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Abstract
In Pattern Matching with Weighted Edits (PMwWE), we are given a pattern 𝑃 of length 𝑚, a text 𝑇 of length 𝑛,
a positive threshold 𝑘, and oracle access to a weight function that specifies the costs of edits (depending on the
involved characters, and normalized so that the cost of each edit is at least 1). The goal is to compute the starting
positions of all fragments of 𝑇 that can be obtained from 𝑃 with edits of total cost at most 𝑘. PMwWE captures
typical real-world applications more accurately than its unweighted variant (PMwE), where all edits have unit costs.

Indeed, the textbook𝒪(𝑛𝑚)-time algorithm of Sellers [J. Algorithms’80], devised in the context of bioinformatics,
already accounts for weights. Surprisingly, the understanding of PMwWE has not advanced in the last 45 years.
In contrast, significant milestones for PMwE include an 𝒪(𝑛𝑘)-time algorithm by Landau and Vishkin [STOC’86,
J. Algorithms’89], an 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time algorithm by Cole and Hariharan [SODA’98, SICOMP’02], and a recent
𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚)-time solution by Charalampopoulos, Kociumaka, and Wellnitz [FOCS’22].

In this work, we examine whether these results can be lifted to PMwWE even though (1) the underlying
algorithms rely on combinatorial properties specific to the unweighted edit distance, and (2) under standard
fine-grained complexity assumptions, computing the weighted edit distance is strictly harder than computing the
unweighted edit distance [Cassis, Kociumaka, and Wellnitz; FOCS’23]. We obtain three main results:

a conceptually simple 𝒪(𝑛𝑘)-time algorithm for PMwWE, very different from that of Landau and Vishkin;
a significantly more complicated 𝒪(𝑛 + 𝑘3.5 ·𝑊4 · 𝑛/𝑚)-time algorithm for PMwWE under the assumption that
the weight function is a metric with integer values between 0 and𝑊 ; and
an 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time algorithm for PMwWE for the case of arbitrary weights.

In the setting of metrics with small integer values, we nearly match the state of the art for PMwE where𝑊 = 1.
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Figure 1. The bounds on the running time 𝑡(𝑛, 𝑘) of algorithms for the PMwWE problem as a function of 𝑘 for
the important case when 𝑚 = Θ(𝑛). The scales are logarithmic and sub-polynomial factors are hidden. Doubled
lines represent bounds for PMwE, included only when they differ by a polynomial factor from their PMwWE
counterparts. The bounds for PMwE remain valid for PMwWE with integer edit weights between 0 and𝑊 = 𝑛𝑜(1).
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1 Introduction

Pattern matching (string matching) models an action most of us perform daily when we search for a term
on the web or a word in a document: find all fragments of a text 𝑇 that are identical to a pattern 𝑃. While
time-optimal solutions for this fundamental algorithmic problem date back to the 1970s [MP70, KMP77],
exact pattern matching remains very restrictive. For example, a single typographical error in the pattern
results in all occurrences being missed. Hence, both the theory and the practice communities have made
great efforts to devise algorithms that efficiently compute approximate occurrences of 𝑃 in 𝑇—fragments
of 𝑇 that are “close” to 𝑃.

Among many ways to quantify the notion of “closeness”, one of the most natural and well-studied
is to impose an upper bound 𝑘 on the edit distance between the pattern and its sought approximate
occurrences. The (weighted) edit distance ed𝑤(𝑋 → 𝑌) from a string 𝑋 to a string 𝑌 is the minimum
cost of transforming 𝑋 into 𝑌 by character edits (insertions, deletions, and substitutions). The cost
of each edit depends on the edit type and the characters involved, and is specified through a weight
function 𝑤 : Σ̄2 → R, where Σ̄ denotes the union of the alphabet Σ and a special symbol 𝜀 representing
the empty string. For 𝑎, 𝑏 ∈ Σ, the cost of deleting 𝑎 is 𝑤(𝑎 ↦→ 𝜀), the cost of inserting 𝑏 is 𝑤(𝜀 ↦→ 𝑏), and
the cost of substituting 𝑎 for 𝑏 is 𝑤(𝑎 ↦→ 𝑏).

Problem Pattern Matching with Weighted Edits, PMwWE(𝑃, 𝑇, 𝑘, 𝑤).
Input. A pattern 𝑃 of length 𝑚, a text 𝑇 of length 𝑛, an integer 𝑘 > 0, and oracle access to a weight

function 𝑤 : Σ̄2 → R normalized so that 𝑤(𝑎 ↦→ 𝑎) = 0 and 𝑤(𝑎 ↦→ 𝑏) ≥ 1 for 𝑎 ≠ 𝑏 ∈ Σ̄.1
Output. The set Occ𝑤𝑘 (𝑃, 𝑇) B {𝑖 : ∃𝑗≥𝑖 ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘}.

Applications of approximate pattern matching often incorporate domain-specific knowledge in the
weight function. For example, in bioinformatics, scoring matrices are used to capture the frequency
with which edits have been observed to happen in nucleotide and peptide sequences (for instance, due
to mutations). Further scenarios where some edits are much more likely than others include optical
character recognition and accounting for spelling mistakes.

Unfortunately, apart from the initial 𝒪(𝑛𝑚)-time algorithm for PMwWE [Sel80], algorithmic results
and improvements were—perhaps surprisingly—limited to the important, but significantly easier and
somewhat theoretical special case of the unweighted edit distance ed(𝑋,𝑌), where the weight 𝑤(𝑎 ↦→ 𝑏)
for every two elements 𝑎 ≠ 𝑏 of Σ̄ is uniformly set to 1.2

Problem Pattern Matching with Edits, PMwE(𝑃, 𝑇, 𝑘).
Input. A pattern 𝑃 of length 𝑚, a text 𝑇 of length 𝑛, and a positive integer 𝑘.
Output. The set Occ𝑘(𝑃, 𝑇) B {𝑖 : ∃𝑗≥𝑖 ed(𝑃, 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘}.

Inspired by the landmark 𝒪(𝑛𝑘) algorithm for PMwE [LV89], we ask the following natural question:

Does PMwWE admit an 𝒪(𝑛𝑘)-time solution?3

Using a completely different and more complicated approach compared to [LV89], we provide an
affirmative answer.

Main Theorem 1. PMwWE can be solved in 𝒪((𝑛 log𝑚 + 𝑚 log2 𝑚) · 𝑘) time.

1 Consistently with the literature [CH02, DGH+23, CKW23, MBCT23], our normalization allows the complexity of
algorithms to depend on 𝑘. Without this assumption, the weight function could be scaled arbitrarily.

2 This variant is often also named after Levenshtein [Lev65].
3 The 𝒪(★) notation suppresses factors that are polylogarithmic in the length of the input strings.



2 Pattern Matching under Weighted Edit Distance

While it may seem surprising that a result such as Main Theorem 1 is obtained only now, good reasons
prevented earlier, similar results. Let us focus on the regime of fairly large distances,𝑚0.5 ≤ 𝑘 ≤ 𝑚, where
the 𝒪(𝑛𝑘)-time complexity remains the state of the art for PMwE. Without much oversimplification, the
Landau–Vishkin algorithm [LV89] can be thought of as performing 𝒪(𝑛/𝑘) unweighted edit distance
computations, in 𝒪(𝑘2) time each, between 𝑃 and various fragments of 𝑇.

To adapt this approach to PMwWE, one needs to compute weighted edit distances instead. Applying
the 𝒪(𝑚𝑘)-time algorithm [Ukk85, Mye86], which was the fastest known until very recently, one merely
recovers the 𝒪(𝑛𝑚) running time of [Sel80]. The 𝒪(𝑚 + 𝑘5)-time algorithm of Das, Gilbert, Hajiaghayi,
Kociumaka, and Saha [DGH+23] is the earliest one that could be adapted to yield a running time of 𝑜(𝑛𝑚)
for PMwWE using this approach. A subsequent 𝒪(𝑚 +

√
𝑚𝑘3)-time solution by Cassis, Kociumaka, and

Wellnitz [CKW23] means that we can now expect to solve PMwWE in 𝒪(𝑛
√
𝑚𝑘) time. This complexity,

however, constitutes a natural barrier due to the fine-grained conditional lower bound of 𝑚0.5𝑘1.5−𝑜(1)

for computing the weighted edit distance when 𝑚0.5 ≤ 𝑘 ≤ 𝑚 [CKW23].
Our key result behind Main Theorem 1 is an algorithm that, after 𝒪(𝑚𝑘)-time preprocessing of one

string (𝑃 in our application), computes the weighted edit distance to any other string in 𝒪(𝑘2) time.
Crucially, we use the SMAWK algorithm [AKM+87] for the (min,+)-multiplication of a Monge matrix
with a vector as well as the Multiple-Source Shortest Paths (MSSP) data structure of Klein [Kle05] for
efficient computations of distances in planar graphs. Consult Section 2.1 for a more detailed description
of our ideas and Section 4 for the full technical details.

A surprising consequence of Main Theorem 1 is that, for the regime of 𝑚0.5 ≤ 𝑘 ≤ 𝑚, the time
complexity of PMwWE is strictly better understood than that of PMwE: Whereas the state-of-the-
art upper bounds essentially match, the fine-grained lower bound for PMwWE exceeds its PMwE
counterpart by a polynomial factor. These two lower bounds, which we discuss next, are inherited from
the problems of computing the weighted and unweighted edit distance, respectively.

As proved in [CKW22, Section 1], the optimality of the Θ(𝑚 + 𝑘2)-time algorithm by Landau and
Vishkin [LV88] for unweighted edit distance (up to sub-polynomial factors and conditioned on the
Orthogonal Vector Hypothesis) implies an 𝑛 + 𝑘2−𝑜(1) · 𝑛/𝑚 lower bound for PMwE. The 𝑚0.5𝑘1.5−𝑜(1)

lower bound for computing weighted edit distance [CKW23] is conditioned on the All-Pairs Shortest
Paths (APSP) Hypothesis [VW18] and can be formally stated as follows.

Theorem 10.2 [CKW23, Main Theorem 2]. For real parameters 𝛿 > 0 and 0.5 ≤ 𝜅 ≤ 1, assuming the
APSP Hypothesis, no algorithm, given strings 𝑋,𝑌 of length at most 𝑚, a real threshold 1 ≤ 𝑘 ≤ 𝑚𝜅, and oracle
access to a normalized weight function 𝑤, decides if ed𝑤(𝑋 → 𝑌) ≤ 𝑘 in time 𝒪(𝑚0.5+1.5𝜅−𝛿).

Theorem 10.2 readily yields a 𝑘1.5−𝑜(1) · 𝑛/𝑚0.5 lower bound for PMwWE when 𝑚0.5 ≤ 𝑘 ≤ 𝑚.

Corollary 10.3. For real parameters 𝛿 > 0 and 0 < 𝜅 ≤ 1, assuming the APSP Hypothesis, there is no
algorithm that solves all instances of PMwWE satisfying 𝑘 ≤ 𝑚𝜅 in time 𝒪(𝑛 · 𝑚min(1.5𝜅−0.5, 2.5𝜅−1)−𝛿).

In fact, the𝒪(𝑛𝑘)-time algorithm of Landau and Vishkin [LV89] remains the fastest known for PMwE
also in the case of𝑚0.4 ≤ 𝑘 ≤ 𝑚0.5. In this parameter range, Corollary 10.3 yields a non-trivial conditional
lower bound for PMwWE. In contrast, no such non-trivial lower bound is known for PMwE—once again,
the time complexity of PMwWE is better understood than that of PMwE. Naturally, we thus ask:

Are there algorithms for PMwWE that nearly match the state of the art for PMwE when
𝑘 ≤ 𝑚0.4?

Before providing a (partially positive) answer to this question, let us highlight milestone results for
PMwE beyond the 𝒪(𝑛𝑘)-time Landau–Vishkin algorithm [LV89]. We refer the interested reader to
the thorough survey of Navarro [Nav01] for a review of other early results. By exploiting the periodic
structure of the involved strings and employing deterministic coin tossing, Sahinalp and Vishkin [SV96]
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developed an 𝒪(𝑛 + 𝑘25/3 · 𝑛/𝑚1/3)-time algorithm, which improves upon 𝒪(𝑛𝑘) for 𝑘 ≪ 𝑚1/22. Cole
and Hariharan [CH02] extended this range to 𝑘 < 𝑚1/3 by presenting an 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time solution
shortly afterward.4 The 𝒪(𝑛𝑘)-time algorithm of Landau and Viskhin [LV89] and the algorithm of Cole
and Hariharan [CH02] were the state of the art for over two decades, until the recent breakthrough of
Charalampopoulos, Kociumaka, and Wellnitz [CKW22], who presented an algorithm for PMwE that
runs in time 𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚) and remains the fastest known solution for PMwE when 𝑘 ≪ 𝑚0.4.

The second main contribution of this work is an algorithm for PMwWE that matches the𝒪(𝑛+𝑘4 ·𝑛/𝑚)
time complexity of [CH02] up to a small polylogarithmic factor. Consequently, our solutions for
PMwWE essentially recover the state-of-the-art running times for PMwE as they were before 2022.
Hence, 𝑚0.25 ≪ 𝑘 ≪ 𝑚0.4 is currently the only parameter regime when PMwE has a significantly faster
(𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚)-time) solution than PMwWE; see Figure 1 for a visualization.

Main Theorem 3. PMwWE can be solved in 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚 · log2(𝑚𝑘)) time.

In order to prove Main Theorem 3, we exploit the structural characterization provided by Charalam-
popoulos, Kociumaka, and Wellnitz [CKW20] for the approximate occurrences of 𝑃 in 𝑇 under the
unweighted edit distance: 𝑃 has few approximate occurrences or it is almost periodic.

As shown in [CKW20], in the first case, Occ𝑘(𝑃, 𝑇) can be computed in 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚) time and
covered with 𝒪(𝑘 · 𝑛/𝑚) intervals of size 𝒪(𝑘) each. Due to the assumption that the weight function is
normalized, we have Occ𝑤𝑘 (𝑃, 𝑇) ⊆ Occ𝑘(𝑃, 𝑇), so it suffices to focus on the intervals covering Occ𝑘(𝑃, 𝑇).
One of the main results of Cassis, Kociumaka, and Wellnitz [CKW23] is that ed𝑤(𝑃 → 𝑇) ≤ 𝑘 can be
decided in 𝒪(𝑘3) time assuming that one can check in 𝒪(1) time whether any two fragments of 𝑃 or 𝑇
match perfectly. We generalize this result (leveraging the underlying structural insights) and show that,
if |𝑃| ≤ |𝑇 | + 𝒪(𝑘), then 𝒪(𝑘3) time is sufficient to report all fragments of 𝑇 at weighted edit distance at
most 𝑘 from 𝑃. For each interval 𝐽 in the cover of Occ𝑘(𝑃, 𝑇), we apply this procedure for an auxiliary
text obtained by trimming𝑇 to length𝑚+𝒪(𝑘). This way, after the standard𝒪(𝑛)-time preprocessing for
substring equality queries, Occ𝑤𝑘 (𝑃, 𝑇) ∩ 𝐽 can be computed in 𝒪(𝑘3) time, for a total of 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚).

The main challenge then lies in the almost periodic case, which is also the bottleneck for the
PMwE problem. The main contribution of [CKW22] is how to compute Occ𝑘(𝑃, 𝑇) in that case in
𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚) time using dynamic puzzle matching. We generalize an 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time algorithm
provided in [CKW22] as a warm-up application of that technique.

The underlying idea is to preprocess a few subgraphs of the alignment graph (interpreted as puzzle
pieces), and then stitch these subgraphs appropriately to reconstruct the distances between 𝑃 and relevant
fragments of 𝑇. Every piece can be associated with an 𝒪(𝑘) × 𝒪(𝑘)matrix so that stitching two pieces
corresponds to computing the (min,+)-product of the underlying matrices. Unweighted edit distance
enjoys strong combinatorial properties that allow representing each matrix in𝒪(𝑘) space and computing
the (min,+)-product in 𝒪(𝑘) time [Tis15]. With weights, we have to resort to the naive 𝒪(𝑘2)-space
representation and the𝒪(𝑘2)-time SMAWK [AKM+87] algorithm for computing the (min,+)-product of
two Monge matrices. In order to prevent the overall running time from increasing to𝒪(𝑛 + 𝑘5 · 𝑛/𝑚), we
refine the approach of [CKW22] so that most matrix-matrix multiplications are replaced by matrix-vector
multiplications; the latter can be performed in 𝒪(𝑘) time using the SMAWK algorithm [AKM+87].

4 Cole and Hariharan [CH02] incorrectly claimed that their result generalizes to PMwWE. Specifically, they wrote that
“the only change needed is to the Landau–Vishkin algorithm to take into account the differing costs”. However, in
the presence of weights, there is no monotonicity in the diagonals of the dynamic programming table, and hence the
Landau–Vishkin algorithm [LV86, LV89] does not work due to its greedy nature. This is confirmed by the lower bound
of [CKW23] for the computation of bounded weighted edit distance, which implies that one cannot hope for a procedure
that computes 𝐽 ∩Occ𝑤𝑘 (𝑃, 𝑇) for a given interval 𝐽 of size 𝒪(𝑘) in time 𝒪(𝑘2) after a linear-time preprocessing.
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Another challenge of a more technical nature is that the dynamic puzzle matching algorithm of
[CKW22] is formalized in terms of restricted permutation matrices, meaningful only for the unweighted
edit distance. Instead, we would ideally like to directly use distance matrices but, due to the bounded
width of the puzzle pieces, we must work with distances in various subgraphs that are difficult to
describe explicitly. In order to abstract away these technicalities, we introduce a notion of a fern matrix,
which can be interpreted as storing distances in the entire alignment graph but potentially failing to
truthfully represent distances that are too large to be relevant for our computations. Further ideas
behind our 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time algorithm are presented in Section 2.2.

A recent work of Gorbachev and Kociumaka [GK25] describes faster algorithms for weighted edit
distance with small integer weights: they achieve a running time of 𝒪(𝑚 +𝑊 · 𝑘2) if the cost of each edit
belongs to [ 1 . .𝑊 ]. For small integer weights, such as when𝑊 = 𝒪(1), this complexity recovers (up to
a polylogarithmic factor) the running time of the Landau–Vishkin algorithm [LV88] for unweighted edit
distance. This gives rise to the following question.

Is it possible to solve PMwWE in 𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚) time when edit cost are integers between
0 and𝑊 = 𝒪(1)?

In Sections 6, 7 and 9, we incorporate the techniques of [GK25] into a more complex version
of our procedure behind Main Theorem 3 (building upon the 𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚)-time algorithm for
PMwE [CKW22], rather than its simpler 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚)-time warm-up version) to derive the following
result under the extra assumption that 𝑤 is an integer metric weight function.5

Main Theorem 4. PMwWE can be solved in 𝒪(𝑛 + 𝑘3.5 ·𝑊4 · 𝑛/𝑚) time for metric weight functions 𝑤
with values in [ 0 . .𝑊 ].

It is worth noting that our solutions are meta-algorithms relying on a small set of primitive
operations. Specifically, we work in the PILLAR model of computation, introduced in [CKW20] to unify
approximate pattern matching across several settings. An efficient PILLAR algorithm, together with
an implementation of the primitive operations in a given setting, yields an efficient algorithm for that
setting. Main Theorems 3 and 4 are corollaries of the following result.

Main Theorem 2. PMwWE on strings with 𝑛 < 3/2 𝑚 + 𝑘 can be solved in the PILLAR model
in time 𝒪(𝑘4 log2(𝑚𝑘)) for general weights; and
in time 𝒪(𝑘3.5 ·𝑊4) if 𝑤 is a metric weight function with values in [ 0 . .𝑊 ].

The output set Occ𝑤𝑘 (𝑃, 𝑇) is represented as a collection of disjoint arithmetic progressions.

In Section 10, we combine Main Theorem 2 with known efficient implementations of the PILLAR
model to obtain efficient algorithms for approximate pattern matching in a plethora of settings, such
as: (1) the compressed setting, where 𝑃 and 𝑇 are given in compressed form, and we wish to compute
Occ𝑤𝑘 (𝑃, 𝑇)without decompressing them; (2) the dynamic setting; and (3) the quantum setting.

Future Directions and Open Problems
Let us briefly discuss potential future directions.

The most obvious yet the most important open problem stemming from this work is to narrow the
gap between the upper and the lower bounds for PMwWE. In particular, it is unsatisfactory that the
best lower bounds for both PMwE and PMwWE are direct corollaries of tight lower bounds for edit
distance computation and weighted edit distance computation, respectively. It would be exciting to
obtain a separation between PMwWE and the problem of weighted edit distance computation.

5 We did not try to optimize the exponent of𝑊 in Main Theorem 4.
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Regarding faster algorithms, the most natural question is whether the 𝒪(𝑛 + 𝑘3.5 · 𝑛/𝑚) time
complexity of [CKW22] for PMwE can be lifted to PMwWE. To derive this from an 𝒪(𝑘3.5 · 𝑛/𝑚)-time
PILLAR algorithm (as in [CKW22]), we would need a better combinatorial characterization of the set
Occ𝑤𝑘 (𝑃, 𝑇): As shown in [CKW20], the set Occ𝑘(𝑃, 𝑇) can be represented as the union of 𝒪(𝑘3 · 𝑛/𝑚)
arithmetic progressions; for Occ𝑤𝑘 (𝑃, 𝑇), Main Theorem 2 yields a representation using 𝒪(𝑘4 · 𝑛/𝑚)
progressions.
Gorbachev and Kociumaka [GK25] also showed how to compute weighted edit distance in𝒪(𝑚+ 𝑘2.5)
time for arbitrarily large integer weights. It remains open whether PMwWE can be solved faster in
this regime compared to the general setting allowing fractional weights.
The output of PMwWE, Occ𝑤𝑘 (𝑃, 𝑇), consists of the starting positions of all fragments 𝑇[ 𝑖 . . 𝑗 ) such
that ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘.6 A natural harder variant asks for all fragments 𝑇[ 𝑖 . . 𝑗 ) such that
ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘. As noted in Section 6, a straightforward application of our tools yields an
𝒪(𝑛𝑘2)-time solution of this problem. Can we improve this to 𝒪(𝑛𝑘)? For unweighted edit distance,
the analogous variant can be solved in 𝒪(𝑛𝑘) time [LMS98].
Recently, Kociumaka, Nogler, and Wellnitz [KNW24, KNW25] investigated the communication
complexity of PMwE. Their techniques also led to a quantum algorithm for PMwE with almost
optimal query complexity and (for 𝑘 ≪ 𝑚1/6) almost optimal running time. It would be interesting
to investigate whether (any of) these results can be lifted to PMwWE. Our quantum algorithm for
PMwWE (see Corollary 10.8) can be viewed as a first step in this direction.

2 Technical Overview

To describe our new algorithms, let us first briefly introduce crucial notation. A matrix 𝑀 ∈ R𝑝×𝑞 is
Monge if 𝑀[ 𝑖 , 𝑗 ] +𝑀[ 𝑖 + 1, 𝑗 + 1 ] ≤ 𝑀[ 𝑖 , 𝑗 + 1 ] +𝑀[ 𝑖 + 1, 𝑗 ] holds for all integers 0 ≤ 𝑖 < 𝑝 − 1 and
0 ≤ 𝑗 < 𝑞 − 1. Given 𝒪(1)-time access to the entries of a matrix 𝑀 ∈ R𝑝×𝑞 and a vector 𝑣 ∈ R𝑞 , the
SMAWK algorithm [AKM+87] computes their (min,+)-product 𝑀 ⊕ 𝑣 in 𝒪(𝑝 + 𝑞) time.

For strings 𝑋,𝑌 ∈ Σ∗ and a weight function 𝑤 : Σ̄2 → R≥0, we define the alignment graph AG𝑤(𝑋,𝑌)
as a grid graph with vertices [ 0 . . |𝑋 | ] × [ 0 . . |𝑌| ] and the following edges:

vertical edges (𝑥, 𝑦) → (𝑥 + 1, 𝑦) of cost 𝑤(𝑋[ 𝑥 ] ↦→ 𝜀) for (𝑥, 𝑦) ∈ [ 0 . . |𝑋 | ) × [ 0 . . |𝑌| ];
horizontal edges (𝑥, 𝑦) → (𝑥, 𝑦 + 1) of cost 𝑤(𝜀 ↦→ 𝑌[ 𝑦 ]) for (𝑥, 𝑦) ∈ [ 0 . . |𝑋 | ] × [ 0 . . |𝑌| );
diagonal edges (𝑥, 𝑦) → (𝑥 + 1, 𝑦 + 1) of cost 𝑤(𝑋[ 𝑥 ] ↦→ 𝑌[ 𝑦 ]) for (𝑥, 𝑦) ∈ [ 0 . . |𝑋 | ) × [ 0 . . |𝑌| ).

An alignment of 𝑋 onto 𝑌, denoted by 𝒜 : 𝑋 {{ 𝑌, is a path from (0, 0) to (|𝑋 |, |𝑌|) in AG𝑤(𝑋,𝑌). In
such a path, vertical edges correspond to deletions, horizontal edges correspond to insertions, whereas
diagonal edges correspond to matches and substitutions. The weighted edit distance ed𝑤(𝑋 → 𝑌) is
defined as the minimum cost (length) of an alignment 𝒜 : 𝑋 {{ 𝑌. We regard (0, 0) as the top-left
vertex of the grid and (|𝑋 |, |𝑌|) as the bottom-right vertex of the grid, and we refer to the |𝑋 | + 1 rows
and the |𝑌| + 1 columns of the grid in a natural way. As each insertion and deletion costs at least 1, any
path of cost at most 𝑘 intersects at most 𝑘 + 1 diagonals.

2.1 The ˜𝓞(𝒏𝒌)-time Algorithm

Consider a collection 𝒮 of 𝒪(𝑛/𝑘) fragments of the form 𝑇[ 𝑖𝑘 . . max{(𝑖 + 2)𝑘 + 𝑚, 𝑛} ); observe that
each (𝑘, 𝑤)-error occurrences of 𝑃 and, in general, each fragment of 𝑇 of length at most 𝑚 + 𝑘 is fully
contained in at least one fragment 𝑆 ∈ 𝒮. Hence, it suffices to compute the (𝑘, 𝑤)-error occurrences of 𝑃
in all fragments 𝑆 ∈ 𝒮 and then merge the partial results.

6 The algorithms underlying Main Theorems 1, 3 and 4 can also compute, for each 𝑖 ∈ Occ𝑤𝑘 (𝑃, 𝑇), the minimum distance
min𝑗 ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) and the position 𝑗 for which this minimum is attained.
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Let us focus on computing Occ𝑤𝑘 (𝑃, 𝑆) for an arbitrary 𝑆 ∈ 𝒮. One may use the MSSP data structure
of Klein [Kle05] on a width-𝒪(𝑘) diagonal band that is a subgraph of AG𝑤(𝑃, 𝑆) for this purpose (see
Figure 2), that is, in order to compute each top-to-bottom shortest-path distance in this band and
check if it is at most 𝑘.7 However, this diagonal band contains 𝒪(𝑚𝑘) vertices—hence, this approach
costs 𝒪(𝑚𝑘 log𝑚) time per 𝑆 ∈ 𝒮, or 𝒪(𝑚𝑛 log𝑚) time in total across all 𝑆 ∈ 𝒮, which is prohibitive
when 𝑚 ≫ 𝑘.

We improve upon this basic approach by making two observations.
Instead of computing the shortest-path distances all at once, we may equivalently split the (diagonal
band subgraph of the) alignment graph along a separator 𝑉 , compute shortest-path distances from
the sources (top vertices of the band) to the separator and from the separator to the sinks (bottom
vertices of the band), and then compose these distances using min-plus multiplication. Specifically,
two instances of the the MSSP data structure provide𝒪(log𝑚)-time access to, respectively, a distance
matrix that captures all pairwise distances from the sources to the vertices of𝑉 and a distance matrix
that captures all pairwise distances from the vertices of 𝑉 to the sinks. Crucially, these distance
matrices are Monge, and this allows for min-plus multiplying them efficiently using the SMAWK
algorithm [AKM+87].8

In the non-trivial case when 𝑚 ≫ 𝑘, any cost-𝑘 (weighted) alignment has to match exactly large
parts of 𝑃 and 𝑆. We show that, with an 𝒪(𝑚𝑘 log2 𝑚)-time preprocessing on 𝑃, we may compute (a
representation of) suitable distance matrices for any such pairs of equal parts for all 𝑆 ∈ 𝒮 at once.
In particular, for a single 𝑆 ∈ 𝒮, the task then reduces to recomputing distances for graphs of total
size 𝒪(𝑘2) (the part corresponding to actual edits; we can use Klein’s algorithm [Kle05] here, which
takes time 𝒪(𝑘2 log𝑚)) plus querying 𝒪(𝑘) of our precomputed distance matrices 𝒪(𝑘) times each
(the exactly matched parts between edits; where each such query costs 𝒪(log𝑚)).
For a more detailed description of our algorithm, first observe that if there is a (𝑘, 𝑤)-error occurrence

of 𝑃 in the fragment 𝑆, then ed(𝑃, 𝑆) ≤ 4𝑘: We may extend an alignment 𝒜 : 𝑃 {{ 𝑆[ 𝑓 . . 𝑓 ′ ) with
at most 𝑘 edits to an alignment ℬ : 𝑃 {{ 𝑆 by inserting at most 3𝑘 excess characters, namely those
comprising 𝑆[ 0 . . 𝑓 ) and 𝑆[ 𝑓 ′ . . |𝑆| ).

Now, after an 𝒪(𝑚)-time preprocessing of 𝑃 and 𝑇, we check in 𝒪(𝑘2) time whether ed(𝑃, 𝑆) ≤ 4𝑘
and, if so, compute an optimal unweighted alignment. Let us henceforth assume that we have such an
alignment ℬ : 𝑃 {{ 𝑆 of unweighted cost at most 4𝑘—which lets us identify fragments of 𝑃 that are
matched exactly to fragments of 𝑆.

For a simplified overview, let us assume that ℬ : 𝑃 {{ 𝑆 consists only of substitutions; this case
illustrates the main ideas of the algorithm whilst avoiding technicalities.

Now, observe that ed𝑤(𝑃 → 𝑆[ 𝑎 . . 𝑏 )) ≤ 𝑘 and |𝑆| = |𝑃| imply 𝑎 ∈ [ 0 . . 𝑘 ] and 𝑏 ∈ [𝑚 − 𝑘 . .𝑚 ].
Hence, we consider 𝑘 + 1 source vertices and 𝑘 + 1 target vertices in AG𝑤(𝑃, 𝑆) as shown in Figure 2.
Moreover, the weighted edit distance of two strings 𝑋 and 𝑌 is lower-bounded by

��|𝑋 | − |𝑌|��, so it suffices
to consider paths confined in a band 𝐵 comprised by 2𝑘 + 1 diagonals of AG𝑤(𝑃, 𝑆) as shown in Figure 2.

Now, the alignment ℬ : 𝑃 {{ 𝑆 yields at most 4𝑘 positions 𝑖0 < 𝑖1 < · · · < 𝑖𝑟−1 such that

𝑆 = 𝑃[ 0 . . 𝑖0 )𝑆[ 𝑖0 ]𝑃( 𝑖0 . . 𝑖1 ) · · · 𝑆[ 𝑖𝑟 ]𝑃( 𝑖𝑟 . .𝑚 ).

7 Given a planar graph with 𝑁 vertices and a distinguished infinite face, the multiple-source shortest paths (MSSP) data
structure [Kle05] can be constructed in 𝒪(𝑁 log𝑁) time and can report the distance from (or to) any vertex on the
infinite face to (or from) any other vertex in the graph in 𝒪(log𝑁) time.

8 As matrix-matrix multiplications are not fast enough for our purposes, we show how to make do with just matrix-vector
multiplications which take time linear in the output size in our case.
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𝑆[0 . .2 ]

𝑃[0 . .2 ]

𝑆[3 . .7 ]

𝑃[3 . .7 ]

𝑆[8 ]

𝑆[8 ]

𝑆[9 . .12 ]

𝑃[9 . .12 ]

𝑆[13 ]

𝑆[13 ]

𝑆[14 . .16 ]

𝑃[14 . .16 ]

𝑆[17 . .19 ]

𝑆[17 . .19 ]

𝑃

Figure 2. The band 𝐵 of the alignment graph AG𝑤(𝑃, 𝑆) for a pattern 𝑃 of length 20, a threshold 𝑘 = 3, and a
fragment 𝑆 = 𝑃[ 0 . . 8 )a𝑃[ 9 . . 13 )c𝑃[ 14 . . 19 )c of 𝑇. The source vertices (0, 0), (0, 1), (0, 2), (0, 3) in the top left and
the target vertices (20, 17), (20, 18), (20, 19), (20, 20) in the bottom right are marked in light purple. The distinguished
band 𝐵 is decomposed to seven parts. The left and right parts are colored gray; 𝐵𝑖 that also occur in AG𝑤(𝑃, 𝑃) are
merged into pure parts and are colored blue. We highlight the portal vertices on the boundaries of each part of 𝐵.
Let us also decompose the band 𝐵 into parts 𝐵0 , 𝐵1 , . . . , 𝐵𝑠 so that 𝐵0 corresponds to the first 𝑘 columns
(the left part) and 𝐵𝑠 corresponds to the last 𝑘 columns (the right part), whereas the intermediate parts
correspond to substrings of 𝑃 and single characters according to the decomposition of 𝑆; see Figure 2.
Further, let 𝑉𝑗 be the set of vertices shared by parts 𝐵 𝑗 and 𝐵 𝑗+1—these vertices indeed form a separator
of the band 𝐵.

For a vertex 𝑢, let 𝑑(𝑢) denote the minimum distance (within the band 𝐵) from 𝑢 to any target vertex.
We compute 𝑑(𝑢) for the vertices of the rightmost separator 𝑉𝑠−1 using the algorithm of Klein [Kle05]
on 𝐵𝑠 . As 𝐵𝑠 has a size of 𝒪(𝑘2), Klein’s algorithm runs in time 𝒪(𝑘2 log𝑚).

Next, we process the separators from right to left. We compute the values 𝑑(𝑢) for all vertices
𝑢 ∈ 𝑉𝑗−1 given 𝑑(𝑣) for all 𝑣 ∈ 𝑉𝑗 differently based on whether 𝐵 𝑗 is a subgraph of AG𝑤(𝑃, 𝑃).

If 𝐵 𝑗 is not a subgraph of AG𝑤(𝑃, 𝑃), we can again use the algorithm of Klein [Kle05] on 𝐵 𝑗 to
obtain 𝒪(log 𝑛)-time random access to a Monge matrix 𝐷𝑗−1, 𝑗 that stores the distances from the
vertices of 𝑉𝑗−1 to the vertices of 𝑉𝑗 in 𝐵 𝑗 . We then min-plus multiply 𝐷𝑗−1, 𝑗 with a vector that stores
𝑑(𝑢) for 𝑢 ∈ 𝑉𝑗 to obtain (a vector stores) 𝑑(𝑢) for each 𝑢 ∈ 𝑉𝑗−1. Recall that, using the SMAWK
algorithm, such a multiplication can be done in the time required for 𝒪(𝑘) accesses (at arbitrary
positions) to the input matrices (interpreting the vector that stores 𝑑(𝑢) for 𝑢 ∈ 𝑉𝑗 as an 𝑚 × 1 matrix).
If 𝐵 𝑗 is subgraph of AG𝑤(𝑃, 𝑃), we rely on a global 𝒪(𝑚𝑘)-time preprocessing of 𝑃 that constructs
several instances of the MSSP data structure [Kle05] for subgraphs of AG𝑤(𝑃, 𝑃). In particular, we
obtain 𝒪(log𝑚)-time random access to two Monge matrices 𝐷𝑗−1, 𝑗−0.5 and 𝐷𝑗−0.5, 𝑗 with a min-plus
product of 𝐷𝑗−1, 𝑗 . We first min-plus multiply 𝐷𝑗−0.5, 𝑗 with a vector that stores 𝑑(𝑢) for 𝑢 ∈ 𝑉𝑗 (to
obtain an intermediate vector 𝑤) and then min-plus multiply 𝑤 with 𝐷𝑗−1, 𝑗−0.5 to obtain (a vector
that stores) 𝑑(𝑢) for each 𝑢 ∈ 𝑉𝑗−1. Recall that, using the SMAWK algorithm, such a multiplication
can be done in the time required for 𝒪(𝑘) accesses (at arbitrary positions) to the input matrices.

Finally, we again rely in the algorithm of Klein [Kle05] for the part between the leftmost separator and
the sources.

Over all 𝒪(𝑘) parts 𝐵𝑠−1 , . . . , 𝐵1, the above procedure takes 𝒪(𝑘2) time. The final complexity is then
𝒪(𝑛) + 𝒪(𝑚𝑘) + |𝒮| · 𝒪(𝑘2) = 𝒪(𝑛 + 𝑚𝑘 + 𝑛/𝑘 · 𝑘2) = 𝒪(𝑛𝑘).
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2.2 The ˜𝓞(𝒏 + 𝒌4 · 𝒏/𝒎)-time Algorithm
In this section, we provide an overview of our 𝒪(𝑛 + 𝑘4)-time algorithm solving PMwWE under the
simplifying assumption that 𝑛 < 3/2 𝑚 + 𝑘 (as in Main Theorem 2). The reduction from the general case
relies on the standard trick, which yields Θ(𝑛/𝑚) independent instances of the restricted problem.

The starting point of our solution is the structural characterization of [CKW20] for PMwE: unless 𝑃
is almost periodic, it has few approximate occurrences in 𝑇.

The Non-Periodic Case

In the first of the two cases of [CKW20], the set {⌊𝑖/𝑘⌋ : 𝑖 ∈ Occ𝑘(𝑃, 𝑇)} is of size 𝒪(𝑘) and can be
computed in 𝒪(𝑛 + 𝑘4) time. This gives 𝒪(𝑘) intervals of length 𝑘 whose union is a superset of
Occ𝑘(𝑃, 𝑇) ⊇ Occ𝑤𝑘 (𝑃, 𝑇). The remaining task is to compute Occ𝑤𝑘 (𝑃, 𝑇) ∩ 𝐼 for each interval 𝐼 in this
collection. For this, we design an efficient solution of the following Verify problem.

Problem Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤).
Input. A text 𝑇 of length 𝑛, a pattern 𝑃 of length 𝑚, an integer threshold 𝑘 > 0, an integer interval 𝐼,

and oracle access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].
Output. Occ𝑤𝑘 (𝑃, 𝑇) ∩ 𝐼 and, for each 𝑖 ∈ Occ𝑤𝑘 (𝑃, 𝑇) ∩ 𝐼, the distance min𝑗∈[ 𝑖 . . 𝑛 ] ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )).

Our approach for Verify computes more than we need here: it reports all relevant (𝑘, 𝑤)-error occur-
rences of 𝑃 in𝑇 (rather than just their starting positions) and, for each of them, outputs the corresponding
weighted edit distance from 𝑃. These extra features are useful later and come essentially for free.

In this overview, we present an 𝒪(𝑘3)-time PILLAR model algorithm for Verify for the case when
𝑛 ≤ 𝑚 + 2𝑘. In general, we partition 𝐼 into ⌈|𝐼|/𝑘⌉ pieces of size at most 𝑘, and, for each piece 𝐼′, we trim
the text to 𝑇[min 𝐼′ . . min{𝑛,max 𝐼′ + 𝑚 − 𝑘} ]. Now, our problem generalizes the task considered in
[CKW23]: instead of computing the edit distance from 𝑃 to the entire 𝑇, we need to consider 𝒪(𝑘2)
fragments 𝑇[ 𝑖 . . 𝑗 ) with 𝑗 − 𝑖 ≥ 𝑚 − 𝑘.

In our solution, we apply the notion of self-edit distance, introduced in [CKW23] to quantify the
locality of edit distance. The self-edit distance of a string 𝑋 is defined as the distance from (0, 0) to
(|𝑋 |, |𝑋 |) in the unweighted alignment graph AG(𝑋, 𝑋)with edges on the main diagonal removed. The
algorithm of [CKW23] consists of a solution for the special case of self-ed(𝑃) = 𝒪(𝑘) and a divide-and-
conquer recursive procedure that constitutes a reduction to this case. The first of these two components
generalizes to our setting quite easily, so we focus on the case when self-ed(𝑃) = 𝜔(𝑘).

In this case, we identify vertices (𝑝, 𝑡) and (𝑝′ , 𝑡′) in AG𝑤(𝑃, 𝑇) with self-ed(𝑃[ 0 . . 𝑝 )) = 𝒪(𝑘) and
self-ed(𝑃[ 𝑝′ . .𝑚 )) = 𝒪(𝑘) that lie on a 𝑤-optimal alignment 𝑃 {{ 𝑇[ 𝑖 . . 𝑗 ) for every (𝑘, 𝑤)-error
occurrence of 𝑃 in 𝑇. For every such (𝑘, 𝑤)-error occurrence, the value ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) decomposes
to

ed𝑤(𝑃[ 0 . . 𝑝 )→ 𝑇[ 𝑖 . . 𝑡 )) + ed𝑤(𝑃[ 𝑝 . . 𝑝′ )→ 𝑇[ 𝑡 . . 𝑡′ )) + ed𝑤(𝑃[ 𝑝′ . .𝑚 )→ 𝑇[ 𝑡′ . . 𝑗 )).
We compute the middle term using the algorithm of [CKW23]; for the remaining two terms, we use our
subroutine restricted to patterns of self-edit distance 𝒪(𝑘).

It is not obvious that such vertices (𝑝, 𝑡) and (𝑝′ , 𝑡′) exist. Next, we show that the existence of
such vertices follows from the central property of self-edit distance: If alignments𝒜,ℬ : 𝑋 {{ 𝑌 of
cost at most 𝑘 do not share diagonal edges, then self-ed(𝑋) ≤ 2𝑘. (The path in AG(𝑋, 𝑋) witnessing
self-ed(𝑋) ≤ 2𝑘 is obtained as the composition of𝒜 and ℬ−1; see [CKW23].)

Fix an arbitrary (𝑘, 𝑤)-error occurrence 𝑇[ 𝑖 . . 𝑗 ) of 𝑃 in 𝑇 and a 𝑤-optimal alignment 𝒜 :
𝑃 {{ 𝑇[ 𝑖 . . 𝑗 ). We pick (𝑝, 𝑡), (𝑝′ , 𝑡′) ∈ 𝒜 so that self-ed(𝑃[ 0 . . 𝑝 )) = self-ed(𝑃[ 𝑝′ . .𝑚 )) = 9𝑘. We
have 𝑝 ≥ 9𝑘 − 1 as for any 𝑞 ∈ [ 1 . .𝑚 ], the (0, 0) → (0, 1) → (1, 2) → · · · → (𝑞 − 1, 𝑞) → (𝑞, 𝑞) path in
AG(𝑃[ 0 . . 𝑞 ), 𝑃[ 0 . . 𝑞 )) has cost at most 𝑞 + 1.



P. Charalampopoulos, T. Kociumaka, and P. Wellnitz 9

To show that this selection is valid, consider another (𝑘, 𝑤)-error occurrence 𝑇[ 𝑖′ . . 𝑗′ ) of 𝑃 in 𝑇 and
a 𝑤-optimal alignment𝒜′ : 𝑃 {{ 𝑇[ 𝑖′ . . 𝑗′ ). We claim that𝒜 intersects𝒜′ both before (𝑝, 𝑡) and after
(𝑝′ , 𝑡′). The subpaths of both𝒜 and𝒜′ are shortest paths between these two intersection points, so we
may reroute𝒜′ (without increasing its cost) using𝒜 to pass through both (𝑝, 𝑡) and (𝑝′ , 𝑡′).

Due to 𝑛 ≤ 𝑚 + 2𝑘, both of the (unique) extensions of𝒜 and𝒜′ to alignments ℬ ,ℬ′ : 𝑃 {{ 𝑇 have
unweighted cost at most 4𝑘. Let (𝑝̄ , 𝑡) be the first point in the intersectionℬ∩ℬ′ with 𝑝̄ > 0. If 𝑝̄ = 1, then,
in particular, 𝑝̄ < 9𝑘 − 1 ≤ 𝑝, and hence (𝑝̄ , 𝑡) ∈ 𝒜 ∩𝒜′ lies before (𝑝, 𝑡). Otherwise, ℬ and ℬ′ do not
share any diagonal edge between (0, 0) and (𝑝̄ , 𝑡) and, restricted to this segment, still have unweighted
costs of at most 4𝑘 each. Thus, self-ed(𝑃[ 0 . . 𝑝̄ )) ≤ 8𝑘 < 9𝑘 = self-ed(𝑃[ 0 . . 𝑝 )), which implies 𝑝̄ < 𝑝 as
self-ed(·) is monotone.

The construction in Section 6 follows the same spirit but cannot rely on the (unknown) arbitrary
(𝑘, 𝑤)-error occurrence 𝑇[ 𝑖 . . 𝑗 ) of 𝑃 in 𝑇. Instead, we define (𝑝, 𝑡) and (𝑝′ , 𝑡′) using (𝑘, 𝑤)-error
occurrences of a prefix 𝑃𝑝 and a suffix 𝑃𝑠 of 𝑃, respectively, with small self-edit distance; see Figure 8.
These two (𝑘, 𝑤)-error occurrences can be efficiently computed using the subroutine restricted to patterns
of self-edit distance 𝒪(𝑘).

The Periodic Case

In the almost-periodic case, the characterization of [CKW20] yields a primitive string 𝑄 of length
|𝑄| ≪ 𝑚/𝑘 and an alignment from 𝑃 to a substring of 𝑄∞ with unweighted cost 𝒪(𝑘). Further results of
[CKW20] let us trim 𝑇 (without losing 𝑘-error occurrences) so that it admits a similar alignment.

To keep this overview simple, we assume that both substrings of 𝑄∞ are integer powers of 𝑄, that
is, ed(𝑃, 𝑄𝑝) = 𝒪(𝑘) and ed(𝑇, 𝑄𝑡) = 𝒪(𝑘) hold for some integer exponents 𝑝, 𝑡 ≫ 𝑘. We decompose
𝑃 = 𝑃1 · · ·𝑃𝑝 and 𝑇 = 𝑇1 · · ·𝑇𝑡 , where the 𝑃𝑖s and 𝑇𝑗s are potentially edited copies of the string
𝑄. In this case, all elements of Occ𝑘(𝑃, 𝑇) must be within distance 𝒪(𝑘) from the start of some 𝑇𝑗 .
Following [CKW22], we then think of shifting 𝑃 over 𝑇 in steps of roughly |𝑄| positions at a time, in
order to align the starting position of 𝑃 with the start of each𝑇𝑗 . Intuitively, for subsequent 𝑗 ∈ [ 0 . . 𝑡−𝑝 ],
we wish to compute Occ𝑘(𝑃1𝑃2 · · ·𝑃𝑝 , 𝑇𝑗𝑇𝑗+1 · · ·𝑇𝑗+𝑝−1) (up to extending 𝑇𝑗 to the left and 𝑇𝑗+𝑝−1 to the
right by 𝒪(𝑘) positions).
Applying DynamicPuzzleMatching to PMwE. The solution of [CKW22] is formalized through the
DynamicPuzzleMatching problem, whose (oversimplified) formulation asks to maintain a dynamic
sequence ℐ = (𝑈1 , 𝑉1)(𝑈2 , 𝑉2) · · · (𝑈𝑧 , 𝑉𝑧) of puzzle pieces subject to updates (insertions, deletions, and
substitutions of pieces) so that, upon a query, one can efficiently compute Occ𝑘(𝑈,𝑉) for𝑈 = 𝑈1𝑈2 · · ·𝑈𝑧

and 𝑉 = 𝑉1𝑉2 · · ·𝑉𝑧 . In reality, the strings 𝑉𝑖 overlap, but we mostly ignore these overlaps in this
overview.

A naive reduction to DPM constructs and queries ℐ𝑗 B (𝑃1 , 𝑇𝑗+1)(𝑃2 , 𝑇𝑗+2) · · · (𝑃𝑝 , 𝑇𝑗+𝑝) for subsequent
integers 𝑗 ∈ [ 0 . . 𝑡 − 𝑝 ]. Since all but 𝒪(𝑘) strings 𝑃𝑖 and 𝑇𝑗 are equal to 𝑄, updating ℐ𝑗 to ℐ𝑗+1 requires
𝒪(𝑘) substitutions. Each of these substitutions can be processed in 𝒪(𝑘) time each. Unfortunately, this
is too much as 𝑡 − 𝑝 can be Θ(𝑛/𝑘).

To lay ground for further improvements, the algorithm of [CKW22] issues different updates, most of
which increment or decrement the exponents of runs of plain pieces of the form (𝑄, 𝑄)𝑒 for 𝑒 ∈ Z≥0.

Example 2.1. Suppose that 𝑃 = 𝑄99𝑃100𝑄
99 and 𝑇 = 𝑄149𝑇150𝑄

149. Then,

ℐ𝑗 =

(𝑄, 𝑄)99 · (𝑃100 , 𝑄) · (𝑄, 𝑄)49−𝑗 · (𝑄,𝑇150) · (𝑄, 𝑄)49+𝑗 if 𝑗 ∈ [ 0 . . 49 ],

(𝑄, 𝑄)99 · (𝑃100 , 𝑇150) · (𝑄, 𝑄)99 if 𝑗 = 50,
(𝑄, 𝑄)149−𝑗 · (𝑄,𝑇150) · (𝑄, 𝑄)𝑗−51 · (𝑃100 , 𝑄) · (𝑄, 𝑄)99 if 𝑗 ∈ [ 51 . . 100 ].

For 𝑗 ∈ [ 0 . . 48 ] ∪ [ 51 . . 99 ], one can update ℐ𝑗 to ℐ𝑗+1 by incrementing or decrementing the exponents
of two runs of plain pieces. Effectively, this allows moving the special piece (𝑄,𝑇150) to the left.
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Formally, as we issue updates to iterate over ℐ𝑗 for subsequent indices 𝑗 ∈ [ 0 . . 𝑡 − 𝑝 ], all but 𝒪(𝑘2)
updates increment or decrement the exponent of a run of plain pieces. Furthermore, each of the 𝒪(𝑘2)
runs existing throughout the lifetime of the algorithm admits a simple structure of updates: its exponent
is first incremented for some subsequent indices 𝑗, then it remains fixed, and then it is decremented.

This insight allows reducing the number of updates when combined with the following observation:
For every run (𝑄, 𝑄)𝑒 of plain pieces, the exponent can be capped to 𝑒 = min{𝑒 , 𝛼} for 𝛼 = 𝒪(𝑘)without
affecting the output of DPM queries. If, instead of ℐ𝑗 , we maintain sequences ℐ ′

𝑗
with the exponents

capped at 𝛼, each run needs to be updated only 𝒪(𝛼) times, for a total of 𝒪(𝑘2𝛼) updates that can be
processed in 𝒪(𝑘3𝛼) = 𝒪(𝑘4) time in total.

The key insight to achieve 𝒪(𝑘3.5) time in [CKW22] is that picking 𝛼 ≤ 𝑘 preserves answers to DPM
queries for all but 𝒪(𝑘2/𝛼) sequences ℐ𝑗 . Unfortunately, the underlying combinatorial arguments do not
seem to generalize to the case of arbitrary weight functions, so we fix 𝛼 = Θ(𝑘) for the remainder of this
discussion.

Applying BleachCommitDPM to PMwWE. The aforementioned reduction to DynamicPuzzle-
Matching translates from PMwE to PMwWE with minor changes. Unfortunately, the overall running
time increases to 𝒪(𝑘5) because each DPM update takes 𝒪(𝑘2) time instead of 𝒪(𝑘) time.

Intuitively, for each puzzle piece (𝑋,𝑌), the DPM data structure of [CKW22] stores a matrix 𝐷𝑋,𝑌

whose entries represent distances ed(𝑋,𝑌[ 𝑖 . . 𝑗 )) for all 𝑘-error occurrences 𝑌[ 𝑖 . . 𝑗 ) of 𝑋 in 𝑌. Since
|𝑌| ≤ |𝑋 | + 𝒪(𝑘), these are matrices of size 𝒪(𝑘) × 𝒪(𝑘). The composition of two pieces (𝑋,𝑌) and
(𝑋′ , 𝑌′) can be implemented by (min,+)-multiplying matrices 𝐷𝑋,𝑌 and 𝐷𝑋′ ,𝑌′ , due to the fact that
𝑌 and 𝑌′ actually have a sufficiently large overlap. Under mild technical assumptions, the matrix
𝐷 B

⊕𝑧
𝑖=1 𝐷𝑈𝑖 ,𝑉𝑖 can be used to identify all 𝑘-error occurrences of 𝑈 = 𝑈1 · · ·𝑈𝑧 in 𝑉 = 𝑉1 · · ·𝑉𝑧 . For

the starting positions, that is, Occ𝑘(𝑈,𝑉), it suffices to compute the (min,+)-product of 𝐷 and a 0-vector
of appropriate dimension.

For unweighted edit distance (or, to be precise, for deletion distance, which admits a simple isometric
embedding from unweighted edit distance), all the matrices in question are unit-Monge matrices and
the results of Tiskin [Tis15] allow storing each of them in 𝒪(𝑘) space so that the (min,+)-products
can be computed in 𝒪(𝑘) time. Thus, the global product 𝐷 can be maintained in 𝒪(𝑘) time assuming
the individual matrices 𝐷𝑋,𝑌 have been precomputed for all plausible puzzle pieces (𝑋,𝑌). In the
presence of weights, the matrices are merely Monge matrices, which means that we have to resort to an
𝒪(𝑘2)-space representation and the 𝒪(𝑘2)-time (min,+)-multiplication algorithm of [AKM+87].

What comes to the rescue is that the queries require 𝐷 ⊕ 0 and the SMAWK algorithm is able to
compute a matrix-vector product in 𝒪(𝑘) time. We can offload some update cost to the query algorithm:
if we lazily represent 𝐷 as a product of 𝑑 matrices, the query time increases from 𝒪(𝑘) to 𝒪(𝑘𝑑). The
challenge is to avoid matrix-matrix products for most updates without compromising the query time.

For this, recall that all but 𝒪(𝑘2) updates adjust the exponent of a run of plain pieces, and each such
run is active (meaning that its exponent changes between subsequent queries) for two blocks of 𝛼 = 𝒪(𝑘)
queries each. Thus, we precompute the matrix for each possible exponent of a run of plain pieces and,
in the maintained decomposition of 𝐷, we make sure that each active run is represented with a separate
matrix that can be substituted in 𝒪(1) time when the exponent changes. The remaining 𝒪(𝑘2) updates
take 𝒪(𝑘2) time each. The query time becomes 𝒪(𝑘 · (1 + 𝑟)), where 𝑟 is the number of active runs at the
moment, but each of the 𝒪(𝑘2) runs is active during 𝒪(𝑘) queries, so the total query time is 𝒪(𝑘4).

In Section 7, we state the BleachCommitDPM problem (a variant of DPM with appropriately extended
interface) and provide an efficient reduction from PMwWE. The solution to BCDPM is described in
Section 9. The main challenge there is to formally define the matrices 𝐷𝑋,𝑌 so that they can be efficiently
constructed (using the techniques behind Verify) and so that their (min,+)-product is meaningful.
In [CKW22], a custom restriction operation is introduced so that𝐷𝑋,𝑌 is uniquely defined yet computable
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in 𝒪(𝑘2) time even if 𝑋 and 𝑌 are very long. Unfortunately, this operation relies on the seaweed monoid of
Tiskin [Tis15], which loses its meaning in the presence of weights. In this work, we instead introduce a
notion of a fern matrix that leaves a lot of freedom in the particular choice of 𝐷𝑋,𝑌 (in particular, for the
values that do not correspond to (𝑘, 𝑤)-error occurrences of 𝑋 in 𝑌) and is nevertheless sufficient for us
to recover the (𝑘, 𝑤)-error occurrences of 𝑈 = 𝑈1 · · ·𝑈𝑧 in 𝑉 = 𝑉1 · · ·𝑉𝑧 from the (min,+)-product of
fern matrices 𝐷𝑈𝑖 ,𝑉𝑖 .

2.3 The ˜𝓞(𝒏 + 𝒌3.5 ·𝑾 4 · 𝒏/𝒎)-time Algorithm

We obtain Main Theorem 4 by combining the approach outlined in Section 2.2 with a generalization
of techniques from [CKW22] and several results and insights from the recent (static and dynamic)
algorithms for edit distance with small integer weights [GK25]. On the way to achieving this result,
we make the following technical contributions. First, we devise an 𝒪(𝑘2𝑊)-time PILLAR algorithm
for Verify, generalizing both the conditionally optimal 𝒪(𝑘2)-time PILLAR algorithm for Verify in the
unweighted setting and the aforementioned algorithm of Gorbachev and Kociumaka [GK25]. This
solution to Verify is instrumental in both the non-periodic case and the periodic case of the algorithm
underlying Main Theorem 4. For instance, in the periodic case, it allows us to compute optimal
weighted alignments from 𝑃 and 𝑇 to substrings of 𝑄∞; the algorithm outlined in Section 2.2 utilizes
their unweighted counterparts. Second, we adapt an algorithm from [CKW20] for the computation
of so-called locked fragments to the weighted setting; this might be of independent interest as locked
fragments have also recently been used in obtaining solutions for a circular variant of PMwE [CPR+24].
Third, we lift combinatorial insights for PMwE from [CKW22] to PMwWE—our assumption that the
weight function is a metric is required in this part of the solution since it ensures that the weighted edit
distance satisfies the triangle inequality.

3 Preliminaries

Sets and Arithmetic Progressions

For integers 𝑖 and 𝑗, we write [ 𝑖 . . 𝑗 ] to denote the set {𝑖 , . . . , 𝑗}, and we write [ 𝑖 . . 𝑗 ) to denote the set
{𝑖 , . . . , 𝑗 − 1}. Similarly, we define ( 𝑖 . . 𝑗 ] and ( 𝑖 . . 𝑗 ).

For integers 𝑎, 𝑑, and ℓ with 𝑑 ≠ 0 and ℓ ≥ 0, the set {𝑎 + 𝑗 · 𝑑 : 𝑗 ∈ [ 0 . . ℓ )} is an arithmetic progression
with starting value 𝑎, difference 𝑑, and length ℓ . Whenever we use arithmetic progressions in an
algorithm, we store them as triples (𝑎, 𝑑, ℓ ) consisting of their starting value, difference, and length.

For a set 𝑋 ⊆ Z and an integer 𝑠 ∈ Z, we write 𝑠 + 𝑋 and 𝑋 + 𝑠 for the set {𝑠 + 𝑥 : 𝑥 ∈ 𝑋} of all
elements of 𝑋 incremented by 𝑠.

Strings

We write 𝑇 = 𝑇[ 0 ]𝑇[ 1 ] · · ·𝑇[ 𝑛−1 ] to denote a string of length |𝑇 | = 𝑛 over an alphabet Σ. The elements
of Σ are called characters. We write 𝜀 to denote the empty string. In a slight abuse of notation, we write
Σ̄ B Σ ∪ {𝜀} for the alphabet Σ that is extended by 𝜀 (which we use to represent the lack of a character).

A string 𝑃 is a substring of a string 𝑇 if we have 𝑃 = 𝑇[ 𝑖 ] · · ·𝑇[ 𝑗 − 1 ] for some integers 𝑖 , 𝑗 with
0 ≤ 𝑖 ≤ 𝑗 ≤ |𝑇 |. In this case, we say that there is an exact occurrence of 𝑃 at position 𝑖 in 𝑇, or, more simply,
that 𝑃 exactly occurs in 𝑇. We write 𝑇[ 𝑖 . . 𝑗 ) for this particular occurrence of 𝑃 in 𝑇, which is formally a
fragment of 𝑇 specified by the two endpoints 𝑖 , 𝑗. For notational convenience, we may also refer to this
fragment as 𝑇[ 𝑖 . . 𝑗 − 1 ], 𝑇( 𝑖 − 1 . . 𝑗 − 1 ], or 𝑇( 𝑖 − 1 . . 𝑗 ). Two fragments (perhaps of different strings)
match if they are occurrences of the same strings.
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A prefix of a string 𝑇 is a fragment that starts at position 0 (that is, a prefix is a fragment of the form
𝑇[ 0 . . 𝑗 ) for some 𝑗 ∈ [ 0 . . |𝑇 | ]). A suffix of a string 𝑇 is a fragment that ends at position |𝑇 | − 1 (that is, a
suffix is a fragment of the form 𝑇[ 𝑖 . . |𝑇 | ) for some 𝑖 ∈ [ 0 . . |𝑇 | ]).

For two strings 𝑈 and 𝑉 , we write 𝑈𝑉 or 𝑈 ⊙ 𝑉 to denote their concatenation; we also write⊙𝑚
𝑖=1 𝑋𝑖 for 𝑋1 ⊙ · · · ⊙ 𝑋𝑚 and set𝑈 𝑘 B

⊙𝑘
𝑖=1𝑈 . Similarly,𝑈∞ denotes an infinite string obtained by

concatenating infinitely many copies of𝑈 . At certain points, we may access such an infinite repetition
of𝑈 also at negative positions; hence for an integer 𝑗 ∈ [ 0 . . |𝑈 | ) and a (possibly negative) integer 𝑖, we
formally set𝑈∞[ 𝑖 · |𝑈 | + 𝑗 ] B 𝑈[ 𝑗 ].

A string 𝑇 is primitive if it cannot be expressed as 𝑇 = 𝑈 𝑘 for any string 𝑈 and any integer 𝑘 > 1.
A positive integer 𝑝 is a period of a string 𝑇 if 𝑇[ 𝑖 ] = 𝑇[ 𝑖 + 𝑝 ] for all 𝑖 ∈ [ 0 . . |𝑇 | − 𝑝 ). We refer to the
smallest period as the period per(𝑇) of the string.

For a string 𝑇 of length 𝑛, we define the following rotation operations. The operation rot(★) takes
as input a string, and moves its last character to the front; that is, rot(𝑇) B 𝑇[ 𝑛 − 1 ]𝑇[ 0 . . 𝑛 − 2 ].
The inverse operation rot−1(★) takes as input a string and moves its initial character to the end; that
is, rot−1(𝑇) B 𝑇[ 1 . . 𝑛 − 1 ]𝑇[ 0 ]. Observe that a primitive string 𝑇 does not match any of its non-trivial
rotations, that is, we have 𝑇 = rot𝑗(𝑇) if and only if 𝑗 ≡ 0 (mod 𝑛).

Alignment Graphs and (Weighted) Edit Distances

A weight function 𝑤 : Σ̄2 → R is a (not necessarily symmetric) function that assigns cost to character edits.
A weight function 𝑤 is normalized if 𝑤(𝑎 ↦→ 𝑎) = 0 and 𝑤(𝑎 ↦→ 𝑏) ≥ 1 holds for all 𝑎, 𝑏 ∈ Σ̄; as in previous
works, we work only with normalized weight functions. Moreover, we assume that 𝑤 : Σ̄2 → [ 0 , 𝑊 ],
where𝑊 is some upper bound known to the algorithms.

Observe that 𝑤 does not need to satisfy the triangle inequality nor does 𝑤 need to be symmetric.

Definition 3.1 (The alignment graph AG𝑤(𝑃, 𝑇) of a weight function 𝑤 and strings 𝑃, 𝑇) [CKW23].
For strings 𝑃, 𝑇 ∈ Σ∗ and a weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], we define the alignment graph AG𝑤(𝑃, 𝑇) as a
grid graph with vertices [ 0 . . |𝑃| ] × [ 0 . . |𝑇 | ] and the following edges:

vertical edges (𝑝, 𝑡) → (𝑝 + 1, 𝑡) of cost 𝑤(𝑃[ 𝑝 ] ↦→ 𝜀) for (𝑝, 𝑡) ∈ [ 0 . . |𝑃| ) × [ 0 . . |𝑇 | ],
horizontal edges (𝑝, 𝑡) → (𝑝, 𝑡 + 1) of cost 𝑤(𝜀 ↦→ 𝑇[ 𝑡 ]) for (𝑝, 𝑡) ∈ [ 0 . . |𝑃| ] × [ 0 . . |𝑇 | ), and
diagonal edges (𝑝, 𝑡) → (𝑝 + 1, 𝑡 + 1) of cost 𝑤(𝑃[ 𝑝 ] ↦→ 𝑇[ 𝑡 ]) for (𝑝, 𝑡) ∈ [ 0 . . |𝑃| ) × [ 0 . . |𝑇 | ).

We visualize the alignment graph AG𝑤(𝑃, 𝑇) as a grid graph with |𝑇 | + 1 columns and |𝑃| + 1 rows
that grows down and to the right, that is, the vertex (0, 0) is at the top-left, the vertex (0, |𝑇 |) is at the
top-right, and the vertex (|𝑃|, |𝑇 |) is at the bottom-right. Consult Figure 3 for a visualization.

A diagonal is a subgraph of the form (𝑖 , 𝑗) → (𝑖 + 1, 𝑗 + 1) → (𝑖 + 2, 𝑗 + 2) → · · · that starts at the
top-left boundary of AG𝑤(𝑃, 𝑇) and extends to the bottom-right boundary of AG𝑤(𝑃, 𝑇); we typically
refer to this diagonal as the (𝑗 − 𝑖)-th diagonal.

Example 3.2. The 0-th diagonal is the subgraph (0, 0) → (1, 1) → (2, 2) → · · ·, the 1-st diagonal is
the subgraph (0, 1) → (1, 2) → (2, 3) → · · ·, and the (−1)-st diagonal is the subgraph (1, 0) → (2, 1) →
(3, 2) → · · ·. Also consider Figure 3a for a visualization.

Observe that every vertex (𝑝, 𝑡) of AG𝑤(𝑃, 𝑇) lies on exactly one diagonal—the diagonal 𝑡 − 𝑝; hence,
we may refer to the diagonal passing through a vertex. We say that a path in AG𝑤(𝑃, 𝑇) intersects a
diagonal if the path shares a vertex with the diagonal.

The alignment graph allows for a concise definition of an alignment.
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𝑇[0 ] 𝑇[1 ] 𝑇[2 ] 𝑇[3 ] 𝑇[4 ] 𝑇[5 ] 𝑇[6 ] 𝑇[7 ] 𝑇[8 ] 𝑇[9 ] 𝑇[10 ] 𝑇[11 ]

𝑃[0 ]

𝑃[1 ]

𝑃[2 ]

𝑃[3 ]

𝑃[4 ]

𝑃[5 ]

𝑃[6 ]

𝑃[7 ]

𝑃[8 ]

𝑃[9 ]

𝑃[10 ]

a An example of an alignment graph of strings 𝑃 and 𝑇. Blue edges correspond
to edges of weight 0, all other edges have a nonzero weight. We highlight
an alignment 𝒜 : 𝑃 {{ 𝑇 (a path from (0, 0) to (|𝑃|, |𝑇 |)) that makes 6 edits to
transform 𝑃 into 𝑇. This alignment corresponds to the first part of the alignment
in Figure 4a. The vertices of the 0-th diagonal are depicted purple (unless they are
part of𝒜).

𝑃[𝑝 ] 𝑤(𝑃[ 𝑝 ] → 𝜀)

b A detailed view of a deletion and
the associated cost.

𝑇[ 𝑡 ]

𝑤(𝜀 → 𝑇[ 𝑡 ])
c A detailed view of an insertion

and the associated cost.

𝑇[ 𝑡 ]

𝑃[𝑝 ] 𝑤(𝑃[ 𝑝 ] → 𝑇[ 𝑡 ])
0

d A detailed view of a substitution
(yellow; if 𝑃[ 𝑝 ] ≠ 𝑇[ 𝑡 ]) and a match
(blue; if 𝑃[ 𝑝 ] = 𝑇[ 𝑡 ]) and the associ-
ated costs.

Figure 3. The alignment graph of two strings 𝑃 and 𝑇; as well as a detailed view of the edge costs. To obtain the
corresponding augmented alignment graph, we add a back-edge of weight𝑊 for every depicted edge.

Definition 3.3. For strings 𝑃, 𝑇 ∈ Σ∗ and a weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], an alignment of 𝑃[ 𝑝 . . 𝑝′ )
onto𝑇[ 𝑡 . . 𝑡′ ), denoted by𝒜 : 𝑃[ 𝑝 . . 𝑝′ ) {{ 𝑇[ 𝑡 . . 𝑡′ ), is a path from (𝑝, 𝑡) to (𝑝′ , 𝑡′) in AG𝑤(𝑃, 𝑇), interpreted
as a sequence of vertices. The cost ed𝑤𝒜(𝑃[ 𝑝 . . 𝑝′ )→ 𝑇[ 𝑡 . . 𝑡′ )) of an alignment𝒜 is the cost of the corresponding
path in AG𝑤(𝑃, 𝑇).

We write A(𝑃[ 𝑝 . . 𝑝′ ), 𝑇[ 𝑡 . . 𝑡′ )) for the set of all alignments of 𝑃[ 𝑝 . . 𝑝′ ) onto 𝑇[ 𝑡 . . 𝑡′ ).

For an alignment𝒜 = (𝑝 𝑗 , 𝑡 𝑗)𝑟𝑗=0 ∈ A(𝑃[ 𝑝 . . 𝑝′ ), 𝑇[ 𝑡 . . 𝑡′ )) and an index 𝑗 ∈ [ 0 . . 𝑟 ), we say that
𝒜 deletes 𝑃[ 𝑝 𝑗 ], denoted by 𝑃[ 𝑝 𝑗 ] {{ 𝒜 𝜀, if (𝑝 𝑗+1 , 𝑡 𝑗+1) = (𝑝 𝑗 + 1, 𝑡 𝑗);
𝒜 inserts 𝑇[ 𝑡 𝑗 ], denoted by 𝜀 {{ 𝒜 𝑇[ 𝑡𝑖 ], if (𝑝 𝑗+1 , 𝑡 𝑗+1) = (𝑝 𝑗 , 𝑡 𝑗 + 1);
𝒜 aligns 𝑃[ 𝑝 𝑗 ] to 𝑇[ 𝑡 𝑗 ], denoted by 𝑃[ 𝑝 𝑗 ] {{ 𝒜 𝑇[ 𝑡 𝑗 ] if (𝑝 𝑗+1 , 𝑡 𝑗+1) = (𝑝 𝑗 + 1, 𝑡 𝑗 + 1);
𝒜 matches 𝑃[ 𝑝 𝑗 ] with 𝑇[ 𝑡 𝑗 ] if 𝑃[ 𝑝 𝑗 ] {{ 𝒜 𝑇[ 𝑡 𝑗 ] and 𝑃[ 𝑝 𝑗 ] = 𝑇[ 𝑡 𝑗 ];
𝒜 substitutes 𝑃[ 𝑝 𝑗 ] with 𝑇[ 𝑡 𝑗 ] if 𝑃[ 𝑝 𝑗 ] {{ 𝒜 𝑇[ 𝑡 𝑗 ] but 𝑃[ 𝑝 𝑗 ] ≠ 𝑇[ 𝑡 𝑗 ].

Insertions, deletions, and substitutions are jointly called (character) edits.
The breakpoint representation of an alignment
𝒜 = ((0, 𝜀), (0, 𝜀)), ((𝑝 𝑗 , 𝑃[ 𝑝 𝑗 ]), (𝑡 𝑗 , 𝑇[ 𝑡 𝑗 ]))𝑟𝑡=0 ∈ A(𝑃[ 𝑝 . . 𝑝′ ), 𝑇[ 𝑡 . . 𝑡′ )), ((|𝑃|, 𝜀), (|𝑇 |, 𝜀))

is the subsequence of𝒜 consisting of pairs ((𝑝 𝑗 , 𝑃[ 𝑝 𝑗 ]), (𝑡 𝑗 , 𝑇[ 𝑡 𝑗 ])) such that𝒜 does not match 𝑃[ 𝑝 𝑗 ]
with 𝑇[ 𝑡 𝑗 ], padded with dummy entries at the front and at the back. Observe that the size of the
breakpoint representation is 2+ed𝒜(𝑃, 𝑇) and that it can be used to retrieve the entire alignment: for any
two consecutive elements ((𝑥′ , ·), (𝑦′ , ·)), ((𝑥, ·), (𝑦, ·)) of the breakpoint representation, it suffices to add
(𝑥− 𝛿, 𝑦− 𝛿) for 𝛿 ∈ ( 0 . . max(𝑥− 𝑥′ , 𝑦− 𝑦′) ). Consult Figure 4 for a visualization of an example. Unless
stated otherwise, throughout this work, we represent alignments via their breakpoint representations
without always explicitly specifying it.
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(0, 𝜀)

(0, 𝜀)

𝑃[0 ]

𝑇[0 ]

(1, b)

(1, 𝜀)

b 𝑃[2 . .3 ]

𝑇[1 . .2 ]

(4, b)

(3, 𝜀)

b 𝑃[5 . .6 ]

𝑇[3 . .4 ]

(7, 𝜀)

(5, a)

a

𝑃[7 . .9 ]

𝑇[6 . .8 ]

(10, 𝜀)

(9, a)

a

(10, 𝜀)

(10, a)

a

(10, d)

(11, c)

d

c

𝑃[11 . .12 ]

𝑇[12 . .13 ]

(13, b)

(14, a)

b

a

𝑃[14 . .17 ]

𝑇[15 . .18 ]

(18, a)

(19, 𝜀)

a 𝑃[19 . .21 ]

𝑇[19 . .21 ]

(22, 𝜀)

(22, 𝜀)

a An alignment𝒜 : 𝑃 {{ 𝑇 of cost 8. Observe that each breakpoint (except for the first and last) corresponds to an edit
operation that immediately follows.

(0, 𝜀)

(0, 𝜀)

𝑃[0 ]

𝑇[0 ]

(1, b)

(1, 𝜀)

b 𝑃[2 . .3 ]

𝑇[1 . .2 ]

(4, b)

(3, 𝜀)

b 𝑃[5 ]

𝑇[3 ]

(6, 𝜀)

(4, 𝜀)

(6, 𝜀)

(4, 𝜀)

𝑃[6 ]

𝑇[4 ]

(7, 𝜀)

(5, a)

a

𝑃[7 . .9 ]

𝑇[6 . .8 ]

(10, 𝜀)

(9, 𝜀)

(10, 𝜀)

(9, 𝜀)

(10, 𝜀)

(9, a)

a

(10, 𝜀)

(10, a)

a

(10, d)

(11, c)

d

c

𝑃[11 . .12 ]

𝑇[12 . .13 ]

(13, 𝜀)

(14, 𝜀)

(13, 𝜀)

(14, 𝜀)

(13, b)

(14, a)

b

a

𝑃[14 . .17 ]

𝑇[15 . .18 ]

(18, a)

(19, 𝜀)

a 𝑃[19 . .21 ]

𝑇[19 . .21 ]

(22, 𝜀)

(22, 𝜀)

b The alignment𝒜 translates a partition of 𝑃 = 𝑃[ 0 . . 6 )𝑃[ 6 . . 10 )𝑃[ 10 . . 13 )𝑃[ 13 . . 22 ) into a partition of 𝑇 =𝒜(𝑃) =
𝒜(𝑃[ 0 . . 6 ))𝒜(𝑃[ 6 . . 10 ))𝒜(𝑃[ 10 . . 13 ))𝒜(𝑃[ 13 . . 22 )) = 𝑇[ 0 . . 4 )𝑇[ 4 . . 9 )𝑇[ 9 . . 14 )𝑇[ 14 . . 22 ).

Figure 4. The breakpoint representation of an alignment𝒜 : 𝑃 {{ 𝑇 and the corresponding strings, as well as
an example how𝒜 translates fragments (and partitions) of 𝑃. The (edit operations of the) alignment are depicted as
colored boxes; breakpoints are depicted as vertical lines separating the boxes of the alignment. For edit operations,
we depict the characters involved; otherwise we depict the fragments of 𝑃 and 𝑇 that are matched. Consult Figure 3a
for a visualization of the alignment graph of 𝑃[ 0 . . 11 ) and 𝑇[ 0 . . 12 ), as well as the corresponding part of𝒜.

Given𝒜 = (𝑝 𝑗 , 𝑡 𝑗)𝑟𝑗=0 ∈ A(𝑃, 𝑇), we define the inverse alignment as𝒜−1 B (𝑡 𝑗 , 𝑝 𝑗)𝑟𝑗=0 ∈ A(𝑇, 𝑃).
We define the weighted edit distance of strings 𝑃, 𝑇 ∈ Σ∗ with respect to a weight function 𝑤 as

ed𝑤(𝑃 → 𝑇) B min
𝒜∈A(𝑃,𝑇)

ed𝑤𝒜(𝑃 → 𝑇);

that is, as the length of a shortest path from (𝑝, 𝑡) to (𝑝′ , 𝑡′) in AG𝑤(𝑃, 𝑇).

Fact 3.4 [DGH+23, Fact 2.5]. If 𝑤 is a metric on Σ̄, then ed𝑤 is a metric on Σ̄∗.

For an integer 𝑘 ≥ 0, we also define a capped version

ed𝑤≤𝑘(𝑃 → 𝑇) B
{

ed𝑤(𝑃 → 𝑇) if ed𝑤(𝑃 → 𝑇) ≤ 𝑘,
∞ otherwise.

We say that an alignment 𝒜 ∈ A(𝑃, 𝑇) is 𝑤-optimal (or just optimal if there is no ambiguity) if
ed𝑤𝒜(𝑃 → 𝑇) = ed𝑤(𝑃 → 𝑇).

For an alignment 𝒜 : 𝑋[ 𝑥 . . 𝑥′ ) {{ 𝑌[ 𝑦 . . 𝑦′ ) and a fragment 𝑋[ 𝑥̄ . . 𝑥̄′ ) that is contained in
𝑋[ 𝑥 . . 𝑥′ ), we write𝒜(𝑋[ 𝑥̄ . . 𝑥̄′ )) for the fragment 𝑌[ 𝑦̄ . . 𝑦̄′ ) that is contained in 𝑌[ 𝑦 . . 𝑦′ ) which𝒜
aligns against 𝑋[ 𝑥̄ . . 𝑥̄′ ). To avoid ambiguities, we formally set

𝑦̄ B min{𝑦̂ : (𝑥̄ , 𝑦̂) ∈ 𝒜} and 𝑦̄′ B

{
𝑦′ if 𝑥̄′ = 𝑥′ ,

min{𝑦̂′ : (𝑥̄′ , 𝑦̂′) ∈ 𝒜} otherwise.
This particular choice satisfies the following decomposition property.
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Fact 3.5 (Alignments transfer decomposistions) [CKW22, CKW23]. For any alignment𝒜 of 𝑋 onto 𝑌
and a decomposition 𝑋 = 𝑋1 · · ·𝑋𝑡 into 𝑡 fragments, 𝑌 =𝒜(𝑋1) · · ·𝒜(𝑋𝑡) is a decomposition into 𝑡 fragments
with

ed𝑤𝒜(𝑋 → 𝑌) ≥
𝑡∑
𝑖=1

ed𝑤(𝑋𝑖 →𝒜(𝑋𝑖)).

Further, if𝒜 is an optimal alignment, then we have equality: ed𝑤𝒜(𝑋 → 𝑌) = ∑𝑡
𝑖=1 ed𝑤(𝑋𝑖 →𝒜(𝑋𝑖)).

For a text 𝑇, a pattern 𝑃, a weight function 𝑤, and an integer threshold 𝑘, a (𝑘, 𝑤)-error occurrence
of 𝑃 in 𝑇 is a position 𝑖 such that for some 𝑗 ≥ 𝑖 we have ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘.9 We write

Occ𝑤𝑘 (𝑃, 𝑇) B {𝑖 : ∃𝑗≥𝑖 ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘}.

for the set of all (𝑘, 𝑤)-error occurrence of 𝑃 in 𝑇.

Remark 3.6. If for every 𝑎, 𝑏 ∈ Σ̄ we have that 𝑤(𝑎 ↦→ 𝑏) = 1 if 𝑎 ≠ 𝑏 and 𝑤(𝑎 ↦→ 𝑏) = 0 otherwise,
then ed𝑤(𝑋 → 𝑌) corresponds to the standard unweighted edit distance (also known as Levenshtein
distance [Lev65]). For this case, we drop the superscript 𝑤 in AG𝑤(𝑋,𝑌), ed𝑤 , ed𝑤𝒜, ed𝑤≤𝑘 , and Occ𝑤𝑘 (𝑃, 𝑇).

Additionally, since the unweighted edit distance is symmetric, we may write ed(𝑋,𝑌) instead of
ed(𝑋 → 𝑌), and, similarly for ed𝒜 and ed≤𝑘 .

For any two strings 𝑋,𝑌, any normalized weight function 𝑤, and any alignment𝒜 : 𝑋 {{ 𝑌, we
have ed𝑤𝒜(𝑋 → 𝑌) ≥ ed𝒜(𝑋,𝑌). This simple observation yields the following fact.

Fact 3.7. For any strings 𝑃, 𝑇, any integer threshold 𝑘, and any normalized weight function 𝑤, we have
Occ𝑤𝑘 (𝑃, 𝑇) ⊆ Occ𝑘(𝑃, 𝑇).

We write
ed(𝑆, 𝑇∗) B min{ed(𝑆, 𝑇∞[ 0 . . 𝑗 )) : 𝑗 ∈ Z≥0}

for the minimum edit distance between a string 𝑆 and any prefix of a string 𝑇∞. Further, we write

ed(𝑆, ∗𝑇∗) B min{ed(𝑆, 𝑇∞[ 𝑖 . . 𝑗 )) : 𝑖 , 𝑗 ∈ Z≥0 , 𝑖 ≤ 𝑗}

for the minimum edit distance between 𝑆 and any substring of 𝑇∞, and we set

ed(𝑆, ∗𝑇) B min{ed(𝑆, 𝑇∞[ 𝑖 . . 𝑗|𝑇 | )) : 𝑖 , 𝑗 ∈ Z≥0 , 𝑖 ≤ 𝑗|𝑇 |}.

Finally, we discuss a notion for the similarity of strings from a family of strings.

Definition 3.8. The median edit distance of a family 𝒮 of strings over an alphabet Σ is

ed(𝒮) B min
𝑆̂∈Σ∗

∑
𝑆∈𝒮

ed(𝑆, 𝑆̂).

Remark 3.9 (Bounded median edit distance implies small size and small pairwise edit distance). As
the unweighted edit distance has a triangle inequality, a bound ed(𝒮) ≤ 𝑑 implies ||𝑆| − |𝑇 || ≤ ed(𝑆, 𝑇) ≤ 𝑑
for any 𝑆, 𝑇 ∈ 𝒮. Further, as two non-equal strings have an edit distance of at least 1, we also
have |𝒮| = 𝒪(𝑑).

9 We assume that 𝑘 is integer as we often wish to define objects in terms of 𝑘 and the usage of ⌈𝑘⌉would create unnecessary
clutter. Our algorithms may be adapted to handle any 𝑘 ∈ R≥0.
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Planar Graphs, the Monge Property, and (min, +)-Multiplication

Alignments graphs are planar. The multiple-source shortest paths (MSSP) data structure of Klein [Kle05]
represents all shortest path trees rooted at the vertices of a single face 𝑓 in a planar graph 𝐺 of size 𝑛
using a persistent dynamic tree.

Theorem 3.10 (Efficient MSSP on planar graphs) [Kle05]. Given a directed planar graph 𝐺 of size 𝑛 with
a distinguished face 𝑓 and non-negative edge weights, we can construct in 𝒪(𝑛 log 𝑛) time an 𝒪(𝑛 log 𝑛)-space
data structure that, for any two vertices 𝑢, 𝑣 ∈ 𝑉(𝐺), at least one of which is lies on 𝑓 , computes the distance
dist𝐺(𝑢, 𝑣) in 𝒪(log 𝑛) time. Moreover, the shortest 𝑢 { 𝑣 path 𝑃 can be reported in 𝒪(|𝑃| log logΔ(𝐺)) time,
where Δ(𝐺) is the maximum degree of 𝐺.

Pairwise distances of vertices that lie on the outer face of a strongly connected planar graph satisfy
the Monge property.

Fact 3.11 (Distance matrices of planar graphs are Monge) [FR06, Section 2.3]. Consider a strongly
connected directed planar graph 𝐺 with non-negative edge weights. For vertices 𝑢0 , . . . , 𝑢𝑝−1 , 𝑣𝑞−1 , . . . , 𝑣0 that
(in this cyclic order) lie on the outer face of 𝐺, define a 𝑝 × 𝑞 matrix 𝐷 with 𝐷[ 𝑖 , 𝑗 ] = dist𝐺(𝑢𝑖 , 𝑣 𝑗).

Then, 𝐷 satisfies the Monge property, that is,

𝐷[ 𝑖 , 𝑗 ] + 𝐷[ 𝑖′ , 𝑗′ ] ≤ 𝐷[ 𝑖 , 𝑗′ ] + 𝐷[ 𝑖′ , 𝑗 ]

holds for all integers 0 ≤ 𝑖 ≤ 𝑖′ < 𝑝 and 0 ≤ 𝑗 ≤ 𝑗′ < 𝑞.

The composition of shortest paths in graphs can be interpreted as the (min,+)-multiplication of
the corresponding distance matrices. Formally, given an 𝑝 × 𝑞 matrix 𝐴 and an 𝑞 × 𝑟 matrix 𝐵, their
(min,+)-product is the 𝑝 × 𝑟 matrix 𝐶 = 𝐴 ⊕ 𝐵 is defined as

𝐶[ 𝑖 , 𝑗 ] B min
𝑘∈[ 0 . . 𝑞 )

(
𝐴[ 𝑖 , 𝑘 ] + 𝐵[ 𝑘, 𝑗 ]

)
.

By 𝐴⊕(𝑡), we denote the matrix equal to the (min,+)-product of 𝑡 copies of a square matrix 𝐴.
In a seminal work [AKM+87], Aggarwal, Klawe, Moran, Shor, and Wilber presented an efficient

algorithm to compute the (min,+)-product of Monge matrices given 𝒪(1)-time random access to
their entries.

Theorem 3.12 [AKM+87]. We can compute the (min,+)-product of an 𝑝 × 𝑞 Monge matrix and an 𝑞 × 𝑟
Monge matrix using 𝒪(𝑝 · 𝑟 · (1 + log(𝑞/max(𝑝, 𝑟)))) queries to single positions of the input matrices.

Furthermore, if matrices 𝐴 and 𝐵 are Monge, then their (min,+)-product 𝐴 ⊕ 𝐵 is also Monge.

Fact 3.13 [Tis15, Theorem 2]. Let 𝐴, 𝐵, and 𝐶 be matrices, such that 𝐴 ⊕ 𝐵 = 𝐶. If 𝐴 and 𝐵 are Monge,
then 𝐶 is also Monge.

Augmented Alignment Graphs

Although the alignment graph AG𝑤(𝑃, 𝑇) is planar, it is not strongly connected, so we cannot apply
Fact 3.11. To circumvent this issue, we augment it with back edges of sufficiently large weight.

Definition 3.14 (The augmented alignment graph AG
𝑤(𝑃, 𝑇) for a weight function 𝑤 and strings 𝑃

and 𝑇) [GK25]. For strings 𝑃, 𝑇 ∈ Σ∗ and a weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], we define the augmented
alignment graph AG

𝑤(𝑃, 𝑇) obtained from AG𝑤(𝑋,𝑌) by adding, for every edge of AG𝑤(𝑃, 𝑇), a back edge of
weight𝑊 + 1.
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Remark 3.15. For our purpose of turning the alignment graph into a strongly connected graph,
we technically do not need the diagonal back edges: insisting on both horizontal and vertical edges
elegantly captures the special cases of either string being empty, but thereby also renders the diagonal
edges superfluous. Nevertheless, we keep the diagonal back edges to stay in line with [GK25]; which in
particular allows us to use their results in an opaque manner.

We proceed with a couple of useful properties of (shortest paths in) the augmented alignment graph.

Lemma 3.16 (Basic properties of the alignment graph) [GK25, Lemma 5.2]. Consider strings 𝑃, 𝑇 ∈ Σ∗
and a weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ]. Any two vertices (𝑝, 𝑡) and (𝑝′ , 𝑡′) of the graph AG

𝑤(𝑃, 𝑇) satisfy the
following properties.
Monotonicity. Shortest paths (𝑝, 𝑡){ (𝑝′ , 𝑡′) in AG

𝑤(𝑃, 𝑇) are (non-strictly) monotone in both coordinates.
Distance preservation. If 𝑝 ≤ 𝑝′ and 𝑡 ≤ 𝑡′, then

distAG𝑤 (𝑃,𝑇)((𝑝, 𝑡), (𝑝′ , 𝑡′)) = distAG
𝑤 (𝑃,𝑇)((𝑝, 𝑡), (𝑝

′ , 𝑡′)).

Path irrelevance. If (𝑝 ≤ 𝑝′ and 𝑡 ≥ 𝑡′) or (𝑝 ≥ 𝑝′ and 𝑡 ≤ 𝑡′), every path from (𝑝, 𝑡) to (𝑝′ , 𝑡′) in
AG

𝑤(𝑃, 𝑇), that is monotone in both coordinates, is a shortest path between these two vertices.

Remark 3.17. Consider a path 𝒫 of cost at most 𝑘 in the augmented alignment graph AG
𝑤(𝑃, 𝑇) that

originates at a vertex (0, 𝑖) and terminates at a vertex (|𝑃|, 𝑗) for some 𝑖 , 𝑗 ∈ [ 0 . . |𝑇 | ].
Since 𝑤 is normalized, non-diagonal edges of AG

𝑤(𝑃, 𝑇) are of cost at least 1 each and connect
adjacent diagonals. Consequently, 𝒫 intersects at most 𝑘 + 1 subsequent diagonals: it may only
intersect the diagonals that are at most 𝑘 to the left or to the right of both the 𝑖-th diagonal of the
origin (0, 𝑖) and the (𝑗 − |𝑃|)-th diagonal of the target (|𝑃|, 𝑗). Thus, every vertex (𝑝, 𝑡) of the path 𝒫
satisfies 𝑡 − 𝑝 ∈ [ 𝑖 − 𝑘 . . 𝑖 + 𝑘 ] ∩ [ 𝑗 − |𝑃| − 𝑘 . . 𝑗 − |𝑃| + 𝑘 ],10 and there is at least one such vertex for
each 𝑝 ∈ [ 0 . . |𝑃| ].

We summarize Remark 3.17 in Lemma 3.18.

Lemma 3.18 (Paths of cost 𝑘 that connect the top and bottom of the alignment graph may use at
most 𝑘 non-diagonal edges). Consider strings 𝑃 ∈ Σ𝑚 and 𝑇 ∈ Σ𝑛 , and a threshold 𝑘 ∈ Z≥0. Let 𝒫 denote a
path of cost at most 𝑘 that connects the top boundary to the bottom boundary of AG

𝑤(𝑃, 𝑇).
For every vertex (𝑝, 𝑡) ∈ 𝒫 , we have −𝑘 ≤ 𝑡 − 𝑝 ≤ 𝑛 − 𝑚 + 𝑘.

We may use Theorem 3.10 to compute boundary-to-boundary paths in the alignment graph.

Corollary 3.19. Given a string 𝑃 of length 𝑚, a string 𝑇 of length 𝑛, and oracle access to a normalized weight
function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], after an 𝒪(𝑛𝑚 log(𝑛𝑚))-time preprocessing, we can compute the distance between
any two boundary vertices of AG

𝑤(𝑋,𝑌) in 𝒪(log(𝑛𝑚)) time.

Proof. At preprocessing, we build an MSSP data structure over AG
𝑤(𝑃, 𝑇), with the infinite face being

the distinguished face.

10 We could potentially restrict the interval for 𝑡 − 𝑝 even further: transferring from diagonal 𝑖 to diagonal 𝑗 − |𝑃| incurs a
cost of at least |𝑗 − |𝑃| − 𝑖|; deviating to outside the diagonals between 𝑖 and 𝑗 − |𝑃| requires a return to the said diagonals.
Hence, 𝒫 may in fact deviate by only at most ⌊(𝑘 − |𝑗 − |𝑃| − 𝑖|)/2⌋ ≤ 𝑘/2 from the diagonals between 𝑖 and 𝑗 − |𝑃|.
However, to decrease the technical complexity a tiny little bit, we do not use this further refinement here.
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Our Model of Computation and the PILLAR Model

Throughout this work, we consider the Real RAM model of computation that, besides typical word
RAM operations, allows us to store, add, subtract, and compare real numbers in constant time (we do
not use multiplication and other advanced operations)—this is a standard assumption for algorithms
computing distances in graphs with real weights. If all weights admit an 𝒪(log 𝑛)-bit fixed-point
arithmetic representation, standard word RAM is sufficient to implement our algorithms.

We use the PILLAR model of [CKW20] to express our algorithms for the Verify problem and our
algorithm for PMwWE in Section 7. In particular, we bound the running times of said algorithms in terms
of the number of calls to a small set of very common operations (the primitive PILLAR operations) on
strings and calls to standard operations supported constant time in the Real RAM model of computation.

Combining Main Theorem 2 with efficient implementations of said primitive operations, we then
obtain (fast) algorithms for PMwWE in a plethora of settings: the standard setting, the compressed
setting, the dynamic setting, the quantum setting, the packed setting, and the read-only setting. See
Section 10 for details.

We continue with a brief summary of the PILLAR model. In the PILLAR model, we maintain a
collection of strings 𝒳 ; the operations in the PILLAR model work on fragments 𝑋[ ℓ . . 𝑟 ) of 𝑋 ∈ 𝒳 , which
are represented via a handle.11 At the start of the computation, the PILLAR model provides a handle to
each 𝑋 ∈ 𝒳 , which represents 𝑋[ 0 . . |𝑋 | ). Using an Extract operation, we may obtain handles to other
fragments of the strings in 𝒳 [CKW20].

Extract(𝑆, ℓ , 𝑟): Given a fragment 𝑆 and positions 0 ≤ ℓ ≤ 𝑟 ≤ |𝑆|, extract the (sub)fragment 𝑆[ ℓ . . 𝑟 ).
If 𝑆 = 𝑋[ ℓ ′ . . 𝑟′ ) for 𝑋 ∈ 𝒳 , then 𝑆[ ℓ . . 𝑟 ) is defined as 𝑋[ ℓ ′ + ℓ . . ℓ ′ + 𝑟 ).

The other primitive PILLAR model operations read as follows [CKW20].
LCP(𝑆, 𝑇): Compute the length of the longest common prefix of 𝑆 and 𝑇.
LCP𝑅(𝑆, 𝑇): Compute the length of the longest common suffix of 𝑆 and 𝑇.
IPM(𝑃, 𝑇): Assuming that |𝑇 | ≤ 2|𝑃|, compute Occ(𝑃, 𝑇) (represented as an arithmetic progression
with difference per(𝑃)).
Access(𝑆, 𝑖): Assuming 𝑖 ∈ [ 0 . . |𝑆| ), retrieve the character 𝑆[ 𝑖 ].
Length(𝑆): Retrieve the length |𝑆| of the string 𝑆.
The Landau–Vishkin algorithm for computing the edit distance of two strings [LV88] can be

reformulated as follows in the PILLAR model (see [CKW20, Lemma 6.1]).

Lemma 3.20 (Alignment (𝑆, 𝑇)) [LV88]. Given strings 𝑆 and 𝑇 and a threshold 𝑑, we can construct (the
breakpoint representation of) an alignment𝒜 : 𝑆 {{ 𝑇 of optimal cost ed(𝑆, 𝑇) ≤ 𝑑 in 𝒪(1 + 𝑑2) time in the
PILLAR model (or decide in the same time that no such alignment may exist).

An efficient procedure in the PILLAR for computing an optimal alignment under a normalized weight
function was presented in [CKW23].

Lemma 3.21 (WeightedED (𝑆, 𝑇, 𝑤)) [CKW23, Theorem 4.1]. Given strings 𝑆 and 𝑇 of length at
most 𝑛 and oracle access to a normalized weight function 𝑤, we can compute the value 𝑘 = ed𝑤(𝑆→ 𝑇) in time
𝒪(1 + 𝑘3 log2 𝑛) in the PILLAR model.

Finally, the adaptation of the Landau–Vishkin algorithm [LV89] already provided in [CKW22] lets
us efficiently compute an optimal alignment of a string 𝑆 onto a substring of 𝑄∞ starting at a given
position 𝑥.

11 The implementation details depend on the specific setting. For example, in the standard setting, a fragment 𝑋[ ℓ . . 𝑟 ) is
represented by a reference to 𝑋 and the endpoints ℓ , 𝑟.
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Lemma 3.22 (Alignment (𝑆, 𝑄, 𝑥)) [CKW22, Lemma 2.10]. Consider non-empty strings 𝑆, 𝑄 and
an integer 𝑥 ∈ Z. We can construct (the breakpoint representation of) an alignment𝒜 : 𝑆 {{ 𝑄∞[ 𝑥 . . 𝑦 ) of
optimal cost 𝑑 B ed(𝑆, rot−𝑥(𝑄)∗) in 𝒪(1 + 𝑑2) time in the PILLAR model.

4 Pattern Matching with Weighted Edits in ˜𝓞(𝒏𝒌) Time

In this section, we prove Main Theorem 1. As a first simple step, we split the text 𝑇 into a set 𝒮
of overlapping fragments, such that it suffices to compute, for each 𝑆 ∈ 𝒮, the positions of 𝑆 in an
interval [ 0 . .𝒪(𝑘) ] where a (𝑘, 𝑤)-error occurrence of 𝑃 starts.

Remark 4.1. For a pattern 𝑃 of length 𝑚, a text 𝑇 of length 𝑛, and a threshold 𝑘 > 1 write 𝒮 for a set
of 𝒪(𝑛/𝑘) fragments 𝑆𝑖 B 𝑇[ 𝑖 . . max{𝑖 + 𝑚 + 2𝑘, 𝑛} ) such that 𝑖 ≡ 0 (mod 𝑘).

We have Occ𝑤𝑘 (𝑃, 𝑇) =
⋃
𝑆𝑖∈𝒮 𝑖 +Occ𝑤𝑘 (𝑃, 𝑆𝑖), as each fragment 𝑈 of 𝑇 with ed𝑤(𝑃 → 𝑈) ≤ 𝑘 has a

length in [𝑚 − 𝑘 . .𝑚 + 𝑘 ] and hence is contained in at least one and at most four fragments 𝑆 ∈ 𝒮.

In a similarly standard fashion, we may filter out any 𝑆 ∈ 𝒮 that is too far from 𝑃 under the
unweighted edit distance to contain any (𝑘, 𝑤)-error occurrences. For the remaining 𝑆 ∈ 𝒮, we obtain a
cheap unweighted alignment 𝑃 {{ 𝑆 as a useful byproduct.

Lemma 4.2. Consider a threshold 𝑘 > 0, a text 𝑇 of length 𝑛, and a pattern 𝑃 of length 𝑚 ≤ 𝑛 + 𝑘.
For any fragment 𝑆 of 𝑇 of length at most 𝑚 + 2𝑘, if ed(𝑃, 𝑆) > 4𝑘 then Occ𝑤𝑘 (𝑃, 𝑆) = ∅.
After preprocessing 𝑇 for 𝒪(𝑛) time, given any fragment 𝑆 of 𝑇 of length at most 𝑚 + 2𝑘, we can in 𝒪(𝑘2)
time check whether ed(𝑃, 𝑆) ≤ 4𝑘, and, if so, compute the breakpoint representation of an optimal unweighted
alignment𝒜 : 𝑃 {{ 𝑆.

Proof. We prove the contraposition of the first item. Fix a fragment 𝑆 of𝑇 and suppose that Occ𝑤𝑘 (𝑃, 𝑆) ≠
∅; that is, suppose that there are positions ℓ and 𝑟 and an alignment ℬ : 𝑃 {{ 𝑆[ ℓ . . 𝑟 ) of weighted cost
at most 𝑘. We argue that ℬ may be transformed into an unweighted alignment𝒜 : 𝑃 {{ 𝑆 of cost at
most 4𝑘: consider the (unweighted) alignment𝒜 : 𝑃 {{ 𝑆 that is obtained as an extension from ℬ by
adding insertions for 𝑆[ 0 . . ℓ ) and 𝑆[ 𝑟 . . |𝑆| ) appropriately.

First, from ed(𝑃, 𝑆[ ℓ . . 𝑟 )) ≤ ed𝑤(𝑃 → 𝑆[ ℓ . . 𝑟 )) ≤ 𝑘 we conclude that ℬ contributes a cost of at
most 𝑘 to 𝒜. Next, ed𝑤(𝑃 → 𝑆[ ℓ . . 𝑟 )) ≤ 𝑘 additionally implies |𝑆[ ℓ . . 𝑟 )| ≥ 𝑚 − 𝑘; which in turn
implies |𝑆| − |𝑆[ ℓ . . 𝑟 )| ≤ (𝑚 + 2𝑘) − (𝑚 − 𝑘) = 3𝑘. Hence, the extra insertions incur a total cost of at
most 3𝑘. In total,𝒜 has thus a cost of at most 4𝑘, completing the proof.

The second item follows directly from the combination of Lemma 3.20 and Theorem 10.1.

In a next step, we intend to use the cheap unweighted alignments 𝑃 {{ 𝑆, and in particular that any
such alignment matches large parts of 𝑃 with 𝑆 without any edits. As many of said matched parts are
shared across the different 𝑆 ∈ 𝒮, we intend to save on computation time by essentially precomputing
boundary-to-boundary shortest-path distances for the parts where fragments of 𝑃 are matched to
fragments of 𝑃. For a formal exposition, we start with naming parts of the corresponding alignment
graphs. Consult Figures 5 and 6 for a visualization of an example.

Definition 4.3 (The 𝑖-th 𝑑-slice𝑃𝑑,𝑖 of a string𝑃, the graphs𝐺𝑃,𝑆,𝑑
ℓ ,𝑟

(and𝐺𝑃,𝑑
ℓ ,𝑟

) as subgraphs of AG
𝑤(𝑃, 𝑆)

(and AG
𝑤(𝑃, 𝑃)) and the corresponding distance matrices 𝐷𝑃,𝑆,𝑑

ℓ ,𝑟
(and 𝐷𝑃,𝑑

ℓ ,𝑟
)). Consider a string 𝑃 of

length 𝑚, a threshold 𝑑 > 0, and an alignment𝒜 : 𝑃 {{ 𝑆 of cost at most 𝑑.
For 𝑖 ∈ [ 0 . .𝑚 ), the 𝑖-th 𝑑-slice of 𝑃 is the string 𝑃𝑑,𝑖 B 𝑃[ 𝑝<𝑑

𝑖
. . 𝑝>𝑑

𝑖+1 ), where 𝑝<𝑑
𝑖
B max(0, 𝑖 − 2𝑑)

and 𝑝>𝑑
𝑖+1 B min(𝑚, 𝑖 + 1 + 2𝑑). Further, we write 𝑠𝑖 B min{𝑠 : (𝑖 , 𝑠) ∈ 𝒜} for 𝑖 ∈ [ 0 . .𝑚 ) and 𝑠𝑚 B |𝑆|.
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𝑆[7 ]

𝑆[7 ]

𝑆[8 ]

𝑆[8 ]

𝑆[9 . .11 ]

𝑆[9 . .11 ]

𝑃1,10𝑃1,9𝑃1,8

𝑃1,7

𝑃1,6

𝑃1,5

𝑃1,4

𝑃1,3

𝑃1,2

𝑃1,1

𝑃1,0

𝑃1,0𝑃1,1𝑃1,2

𝑃1,3

𝑃1,4

𝑃1,5

𝑃1,6

𝑃1,7

𝑃1,8

𝑃1,9

𝑃1,10

a For each 𝑖 ∈ [ 0 . . |𝑃| ], we depict the slice 𝐺𝑃,𝑆,𝑑
𝑖,𝑖

as a subgraph of AG
𝑤(𝑃, 𝑆), the corresponding fragments of 𝑃 and 𝑆,

as well as the corresponding part of the alignment𝒜. For each slice, we highlight in gray its portal vertices. Observe that
portal vertices of consecutive slices correspond to the same vertices in AG

𝑤(𝑃, 𝑆).

𝑃

𝑃1,0 = 𝑃[𝑝<1
0 . .𝑝>1

1 ) = 𝑃[0 . .2 ]

𝑃1,1 = 𝑃[𝑝<1
1 . .𝑝>1

2 ) = 𝑃[0 . .3 ]

𝑃1,2 = 𝑃[𝑝<1
2 . .𝑝>1

3 ) = 𝑃[0 . .4 ]

𝑃1,3 = 𝑃[𝑝<1
3 . .𝑝>1

4 ) = 𝑃[1 . .5 ]

𝑃1,4 = 𝑃[𝑝<1
4 . .𝑝>1

5 ) = 𝑃[2 . .6 ]

𝑃1,5 = 𝑃[𝑝<1
5 . .𝑝>1

6 ) = 𝑃[3 . .7 ]

𝑃1,6 = 𝑃[𝑝<1
6 . .𝑝>1

7 ) = 𝑃[4 . .8 ]

𝑃1,7 = 𝑃[𝑝<1
7 . .𝑝>1

8 ) = 𝑃[5 . .9 ]

𝑃1,8 = 𝑃[𝑝<1
8 . .𝑝>1

9 ) = 𝑃[6 . .10 ]

𝑃1,9 = 𝑃[𝑝<1
9 . .𝑝>1

10 ) = 𝑃[7 . .10 ]

𝑃1,10 = 𝑃[𝑝<1
10 . .𝑝>1

11 ) = 𝑃[8 . .10 ]

b The 𝑑-slices of 𝑃 in detail. For each slice 𝑃𝑑,𝑖 , we
highlight the character 𝑃[ 𝑖 ].

𝑆

𝑃

c The graph 𝐺𝑃,𝑆,𝑑 , which is obtained by identifying the
portal vertices of consecutive slices of Figure 5a. Again,
we highlight portal vertices in gray.

Figure 5. The 𝑑-slices 𝑃𝑑,𝑖 of 𝑃, the 𝑑-slices 𝐺𝑃,𝑆,𝑑
𝑖,𝑖

of AG𝑤(𝑃, 𝑆), and the graph 𝐺𝑃,𝑆,𝑑 with respect to alignment
𝒜 : 𝑃 {{ 𝑆 from Figures 3 and 4. In order to conserve space but still have a meaningful example, we depict slices
for 𝑑 = 1, even though alignment alignment𝒜 is of cost 6. For the depicted example this does not cause any issues.
In general, the alignment needs to be fully contained in the slices—which holds when the alignment is of cost at
most 𝑑.

For 𝑖 ∈ [ 0 . .𝑚 ), the 𝑖-th 𝑑-slice of AG
𝑤(𝑃, 𝑆) is the subgraph 𝐺𝑃,𝑆,𝑑

𝑖,𝑖
B AG

𝑤(𝑃𝑑,𝑖 ,𝒜(𝑃[ 𝑖 ])) (induced by
[ 𝑝<𝑑

𝑖
. . 𝑝>𝑑

𝑖+1 ] × [ 𝑠𝑖 . . 𝑠𝑖+1 ]).

For 0 ≤ ℓ < 𝑟 < 𝑚, we write 𝐺𝑃,𝑆,𝑑
ℓ ,𝑟

B
⋃
ℓ≤𝑗≤𝑟 𝐺

𝑃,𝑆,𝑑
𝑗, 𝑗

and we write 𝐺𝑃,𝑆,𝑑 B 𝐺𝑃,𝑆,𝑑0,𝑚 .

We also write 𝑉𝑃,𝑆,𝑑
𝑖

B [ 𝑝<𝑑
𝑖

. . 𝑝>𝑑
𝑖

] × {𝑠𝑖} for the 𝑖-th set of portal vertices of 𝐺𝑃,𝑆,𝑑; we index the vertices
top-to-bottom, that is, 𝑉𝑃,𝑆,𝑑

𝑖
= {𝑉𝑃,𝑆,𝑑

𝑖
[ 0 ], . . . , 𝑉𝑃,𝑆,𝑑

𝑖
[ 𝑝>𝑑

𝑖
− 𝑝<𝑑

𝑖
]} with 𝑉𝑃,𝑆,𝑑

𝑖
[ 𝑗 ] B (𝑝<𝑑

𝑖
+ 𝑗 , 𝑠𝑖).
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𝑃1,4
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𝑃1,6

𝑃1,7

𝑃1,8

𝑃1,9

𝑃1,10

a For each 𝑖 ∈ [ 0 . . |𝑃| ], we depict the slice 𝐺𝑃,𝑑
𝑖,𝑖

as a subgraph of AG
𝑤(𝑃, 𝑃), the corresponding fragments of 𝑃, as well

as the corresponding part of the alignment𝒜; compare Figure 5a. For each slice, we highlight in gray its portal vertices.
Observe that portal vertices of consecutive slices correspond to the same vertices in AG

𝑤(𝑃, 𝑆).

𝑃

𝑃

b The graph 𝐺𝑃,𝑆,𝑑 , which is obtained by identifying
the portal vertices of consecutive slices of Figure 6a;
compare Figure 5c Again, we highlight portal vertices in
gray.

𝑆[3 . .4 ]

𝑃[5 . .6 ]

𝑃[
𝑝<

1
5

.
.
𝑝>

1
7

)

𝑃[
3
.
.
8
]

c The subgraph𝐺𝑃,𝑆,𝑑5,6 in detail. As the alignment𝒜 : 𝑃 {{ 𝑆

matches 𝑃[ 5 . . 6 ] = 𝑆[ 3 . . 4 ], we have 𝐺𝑃,𝑆,𝑑5,6 = 𝐺𝑃,𝑑5,6 .

Figure 6. The 𝑑-slices 𝐺𝑃,𝑑
𝑖,𝑖

of AG𝑤(𝑃, 𝑃), and the graph 𝐺𝑃,𝑑 with respect to the trivial identity alignment;

compare Figure 5. We also depict a detailed view of the subgraph 𝐺𝑃,𝑆,𝑑5,6 = 𝐺
𝑃,𝑑
5,6 .

For 0 ≤ ℓ ≤ 𝑟 ≤ 𝑚, we write 𝐷𝑃,𝑆,𝑑
ℓ ,𝑟

for the matrix of distances from 𝑉𝑃,𝑆,𝑑
ℓ

to 𝑉𝑃,𝑆,𝑑
𝑟 , that is,

𝐷𝑃,𝑆,𝑑
ℓ ,𝑟

[ 𝑎, 𝑏 ] B dist𝐺𝑃,𝑆,𝑑 ((𝑝<𝑑ℓ − 𝑎, 𝑠ℓ ), (𝑝>𝑑𝑟 − 𝑏, 𝑠𝑟))

for 𝑎 ∈ [ 0 . . 𝑝>𝑑
ℓ
− 𝑝<𝑑

ℓ
] and 𝑏 ∈ [ 0 . . 𝑝>𝑑𝑟 − 𝑝<𝑑𝑟 ].

For the special case of 𝑆 = 𝑃 and𝒜 = id, we omit the superscript 𝑆 and write 𝐺𝑃,𝑑, 𝑉𝑃,𝑑, and 𝐷𝑃,𝑑.

Next, we formally define the data structure problem that enables us to efficiently compute Occ𝑤𝑘 (𝑃, 𝑆)
for each 𝑆 ∈ 𝒮.
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Problem Distance Matrix Vector Oracle, DMVO(𝑃, 𝑑, 𝑤).
Input. DMVO-Init(𝑃, 𝑑, 𝑤): Given a pattern 𝑃 of length 𝑚, a positive integer 𝑑, and oracle access

to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], preprocess 𝑃 and 𝑑.
Queries. DMVO-Query(𝑖, 𝑗, 𝑣): For integers 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑚 and a vector 𝑣 of dimension (𝑝>𝑑

𝑗
− 𝑝<𝑑

𝑗
+ 1),

return the vector 𝐷𝑃,𝑑
𝑖, 𝑗
⊕ 𝑣.

Remark 4.4. One might wonder why a DMVO-Query computes a matrix-vector product instead
of allowing for direct random access to 𝐷𝑃,𝑑

𝑖, 𝑗
. Crucially, this allows us to exploit that 𝐷𝑃,𝑑

𝑖, 𝑗
⊕ 𝑣 may

be computed via 𝐷𝑃,𝑑
𝑖, 𝑗
⊕ 𝑣 = 𝐷𝑃,𝑑

𝑖,𝑐
⊕ (𝐷𝑃,𝑑

𝑐,𝑗
⊕ 𝑣) for 𝑐 ∈ [ 𝑖 . . 𝑗 ]—which ultimately allows us to save a

logarithmic factor compared to an approach that first computes (single elements of) 𝐷𝑃,𝑑
𝑖,𝑐
⊕𝐷𝑃,𝑑

𝑐,𝑗
. Indeed,

given 𝒪(log𝑚)-time random access to 𝐷𝑃,𝑑
𝑖,𝑐

and 𝐷𝑃,𝑑
𝑐,𝑗

, one may obtain 𝒪(log2 𝑚)-time random access
to 𝐷𝑃,𝑑

𝑖,𝑐
⊕ 𝐷𝑃,𝑑

𝑐,𝑗
by rewriting each such random access as a multiplication of a 1 × 𝑑 and a 𝑑 × 1 (Monge)

matrix and employing Theorem 3.12 (that is, the SMAWK algorithm).

Lemma 4.5. We can implement DMVO such that DMVO-Init takes time 𝒪(𝑚𝑑 log2 𝑚) and a single
DMVO-Query takes time 𝒪(𝑑 log𝑚).
Proof. DMVO-Init. For each 𝑠 ∈ [ 0 . . ⌈log𝑚⌉ ], we partition [ 0 . .𝑚 ) into subintervals of length 2𝑠,12 and
for each such subinterval [ ℓ . . 𝑟 ), we use Klein’s algorithm (Theorem 3.10) on 𝐺𝑃,𝑑

ℓ ,𝑟
to compute a data

structure with𝒪(log𝑚)-time random access to𝐷𝑃,𝑑
ℓ ,𝑟

, and—crucially—𝐷𝑃,𝑑
ℓ ,𝑖

and𝐷𝑃,𝑑
𝑖,𝑟

for every 𝑖 ∈ [ ℓ . . 𝑟 ].
DMVO-Query. Suppose that we are given integers 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑚 and a vector 𝑣. We first compute the

largest integer 𝑠 such that [ 𝑖 . . 𝑗 ) contains an integer 𝑥 B 𝑐 · 2𝑠 (for an integer 𝑐 ≥ 0). Then, we consider
two consecutive length-2𝑠 intervals [ 𝑥 − 2𝑠 . . 𝑥 ) and [ 𝑥 . . 𝑥 + 2𝑠 ) for which we have precomputed
(random access to) the corresponding distance matrices 𝐷𝑃,𝑑

𝑥−2𝑠 ,𝑥 and 𝐷𝑃,𝑑
𝑥,𝑥+2𝑠—and, crucially, 𝐷𝑃,𝑑

𝑖,𝑥

and 𝐷𝑃,𝑑
𝑥,𝑗

. Using Theorem 3.12 (the SMAWK algorithm) twice, we compute and return 𝐷𝑃,𝑑
𝑖,𝑥
⊕ (𝐷𝑃,𝑑

𝑥,𝑗
⊕ 𝑣).

Correctness. First observe that every path from𝑉𝑃,𝑑
𝑖

to𝑉𝑃,𝑑
𝑗

in 𝐺𝑃,𝑑 crosses𝑉𝑃,𝑑
𝑥 for each 𝑥 ∈ ( 𝑖 . . 𝑗 ).

Thus, we know that 𝐷𝑃,𝑑
𝑖, 𝑗

= 𝐷𝑃,𝑑
𝑖,𝑥
⊕ 𝐷𝑃,𝑑

𝑥,𝑗
. Further, by Fact 3.11, 𝐷𝑃,𝑑

𝑖,𝑥
and 𝐷𝑃,𝑑

𝑥,𝑗
are Monge.

Even though we compute distances in graphs 𝐺𝑃,𝑑
ℓ ,𝑟

for different pairs (ℓ , 𝑟), they are also distances
in 𝐺𝑃,𝑑; this is implied by Lemma 3.16 (path monotonicity in AG

𝑤(𝑃, 𝑃)) and the fact that 𝑉𝑃,𝑑
ℓ

and
𝑉𝑃,𝑑
𝑟 separate 𝐺𝑃,𝑑

ℓ ,𝑟
from the remainder of 𝐺𝑃,𝑑. In particular, such a preprocessing of 𝐺𝑃,𝑑

ℓ ,𝑟
yields

𝒪(log𝑚)-time random access to 𝐷𝑃,𝑑
ℓ ,𝑖

and 𝐷𝑃,𝑑
𝑖,𝑟

for every 𝑖 ∈ ( ℓ . . 𝑟 ).
Recall that for an interval [ 𝑖 . . 𝑗 ) we choose 𝑠 as the maximal integer for which an integer 𝑐 exists

with 𝑖 ≤ 𝑥 = 𝑐 · 2𝑠 < 𝑗. Observe that this choice implies that [ 𝑖 . . 𝑗 ) contains neither (𝑐 − 1) · 2𝑠
nor (𝑐 + 1) · 2𝑠 , that is, we have 𝑥 − 2𝑠 = (𝑐 − 1) · 2𝑠 < 𝑖 and 𝑗 ≤ (𝑐 + 1) · 2𝑠 = 𝑥 + 2𝑠 . Hence, our
precomputation of 𝐷𝑃,𝑑

𝑥−2𝑠 ,𝑥 and 𝐷𝑃,𝑑
𝑥,𝑥+2𝑠 indeed includes random access to 𝐷𝑃,𝑑

𝑖,𝑥
and 𝐷𝑃,𝑑

𝑥,𝑗
.

Running time. For the running time of DMVO-Init, observe that for fixed ℓ and 𝑟, applying
Theorem 3.10 (Klein’s algorithm) to 𝐺𝑃,𝑑

ℓ ,𝑟
costs 𝒪(𝑑 · (𝑟 − ℓ + 1) · log𝑚) time; which yields 𝒪(𝑚𝑑 · log𝑚)

total time for all intervals of a fixed length. Across the 𝒪(log𝑚) different interval lengths, the
preprocessing thus takes time 𝒪(𝑚𝑑 log2 𝑚) in total.

The running time of DMVO-Query is as claimed as it is dominated by a constant number of calls to
Theorem 3.12 for 𝒪(𝑑) × 𝒪(𝑑)Monge matrices to which we have 𝒪(log𝑚)-time random access.

Next, we establish how to use DMVO to obtain a fast algorithm to compute (𝑘, 𝑤)-error occurrences
of 𝑃 in a string 𝑆 ∈ 𝒮.

12 For each 𝑠, the last subinterval might be shorter.
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Algorithm 1. Using DMVO for a sped-up computation of (𝑘, 𝑤)-error occurrences of a string 𝑃 in a string 𝑆 that
is given via a breakpoint representation of an alignment of cost at most 𝑑. Observe that without using DMVO, the
algorithm would amount to computing the top-to-bottom shortest-path distances in 𝐺𝑃,𝑆,𝑑 using Klein’s algorithm
(Theorem 3.10). We achieve a speed-up by using precomputed shortest-path distances for the subgraphs where𝒜
matches fragments exactly.

1 BoostedPM(𝒟 ← DMVO(𝑃, 𝑑, 𝑤),𝒜 : 𝑃 {{ 𝑆← {((0, 𝜀), (0, 𝜀)), . . . , ((𝑚, 𝜀), (|𝑆|, 𝜀))}, 𝑑, 𝑘, 𝑤)
2 Using a left-to-right pass over the breakpoints in𝒜, compute
3 the source vertices 𝑉⊤ B {𝑣⊤

𝑖
: 𝑖 ∈ [ 0 . . 𝑠2𝑑+1 ]}with 𝑣⊤

𝑖
B (𝑖 , 0);

4 the left-center boundary portal-set 𝑉𝑃,𝑆,𝑑
2𝑑+1 ;

5 the set of important portal positions 𝐼 B {𝑖0 = 2𝑑 + 1, . . . , 𝑖𝑞 = 𝑚 − 2𝑑 − 1}, where a portal
position 𝑖 𝑗 is marked if it is to the right of a pure range, that is,
if𝒜(𝑃[ 𝑖 𝑗−1 . . 𝑖 𝑗 )) = 𝑃[ 𝑖 𝑗−1 . . 𝑖 𝑗 );

6 the center-right boundary portal-set 𝑉𝑃,𝑆,𝑑
𝑚−2𝑑−1 ;

7 and the target vertices 𝑉⊥ B {𝑣⊥
𝑖

: 𝑖 ∈ [ 0 . . |𝑆| − 𝑠𝑚−2𝑑−1 ]}with 𝑣⊥
𝑖
B (𝑖 + 𝑠𝑚−2𝑑−1 , 𝑚).

8 Use Klein’s algorithm (Theorem 3.10) on 𝐺𝑃,𝑆,𝑑
𝑚−2𝑑−1,𝑚 to obtain 𝐷𝑚−2𝑑−1,⊥,

where 𝐷𝑚−2𝑑−1,⊥[ 𝑖 , 𝑗 ] B dist𝐺𝑃,𝑆,𝑑 (𝑉𝑃,𝑆,𝑑
𝑚−2𝑑−1[ 𝑖 ], 𝑣

⊥
𝑗
);

9 Use SMAWK (Theorem 3.12) for 𝑣← 𝐷𝑚−2𝑑−1,⊥ ⊕ ®0;
10 foreach 𝑗 ← 𝑞, . . . , 1 do
11 if portal position 𝑖 𝑗 is marked then 𝑣← DMVO-Query(𝑖 𝑗−1, 𝑖 𝑗 , 𝑣);
12 else Use Klein’s algorithm on 𝐺𝑃,𝑆,𝑑

𝑖 𝑗−1 ,𝑖 𝑗
to obtain 𝐷𝑃,𝑆,𝑑

𝑖 𝑗−1 ,𝑖 𝑗
; then SMAWK for 𝑣← 𝐷𝑃,𝑆,𝑑

𝑖 𝑗−1 ,𝑖 𝑗
⊕ 𝑣 ;

13 Use Klein’s algo. on 𝐺𝑃,𝑆,𝑑0,2𝑑+1 to obtain 𝐷⊤,2𝑑+1, where 𝐷⊤,2𝑑+1[ 𝑖 , 𝑗 ] B dist𝐺𝑃,𝑆,𝑑 (𝑣⊤𝑖 , 𝑉
𝑃,𝑆,𝑑
2𝑑+1 [ 𝑗 ]);

then SMAWK for 𝑣← 𝐷⊤,2𝑑+1 ⊕ 𝑣;
14 return {𝑖 : 𝑣[ 𝑖 ] ≤ 𝑘};

Lemma 4.6. Suppose that we are given an instance of a DMVO data structure for a positive integer threshold 𝑑,
a pattern 𝑃 of length 𝑚 > 4𝑑 + 1, and a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].

Given the breakpoint representation of an alignment𝒜 : 𝑃 {{ 𝑆 of unweighted cost at most 𝑑 (implicitly
defining a string 𝑆 ∈ Σ∗) and a threshold 𝑘 ∈ [ 0 . . 𝑑 ], we can compute Occ𝑤𝑘 (𝑃, 𝑆) using 𝒪(𝑑) calls to
DMVO-Query and 𝒪(𝑑2 log𝑚) extra time.

Proof. Notations. We say that a position (or slice) 𝑖 is left if 𝑝<𝑑
𝑖

= 0 (or 𝑖 ≤ 2𝑑) and we say that a
position (or slice) 𝑖 is right if 𝑝>𝑑

𝑖+1 = 𝑚 (or 𝑖 ≥ 𝑚 − 2𝑑 − 1). A slice is center if it is neither left nor right.
Our assumption 𝑚 > 4𝑑 + 1 ensures that each position (and slice) is at most one of left, right, and center.

We say that a (center) position 𝑖 with 𝒜(𝑃[ 𝑖 ]) = 𝑃[ 𝑖 ] is pure. We group maximal stretches
of pure (center) positions into pure stretches. We say that a position where a pure stretch starts
is important, and we say that a position where a pure stretch ends is important and marked. We
write 𝐼 B {𝑖0 = 2𝑑+ 1, . . . , 𝑖𝑞 = 𝑚 − 2𝑑− 1} for the set of important portal positions, where we artificially
add 𝑖0 and 𝑖𝑞 in case they are not present.

Next, we name important vertices of 𝐺𝑃,𝑆,𝑑. The leftmost center portal-set 𝑉𝑃,𝑆,𝑑
𝑖0

is the left-center
boundary; the rightmost center portal-set 𝑉𝑃,𝑆,𝑑

𝑖𝑞
is the center-right boundary. The source vertices are the

topmost vertices of left slices, that is, 𝑉𝑃,𝑆,𝑑
⊤ B {0} × [ 𝑠0 . . 𝑠2𝑑+1 ]; the target vertices are the bottommost

vertices of right slices, that is, 𝑉𝑃,𝑆,𝑑
⊥ B {𝑚} × [ 𝑠𝑚−2𝑑−1 . . 𝑠𝑚 ]. Observe that 𝑉𝑃,𝑆,𝑑

⊥ and 𝑉𝑃,𝑆,𝑑
⊤ are the

only vertices in 𝐺𝑃,𝑆,𝑑 with the first coordinate equal to 𝑚 and 0, respectively.
Consult Figure 7 for a visualization of an example.
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𝑃[5 ]

𝑆[4 ]

𝑃[6 ]

𝑆[5 . .6 ]
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𝑆[7 ]

𝑃[8 ]

𝑆[8 ]

𝑃[9 ]

𝑆[9 . .11 ]

𝑆[9 . .11 ]

𝑃1,10𝑃1,9𝑃1,8

𝑃1,7

𝑃1,6

𝑃1,5

𝑃1,4

𝑃1,3

𝑃1,2

𝑃1,1

𝑃1,0

𝑃1,0𝑃1,1𝑃1,2

𝑃1,3

𝑃1,4

𝑃1,5

𝑃1,6

𝑃1,7

𝑃1,8

𝑃1,9

𝑃1,10

a For each 𝑖 ∈ [ 0 . . |𝑃| ], we depict the slice 𝐺𝑃,𝑆,𝑑
𝑖,𝑖

in a stylized manner, the corresponding fragments of 𝑃 and 𝑆, as well
as the corresponding part of the alignment𝒜; compare Figure 5a. For each slice, we highlight in gray its portal vertices;
we also highlight source vertices and target vertices in light purple. Left and right slices are colored gray, the (center) pure
slices are colored blue, while the remaining slices are colored yellow.

𝑆[0 . .1 ]

𝑆[0 . .1 ]

𝑆[2 ]

𝑃[3 ]

𝑆[3 . .4 ]

𝑃[5 . .6 ]

𝑆[5 . .6 ]

𝑆[5 . .6 ]

𝑆[7 . .11 ]

𝑆[7 . .11 ]

𝑃

b The graphs 𝐺𝑃,𝑆,𝑑
𝑖𝑞 ,𝑚

and 𝐺𝑃,𝑆,𝑑0,𝑖0 (colored gray), as well as for each maximal
interval [ 𝑖 𝑗−1 . . 𝑖 𝑗 ] of center positions that are pure (colored blue) and not
pure (colored yellow) the graph 𝐺𝑃,𝑆,𝑑

𝑖 𝑗−1 ,𝑖 𝑗
as a union of slices from Figure 7a.

We again highlight portal vertices, as well as source and target vertices.

𝑆[3 . .4 ]

𝑃[5 . .6 ]

𝑃[
𝑝<

1
5

.
.
𝑝>

1
7

)

𝑃[
3
.
.
8
]

c The subgraph 𝐺𝑃,𝑆,𝑑5,6 in a stylized man-
ner; compare Figure 6c. As the alignment
𝒜 : 𝑃 {{ 𝑆 matches 𝑃[ 5 . . 6 ] = 𝑆[ 3 . . 4 ],
we have 𝐺𝑃,𝑆,𝑑5,6 = 𝐺𝑃,𝑑5,6 .

Figure 7. Stylized variants of the 𝑑-slices 𝐺𝑃,𝑆,𝑑
𝑖,𝑖

of AG𝑤(𝑃, 𝑆) and the subgraphs considered by the algorithm
underlying Lemma 4.6. The source vertices in the top left and the target vertices in the bottom right are marked in
light purple. Consecutive slices with the same color are merged. The portals are exactly those vertices that belong
to subgraphs with different colors.

Algorithm description. We first use a single pass over the breakpoint description of𝒜 to identify the
source vertices, the left-center boundary, the boundaries of (center) pure stretches (and the corresponding
portal-sets 𝑉𝑃,𝑆,𝑑

𝑖 𝑗
for 𝑗 ∈ ( 0 . . 𝑞 )), the center-right boundary, and the target vertices. Additionally, using

(the breakpoint representation of)𝒜, we explicitly construct 𝐺𝑃,𝑆,𝑑
𝑖𝑞 ,𝑚

, 𝐺𝑃,𝑆,𝑑0,𝑖0 , as well as 𝐺𝑃,𝑆,𝑑
𝑖 𝑗−1 ,𝑖 𝑗

for each
maximal interval [ 𝑖 𝑗−1 . . 𝑖 𝑗 ] of center positions that are not pure in a straightforward manner in time
linear in the total size of these graphs.
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Using Klein’s algorithm (Theorem 3.10), we compute (random access to) the matrix of distances from
any center-right boundary vertex to any target vertex in 𝐺𝑃,𝑆,𝑑

𝑖𝑞 ,𝑚
; we then min-plus multiply the obtained

matrix with a suitably-sized zero vector using Theorem 3.12 (SMAWK algorithm) to obtain a vector 𝑣.
Next, we process the center positions in 𝐼 from right to left. For a pure stretch (𝑖 𝑗−1 , 𝑖 𝑗), that is,

when 𝑖 𝑗 is marked, we use a DMVO-Query to compute the min-plus product 𝐷𝑃,𝑑
𝑖 𝑗−1 ,𝑖 𝑗
⊕ 𝑣. For a non-pure

stretch (𝑖 𝑗−1 , 𝑖 𝑗), that is, when 𝑖 𝑗 is not marked, we use Klein’s algorithm (Theorem 3.10) on 𝐺𝑃,𝑆,𝑑
𝑖 𝑗−1 ,𝑖 𝑗

to

obtain (random access to) 𝐷𝑃,𝑆,𝑑
𝑖 𝑗−1 ,𝑖 𝑗

and use Theorem 3.12 to compute 𝐷𝑃,𝑆,𝑑
𝑖 𝑗−1 ,𝑖 𝑗
⊕ 𝑣.

Finally, again using Klein’s algorithm (Theorem 3.10), we compute (random access to) the matrix of
distances from any source vertex to any left-center boundary vertex in 𝐺𝑃,𝑆,𝑑0,𝑖0 ; we then min-plus multiply
the obtained matrix with 𝑣 using Theorem 3.12 (SMAWK algorithm) and return any position of the
resulting vector that has value at most 𝑘.

Consult Algorithm 1 for a detailed description as pseudo-code.
Correctness. We argue about the correctness in two steps. First, we show that each shortest

(0, ℓ )-to-(𝑚, 𝑟) path of length at most 𝑘 in 𝐺𝑃,𝑆,𝑑 indeed corresponds to an alignment of 𝑃 onto 𝑆[ ℓ . . 𝑟 )
of the same cost. We then argue that portal-sets act as separators of 𝐺𝑃,𝑆,𝑑 and thus allow us to split the
distance computations and reuse the precomputed distances via DMVO whenever the corresponding
subgraph of 𝐺𝑃,𝑆,𝑑 is isomorphic to a subgraph of 𝐺𝑃,𝑑 (encapsulated in DMVO).

Claim 4.7. For each fragment 𝑆[ ℓ . . 𝑟 ) of 𝑆 and each 𝑘 ∈ [ 0 , 𝑑 ], the following two statements are equivalent:
1 ed𝑤(𝑃 → 𝑆[ ℓ . . 𝑟 )) ≤ 𝑘; and
2 (0, ℓ ) is a source, (𝑚, 𝑟) is a target, and dist𝐺𝑃,𝑆,𝑑 ((0, ℓ ), (𝑚, 𝑟)) ≤ 𝑘.

Proof. The (1) ⇐ (2) implication follows directly from Lemma 3.16 (distance preservation between
AG𝑤(𝑃, 𝑆) and AG

𝑤(𝑃, 𝑆)) and the fact that 𝐺𝑃,𝑆,𝑑 is a subgraph of AG
𝑤(𝑃, 𝑆).

For the converse implication, suppose that there is an alignment 𝒪 : 𝑃 {{ 𝑆[ ℓ . . 𝑟 ) of weighted
cost at most 𝑘 ≤ 𝑑. It suffices to prove that 𝒪 (interpreted as a path from (0, ℓ ) to (𝑚, 𝑟) in AG

𝑤(𝑃, 𝑆))
is contained in 𝐺𝑃,𝑆,𝑑. By Lemma 3.18, every vertex (𝑥, 𝑦) ∈ 𝒪 satisfies 𝑦 ∈ [ 𝑥 − 𝑑 . . 𝑥 + |𝑆| − 𝑚 + 𝑑 ].
Let us focus on a single edge (𝑥, 𝑦) → (𝑥′ , 𝑦′) of 𝒪 with 𝑥′ ∈ {𝑥, 𝑥 + 1} and 𝑦′ ∈ {𝑦, 𝑦 + 1}. Let us fix an
index 𝑖 ∈ [ 0 . .𝑚 ) such that [ 𝑦 . . 𝑦′ ] ⊆ [ 𝑠𝑖 . . 𝑠𝑖+1 ].

Since the path corresponding to𝒜 intersects at most 𝑑 diagonals, we have (𝑖 − 𝑠𝑖) − (𝑚 − |𝑆|) ≤ 𝑑.
Additionally, 𝑠𝑖 ≤ 𝑦 ≤ 𝑥 + |𝑆| − 𝑚 + 𝑑. Combining these two inequalities, we get 𝑖 ≤ 𝑥 + 2𝑑, that is,
𝑥 ≥ 𝑖 − 2𝑑. Since 𝑥 ≥ 0, we conclude that 𝑥 ≥ max(0, 𝑖 − 2𝑑) = 𝑝<𝑑

𝑖
.

Similarly, we have (𝑠𝑖+1 − (𝑖 + 1)) − (0 − 0) ≤ 𝑑 and 𝑠𝑖+1 ≥ 𝑦′ ≥ 𝑥′ − 𝑑. Combining these two
inequalities, we get 𝑥′ − 𝑑 − (𝑖 + 1) ≤ 𝑑, that is, 𝑥′ ≤ (𝑖 + 1) + 2𝑑. Since 𝑥 ≤ 𝑚, we conclude that
𝑥 ≤ min(𝑚, 𝑖 + 1 + 2𝑑) = 𝑝>𝑑

𝑖+1. Thus, the edge (𝑥, 𝑦) → (𝑥′ , 𝑦′) is contained in AG
𝑤(𝑃′

𝑖
, 𝑆𝑖) and hence

in 𝐺𝑃,𝑆,𝑑.

Next, observe that for pure positions, the corresponding 𝑑-slices of AG
𝑤(𝑃, 𝑆) and AG

𝑤(𝑃, 𝑃) are
indeed isomorphic, that is, we have 𝐺𝑃,𝑆,𝑑

𝑖,𝑠𝑖
= 𝐺𝑃,𝑑

𝑖,𝑖
—naturally, this observation extends to pure stretches.

Hence, our calls to DMVO-Query for a pure stretch (𝑖 𝑗−1 , 𝑖 𝑗) compute in fact 𝐷𝑃,𝑆,𝑑
𝑖 𝑗−1 ,𝑖 𝑗
⊕ 𝑣 = 𝐷𝑃,𝑑

𝑖 𝑗−1 ,𝑖 𝑗
⊕ 𝑣.

Finally, observe that each portal-set 𝑉𝑃,𝑆,𝑑
𝑖 𝑗

is indeed a separator of 𝐺𝑃,𝑆,𝑑—which allows us to split
shortest path computations along this set and then combine the results using a min-plus product.

In total, we indeed compute, for each source vertex, its minimum shortest-path distance to a target
vertex.
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Running time. First observe that the subgraphs corresponding to left and right positions (of which
there are𝒪(𝑑) in total) each have a size of𝒪(𝑑2). Next, as the alignment𝒜makes at most 𝑑 edits, the total
size of subgraphs between pure stretches is again 𝒪(𝑑2) (as they span 𝒪(𝑑)) positions of 𝑆). Similarly,
we may bound the number of pure stretches by 𝒪(𝑑)—which yields the number of calls to DMVO-Query.
Finally, we perform 𝒪(𝑑)min-plus matrix-vector multiplications using SMAWK (Theorem 3.12).

In total, our calls to Klein’s algorithm (Theorem 3.10) take time 𝒪(𝑑2 log𝑚); all performed min-plus
multiplications take the same time in total.

Finally, we combine the various intermediate results of this section to obtain our first main result.

Main Theorem 1. PMwWE can be solved in 𝒪((𝑛 log𝑚 + 𝑚 log2 𝑚) · 𝑘) time.

Proof. We first proceed as in Remark 4.1 to obtain a set𝒮 of𝒪(𝑛/𝑘) strings, each of length at most𝑚+2𝑘.
It suffices to compute Occ𝑤𝑘 (𝑃, 𝑆) for all 𝑆 ∈ 𝒮 and merge the results in 𝒪(𝑛) time via bucket sort.

Next, we preprocess 𝑇 for Lemma 4.2 and we initialize Lemma 4.5 on 𝑃, 𝑑 B 4𝑘, and 𝑤.
For each 𝑆 ∈ 𝒮, we proceed as follows. First, if 𝑚 ≤ 4𝑑 + 1, we use the classical dynamic

programming algorithm to compute Occ𝑤𝑘 (𝑃, 𝑆). Otherwise, we use Lemma 4.2 to obtain a weighted
alignment𝒜𝑆 : 𝑃 {{ 𝑆 of cost at most 𝑑 B 4𝑘 or conclude that Occ𝑤𝑘 (𝑃, 𝑆) = ∅. Next, we use Lemma 4.6
on𝒜𝑆, with the initialized DMVO data structure, 𝑑 B 4𝑘 and 𝑘.

We briefly argue about the running time. Our global preprocessing takes time 𝒪(𝑘𝑚 log2 𝑚). For
a fixed 𝑆 ∈ 𝒮, Lemmas 4.2, 4.5 and 4.6 combined run in time 𝒪(𝑘2 log𝑚); in the case when we run
the classic DP algorithm, we have |𝑆| ≤ 𝑚 + 2𝑘 < 𝑚 + 𝑑 = 𝒪(𝑑) and thus the DP algorithm takes time
𝒪((|𝑃|+1) · (|𝑆|+1)) = 𝒪(𝑑2) = 𝒪(𝑘2). Over all𝒪(𝑛/𝑘) elements of𝒮, this takes𝒪((𝑛/𝑘)(𝑘2+ 𝑘2 log𝑚)) =
𝒪(𝑛𝑘 log𝑚) time. In total, we obtain the claimed running time.

5 Toolbox for Monge Matrices and Ferns

In this section, we recall useful results on the representation, the structure, and the multiplication of
Monge matrices. Further, we introduce the notion of fern matrices. A fern matrix represents some
pairwise distances from a set of leftmost nodes in the top boundary of an alignment graph to a set of
rightmost nodes in the bottom boundary of this alignment graph. Specifically, a fern matrix and the
corresponding actual boundary-to-boundary distance matrix must agree on all values that are at most 𝑘,
that is, the two matrices are 𝑘-equivalent. Fern matrices are crucial for the following reason. While we
may not be able to efficiently compute the actual boundary-to-boundary distance matrix, we show that
we can efficiently compute a (𝑘-equivalent) fern matrix that is Monge.

5.1 Toolbox for Monge Matrices
Explicitly storing Monge matrices is in general too expensive for our purposes. Fortunately, their
structure often allows us to represent them using much less space.

Definition 5.1. of a matrix 𝐴; the condensed representation of 𝐴) For a matrix 𝐴 of size 𝑝 × 𝑞, the density
matrix of 𝐴, denoted 𝐴□, is a matrix of size (𝑝 − 1) × (𝑞 − 1) such that

𝐴□
[ 𝑖 , 𝑗 ] = 𝐴[ 𝑖 , 𝑗 + 1 ] + 𝐴[ 𝑖 + 1, 𝑗 ] − 𝐴[ 𝑖 , 𝑗 ] − 𝐴[ 𝑖 + 1, 𝑗 + 1 ]

for 𝑖 ∈ [ 0 . . 𝑝 − 1 ) and 𝑗 ∈ [ 0 . . 𝑞 − 1 ).
The core of a matrix 𝐴 is the set

core(𝐴) B {(𝑖 , 𝑗 , 𝐴□
[ 𝑖 , 𝑗 ]) : 𝑖 ∈ [ 0 . . 𝑝 − 1 ), 𝑗 ∈ [ 0 . . 𝑞 − 1 ), 𝐴□

[ 𝑖 , 𝑗 ] ≠ 0}.
We denote the size of the core of 𝐴 by 𝛿(𝐴) B | core(𝐴)|.

For a matrix 𝐴, the condensed representation of 𝐴 comprises in the values in the topmost row and the
leftmost column of 𝐴 and the core of 𝐴.
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Fact 5.2. The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).

Monge matrices with small core admit small representations that allow fast access to their entries.

Definition 5.3 [GK25, Lemma 4.4]. The Core-based Matrix Oracle data structure CMO(𝐴) of a matrix
𝐴 of size 𝑝 × 𝑞 with 𝑁 B max(𝑝, 𝑞) provides the following interface.
Random access: given 𝑖 ∈ [ 0 . . 𝑝 ) and 𝑗 ∈ [ 0 . . 𝑞 ), in time 𝒪(log𝑁) returns 𝐴[ 𝑖 , 𝑗 ].
Full core listing: in time 𝒪(1 + 𝛿(𝐴)) returns core(𝐴).

Lemma 5.4 [GK25, Lemma 4.4]. Given a matrix 𝐴 of size 𝑝 × 𝑞, we can construct a core-based matrix
oracle for 𝐴 in time 𝒪(𝑝𝑞 + 𝛿(𝐴) log(𝑝 + 𝑞)).

Proof. Compared to [GK25, Lemma 4.4], we pay 𝒪(𝑝𝑞) to first compute the core of 𝐴 which (together
with the first row and column of 𝐴) use as the input to the original algorithm.

Given the core-based matrix oracle data structure of two matrices, one can efficiently obtain the
core-based matrix oracle data structure of their min-plus product.

Lemma 5.5 [GK25, Lemma 4.6]. There is an algorithm that, given CMO(𝐴) and CMO(𝐵) for Monge matrices
𝐴 ∈ Z𝑝×𝑞≥0 and 𝐵 ∈ Z𝑞×𝑟≥0 with 𝑁 B max(𝑝, 𝑞, 𝑟), builds CMO(𝐴⊕𝐵) in time𝒪((𝑁 + 𝛿(𝐴)+ 𝛿(𝐵)) log𝑁).

The following operation enables us to efficiently retrieve representations of contiguous submatrices
of Monge matrices with small core.

Lemma 5.6 [GK25, Lemma 4.7]. There is an algorithm that, given CMO(𝐴) for a Monge matrix 𝐴 of
maximum dimension𝑁 , builds CMO(𝐶) in time𝒪((𝑁+𝛿(𝐴)) log𝑁) for any contiguous submatrix 𝐶 of𝐴.

For our purposes, in the interest of efficiency, instead of exactly computing a desired distance matrix
𝐷, it suffices to compute a different matrix 𝐷′ that agrees with 𝐷 on all values that do not exceed some
threshold 𝑘.

Definition 5.7. For a real threshold 𝑘 ∈ R, we say that real numbers 𝑎, 𝑏 ∈ R are 𝑘-equivalent, denoted
𝑎
𝑘
= 𝑏, if 𝑎 = 𝑏 or 𝑘 ≤ min{𝑎, 𝑏}.

Two matrices 𝐴, 𝐵 ∈ R𝑝×𝑞 are 𝑘-equivalent, denoted 𝐴 𝑘
= 𝐵, if all their entries are 𝑘-equivalent, that is,

𝐴[ 𝑖 , 𝑗 ]
𝑘
= 𝐵[ 𝑖 , 𝑗 ] holds for each 𝑖 ∈ [ 0 . . 𝑝 ) and 𝑗 ∈ [ 0 . . 𝑞 ).

Remark 5.8. Equivalently, two numbers 𝑎 and 𝑏 are 𝑘-equivalent if they are equal whenever at least
one of them is at most 𝑘.

The 𝑘
= relation is a congruence with respect to the (min,+) algebra on R≥0: it is an equivalence relation

such that, for every 𝑎, 𝑎′ , 𝑏, 𝑏′ ∈ R≥0, if 𝑎 𝑘
= 𝑏 and 𝑎′ 𝑘= 𝑏′, then 𝑎 + 𝑎′ 𝑘= 𝑏 + 𝑏′ and min{𝑎, 𝑎′} 𝑘=min{𝑏, 𝑏′}.

Thus, 𝑘= is also a congruence with respect to the (min,+)-product.

Consider a scenario where we have to compute a matrix that is 𝑘-equivalent to the product of a
(long) size-ℓ sequence of integer Monge matrices of dimensions at most 𝑁 with cores at most 𝑡. In this
scenario, we can use the following lemma to ensure that the core of all computed matrices does not
exceed 𝒪(

√
𝑘) and that the output can be produced in time 𝒪(ℓ · 𝑁 · (𝑡 +

√
𝑘)).

Lemma 5.9 [GK25, Lemma 4.14]. There is an algorithm that, given CMO(𝐴) and CMO(𝐵) for Monge
matrices 𝐴 ∈ Z𝑝×𝑞≥0 and 𝐵 ∈ Z𝑞×𝑟≥0 with 𝑁 B max(𝑝, 𝑞, 𝑟) and a 𝑘 ∈ Z>0, in time 𝒪((𝑁 + 𝛿(𝐴) + 𝛿(𝐵)) log𝑁)
builds CMO(𝐶′), where 𝐶′ ∈ Z𝑝×𝑟≥0 is a Monge matrix that satisfies 𝛿(𝐶′) ≤ 𝒪(𝑁

√
𝑘) and 𝐶′ 𝑘=𝐴 ⊕ 𝐵.

In the regime of small integer edit weights, we often operate on bounded-difference matrices.
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Definition 5.10 [GK25, Definition 4.8]. Let 𝛽 ∈ Z>0 be a positive integer and let 𝐴 ∈ Z𝑝×𝑞 be an integer
matrix. We say that 𝐴 is 𝛽-bounded-difference if
|𝐴[ 𝑖 , 𝑗 ] − 𝐴[ 𝑖 , 𝑗 − 1 ]| ≤ 𝛽 holds for each 𝑖 ∈ [ 0 . . 𝑝 ) and 𝑗 ∈ [ 1 . . 𝑞 ), and
|𝐴[ 𝑖 , 𝑗 ] − 𝐴[ 𝑖 − 1, 𝑗 ]| ≤ 𝛽 holds for each 𝑖 ∈ [ 1 . . 𝑝 ) and 𝑗 ∈ [ 0 . . 𝑞 ).

Fact 5.11. Any contiguous submatrix of an integer-valued 𝛽-bounded-difference matrix is also an integer-valued
𝛽-bounded-difference matrix.

Crucially, integer-valued bounded-difference Monge matrices have small cores.

Lemma 5.12 [GK25, Lemma 4.9]. If a Monge matrix 𝐴 ∈ Z𝑝×𝑞 is 𝛽-bounded-difference, then 𝛿(𝐴) ≤
2𝛽(min{𝑝, 𝑞} − 1).

Moreover, the bounded-difference property is preserved under the min-plus product.

Lemma 5.13 [GK25, Lemma 4.10]. Let 𝐴 ∈ Z𝑝×𝑞 and 𝐵 ∈ Z𝑞×𝑟 be 𝛽-bounded-difference matrices. Then,
𝐶 B 𝐴 ⊕ 𝐵 is also a 𝛽-bounded-difference matrix.

5.2 Ferns and Distance Matrices
Definition 5.14 [GK25, Definitions 5.5 and 5.6]. For two strings𝑋,𝑌 ∈ Σ∗, the boundary distance matrix

𝐷𝑤
𝑋,𝑌

stores the distances from every input vertex on the top-left boundary to every output vertex on the bottom-
right boundary of the alignment graph AG𝑤(𝑋,𝑌). Formally, consider the sequence of points (𝜆𝑖)𝑖∈[ 0 . . |𝑋 |+|𝑌| ]
with

𝜆𝑖 B

{
(|𝑋 | − 𝑖 , 0) for 𝑖 ∈ [ 0 . . |𝑋 | ],
(0, 𝑖 − |𝑋 |) for 𝑖 ∈ [ |𝑋 | . . |𝑋 | + |𝑌| ],

.

and the sequence of points (𝜌𝑖)𝑖∈[ 0 . . |𝑋 |+|𝑌| ] with

𝜌𝑖 B

{
(|𝑋 |, 𝑖) for 𝑖 ∈ [ 0 . . |𝑌| ],

(|𝑋 | + |𝑌| − 𝑖 , |𝑌|) for 𝑖 ∈ [ |𝑌| . . |𝑋 | + |𝑌| ].

Then, 𝐷𝑤
𝑋,𝑌

is an (|𝑋 | + |𝑌| + 1) × (|𝑋 | + |𝑌| + 1) distance matrix with

𝐷𝑤
𝑋,𝑌[ 𝑎, 𝑏 ] B distAG𝑤 (𝑋,𝑌)(𝜆𝑎 , 𝜌𝑏).

The following observation allows us to utilize the toolbox described in Section 5.

Fact 5.15 [GK25, Observation 5.7]. For two strings 𝑋,𝑌 ∈ Σ∗ and a weight function 𝑤 : Σ̄2 → [ 0 . .𝑊 ],
the matrix 𝐷𝑤

𝑋,𝑌
is (𝑊 + 1)-bounded-difference and hence 𝛿(𝐷𝑤

𝑋,𝑌
) = 𝒪(𝑊 · (|𝑋 | + |𝑌|)).

Recall from the technical overview that a puzzle piece is a pair of strings; to keep in line with our
intuition that the said strings are substrings of a pattern 𝑃 and a text 𝑇, we typically denote puzzle
pieces as ( ¤𝑃, ¤𝑇).

Definition 5.16. For a puzzle piece ( ¤𝑃, ¤𝑇), write𝐺 B AG
𝑤( ¤𝑃, ¤𝑇) for the corresponding augmented alignment

graph and dist𝐺 for the shortest path distances in 𝐺. For ( ¤𝑃, ¤𝑇), and integer Δ,∇ ∈ [ 0 . . | ¤𝑇 | ], the (Δ → ∇)-
restricted distance matrix of ( ¤𝑃, ¤𝑇) with respect to 𝑤 is a (Δ + 1) × (∇ + 1) matrix 𝐷𝑤

¤𝑃, ¤𝑇

��
Δ→∇ where, for each

𝑖 ∈ [ 0 . .Δ ] and 𝑗 ∈ [ 0 . .∇ ], we set

𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ→∇[ 𝑖 , 𝑗 ] B dist𝐺((0, 𝑖), (| ¤𝑃|, | ¤𝑇 | − ∇ + 𝑗)).

If Δ = ∇, we simplify our notation and write Δ instead of Δ→ ∇.
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Remark 5.17. The (Δ → ∇)-restricted distance matrix of Definition 5.16 stores selected costs to
traverse the alignment graph from the top boundary to the bottom boundary.

In particular, if 𝑖 ≤ | ¤𝑇 | − ∇ + 𝑗, then 𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ→∇[ 𝑖 , 𝑗 ] = ed𝑤( ¤𝑃 → ¤𝑇[ 𝑖 . . | ¤𝑇 | − ∇ + 𝑗 )). Consequently,

𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ→∇ encodes the edit distances from ¤𝑃 to all fragments of ¤𝑇 that start within the Δ + 1 leftmost

positions of ¤𝑇 and end within the ∇ + 1 rightmost positions of ¤𝑇. As long as 𝑘 ≤ | ¤𝑃| − | ¤𝑇 | +min{Δ,∇},
this includes all fragments of length at least | ¤𝑃| − 𝑘, and hence all (𝑘, 𝑤)-error occurrences of ¤𝑃 in ¤𝑇.

From Fact 3.11, we also learn that 𝐷𝑤
¤𝑃, ¤𝑇

��
Δ→∇ is indeed a Monge matrix, as it is a submatrix of the

boundary distance matrix.

Unfortunately, we are not able to directly compute the matrix 𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ

in an efficient manner.
Nevertheless, for our purposes, it suffices to compute a suitable approximation—which we can do
efficiently. We formalize the required concepts next.

Definition 5.18. For a puzzle piece ( ¤𝑃, ¤𝑇), integer Δ,∇ ∈ [ 0 . . | ¤𝑇 | ], and a threshold 𝑘 ∈ R≥0, a (Δ→ ∇, 𝑘)-
fern13 of strings ¤𝑃 and ¤𝑇 with respect to 𝑤 is a matrix that is 𝑘-equivalent to 𝐷𝑤

¤𝑃, ¤𝑇

��
Δ→∇. We write ℱ 𝑤

¤𝑃, ¤𝑇

��𝑘
Δ→∇ for

the set of all (Δ→ ∇, 𝑘)-ferns of ¤𝑃 and ¤𝑇 with respect to 𝑤.
Whenever Δ = ∇, we simplify our notation and write Δ instead of Δ→ ∇.

Remark 5.19. Ferns are not uniquely defined; that is, typically we have |ℱ 𝑤
¤𝑃, ¤𝑇

��𝑘
Δ→∇| > 1. This is

intentional to allow for efficient algorithms that compute and multiply ferns.

Lemma 5.20. Consider a puzzle piece ( ¤𝑃, ¤𝑇), integers Δ′ ,Δ,∇′ ,∇ ∈ [ 0 . . | ¤𝑇 | ] with Δ′ ≤ Δ and ∇′ ≤ ∇, and
thresholds 𝑘′ , 𝑘 ∈ R≥0 with 𝑘′ ≤ 𝑘. For any 𝐹 ∈ ℱ 𝑤

¤𝑃, ¤𝑇

��𝑘
Δ→∇, we have

𝐹′ B 𝐹[ [ 0 . .Δ′ ], [∇ − ∇′ . .∇ ] ] ∈ ℱ 𝑤
¤𝑃, ¤𝑇

��𝑘′
Δ′→∇′ .

Further the core of 𝐹′ is at most 𝛿(𝐹) and, if 𝐹 is integer-valued and 𝛽-bounded difference, then so is 𝐹′.

Proof. For all 𝑖 ∈ [ 0 . .Δ′ ] and 𝑗 ∈ [ 0 . .∇′ ], we have

𝐹[ 𝑖 ,∇ − ∇′ + 𝑗 ] 𝑘= dist𝐺((0, 𝑖), (| ¤𝑃|, | ¤𝑇 | − ∇ + ∇ − ∇′ + 𝑗))
= dist𝐺((0, 𝑖), (| ¤𝑃|, | ¤𝑇 | − ∇′ + 𝑗)).

This implies that 𝐹′ is 𝑘-equivalent (and hence 𝑘′-equivalent) to 𝐷𝑤
¤𝑃, ¤𝑇

��
Δ′→∇′ .

The claimed upper bounds on the core and the difference of 𝐹′ follow instantly from Fact 5.2 and
Fact 5.11, respectively.

For a puzzle piece ( ¤𝑃, ¤𝑇), we define its shift as shift( ¤𝑃, ¤𝑇) B | ¤𝑇 | − | ¤𝑃| and its torsion as tor( ¤𝑃, ¤𝑇) B
|shift( ¤𝑃, ¤𝑇)|. The torsion of a sequence of puzzle pieces is the sum of the torsions of the individual pieces.

We ultimately intend to fit together multiple puzzle pieces into longer strings, so-called Δ-puzzles.
We formalize related concepts next.

Definition 5.21. For an integer Δ > 0, we say that strings 𝑆, 𝑆′ ∈ Σ≥Δ fit (with respect to Δ) if they have an
overlap of size Δ, that is, if

𝑆[ |𝑆| − Δ . . |𝑆| ) = 𝑆′[ 0 . .Δ ).

In this case, we denote their Δ-concatenation as

𝑆 ⊙Δ 𝑆′ B 𝑆 ⊙ 𝑆′[Δ . . |𝑆′| ) = 𝑆[ 0 . . |𝑆| − Δ ) ⊙ 𝑆′.

13 In the unweighted setting, a similar structure called seaweed fulfills a similar purpose when paired with its corresponding
seaweed product. Hence, we chose the name fern, as common knowledge tells us that (liquid) seaweed (extract) is a good
fertilizer to cultivate many species of ferns.
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Two puzzle pieces ( ¤𝑃, ¤𝑇) and ( ¥𝑃, ¥𝑇) fit (with respect to Δ), denoted by ( ¤𝑃, ¤𝑇) ↦→Δ ( ¥𝑃, ¥𝑇), if
¤𝑇[ | ¤𝑇 | − Δ . . | ¤𝑇 | ) = ¥𝑇[ 0 . .Δ ) and ¤𝑃[ | ¤𝑃| − Δ . . | ¤𝑃| ) = ¥𝑃[ 0 . .Δ ).

For two fitting puzzle pieces ( ¤𝑃, ¤𝑇) ↦→Δ ( ¥𝑃, ¥𝑇), we define the stitched piece as ( ¤𝑃 ⊙Δ ¥𝑃, ¤𝑇 ⊙Δ ¥𝑇).

Remark 5.22. For a sequence of puzzle pieces 𝒫 B ( ¤𝑃1 , ¤𝑇1), . . . , ( ¤𝑃𝑧 , ¤𝑇𝑧) where consecutive pieces Δ-
fit, we also say that the sequences ¤𝑃1 , . . . , ¤𝑃𝑧 and ¤𝑇1 , . . . , ¤𝑇𝑧 formΔ-puzzles; we write 𝑃 B valΔ( ¤𝑃1 , . . . , ¤𝑃𝑧)
and 𝑇 B valΔ( ¤𝑇1 , . . . , ¤𝑇𝑧) for the resulting stitched strings. For simplicity, we also say that the sequence𝒫
has the value (𝑃, 𝑇).

For a puzzle piece ( ¤𝑃, ¤𝑇) and a fixed Δ, the first Δ and the last Δ characters of either string may end
up overlapping corresponding parts of a neighboring puzzle piece. Hence, when dealing with the
alignment graphs of pieces (and when computing shortest paths therein), we have to ensure that we
avoid duplicate vertices along the paths that we consider: if we were to naively compute top-to-bottom
distances for each piece, we would be unable to combine such distances for consecutive pieces. This
motivates the following definition.

Definition 5.23. For a puzzle piece ( ¤𝑃, ¤𝑇) and an integer Δ, besides 𝐷𝑤
¤𝑃, ¤𝑇

��
Δ
, we define

the internal distance matrix ◦◦𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ
B 𝐷

𝑤
¤𝑃[ ⌊Δ/2⌋ . . | ¤𝑃|−⌈Δ/2⌉ ), ¤𝑇

��
Δ
;

the leading distance matrix ◦𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ
B 𝐷

𝑤
¤𝑃[ 0 . . | ¤𝑃|−⌈Δ/2⌉ ), ¤𝑇

��
Δ
;

the trailing distance matrix ◦𝐷𝑤
¤𝑃, ¤𝑇

��
Δ
B 𝐷

𝑤
¤𝑃[ ⌊Δ/2⌋ . . | ¤𝑃| ), ¤𝑇

��
Δ
.

For a threshold 𝑘 ∈ R≥0,
an internal (Δ, 𝑘)-fern is a matrix 𝑘-equivalent to ◦◦𝐷

𝑤
¤𝑃, ¤𝑇

��
Δ
; we use ◦◦ℱ

𝑤
¤𝑃, ¤𝑇

��𝑘
Δ

for the set of all such ferns.

a leading (Δ, 𝑘)-fern is a matrix 𝑘-equivalent to ◦𝐷
𝑤
¤𝑃, ¤𝑇

��
Δ
; we use ◦ℱ

𝑤
¤𝑃, ¤𝑇

��𝑘
Δ

for the set of all such ferns.

a trailing (Δ, 𝑘)-fern is a matrix 𝑘-equivalent to ◦𝐷𝑤
¤𝑃, ¤𝑇

��
Δ
; we use ◦ℱ 𝑤

¤𝑃, ¤𝑇

��𝑘
Δ

for the set of all such ferns.

Remark 5.24. For our purposes, it suffices to define internal, leading, and trailing distance matrices
only for Δ = ∇, allowing for a slightly simplified definition compared to Definitions 5.16 and 5.18.

We conclude with discussing the main property of ferns: they decompose under the (min,+)-product.
We argue via the corresponding distance matrices.

Theorem 5.25. Consider a sequence of puzzle pieces 𝒫 B ( ¤𝑃0 , ¤𝑇0), . . . , ( ¤𝑃𝑧−1 , ¤𝑇𝑧−1) that forms a pair
of Δ-puzzles of size 𝑧 ≥ 2 with values 𝑃 B ¤𝑃0 ⊙Δ · · · ⊙Δ ¤𝑃𝑧−1 and 𝑇 B ¤𝑇0 ⊙Δ · · · ⊙Δ ¤𝑇𝑧−1.

For every integer 𝑘 ≤ ⌊Δ/2⌋ − tor(𝒫), we have

𝐷
𝑤

𝑃,𝑇

��
Δ

𝑘
= ◦𝐷

𝑤
¤𝑃0 , ¤𝑇0

��
Δ
⊕
( 𝑧−2⊕
𝑠=1

◦
◦𝐷

𝑤
¤𝑃𝑠 , ¤𝑇𝑠

��
Δ

)
⊕ ◦𝐷𝑤

¤𝑃𝑧−1 , ¤𝑇𝑧−1

��
Δ
.

Proof. It is instructive to unfold the definitions of the leading, internal, and trailing distance matrices;
for notational simplicity, we do so by defining a “cut” version of the sequence ( ¤𝑃𝑖) that removes the
overlaps of consecutive strings. Formally, we set

𝑃0 B ¤𝑃0[ 0 . . | ¤𝑃0| − ⌈Δ/2⌉ ),
𝑃𝑠 B ¤𝑃𝑠[ ⌊Δ/2⌋ . . | ¤𝑃𝑠 | − ⌈Δ/2⌉ ) for every 𝑠 ∈ ( 0 . . 𝑧 − 1 ), and

𝑃𝑧−1 B ¤𝑃𝑧−1[ ⌊Δ/2⌋ . . | ¤𝑃𝑧−1| ).
Now, we start by analyzing how the torsion of𝒫 evolves in the span of the sequence. To that end, define

sequences (𝑝𝑠)𝑧𝑠=0 with 𝑝𝑠 B |𝑃0|+ · · ·+ |𝑃𝑠−1| = |𝑃0⊙· · ·⊙𝑃𝑠−1| and (𝑡𝑠)𝑧𝑠=0 with 𝑡𝑠 B | ¤𝑇0|+ · · ·+ | ¤𝑇𝑠−1|− 𝑠 ·Δ,
which equals | ¤𝑇0 ⊙Δ · · · ⊙Δ ¤𝑇𝑠−1| − Δ for 𝑠 ∈ ( 0 . . 𝑧 ].
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Claim 5.26. For each 𝑠 ∈ ( 0 . . 𝑧 ), we have

𝑘 ≤ min{𝑝𝑠 − 𝑡𝑠 , (|𝑃| − 𝑝𝑠) − (|𝑇 | − 𝑡𝑠) + Δ}.

Proof. Observe that, indeed, we have

𝑃 = ¤𝑃0 ⊙Δ · · · ⊙Δ ¤𝑃𝑧−1 = 𝑃0 ⊙ · · · ⊙ 𝑃𝑧−1.

In particular, for every 𝑠 ∈ ( 0 . . 𝑧 ), we have

𝑝𝑠 = | ¤𝑃0 ⊙ · · · ⊙ ¤𝑃𝑠−1| − ⌈Δ/2⌉ and |𝑃| − 𝑝𝑠 = | ¤𝑃𝑠 ⊙ · · · ⊙ ¤𝑃𝑧−1| − ⌊Δ/2⌋ .
Consequently, we obtain

𝑝𝑠 − 𝑡𝑠 + Δ = | ¤𝑃0 ⊙ · · · ⊙ ¤𝑃𝑠−1| − | ¤𝑇0 ⊙Δ · · · ⊙Δ ¤𝑇𝑠−1| + ⌊Δ/2⌋

= ⌊Δ/2⌋ −
𝑠−1∑
𝑡=0

(
| ¤𝑇𝑡 | − | ¤𝑃𝑡 |

)
≥ ⌊Δ/2⌋ − tor(𝒫) ≥ 𝑘

and

(|𝑃| − 𝑝𝑠) − (|𝑇 | − 𝑡𝑠) + Δ = | ¤𝑃𝑠 ⊙ · · · ⊙ ¤𝑃𝑧−1| − | ¤𝑇𝑠 ⊙Δ · · · ⊙Δ ¤𝑇𝑧−1| + ⌈Δ/2⌉

= ⌈Δ/2⌉ −
𝑧−1∑
𝑡=𝑠

(
| ¤𝑇𝑡 | − | ¤𝑃𝑡 |

)
≥ ⌊Δ/2⌋ − tor(𝒫) ≥ 𝑘;

which completes the proof of the claim.

Next, consider the alignment graph 𝐺 B AG
𝑤(𝑃, 𝑇) and observe that, for each 𝑠 ∈ [ 0 . . 𝑧 ), the

subgraph induced by [ 𝑝𝑠 . . 𝑝𝑠+1 ] × [ 𝑡𝑠 . . 𝑡𝑠+1 + Δ ] is isomorphic to 𝐺𝑠 B AG
𝑤(𝑃𝑠 , ¤𝑇𝑠).

Claim 5.27. For any sequence (𝑖𝑠)𝑧𝑠=0 with 𝑖𝑠 ∈ [ 0 . .Δ ] for 𝑠 ∈ [ 0 . . 𝑧 ], we have 𝐷𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ] ≤∑𝑧−1

𝑠=0 𝐷
𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ
[ 𝑖𝑠 , 𝑖𝑠+1 ].

Proof. By triangle inequality, we have

𝐷
𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ] = dist𝐺((0, 𝑖0), (|𝑃|, |𝑇 | − Δ + 𝑖𝑧)) = dist𝐺((𝑝0 , 𝑡0 + 𝑖0), (𝑝𝑧 , 𝑡𝑧 + 𝑖𝑧))

≤
𝑧−1∑
𝑠=0

dist𝐺((𝑝𝑠 , 𝑡𝑠 + 𝑖𝑠), (𝑝𝑠+1 , 𝑡𝑠+1 + 𝑖𝑠+1)).

Moreover, the aforementioned embedding of 𝐺𝑠 into 𝐺 yields

dist𝐺((𝑝𝑠 , 𝑡𝑠 + 𝑖𝑠), (𝑝𝑠+1 , 𝑡𝑠+1 + 𝑖𝑠+1))
≤ dist𝐺𝑠 ((0, 𝑖𝑠), (𝑝𝑠+1 − 𝑝𝑠 , 𝑡𝑠+1 − 𝑡𝑠 + 𝑖𝑠+1)) = 𝐷

𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ
[ 𝑖𝑠 , 𝑖𝑠+1 ].

Combining the inequalities yields the claim.

As the sequence (𝑖𝑠) is arbitrary, Claim 5.27 implies

𝐷
𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ] ≤

( 𝑧−1⊕
𝑠=0

𝐷
𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ

)
[ 𝑖0 , 𝑖𝑧 ];

that is, the natural statement that forcing a path to contain certain vertices may only increase its length.
We conclude with a proof that we may indeed describe also a shortest path of length at most 𝑘 in a
similar manner.

Claim 5.28. For any 𝑖0 , 𝑖𝑧 ∈ [ 0 . .Δ ], if 𝐷𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ] ≤ 𝑘, then we also have( 𝑧−1⊕

𝑠=0
𝐷
𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ

)
[ 𝑖0 , 𝑖𝑧 ] ≤ 𝐷𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ].
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Proof. Consider a shortest path𝒜 from (0, 𝑖0) = (𝑝0 , 𝑡0+ 𝑖0) to (|𝑃|, |𝑇 | −Δ+ 𝑖𝑧) = (𝑝𝑧 , 𝑡𝑧 + 𝑖𝑧) and assume
that its length does not exceed 𝑘. For each 𝑠 ∈ ( 0 . . 𝑧 ), let (𝑝𝑠 , 𝑡𝑠) ∈ 𝒜 be an arbitrary vertex on𝒜 whose
first coordinate is equal to 𝑝𝑠 .

By Lemma 3.18, we have 𝑡𝑠 ∈ [ 𝑝𝑠 − 𝑘 . . 𝑝𝑠 + |𝑇 | − |𝑃| + 𝑘 ]. In particular, we have

𝑡𝑠 ≥ 𝑝𝑠 − 𝑘 ≥ 𝑝𝑠 − (𝑝𝑠 − 𝑡𝑠) = 𝑡𝑠 and
𝑡𝑠 ≤ 𝑝𝑠 + |𝑇 | − |𝑃| + 𝑘 ≤ 𝑝𝑠 + |𝑇 | − |𝑃| + (|𝑃| − 𝑝𝑠) − (|𝑇 | − 𝑡𝑠) + Δ = 𝑡𝑠 + Δ.

Hence, Claim 5.26 yields 𝑡𝑠 = 𝑡𝑠 + 𝑖𝑠 for some 𝑖𝑠 ∈ [ 0 . .Δ ]. By Lemma 3.16, we have

dist𝐺((𝑝𝑠 , 𝑡𝑠 + 𝑖𝑠), (𝑝𝑠+1 , 𝑡𝑠+1 + 𝑖𝑠+1))
= dist𝐺𝑠 ((0, 𝑖𝑠), (𝑝𝑠+1 − 𝑝𝑠 , 𝑡𝑠+1 − 𝑡𝑠 + 𝑖𝑠+1))
= 𝐷

𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ
[ 𝑖𝑠 , 𝑖𝑠+1 ].

Thus, 𝐷𝑤

𝑃,𝑇

��
Δ
[ 𝑖0 , 𝑖𝑧 ] ≤

∑𝑧−1
𝑠=0 𝐷

𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ
[ 𝑖𝑠 , 𝑖𝑠+1 ] holds for some 𝑖1 , . . . , 𝑖𝑧−1 ∈ [ 0 . .Δ ], which in turn implies

the claim.

In total, we obtain 𝐷𝑤

𝑃,𝑇

��
Δ

𝑘
=
⊕𝑧−1

𝑠=0 𝐷
𝑤

𝑃𝑠 , ¤𝑇𝑠

��
Δ

and thus the claim.

Remark 5.29. Since 𝑘
= is a congruence relation, in the context of Theorem 5.25, a (Δ, 𝑘)-fern of (𝑃, 𝑇)

can be obtained as the (min,+)-product of a leading (Δ, 𝑘)-fern of ( ¤𝑃0 , ¤𝑇0), internal (Δ, 𝑘)-ferns of ( ¤𝑃𝑠 , ¤𝑇𝑠)
for 𝑠 ∈ [ 1 . . 𝑧 − 1 ), and a trailing (Δ, 𝑘)-fern of ( ¤𝑃𝑧−1 , ¤𝑇𝑧−1).

Remark 5.30. We may intuitively understand the proof of Theorem 5.25 as follows: a shortest path
of length at most 𝑘 may use at most 𝑘 horizontal or vertical edges of the alignment graph. Thus, all
shortest path that we care about are contained in a diagonal band that allows for a “safety margin” of at
least 𝑘 to the left and to the right.

Now, when cutting the original fern into small ferns, we just have to ensure that the inputs and
outputs of every small fern fully contains the safety margin—for this, we need the bound on the torsion
of the sequence of puzzle pieces.

5.3 Algorithms for Multiplying Matrices

Definition 5.31. We say that 𝑃 is a matrix property if the following holds for every dimension 𝑞 ∈ Z>0: There
is a family 𝑃𝑞 ⊆ R𝑞×𝑞≥0 of 𝑞 × 𝑞 matrices that satisfy 𝑃, and this family is compatible with the (min,+)-product,
that is, for every two matrices 𝐴, 𝐵 ∈ 𝑃𝑞 , we have 𝐴 ⊕ 𝐵 ∈ 𝑃𝑞 .

We say that 𝑃 admits 𝑇𝑃
𝑀
(𝑞)-time matrix multiplication if there is an algorithm that, given two matrices

𝐴, 𝐵 ∈ 𝑃𝑞 , in time 𝑇𝑃
𝑀
(𝑞) computes 𝐴 ⊕ 𝐵.

We say that 𝑃 admits 𝑇𝑃
𝑉
(𝑞)-time vector multiplication if there is an algorithm that, given a matrix 𝐴 ∈ 𝑃𝑞

and a vector 𝑣 ∈ R𝑞×1
≥0 , in time 𝑇𝑃

𝑉
(𝑞) computes a vector 𝐴 ⊕ 𝑣 ∈ R𝑞×1

≥0 .

Remark 5.32. In this work, we typically study the matrix properties of being Monge or bounded
difference; they are matrix properties due to [Tis15, Theorem 2] and Lemma 5.13.

Lemma 5.33. The Monge property is a matrix property that admits matrix multiplication in 𝒪(𝑞2) time and
vector multiplication in 𝒪(𝑞) time.

Proof. We use [AKM+87] (see Theorem 3.12); the (min,+)-product of Monge matrices is Monge again
by [Tis15, Theorem 2].
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Remark 5.34. Observe that we may use [Kle05] (see Theorem 3.10) to compute Monge ferns for a
pair of strings (see Lemma 6.14 which follows Corollary 3.19). Unfortunately, this is fast enough only in
very specific scenarios. Hence, we later devise more sophisticated algorithms to efficiently construct
Monge ferns.

Lemma 5.35. For every threshold 𝛽 ∈ Z>0, the 𝛽-bounded difference (integer) Monge matrices define a
matrix property. Represented as core-based matrix oracles, they admit 𝒪(𝛽𝑞 log 𝑞)-time matrix multiplication
and 𝒪(𝑞 log 𝑞)-time vector multiplication.

Proof. By Lemma 5.12, our input matrices have a core of 𝒪(𝛽𝑞); hence, Lemma 5.9 allows us to multiply
them in time 𝒪(𝛽𝑞 log 𝑞). Finally, the resulting matrix is again 𝛽-bounded difference by Lemma 5.13
and Monge by [Tis15, Theorem 2].

For the vector multiplication, we proceed as for general weights; however, we afterward list the
resulting vector explicitly using 𝒪(𝑞) queries to the core-based matrix oracle.

Finally, it is instructive to restate (a simplified) [GK25, Theorem 5.10] in our new terminology.

Lemma 5.36 [GK25, Theorem 5.10, simplified]. There is a data structure that supports all of the following
operations.
Initialization. Given non-empty strings 𝑋,𝑌 ∈ Σ+ of total length 𝑛 and oracle access to an integer weight

function 𝑤 : Σ̄2 → [ 0 . .𝑊 ], initialize the data structure in time 𝒪(𝑊𝑛2 log 𝑛).
Fern retrieval. Given integer Δ and 𝑘 return a (𝑊 + 1)-bounded difference Monge (Δ, 𝑘)-fern (represented

as a core-based matrix oracle of size and core 𝒪(𝑊Δ)) in time 𝒪(𝑊Δ log 𝑛).
Character edits. Apply a single character edit to either 𝑋 or 𝑌 in time 𝒪(𝑊𝑛 log 𝑛).

Proof. Compared to [GK25], we output a fern instead of a Core-based matrix oracle of the whole
distance matrix. To that end, we use Lemma 5.6 to extract the core corresponding to the fern (submatrix)
of the distance matrix that is returned by the original data structure.

Now, in particular, we argue about the core of the output fern; the running time guarantees then
follow from Definition 5.3. First, as a contiguous submatrix of a (𝑊 + 1)-bounded difference Monge
fern, the output fern has the same properties. Next, by Lemma 5.12, the fern thus has a core of at
most 𝒪(Δ𝑊); completing the proof.

6 Efficient Solutions for Growing Ferns, Verifying Occurrences, and Listing
Fragments

As mentioned in the introduction, the Landau–Vishkin algorithm for pattern matching under unweighted
edit distance [LV89] can be viewed as a repeated application of a subroutine that, given an 𝒪(𝑘)-size
interval 𝐼 of positions in 𝑇, computes 𝐼 ∩Occ𝑘(𝑃, 𝑇). A solution for this problem, called Verify, that
takes 𝒪(𝑘2) time in the PILLAR model can be found in a work [CH02] of Cole and Hariharan, who
used it as a subroutine in their 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚) algorithm for PMwE. Unfortunately, under weighted
edit distance, one cannot hope to obtain a solution with the same complexity: an algorithm for Verify
under weighted edit distance taking 𝒪(𝑘2) time in the PILLAR model would imply an 𝒪(𝑛 + 𝑘2)-time
algorithm for deciding whether the weighted edit distance of two strings of length at most 𝑛 is at most
𝑘, thus refuting the lower bound of Cassis, Kociumaka, and Wellnitz [CKW23] for this problem—see
Theorem 10.2. In this section, we show that Verify can be solved in 𝒪(𝑘3) time in the PILLAR model in
the case of weighted edit distance. Further, if the weights are integers upper bounded by some threshold
𝑊 , we show that Verify can be solved in 𝒪(min(𝑘2.5 ,𝑊 · 𝑘2)) time in the PILLAR model.

Our techniques also lead to an efficient algorithm for the problem of computing all fragments𝑈 of 𝑇
with ed𝑤(𝑃 → 𝑈) ≤ 𝑘, as well as ed𝑤(𝑃 → 𝑈). This problem is formally defined below.
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Problem ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).
Input. A text 𝑇 of length 𝑛, a pattern 𝑃 of length 𝑚, an integer threshold 𝑘 > 0, and oracle access to a

normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].
Output. The set {(𝑖 , 𝑗 , ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 ))) : 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛 and ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘}.

On the way to our solutions for the Verify problem and the ListAllOccs problem, we derive an
efficient procedure for constructing ferns of 𝑃 and 𝑇 (recall Definition 5.18), which plays a critical role in
Section 9.

Problem GrowFern(𝑃, 𝑇, 𝑘, 𝑤).
Input. A text 𝑇 of length 𝑛, a pattern 𝑃 of length 𝑚, an integer threshold 𝑘 > 0, and oracle access to a

normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].
Output. A (min(𝑛, 𝑘), 𝑘)-fern of 𝑃 and 𝑇 with respect to 𝑤.

Instances of the GrowFern problem where the involved strings are of length 𝒪(𝑘) can be solved
efficiently using an MSSP data structure Corollary 3.19.

Lemma 6.1. Any instance of GrowFern with |𝑃| + |𝑇 | = 𝒪(𝑘) can be solved in time 𝒪(𝑘2 log 𝑘).

Proof. We first build the data structure of Corollary 3.19 for AG
𝑤(𝑃, 𝑇) in 𝒪(𝑘2 log 𝑘) time. Then,

we compute ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) for all (𝑖 , 𝑗) ∈ [ 0 . . min(𝑛, 𝑘) ] × [ 𝑛 −min(𝑛, 𝑘) . . 𝑛 ] using said data
structure in 𝒪(𝑘2 log 𝑘) time—we issue queries asking for the distance from (0, 𝑖) to (𝑚, 𝑛 − 𝑗) for every
(𝑖 , 𝑗) ∈ [ 0 . . min(𝑛, 𝑘) ]2.

6.1 Growing Ferns: the Case of Small Edit and Self-edit Distance
Let us recall the definition of self-edit distance, a notion introduced in [CKW23]. We say that an alignment
𝒜 : 𝑋 {{ 𝑋 is a self-alignment if𝒜 does not align any character 𝑋[ 𝑥 ] to itself. We define the self-edit
distance of 𝑋 as self-ed(𝑋) B min𝒜 ed𝒜(𝑋, 𝑋), where the minimization ranges over self-alignments
𝒜 : 𝑋 {{ 𝑋. In words, self-ed(𝑋) is the minimum (unweighted) cost of a self-alignment. We can
interpret a self-alignment as a (0, 0) { (|𝑋 |, |𝑋 |) path in the alignment graph AG(𝑋, 𝑋) that does not
contain any edge of the main diagonal. Self-edit distance enjoys the following useful properties.

Lemma 6.2 (Properties of self-ed) [CKW23, Lemma 4.2] and [GK25, Lemma 6.2]. Let 𝑋 ∈ Σ∗ denote a
string. Then, all of the following hold:
Monotonicity. For any ℓ ′ ≤ ℓ ≤ 𝑟 ≤ 𝑟′ ∈ [ 0 . . |𝑋 | ], we have

self-ed(𝑋[ ℓ . . 𝑟 )) ≤ self-ed(𝑋[ ℓ ′ . . 𝑟′ )).
Sub-additivity. For any 𝜇 ∈ [ 0 . . |𝑋 | ], we have

self-ed(𝑋) ≤ self-ed(𝑋[ 0 . .𝜇 )) + self-ed(𝑋[𝜇 . . |𝑋 | )).
Triangle inequality. For any 𝑌 ∈ Σ∗, we have self-ed(𝑌) ≤ self-ed(𝑋) + 2ed(𝑋,𝑌).
Continuity. For any 𝑖 ∈ ( 0 . . |𝑋 | ), we have self-ed(𝑋[ 0 . . 𝑖 ]) − self-ed(𝑋[ 0 . . 𝑖 )) ∈ {0, 1}.

The following lemma gives a structural characterization of a pair of strings that are at small edit
distance and have small self-edit distance.

Lemma 6.3 [GK25, Lemma 7.1]; see also [CKW23, Lemma 4.6 and Claim 4.11]. There is a PILLAR
algorithm that, given strings 𝑋,𝑌 and a positive integer 𝑘 satisfying self-ed(𝑋) ≤ 𝑘 ≤ |𝑋 | and ed(𝑋,𝑌) ≤ 𝑘, in
𝒪(𝑘2) time builds a decomposition 𝑋 =

⊙𝑧−1
𝑖=0 𝑋𝑖 and a sequence of fragments (𝑌𝑖)𝑧−1

𝑖=0 of 𝑌 that satisfies all of the
following.
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Each phrase 𝑋𝑖 = 𝑋[ 𝑥𝑖 . . 𝑥𝑖+1 ) is of length 𝑥𝑖+1 − 𝑥𝑖 ∈ [ 𝑘 . . 2𝑘 ) and each fragment 𝑌𝑖 = 𝑌[ 𝑦𝑖 . . 𝑦′𝑖+1 )

satisfies 𝑦𝑖 = max(0, 𝑥𝑖 − 𝑘) and 𝑦′
𝑖+1 = min(𝑥𝑖+1 + 3𝑘, |𝑌|).

There is a set 𝐹 ⊆ [ 0 . . 𝑧 ) of size |𝐹| = 𝒪(𝑘) such that 𝑋[ 𝑥𝑖 . . 𝑥𝑖+1 ) = 𝑋[ 𝑥𝑖−1 . . 𝑥𝑖 ) and 𝑌[ 𝑦𝑖 . . 𝑦′𝑖+1 ) =

𝑌[ 𝑦𝑖−1 . . 𝑦′𝑖 ) hold for each 𝑖 ∈ [ 0 . . 𝑧 ) \ 𝐹 (in particular, 0 ∈ 𝐹).
The algorithm returns the set 𝐹 and, for each 𝑖 ∈ 𝐹, the endpoints of 𝑋𝑖 = 𝑋[ 𝑥𝑖 . . 𝑥𝑖+1 ).14

In the case when the weights are small integers, we utilize the following lemma from [GK25] that
allows us to efficiently compute, for each 𝑖, a representation of 𝐷𝑤

𝑋𝑖 ,𝑌𝑖
.15

Lemma 6.4 [GK25, see Lemma 7.2]. Consider a weight function 𝑤 : Σ̄2 → [ 0 . .𝑊 ], a positive integer 𝑘,
and two strings 𝑋,𝑌 ∈ Σ≤𝑛 such that self-ed(𝑋) ≤ 𝑘 ≤ |𝑋 | and ed(𝑋,𝑌) ≤ 𝑘. Moreover, suppose that
𝑋 =

⊙𝑚−1
𝑖=0 𝑋𝑖 , (𝑌𝑖)𝑚−1

𝑖=0 , and 𝐹 ⊆ [ 0 . .𝑚 ) satisfy the conditions in the statement of Lemma 6.3.
There is an algorithm that, given oracle access to 𝑤, the integer 𝑘, the strings 𝑋,𝑌, the set 𝐹, and the endpoints

of 𝑋𝑖 for each 𝑖 ∈ 𝐹, takes 𝒪(𝑊 · 𝑘2 log2 𝑛) time plus 𝒪(𝑘2) PILLAR operations and returns a reference to
CMO(𝐷𝑤

𝑋𝑖 ,𝑌𝑖
) for each 𝑖 ∈ 𝐹.

A variant of this algorithm that takes𝒪(𝑘2.5 log2 𝑛) time plus𝒪(𝑘2) PILLAR operations returns, for each 𝑖 ∈ 𝐹,
a reference to CMO(𝑀𝑖), where 𝑀𝑖 is a Monge matrix 𝑀𝑖 such that 𝑀𝑖

𝑘
=𝐷𝑤

𝑋𝑖 ,𝑌𝑖
and 𝛿(𝑀𝑖) = 𝒪(𝑘1.5).

In the next lemma, we show an efficient solution for ListAllOccs in the case when self-ed(𝑃) ≤ 𝑘
and ed(𝑃, 𝑇) ≤ 𝑘. The proof of said lemma closely follows the proof of [GK25, Lemma 7.3].

Lemma 6.5 (GrowFern-SmallSED(𝑃, 𝑇, 𝑘, 𝑤)) [GK25, adapted from Lemma 7.3]. Any instance of
the GrowFern problem where self-ed(𝑃) ≤ 𝑘 and ed(𝑃, 𝑇) ≤ 𝑘 can be solved in
1 𝒪(𝑘3 log(𝑛𝑘)) time in the PILLAR model, with the returned fern being Monge;
2 𝒪(𝑊 · 𝑘2 log2(𝑛𝑘)) time in the PILLAR model if all the weights are integers, with the returned fern being

Monge and (𝑊 + 1)-bounded-difference;
3 𝒪(𝑘2.5 log2(𝑛𝑘)) time in the PILLAR model if all the weights are integers, with the returned fern Φ being

Monge and satisfying 𝛿(Φ) = 𝒪(𝑘1.5).
Proof. First, observe that |𝑛 − 𝑚| ≤ ed(𝑃, 𝑇) ≤ 𝑘.

If 𝑚 < 20𝑘, we have 𝑛 < 19𝑘 and it hence suffices to use Lemma 6.1.
We henceforth assume that 𝑚 ≥ 20𝑘, which implies that 𝑛 ≥ 19𝑘. We first run the algorithm of

Lemma 6.3 for 𝑃, 𝑇, and 𝑘, arriving at a decomposition 𝑃 =
⊙𝑧−1

𝑖=0 𝑃𝑖 and a sequence of fragments (𝑇𝑖)𝑧−1
𝑖=0 ,

such that 𝑃𝑖 = 𝑃[ 𝑝𝑖 . . 𝑝𝑖+1 ) and 𝑇𝑖 = 𝑇[ 𝑡𝑖 . . 𝑡′𝑖+1 ) for 𝑡𝑖 = max{𝑝𝑖 − 𝑘, 0} and 𝑡′
𝑖+1 = min{𝑝𝑖+1 + 3𝑘, 𝑛} for

all 𝑖 ∈ [ 0 . . 𝑧 ). The decomposition is represented using a set 𝐹 of size 𝒪(𝑘) such that 𝑃𝑖 = 𝑃𝑖−1 and
𝑇𝑖 = 𝑇𝑖−1 holds for each 𝑖 ∈ [ 0 . . 𝑧 ) \ 𝐹 and the endpoints of 𝑃𝑖 for 𝑖 ∈ 𝐹. To easily handle corner cases,
we set 𝑡′0 B 𝑡′1 and 𝑡𝑧 B 𝑡𝑧−1 (so that the sequences (𝑡𝑖)𝑧𝑖=0 and (𝑡′

𝑖
)𝑧
𝑖=0 remain monotone), and we assume

that [ 0 . . 𝑧 ) \ 𝐹 ⊆ [ 2 . . 𝑧 − 5 ]; if the original set 𝐹 does not satisfy the latter condition, we insert to it the
missing 𝒪(1) elements.

For each 𝑖 ∈ [ 0 . . 𝑧 ), consider a subgraph 𝐺𝑖 of AG
𝑤(𝑃, 𝑇) induced by [ 𝑝𝑖 . . 𝑝𝑖+1 ] × [ 𝑡𝑖 . . 𝑡′𝑖+1 ].

Denote by 𝐺 the union of all subgraphs 𝐺𝑖 . For each 𝑖 ∈ [ 0 . . 𝑧 ], denote 𝑉𝑖 B {𝑝𝑖} × [ 𝑡𝑖 . . 𝑡′𝑖 ]. Note
that 𝑉0 ⊇ {0} × [ 0 . . 2𝑘 ]. Additionally, 𝑉𝑧 ⊇ {𝑚} × [ 𝑛 − 𝑘 . . 𝑛 ] since 𝑝𝑧 − 𝑝𝑧−1 ≥ 𝑘 implies 𝑝𝑧−1 ≤ 𝑚 − 𝑘,
𝑡𝑧−1 = 𝑝𝑧−1 − 𝑘 ≤ 𝑚 − 2𝑘, and 𝑛 ≥ 𝑚 − 𝑘. Further, 𝑉𝑖 = 𝑉(𝐺𝑖) ∩𝑉(𝐺𝑖−1) for 𝑖 ∈ ( 0 . . 𝑧 ). Moreover, for
integers 0 ≤ 𝑖 ≤ 𝑗 ≤ 𝑧, let 𝐷𝑖 , 𝑗 denote the matrix of pairwise distances from 𝑉𝑖 to 𝑉𝑗 in 𝐺, where rows
of 𝐷𝑖 , 𝑗 represent vertices of 𝑉𝑖 in the increasing order of the second coordinate, and columns of 𝐷𝑖 , 𝑗

represent vertices of 𝑉𝑗 in the increasing order of the second coordinate. Note that 𝐷𝑖 , 𝑗 is a Monge
matrix by Fact 3.11.

14 This determines the whole decomposition because (𝑥𝑖)𝑟𝑖=ℓ is an arithmetic progression for every ( ℓ . . 𝑟 ] ⊆ ( 0 . . 𝑧 ] \ 𝐹.
15 [GK25, Lemma 7.2] returns an intricate data structure that is outlined in [GK25, Theorem 5.10]. In Lemma 6.4, instead

of describing this data structure in detail, we specify as output only the part of said data structure that is useful to us.
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Claim 6.6. 1 We can compute 𝐷𝑖 ,𝑖+1 for all 𝑖 ∈ 𝐹 in 𝒪(𝑘3 log 𝑘) time in total in the PILLAR model.
2 If all the weights are integers, we can compute CMO(𝐷𝑖 ,𝑖+1), for all 𝑖 ∈ 𝐹, in 𝒪(𝑊 · 𝑘2 log2 𝑛) time in the

PILLAR model;
3 If all the weights are integers, we can compute CMO(𝑍𝑖 ,𝑖+1), for all 𝑖 ∈ 𝐹, where 𝑍𝑖 ,𝑖+1 is a Monge matrix

such that 𝑍𝑖 ,𝑖+1
𝑘
=𝐷𝑖 ,𝑖+1 and 𝛿(𝑍𝑖 ,𝑖+1) = 𝒪(𝑘1.5), in 𝒪(𝑘2.5 log2 𝑛) time in the PILLAR model.

Proof. By Lemma 3.16 (path monotonicity), the shortest paths (in 𝐺) between vertices of 𝐺𝑖 stay within
𝐺𝑖 . Hence, 𝐷𝑖 ,𝑖+1 can be computed in 𝒪(𝑘2 log 𝑘) time using an MSSP data structure (Theorem 3.10) for
each 𝑖 ∈ 𝐹, for a total time of 𝒪(𝑘3 log 𝑘).

In the case of integer weights, we can instead use either of the following approaches.
We can use Lemma 6.4 to construct CMO(𝐷𝑤

𝑃𝑖 ,𝑇𝑖
) for all 𝑖 ∈ 𝐹 using 𝒪(𝑊 · 𝑘2 log2 𝑛) total time in

the PILLAR model. Then, for each 𝑖 ∈ 𝐹, we can extract CMO(𝐷𝑖 ,𝑖+1) in 𝒪(𝑊 · 𝑘 log 𝑘), time using
Lemma 5.6, for a total of 𝒪(𝑊 · 𝑘2 log 𝑘) time, noting that the core of each considered matrix is of
size 𝒪(𝑊 · 𝑘) due to Fact 5.15.
We can use Lemma 6.4 to construct, for each 𝑖 ∈ 𝐹, CMO(𝑀𝑖) for a Monge matrix 𝑀𝑖 such that
𝑀𝑖

𝑘
=𝐷𝑤

𝑃𝑖 ,𝑇𝑖
and 𝛿(𝑀𝑖) = 𝒪(𝑘1.5) in 𝒪(𝑘2.5 log2 𝑛) total time in the PILLAR model. Then, for each 𝑖 ∈ 𝐹,

we can extract CMO(𝑍𝑖 ,𝑖+1) in 𝒪(𝑘1.5 log 𝑘), for a total of 𝒪(𝑘2.5 log 𝑘) time, using Lemma 5.6.

As shown in the proof of [GK25, Claim 7.4], our definition of 𝐹 ensures that 𝐷𝑖 ,𝑖+1 = 𝐷𝑖−1,𝑖 for each
𝑖 ∈ [ 0 . . 𝑧 ) \ 𝐹. We rely on the following fact to prove Claim 6.8.

Claim 6.7 [GK25, Claim 7.4]. Let 0 = 𝑗0 < 𝑗1 < . . . < 𝑗|𝐹|−1 < 𝑗|𝐹| = 𝑧 be the elements of 𝐹 ∪ {𝑧}. We have

𝐷0,𝑧 =

|𝐹|−1⊕
𝑖=0

𝐷
⊕(𝑗𝑖+1−𝑗𝑖 )
𝑗𝑖 , 𝑗𝑖+1 .

Claim 6.8. 1 We can compute 𝐷0,𝑧 in 𝒪(𝑘3 log 𝑛) time in the PILLAR model.
2 If all weights are integers, 𝐷0,𝑧 is (𝑊 + 1)-bounded difference and we can compute it in time 𝒪(𝑊 · 𝑘2 log2 𝑛)

time in the PILLAR model.
3 If all weights are integers, in 𝒪(𝑘2.5 log2 𝑛) time in the PILLAR model, we can compute a Monge matrix 𝑍0,𝑧

such that 𝑍0,𝑧
𝑘
=𝐷0,𝑧 and 𝛿(𝑍0,𝑧) = 𝒪(𝑘1.5).

Proof. In the case of arbitrary weights, we first employ Claim 6.6(1) to compute, for each 𝑖 ∈ [ 0 . . |𝐹| ),
the matrix 𝐷𝑗𝑖 , 𝑗𝑖+1, in 𝒪(𝑘3 log 𝑘) time in the PILLAR model in total. Given 𝐷𝑎,𝑏 and 𝐷𝑏,𝑐 for any integers
0 ≤ 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑧, we can calculate 𝐷𝑎,𝑐 using Theorem 3.12 in time 𝒪(𝑘2). Therefore, using binary
exponentiation, we can calculate 𝑀𝑖 where 𝑀𝑖 B 𝐷

⊕(𝑗𝑖+1−𝑗𝑖 )
𝑗𝑖 , 𝑗𝑖+1 in time 𝒪(𝑘2 log 𝑛). Doing this for all 𝑖 ∈

[ 0 . . |𝐹| ) requires𝒪(𝑘3 log 𝑛) time. We then calculate𝐷0,𝑧 using the fact that𝐷0,𝑧 = 𝑀0⊕𝑀1⊕· · ·⊕𝑀|𝐹|−1
in time 𝒪(|𝐹| · 𝑘2) = 𝒪(𝑘3).

In the case of integer weights, we present two algorithms.
An 𝒪(𝑊 · 𝑘2 log2 𝑛)-PILLAR-time algorithm. We employ Claim 6.6(2) to compute CMO(𝐷𝑗𝑖 , 𝑗𝑖+1) for all
𝑖 ∈ [ 0 . . |𝐹| ), in 𝒪(𝑊 · 𝑘2 log2 𝑛) total time in the PILLAR model. We then use Lemma 5.5 instead of
Theorem 3.12 and binary exponentiation to compute CMO(𝐷0,𝑧). This requires 𝒪(𝑊 · 𝑘2 log2 𝑛) time
in total as each matrix 𝐷𝑗𝑖 , 𝑗𝑖+1 is (𝑊 + 1)-bounded-difference due to Fact 5.15, each computed matrix
is (𝑊 + 1)-bounded-difference due to Lemma 5.13, and thus the core of each considered matrix is
𝒪(𝑊 · 𝑘) due to Lemma 5.12. In the end, we extract the (𝑊 + 1)-bounded-difference matrix 𝐷0,𝑧 from
CMO(𝐷0,𝑧) in 𝒪(𝑘2 log 𝑘) time (see Definition 5.3).
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An 𝒪(𝑘2.5 log2 𝑛)-PILLAR-time algorithm. We employ Claim 6.6(3) to compute, for each 𝑖 ∈ [ 0 . . |𝐹| ),
CMO(𝑍 𝑗𝑖 , 𝑗𝑖+1) for a Monge matrix 𝑍 𝑗𝑖 , 𝑗𝑖+1 that is 𝑘-equivalent to 𝐷𝑗𝑖 , 𝑗𝑖+1 and its core has size 𝒪(𝑘1.5) in
total time 𝒪(𝑘2.5 log2 𝑛) in the PILLAR model. We then use Lemma 5.9 instead of Theorem 3.12 and
binary exponentiation to compute a matrix 𝑍0,𝑧 that is 𝑘-equivalent to 𝐷0,𝑧 . Lemma 5.9 guarantees
that the size of the core of each computed matrix is 𝒪(𝑘1.5) and hence the total running time for all
𝒪(𝑘 log 𝑛)min-plus multiplications is 𝒪(𝑘2.5 log2 𝑛). In the end, we again extract the matrix from its
CMO representation in 𝒪(𝑘2 log 𝑘) time, noting that its core is of size 𝒪(𝑘1.5).

Claim 6.9 (See also Claim 4.7). For every fragment 𝑇[ ℓ . . 𝑟 ) of 𝑇 and threshold 𝑑 ∈ [0, 𝑘], the following are
equivalent:
(a) ed𝑤(𝑃 → 𝑇[ ℓ . . 𝑟 )) ≤ 𝑑;
(b) ℓ ≤ 𝑡′0, 𝑟 ≥ 𝑡𝑧 , and dist𝐺((0, ℓ ), (𝑚, 𝑟)) ≤ 𝑑.

Proof. The (𝑎) ⇐ (𝑏) implication follows directly from Lemma 3.16 (distance preservation between
AG𝑤(𝑃, 𝑇) and AG

𝑤(𝑃, 𝑇)) and the fact that 𝐺 is a subgraph of AG
𝑤(𝑃, 𝑇).

For the converse implication, suppose that there is an alignment𝒪 : 𝑃 {{ 𝑇[ ℓ . . 𝑟 ) of weighted cost at
most 𝑑 ≤ 𝑘. It suffices to prove that𝒪 (interpreted as a path from (0, ℓ ) to (𝑚, 𝑟) in AG

𝑤(𝑃, 𝑇)) is contained
in 𝐺. For this, let us focus on a single edge (𝑝, 𝑡) → (𝑝′ , 𝑡′) of 𝒪 with 𝑝′ ∈ {𝑝, 𝑝 + 1} and 𝑡′ ∈ {𝑡 , 𝑡 + 1}.
Let us fix an index 𝑖 ∈ [ 0 . . 𝑧 ) such that [ 𝑝 . . 𝑝′ ] ⊆ [ 𝑝𝑖 . . 𝑝𝑖+1 ]. Note that (𝑡′ − 𝑝′) − (𝑟 − 𝑚) ≤ 𝑘 implies
𝑡′ ≤ 𝑝′+ 𝑘 + 𝑟 −𝑚 ≤ 𝑝′+ 𝑘 + 𝑛−𝑚 ≤ 𝑝′+2𝑘 ≤ 𝑝𝑖+1+2𝑘. Since 𝑡′ ≤ 𝑛, we conclude that 𝑡′ ≤ 𝑡′

𝑖+1. Further,
note that (𝑝 − 𝑡) − (0 − ℓ ) ≤ 𝑘 implies 𝑡 ≥ 𝑝 − 𝑘 − ℓ ≥ 𝑝 − 𝑘 ≥ 𝑝𝑖 − 𝑘. Since 𝑡 ≥ 0, we conclude that 𝑡 ≥ 𝑡𝑖 .
Thus, since 𝑡 , 𝑡′ ∈ [ 𝑡𝑖 . . 𝑡′𝑖+1 ], the edge (𝑝, 𝑡) → (𝑝′ , 𝑡′) is contained in 𝐺𝑖 and hence in 𝐺.

The above claim guarantees that the matrix returned by each of the algorithms encapsulated in
Claim 6.8 is an 𝒪(𝑘) × 𝒪(𝑘)Monge matrix whose top-right contiguous (𝑘 + 1) × (𝑘 + 1) submatrix Φ is in
ℱ 𝑤

𝑃,𝑇

��𝑘
𝑘

due to the fact that 𝑉0 ⊇ {0} × [ 0 . . 𝑘 ] and 𝑉𝑧 ⊇ {𝑚} × [ 𝑛 − 𝑘 . . 𝑛 ]. We extract Φ in 𝒪(𝑘2 log 𝑘)
time (see Definition 5.3) and return it. In the case when 𝑚 ≥ 20𝑘, the time complexity of the algorithm
is dominated by the running time of the procedure encapsulated in Claim 6.8. This concludes the proof
of the lemma.

6.2 Growing Ferns: The General Case
Before proving the main lemma of this section, let us state some useful lemmas from [CKW23, GK25].

Lemma 6.10 [CKW23, Lemma 4.5]. There is an 𝒪(𝑘2)-time PILLAR algorithm that, given a string 𝑋 ∈ Σ𝑛
and an integer 𝑘 ∈ Z≥0 determines whether self-ed(𝑋) ≤ 𝑘 and, if so, retrieves (the breakpoint representation of)
an optimal self-alignment𝒜 : 𝑋 {{ 𝑋.

Lemma 6.11 [CKW23, part of Lemma 4.9]. There is an algorithm that, given two strings 𝑋,𝑌 ∈ Σ≤𝑛 and
integers 1 ≤ 𝑑 ≤ 𝑘 ≤ 𝑛 such that self-ed(𝑋) ≤ 𝑘 and

��|𝑋 | − |𝑌|�� ≤ 2𝑑, as well as (oracle access to) a normalized
weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], computes ed𝑤≤𝑑(𝑋 → 𝑌) as well as the breakpoint representation of the
underlying alignment (if this value is not∞) in 𝒪(𝑘2𝑑 log 𝑛) time in the PILLAR model.

Lemma 6.12 [CKW23, Lemma 4.4]. For two strings 𝑋,𝑌 ∈ Σ∗ and positions 𝑖 ≤ 𝑗 , 𝑖′ ≤ 𝑗′ ∈ [ 0 . . |𝑌| ],
write 𝒜 ∈ A(𝑋,𝑌[ 𝑖 . . 𝑗 )) and 𝒜′ ∈ A(𝑋,𝑌[ 𝑖′ . . 𝑗′ )). If the alignments 𝒜 and 𝒜′, interpreted as paths in
AG(𝑋,𝑌), do not contain any common diagonal edge, then

self-ed(𝑋) ≤ |𝑖 − 𝑖′| + ed𝒜(𝑋,𝑌[ 𝑖 . . 𝑗 )) + ed𝒜′(𝑋,𝑌[ 𝑖′ . . 𝑗′ )) + |𝑗 − 𝑗′|.
Lemma 6.13 [GK25, Lemma 7.6]. There is a PILLAR algorithm that, given two strings 𝑋,𝑌 ∈ Σ≤𝑛 as well as

oracle access to a weight function 𝑤 : Σ̄2 → [ 0 . .𝑊 ], finds ed𝑤(𝑋 → 𝑌) as well as the breakpoint representation
of a 𝑤-optimal alignment𝒜 : 𝑋 {{ 𝑌. The running time of the algorithm is 𝒪(min{𝑘2 ·𝑊 log2 𝑛, 𝑘2.5 log3 𝑛})
time plus 𝒪(𝑘2 log min{𝑛,𝑊 + 1}) PILLAR operations, where 𝑘 = ed𝑤(𝑋 → 𝑌).
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Lemma 6.14 (GrowFern(𝑃, 𝑇, 𝑘, 𝑤)). Any instance of the GrowFern problem can be solved in
1 𝒪(𝑘3 log(𝑛𝑘) log 𝑛) time in the PILLAR model with the returned fern being Monge;
2 𝒪(𝑊 · 𝑘2 log2(𝑛𝑘)) time in the PILLAR model if all weights are integers, with the returned fern being Monge

and (𝑊 + 1)-bounded-difference;
3 𝒪(𝑘2.5 log3(𝑛𝑘)) time in the PILLAR model if all weights are integers, with the returned fern Φ being Monge

and satisfying 𝛿(Φ) = 𝒪(𝑘1.5).

Proof. We first compute ed(𝑃, 𝑇) in 𝒪(𝑘2) time in the PILLAR model using Lemma 3.20.
If ed(𝑃, 𝑇) > 3𝑘, then we can output a trivial fern all of whose entries are set to 𝑘 + 1. This follows

from the fact that if there exist 𝑖 ≤ 𝑘 and 𝑗 ≥ 𝑛 − 𝑘 such that the (0, 𝑖)-to-(𝑚, 𝑗) shortest path in AG
𝑤(𝑃, 𝑇)

has weight at most 𝑘, then ed(𝑃, 𝑇) ≤ |𝑇[ 0 . . 𝑖 )| + ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) + |𝑇[ 𝑗 . . 𝑛 )| ≤ 3𝑘.
If ed(𝑃, 𝑇) ∈ ( 𝑘 . . 3𝑘 ], we simply replace 𝑘 with ed(𝑃, 𝑇), thus reducing to the case when 𝑘 ≥ ed(𝑃, 𝑇).

In the end, we simply trim the returned fern in 𝒪(𝑘2) time according to Lemma 5.20.
We can thus henceforth assume that ed(𝑃, 𝑇) ≤ 𝑘 and distinguish between two cases depending on

whether self-ed(𝑃) ≤ 57𝑘; this can be determined in 𝒪(𝑘2) time in the PILLAR model using Lemma 6.10.
Case I: self-ed(𝑃) ≤ 57𝑘. We call GrowFern-SmallSED(𝑃, 𝑇, 57𝑘, 𝑤) from Lemma 6.5, which,

within the stated bounds, returns a Monge fern Φ ∈ ℱ 𝑤

𝑃,𝑇

��57𝑘
min(𝑛,57𝑘). It suffices to trim this fern in 𝒪(𝑘2)

time according to Lemma 5.20 thus obtaining a Monge (min(𝑛, 𝑘), 𝑘)-fern of 𝑃 and 𝑇 with respect to 𝑤
whose difference bounds and core size are inherited from the corresponding constraints on Φ.

Case II: self-ed(𝑃) > 57𝑘. The monotonicity and continuity properties of self-edit distance (Lemma 6.2)
imply that, using 𝒪(log𝑚) invocations of Lemma 6.10 in a binary search fashion, we can compute the
following fragments in 𝒪(𝑘2 log𝑚) time in the PILLAR model:

a prefix 𝑃𝑝 of 𝑃 with self-edit distance 28𝑘;
a prefix 𝑃′𝑝 of 𝑃 with self-edit distance 14𝑘;
a suffix 𝑃𝑠 of 𝑃 with self-edit distance 28𝑘;
a suffix 𝑃′𝑠 of 𝑃 with self-edit distance 14𝑘.

Due to the monotonicity, sub-additivity, and triangle inequality properties of self-edit distance
(Lemma 6.2), the fragments 𝑃𝑝 and 𝑃𝑠 do not overlap, that is, we have 𝑃 = 𝑃𝑝𝑃𝜇𝑃𝑠 for some string 𝑃𝜇 of
self-edit distance at least 57𝑘 − 28𝑘 − 28𝑘 = 𝑘.

We then intend to compute min0≤𝑢≤𝑣≤|𝑃𝑝 |+𝑛−𝑚+𝑘 ed𝑤≤𝑘(𝑃𝑝 → 𝑇[ 𝑢 . . 𝑣 )) along with a witness fragment
𝑇[ 𝑝1 . . 𝑝3 ). Note that |𝑃𝑝 | + 𝑛 −𝑚 + 𝑘 ≤ |𝑃𝑝 | + 2𝑘 and hence, if this minimum value is at most 𝑘, we have
𝑝1 ∈ [ 0 . . 3𝑘 ] and 𝑝3 ∈ [ |𝑃𝑝 |+𝑛−𝑚−2𝑘 . . |𝑃𝑝 |+𝑛−𝑚+𝑘 ). It thus suffices to call GrowFern-SmallSED(𝑃𝑝,
𝑇[ 0 . . |𝑃𝑝 | + 𝑛 − 𝑚 + 𝑘 ), 28𝑘, 𝑤) using Lemma 6.5 and iterate over its entries. If the computed value
is∞, we output a trivial fern all of whose entries are set to 𝑘 + 1. Otherwise, that is, if the computed
value is not ∞, we then compute the breakpoint representation of a witness alignment 𝒜𝑝 , and we
set 𝑇𝑝 B 𝑇[ 𝑝1 . . 𝑝3 ) = 𝒜𝑝(𝑃𝑝). To see that this is correct, suppose that there exists an alignment
𝒜 : 𝑃 {{ 𝑇[ ℓ . . 𝑟 ) of weighted cost at most 𝑘. Let 𝑇[ ℓ . . 𝑣 ) B 𝒜(𝑃𝑝). By Lemma 3.18, we have
𝑣 ≤ |𝑃𝑝 | + 𝑛 − 𝑚 + 𝑘, so we have ed𝑤(𝑃𝑝 → 𝑇[ ℓ . . 𝑣 )) ≤ 𝑘 for 0 ≤ 𝑖 ≤ 𝑣 ≤ |𝑃𝑝 | + 𝑛 − 𝑚 + 𝑘. It remains to
explain how we compute the breakpoint representation of𝒜𝑝 . In the case of general weights, we do so
using Lemma 6.11 in 𝒪(𝑘3 log𝑚) time in the PILLAR model. In the case of integer weights, we employ
Lemma 6.13 which requires 𝒪(min{𝑘2 ·𝑊 log2 𝑛, 𝑘2.5 log3 𝑛}) time plus 𝒪(𝑘2 log min{𝑛,𝑊 + 1}) PILLAR
operations.

Symmetrically, we compute min𝑚−𝑘−|𝑃𝑠 |≤𝑢≤𝑣≤𝑛 ed𝑤≤𝑘(𝑃𝑠 → 𝑇[ 𝑢 . . 𝑣 )). As above, if this value is∞, we
output a trivial fern all of whose entries are set to 𝑘 + 1. Otherwise, that is, if this value is not∞, we also
obtain the breakpoint representation of a witness alignment𝒜𝑠 , and we set 𝑇𝑠 B 𝑇[ 𝑠1 . . 𝑠3 ) B 𝒜𝑠(𝑃𝑠).
The time complexity and the correctness of this procedure follow by arguments symmetric to the one
made in the previous paragraph.
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We henceforth assume that we have alignments 𝒜𝑝 and 𝒜𝑠 at hand and set 𝑇′𝑝 B 𝑇[ 𝑝1 . . 𝑝2 ) B

𝒜𝑝(𝑃′𝑝) and 𝑇′𝑠 B 𝑇[ 𝑠1 . . 𝑠2 ) B 𝒜𝑠(𝑃′𝑠).

Claim 6.15. For any two positions 𝛽, 𝛾 ∈ [ 0 . . 𝑛 ] such that ed𝑤(𝑃 → 𝑇[ 𝛽 . . 𝛾 )) ≤ 𝑘,

ed𝑤(𝑃 → 𝑇[ 𝛽 . . 𝛾 )) = ed𝑤(𝑃[ 0 . . |𝑃′𝑝 | )→ 𝑇[ 𝛽 . . 𝑝2 ))
+ ed𝑤(𝑃[ |𝑃′𝑝 | . .𝑚 − |𝑃′𝑠 | )→ 𝑇[ 𝑝2 . . 𝑠2 ))

+ ed𝑤(𝑃[𝑚 − |𝑃′𝑠 | . .𝑚 )→ 𝑇[ 𝑠2 . . 𝛾 )).

Proof. We say that a vertex (𝑟1 , 𝑐1) dominates a vertex (𝑟2 , 𝑐2) if 𝑟1 ≥ 𝑟2 and 𝑐1 ≥ 𝑐2.
Let us consider an optimal alignment 𝒜 : 𝑃 {{ 𝑇[ 𝛽 . . 𝛾 ). Our goal is to show that, when we

interpret alignments𝒜,𝒜𝑝 , and𝒜𝑠 as paths in AG𝑤(𝑃, 𝑇), each of the following holds.
1 𝒜 and𝒜𝑝 share a vertex that is dominated by (|𝑃′𝑝 |, 𝑝2).
2 𝒜 and𝒜𝑝 share a vertex that dominates (|𝑃′𝑝 |, 𝑝2) and is dominated by (|𝑃𝑝 |, 𝑝3).
3 𝒜 and𝒜𝑠 share a vertex that dominates (𝑚 − |𝑃𝑠 |, 𝑠1) and is dominated by (𝑚 − |𝑃′𝑠 |, 𝑠2).
4 𝒜 and𝒜𝑠 share a vertex that dominates (𝑚 − |𝑃′𝑠 |, 𝑠2).

The setting is illustrated in Figure 8. We prove the existence of the two vertices specified in Items 1
and 2—the existence of the remaining ones follows by symmetry.

Proof of Item 1: Toward a contradiction, suppose that𝒜 and𝒜𝑝 do not share any vertex dominated
by (|𝑃′𝑝 |, 𝑝2). Then, in particular,𝒜 and𝒜𝑝 do not share any diagonal edge with an endpoint dominated
by (|𝑃′𝑝 |, 𝑝2). The condition of Lemma 6.12 is thus satisfied and we have that

self-ed(𝑃′𝑝) ≤ |𝛽 − 𝑝1| + ed𝒜(𝑃′𝑝 ,𝒜(𝑃′𝑝)) + ed𝒜𝑝 (𝑃′𝑝 , 𝑇′𝑝 ) + |𝛽 + |𝒜(𝑃′𝑝)| − 𝑝2| ≤ 3𝑘 + 𝑘 + 𝑘 + 5𝑘 = 10𝑘,

since 𝑝1 , 𝛽 ∈ [ 0 . . 3𝑘 ] and the lengths of𝒜(𝑃′𝑝) and 𝑇′𝑝 differ by at most 𝑘. This implies that self-ed(𝑃′𝑝) ≤
10𝑘 < 14𝑘, which contradicts the definition of 𝑃′𝑝 .

Proof of Item 2: Toward a contradiction, suppose that 𝒜 and 𝒜𝑝 do not share any vertex that
dominates (|𝑃′𝑝 |, 𝑝2) and is dominated by (|𝑃𝑝 |, 𝑝3). Then, in particular, these two alignments do not
share any diagonal edge with such an endpoint, and we can again use Lemma 6.12. Let us denote
𝑃[ |𝑃′𝑝 | . . |𝑃𝑝 | ) by 𝑃′′𝑝 . We have

self-ed(𝑃′′𝑝 ) ≤ |𝛽 + |𝒜(𝑃′𝑝)| − 𝑝2| + ed𝒜(𝑃′′𝑝 ,𝒜(𝑃′′𝑝 )) + ed𝒜𝑝 (𝑃′′𝑝 ,𝒜𝑝(𝑃′′𝑝 )) + |𝛽 + |𝒜(𝑃𝑝)| − 𝑝3|
≤ 5𝑘 + 𝑘 + 𝑘 + 5𝑘 = 12𝑘,

similarly to before. By the sub-additivity and triangle inequality properties of self-edit distance from
Lemma 6.2, we then have that self-ed(𝑃𝑝) ≤ self-ed(𝑃′𝑝)+self-ed(𝑃′′𝑝 ) ≤ 14𝑘+12𝑘 < 28𝑘, which contradicts
the definition of 𝑃𝑝 .

We are now ready to conclude the proof of the claim. We tweak alignment𝒜 by making it behave
like alignment𝒜𝑝 between a pair of vertices 𝑢1 and 𝑢2 that satisfy the conditions specified in Item 1
and Item 2, respectively, and like alignment 𝒜𝑠 between a pair of vertices 𝑢3 and 𝑢4 that satisfy the
conditions specified in Item 3 and Item 4. Since global alignments are also locally optimal, the cost of
the obtained alignment𝒜′ remains unchanged. As𝒜′ is an optimal alignment and contains (|𝑃′𝑝 |, 𝑝2)
and (𝑚 − |𝑃′𝑠 |, 𝑠2), the statement of the claim follows.

We are now ready to compute the output. We first call GrowFern-SmallSED(𝑃′𝑝, 𝑇[ 0 . . 𝑝2 ),
14𝑘, 𝑤) using the appropriate variant of Lemma 6.5, noting that its conditions are satisfied:
self-ed(𝑃′𝑝) = 14𝑘 and ed(𝑃′𝑝 , 𝑇[ 0 . . 𝑝2 )) ≤ 𝑝1 + 𝑘 ≤ 4𝑘. Let us denote the returned fern by Φ𝑝 .
We also call GrowFern-SmallSED(𝑃′𝑠, 𝑇[ 𝑠2 . . 𝑛 ), 14𝑘, 𝑤), obtaining a fern Φ𝑠 . We also compute
𝜓 B ed𝑤(𝑃[ |𝑃′𝑝 | . . |𝑃|−|𝑃′𝑠 | )→ 𝑇[ 𝑝2 . . 𝑠2 )) in𝒪(𝑘3 log2(𝑛𝑘)) time in the PILLAR model using Lemma 3.21
in the case of general weights and in𝒪(min{𝑘2 ·𝑊 log2 𝑛, 𝑘2.5 log3 𝑛}) time plus𝒪(𝑘2 log min{𝑛,𝑊 + 1})
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Figure 8. An illustration of the setting in the proof of Claim 6.15 with 𝜋1 = (0, 𝑝1), 𝜋2 = (|𝑃′𝑝 |, 𝑝2), 𝜋3 = (|𝑃𝑝 |, 𝑝3),
𝜎1 = (𝑚 − |𝑃𝑠 |, 𝑠1), 𝜎2 = (𝑚 − |𝑃′𝑠 |, 𝑠2), and 𝜎3 = (𝑚, 𝑠3). Vertices 𝑢1, 𝑢2, 𝑢3, and 𝑢4 satisfy the requirements of Item 1,
Item 2, Item 3, and Item 4, respectively; observe that there are vertices that satisfy the requirements of Item 2. An
alignment that contains (|𝑃′𝑝 |, 𝑝2) and (𝑚 − |𝑃′𝑠 |, 𝑠2) and hence witnesses the equality at the statement of the lemma
can be obtained as follows: follow𝒜 from (0, 𝛽) to 𝑢1,𝒜𝑝 from 𝑢1 to 𝑢2,𝒜 from 𝑢2 to 𝑢3,𝒜𝑠 from 𝑢3 to 𝑢4, and𝒜
from 𝑢4 to (𝑚, 𝛾).

PILLAR operations using Lemma 6.13 in the case of integer weights. Finally, we compute a Monge
matrix that is 𝑘-equivalent to the min-plus product of the last column Φ𝑝[ [ 0 . . 𝑘 ], 14𝑘 ] of Φ𝑃 with
the first row Φ𝑠[ 0, [ 13𝑘 . . 14𝑘 ] ] of Φ𝑠 and increment all entries of their min-plus product by 𝜓, thus
obtaining a matrix Ψ. Due to Claim 6.15, Ψ ∈ ℱ 𝑤

𝑃,𝑇

��𝑘
𝑘
. The time required for computing Ψ (using one of

Theorem 3.12 and Lemmas 5.5 and 5.9 depending on the case) is dominated by the time required by the
calls to the appropriate variant of GrowFern-SmallSED.

6.3 Efficient Solutions for the ListAllOccs and Verify Problems

Corollary 6.16 (ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤)). ListAllOccs can be solved in 𝒪(min(max(𝑘, 𝑛 − 𝑚) ·
𝑘2 log2(𝑚𝑘), 𝑛(𝑚 + 𝑘) log(𝑛𝑚))) time in the PILLAR model.

In the case of integer weights, ListAllOccs can also be solved in 𝒪(max(𝑘, 𝑛 − 𝑚) · 𝑘 log2(𝑚𝑘) ·
min(
√
𝑘 log(𝑚𝑘),𝑊)) time in the PILLAR model.

Proof. If 𝑛 < 𝑚 − 𝑘, then 𝑃 has no (𝑘, 𝑤)-error occurrences in 𝑇, so we henceforth assume 𝑛 ≥ 𝑚 − 𝑘.
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First, we observe that Corollary 3.19 directly yields an algorithm with running time 𝒪(𝑛(𝑚 +
𝑘) log(𝑛𝑚)). It suffices to preprocess the graph AG

𝑤(𝑃, 𝑇) according to Corollary 3.19 in 𝒪(𝑛𝑚 log(𝑛𝑚))
time and ask 𝒪(𝑛𝑘) queries in 𝒪(log(𝑛𝑚)) time each: For each 𝑖 ∈ [ 0 . . 𝑛 ], we ask 𝒪(𝑘) queries to
retrieve ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) for all 𝑗 ∈ [ 𝑖 . . 𝑛 ] ∩ [ 𝑖 + 𝑚 − 𝑘 . . 𝑖 + 𝑚 + 𝑘 ].

Let us now describe efficient algorithms for the case when 𝑛 ≤ 𝑚 + 2𝑘. Observe that if there are
positions 𝑖 , 𝑗 ∈ [ 0 . . 𝑛 ) such that ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘, we have ed(𝑃, 𝑇) ≤ |𝑇[ 0 . . 𝑖 )| + ed𝑤(𝑃 →
𝑇[ 𝑖 . . 𝑗 )) + |𝑇[ 𝑗 . . 𝑛 )| ≤ 4𝑘. We can check whether ed(𝑃, 𝑇) ≤ 4𝑘 in 𝒪(𝑘2) time in the PILLAR model
using Lemma 3.20, and, if this is not the case return the empty set. In the case when ed(𝑃, 𝑇) ≤ 4𝑘,
we call GrowFern(𝑃, 𝑇, 4𝑘, 𝑤) from Lemma 6.5 thus obtaining a fern Φ ∈ ℱ 𝑤

𝑃,𝑇

��4𝑘
Δ

for Δ = min(𝑛, 4𝑘). In
order to compute the desired set of occurrences, it then suffices to iterate over the entries of Φ and, for
each entry Φ[ ℓ , 𝑟 ] ≤ 𝑘 such that ℓ ≤ 𝑛 − Δ + 𝑟, report the fragment 𝑇[ ℓ . . 𝑛 − Δ + 𝑟 ) along with the
value 𝑑. This post-processing takes 𝒪(𝑘2) time.

Next, we present efficient algorithms for the case when 𝑛 ≥ 𝑚 + 2𝑘. We consider fragments
𝑇𝑡 B 𝑇[ 𝑡𝑘 . . min{𝑚 + (𝑡 + 2)𝑘, 𝑛} ) for all 𝑡 ∈ [ 0 . . ⌊(𝑛 − 𝑚 + 𝑘)/𝑘⌋ ]. Each of them is of length at most
𝑚 + 2𝑘, so we can apply the procedure from the previous case to list all (𝑘, 𝑤)-error occurrences of 𝑃 in
𝑇𝑡 , along with the underlying costs. For each (𝑘, 𝑤)-error occurrence 𝑇𝑡[ 𝑖′ . . 𝑗′ ), if 𝑖′ ≤ 𝑘, we report a
(𝑘, 𝑤)-error occurrence 𝑇[ 𝑖′ + 𝑡𝑘 . . 𝑗′ + 𝑡𝑘 ) of the same cost.

Every (𝑘, 𝑤)-error occurrence 𝑇𝑡[ 𝑖′ . . 𝑗′ ) corresponds to a (𝑘, 𝑤)-error occurrence 𝑇[ 𝑖′ + 𝑡𝑘 . . 𝑗′ + 𝑡𝑘 )
of the same cost, and thus the reported occurrences are correct. Moreover, 𝑖′ ∈ [ 0 . . 𝑘 ) implies
𝑖′ + 𝑡𝑘 ∈ [ 𝑡𝑘 . . (𝑡 + 1)𝑘 ), so the reported occurrences are distinct. It remains to prove that all (𝑘, 𝑤)-error
occurrences are indeed reported. For this, consider a (𝑘, 𝑤)-error occurrence 𝑇[ 𝑖 . . 𝑗 ). The condition
𝑗 − 𝑖 ≥ 𝑚 − 𝑘 implies 𝑖 ≤ 𝑛 − 𝑚 + 𝑘. Hence, 𝑡 B ⌊𝑖/𝑘⌋ ∈ [ 0 . . ⌊(𝑛 − 𝑚 + 𝑘)/𝑘⌋ ]. Furthermore, the
condition 𝑗− 𝑖 ≤ 𝑚+ 𝑘 implies 𝑗 ≤ 𝑖+𝑚+ 𝑘 < (𝑡 +1)𝑘 +𝑚+ 𝑘 = 𝑚+(𝑡 +2)𝑘. Thus, 𝑇[ 𝑖 . . 𝑗 ) = 𝑇𝑡[ 𝑖′ . . 𝑗′ )
for 𝑖′ B 𝑖 − 𝑡𝑘 ∈ [ 0 . . 𝑘 ) and 𝑗′ B 𝑗 − 𝑡𝑘. Consequently, our subroutine for 𝑇𝑡 reports 𝑇𝑡[ 𝑖′ . . 𝑗′ ) as a
(𝑘, 𝑤)-occurrence of 𝑃, and thus we also report 𝑇[ 𝑖 . . 𝑗 ).

The running time is dominated by listing the (𝑘, 𝑤)-error occurrences of 𝑃 in the fragments 𝑇𝑡 . Due
to the assumption 𝑛 ≥ 𝑚 + 2𝑘, the number of such fragments can be written as 1 + ⌊(𝑛 − 𝑚 + 𝑘)/𝑘⌋ ≤
(𝑛 − 𝑚 + 2𝑘)/𝑘 ≤ 2(𝑛 − 𝑚)/𝑘. For each of them, the procedure takes 𝒪(𝑘3 log2(𝑚𝑘)) time in the PILLAR
model in the general case and 𝒪(𝑘2 log2(𝑚𝑘) ·min(

√
𝑘 log(𝑚𝑘),𝑊)) time in the PILLAR model in the

case of integer weights. The stated bounds follow.

Corollary 6.17 (Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤)). The Verify problem can be solved in the PILLAR model in
time 𝒪(𝑘2(𝑘 + |𝐼|) log2(𝑚𝑘)).

In the case of integer weights, The Verify problem can be solved in the PILLAR model in time 𝒪((𝑘 + |𝐼|) ·
𝑘 log2(𝑚𝑘) ·min(

√
𝑘 log(𝑚𝑘),𝑊)).

Proof. We assume 𝐼 ⊆ [ 0 . . 𝑛 ] without loss of generality (otherwise, we set 𝐼 B 𝐼 ∩ [ 0 . . 𝑛 ]). We define
𝑇′ B 𝑇[min 𝐼 . . min{𝑛,max 𝐼 + 𝑚 + 𝑘} ) and use Corollary 6.16 to list all (𝑘, 𝑤)-error occurrences of
𝑃 in 𝑇′ along with their costs. While processing these (𝑘, 𝑤)-error occurrences 𝑇′[ 𝑖′ . . 𝑗′ ), we skip
those with 𝑖′ ≥ |𝐼|, and group the remaining ones by the starting position 𝑖′. For each starting position
𝑖′ ∈ [ 0 . . |𝐼| ) with at least one (𝑘, 𝑤)-error occurrence, we report a pair (𝑖 , 𝑑), where 𝑖 B 𝑖′ +min 𝐼 and 𝑑
is the minimum cost among the (𝑘, 𝑤)-error occurrences 𝑇′[ 𝑖′ . . 𝑗′ ).

Clearly, whenever we report a pair (𝑖 , 𝑑), the underlying (𝑘, 𝑤)-error occurrence 𝑇′[ 𝑖′ . . 𝑗′ ) corre-
sponds to a (𝑘, 𝑤)-error occurrence𝑇[ 𝑖 . . 𝑗 ) of cost 𝑑, where 𝑖 B 𝑖′+min 𝐼 and 𝑗 B 𝑗′+min 𝐼. Conversely,
if 𝑖 ∈ 𝐼 and 𝑇[ 𝑖 . . 𝑗 ) is a (𝑘, 𝑤)-error occurrence, then 𝑗 − 𝑖 ≤ 𝑚 + 𝑘 implies 𝑗 ≤ 𝑖 +𝑚 + 𝑘 ≤ max 𝐼 +𝑚 + 𝑘,
and thus 𝑇′[ 𝑖′ . . 𝑗′ ), where 𝑗′ B 𝑗 −min 𝐼, is a (𝑘, 𝑤)-error occurrence. It is listed by the subroutine of
Corollary 6.16, so our algorithm reports a pair (𝑖 , 𝑑) for 𝑑 ≤ ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) = ed𝑤(𝑃 → 𝑇′[ 𝑖′ . . 𝑗′ )).
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As far as the running time is concerned, observe that 𝑛′ B |𝑇′| ≤ |𝐼| + 𝑚 + 𝑘, and thus the algorithm
of Corollary 6.16 takes𝒪(max(𝑘, |𝐼| + 𝑘) · 𝑘2 log(𝑚𝑘)) = 𝒪((𝑘 + |𝐼|)𝑘2 log2(𝑚𝑘)) time. In the case of integer
weights, the algorithm of Corollary 6.16 takes 𝒪((𝑘 + |𝐼|) · 𝑘 log2(𝑚𝑘) ·min(

√
𝑘 log(𝑚𝑘),𝑊)) time.

7 An ˜𝓞(𝒏 + 𝒌4 · 𝒏/𝒎)-time Algorithm

In line with several works on pattern matching, we focus on a bounded-ratio version of PMwWE, that is,
we assume that the length of the text is smaller than 3/2 𝑚 + 𝑘

Remark 7.1 (The standard trick to reduce the text-length to be roughly the pattern-length). Given a
text of arbitrary length 𝑛, we can reduce the problem to ⌊2𝑛/𝑚⌋ instances of the bounded-ratio version
of the problem using the so-called standard trick [Abr87]. That is, we consider the overlapping fragments

𝑇𝑖 B 𝑇[ ⌊𝑖 · 𝑚/2⌋ . . min{𝑛, ⌊(𝑖 + 3) · 𝑚/2⌋ + 𝑘 − 1} ),
for 𝑖 ∈ [ 0 . . ⌊2𝑛/𝑚⌋ − 1 ), and compute the (𝑘, 𝑤)-error occurrences of 𝑃 in each of 𝑇0 , . . . , 𝑇⌊2𝑛/𝑚⌋−1. We
then merge the obtained partial results. Thus, an algorithm that solves the bounded-ratio version of
PMwWE in time 𝑓 (𝑚, 𝑘,𝑊) in the PILLAR model (where𝑊 is an upper-bound on the weights), directly
yields an algorithm that solves an arbitrary instance of PMwWE in time 𝒪(𝑛/𝑚) · 𝑓 (𝑚, 𝑘,𝑊) in the
PILLAR model.

In Section 7.1, we show that we can focus on a variant of PMwWE where the pattern is almost
periodic, that is, the pattern is at small edit distance from a string with small period. In particular, we
show how an algorithm from [CKW20, CKW22] for PMwE can be used to reduce PMwWE to several
instances of (weighted) Verify (which we can solve using Corollary 6.17) and an instance of the following
problem.16

Problem AlignedPeriodicMatches(𝑃, 𝑇, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇, 𝑤).
Input. A pattern 𝑃 of length 𝑚,

a positive integer 𝑘,
a text 𝑇 of length 𝑛 ∈ [𝑚 − 𝑘 . .

⌈3/2 𝑚
⌉
+ 𝑘 ),

a primitive string 𝑄 of length 𝑞 B |𝑄| ≤ 𝑚/128𝑘,
an edit-distance alignment𝒜𝑃 : 𝑃 {{ 𝑄∞[ 0 . . 𝑦𝑃 ) of cost 𝑑𝑃 B ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) ≤ 16𝑘,
and an edit-distance alignment𝒜𝑇 : 𝑇 {{ 𝑄∞[ 𝑥𝑇 . . 𝑦𝑇 ) of cost 𝑑𝑇 B ed(𝑇, ∗𝑄∗) ≤ 48𝑘, where
𝑥𝑇 ∈ [ 0 . . 𝑞 ).
Additionally, oracle access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].

Output. The set Occ𝑤𝑘 (𝑃, 𝑇).

We formalize our reduction as follows.

Lemma 7.13 (Reduction of PMwWE to AlignedPeriodicMatches and Verify). An instance of PMwWE
with 𝑛 < 3/2 𝑚 + 𝑘 can be reduced in 𝒪(𝑘3.5

√
log𝑚 log 𝑘) time in the PILLAR model to one of the following:

an instance AlignedPeriodicMatches(𝑃, 𝑇′, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇′, 𝑤), where 𝑇′ is a fragment of 𝑇;
𝒪(𝑘) instances Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size 𝒪(𝑘).

Our goal is to then solve AlignedPeriodicMatches by reducing it to an instance of (a variant of) the
so-called dynamic puzzle matching problem, in a similar fashion to [CKW22]. To this end, let us recall
the notion of a puzzle from [CKW22].

16 The unweighted analogue of AlignedPeriodicMatches from [CKW22] is called NewPeriodicMatches, is formally
stated below, and has an extra parameter 𝑑 which we have set to 16𝑘 in this work.
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Definition 7.2 (A Δ-puzzle of strings and the value of a Δ-puzzle) [CKW22, Definition 1.4]. For a
Δ ∈ Z≥0, we say that 𝑧 ≥ 2 strings 𝑆1 , . . . , 𝑆𝑧 form a Δ-puzzle if
|𝑆𝑖 | ≥ Δ for each 𝑖 ∈ [ 1 . . 𝑧 ], and
𝑆𝑖[ |𝑆𝑖 | − Δ . . |𝑆𝑖 | ) = 𝑆𝑖+1[ 0 . .Δ ) for each 𝑖 ∈ [ 1 . . 𝑧 ).

The value of the puzzle is valΔ(𝑆1 , . . . , 𝑆𝑧) B 𝑆1 ⊙ 𝑆2[Δ . . |𝑆2| ) ⊙ 𝑆3[Δ . . |𝑆3| ) · · · 𝑆𝑧[Δ . . |𝑆𝑧 | ).

Below, we provide a weighted variant of the dynamic puzzle matching problem from [CKW22].
While we use a more intricate variant of this problem, this simpler version allows us to introduce useful
notions in its (simpler) context and help the reader develop intuition.

Problem DynamicPuzzleMatching(𝑘, Δ, 𝑤, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑).
Input. Positive integers 𝑘 and Δ, oracle access to a normalized weight function 𝑤 : Σ̄2 →

[ 0 , 𝑊 ], as well as string families 𝒮𝛽, 𝒮𝜇, and 𝒮𝜑 of leading, internal, and trailing
pieces, respectively.

Maintained Object. A sequence ℐ = (𝑈1 , 𝑉1)(𝑈2 , 𝑉2) · · · (𝑈𝑧 , 𝑉𝑧) of ordered pairs of strings (a DPM-
sequence), that additionally satisfies the following two conditions at initialization
time and after each update.
1 𝑈1 , 𝑉1 ∈ 𝒮𝛽,𝑈𝑧 , 𝑉𝑧 ∈ 𝒮𝜑, and, for all 𝑖 ∈ ( 1 . . 𝑧 ),𝑈𝑖 , 𝑉𝑖 ∈ 𝒮𝜇,
2 the torsion tor(ℐ ) B ∑𝑧

𝑖=1
��|𝑈𝑖 | − |𝑉𝑖 |

�� satisfies tor(ℐ ) ≤ Δ/2 − 𝑘.
Initialization. DPM-Init(ℐ ′): Initialize ℐ as ℐ ′.
Update Operations. DPM-Delete(𝑖): Delete the 𝑖-th pair of strings.

DPM-Insert((𝑈 ′ , 𝑉 ′), 𝑖): Insert the pair of strings (𝑈 ′ , 𝑉 ′) after the 𝑖-th pair of
strings.
DPM-Substitute((𝑈 ′ , 𝑉 ′), 𝑖): Substitute the 𝑖-th pair of strings with the pair of
strings (𝑈 ′ , 𝑉 ′).

Query Operations. DPM-Query: Return Occ𝑤𝑘 (ℐ ) B Occ𝑤𝑘 (valΔ(𝑈1 , . . . , 𝑈𝑧), valΔ(𝑉1 , . . . , 𝑉𝑧)) under a
promise that𝑈1 , . . . , 𝑈𝑧 and 𝑉1 , . . . , 𝑉𝑧 are Δ-puzzles.

Remark 7.3. A rather straightforward adaptation of a reduction from [CKW22] would yield an
instance of DynamicPuzzleMatching with 𝒪(𝑘3) update operations. While each of these operations can
be handled in 𝒪(𝑘) time in the unweighted case, in the weighted case we only know how to perform
each of them in 𝒪(𝑘2) time. This way, we could obtain an algorithm for AlignedPeriodicMatches and,
in turn, for PMwWE, running in time 𝒪(𝑘5) in the PILLAR model.

The overhead for processing the introduced DPM update operations in the weighted case essentially
boils down to the fact that the distance matrices we consider are not unit-Monge (in particular, constant-
bounded-difference) as they are in the unweighted case: while the (min,+)-multiplication of 𝑘 × 𝑘
unit-Monge matrices can be performed in 𝒪(𝑘) time [Tis15], the (min,+)-multiplication of arbitrary 𝑘 × 𝑘
Monge matrices requires 𝒪(𝑘2) time (see Theorem 3.12). We address the challenge posed by the absence
of the unit-Monge property—and thereby devise an algorithm that runs in 𝒪(𝑘4) time in the PILLAR
model—as follows.

We refine DynamicPuzzleMatching to BleachCommitDPM, allowing for several extra operations.
We reduce the AlignedPeriodicMatches problem to BleachCommitDPM.
While the total number of DPM operations in our instance of BleachCommitDPM is still 𝒪(𝑘3), we
perform them in total time 𝒪(𝑘4) by employing our efficient implementation of BleachCommitDPM
from Section 9 (see Theorem 9.10) which reduces them to 𝒪(𝑘2)matrix-matrix multiplications and
𝒪(𝑘3) (cheaper) matrix-vector multiplications.
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We obtain the following solution for the AlignedPeriodicMatches problem.

Lemma 7.40. AlignedPeriodicMatches can be solved in 𝒪(𝑘4 log2(𝑚𝑘)) time in the PILLAR model, with
the output set Occ𝑤𝑘 (𝑃, 𝑇) represented as 𝒪(𝑘4) disjoint arithmetic progressions.

Further, in Section 8, we obtain the following result for integer metric weight functions.

Lemma 8.44. AlignedPeriodicMatches can be solved in 𝒪(𝑘3.5𝑊4) time in the PILLAR model if 𝑤 is an
integer metric weight function, with the output set Occ𝑤𝑘 (𝑃, 𝑇) represented as a collection of disjoint arithmetic
progressions.

All in all, a combination of Lemma 7.13 with Lemmas 7.40 and 8.44 and our efficient algorithms for
the Verify problem (Corollary 6.17) yields Main Theorem 2.

Main Theorem 2. PMwWE on strings with 𝑛 < 3/2 𝑚 + 𝑘 can be solved in the PILLAR model
in time 𝒪(𝑘4 log2(𝑚𝑘)) for general weights; and
in time 𝒪(𝑘3.5 ·𝑊4) if 𝑤 is a metric weight function with values in [ 0 . .𝑊 ].

The output set Occ𝑤𝑘 (𝑃, 𝑇) is represented as a collection of disjoint arithmetic progressions.

Proof. Consider an instance of PMwWE with 𝑛 ≤ 3/2 𝑚 + 𝑘. Using Lemma 7.13, we reduce this instance,
in 𝒪(𝑘3.5

√
log𝑚 log 𝑘) time in the PILLAR model to

an instance AlignedPeriodicMatches(𝑃, 𝑇′, 𝑘 𝑄, 𝒜𝑃, 𝒜𝑇′, 𝑤), where 𝑇′ is a fragment of 𝑇,
𝒪(𝑘) instances of Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size 𝒪(𝑘).
In the case of arbitrary weights, the obtained instance of AlignedPeriodicMatches can be solved in

𝒪(𝑘4 log2(𝑚𝑘)) time in the PILLAR model using Lemma 7.40, while the obtained instances of Verify can
be solved in 𝒪(𝑘4 log2(𝑚𝑘)) time in total in the PILLAR model due to Corollary 6.17. PMwWE can thus
be solved in 𝒪(𝑘4 log2(𝑚𝑘)) time in the PILLAR model in the case of arbitrary weights.

If 𝑤 is an integer metric weight function, the obtained instance of AlignedPeriodicMatches can be
solved in 𝒪(𝑘3.5𝑊 log2(𝑚𝑘)) time in the PILLAR model using Lemma 8.44, while the obtained instances
of Verify can be solved in 𝒪(𝑘3.5𝑊 log2(𝑚𝑘)) time in total in the PILLAR model due to Corollary 6.17.
PMwWE can thus be solved in 𝒪(𝑘3.5𝑊 log2(𝑚𝑘)) time in the PILLAR model if 𝑤 is an integer metric
weight function.

7.1 Reduction to Almost Periodic Patterns
As a first step in solving the bounded-ratio version of PMwWE, we analyze the pattern according to
[CKW20, Lemma 6.4].

Lemma 7.4 (Analyze(𝑃, 𝑘)) [CKW20, Lemma 6.4]. Let 𝑃 denote a string of length 𝑚 and let 𝑘 ≤ 𝑚
denote a positive integer. Then, there is an algorithm that computes one of the following.
1 A set of 2𝑘 disjoint fragments 𝐵1 , . . . , 𝐵2𝑘 in 𝑃, called breaks, each having period per(𝐵𝑖) > 𝑚/128𝑘 and

length |𝐵𝑖 | = ⌊𝑚/8𝑘⌋.
2 Disjoint fragments 𝐻1 , . . . , 𝐻𝑟 in 𝑃, called repetitive regions, of total length

∑𝑟
𝑖=1 |𝐻𝑖 | ≥ 3/8 · 𝑚 such that

each region 𝐻𝑖 satisfies |𝐻𝑖 | ≥ 𝑚/8𝑘 and is constructed along with a primitive approximate period 𝑄𝑖 such
that |𝑄𝑖 | ≤ 𝑚/128𝑘 and ed(𝐻𝑖 ,

∗𝑄∗
𝑖
) = ⌈8𝑘/𝑚 · |𝐻𝑖 |⌉.17

3 A primitive approximate period 𝑄 of 𝑃 with |𝑄| ≤ 𝑚/128𝑘 and ed(𝑃, ∗𝑄∗) < 8𝑘.
The algorithm runs in 𝒪(𝑘2) time in the PILLAR model.

If the analysis of the pattern using Lemma 7.4 yields breaks we employ the following lemma.

17 Observe that we have renamed the repetitive regions to 𝐻★, as we use 𝑅★ later with a different meaning.
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Fact 7.5 (𝒪(𝑘3)-time PILLAR model algorithm for computing candidate positions in the case of
breaks) [CKW20, (proofs of) Lemmas 5.21 and 6.12]. Suppose that we are given a threshold 𝑘, a pattern 𝑃
of length 𝑚, disjoint breaks 𝐵1 , . . . , 𝐵2𝑘 in 𝑃, each satisfying per(𝐵𝑖) ≥ 𝑚/128𝑘, and a text 𝑇 of length
𝑛 < 3/2 𝑚 + 𝑘. Then, we can compute a set of 𝒪(𝑘) intervals, each of length 𝑘, whose union is a superset of
Occ𝑘(𝑃, 𝑇) in 𝒪(𝑘3) time in the PILLAR model.

Corollary 7.6 (𝒪(𝑘3)-time PILLAR model reduction from PMwWE to Verify in the case of breaks).
Suppose that we are given a threshold 𝑘, a pattern 𝑃 of length 𝑚, disjoint breaks 𝐵1 , . . . , 𝐵2𝑘 in 𝑃, each
satisfying per(𝐵𝑖) ≥ 𝑚/128𝑘, a text 𝑇 of length 𝑛 < 3/2 𝑚 + 𝑘, and oracle access to a normalized weight function
𝑤 : Σ̄2 → [ 0 , 𝑊 ].

Then, computing Occ𝑤𝑘 (𝑃, 𝑇) can be reduced in 𝒪(𝑘3) time in the PILLAR model to solving 𝒪(𝑘) instances of
Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size 𝒪(𝑘).
Proof. We first apply Fact 7.5 to compute 𝒪(𝑘) 𝑘-length intervals 𝐼1 , . . . , 𝐼𝑡 whose union is a superset
of Occ𝑘(𝑃, 𝑇) in 𝒪(𝑘3) time in the PILLAR model. Then, as Occ𝑤𝑘 (𝑃, 𝑇) ⊆ Occ𝑘(𝑃, 𝑇) (see also Fact 3.7),
it suffices to solve 𝒪(𝑘) instances of Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size
𝒪(𝑘), and merge the results.

Let us now consider the case when the analysis of the pattern using Lemma 7.4 returns disjoint
repetitive regions. To complete the reduction in this case, we need the following result for the
NewPeriodicMatches problem from [CKW22, Section 1.3] that is formally defined below and is an
unweighted analogue of the AlignedPeriodicMatches problem.

Problem NewPeriodicMatches(𝑃, 𝑇, 𝑘, 𝑑, 𝑄, 𝒜𝑃, 𝒜𝑇).
Input. A pattern 𝑃 of length 𝑚, an integer threshold 𝑘 ∈ [ 0 . .𝑚 ], a positive integer 𝑑 ≥ 2𝑘, a

text 𝑇 of length 𝑛 ∈ [𝑚 − 𝑘 . .
⌈3/2 𝑚

⌉
+ 𝑘 ), a primitive string 𝑄 of length 𝑞 B |𝑄| ≤ 𝑚/8𝑑,

an edit-distance alignment𝒜𝑃 : 𝑃 {{ 𝑄∞[ 0 . . 𝑦𝑃 ) of cost 𝑑𝑃 B ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) ≤ 𝑑,
and an edit-distance alignment𝒜𝑇 : 𝑇 {{ 𝑄∞[ 𝑥𝑇 . . 𝑦𝑇 ) of cost 𝑑𝑇 B ed(𝑇, ∗𝑄∗) ≤ 3𝑑, where
𝑥𝑇 ∈ [ 0 . . 𝑞 ).

Output. The set Occ𝑘(𝑃, 𝑇) represented as 𝒪(𝑑3) disjoint arithmetic progressions with difference 𝑞.

Fact 7.7 [CKW22, Lemma 1.3]. We can solve the NewPeriodicMatches problem in 𝒪(𝑑3.5
√

log 𝑛 log 𝑑)
time in the PILLAR model.

The following result is shown in [CKW22, Sections 2.3 and 3.1]; here, we provide a sketch of its
proof.

Lemma 7.8 (𝒪(𝑘3.5)-time PILLAR model algorithm for computing candidate positions in the case
of repetitive regions) [CKW22, Sections 2.3 and 3.1]. Suppose that we are given a threshold 𝑘, a pattern 𝑃
of length 𝑚, and a text 𝑇 of length 𝑛 < 3/2 𝑚 + 𝑘. Suppose that we are also given disjoint repetitive regions
𝐻1 , . . . , 𝐻𝑟 in 𝑃 of total length at least

∑𝑟
𝑖=1 |𝐻𝑖 | ≥ 3/8 𝑚 such that each region 𝐻𝑖 satisfies |𝐻𝑖 | ≥ 𝑚/8𝑘 and has

a primitive approximate period 𝑄𝑖 with |𝑄𝑖 | ≤ 𝑚/128𝑘 and ed(𝐻𝑖 , 𝑄
∗
𝑖
) = ⌈8𝑘/𝑚 · |𝐻𝑖 |⌉.

Then, we can compute a set of 𝒪(𝑘) intervals, each of length 𝑘, whose union is a superset of Occ𝑘(𝑃, 𝑇) in
𝒪(𝑘3.5

√
log𝑚 log 𝑘) time in the PILLAR model.

Proof sketch. For each repetitive region 𝐻𝑖 , set 𝑘𝑖 B ⌊4 · 𝑘/𝑚 · |𝐻𝑖 |⌋ and 𝑑𝑖 B ⌈8 · 𝑘/𝑚 · |𝐻𝑖 |⌉. We can
compute Occ𝑘𝑖 (𝐻𝑖 , 𝑇) by making several calls to the procedure encapsulated Fact 7.7; consult the
discussion following [CKW22, Fact 2.14] as well as [CKW22, Section 3.1] for a rigorous description of
these instances. The total time taken by all these calls is 𝒪(𝑘3.5

√
log𝑚 log 𝑘) due to Fact 7.7.

Next, using the sets Occ𝑘𝑖 (𝐻𝑖 , 𝑇)we can identify in𝒪(𝑘2 log log 𝑘) time𝒪(𝑘) length-𝑘 intervals whose
union is a superset of Occ𝑘(𝑃, 𝑇) using a marking scheme.
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Corollary 7.9 (𝒪(𝑘3.5)-time PILLAR model reduction from PMwWE to Verify in the case of repetitive
regions). Suppose that we are given a threshold 𝑘, a pattern 𝑃 of length 𝑚, a text 𝑇 of length 𝑛 < 3/2 𝑚 + 𝑘,
and oracle access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ]. Suppose that we are also given disjoint
repetitive regions 𝐻1 , . . . , 𝐻𝑟 in 𝑃 of total length at least

∑𝑟
𝑖=1 |𝐻𝑖 | ≥ 3/8 𝑚 such that each region 𝐻𝑖 satisfies

|𝐻𝑖 | ≥ 𝑚/8𝑘 and has a primitive approximate period 𝑄𝑖 with |𝑄𝑖 | ≤ 𝑚/128𝑘 and ed(𝐻𝑖 , 𝑄
∗
𝑖
) = ⌈8𝑘/𝑚 · |𝐻𝑖 |⌉.

Then, computing Occ𝑤𝑘 (𝑃, 𝑇) can be reduced in 𝒪(𝑘3.5
√

log𝑚 log 𝑘) time in the PILLAR model to solving
𝒪(𝑘) instances of Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size 𝒪(𝑘).

Proof. We apply Lemma 7.8 to compute 𝒪(𝑘) 𝑘-length intervals 𝐼1 , . . . , 𝐼𝑡 whose union is a superset
of Occ𝑘(𝑃, 𝑇) in 𝒪(𝑘3.5

√
log𝑚 log 𝑘) time in the PILLAR model. Then, as Occ𝑤𝑘 (𝑃, 𝑇) ⊆ Occ𝑘(𝑃, 𝑇) (see

also Fact 3.7), it suffices to solve 𝒪(𝑘) instances of Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an
interval of size 𝒪(𝑘), and merge the results.

Finally, we consider the case when the analysis of the pattern using Lemma 7.4 returns a primitive
approximate period 𝑄 of 𝑃 with |𝑄| ≤ 𝑚/128𝑘 and ed(𝑃, ∗𝑄∗) < 8𝑘. We show that, in this case, PMwWE
can be reduced, in 𝒪(𝑘2) time in the PILLAR model, to an instance AlignedPeriodicMatches (𝑃, 𝑇′, 𝑘, 𝑄,
𝒜𝑃 ,𝒜𝑇 , 𝑤), where 𝑇′ is a fragment of 𝑇. We use the following two facts. The first one is a simplified
version of [CKW20, Lemma 6.8], while the second one is a simplified version of [CKW20, Lemma 6.5]

Fact 7.10 (FindRelevantFragment(𝑃, 𝑇, 𝑘, 𝑑, 𝑄), Trimming 𝑇 to an approximately periodic
fragment with all approximate occurrences) [CKW20, compare Lemma 6.8]. Let 𝑃 denote a pattern of
length 𝑚, let 𝑇 denote a text of length 𝑛, and let 0 ≤ 𝑘 ≤ 𝑚 denote a threshold such that 𝑛 < 3/2 𝑚 + 𝑘. Further, let
𝑑 ≥ 2𝑘 denote a positive integer and let 𝑄 denote a primitive string that satisfies |𝑄| ≤ 𝑚/8𝑑 and ed(𝑃, ∗𝑄∗) ≤ 𝑑.

Then, there is an algorithm that computes a fragment 𝑇′ of 𝑇 such that ed(𝑇′ , ∗𝑄∗) ≤ 3𝑑 and |Occ𝑘(𝑃, 𝑇)| =
|Occ𝑘(𝑃, 𝑇′)|. The algorithm runs in 𝒪(𝑑2) time in the PILLAR model.

Fact 7.11 (FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to rotate 𝑄 such
that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗)) [CKW20, compare Lemma 6.5]. Let 𝑘 denote a positive integer, let 𝑆 denote a
string, and let 𝑄 denote a primitive string that satisfies |𝑆| ≥ (2𝑘 + 1)|𝑄|.

Then, we can compute a witness 𝑥 ∈ Z≥0 such that ed(𝑆, rot−𝑥(𝑄)∗) = ed(𝑆, ∗𝑄∗) ≤ 𝑘, or report that
ed(𝑆, ∗𝑄∗) > 𝑘. The algorithm takes 𝒪(𝑘2) time in the PILLAR model.

Lemma 7.12 (𝒪(𝑘2)-time PILLAR model reduction from PMwWE to AlignedPeriodicMatches in the
case of approximate periodicity). Suppose that we are given a threshold 𝑘, a pattern 𝑃 of length 𝑚, a primitive
approximate period 𝑄 of 𝑃 with |𝑄| ≤ 𝑚/128𝑘 and ed(𝑃, ∗𝑄∗) < 8𝑘, a text 𝑇 of length 𝑛 < 3/2 𝑚 + 𝑘, and oracle
access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ].

Then, computing Occ𝑤𝑘 (𝑃, 𝑇) can be reduced in 𝒪(𝑘2) time in the PILLAR model to solving an instance
AlignedPeriodicMatches(𝑃, 𝑇′, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇′, 𝑤), where 𝑇′ is a fragment of 𝑇.

Proof. We first use Fact 7.10 with 𝑑 = 16𝑘 in order to replace 𝑇 by its fragment 𝑇′ which contains all
𝑘-error occurrences of 𝑃 (and hence all (𝑘, 𝑤)-error occurrences by Fact 3.7) and is at small edit distance
from a fragment of 𝑄∞; it is readily verified that all conditions of Fact 7.10 are satisfied in this call. We
can assume that the obtained text is of length at least 𝑚 − 𝑘 as otherwise Occ𝑤𝑘 (𝑃, 𝑇) = ∅.

We then use Fact 7.11 to rotate 𝑄 so that it satisfies ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) as follows (similarly
to [CKW22]). We make a call FindAWitness(16𝑘, 𝑄, 𝑃) to derive 𝑥 ∈ Z≥0 such that ed(𝑃, rot−𝑥(𝑄)∗) =
ed(𝑃, ∗𝑄∗) in 𝒪(𝑘2) time in the PILLAR model, noting that |𝑃| ≥ 128𝑘|𝑄| ≥ (2 · 16𝑘 + 1)|𝑄|. Then, we
make a call Alignment(𝑃, 𝑄, 𝑥) to the function of Lemma 3.22, which yields an optimal (unweighted)
alignment𝒜 : 𝑃 {{ 𝑄∞[ 𝑥 . . 𝑦 ) of cost ed(𝑃, ∗𝑄∗) in 𝒪(𝑘2) time in the PILLAR model. Next, we extract a
fragment 𝑄′ of 𝑃 that𝒜 matches without any edits against 𝑄∞[ 𝑥′ . . 𝑥′ + |𝑄| ) for some 𝑥′ ≡ 𝑥 mod |𝑄|.
Finally, we replace 𝑄 with 𝑄′, and set 𝑞 B |𝑄|.
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In order to complete the reduction, it suffices to obtain optimal (unweighted) alignments from 𝑃 and𝑇
to fragments of 𝑄∞, since we have already shown that all the assumptions of AlignedPeriodicMatches
are satisfied. A call Alignment(𝑃, 𝑄, 𝑥) returns an optimal alignment 𝒜𝑃 : 𝑃 {{ 𝑄∞[ 0 . . 𝑦𝑃 ) of
cost 𝑑𝑃 = ed(𝑃, ∗𝑄∗) (for some 𝑦𝑃 ∈ Z≥0) in 𝒪(𝑘2) time in the PILLAR model. Then, we perform a call
FindAWitness(48𝑘, 𝑄, 𝑇) to compute 𝑥 ∈ Z≥0 such that ed(𝑃, rot−𝑥(𝑄)∗) = ed(𝑃, ∗𝑄∗), noting that
|𝑇 | ≥ 𝑚 − 𝑘 ≥ 128𝑘|𝑄| − 𝑘 ≥ (2 · 48𝑘 + 1)|𝑄|. This call takes 𝒪(𝑘2) time in the PILLAR model. We set 𝑥𝑇
to be the unique integer in [ 0 . . 𝑞 ) that is equivalent to 𝑥 modulo 𝑞. Then, a call Alignment(𝑇, 𝑄, 𝑥𝑇)
returns an optimal alignment𝒜𝑇 : 𝑇 {{ 𝑄∞[ 𝑥𝑇 . . 𝑦𝑇 ) of cost 𝑑𝑇 = ed(𝑇, ∗𝑄∗) (for some 𝑦𝑇 ∈ Z≥0) in
𝒪(𝑘2) time in the PILLAR model.

We are now ready to complete the reduction.

Lemma 7.13 (Reduction of PMwWE to AlignedPeriodicMatches and Verify). An instance of PMwWE
with 𝑛 < 3/2 𝑚 + 𝑘 can be reduced in 𝒪(𝑘3.5

√
log𝑚 log 𝑘) time in the PILLAR model to one of the following:

an instance AlignedPeriodicMatches(𝑃, 𝑇′, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇′, 𝑤), where 𝑇′ is a fragment of 𝑇;
𝒪(𝑘) instances Verify with the same 𝑃, 𝑇, 𝑘, and 𝑤, each with an interval of size 𝒪(𝑘).

Proof. We analyze the pattern according to Lemma 7.4. Depending on whether this analysis returns
breaks, repetitive regions, or an approximate period, we employ Corollary 7.6, Corollary 7.9, or
Lemma 7.12, respectively.

7.2 Puzzle Pieces for 𝑃 and 𝑇
For the rest of Section 7, we fix an instance AlignedPeriodicMatches(𝑃, 𝑇, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇, 𝑤)
and set 𝜅 B 𝑘 + 𝑑𝑃 + 𝑑𝑇 and 𝜏 B 𝑞

⌈
𝜅/2𝑞

⌉
.

After providing intuition, we encapsulate the main ideas of [CKW22, Section 3.2] in Lemma 7.14.
For the sake of an intuitive explanation, let us assume here that 𝑞 ≫ 𝑘. Due to the primitivity of 𝑄, the
fact that 𝑑𝑃 and 𝑑𝑇 are 𝒪(𝑘), and the large number of 𝑄’s exact occurrences in both 𝑃 and any fragment
of 𝑇 of length roughly 𝑚, each 𝑘-error occurrence of the pattern much start 𝒪(𝑘) positions away from a
position of 𝑇 that𝒜𝑇 aligns with a position of 𝑄∞ equivalent to 0 (mod 𝑞). This allows us to create
𝒪(𝑚/𝑞) substrings 𝑅 𝑗 of 𝑇, each of length 𝑚 + 𝒪(𝑘), that contain all 𝑘-error occurrences of 𝑃 in 𝑇. This
intuition is formalized below (for arbitrary values of 𝑞 and 𝑘).

Lemma 7.14 (𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇 that
capture all 𝑘-edit occurrences and there are only a few distinct ones) [CKW22, Section 3.2]. Consider an
instance of the AlignedPeriodicMatches problem. Let 𝜅 B 𝑘 + 𝑑𝑃 + 𝑑𝑇 , 𝜏 B 𝑞

⌈
𝜅/2𝑞

⌉
, and

𝐽 B [ ⌈(𝑥𝑇 − 𝜅)/𝜏⌉ . .
⌊
(𝑦𝑇 − 𝑦𝑃 + 𝜅)/𝜏

⌋
] = {𝑗 ∈ Z : 𝑥𝑇 ≤ 𝑗𝜏 + 𝜅 and 𝑗𝜏 + 𝑦𝑃 − 𝜅 ≤ 𝑦𝑇}.

There exists a family (𝑅 𝑗)𝑗∈𝐽 of substrings of 𝑇, where 𝑅 𝑗 = 𝑇[ 𝑟 𝑗 . . 𝑟′𝑗 ) for all 𝑗 ∈ 𝐽, such that:
|𝑅 𝑗 | ≤ 𝑚 + 3𝜅 − 𝑘 for all 𝑗 ∈ 𝐽, and
Occ𝑘(𝑃, 𝑇) =

⋃
𝑗∈𝐽

(
Occ𝑘(𝑃, 𝑅 𝑗) + 𝑟 𝑗

)
⊆ ⋃

𝑗∈Z[ 𝑗𝑞 − 𝑥𝑡 − 𝜅 − 𝑑𝑇 . . 𝑗𝑞 − 𝑥𝑇 + 𝜅 + 𝑑𝑇 ].
Given the alignment𝒜𝑇 , in 𝒪(𝑑𝑇 + 1) time, we can construct the sequences (𝑟 𝑗)𝑗∈𝐽 and (𝑟′

𝑗
)𝑗∈𝐽 , represented as

concatenations of 𝒪(𝑑𝑇 + 1) arithmetic progressions with difference 𝜏.18

Finally, let us present a first algorithm for AlignedPeriodicMatches, which is particularly useful for
small sets 𝐽, that is, when 𝑞 ≫ 𝑘.

18 Parameters 𝜅 and 𝜏 are defined in the first sentence of [CKW22, Section 3.2], 𝐽 and the 𝑅 𝑗s are defined in [CKW22,
Definition 3.6], the bound on the lengths of the 𝑅 𝑗s is from [CKW22, Remark 3.9], while Occ𝑘(𝑃, 𝑇) =

⋃
𝑗∈𝐽

(
Occ𝑘(𝑃, 𝑅 𝑗)+

𝑟 𝑗
)

is from [CKW22, Corollary 3.11]. The efficient computation of sequences (𝑟 𝑗)𝑗∈𝐽 and (𝑟′
𝑗
)𝑗∈𝐽 is from [CKW22, Lemma

3.12].
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Lemma 7.15 (Efficient algorithm for the AlignedPeriodicMatches problem for the case 𝑞 ≫ 𝑘). For
each 𝑗 ∈ 𝐽, we can compute the set Occ𝑤𝑘 (𝑃, 𝑅 𝑗) in 𝒪(𝑘3 log2(𝑚𝑘)) time in the PILLAR model. In particular, we
can solve the AlignedPeriodicMatches problem in 𝒪(𝑘3|𝐽 | log2(𝑚𝑘)) time in the PILLAR model.

In the case of integer weights, for each 𝑗 ∈ 𝐽, we can compute the set Occ𝑤𝑘 (𝑃, 𝑅 𝑗) in 𝒪(𝑘2𝑊 log2(𝑚𝑘)) time
in the PILLAR model and hence solve the AlignedPeriodicMatches problem in 𝒪(𝑘2𝑊 |𝐽 | log2(𝑚𝑘)) time in the
PILLAR model.

In either case, we explicitly return the output set Occ𝑤𝑘 (𝑃, 𝑇), which is of size 𝒪(𝑘|𝐽 |).

Proof. A combination of Lemma 7.14 with Fact 3.7 yields that Occ𝑤𝑘 (𝑃, 𝑇) =
⋃
𝑗∈𝐽

(
Occ𝑤𝑘 (𝑃, 𝑅 𝑗) + 𝑟𝑗

)
.

Now, recall from Lemma 7.14 that, for each 𝑗 ∈ 𝐽, we have |𝑅 𝑗 | ≤ 𝑚 + 3𝜅 − 𝑘. Thus, for each 𝑗 ∈ 𝐽, we can
compute Occ𝑤𝑘 (𝑃, 𝑅 𝑗) using Verify from Corollary 6.17.

For general weights, each call to Verify takes 𝒪(𝑘3 log2(𝑚𝑘)) time in the PILLAR model and hence,
by merging the partial results, we obtain a PILLAR algorithm with running time 𝒪(𝑘3|𝐽 | log2(𝑚𝑘)).

In the case of integer weights, each call to Verify takes 𝒪(𝑘2𝑊 log2(𝑚𝑘)) time in the PILLAR
model and hence, by merging the partial results, we obtain a PILLAR algorithm with running time
𝒪(𝑘2𝑊 |𝐽 | log2(𝑚𝑘)).

We next recall the definitions (from [CKW22]) of suitable puzzle pieces for the strings 𝑃 and 𝑇

toward a reduction from AlignedPeriodicMatches to DynamicPuzzleMatching, as well as several
results about their properties and efficient computation.

We define partitions of 𝑃 and 𝑇 into tiles from which appropriate puzzle pieces can be then
constructed.

Definition 7.16 (𝜏-tile partition of a string with respect to a primitive string) [CKW22, Definition
4.1]. Consider a string 𝑆, a primitive string 𝑄 of length 𝑞, an integer 𝜏 ∈ Z>0 divisible by 𝑞, and an alignment
𝒜𝑆 : 𝑆 {{ 𝑄∞[ 𝑥𝑆 . . 𝑦𝑆 ), where 𝑥𝑆 ∈ [ 0 . . 𝑞 ) and 𝑦𝑆 ≥ 𝑥𝑆.

Partition 𝑄∞ into blocks of length 𝜏 and number them starting from 1. For the 𝑗-th block 𝑄 𝑗 B

𝑄∞[max{𝑥𝑆 , (𝑗 − 1)𝜏} . . min{𝑦𝑆 , 𝑗𝜏} ), we define the 𝑗-th tile of 𝑆 (with respect to𝒜𝑆) as

𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 ) B 𝒜−1
𝑆 (𝑄 𝑗).

Further, we define the 𝜏-tile partition of 𝑆 with respect to𝒜𝑆 as the partition

𝑆 =

𝛽𝑆⊙
𝑖=1

𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 ),

where 𝛽𝑆 B
⌈
𝑦𝑆/𝜏

⌉
is the index of the last non-empty tile of 𝑆.

Fact 7.17 (Upper bound on the number of substrings constructed by Lemma 7.14 with respect to the
number of tiles in 𝑃) [CKW22, proof of Lemma 4.5]. We have |𝐽 | = 𝒪(𝛽𝑃).

A combination of Fact 7.17 and Lemma 7.15, yields that, if 𝛽𝑃 =
⌈
𝑦𝑃/𝜏

⌉
is very small (that is if the

tiles are very long), then we can already efficiently solve the AlignedPeriodicMatches problem.

Lemma 7.18 (Efficient solution for the AlignedPeriodicMatches problem parameterized by the
number of tiles in 𝑃). We can solve AlignedPeriodicMatches in time 𝒪(𝑘3𝛽𝑃 log2(𝑚𝑘)) in the PILLAR model
returning explicitly the output set Occ𝑤𝑘 (𝑃, 𝑇), which is of size 𝒪(𝑘𝛽𝑃).

In the case of integer weights, we can solve AlignedPeriodicMatches in time 𝒪(𝑘2𝑊𝛽𝑃 log2(𝑚𝑘)) in the
PILLAR model returning explicitly the output set Occ𝑤𝑘 (𝑃, 𝑇), which is of size 𝒪(𝑘𝛽𝑃).
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In particular, Lemma 7.18 allows us to assume (without loss of generality) that 𝛽𝑃 ≥ 20 as, otherwise,
Lemma 7.18 implies Lemma 7.40. We make this assumption in the remainder of Section 7.2 and in
Section 7.3.

Now, let 𝑃 =
⊙𝛽𝑃

𝑖=1 𝑃[ 𝑝𝑖−1 . . 𝑝𝑖 ) denote the 𝜏-tile partition of 𝑃 with respect to 𝒜𝑃 , and let
𝑇 =

⊙𝛽𝑇
𝑖=1 𝑇[ 𝑡𝑖−1 . . 𝑡𝑖 ) denote the 𝜏-tile partition of 𝑇 with respect to𝒜𝑇 .

Let us set Δ B 6𝜅 and 𝑧 B 𝛽𝑃 − 17. By (essentially) extending the tiles from the 𝜏-tile partition of 𝑃
by an additional Δ characters, we obtain a Δ-puzzle with value 𝑃.

Lemma 7.19 (Δ-puzzle for 𝑃 from its tile partition) [CKW22, Lemma 4.6]. The following sequence
𝑃1 , . . . , 𝑃𝑧 forms a Δ-puzzle with value 𝑃:

𝑃1 B 𝑃[ 𝑝0 . . 𝑝2 + Δ );
𝑃𝑖 B 𝑃[ 𝑝𝑖 . . 𝑝𝑖+1 + Δ ) for 𝑖 ∈ ( 1 . . 𝑧 );
𝑃𝑧 B 𝑃[ 𝑝𝑧 . . |𝑃| ).

Similarly, we obtain Δ-puzzles for𝑇. In particular, we use the 𝜏-tile partition of𝑇 in order to represent
the fragments 𝑅 𝑗 (from Lemma 7.14) as Δ-puzzles.

Lemma 7.20 (Δ-puzzle for 𝑇 from its tile partition) [CKW22, Lemma 4.7]. For each 𝑗 ∈ 𝐽, the following
sequence 𝑇𝑗 ,1 , . . . , 𝑇𝑗 ,𝑧 forms a Δ-puzzle with value 𝑅 𝑗 :

𝑇𝑗 ,1 B 𝑇[ 𝑟 𝑗 . . 𝑡 𝑗+2 + Δ );
𝑇𝑗 ,𝑖 B 𝑇[ 𝑡 𝑗+𝑖 . . 𝑡 𝑗+𝑖+1 + Δ ) for 𝑖 ∈ ( 1 . . 𝑧 );
𝑇𝑗 ,𝑧 B 𝑇[ 𝑡 𝑗+𝑧 . . 𝑟′𝑗 ).

Taken together, we obtain the families of puzzle pieces that we use in the remainder of this work.

Definition 7.21 [CKW22, Definition 4.8]. We write𝒮𝛽 B {𝑃1}∪{𝑇𝑗 ,1 : 𝑗 ∈ 𝐽} for the family of leading
puzzle pieces.
We write 𝒮𝜇 B {𝑃𝑖 : 𝑖 ∈ ( 1 . . 𝑧 )} ∪ {𝑇𝑖 : 𝑖 ∈ (min 𝐽 + 1 . . max 𝐽 + 𝑧 )} for the family of internal puzzle
pieces.
We write 𝒮𝜑 B {𝑃𝑧} ∪ {𝑇𝑗 ,𝑧 : 𝑗 ∈ 𝐽} for the family of trailing puzzle pieces.

Remark 7.22 [CKW22, Remark 4.9]. For convenience, for 𝑖 ∈ (min 𝐽 + 1 . . max 𝐽 + 𝑧 ), we write
𝑇𝑖 B 𝑇[ 𝑡𝑖 . . 𝑡𝑖+1 + Δ ). Observe that by construction, we have 𝑇𝑖 = 𝑇𝑗 ,𝑖′ for all 𝑗 + 𝑖′ = 𝑖 with 𝑖′ ∈ ( 1 . . 𝑧 );
that is, overlapping parts of different 𝑅 𝑗 ’s share their internal pieces. Observe further that this is an
essential property for our approach to work: when moving from 𝑅 𝑗 to 𝑅 𝑗+1, we exploit that we need to
only shift the pieces 𝑇𝑖 , and not recompute them altogether.

Finally, the following lemma establishes that the pairs of pieces 𝑃𝑖 and 𝑇𝑗 ,𝑖 from Definition 7.21 are
roughly of the same length on average.

Lemma 7.23 [CKW22, Lemma 4.10]. For each 𝑗 ∈ 𝐽, we have
∑𝑧
𝑖=1

��|𝑇𝑗 ,𝑖 | − |𝑃𝑖 |�� ≤ 3𝜅 − 𝑘.

Special Puzzle Pieces

In order for puzzle pieces to be useful to us, we need to be able to efficiently compute the families 𝒮𝛽, 𝒮𝜇,
and 𝒮𝜑 specified in Definition 7.21. As it turns out, when considering instances of AlignedPeriodic-
Matches, most puzzle pieces are substrings of 𝑄∞—this means that it suffices to locate and compute
the special pieces, that is, the pieces that are different from some specific substrings of 𝑄∞. We start with
a formal definition of special puzzle pieces.
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Definition 7.24 (Special puzzle pieces) [CKW22, Definition 4.11]. We say that an internal piece is
special if and only if it is different from 𝑄∞[ 0 . . 𝜏 + Δ ). We write Special(𝑃) for the set of special internal
pieces of 𝑃 and Special(𝑇) for the set of special internal pieces of 𝑇; that is, we set

Special(𝑃) B {𝑃𝑖 : 𝑖 ∈ ( 1 . . 𝑧 ) and 𝑃𝑖 ≠ 𝑄∞[ 0 . . 𝜏 + Δ )} and
Special(𝑇) B {𝑇𝑖 : 𝑖 ∈ ( 1 +min 𝐽 . . 𝑧 +max 𝐽 ) and 𝑇𝑖 ≠ 𝑄∞[ 0 . . 𝜏 + Δ )}.

Further, we say that a leading piece 𝑇𝑗 ,1 is special if and only if it is different from 𝑄∞[−𝜅 . . 2𝜏 + Δ ) and
that a trailing piece 𝑇𝑗 ,𝑧 is special if and only if it is different from 𝑄∞[ 𝑧𝜏 . . 𝑦𝑃 + 𝜅 ). Similar to before, we
write Special𝛽𝜑(𝑇) for the set of special leading and trailing pieces of 𝑇.

Indeed, there are only very few special pieces. We compute them in 𝒪(𝑘) time in the PILLAR model
using the following lemma.

Lemma 7.25 [CKW22, Lemma 1.6]. The median edit distance of each of the families 𝒮𝛽, 𝒮𝜇, and 𝒮𝜑 is𝒪(𝑘).
Further, each of the multisets Special(𝑃), Special(𝑇), and Special𝛽𝜑(𝑇) is of size 𝒪(𝑘) and can be computed
in 𝒪(𝑘) time in the PILLAR model.

7.3 Reduction to (Bleach-Commit) Dynamic Puzzle Matching
Let us sketch a warm-up reduction from AlignedPeriodicMatches to DynamicPuzzleMatching. In an
instance of DynamicPuzzleMatching, we iterate over sequences ℐ𝑗 of puzzle pieces, such that the value
of the Δ-puzzle consisting of first components is 𝑃 and that of the second components is 𝑅 𝑗 , for each
𝑗 ∈ 𝐽. Then, it would suffice to ask a DPM-Query for each ℐ𝑗 and merge the results. A formal definition of
the ℐ𝑗s is provided below.

Definition 7.26 (Sequence of pairs of puzzle pieces for 𝑇𝑗 and 𝑃) [CKW22, Definition 4.21]. For each
𝑗 ∈ 𝐽, set ℐ𝑗 B (𝑃1 , 𝑇𝑗 ,1)(𝑃2 , 𝑇𝑗 ,2) · · · (𝑃𝑧 , 𝑇𝑗 ,𝑧).

Note that, due to Lemmas 7.19 and 7.20, we have valΔ(𝑃1 , . . . , 𝑃𝑧) = 𝑃 and valΔ(𝑇𝑗 ,1 , . . . , 𝑇𝑗 ,𝑧) = 𝑅 𝑗 .
In order to achieve a more efficient solution, we distinguish so-called canonical pairs in a DPM-

sequence ℐ , with respect to our fixed instance of the AlignedPeriodicMatches problem; recall that Δ B
6(𝑘 + 𝑑𝑃 + 𝑑𝑇) and 𝜏 B 𝑞

⌈
𝜅/2𝑞

⌉
.

Definition 7.27 (Canonical pairs of pieces) [CKW22, Definition 4.23]. We call a pair of pieces canonical
if it equals

𝒬 B (𝑄∞[ 0 . . 𝜏 + Δ ), 𝑄∞[ 0 . . 𝜏 + Δ )).

A crucial combinatorial property exploited in [CKW22], is the fact that, for unweighted edit distance,
one can “trim” long runs of canonical pairs without affecting the output of a DPM-Query. Here, we
extend this observation to weighted edit distance. To this end, let us recall the definition of the Trim
operator for DPM-sequences. We call a maximal contiguous subsequence of internal pairs that satisfy
some property an internal run of pairs that satisfy said property.

Definition 7.28 (Trimmed sequences of pairs of pieces according to plain pairs and a thresh-
old) [CKW22, Definition 4.27]. Consider a DPM-sequence ℐ , where the elements of some subset Plain(ℐ ) of
the internal canonical DPM-pairs are labeled as plain. (We call all other pieces non-plain.)

For a positive integer 𝛼, we write Tm(ℐ ,Plain(ℐ ), 𝛼) for the DPM-sequence obtained from ℐ by removing
exactly one plain DPM-pair from any internal run of plain DPM-pairs of length at least 𝛼 + 1; if ℐ does not
contain any such run, we set Tm(ℐ ,Plain(ℐ ), 𝛼) B ℐ .

Further, we write Trim(ℐ ,Plain(ℐ ), 𝛼) B Tm★(ℐ ,Plain(ℐ ), 𝛼) for an iterated application of Tm until the
DPM-sequence remains unchanged. (That is, in Trim(ℐ ,Plain(ℐ ), 𝛼) every internal run of plain DPM-pairs is
of length at most 𝛼.)
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For technical reasons, we may not want to include all canonical pairs 𝒬 in the set Plain(ℐ ).

Remark 7.29 [CKW22, Remark 4.28]. Write Red(𝑃) ⊇ Special(𝑃) for a set of red pieces of 𝑃 and
write Red(𝑇) ⊇ Special(𝑇) for a set of red pieces of 𝑇. Now, for a 𝑗 ∈ 𝐽, we set

Plain(ℐ𝑗) B {(𝑃𝑖 , 𝑇𝑗 ,𝑖) : 𝑖 ∈ ( 1 . . 𝑧 ) and 𝑃𝑖 ∉ Red(𝑃) and 𝑇𝑗 ,𝑖 ∉ Red(𝑇).

Abusing notation, we write Trim(ℐ𝑗 ,Red(𝑃),Red(𝑇), 𝛼) B Trim(ℐ𝑗 ,Plain(ℐ𝑗), 𝛼).

The following lemma, whose proof is similar to the proof of [CKW22, Lemma 4.32], implies that we
can cap the exponent of internal runs of canonical pieces to 𝑘 + 2 without altering the set of (𝑘, 𝑤)-error
occurrences. The proof of [CKW22, Lemma 4.32] relied on the greedy nature of optimal unweighted
alignments to show an analogue of the inclusion Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ +) shown in Lemma 7.30. In the
presence of weights, we have to take a different approach; this is the main difference between the proof
of the following lemma and the proof of [CKW22, Lemma 4.32].

Lemma 7.30. Fix a string 𝑄̂, integers 𝑘 ≥ 0 and Δ > 0, and a normalized weight function𝑤 : Σ̄2 → [ 0 , 𝑊 ].
Further, consider a DPM-sequence ℐ = (𝑈1 , 𝑉1)(𝑈2 , 𝑉2) · · · (𝑈𝑧 , 𝑉𝑧) whose pieces form Δ-puzzles and that has a
torsion of tor(ℐ ) ≤ Δ/2 − 𝑘, and a set Plain(ℐ ) of DPM-pairs labeled as plain, where Plain(ℐ ) ⊆ {(𝑈𝑖 , 𝑉𝑖) ∈ ℐ :
𝑖 ∈ ( 1 . . 𝑧 ) and𝑈𝑖 = 𝑉𝑖 = 𝑄̂}.

Suppose that ℐ contains an internal run 𝒳 B (𝑈𝑥 , 𝑉𝑥) · · · (𝑈𝑥+𝑘′ , 𝑉𝑥+𝑘′) such that all DPM-pairs in 𝒳 are
in Plain(ℐ ) and 𝑘′ ≥ 𝑘 + 1.

Let ℐ − be the DPM-sequence obtained by replacing 𝒳 with 𝒳− B (𝑈𝑥 , 𝑉𝑥) · · · (𝑈𝑥+𝑘′−1 , 𝑉𝑥+𝑘′−1) and ℐ +
be the DPM-sequence obtained by replacing 𝒳 with 𝒳+ = 𝒳 ⊙ (𝑄̂, 𝑄̂). We have Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ −) and
Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ +).

Proof. The following claim states that the deletion of an internal piece from a Δ-puzzle yields a Δ-puzzle.

Claim 7.31 [CKW22, see Claim 4.33]. Given a Δ-puzzle 𝒳 B 𝑋1 , . . . , 𝑋𝑖 , 𝑋𝑖+1 , . . . , 𝑋𝑧 with 𝑋𝑖 = 𝑋𝑖+1
and value 𝑋 B valΔ(𝒳), the sequence

𝒳 ′ B 𝑋1 , . . . , 𝑋𝑖−1 , 𝑋𝑖+1 , . . . , 𝑋𝑧 = 𝑋1 , . . . , 𝑋𝑖 , 𝑋𝑖+2 , . . . , 𝑋𝑧

forms a Δ-puzzle with value

valΔ(𝒳 ′) = 𝑋[ 0 . . 𝜉𝑖 + ⌊Δ/2⌋ )𝑋[ 𝜉𝑖 + |𝑋𝑖 | − ⌈Δ/2⌉ . . |𝑋 | ) = 𝑋[ 0 . . 𝜉𝑖 + 𝑝 )𝑋[ 𝜉𝑖+1 + 𝑝 . . |𝑋 | ),

where 𝜉𝑖 B
∑𝑖−1
𝑡=1 |𝑋𝑡 | − Δ and 𝑝 ∈ [ 0 . . |𝑋𝑖 | − Δ ].

Let 𝑈 B valΔ(𝑈1 , . . . , 𝑈𝑧) and 𝑉 B valΔ(𝑉1 , . . . , 𝑉𝑧). For each 𝑗 ∈ ( 1 . . 𝑧 ), write 𝑈[ 𝑢𝑗 . . 𝑢′𝑗 ) = 𝑈𝑗

and 𝑉[ 𝑣 𝑗 . . 𝑣′𝑗 ) = 𝑉𝑗 ; that is 𝑢𝑗 =
∑𝑗−1
𝑡=1(|𝑈𝑡 | − Δ) and 𝑣 𝑗 =

∑𝑗−1
𝑡=1(|𝑉𝑡 | − Δ). With Claim 7.31 in mind, we

also write 𝑈̂ 𝑗 B 𝑈[ 𝑢̂𝑗 . . 𝑢̂′𝑗 ), where

𝑢̂𝑗 B 𝑢𝑗 + ⌊Δ/2⌋ =
𝑗−1∑
𝑡=1
(|𝑈𝑡 | − Δ) + ⌊Δ/2⌋ and

𝑢̂′𝑗 B 𝑢̂𝑗 + |𝑈 𝑗 | − Δ =

𝑗−1∑
𝑡=1
(|𝑈𝑡 | − Δ) + |𝑈 𝑗 | − ⌈Δ/2⌉ = 𝑢′𝑗 − ⌈Δ/2⌉ .

For convenience, we define 𝑢̂′1 and 𝑢̂𝑧 analogously. Observe that we have 𝑢̂′
𝑗
= 𝑢̂𝑗+1, that is, we obtain a

partition𝑈 = 𝑈[ 0 . . 𝑢̂′1 )𝑈̂2 · · · 𝑈̂𝑧−1𝑈[ 𝑢̂𝑧 . . |𝑈 | ).
Consider an alignment 𝒜 : 𝑈 {{ 𝑉[ 𝑎 . . 𝑏 ) that satisfies ed𝑤𝒜(𝑈 → 𝑉[ 𝑎 . . 𝑏 )) = ed𝑤≤𝑘(𝑈 →

𝑉[ 𝑎 . . 𝑏 )).
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Claim 7.32 [CKW22, see Claim 4.34]. For any 𝑗 ∈ ( 1 . . 𝑧 ), the fragment 𝑉̂𝑗 B 𝑉[ 𝑣̂ 𝑗 . . 𝑣̂′𝑗 ) B 𝒜(𝑈̂ 𝑗) is
contained in 𝑉𝑗 .

Proof. Observe that, by construction, we have

𝑣 𝑗 = 𝑢𝑗 +
𝑗−1∑
𝑡=1
(|𝑉𝑡 | − |𝑈𝑡 |)

≤ 𝑢𝑗 +
𝑧∑
𝑡=1

��|𝑈𝑡 | − |𝑉𝑡 |
��

= 𝑢𝑗 + tor(ℐ )
≤ 𝑢𝑗 + ⌊Δ/2⌋ − 𝑘
≤ 𝑎 + 𝑢̂𝑗 − 𝑘 ≤ 𝑣̂ 𝑗 .

Symmetrically, we obtain

𝑣̂′𝑗 ≤ 𝑏 + 𝑢̂′𝑗 − |𝑈 | + 𝑘 ≤ |𝑉 | − |𝑈 | + 𝑢′𝑗 − ⌈Δ/2⌉ + 𝑘

≤ |𝑉 | − |𝑈 | + 𝑢′𝑗 − tor(ℐ ) = |𝑉 | − |𝑈 | + 𝑢′𝑗 −
𝑧∑
𝑡=1

��|𝑈𝑡 | − |𝑉𝑡 |
��)

≤ |𝑉 | − |𝑈 | + 𝑢′𝑗 −
𝑧∑

𝑡=𝑗+1
(|𝑉𝑡 | − |𝑈𝑡 |) = 𝑣′𝑗 ,

thus completing the proof.

As the alignment𝒜 can make at most 𝑘 edits, at least two of the first components of the (at least
𝑘 + 2) DPM-pairs of 𝒳 get aligned without any edits. We may thus assume without loss of generality
that 𝑉̂𝑖 = 𝑈̂𝑖 for some 𝑖 ∈ [ 𝑥 . . 𝑥 + 𝑘′ ). Claim 7.32 ensures that 𝑉̂𝑖 is contained in 𝑉𝑖 .

We first prove that Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ −). Let us remove the pair (𝑈𝑖 , 𝑉𝑖) from ℐ , thus obtain-
ing ℐ −. Let 𝑈− B valΔ(𝑈1 , . . . , 𝑈𝑖−1 , 𝑈𝑖+1 , . . . , 𝑈𝑧) and 𝑉− B valΔ(𝑉1 , . . . , 𝑉𝑖−1 , 𝑉𝑖+1 , . . . , 𝑉𝑧). Since
valΔ(𝑉𝑥 , . . . , 𝑉𝑥+𝑘′) has a period |𝑈𝑖 | − Δ, and 𝑉̂𝑖 = 𝑈̂𝑖 is of length |𝑈𝑖 | − Δ, we conclude that

ed𝑤(𝑈 → 𝑉[ 𝑎 . . 𝑏 )) = ed𝑤((𝑈[ 0 . . 𝑢̂𝑖 )→ 𝑉[ 𝑎 . . 𝑣̂𝑖 ))
+ ed𝑤(𝑈[ 𝑢̂𝑖 + |𝑈𝑖 | − Δ . . |𝑈 | )→ 𝑉[ 𝑣̂𝑖 + |𝑈𝑖 | − Δ . . 𝑏 ))

= ed𝑤(𝑈−[ 0 . . 𝑢̂𝑖 )→ 𝑉−[ 𝑎 . . 𝑣̂𝑖 ))
+ ed𝑤(𝑈−[ 𝑢̂𝑖 . . |𝑈−| )→ 𝑉−[ 𝑣̂𝑖 . . 𝑏 − |𝑈𝑖 | + Δ ))

≥ ed𝑤(𝑈− → 𝑉−[ 𝑎 . . 𝑏 − |𝑈𝑖 | + Δ )).

We can thus obtain an alignment𝒜− : 𝑈− {{ 𝑉−[ 𝑎 . . 𝑏−|𝑈𝑖 |+Δ ) of weighted cost at most 𝑘, completing
the proof of Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ −).

We now prove Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ +). Let us replace 𝒳 by 𝒳+, thus obtaining ℐ +, by inserting (𝑄̂, 𝑄̂)
just after (𝑈𝑖 , 𝑉𝑖). Set

𝑈+ B valΔ(𝑈1 , . . . , 𝑈𝑖 , 𝑄̂ , 𝑈𝑖+1 , . . . , 𝑈𝑧) and 𝑉+ B valΔ(𝑉1 , . . . , 𝑉𝑖 , 𝑄̂ , 𝑉𝑖+1 , . . . , 𝑉𝑧).
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Similarly to before, due to the periodicity of valΔ(𝑉𝑥 , . . . , 𝑉𝑥+𝑘′), we have

ed𝑤(𝑈 → 𝑉[ 𝑎 . . 𝑏 )) = ed𝑤(𝑈[ 0 . . 𝑢̂′𝑖 )→ 𝑉[ 𝑎 . . 𝑣̂′𝑖 )) + ed𝑤(𝑈[ 𝑢̂′𝑖 . . |𝑈 | )→ 𝑉[ 𝑣̂′𝑖 . . 𝑏 ))
= ed𝑤(𝑈[ 0 . . 𝑢̂′𝑖 )→ 𝑉[ 𝑎 . . 𝑣̂′𝑖 ))
+ ed𝑤(𝑄̂[ 0 . . |𝑄̂| − Δ )→ 𝑄̂[ 0 . . |𝑄̂| − Δ ))
+ ed𝑤(𝑈[ 𝑢̂′𝑖 . . |𝑈 | )→ 𝑉[ 𝑣̂′𝑖 . . 𝑏 ))

= ed𝑤(𝑈+[ 0 . . 𝑢̂′𝑖 )→ 𝑉+[ 𝑎 . . 𝑣̂′𝑖 ))
+ ed𝑤(𝑈+[ 𝑢̂′𝑖 . . 𝑢̂′𝑖 + |𝑄̂| − Δ )→ 𝑉+[ 𝑣̂′𝑖 . . 𝑣̂

′
𝑖 + |𝑄̂| − Δ ))

+ ed𝑤(𝑈+[ 𝑢̂′𝑖 + |𝑄̂| − Δ . . |𝑈+| )→ 𝑉+[ 𝑣̂′𝑖 + |𝑄̂| − Δ . . 𝑏 + |𝑄̂| − Δ ))
≥ ed𝑤(𝑈+ → 𝑉+[ 𝑎 . . 𝑏 + |𝑄̂| − Δ )).

We can thus obtain an alignment𝒜+ : 𝑈+ {{ 𝑉+[ 𝑎 . . 𝑏+|𝑄̂|−Δ ) of weighted cost at most 𝑘, completing
the proof of Occ𝑤𝑘 (ℐ ) ⊆ Occ𝑤𝑘 (ℐ +).

Noting that Δ = 6𝜅 and hence tor(ℐ𝑗) ≤ 3𝜅 − 𝑘 = Δ/2 − 𝑘, a combination of Lemmas 7.23 and 7.30
yields the following result, which is an analogue of [CKW22, Lemma 4.30] for weighted edit distance.

Corollary 7.33. For any 𝑗 ∈ 𝐽, we have

Occ𝑤𝑘 (𝑃, 𝑅 𝑗) = Occ𝑤𝑘 (ℐ𝑗) = Occ𝑤𝑘 (Trim(ℐ𝑗 , Special(𝑃), Special(𝑇), 𝑘 + 2)).

Remark 7.34. The 𝑘 + 2 in Corollary 7.33 can be optimized to 𝑘 + 1, which is a more intuitive
parameter; we opted to not implement this optimization as the proof of an analogously refined variant
of Lemma 7.30 would be lengthier that that of Lemma 7.30.

We next argue that, even with Corollary 7.33 at hand, we cannot iterate over all distinct DPM-
sequences Trim(ℐ𝑗 , Special(𝑃), Special(𝑇), 𝑘 + 2), for 𝑗 ∈ 𝐽, with 𝑜(𝑘3) update operations in the worst case.
Let us fix a pair (𝑃𝑥 , 𝑇𝑦) ∈ Special(𝑃) × Special(𝑇) and consider the maintenance of a DPM-sequence ℐ
that iterates over all specified sequences. Suppose that at some point, the length-(𝑘 + 4) sequence

(𝑃𝑥 , 𝑄∞[ 0 . . 𝜏 + Δ ))𝒬𝑘+2(𝑄∞[ 0 . . 𝜏 + Δ ), 𝑇𝑦)

is a contiguous subsequence of ℐ . As we, intuitively, shift 𝑃 over 𝑇, the exponent of the internal run of
canonical pairs enclosed by the DPM-pairs of strings containing 𝑃𝑥 and 𝑇𝑦 might change Ω(𝑘) times. It
is actually not hard to construct an instance of AlignedPeriodicMatches where Special(𝑃) × Special(𝑇)
is of size Ω(𝑘2) and each pair in Special(𝑃) × Special(𝑇) is “responsible” for Ω(𝑘) updates as in the
considered example for 𝑃𝑥 and 𝑇𝑦 . In order to circumvent this issue, we refine DynamicPuzzleMatching
by introducing some further update operations that admit faster implementations than those in the
original problem (while offloading some computation to the query procedure). A refined reduction
allows us to only use 𝒪(𝑘2) expensive update operations and 𝒪(𝑘3) cheap update operations.

Definition 7.35 (Blank pieces for representing runs of canonical pairs). For a positive integer 𝑗, a blank
piece of order 𝑗 is a compact representation of a sequence of 𝑗 copies of 𝒬 as (𝒬, 𝑗) .

Definition 7.36. Operation Unpack takes as input a sequence 𝒥 of ordered pairs of strings and blank pieces
and replaces each blank piece of the form (𝒬, 𝑗) with 𝑗 copies of 𝒬. The output is denoted by Unpack(𝒥 ).

We say that a sequence 𝒥 is a Bleached-representation of a sequence ℐ of ordered pairs of strings if
ℐ = Unpack(𝒥 ).
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Problem BleachCommitDPM.
Maintained Object. A sequence 𝒴 of puzzle pieces and blank pieces (a BCDPM-sequence).
Initialization. BCDPM-Init(𝒴 ′, 𝛼, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤): Given

a BCDPM-sequence 𝒴 ′,
positive integers 𝑘, Δ = 𝒪(𝑘), and 𝛼 = 𝒪(𝑘),
string families𝒮𝛽,𝒮𝜇, and𝒮𝜑 of leading, internal, and trailing pieces, respectively,
that satisfy ed(𝒮𝛽) + ed(𝒮𝜇) + ed(𝒮𝜑) = 𝒪(𝑘),
a canonical pair of strings 𝒬,
and oracle access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ],

initialize 𝒴 as 𝒴 ′.
Invariants. At initialization time and after each update, all blank pieces in 𝒴 are of order at

most 𝛼 and the DPM-sequence

ℐ B Unpack(𝒴 ) = (𝑈1 , 𝑉1)(𝑈2 , 𝑉2) · · · (𝑈𝑧 , 𝑉𝑧)
satisfies𝑈1 , 𝑉1 ∈ 𝒮𝛽,𝑈𝑧 , 𝑉𝑧 ∈ 𝒮𝜑, and, for all 𝑖 ∈ ( 1 . . 𝑧 ),𝑈𝑖 , 𝑉𝑖 ∈ 𝒮𝜇.

Update Operations. BCDPM-Delete(𝑖): Delete the 𝑖-th element of 𝒴 .
BCDPM-Insert((𝑈 ′ , 𝑉 ′), 𝑖): Insert the pair (𝑈 ′ , 𝑉 ′)of strings after the 𝑖-th element
of 𝒴 .
BCDPM-Substitute((𝑈 ′ , 𝑉 ′), 𝑖): Substitute the 𝑖-th element of 𝒴 , which is a
pair of strings, with the pair of strings (𝑈 ′ , 𝑉 ′).
BCDPM-Commit(𝑖, 𝜁): Replace the 𝑖-th element of 𝒴 , which is a blank piece, with
𝜁 copies of 𝒬.
BCDPM-Bleach(𝑖, 𝜁): Replace the 𝜁 pieces, that follow the 𝑖-th element of 𝒴 and
are all equal to 𝒬, with a single blank piece (𝒬, 𝜁).
BCDPM-Set(𝑖, 𝜁): Substitute the 𝑖-th element of 𝒴 , which is a blank piece, with
blank piece (𝒬, 𝜁).

Query Operations. BCDPM-Query: Return

Occ𝑤𝑘 (𝒴 ) B Occ𝑤𝑘 (valΔ(𝑈1 , . . . , 𝑈𝑧), valΔ(𝑉1 , . . . , 𝑉𝑧))
under a promise that 𝑈1 , . . . , 𝑈𝑧 and 𝑉1 , . . . , 𝑉𝑧 are Δ-puzzles and that tor(ℐ ) ≤
Δ/2 − 𝑘.

The following theorem is analogous to [CKW22, Lemma 4.36]. The authors of [CKW22] showed
that one can iterate over ℐ ′

𝑗
B Trim(ℐ𝑗 ,Red(𝑃),Red(𝑇), 𝛼), for all 𝑗 ∈ 𝐽 \ {min 𝐽} satisfying ℐ ′

𝑗−1 ≠ ℐ ′
𝑗
, in

an instance of DynamicPuzzleMatching using a small number of updates. They showed that if we
skip over some ℐ ′

𝑗
that is equal to ℐ ′

𝑗+1 can be handled by extending, by one element, some maintained
arithmetic progressions (with difference 𝜏) of (𝑘, 𝑤)-error occurrences. The crucial novelties in the proof
of the following theorem are the definition of BCDPM-sequences 𝒴 ′

𝑗
that satisfy Unpack(𝒴 ′

𝑗
) = ℐ ′

𝑗
, the

replacement of all DPM update operations apart from 𝒪(𝑘2) of them with (cheap) updates of the type
BCDPM-Set and (the proof of) Claim 7.39. To achieve the latter, we crucially observe that most operations
either extend or shrink an internal run of plain pairs: we maintain such runs using blank pieces, and
spend extra time during the query to treat them.

Theorem 7.37 (TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄,𝒜𝑃 ,𝒜𝑇 , Red(𝑃), Red(𝑇) 𝛼), Reduction from the Aligned-
PeriodicMatches problem to the BleachCommitDPM problem). Suppose that we are given an instance
AlignedPeriodicMatches(𝑃, 𝑇, 𝑘, 𝑄, 𝒜𝑃, 𝒜𝑇, 𝑤) with

𝛽𝑃 B
⌈
𝑦𝑃/𝑞

⌈
(𝑘 + 𝑑𝑃 + 𝑑𝑇)/2𝑞

⌉⌉
≥ 20,
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and a positive integer 𝛼 = 𝒪(𝑘) as well as sets of puzzle pieces Red(𝑃) ⊇ Special(𝑃) and Red(𝑇) ⊇ Special(𝑇) of
size at most 𝜌 each.

In time 𝒪(𝜌2𝛼(𝑘 + log 𝑛)) in the PILLAR model, we can reduce the computation of a representation of

𝒢 B
⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (Trim(ℐ𝑗 ,Red(𝑃),Red(𝑇), 𝛼)))

that consists in 𝒪(𝑘𝜌2𝛼) arithmetic progressions with difference 𝜏 = 𝒪(max{𝑞, 𝑘}) to an instance of the Bleach-
CommitDPM problem with the maintained BCDPM-sequence initialized with a call BCDPM-Init(𝒴 ′, 𝛼, 𝑘,
Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤), where 𝒴 ′ is an BCDPM-sequence of length 𝒪(𝜌𝛼), under
𝒪(𝜌2) calls to each of BCDPM-Delete, BCDPM-Insert, BCDPM-Substitute, BCDPM-Commit, and
BCDPM-Bleach, and
𝒪(𝜌2𝛼) calls to each of BCDPM-Set and BCDPM-Query, such that the total number of blank pieces over all calls
to BCDPM-Query is 𝒪(𝜌2𝛼).

Proof. We set 𝒮𝛽, 𝒮𝜇, 𝒮𝜑 according to Definition 7.21, choose Δ B 6𝜅 = 6(𝑘 + 𝑑𝑃 + 𝑑𝑇) = 𝒪(𝑘), and set
𝒬 B (𝑄∞[ 0 . . 𝜏 + Δ ), 𝑄∞[ 0 . . 𝜏 + Δ )). We compute sets Special(𝑃) and Special(𝑇) in 𝒪(𝑘) time in the
PILLAR model using Lemma 7.25. Note that Lemma 7.25 ensures that ed(𝒮𝛽) + ed(𝒮𝜇) + ed(𝒮𝜑) = 𝒪(𝑘).

We initialize the BleachCommitDPM data structure with a call to the operation BCDPM-Init(𝒴 ′min 𝐽,
𝛼, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤). We denote the maintained BCDPM-sequence by 𝒴 . Then, we wish
to transform 𝒴 to be equal to 𝒴 ′

𝑗
, for each 𝑗 ∈ 𝐽, so that we can call a BCDPM-Query to compute Occ𝑤𝑘 (𝒴 ′𝑗 )

and construct arithmetic progressions of (𝑘, 𝑤)-occurrences, akin to [CKW22]. In the next claim, we
generate sequences update𝑗 of BleachCommitDPM updates operations (BCDPM-updates) that allow us
to do exactly that and satisfy the conditions of the statement of the theorem.

Claim 7.38. In𝒪(𝜌2𝛼 log 𝑛) time in total, we can compute, for all 𝑗 ∈ 𝐽 \{min 𝐽}with𝒴 ′
𝑗−1 ≠ 𝒴 ′

𝑗
, a sequence

update𝑗 of BleachCommitDPM update operations that transforms 𝒴 ′
𝑗−1 to 𝒴 ′

𝑗
, such that the required invariants

are maintained at all times. Further, these sequences of updates are returned in increasing order with respect to 𝑗
and contain in total
𝒪(𝜌2) calls to each of BCDPM-Delete, BCDPM-Insert, BCDPM-Substitute, BCDPM-Commit, and
BCDPM-Bleach, and
𝒪(𝜌2𝛼) calls to BCDPM-Set.

Proof. In order to develop some intuition, let us examine how the length of the run of plain pairs that
succeeds the head of ℐ changes in the course of the algorithm. This length may decrease as a DPM
pair 𝐴 containing some 𝑇𝑡 ∈ Red(𝑇) approaches the head of ℐ while we slide 𝑃 on 𝑇. When such a
DPM-pair disappears in the process of transforming ℐ𝑡−1 to ℐ𝑡 , the length of the considered run might
increase depending on where the leftmost pair with a red piece in ℐ𝑡 is; roughly speaking, the run of
plain pairs after 𝐴 in ℐ𝑡−1 becomes the run of plain pairs that succeeds the head of ℐ𝑡 .

We say that a run of plain pairs is enclosed by the two DPM-pairs that are adjacent to it. Suppose that
in each of ℐ𝑗−1 and ℐ𝑗 there is a run of plain pairs that is enclosed by a pair that contains a fragment
𝑃𝑖 ∈ Red(𝑃) ∪ {𝑃1 , 𝑃𝑧} and a pair that contains a fragment 𝑇𝑡 ∈ Red(𝑇). The lengths of these two runs
differ by at most one; details are provided below. Observe that any run of plain pairs in ℐ𝑗−1 that is not
enclosed by a pair that contains a fragment 𝑃𝑖 ∈ Red(𝑃) ∪ {𝑃1 , 𝑃𝑧} and a pair that contains a fragment
𝑇𝑡 ∈ Red(𝑇) either remains intact in ℐ𝑗 or is shifted to the left by one position. In particular, each change
to the length of a run of plain pairs as we transform ℐ ′

𝑗−1 to ℐ ′
𝑗

can be attributed to a single pair of
fragments 𝑃𝑖 ∈ Red(𝑃) ∪ {𝑃1 , 𝑃𝑧} and 𝑇𝑡 ∈ Red(𝑇) getting closer to (or farther from) each other.

Let us call an internal run of plain pairs of a DPM-sequence active if it is of size smaller than 𝛼 and
either of the following holds:

it is enclosed by the leading pair and a pair containing a piece of Red(𝑇),
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it is enclosed by the trailing pair and a pair containing a piece of Red(𝑇),
it is enclosed by distinct DPM-pairs such that one contains a piece of Red(𝑃) and no piece from
Red(𝑇) and the other contains a piece of Red(𝑇) and no piece from Red(𝑃).

Internal runs of plain pairs that are not active are called inactive. For a DPM-sequence 𝒮 with some
canonical pairs marked as plain, let us denote by BleachAct(𝒮) the Bleached-representation of 𝒮,
obtained by replacing each active internal run of 𝑟 plain pairs by a blank piece (𝒬, 𝑟). For each 𝑗 ∈ 𝐽, let
𝒴 ′
𝑗
B BleachAct(ℐ ′

𝑗
). Note that 𝒴 ′

𝑗−1 ≠ 𝒴 ′
𝑗

if and only if ℐ ′
𝑗−1 ≠ ℐ ′

𝑗
for each 𝑗 ∈ 𝐽 \ {min 𝐽}.

For convenience, apart from 𝒴 , we also explicitly maintain the sequence ℐ = Unpack(𝒴 ), initialized
as ℐ ′min 𝐽 , that we transform to be equal to each ℐ ′

𝑗
. In particular, we first compute updates for ℐ and

then transform them to updates for 𝒴 , ensuring that, at all times, 𝒴 B BleachAct(ℐ ). We store 𝒴 and ℐ
as doubly-linked lists 𝑌 and 𝐼, respectively, and maintain bidirectional pointers between pairs in 𝑌 and 𝐼
that contain a common red piece, labelled with said red piece(s). (We do not explicitly mention when
such pointers need to be updated.)

We compute sequences of updates for 𝐼. Each of them is of one of the following forms:
list-sub(pointer, (𝑃𝑖 , 𝑇𝑗 ,𝑖)): given a handle pointer to an element of 𝐼, substitute (𝑃𝑖 , 𝑇𝑗 ,𝑖) for this element;

list-ins(pointer, (𝑃𝑖 , 𝑇𝑗 ,𝑖)): given a handle pointer to an element of 𝐼, insert (𝑃𝑖 , 𝑇𝑗 ,𝑖) before this element;

list-del(pointer): given a handle pointer to an element of 𝐼, delete its successor in 𝐼.
Further, each update is of the following types, and is annotated with its type:

Type 1: A substitution of the head/tail of the sequence or an update that only involve pairs that
contain a red piece.

Type 2: An insertion or a deletion of a plain pair that results in the creation or the destruction of a
run of plain pairs.

Type 3: An insertion or a deletion of a plain pair that changes whether a run of plain pairs is active.

Type 4: An insertions or a deletion of a plain pair that shrinks or expand an active internal run that
remains active after the update.

In total, our sequences will contain 𝒪(𝜌2) updates of Types 1-3 and 𝒪(𝜌2𝛼) updates of Type 4. We
show how to maintain 𝒴 subject to each update on 𝐼, such that 𝒴 B BleachAct(ℐ ) by transforming, in
𝒪(log 𝜌) time, each update for 𝐼 to
𝒪(1) BCDPM-updates for 𝒴 if the update is of Type 1, 2, or 3, or

to a single BCDPM-Set if the update is of Type 4.
We maintain 𝑌 analogously.

In order to facilitate the efficient transformation of updates for 𝐼 to updates for 𝒴 , we use a balanced
binary search tree to support the following operation in 𝒪(log 𝜌) time at the cost of an 𝒪(log 𝜌)-time
additive overhead for each update operation on 𝑌: given a handle to an element of 𝑌, return its rank,
that is, the number of elements that precede it in 𝑌. Additionally, in 𝒪(𝜌 log 𝜌) time, we insert the
elements of Red(𝑃) ∪ {𝑃1 , 𝑃𝑧} in a doubly linked list 𝐿𝑃 and the elements of Red(𝑇) in a doubly linked list
𝐿𝑇 , sorted with respect to their starting positions. At all times, we store a bidirectional pointer between
each element of each of 𝐿𝑃 and 𝐿𝑇 and the DPM-pair that contains it in 𝐼. (We do not explicitly mention
when such pointers need to be updated.) For both 𝑃 and 𝑇, we write pointer(𝑃𝑖) (or pointer(𝑇𝑖)) for the
pointer from the element of 𝐿𝑃 (or 𝐿𝑇) corresponding to 𝑃𝑖 (or 𝑇𝑖) to the element of 𝐼 that contains 𝑃𝑖
(or 𝑇𝑖).

Throughout the course of the algorithm, to ensure the correct and efficient maintenance of our
pointers, we only update pairs that contain a piece in Red(𝑃) in each of 𝐼 and 𝑌 using substitution
operations.
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We now explain how to map each computed update for 𝐼 to a BCDPM-update for 𝒴 . Observe that
using our pointers and rank structure, given a handle to an element of 𝐼 that contains a red piece, we
can compute in 𝒪(log 𝜌) time the rank of the pair that contains the same red piece in 𝑌 and, hence, in 𝒴 .
We transform an update for 𝐼 to an update for 𝑌 and 𝒴 as follows:

If the update is of Type 1, we simply change the index of the update based on the computed rank.
If the update is of Type 2, we consider two cases:

if the update results in the creation of a run, we issue a BCDPM-Insert update, followed by a
BCDPM-Bleach update;
if the update results in the destruction of a run, we issue a BCDPM-Delete update.

For a Type 4 update, we also consider two cases:
if the update is of the form list-del and changes the status of an inactive run to active, we issue a
BCDPM-Bleach update followed by a BCDPM-Set update;
if the update is of the form list-ins and changes the status of an active run to inactive, we issue a
BCDPM-Commit update.

If the update is of Type 5, we transform it to a BCDPM-Set update.
We now explain how to compute the desired updates for 𝐼, which we insert in a global min-heap

with keys in (min 𝐽 . . max 𝐽 ]. When we are done generating updates, we pop them from the heap,
appending each update with key 𝑗 to the sequence update𝑗 . This process indeed returns sequences
update𝑗 in increasing order with respect to 𝑗.

We first issue updates for the head and the tail of the sequence.19 To this end, we first compute the
union HeadTail of the sets

{𝑗 ∈ 𝐽 : 𝑇𝑗 ,1 ≠ 𝑄∞[−𝜅 . . 2𝜏 + Δ )} and {𝑗 ∈ 𝐽 : 𝑇𝑗 ,𝑧 ≠ 𝑄∞[ 𝑧𝜏 . . 𝑦𝑃 + 𝜅 )},
in 𝒪(𝑘) time using Lemma 7.25. For each 𝑗 ∈ HeadTail \min 𝐽, for each 𝑒 ∈ {1, 𝑧}, we issue an update
list-sub(pointer(𝑃𝑒), (𝑃𝑒 , 𝑇𝑗 ,𝑒)) with key 𝑗. Further, for each 𝑗 ∈ HeadTail \max 𝐽, for each 𝑒 ∈ {1, 𝑧}, we
issue update list-sub(pointer(𝑃𝑒), (𝑃𝑒 , 𝑇𝑗+1,𝑒)) with key 𝑗 + 1. The number of such issued updates is
𝒪(𝑘) = 𝒪(𝜌) and their all of Type 1.

Let us now issue all updates that involve some red piece. For each pair of fragments 𝑃𝑖 ∈ Red(𝑃) and
𝑇𝑡 ∈ Red(𝑇)we do the following.

If 𝑡 − 𝑖 ∈ (min 𝐽 . . max 𝐽 ], we issue updates:
list-sub(pointer(𝑃𝑖), (𝑃𝑖 , 𝑇𝑡))with key 𝑡 − 𝑖, substituting (𝑃𝑖 , 𝑇𝑡−1)with (𝑃𝑖 , 𝑇𝑡) and
if 𝑖 + 1 < 𝑧 and 𝑃𝑖+1 ∉ Red(𝑃), list-del(pointer(𝑃𝑖))with key 𝑡 − 𝑖, deleting the pair (𝑃𝑖+1 , 𝑇𝑡).

If 𝑡 − 𝑖 + 1 ∈ (min 𝐽 . . max 𝐽 ], we issue updates:
if 𝑖 > 2 and 𝑃𝑖−1 ∉ Red(𝑃), list-ins(pointer(𝑃𝑖), (𝑃𝑖−1 , 𝑇𝑡))with key 𝑡 − 𝑖 + 1, inserting (𝑃𝑖−1 , 𝑇𝑡) just
before the pair containing 𝑃𝑖 , and
if 𝑇𝑡+1 ∉ Red(𝑇), list-sub(pointer(𝑃𝑖), (𝑃𝑖 , 𝑇𝑡+1))with key 𝑡 − 𝑖 + 1, replacing (𝑃𝑖 , 𝑇𝑡)with (𝑃𝑖 , 𝑇𝑡+1).

Over all pairs of red pieces, we thus issue 𝒪(𝜌2) such updates in total, and each of these updates only
involves pairs that contain a red piece. We thus annotate these updates as Type 1.

Next, we compute updates that enable the efficient maintenance of the (trimmed) run of plain pairs
that is enclosed by a pair containing some 𝑃𝑖 ∈ Red(𝑃) ∪ {𝑃1 , 𝑃𝑧} and a pair containing some 𝑇𝑡 ∈ Red(𝑇),
when such a run exists.

First, we consider the case when the pair containing 𝑃𝑖 precedes the pair containing 𝑇𝑡 = 𝑇𝑗−1,𝑡−(𝑗−1)
in some ℐ ′

𝑗−1 and these two pairs enclose a non-empty run of plain pairs. In this case, the run would
either shrink in ℐ ′

𝑗
or retain its length 𝛼. Let the successor of 𝑃𝑖 in 𝐿𝑃 be 𝑃𝑣 . Further, if 𝑇𝑡 is not the

first element in 𝐿𝑇 let its predecessor in 𝐿𝑇 be 𝑇𝑢 = 𝑇𝑗−1,𝑢−(𝑗−1); otherwise, set 𝑢 B −∞. The following
conditions must be satisfied:

19 Some of the issued updates might be redundant or duplicate, but this is not a problem.
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(i) 𝑡 − (𝑗 − 1) ≤ 𝑣, which is equivalent to 𝑗 > 𝑡 − 𝑣, so that 𝑃𝑣 is not in a pair strictly between the two
pairs and hence none of the elements of Red(𝑃) is,

(ii) 𝑢 − (𝑗 − 1) ≤ 𝑖, which is equivalent to 𝑗 > 𝑢 − 𝑖, so that there is no non-plain pair containing some
element of Red(𝑇) between the two pairs, and

(iii)𝑡 − (𝑗 − 1) − 𝑖 > 1, which is equivalent to 𝑗 ≤ 𝑡 − 𝑖 − 1, so that the precedence condition is satisfied
and the two pairs are not adjacent.

Further, the run should shrink in ℐ ′
𝑗

only if the two pairs are close enough, that is, if 𝑡 − (𝑗 − 1) − 𝑖 − 1 ≤ 𝛼,
which is equivalent to 𝑗 > 𝑡 − 𝑖 − 𝛼 − 1. Hence, for each

𝑗 ∈ (max{min 𝐽 , 𝑡 − 𝑣, 𝑢 − 𝑖 , 𝑡 − 𝑖 − 𝛼 − 1} . . min{max 𝐽 , 𝑡 − 𝑖 − 1} ],
we issue an update list-del(pointer(𝑃𝑖)) with key 𝑗, deleting a plain pair from the run succeeding the
pair that contains 𝑃𝑖 with key 𝑗. Observe that only the last update may result in a destruction of the
run, while only the first update may change its status by turning it from inactive to active. We can
compute whether this is the case for these two updates in 𝒪(log 𝜌) time, and hence annotate all updates
appropriately (each of them is of Type 2, 3, or 4). Observe that the total number of issued updates is at
most (𝑡 − 𝑖 − 1) − (𝑡 − 𝑖 − 𝛼 − 1) = 𝛼 and at most two of them are not of Type 4.

We now consider the complementary case when in each of ℐ ′
𝑗−1 and ℐ ′

𝑗
, the pair containing 𝑃𝑖

succeeds the pair containing 𝑇𝑡 and these two pairs either enclose a non-empty run of plain pairs or are
adjacent.20 In this case, the run would either be expanded by one plain pair in ℐ ′

𝑗
or retain its length 𝛼.

Let the predecessor of 𝑃𝑖 in 𝐿𝑃 be 𝑃𝑦 . Further, if 𝑇𝑡 is not the last element in 𝐿𝑇 let its successor in 𝐿𝑇 be
𝑇𝑥 = 𝑇𝑗−1,𝑥−(𝑗−1); otherwise, set 𝑥 B ∞. The following conditions must be satisfied:
(i) 𝑡 − (𝑗 − 1) > 𝑦, which is equivalent to 𝑗 ≤ 𝑡 − 𝑦, so that 𝑃𝑥 is strictly to the left of both pairs in ℐ ′

𝑗−1, as
if this is not the case then the condition on ℐ ′

𝑗
would not be satisfied,

(ii) 𝑥 − (𝑗 − 1) > 𝑖, which is equivalent to 𝑗 ≤ 𝑥 − 𝑖, so that 𝑇𝑦 (if it exists) is strictly to the right of both
pairs in ℐ ′

𝑗−1, as if this is not the case then the condition on ℐ ′
𝑗

would not be satisfied,
(iii)𝑡 − (𝑗 − 1) < 𝑖, which is equivalent to 𝑗 > 𝑡 − 𝑖 + 1, so that the precedence condition is satisfied.
Further, the run should be expanded in ℐ ′

𝑗
only if the two pairs are close enough, that is, if 𝑖−(𝑡−(𝑗−1))−1 <

𝛼, which is equivalent to 𝑗 ≤ 𝛼 + 𝑡 − 𝑖 + 1. Hence, for each
𝑗 ∈ (max{min 𝐽 , 𝑡 − 𝑖 + 1} . . min{max 𝐽 , 𝑡 − 𝑦, 𝑥 − 𝑖 , 𝛼 + 𝑡 − 𝑖 + 1} ],

we issue an update list-ins(pointer(𝑃𝑖), (𝑄∞[ 0 . . 𝜏 + Δ ), 𝑄∞[ 0 . . 𝜏 + Δ ))), inserting a plain pair in the
(potentially empty) run preceding the pair that contains 𝑃𝑖 with key 𝑗. Observe that only the first update
may result in the creation of a run, while only the first update may change its status from active to
inactive. We can compute whether this is the case for these two updates in 𝒪(log 𝜌) time, and hence
annotate all updates appropriately (each of them is of Type 2, 3, or 4). Observe that the total number of
such issued updates is at most (𝛼 + 𝑡 − 𝑖 + 1) − (𝑡 − 𝑖 + 1) = 𝛼 and at most two of them are not of Type 4.

We can compute all updates for a given pair (in the intermediate interface) in 𝒪(𝛼) time using lists
𝐿𝑃 and 𝐿𝑇 .

The invariants of BleachCommitDPM are clearly satisfied at initialization. By construction, through-
out the course of the algorithm each blank piece in 𝒴 is of order at most 𝛼. Additionally the second
invariant is satisfied at all times, since all the updates involving the head or tail of 𝒴 only involve pairs
in 𝒮𝛽 × 𝒮𝛽 and 𝒮𝜑 × 𝒮𝜑, respectively, while all remaining updates involve pairs in 𝒮𝜇 × 𝒮𝜇.

We are now ready to complete the reduction to BleachCommitDPM; see Algorithm 2 for a pseudocode
implementation.

Using Claim 7.38, we initialize the set
𝒰 = {update𝑗 : 𝑗 ∈ (min 𝐽 . . max 𝐽 ] and 𝒴 ′𝑗−1 ≠ 𝒴 ′𝑗 }.

20 Observe that the pairs can only be adjacent in ℐ ′
𝑗−1.
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Algorithm 2. Reduction of computing 𝒢 to an instance of BleachCommitDPM.

1 TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄,𝒜𝑃 ,𝒜𝑇 , Red(𝑃), Red(𝑇), 𝛼)
2 𝒢 ← ∅;
3 Construct set𝒰 of sequences update𝑗 specified in Claim 7.38; // 𝒪(𝜌2𝛼 log 𝑛) time
4 foreach 𝑗 ∈ (min 𝐽 . . max 𝐽 ] such that 𝑟 𝑗 − 𝑟 𝑗−1 ≠ 𝜏 and 𝒴 ′

𝑗−1 = 𝒴 ′
𝑗

do
5 update𝑗 ← {BCDPM-Substitute((𝑃1 , 𝑇𝑗 ,1),1)};
6 𝒰 ←𝒰 ∪ {update𝑗};
7 BCDPM-Init(𝒴 ′min 𝐽, 𝛼, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤); // 𝒪(𝜌𝛼 + 𝜌 log 𝑘) time

8 𝑡 ← min 𝐽;
9 foreach 𝑗 ∈ {𝑖 ∈ (min 𝐽 . . max 𝐽 + 1 ] : update𝑖 ≠ ∅ or 𝑖 = max 𝐽 + 1} in incr. order do

10 Occ𝑤𝑘 (𝒴 ′𝑗 ) ← BCDPM-Query;
11 foreach 𝑎 ∈ Occ𝑤𝑘 (𝒴 ′𝑗 ) do
12 𝒢 ← 𝒢 ∪ {𝑟𝑡 + 𝑎 + 𝑖 · 𝜏 : 𝑖 ∈ [ 0 . . 𝑗 − 𝑡 )};
13 if 𝑗 ≤ max 𝐽 then
14 Apply the sequence of updates update𝑗 on 𝒴 ;
15 𝑡 ← 𝑗;
16 return 𝒢 ;

To simplify the construction of certain arithmetic progressions later in the proof, we insert to 𝒰
the following single-element (void) sequences of updates. For each 𝑗 ∈ (min 𝐽 . . max 𝐽 ] such that
𝑟 𝑗 − 𝑟𝑗−1 ≠ 𝜏 and 𝒴 ′

𝑗−1 = 𝒴 ′
𝑗
, we insert to 𝒰 the sequence update𝑗 that consists of a single element:

BCDPM-Substitute((𝑃1 , 𝑇𝑗 ,1),1), that is, the substitution of the first pair of the maintained sequence
with (𝑃1 , 𝑇𝑗 ,1). By Lemma 7.14, we only generate 𝒪(𝑑𝑇 + 1) new updates.

Now, we initialize the sequence 𝒴 with 𝒴 ′min 𝐽 . We consider the sequences of updates update𝑗 in𝒰
in increasing order with respect to 𝑗 and apply them to the maintained sequence 𝒴 . Prior to performing
the sequence of updates update𝑗 we do the following. Suppose that the maintained sequence 𝒴
corresponds to 𝒴 ′𝑡 , that is, either update𝑗 is the first element of 𝒰 and 𝑡 = min 𝐽 or the previously
applied sequence of updates was update𝑡 . First, we compute Occ𝑤𝑘 (𝒴 ′𝑡 ) using a BCDPM-Query, noting
that tor(ℐ ′𝑡 ) ≤ tor(ℐ𝑡) ≤ Δ/2 − 𝑘 is satisfied at all times due to the fact that ℐ ′

𝑗
is a subsequence of ℐ𝑗

and Lemma 7.23. Now, observe that we have 𝒴 ′𝑡 = · · · = 𝒴 ′
𝑗−1 and hence Occ𝑤𝑘 (𝒴 ′𝑡 ) = · · · = Occ𝑤𝑘 (𝒴 ′𝑗−1).

Further, for each 𝑖 ∈ ( 𝑡 . . 𝑗 ), we have 𝑟𝑖 − 𝑟𝑖−1 = 𝜏 and hence 𝑟𝑖 +Occ𝑤𝑘 (𝒴 ′𝑖 ) = 𝑟𝑡 +Occ𝑤𝑘 (𝒴 ′𝑡 ) + (𝑖 − 𝑡)𝜏. We
can thus efficiently return

⋃𝑗−1
𝑖=𝑡
(𝑟𝑖 +Occ𝑤𝑘 (𝒴 ′𝑡 )) as the union of 𝒪(|Occ𝑤𝑘 (𝒴 ′𝑖 )|) arithmetic progressions⋃
𝑎∈Occ𝑤

𝑘
(𝒴 ′𝑡 )
{𝑟𝑡 + 𝑎 + 𝑖 · 𝜏 : 𝑖 ∈ [ 0 . . 𝑗 − 𝑡 )}.

(Observe that in the case when 𝑡 = 𝑗 − 1, each of the constructed arithmetic progressions consists of a
single element.) Finally, we apply the sequence of updates update𝑗 . The case when there are no more
updates to be processed is treated analogously (with 𝑗 set to max 𝐽 + 1). The upper bound on the number
of returned arithmetic progressions is embedded in the analysis of the time complexity of the algorithm.

We now proceed to analyze the time required by Algorithm 2.
First, recall that the elements of 𝒰 as returned by Claim 7.38 in 𝒪(𝑘2𝛼 log 𝑛) time are sorted in

increasing order with respect to 𝑗 and a representation of (𝑟 𝑗)𝑗∈𝐽 as the concatenation of 𝒪(𝑑𝑇 + 1)
arithmetic progressions with difference 𝜏 can be computed in 𝒪(𝑑𝑇 + 1) time in the PILLAR model due
to Lemma 7.14. Thus, Lines 4–6 can be implemented in 𝒪(𝑘2𝛼) time in a parallel left-to-right scan of𝒰
and the aforementioned representation of (𝑟 𝑗)𝑗∈𝐽 , maintaining the sortedness of𝒰 .
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Observe that each ℐ ′
𝑗
, for 𝑗 ∈ 𝐽 is of length 𝒪(𝑘𝛼) as it consists of a head, a tail, 𝒪(𝜌) non-plain pairs

and 𝒪(𝜌) internal runs of plain pairs, each of length at most 𝛼. Sequence 𝒴 ′min 𝐽 can be thus computed
in 𝒪(𝜌𝛼 + 𝜌 log 𝜌) time in the PILLAR model: the head and the tail are computed in 𝒪(𝑘) time in the
PILLAR model due to Lemma 7.25, while the pairs consisting of internal pieces can be computed by
processing the elements of Red(𝑃) and Red(𝑇) in a left-to-right manner, after sorting them with respect
to their starting positions in 𝒪(𝜌 log 𝜌) time. The BCDPM sequence in the call to BCDPM-Init is thus a
sequence of length 𝒪(𝜌𝛼).

The for-loop of Lines 9–15 is executed 𝒪(𝜌2𝛼) times as this is an upper bound on the number of
sequences of updates that are processed and hence on the calls to BCDPM-Query. For each 𝑗 ∈ 𝐽, due
to Lemma 7.23, we have that the difference of the two Δ-puzzles represented by the first and second
components of the elements of each ℐ ′

𝑗
is at most 3𝜅 − 𝑘 and hence |Occ𝑤𝑘 (𝒴 ′𝑗 )| = 𝒪(𝑘). Thus, each query

in Line 2 returns a set of size 𝒪(𝑘). Hence, apart from the time required for BleachCommitDPM updates
and queries, each iteration of the for-loop takes 𝒪(𝑘) time, for a total of 𝒪(𝑘𝜌2𝛼) time. It readily follows
that the algorithm outputs 𝒪(𝑘𝜌2𝛼) arithmetic progressions.

In total, in𝒪(𝑘𝜌2𝛼+𝜌2𝛼 log 𝑛) time in the PILLAR model, the problem in scope reduces to an instance
of BleachCommitDPM with 𝒮𝛽 + 𝒮𝜇 + 𝒮𝜑 = 𝒪(𝑘) (due to Lemma 7.25), Δ = 6𝜅 = 𝒪(𝑘), 𝒴 initialized
as a sequence of length 𝒪(𝜌𝛼), and updates satisfying the condition in the lemma’s statement due to
Claim 7.38.

It only remains to bound the total number of blank pieces over all calls to DPM-Query.

Claim 7.39. The total number of blank pieces over all calls to DPM-Query is 𝒪(𝜌2𝛼).

Proof. In a sequence 𝒴 ′
𝑗
, a blank piece is adjacent either to the leading element of 𝒴 ′

𝑗
, or to the trailing

element of 𝒴 ′
𝑗
, or to a pair of strings containing a piece from Red(𝑃) and a pair of strings containing a

piece from Red(𝑇).
We have already established that the number of calls to BCDPM-Query are 𝒪(𝜌2𝛼). Thus, we get a

trivial bound of 𝒪(𝜌2𝛼) for the number of blank pieces adjacent to the leading/trailing element of
the BCDPM-sequences involved in all calls to BCDPM-Query. It thus remains to bound, over all calls to
BCDPM-Query, the number of blank pieces adjacent to two internal elements of the BCDPM-sequence
such that one contains a piece from Red(𝑃) and the other contains a piece from Red(𝑇). For each of the
𝒪(𝜌2) pairs (𝑃𝑥 , 𝑇𝑦) ∈ Red(𝑃) × Red(𝑇), a pair containing 𝑃𝑥 and a pair containing 𝑇𝑦 can be adjacent at
the same time to an internal run of canonical pieces of size smaller than 𝛼 in ℐ ′

𝑗
for 𝒪(𝛼) values of 𝑗. As

only internal runs of ℐ ′
𝑗

of size smaller than 𝛼 are represented by blank pieces, the bound follows.

This concludes the proof of the theorem.

7.4 Wrap-up: Solution for Almost Periodic Patterns
In order to complete the description of our efficient algorithm for AlignedPeriodicMatches, we use the
data structure encapsulated in the following theorem, which is proved in Section 9.

Theorem 9.10 (Efficient implementation for BleachCommitDPM). There is an implementation for
BleachCommitDPM that satisfies all of the following.

BCDPM-Init(𝒴 ′min 𝐽, 𝛼, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤) can be performed in time
𝒪(𝑘4 log2(𝑘𝜆) + |𝒴 ′|𝑘2) for general weights and in time
𝒪(𝑘3𝑊 log2(𝑘𝜆) + |𝒴 ′|𝑘𝑊 log 𝑘) for integer weights,

where 𝜆 is the length of the longest string in 𝒮𝛽 ∪ 𝒮𝜇 ∪ 𝒮𝜑;
any call to BCDPM-Set can be performed in constant time;
any call to BCDPM-Query can be performed in 𝒪(𝑘𝜌) time for general weights and in 𝒪(𝑘𝜌 logΔ) time for
integer weights, where 𝜌 is the number of blank pieces at the time of the query;
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any call to any other operation can be performed in time
𝒪(𝑘2 log(𝑘 + |𝒴 |)) for general weights and in time
𝒪(𝑘𝑊 log2(𝑘 + |𝒴 |)) for integer weights,

where 𝒴 is the BCDPM sequence to which the operation is applied.

We are now ready to prove Lemma 7.40.

Lemma 7.40. AlignedPeriodicMatches can be solved in 𝒪(𝑘4 log2(𝑚𝑘)) time in the PILLAR model, with
the output set Occ𝑤𝑘 (𝑃, 𝑇) represented as 𝒪(𝑘4) disjoint arithmetic progressions.

Proof. Let us set 𝜏 B 𝑞
⌈
𝑘 + 𝑑𝑃 + 𝑑𝑇/2𝑞

⌉
, and Δ B 6𝜅.

If 𝛽𝑃 B
⌈
𝑦𝑃/𝜏

⌉
< 20, we are done, as we can solve the AlignedPeriodicMatches problem in

𝒪(𝑘3𝛽𝑃 log2(𝑚𝑘)) time in the PILLAR model, returning an𝒪(𝑘)-size explicit representation of Occ𝑤𝑘 (𝑃, 𝑇),
due to Lemma 7.18. We henceforth suppose that 𝛽𝑃 > 20, in which case all the statements of Sections 7.2
and 7.3 hold.

Lemma 7.14 states that Occ𝑘(𝑃, 𝑇) =
⋃
𝑗∈𝐽

(
Occ𝑘(𝑃, 𝑅 𝑗) + 𝑟 𝑗

)
. Due to Fact 3.7, we also have

Occ𝑤𝑘 (𝑃, 𝑇) ⊆
⋃
𝑗∈𝐽

(
Occ𝑤𝑘 (𝑃, 𝑅 𝑗) + 𝑟 𝑗

)
. Then, Lemmas 7.19 and 7.20 state that valΔ(𝑃1 , . . . , 𝑃𝑧) = 𝑃

and valΔ(𝑇𝑗 ,1 , . . . , 𝑇𝑗 ,𝑧) = 𝑅 𝑗 , respectively. Further, due to Corollary 7.33, we have that, for all 𝑗 ∈ 𝐽,
Occ𝑤𝑘 (𝑃, 𝑅 𝑗) = Occ𝑤𝑘 (ℐ𝑗) = Occ𝑤𝑘 (Trim(ℐ𝑗 , Special(𝑃), Special(𝑇), 𝑘 + 2). It thus suffices to compute

𝒢 B
⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (Trim(ℐ𝑗 , Special(𝑃), Special(𝑇), 𝑘 + 2))).

To this end, we call procedure TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄,𝒜𝑃 ,𝒜𝑇 , Special(𝑃), Special(𝑇), 𝑘 + 2) from
Theorem 7.37, which computes 𝒢 represented as 𝒪(𝑘4) arithmetic progressions with difference 𝜏 since
we have Special(𝑃) + Special(𝑇) = 𝒪(𝑘) from Lemma 7.25. In what follows, we use the implementation
of BleachCommitDPM from Theorem 9.10 for arbitrary weight functions. Let us analyze the time
complexity of this call. The reduction takes time 𝒪(𝑘3(𝑘 + log 𝑛)) in the PILLAR model. We next analyze
the time required by our calls to BCDPM operations:

We call BCDPM-Init(𝒴 ′, 𝑘 + 2, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤) with 𝒴 ′ being an BCDPM sequence
of size 𝒪(𝑘2). This requires 𝒪(𝑘4 log2(𝑚𝑘) + 𝑘2 · 𝑘2) = 𝒪(𝑘4 log2(𝑚𝑘)) time, as the lengths of all
strings in 𝒮𝛽 ∪ 𝒮𝜇 ∪ 𝒮𝜑 are 𝒪(𝑚).
We make 𝒪(𝑘2) calls to each of BCDPM-Delete, BCDPM-Insert, BCDPM-Substitute, BCDPM-Commit,
and BCDPM-Bleach. These calls are processed in total time 𝒪(𝑘2 · 𝑘2 log 𝑘) = 𝒪(𝑘4 log 𝑘) time, since
the maintained sequence 𝒴 is of length polynomial in 𝑘 throughout the course of the algorithm.
We make 𝒪(𝑘3) calls to BCDPM-Set and BCDPM-Query, with the total number of blank pieces over
all calls to BCDPM-Query being 𝒪(𝑘3). Let us denote the number number of calls to BCDPM-Query by
𝜈, and the number of blank pieces in the 𝑖-th call to the BCDPM-Query by 𝑏𝑖 . The time required for
the 𝒪(𝑘3) calls to BCDPM-Set and BCDPM-Query is then 𝒪(𝑘 ·

(
𝑘3 +∑𝑖∈[ 1 . . 𝜈 ] 𝑏𝑖

) )
= 𝒪(𝑘4).

In total, our call to TrimmedPM thus takes 𝒪(𝑘4 log2(𝑚𝑘)) time in the PILLAR model.

8 An ˜𝓞(𝒏 + 𝒌3.5 ·𝑾 4 · 𝒏/𝒎)-time Algorithm for Metric Integer Weights

In this section, we incorporate the results of Sections 6 and 9 into the approach of [CKW22] in order to
prove the following result, which is the crucial step on the way to proving Main Theorem 2 for integer
metric weights.

Lemma 8.44. AlignedPeriodicMatches can be solved in 𝒪(𝑘3.5𝑊4) time in the PILLAR model if 𝑤 is an
integer metric weight function, with the output set Occ𝑤𝑘 (𝑃, 𝑇) represented as a collection of disjoint arithmetic
progressions.

Most statements in this section have direct unweighted counterparts in [CKW20, CKW22].
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8.1 Toolbox

Lemma 8.1 (FindAWitness(𝑘, 𝑄, 𝑆, 𝑤)) [CKW20, see Lemma 6.5]. Let 𝑘 denote a positive integer,
let 𝑆 denote a string, let 𝑄 denote a primitive string that satisfies |𝑆| ≥ (2𝑘 + 1)|𝑄| or |𝑄| ≤ 3𝑘 + 1, and let
𝑤 : Σ̄2 → [ 0 . .𝑊 ] be a weight function.

Then, we can compute a witness 𝑄∞[ 𝑥 . . 𝑦 ) such that ed𝑤(𝑆 → 𝑄∞[ 𝑥 . . 𝑦 )) = ed𝑤(𝑆 → ∗𝑄∗) ≤ 𝑘, or
report that ed𝑤(𝑆 → ∗𝑄∗) > 𝑘. In the former case, the algorithm returns the breakpoint representation of a
𝑤-optimal alignment𝒜 : 𝑆 {{ 𝑄∞[ 𝑥 . . 𝑦 ). The algorithm takes 𝒪(𝑘2 ·𝑊) time in the PILLAR model.

Proof. For a set 𝐴 ⊆ Z and an integer 𝑝 > 0, we define 𝐴 mod 𝑝 := {𝑎 mod 𝑝 : 𝑎 ∈ 𝐴}. We first
compute a (short) interval 𝐽 such that Occ𝑘(𝑆, 𝑄∞) mod |𝑄| ⊆ 𝐽 mod |𝑄|. If |𝑄| ≤ 3𝑘 + 1, then we simply
set 𝐽 = [ 0 . . |𝑄| ). Otherwise, we decompose the prefix 𝑆[ 0 . . (2𝑘 + 1)|𝑄| ) into 2𝑘 + 1 fragments 𝑆𝑖 of
length |𝑄|. For each fragment 𝑆𝑖 , we construct Rotations(𝑆𝑖 , 𝑄) = {𝑗 ∈ Z : 𝑄 = rot𝑗(𝑆𝑖)}. Next, we
define an auxiliary set 𝐼 as the union of intervals [ 𝑝 . . 𝑝 + 𝑘 ] such that for at least 𝑘 + 1 fragments
𝑆𝑖 of 𝑆, we have [ 𝑝 . . 𝑝 + 𝑘 ] ∩ Rotations(𝑆𝑖 , 𝑄) ≠ ∅. Finally, we set 𝐽 ⊆ [ 0 . . 2|𝑄| ) to be a shortest
interval satisfying 𝐼 mod |𝑄| ⊆ 𝐽 mod |𝑄|. Here, 𝐽 mod |𝑄| can be interpreted as a shortest cyclic interval
(modulo |𝑄|) containing 𝐼 mod |𝑄|.

Having computed the set 𝐽, we use Corollary 6.16 to determine ed𝑤≤𝑘(𝑆→ 𝑄∞[ 𝑥 . . 𝑦 )) for all positions
𝑥 ∈ 𝐽 and 𝑦 ∈ 𝐽 + [ |𝑆| − 𝑘 . . |𝑆| + 𝑘 ]. If all the values are∞, we report that ed𝑤(𝑆→ ∗𝑄∗) > 𝑘. Otherwise,
we pick a fragment 𝑄∞[ 𝑥 . . 𝑦 ) minimizing ed𝑤≤𝑘(𝑆→ 𝑄∞[ 𝑥 . . 𝑦 )), and we find an 𝑤-optimal alignment
𝒜 : 𝑆 {{ 𝑄∞[ 𝑥 . . 𝑦 ) using Lemma 6.13.

The correctness is based on the aforementioned characterization of 𝐽:

Claim 8.2. The interval 𝐽 satisfies Occ𝑤𝑘 (𝑆, 𝑄∞) mod |𝑄| ⊆ 𝐽 mod |𝑄|.

Proof. The claim trivially holds if |𝑄| ≤ 3𝑘 + 1, so we assume that |𝑄| > 3𝑘 + 1. For every 𝑖 ∈ [ 0 . . 2𝑘 ],
define 𝑆𝑖 B 𝑆[ 𝑖 |𝑄| . . (𝑖 + 1) |𝑄| ). Consider an optimum alignment between 𝑆 and its (𝑘, 𝑤)-error
occurrence 𝑄∞[ 𝑥 . . 𝑦 ), and let 𝑄𝑖 = 𝑄∞[ 𝑥𝑖 . . 𝑥𝑖+1 ) denote the fragment aligned to 𝑆𝑖 . Consider the
multi-set 𝑅 :=

⋃
𝑖 Rotations(𝑆𝑖 , 𝑄). Next, consider the values 𝛿𝑖 := 𝑥𝑖 − 𝑖|𝑄| for 𝑖 ∈ [ 0 . . 2𝑘 ]. We have

𝛿0 = 𝑥, and 𝛿𝑖+1 = 𝛿𝑖 + |𝑄𝑖 | − |𝑆𝑖 | for 𝑖 > 0. Since

2𝑘∑
𝑖=0

��|𝑄𝑖 | − |𝑆𝑖 |
�� ≤ 2𝑘∑

𝑖=0
ed𝑤(𝑄𝑖 → 𝑆𝑖) ≤ 𝑘,

all values 𝛿𝑖 belong to an interval of the form [ 𝑝 . . 𝑝 + 𝑘 ] for some integer 𝑝. Moreover, note that
𝑄𝑖 = 𝑆𝑖 holds for at least 𝑘 + 1 fragments 𝑄𝑖 ; these fragments satisfy 𝑄 = rot𝛿𝑖 (𝑆𝑖) and thus contribute
𝛿𝑖 to 𝑅. We conclude that there is an interval [ 𝑝 . . 𝑝 + 𝑘 ] containing 𝑥 and at least 𝑘 + 1 elements of 𝑅.
Consequently, we have 𝑥 ∈ 𝐼. By definition of 𝐽, this yields 𝑥 mod |𝑄| ∈ 𝐽 mod |𝑄|.

Now, let 𝑄∞[ 𝑥 . . 𝑦 ) denote a witness that satisfies ed𝑤(𝑆 → ∗𝑄∗) = ed𝑤(𝑆 → 𝑄∞[ 𝑥 . . 𝑦 )). By
Claim 8.2, there is a matching fragment 𝑄∞[ 𝑥′ . . 𝑦′ ) = 𝑄∞[ 𝑥 . . 𝑦 ) starting at 𝑥′ ∈ 𝐽. Thus, we
may assume without loss of generality that 𝑥 ∈ 𝐽. As we verify all possible starting positions in 𝐽

using Corollary 6.16, we correctly compute the starting position 𝑥 and the ending position 𝑦 of the
minimum-cost occurrence of 𝑆 in 𝑄∞.

As for the running time, we prove the following characterization of 𝐽:

Claim 8.3. The interval 𝐽 satisfies |𝐽 | ≤ 3𝑘 + 1.
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Proof. The claim trivially holds if |𝑄| ≤ 3𝑘 + 1, so we assume that |𝑄| > 3𝑘 + 1. Recall that the
multiset 𝑅 :=

⋃2𝑘
𝑖=0 Rotations(𝑆𝑖 , 𝑄). As the string 𝑄 is primitive, 𝑅 is the union of at most 2𝑘 + 1

infinite arithmetic progressions with difference |𝑄|. In particular, if [ 𝑝 . . 𝑝 + 𝑘 ] and [ 𝑝′ . . 𝑝′ + 𝑘 ]
contain at least 𝑘 + 1 elements of 𝑅 each, then ([ 𝑝 . . 𝑝 + 𝑘 ] mod |𝑄|) ∩ ([ 𝑝′ . . 𝑝′ + 𝑘 ] mod |𝑄|) ≠ ∅,
and thus [ 𝑝′ . . 𝑝′ + 𝑘 ] mod |𝑄| ⊆ [ 𝑝 − 𝑘 . . 𝑝 + 2𝑘 ] mod |𝑄|. Since 𝐽 is the union of such intervals
[ 𝑝′ . . 𝑝′ + 𝑘 ], we have 𝐽 mod |𝑄| ⊆ [ 𝑝 − 𝑘 . . 𝑝 + 2𝑘 ] mod |𝑄|. By definition of 𝐼, we conclude that
|𝐼| ≤ |[ 𝑝 − 𝑘 . . 𝑝 + 2𝑘 ]| = 3𝑘 + 1.

Now, observe that computing the multiset 𝑅 (represented as the union of infinite arithmetic
progressions modulo |𝑄|) takes 𝒪(𝑘) time in the PILLAR model; computing the sets 𝐼 and 𝐽 can be done
in 𝒪(𝑘 log log 𝑘) time by sorting 𝑅 (restricted to [ 0 . . |𝑄| )) and a subsequent cyclic scan over 𝑅. Further,
by Claim 8.3, we call Corollary 6.16 for a substring of 𝑄∞ of length |𝑆| + 𝒪(𝑘). This costs 𝒪(𝑘2𝑊) time,
just like the application of Lemma 6.13.

8.2 Locked Fragments and their Properties
For strings 𝑆 and 𝑄 and a weight function 𝑤, we write ed𝑤(𝑆→ 𝑄∗) := min{ed𝑤(𝑆→ 𝑄∞[ 0 . . 𝑗 )) : 𝑗 ∈
Z≥0} to denote the minimum edit distance between a string 𝑆 and any prefix of a string 𝑄∞. Further, we
write ed𝑤(𝑆→ ∗𝑄∗) B min{ed𝑤(𝑆→ 𝑄∞[ 𝑖 . . 𝑗 )) : 𝑖 , 𝑗 ∈ Z≥0 , 𝑖 ≤ 𝑗} to denote the minimum edit distance
between 𝑆 and any substring of 𝑄∞, and we set ed𝑤(𝑆 → ∗𝑄) B min{ed𝑤(𝑆 → 𝑄∞[ 𝑖 . . 𝑗|𝑄| )) : 𝑖 , 𝑗 ∈
Z≥0 , 𝑖 ≤ 𝑗|𝑄|}.

Definition 8.4 [CKW20, see Definition 5.5]. Let 𝑆 denote a string, let 𝑄 denote a primitive string, and let
𝑤 be a weight function. We say that a fragment 𝐿 of 𝑆 is locked (with respect to 𝑄 and 𝑤) if at least one of the
following holds:

For some integer 𝛼, we have ed𝑤(𝐿→ ∗𝑄∗) = ed𝑤(𝐿→ 𝑄𝛼).
The fragment 𝐿 is a suffix of 𝑆 and ed𝑤(𝐿→ ∗𝑄∗) = ed𝑤(𝐿→ 𝑄∗).
The fragment 𝐿 is a prefix of 𝑆 and ed𝑤(𝐿→ ∗𝑄∗) = ed𝑤(𝐿→ ∗𝑄).
We have 𝐿 = 𝑆.

Lemma 8.5 [CKW20, see Lemma 5.6]. Let 𝑆 denote a string, let𝑄 denote a primitive string, and let 𝑤 be an
integer weight function. There exist disjoint locked fragments 𝐿1 , . . . , 𝐿ℓ of 𝑆 with ed𝑤(𝐿𝑖 → ∗𝑄∗) > 0 such that

ed𝑤(𝑆→ ∗𝑄∗) =
ℓ∑
𝑖=1

ed𝑤(𝐿𝑖 → ∗𝑄∗) and
ℓ∑
𝑖=1
|𝐿𝑖 | ≤ (5|𝑄| + 1)ed𝑤(𝑆→ ∗𝑄∗).

Proof. Let us choose integers 𝑥 ≤ 𝑦 so that ed𝑤(𝑆 → ∗𝑄∗) = ed𝑤(𝑆 → 𝑄∞[ 𝑥 . . 𝑦 )). Without loss
of generality, we may assume that 𝑥 ∈ [ 0 . . |𝑄| ). If 𝑦 ≤ |𝑄|, then |𝑆| ≤ |𝑄| + ed𝑤(𝑆→ ∗𝑄∗); thus setting
the whole string 𝑆 as the only locked fragment satisfies the claimed conditions. Hence, we may assume
that 𝑦 > |𝑄|.

An arbitrary 𝑤-optimum alignment of 𝑆 and 𝑄∞[ 𝑥 . . 𝑦 ) yields a partition 𝑆 = 𝑆
(0)
0 · · · 𝑆

(0)
𝑠(0)

with

𝑠(0) =
⌊
(𝑦 − 1)/|𝑄|

⌋
such that ed𝑤(𝑆→ 𝑄∞[ 𝑥 . . 𝑦 )) = ∑𝑠(0)

𝑖=0 Δ
(0)
𝑖

, where

Δ
(0)
𝑖

=


ed𝑤(𝑆(0)0 → 𝑄[ 𝑥 . . |𝑄| )) if 𝑖 = 0,

ed𝑤(𝑆(0)
𝑖
→ 𝑄) if 0 < 𝑖 < 𝑠(0) ,

ed𝑤(𝑆(0)
𝑠(0)
→ 𝑄[ 0 . . 𝑦 − 𝑠(0)|𝑄| )) if 𝑖 = 𝑠(0).

We start with this partition and then coarsen it by exhaustively applying the merging rules specified
below, where each rule is applied only if the previous rules cannot be applied. In each case, we
re-index the unchanged fragments 𝑆(𝑡)

𝑖
to obtain a new partition 𝑆 = 𝑆

(𝑡+1)
0 · · · 𝑆(𝑡+1)

𝑠(𝑡+1) and re-index the
corresponding values Δ(𝑡)

𝑖
accordingly. We say that a fragment 𝑆(𝑡)

𝑖
is interesting if 𝑖 = 0, 𝑖 = 𝑠(𝑡), 𝑆(𝑡)

𝑖
≠ 𝑄,

or Δ(𝑡)
𝑖

> 0.
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1 If subsequent fragments 𝑆(𝑡)
𝑖

and 𝑆
(𝑡)
𝑖+1 are both interesting, then merge 𝑆(𝑡)

𝑖
and 𝑆

(𝑡)
𝑖+1, obtaining

𝑆
(𝑡+1)
𝑖

:= 𝑆(𝑡)
𝑖
𝑆
(𝑡)
𝑖+1 and Δ

(𝑡+1)
𝑖

:= Δ
(𝑡)
𝑖
+ Δ(𝑡)

𝑖+1.
2 If 0 < 𝑖 < 𝑠(𝑡) and Δ

(𝑡)
𝑖

> 0, then merge the subsequent fragments 𝑆(𝑡)
𝑖−1 = 𝑄, 𝑆(𝑡)

𝑖
, and 𝑆

(𝑡)
𝑖+1 = 𝑄,

obtaining 𝑆(𝑡+1)
𝑖−1 := 𝑆(𝑡)

𝑖−1𝑆
(𝑡)
𝑖
𝑆
(𝑡)
𝑖+1, and set Δ(𝑡+1)

𝑖−1 := Δ
(𝑡)
𝑖
− 1.

3 If 0 < 𝑖 = 𝑠(𝑡) and Δ
(𝑡)
𝑖

> 0, then merge the subsequent fragments 𝑆(𝑡)
𝑖−1 = 𝑄 and 𝑆

(𝑡)
𝑖

, obtaining
𝑆
(𝑡+1)
𝑖−1 := 𝑆(𝑡)

𝑖−1𝑆
(𝑡)
𝑖

, and set Δ(𝑡+1)
𝑖−1 := Δ

(𝑡)
𝑖
− 1.

4 If 0 = 𝑖 < 𝑠(𝑡) and Δ
(𝑡)
𝑖

> 0, then merge the subsequent fragments 𝑆(𝑡)
𝑖

and 𝑆
(𝑡)
𝑖+1 = 𝑄, obtaining

𝑆
(𝑡+1)
𝑖

:= 𝑆(𝑡)
𝑖
𝑆
(𝑡)
𝑖+1, and set Δ(𝑡+1)

𝑖
:= Δ

(𝑡)
𝑖
− 1.

Let 𝑆 = 𝑆0 · · · 𝑆𝑠 denote the obtained final partition. We select as locked fragments all the fragments 𝑆𝑖
with ed𝑤(𝑆𝑖 → ∗𝑄∗) > 0. Below, we show that this selection satisfies the desired properties. We start by
proving that we indeed picked locked fragments.

Claim 8.6. Each fragment 𝑆(𝑡)
𝑖

of each partition 𝑆 = 𝑆
(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

satisfies at least one of the following:

ed𝑤(𝑆(𝑡)
𝑖
→ 𝑄𝛼) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
for some integer 𝛼;

𝑖 = 𝑠(𝑡) and ed𝑤(𝑆(𝑡)
𝑖
→ 𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
;

𝑖 = 0 and ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
;

𝑖 = 0 = 𝑠(𝑡).

Proof. We proceed by induction on 𝑡. The base case follows from the definition of the values Δ(0)
𝑖

.
As for the inductive step, we assume that the claim holds for all fragments 𝑆(𝑡)

𝑖
and we prove that it

holds for all fragments 𝑆(𝑡+1)
𝑖

. We consider several cases based on the merge rule applied.
1 For a type-1 merge of interesting fragments 𝑆(𝑡)

𝑖
and 𝑆

(𝑡)
𝑖+1 into 𝑆(𝑡+1)

𝑖
, it suffices to prove that 𝑆(𝑡+1)

𝑖

satisfies the claim.
If 0 < 𝑖 < 𝑠(𝑡+1), then ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄𝛼) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) +Δ(𝑡)

𝑖
and ed𝑤(𝑆(𝑡)

𝑖+1 → 𝑄𝛼′) ≤ ed𝑤(𝑆(𝑡)
𝑖+1 →

∗𝑄∗) + Δ(𝑡)
𝑖+1 hold by the inductive assumption for some integers 𝛼, 𝛼′. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖
→ 𝑄𝛼+𝛼′) = ed𝑤(𝑆(𝑡)

𝑖
𝑆
(𝑡)
𝑖+1 → 𝑄𝛼𝑄𝛼′) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄𝛼) + ed𝑤(𝑆(𝑡)

𝑖+1 → 𝑄𝛼′)
≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
+ ed𝑤(𝑆(𝑡)

𝑖+1 →
∗𝑄∗) + Δ(𝑡)

𝑖+1 ≤ ed𝑤(𝑆(𝑡+1)
𝑖
→ ∗𝑄∗) + Δ(𝑡+1)

𝑖
.

If 0 < 𝑖 = 𝑠(𝑡+1), then ed𝑤(𝑆(𝑡)
𝑖
→ 𝑄𝛼) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
and ed𝑤(𝑆(𝑡)

𝑖+1 → 𝑄∗) ≤ ed𝑤(𝑆(𝑡)
𝑖+1 →

∗𝑄∗) + Δ(𝑡)
𝑖+1 hold by the inductive assumption for some integer 𝛼. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖
→ 𝑄∗) = ed𝑤(𝑆(𝑡)

𝑖
𝑆
(𝑡)
𝑖+1 → 𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄𝛼) + ed𝑤(𝑆(𝑡)

𝑖+1 → 𝑄∗)
≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
+ ed𝑤(𝑆(𝑡)

𝑖+1 →
∗𝑄∗) + Δ(𝑡)

𝑖+1 ≤ ed𝑤(𝑆(𝑡+1)
𝑖
→ ∗𝑄∗) + Δ(𝑡+1)

𝑖
.

The analysis of the case that 0 = 𝑖 < 𝑠(𝑡+1) is symmetric to that of the above case—this can be seen
by reversing all strings in scope.
If 0 = 𝑖 = 𝑠(𝑡+1), then the claim holds trivially.

2 For a type-2 merge of 𝑆(𝑡)
𝑖−1, 𝑆(𝑡)

𝑖
, and 𝑆(𝑡)

𝑖+1 into 𝑆(𝑡+1)
𝑖−1 , it suffices to prove that 𝑆(𝑡+1)

𝑖−1 satisfies the claim.
If ed𝑤(𝑆(𝑡+1)

𝑖−1 → ∗𝑄∗) ≥ ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄∗)+1, we observe that ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄𝛼) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗)+Δ(𝑡)

𝑖

holds by the inductive assumption for some integer 𝛼. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄𝛼+2) = ed𝑤(𝑄𝑆(𝑡)

𝑖
𝑄 → 𝑄𝑄𝛼𝑄) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄𝛼)

≤ ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
≤ ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) − 1 + Δ(𝑡)

𝑖
= ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) + Δ(𝑡+1)

𝑖−1 .
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If ed𝑤(𝑆(𝑡+1)
𝑖−1 → ∗𝑄∗) < ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗)+1, then let 𝑥′ ≤ 𝑦′ denote integers that satisfy ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) = ed𝑤(𝑆(𝑡+1)

𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ )). This also yields integers 𝑥′′ , 𝑦′′ with 𝑥′ ≤ 𝑥′′ ≤ 𝑦′′ ≤ 𝑦′ such
that

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ ))

= ed𝑤(𝑄 → 𝑄∞[ 𝑥′ . . 𝑥′′ )) + ed𝑤(𝑆(𝑡)
𝑖
→ 𝑄∞[ 𝑥′′ . . 𝑦′′ )) + ed𝑤(𝑄 → 𝑄∞[ 𝑦′′ . . 𝑦′ )).

Due to

ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄∞[ 𝑥′′ . . 𝑦′′ ))

≤ ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ )) = ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) < ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + 1,

we have ed𝑤(𝑄 → 𝑄∞[ 𝑥′ . . 𝑥′′ )) + ed𝑤(𝑄 → 𝑄∞[ 𝑦′′ . . 𝑦′ )) < 1. As the string 𝑄 is primitive, this
means that 𝑥′ , 𝑥′′ , 𝑦′′ , 𝑦′ are all multiples of |𝑄|. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄(𝑦

′−𝑥′)/|𝑄|) = ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ ))

= ed𝑤(𝑆(𝑡+1)
𝑖−1 →

∗𝑄∗) ≤ ed𝑤(𝑆(𝑡+1)
𝑖−1 →

∗𝑄∗) + Δ(𝑡−1)
𝑖−1 .

3 For a type-3 merge of 𝑆(𝑡)
𝑖−1 and 𝑆(𝑡)

𝑖
into 𝑆(𝑡+1)

𝑖−1 , it suffices to prove that 𝑆(𝑡+1)
𝑖−1 satisfies the claim.

If ed𝑤(𝑆(𝑡+1)
𝑖−1 → ∗𝑄∗) ≥ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗)+1, we observe that ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗)+Δ(𝑡)

𝑖

holds by the inductive assumption. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∗) = ed𝑤(𝑄𝑆(𝑡)

𝑖
→ 𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄∗)

≤ ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄∗) + Δ(𝑡)

𝑖
≤ ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) − 1 + Δ(𝑡)

𝑖
= ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) + Δ(𝑡+1)

𝑖−1 .

If ed𝑤(𝑆(𝑡+1)
𝑖−1 → ∗𝑄∗) < ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗)+1, then let 𝑥′ ≤ 𝑦′ denote integers that satisfy ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) = ed𝑤(𝑆(𝑡+1)

𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ )). This also yields an integer 𝑥′′ with 𝑥′ ≤ 𝑥′′ ≤ 𝑦′ such that

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ )) = ed𝑤(𝑄 → 𝑄∞[ 𝑥′ . . 𝑥′′ )) + ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄∞[ 𝑥′′ . . 𝑦′ )).

Due to

ed𝑤(𝑆(𝑡)
𝑖
→ ∗𝑄∗) ≤ ed𝑤(𝑆(𝑡)

𝑖
→ 𝑄∞[ 𝑥′′ . . 𝑦′ )) ≤ ed𝑤(𝑆(𝑡+1)

𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ ))
= ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) < ed𝑤(𝑆(𝑡)

𝑖
→ ∗𝑄∗) + 1,

we have ed𝑤(𝑄 → 𝑄∞[ 𝑥′ . . 𝑥′′ )) < 1. As the string 𝑄 is primitive, this means that 𝑥′ , 𝑥′′ are both
multiples of |𝑄|. Consequently,

ed𝑤(𝑆(𝑡+1)
𝑖−1 → 𝑄∗) = ed𝑤(𝑆(𝑡+1)

𝑖−1 → 𝑄∞[ 𝑥′ . . 𝑦′ )) = ed𝑤(𝑆(𝑡+1)
𝑖−1 →

∗𝑄∗)
≤ ed𝑤(𝑆(𝑡+1)

𝑖−1 →
∗𝑄∗) + Δ(𝑡−1)

𝑖−1 .

4 The analysis of type-4 merges is symmetrical to that of type-3 merges—this can be seen by reversing
all strings in scope.
This completes the proof of the inductive step.

Observe that if no merge rule can be applied to a partition 𝑆 = 𝑆
(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

, then 𝑠(𝑡) = 0 or
Δ
(𝑡)
0 = · · · = Δ

(𝑡)
𝑠(𝑡)

= 0. Consequently, Claim 8.6 implies that all fragments 𝑆𝑖 in the final partition
𝑆 = 𝑆0 · · · 𝑆𝑠 are locked.

Claim 8.7. For each partition 𝑆 = 𝑆
(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

, the total length 𝜆(𝑡) of interesting fragments satisfies

𝜆(𝑡) + 2|𝑄|
𝑠(𝑡)∑
𝑖=0

Δ
(𝑡)
𝑖
≤ (5|𝑄| + 1)ed𝑤(𝑆→ ∗𝑄∗).
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Proof. We proceed by induction on 𝑡. In the base case of 𝑡 = 0, each interesting fragment other than
𝑆
(0)
0 and 𝑆

(0)
𝑠(0)

satisfies Δ
(0)
𝑖

> 0. Hence, the number of interesting fragments is at most 2 +∑𝑠(0)
𝑖=0 Δ

(0)
𝑖

=

2 + ed𝑤(𝑆→ ∗𝑄∗). Moreover, the length of each fragment 𝑆(0)
𝑖

does not exceed |𝑄| + Δ(0)
𝑖

. Consequently,

𝜆(0) + 2|𝑄|
𝑠(0)∑
𝑖=0

Δ
(0)
𝑖
≤ (2 + ed𝑤(𝑆→ ∗𝑄∗))|𝑄| + (2|𝑄| + 1)

𝑠(0)∑
𝑖=0

Δ
(0)
𝑖
≤ (5|𝑄| + 1) ed𝑤(𝑆→ ∗𝑄∗).

This completes the proof in the base case.
As for the inductive step, it suffices to prove that 𝜆(𝑡+1) + 2|𝑄|∑𝑠(𝑡+1)

𝑖=0 Δ
(𝑡+1)
𝑖
≤ 𝜆(𝑡) + 2|𝑄|∑𝑠(𝑡)

𝑖=0 Δ
(𝑡)
𝑖

:
For a type-1 merge (where we merge two interesting fragments), we have

𝜆(𝑡+1) + 2|𝑄|
𝑠(𝑡+1)∑
𝑖=0

Δ
(𝑡+1)
𝑖

= 𝜆(𝑡) + 2|𝑄|
𝑠(𝑡)∑
𝑖=0

Δ
(𝑡)
𝑖
.

For a type-2, type-3, or type-4 merge (where we merge a fragment with its one or two non-interesting
neighbors), we have

𝜆(𝑡+1) + 2|𝑄|
𝑠(𝑡+1)∑
𝑖=0

Δ
(𝑡+1)
𝑖
≤ 𝜆(𝑡) + 2|𝑄| + 2|𝑄|

𝑠(𝑡+1)∑
𝑖=0

Δ
(𝑡+1)
𝑖

= 𝜆(𝑡) + 2|𝑄|
𝑠(𝑡)∑
𝑖=0

Δ
(𝑡)
𝑖
.

Overall, we obtain the claimed bound.

We conclude that the total length of interesting fragments 𝑆𝑖 does not exceed (5|𝑄| + 1)ed𝑤(𝑆→ ∗𝑄∗).

Claim 8.8. We have ed𝑤(𝑆→ ∗𝑄∗) = ∑𝑠
𝑖=0 ed𝑤(𝑆𝑖 → ∗𝑄∗).

Proof. The claim is immediate if 𝑠 = 0; hence, assume that 𝑠 ≥ 1. Observe that the inequality∑𝑠
𝑖=0 ed𝑤(𝑆𝑖 → ∗𝑄∗) ≤ ed𝑤(𝑆→ ∗𝑄∗) easily follows from disjointness of fragments 𝑆𝑖 ; thus, we focus on

proving ed𝑤(𝑆→ ∗𝑄∗) ≤ ∑𝑠
𝑖=0 ed𝑤(𝑆𝑖 → ∗𝑄∗).

For 0 ≤ 𝑖 ≤ 𝑠, let 𝑄𝑖 denote a substring of 𝑄∞ that satisfies ed𝑤(𝑆𝑖 → ∗𝑄∗) = ed𝑤(𝑆𝑖 → 𝑄𝑖). Since
each 𝑆𝑖 is locked (by Claim 8.6), we may assume that for 0 < 𝑖 < 𝑠 the substring 𝑄𝑖 is a power of 𝑄, the
substring 𝑄𝑠 is a prefix of a power of 𝑄, and the substring 𝑄0 is a suffix of a power of 𝑄. Consequently,
𝑄0 · · ·𝑄𝑠 is a substring of 𝑄∞, and we have

ed𝑤(𝑆→ ∗𝑄∗) ≤ ed𝑤(𝑆0 · · · 𝑆𝑠 → 𝑄0 · · ·𝑄𝑠) ≤
𝑠∑
𝑖=0

ed𝑤(𝑆𝑖 → 𝑄𝑖) =
𝑠∑
𝑖=0

ed𝑤(𝑆𝑖 → ∗𝑄∗),

thus completing the proof.

The locked fragments created satisfy ed𝑤(𝑆→ ∗𝑄∗) = ∑ℓ
𝑖=1 ed𝑤(𝐿𝑖 → ∗𝑄∗) due to Claim 8.8. Moreover,

since ed𝑤(𝑆𝑖 → ∗𝑄∗) > 0 holds only for interesting fragments, Claim 8.7 yields
∑ℓ
𝑖=1 |𝐿𝑖 | ≤ (5|𝑄| +

1) ed𝑤(𝑆→ ∗𝑄∗), completing the proof.

Definition 8.9 [CKW20, see Definition 5.10]. Let 𝑆 denote a string, let 𝑄 denote a primitive string, let
ℎ ≥ 0 denote an integer, and let 𝑤 be a weight function. We say that a prefix 𝐿 of 𝑆 is ℎ-locked (with respect
to 𝑄) if at least one of the following holds:

For every 𝑝 ∈ [ 0 . . |𝑄| ), if ed𝑤(𝐿→ rot𝑝(𝑄)∗) ≤ ℎ, then ed𝑤(𝐿→ rot𝑝(𝑄)∗) = ed𝑤(𝐿→ 𝑄∞[−𝑝 . . 𝑗|𝑄| ))
for some 𝑗 ∈ Z.
We have 𝐿 = 𝑆.
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Lemma 8.10 [CKW20, see Lemma 5.11]. Let 𝑆 denote a string, let 𝑄 denote a primitive string, let ℎ ≥ 0 be
an integer, and 𝑤 be an integer weight function. There are disjoint locked fragments 𝐿1 , . . . , 𝐿ℓ ⪯ 𝑆, such that 𝐿1
is a 𝑘-locked prefix of 𝑆, 𝐿ℓ is a suffix of 𝑆, ed𝑤(𝐿𝑖 → ∗𝑄∗) > 0 for 1 < 𝑖 < ℓ ,

ed𝑤(𝑆→ ∗𝑄∗) =
ℓ∑
𝑖=1

ed𝑤(𝐿𝑖 → ∗𝑄∗), and
ℓ∑
𝑖=1
|𝐿𝑖 | ≤ (5|𝑄| + 1)ed𝑤(𝑆→ ∗𝑄∗) + 2(ℎ + 1)|𝑄|.

Proof. We proceed as in the proof of Lemma 8.5 except that Δ(0)0 is artificially increased by ℎ + 1, the
prefix 𝑆0 in the final partition is included as 𝐿1 among the locked fragments even if ed𝑤(𝑆0 → ∗𝑄∗) = 0,
and the suffix 𝑆𝑠 is included as 𝐿ℓ among the locked fragments even if ed𝑤(𝑆𝑠 → ∗𝑄∗) = 0.

It is easy to see that Claims 8.6 and 8.8 remain satisfied, whereas the upper bound in Claim 8.7 is
increased by 2(ℎ + 1)|𝑄|. We only need to prove that 𝑆0 is a ℎ-locked prefix of 𝑆. For this, we prove the
following claim using induction.

Claim 8.11. For each partition 𝑆 = 𝑆
(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

, at least one of the following holds.
For every 𝑝 ∈ [ 0 . . |𝑄| ), if ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) ≤ ℎ − Δ

(𝑡)
0 , then ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )) ≤

ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + Δ(𝑡)0 holds for some integer 𝑗.
We have 𝑆(𝑡)0 = 𝑆.

Proof. We proceed by induction on 𝑡. In the base case of 𝑡 = 0, the claim holds trivially since
ed𝑤(𝑆(0)0 → rot𝑝(𝑄)∗) ≥ 0 > ℎ − Δ(0)0 holds for every 𝑝 due to Δ

(0)
0 ≥ ℎ + 1.

As for the induction step, we assume that the claim holds for 𝑆(𝑡)0 and we prove that it holds for 𝑆(𝑡+1)
0 .

The claim holds trivially if the merge rule applied did not affect 𝑆(𝑡)0 . Given that 𝑆(𝑡)0 is interesting by
definition, the merges that might affect 𝑆(𝑡)0 are of type 1 (if 𝑆(𝑡)1 is interesting) or 4 (otherwise).

1 Consider a type-1 merge of 𝑆(𝑡)0 and 𝑆
(𝑡)
1 . If 𝑠(𝑡) = 1, then 𝑆

(𝑡+1)
0 = 𝑆 satisfies the claim trivially.

Hence, we may assume that 1 < 𝑠(𝑡) so that Claim 8.6 yields ed𝑤(𝑆(𝑡)1 → 𝑄𝛼) ≤ ed𝑤(𝑆(𝑡)1 → ∗𝑄∗) + Δ(𝑡)1
for some integer 𝛼. Let us fix 𝑝 ∈ [ 0 . . |𝑄| ) with ed𝑤(𝑆(𝑡+1)

0 → rot𝑝(𝑄)∗) ≤ ℎ − Δ
(𝑡+1)
0 . Due to

Δ
(𝑡+1)
0 ≥ Δ

(𝑡)
0 , this yields ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) ≤ ℎ − Δ

(𝑡)
0 , so the inductive assumption implies

ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )) ≤ ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + Δ(𝑡)0 for some integer 𝑗. Consequently,

ed𝑤(𝑆(𝑡+1)
0 → 𝑄∞[ |𝑄| − 𝑝 . . (𝑗 + 𝛼)|𝑄| )) = ed𝑤(𝑆(𝑡)0 𝑆

(𝑡)
1 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )𝑄𝛼)

≤ ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )) + ed𝑤(𝑆(𝑡)1 → 𝑄𝛼)
≤ ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + Δ(𝑡)0 + ed𝑤(𝑆(𝑡)1 →

∗𝑄∗) + Δ(𝑡)1 ≤ ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) + Δ(𝑡+1)

0 .

2 Consider a type-4 merge of 𝑆(𝑡)0 and 𝑆
(𝑡)
1 . Let us fix 𝑝 ∈ [ 0 . . |𝑄| ) with ed𝑤(𝑆(𝑡+1)

0 → rot𝑝(𝑄)∗) ≤
ℎ − Δ(𝑡+1)

0 .
If ed𝑤(𝑆(𝑡+1)

0 → rot𝑝(𝑄)∗) ≥ ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + 1, then

ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) ≤ ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) − 1 ≤ ℎ − Δ(𝑡+1)

0 − 1 = ℎ − Δ(𝑡)0 .

Hence, the inductive assumption implies ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄|−𝑝 . . 𝑗|𝑄| )) ≤ ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗)+
Δ
(𝑡)
0 for some integer 𝑗. Consequently,

ed𝑤(𝑆(𝑡+1)
0 → 𝑄∞[ |𝑄| − 𝑝 . . (𝑗 + 1)|𝑄| )) = ed𝑤(𝑆(𝑡)0 𝑄 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )𝑄)

≤ ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑗|𝑄| )) ≤ ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + Δ(𝑡)0

≤ ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) − 1 + Δ(𝑡)0 = ed𝑤(𝑆(𝑡+1)

0 → rot𝑝(𝑄)∗) + Δ(𝑡+1)
0 .
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If ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) < ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + 1, then let 𝑦′ denote an arbitrary integer that

satisfies ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) = ed𝑤(𝑆(𝑡+1)

0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′ )). This also yields an integer 𝑦′′
with |𝑄| − 𝑝 ≤ 𝑦′′ ≤ 𝑦′ such that

ed𝑤(𝑆(𝑡+1)
0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′ )) = ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′′ )) + ed𝑤(𝑄 → 𝑄∞[ 𝑦′′ . . 𝑦′ )).

Due to

ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) ≤ ed𝑤(𝑆(𝑡)0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′′ )) ≤ ed𝑤(𝑆(𝑡+1)
0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′ ))

= ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) < ed𝑤(𝑆(𝑡)0 → rot𝑝(𝑄)∗) + 1,

we have ed𝑤(𝑄 → 𝑄∞[ 𝑦′′ . . 𝑦′′ )) < 1. As the string 𝑄 is primitive, this means that 𝑦′′ , 𝑦′ are
both multiples of |𝑄|. Consequently,

ed𝑤(𝑆(𝑡+1)
0 → 𝑄∞[ |𝑄| − 𝑝 . . 𝑦′ )) = ed𝑤(𝑆(𝑡+1)

0 → rot𝑝(𝑄)∗) ≤ ed𝑤(𝑆(𝑡+1)
0 → rot𝑝(𝑄)∗) + Δ(𝑡+1)

0 .

This completes the proof of the inductive step.

Given that the final partition 𝑆 = 𝑆
(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

satisfies 𝑠(𝑡) = 0 or Δ(𝑡)0 = 0, we conclude that 𝑆0 is indeed
ℎ-locked.

Lemma 8.12 (Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9]). Let 𝑆 denote a string, let 𝑄 denote
a primitive string, let 𝑤 : Σ̄2 → [ 0 . .𝑊 ] be an integer weight function, let 𝑑 denote a positive integer such that
ed𝑤(𝑆→ ∗𝑄∗) ≤ 𝑑 and |𝑆| ≥ (2𝑑 + 1)|𝑄|, and let ℎ ∈ Z≥0.

Then, there is an algorithm that computes disjoint locked fragments 𝐿1 , . . . , 𝐿ℓ ⪯ 𝑆 such that
𝑆 = 𝐿1 ·

⊙ℓ−1
𝑖=1 (𝑄𝛼𝑖𝐿𝑖+1) for positive integers 𝛼1 , . . . , 𝛼ℓ−1;

𝐿1 is an ℎ-locked prefix of 𝑆 and 𝐿ℓ is a suffix of 𝑆;
ed𝑤(𝑆→ ∗𝑄∗) = ∑ℓ

𝑖=1 ed𝑤(𝐿𝑖 → ∗𝑄∗) and ed𝑤(𝐿𝑖 → ∗𝑄∗) > 0 for 𝑖 ∈ ( 1 . . ℓ ); and
ℓ∑
𝑖=1
|𝐿𝑖 | ≤ (5|𝑄| + 1)ed𝑤(𝑆→ ∗𝑄∗) + 2(ℎ + 1)|𝑄|.

The algorithm takes 𝒪(𝑑2 ·𝑊 + ℎ) time in the PILLAR model.

Proof. We implement the process from the proof of Lemma 8.10.
First, we use Fact 7.11 to construct a 𝑤-optimal alignment𝒜 : 𝑆 {{ 𝑄∞[ 𝑥 . . 𝑦 ) between 𝑆 and a

substring of 𝑄∞. Then, based on the alignment𝒜, we construct a decomposition 𝑆 = 𝑆
(0)
0 · · · 𝑆

(0)
𝑠(0)

such
that 𝑆(0)

𝑖
is aligned against

𝑄
(0)
𝑖

:= 𝑄∞[max(𝑥, |𝑄|(⌈𝑥/|𝑄|⌉ + 𝑖 − 1)) . . min(|𝑄|(⌈𝑥/|𝑄|⌉ + 𝑖), 𝑦) )

by alignment 𝒜, and a sequence Δ
(0)
𝑖

such that we have Δ
(0)
𝑖

= ed𝑤(𝑆(0)
𝑖
→ 𝑄

(0)
𝑖
) for 𝑖 > 0 and

Δ
(0)
0 = ed𝑤(𝑆(0)0 → 𝑄

(0)
0 ) + ℎ + 1. Since this sequence might be long, we only generate interesting

fragments 𝑆(0)
𝑖

and store them, along with the values Δ(0)
𝑖

, in a queue 𝐹 in left-to-right order. (Recall that
𝑆
(𝑡)
𝑖

is interesting if 𝑖 = 0, 𝑖 = 𝑠(𝑡), 𝑆(𝑡)
𝑖

≠ 𝑄, or Δ(𝑡)
𝑖

> 0.)
The process of constructing the interesting fragments 𝑆(0)

𝑖
is somewhat tedious. We maintain a

fragment 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ), interpreted as 𝑄(0)
𝑖

for increasing values of 𝑖, a fragment 𝑆[ ℓ𝑆 . . 𝑟𝑆 ), interpreted
as a candidate for 𝑆(0)

𝑖
, and an integer Δ, interpreted as Δ(0)

𝑖
. They are initialized to 𝑄∞[ 𝑥 . . |𝑄|⌈𝑥/|𝑄|⌉ ),

𝑆[ 0 . .𝑄|⌈𝑥/|𝑄|⌉ − 𝑥 ), and 𝑘 + 1, respectively.
Next, we process pairs (𝑠, 𝑞) corresponding to subsequent errors in the alignment 𝐴. The interpreta-

tion of the 𝑗-th pair (𝑠, 𝑞) is that 𝑆[ 0 . . 𝑠 ) is aligned with 𝑄∞[ 𝑥 . . 𝑥 + 𝑞 ) with 𝑗 errors so that the 𝑗-th
error is a substitution of 𝑆[ 𝑠 ] into 𝑄∞[ 𝑥 + 𝑞 ], and insertion of 𝑄∞[ 𝑥 + 𝑞 ], or a deletion of 𝑆[ 𝑠 ].
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The first step of processing (𝑠, 𝑞) is only performed if 𝑄∞[ 𝑥 . . 𝑥 + 𝑞 ) is not (yet) contained in
𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ). If this is not the case, then we push 𝑆[ ℓ𝑆 . . 𝑟𝑆 ) with budget Δ to the queue 𝐹 of
interesting fragments, and we update the maintained data: The fragment 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ) is set to be the
fragment of 𝑄∞ matching 𝑄 and containing 𝑄∞[ 𝑥 + 𝑞 ]; between the previous and the current value
of 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ), there are zero or more copies of 𝑄 aligned in 𝐴 without error. Hence, we skip the
same number of copies of 𝑄 in 𝑆 (these are the uninteresting fragments 𝑆(0)

𝑖
) and set 𝑆[ ℓ𝑆 . . 𝑟𝑆 ) to be the

subsequent fragment of length |𝑄|. Finally, the budget Δ is reset to 0.
In the second step, we update 𝑟𝑆 according to the type of the currently processed error: We

increment 𝑟𝑆 in case of deletion of 𝑆[ 𝑠 ] and we decrement 𝑟𝑆 in case of insertion of 𝑄∞[ 𝑥 + 𝑞 ]. This
way, we guarantee that |𝑆( 𝑠 . . 𝑟𝑆 )| = |𝑄∞( 𝑥 + 𝑞 . . 𝑟𝑄 )|, and that 𝐴 aligns 𝑆[ ℓ𝑆 . . 𝑟𝑆 ) with 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 )

provided that we have already processed all errors involving 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ). Additionally, we increase Δ

to acknowledge the currently processed error between 𝑆[ ℓ𝑆 . . 𝑟𝑆 ) and 𝑄∞[ ℓ𝑄 . . 𝑟𝑄 ).
In a similar way, we process (𝑠, 𝑞) = (|𝑆|, 𝑦), interpreting it as extra substitution. This time, however,

we do not increase Δ (because this is a not a real error). Finally, we push 𝑆[ ℓ𝑆 . . |𝑆| ) = 𝑆(0)𝑠(0) with budget Δ
to the queue 𝐹.

In the second phase of the algorithm, we transform the decomposition 𝑆 = 𝑆
(0)
0 · · · 𝑆

(0)
𝑠(0)

and the
sequence Δ

(0)
0 · · ·Δ

(0)
𝑠(0)

using the four types of merge operations described in the proof of Lemma 8.5.
We maintain an invariant that a stack 𝐿 contains already processed interesting fragments, all with

budget equal to 0, in left-to-right order (so that the top of 𝐿 represents the rightmost one), while
𝐹 contains fragments that have not been processed yet (and may have positive budgets) also in the
left-to-right order (so that the front of 𝐹 represents the leftmost one). Additionally, the currently
processed fragment 𝑆[ ℓ . . 𝑟 ) is guaranteed to be to the right of all fragments in 𝐿 and to the left of all
fragments in 𝐹. The fragments in 𝐿, the fragment 𝑆[ ℓ . . 𝑟 ), and the fragments in 𝐹 form the sequence of
all interesting fragments in the current decomposition 𝑆 = 𝑆

(𝑡)
0 · · · 𝑆

(𝑡)
𝑠(𝑡)

.
In each iteration of the main loop, we pop the front fragment 𝑆[ ℓ . . 𝑟 ) with budget Δ from the

queue 𝐹 and exhaustively perform merge operations involving it: We first try applying a type-1 merge
with the fragment to the left (which must be on the top of 𝐿). If this is not possible, we type applying a
type-1 merge with the fragment to the right (which must be on the front of 𝐹). If also this is not possible,
then 𝑆[ ℓ . . 𝑟 ) is surrounded by uninteresting fragments. In this case, we perform a type-2, type-3, or 4
merge provided that Δ > 0. Otherwise, we push 𝑆[ ℓ . . 𝑟 ) to 𝐿 and proceed to the next iteration.

Finally, the algorithm returns the sequence of (locked) fragments represented in the stack 𝐿.
The correctness of the algorithm follows from Lemma 8.12; no deep insight is needed to prove that

our implementation indeed follows the procedure described in the proof of Lemma 8.5 and extended in
the proof of Lemma 8.12.

As the alignment𝒜 is of size |𝒜| ≤ 𝑑, initially, the are 𝒪(𝑑) interesting fragments with total budget
𝒪(𝑑 + ℎ). Each subsequent iteration decreases the number of interesting locked fragments or their total
budget, so there are at most 𝒪(𝑑 + 𝑘) iterations in total. Overall the algorithm runs in 𝒪(𝑑 + 𝑘) time in
the PILLAR model, on top of the cost of constructing𝒜, which is 𝒪(𝑑2𝑊) due to Fact 7.11.

Corollary 8.13. Consider an instance of AlignedPeriodicMatches, where 𝑤 is an integer metric weight
function. The values 𝑑𝑤

𝑃
B ed𝑤(𝑃 → ∗𝑄∗) and 𝑑𝑤

𝑇
B ed𝑤(𝑇 → ∗𝑄∗) satisfy 𝑑𝑃𝑤 + 𝑑𝑇𝑤 = 𝒪(𝑘𝑊) and can be

computed in 𝒪(𝑘2𝑊3) time. Moreover, for any parameter 𝜕𝑃 ∈ Z>0, the sets ℒ𝑃 B Locked(𝑃, 𝑄, 𝑑𝑤
𝑃
, 𝜕𝑃 , 𝑤)

and ℒ𝑇 B Locked(𝑇, 𝑄, 𝑑𝑤
𝑇
, 0, 𝑤) can be constructed in 𝒪(𝑘2𝑊3 + 𝜕𝑃) time.

Proof. Since the weights are upper-bounded by 𝑤, we have 𝑑𝑤
𝑃
= ed𝑤(𝑃 → ∗𝑄∗) ≤𝑊 · ed𝑤(𝑃 → ∗𝑄∗) =

𝑊 · 𝑑𝑃 = 𝒪(𝑘𝑊) and analogously for 𝑑𝑤
𝑇

. The values 𝑑𝑤
𝑃

and 𝑑𝑤
𝑇

can be computed in 𝒪(𝑘2𝑊3) time using
Corollary 6.17. The cost of using Lemma 8.12 is 𝒪(𝑘2𝑊3 + 𝜕𝑃).
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8.3 Analyzing the Text Using Locked Fragments

In what follows, we adapt the marking scheme of [CKW22] to AlignedPeriodicMatches.

Definition 8.14 [CKW22, see Definition 5.5]. For a weight function 𝑤 : Σ̄2 → [ 0 . .𝑊 ], a text 𝑇, a
pattern 𝑃, a primitive string 𝑄 with ed𝑤(𝑃 → ∗𝑄∗) = 𝑑𝑤

𝑃
and ed𝑤(𝑇 → ∗𝑄∗) = 𝑑𝑤

𝑇
, and corresponding sets of

locked fragmentsℒ𝑃 B Locked(𝑃, 𝑄, 𝑑𝑤
𝑃
, 𝜕𝑃 , 𝑤) andℒ𝑇 B Locked(𝑇, 𝑄, 𝑑𝑤

𝑇
, 0, 𝑤), write mk for the function

that maps an integer 𝑣 to a (weighted) number of locked fragments in ℒ𝑃 that (almost) overlap locked fragments
in ℒ𝑇 when aligning 𝑃 to position 𝑣.

Formally, we first define a function mk : Z × Z≥0 ×ℒ𝑃 ×ℒ𝑇 → Z≥0 by

mk(𝑣, 𝜅̂, 𝐿𝑃 = 𝑃[ ℓ𝑃 . . 𝑟𝑃 ), 𝐿
𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ))

B


ed𝑤(𝐿𝑇 → ∗𝑄∗), if ℓ𝑃 = 0 and 𝑣 ∈ ( ℓ𝑇 − 𝜅̂ − 𝑟𝑃 . . 𝑟𝑇 + 𝜅̂ − ℓ𝑃 );

min{ed𝑤(𝐿𝑇 → ∗𝑄∗), ed𝑤(𝐿𝑃 → ∗𝑄∗)}, if ℓ𝑃 ≠ 0 and 𝑣 ∈ ( ℓ𝑇 − 𝜅̂ − 𝑟𝑃 . . 𝑟𝑇 + 𝜅̂ − ℓ𝑃 );
0, otherwise.

Now, set

mk(𝑣, 𝜅̂,ℒ𝑃 ,ℒ𝑇) B
∑
𝐿𝑃∈ℒ𝑃

∑
𝐿𝑇∈ℒ𝑇

mk(𝑣, 𝜅̂, 𝐿𝑃 , 𝐿𝑇).

When 𝜅̂, ℒ𝑃 , and ℒ𝑇 are clear from context we may just write mk(𝑣) for mk(𝑣, 𝜅̂,ℒ𝑃 ,ℒ𝑇).
We continue with a set of useful observations about our marking scheme. Fix an instance of

AlignedPeriodicMatches and sets of locked fragments ℒ𝑃 B Locked(𝑃, 𝑄, 𝑑𝑤
𝑃
, 𝜕𝑃 , 𝑤) and ℒ𝑇 B

Locked(𝑇, 𝑄, 𝑑𝑤
𝑇
, 0, 𝑤), with 𝜕𝑃 = 2𝑘𝑊 . Let 𝜇 B max(𝑑𝑤

𝑃
, 𝑑𝑤
𝑇
, 𝜕𝑃 , 1) = 𝒪(𝑘𝑊).

Lemma 8.15 [CKW22, see Lemma 5.6]. For every 𝜅̂ ∈ Z≥0, we have∑
𝑣∈Z

mk(𝑣, 𝜅̂,ℒ𝑃 ,ℒ𝑇) = 𝒪(𝑊2 · 𝑘2 · (𝜅̂ + |𝑄|)).

Proof. Fix a locked fragment 𝐿𝑃 = 𝑃[ ℓ𝑃 . . 𝑟𝑃 ) ∈ ℒ𝑃 and a locked fragment 𝐿𝑇 = 𝑃[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 . If
ℓ𝑃 ≠ 0, then the definition of mk yields∑

𝑣∈Z
mk(𝑣, 𝜅̂, 𝐿𝑃 , 𝐿𝑇) ≤

∑
𝑣∈( ℓ𝑇−𝜅̂−𝑟𝑃 . . 𝑟𝑇+𝜅̂−ℓ𝑃 )

min{ed𝑤(𝐿𝑇 → ∗𝑄∗), ed𝑤(𝐿𝑃 → ∗𝑄∗)}

≤ min{ed𝑤(𝐿𝑇 → ∗𝑄∗), ed𝑤(𝐿𝑃 → ∗𝑄∗)}(|𝐿𝑇 | + |𝐿𝑃 | + 2𝜅̂)
≤ ed𝑤(𝐿𝑇 → ∗𝑄∗)(|𝐿𝑃 | + 2𝜅̂) + ed𝑤(𝐿𝑃 → ∗𝑄∗)|𝐿𝑇 |.

Similarly, if ℓ𝑃 = 0, then the definition of mk yields∑
𝑣∈Z

mk(𝑣, 𝜅̂, 𝐿𝑃 , 𝐿𝑇) ≤
∑

𝑣∈( ℓ𝑇−𝜅̂−𝑟𝑃 . . 𝑟𝑇+𝜅̂−ℓ𝑃 )
ed𝑤(𝐿𝑇 → ∗𝑄∗)

≤ ed𝑤(𝐿𝑇 → ∗𝑄∗)(|𝐿𝑇 | + |𝐿𝑃 | + 2𝜅̂)
≤ ed𝑤(𝐿𝑇 → ∗𝑄∗)(|𝐿𝑃 | + 2𝜅̂) + 𝑑𝑤𝑇 |𝐿𝑇 |.
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Overall, we have∑
𝑣∈Z

mk(𝑣, 𝜅̂,ℒ𝑃 ,ℒ𝑇) ≤
∑
𝐿𝑃∈ℒ𝑃

∑
𝐿𝑇∈ℒ𝑇

(ed𝑤(𝐿𝑇 → ∗𝑄∗)(|𝐿𝑃 | + 2𝜅̂) + ed𝑤(𝐿𝑃 → ∗𝑄∗)|𝐿𝑇 |) + 𝑑𝑤𝑇
∑
𝐿𝑇∈ℒ𝑇

|𝐿𝑇 |

≤ 𝑑𝑤𝑇
∑
𝐿𝑃∈ℒ𝑃

(|𝐿𝑃 | + 2𝜅̂) + (𝑑𝑤𝑃 + 𝑑𝑤𝑇 )
∑
𝐿𝑇∈ℒ𝑇

|𝐿𝑇 |

≤ 𝑑𝑤𝑇 (𝑑𝑤𝑃 + 2)2𝜅̂ + 𝑑𝑤𝑇
∑
𝐿𝑃∈ℒ𝑃

|𝐿𝑃 | + (𝑑𝑤𝑃 + 𝑑𝑤𝑇 )
∑
𝐿𝑇∈ℒ𝑇

|𝐿𝑇 |

= 𝒪(𝜇2𝜅̂ + 𝑑𝑤𝑇 (𝑑𝑤𝑇 + 𝜕𝑃)|𝑄| + (𝑑𝑤𝑃 + 𝑑𝑤𝑇 )𝑑𝑤𝑇 |𝑄|)
= 𝒪(𝜇2(𝜅̂ + |𝑄|))
= 𝒪(𝑘2𝑊2(𝜅̂ + |𝑄|)).

Definition 8.16. For a set𝒰 of fragments of a string 𝑆 and an interval 𝐼 ⊆ Z, we write𝒰𝐼 B {𝑆[ 𝑥 . . 𝑦 ) ∈
𝒰 : [ 𝑥 . . 𝑦 ) ∩ 𝐼 ≠ ∅}.

Definition 8.17 [CKW22, Definition 5.8]. For any fixed thresholds 𝜅̂ ∈ Z≥0 and 𝜂 ∈ Z>0, we say that a
position 𝑣 ∈ [ 0 . . 𝑛 − 𝑚 + 𝑘 ] is light if the following conditions are simultaneously satisfied:

mk(𝑣, 𝜅̂,ℒ𝑃 ,ℒ𝑇) < 𝜂,
ℒ𝑇

[ 𝑣−𝜅̂ . . 𝑣+𝜅̂ )
= ∅,

ℒ𝑇
[ 𝑣+𝑚−𝜅̂ . . 𝑣+𝑚+𝜅̂ )

= ∅, and
ℒ𝑇

[ 𝑣+|𝐿𝑃1 |−𝜅̂ . . 𝑣+|𝐿𝑃1 |+𝜅̂ )
= ∅.

Otherwise, the position 𝑣 ∈ [ 0 . . 𝑛 −𝑚 + 𝑘 ] is called heavy. We denote the sets of heavy and light positions by H
and L, respectively.

Lemma 8.18 (Heavy(𝑃, 𝑇, 𝑘, 𝑤, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂)) [CKW22, see Lemma 5.9]. Consider an instance of
AlignedPeriodicMatches with an integer metric weight function, families ℒ𝑃 = Locked(𝑃, 𝑄, 𝑑𝑤

𝑃
, 𝜕𝑃 , 𝑤) and

ℒ𝑇 = Locked(𝑇, 𝑄, 𝑑𝑤
𝑇
, 0, 𝑤), as well as thresholds 𝜅 ∈ Z≥0 and 𝜂 ∈ Z>0,

The set H of heavy positions, represented as the union of 𝒪(𝑘2𝑊2) disjoint integer ranges, can be computed in
𝒪(𝑘2𝑊3) time.

Proof. We implement the marking process according to Definition 8.14, assigning 𝜂 extra marks to all
positions made heavy due to the last three items in Definition 8.17. Formally, we produce the following
𝒪(𝜇2) = 𝒪(𝑘2𝑊2)weighted intervals:

( ℓ𝑇 − 𝜅̂ − 𝑟𝑃 . . 𝑟𝑇 + 𝜅̂ − ℓ𝑃 ) of weight min{ed𝑤(𝐿𝑇 → ∗𝑄∗), ed𝑤(𝐿𝑃 → ∗𝑄∗)} for each locked fragment
𝐿𝑃 = 𝑃[ ℓ𝑃 . . 𝑟𝑃 ) ∈ ℒ𝑃 with ℓ𝑃 ≠ 0 and 𝐿𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 ,
( ℓ𝑇 − 𝜅̂ − 𝑟𝑃 . . 𝑟𝑇 + 𝜅̂ − ℓ𝑃 ) of weight ed𝑤(𝐿𝑇 → ∗𝑄∗) for each locked fragment 𝐿𝑃 = 𝑃[ ℓ𝑃 . . 𝑟𝑃 ) ∈ ℒ𝑃
with ℓ𝑃 = 0 and 𝐿𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 ,
( ℓ𝑇 − 𝜅̂ . . 𝑟𝑇 + 𝜅̂ ) of weight 𝜂 for each locked fragment 𝐿𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 ,
( ℓ𝑇 − 𝜅̂ − 𝑚 . . 𝑟𝑇 + 𝜅̂ − 𝑚 ) of weight 𝜂 for each locked fragment 𝐿𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 ,
( ℓ𝑇 − 𝜅̂ − |𝐿𝑃1 | . . 𝑟𝑇 + 𝜅̂ − |𝐿𝑃1 | ) of weight 𝜂 for each locked fragment 𝐿𝑇 = 𝑇[ ℓ𝑇 . . 𝑟𝑇 ) ∈ ℒ𝑇 .

The heavy positions are exactly those positions in [ 0 . . 𝑛 − 𝑚 + 𝑘 ] that are contained in intervals of
total weight at least 𝜂; they can be computed using a sweep-line procedure with events corresponding
to interval endpoints. The number of events is 𝒪(𝑘2𝑊2), so the output consists of 𝒪(𝑘2𝑊2) disjoint
ranges. In terms of the running time, the bottleneck is computing the locked costs; each such
cost 𝑐 can be computed in 𝒪(𝑐2𝑊) time using Fact 7.11, and this sums up to 𝒪(𝑘2𝑊3) because∑
𝑐 = 𝒪(𝜇) = 𝒪(𝑘𝑊).
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Lemma 8.19 [CKW22, see Lemma 5.10]. The total number of heavy positions does not exceed

|H| = 𝒪((𝑘𝑊/𝜂 + 1) · 𝑘𝑊 · (𝜅̂ + |𝑄|)).

Moreover, for any integer 𝑏 ∈ Z>0,�����⋃
𝑣∈H

[ 𝑣 − 𝑏 . . 𝑣 + 𝑏 ]
����� = 𝒪((𝑘𝑊/𝜂 + 1) · 𝑘𝑊 · (𝜅̂ + 𝑏 + |𝑄|)).

Proof. By Lemma 8.15, the number of positions violating the first condition of Definition 8.17 does not
exceed 𝒪((𝑘𝑊)2 · (𝜅̂ + |𝑄|)/𝜂). As for the remaining conditions, each locked fragment 𝐿𝑇 ∈ ℒ𝑇 may
yield at most 3(|𝐿𝑇 | + 2𝜅̂) heavy positions, for a total of:∑

𝐿𝑇∈ℒ𝑇
3(|𝐿𝑇 | + 2𝜅̂) = 𝒪((|𝑄| + 𝜅̂)𝑑𝑤𝑇 ) = 𝒪(𝑘𝑊(|𝑄| + 𝜅̂)).

As for the second claim, observe that if 𝑣 is heavy, then all positions in [ 𝑣−𝑏 . . 𝑣+𝑏 ]∩ [ 0 . . 𝑛−𝑚+ 𝑘 ]
would be heavy if we increased the threshold 𝜅̂ to 𝜅̂ + 𝑏. This is because the left endpoint of all intervals
considered in the proof of Lemma 8.18 contains a −𝜅̂ term whereas the right endpoint contains a +𝜅̂
term (and there is no other dependency on 𝜅̂). Further, |⋃𝑣∈H[ 𝑣 − 𝑏 . . 𝑣 + 𝑏 ] \ [ 0 . . 𝑛 − 𝑚 + 𝑘 ]| ≤ 2𝑏,
since H ⊆ [ 0 . . 𝑛 − 𝑚 + 𝑘 ].

Further, consider a partition of the positions of 𝑇 in [ 0 . . 𝑛 − 𝑚 + 𝑘 ] into heavy and light
using Lemma 8.18. First, we show how to compute (𝑘, 𝑤)-error occurrences that start at heavy
positions; this is a straightforward application of Lemmas 7.14 and 7.15. Then, we reduce
the problem of computing (𝑘, 𝑤)-error occurrences that start at light positions to an instance
TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄,𝒜𝑇 ,𝒜𝑃 ,Red(𝑃),Red(𝑇), 𝛼), where Red(𝑃) and Red(𝑇) are both of size 𝒪(𝑘𝑊)
and contain all the internal pieces that (almost) overlap locked fragments, and 𝜂 ∈ [ 1 . . 𝑘𝑊 ].

8.4 Computing Occurrences Starting at Heavy Positions

Lemma 8.20 (HeavyMatches(𝑃, 𝑇, 𝑘, 𝑤, 𝑄, 𝒜𝑃, 𝒜𝑇, H)) [CKW22, see Lemma 6.1]. Given an
instance of the AlignedPeriodicMatches problem and the set H of heavy positions constructed using Lemma 8.18,
Occ𝑤𝑘 (𝑃, 𝑇) ∩H can be computed in 𝒪((𝑘𝑊/𝜂 + 1)𝑘3𝑊3) time in the PILLAR model.

Proof. Recall that the set H is represented as the union of 𝒪(𝑘2𝑊2) disjoint heavy ranges (listed in the
left-to-right order).

Our algorithm starts with an application Lemma 7.14 to construct the sequence (𝑟 𝑗)𝑗∈𝐽 , represented
as a concatenation of 𝒪(𝑘) arithmetic progressions. Our first goal is to enumerate elements of the set
𝐽′ B {𝑗 ∈ 𝐽 : [ 𝑟 𝑗 . . 𝑟 𝑗+1 )∩H ≠ ∅}. For this, we simultaneously traverse the sequence (𝑟 𝑗)𝑗∈𝐽 along with the
heavy ranges constituting H. For each heavy range 𝐻 ⊆ H, we list all 𝑗 ∈ 𝐽 such that [ 𝑟𝑗 . . 𝑟 𝑗+1 ) ∩ 𝐻 ≠ ∅
(only the smallest such 𝑗 might have already been listed for an earlier heavy range). In the second
phase, we compute 𝑂 B

⋃
𝑗∈𝐽′(𝑟 𝑗 +Occ𝑤𝑘 (𝑃, 𝑅 𝑗)) ∩ [ 𝑟 𝑗 . . 𝑟 𝑗+1 ) using Corollary 6.17, making sure that the

positions are listed in the left-to-right order. Finally, we simultaneously scan 𝑂 and the heavy ranges
constituting H, reporting all positions 𝑣 ∈ 𝑂 ∩H.

As for correctness, observe that 𝑅 𝑗 = 𝑇[ 𝑟𝑗 . . 𝑟′𝑗 ), so 𝑂 ⊆ Occ𝑤𝑘 (𝑃, 𝑇) and, due to the final filtering
step, we output a subset of Occ𝑤𝑘 (𝑃, 𝑇) ∩ H. To prove the converse inclusion, consider a position
𝑣 ∈ Occ𝑤𝑘 (𝑃, 𝑇) ∩H. A combination of Lemma 7.14 with Fact 3.7 yields that there exists 𝑗 ∈ 𝐽 such that
𝑣 ∈ (𝑟 𝑗 +Occ𝑤𝑘 (𝑃, 𝑅 𝑗)) ∩ [ 𝑟𝑗 . . 𝑟 𝑗+1 ) and, by the definition of 𝐽′, we also have 𝑗 ∈ 𝐽′. Consequently, 𝑣 is
indeed reported.
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As for the complexity analysis, let us first compute the running time in terms of |𝐽′|. Constructing
the sequence (𝑟 𝑗)𝑗∈𝐽 costs 𝒪(𝑘) time. The set 𝐽′ can be computed in 𝒪(|𝐽′| + 𝑘 + 𝑘2𝑊2) = 𝒪(|𝐽′| + 𝑘2𝑊2)
time. The applications of Corollary 6.17 cost 𝒪(𝑘2𝑊) time each (in the PILLAR model), for a total of
𝒪(|𝐽′| · 𝑘2𝑊2) time in the PILLAR model. A (crude) upper bound on the output size is 𝒪(|𝐽′|𝑘2𝑊2), so
the final filtering step works in 𝒪((1 + |𝐽′|)𝑘2𝑊2) time. Overall, the running time in the PILLAR model is
𝒪((1 + |𝐽′|)𝑘2𝑊2).

It remains to bound |𝐽′|. Observe that each interval [ 𝑟𝑗 . . 𝑟 𝑗+1 ) (possibly except for the last one with
𝑗 = max 𝐽) has length at most 𝜏 + 𝑑𝑇 . Moreover, the total length of any 𝑠 intervals [ 𝑟𝑗 . . 𝑟 𝑗+1 ) with
0 < 𝑟𝑗 < 𝑟𝑗+1 < 𝑛 is at least 𝑠𝜏 − 𝑑𝑇 . On top of that, there might be one non-empty interval with 𝑟 𝑗 = 0
and one non-empty interval with 𝑟 𝑗+1 = 𝑛. We conclude that

|𝐽′| ≤ 2 +
∑
𝑗∈𝐽′\{max 𝐽} |[ 𝑟𝑗 . . 𝑟 𝑗+1 )| + 𝑑𝑇

𝜏
≤ 2 +

|⋃𝑣∈H[ 𝑣 − 𝜏 − 𝑑𝑇 . . 𝑣 + 𝜏 + 𝑑𝑇 ]| + 𝑑𝑇
𝜏

.

Since 𝜏 = Θ(max(|𝑄|, 𝑘)) and 𝑑𝑇 , 𝜅̂ = 𝒪(𝑘𝑊), the bound of Lemma 8.19 yields that |𝐽′| = 𝒪((𝑘𝑊/𝜂 +
1)𝑘𝑊2). Hence, the total running time is 𝒪((𝑘𝑊/𝜂 + 1)𝑘3𝑊3) just as claimed.

8.5 Computing Occurrences Starting at Light Positions
Combinatorial Insights

The following fact follows directly from Definition 8.17.

Fact 8.21 [CKW22, see Fact 6.2]. For any light position 𝑣 in 𝑇 and for any 𝑥 ∈ ( 𝑣 + 𝑚 − 𝜅̂ . . 𝑣 + 𝑚 + 𝜅̂ ),
we have ℒ𝑇

[ 𝑣 . . 𝑥 )
= {𝑇[ ℓ . . 𝑟 ) ∈ ℒ𝑇 : [ ℓ . . 𝑟 ) ⊆ [ 𝑣 . . 𝑣 + 𝑚 )}.

Let𝒜𝑤
𝑇

: 𝑇 {{ 𝑄∞[ 𝑥𝑤
𝑇
. . 𝑦𝑤

𝑇
) be a 𝑤-optimal alignment of cost ed𝑤(𝑇 → ∗𝑄∗). For each position 𝑣

of 𝑇, set 𝜌(𝑣) ∈ [ 𝑥𝑤
𝑇
. . 𝑦𝑤

𝑇
] such that𝒜𝑤

𝑇
(𝑇[ 𝑣 . . 𝑛 )) = 𝑄∞[ 𝜌(𝑣) . . 𝑦𝑤

𝑇
). Observe that

ed𝑤(𝑇 → ∗𝑄∗) = ed𝑤(𝑇[ 0 . . 𝑣 )→ 𝑄∞[ 𝑥𝑤𝑇 . . 𝜌(𝑣) )) + ed𝑤(𝑇[ 𝑣 . . 𝑛 )→ 𝑄∞[ 𝜌(𝑣) . . 𝑦𝑤𝑇 ))
= ed𝑤(𝑇[ 0 . . 𝑣 )→ ∗rot−𝜌(𝑣)(𝑄)) + ed𝑤(𝑇[ 𝑣 . . 𝑛 )→ rot−𝜌(𝑣)(𝑄)∗).

Lemma 8.22 [CKW22, see Lemma 6.3]. For any two positions 𝑣 < 𝑥 of 𝑇 such that ℒ𝑇
[ 𝑣 ]

= ℒ𝑇
[ 𝑥 ]

= ∅, we
have

ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ ∗𝑄∗) = ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) )) =
∑

𝐿∈ℒ𝑇
[ 𝑣 . . 𝑥 )

ed𝑤(𝐿→ ∗𝑄∗).

Proof. Set ℒ𝑇
[ 𝑣 . . 𝑥 )

= {𝐿𝑇
𝑗
∈ ℒ𝑇 : 𝑗 ∈ [ 𝑗1 . . 𝑗2 ]}, and observe that all elements of this set are fragments of

𝑇[ 𝑣 . . 𝑥 ). Now, we have

ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) ))
= ed𝑤(𝑇 → 𝑄∞[ 𝑥𝑤𝑇 . . 𝑦𝑤𝑇 )) − ed𝑤(𝑇[ 0 . . 𝑣 )→ 𝑄∞[ 𝑥𝑤𝑇 . . 𝜌(𝑣) ))

− ed𝑤(𝑇[ 𝑥 . . 𝑛 )→ 𝑄∞[ 𝜌(𝑥) . . 𝑦𝑤𝑇 ))

≤ 𝑑𝑇 −
𝑗1−1∑
𝑗=1

ed𝑤(𝐿𝑇𝑗 → ∗𝑄∗) −
ℓ𝑇∑

𝑗=𝑗2+1
ed𝑤(𝐿𝑇𝑗 → ∗𝑄∗)

=

𝑗2∑
𝑗=𝑗1

ed𝑤(𝐿𝑇𝑗 → ∗𝑄∗)

≤ ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ ∗𝑄∗)
≤ ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) )).
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Lemma 8.23 [CKW22, see Lemma 6.4]. Consider a light position 𝑣 of 𝑇. If ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) < 𝜕𝑃 ,
then there is an 𝑥 ∈ [ 𝑣 . . 𝑛 ] such that

ed𝑤(𝑃 → 𝑇[ 𝑣 . . 𝑥 )) ≤ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) +
ℓ𝑃∑
𝑖=2

ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) +
∑

𝐿∈ℒ𝑇
[ 𝑣 . . 𝑣+𝑚 )

ed𝑤(𝐿→ ∗𝑄∗).

Proof. We first prove two auxiliary claims.

Claim 8.24. We have ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) = ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗)+∑ℓ𝑃

𝑖=2 ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗) < 𝜕𝑃+𝑑𝑤𝑃 .

Proof. The inequality ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) ≥ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) + ∑ℓ𝑃

𝑖=2 ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗) holds

trivially.

By Lemma 8.12, we have 𝑃 = 𝐿𝑃1𝑄
𝛼1𝐿𝑃2𝑄

𝛼2 · · ·𝑄𝛼
ℓ𝑃−1𝐿𝑃

ℓ𝑃
for some non-negative integers 𝛼𝑖 . Since

𝐿𝑃1 is 𝜕𝑃-locked, we have ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) = ed𝑤(𝐿𝑃1 → 𝑄∞[ 𝜌(𝑣) . . 𝑗𝑞 )) for some non-negative
integer 𝑗. Further, for each 𝑖 ∈ ( 1 . . ℓ𝑃 ), we have ed𝑤(𝐿𝑃

𝑖
→ ∗𝑄∗) = ed𝑤(𝐿𝑃

𝑖
→ 𝑄𝛽𝑖 ) for some non-negative

integer 𝛽𝑖 . Finally, we have ed𝑤(𝐿𝑃
ℓ𝑃
→ ∗𝑄∗) = ed𝑤(𝐿𝑃

ℓ𝑃
→ 𝑄∞[ 0 . . 𝑦 )) for some non-negative integer 𝑦.

Set 𝛾 = 𝛼1+
∑ℓ𝑃−1
𝑖=2 (𝛼𝑖+𝛽𝑖). The above discussion implies that there is an alignment of 𝑃with the prefix

𝑄[ 𝜌(𝑣) . . 𝑗𝑞 )𝑄𝛾𝑄∞[ 0 . . 𝑦 ) of𝑄[ 𝜌(𝑣) . . 𝑗𝑞 )𝑄∞ that costs ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) +∑ℓ𝑃

𝑖=2 ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗),

thus proving that ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) ≤ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗)+∑ℓ𝑃

𝑖=2 ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗). This concludes

the proof of the claimed equality.

The claimed inequality holds since ed𝑤(𝐿𝑃1 → rot−𝜌(𝑎)(𝑄)∗) < 𝜕𝑃 and
∑ℓ𝑃

𝑖=2 ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗) ≤ 𝑑𝑤

𝑃
.

Claim 8.25. There is an 𝑥 ∈ ( 𝑣 + 𝑚 − 𝜅̂ . . 𝑣 + 𝑚 + 𝜅̂ ) ∩ [ 0 . . 𝑛 ) such that ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) =
ed𝑤(𝑃 → 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) )).

Proof. Recall that ℒ𝑇
[ 𝑣+𝑚−𝜅̂ . . 𝑣+𝑚+𝜅̂ )

= ∅ holds because 𝑣 is a light position of 𝑇. Since ℒ𝑇 contains
a suffix of 𝑇, we conclude that either 𝑛 ≤ 𝑣 + 𝑚 − 𝜅̂ or 𝑣 + 𝑚 + 𝜅 ≤ 𝑛. The former case contradicts
𝑣 ≤ 𝑛 − 𝑚 + 𝑘 < 𝑛 − 𝑚 + 𝜅̂, so 𝑇[ 𝑣 + 𝑚 − 𝜅̂ . . 𝑣 + 𝑚 + 𝜅̂ ) must be a fragment of 𝑇 disjoint with
all locked fragments in ℒ𝑇 . This means that 𝒜𝑤

𝑇
matches 𝑇[ 𝑣 + 𝑚 − 𝜅̂ . . 𝑣 + 𝑚 + 𝜅̂ ) without any

edits to𝒜𝑤
𝑇
(𝑇[ 𝑣 + 𝑚 − 𝜅̂ . . 𝑣 + 𝑚 + 𝜅̂ )). Since (𝑣, 𝜌(𝑣)) ∈ 𝒜𝑤

𝑇
and the cost of𝒜𝑤

𝑇
is 𝑑𝑤

𝑇
, the fragment

𝒜𝑤
𝑇
(𝑇[ 𝑣 +𝑚 − 𝜅̂ . . 𝑣 +𝑚 + 𝜅̂ ))must contain 𝑄∞[ 𝜌(𝑣) +𝑚 − 𝜅̂ + 𝑑𝑤

𝑇
. . 𝜌(𝑣) +𝑚 + 𝜅̂ − 𝑑𝑤

𝑇
). Consequently,

for every 𝑦 ∈ ( 𝜌(𝑣) +𝑚 − 𝜅̂ + 𝑑𝑤
𝑇
. . 𝜌(𝑣) +𝑚 + 𝜅̂ − 𝑑𝑤

𝑇
), there exists 𝑥 ∈ ( 𝑣 +𝑚 − 𝜅̂ . . 𝑣 +𝑚 + 𝜅̂ )∩ [ 0 . . 𝑛 )

such that 𝑦 = 𝜌(𝑥). Since ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) ≤ 𝜕𝑃 + 𝑑𝑤𝑃 < 𝜅̂ − 𝑑𝑤
𝑇

holds by Claim 8.24, such 𝑥 exists
in particular for 𝑦 chosen so that ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) = ed𝑤(𝑃 → 𝑄∞[ 𝜌(𝑣) . . 𝑦 )).
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We get the desired bound by combining Claims 8.24 and 8.25, Fact 8.21, and Lemma 8.22 via the
triangle inequality; observe that Lemma 8.22 is applicable because ℒ𝑇

[ 𝑥 ]
⊆ ℒ𝑇

[ 𝑣+𝑚−𝜅̂ . . 𝑣+𝑚+𝜅̂ )
= ∅.

ed𝑤(𝑃 → 𝑇[ 𝑣 . . 𝑥 ))
≤ ed𝑤(𝑃 → 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) )) + ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) ))

(symmetry, triangle inequality)
= ed𝑤(𝑃 → rot−𝜌(𝑣)(𝑄)∗) + ed𝑤(𝑇[ 𝑣 . . 𝑥 )→ 𝑄∞[ 𝜌(𝑣) . . 𝜌(𝑥) ))

(Claim 8.25)

= ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) +
ℓ𝑃∑
𝑖=2

ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) +
∑

𝐿∈ℒ𝑇
[ 𝑣 . . 𝑥 )

ed𝑤(𝐿→ ∗𝑄∗)

(Claim 8.24 and Lemma 8.22)

= ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) +
ℓ𝑃∑
𝑖=2

ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) +
∑

𝐿∈ℒ𝑇
[ 𝑣 . . 𝑣+𝑚 )

ed𝑤(𝐿→ ∗𝑄∗).

(Fact 8.21)
This completes the proof of the lemma.

For a position 𝑣 and a locked fragment 𝐿 ∈ ℒ𝑃 ∪ ℒ𝑇 , we write mk(𝑣, 𝐿) for the number of marks
placed in 𝑣 due to pairs of locked fragments that contain 𝐿; formally:

mk(𝑣, 𝐿) =
{ ∑

𝐿𝑇∈ℒ𝑇 mk(𝑣, 𝜅̂, 𝐿, 𝐿𝑇) if 𝐿 ∈ ℒ𝑃 ;∑
𝐿𝑃∈ℒ𝑃 mk(𝑣, 𝜅̂, 𝐿𝑃 , 𝐿) if 𝐿 ∈ ℒ𝑇 .

Definition 8.26 [CKW22, see Definition 6.7]. For a light position 𝑣 of 𝑇, set

𝒟(𝑣) B {𝐿𝑃1 } ∪ {𝐿 ∈ ℒ𝑃 ∪ℒ𝑇[ 𝑣 . . 𝑣+𝑚 )
: mk(𝑣, 𝐿) < ed𝑤(𝐿→ ∗𝑄∗)}.

Let us now provide some intuition on what follows. Consider an alignment𝒜 : 𝑃 {{ 𝑇[ 𝑣 . .𝑤 ),
where 𝑣 is a light position of 𝑇 and the cost of 𝒜 with respect to 𝑤 is not larger than 𝑘. In the next
lemma, we essentially lower-bound the cost of the restriction of such an alignment𝒜 to each locked
fragment. For instance, we lower-bound ed𝑤(𝐿→𝒜(𝐿)) for each 𝐿 ∈ ℒ𝑃 . Our lower bound is positive
only for elements of 𝒟(𝑣). Consider some locked fragment 𝐿 ∈ 𝒟(𝑣) ∩ ℒ𝑃 other than 𝐿𝑃1 . Roughly
speaking, at most mk(𝑣, 𝐿) errors of 𝐿 with a fragment 𝑄′ of 𝑄∞ cancel out with errors between𝒜(𝐿)
and 𝑄′, yielding a lower bound ed𝑤(𝐿 → 𝒜(𝐿)) ≥ ed𝑤(𝐿 → ∗𝑄∗) −mk(𝑣, 𝐿). Then, the definition of
𝒟(𝑣) guarantees that, for any 𝐿 ∈ 𝒟(𝑣) ∩ ℒ𝑃 ,𝒜(𝐿) is disjoint from all 𝐿′ ∈ 𝒟(𝑣) ∩ ℒ𝑇 . One can exploit
this property to obtain a lower bound for the cost of𝒜 by showing that we can sum over the lower
bounds for individual locked fragments in𝒟(𝑣). In fact, we use this reasoning to lower bound the cost
of an alignment between two other strings, obtained from 𝑃 and 𝑇, respectively, via the deletion of some
fragments; this happens in the proof of Lemma 8.37 in Section 8.5.

Lemma 8.27 [CKW22, see Lemma 6.8]. Consider a light position 𝑣 of 𝑇 and a locked fragment 𝐿 ∈
ℒ𝑃 ∪ℒ𝑇

[ 𝑣 . . 𝑣+𝑚 )
.

1 If 𝐿 = 𝑇[ 𝑣 + ℓ . . 𝑣 + 𝑟 ) ∈ ℒ𝑇 , then every𝑈 ∈ {𝑃[ 𝑖 . . 𝑗 ) : 𝑖 ≥ ℓ − 𝑘 and 𝑗 ≤ 𝑟 + 𝑘} satisfies

ed𝑤(𝐿→ 𝑈) ≥ ed𝑤(𝐿→ ∗𝑄∗) −mk(𝑣, 𝐿).
2 If 𝐿 = 𝑃[ ℓ . . 𝑟 ) ∈ ℒ𝑃 \ {𝐿𝑃1 }, then every𝑈 ∈ {𝑇[ 𝑖 . . 𝑗 ) : 𝑖 ≥ 𝑣 + ℓ − 𝑘 and 𝑗 ≤ 𝑣 + 𝑟 + 𝑘} satisfies

ed𝑤(𝐿→ 𝑈) ≥ ed𝑤(𝐿→ ∗𝑄∗) −mk(𝑣, 𝐿).
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3 If 𝐿 is 𝐿𝑃1 , then for every𝑈 ∈ {𝑇[ 𝑣 . . 𝑣 + 𝑗 ) : 𝑗 ∈ [ |𝐿| − 𝑘 . . |𝐿| + 𝑘 ]} satisfies

ed𝑤(𝐿→ 𝑈) ≥ ed𝑤(𝐿→ rot−𝜌(𝑣)(𝑄)∗) −mk(𝑣, 𝐿).

Proof. Consider some 𝐿 ∈ ℒ𝑃 ∪ ℒ𝑇
[ 𝑣 . . 𝑣+𝑚 )

. If 𝐿 ∈ ℒ𝑇 , let 𝑌 = 𝑃; otherwise, let 𝑌 = 𝑇. Further, let
𝑈 B 𝑌[ 𝑢1 . . 𝑢2 ) denote any of the fragments specified in the statement of the lemma, and let

𝜁 B

{
ed𝑤(𝐿𝑃1 → rot−𝜌(𝑣)(𝑄)∗) if 𝐿 = 𝐿𝑃1 ,

ed𝑤(𝐿→ ∗𝑄∗) otherwise.

Let 𝑥 and 𝑦 denote integers that satisfy ed𝑤(𝑈 → 𝑄∞[ 𝑥 . . 𝑦 )) = ed𝑤(𝑈 → ∗𝑄∗). In the case where
𝐿 = 𝐿𝑃1 , we choose 𝑥 = 𝜌(𝑣) and 𝑦 = 𝜌(𝑢2) so that 𝑄∞[ 𝑥 . . 𝑦 ) is a prefix of rot−𝜌(𝑣)(𝑄)∞. This is allowed
by Lemma 8.22 because ℒ𝑇

[ 𝑣−𝜅̂ . . 𝑣+𝜅̂ )
= ℒ𝑇

[ 𝑣+|𝐿𝑃1 |−𝜅̂ . . 𝑣+|𝐿𝑃1 |+𝜅̂ )
= ∅, and it ensures that the following

inequality holds in all three cases (the inequality holds trivially if 𝐿 ≠ 𝐿𝑃1 ):

ed𝑤(𝐿→ 𝑄∞[ 𝑥 . . 𝑦 )) ≥ 𝜁. (1)

Further, our marking scheme implies

mk(𝑣, 𝐿) ≥
∑

𝐾∈ℒ𝑌
[ 𝑢1 . . 𝑢2 )

ed𝑤(𝐾 → ∗𝑄∗). (2)

Let 𝑌[ 𝑢′1 . . 𝑢
′
2 ) be the fragment that is covered by 𝑌[ 𝑢 . .𝑤 ) and the elements of ℒ𝑌

[ 𝑢1 . . 𝑢2 )
. We have

ed𝑤(𝑈 → 𝑄∞[ 𝑥 . . 𝑦 )) = ed𝑤(𝑈 → ∗𝑄∗) ≤ ed𝑤(𝑌[ 𝑢′1 . . 𝑢′2 )→ ∗𝑄∗) =
∑

𝐾∈ℒ𝑌
[ 𝑢1 . . 𝑢2 )

ed𝑤(𝐾 → ∗𝑄∗), (3)

where the last equality follows from the properties of locked fragments as computed by Lemma 8.12.
We are now ready to prove the claimed inequality.

ed𝑤(𝐿→ 𝑈) ≥ |ed𝑤(𝐿→ 𝑄∞[ 𝑥 . . 𝑦 )) − ed𝑤(𝑈 → 𝑄∞[ 𝑥 . . 𝑦 ))| (symmetry, triangle inequality)
≥ ed𝑤(𝐿→ 𝑄∞[ 𝑥 . . 𝑦 )) − ed𝑤(𝑈 → 𝑄∞[ 𝑥 . . 𝑦 ))
≥ 𝜁 − ed𝑤(𝑈 → 𝑄∞[ 𝑥 . . 𝑦 )) (due to (1))

≥ 𝜁 −
∑

𝐾∈ℒ𝑌
[ 𝑖 . . 𝑗 )

ed𝑤(𝐾 → ∗𝑄∗) (due to (3))

≥ 𝜁 −mk(𝑣, 𝐿). (due to (2))

This completes the proof of the lemma.

Shrinking Runs of Plain Pairs

We set Red(𝑃) to be equal to

Special(𝑃) ∪ {𝑃𝑖 : 𝑖 ∈ ( 1 . . 𝑧 ) and ∃𝑃[ ℓ . . 𝑟 )∈ℒ𝑃 [ ℓ − 13𝜅̂ . . 𝑟 + 13𝜅̂ ) ∩ [ 𝑝𝑖 . . 𝑝𝑖+1 + Δ ) ≠ ∅}.

Similarly, we set Red(𝑇) to be equal to

Special(𝑇) ∪ {𝑇𝑖 : 𝑖 ∈ (min 𝐽 + 1 . . max 𝐽 + 𝑧 ) and ∃𝑇[ ℓ . . 𝑟 )∈ℒ𝑇 [ ℓ − 13𝜅̂ . . 𝑟 + 13𝜅̂ ) ∩ [ 𝑡𝑖 . . 𝑡𝑖+1 + Δ ) ≠ ∅}.

Next, we upper-bound the sizes of these two sets and show how to construct them efficiently.

Lemma 8.28 [CKW22, see Lemma 6.9]. Given 𝑃, 𝑇,𝒜𝑃 ,𝒜𝑇 , ℒ𝑃 , and ℒ𝑇 , the sets Red(𝑃) and Red(𝑇)
are of size 𝒪(𝑘𝑊2) and can be constructed in time 𝒪(𝑘𝑊2) in the PILLAR model.
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Proof. We start with upper-bounding the size of each of the sets Red(𝑃) and Red(𝑇). Special(𝑃) and
Special(𝑇) are of size 𝒪(𝑑) = 𝒪(𝑘) due to Lemma 7.25. The task is therefore to bound, for each of 𝑃
and 𝑇, the number of internal pieces that are within 13𝜅̂ = 𝒪(𝑘𝑊) positions of a locked fragment.

Let (𝑆, 𝛽𝑆) denote either of (𝑃, 𝛽𝑃) or (𝑇, 𝛽𝑇) andℒ𝑆 = {𝐿[ ℓ 𝑗 . . ℎ 𝑗 ) : 𝑗 ∈ [ 1 . . ℓ𝑆 ]}. It suffices to upper
bound the number of tiles 𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 ) with 𝑖 ∈ ( 1 . . 𝛽𝑆 ) in the 𝜏-tile partition of 𝑆 (with respect to𝒜𝑆)
such that [ 𝑠𝑖−1 . . 𝑠𝑖 ) overlaps [ ℓ 𝑗 − Δ − 13𝜅̂ . . ℎ 𝑗 + 13𝜅̂ ) for some 𝑗 ∈ [ 1 . . ℓ𝑆 ]; that is,

|{𝑖 ∈ ( 1 . . 𝛽𝑆 ) : ∃𝑗∈[ 1 . . ℓ𝑆 ][ ℓ 𝑗 − Δ − 13𝜅̂ . . ℎ 𝑗 + 13𝜅̂ ) ∩ [ 𝑠𝑖−1 . . 𝑠𝑖 ) ≠ ∅}|.
Intuitively, we extend each locked fragment in ℒ𝑆 by Δ + 13𝜅̂ characters to the left and by 13𝜅̂

characters to the right, thus covering at most ∥ℒ𝑆∥ + ℓ𝑆 · (2 · 13+ 6)𝜅̂ = ∥ℒ𝑆∥ + 32ℓ𝑆𝜅̂ positions of 𝑆, since
Δ = 6𝜅 ≤ 6𝜅̂. Let us first upper bound the size 𝜙 of the set Φ of tiles (other than the first and last ones)
that are fully covered by these “extended” locked fragments, that is, Φ B {𝑖 ∈ ( 0 . . 𝛽𝑆 ) : [ 𝑠𝑖−1 . . 𝑠𝑖 ) ⊆⋃
𝑗∈[ 1 . . ℓ𝑆 ][ ℓ 𝑗 − Δ − 13𝜅̂ . . ℎ 𝑗 + 13𝜅̂ )}. We have∑

𝑖∈Φ
(𝜏 − |𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 )|) ≤

∑
𝑖∈Φ

ed(𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 ), 𝑄[ (𝑖 − 1)𝜏 . . 𝑖𝜏 )) ≤ ed(𝑆, ∗𝑄∗)

and hence
𝜙 · 𝜏 − ed(𝑆, ∗𝑄∗) ≤

∑
𝑖∈Φ
|𝑆[ 𝑠𝑖−1 . . 𝑠𝑖 )| ≤ ∥ℒ𝑆∥ + 32ℓ𝑆𝜅̂,

which is equivalent to

𝜙 ≤
∥ℒ𝑆∥ + 32ℓ𝑆𝜅̂ + ed(𝑆, ∗𝑄∗)

𝜏
.

Finally, we have to account for the at most 2ℓ𝑆 tiles that overlap “extended” locked fragments but are
not fully contained in them; we have at most two such tiles for each 𝐿 ∈ ℒ𝑆.

Since ℓ𝑆 = 𝒪(ed𝑤(𝑆→ ∗𝑄∗)) and ∥ℒ𝑆∥ = 𝒪(ed𝑤(𝑆→ ∗𝑄∗) · 𝑞) by Lemma 8.12, ed𝑤(𝑆→ ∗𝑄∗) = 𝒪(𝑘𝑊),
and 𝜏 = Θ(max{𝑘, 𝑞}), we have

2ℓ𝑆 +
∥ℒ𝑆∥ + 32ℓ𝑆𝜅̂ + ed(𝑆, ∗𝑄∗)

𝜏
= 𝒪

(
𝑘𝑊 +

𝑘𝑊𝑞 + (𝑘𝑊)2 + 𝑘
𝜏

)
= 𝒪(𝑘𝑊2).

Let us now show how to efficiently construct the sets in scope. First, recall that Special(𝑃) and
Special(𝑇) can be constructed in 𝒪(𝑘𝑊2) time in the PILLAR model due to Lemma 7.25. The remaining
elements of Red(𝑃) (resp. Red(𝑇)) can be computed in a simultaneous left-to-right scan of:

the representation of starting positions of internal pieces 𝑝𝑖 (resp. 𝑡𝑖) as 𝒪(𝑘) arithmetic progressions,
which can be computed in 𝒪(𝑘) time due to Lemma 7.14;
the 𝒪(𝑘𝑊2) locked fragments of 𝑃 (resp. 𝑇) sorted with respect to their starting positions.

The 𝒪(𝑘𝑊2) time required for sorting the starting positions of the locked fragments is the bottleneck of
the algorithm in the PILLAR model.

Definition 8.29 [CKW22, see Definition 6.10]. For 𝑗 ∈ 𝐽, set ℐ ′
𝑗
B (𝐹𝑗 ,1 , 𝐺 𝑗 ,1) · · · (𝐹𝑗 ,𝑧 𝑗 , 𝐺 𝑗 ,𝑧 𝑗 ) B

Trim(ℐ𝑗 ,Red(𝑃),Red(𝑇), 2𝜂 + 30), and 𝐹𝑗 B valΔ(𝐹𝑗 ,1 , . . . , 𝐹𝑗 ,𝑧 𝑗 ) and 𝐺 𝑗 B valΔ(𝐺 𝑗 ,1 , . . . , 𝐺 𝑗 ,𝑧 𝑗 ).
Further, let 𝐹𝑗 ,𝑖 and𝐺 𝑗 ,𝑖 correspond to the fragments 𝐹𝑗[ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1+Δ ) and𝐺 𝑗[ 𝑔𝑗 ,𝑖 . . 𝑔𝑗 ,𝑖+1+Δ ), respectively,

that is, we set 𝑓𝑗 ,1 = 𝑔𝑗 ,1 = 0 and, for 𝑖 ∈ [ 2 . . 𝑧 𝑗 +1 ], 𝑓𝑗 ,𝑖 =
(∑

𝑥<𝑖 |𝐹𝑗 ,𝑥 |
)
−Δ and 𝑔𝑗 ,𝑖 =

(∑
𝑥<𝑖 |𝐺 𝑗 ,𝑥 |

)
−Δ.

The focus of the remainder of Section 8.5 is to prove the following lemma.

Lemma 8.43 [CKW22, see Lemma 6.11].

Occ𝑤𝑘 (𝑃, 𝑇) ∩ L =
(⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (ℐ ′𝑗 ))

)
∩ L =

(⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗))

)
∩ L.

The combination of Lemma 7.14 and Lemma 7.30 directly yields the following.
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Corollary 8.30. We have
( ⋃

𝑗∈𝐽(𝑟 𝑗 +Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗))
)
⊇
( ⋃

𝑗∈𝐽(𝑟 𝑗 +Occ𝑤𝑘 (𝑃, 𝑅 𝑗))
)
= Occ𝑤𝑘 (𝑃, 𝑇).

See [CKW22, Example 6.13] an example that illustrates that, for some 𝑗 ∈ 𝐽 and 𝑝 ∈ Occ𝑘(𝐹𝑗 , 𝐺 𝑗), we
might have 𝑟 𝑗 + 𝑝 ∉ Occ𝑘(𝑃, 𝑇) if 𝑟𝑗 + 𝑝 ∈ H.

It remains to show that, for any light position 𝑝 ∈
( ⋃

𝑗∈𝐽(𝑟 𝑗 +Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗))
)
, we have 𝑝 ∈ Occ𝑤𝑘 (𝑃, 𝑇).

The following lemma demonstrates that, for each 𝑗 ∈ 𝐽, we can restrict our attention to a subset of the
positions of 𝑅 𝑗 .

Lemma 8.31 [CKW22, see Lemma 6.14]. Consider some 𝑗 ∈ 𝐽 and a position 𝑝 of 𝑅 𝑗 such that 𝑟 𝑗 + 𝑝 is a
light position of 𝑇. If ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) ≥ 𝜕𝑃 , then 𝑝 ∉ Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗).

Proof. By the definition of Red(𝑇), it follows that |𝐹𝑗 | ≥ |𝐿𝑃1 | and any prefix of 𝐹𝑗 of length at most
|𝐿𝑃1 | + 13𝜅̂ is also a prefix of 𝑃. Combined with the upper bound on the sum of length-differences
from Lemma 7.23, this also implies that any prefix of 𝐺 𝑗 of length at most |𝐿𝑃1 | + 13𝜅̂ − 3𝜅 is also a
prefix of 𝑅 𝑗 . Further, recall that we have |𝑅 𝑗 | ≤ |𝑃| + 3𝜅 − 𝑘 due to Lemma 7.23. Consequently, since
|𝑅 𝑗 | − |𝐹𝑗 | = |𝑃| − |𝐺 𝑗 |, we have

Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗) ⊆ [ 0 . . |𝐺 𝑗 | − |𝐹𝑗 | + 𝑘 ] ⊆ [ 0 . . 3𝜅 ].

It thus suffices to consider 𝑝 ∈ [ 0 . . 3𝜅 ]. Let𝑊 denote a prefix of 𝐺 𝑗[ 𝑝 . . |𝐺 𝑗 | ) that satisfies

ed𝑤(𝐹𝑗[ 0 . . |𝐿𝑃1 | )→𝑊) = min
𝑡

ed𝑤(𝐹𝑗[ 0 . . |𝐿𝑃1 | )→ 𝐺 𝑗[ 𝑝 . . 𝑡 )).

We distinguish between two cases.
If |𝑊 | ∈ [ |𝐿𝑃1 | − 𝑘 . . |𝐿𝑃1 | + 𝑘 ], then𝑊 is a prefix of 𝑇[ 𝑟 𝑗 + 𝑝 . . 𝑛 ) since

𝑝 + |𝑊 | ≤ 3𝜅 + |𝐿𝑃1 | + 𝑘 ≤ |𝐿𝑃1 | + 13𝜅̂ − 3𝜅.

Thus, by Lemma 8.27 and since 𝜕𝑃 = Θ(𝑘𝑊), we have

ed𝑤(𝐿𝑃1 →𝑊) ≥ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃1 )
≥ 𝜕𝑃 −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃1 )
= 2𝑘𝑊 − 𝜂 > 𝑘𝑊 ≥ 𝑘.

Otherwise, we have ed𝑤(𝐹𝑗[ 0 . . |𝐿𝑃1 | )→𝑊 ∗) ≥
��|𝑊 | − |𝐿𝑃1 |�� > 𝑘.

To conclude the proof, it suffices to observe that

min
𝑡

ed𝑤(𝐹𝑗 → 𝐺 𝑗[ 𝑝 . . 𝑡 )) ≥ min
𝑡

ed𝑤(𝐿𝑃1 → 𝐺 𝑗[ 𝑝 . . 𝑡 )) > 𝑘,

and hence 𝑝 ∉ Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗).

In what follows, for convenience, we assume that, for each run of plain pairs of ℐ𝑗 that has been
trimmed, the deleted pairs correspond to a suffix of this run. This yields a natural mapping from pairs
of ℐ ′

𝑗
to pairs of ℐ𝑗 .

Definition 8.32 [CKW22, see Definition 6.15]. For each 𝑗 ∈ 𝐽 and each 𝑖 ∈ [ 1 . . 𝑧 𝑗 ], let orig(𝑗 , 𝑖) denote
the number of pairs to the left of pair (𝐹𝑗 ,𝑖 , 𝐺 𝑗 ,𝑖) that were deleted in the process of obtaining ℐ ′

𝑗
from ℐ𝑗 . We say

that pair (𝐹𝑗 ,𝑖 , 𝐺 𝑗 ,𝑖) originates from pair (𝑃𝑖+orig(𝑗 ,𝑖) , 𝑇𝑗 ,𝑖+orig(𝑗 ,𝑖)).

Let each internal pair of pieces (𝐹𝑗 ,𝑖 , 𝐺 𝑗 ,𝑖) inherit the color of (𝑃𝑖+orig(𝑗 ,𝑖) , 𝑇𝑗 ,𝑖+orig(𝑗 ,𝑖)). In addition, mark
the first and the last pairs as not plain.

Definition 8.33 [CKW22, see Definition 6.16]. For 𝑗 ∈ 𝐽 and 𝑖 ∈ [ 1 . . 𝑧 𝑗 ], we say that 𝐹𝑗[ 𝑥1 . . 𝑥2 )

(or 𝐺 𝑗[ 𝑥1 . . 𝑥2 )) has an overlap with a pair (𝐹𝑗 ,𝑖 , 𝐺 𝑗 ,𝑖) if and only if [ 𝑥1 . . 𝑥2 ) ∩ [ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1 + Δ ) ≠ ∅ (or
[ 𝑥1 . . 𝑥2 ) ∩ [ 𝑔𝑗 ,𝑖 . . 𝑔𝑗 ,𝑖+1 + Δ ) ≠ ∅).
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Definition 8.34 [CKW22, see Definition 6.17]. Consider some 𝑗 ∈ 𝐽 and a contiguous sequenceℳ =

(𝐹𝑗 ,𝑖1 , 𝐺 𝑗 ,𝑖1) · · · (𝐹𝑗 ,𝑖2 , 𝐺 𝑗 ,𝑖2) of pairs in ℐ ′
𝑗

that are either all plain or all not plain (that is,ℳ is monochromatic).
Fix an 𝑋 ∈ {𝐹𝑗 , 𝐺 𝑗}. For 𝑖 ∈ [ 1 . . 𝑧 𝑗 ], if 𝑋 = 𝐹, we set 𝑥 𝑗 ,𝑖 = 𝑓𝑗 ,𝑖 ; otherwise, we set 𝑥 𝑗 ,𝑖 = 𝑔𝑗 ,𝑖 .

For a non-negative integer 𝛾, we say that a fragment 𝑋[ 𝑥1 . . 𝑥2 ) of 𝑋 ∈ {𝐹𝑗 , 𝐺 𝑗} is 𝛾-contained byℳ
when the following two conditions are satisfied: (a) 𝑥1 ≥ 𝑥 𝑗 ,𝑖1 + 𝛾 or 𝑖1 = 1 and (b) 𝑥2 ≤ 𝑥 𝑗 ,𝑖2+1 + Δ − 𝛾 or
𝑖2 = 𝑧 𝑗 .

Fact 8.35 [CKW22, see Fact 6.18]. If a fragment𝑈 of 𝐹 or 𝐺 is Δ-contained by a monochromatic sequenceℳ
of contiguous pairs in ℐ ′

𝑗
, then𝑈 only overlaps pairs inℳ.

The proof of the following lemma is identical to that of [CKW22, Lemma 6.19].

Lemma 8.36 [CKW22, see Lemma 6.19]. For 𝑗 ∈ 𝐽, consider a monochromatic sequence ℳ =

(𝐹𝑗 ,𝑖1 , 𝐺 𝑗 ,𝑖1) · · · (𝐹𝑗 ,𝑖2 , 𝐺 𝑗 ,𝑖2) of contiguous pairs in ℐ ′
𝑗
. Let {𝑋,𝑌} = {𝐹𝑗 , 𝐺 𝑗} and 𝑋[ 𝑥1 . . 𝑥2 ) be a frag-

ment of 𝑋 that is 𝛾-contained by ℳ for 𝛾 ≥ 13𝜅. All the pairs of ℐ ′
𝑗

that overlap 𝑌[ 𝑦1 . . 𝑦2 ) B

𝑌[max{0, 𝑥1 − 4𝜅} . . min{|𝑌|, 𝑥2 + 4𝜅} ) belong toℳ.

Lemma 8.37 [CKW22, see Lemma 6.19]. Consider some 𝑗 ∈ 𝐽 and a position 𝑝 ∈ Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗) such that
𝑟 𝑗 + 𝑝 is a light position of 𝑇. Then, 𝑟 𝑗 + 𝑝 ∈ Occ𝑤𝑘 (𝑃, 𝑇).

Proof. First, observe that we may assume that ℐ ′
𝑗
≠ ℐ𝑗 ; otherwise, the statement follows trivially. To

avoid clutter, we drop the subscript 𝑗 when referring to 𝐹𝑗 and 𝐺 𝑗 and simply call them 𝐹 and 𝐺,
respectively.

Let 𝑏 denote a position of 𝐺 and let ℬ : 𝐹 {{ 𝐺[ 𝑝 . . 𝑏 ) denote an alignment of cost min𝑡 ed𝑤(𝐹→
𝐺[ 𝑝 . . 𝑡 )) ≤ 𝑘. We intend to show that, in this case, there exist a position 𝑐 of 𝑅 𝑗 and an alignment
𝒞 : 𝑃 {{ 𝑅 𝑗[ 𝑝 . . 𝑐 ) of the same cost.

Set
ℒ𝑇

[ 𝑟𝑗+𝑝 . . 𝑟𝑗+𝑝+𝑚 )
= {𝐿𝑇𝑖 : 𝑖 ∈ [ 𝑖1 . . 𝑖2 ]}.

Observe that there is a natural mapping of each locked fragment 𝐿𝑃
𝑖
∈ ℒ𝑃 to a fragment of 𝐹, which

we denote by 𝐿𝐹
𝑖
; we denote the set of fragments in the image of this mapping by ℒ𝐹 . Similarly, there

is a natural mapping of each locked fragment 𝐿𝑇
𝑖
∈ {𝐿𝑇

𝑖
: 𝑖 ∈ [ 𝑖1 . . 𝑖2 ]} to a fragment of 𝐺, which we

denote by 𝐿𝐺
𝑖

; we denote the set of fragments in the image of this mapping by ℒ𝐺. Let𝒟′(𝑝) consist of
the images of the locked fragments in𝒟(𝑟 𝑗 + 𝑝) under these mappings. Observe that each fragment
𝐿 ∈ ℒ𝐹 ∪ ℒ𝐺 only overlaps non-plain pairs. For a fragment 𝐿𝑋𝑦 ∈ ℒ𝑋 , where 𝑋 ∈ {𝑃, 𝑇, 𝐹, 𝐺}, let
𝐿𝑋𝑦 = 𝑋[ ℓ𝑋𝑦 . . 𝑟𝑋𝑦 ). The following claim follows instantly.

Claim 8.38 [CKW22, see Claim 6.21]. Each fragment 𝐿 ∈ ℒ𝐹 ∪ ℒ𝐺 is 13𝜅̂-contained by a sequence of
contiguous non-plain pairs in ℐ ′

𝑗
.

We next essentially show that, if we were to mark positions of 𝐺 𝑗 based on overlaps of pairs of
fragments inℒ𝐹 ×ℒ𝐺, consistently with Definition 8.14, position 𝑝 of 𝐺 𝑗 would get the same number of
marks as position 𝑟 𝑗 + 𝑝 of 𝑇.

Claim 8.39 [CKW22, see Claim 6.22]. For all 𝑥 ∈ [ 1 . . |ℒ𝑃 | ] and 𝑦 ∈ [ 𝑖1 . . 𝑖2 ], we have��[ ℓ𝐺𝑦 − 𝜅̂ . . 𝑟𝐺𝑦 + 𝜅̂ ) ∩ [ 𝑝 + ℓ 𝐹𝑥 . . 𝑝 + 𝑟𝐹𝑥 )
�� = ��[ ℓ𝑇𝑦 − 𝜅̂ . . 𝑟𝑇𝑦 + 𝜅̂ ) ∩ [ 𝑟 𝑗 + 𝑝 + ℓ𝑃𝑥 . . 𝑟 𝑗 + 𝑝 + 𝑟𝑃𝑥 )

��.
Proof. Consider sequences

ℳ𝑥 = (𝐹𝑗 ,𝑤1 , 𝐺 𝑗 ,𝑤1) · · · (𝐹𝑗 ,𝑤2 , 𝐺 𝑗 ,𝑤2) and ℳ𝑦 = (𝐹𝑗 ,𝑤3 , 𝐺 𝑗 ,𝑤3) · · · (𝐹𝑗 ,𝑤4 , 𝐺 𝑗 ,𝑤4)
of contiguous non-plain pairs of ℐ ′

𝑗
that 13𝜅̂-contain 𝐿𝐹𝑥 and 𝐿𝐺𝑦 , respectively, and are maximal in the

sense that they cannot be extended and remain monochromatic. (Such sequences exist by Claim 8.38.)
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First, consider the case whereℳ𝑥 andℳ𝑦 do not coincide. We treat the case whereℳ𝑥 lies to the
left ofℳ𝑦 ; the other case can be handled analogously. In this case, 𝑤2 < 𝑧 𝑗 and 𝑤3 > 1. Recall that
𝑝 ∈ [ 0 . . 3𝜅 ]. By Lemma 8.36, we have that 𝐺[ 𝑝 + ℓ 𝐹𝑥 . . 𝑝 + 𝑟𝐹𝑥 ) only overlaps pairs inℳ𝑥 and hence it is
disjoint from [ ℓ𝐺𝑦 − 𝜅̂ . . 𝑟𝐺𝑦 + 𝜅̂ ) since 𝑝 + 𝑟𝐹𝑥 ≤ 𝑔𝑗 ,𝑤3 ≤ ℓ𝐺𝑦 − 𝜅̂. Now, observe that orig(𝑗 , 𝑤1) ≤ orig(𝑗 , 𝑤3)
and hence

𝑟 𝑗 + 𝑝 + 𝑟𝑃𝑥 = 𝑟 𝑗 + orig(𝑗 , 𝑤1)𝜏 + 𝑝 + 𝑟𝐹𝑥 < 𝑟𝑗 + orig(𝑗 , 𝑤3)𝜏 + ℓ𝐺𝑦 − 𝜅̂ = ℓ𝑇𝑦 − 𝜅̂.

Thus, in this case, both considered intersections are empty.
Otherwise,ℳ𝑥 andℳ𝑦 coincide. We then have

𝑟 𝑗 + orig(𝑗 , 𝑤1)𝜏 + [ 𝑝 + ℓ 𝐹𝑥 . . 𝑝 + 𝑟𝐹𝑥 ) = 𝑟𝑗 + [ 𝑝 + ℓ𝑃𝑥 . . 𝑝 + 𝑟𝑃𝑥 ) = [ 𝑟 𝑗 + 𝑝 + ℓ𝑃𝑥 . . 𝑟 𝑗 + 𝑝 + 𝑟𝑃𝑥 )

and

𝑟 𝑗 + orig(𝑗 , 𝑤1)𝜏 + [ ℓ𝐺𝑦 − 𝜅̂ . . 𝑟𝐺𝑦 + 𝜅̂ ) = 𝑟 𝑗 + [ ℓ𝑇𝑦 − 𝑟 𝑗 − 𝜅̂ . . 𝑟𝑇𝑦 − 𝑟 𝑗 + 𝜅̂ ) = [ ℓ𝑇𝑦 − 𝜅̂ . . 𝑟𝑇𝑦 + 𝜅̂ ).

The statement readily follows in the considered case.

Let ℬ = ( 𝑓𝑣 , 𝑔𝑣)𝑢𝑣=0. For each 𝐿𝐹
𝑖
∈ 𝒟′(𝑝), let [ 𝑎𝐹

𝑖
. . 𝑏𝐹

𝑖
) ⊆ [ 0 . . 𝑢 ] so that 𝐿𝐹

𝑖
= 𝐹[ 𝑓𝑎𝐹

𝑖
. . 𝑓𝑏𝐹

𝑖
)

and ℬ(𝐿𝐹
𝑖
) = 𝐺[ 𝑔𝑎𝐹

𝑖
. . 𝑔𝑏𝐹

𝑖
). Symmetrically, for each 𝐿𝐺

𝑖
∈ 𝒟′(𝑝), let [ 𝑎𝐺

𝑖
. . 𝑏𝐺

𝑖
) ⊆ [ 0 . . 𝑢 ] so that

𝐿𝐺
𝑖

= 𝐺[ 𝑔𝑎𝐺
𝑖
. . 𝑔𝑏𝐺

𝑖
) and ℬ−1(𝐿𝐺

𝑖
) = 𝐹[ 𝑓𝑎𝐺

𝑖
. . 𝑓𝑏𝐺

𝑖
). Further, let ℰ denote the multiset union of the

multisets

ℰ𝐹 = {[ 𝑎𝐹𝑖 . . 𝑏𝐹𝑖 ) : 𝐿𝐹𝑖 ∈ ℒ𝐹 ∩𝒟′(𝑝)} and ℰ𝐺 = {[ 𝑎𝐺𝑖 . . 𝑏𝐺𝑖 ) : 𝐿𝐺𝑖 ∈ ℒ
𝐺 ∩𝒟′(𝑝)}.

In fact, the following claim implies that the multiplicity of each element of ℰ is one.

Claim 8.40 [CKW22, see Claim 6.23]. The intervals in ℰ are pairwise disjoint.

Proof. First, observe that the elements of each of ℒ𝐹 and ℒ𝐺 are pairwise disjoint and hence the
elements of each of ℰ𝐹 and ℰ𝐺 are pairwise disjoint.

Now, consider any two fragments 𝐿𝐹𝑥 ∈ 𝒟′(𝑝) and 𝐿𝐺𝑦 ∈ 𝒟′(𝑝). Observe that, since 𝐿𝑃𝑥 , 𝐿𝑇𝑦 ∈ 𝒟(𝑟 𝑗 + 𝑝),
we have mk(𝑟 𝑗 +𝑝, 𝜅̂, 𝐿𝑃𝑥 , 𝐿𝑇𝑦 ) = 0. Hence, [ ℓ𝑇𝑦 − 𝜅̂ . . 𝑟𝑇𝑦 + 𝜅̂ )∩ [ 𝑟 𝑗 +𝑝+ℓ𝑃𝑥 . . 𝑟 𝑗 +𝑝+ 𝑟𝑃𝑥 ) = ∅. By Claim 8.39,
we also have [ 𝑔𝑎𝐺𝑦 − 𝜅̂ . . 𝑔𝑏𝐺𝑦 + 𝜅̂ ) ∩ [ 𝑝 + 𝑓𝑎𝐹𝑥 . . 𝑝 + 𝑓𝑏𝐹𝑥 ) = ∅.

Since the cost ofℬ is no more than 𝑘, 𝑔𝑖 ∈ [ 𝑝+ 𝑓𝑖− 𝑘 . . 𝑝+ 𝑓𝑖+ 𝑘 ] holds for all 𝑖 ∈ [ 0 . . 𝑢 ]. In particular,
we have [ 𝑔𝑎𝐺𝑦 −𝑘−1 . . 𝑔𝑏𝐺𝑦 +𝑘 ] ⊇ [ 𝑝+ 𝑓𝑎𝐺𝑦 −1 . . 𝑝+ 𝑓𝑏𝐺𝑦 +1 ). Since [ 𝑔𝑎𝐺𝑦 −𝜅̂ . . 𝑔𝑏𝐺𝑦 +𝜅̂ ) ⊇ [ 𝑔𝑎𝐺𝑦 −𝑘−1 . . 𝑔𝑏𝐺𝑦 +𝑘 ],
we then have [ 𝑓𝑎𝐺𝑦 − 1 . . 𝑓𝑏𝐺𝑦 + 1 ) ∩ [ 𝑓𝑎𝐹𝑥 . . 𝑓𝑏𝐹𝑥 ) = ∅, that is, [ 𝑓𝑎𝐺𝑦 . . 𝑓𝑏𝐺𝑦 ] ∩ [ 𝑓𝑎𝐹𝑥 . . 𝑓𝑏𝐹𝑥 ] = ∅. This implies
[ 𝑎𝐺𝑦 . . 𝑏𝐺𝑦 ) ∩ [ 𝑎𝐹𝑥 . . 𝑏

𝐹
𝑥 ) = ∅; consequently, the intervals in ℰ are pairwise disjoint.

Set Λ B ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) +
ℓ𝑃∑
𝑖=2

ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) +
𝑖2∑
𝑖=𝑖1

ed𝑤(𝐿𝑇𝑖 → ∗𝑄∗).

Claim 8.41 [CKW22, see Claim 6.24].∑
𝐿𝐹
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(𝐿𝐹𝑖 → ℬ(𝐿𝐹𝑖 )) +
∑

𝐿𝐺
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(𝐿𝐺𝑖 → ℬ
−1(𝐿𝐺𝑖 )) ≥ Λ − 2mk(𝑟 𝑗 + 𝑝).

Proof. Using Lemma 8.27, we lower-bound each individual term of the left-hand side of the proved
inequality. We consider three cases.
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1 Consider some 𝐿𝐺
𝑖

= 𝐺[ 𝑝 + ℓ . . 𝑝 + 𝑟 ) ∈ 𝒟′
𝑗
(𝑝) and let 𝐿𝑇

𝑖
= 𝑇[ 𝑟𝑗 + 𝑝 + ℓ ′ . . 𝑟 𝑗 + 𝑝 + 𝑟′ ). Since

ed𝑤(𝐹 → 𝐺[ 𝑝 . . 𝑏 )) ≤ 𝑘, we have that ℬ−1(𝐿𝐺
𝑖
) is a substring of 𝐹[max{0, ℓ − 𝑘} . . min{|𝐹|, 𝑟 + 𝑘} ).

By Claim 8.38, 𝐿𝐺
𝑖

is 13𝜅̂-contained by a sequenceℳ of contiguous non-plain pairs in ℐ ′
𝑗
. Then, by

Lemma 8.36, 𝐹[max{0, ℓ − 𝑘} . . min{|𝐹|, 𝑟 + 𝑘} ) only overlaps pairs of ℐ ′
𝑗

that are inℳ and hence it
is a substring of 𝑃[ (ℓ ′ − ℓ ) +max{0, ℓ − 𝑘} . . (𝑟′ − 𝑟) +min{|𝐹|, 𝑟 + 𝑘} ), which in turn is a substring of
𝑃[max{0, ℓ ′ − 𝑘} . . min{|𝑃|, 𝑟′ + 𝑘} ). Thus, ed𝑤(𝐿𝐺

𝑖
→ ℬ−1(𝐿𝐺

𝑖
)) ≥ ed𝑤(𝐿𝑇

𝑗
→ ∗𝑄∗) −mk(𝑟𝑗 + 𝑝, 𝐿𝑇𝑗 )

holds by Lemma 8.27.
2 Consider some 𝐿𝐹

𝑖
= 𝐹[ ℓ . . 𝑟 ) ∈ 𝒟′

𝑗
(𝑝) \ {𝐿𝑃1 } and let 𝐿𝑃

𝑖
= 𝑃[ ℓ ′ . . 𝑟′ ). Since ed𝑤(𝐹→ 𝐺[ 𝑝 . . 𝑏 )) ≤ 𝑘,

we that have ℬ(𝐿𝐹
𝑖
) is a substring of 𝐺[max{𝑝, 𝑝 + ℓ − 𝑘} . . min{|𝐺|, 𝑝 + 𝑟 + 𝑘} ). As before, by

combining Claim 8.38 and Lemma 8.36 we get that 𝐺[max{𝑝, 𝑝 + ℓ − 𝑘} . . min{|𝐺|, 𝑝 + 𝑟 + 𝑘} ) is a
substring of 𝑇[ 𝑟𝑗 + (ℓ ′ − ℓ ) +max{𝑝, 𝑝 + ℓ − 𝑘} . . 𝑟 𝑗 + (𝑟′ − 𝑟) +min{|𝐺|, 𝑝 + 𝑟 + 𝑘} ), which in turn
is a substring of 𝑇[ 𝑟𝑗 + 𝑝 +max{0, ℓ ′ − 𝑘} . . 𝑟 𝑗 + 𝑝 +min{|𝑇 |, 𝑟′ + 𝑘} ). Thus, ed𝑤(𝐿𝐹

𝑖
→ ℬ(𝐿𝐹

𝑖
)) ≥

ed𝑤(𝐿𝑃
𝑖
→ ∗𝑄∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃𝑖 ) holds by Lemma 8.27.

3 Lastly, since ed𝑤(𝐹 → 𝐺[ 𝑝 . . 𝑏 )) ≤ 𝑘, we have that ℬ(𝐿𝐹1 ) is a prefix of 𝑇[ 𝑟𝑗 + 𝑝 . . 𝑟𝑗 + 𝑝 + |𝐿𝑃1 | + 𝑘 ),
and hence ed𝑤(𝐿𝐹1 → ℬ(𝐿𝐹1 )) ≥ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃1 ) holds by Lemma 8.27.
We now put everything together. In the following inequalities, we use the fact that, for each

𝐿 ∈ (ℒ𝑃 ∪ℒ𝑇
[ 𝑟𝑗+𝑝 . . 𝑟𝑗+𝑝+𝑚 )

) \ 𝒟(𝑟𝑗 + 𝑝, 𝐵), we have ed𝑤(𝐿→ ∗𝑄∗) ≤ mk(𝑟 𝑗 + 𝑝, 𝐿), and hence the sum of
ed𝑤(𝐿→ ∗𝑄∗) −mk(𝑟 𝑗 + 𝑝, 𝐿) over all such 𝐿 is at most zero.∑

𝐿𝐹
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(𝐿𝐹𝑖 → ℬ(𝐿𝐹𝑖 )) +
∑

𝐿𝐺
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(ℬ−1(𝐿𝐺𝑖 ) → 𝐿𝐺𝑖 )

≥ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃1 ) +
∑

𝐿𝑃
𝑖
∈𝒟(𝑟𝑗+𝑝)\{𝐿𝑃1 }

(ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑃𝑖 ))

+
∑

𝐿𝑇
𝑖
∈𝒟(𝑟𝑗+𝑝)

(ed𝑤(𝐿𝑇𝑖 → ∗𝑄∗) −mk(𝑟 𝑗 + 𝑝, 𝐿𝑇𝑖 ))

≥ ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) +
ℓ𝑃∑
𝑖=2

ed𝑤(𝐿𝑃𝑖 → ∗𝑄∗) +
𝑖2∑
𝑖=𝑖1

ed𝑤(𝐿𝑇𝑖 → ∗𝑄∗) −
ℓ𝑃∑
𝑖=1

mk(𝑟 𝑗 + 𝑝, 𝐿𝑃𝑖 )

−
𝑖2∑
𝑖=𝑖1

mk(𝑟 𝑗 + 𝑝, 𝐿𝑇𝑖 )

= Λ −
ℓ𝑃∑
𝑖=1

ℓ𝑇∑
𝑣=1

mk(𝑟 𝑗 + 𝑝, 𝜅̂, 𝐿𝑃𝑣 , 𝐿𝑇𝑖 ) −
𝑖2∑
𝑖=𝑖1

ℓ𝑃∑
𝑣=1

mk(𝑟 𝑗 + 𝑝, 𝜅̂, 𝐿𝑃𝑣 , 𝐿𝑇𝑖 )

≥ Λ − 2mk(𝑟 𝑗 + 𝑝).

This concludes the proof of the claim.

Next, due to Lemma 8.31, we have ed𝑤(𝐿𝑃1 → rot−𝜌(𝑟𝑗+𝑝)(𝑄)∗) < 𝜕𝑃 . By a direct application of
Lemma 8.23, we then have that min𝑡 ed𝑤(𝑃 → 𝑇[ 𝑟 𝑗 + 𝑝 . . 𝑡 )) ≤ Λ. If Λ ≤ 𝑘, then we are done. For the
remainder of the proof we thus consider the case where Λ > 𝑘, which, combined with the fact that 𝑟 𝑗 + 𝑝
is a light position of 𝑇, means that Λ − 2mk(𝑟 𝑗 + 𝑝) > 𝑘 − 2mk(𝑟 𝑗 + 𝑝) ≥ 𝑘 − 2𝜂.

Claim 8.42 [CKW22, see Claim 6.25]. For any run 𝑀 = (𝐹𝑗 ,𝑖1 , 𝐺 𝑗 ,𝑖1) · · · (𝐹𝑗 ,𝑖2 , 𝐺 𝑗 ,𝑖2) of 2𝜂+ 30 consecutive
plain pairs in ℐ ′

𝑗
, there exists some 𝑖 ∈ ( 𝑖1 . . 𝑖2 ) for which ed𝑤(𝐹[ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1 )→ ℬ(𝐹[ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1 ))) = 0.

Proof. We have | 𝑓𝑗 ,𝑖1+14 − 𝑓𝑗 ,𝑖1 | ≥ 14𝜏 − 𝑑𝑇 ≥ 14𝜅/2 − 𝑑𝑇 ≥ 6𝜅 = Δ. Similarly, | 𝑓𝑗 ,𝑖2−13 − 𝑓𝑗 ,𝑖2+1| ≥ Δ. Thus,
𝑈 = 𝐹[ 𝑓𝑗 ,𝑖1+14 . . 𝑓𝑗 ,𝑖2−13 ) is Δ-contained by 𝑀 and hence only overlaps pairs in 𝑀 by Fact 8.35.
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Now, each fragment 𝐿𝐹
𝑖
∈ ℒ𝐹 is 13𝜅̂-contained by a sequence of contiguous non-plain pairs and

hence only overlaps non-plain pairs. Further, for each fragment 𝐿𝐺
𝑖
∈ ℒ𝐺, as shown in the proof of

Claim 8.41, ℬ−1(𝐿𝐺
𝑖
) only overlaps non-plain pairs. Observe that two fragments of 𝐹 are necessarily

disjoint if the sets of pairs that they overlap are disjoint, and hence [ 𝑓𝑗 ,𝑖1+14 . . 𝑓𝑗 ,𝑖2−13 ) is disjoint from all
elements of ℰ. As the intervals in ℰ are pairwise disjoint by Claim 8.40, using Claim 8.41, we obtain

𝑘 ≥ ed𝑤(𝐹→ 𝐺[ 𝑝 . . 𝑏 ))
≥ ed𝑤(𝑈 → ℬ(𝑈)) +

∑
𝐿𝐹
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(𝐿𝐹𝑖 → ℬ(𝐿𝐹𝑖 )) +
∑

𝐿𝐺
𝑖
∈𝒟′

𝑗
(𝑝)

ed𝑤(ℬ−1(𝐿𝐺𝑖 ) → 𝐿𝐺𝑖 )

≥ ed𝑤(𝑈 → ℬ(𝑈)) +Λ − 2mk(𝑟 𝑗 + 𝑝)
> ed𝑤(𝑈 → ℬ(𝑈)) + 𝑘 − 2𝜂.

Hence, we have ed𝑤(𝑈 → ℬ(𝑈)) < 2𝜂. This implies that
𝑖2−14∑
𝑖=𝑖1+14

ed𝑤(𝐹[ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1 )→ ℬ(𝐹[ 𝑓𝑗 ,𝑖 . . 𝑓𝑗 ,𝑖+1 ))) < 2𝜂,

and hence, since the number of summands in in the left-hand side of the inequality is 𝑖2−14−(𝑖1+14)+1 =

2𝜂 + 30 − 28 > 𝜂 and each of these summands is a non-negative integer, the claim follows.

We are now ready to conclude the proof of the lemma. Letℳ1 , . . . ,ℳ𝑤 denote the trimmed runs
of 2𝜂 + 30 consecutive plain pairs in ℐ ′

𝑗
such that, for all 𝑖,ℳ𝑖 originated from a run with 𝜒(𝑖) more

plain pairs. For 𝑖 ∈ [ 1 . .𝑤 ], letℳ𝑖 = (𝐹𝑗 ,𝑠𝑖 , 𝐺 𝑗 ,𝑠𝑖 ) · · · (𝐹𝑗 ,𝑒𝑖 , 𝐺 𝑗 ,𝑒𝑖 ) let 𝜓(𝑖) ∈ ( 𝑠𝑖 . . 𝑒𝑖 ) be such that and
ed𝑤(𝐹[ 𝑓𝑗 ,𝜓(𝑖) . . 𝑓𝑗 ,𝜓(𝑖)+1 )→ ℬ(𝐹[ 𝑓𝑗 ,𝜓(𝑖) . . 𝑓𝑗 ,𝜓(𝑖)+1 ))) = 0; observe that 𝜓(𝑖) exists due to Claim 8.42. Let
us now show how to construct 𝒞 given ℬ = ( 𝑓𝑣 , 𝑔𝑣)𝑢𝑣=0. We intuitively achieve this by inserting 𝜒(𝑖)
copies of 𝑄∞[ 0 . . 𝜏 ) after each of 𝐹[ 𝑓𝑗 ,𝜓(𝑖) . . 𝑓𝑗 ,𝜓(𝑖)+1 ) and ℬ(𝐹[ 𝑓𝑗 ,𝜓(𝑖) . . 𝑓𝑗 ,𝜓(𝑖)+1 )) and aligning them
without errors, thus restoring the original length of each trimmed plain run, without changing the cost
of the alignment. Initially, set 𝒞 B ℬ. Then, for each 𝜓(𝑖), in decreasing order

replace each pair ( 𝑓𝑣 , 𝑔𝑣) of 𝒞 that satisfies 𝑓𝑣 ≥ 𝑓𝑗 ,𝜓(𝑖)+1 with (𝜒(𝑖) · 𝜏 + 𝑓𝑣 , 𝜒(𝑖) · 𝜏 + 𝑔𝑣), and
insert ( 𝑓𝑗 ,𝜓(𝑖)+1 + 𝜙, 𝑔𝑗 ,𝜓(𝑖)+1 + 𝜙)𝜒(𝑖)·𝜏−1

𝜙=0 after ( 𝑓𝑗 ,𝜓(𝑖)+1 − 1, 𝑔𝑗 ,𝜓(𝑖)+1 − 1).

We conclude with the proof of Lemma 8.43 as promised.

Lemma 8.43 [CKW22, see Lemma 6.11].
Occ𝑤𝑘 (𝑃, 𝑇) ∩ L =

(⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (ℐ ′𝑗 ))

)
∩ L =

(⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (𝐹𝑗 , 𝐺 𝑗))

)
∩ L.

Proof. (⊆): This direction is an immediate consequence of Corollary 8.30.
(⊇): This direction is an immediate consequence of Lemma 8.37.

8.6 Combining the Partial Results: Faster AlignedPeriodicMatches
We are ready to prove the main result of this section—Lemma 8.44—which we restate here for
convenience.

Lemma 8.44. AlignedPeriodicMatches can be solved in 𝒪(𝑘3.5𝑊4) time in the PILLAR model if 𝑤 is an
integer metric weight function, with the output set Occ𝑤𝑘 (𝑃, 𝑇) represented as a collection of disjoint arithmetic
progressions.

Proof. If 𝑊 >
√
𝑘, Lemma 7.40 yields a better running time, so we henceforth assume 𝑊 ≤

√
𝑘.

Consistently with all previous sections, set
𝜅 B 𝑘 + 𝑑𝑃 + 𝑑𝑇 = Θ(𝑘) and 𝜅̂ B 112(𝑘𝑊 + 𝑑𝑤𝑃 + 𝑑𝑤𝑇 ) = 𝒪(𝑘𝑊) and 𝜂 B max{1, ⌊

√
𝑘𝑊⌋} ≤ 𝜅̂.

We proceed in roughly four steps.
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First, in a preprocessing step, we identify the heavy positions H and the light positions L in 𝑇, as
well as a filter ℱ (according to Lemma 7.14) for where potential 𝑘-error occurrences may start.
Next, we compute all 𝑘-error occurrences starting at a position in H, using the algorithm from
Section 8.4. In particular, we obtain H ∩Occ𝑤𝑘 (𝑃, 𝑇) as a set of positions.
Next, we use TrimmedPM from Theorem 7.37 to obtain a candidate setℛ of potential starting positions
of 𝑘-error occurrences (represented as disjoint arithmetic progressions with difference 𝜏). From
Section 8.5, we have (ℛ ∩ ℱ ) \ (H ∩ ℱ ) = Occ𝑤𝑘 (𝑃, 𝑇) ∩ L; hence we proceed to compute H ∩ ℱ
(represented as a set), and ℛ ∩ ℱ (represented as disjoint arithmetic progressions with difference 𝜏),
and thereafter compute their set difference to obtain Occ𝑤𝑘 (𝑃, 𝑇)∩L (represented as disjoint arithmetic
progressions with difference 𝜏).
In a post-processing step, we union the two sets H ∩Occ𝑤𝑘 (𝑃, 𝑇) and Occ𝑤𝑘 (𝑃, 𝑇) ∩ L and compute a
representation as disjoint arithmetic progressions with difference 𝜏.

Preprocessing. We compute the sets of locked fragments ℒ𝑃 = Locked(𝑃, 𝑄, 𝑑𝑤
𝑃
, 𝜕𝑃 , 𝑤) and ℒ𝑇 =

Locked(𝑇, 𝑄, 𝑑𝑤
𝑇
, 0, 𝑤) in 𝒪(𝑑2) time using Corollary 8.13 and call Heavy(𝑃, 𝑇, 𝑑, 𝑘, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂) to

obtain the set H of heavy positions, represented as the union of 𝒪(𝑘2𝑊2) disjoint integer ranges, in
𝒪(𝑘2𝑊3) time (cf. Lemma 8.18).

Define 𝐽 and each of 𝑟 𝑗 and ℐ ′
𝑗
, for 𝑗 ∈ 𝐽, as in Lemma 7.14 and Definition 8.29, and set

ℛ B
⋃
𝑗∈𝐽
(𝑟 𝑗 +Occ𝑤𝑘 (ℐ ′𝑗 )).

Observe that, by Lemma 8.43,

Occ𝑤𝑘 (𝑃, 𝑇) = (Occ𝑤𝑘 (𝑃, 𝑇) ∩H) ∪ (Occ𝑤𝑘 (𝑃, 𝑇) ∩ L) = (Occ𝑤𝑘 (𝑃, 𝑇) ∩H) ∪ (ℛ ∩ L).
Finally, for our filter, Lemma 7.14 and Fact 3.7 yield

ℱ B
⋃
𝑗∈Z

[ 𝑗𝑞 − 𝑥𝑇 − 𝜅 − 𝑑𝑇 . . 𝑗𝑞 − 𝑥𝑇 + 𝜅 + 𝑑𝑇 ] ⊇ Occ𝑘(𝑃, 𝑇) ⊇ Occ𝑤𝑘 (𝑃, 𝑇).

Observe that we thus have
Occ𝑤𝑘 (𝑃, 𝑇) ∩ L = (ℛ ∩ ℱ ) \ (H ∩ ℱ ). (4)

Heavy occurrences. By Lemma 8.20, we can compute Occ𝑤𝑘 (𝑃, 𝑇) ∩H in time 𝒪((𝑘𝑊/𝜂 + 1)𝑘3𝑊3) =
𝒪(𝑘3.5𝑊4).
Light occurrences. Let us now proceed to computing the remaining (𝑘, 𝑤)-error occurrences, namely
those that start at light positions. To this end, we first compute the 𝒪(𝑘𝑊2)-size sets Red(𝑃)
and Red(𝑇), defined in the beginning of Section 8.5, in 𝒪(𝑘𝑊2) time (cf. Lemma 8.28). Then, we
call TrimmedPM(𝑇, 𝑃, 𝑘, 𝑄,𝒜𝑃 ,𝒜𝑇 ,Red(𝑃),Red(𝑇), 2𝜂 + 30) from Theorem 7.37, which returns a rep-
resentation of ℛ as 𝒪(𝑘3𝑊4 · 𝜂) = 𝒪(𝑘3.5𝑊4) arithmetic progressions with difference 𝜏 B 𝑞

⌈
𝜅/2𝑞

⌉
.

Plugging in Theorem 9.10 for the DynamicPuzzleMatching data structure, TrimmedPM runs in time

𝒪(𝑘3𝑊 + 𝑘 · 𝑘2𝑊4𝜂 + 𝑘2𝑊4 · 𝑘𝑊) = 𝒪(𝑘3.5𝑊4 + 𝑘3𝑊5) = 𝒪(𝑘3.5𝑊4).
We move on to remove surplus positions from the candidate set ℛ. We start by computing H ∩ ℱ .

Claim 8.45. The set H ∩ ℱ is of size 𝒪(𝑘2.5𝑊3) and can be computed in time 𝒪(𝑘2.5𝑊3).

Proof. The proof is similar to a part of the proof of Lemma 8.20.
Due to Lemma 8.18, our representation of H consists of 𝒪(𝑘2𝑊2) disjoint integer ranges. In addition,

due to Lemma 8.19, we have

|H| = 𝒪((𝑘𝑊/𝜂 + 1)𝑘𝑊(𝜅̂ + 𝑞)) = 𝒪(𝑘1.5𝑊2 · (𝑘𝑊 + 𝑞)).
Let us first upper-bound the size of |H ∩ ℱ |. We distinguish between two cases.
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First, if 𝑞 ≤ 𝑘𝑊 , we have |H ∩ ℱ | ≤ |H| = 𝒪(𝑘2.5𝑊3).
As for the complementary case where 𝑞 > 𝑘𝑊 , observe that only 𝒪(𝑘) out of any 𝒪(𝑞) consecutive
integers are in ℱ . Hence, H ∩ ℱ is of size 𝒪(𝑘2𝑊2 + |H| · 𝑘/𝑞) = 𝒪(𝑘2𝑊2 + 𝑘2.5𝑊2) = 𝒪(𝑘2.5𝑊3).
As for computing H ∩ ℱ , we first sort the 𝒪(𝑘2𝑊2) integer ranges that comprise H with respect to

their starting positions in 𝒪(𝑘2𝑊2) time and then scan them from left to right, skipping positions in
Z \ ℱ . The running time of the scan is proportional to the total number of input ranges and output
positions, and hence we are done.

We move on to compute ℛ∩ℱ . In what follows, for any integer 𝑥, let us say that the residue modulo 𝑥
of a non-empty arithmetic progression whose difference is a multiple of 𝑥 is the residue of any element
of this arithmetic progression modulo 𝑥.

Claim 8.46. We can compute a representation of ℛ ∩ ℱ as 𝒪(𝑘3.5𝑊4) disjoint arithmetic progressions with
difference 𝜏, sorted according to their starting positions, in 𝒪(𝑘3.5𝑊4) time.

Proof. In a linear scan of the 𝒪(𝑘3.5𝑊4) arithmetic progressions that comprise ℛ as returned by the
call to the algorithm TrimmedPM, we delete any arithmetic progression whose elements are not in ℱ .
Then, we sort all arithmetic progressions according to their starting positions in time 𝒪(𝑘3.5𝑊4) and
distribute them among 𝒪(𝑘/𝑞 · 𝜏) = 𝒪(𝑘2) buckets according to their residues modulo 𝜏. Finally, we
scan linearly the arithmetic progressions in each bucket, greedily merging progressions that overlap
(that is, we merge progressions if their union is also a valid arithmetic progression with difference 𝜏).
The number of the resulting arithmetic progressions is clearly upper-bounded by the size of the input,
that is, 𝒪(𝑘3.5𝑊4); we sort them according to their starting positions in 𝒪(𝑘3.5𝑊4) time.

Finally, we compute the set difference (ℛ ∩ ℱ ) \ (H ∩ ℱ ) = Occ𝑤𝑘 (𝑃, 𝑇) ∩ L.

Claim 8.47. A representation of Occ𝑤𝑘 (𝑃, 𝑇) ∩ L as 𝒪(𝑘3.5𝑊4) disjoint arithmetic progressions with
difference 𝜏, sorted according to their starting positions, can be computed in time 𝒪(𝑘3.5𝑊4) time the PILLAR
model.

Proof. We intend to use equation (4), relying on Claims 8.45 and 8.46 to compute H ∩ ℱ and a
representation of ℛ ∩ ℱ as 𝒪(𝑘3.5𝑊4) disjoint arithmetic progressions with difference 𝜏 in 𝒪(𝑘3.5𝑊4)
time in total. Then, we process the elements of these two sets in 𝒪(𝑑/𝑞 · 𝜏) = 𝒪(𝑘2) batches, where
each batch contains all elements with a specific residue modulo 𝜏. For such a fixed residue, we scan in
parallel the arithmetic progressions in ℛ ∩ ℱ and the positions in H ∩ ℱ , both of which are sorted in
increasing order. When some element of H ∩ ℱ is contained in some arithmetic progression in ℛ ∩ ℱ ,
this arithmetic progression is split into two parts, either of which may be empty. The number of the
resulting arithmetic progressions is upper-bounded by the total size of the input, that is, 𝒪(𝑘3.5𝑊4); we
sort them according to their starting positions in 𝒪(𝑘3.5𝑊4) time.

This concludes the proof of this lemma.

9 Fast Data Structures for (Bleach-Commit) Dynamic Puzzle Matching

9.1 On Matrix Multiplication
Before we discuss how to efficiently compute ferns, it is instructive to take a step back to abstractly
describe two different schemes that we use to efficiently multiply several matrices.

To this end, we introduce the problem DynamicMatrixMultiplication, which is of a similar flavor
compared to DynamicPuzzleMatching. The main difference of DynamicMatrixMultiplication and
DynamicPuzzleMatching is that the former directly operates on matrices, while the latter operates on
puzzle pieces (that is, pairs of strings).
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Problem DynamicMatrixMultiplication.
Maintained Object. A sequence of matrices ℱ B 𝐹1 , . . . , 𝐹𝑧 ∈ R𝑞×𝑞≥0 that share a common matrix

property 𝑃; see Definition 5.31.
Initialization. DMM-Init(𝑞, ℱ ): Given a dimension 𝑞 and an initial sequence ℱ of matrices

that satisfy 𝑃, initialize the sequence of matrices to ℱ .
Update Operations. DMM-Delete(𝑖): Delete the 𝑖-th element of ℱ .

DMM-Insert(𝐹, 𝑖): Insert a matrix 𝐹 ∈ R𝑞×𝑞≥0 with property 𝑃 after the 𝑖-th element
of ℱ .
DMM-Substitute(𝐹, 𝑖): Substitute the 𝑖-th element of ℱ with a matrix 𝐹 ∈ R𝑞×𝑞≥0
with property 𝑃.
DMM-Split(𝑖): Split the sequence after the 𝑖-th element and return an instance of
the data structure for the prefix and an instance of the data structure for the suffix.
DMM-Merge(ℱ ′): Given an instance of DynamicMatrixMultiplication represent-
ing ℱ ′ (a sequence of matrices with property 𝑃), append the sequence ℱ ′ to the
sequence ℱ .

Query Operations. DMM-Matrix(): Return 𝐹1 ⊕ · · · ⊕ 𝐹𝑧 .
DMM-Vector(𝑣): Given a vector 𝑣 ∈ R𝑞×1

≥0 , return 𝐹1 ⊕ · · · ⊕ 𝐹𝑧 ⊕ 𝑣.

We discuss two different implementations for DynamicMatrixMultiplication; we start with an
implementation that allows for fast DMM-Matrix operations at the cost of only moderately fast update
operations.

Lemma 9.1. Let us fix a matrix property 𝑃 with 𝑇𝑀(𝑞)-time matrix multiplication and 𝑇𝑉 (𝑞)-time vector
multiplication.

Then, there is an implementation for DynamicMatrixMultiplication such that
DMM-Init(𝑞, ℱ ′) takes time 𝒪(|ℱ ′| · 𝑇𝑀(𝑞)).
Any update operation takes time 𝒪(log |ℱ | · 𝑇𝑀(𝑞)).
DMM-Matrix() takes time proportional to the time required to write down the output (that is, typically 𝒪(𝑞2)).
DMM-Vector(𝑣) takes time 𝒪(𝑇𝑉 (𝑞)) plus time proportional to the time required to write down the output
(that is, typically 𝒪(𝑞)).

Additionally, we support an operation DMM-Root() with constant-time read-only access to a pointer to a matrix
corresponding to the result of DMM-Matrix().

Proof. We maintain a balanced binary tree; we store 𝐹𝑖 at leaf 𝑖 and at an internal vertex we store
the (min,+)-product of its (up to) two children.

At initialization, we build the tree in a bottom-up fashion using a linear number of (min,+)-products
in total.

For updates, we insert, delete, or substitute the corresponding element of the sequence and then
update its (former) parents and rebalance as necessary. Further, binary trees readily support both split
and merge operations using a logarithmic number of matrix multiplications.

For the query operations, we either return the root of our tree (as we also do for the extra DMM-Root())
or the root multiplied with the given vector.

Associativity of the (min,+)-product ensures correctness; the running time guarantees follow from
basic properties of balanced binary trees.

Secondly, we discuss an even easier implementation with faster update and DMM-Vector operations
at the cost of slower DMM-Matrix operations.



86 Pattern Matching under Weighted Edit Distance

Lemma 9.2. Let us fix a matrix property 𝑃 with 𝑇𝑀(𝑞)-time matrix multiplication and 𝑇𝑉 (𝑞)-time vector
multiplication.

Then, there is an implementation for DynamicMatrixMultiplication such that
DMM-Init(𝑞, ℱ ′) takes time 𝒪(|ℱ ′|) (where we assume that input matrices do not need to be copied).
Any update operation takes time 𝒪(1) (where we assume that input matrices do not need to be copied).
DMM-Matrix() takes time 𝒪(|ℱ | · 𝑇𝑀(𝑞)).
DMM-Vector(𝑣) takes time 𝒪(|ℱ | · 𝑇𝑉 (𝑞)).

Proof. We maintain a (linked) list of pointers to the input matrices. For updates, we insert, delete, or
substitute the corresponding element of the sequence by updating pointers or concatenating the (linked)
lists of pointers.

Now, for the query operations, we naively multiply the elements of the sequence. For the matrix
operation, this involves |ℱ | − 1 multiplications; for the vector operation, we exploit associativity and
compute 𝐹1 ⊕ · · · ⊕ 𝐹𝑧 ⊕ 𝑣 as

𝐹1 ⊕ (· · · ⊕ (𝐹𝑧 ⊕ 𝑣) · · · );

that is, we start at the right and always (min,+)-multiply a matrix and a vector.
Now, both correctness and running time guarantees are immediate.

9.2 Growing and Caring for Large Ferns

In the setting of BleachCommitDPM, we unfortunately have no direct guarantees on the lengths of the
input strings. Fortunately, we are able to show that the guaranteed bound on the summed edit distance
implies that there are large parts of the input strings that repeat in many strings. This in turn allows us
to split the input strings into shorter strings, compute ferns for the shorter strings using Lemma 6.14,
and then obtain ferns for the original strings by applying Lemma 9.1.

Theorem 9.3. For any family of strings 𝒮 (of maximum length 𝑛) such that ed(𝒮) ≤ 𝑑, as well as
a positive integer 𝑘, there is an algorithm that given 𝒮, 𝑑, 𝑘, and oracle access to a normalized weight
function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], computes for each pair ( ¤𝑃, ¤𝑇) ∈ 𝒮 × 𝒮21

a Monge (min(| ¤𝑇 |, 𝑑 + 𝑘), 𝑘)-fern in total time 𝒪((𝑑 + 𝑘)4 log2(𝑛(𝑑 + 𝑘))) in the PILLAR model; and
a (𝑊 + 1)-bounded difference Monge (min(| ¤𝑇 |, 𝑑 + 𝑘), 𝑘)-fern in total time 𝒪(𝑊(𝑑 + 𝑘)3 log2(𝑛(𝑑 + 𝑘))) in
the PILLAR model if all weights of 𝑤 are integer.

Proof. Set ∇ B 8𝑑 + 2𝑘.
Now, write 𝑆̂ for a 2-approximate center of 𝒮. That is, we have

∑
¤𝑆∈𝒮 ed(𝑆̂, ¤𝑆) ≤ 2ed(𝒮).22 Further, for

each ¤𝑆 ∈ 𝒮 write𝒜 ¤𝑆 : 𝑆̂ {{ ¤𝑆 for an optimal alignment.
Next, for a fragment𝑉 = 𝑈[ 𝑖 . . 𝑗 ] of a string𝑈 , by𝑉+ℓ , we denote the fragment𝑈[ 𝑖 . . min{𝑗+ℓ}, |𝑈 | ).
We start with structural characterizations and then discuss how to turn said characterizations into

efficient algorithms.

Claim 9.4 (Decomposing 𝑆̂). There is a decomposition 𝑆̂ = ⃝𝜏−1
𝑖=0 𝑆̂𝑖 such that all of the following hold.

1 We have 𝜏 ∈ 𝒪(𝑑).
2 For every 𝑖 ∈ [ 0 . . 𝜏 − 1 ), we have |𝑆̂𝑖 | ≥ ∇.
3 For every 𝑖 ∈ [ 0 . . 𝜏 ), either |𝑆̂𝑖 | = 𝒪(∇) or, for all ¤𝑆 ∈ 𝒮, we have𝒜 ¤𝑆(𝑆̂+∇𝑖 ) = 𝑆̂+∇𝑖 .

21 Recall from Remark 3.9 that ed(𝒮) ≤ 𝑑 implies |𝒮| = 𝒪(𝑑).
22 It is worth highlighting that the approximate center is with respect to the unweighted edit distance.
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Proof. If |𝑆̂| < 100∇, we return it as-is.
Otherwise, we decompose 𝑆̂ into length-∇ fragments (where the last fragment has a length

in [ 2∇ . . 4∇ ]); 𝑆̂ B 𝑆̄0 · · · 𝑆̄𝜏̄−1. In particular, we have |𝑆̄𝑖 | = ∇ for all 𝑖 ∈ [ 0 . . 𝜏̄ − 1 ).
Observe that each 𝑆̄𝑖 satisfies Item 3 due to |𝑆̄𝑖 | = 𝒪(∇). However, 𝜏̄ might not satisfy Item 1.
Hence, let us say that an integer 𝑖 ∈ [ 0 . . 𝜏̄ ) is dirty if and only if 𝑆̄𝑖 ≠ 𝒜 ¤𝑆(𝑆̄𝑖) for any ¤𝑆 ∈ 𝒮. An

integer is pure if it is not dirty. Now, for each maximal interval [ 𝑖 . . 𝑗 ] ⊆ [ 0 . . 𝜏̄ ) of pure integers, merge
tiles with indices in [ 𝑖 . . 𝑗 − 1 ] in the natural order and re-index the resulting tiles.

Now, for a dirty 𝑖, the string 𝑆̄𝑖 remains unchanged (albeit with a potentially new index) and has all
claimed properties. Further, we only ever merge a run of pure integers; which ensures that the second
condition of Item 3 is satisfied. In total, we thus obtain the claim.

If |𝑆̂| < 100∇, in the following, we construct (min(| ¤𝑇 |, 𝑑 + 𝑘), 𝑘)-ferns; only in this case we might
have | ¤𝑇 | < 𝑑 + 𝑘. For notational simplicity, we hence ignore this case in our notation from here onward.

Next, we prove useful properties of the decomposition of Claim 9.4. To this end, for each 𝑖 ∈ [ 0 . . 𝜏 ),
for each ¤𝑆 ∈ 𝒮, set ¤𝑆𝑖 B 𝒜 ¤𝑆(𝑆̂𝑖); and set 𝒮𝑖 B { ¤𝑆+∇𝑖 : ¤𝑆 ∈ 𝒮}.

We refer to 𝒮𝑖 as the 𝑖-th tile collection. Further, we say that an index 𝑖 is pure if |𝒮𝑖 | = 1. Otherwise, 𝑖
is dirty.

It is instructive to highlight an easy property of the decomposition of Claim 9.4.

Claim 9.5. For all dirty 𝑖, we have | ¤𝑆| = 𝒪(∇) for all ¤𝑆 ∈ 𝒮𝑖 .

Next, we bound the total size of tile collections of dirty indices.

Claim 9.6. If 𝑖 is pure, then ed(𝒮𝑖) = 0. Further, we have
∑
𝑖 ed(𝒮𝑖) = 𝒪(𝑑).

Proof. First, for pure 𝑖, the corresponding tile collections contain only a single element each; hence the
claim follows.

For the second claim, we prove that for all ¤𝑆 ∈ 𝒮, we have
𝜏−1∑
𝑖=0

ed(𝑆̂+∇𝑖 , ¤𝑆+∇𝑖 ) ≤ 3ed(𝑆̂, ¤𝑆).

To this end, observe that aligning all 𝑆̂𝑖 ’s with ¤𝑆𝑖 ’s costs ed(𝑆̂, ¤𝑆) by construction as partitions of 𝑆̂
and ¤𝑆.

Next, we bound the contribution of the overlaps. To this end, observe that aligning 𝑆̂+∇
𝑖
\ 𝑆̂𝑖 with

¤𝑆+∇
𝑖
\ ¤𝑆𝑖 costs 2ed(𝑆̂, ¤𝑆), as in addition to the original edits (which we have to account for again), the

alignment𝒜𝑆 might change the lengths of the overlaps by at most ed(𝑆̂, ¤𝑆) characters in total.

In particular, Claim 9.6 implies that
∑𝜏−1
𝑖=0 |𝒮𝑖 | = 𝒪(𝑑) (recall Remark 3.9).

Next, we argue that we obtain good puzzles out of our tile collections.

Claim 9.7 (Bounded torsion). For every ¤𝑃, ¤𝑇 ∈ 𝒮, the torsion of the ∇-puzzle (𝑃+∇0 , 𝑇+∇0 ), . . . , (𝑃+∇𝜏−1 , 𝑇
+∇
𝜏−1)

is at most 4𝑑 = ∇/2 − 𝑘.

Proof. For each 𝑖 ∈ [ 0 . . 𝜏 ), we have

||𝑃+∇𝑖 | − |𝑇+∇𝑖 || = ||𝑃𝑖 | − |𝑇𝑖 || ≤ ed(𝑃𝑖 , 𝑇𝑖) ≤ ed(𝑆̂𝑖 , 𝑃𝑖) + ed(𝑆̂𝑖 , 𝑇𝑖).

Hence, as 𝑆̂ is a 2-approximate center of 𝒮, we obtain

tor((𝑃+∇0 , 𝑇+∇0 ), . . . , (𝑃+∇𝜏−1 , 𝑇
+∇
𝜏−1)) =

𝜏−1∑
𝑖=0
||𝑃+∇𝑖 | − |𝑇+∇𝑖 || ≤ 2𝑑 + 2𝑑 = 4𝑑.
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Claim 9.8. Fix ¤𝑃, ¤𝑇 ∈ 𝒮 and write ◦𝐹
𝑃0 ,𝑇0
𝑘

, ◦◦𝐹
𝑃1 ,𝑇1 . . . , ◦◦𝐹

𝑃𝜏−2 ,𝑇𝜏−2
𝑘

, ◦𝐹𝑃𝜏−1 ,𝑇𝜏−1
𝑘

for (∇, 𝑘)-ferns for the ∇-puzzle
𝒫𝒫 B (𝑃+∇0 , 𝑇+∇0 ), . . . , (𝑃+∇𝜏−1 , 𝑇

+∇
𝜏−1). Then,

𝐹
¤𝑃, ¤𝑇
𝑘
B ◦𝐹

𝑃0 ,𝑇0
𝑘
⊕ ◦◦𝐹𝑃1 ,𝑇1

𝑘
⊕ · · · ⊕ ◦◦𝐹𝑃𝜏−2 ,𝑇𝜏−2

𝑘
⊕ ◦𝐹𝑃𝜏−1 ,𝑇𝜏−1

𝑘

is a (∇, 𝑘)-fern (and thus a (𝑑 + 𝑘, 𝑘)-fern after suitable trimming) for ( ¤𝑃, ¤𝑇).

Proof. We wish to employ Theorem 5.25. To this end, it suffices to observe that indeed ∇/2 − tor(𝒫𝒫) ≥
4𝑑 + 𝑘 − 4𝑑 = 𝑘. Finally, for the trimming we use Lemma 5.20.

With our structural insights gathered, it is time to implement them. We start by recalling an algorithm
to compute a 2-approximate center from [CKW22, Lemma 9.9].

Claim 9.9 [CKW22, Lemma 9.9]. Given a string family 𝒮, we can construct a string 𝑆̂ ∈ 𝒮 with∑
𝑆∈𝑆 ed(𝑆, 𝑆̂) ≤ 2ed(𝒮) in 𝒪(1 + ed(𝒮)3) time in the PILLAR model. Further, in the same time, we can compute

alignments𝒜𝑆 : 𝑆̂ {{ 𝑆 for every 𝑆 ∈ 𝒮.

Proof sketch. For each pair of strings 𝑆, 𝑆′ ∈ 𝒮, we use Lemma 3.20 to compute ed(𝑆, 𝑆′), as well
as a corresponding alignment. We return the string 𝑆̂ that minimizes

∑
𝑆∈𝒮 ed(𝑆, 𝑆̂), as well as the

corresponding alignments.
We obtain the correctness from the triangle inequality.
For the running time, we compute

𝒪
( ∑
𝑆,𝑆′∈𝒮

ed(𝑆, 𝑆′)2
)
= 𝒪

( ∑
𝑆,𝑆′∈𝒮

ed(𝑆, 𝑆̂)2 + ed(𝑆′ , 𝑆̂)2
)
= 𝒪(|𝒮| + ed(𝒮)2) = 𝒪(1 + ed(𝒮)3).

Now, we run the algorithm from Claim 9.9: we compute a 2-approximate center 𝑆̂ and corresponding
alignments 𝑆̂ {{ 𝑆 for every 𝑆 ∈ 𝒮. Using the alignments obtained from Claim 9.9 (which runs in
time 𝒪(1 + 𝑑3) in our case), we then compute the decomposition of Claim 9.4, again in time 𝒪(1 + 𝑑3).
This in turn then allows to compute the tile collections in the same time.

Next, for each tile collection 𝒮𝑖 , we compute ferns for each pair of strings ¤𝑃, ¤𝑇 ∈ 𝒮𝑖 ; the details differ
depending on the guarantees that we have for the weight function 𝑤.

General weights. For each pure index 𝑖, we use GrowFern of Lemma 6.14, on (suitably trimmed
versions of) 𝑆̂𝑖 , 𝑆̂𝑖 ,∇, and 𝑤 to obtain a Monge (∇,∇) fern for this index. As there are at most 𝒪(𝑑)
pure indices, this costs in total 𝒪(𝑑∇3 log2(𝑛∇)) = 𝒪((𝑑 + 𝑘)4 log2(𝑛(𝑑 + 𝑘))) time.
For each dirty index 𝑖, we use Lemma 6.1, on each pair of ¤𝑃, ¤𝑇 ∈ 𝒮𝑖 . In total, we call Lemma 6.1
at most 𝒪(𝑑2) times; each time on a pair of strings of total length 𝒪(∇). Hence, this step takes in
total 𝒪(𝑑2∇2 log∇) = 𝒪((𝑑 + 𝑘)4 log(𝑑 + 𝑘)) time.

Integer weights. For each pure index 𝑖, we use GrowFern of Lemma 6.14, on (suitably trimmed
versions of) 𝑆̂𝑖 , 𝑆̂𝑖 ,∇, and𝑤 to obtain a (𝑊+1)-bounded difference, Monge (∇,∇) fern for this index. As
there are at most𝒪(𝑑) pure indices, this costs in total𝒪(𝑑𝑊∇2 log2(𝑛∇) = 𝒪(𝑊(𝑑+ 𝑘)3 log2(𝑛(𝑑+ 𝑘)))
time. After computing the ferns, we use Lemma 5.4 to construct the corresponding core-based matrix
oracles.
For the dirty indices, we proceed akin to [CKW22], except that we use the dynamic weighted edit
distance data structure from [GK25, Theorem 5.10] (see Lemma 5.36). We initialize the data structure
with the piece (𝑆̂𝑖 , 𝑆̂𝑖). Next, for each pair ( ¤𝑃𝑖 , ¤𝑇𝑖) ∈ 𝒮𝑖 × 𝒮𝑖 , we use the update operations to make
the data structure represent ( ¤𝑃𝑖 , ¤𝑇𝑖), followed by a query operation to obtain a corresponding fern.
Observe that the data structure already outputs the ferns as a core-based matrix oracle.
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Across all at most𝒪(𝑑)dirty indices, the initializations take time𝒪(𝑑𝑊∇2 log∇) = 𝒪(𝑊(𝑑+𝑘)3 log(𝑑+
𝑘)). Further, in total, we query all data structures at most 𝒪(𝑑2) times; each such query is preceded
by a constant number of calls to update operations. In total, this takes time 𝒪(𝑊∇𝑑2 log2 ∇) =
𝒪(𝑊(𝑑 + 𝑘)3 log2(𝑑 + 𝑘)). For constructing the core-based matrix oracles (for pure indices), we
spend 𝒪((𝑑 + 𝑘)2 +𝑊(𝑑 + 𝑘) log(𝑊(𝑑 + 𝑘))) time per pure index (of which there are at most 𝒪(𝑑) in
total), which is dominated by the running time for constructing the ferns.
Finally, to compute a fern for each pair ¤𝑃, ¤𝑇 ∈ 𝒮 × 𝒮, we use Lemma 9.1 and proceed as follows. We

initialize the data structure with ferns for23

(𝑆̂+∇0 , 𝑆̂+∇0 ), . . . , (𝑆̂+∇𝜏−1 , 𝑆̂
+∇
𝜏−1).

Next, we iterate over each pair ¤𝑃, ¤𝑇 ∈ 𝒮 × 𝒮; substitute the corresponding ferns, call DMM-Matrix and
undo the substitution by substituting the original ferns. We then use Lemma 5.20 to trim the obtained
ferns to (𝑑 + 𝑘, 𝑘)-ferns.

We obtain different running times depending on the type of ferns that we multiply.
General weights. As all of our ferns are Monge, they have 𝒪((𝑑 + 𝑘)2)-time multiplication; hence

our in total 𝒪(𝑑2) substitution and updates cost 𝒪((𝑑 + 𝑘)4 log 𝑑) time in total.
In total, we obtain all desired ferns in time 𝒪((𝑑 + 𝑘)4 log2(𝑛(𝑑 + 𝑘))); thereby completing the proof.

Integer weights. As all of our ferns are Monge and (𝑊 + 1)-bounded difference, they have 𝒪(𝑊(𝑑 +
𝑘) log(𝑑 + 𝑘))-time multiplication; hence our in total 𝒪(𝑑2) substitution and updates cost 𝒪(𝑊(𝑑 +
𝑘)3 log2(𝑑 + 𝑘)) time in total.
In total, we obtain all desired ferns in time 𝒪(𝑊(𝑑 + 𝑘)3 log2(𝑛(𝑑 + 𝑘))); thereby completing the
proof.

9.3 Using Ferns: (Bleach-Commit) Dynamic Puzzle Matching
Theorem 9.3 allows us to efficiently compute ferns for a given collection of tiles (out of which then the
puzzle pieces are built). What remains is to show how to efficiently maintain a sequence of said ferns
under the operations to be supported in BleachCommitDPM. This, we tackle next.

Theorem 9.10 (Efficient implementation for BleachCommitDPM). There is an implementation for
BleachCommitDPM that satisfies all of the following.

BCDPM-Init(𝒴 ′min 𝐽, 𝛼, 𝑘, Δ, 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, 𝒬, 𝑤) can be performed in time
𝒪(𝑘4 log2(𝑘𝜆) + |𝒴 ′|𝑘2) for general weights and in time
𝒪(𝑘3𝑊 log2(𝑘𝜆) + |𝒴 ′|𝑘𝑊 log 𝑘) for integer weights,

where 𝜆 is the length of the longest string in 𝒮𝛽 ∪ 𝒮𝜇 ∪ 𝒮𝜑;
any call to BCDPM-Set can be performed in constant time;
any call to BCDPM-Query can be performed in 𝒪(𝑘𝜌) time for general weights and in 𝒪(𝑘𝜌 logΔ) time for
integer weights, where 𝜌 is the number of blank pieces at the time of the query;
any call to any other operation can be performed in time
𝒪(𝑘2 log(𝑘 + |𝒴 |)) for general weights and in time
𝒪(𝑘𝑊 log2(𝑘 + |𝒴 |)) for integer weights,

where 𝒴 is the BCDPM sequence to which the operation is applied.

Proof. We maintain an instance of the data structure of Lemma 9.2 on ferns that we maintain using
multiple copies of the data structure from Lemma 9.1.

23 Technically, we consider a sequence of ferns 𝐹0 , . . . , 𝐹𝜏−1 with

𝐹0 ∈ ◦ℱ
𝑤

𝑆̂+∇0 ,𝑆̂+∇0

��𝑘
∇ , 𝐹𝑖 ∈ ◦◦ℱ

𝑤

𝑆̂+∇
𝑖
,𝑆̂+∇
𝑖

��𝑘
∇ , 𝐹𝜏−1 ∈ ◦ℱ 𝑤

𝑆̂+∇𝜏−1 ,𝑆̂
+∇
𝜏−1

��𝑘
∇.
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Initialization. Given 𝑘, Δ, and the families 𝒮𝛽, 𝒮𝜇, 𝒮𝜑, we use Theorem 9.3 with 𝑑 B Δ − 𝑘 (and then
Lemma 5.20 to cut out the required subferns) to obtain24

a leading (Δ, 𝑘)-fern for each pair of strings from 𝒮𝛽,
an internal (Δ, 𝑘)-fern for each pair of strings from 𝒮𝜇, and
a trailing (Δ, 𝑘)-fern for each pair of strings from 𝒮𝜑.
Further, we compute the neutral fern 𝒩 that corresponds to the canonical pair 𝒬 using Lemma 6.14.

Observe that𝒩 is Monge, and (𝑊 + 1)-bounded difference if 𝑤 is integer. We then create an instance 𝐼𝒩
of the data structure of Lemma 9.1 for a sequence of 𝛼 pointers to 𝒩 .25

In the following, whenever we need a fern (or an instance of the data structure from Lemma 9.1) for a
blank piece of order ℓ ≤ 𝛼, we use a corresponding DMM-Split operation on 𝐼𝒩 to split of the first ℓ ferns.
As we never change the underlying ferns of 𝐼𝒩 , we are able to precompute such a split for each ℓ ≤ 𝛼,
and may thus assume that accessing a blank piece of order ℓ is a constant-time operation.

Next, we split the input sequence 𝒴 ′ into consecutive subsequences of pairs of strings and blank
pieces. For each subsequence of pairs of strings, we initialize a data structure of Lemma 9.1 (using the
ferns computed earlier).

Finally, we initialize an instance 𝐼𝒴 of the data structure of Lemma 9.2 on the sequence of pointers
DMM-Root() of the data structures for the subsequences of pairs of strings and the blank pieces; so that
the sequence stored in 𝐼𝒴 corresponds to the sequence 𝒴 ′.

As for the running time, we distinguish between the different types of weights that we consider.
General weights. As 𝑑 = 𝒪(𝑘), the calls to Theorem 9.3 take time𝒪(𝑘4 log2(𝜆𝑘))where 𝜆 is an upper

bound on the lengths of the strings in 𝒮𝛽 ∪ 𝒮𝜇 ∪ 𝒮𝜑; we obtain Monge (𝑑 + 𝑘, 𝑘)-ferns in this case,
which have 𝒪((𝑑 + 𝑘)2) = 𝒪(𝑘2)multiplication and 𝒪(𝑑 + 𝑘) = 𝒪(𝑑)-time vector multiplication (see
Lemma 5.33).
Next, precomputing (the powers of) the neutral fern for all blank pieces of all orders up to 𝛼 = 𝒪(𝑘)
does not exceed 𝒪(𝑘4 log2(𝜆𝑘)).
Next, the initialization of the data structures of Lemma 9.1 in total takes time 𝒪(|𝒴 ′|𝑘2); the
initialization of the data structure for Lemma 9.2 runs in time 𝒪(|𝒴 ′|).
In total, BCDPM-Init thus takes time 𝒪(𝑘4 log2(𝜆𝑘) + |𝒴 ′|𝑘2), as claimed.

Integer weights. As 𝑑 = 𝒪(𝑘), the calls to Theorem 9.3 take time 𝒪(𝑘3𝑊 log2(𝜆𝑘)) where 𝜆 is an
upper bound on the lengths of the strings in 𝒮𝛽 ∪ 𝒮𝜇 ∪ 𝒮𝜑; we obtain (𝑊 + 1)-bounded difference
and Monge (𝑑 + 𝑘, 𝑘)-ferns in this case, which have 𝒪((𝑊 + 1)(𝑑 + 𝑘) log(𝑑 + 𝑘)) = 𝒪(𝑊𝑘 log 𝑘)
multiplication and 𝒪(𝑑 + 𝑘) = 𝒪(𝑑)-time vector multiplication (see Lemma 5.35).
Next, precomputing (the powers of) the neutral fern for all blank pieces of all orders up to 𝛼 = 𝒪(𝑘)
does not exceed 𝒪(𝑊𝑘3 log2(𝜆𝑘)).
Next, the initialization of the data structures of Lemma 9.1 in total takes time 𝒪(|𝒴 ′|𝑘𝑊 log 𝑘); the
initialization of the data structure for Lemma 9.2 runs in time 𝒪(|𝒴 ′|).
In total, BCDPM-Init thus takes time 𝒪(𝑘3𝑊 log2(𝜆𝑘) + |𝒴 ′|𝑘𝑊 log 𝑘), as claimed.

The BCDPM-Set operation. For the BCDPM-Set operation, we swap out the pointer to the old neutral
fern for the pointer to the new neutral fern. This takes constant time.

The BCDPM-Commit operation. We use the DMM-Merge operation of the data structure corresponding to
the blank piece and its two neighbors. This takes time 𝒪(𝑘2 log(|𝒴 | + 𝛼)) = 𝒪(𝑘2 log(|𝒴 | + 𝑘)) for general
weights and time 𝒪(𝑘𝑊 log 𝑘 log(|𝒴 | + 𝛼)) = 𝒪(𝑘𝑊 log2(|𝒴 | + 𝑘)) for integer weights.

24 The torsion bound indeed implies Δ ≥ 2𝑘 and thus ed(𝒮) ≤ 𝑘 ≤ Δ − 𝑘 = 𝑑.
25 One might say that we grow a neutral fern tree of size 𝛼.
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The BCDPM-Bleach operation. We use twice the DMM-Split operation of the data structure correspond-
ing to the subsequence of pairs of strings to cut out the blank piece. In 𝐼𝒴 , we use one DMM-Delete
to delete the pointer to the old instance of the data structure from Lemma 9.1 and then three calls to
DMM-Insert to insert pointers to the prefix, the corresponding neutral fern, and the suffix.

The only part that has a significant time cost is the DMM-Split operation, which again takes
time 𝒪(𝑘2 log(|𝒴 | + 𝛼)) = 𝒪(𝑘2 log(|𝒴 | + 𝑘)) for general weights and time 𝒪(𝑘𝑊 log 𝑘 log(|𝒴 | + 𝛼)) =
𝒪(𝑘𝑊 log2(|𝒴 | + 𝑘)) for integer weights.
The remaining update operations. We forward the update to the corresponding instance of the data
structure from Lemma 9.1; the claimed running times follow.26

The BCDPM-Query operation. We call DMM-Vector of 𝐼𝒴 with the all-zeroes vector and return any index
of the resulting vector whose entry is at most 𝑘.

The correctness of this operation follows from Theorem 5.25: we use (Δ, 𝑘)-ferns of a Δ puzzle
with 𝑘 ≤ Δ/2 − tor(Unpack(𝒴 )).

For the running time, as at any point, 𝐼𝒴 stores an alternating sequence of ordinary ferns and a
(power of the) neutral fern, we have |𝐼𝒴 | = 𝜌, where 𝜌 is the number of blank pieces in 𝒴 . Hence, this
operation takes time 𝒪(𝑘𝜌) for general weights and 𝒪(𝑘𝜌 logΔ) for integer weights (observe that for
integer weights we have to pay an extra logarithmic factor for explicitly producing the resulting vector).

In total, this completes the proof.

10 Fast Algorithms in Important Settings

In this section, we obtain efficient algorithms for PMwWE in important settings by combining the
PILLAR model algorithm from Main Theorem 2 with efficient implementations of the PILLAR model in
those settings.

Main Theorem 2. PMwWE on strings with 𝑛 < 3/2 𝑚 + 𝑘 can be solved in the PILLAR model
in time 𝒪(𝑘4 log2(𝑚𝑘)) for general weights; and
in time 𝒪(𝑘3.5 ·𝑊4) if 𝑤 is a metric weight function with values in [ 0 . .𝑊 ].

The output set Occ𝑤𝑘 (𝑃, 𝑇) is represented as a collection of disjoint arithmetic progressions.

The Standard Setting
The PILLAR model admits an optimal implementation in the standard setting [Far97, BF00, KRRW24];
see [CKW20, Theorem 7.2].

Theorem 10.1 [Far97, BF00, KRRW24]. After an 𝒪(𝑛)-time preprocessing of a collection of strings of total
length 𝑛, each PILLAR operation can be performed in 𝒪(1) time.

Combined, the standard trick, Main Theorem 2 and Theorem 10.1 yield Main Theorems 3 and 4.

Main Theorem 3. PMwWE can be solved in 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚 · log2(𝑚𝑘)) time.

Main Theorem 4. PMwWE can be solved in 𝒪(𝑛 + 𝑘3.5 ·𝑊4 · 𝑛/𝑚) time for metric weight functions 𝑤
with values in [ 0 . .𝑊 ].

Recall that for the standard setting, we also have a non-PILLAR-based algorithm that outperforms
Main Theorems 3 and 4 for large values of 𝑘.

Main Theorem 1. PMwWE can be solved in 𝒪((𝑛 log𝑚 + 𝑚 log2 𝑚) · 𝑘) time.

26 While not explicitly forbidden, we typically assume that such operations do not target a blank piece. If they do, we
potentially first split the corresponding neutral fern.
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We compliment our algorithms for the standard setting with an easy generalization of the conditional
lower bound of [CKW23].

Theorem 10.2 [CKW23, Main Theorem 2]. For real parameters 𝛿 > 0 and 0.5 ≤ 𝜅 ≤ 1, assuming the
APSP Hypothesis, no algorithm, given strings 𝑋,𝑌 of length at most 𝑚, a real threshold 1 ≤ 𝑘 ≤ 𝑚𝜅, and oracle
access to a normalized weight function 𝑤, decides if ed𝑤(𝑋 → 𝑌) ≤ 𝑘 in time 𝒪(𝑚0.5+1.5𝜅−𝛿).

Corollary 10.3. For real parameters 𝛿 > 0 and 0 < 𝜅 ≤ 1, assuming the APSP Hypothesis, there is no
algorithm that solves all instances of PMwWE satisfying 𝑘 ≤ 𝑚𝜅 in time 𝒪(𝑛 · 𝑚min(1.5𝜅−0.5, 2.5𝜅−1)−𝛿).

Proof. Let us first consider the case of 0.5 ≤ 𝜅 ≤ 1, assuming 𝛿 ≤ 0.25 without loss of generality.
Suppose that we are given strings 𝑋,𝑌 of length at most 𝑀 over an alphabet Σ, a threshold 𝑑 ∈ R≥1
satisfying 𝑑 ≤ 𝑀𝜅, and oracle access to a normalized weight function 𝑤. Define 𝑘 = ⌈𝑑⌉ + 1 and
𝑁 = ⌈𝑘1/𝜅⌉ = 𝒪(𝑑1/𝜅) = 𝒪(𝑀). We construct an instance of PMwWE with pattern 𝑃 = $𝑋$𝑁+1,
text 𝑇 = $𝑌$𝑁#, where $, # ∉ Σ, integer threshold 𝑘, and the weight function 𝑤 extended so that
𝑤($ ↦→ $) = 𝑤(# ↦→ #) = 0, 𝑤($ ↦→ #) = 𝑘 − 𝑑 ≥ 1, and other edits involving $ or # cost 10𝑘.

If ed𝑤(𝑋 → 𝑌) ≤ 𝑑, then ed𝑤(𝑃 → 𝑇) ≤ ed𝑤($ → $) + ed𝑤(𝑋 → 𝑌) + ed𝑤($𝑁+1 → $𝑁#) ≤
0 + 𝑑 + 𝑘 − 𝑑 = 𝑘, so Occ𝑤𝑘 (𝑃, 𝑇) ≠ ∅. Conversely, if ed𝑤(𝑃 → 𝑇[ 𝑖 . . 𝑗 )) ≤ 𝑘 holds for some fragment
of 𝑇, then every $ in 𝑃 has to be matched with a $ or a # in 𝑇 (otherwise, it would contribute at
least 10𝑘), so ed𝑤(𝑋 → 𝑌) ≤ 𝑘 − ed𝑤($ → #) = 𝑑. Hence, to decide ed𝑤(𝑋 → 𝑌) ≤ 𝑑, it suffices
to check Occ𝑤𝑘 (𝑃, 𝑇) ≠ ∅ using the hypothetical PMwWE algorithm, which is applicable because
𝑚 > 𝑁 ≥ 𝑘1/𝜅. This approach takes 𝒪(𝑚 + 𝑚min(0.5+1.5𝜅,2.5𝜅)−𝛿) = 𝒪(𝑀 +𝑀0.5+1.5𝜅−𝛿) = 𝒪(𝑀0.5+1.5𝜅−𝛿)
time, contradicting Theorem 10.2.

For 0.4 < 𝜅 ≤ 0.5, we assume 𝛿 ≤ 1.25− 0.5/𝜅 without loss of generality and, instead of 𝑑 ≤ 𝑀𝜅, pick
𝑑 ≤ 𝑀0.5 so that𝑁 = 𝒪(𝑑1/𝜅) = 𝒪(𝑀0.5/𝜅). The hypothetical approach takes𝒪(𝑚+𝑚min(0.5+1.5𝜅,2.5𝜅)−𝛿) =
𝒪(𝑀0.5/𝜅 +𝑀0.5/𝜅·(2.5𝜅−𝛿)) = 𝒪(𝑀1.25−𝛿) time, contradicting Theorem 10.2.

In the final case of 0 ≤ 𝜅 ≤ 0.4, the hypothetical running time for PMwWE is 𝒪(𝑚2.5𝜅−𝛿) = 𝒪(𝑚1−𝛿),
so it suffices to observe that solving PMwWE requires reading the entire pattern.

The Compressed Setting
A straight-line program (SLP) is a context-free grammar 𝒢 that consists of a set Σ of terminals and a set
𝑁𝒢 B {𝐴1 , . . . , 𝐴𝑛} of non-terminals such that each 𝐴𝑖 ∈ 𝑁𝒢 is associated with a unique production
rule 𝐴𝑖 → 𝑓𝒢 (𝐴𝑖) ∈ (Σ ∪ {𝐴 𝑗 : 𝑗 < 𝑖})∗. We may assume, without loss of generality, that each production
rule is of the form 𝐴→ 𝐵𝐶 for some symbols 𝐵 and 𝐶.

Every symbol 𝐴 ∈ 𝑆𝐺 := 𝑁𝐺 ∪ Σ generates a unique string, which we denote by gen(𝐴) ∈ Σ∗; we
obtain this string from 𝐴 by repeatedly replacing each non-terminal with its production. We say that 𝒢
generates gen(𝐴𝑛).

Combining a recent result of Duyster and Kociumaka [DK24, Theorem 1] on answering IPM
queries over run-length straight-line programs into [CKW20, Theorem 7.13], which summarizes results
from [BLR+15, I17, CKW20], we obtain the following implementation of the PILLAR model in the
compressed setting.27

Theorem 10.4 [BLR+15, I17, CKW20, DK24]. Given a collection of SLPs of total size 𝑛, generating
strings of total length 𝑁 , each PILLAR operation can be performed in 𝒪(log2 𝑁) time after an 𝑂(𝑛 log𝑁)-time
preprocessing.

Combining Main Theorem 2 and Theorem 10.4 in a non-trivial, but by now standard procedure
(see [BKW19, CKW20, CKW22]), we obtain the following result.

27 See also the discussion just after [DK24, Corollary 2].
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Corollary 10.5 (Compressed Setting). Let 𝒢𝑇 denote an SLP of size 𝑛 generating a string 𝑇, let 𝒢𝑃 denote
an SLP of size 𝑚 generating a string 𝑃, and set 𝑁 B |𝑇 | and 𝑀 B |𝑃|.

Given 𝒢𝑇 , 𝒢𝑃 , an integer threshold 𝑘, and oracle access to a normalized weight function 𝑤 : Σ̄2 → [ 0 , 𝑊 ],
we can compute |Occ𝑤𝑘 (𝑃, 𝑇)|

in time 𝒪(𝑚 + 𝑛 𝑘4) (for general 𝑤), and
in time 𝒪(𝑚 + 𝑛 𝑘3.5𝑊4) if 𝑤 is an integer metric weight function.

Further, we can report the elements of Occ𝑤𝑘 (𝑃, 𝑇) within 𝒪(|Occ𝑤𝑘 (𝑃, 𝑇)|) extra time.

The Dynamic Setting
Write 𝒳 for an initially empty collection of strings that is subject to the following updates.

Makestring(𝑈): Insert a non-empty string𝑈 to 𝒳 .
Concat(𝑈,𝑉): Insert string𝑈𝑉 to 𝒳 , for𝑈,𝑉 ∈ 𝒳 .
Split(𝑈, 𝑖): Insert𝑈[ 0 . . 𝑖 ) and𝑈[ 𝑖 . . |𝑈 | ) to 𝒳 , for𝑈 ∈ 𝒳 and 𝑖 ∈ [ 0 . . |𝑈 | ).

Let 𝑁 denote an upper bound on the cumulative length of all strings in 𝒳 throughout the execution of
the algorithm.

The collection 𝒳 can be maintained with operations Makestring(𝑈), Concat(𝑈,𝑉), Split(𝑈, 𝑖)
requiring time 𝒪(log𝑁 + |𝑈 |), 𝒪(log𝑁) and 𝒪(log𝑁), respectively, so that PILLAR operations can be
performed in time 𝒪(log2 𝑁); see [GKK+18, DK24].28

Observe that Kempa and Kociumaka [KK22, Section 8] presented an alternative deterministic
implementation at the cost of extra poly(log log𝑁)-factor overheads in the running time.

By combining the data structures of [GKK+18, DK24, KK22], Main Theorem 2, and the standard
trick (recall the first paragraph of Section 7) we obtain the following result.

Corollary 10.6 (Dynamic Setting). We can maintain a collection 𝒳 of non-empty persistent strings of total
length 𝑁 subject to makestring(𝑈) in time 𝒪(log𝑁 + |𝑈 |), concat(𝑈,𝑉) in time 𝒪(log𝑁), and split(𝑈, 𝑖)
in time 𝒪(log𝑁), such that given two strings 𝑃, 𝑇 ∈ 𝒳 , an integer threshold 𝑘 > 0, and oracle access to a weight
function 𝑤 : Σ̄2 → [ 0 , 𝑊 ], we can compute Occ𝑤𝑘 (𝑃, 𝑇)29

in time 𝒪(|𝑇 |/|𝑃| · 𝑘4) (for general 𝑤); and
in time 𝒪(|𝑇 |/|𝑃| · 𝑘3.5𝑊4) if 𝑤 is an integer metric weight function.

The Quantum Setting
We say an algorithm on an input of size 𝑛 succeeds with high probability if the success probability can be
made at least 1 − 1/𝑛𝑐 for any desired constant 𝑐 > 1.

Let us turn our attention to the quantum setting, where we assume that the input strings can be
accessed in a quantum query model [Amb04, BdW02]. We are interested in the time complexity of
quantum algorithms [BBC+95]. The near-optimal quantum algorithm of Hariharan and Vinay [HV03]
for the decision version of exact pattern matching, encapsulated in the following statement, implies that
PILLAR operations on strings of length𝒪(𝑚) can be performed in𝒪(

√
𝑚) time without any preprocessing.

See [CPR+24] for details.

Theorem 10.7 [HV03]. Consider a string 𝑇 of length 𝑛 and a string 𝑃 of length 𝑚 ≤ 𝑛. We can decide
whether 𝑃 occurs in 𝑇 in 𝒪(

√
𝑛) time in the quantum model with high probability. If the answer is YES, then the

algorithm returns a witness occurrence.

Combined, the standard trick, Main Theorem 2 and Theorem 10.7 yield the following result.

28 All stated time complexities hold with probability 1 − 1/𝑁Ω(1).
29 All running time bounds hold with probability 1 − 1/𝑁Ω(1). This result can be derandomized at the cost of a

poly(log log𝑁)-factor overhead.
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Corollary 10.8 (Quantum Setting). In the quantum model, PMwWE can be solved w.h.p.
in time 𝒪(𝑘4 · 𝑛/

√
𝑚) for general weights; and

in time 𝒪(𝑘3.5𝑊4 · 𝑛/
√
𝑚) if 𝑤 is an integer metric weight function.

An open question is whether faster quantum algorithms can be designed for PMwWE as in [KNW24,
KNW25] for PMwE.

The Packed Setting
In the Real RAM model of computation with word size Θ(log 𝑛), we may store up toΩ(log|Σ| 𝑛) characters
in a single machine word. The packed representation of a string 𝑆 over an integer alphabet [ 0 . . 𝜎 ) is
a list obtained by storing Θ(log𝜎 𝑛) characters per machine word—thus allowing us to store 𝑆 in just
𝑂(|𝑆|/log𝜎 𝑛)machine words.

Theorem 10.9 [KK19, KRRW24]. Given a packed representation of a string 𝑆 of length 𝑛, after an
𝒪(𝑛/log𝜎 𝑛)-time preprocessing, we can perform PILLAR operations in 𝒪(1) time.

Combined, the standard trick, Main Theorem 2 and Theorem 10.9 yield the following result.

Corollary 10.10 (Packed Setting). Given packed representations of a text 𝑇 of length 𝑛 and a pattern 𝑃
of length 𝑚 over alphabet [ 0 . . 𝜎 ), an integer threshold 𝑘, and oracle access to a normalized weight function
𝑤 : Σ̄2 → [ 0 , 𝑊 ], we can compute Occ𝑤𝑘 (𝑃, 𝑇)

in time 𝒪(𝑛/log𝜎 𝑛 + 𝑘4 · 𝑛/𝑚 · log2(𝑚𝑘)) (for general 𝑤); and
in time 𝒪(𝑛/log𝜎 𝑛) + 𝒪(𝑘3.5𝑊4 · 𝑛/𝑚) if 𝑤 is an integer metric weight function.

The Read-only Setting
Finally, we consider the read-only setting, where we have random access to 𝑃 and 𝑇, but our extra
working space is limited.

Theorem 10.11 [BCS24, KS24]. Suppose that we have read-only random access to a 𝑛-length string 𝑆 of
length 𝑛 over an integer alphabet. For any 𝜏 ∈ [ 1 . . 𝑛 ], after a preprocessing step that uses 𝒪(𝑛) time and
𝒪(𝑛/𝜏) extra space, PILLAR operations can be performed in time 𝒪(𝜏).

Combined, the standard trick, Main Theorem 2 and Theorem 10.11 yield the following result.

Corollary 10.12 (Read-only Setting). Suppose that we have read-only random access to a text 𝑇 of length 𝑛,
a pattern 𝑃 of length 𝑚, and . Given an integer threshold 𝑘, and oracle access to a normalized weight function
𝑤 : Σ̄2 → [ 0 , 𝑊 ], for any 𝜏 ∈ [ 1 . . 𝑛 ], we can compute Occ𝑤𝑘 (𝑃, 𝑇)

in time 𝒪(𝑛 + 𝑘4𝜏 · 𝑛/𝑚) using 𝒪(𝑚/𝜏 + 𝑘4) extra space (for general 𝑤); and
in time 𝒪(𝑛 + 𝑘3.5𝑊4𝜏 · 𝑛/𝑚) using 𝒪(𝑚/𝜏 + 𝑘3.5𝑊4) extra space if 𝑤 is an integer metric weight
function.
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Index of Results

Section 3: Definitions and generally useful facts and results.
• Definition 3.3: An alignment𝒜 : 𝑃[ 𝑝 . . 𝑝′ ) {{ 𝑇[ 𝑡 . . 𝑡′ ) for strings 𝑃 and 𝑇.
• Fact 3.5: Alignments transfer decomposistions [CKW22, CKW23].
• Definition 3.1: The alignment graph AG𝑤(𝑃, 𝑇) of a weight function 𝑤 and strings 𝑃, 𝑇 [CKW23].
• Lemma 3.16: Basic properties of the alignment graph [GK25, Lemma 5.2].
• Definition 3.14: The augmented alignment graph AG

𝑤(𝑃, 𝑇) for a weight function 𝑤 and strings 𝑃
and 𝑇 [GK25].

• Theorem 3.10: Efficient MSSP on planar graphs [Kle05].
• Theorem 3.12: SMAWK algorithm for efficient (min,+)-product computation [AKM+87].
• Fact 3.4: The weighted edit distance is a metric for metric weight functions [DGH+23, Fact 2.5].
• Fact 3.7: For normalized weight functions, weighted occurrences are unweighted occurrences.

Main Theorem 1: PMwWE is in 𝒪(𝑛𝑘) time.
• Remark 4.1: Standard Trick: Can reduce to 𝒪(𝑛/𝑘) instances (𝑃, 𝑆) where 𝑆 = 𝑇[ 𝑖 . . 𝑖 + 𝑚 + 2𝑘 )

with 𝑖 ≡𝑘 0.
• Lemma 4.2: After preprocessing a string 𝑇 of length 𝑛 and a pattern 𝑃 of length 𝑚 ≤ 𝑛 + 𝑘

for 𝒪(𝑛) time, can compute for any fragment 𝑆 of 𝑇 of length at most (𝑚 + 2𝑘) an unweighted
alignment𝒜 : 𝑃 {{ 𝑆 of cost at most 𝑑 = 4𝑘 or determine that Occ𝑤𝑘 (𝑃, 𝑆) = ∅ in time 𝒪(𝑑2) for
a single 𝑆.
◦ Lemma 3.20: Computing an optimal alignment of two strings of cost at most 𝑑 (or deciding

that no such alignment exists) takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆,
𝑇) [LV88].

◦ Theorem 10.1 [Far97, BF00, KRRW24].
• Definition 4.3: The 𝑖-th 𝑑-slice 𝑃𝑑,𝑖 of a string 𝑃, the graphs 𝐺𝑃,𝑆,𝑑

ℓ ,𝑟
(and 𝐺𝑃,𝑑

ℓ ,𝑟
) as subgraphs

of AG
𝑤(𝑃, 𝑆) (and AG

𝑤(𝑃, 𝑃)) and the corresponding distance matrices 𝐷𝑃,𝑆,𝑑
ℓ ,𝑟

(and 𝐷𝑃,𝑑
ℓ ,𝑟

).
• Lemma 4.5:𝒪(𝑑 log𝑚)-time computation of any 𝐷𝑃,𝑑

ℓ ,𝑟
⊕ 𝑣 (DMVO-Query) after global𝒪(𝑚𝑑 log2 𝑚)-

time preprocessing (DMVO-Init).
• Lemma 4.6: Given alignment 𝒜 : 𝑃 {{ 𝑆 of cost at most 𝑑 and a 𝑘 ∈ [ 0 . . 𝑑 ], can com-

pute Occ𝑤𝑘 (𝑃, 𝑆) using 𝒪(𝑑) calls to DMVO-Query plus 𝒪(𝑑2) extra time.
◦ Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph may use

at most 𝑘 non-diagonal edges.

Section 5: Definitions and generally useful facts and results for Monge matrices and ferns.
• Definition 5.1: The density matrix 𝐴□ and the core core(𝐴) of size 𝛿(𝐴) B | core(𝐴)|.
• Definition 5.7: 𝑘-equivalence of integers, 𝑎 𝑘

= 𝑏.
• Definition 5.10: The 𝛽-bounded difference property of an integer matrix.
• Definition 5.14 [GK25, Definitions 5.5 and 5.6].
• Remark 5.17.

◦ Definition 5.16.
◦ Fact 3.11: Distance matrices of planar graphs are Monge [FR06, Section 2.3].

• Definition 5.18.
• Definition 5.21.
• Definition 5.23.
• Definition 5.31.
• Remark 5.34.

◦ Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).
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(refer to entry of Lemma 6.14)
◦ Corollary 3.19: Using MSSP to compute boundary-to-boundary paths in the alignment graph.

•• Theorem 3.10: Efficient MSSP on planar graphs [Kle05].

Main Theorem 3: PMwWE in time 𝒪(𝑛 + 𝑘4 · 𝑛/𝑚).
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.1 [Far97, BF00, KRRW24].

Main Theorem 4: PMwWE in time 𝒪(𝑛 + 𝑘3.5 ·𝑊4 · 𝑛/𝑚) for integer metrics 𝑤 : Σ̄2 → [ 0 . .𝑊 ].
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.1 [Far97, BF00, KRRW24].

Corollary 10.3: PMwWE not in min(𝑘1.5−𝑜(1) · 𝑛/𝑚0.5 , 𝑘2.5−𝑜(1) · 𝑛/𝑚) time.
• Theorem 10.2: Bounded weighted edit distance not in𝑚0.5𝑘1.5−𝑜(1) time [CKW23, Main Theorem 2].

Corollary 10.5: Compressed Setting.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.4 [BLR+15, I17, CKW20, DK24].

Corollary 10.6: Dynamic Setting.
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)

Corollary 10.8: Quantum Setting.
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.7 [HV03].

Corollary 10.10: Packed Setting.
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.9 [KK19, KRRW24].

Corollary 10.12: Read-only Setting.
• Remark 7.1: The standard trick to reduce the text-length to be roughly the pattern-length.
• Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.

(refer to entry of Main Theorem 2)
• Theorem 10.11 [BCS24, KS24].

Lemma 6.5: GrowFern-SmallSED(𝑃, 𝑇, 𝑘, 𝑤) [GK25, adapted from Lemma 7.3].
• Lemma 6.1: Any instance of GrowFern with |𝑃| + |𝑇 | = 𝒪(𝑘) can be solved in 𝒪(𝑘2 log 𝑘).

◦ Corollary 3.19: Using MSSP to compute boundary-to-boundary paths in the alignment graph.
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•• Theorem 3.10: Efficient MSSP on planar graphs [Kle05].
• Lemma 6.3 [GK25, Lemma 7.1]; see also [CKW23, Lemma 4.6 and Claim 4.11].
• Definition 5.3: The Core-based Matrix Oracle CMO(𝐴) of a matrix 𝐴 [GK25, Lemma 4.4].
• Fact 3.11: Distance matrices of planar graphs are Monge [FR06, Section 2.3].
• Lemma 6.4 [GK25, see Lemma 7.2].
• Lemma 5.6: Given CMO(𝐴) for some Monge matrix 𝐴, can compute CMO(𝐶) for any contiguous

submatrix 𝐶 of 𝐴 in time 𝒪((𝑁 + 𝛿(𝐴)) log𝑁)where 𝑁 is the maximum dimension of 𝐴.
• Fact 5.15 [GK25, Observation 5.7].
• Lemma 5.5: Given CMO(𝐴) and CMO(𝐵) for Monge 𝐴 and 𝐵, can compute CMO(𝐴 ⊕ 𝐵) in time
𝒪((𝑁 + 𝛿(𝐴) + 𝛿(𝐵)) log𝑁), where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma 4.6].

• Lemma 5.13: The (min,+)-product of 𝛽-bounded difference matrices is 𝛽-bounded differ-
ence [GK25, Lemma 4.10].

• Lemma 5.9: Given 𝑘 and CMO(𝐴) and CMO(𝐵) for Monge matrices𝐴 and 𝐵, can compute CMO(𝐶′)
of a matrix 𝐶′ that is 𝑘 equivalent to𝐴⊕𝐵 and 𝛿(𝐶′) ≤ 𝒪(𝑁

√
𝑘), in time𝒪((𝑁+𝛿(𝐴)+𝛿(𝐵)) log𝑁),

where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma 4.14].

Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).
• Lemma 3.20: Computing an optimal alignment of two strings of cost at most 𝑑 (or deciding that

no such alignment exists) takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆, 𝑇) [LV88].
• Lemma 5.20.

◦ Fact 5.2: The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).
◦ Fact 5.11: Contiguous submatrices of integer-valued 𝛽-bounded-difference matrices are

integer-valued and 𝛽-bounded-difference.
• Lemma 6.10 [CKW23, Lemma 4.5].
• Lemma 6.5: GrowFern-SmallSED(𝑃, 𝑇, 𝑘, 𝑤) [GK25, adapted from Lemma 7.3].

(refer to entry of Lemma 6.5)
• Lemma 6.2: Properties of self-ed [CKW23, Lemma 4.2] and [GK25, Lemma 6.2].
• Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph may use at

most 𝑘 non-diagonal edges.
• Lemma 6.11 [CKW23, part of Lemma 4.9].
• Lemma 6.13 [GK25, Lemma 7.6].
• Lemma 6.12 [CKW23, Lemma 4.4].
• Lemma 3.21: Computing the weighted edit distance of two strings takes 𝒪(1 + 𝑘3 log2 𝑛) time in

the PILLAR model, WeightedED (𝑆, 𝑇, 𝑤) [CKW23, Theorem 4.1].
• Lemma 5.5: Given CMO(𝐴) and CMO(𝐵) for Monge 𝐴 and 𝐵, can compute CMO(𝐴 ⊕ 𝐵) in time
𝒪((𝑁 + 𝛿(𝐴) + 𝛿(𝐵)) log𝑁), where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma 4.6].

• Lemma 5.9: Given 𝑘 and CMO(𝐴) and CMO(𝐵) for Monge matrices𝐴 and 𝐵, can compute CMO(𝐶′)
of a matrix 𝐶′ that is 𝑘 equivalent to𝐴⊕𝐵 and 𝛿(𝐶′) ≤ 𝒪(𝑁

√
𝑘), in time𝒪((𝑁+𝛿(𝐴)+𝛿(𝐵)) log𝑁),

where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma 4.14].

Corollary 6.16: ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).
• Corollary 3.19: Using MSSP to compute boundary-to-boundary paths in the alignment graph.

◦ Theorem 3.10: Efficient MSSP on planar graphs [Kle05].
• Lemma 3.20: Computing an optimal alignment of two strings of cost at most 𝑑 (or deciding that

no such alignment exists) takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆, 𝑇) [LV88].
• Lemma 6.5: GrowFern-SmallSED(𝑃, 𝑇, 𝑘, 𝑤) [GK25, adapted from Lemma 7.3].

(refer to entry of Lemma 6.5)
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Main Theorem 2: Efficient PILLAR model algorithms for PMwWE.
• Definition 7.2: A Δ-puzzle of strings and the value of a Δ-puzzle [CKW22, Definition 1.4].
• Lemma 7.13: Reduction of PMwWE to AlignedPeriodicMatches and Verify.

◦ Lemma 7.4: Analyze(𝑃, 𝑘), 𝒪(𝑘2) time PILLAR model algorithm for structurally analyzing 𝑃
to obtain either breaks, repetitive regions, or to conclude that 𝑃 is almost periodic [CKW20,
Lemma 6.4].

◦ Corollary 7.6: 𝒪(𝑘3)-time PILLAR model reduction from PMwWE to Verify in the case of
breaks.
•• Fact 7.5: 𝒪(𝑘3)-time PILLAR model algorithm for computing candidate positions in the

case of breaks [CKW20, (proofs of) Lemmas 5.21 and 6.12].
◦ Corollary 7.9: 𝒪(𝑘3.5)-time PILLAR model reduction from PMwWE to Verify in the case of

repetitive regions.
•• Lemma 7.8: 𝒪(𝑘3.5)-time PILLAR model algorithm for computing candidate positions in

the case of repetitive regions [CKW22, Sections 2.3 and 3.1].
◦◦ Fact 7.7: NewPeriodicMatches is in time 𝒪(𝑑3.5) in the PILLAR model.

◦ Lemma 7.12: 𝒪(𝑘2)-time PILLAR model reduction from PMwWE to AlignedPeriodicMatches
in the case of approximate periodicity.
•• Fact 7.10: 𝒪(𝑑2) PILLAR algorithm for computing approximately periodic fragment of 𝑇

containing all approximate occurrences [CKW20, compare Lemma 6.8].
•• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to

rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
•• Lemma 3.22: Computing an optimal alignment of a string to an infinitely repeating string

takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆, 𝑄, 𝑥) [CKW22, Lemma 2.10].
• Lemma 7.40: AlignedPeriodicMatches is in time 𝒪(𝑘4 log2(𝑚𝑘)) in the PILLAR model.

(refer to entry of Lemma 7.40)
• Lemma 8.44: AlignedPeriodicMatches is in time 𝒪(𝑘3.5𝑊4) in the PILLAR model for metric

integer weight functions.
(refer to entry of Lemma 8.44)

• Corollary 6.17: Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤).
◦ Corollary 6.16: ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).

(refer to entry of Corollary 6.16)

Lemma 7.40: AlignedPeriodicMatches is in time 𝒪(𝑘4 log2(𝑚𝑘)) in the PILLAR model.
• Lemma 7.18: Efficient solution for the AlignedPeriodicMatches problem parameterized by the

number of tiles in 𝑃.
◦ Lemma 7.15: Efficient algorithm for the AlignedPeriodicMatches problem for the case 𝑞 ≫ 𝑘.

•• Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗
of 𝑇 that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22,
Section 3.2].

•• Corollary 6.17: Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤).
◦◦ Corollary 6.16: ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).

(refer to entry of Corollary 6.16)
◦ Fact 7.17.

• Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇 that
capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].

• Lemma 7.19: Δ-puzzle for 𝑃 from its tile partition [CKW22, Lemma 4.6].
• Lemma 7.20: Δ-puzzle for 𝑇 from its tile partition [CKW22, Lemma 4.7].



P. Charalampopoulos, T. Kociumaka, and P. Wellnitz 101

• Corollary 7.33.
◦ Lemma 7.23: Upper bound on the cumulative difference of length between puzzle pieces

comprising 𝑅 𝑗 and 𝑃 [CKW22, Lemma 4.10].
•• Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
◦ Lemma 7.30: If the torsion is small, we can trim/expand sequences of at least 𝑘 + 2 plain pairs

without changing the set of 𝑘-edit occurrences.
• Theorem 7.37: TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄, 𝒜𝑃 , 𝒜𝑇 , Red(𝑃), Red(𝑇) 𝛼), Reduction from the

AlignedPeriodicMatches problem to the BleachCommitDPM problem.
◦ Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
◦ Lemma 7.25: The median edit ditance of families of leading, internal, and trailing puzzle

pieces is small, there are𝒪(𝑘) special puzzle pieces that can be computed in𝒪(𝑘) time [CKW22,
Lemma 1.6].

◦ Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇
that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].

◦ Lemma 7.23: Upper bound on the cumulative difference of length between puzzle pieces
comprising 𝑅 𝑗 and 𝑃 [CKW22, Lemma 4.10].
•• Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
• Lemma 7.25: The median edit ditance of families of leading, internal, and trailing puzzle pieces

is small, there are 𝒪(𝑘) special puzzle pieces that can be computed in 𝒪(𝑘) time [CKW22, Lemma
1.6].

• Theorem 9.10: Efficient implementation for BleachCommitDPM.
◦ Lemma 9.2.
◦ Lemma 9.1.
◦ Theorem 9.3.

•• Remark 3.9: Bounded median edit distance implies small size and small pairwise edit
distance.
◦◦ Definition 3.8: The median edit distance ed(𝒮) of a family of strings 𝒮.

•• Theorem 5.25.
◦◦ Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph

may use at most 𝑘 non-diagonal edges.
•• Lemma 5.20.

◦◦ Fact 5.2: The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).
◦◦ Fact 5.11: Contiguous submatrices of integer-valued 𝛽-bounded-difference matrices are

integer-valued and 𝛽-bounded-difference.
•• Lemma 3.20: Computing an optimal alignment of two strings of cost at most 𝑑 (or deciding

that no such alignment exists) takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆,
𝑇) [LV88].

•• Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).
(refer to entry of Lemma 6.14)

•• Lemma 6.1: Any instance of GrowFern with |𝑃| + |𝑇 | = 𝒪(𝑘) can be solved in 𝒪(𝑘2 log 𝑘).
◦◦ Corollary 3.19: Using MSSP to compute boundary-to-boundary paths in the alignment

graph.
‗ Theorem 3.10: Efficient MSSP on planar graphs [Kle05].
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•• Lemma 5.4: Given a matrix 𝐴 of size 𝑝 × 𝑞, we can construct a core-based matrix oracle
for 𝐴 in time 𝒪(𝑝𝑞 + 𝛿(𝐴) log(𝑝 + 𝑞)) [GK25, Lemma 4.4].

•• Lemma 5.36 [GK25, Theorem 5.10, simplified].
◦◦ Lemma 5.6: Given CMO(𝐴) for some Monge matrix 𝐴, can compute CMO(𝐶) for any

contiguous submatrix 𝐶 of 𝐴 in time 𝒪((𝑁 + 𝛿(𝐴)) log𝑁) where 𝑁 is the maximum
dimension of 𝐴.

◦◦ Definition 5.3: The Core-based Matrix Oracle CMO(𝐴) of a matrix 𝐴 [GK25, Lemma
4.4].

◦◦ Lemma 5.12: 𝛽-bounded-difference implies 𝛿(𝐴) ≤ 2𝛽(min{𝑝, 𝑞} − 1) [GK25, Lemma
4.9].

•• Lemma 9.1.
◦ Lemma 5.20.

•• Fact 5.2: The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).
•• Fact 5.11: Contiguous submatrices of integer-valued 𝛽-bounded-difference matrices are

integer-valued and 𝛽-bounded-difference.
◦ Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).

(refer to entry of Lemma 6.14)
◦ Lemma 5.33.

•• Fact 3.13: The (min,+)-product of Monge matrices is Monge [Tis15, Theorem 2].
◦ Lemma 5.35.

•• Lemma 5.12: 𝛽-bounded-difference implies 𝛿(𝐴) ≤ 2𝛽(min{𝑝, 𝑞} − 1) [GK25, Lemma 4.9].
•• Lemma 5.9: Given 𝑘 and CMO(𝐴) and CMO(𝐵) for Monge matrices 𝐴 and 𝐵, can compute

CMO(𝐶′) of a matrix 𝐶′ that is 𝑘 equivalent to 𝐴 ⊕ 𝐵 and 𝛿(𝐶′) ≤ 𝒪(𝑁
√
𝑘), in time

𝒪((𝑁 + 𝛿(𝐴)+ 𝛿(𝐵)) log𝑁), where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma
4.14].

•• Fact 3.13: The (min,+)-product of Monge matrices is Monge [Tis15, Theorem 2].
◦ Theorem 5.25.

•• Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph may
use at most 𝑘 non-diagonal edges.

Lemma 8.20: HeavyMatches(𝑃, 𝑇, 𝑘, 𝑤, 𝑄, 𝒜𝑃, 𝒜𝑇, H) [CKW22, see Lemma 6.1].
• Lemma 8.18: Heavy(𝑃, 𝑇, 𝑘, 𝑤, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂) [CKW22, see Lemma 5.9].

◦ Definition 8.14 [CKW22, see Definition 5.5].
◦ Definition 8.17 [CKW22, Definition 5.8].
◦ Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to rotate

𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
• Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇 that

capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].
• Corollary 6.17: Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤).

◦ Corollary 6.16: ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).
(refer to entry of Corollary 6.16)

• Lemma 8.19 [CKW22, see Lemma 5.10].
◦ Lemma 8.15 [CKW22, see Lemma 5.6].
◦ Definition 8.17 [CKW22, Definition 5.8].
◦ Lemma 8.18: Heavy(𝑃, 𝑇, 𝑘, 𝑤, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂) [CKW22, see Lemma 5.9].

•• Definition 8.14 [CKW22, see Definition 5.5].
•• Definition 8.17 [CKW22, Definition 5.8].
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•• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to
rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].

Lemma 8.44: AlignedPeriodicMatches is in time 𝒪(𝑘3.5𝑊4) in the PILLAR model for metric integer
weight functions.
• Lemma 7.40: AlignedPeriodicMatches is in time 𝒪(𝑘4 log2(𝑚𝑘)) in the PILLAR model.

(refer to entry of Lemma 7.40)
• Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇 that

capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].
• Section 8.4.
• Theorem 7.37: TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄, 𝒜𝑃 , 𝒜𝑇 , Red(𝑃), Red(𝑇) 𝛼), Reduction from the

AlignedPeriodicMatches problem to the BleachCommitDPM problem.
◦ Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
◦ Lemma 7.25: The median edit ditance of families of leading, internal, and trailing puzzle

pieces is small, there are𝒪(𝑘) special puzzle pieces that can be computed in𝒪(𝑘) time [CKW22,
Lemma 1.6].

◦ Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇
that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].

◦ Lemma 7.23: Upper bound on the cumulative difference of length between puzzle pieces
comprising 𝑅 𝑗 and 𝑃 [CKW22, Lemma 4.10].
•• Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
• Corollary 8.13.

◦ Corollary 6.17: Verify(𝑃, 𝑇, 𝑘, 𝐼, 𝑤).
•• Corollary 6.16: ListAllOccs(𝑃, 𝑇, 𝑘, 𝑤).

(refer to entry of Corollary 6.16)
◦ Lemma 8.12: Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9].

•• Lemma 8.10 [CKW20, see Lemma 5.11].
◦◦ Lemma 8.5 [CKW20, see Lemma 5.6].

•• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to
rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].

•• Lemma 8.5 [CKW20, see Lemma 5.6].
• Lemma 8.18: Heavy(𝑃, 𝑇, 𝑘, 𝑤, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂) [CKW22, see Lemma 5.9].

◦ Definition 8.14 [CKW22, see Definition 5.5].
◦ Definition 8.17 [CKW22, Definition 5.8].
◦ Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to rotate

𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
• Definition 8.29 [CKW22, see Definition 6.10].
• Lemma 8.43 [CKW22, see Lemma 6.11].

◦ Corollary 8.30.
•• Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗

of 𝑇 that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22,
Section 3.2].

•• Lemma 7.30: If the torsion is small, we can trim/expand sequences of at least 𝑘 + 2 plain
pairs without changing the set of 𝑘-edit occurrences.

◦ Lemma 8.37 [CKW22, see Lemma 6.19].
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•• Definition 8.14 [CKW22, see Definition 5.5].
•• Lemma 8.27 [CKW22, see Lemma 6.8].

◦◦ Lemma 8.22 [CKW22, see Lemma 6.3].
◦◦ Lemma 8.12: Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9].

‗ Lemma 8.10 [CKW20, see Lemma 5.11].
‗• Lemma 8.5 [CKW20, see Lemma 5.6].

‗ Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used
to rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].

‗ Lemma 8.5 [CKW20, see Lemma 5.6].
•• Lemma 8.36 [CKW22, see Lemma 6.19].
•• Lemma 8.31 [CKW22, see Lemma 6.14].

◦◦ Lemma 7.23: Upper bound on the cumulative difference of length between puzzle
pieces comprising 𝑅 𝑗 and 𝑃 [CKW22, Lemma 4.10].
‗ Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22,

Definition 4.8].
◦◦ Lemma 8.27 [CKW22, see Lemma 6.8].

‗ Lemma 8.22 [CKW22, see Lemma 6.3].
‗ Lemma 8.12: Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9].

‗• Lemma 8.10 [CKW20, see Lemma 5.11].
‗◦ Lemma 8.5 [CKW20, see Lemma 5.6].

‗• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be
used to rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].

‗• Lemma 8.5 [CKW20, see Lemma 5.6].
•• Lemma 8.23 [CKW22, see Lemma 6.4].

◦◦ Lemma 8.12: Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9].
‗ Lemma 8.10 [CKW20, see Lemma 5.11].

‗• Lemma 8.5 [CKW20, see Lemma 5.6].
‗ Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used

to rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
‗ Lemma 8.5 [CKW20, see Lemma 5.6].

◦◦ Fact 8.21 [CKW22, see Fact 6.2].
◦◦ Lemma 8.22 [CKW22, see Lemma 6.3].

•• Fact 8.35 [CKW22, see Fact 6.18].
• Lemma 8.20: HeavyMatches(𝑃, 𝑇, 𝑘, 𝑤, 𝑄, 𝒜𝑃, 𝒜𝑇, H) [CKW22, see Lemma 6.1].

(refer to entry of Lemma 8.20)
• Lemma 8.28 [CKW22, see Lemma 6.9].

◦ Lemma 7.25: The median edit ditance of families of leading, internal, and trailing puzzle
pieces is small, there are𝒪(𝑘) special puzzle pieces that can be computed in𝒪(𝑘) time [CKW22,
Lemma 1.6].

◦ Lemma 8.12: Locked(𝑆, 𝑄, 𝑑, ℎ,𝑤), see [CKW20, Lemma 6.9].
•• Lemma 8.10 [CKW20, see Lemma 5.11].

◦◦ Lemma 8.5 [CKW20, see Lemma 5.6].
•• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to

rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
•• Lemma 8.5 [CKW20, see Lemma 5.6].

◦ Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇
that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].
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• Theorem 7.37: TrimmedPM(𝑇, 𝑃, 𝑘, 𝑤, 𝑄, 𝒜𝑃 , 𝒜𝑇 , Red(𝑃), Red(𝑇) 𝛼), Reduction from the
AlignedPeriodicMatches problem to the BleachCommitDPM problem.
◦ Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
◦ Lemma 7.25: The median edit ditance of families of leading, internal, and trailing puzzle

pieces is small, there are𝒪(𝑘) special puzzle pieces that can be computed in𝒪(𝑘) time [CKW22,
Lemma 1.6].

◦ Lemma 7.14: 𝒪(𝑑𝑇 + 1)-time algorithm for computing a collection of short substrings 𝑅 𝑗 of 𝑇
that capture all 𝑘-edit occurrences and there are only a few distinct ones [CKW22, Section 3.2].

◦ Lemma 7.23: Upper bound on the cumulative difference of length between puzzle pieces
comprising 𝑅 𝑗 and 𝑃 [CKW22, Lemma 4.10].
•• Definition 7.21: Families of leading, internal, and trailing puzzle pieces [CKW22, Definition

4.8].
• Theorem 9.10: Efficient implementation for BleachCommitDPM.

◦ Lemma 9.2.
◦ Lemma 9.1.
◦ Theorem 9.3.

•• Remark 3.9: Bounded median edit distance implies small size and small pairwise edit
distance.
◦◦ Definition 3.8: The median edit distance ed(𝒮) of a family of strings 𝒮.

•• Theorem 5.25.
◦◦ Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph

may use at most 𝑘 non-diagonal edges.
•• Lemma 5.20.

◦◦ Fact 5.2: The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).
◦◦ Fact 5.11: Contiguous submatrices of integer-valued 𝛽-bounded-difference matrices are

integer-valued and 𝛽-bounded-difference.
•• Lemma 3.20: Computing an optimal alignment of two strings of cost at most 𝑑 (or deciding

that no such alignment exists) takes 𝒪(1 + 𝑑2) time in the PILLAR model, Alignment (𝑆,
𝑇) [LV88].

•• Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).
(refer to entry of Lemma 6.14)

•• Lemma 6.1: Any instance of GrowFern with |𝑃| + |𝑇 | = 𝒪(𝑘) can be solved in 𝒪(𝑘2 log 𝑘).
◦◦ Corollary 3.19: Using MSSP to compute boundary-to-boundary paths in the alignment

graph.
‗ Theorem 3.10: Efficient MSSP on planar graphs [Kle05].

•• Lemma 5.4: Given a matrix 𝐴 of size 𝑝 × 𝑞, we can construct a core-based matrix oracle
for 𝐴 in time 𝒪(𝑝𝑞 + 𝛿(𝐴) log(𝑝 + 𝑞)) [GK25, Lemma 4.4].

•• Lemma 5.36 [GK25, Theorem 5.10, simplified].
◦◦ Lemma 5.6: Given CMO(𝐴) for some Monge matrix 𝐴, can compute CMO(𝐶) for any

contiguous submatrix 𝐶 of 𝐴 in time 𝒪((𝑁 + 𝛿(𝐴)) log𝑁) where 𝑁 is the maximum
dimension of 𝐴.

◦◦ Definition 5.3: The Core-based Matrix Oracle CMO(𝐴) of a matrix 𝐴 [GK25, Lemma
4.4].

◦◦ Lemma 5.12: 𝛽-bounded-difference implies 𝛿(𝐴) ≤ 2𝛽(min{𝑝, 𝑞} − 1) [GK25, Lemma
4.9].

•• Lemma 9.1.
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◦ Lemma 5.20.
•• Fact 5.2: The core of any contiguous submatrix of a matrix 𝐴 is at most 𝛿(𝐴).
•• Fact 5.11: Contiguous submatrices of integer-valued 𝛽-bounded-difference matrices are

integer-valued and 𝛽-bounded-difference.
◦ Lemma 6.14: GrowFern(𝑃, 𝑇, 𝑘, 𝑤).

(refer to entry of Lemma 6.14)
◦ Lemma 5.33.

•• Fact 3.13: The (min,+)-product of Monge matrices is Monge [Tis15, Theorem 2].
◦ Lemma 5.35.

•• Lemma 5.12: 𝛽-bounded-difference implies 𝛿(𝐴) ≤ 2𝛽(min{𝑝, 𝑞} − 1) [GK25, Lemma 4.9].
•• Lemma 5.9: Given 𝑘 and CMO(𝐴) and CMO(𝐵) for Monge matrices 𝐴 and 𝐵, can compute

CMO(𝐶′) of a matrix 𝐶′ that is 𝑘 equivalent to 𝐴 ⊕ 𝐵 and 𝛿(𝐶′) ≤ 𝒪(𝑁
√
𝑘), in time

𝒪((𝑁 + 𝛿(𝐴)+ 𝛿(𝐵)) log𝑁), where 𝑁 is the maximum dimension of 𝐴 and 𝐵 [GK25, Lemma
4.14].

•• Fact 3.13: The (min,+)-product of Monge matrices is Monge [Tis15, Theorem 2].
◦ Theorem 5.25.

•• Lemma 3.18: Paths of cost 𝑘 that connect the top and bottom of the alignment graph may
use at most 𝑘 non-diagonal edges.

• Lemma 8.18: Heavy(𝑃, 𝑇, 𝑘, 𝑤, 𝑄,ℒ𝑃 ,ℒ𝑇 , 𝜅̂, 𝜂) [CKW22, see Lemma 5.9].
◦ Definition 8.14 [CKW22, see Definition 5.5].
◦ Definition 8.17 [CKW22, Definition 5.8].
◦ Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to rotate
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•• Definition 8.14 [CKW22, see Definition 5.5].
•• Definition 8.17 [CKW22, Definition 5.8].
•• Fact 7.11: FindAWitness(𝑘, 𝑄, 𝑆), 𝒪(𝑘2)-time PILLAR algorithm that can be used to

rotate 𝑄 such that ed(𝑃, ∗𝑄∗) = ed(𝑃, 𝑄∗) [CKW20, compare Lemma 6.5].
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