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Abstract

A quantum message is encoded into N quantum storage systems (Q1 ... Q) with assistance from Np maximally entangled
bi-partite quantum systems A; B, ..., An, Bny, that are prepared in advance such that B ... By, are stored separately as
entanglement assistance (EA) systems, while A; ... Ay, are made available to the encoder. Both the storage systems and EA
systems are erasure-prone. The quantum message must be recoverable given any K of the IV storage systems along with any Kp
of the Np EA systems. The capacity for this setting is the maximum size of the quantum message, given that the size of each
EA system is Ap. All system sizes are relative to the size of a storage system, which is normalized to unity. The exact capacity is
characterized as a function of N, K, Ng, Kp, Ap in all cases, with one exception. The capacity remains open for an intermediate
range of Ap values when a strict majority of the N storage systems, and a strict non-zero minority of the Ng EA systems, are
erased. As a key stepping stone, an analogous classical storage (with shared-randomness assistance) problem is introduced. A
set of constraints is identified for the classical problem, such that classical linear code constructions translate to quantum storage
codes, and the converse bounds for the two settings utilize similar insights. In particular, the capacity characterizations for the
classical and quantum settings are shown to be identical in all cases where the capacity is settled.
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I. INTRODUCTION

As a cornerstone of the theory of error-correcting codes, coding for erasures plays a critical role in ensuring the reliable
storage of information. In quantum systems, where both the information and the storage medium are quantum in nature, even
the act of error detection can introduce additional errors. Erasures — errors at known locations — are less susceptible to this
vulnerability and are consequently easier to correct. This underpins the concept of erasure conversion [1], [2], which utilizes
physical principles to transform other types of quantum errors into erasures. Erasures may also emerge as the predominant error
mode in future quantum distributed storage systems, particularly if such systems can be scaled to the size of modern classical
data centers, where each storage system functions as a fault-tolerant memory unit [3], [4]. Furthermore, from an information
theoretic perspective, erasures are among the most tractable of all quantum error paradigms [4]], [Sl], creating opportunities for
synergies between the studies of fundamental limits on one hand and practical code designs on the other [6]. Let us denote
‘erasure-prone quantum storage’ as QS, with the ~ indicating susceptibility to erasures.

The capabilities of QS are significantly enhanced by entanglement assistance (EA), i.e., when quantum entanglement is
available in advance as an additional shared resource between the encoder and decoder. For example, it is known that quantum
erasure codes do not exist in the parameter regime where the locality is less than the code distance [3]]. This limitation arises
primarily due to the no-cloning theorem [1l], which prohibits the recovery of quantum information from a set of storage
systems whose erasure (i.e., absence) must be tolerated. Otherwise, rwo copies of the stored quantum information could be
reconstructed — one by a legitimate receiver without access to the erased/missing systems, and another by a hypothetical party
with access only to the ‘missing’ systems. However, such limitations can be circumvented by utilizing EA. Remarkably, EA
is also associated with improved analytical tractability from an information theoretic standpoint. A textbook example is the
capacity of a quantum channel, which remains unresolved in general but is settled if EA is available [8].

Aside from a few notable exceptions [9], [10], QS with EA has been studied primarily under the assumption that the EA
is perfect, a paradigm that we may refer to as QSEA [5l], [11], [12], [13], [14], [15], [L6]. Such a setting is illustrated in
Figure [I] While entanglement distribution is seldom perfect, the assumption of perfect EA may be justified if the encoder and
decoder can perform entanglement distillation [17], [[18]], [19] prior to the encoding of the quantum information, and the coded
systems are immediately sent to the receiver so the decoding can take place prior to any new corruption in the EA resource.
This may not be possible in some settings, e.g., distributed storage over an extended period. The classical communication
required in advance for entanglement distillation may not be feasible, or there may be significant risk of corruption of the EA
resource after the quantum information is encoded and before it can be decoded. It is therefore important to study settings with
imperfect EA. References [9], [[10] have found various coding schemes for error-prone quantum storage with error prone EA,
to show that even imperfect EA can be quite useful. Motivated by these observations, in this work we explore the information
theoretic capacity of QSEA, i.e., erasure-prone quantum storage with erasure-prone entanglement assistance.
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Fig. 1. A QSEA setting studied in [3] is illustrated. A quantum message Qo (possibly entangled with a purifying reference system R) is encoded into N
quantum storage systems (Q1 ...Qn) by an encoder with entanglement assistance A. Any N — K of these N systems are erased by a channel. A decoder
must recover the quantum information from the remaining (unerased) systems and the entanglement assistance B. Note that the entanglement assistance
is perfect (not prone to erasures). A feasible coding scheme specifies an encoder ENC, and an array of decoders DECK, guaranteeing recovery for every

K e ().

Building upon the foundation laid in [S] for a Shannon theoretic study of SEA we incorporate EA erasures and define
a QSEA K, Np, Kp) problem. The schematic for QSEA appears in Flgur The formal problem description appears in
Section |[I-B| An informal description is provided here. In the QSEA(N K, Np, Kp) problem, a quantum message is encoded
into N storage systems (quantum systems ()1 . .. @ ;) with assistance from N maximally entangled bi-partite quantum systems
A1 By, ..., AN, BNy, that are prepared in advance such that By ... By, are stored separately as EA systems, while A; ... Ay,
are made available to the encoder. Both the storage systems and EA systems are erasure-prone. The quantum message must



be recoverable given any K of the NV storage systems along with any Kp of the Np EA systems. The information theoretic
capacity for this setting is the maximum size of the quantum message, given that the size of each EA system is Ap. All system
sizes are relative to the size of a storage system, which is normalized to unity. The goal of this work is to characterize the
information theoretic capacity of QSEA(N K,Ng, Kpg). Note that setting Ng = K would mean no EA systems are erased,
reducing ourNQSEA setting to the QSEA setting. It is noteworthy that there are certain cases identified in [S] for which the
capacity of QSEA is open, which will be resolved (see Observation 6 following Theorem i as a byproduct of our capacity
results for QSEA. A brief summary of our results is presented next.
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Fig. 2. The (,QEI:ZT\ setting studied in this work. Note that the entanglement assistance systems B are also subject to erasures.

As the main result of this work, the exact capacity of (55]?17’% is characterized as a function of N, K, Ng, K, Ap in all
cases, with one exception. The capacity remains open for an intermediate range of A\p values, specifically K/(2Kp) < Ap <
(N — 2K)/Np + K/Kp, when a strict majority of the N storage systems, and a strict non-zero minority of the N EA
systems, are erased, i.e., K < N/2 and Ng > Kp > Npg/2. For the setting that remains open, we present a lower bound (a
feasible coding scheme) that we conjecture (Observation 1 following Theorem [[) to be information theoretically optimal. As
a key stepping stone for QSEA(N K,Np,Kg), an analogous classical storage (with shared-randomness assistance (SRA))
problem, called CSSRA(N K, Np, Kp), is introduced, where both the classical storage and the SRA are erasure-prone. A set
of constraints is identified for the classical problem, such that classical linear code constructions translate to quantum storage
codes via a CSS construction. It is worth noting that even after the corresponding classical problem CSSRA is identified,
challenges remain on both achievability and converse fronts. On the achievability side, since CSSRA has not been previously
studied, new optimal codes have to be designed for this problem. As it turns out these optimal codes involve rather non-trivial
alignment structures. On the converse side, first a classical converse is needed to test the optimality of the codes for CSSRA, and
then after the codes are translated into quantum codes via the CSS construction, a tight quantum information-theoretic converse
is still needed to establish the information-theoretic optimality of the corresponding quantum code. Yet, it is remarkable that
the capacity characterizations for the classical and quantum settings are found to be identical in all cases where the capacity
is settled.

Figure |3 I previews briefly via an example how a classical code for CSSRA is translated into a quantum code for QSEA The
setting illustrated in the figure is QSEA(S7 1,3,2), where any N — K = 2 out of N = 3 storage systems and any Ngp— Kp =1
out of Ng = 3 EA systems can be erased. A decoder is specified for each possible erasure scenario, and the goal is to find
the maximum size Ay of the quantum message that can be stored and perfectly recovered in every allowed erasure scenario,
when all storage systems have 51ze normalized to unity and all EA systems (A1, Aa, A3, B, Ba, Bs) have size Ag. When the
QSEA setting is mapped to a CSSRA setting, all quantum systems become classical systems, and we are left with a classical
problem to solve, subject to certain entropic constraints. The constraints are listed in the figure. Detailed explanations are
relegated to subsequent sections. The optimal classical code (construction of Y7,Y5,Y3) is also shown in the figure, and it
is not difficult to verify that the construction satisfies all entropic constraints, mainly because of the careful alignments of
message and SR terms. The CSSRA code is then mapped to a QSEA code via the CSS construction [20], [21]. The alignments
reflect the non-trivial nature of code design for CSSRA(N, K, Np, Kp), which is inherited by the optimal quantum codes for
QSEA(N, K, Np, Kp).

The construction shown in Figure [3| achieves storage size A\g = 1/2 with A\g = 5/6. Information theoretic converse
arguments, not represented in Figure [3] but established later in the paper (Theorem [I]in Section [[IlI-A), imply that the message
size Ao = 1/2 is optimal not only for Az = 5/6 but also for any value of Ag > 5/6, i.e., larger sizes of EA systems do not
increase the storage capacity for this setting. The open problem in the context of Figure [3] corresponds to the question: is the



message size A\g = 1/2 also achievable with Ap strictly smaller than 5/6? If our conjecture holds, then applied to this example
it would imply that Ay = 1/2 cannot be achieved by any coding scheme with EA system sizes strictly smaller than 5/6.

Lastly, note that the coding scheme shown in Figure [3| does not require particularly large alphabet. Indeed, it works over
any finite field Fy, including the binary field Fo. Over IF; it corresponds to the setting where each quantum storage system
has size 6 qubits, each EA system has size 5 qubits, and the quantum message has size 3 qubits. Generally in this work, since
we pursue a Shannon theoretic formulation of storage capacity, which is not sensitive to field size, we will not attempt to
minimize the field size for our coding schemes. Indeed, in Section [[V-C| we present the same example from a slightly different
perspective that is easier to generalize, but requires a larger field size.
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Fig. 3. Constructing a QSI::TA code from a CSSRA code for (N, K, Ng, Kg) = (3,1,3,2) and (Ao, Ap) = (1/2,5/6). First, quantum systems are mapped
to classical systems. In addition to the decodability and security constraints identified in prior works [4]], [22], [23], here the constraints for the classical
setting also include (shown in blue) recovery of the shared-randomness from the storage systems. Next, a classical code is constructed by optimally aligning
shared-randomness, local randomness (not needed in this example) and message terms to satisfy all constraints. Finally, the classical code is mapped to a
quantum code via the CSS construction [20], [21].

A. Notation

Z,R,C are the sets of integers, reals, and complex numbers respectively. The notations Z>, (R>,) represent the sets of
integers (reals) greater than or equal to a, respectively. [IV] denotes the set {1,2,--- , N}, N € Z>;. For i, j € Z, the notation
[i : 4] denotes the set {i,i + 1,---,j} when ¢ < j and the empty set otherwise. |X| denotes the cardinality of X if X is

a set, the support of X if X is a classical random variable, and the dimension of the Hilbert space associated with X if X
is a quantum system. For a set X, the set of its cardinality-k subsets is denoted as (“If) £ {Yy:Y CX,|Y| =k}, and the
notation @y denotes (Q; : i € X). For two sets X, ), the notation X \ ) denotes the set of elements that are in X" but not
in V. We will frequently use the notation K € (V) and Kp € ([I]\{fi]) to represent subsets of [N] and [Ng] of size K and
Kp, respectively. It will be convenient to denote their complements as ¢ = [N]\ K and K4 = [Ng] \ Kp, respectively. For
matrices My, My of compatible dimensions, (M7, Ms) and (M;; Ms) represent their horizontal and vertical concatenations,
respectively. M represents the transpose of the matrix M. The notation M(Z, J) represents the sub-matrix of M formed
by retaining only the rows from the index tuple Z and the columns from the index tuple 7. For example, M((1,2),(3,4))
represents the 2 X 2 sub-matrix comprising rows 1,2 and columns 3, 4 of M. For quantum systems X, Y, the notation X ~» Y
denotes that a unitary (isometric) map is applied to X so that it is transformed to Y. When X is a set of classical random
variables or quantum systems, H (X ) denotes the joint Shannon or von Neumann (quantum) entropy of the elements in X.



IF, denotes the finite field with ¢ elements where ¢ is a power of a prime. For non-zero vectors u, v, we write © = v to mean
u=wv/|[v||, i.e., u is the unit vector obtained by normalizing v.

II. PROBLEM STATEMENT
A. Preliminaries

The dimension |@| of a quantum system () corresponds to the dimension of its associated Hilbert space H¢. Only finite
dimensional Hilbert spaces are considered in this work. Define S(#¢) as the set of all states of (), represented as density
matrices (unit-trace positive semidefinite matrices) over H¢. The set of unit rank density matrices, S1(Hg) £ {|x) (z| : |x) €
Hq, (z|r) = 1} corresponds to pure states. Pure states can also be represented as unit vectors |z) € Ho, (z]z) = 1. A
composite system Q1Qs ... Qn is associated with the Hilbert space Hg, ® Hg, ® - -+ ® Hg,, Where each @, is associated
with the Hilbert space Hq,, n € [N]. A qudit, representing a g-dimensional quantum system, is a unit for expressing the
size of a quantum system. The size of a quantum system @ is log, |Q| qudits. The composite system Q1Qs ... Qx has size
log, [@1Q2 ... Qn| = log, |Q1] + log, |Q2| + - - - + log, |Qn| qudits.

B. Problem Formulation: @S‘ﬂ(N, K,Np,Kp)

The goal of 6§11:7x is to encode an arbitrary quantum message (), into NV storage systems (quantum systems), Q1Qs ... Qn,
with assistance from a quantum-entanglement resource AB, A = A; ... An,, B = B ... By, where all of A is available to the
encoder, such that given any K of the N storage systems ()1Qs...Qn and any K of the Ng EA systems B = By ... By,
there exists a decoder that can recover Qo. Note that N, K, N, K € Z>o and K < N, K < Np. To highlight key parameters
we refer to an instance of QSEA as QSEA(N K, Np, Kg). The problem is formalized by the following description of a coding
scheme.

1) Encoding and Decoding for QSEA A diagram of the encoding and decoding procedure is shown in Figure |2 l

A coding scheme for QSEA(N K, Np, Kpg) is specified by the parameters

()\0,/\3,/1,(], ENC, (DECK”CB ke (W), Kp e ([NBl))), 1)

where Kk € Z>1, q¢ € Z>3, and g, "B € Z>1. In order to emphasize the dependence of parameters on the coding scheme,
given a coding scheme identified by a label &, we may refer to its parameters as Ao (&), A5 (&), k(&), ¢(&), ENC(6), DECC 5 (&),
Usually however, as in the following discussion, the label for the coding scheme will be suppressed in order to simplify the
notation if there is no potential for ambiguity.

The scheme encodes an arbitrary quantum message, Qo, of size log, |Qo| = kAo qudits. Associated with Qo, define R,
without loss of generality also of the same size log, |R| = kAo qudits, as a reference quantum system such that RQ), is an
arbitrary pure state ) (¢[gq, € S1(Hr ® Hg,)-

The scheme utilizes EA, represented by a maximally entangled quantum system AB, where A = A; ... An,, and B =
By ... By, are Np-partite systems, with sizes log, |A,| = log, |B,| = kAp qudits, Vn € [Np]. The system AB is in a pure
state,

P ap = V) a8, @ @) Ay, By, »

D ae, = D ld)ap,.  neNsl )
jeanB
RQo and AB are in a product state.
wrQoAB = |9) (¢lro, ® |9) (9] a5 - 3)
The encoding operation applies the CPTP (completely positive trace preserving) map ‘ENC’,
ENC: S(Hg, ® Ha) = S(Hg, @ @ Hay), 4

to the collective input comprised of the quantum message Qo and the entanglement resource A, and produces the quantum
storage systems 1@z . .. Q. The size of each storage system, log, |Q,| = » qudits, for all n € [N]. Following the encoding,
the resulting state of RQ1Q2 ... QN DB,

PRQ:...QnB = IrRB @ ENCQyaq,...Qn (WRQoAB)- )

Next we describe the decoding operation. Let IC, ICp denote the sets of indices of storage and EA systems that remain avallable
to the decoder, respectively, after the rest of the storage and EA systems are erased (see Figure [2). For each IC € ( ) Kp €

([NB ]) the coding scheme specifies a CPTP decoding map,
DEC’CJCB : S(®i€/CHQ1, Rjekp HBj) — S(HQO)’ (©6)



which acts on the ‘unerased systems’ to output a quantum system @0. The resulting state o following the decoding operation
is expressed as follows.

IC,K
O-RQOQ,CCB,C% = IRQ)CC«B;CCB ® DE CQKBI»BK —0o (pRQl-uQNBln-BNB)' (7)

Recall from Section that K¢ 2 [N]\ K and K$ = [Np] \ Kp. A coding scheme is feasible if it satisfies the recovery
condition,

ORG, — (%) <90|RQ0 ) ()

for all |p) (¢| € S1(Hr ® Hg,) = S1(C? ® C4"°) and for all K € ( ) Kp € ( ])

2) Storage Capacity Region and Storage Capacity for QSEA(N K,Np,Kpg): Taking a Shannon theoretic perspective as
in [4], the dependence on &, g is relaxed by allowing coding schemes to freely optimize over these parameters. Accordingly,
a tuple (Ao, A\g) € RZ is said to be achievable for QSEA(N, K, N, K ) if there exists a feasible coding scheme & with
Ao(&) > Ao and Ap(6) < Ap. The closure of the set of achievable (Ao, Ap) tuples is defined to be the storage capacity
region Cq(N, K, Ng, Kp). For each A € R>¢, the storage capacity of QSEA(N K,Np,Kpg) is defined as

OQ(N, K, NB,KB,)\B) = max{)\g : (/\0,)\3) S CQ(N,K, NB,KB)}. )

KXAQ

The storage capacity region and the storage capacity may be abbreviated as Cq, Cq(Ap), respectively, when the values of the
remaining parameters are obvious from the context.

C. Problem Formulation: CA‘:S’SFA(N, K,Np,Kp)

Closely related toN(Sgﬂ(N ,K,Np,Kg), here we introduce the problem of classical storage with shared-randomness
assistance, i.e.,NC§§RA(N , K, Np, K). The latter is a conceptually simpler setting that will turn out to be quite insightful
for exploring QSEA(N, K, Ng, Kp). To emphasize the relationship between the two problems, we use similar notation for
corresponding quantities.

The goal of CSSRA is to encode an arbitrary classical message Yy, into N classical storage systems, Y7, Y5, ..., Yy, with
assistance from shared-randomness (SR) resource AB, A = A; ... An,, B = By ... By, where all of A is available to the
encoder, such that given any K of the N storage systems Y7, Ys,...,Yxy and any Kp of the Ng SRA systems B,..., By,
there exists a decoder that can recover Yj. Since classical information can be copied, in this case it suffices to set A,, = B,
for all n € [Np]. Note that N, K, Ng, Kp € Z>o and K < N, Kg < Ng. The problem is formalized by the following
description of a coding scheme.

1) Encoding and Decoding for CSSRA: A coding scheme for CSSRA(N K, Np, Kp) is specified by the parameters

(AO,)\B,H,q, ENC, (DECK”CB Ke (M), Kp e ([NB]))), (10)

where k € Z>1, ¢ € Z>o, and q"‘)‘0 q"‘)‘B € Z>1. For a coding scheme labeled &, we may refer to its parameters as
20(6),Ap(6),k(6),q(6),ENC(6), DEC’C KE(&). The label identifying the coding scheme will be suppressed if there is no
potential for ambiguity.

The scheme encodes a classical message, Y, drawn uniformly from its alphabet ), of size logq |Vo| = kAo dits, where we
define the term dit to mean a g-ary classical symbol.

1

Pr(Yo = yo) = g0

) Yyo € Vo. (11)

The scheme utilizes SRA, represented by B, where B = (By,..., By,) € BV, with size log, |B| = kAp dits. We refer
to each B; as an SR-system. The SR is uniformly distributed.

1
quB ’

Pr(B =b) = Vb e BNE, (12)

The scheme also utilizes local randomness, represented by Z € Z, generated locally by the encoder. The message, SR and
local randomness are independent.
Pr(B=b,Z =2z,Yy=yy) = Pr(B =0b)Pr(Z = z) Pr(Yy = wo), Vb e BN z € Z,yy € Vo (13)

The encoding operation applies the map
ENC : Yy x BB x 2 5 YN,

to the collective input comprised of the classical message Y, the SR-resource B, and the local randomness-resource Z, and
produces the storage systems Y7, Ys,..., Yy € ).

(Y1,...,Yy) = ENC(Yy, B, Z). (14)



The size of each storage system, log, |V| = k dits.
Next consider the decoding operation. Let X, Kp denote the sets of indices of storage and SR systems available to the
decoder, respectively, after the remaining systems are erased. For each K € ([%]),IC B € ([%’; ]), the coding scheme specifies

a decoder
DECKKe . YK « KB 4 )

which maps the unerased systems to a decoded message,
Yo = DECM? (Y, By,), (15)

where we define Yx = (Y,,,n € K) and Bx, = (B;,i € Kg). The coding scheme is feasible if it guarantees perfect
decodability, i.e.,

Pr(Yy = Yp) = 1, vk € (), K5 € (7)), (16)
The decodability constraint can be expressed equivalently as the following entropic condition,
H(Yy | Yic, Biy) =0, vk e (7)), Ks € ((F2). (17

As a key distinctive feature, the évSSrliK(N , K, Np, Kp) problem contains two additional constraints, stated in entropic terms

in and as follows.

1) Security Constraint: The erased systems must not contain any information about the classical message.

I(Yp; Yice, Be,) = 0, vk € (), ks € (7). (18)
2) SR Recovery Constraint: Collectively the storage systems Y7, ..., Yy must fully determine the SR B.
H(B|Yy,...,YN)=0. (19)

These constraints are imposed to strengthen the connection between 6§SRA/A(N K,Np,Kpg) and GSEA(N K,Np,Kpg),
so that insights from the former may transfer to the latter. The motivation for the security constraint ( is apparent as_it
corresponds to the no-cloning condition inherent in QSEA(N K, N B, KB). The motivation for the SR recovery constraint ||
is perhaps less obvious. As it turns out (Theorem [I] in Section [[TI), imposing these constraints allows the capacity results for
CSSRA(N, K, Np, Kp) to parallel those for QSEA(N, K, Np, Kp).

2) Storage Capacity Region and Storage Capacity for CSSRA(N, K, N, Kg): A tuple (Ao, A5) € RZ o is said to be
achievable for évSS/I\ZTA(N, K,Np, Kp) if there exists a feasible coding scheme & with Ao(&) > Ag and Ap(S) < Ap.
The closure of the set of achievable (Ao, Ap) tuples is defined to be the storage capacity region C(NN, K, N, Kp). For each
Ap € R>q, the storage capacity of CSSRA(N, K, Np, Kp) is defined as

C’(]\/v7 K, NByKB7 )\B) = max{)\o : (AO7 )\B) S C(N, K, NBaKB)}- (20)
The storage capacity region and the storage capacity may be abbreviated as C,C(\p), respectively, when the values of the

remaining parameters are obvious from the context.

III. RESULTS
A. Capacity Characterizations for @8’54 and CSSRA
Define the following sets.

ut = {(No;Ap) € RE) : A\g < max(2K — N,0) + A - max(2Kp — Np,0)}, 21
N
LA { XosAp) € RL, : Ao < min(N, 2K) — min(N — K, K) KB} (22)
B
{()\o,)\B) €R%,: Ao < K(2Kp — Np) (]éjfgégﬁgfﬁva } : (23)

Our main result appears in the following theorem.

Theorem 1. For the QTSﬁ(N, K,Np,Kg) and ESEI\Q/A(N, K,Ng,Kpg) problems defined in Sections and the
capacity regions Cq and C, respectively, are characterized as follows.
Case 1: Kp/Np <1/2,

VX €{Cq,C}, X = Reut- (24)
Case 2: Kp/Np > 1/2, K/N > 1/2,

VX € {Cq.Cl. X = Reut N Reo. (25)



Case 3: Kg/Np > 1/2, K/N <1/2,

VX € {Cq,C}, X C Reut N Roo, (26)
X O Rewt NRoo NRy. 27)

The proof of Theorem [I] is presented in Section [VI] In particular, Section [VI-C| considers the quantum case and Sections
and consider the converse and achievability of the classical case, respectively.

Theorem |1| implies that in Case 1, the capacity is simply Co(Ag) = C(Ap) = max(2K — N,0), same as the capacity
without assistance from entanglement or SR. Figure [4] illustrates the capacity regions for Case 2 and Case 3.
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Fig. 4. Left: Capacity region for Case 2, i.e., when Kg/Npg > 1/2, K/N > 1/2. Note that the upper boundary of the capacity region represents the
capacity Cg(Ap) = C'(A). Right: Inner and outer bounds for capacity region in Case 3, i.e., when K/N < 1/2, Kg/Np > 1/2. Note that the bounds
match if A\g < K/(2Kp) orif A\g > (N —2K)/Np + K/Kp, providing an exact capacity characterization in both cases.

The following observations are in order.

1y

2)

3)

4)

Cq vs C: Our results on Cg and C are identical in all cases, highlighting the relationship between the two problems. The
exact capacities C and C' are characterized in all cases except if K/N < 1/2, Kg/Ng >1/2 and K/(2Kp) < Ap <
(N —2K)/Np + K/Kp. We conjecture that even in the case which remains open, the capacity regions are identical,
so that Cg = C in all cases. Furthermore, we conjecture that in the case that remains open, it is our inner bound that is
tight, i.e., Cg =C = Reut N Roo N ng Case 3.

Achievability: Our coding schemes for QSEA(N , K, Np, Kp) are obtained by first designing coding schemes for classical
setting of CSSRA(N, K, N, Kg), and then translating them to the quantum setting via CSS codes to achieve the same
rate tuple. The connection is developed in Section [[[I-B| and formalized in Theorem [2] Remarkably, all the extreme points
(see Figure [) of our inner bound for Cg are achieved by pure coded states prg,...QnB;... B, (see Figure E[)
Converse: Theorem || contains two converse bounds, i.e., the two hyperplanes in R.,; and R.. The converse bound in
Rcut is

Ao < max(2K — N,0) + Ap - max(2Kp — Np,0). (28)

This bound has a cut-set interpretation via the classical storage problem CSSRA as follows. In ll the LHS corresponds
to the message size H(Yy). The first term on the RHS corresponds to the total storage size of the K unerased storage
systems after subtracting from those K systems another N — K systems which need to be kept secure, and therefore
cannot provide information about the message. Intuitively, the first term on the RHS corresponds to H (Y[x)\[n—k])-
Similarly, the second term on the RHS is the total storage size available in the K p unerased SR-systems, after removing
Np — Kp of those systems, which need to be kept secure, i.e., H(B|x,)\[n;—K5])- The insight extends to the quantum
storage problem G'JSEAA by the connection between the two problems.

The converse bound in R is

Ao < min(N, 2K) — min(N — K, K)=2. (29)

This can be interpreted as the unlimited EA (or unlimited SR) bound, corresponding to A\p — oco. Note that the RHS
of is equal to K, the number of surviving storage systems out of Q1 ... Qy, if Ng = Kp, i.e., EA is not erasure-
prone. On the other hand, if Ky < Np, i.e., entanglement is erasure-prone, then the RHS is strictly smaller than K.
Thus, erasure-prone EA imposes a non-zero penalty, even if the size Ap of the entanglement systems is arbitrarily large,
which limits the storage capacity to a value strictly less than K. The exact magnitude of the penalty, which can be
deduced from , is perhaps not intuitively obvious, and depends on the ratio Ng/Kp. An example of when
(N,K,Np,Kp) = (3,2,4,3) is given in Section for the classical problem; the proof also generalizes to the
quantum setting.

In Case 1, i.e., when Kp/Np < 1/2, evidently EA is useless.



5) In Case 2, i.e., when K/N > 1/2 and Kp/Np > 1/2, we have only one non-trivial extreme point (see Figure
In the classical problem CSSRA, the SR B is sufficient for the coding scheme and no local randomness Z is used
correspondingly, for the quantum problem QSEA no ancilla qudits are needed for the encoding map ENC, i.e., ENC is
unitary. An example of (N, K, N, Kp) = (2,1,3,2) is given in Section [[V-A| for the classical problem.

6) Case 3, where K/N < 1/2, Kg/Np > 1/2, turns out to be the most challenging, and also the most interesting regime.
Here more storage systems are erased than unerased (N — K > K), so if there is no EA, then no message can be stored,
i.e., capacity is zero. EA, even though it is itself erasure-prone, still improves the capacity (see Figure [4). Remarkably,
our inner bound (conjectured optimal) contains two non-trivial extreme points. Highlights of the codes are discussed
below from the CSSRA perspective.

. K@Q2Kp—N
a) Extreme point (A, Ap) = %, %BB)

correspondingly, the quantum scheme has to carefully design ancilla qudits for the encoding. The classical (and
quantum) codes involve rather delicate structures. An example is given in Section for the classical problem.
For example, in (42), each storage system Y, contains two parts f,h, where f is some generic combination of
(Yo, B), while h is some generic combination of (Y, Z, f), where fy is a part of f. Thus h contains a mixture of

): In addition to SR B, local randomness Z is used by the encoder;

the message Y), the same fj (across all Y7,...,Yy) which already contains the SR B, and the local randomness
Z. Further, f is repetition coded (MDS coded in general) across Y7 ...Yy (see ).
b) Extreme point (\g, A\g) = (2K ( — ;}2—2) , N 2K K : The classical and quantum codes in this case again

involve rather interesting alignment structure. Figure B illustrates the structure via a small example, which is
presented again in Section from a more conceptual, and therefore more generalizable perspective, albeit for
larger field sizes.

¢) Consider Ng = Kp = 1, so EA is not erasure-prone. The above two extreme points reduce to (Ao, Ap) =
(K/2,K/2) and (Ao, Ag) = (K, N — K); space sharing of these two rate tuples achieves the blue line in Figure
(see Appendix @) This resolves an open problenﬂ in [5], which left the achievability of the blue line segment
open, while providing a proof that it represents a valid converse bound. Evidently, our inner bound for Cq is indeed
optimal when Np = Kp = 1, lending support to our conjecture that our inner bound is always optimal in Case 3.

B. Translating a Linear Coding Scheme from CSSRA to QTSE‘\
Recall from Section [I[I-C1|that a CNSSEA(N , K, Np, Kp) coding scheme is specified by the parameters ()\0, AB, K, q, ENC,
(DECE*2 s ke (), kp € (32))).

Definition 1 (Linear Scheme). A CSSRA(N , K, Np, Kpg) coding scheme is linear if,

1) the parameter g is a power of a prime, so that the finite field IF, exists, and

2) the encoding map ENC is [F-linear, with the message, storage, SR and local randomness represented as vectors over
F,, i.e., message Yy € IF}IX'“\D, storage Y;, € F}** for all n € [N], i.i.d. uniform SR B; € ]Féx’”\B for all i € [Np], and
local randomness Z = (Zy,. .., Zy) with i.i.d. uniform Z; € F, for all [ € [L].

Since the encoder for a linear scheme is FF-linear, it follows that it can be specified by matrices A, € ngoxn’ B, €
FBrAs x5 and Z,, € FL** for all n € [N], such that

o[A1 ... AN]+B[B, ... By]+Z[Z1 ... Zy]. (31)

Given the parameters Ao, Ap, %, ¢ and matrices A,,,B,,,Z,,n € [N] that specify the encoder ENC as in (3I)), note that the
feasibility of the scheme is guaranteed (and the existence of suitable linear decoders is implied) if the constraints (T7), (I8),
are satisfied.

A rate tuple (Ao, Ap) is said to be linearly achievable if there exists a feasible linear scheme & such that A\o(&) > g and
Ap(6) < Ap. The following theorem formalizes the relationship between CSSRA and QSEA via linear achievability.

Theorem 2. If a rate tuple (\o, \p) is linearly achievable for CSSRA(N7 K, Np, Kp), then the same rate tuple is achievable
fO}” QSEA(N, K, NB, KB)

The proof of Theorem [2]is presented in Section [V] The proof is a generalization of the corresponding proof of [4, Theorem
2]. The latter setting assumes no entanglement (or SR) assistance, and the classical-quantum connection in such cases has been
noted in the prior literature [4], [22], [23]. To the best of our knowledge, the generalization in Theorem [2| to include EA (and
the corresponding SRA in the classical setting) is new, i.e., (erasure-prone) entanglement-assisted quantum storage codes have

'Remarkably, the same space-sharing argument also proves the tightness of the entropic quantum Singleton bounds, which was left open in [24] and [25],
for settings that include both classical and quantum messages [24] or only classical messages [25], respectively.



not been previously connected to (erasure-prone) SR-assisted classical storage codes. Apparently, the main difference due to
EA is that in order to ensure that the classical code can be translated to a quantum code where the quantum encoding map is
unitary (or an isometry), we end up including the additional constraint to the classical problem (i.e., we require recovery
of B from Y[x)).

IV. EXAMPLES

In this section, we provide some examples that illustrate the key ideas in settings with smaller values of the parameters
N,K,Ng, Kp, so that the notation is simpler. Sections [V-A] [[V-B] and [TV-C] present the achievable schemes for various
extreme points of C, and Section presents the proof of the R, (unlimited SR) bound.

A. (N,K,Np,Kg)=1(2,1,3,2): Achievability of (Ao, Ap) = (1/2,1/2)

Consider the 68835%(2, 1,3, 2) setting as our next example. We present a linear scheme that achieves the rate tuple (A, Ap) =
(1/2,1/2). The parameters of the linear scheme are as follows.

1) Field size ¢ > 8 is a prime power.

2) Scaling factor k = 2.

3) Precoding matrices are chosen such that
A%X? A%XQ

3Xx2 3X2
Bl B2

1
=Hyxq = [ } . (32)
ai =Py
a;, Bj,1,j € [4] are distinct elements in F,. Since ¢ > 8, these distinct elements exist. Note that by construction H is a
4 x 4 Cauchy matrix with ;15 being its element in the 7" row and j* column.
i Pj
Local randomness Z is not needed for this scheme. The storage systems are set as

(Y17Y2)1><4 = (K);BlvBQ,BB)lxél X H’ (33)

where Yj € FL*"* = F,, the SR By, By, Bs € F;***# = F,, and the storage systems Y1,Y, € F}*" = F1*2.
To show that the scheme works it suffices to verify that the constraints , @ @]) are satisfied. Let us consider the
case K = {1}, Kp = {1, 3}. Other cases follow similarly.
1) (I7): We need to show that Y; can be recovered from the unerased systems Y7, By, Bs. Proceed as follows. Subtract the
contributions of Bj, Bs from Y; to obtain (Y, B2) x Hgyp, where Hyg,p, = H((1,3), (1,2)) is the 2 x 2 sub-matrix of
H corresponding to row-indices 1,3, and column-indices 1,2, according to (33). As a square sub-matrix of a Cauchy

matrix, H,,p; is an invertible matrix. Invert H,,; to recover Y.
2) : We need to show that Yy is independent of (Ya, Ba). Proceed as follows.

I(Yo;Ye, Ba) = I(Yo;Ya| Ba) (34)
< H(Yz) - H(Y2 | Yo, Ba) (35
< 2—H((B1,Bs)H2? | Yo, Bs) (36)
= 2—H((B1,Bs)H2Y?) (37)
= 2— H (B, Bs) (38)
= 2-2=0. (39)

follows from the independence of Yy and Bj (refer to (13)). follows from the fact that H(Y2|Bs2) < H(Y3)
(conditioning reduces entropy). In (36), the first term (expressed in g-ary units) follows from the facts that Y5 contains
2 symbols from F,, and the uniform distribution maximizes Shannon entropy; the second term follows from subtracting
the contribution of Yy, By from Y3, to obtain (Bj, Bs)Hg,, where Hg,, = H((2,4), (3,4)). Step uses the fact that
Yy, B1, B2, Bs are independent. Step uses the fact that as a 2 x 2 sub-matrix of a Cauchy matrix, Hg,,; is invertible.
The last step uses the fact that By, Bz are i.i.d. uniform symbols from F,, so that H(B;, B3) = 2 in g-ary units.

3) : We need to show that B = (Bj, By, B3) can be recovered from (Y7, Y>). This follows immediately from ,
because as a Cauchy matrix by construction, H is invertible.

B. (N,K,Np,Kp) = (3,1,3,2): Achievability of (Ao, Ag) = (1/4,1/4)

For this example, we present a linear scheme for 658?27%(3, 1,3,2) that achieves the rate tuple (Ao, Ap) = (1/4,1/4). Local
randomness Z will be useful in this example. The parameters of the linear scheme are as follows.

1) Field size ¢ > 13 is a prime power.

2) Scaling factor k = 4.

3) Local randomness Z = (Z1, Za, Z3, Z4) € F;X‘l is uniformly distributed.



4)

Precoding matrices are specified through the following steps. Note that Y, contains kAo = 1 element in F, and B, Bs, B3

1
a;—pB;

each contains kAp = 1 element in F,. First, choose a 4 x 3 Cauchy matrix F = [

} ~ where the element in the "
ij
1

row and j'* column is and o, B;,1 € [4], 5 € [3] are distinct elements in F,. Define

ai—B;
(fo, f1, f2)1x3 = (Yo, B1, B2, B3); 4 X Faxs. (40)
Second, choose a 6 x 6 Cauchy matrix H = [Vi(s} where the element in the i*” row and j** column is vié- and
=05 ], i—0;
Vi, 05,4, € [6] are distinct elements in F,. Define
(hla h27 h37 h47 h57 h6)1><6 £ (f07 YO7 Zla Z27 Z?n Z4)1><6 X H6><6' (41)
We are now ready to specify the storage systems. Note that Y7, Y5, Y3 each contains x = 4 elements in F,.
Yi = (f1,f2,h1,h2),
Yo = (f1,f2,h3,ha), (42)

Y3 = (flaf2ah5ah6)'

Note that the first two elements in Y7, Y5, Y3 are identical, i.e., f1, fo. The above encoding procedure is linear and thus
the precoding matrices A,,, B, Z,,n € [3] are implied.

To show that the scheme works we need to verify the constraints (L7), (18), (19). Consider the case K = {1}, Kp = {1,3}.
Other cases follow similarly.

1y

2)

3)

: We need to show that Y; is determined by (Y7, B1, Bs). Proceed as follows. Subtracting the contribution of B;, B3
from f1, fo (the first two elements of Y7) in (@0), we obtain (Y, Bg)1X2 X Fgyup. As a 2 x 2 sub-matrix of a Cauchy
matrix, Fg., = F((1,3),(2,3))2x2 is invertible. Invert Fy,; to obtain Y.

: We need to show that Yj is independent of Y5, Y3, By. Proceed as follows.

I (Y071/2a YE))? B2)

= I (Yo; f1, f2, h3, ha, hs, he | Ba) (43)
< H (f1, f2, h3, ha, hs, he) — H (f1, f2, h, ha, hs, he | Yo, B2) (44)
<6 —H (f1,f2| Yo, B2) — H (h3, ha, hs, he | f1, f2,Y0, B1, Ba, Bs3) (45)
<6—H((B1,B3)F((2,4),(2,3)) | Yo, B2)

— H ((Z1,22,25,24)H((3,4,5,6),(3,4,5,6)) | Yo, B1, B2, Bs) 46)
=6— H(By,Bs | Yo,B2) — H(Z1,Z5,Z3,Z4 | Yy, B1, B2, Bs) a7
—6-2-4=0. (48)

In @3), we plug in the design of Y>,Y3 and use the fact that message Y, is independent of SR B, (refer to (I3)).
Step @4) follows because dropping conditioning cannot reduce entropy. In {@3)), the first term follows from the fact
that f1, f2, hs, ha, hs, he are 6 symbols in [F;, and the uniform distribution maximizes entropy; the third term follows
from the property that adding conditioning (on By, Bs) cannot increase entropy. In (46), the second term is obtained by
subtracting the contribution of Yy, By from f1, fo and we are left with 2 linear combinations in By, Bs; to obtain the third
term, we note that f, fo are deterministic functions of Y, By, B2, B3 so that they can be dropped from the conditioning
term, and subtracting the contribution of Yy, By, By, B3 from hg, hy, hs, hg we are left with 4 linear combinations in
71, 2o, 4, Zy. @ follows because F and H are Cauchy matrices by construction, so their sub-matrices have full
rank. The last step is due to the fact that Z1, Zs, Z3, Z4, By, B2, B3 comprise i.i.d. uniform symbols in F, and are
independent of the message Yj.

: We need to show that (B, By, B3) is determined by (Y7,Y5,Y3). Proceed as follows. First, as Cauchy Hgyg
is invertible, from hq, ho, hs, ha, hs, he (the last two elements of Y7, Ys,Y3) we obtain fy, Yy, 21, Z5, Z3, Z4. Second,
we subtract the contribution of Yy from fy, f1, fo (fo, Yo have been recovered and fy, fo are the first two elements of
Y1,Y5,Y3) and obtain (By, B2, Bs) x F((2,3,4),(1,2,3)), from which By, By, Bs is recovered as F is Cauchy. Thus
(B1, By, B3) is determined by (Y7,Y2,Y3).

C. (N,K,Np,Kg) = (3,1,3,2): Achievability of (Ao, \g) = (1/2,5/6)

Continuing with the same setting of CNSSEA(?), 1,3,2), here we present the linear scheme for a different rate tuple (A, Ag) =
(1/2,5/6). Local randomness Z will not be used in this scheme. The parameters of the linear scheme are as follows.

Y
2)

Field size ¢ is any prime power such that ¢ > 13.
Scaling factor k = 6.



3) Precoding matrices are specified through the following steps. Note that Y contains kAo = 3 elements in FF,, denoted as
Yy = (a1, a2,as3) and By, B, B3 each contains kA = 5 elements in F,. We divide the 5 elements into 2 parts, labelled
by the superscript z, y.

Lz 32 1z 12 Lz 32
Bi= ot 02, 00 | By= | bbe 627 0 | By = bl b2, by |, (49)
NG NGNS NG NGNS o N
1x2 1x2 1x1 I1x2 1x2 1x1 1x2 1x2 1x1
Choose a 6 x 6 Cauchy matrix H = {ai 5'} where the element in the i'" row and j** column is L5 and
el P

a;, Bj,1 € [6],j € [6] are distinct elements in [F,. Then define

A
hy, hy, hs £ (a1, a2,a3,0Y,b5,b5),,. 6 X Hexe. (50)
NN N
1x2 1x2 1x2/ 146

We are now ready to specify the storage systems. Note that Y7, Y5, Y3 each contains k = 6 elements in [Fy.

v, = (h1 T AR A b};’”)l .
X
Y, — (hl b2 Ry 4 b2 Ry bﬁv“‘/’)1 N (51)
X
Vo = (hi+ bl 407" hy+ by + b3 hy + bY" + b3 .
X

Observe that across Y7, Ys, Y3, the pattern of h terms is repeated, whereas b:®, b*® go through a (3,2) MDS code
(z,9) = (z,y,2 +y).
To show that the scheme works we verify the constraints (17), (18), (19). Consider the case K = {1},Kp = {1, 3}. Other
cases follow similarly.

1) ( . We need to show that Y[ is determmed by (Y1, B1, Bs). Let us proceed as follows. b - b1 ' are known from
B, Bs. Subtract the contributions of b1 * bs’m from Y7 (consider the first and third terms) and obtaln

(h17 h’3)1><4 = (a/17 az2,as, b17 bga bg)1><6 X H(:> (13 27 5) 6))6><4' (52)
Observe that bY, b% are known from By, Bs. Subtract the contribution of bY,b% from hq, hs and obtain
(al, az, as, bg)1><4 X H((l, 2, 3, 5), (1, 2, 57 6))4><4. (53)

As a sub-matrix of the Cauchy matrix H, the 4 x 4 matrix H((1,2,3,5),(1,2,5,6)) is invertible. Invert to recover
Yo = (a1, az,a3).
2) (18): We need to show that Yy is independent of (Y2, Y3, By). Proceed as follows.

I (Yo;Ys,Y3, Bs)
ELED 1 (Yo by + 637 o, g+ 037,617,657 | B,) (54)

=H | hi +b7" ho,hy + b37,b7", by” | By

1x10
,H(h1+b2“"h2,h3+b“b”b“"|Yo,B2) (55)
<10 — H (hy | Yo, Bs) — <h1+b“ hs + 2" b* b1f|m,32,h2,b@;,bg,bg)
(56)
10— H (b, 54) x H((4,6), (3,1)) | Yo, B)
_H(b2zb2rblrblr|}/0,B27by by,bg) (57)
=10-2-8=0. (58)

n (54), we plug in the design of Y5, Y3, subtract the contribution of By, i.e., b3, and perform invertible transformations
to simplify the terms. In (57), the third term follows from the fact that h are known given Yy, bY. follows from the
fact that H is Cauchy and the SR B is i.i.d. uniform and independent of Yj.



3) : We need to show that B = (By, Bs, B3) is determined by (Y7, Y3,Y3). Proceed as follows.

Ys— Vi = (b%””, b2, bgw) (59)

b
1x6

Y~ Ys = (b}w, o, b;;m) (60)

1x6

Subtract the contribution of b* terms from Yi,Y>,Y3 and obtain hi, ho, hg, from which aq, az, as, bY, by, b} are
determined because H is invertible (refer to (50)). Thus B (b*,bY terms) is recovered.

D. (N,K,Np,Kg) = (3,2,4,3): Proof of Converse \g < 5/3

For the setting of évSS,FUX(& 2,4,3), here we present an information theoretic proof that the bound Ay < 5/3 applies to all
(not limited to linear) feasible coding schemes. Consider any feasible coding scheme &. Suppose K = {1,2}, K5 = {1,2,4},
and Y} is uniformly distributed. A feasible scheme must be able to recover Y; from Yx, Bi . From the decodability constraint

(I7), we have

Ko < kAo(6) =  H(Y0) D I(Yo:Yi,Ya, B, By, By) 61)
= I(Yo;Y1,B1,B2,By) + 1 (Yy;Ys | Y1, By, Bo, By) (62)
(13)
I (Yo; Yy | By, Ba, By) + 1 (Yo; Ya | Vi, By, Ba, By) 63)
S I(Y(),Bl,Bg;Yl | B4) + H(}/Q) (64)
< I(Yo;Ya|By) + I(B1,By;Vi | Yo, By) + 5 (65)
—_———
q1s)
20
= KXo — K < I(B17BQ;Y1 | Yo,B4). (66)

(63) follows from the fact that Y; is independent of B. In (63)), the first term is zero due to the security constraint (I8)), where
K¢ = {1} and KG = {4}.
Following the same procedure as above, and setting Kp as {1, 3,4} and {2, 3,4}, respectively, we obtain

kAo —k < I(B1,Bs;Y1| Yy, By, (67)
K,/\O -k < I(BQ,B?,;Yi | YQ,B4) . (68)
Adding (66), (67), and (68), we have
3kAg — 3K
< I(Bi1,B2Y1 | Yy,By)+1(B1,Bs; Y1 | Yy, By) +1(Bo,Bs; Y1 | Yo, By) (69)
(13)
I(By, By Y1 | Yo, By) + I (Br, Bs; Vi, Yo, Ba) + I (B, Bs; Yi | Yo, Ba) (70)
(113)
< I(Bi1,BoY1 | Yy,By) +1(B1,Bs; Y1 | Yo, Ba, By) + 1 (B2, B3; Y1 | Yo, By) (71)
= I(Bi1,Ba;Y1 | Yy,Bs) +1(Bs;Y1|Yy,B1,Bs,By)
+ I(By;Y1 | Yo, Ba, By) + 1 (B2, B3; Y1 | Yo, Ba) (72)
< I(Bi1,B3,Bs;Y1|Yy,Bsy)+1(By;Y1|Yy,Ba, B3, By) + 1 (Ba, B3; Y1 | Yo, Ba) (73)
= 21 (BlvBQ,B3;Y1 | Y07B4) (74)
< 2H() < 2 (75)
—  3)\ <5, (76)

thus producing the desired bound. Note that we repeatedly use the independence of Yy and B and the uniformity of B (so
that B; are independent) to add conditioning terms and to combine the mutual information terms.

V. PROOF OF THEOREM[2|

Consider any classical linear scheme for CNSST27\(N ,K,Np,Kp) as defined in Definition |1} i.e., we are given \g, Ag, ,
q, A,, B,, /Zvn,NVn € [N] such that , , are satisfied. We show how this allows us to design a quantum coding
scheme for QSEA(N, K, Ng, Kg) as follows.

Consider the quantum encoding procedure first. Suppose the quantum message Qg has k\y qudits where each qudit is
g-dimensional. Suppose o is in an arbitrary state with density matrix wg,. Without loss of generality, suppose wg, has a
spectral decomposition wg, = >, Pa |@) (a| and a purification )z = >, \/Pa |@) |@). The encoding proceeds as follows.

|SD>RQ0 |9) an (77



= Z VPala)gla)g, Z \/ﬁ b) 4 [b) 5 (78)

IXKA 1><N A
acF} X0 BB

~ Pa |a |Y17Y2a"~7YN> 1o |b>Bv (79)
Z vV . zggjm \/m Q1--Qn

where is an isometric map from QpA to Q;...Qy, because and guarantee that from (Y,,n € [N]) =

(aA, +bB, + zZ,,n € [N]), one can recover a, b. Observe that R and B go through an identity map and RQ; ... QnDB

ends up in a pure state. Compared to Theorem 2 in [4] the main difference in the above encoding procedure is that here we

have EA AB and need to ensure that the encoding does not require access to B.

Remark 1. Note that the additional constraint that we_impose for aS’ﬁ/A, guarantees that the above quantum encoding
procedure is feasible for QSEA, i.e., the map to produce (@ from QuA to Q1 ...Qn is isometric. Recall that according to
the problem formulation the encoding needs not be restricted to isometric maps. Restricted as it might seem, our approach
(combined with space-sharing) provides optimal quantum schemes for all regimes where capacity is known (Case 1 and Case
2 in Theorem[I) and is conjectured to be optimal in the remaining regime (Case 3) as well.

The quantum decoding process follows from [4, Theorem 2]. Note that the same classical constraints are satisfied, i.e., (17)
for the decoding of Y from each decoding set (i.e., any K storage systems and any K p SR-systems) and for the security
of Yy from the complement of each decoding set (i.e., any N — K storage systems and any Np — K SR-systems). Thus, (4}
Theorem 2] guarantees perfect recovery for any decoding set (the decoding sets are identical for CSSRA(N K,Np,Kpg) and
QSEA(N K,Np, Kpg)). For the sake of completeness let us briefly sketch the decoding procedure of [4, Theorem 2] here.

Fix any K, K. Consider the state for RQ; ...QnB = RQ;CB;CBQ,CCB;C%, expressed as follows.

|aA[N] + bB[N] + ZZ[N]>Q1...QN ‘b>B

Z\/Z’T““ Z\/m

Z |a)p > laAx +bBx + 2Zx) bs) e, [@AKe +DBxe + 2Zke) |b1c75>3% : (80)
b,z

where for any matrix A and any set ', Ax denotes the sub-matrix of A with all columns whose indices are in K =
{k1, - ki b

A 2 (A( k), A ki) - (81)

The next key step is to perform a change of basis operation. Note that the decodability constraint (I7) holds, i.e., from
(aAx +bBx +2Zx,bx,,) = s, we may recover a; the security constraint holds, i.e., (aAxe +bBxe +2Zke, bie, =X0)
is independent of a. Then denoting z} as the common part of s and n (1dent1ﬁed through the intersection of linear subspaces)
zh as the part that is in s (a linear function of s) but not in n (identified through the linear space that lies in s, but has no
overlap with n), zg as the part that is in n but not in s, we have

(aAx + bBx + 2Z, b,,) ngertile (a, 21, 25,1(27,25)), (82)
(@Axe +bBye + 2Ze, bis)) = (1(21, 23)) , (83)
where [ denotes some linear combinations and the crucial observation is that a can be separated out from s while a cannot
be obtained at all from n. Furthermore, for any fixed a, we have (2,24, z}), which contains all b and z that appear in
Q1 ...QnNB, is invertible to (b,zZ[N}). A detailed treatment of the above change of basis operation can be found in [4,

Theorem 2].
We now proceed with the decoding procedure, continuing from (80).

e Z|a Z|a 21,24, (24, 2 1121 2) g, (84)

Z a)r |a Z |21, 23, (21, 23)) ‘l(z17z3)>Q,<cB,<% (85)

! ol
z17z2,z3

= (Z a) |a>@0> ®: . (80)

Therefore, the decodability constralnt 7) and the security constraint together guarantee that we can unentangle RQO from
the rest of the codeword and the state of RQO is identical to that of RQ)q. The rate tuple achieved for QSEA(N K,Np,Kpg)
is (Ao, AB), same as that for CSSRA(N K,Ngp,Kp).



Remark 2. Recall that according to , the code for CSSRA requires the full recovery of B from Yi,...,Yn. It is not
difficult to see that such a constraint can sometimes exclude optimal schemes, e.g., in the regime where \g is large. However,
as we show in the following sections, this code achieves all (including conjectured) extreme points of the capacity region C.
The corresponding insight for QSEA is that while a pure p might not always be optimal (e.g., for large \p) but a pure p may
still achieve all extreme points of the capacity region. The achievability of the remaining points is then implied by convexity
of the capacity region, e.g., via space-sharing (see Appendix [A).

V1. PROOF OF THEOREM/I]
A. Converse Proof of C: Classical Storage

Our problem formulation requires perfect recovery for an arbitrarily distributed Yj, so in particular perfect recovery is
required for a uniform Yy, ie., H(Yy) = log, |Yo| = KAo. In the following, we assume Yy is uniform over ), a set of
cardinality ¢"*°.

1) Proof of Reut Bound: We prove that \g < max(2K — N,0) + Ap - max(2Kp — Np,0) for any feasible coding scheme
G. Start from the entropic decodability condition and set K = [K], Kg = [Ng].

(17)

o < rM(®) = H(Y) © I (Yo: Vi, Biicy) (87)
< I (Yo;Yin—k) YIN—Kk+1:K] BiNp—K»5)» BiNs—Kp+1:K5]) (83)

)
= I (Yo;YiN—k+1:5] BiNp—Kp+1:k5) | YIN-K], BiNg—Fp]) (39)
< H(Vin-kt1:x]) + H (BNp—Kp+1:K5]) (90)
< log, ] [Yal+log, 11 |B;| 1)

nE[N-K+1:K] i€[Np—Kp+1:Kp]

<  k-max (2K — N,0) + kAp(6) - max (2Kp — Ng,0) (92)
= XA < max(2K — N,0)+ A\p-max(2Kp — Np,0). (93)

Step uses the security constraint when K¢ = [N — K],K$ = [Np — Kg].
2) Proof of R Bound: We prove that for any feasible coding scheme &, \g < min(N,2K) —min(N — K, K )%’ which
becomes

N
X <N—(N-— K)K—B when K/N > 1/2, (94)
B
and becomes
N
X< K- 2KK—B when K/N < 1/2. (95)
B

(©4) implies (93) because we may set N = 2K in (94) so that it becomes (93). Reducing N to 2K means that we only
consider 2K out of the N storage systems, which does not violate a converse argument. Therefore, it suffices to prove (94)
only, considered next. The proof is a generalization of the example in Section [V-D| where the summation of the mutual
information terms in (69) needs to be generalized (see Lemma [I)).

Consider K = [K] =[N —-K|U[N-K+1:K|,Kg=ZTU[Kp+1:Ng] where Z C [Kg],|Z| = 2Kp — Np. Note that
2Kp — Np < Kp and K/N > 1/2. From the decodability constraint , we have

(17D
Ii)\o S H)\()(G) = H(Yb) I(Yo;Y;QB)CB) (96)
= I(Yo;Yin-k), YIN—K+1:K], Bks) CH)
< I (Yo;Viv—k) Bxs) + H (Yin—k+1:x]) (98)
(L3)
© (Vo Yiv_s | Bz, By sing)) + 52K — N) (99)
< I (Yo,Br;Vin-k) | Bikcp+1:ng) + 62K — N) (100)
=  IT(Ye;Yin—k] | Big+1:ns]) + I (Bz;Yin—k) | Yo, Bikp+1:N5])
S,
+ k(2K — N) (101)
=  KAg— H(QK — N) <I (BI;}/[N,K] | YO,B[KBJ’,l:NB]) . (102)

Next we focus on the RHS of (T02). Consider the following K p choices of Z.

Il = {1u27 72KB _NB}v:ZZ = {2KB _NB + ]-7 72(2KB _NB)}moda"' )
B = {(KB — 1)(2KB 7NB) +1,--- ,KB(QKB 7NB)}m0d~ (103)



The subscript mod means that each element ¢ in the set is defined as 7 mod Kp. That is, each Z;, j € [Kp] has K elements
in the set [K'p] and the elements are taken consecutively (in a cyclic manner). In total, 3., |Z;| = Kp(2Kp — Np) so that
overall the union of all Z; covers the set [K ] for a total of 2K 5 — N times. For example, consider Kg = 5, 2K — N = 3.

7, ={1,2,3},Io = {4,5,1}, 75 = {2,3,4},74 = {5,1,2}, 75 = {3,4,5}. (104)

To proceed with the derivation of the converse, our goal is to treat the sum of the RHS of (I02) for all Z1,...,Zk,. This
result is stated in the following lemma.

Lemma 1. For the sets 1y, ...,Tk, defined in and any disjoint sets J1,Ja C [Kpg], i.e, J1 N Jo =0, we have

I (B Yin—r] | Yo Bip+1:n51) <1 (B Yin—k) | B, Yo, Bl p+1:n5]) » (105)
Z I(Bz,;;Yin—r] | Yo Biky+1:np]) < (2K — Np) I (B3 Yiv—rk) | Yo, By +1:np]) -
JE[KB]
(106)

Proof: (T03) states that we can add arbitrary conditional terms B. It is a simple consequence of the independence of Y,
and B and the uniformity of B, proved as follows.

(13)
I(Bz;Yin—k] | Yos Bigpt+1:85) = 1 (Ba:Yiv-k], Yo Biry+1:n5]) (107)
S [(le;YV[N—K];BJ27YO7B[KB+1:NB]) (108)
(13)
© I(Bg:Yin-k1 | B2yy Yo, Biicy11:N5)) - (109)
We are now ready to prove (I06) by combining the mutual information terms with the chain rule and repeatedly using (103).
> I(Bz,:Yiv-x1 | Yo, Bircyt1:n0]) (110)
JEIKB]
=1 (Bz,;Yin-x] | Yo, By 11:n5)) + 1 (Bro; Yiv -k | Yo, Bl 41:35]) + -+ (111)
.
< I (Bzyuz,: Yin-k] | Yo, Big+1:ng)) + -+ if T1UT, C [Kp] (112)
(i05)
< I (Bigy); Yinok) | Yo, Bireg 1:85)) + 1 (Brinz,; Yin-k) | Yo, Bl r1:np)) + -
else if [Kg] CZ1 UZ, (113)
(T05)
? (114)
(105)
< (2K — Ng) I (Bik,); Yin—k] | Yo, Bl p+1:N5)) - (115)
In the above proof, as adding conditioning preserves the direction of inequality (proved in @), we keep taking union of
the 77,75, ... sets and split out a copy of (B[KB];Y[N_K] | Yo, B[KB-H:NB]) when the union covers [Kg]; and keep going

until we have collected 2K 5 — N copies. This process is easily explained by an example. Consider the sets in (T04).
I(B1, By, Bs; Yin—x) | Yo, By 1:n5)) + 1 (Ba, Bs, Bi; Yin -k | Yo, Biscy 41:35))
+ I (B2, B3, By;Yin—k] | Yo, Bikyt1:n5)) + 1 (Bs, B1, Ba; Yin—k) | Yo, Big p+1:n5])
+ I (B3, By, Bs; Yin—k] | Yo, Bircy+1:N5]) (116)

< I (By,Ba, Bs, By, Bs; Yin_kj | Yo, Bicy+1:n5)) + 1 (B Yin—k) | Yo, B g+1:N5])

+ I (Ba, B3, By;Yin—k] | Yo, Bircy+1:n5]) + 1 (Bs, B, Bo; Yin—k] | Y0, Bl +1:n5])

+ I (Bs, Ba, Bs; Yin—k) | Yo, Bircy41:n5]) (117)
< I(Bi,B2,Bs, By, Bs; YNk | Yo, Bip+1:85)) + 1 (B1, B2, B3, Bi; Yin—k) | Yo, B +1:n5])

+ I (Bs, By, B2; Yin—k] | Yo, Biry+1:n5]) + 1 (B3, By, Bs; Yin—k7 | Yo, Bl p+1:n5]) (118)
< 2 (B, Ba, B3, By, Bs; Yin—k) | Yo, Biicy+1:N5])

+ I (B1, B2 Yin—k] | Yos Bigy+1:85]) + 1 (B3, Ba, Bs; Yiv—k) | Yo, By +1:n5]) (119)
< 3I(Biy,Ba, B3, By, Bs;Yin—k) | Yo, Bicy4+1:N5]) - (120)

L]

To complete the overall proof, we add (102) for all Z = Z;, j € [Kp].

(kAo — k(2K = N))Kp < Z I (Bz,;Yin—k) | Yo, Bl p+1:N5]) (121)
JEIKB]



=
=)
[*2)]

< (2Kp — NB)I (Bixp): Yin-x] | Yo, Birep+1:n5)) (122)
< (2Kp—N)H(Y|n-K)) < k(N — K)(2Kp — Np) (123)
.y, < [E-NKp+(N-K)QKp - Np) (124)
Kp
- N-(N-K)Ye (125)
Kp’

B. Achievability Proof of C: Classical Storage

Recall that the achievable rate region is convex (i.e., any convex combination of rate tuples can be achieved through space
sharing, refer to Appendix . Also recall the fact that if a rate tuple (A, Ag) is achievable, then (Ao —a, A+ 3) is achievable
for any A\g > a > 0, 8 > 0. Thus, it suffices to consider only the extreme points.

First consider the extreme point (Ao, Ap) = (max(2K — N,0),0) that appears in all three regimes. To see that \g =
max(2K — N, 0) is achievable when Ap = 0, i.e., SR-systems are empty and will not be used, we note that the problem is
reduced to the uniform capacity of MDS storage graphs [4]; according to Theorem 3 of [4], Ay = max(2K — N, 0) is linearly
achievable.

Next consider the remaining extreme points that are unique to the considered regime.

1) K/N > 1/2,K5/Np > 1/2: Achievability of (Ao, \p) = (N _ W-KNg NK;BK) This proof is a straightforward
generalization of the example in Section We give a linear scheme that achieves the desired rate tuple. The parameters
of the linear scheme are given as follows.

1) Field size ¢ is any prime power such that ¢ > 2N Kp.

2) Scaling factor k = Kp.

3) Precoding matrices are chosen such that

KpXox K KpAoxKp. pNpKpApxK NpKpApxKp\ _
(AlBO B7'..7ANBO B’BlB BAB B,”.’BNB BAB B)—HNKBXNK57 (126)

where KgAg + NgKpAp = NKp, row and j**
column; «;,f;,4,j € [NKp]| are distinct elements in F, (note that the ﬁeld size q is large enough for such distinct
elements to exist).

Local noise Z is not used. The storage systems are set as
(}/1, ey YN)IXNKB = (Y07 Bl, ey BNB)IXNKB X H7 (127)

where Y; contains kA\g = NKp — (N — K)Np elements in F,. The SR-system B;,i € [Np| contains kA\g = (N — K)
elements in Fy, and Y,,,n € [N] contains k = Kp elements in IF
We show that the above linear scheme works by verifying the constraints sequentlally Consider any IC € ( ])
and any Kp € ([NB])
1) . We need to show that Y|, is determined by Yx, Bx . To see this, subtracting the contribution of By, from Yx
gives us (Yp, B;c%) x HEEBXKKE here H,,, is square because

sub
Kpho+ (Np — Kp)KpAp = KKp.

As H is Cauchy, Yj is obtained.
2) : We need to show that Yj is independent of Y-, B;CCB . Proceed as follows.

(L3)

I (Yo;Yiee, Bes) 2 1 (Yos Yiee | Bes,) (128)
= H(Yke | Bes) — H (Yo | Yo, Brs,) (129)
< (N-K)Kp—-H (B,CBHZ%’\BX(N_K)KB) (130)
_— (131)

where the last step follows from the fact that
Kz\p = (N - K)Kg.
3) (I9): H has full rank, so B is determined by Y7, ..., Yy (see (127)).



2Kp ' 2Kp

generalizes that of the example in Section Specifically, the repetition code (f1, fo is repeated in Y7, Y5,Y3) in the
example is generalized to an (N, K) MDS code which reduces to the (N, 1) repetition code when K = 1. The parameters of
the linear scheme that achieves the desired rate tuple are given as follows.

1) Field size ¢ is any prime power such that ¢ > 2NKp > 2KKp + KNp.

2) Scaling factor k = 2Kp.

3) Uniform local randomness Z = (Z1,..., Z(N—k)Kk )

4) Precoding matrices are specified through the following steps. Note that Y contains kAo = K(2Kp — Ng) elements in

F, and B;,i € [Np] contains kAp = K elements in F,. First, choose a 2K K x KN Cauchy matrix F = {a 15
i J Zj

- and «;, f;,1 € [2KKg],j € [KNp] are distinct elements in

2) K/N < 1/2,Kp/Ng > 1/2: Achievability of (Mo, \p) = (ZXEEe=N5) L) The linear scheme of this section

c F;X(N—K)KB.

where the element in the i*" row and j** column is —&
IF,. Then define

A
fo s f1o, Ik = (Yo, B1,-- -, BNg)1xokx ks, X F2KKpxKNg- (132)
~~ ~~ ~~

1><K(NB—KB) I1XKp 1xKp 1xKNpg

Second, pass fi,..., fx through an (IV, K) MDS code to generate f, oo , F v such that any K distinct f; may recover
fi,..., fx. To this end, choose a K x N Vandermonde matrix V = [C;_l]ij where the element in the i*” row and j**
column is C;_l,Vz' € [K],j € [N] and ¢ are distinct elements in F,. Then define

—=T —T A T T
Fiov T 2 (L P ey X Vi (133)
KB><1 KB><1 KBXN

" row and j** column is

Third, choose an NKp x NKp Cauchy matrix H = [ } where the element in the ¢
ij

Yi—0;
- and v;,d,,%,j € [NKp] are distinct elements in F,. Then define
J

’Y'L'_(S

A
= Y, Z H .
hy ,..., hy Jo : 0 ; XHNKpxNKp
IxKp IXKp/ 1xNKp IXK(Np—Kp) 1xK(2Kp—Ng) IX(N-K)Kp IXNE g

(134)

We are now ready to specify the storage systems. Note that Y,,,n € [N] contains k = 2K elements in F,,.
Y, = o s P ,Vn € [N]. (135)

~~ ~~

IxKp 1XKpg 1x2K 5

The above encoding procedure is linear, thus the existence of precoding matrices A,,B,,Z, is implied.
We show that the above linear scheme works by verifying the constraints (T7), (I8), (I9) sequentially. Consider any K =
(%) ks & (K5).
1) . We need to show that Y is determined by Y, By, . Proceed as follows. First, Yi contains ?,C, which is invertible
to fix) as V is a Vandermonde matrix. Second, we may subtract the contribution of By, from f{x) and obtain

Yo, Br x Bl o e, (136)
~~ ~——

IxK(2Kp=NB) 1xK(Np—Kp) IxKKp

F.p» has full rank as it is a sub-matrix of the Cauchy matrix F, then Y} is obtained with no error.
2) : We need to show that Yy is independent of Yie, By, . To this end, we prove the following mutual information is

Z€r0.
I (Yo; Yice, Bres)
EE5 1 (v Freer b | Bies) (137)
< I (Yo Fieer Ficp hce | Brs) (138)
I (Yo; fix, hice | Brs,) (139)



= H (fix), he | Bre,) — H (fix), hice | Yo, Bis,) (140)

< NKp — H (fix) | Yo, Bxs,) — H (hge | fix), Yo, B) (141)
W20 Nk, —H (B,C x FKKpxKKp | YO,B,CCB)

—H (Z x N HKexX(N=K)Kn |y B) (142)

—  NKp—-KKp—(N-K)Kp=0. (143)

follows from the fact that f,cc is a deterministic function of fi (refer to ). To obtain the first term of |i
note that fix, hxe contains KKp + (N — K)Kp = NKp elements.

3) : We need to show that B is determined by Y[N]. Proceed as follows. First, as Cauchy H x, x vk has full rank,
we may from h[ N7 (the last K elements of Y|y)), recover fo, Yo, Z with no error. Second, Y|ny contains f [N]> from
which we may obtain f{x) as V is Vandermonde. Third, we may eliminate the contribution of Y from f(x] and combine
with fjy to obtain (B[NB])MKNB x FENeXENB grom which Biny) can be recovered with no error as F is Cauchy.

sub
Thus SR B = By, is obtained.

3) K/N <1/2,Kp/Ng > 1/2: Achievability of (Ao, \p) = (2K (1 - ;}%)  N2K K%) The linear scheme of this
section generalizes that of the example in Section Specifically, the repetition code (of h in Y') and the (3,2) MDS code
(of b® in Y)) in the example are generalized to a tuple of (N, K) and (N, N — K) MDS codes respectively that satisfy the
property that the product of the parity check matrix of the (N, K) MDS code and the generator matrix of the (N, N — K)
MDS code has full rank (set as generalized Reed-Solomon codes, see Lemma [2). The parameters of the linear scheme that

achieves the desired rate tuple are given as follows. Local randomness Z is not used.

1) Field size ¢ is any prime power such that ¢ > max(2K NgKp, N).

2) Scaling factor k = NgKp.

3) Precoding matrices are specified through the following steps. Y contains kAo = K Ng(2Kg — Np) elements in F, and
By,t € [Ng] contains kAp = (N — K)Kp + K(Ng — Kp) elements in F,. First, we divide B; into 2 parts, labelled
by the superscript x, y.

1, N-K,
Bo=| b, bV Y t e [Nagl. (144)
~—~ ~—_—— ~—
IxKp IxKp 1xK(Np—Kp)
Second, define o £ (v1,...,an) € Fy*N, v £ (vy,...,un) € FJ*Y where Vn € [N],a,, are distinct elements

th

in F; and v, # 0; choose an N x N matrix GRSyxn(v, @) = [vja’{_l]q,j where the element in the " row and

J
4" column is vja;_l, 1,7 € [N]. Note that GRS is the generator matrix of a generalized Reed-Solomon code. Define
GRSnxn(v,0) 2 (Grun; F(v_k)xn). i.e., the first K rows are defined as G and the last N — K rows are defined
as F and note that both G, F are MDS, i.e., any maximal square sub-matrix has full rank.

Third, pass b}, ..., b % through an (N, N — K) MDS code (with generator matrix F) to generate 52,:1:7 e ,Eiv’m
such that any (N — K) distinct b, may recover by ™*, ... b % je. Vt € [Ng],

(5 o (B) ()" (bgv—Kw)T)KBX(M) -

(1>

KB><1 KB><1 KBXN

(145)

Fourth, choose a K Ng K x K NgKpg Cauchy matrix H = [ﬁ} where the element in the i** row and j** column

= |4
is 5;%_ and f;,7;,1,j € [KNgKp] are distinct elements in F,. Then define
1 K 1 K N y y
bl RE L hi .. BE 2 (Vb B%) e ks
IxKp IxXKp 1xKp IXKp/ {xKNpKp

X HEk Ny KpxKNgKg- (146)
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Fifth, pass h;, .. h{( ,t € [Ng] through an (N, K') MDS code (with generator matrix G) to generate ht ey hiv such

that any K distlnct h; may recover h;,... hE, ie., Vt € [Ng],
—1\T —N\T T T
(ht) (ht) 2 ((h;}) .. (hE) ) % Grxn. (147)
KBXK
—— ——

Kpxl1 Kpxl1 KpxN
We are now ready to specify the storage systems. Note that Y,,,n € [IN] contains k = NgKp elements in Fy.
—n —n,T -—n —Nn,T
Y, = (hl SRR +bNB)1><NBKB ,Vn € [N]. (148)
We show that the above linear scheme works by verifying the constraints (I7), (I8), (I9) sequentially. Consider any K &

(%) K € (%)

1) . We need to show that Yj is determined by Yy, Bi,. Proceed as follows.

bch b,]g 7 are known from By, and thus b,lc = b,c " are known from B,CB due to the (N, N — K) MDS
precodmg in . Then subtract the contribution of b * from Yy and obtain h,C , from which we can then obtain
hi,,- h/cB due to the (NN, K) MDS precoding in i Note that
1 K ( KNpKpxKK?2

(h’/CB“"’h/CB)lxKKJZB = (YO7b1{7...7b?VB>1XKNBKB S“bB "’ °. (149)
H,,, denotes a sub-matrix of H where the superscript shows the dimension. Note that b%B are known from By, and
we may further subtract their contribution from hj_,...,hg_ and obtain

y KEKLxKK?2

H,,; has full rank as it is a sub-matrix of the Cauchy matrix H. Thus Yj is perfectly recovered.
2) @): We need to show that Yj is independent of Y-, BK% . Proceed as follows.

I (Yo; Yiee, Bis,)

1 (Yoskx, +bic, " gy, | Brs) (151)
—K
< I (Yo;h,cB +bx," b | By ) (152)
—K¢ =Kz —K¢ K%z
= H|hy, +b, B By —H(h,CB + by, i \YO,BK%) (153)
1xXA
—K° —

<  A-H (h%;] Yo, B,CCB) “H (h,CB + B, | B Yo, By ,b[NB]) (154)

< A—H (by/C % Hi(bNB—KB)KBXK(NB—KB)KB | YOaB]C“B)
~ H (b, | Yo, Bicy b, (155)
-~  A-K(Np—Kp)Kkp—H (bEéVB‘K]’”” | Yo, B,CCB,b[yNB]) (156)
= A—-K(Np—Kp)Kp — (N — K)K% (157)
- o (158)

Note that the notation h, = {h'gJ eX,je y} and A = (N — K)K} + K(Ng — Kp)Kp. lb follows from the
MDS encoding 1.) so that EEZ is a function of hgéi] and N — K > K. In 1| the third term follows from the

MDS encoding (1 l.i so that by B$ is invertible to b = KL

3) @) We need to show that B is determined by Y| N]
First, it is well known that the dual of a generalized Reed-Solomon code is another generalized Reed-Solomon code
[26]. Then the null space of the row space of G« is the row space of an (N — K) x N matrix G(LNf K)xN where

Gt = GRS (nv—k)xn(u, @), w = (u1,...,uy), and u, = (vn H#n(an — ozi)> ,n € [N], ie.,

G(LN—K)xN X Ghxr = O(N—K)x K- (159)
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Then we use G(LNfK)XN to zero-force the h;,t € [Np] terms in Y.

Y, b17w Y b}va
Glv_myxn | = Giv_m)yxnFrxv-r) : : ; (160)
Yn by L b%;K@
NxNpKp (N*K)XNBKB
: : 1T . : [N-K],z . z
which from Lemma [2| (i.e., G—F* has full rank), is invertible to b[ N] , 1.e., we recover all b*.
Second, given all b”, we subtract their contribution from Y,,,n € [N] and obtain E{%L], from which we further obtain
hix))
B

Finally, from hg}g], we obtain B (i.e., all b*, bY).
Lemma 2.

rank (Gily_ i) v Fhvx vy ) = N = K. (161)

Proof: To set up the proof by contradiction, let us assume (GF7T) does not have full rank, i.e., there exists

(N—K)x(N-K)

a vector v € FN 9! quch that GLFTy = O(n—r)x1. Then defining & £ FT~, we have G+§ = 0, i.e., § lies in the
null space of the row space of G, which is the row space of G as G-GT = 0. Now we arrive at the property that & lies
in the row space of G. However, § = F7~ also lies in the row space of F, i.e., § lies in the row space of both F and G,
which leads to the conclusion that § = 0 because the row spaces of F' and G intersect only at the trivial zero vector as matrix
(G;F) = GRSy« (v, @) has full rank. Finally, § being the zero vector indicates that 4 must also be the zero vector as FT
has independent columns and & = F7'~. Finally, 4 being the zero vector shows that G-F” has full rank.

O

C. Cq: Capacity region for QTSI:ZZ

Based on Theorem E] and the convexity of Cq proved in Appendix the inner bound (achievable rate region) for Cq is
implied by the inner bound for the capacity region C of CSSRA, which is presented in Section Thus, here it suffices to
prove only the outer bound (converse) for Cg.

We have two bounds to prove, i.e., R+ and R . In the following, unless explicitly stated otherwise, the quantum information
measure terms are with respect to the state prQ,..QnB... By, - Recall from @ that our problem formulation requires perfect
recovery for every pure state R()o, so in particular perfect recovery is required for a maximally entangled state R()y where
Qo is maximally mixed, i.e., H (R, QO)IWRQO =0and H(R) = H(Qo) = log, |Qo|. In the converse proof, we assume
throughout that R(Q), is maximally entangled.

1) Proof of Reyt Bound: We need to prove that every achievable tuple (Mg, Ap) must satisfy the bound Ao < max(2K —
N,0) + Ap - max(2Kp — Np,0). Let us proceed as follows. Consider any achievable tuple (Ao, Ag). Since this tuple is
achievable, there must exist a feasible coding scheme & such that

Ao(6) > Ao, (162)
AB(6) < Ap. (163)

|L10>RQU

Consider this coding scheme &. Besides \y(S), Ap(S), since there is no potential for ambiguity for the remaining parameters
of the coding scheme, we will suppress the label & and write, e.g., k, ¢ instead of k(&), ¢(&) to simplify the notation.
The perfect recovery of R()y implies the entropic condition [27], [4],

VK € (@)Aﬂclg € (@f) I(R;Qx, B,,) = 2H(R) = 2kXo(S). (164)
Then from weak monotonicity, we have
I(R; Qi Bry) + I (R; Qxe, Bre,) < 2H(R) = 26A0(S) (165)
I (R Qxe, Brs) =0, VK, VK. (166)
From (166), setting K = [N — K +1: N] and Kg = [Ng — Kp + 1 : Np], we have
I (B: Q-1 Biip—rcs)) = 0. (167

Then from (164), setting K = [K],Kp = [Kg], we have
2/1)\0(6)
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= I (R; Qx): B ) (168)

< I (R;Qn-k]s QN-Kk+1:K]> BiNs—K 5] BINs—Kp+1:K5)) (169)

(167)

= I (R; Qin—k+1:k] BiNg—Kp+1:k5] | QIN—K]» BiNg—Ks]) (170)

< 2H (Qn-rk+1:k]) + 2H (BiNp—Kp+1:K5]) (171)

<2log, I  1Qul+2log, II |Bil (172)

ne[N—K+1:K] i€[Ng—Kp+1:KpB]

< 2k -max (2K — N,0) 4+ 26Ap(6) - max (2Kp — Np,0) (173)
= M(6) <max (2K — N,0) + A\p(6) - max (2K — Np,0) (174)
AT )| < max (2K — N,0) + A - max (2K5 — N, 0). (175)

(T69) follows from the fact that quantum conditional mutual information is non-negative.

2) Proof of R Bound: Second, consider R. Interestingly, the proof of the quantum setting parallels that of the classical
setting in Section [VI-AZ] The differences are highlighted here while similarities are briefly described. Following exactly the
same reasoning as that of the classical setting, the K/N < 1/2 case follows from the K/N > 1/2 case and it suffices to prove

X <N—(N- K)% when K/N > 1/2. (176)
B

Consider L = [K] =[N - K|U[N-K+1: K|, Kp=ZU[Kp+1: Ng] where Z C [Kp|,|Z| = 2Kp — Np. Note
that 2Kp — Ng < Kp and K/N > 1/2. Consider any feasible scheme &. From the quantum entropic decodability constraint

(T64), we have

(164)
26d0 < 26A0(6) I (R; Qin-k1, QIN—K+1:] Bis) 77)
< I (R;Qn—ki, Bry) +2H (Qiv—rk41:x)) (178)
@
< I(B,Br;Qn-x] | Bipt1:np]) + 26(2K — N) (179)
I(R;Qnv—k) | Bikp+1:n5) + 1 (BriQv—k] | R, Blkp+1:N5])
jre66)
+ 2%(2K — N) (180)
—  2(kAo— k(2K = N)) < I (Br;Quv—x | By By 11:31) - (181)

(I78) follows from the following quantum mutual information bound

I (R Qiv—k+1:K) | Quv—k), Brn) < 2H (Qn—K+1:K]) »

where we have a factor of 2 before the entropy term H (Q[ N—K-+1: K]) because of the weak monotonicity of quantum entropy

(in contrast to the strong monotonicity of classical entropy). The first term of (I80) is zero because of the implicit quantum

security constraint, proved in (I66), which says that due to weak monotonicity (monogamy of entanglement), a decoding set

preserves all entanglement with the reference system, leaving its complement in a product state with the reference system.
Next we add (181) for all Z = Z;, j € [Kp| where Z; is defined in (103).

2(kdo — k(2K —N))Kp < Y I(BriQuw-x) | R Bircyiing) (182)
JEIKB]
< (2KB — NB) I (Biky,); Qiv—k) | R, Bl p+1:n5]) (183)
< 2k(N - K)(2Kp — Np) (184)
Np

— X < N—(N—K) (185)

Kp’
In (183), we apply (I06) in Lemma [T} proved in the classical setting because the proof of (I06) only uses following two
properties that hold in both classical and quantum settings.
1) I(Yy;B) =0 and H(Bs,...,Bn,) = H(B1) + --- + H(Bn, ), while the corresponding quantum version also holds,
ie, I(R;B) =0 as R and B are in a product state (see (3)) and the B;,i € [Nj] entanglement is in a product state,
ie, H(Bi,...,Bn,) = H(B1) + -+ H(By,) (see 2)).
2) Strong sub-additivity of entropy, which holds for both quantum and classical entropy [28].
We may verify each step of the proof of (I06) and will find that replacing Y by R and replacing Y;, by Q,,, all the steps
remain valid. Similar to above, the only difference lies in how to bound the mutual information term in @, where for the
quantum setting, we have a factor of 2. The proof of the quantum converse is thus complete.
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VII. CONCLUSION

The problem of erasure-prone quantum storage with erasure-prone entanglement assistance, (5@]:::’\, is explored by connecting
it to an analogous problem of erasure-prone classical storage with erasure-prone shared-randomness assistance, CSSRA. The
capacity regions for both QSEA and CSSRA are characterized and shown to be identical in all parameter regimes, with the
exception of one regime where the capacity remains open. It is conjectured that the capacity regions, Cqg and C, respectively,
are identical even in this regime, and that they match an inner bound (a feasible coding scheme) that is presented in Theorem
[I] Let us conclude by listing some promising directions for future work.

1) The validity of the aforementioned conjecture is an important open question. Resolving this question may require a
deeper understanding of the various converse arguments in order to find the right combination of bounds to cover the
regime that remains open. o

2) The connection between QSEA and CSSRA, while clearly established in Theorem [2| from an achievability perspective,
remains intriguing in terms of converse bounds. Since the capacity regions for the two settings seem to match, it is
natural to ask if there is also a mechanism to translate an information theoretic converse bound from one setting to the
other.

3) Figure [3] shows that there is much room to reduce the size requirements for our coding schemes. Observe that the field
F, in the specialized coding scheme of Figure [3| can be any field (even IFy) but our generalizable construction for the
same setting in Section [[V-C| assumes ¢ > 13. The maximum storage possible under strict constraints on the sizes of
storage and EA systems remains an important open question for future work.

4) Our formulation of QSEA does not allow any precoding (i.e., before the message appears at the encoder) across EA
systems to counter the EA erasures. However precoding across EA systems may be possible in some settings, e.g., if
the EA systems are co-located. The capacity for similar alternative formulations is also of interest.

5) Besides what is shown in Figure 2| the QSEA formulation does not allow any additional classical communication.
On the other hand, it does allow joint processing of all unerased storage and EA systems at the decoder. Other
formulations of interest may restrict access to a subset of unerased systems at the decoder while allowing additional
classical communication among surviving systems [29].

Indeed, unreliable entanglement assistance is an important and underexplored topic with broad applicability across a wide
variety of settings.

APPENDIX

We prove that Cg, the capacity region for QVS]/E‘A is convex and note that the convexity of C for CSSRA follows from similar
reasoning.

We show that Cg is convex, i.e., if (Ao(1), Ag(1)) € Cq and (Ao(2), AB(2)) € Cq, then (ppAo(1) + (1 — ) Ao (2), pAp(1) +
(1 —p)AB(2)) € Cq for 0 < p < 1. The proof is based on a space-sharing argument, essentially a direct construction of a
coding scheme as a convex combination of other coding schemes, analogous to the time-sharing argument that is quite common
in information theory.

As (Ao(1),Ap(1)) € Cq, there exists a feasible coding scheme &, with parameters

(Mo(&1), Ap(61), k(G1), ¢(61),ENC(&;), DECM 7 (&) ,

where A\o(S1) > Ao(1), A5(&1) < Ap(1). Similarly, (Ao(2), Ag(2)) € Cq indicates that there is a feasible coding scheme &,
with parameters
(Mo(82), AB(62), K(S2), ¢(S3), ENC(S2), DECH 5 (&y))

where Ao(G2) > Ao(2), Ap(62) < Ap(2). Next, based on &1, G4, we construct a coding scheme & as follows. As rationals
are dense over reals, for any u € [0, 1] and any € € R>(, we can find a rational p. = u/v with u,v € Z>( and u < v such
that | — pe| <e.

A. q(61) = (&)
First, let us start with the simpler case where ¢(&;) = ¢(S2) £ g. The parameters of & are

(M(8),A5(6), K(8),¢(S) = ¢,ENC(8), DEC* 2 (&) , (186)
Ao(6) = %x\o(GlH U;u/\o(Gz), (187)
Ap(6) = %)\B(Gl) + 2 ; “Ap(62), (188)
K(G) =v-k(61) - k(Gy), (189)
ENC(6) = (ENC(&,))%""(®2) g (ENC(&,))® xS0 (190)

R(v—u)r(S1)

DECNX# (@) = (DECY 2 (8,)) 7" @ (DECH 2 (&,)) (191
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The quantum message Qo has k(G)Ao(S) qudits, and the EA A; ... An, Bi ...Bp,, has k(6)Ap(S) qudits,

H(G))\()(G) = Ii(@l) . K(GQ) . (u)\o(Gl) + (v — u))\o(62>) , (192)
K(G)AB(6) = k(61) - k(S2) - (uAp(61) + (v — u)A(63)). (193)

Then ENC(&) and DEC*2 (&) in (190) and refer to the following encoding and decoding operations. Qo = Qo(1,1) ...
Qo(1,uk(62))Q0(2,1) ... Qo(2, (v —u)k(Sy)) is divided into ur(S2) + (v — u)k(S1) blocks, where Qo(1,7),i € [ur(Ss2)]
has k(61)Xo(S1) qudits and Qo(2,7),7 € [(v — u)x(S1)] has k(G2)Ao(S2) qudits. Similarly, A,,, By, m € [Np]| is
divided into ux(S3) + (v — u)k(S1) blocks where A,,(1,4), By (1,7),i € [ux(S2)] each has k(S1)Ap(S;1) qudits and
A (2,9), Bn(2,7),j € [(v—u)k(S1)] each has k(S2)Ap(S2) qudits.

Next, for each i € [uk(S2)], Qo(1,4), A (1,%), Bm(1,4) is encoded through the map ENC(&;) and decoded through the
map DECN*5 (61) so that the final output @0(1,i) preserves the same entanglements with the rest of the universe that
were originally associated with Qo(1,4). Similarly, for each j € [(v —u)k(&1)], Qo(2,7), Am(2,7), Bm(2,7) is encoded
through the map ENC(G,) and decoded through the map DEC*#(&,) so that the final output QO(Q Jj) preserves the
same entanglements with the rest of the universe that were originally associated with Qo(2,j). Combining all outputs QO
Qo(1,1) ... Qo(1,uk(S2))Q0(2,1) ... Qo(2, (v — u)k(S1)), the quantum system RQ, is recovered whose state is identical
0 [9) pg, -

Note that
v—u

u)\o(Gz) > E)\0(1) +

Mo(8) = =Xo(61) + Mo (2), (194)

“Xg(2). (195)

A3(8) = TAB(81) + = T AR(S2) < T Ap(1) + -

Thus, the rate tuple (Ao, Ag) = (peAo(1) + (1 — pe) Ao (2 ) A (1) + (1 — pe)Ap(2)) is achievable. Letting € — 0, the rate
tuple (Mo, Ag) = (uAo(1) + (1 — )Xo (2), uAp(1) + (1 — w)AB(2)) is in the closure of the set of achievable rate tuples and
the proof of convexity is complete.

B. General q(&1),q(65)

Second, we consider the general case where ¢(S1), ¢(S2) might be different. Here the key observation is that the closure
of the set of achievable rate tuples is the same for all ¢ > 2, i.e., for any ¢ > 2, we may transform any feasible coding scheme
G with parameter ¢(&) to another scheme &’ such that ¢(&’) = ¢ while achieving the same rate tuple. This result is stated
in the following lemma.

Lemma 3. For any ¢, 0 < € < Xg, any q € Z>o and any feasible coding scheme & with parameters
(Mo(®), A5(6), K(8), (&), ENC(S), DECSF# (&) ,

that achieves rate tuple (Ao, AB), L.e, Ao(S) > Ao, A5(S) < Ap, there exists another feasible coding scheme &' with
parameters

()\0(6/)’ /\3(6/)7 H<6/)7 Q(G/) =4q, ENC(GI)a DEC)CJCB (61)) )

that achieves rate tuple (Ao — €, A\g +¢€), i.e., \o(&') > Ao — €, \p(6") < Ap +e. Therefore, the closure of the set of achievable
rate tuples does not depend on q.

Proof: Note that €, A\g(6), Ap(6), k(6), ¢(&), ¢ are given and € < A\g < A\o(S). Then we can find integers T, 7', k' € Z>;
such that

logy, 4(6) Ap(6) logy 4(6) _Ao(6)

Tr(G <T'k <Tk(& 196
©) logog Ap(6) +e ™ < T(6) logs g Ao(6) —¢ (190
and the parameters of &’ are set as
" _ k(&) T log, q(&)

Ao(&') = Ao(6) W T logyq (197)

n_ K(6) T log, q(S)
Ap(8) = Ap(®) = o2 (198)
k(&) =rK'T, (199)
ENC(&') = (ENC(6))®7, (200)
DECNX5 (&) = (DBCEX5 (&))" (201)

For the coding scheme &', the quantum message (g has dimension

‘QO‘ _ q/{(G’)Ao(G - (99) ( )I{(G Ao (&)XT
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and for the entanglement AB, each A,,, B;,, m € [Np] has dimension

|Am| |Bm‘ = “(6/))\5 (&") - (IEE) ( ) G)AB(G)XT

Qo, A, By, is encoded and decoded through T parallel concatenations of ENC(&) and DECY*# (&); perfect recovery is
thus guaranteed. Furthermore,

- -
Ao (&) Ao(6) —e=> Ao —¢, (202)
- -
A (&) AB(6) +e< Ap +e, (203)
so that the rate tuple (A\g — €, A\g + €) is achieved. O

Equipped with Lemma [3] we may transform the two schemes &1, S, to &}, &) so that ¢(&]) = ¢(S%) = ¢. Then we can
apply the same space sharing scheme in Appendix [A| to construct &’ so that letting € — 0, any convex combination of rate
tuples is achieved. The proof is thus complete.

Consider QSEA with Ng = Kp = 1 so that the entanglement B is not erasure-prone. The setting reduces to entanglement-
assisted quantum MDS codes where the rate tuple (A, Ag) = (K/2, K/2) is known to be achievable by a teleportation based
scheme [5]. Here we specialize the classical code in Section and translate through Theorem [2| to provide an alternative
quantum scheme that does not involve teleportation or measurement.

Consider encoding first. Set x = 2 and choose ¢ > 2N as a prime power. The quantum message (Jp has kA\g = K qudits
and each qudit is g-dimensional. Suppose (Jy is in an arbitrary state with density matrix wq,. Without loss of generality,
suppose wg, has a spectral decomposition wg, = ZaeFéXK Pala) (a| and purification RQ) in the pure state |¢)zo =
ZaeF(llxK V/Pa|a)|a). The EA B comprises NgrAp = K qudits. The encoding proceeds as follows.

|<P>RQ0 9) 4 (204)
> Vbala)gla)g, D f b) 4 1) 5 (205)
ae]FlXK bE]FIXK
~ VPa la)g|a)g |b A0 g T (2006)
GE%ZK be§f( VvV 4 1><z(1:v K) vV 4q N K
= Z VPa la) g Z —[a)q, 1b)4 12) 1b) 5 (207)
~ Z\/pa |a) RZ = [fi(a+b),h(a,2))q, - [[n(a+b)hn(a, 2))g, [b)5- (208)
Evidently, the encoded state pr,..QyB I @ is a pure state in this case. In (208), we define the functions f1,..., fy as
follows.
(fila+b),...,fn(a+b))=(a+b)V, Va,beF K. (209)

The LHS is a vector in F}*". On the RHS, @ + b € FL**, and V € FF*V is defined as follows.

V= [a;_l]ij ,i € [K],j € [N], j are distinct in F,. (210)
The functions hq,...,hxN in (208) are defined as
(hi(a,z),...,hn(a,2)); n = (@, 2);, y X Hyxn, VaeF;XK,zeF;X(N_K). (211)

The LHS is a vector in FéXN. On the RHS, (a, z) € IE‘;XN, and H € FfIVXN is defined as follows.

1
Bi — Vs

Hyn = [ ] ,i € [N],j € [N], Bi,y; are distinct in F,. (212)
ij

Note that (208) is an isometry because (fiyj(a+b), hini(a,z)) determines a, b, z. Note that V is a Vandermonde matrix and

H is a Cauchy matrix so that both have full rank.
Consider decoding next. For any K € ([g}), the state for RQ; ... QnB = RQxQx-B is expressed as follows.

Z\/ﬁ\a Z — |fx(a +b),h(a, 2)) g, |b) g | fre(a+b), hxe(a, 2))q,. (213)
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I % 1@VESE) I @, 2)) ) | fiee (@ + B), e (@, ). 14

=2 Vi lal Z _[a) |hxc(a. 2)) |b) | fice(a+ b), hice(a. 2) .. (215)

(N—-K)xK
> Pa | a)|zH_, a+b)|fice(a+0b), hye a,z> (216)
ZWI Z — |a) |zH{}, )@+ b) | frce(a + b), hxe )Q,@
Lp L
—(N-K)xK
WZ\/PTJG Z ZH, )Y e (), 2 )0, (217)
b’z’

Z@mm Z ZHoy YY) [ fee ), 7)o | - 218)

b’ z/

Thus, RQy is recovered in the same pure state as the original message and reference, RQ. In ), fix(a+b) = (a+b)x V(:
,K). The matrix V(:,K) € F*¥ is denoted as VEXK As [b) is available (from the EA B), we subtract the contribution

sub

of b and obtain |a VX *¥) |b) through a unitary transformation of |fi(a -+ b)) |b). In the next step, (213) is obtained because
VfuzK (comprised of K columns of the Vandermonde matrix V) has full rank and thus a unitary map transforms |a'Vs,p) to

|a). In 216), hr(a,z) = (a,z) x H(;,K) =a x H(1 : K,K)+ 2z x H(K 4+ 1: N,K), where i : j denotes the index tuple
(i,24+1,---,7) and the shorthand notation : in H(:, XC) denotes the tuile that contains all indices, i.e., all rows. The matrix

H(K +1: N,K) € BN 95 is denoted as HY, X To obtain (217), note that
2 =hge(a,z) =axH(1: K,K) + 2z x H(K +1: N,K%), 2’ € F;x(V=5) (219)
= z2=(2—axH{1:KK)) xHYK+1:N,K)Nr)x(N-F)> (220)
and we define the (N — K) x K matrix Hong "% 2 H-1(K +1: N,Kk¢) x HY %K Note that H(K + 1 : N,K°)
HY 0Ky ingo

has full rank as it is a square sub-matrix of the Cauchy matrix H. A unitary map thus transforms |a) |z
i217

la) |z Hgb K)XK> In , we also replace the sum over b, z with the sum over b’, 2’ because for any given a, the mapping
between (b, z) and (b', 2’) is invertible so that when (b, z) takes all values in F}*N, (&', 2') also takes all values in F}*.
Thus, the decoding is successful.
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