBKB ] are distinct elements in Fq . Then define h1
1︸︷︷︸

1×KB

, . . . , hK
1︸︷︷︸

1×KB

, . . . , h1
NB︸︷︷︸

1×KB

, . . . , hK
NB︸︷︷︸

1×KB


1×KNBKB

≜
(
Y0, b

y
1, . . . , b

y
NB

)
1×KNBKB

× HKNBKB×KNBKB
. (146)
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Fifth, pass h1
t , . . . ,h

K
t , t ∈ [NB ] through an (N,K) MDS code (with generator matrix G) to generate h

1

t , . . . ,h
N

t such
that any K distinct ht may recover h1

t , . . . ,h
K
t , i.e., ∀t ∈ [NB ],(h1

t

)T
︸ ︷︷ ︸
KB×1

, . . . ,
(
h
N

t

)T
︸ ︷︷ ︸
KB×1


KB×N

≜
((

h1
t

)T
, . . . ,

(
hK
t

)T)
KB×K

×GK×N . (147)

We are now ready to specify the storage systems. Note that Yn, n ∈ [N ] contains κ = NBKB elements in Fq .

Yn =
(
h
n

1 + b
n,x

1 , . . . ,h
n

NB
+ b

n,x

NB

)
1×NBKB

, ∀n ∈ [N ]. (148)

We show that the above linear scheme works by verifying the constraints (17), (18), (19) sequentially. Consider any K ∈(
[N ]
K

)
,KB ∈

(
[NB ]
KB

)
.

1) (17): We need to show that Y0 is determined by YK, BKB
. Proceed as follows.

b1,xKB
, . . . , bN−K,x

KB
are known from BKB

and thus b
1,x

KB
, . . . , b

N,x

KB
are known from BKB

due to the (N,N − K) MDS

precoding in (145). Then subtract the contribution of b
K,x

KB
from YK and obtain h

K
KB

, from which we can then obtain
h1
KB
, . . . ,hK

KB
due to the (N,K) MDS precoding in (147). Note that(

h1
KB
, . . . ,hK

KB

)
1×KK2

B

=
(
Y0, b

y
1, . . . , b

y
NB

)
1×KNBKB

×H
KNBKB×KK2

B

sub . (149)

Hsub denotes a sub-matrix of H where the superscript shows the dimension. Note that byKB
are known from BKB

and
we may further subtract their contribution from h1

KB
, . . . ,hK

KB
and obtain(

Y0, b
y
Kc

B

)
1×KK2

B

×H
KK2

B×KK2
B

sub . (150)

Hsub has full rank as it is a sub-matrix of the Cauchy matrix H. Thus Y0 is perfectly recovered.
2) (18): We need to show that Y0 is independent of YKc , BKc

B
. Proceed as follows.

I
(
Y0;YKc , BKc

B

)
(13),(148)

= I
(
Y0;h

Kc

KB
+ b

Kc,x

KB
,h

Kc

Kc
B
| BKc

B

)
(151)

≤ I
(
Y0;h

Kc

KB
+ b

Kc,x

KB
,h

[K]
Kc

B
| BKc

B

)
(152)

= H

h
Kc

KB
+ b

Kc,x

KB
,h

[K]
Kc

B︸ ︷︷ ︸
1×∆

∣∣∣∣BKc
B

−H (hKc

KB
+ b

Kc,x

KB
,h

[K]
Kc

B
| Y0, BKc

B

)
(153)

≤ ∆−H
(
h
[K]
Kc

B
| Y0, BKc

B

)
−H

(
h
Kc

KB
+ b

Kc,x

KB
| h[K]

Kc
B
, Y0, BKc

B
, by[NB ]

)
(154)

≤ ∆−H
(
byKB
×H

K(NB−KB)KB×K(NB−KB)KB

sub | Y0, BKc
B

)
− H

(
b
Kc,x

KB
| Y0, BKc

B
, by[NB ]

)
(155)

= ∆−K(NB −KB)KB −H
(
b
[N−K],x
KB

| Y0, BKc
B
, by[NB ]

)
(156)

= ∆−K(NB −KB)KB − (N −K)K2
B (157)

= 0. (158)

Note that the notation hY
X =

{
hj
i , i ∈ X , j ∈ Y

}
and ∆ = (N −K)K2

B +K(NB −KB)KB . (152) follows from the

MDS encoding (147) so that h
Kc

Kc
B

is a function of h
[K]
Kc

B
and N − K > K. In (156), the third term follows from the

MDS encoding (145) so that b
Kc,x

KB
is invertible to b

[N−K],x
KB

.
3) (19): We need to show that B is determined by Y[N ].

First, it is well known that the dual of a generalized Reed-Solomon code is another generalized Reed-Solomon code
[26]. Then the null space of the row space of GK×N is the row space of an (N −K)×N matrix G⊥

(N−K)×N where

G⊥ = GRS(N−K)×N (u,α), u = (u1, . . . , uN ), and un =
(
vn
∏

i̸=n(αn − αi)
)−1

, n ∈ [N ], i.e.,

G⊥
(N−K)×N ×GT

N×K = 0(N−K)×K . (159)
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Then we use G⊥
(N−K)×N to zero-force the ht, t ∈ [NB ] terms in Yn.

G⊥
(N−K)×N

 Y1
...
YN


︸ ︷︷ ︸
N×NBKB

= G⊥
(N−K)×NFT

N×(N−K)

 b1,x1 · · · b1,xNB

...
. . .

...
bN−K,x
1 · · · bN−K,x

NB


︸ ︷︷ ︸

(N−K)×NBKB

, (160)

which from Lemma 2 (i.e., G⊥FT has full rank), is invertible to b
[N−K],x
[NB ] , i.e., we recover all bx.

Second, given all bx, we subtract their contribution from Yn, n ∈ [N ] and obtain h
[N ]

[NB ], from which we further obtain
h
[K]
[NB ].

Finally, from h
[K]
[NB ], we obtain B (i.e., all bx, by).

Lemma 2.

rank
(
G⊥

(N−K)×NFT
N×(N−K)

)
= N −K. (161)

Proof: To set up the proof by contradiction, let us assume
(
G⊥FT

)
(N−K)×(N−K)

does not have full rank, i.e., there exists

a vector γ ∈ F(N−K)×1
q such that G⊥FTγ = 0(N−K)×1. Then defining δ ≜ FTγ, we have G⊥δ = 0, i.e., δ lies in the

null space of the row space of G⊥, which is the row space of G as G⊥GT = 0. Now we arrive at the property that δ lies
in the row space of G. However, δ = FTγ also lies in the row space of F, i.e., δ lies in the row space of both F and G,
which leads to the conclusion that δ = 0 because the row spaces of F and G intersect only at the trivial zero vector as matrix
(G;F) = GRSN×N (v,α) has full rank. Finally, δ being the zero vector indicates that γ must also be the zero vector as FT

has independent columns and δ = FTγ. Finally, γ being the zero vector shows that G⊥FT has full rank.

C. CQ: Capacity region for Q̃SẼA

Based on Theorem 2 and the convexity of CQ proved in Appendix A, the inner bound (achievable rate region) for CQ is
implied by the inner bound for the capacity region C of C̃SS̃RA, which is presented in Section VI-B. Thus, here it suffices to
prove only the outer bound (converse) for CQ.

We have two bounds to prove, i.e.,Rcut andR∞. In the following, unless explicitly stated otherwise, the quantum information
measure terms are with respect to the state ρRQ1...QNB1...BNB

. Recall from (8) that our problem formulation requires perfect
recovery for every pure state RQ0, so in particular perfect recovery is required for a maximally entangled state RQ0 where
Q0 is maximally mixed, i.e., H(R,Q0)|φ⟩RQ0

= 0 and H(R) = H(Q0)|φ⟩RQ0
= logq |Q0|. In the converse proof, we assume

throughout that RQ0 is maximally entangled.
1) Proof of Rcut Bound: We need to prove that every achievable tuple (λ0, λB) must satisfy the bound λ0 ≤ max(2K −

N, 0) + λB · max(2KB − NB , 0). Let us proceed as follows. Consider any achievable tuple (λ0, λB). Since this tuple is
achievable, there must exist a feasible coding scheme S such that

λ0(S) ≥ λ0, (162)
λB(S) ≤ λB . (163)

Consider this coding scheme S. Besides λ0(S), λB(S), since there is no potential for ambiguity for the remaining parameters
of the coding scheme, we will suppress the label S and write, e.g., κ, q instead of κ(S), q(S) to simplify the notation.

The perfect recovery of RQ0 implies the entropic condition [27], [4],

∀K ∈
(
[N ]

K

)
, ∀KB ∈

(
[NB ]

KB

)
, I (R;QK, BKB

) = 2H(R) = 2κλ0(S). (164)

Then from weak monotonicity, we have

I (R;QK, BKB
) + I

(
R;QKc , BKc

B

)
≤ 2H(R) = 2κλ0(S) (165)

(164)
=⇒ I

(
R;QKc , BKc

B

)
= 0, ∀K,∀KB . (166)

From (166), setting K = [N −K + 1 : N ] and KB = [NB −KB + 1 : NB ], we have

I
(
R;Q[N−K], B[NB−KB ]

)
= 0. (167)

Then from (164), setting K = [K],KB = [KB ], we have

2κλ0(S)
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= I
(
R;Q[K], B[KB ]

)
(168)

≤ I
(
R;Q[N−K], Q[N−K+1:K], B[NB−KB ], B[NB−KB+1:KB ]

)
(169)

(167)
= I

(
R;Q[N−K+1:K], B[NB−KB+1:KB ] | Q[N−K], B[NB−KB ]

)
(170)

≤ 2H
(
Q[N−K+1:K]

)
+ 2H

(
B[NB−KB+1:KB ]

)
(171)

≤ 2 logq
∏

n∈[N−K+1:K]

|Qn|+ 2 logq
∏

i∈[NB−KB+1:KB ]

|Bi| (172)

≤ 2κ ·max (2K −N, 0) + 2κλB(S) ·max (2KB −NB , 0) (173)
=⇒ λ0(S) ≤ max (2K −N, 0) + λB(S) ·max (2KB −NB , 0) (174)

(162)(163)
=⇒ λ0 ≤ max (2K −N, 0) + λB ·max (2KB −NB , 0) . (175)

(169) follows from the fact that quantum conditional mutual information is non-negative.
2) Proof of R∞ Bound: Second, consider R∞. Interestingly, the proof of the quantum setting parallels that of the classical

setting in Section VI-A2. The differences are highlighted here while similarities are briefly described. Following exactly the
same reasoning as that of the classical setting, the K/N < 1/2 case follows from the K/N ≥ 1/2 case and it suffices to prove

λ0 ≤ N − (N −K)
NB

KB
when K/N ≥ 1/2. (176)

Consider K = [K] = [N −K] ∪ [N −K + 1 : K],KB = I ∪ [KB + 1 : NB ] where I ⊂ [KB ], |I| = 2KB − NB . Note
that 2KB −NB ≤ KB and K/N ≥ 1/2. Consider any feasible scheme S. From the quantum entropic decodability constraint
(164), we have

2κλ0 ≤ 2κλ0(S)
(164)
= I

(
R;Q[N−K], Q[N−K+1:K], BKB

)
(177)

≤ I
(
R;Q[N−K], BKB

)
+ 2H

(
Q[N−K+1:K]

)
(178)

(3)

≤ I
(
R,BI ;Q[N−K] | B[KB+1:NB ]

)
+ 2κ(2K −N) (179)

= I
(
R;Q[N−K] | B[KB+1:NB ]

)︸ ︷︷ ︸
(166)

≤ 0

+ I
(
BI ;Q[N−K] | R,B[KB+1:NB ]

)
+ 2κ(2K −N) (180)

=⇒ 2 (κλ0 − κ(2K −N)) ≤ I
(
BI ;Q[N−K] | R,B[KB+1:NB ]

)
. (181)

(178) follows from the following quantum mutual information bound

I
(
R;Q[N−K+1:K] | Q[N−K], BKB

)
≤ 2H

(
Q[N−K+1:K]

)
,

where we have a factor of 2 before the entropy term H
(
Q[N−K+1:K]

)
because of the weak monotonicity of quantum entropy

(in contrast to the strong monotonicity of classical entropy). The first term of (180) is zero because of the implicit quantum
security constraint, proved in (166), which says that due to weak monotonicity (monogamy of entanglement), a decoding set
preserves all entanglement with the reference system, leaving its complement in a product state with the reference system.

Next we add (181) for all I = Ij , j ∈ [KB ] where Ij is defined in (103).

2 (κλ0 − κ(2K −N))KB ≤
∑

j∈[KB ]

I
(
BIj ;Q[N−K] | R,B[KB+1:NB ]

)
(182)

(106)

≤ (2KB −NB) I
(
B[KB ];Q[N−K] | R,B[KB+1:NB ]

)
(183)

≤ 2κ(N −K)(2KB −NB) (184)

=⇒ λ0 ≤ N − (N −K)
NB

KB
. (185)

In (183), we apply (106) in Lemma 1, proved in the classical setting because the proof of (106) only uses following two
properties that hold in both classical and quantum settings.

1) I(Y0;B) = 0 and H(B1, . . . , BNB
) = H(B1) + · · · +H(BNB

), while the corresponding quantum version also holds,
i.e., I(R;B) = 0 as R and B are in a product state (see (3)) and the Bi, i ∈ [NB ] entanglement is in a product state,
i.e., H(B1, . . . , BNB

) = H(B1) + · · ·+H(BNB
) (see (2)).

2) Strong sub-additivity of entropy, which holds for both quantum and classical entropy [28].
We may verify each step of the proof of (106) and will find that replacing Y0 by R and replacing Yn by Qn, all the steps
remain valid. Similar to above, the only difference lies in how to bound the mutual information term in (183), where for the
quantum setting, we have a factor of 2. The proof of the quantum converse is thus complete.
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VII. CONCLUSION

The problem of erasure-prone quantum storage with erasure-prone entanglement assistance, Q̃SẼA, is explored by connecting
it to an analogous problem of erasure-prone classical storage with erasure-prone shared-randomness assistance, C̃SS̃RA. The
capacity regions for both Q̃SẼA and C̃SS̃RA are characterized and shown to be identical in all parameter regimes, with the
exception of one regime where the capacity remains open. It is conjectured that the capacity regions, CQ and C, respectively,
are identical even in this regime, and that they match an inner bound (a feasible coding scheme) that is presented in Theorem
1. Let us conclude by listing some promising directions for future work.

1) The validity of the aforementioned conjecture is an important open question. Resolving this question may require a
deeper understanding of the various converse arguments in order to find the right combination of bounds to cover the
regime that remains open.

2) The connection between Q̃SẼA and C̃SS̃RA, while clearly established in Theorem 2 from an achievability perspective,
remains intriguing in terms of converse bounds. Since the capacity regions for the two settings seem to match, it is
natural to ask if there is also a mechanism to translate an information theoretic converse bound from one setting to the
other.

3) Figure 3 shows that there is much room to reduce the size requirements for our coding schemes. Observe that the field
Fq in the specialized coding scheme of Figure 3 can be any field (even F2) but our generalizable construction for the
same setting in Section IV-C assumes q ≥ 13. The maximum storage possible under strict constraints on the sizes of
storage and EA systems remains an important open question for future work.

4) Our formulation of Q̃SẼA does not allow any precoding (i.e., before the message appears at the encoder) across EA
systems to counter the EA erasures. However precoding across EA systems may be possible in some settings, e.g., if
the EA systems are co-located. The capacity for similar alternative formulations is also of interest.

5) Besides what is shown in Figure 2, the Q̃SẼA formulation does not allow any additional classical communication.
On the other hand, it does allow joint processing of all unerased storage and EA systems at the decoder. Other
formulations of interest may restrict access to a subset of unerased systems at the decoder while allowing additional
classical communication among surviving systems [29].

Indeed, unreliable entanglement assistance is an important and underexplored topic with broad applicability across a wide
variety of settings.

APPENDIX

We prove that CQ, the capacity region for Q̃SẼA is convex and note that the convexity of C for C̃SS̃RA follows from similar
reasoning.

We show that CQ is convex, i.e., if (λ0(1), λB(1)) ∈ CQ and (λ0(2), λB(2)) ∈ CQ, then (µλ0(1) + (1−µ)λ0(2), µλB(1) +
(1 − µ)λB(2)) ∈ CQ for 0 ≤ µ ≤ 1. The proof is based on a space-sharing argument, essentially a direct construction of a
coding scheme as a convex combination of other coding schemes, analogous to the time-sharing argument that is quite common
in information theory.

As (λ0(1), λB(1)) ∈ CQ, there exists a feasible coding scheme S1 with parameters(
λ0(S1), λB(S1), κ(S1), q(S1),ENC(S1),DECK,KB (S1)

)
,

where λ0(S1) ≥ λ0(1), λB(S1) ≤ λB(1). Similarly, (λ0(2), λB(2)) ∈ CQ indicates that there is a feasible coding scheme S2

with parameters (
λ0(S2), λB(S2), κ(S2), q(S2),ENC(S2),DECK,KB (S2)

)
,

where λ0(S2) ≥ λ0(2), λB(S2) ≤ λB(2). Next, based on S1, S2, we construct a coding scheme S as follows. As rationals
are dense over reals, for any µ ∈ [0, 1] and any ϵ ∈ R≥0, we can find a rational µϵ = u/v with u, v ∈ Z≥0 and u ≤ v such
that |µ− µϵ| ≤ ϵ.

A. q(S1) = q(S2)

First, let us start with the simpler case where q(S1) = q(S2) ≜ q. The parameters of S are(
λ0(S), λB(S), κ(S), q(S) = q,ENC(S),DECK,KB (S)

)
, (186)

λ0(S) =
u

v
λ0(S1) +

v − u
v

λ0(S2), (187)

λB(S) =
u

v
λB(S1) +

v − u
v

λB(S2), (188)

κ(S) = v · κ(S1) · κ(S2), (189)

ENC(S) = (ENC(S1))
⊗uκ(S2) ⊗ (ENC(S2))

⊗(v−u)κ(S1) , (190)

DECK,KB (S) =
(
DECK,KB (S1)

)⊗uκ(S2) ⊗
(
DECK,KB (S2)

)⊗(v−u)κ(S1)
. (191)
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The quantum message Q0 has κ(S)λ0(S) qudits, and the EA A1 . . . ANB
B1 . . . BNB

, has κ(S)λB(S) qudits,

κ(S)λ0(S) = κ(S1) · κ(S2) · (uλ0(S1) + (v − u)λ0(S2)) , (192)
κ(S)λB(S) = κ(S1) · κ(S2) · (uλB(S1) + (v − u)λB(S2)) . (193)

Then ENC(S) and DECK,KB (S) in (190) and (191) refer to the following encoding and decoding operations. Q0 = Q0(1, 1) . . .
Q0(1, uκ(S2))Q0(2, 1) . . . Q0(2, (v− u)κ(S1)) is divided into uκ(S2) + (v− u)κ(S1) blocks, where Q0(1, i), i ∈ [uκ(S2)]
has κ(S1)λ0(S1) qudits and Q0(2, j), j ∈ [(v − u)κ(S1)] has κ(S2)λ0(S2) qudits. Similarly, Am, Bm,m ∈ [NB ] is
divided into uκ(S2) + (v − u)κ(S1) blocks where Am(1, i), Bm(1, i), i ∈ [uκ(S2)] each has κ(S1)λB(S1) qudits and
Am(2, j), Bm(2, j), j ∈ [(v − u)κ(S1)] each has κ(S2)λB(S2) qudits.

Next, for each i ∈ [uκ(S2)], Q0(1, i), Am(1, i), Bm(1, i) is encoded through the map ENC(S1) and decoded through the
map DECK,KB (S1) so that the final output Q̂0(1, i) preserves the same entanglements with the rest of the universe that
were originally associated with Q0(1, i). Similarly, for each j ∈ [(v − u)κ(S1)], Q0(2, j), Am(2, j), Bm(2, j) is encoded
through the map ENC(S2) and decoded through the map DECK,KB (S2) so that the final output Q̂0(2, j) preserves the
same entanglements with the rest of the universe that were originally associated with Q0(2, j). Combining all outputs Q̂0 ≜
Q̂0(1, 1) . . . Q̂0(1, uκ(S2))Q̂0(2, 1) . . . Q̂0(2, (v − u)κ(S1)), the quantum system RQ̂0 is recovered whose state is identical
to |φ⟩RQ0

.
Note that

λ0(S) =
u

v
λ0(S1) +

v − u
v

λ0(S2) ≥
u

v
λ0(1) +

v − u
v

λ0(2), (194)

λB(S) =
u

v
λB(S1) +

v − u
v

λB(S2) ≤
u

v
λB(1) +

v − u
v

λB(2). (195)

Thus, the rate tuple (λ0, λB) = (µϵλ0(1) + (1 − µϵ)λ0(2), µϵλB(1) + (1 − µϵ)λB(2)) is achievable. Letting ϵ → 0, the rate
tuple (λ0, λB) = (µλ0(1) + (1− µ)λ0(2), µλB(1) + (1− µ)λB(2)) is in the closure of the set of achievable rate tuples and
the proof of convexity is complete.

B. General q(S1), q(S2)

Second, we consider the general case where q(S1), q(S2) might be different. Here the key observation is that the closure
of the set of achievable rate tuples is the same for all q ≥ 2, i.e., for any q ≥ 2, we may transform any feasible coding scheme
S with parameter q(S) to another scheme S′ such that q(S′) = q while achieving the same rate tuple. This result is stated
in the following lemma.

Lemma 3. For any ϵ, 0 < ϵ < λ0, any q ∈ Z≥2 and any feasible coding scheme S with parameters(
λ0(S), λB(S), κ(S), q(S),ENC(S),DECK,KB (S)

)
,

that achieves rate tuple (λ0, λB), i.e., λ0(S) ≥ λ0, λB(S) ≤ λB , there exists another feasible coding scheme S′ with
parameters (

λ0(S
′), λB(S

′), κ(S′), q(S′) = q,ENC(S′),DECK,KB (S′)
)
,

that achieves rate tuple (λ0−ϵ, λB+ϵ), i.e., λ0(S′) ≥ λ0−ϵ, λB(S′) ≤ λB+ϵ. Therefore, the closure of the set of achievable
rate tuples does not depend on q.

Proof: Note that ϵ, λ0(S), λB(S), κ(S), q(S), q are given and ϵ < λ0 ≤ λ0(S). Then we can find integers T, T ′, κ′ ∈ Z≥1

such that

Tκ(S)
log2 q(S)

log2 q

λB(S)

λB(S) + ϵ
≤ T ′κ′ ≤ Tκ(S)

log2 q(S)

log2 q

λ0(S)

λ0(S)− ϵ
(196)

and the parameters of S′ are set as

λ0(S
′) = λ0(S)

κ(S)

κ′
T

T ′
log2 q(S)

log2 q
, (197)

λB(S
′) = λB(S)

κ(S)

κ′
T

T ′
log2 q(S)

log2 q
, (198)

κ(S′) = κ′T ′, (199)

ENC(S′) = (ENC(S))
⊗T

, (200)

DECK,KB (S′) =
(
DECK,KB (S)

)⊗T
. (201)

For the coding scheme S′, the quantum message Q0 has dimension

|Q0| = qκ(S
′)λ0(S

′) (197),(199)
= q(S)κ(S)λ0(S)×T
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and for the entanglement AB, each Am, Bm,m ∈ [NB ] has dimension

|Am| = |Bm| = qκ(S
′)λB(S′) (198),(199)

= q(S)κ(S)λB(S)×T .

Q0, Am, Bm is encoded and decoded through T parallel concatenations of ENC(S) and DECK,KB (S); perfect recovery is
thus guaranteed. Furthermore,

λ0(S
′)

(196),(197)

≥ λ0(S)− ϵ ≥ λ0 − ϵ, (202)

λB(S
′)

(196),(198)

≤ λB(S) + ϵ ≤ λB + ϵ, (203)

so that the rate tuple (λ0 − ϵ, λB + ϵ) is achieved.
Equipped with Lemma 3, we may transform the two schemes S1, S2 to S′

1, S′
2 so that q(S′

1) = q(S′
2) = q. Then we can

apply the same space sharing scheme in Appendix A to construct S′ so that letting ϵ → 0, any convex combination of rate
tuples is achieved. The proof is thus complete.

Consider Q̃SẼA with NB = KB = 1 so that the entanglement B is not erasure-prone. The setting reduces to entanglement-
assisted quantum MDS codes where the rate tuple (λ0, λB) = (K/2,K/2) is known to be achievable by a teleportation based
scheme [5]. Here we specialize the classical code in Section VI-B2 and translate through Theorem 2 to provide an alternative
quantum scheme that does not involve teleportation or measurement.

Consider encoding first. Set κ = 2 and choose q ≥ 2N as a prime power. The quantum message Q0 has κλ0 = K qudits
and each qudit is q-dimensional. Suppose Q0 is in an arbitrary state with density matrix ωQ0

. Without loss of generality,
suppose ωQ0

has a spectral decomposition ωQ0
=
∑

a∈F1×K
q

pa |a⟩ ⟨a| and purification RQ0 in the pure state |φ⟩RQ0
=∑

a∈F1×K
q

√
pa |a⟩ |a⟩. The EA B comprises NBκλB = K qudits. The encoding proceeds as follows.

|φ⟩RQ0
|ϕ⟩AB (204)

=
∑

a∈F1×K
q

√
pa |a⟩R |a⟩Q0

∑
b∈F1×K

q

1√
qK
|b⟩A |b⟩B (205)

⇝
∑

a∈F1×K
q

√
pa |a⟩R |a⟩Q0

∑
b∈F1×K

q

1√
qK
|b⟩A |b⟩B

∑
z∈F1×(N−K)

q

1√
qN−K

|z⟩ (206)

=
∑
a

√
pa |a⟩R

∑
b,z

1√
qN
|a⟩Q0

|b⟩A |z⟩ |b⟩B (207)

⇝
∑
a

√
pa |a⟩R

∑
b,z

1√
qN
|f1(a+ b), h1(a, z)⟩Q1

. . . |fN (a+ b), hN (a, z)⟩QN
|b⟩B . (208)

Evidently, the encoded state ρRQ1...QNB in (5) is a pure state in this case. In (208), we define the functions f1, . . . , fN as
follows.

(f1(a+ b), . . . , fN (a+ b)) = (a+ b)V, ∀a, b ∈ F1×K
q . (209)

The LHS is a vector in F1×N
q . On the RHS, a+ b ∈ F1×K

q , and V ∈ FK×N
q is defined as follows.

V =
[
αi−1
j

]
ij
, i ∈ [K], j ∈ [N ], αj are distinct in Fq. (210)

The functions h1, . . . , hN in (208) are defined as

(h1(a, z), . . . , hN (a, z))1×N = (a,z)1×N ×HN×N , ∀a ∈ F1×K
q , z ∈ F1×(N−K)

q . (211)

The LHS is a vector in F1×N
q . On the RHS, (a, z) ∈ F1×N

q , and H ∈ FN×N
q is defined as follows.

HN×N =

[
1

βi − γj

]
ij

, i ∈ [N ], j ∈ [N ], βi, γj are distinct in Fq. (212)

Note that (208) is an isometry because (f[N ](a+b), h[N ](a, z)) determines a, b, z. Note that V is a Vandermonde matrix and
H is a Cauchy matrix so that both have full rank.

Consider decoding next. For any K ∈
(
[N ]
K

)
, the state for RQ1 . . . QNB = RQKQKcB is expressed as follows.∑

a

√
pa |a⟩R

∑
b,z

1√
qN
|fK(a+ b), hK(a, z)⟩QK

|b⟩B |fKc(a+ b), hKc(a, z)⟩QKc
(213)
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⇝
∑
a

√
pa |a⟩R

∑
b,z

1√
qN
|aVK×K

sub ⟩ |hK(a, z)⟩ |b⟩ |fKc(a+ b), hKc(a, z)⟩QKc
(214)

⇝
∑
a

√
pa |a⟩R

∑
b,z

1√
qN
|a⟩ |hK(a, z)⟩ |b⟩ |fKc(a+ b), hKc(a, z)⟩QKc

(215)

⇝
∑
a

√
pa |a⟩R

∑
b,z

1√
qN
|a⟩ |zH(N−K)×K

sub ⟩ |a+ b⟩
∣∣∣∣fKc(a+ b︸ ︷︷ ︸

≜b′

),hKc(a, z)︸ ︷︷ ︸
≜z′

〉
QKc

(216)

⇝
∑
a

√
pa |a⟩R

∑
b′,z′

1√
qN
|a⟩ |z′H

(N−K)×K

sub ⟩ |b′⟩ |fKc(b′), z′⟩QKc
(217)

=

(∑
a

√
pa |a⟩R |a⟩Q̂0

)
⊗

∑
b′,z′

1√
qN
|z′H

(N−K)×K

sub ⟩ |b′⟩ |fKc(b′), z′⟩QKc

 . (218)

Thus, RQ̂0 is recovered in the same pure state as the original message and reference, RQ0. In (214), fK(a+b) = (a+b)×V(:
,K). The matrix V(:,K) ∈ FK×K

q is denoted as VK×K
sub . As |b⟩ is available (from the EA B), we subtract the contribution

of b and obtain |aVK×K
sub ⟩ |b⟩ through a unitary transformation of |fK(a+ b)⟩ |b⟩. In the next step, (215) is obtained because

VK×K
sub (comprised of K columns of the Vandermonde matrix V) has full rank and thus a unitary map transforms |aVsub⟩ to
|a⟩. In (216), hK(a, z) = (a, z)×H(:,K) = a×H(1 : K,K) + z ×H(K + 1 : N,K), where i : j denotes the index tuple
(i, i + 1, · · · , j) and the shorthand notation : in H(:,K) denotes the tuple that contains all indices, i.e., all rows. The matrix
H(K + 1 : N,K) ∈ F(N−K)×K

q is denoted as H
(N−K)×K
sub . To obtain (217), note that

z′ = hKc(a, z) = a×H(1 : K,Kc) + z ×H(K + 1 : N,Kc), z′ ∈ F1×(N−K)
q (219)

=⇒ z = (z′ − a×H(1 : K,Kc))×H−1(K + 1 : N,Kc)(N−K)×(N−K), (220)

and we define the (N −K) ×K matrix H
(N−K)×K

sub ≜ H−1(K + 1 : N,Kc) ×H
(N−K)×K
sub . Note that H(K + 1 : N,Kc)

has full rank as it is a square sub-matrix of the Cauchy matrix H. A unitary map thus transforms |a⟩ |zH(N−K)×K
sub ⟩ into

|a⟩ |z′H
(N−K)×K

sub ⟩. In (217), we also replace the sum over b, z with the sum over b′, z′ because for any given a, the mapping
between (b, z) and (b′, z′) is invertible so that when (b,z) takes all values in F1×N

q , (b′, z′) also takes all values in F1×N
q .

Thus, the decoding is successful.
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