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ABSTRACT. This paper studies the clustering behavior of weakly interacting
diffusions under the influence of sufficiently localized attractive interaction
potentials on the one-dimensional torus. We describe how this clustering
behavior is closely related to the presence of discontinuous phase transitions in
the mean-field PDE. For local attractive interactions, we employ a new variant
of the strict Riesz rearrangement inequality to prove that all global minimizers
of the free energy are either uniform or single-cluster states, in the sense that
they are symmetrically decreasing.

We analyze different timescales for the particle system and the mean-field
(McKean—Vlasov) PDE, arguing that while the particle system can exhibit
coarsening by both coalescence and diffusive mass exchange between clusters,
the clusters in the mean-field PDE are unable to move and coarsening occurs
via the mass exchange of clusters. By introducing a new model for this
mass exchange, we argue that the PDE exhibits dynamical metastability. We
conclude by presenting careful numerical experiments that demonstrate the
validity of our model.

1. INTRODUCTION

Interacting particle systems and their mean-field limits appear in many applica-
tions ranging from physics to mathematical models for swarming, flocking, opinion
dynamics, and collective behavior. They are also used in the development of algo-
rithms for sampling and optimization. Often, the emergence of collective behavior,
e.g. consensus formation [HK02] or synchronization [Kur81], can be interpreted as
a (first- or second-order) phase transition from a disordered to an ordered state;
see [CGPS20] and the references therein, in particular [CP10].

Noise-driven interacting particle systems can exhibit metastable states that persist
over long time scales. As examples, we mention the formation of clusters in opinion
models [GPY17] as well as in mathematical models for transformers [GLPR25;
GKPR24; BPA24]; see also [SS25, Section 6.1]. Noise-induced metastability in
interacting particle systems is a manifestation of the presence of discontinuous
phase transitions [Pen+84; GS20]. It is expected that, near a transition point, the
mean-field description is no longer valid for arbitrarily long times [DGPS23] and
that the effect of noise, through the Dean—Kawasaki SPDE [Kaw73; Dea96], must be
taken into account to capture metastable states accurately [Weh+25]. The primary
objective of this work is to provide a rigorous mathematical understanding of the
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emergence of clusters in weakly interacting diffusions exhibiting first-order phase
transitions and to derive a model for the dynamics of these clusters.

In [PNT90], the authors justify that the mean-field description for Hamiltonian
systems is inadequate to describe all regimes in the Newtonian dynamics of particles
interacting via a pairwise attractive Gaussian potential. They observed that for
sufficiently strong interactions, the initially diffused particles form clusters that
eventually collapse to form a single cluster (or, as the authors of [PNT90] refer to
it, the condensed phase). Although the mean-field Vlasov equation describes the
final cluster state, which is a stationary state of the mean-field PDE, it is unable to
explain the transient dynamics that leads to the formation of the condensed phase.
We quote this main conclusion of theirs below:

We find that the condensed phase is a stationary solution of the
Viasov equation, but the Viasov dynamics cannot describe the col-
lapse.

The goal of this paper is to study a similar phenomenology in the setting of
weakly interacting diffusions with localised attractive interaction potentials. The
thermodynamic limit in our setting is the so-called McKean—Vlasov equation, and
our main conclusion reads as follows:

Although the single-cluster state is a stationary solution of the mean-
field McKean-Vlasov PDE, coalescence of clusters is not captured
by the mean-field dynamics.

It turns out that the weakly interacting diffusion model studied in this paper exhibits
very rich and interesting dynamics. While the interacting particle model in [PNT90]
is deterministic and the entropy in the corresponding mean-field Vlasov equation
is conserved, the model of interacting diffusions considered in this paper implies
that the corresponding mean-field equation is a diffusion-aggregation equation that
exhibits coarsening through mass exchange between clusters. This mass exchange
leads to dynamic metastability of the mean-field dynamics, which is related to the
notion of slow motion of gradient flows studied in [ORO7].

We comment on some more general relations to similar effects observed in related
models. First, we note that our identification of the two time scales for tunneling
and coalescence is similar to the classical theory of Ostwald ripening: a configuration
of near-equilibrium liquid droplets sitting on a precursor film that wets the entire
substrate can coarsen in time by two different mechanisms: collapse or collision
of droplets [GORS09]. Here, the phenomenological model is a gradient flow of
Cahn—Hilliard type, where the dynamics is entirely deterministic. The authors
provide a reduced model for the position and volume of single droplets in [GORS09,
Section 4], which also allows them to study the crossover between the timescales of
migration (leading to collapse) and ripening (through coalescence). The relevant
time scales can be identified using suitable energies, in this case related to surface
tension, and it is possible to derive a differential inequality for them. This approach
was pioneered in [KOO02] and later refined in [CNO06; ORS06; BOS11; OSS13].

In the physical literature, a study of diffusive aggregating particles can be found
in [PTA14], where the observed behavior is studied on the PDE level. There,
Ostwald ripening is related to volume modes induced by the escape of particles
from clusters due to random fluctuations. However, a crucial difference from our
study is that the translational modes causing movement and joining of clusters are
again deterministically caused by long-range aggregation forces between the clusters,
whereas in our model, the interaction potential has finite interaction range and
clusters can move only due to the Brownian motions.

We also comment on the link between the problem studied in our paper and
Kramers’ problem and its generalizations. Indeed, the mass leakage between clusters



that occurs in the model that we derive in this paper is a generalization of Kramers’
problem pioneered in [Kra40], where a Brownian particle is confined in a double-well
potential and the timescale is related to the energy barrier of the system. Our
generalization requires considering potentials with multiple timescales, which in
addition change dynamically as a result of the mass exchange. In recent years,
several different techniques for studying metastability in time-independent potentials
have been developed, using both stochastic [Mat94; OV05; Ber13; MS14; BH15]
and analytic [PSV10; HN11; ET16; HN19] methods. Our setting can be viewed as
a combination of these, together with the analysis of Langevin-type dynamics for
time-dependent potentials in the context of Brownian ratchets, e.g., [KK02].
Finally, we discuss briefly the relevance of the Dean—Kawasaki SPDE for the
study of the dynamics of clusters. This SPDE was used to study the statistics of the
clusters [Weh+25]; see also [Del+16] for some earlier numerical experiments. The
Dean-Kawasaki SPDE can be used, in principle, to study noise-induced metastability
for our model by applying an infinite-dimensional extension of the Freidlin—Wentzell
theory [FW84], developed by Dawson and Gértner [DG89]. However, for the
analysis of the relevant timescales in the models studied in this paper, we need to
understand the combined effect of noise-induced cluster coalescence and of dynamical
metastability due to slow motion for gradient flows [OR07]. Understanding the
relationship between the different timescales induced by the different stochastic and
deterministic effects is one of the main challenges that we address in this work.

1.1. Setup of the model. We consider the interacting particle system given by
the system of IV stochastic differential equations

N
) 1 . . .
AXf = -+ > VW, (X) - X])dt+v2dB],  fori=1,...,N (1.1)
j=1
on the one-dimensional torus T ~ [0,1). Here, v > 0 is the interaction strength,
¢ > 0 is the interaction range and (B});ey are independent standard Brownian

motions in R. For some fixed even function w : R — R, the interaction potential
W,.e: R = R is defined by

T 1
W, o(z) = 'yﬂu;(Z) for |z] < , (1.2)

and extended 1-periodically to R. We are interested in locally attractive interactions.
The results of our paper are valid under the following assumption on w:

Assumption 1.1. The function w : R — (—o0, 0] satisfies:

(i) w is an even and Lipschitz continuous function which is symmetrically
non-decreasing, that is, w is non-decreasing on [0,00).
(i) w has compact support, there exists some s, € [0,00) such that suppw =
[— 8w, Sw| and w is bounded from above by 0.
(iii) w is C? in a neighborhood of 0 and w attains its global minimum at 0 with
w”(0) > 0;

Typical examples include the Hegselmann—Krause family [GPY17], where w is
such that

w'(z) = ¢o(|z|)z, with ¢g : [0,00) = [0, 00) having compact support. (1.3)
The simplest example for this is
1
w(e) = 1@ - Dxp(Jal). (1.4

that is, ¢o(r) = X[o,1(r) in (1.3). We are especially interested in the strong local
interaction regime, i.e., v > 1 and ¢ < 1 is small.
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If w is even, we can write (1.1) in the form
dX; = ~VW, ,(X;) dt + V2dB,,

where X, = (X},...,X}), W, (x) = ﬁZ?’[k:l W, e(xj — xp) is N times the
microscopic interaction energy and By = (B},..., BN).

The mean-field limit. If the initial positions X¢,..., X}’ are sampled i.i.d. from
some pg € P(R?) with sufficiently many moments and if w is sufficiently regular (say
Lipschitz continuous for instance), then in the limit as the number of particles N
goes to infinity, the empirical measure pl¥ := % Zi\il 1) x;i at time ¢ converges [Szn91;
CD22a; CD22b] to p;, where (p;)i>0 solves the mean-field McKean—Vlasov PDE

Orpr = Apy + V- (VW 0 % pt)pe), (1.5)

where ¢t > 0 and z € T. The PDE (1.5) may be seen as a Wa-gradient flow [CMV03]
for the free energy

1
Frlp) = /H o) log pla) d + //H Woi(z — y)p(@)p(y) dody.  (1.6)

The free energy acts as a Lyapunov functional for the evolution (1.5):

g]—'%g(pt) = —/ pt‘V(log pe + Wy o * Pt) ’2 dz <0.

1.2. Summary of the effects. In this work, we study the behaviour of various
competing phenomena that are present in the interacting particle system (1.1) and
the McKean-Vlasov equation (1.5) and their associated timescales. We summarize
these effects below:

particles

0.0004 0.0006 0.0008 0.001 0.0001 0.0002 0.0003 0.0004 0.0005
time time

F1aure 1.1. Initial clustering for the particle model (left) and for
the mean-field PDE (right) for the potential (1.4) with £ = 0.1 and
~ = 10%. For the particle model, initial positions are evenly spaced
on [0,1), that is X{ = & for i = 1,...,N. The PDE is started
from the state %X[0.0LO.%] which is a small perturbation of the
uniform state. The solution to the PDE is simulated using the
Scharfetter—-Gummel scheme [SS22].

(E1) Formation of clusters: The particles, although initially spread out, quickly
form multiple clusters driven by the attractive nature of the interaction
potential (Fig. 1.1, left). Typically, this is the shortest timescale in the
system. The mean-field PDE (1.5) exhibits a similar phenomenon (Fig. 1.1,
right).



particles

time

interaction energy

time

FIGURE 1.2. Coalescence of clusters in the particle system (1.1)
where N = 50, v = 2000, £ = 0.08 and the particles start at

¢ = %. (1.1) was simulated using the Euler-Maruyama scheme
with time step At = 0.00005. The bottom plot shows the interaction
energy sz ijzl W,,.¢(X} — X) as an order parameter.

(E2) Coalescence of clusters: The clusters themselves perform Brownian
motions and so can collide and merge into each other (Fig. 1.2). This
phenomenon is absent in the mean-field system since its associated timescale
grows linearly with the number of particles.

(E3) Leakage of mass and dynamical metastability: Once the clusters are
formed, individual particles can leak from one cluster to another driven by
excursions of the Brownian motions which drive the individual particles.
This phenomenon is present both in the particle system and mean-field limit.
The associated timescale is of the form 2™ where A = —inf w and m is
the cluster’s macroscopic mass, that is the number of particles in the cluster
divided by N. Fig. 1.3 shows an example for the mass exchange between
clusters if the PDE is started initially with three clusters with different
masses. Since the timescale for mass leakage €A™ depends exponentially
on m, the mass exchange among clusters leads to dynamical metastability in
the PDE [ORO07]: A multi-cluster state can remain stable over a long period
of time until it suddenly collapses to a single-cluster state, see Figs. 1.3
and 1.4 for examples.

(E4) Microscopic reversibility: Finally, once a single-cluster state has been
formed it is always possible for it to spontaneously dissolve due to the effect
of the noise. This is a large N large deviation event of Dawson—Géartner-
type [DG89] and occurs at a timescale of order V27 where Az is the free
energy gap of the limiting free energy. Since it is driven by noise and the
timescale grows exponentially in the number of particles, this phenomenon
is present only in the particle system and not the mean-field system.

In what follows, we will analyse each of these phenomena individually and study
the dependence of the associated timescale on the parameters of the system, i.e. the
strength of the interaction v, the length scale of the interaction ¢, and the number of
particles in the system N. Depending on the relative sizes of the timescales for (E2)
and (E3), one of the two effects can dominate the behaviour of the particle system.
On the other hand, since the timescale for effect (E2) roughly scales like N, the
mean-field system does not show effect (E2).
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FIGURE 1.3. Exchange of mass between three clusters in the mean-
field PDE. The potential is given by (1.4) with v = 1000 and
£ = 0.05. The initial state is given by a Gaussian mixture (truncated
at 0 and 1 and normalized) with centers (0.1,0.3,0.7) and variances
o} = ﬁ for k =1,2,3 and mq = 0.2,my = 0.3,m3 = 0.5. This
form of the variances will be explained in more detail Section 3.3.
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FIGURE 1.4. Dynamical metastability in the PDE: The PDE is
started from a Gaussian mixture with centers 0.25 and 0.75 and
initial masses 0.45, 0.55, respectively. w is given by (1.4) and
~ = 1000 and ¢ = 0.05.

As a by-product of our analysis, we derive a coarse-grained system which effectively
describes both phenomena (E2) and (E3). Moreover, we propose a suitable regime
in which the merging for the clusters in the particle system (i.e. phenomenon (E2))
is captured in terms of a stochastic process closely related to the modified massive
Arratia flow [Konl7; KR19].

1.3. Our contributions. A similar model was already studied in [GPY17] for
the particular case of the Hegselmann-Krause interaction potential; it was shown
heuristically that if v is sufficiently large, the microscopic system exhibits initial
clustering (effect (E1)). Subsequently, the authors explain how the clusters move like
coalescing heavy Brownian motions (effect (E2)). See also the numerical experiments
and statistical analysis of the clusters in [Weh+25]. Our contributions are as follows.

e Generalizing the heuristics by [GPY17] on the initial formation of clusters,
we determine the timescale of initial clustering for the mean-field PDE



as well as for the particle system under more general initial conditions
than [GPY17].

e We prove for a large family of compactly supported potentials w such as (1.4)
that global minimizers of the free energy (1.6) are either the uniform state
or single-cluster states in the sense that they are symmetrically decreasing
with respect to their center of mass. The latter is true beyond the phase
transition, that is for v > ., in which case global minimizers are non-trivial,
that is, different from the uniform state. The argument is based on a
new variant of the strict Riesz rearrangement inequality which holds true
for interaction kernels whose monotony is only locally strict (in contrast
to the globally strictly decreasing kernels considered in [Bec93]) and can
therefore be applied to certain compactly supported interaction potentials
(see also [Sha25, Chapter 5] for related results).

e By extending the description from [GPY17] for the coalescence of clusters,
we introduce a new model to approximately describe both the coalescence
of clusters (E2) and the mass exchange between clusters (E3) due to the
excursions of single particles. In particular, we argue that the clusters in
the mean-field PDE are unable to move and that the PDE cannot describe
the merging of clusters, except for situations where two clusters are within
the range of the interaction potential. Therefore, apart from such cases,
coarsening in the PDE occurs only through mass exchange.

e Based on our coarse-grained model for the mass exchange, we argue and
show numerically that the PDE exhibits dynamic metastability: A multi-
cluster state can remain stable for a long period of time of order e?*2™ until
one of its clusters suddenly vanishes.

o Besides the timescales for (E1), (E2) (which is of order N) and (E3) (which
is of order e7*A™), we also describe the timescale of microscopic reversibil-
ity (E4). In the mean-field limit N — oo, the timescale for coalescence and
microscopic reversibility diverge to infinity, leaving the timescale for (E1)
and (E3) as the ones which determine the behaviour of the PDE.

e We identify certain scaling regimes in which we conjecture the system (1.1)
to converge in a suitable limit towards the Modified Massive Arratia
flow [Konl7; KR19].

We can summarise our observations by considering the empirical measure pl¥ of
the interacting particle system which can be formally interpreted as the solution of
the following interacting Dean—-Kawasaki equation:

Oy = App +V - (i YWy g5 i) +V2N72V - < uivé),

where £ is vector-valued space-time white noise. The above SPDE has the structure
of a slow gradient flow (corresponding to the deterministic part of the above equation)
perturbed by a random process (corresponding to the transport noise), making the
SPDE a reversible Markov process with respect to the lifted Gibbs measure of the
N-particle system. The competing timescales and the effects (E1) to (E4) can then
be interpreted as arising from the different terms in the SPDE.

The initial clustering (E1) is driven by the short-time linear instability of constant
state under the influence of the deterministic part of the equation. The coalescence
of clusters (E2) is produced by the noise term driving the motion of clusters. Indeed,

one can check that vV2ZN~=2V - (\/ uly f) has quadratic variation of order N~!'¢ thus
producing a linear timescale in N. The mass exchange (E3) is produced by the

slow motion of the deterministic part (the slow gradient flow) and arises from the
competition between the Laplacian and the interaction term. The timescale for
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microscopic reversibility (E4) can also be explained as the small-noise (large N)
large deviation timescale of the above SPDE which is exponentially large in V.

1.4. Notation. For two functions f,g : (0,00) — (0,00), we write f(x) ~ g(z)
to indicate asymptotic equivalence for x — oo, that is, lim, ., % =1. In
addition, we write f(z) < g(x) to denote asymptotic proportionality for z — oo,
583 < oo and liminf,_, o 583 > 0. Given p € R, 0 > 0, we write
g(#; u, 0?) for the density of the one-dimensional Gaussian distribution with mean
1 and variance o2. By abuse of notation, we will often use the same symbol for an

absolutely continuous probability measure and its density. For particles X}, ..., X}V

ie., limsup,_, o

at time ¢, we define the empirical measure as p' = + Zf\;l dxi- The space of
probability measures on a Polish space E is denoted by P(E).

1.5. Outline. In Section 2, we generalize the heuristics by [GPY17] on the initial
clustering. The timescales for initial clustering for the particle system and the PDE
can be found in Section 2.2 and Section 2.3, respectively.

For generic initial conditions and if v > 1, numerics show that the PDE converges
to a single-cluster state. In order to better understand the shape of p; as t — oo, we
analyse the minimizers of the free energy (1.6) in Section 3 more closely: First, we
prove that for ¢ < 1, the mean-field PDE has a discontinuous phase transition for
v — 00, proving that for v > 1 large enough, there exist non-trivial global minimizers
of the free energy apart from the trivial uniform state punit = 1 (see Section 3.1).
Moreover, we use a strict version of the Riesz rearrangement inequality to show that
all global minimizers of the free energy (1.6) are either uniform or symmetrically
decreasing, i.e., single-clusters states, see Section 3.2.

In Section 4 we state and derive a reduced model which is able to describe both the
coalescence (E2) and the leakage of mass (E3). We start by recalling the Markovian
model from [GPY17] in Section 4.1 and state our extended model with mass exchange
in Section 4.2. We show that our new model can explain dynamical metastability of
the mean-field limit in Section 4.3 and discuss its limitations in Section 4.4. The
heuristic derivation for our model is contained in Section 4.5. As a byproduct, we
obtain also a jump process description in Section 4.6.

We conclude the paper by discussing possible future directions in Section 5.
Moreover, in Section A, we formulate a conjecture on the convergence of (1.1) to
the Modified Massive Arratia flow [Konl7; KR19] in a suitable scaling limit.

2. INITIAL CLUSTERING

2.1. Background: Initial clustering after [GPY17] via linearization. We
review here the heuristics on the initial clustering from [GPY17], extending their
analysis from Hegselmann—Krause case (1.3) to the more general Assumption 1.1
as well as examining the timescales of initial clustering for more general initial
conditions (see Section 2.2 and Section 2.3).

Linearizing the PDE (1.5) around the uniform equilibrium state punit(x) =1 for
a small perturbation ppert, we obtain the linear PDE

atppert - agppert + a:r (punifW!Y’e * ppert) . (21)

The Fourier coefficients ppert (£, k) = fol ppert (t, x)e~* dx for k € K := 277 satisfy
the system of linear ODEs

atﬁpert(tv k) = |:ipunifk/ W/)g(l‘)e_ikz dx — kQ ﬁpert(ty k‘)
[0,1]



Hence, we can read-off the growth rates of the Fourier modes as

¥(k) := Re (Punifk /[0 . W,’Y?Z(x)efim dz — k2> = —k? (VAV%@(/C) + 1),

where

o~

W, .o(k) := /OIWM(:U) cos(kz) dz :74/2

’Y/él w/(%)singﬂkx) e

2

w (%) cos(kx) dx

are the Fourier modes of the interaction potential W, ,. By the Riemann-Lebesgue
lemma, the growth rates v (k) are bounded from above for k € K and are therefore
maximized at some kpax = argmax, e x>0 ¥ (k). The sign of the maximal growth
rate ¥(kmax) determines the stability of (2.1): Viewing £ > 0 as fixed and small
and « > 0 as bifurcation parameter, the minimal v > 0 such that one of the growth
rates (k) becomes positive is denoted by 4, called the point of linear stability.
It is given by
1

V== . = )
mlnke,c\{o} W’Y=17£(k)

see also [CP10], where 4 > 0 is true for sufficiently small £ > 0 since for those ¢ it
holds that Wy ¢(1) = € [ uppw W() cos(lz) dz < 0.

In case v < 4, we have maxgex ¥(k) < 0, the linearized system (2.1) is stable
and small perturbations of the uniform state pynir will converge to the uniform state
Punif, see [CGPS20] for exact results directly on the level of the nonlinear PDE (1.5).

On the other hand, if v > 4, then maxyex ¢(k) > 0, the system (2.1) is unstable
and clustering occurs by means of the dominant Fourier mode kp,,x with maximal
growth rate. The estimated number of initial clusters is determined by kp,.x and
given by

Fmax
Nclusters = o eN.

In particular, the inter-cluster distance is given by dejusters = 1/Nclusters = 27/ Kmax-
Clustering in the linearized PDE (2.1) with a number of ncusters 0Occurs when-
ever the initial condition pper (0, ¢) is sufficiently close to a constant function and
Ppert (0, kmax) = Ppert(0, —kmax) 7 0. Let us assume such an initial condition
for (2.1). Then, since the dominant modes ppert (t, £hmax) grow exponentially as

|Ppert (t, Ehmax)| = ew(ikmx)qﬁpert (0, £hmax)| for ¢t > 0,
the initial clustering time for (2.1) is of the order

telustering = _1og(‘ﬁpert(0akmax)|)
clustering —
1p(kmax)

As we will argue in the following, initial clustering in the regime v > 4 occurs both
for the PDE (1.5) when started from a perturbation of the uniform state which has
a non-zero ky.x-Fourier mode and for the particle system.

(2.2)

2.2. Initial clustering in the PDE. The previous section shows that for v > ~;,
starting the PDE from a small perturbation py € P([0,1]) N L?([0, 1]) of the uniform
state punir = 1 such that pper (0, kmax) # 0 yields initial clustering with the same
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number of clusters n¢usters s the particle system. This is also observed numerically,
see (Fig. 1.1, right). The initial clustering timescale is then of the order

_ IOg(lﬁb(kmaX)l) )

tclustering —~ 'l/)(kma ) (23)

2.3. Initial clustering in the particle system. Let po € P([0,1]) N L?([0,1]) be
a probability measure which is close to or equal to the uniform distribution pypnis
and assume that the initial positions of the particles (1.1) are sampled i.i.d. from
po- By the central limit theorem, the fluctuations

ppert(o‘r [ Z(Sxf_ ]

converge to a Gaussian-valued measure p, that is, for each h € Cy([0, 1]), the real-
valued random variable f[o 1 h(z)p(dx) is N'(0,02(h))-distributed, where o%(h) =

[ (h(z)— [ h(y)po(dy) ) po(dz). Writing the initial empirical measure p = + Z;V=1 5

in the forrn

/L(])V X Punif + (PO - punif) L7

=

we find from (2.2) that the initial clustering time is of the order

—1og (| Ao (kmax) + 2222 )

tclustering = w (k‘ ) ’
max

where f f[o 1 e~ dz denotes the k-th Fourier mode of f.

For the 1n1tlal clusterlng timescale in the particle system, this implies the following;:
If the particles are sampled i.i.d. from the uniform distribution pyp;f, then the initial
clustering time is of the order

_ logN
tclustering —~ 1/)(]@7

max)

This was already described in [GPY17] and is in line with the fact that puni is a
stationary state for the mean-field PDE (1.5), so that when starting (1.5) at punit,
no clustering occurs.

On the other hand, if the particles are sampled i.i.d. from a distribution p;
which is close to punir, but p1(kmax) 7 0 (in particular, p; # punir), then the initial
clustering time is of the same order (2.3) as for the limiting PDE (1.5).

2.4. Explicit number of initial clusters for the Hegselmann—Krause proto-
type. For w as defined in (1.4), we have for all £ € (0,1) and k € K that

2cos(kl)  2sin(ke)
o Wy=1,e(x) cos(kz) de = T e

One can show that this is minimized for £ = 27 which is the smallest positive element
in K. Taylor’s formula around ¢ = 0 yields Wy 4(k) = f[o 1) Wa=1,e(2) cos(kz) dz =
2 1 ’
—202 + 5k + ..., so that
3
Yy~ ﬁ as £ — 0.
In order to determine the number of initial clusters, we note that
sin(kf)
k¢

Y(k) = —k? + 2y — 2y cos(kl).

Xa
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Viewing v as a function on (0, c0), we have that for large enough =, (k) attains its
maximum on (0,00) in the interval [0, 2F]. The derivative is given by

W (k) = —2k + 2y <€cos(€k) _ sin(fk)

/ k k2
Setting ¢’(k) = 0 leads to the equation
1 1(lcos(lk)  sin(¢k) +£sin(k€)
v 4 k2 k3 k
As v — oo, the limit y := lim_, Lkmax(y) solves the transcendental equation
_Yy
1—y2°

The smallest positive solution of this equation is at y. =~ 2.74, so that

) + 2y sin(k?)

0=ycosy —siny + y?siny < tany =

kmax ~ y—g as y — o0.

In particular, the number of initial clusters is given by

. 1 1
Nclusters ™~ %Z ~ 044@ as vy — Q.

3. STATIONARY AND METASTABLE STATES

Having analysed the initial formation of clusters in the previous section, we now
want to understand the stationary states for the mean-field PDE (1.5). While the
particle system (1.1) has a unique stationary state given by
e Wh.e

ZN

o = € P(TV), where Zy = / e Woelehoa™) qpl | dgV,

’H‘N

the PDE (1.5) exhibits phase transitions and can have multiple stationary states
which are characterized by [CGPS20, Proposition 2.4], see also [CP10]. In particular,
a state p is stationary for (1.5) if and only if it is a fixed point of the Kirkwood—
Monroe map, that is, it satisfies

o
P~ Z0)

Note that the uniform state punis is always stationary. As proven in [CGPS20,
Theorem 2.3], under reasonable assumptions on the interaction potential, all steady
states are smooth and strictly positive. In addition, any fixed point of (3.1) is a
critical point of the free energy F, ; from (1.6).

Simulations suggest that for generic initial conditions, the PDE converges to
a single-cluster state as t — oo unless v is small enough, in which case the PDE
converges to the uniform state pg. This is in line with the fact that the mean-field
PDE has a discontinuous phase transition at some ~., so that for v > ~., there
exist global minimizers of the free energy which are non-uniform (see Section 3.1
below for a proof). Moreover, in Theorem 3.3 we prove that all global minimizers
are either the uniform state or single-cluster states in the sense that they are
symmetrically decreasing. The argument generalizes the strict version of the Riesz
rearrangement inequality from [Bec93] to compactly supported kernels, crucially
using the analyticity of stationary states which we show in Lemma 3.7. A heuristic
argument as well as numerical results as explained in Section 3.3 suggest that for
large v, the global minimizer of the free energy is in fact approximately (a circular

version of) a Gaussian with variance o = #@'

M e (D), where Z(p)i= [ 0 da (3)
T



12 N. J. GERBER, GVALANI, HAIRER, PAVLIOTIS, AND SCHLICHTING

800

o
o
o

N
o
o

o, =r.l,

200

. 0
100 125 . 150 175 200
interaction strength ~

FicUre 3.1. Bifurcation model for the Hegselmann—Krause po-
tential (1.4). Holding ¢ = 0.1 fixed, the bifurcation diagram shows
the single-cluster state p, as a function of -y, continuing the single-
cluster branch until it ceases to exist. The stationary state p, is
computed by using Newton’s method to find fixed points of the
Kirkwood—Monroe map. The blue curve is the free energy gap
Foi(py) — Fyi(pso), where po, = 1 is the uniform stationary state.
The red curve shows the L'-norm of p, — peo. At 7 = 7, there is a
discontinuous phase transition. The uniform state v, for v € [0,74)
where 74 is the point of linear stability. Note that the single-cluster
branch exists for v < . close to 7., however, the branch is the
global minimizer only for v > ~..

3.1. Existence of a discontinuous phase transition. We show that in the
strong local interaction regime ¢ < 1 and v > 1, the free energy defined in (1.6)
has a discontinuous phase transition, which is defined as follows [CP10; CGPS20].

Definition 3.1 (Transition point). A parameter value 7. > 0 is said to be a
transition point of F, ; (for fixed ¢ > 0) from the uniform measure pynir(de) = 1dz
if it satisfies

(1) For 0 < < e, punit is the unique minimiser of F, 4.

(2) For v = ~c, punit is & minimiser of F., ;.

(3) For v > 7., there exists p, € P(T) \ {punit}, such that p, is a minimiser of

Fre.

Additionally, a transition point v, > 0 is said to be continuous for F, o if

(1) For v = e, punit is the unique minimiser of F, ;.

(2) Given any family of minimisers {p,|y > 7.}, it holds that

lim sup||py — punit|lpy = 0.
e

A transition point 7, which is not continuous is said to be discontinuous.

As shown in [CP10; CGPS20; DGPS23], for small v, the uniform state pypir is
the unique stationary state. Also, for small enough ¢, we have a discontinuous phase
transition [CGPS20, Def. 5.4] as the following corollary shows. We use the refined
result from [GS20, Lemma 5.3], which allows to identify a certain scaling regime
between «y and £ in which a discontinuous phase transition is present.
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Corollary 3.2. Assume that w: R — R has compact support and that fR w(z)de <
0. Then for sufficiently small £ > 0, the potential W, o defined in (1.2) has a
discontinuous transition point v, < ~y. In particular, for v > ~y. there exists a
minimizer p~ ¢ of Foy ¢ distinct from the uniform state pynir(dz) =1

Proof. The regularity assumption on w ensures that the condition [GS20, (5.2) in
Lemma 5.3] is satisfied, where the role of € is given in terms of £. The existence of
the distinct minimizers of F,, ¢ for £ sufficiently small v = . is now an immediate
consequence of Theorem 3.1. (]

In particular, Corollary 3.2 holds true under Assumption 1.1 for ¢ sufficiently
small and the existence of two energy minimizers for v = . is illustrated in Fig. 3.1.

3.2. Non-trivial global minimizers of the free energy are symmetrically
decreasing. In this section, we prove that global minimizers are either uniform
or single-cluster states in the sense that they are translates of their symmetric
decreasing rearrangement. For a measurable function f : S™ — [0, 00), we denote by
f* the symmetric decreasing rearrangement of f. That is, if W= (1,0,...,0) € S™
and d : S™ x S™ — [0, 00) denotes the geodesic distance on S™, then f* is the (up to
sets of measure zero) unique measurable function f*:S™ — [0, 00) which depends
only on d(+, 7), is non-increasing in d(+, ) and whose level sets have the same
measures as the level sets of f, that is, {x € S™ : f(z) >t} and {x € S™ : f*(z) > t}
have the same mass for all t > 0.

Theorem 3.3 (Global minimizers of the free energy are symmetrically decreasing).
Assume that w satisfies Assumption 1.1 and is additionally C? on (=S, Sw). Fiz
v >0 and ¢ € (0,1/(2sy)). Let p be a global minimizer of the free energy (1.6).
Then there exists a translation T : T — T such that p=p* o T.

The above Theorem 3.3 provides a non-trivial result if we know that the global
minimizer is non-trivial, that is different from the uniform state pynir(da) = 1, which
is ensured by the existence of a transition point from Corollary 3.2.

Corollary 3.4 (Single-cluster minimizer). Assume that w: R — R is as in Theo-
rem 3.8. Then for sufficiently small £ > 0 and v > 7., the global minimizer p. ¢ of
F. 0 98 a nontrivial single-cluster state.

The proof of Theorem 3.3 relies on the classical Riesz rearrangement inequal-
ity [BT76].

Theorem 3.5 (Riesz rearrangement inequality). Consider the hypersphere S™ for
somen > 1. Let K : [0,71] — [0,00) be a decreasing function. Then, for all
measurable non-negative functions f,g on S™ it holds that

| s@ewKde ) drdy < [ g K dey) dedy,
SnxSm Snx.Sm

For the proof of Theorem 3.3, we need to characterize the equality case in Theo-
rem 3.5. For strictly symmetrically decreasing kernels K, this was done in [Bec93;
Bur96], see also [Lie77]. Since the interaction kernel W, ; considered here are not
strictly symmetrically decreasing, we prove the following variant of [Bec93; Bur96],
which characterizes the equality case in Theorem 3.5 for f = g and kernels which
can be constant outside a compact set.

Lemma 3.6 (Variant of the strict Riesz rearrangement inequality). Assume that
K : [0,7] — [0,00) is decreasing, i.e., K(x) > K(y) if ¢ <y and that there exists
0 > 0 such that

K(z) > K(y) whenever 0<z<y<34. (3.2)
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Let p: S™ — [0,00) be an analytic function' for which the equality

/ p()p(y) K (d(z, y)) dardy = / o (@)p* () K (d(, ) d dy
Snx Sn Snx Sn

holds. Then there exists a rotation T : S™ — S™ such that p=p* o T.

Proof. We use a variant of Beckner’s polarization argument [Bec93], see also [Bur09].
Let 70 = (1,0...,0). Let H C R™"! be a hyperplane through the origin which does
not pass through 7. The hyperplane H divides S™ into two parts. Let M™ be the
connected component of S™\ H that contains 7 and M~ be the other connected
component. Let o : 8™ — S™ be the reflection with respect to H and M° = S" N H.
We define the polarization p° : S™ — [0, 00) by

max{p(x), p(ox)} fze MT
P (x) == ¢ p(z) if z € M°
min{p(x), p(cz)} fze M.
Similarly to [Bur09, Lemma 2.11], it follows that if
p=p° or p=p’oo for all reflections o, (3.3)

then there exists a rotation 7" : S™ — S™ such that p = p* o T.
Now, fix some reflection o. Similarly to [Bur09, Lemma 2.6] (see also [Bec93]),
we write

1) [ @)K (d(r.y)) drdy
= [ [p@t) + plompton)] Kld(w. ) dody
M+xM+
[ [o@rton) + ploa)ot)]| K (e, on) dady
— [ [p@t) + ptonpton)] {K(dGe.) - K(d(w.ov)} dzdy
M+xM+

+ / [p(ff)p(y) + p(oz)p(oy) + p(x)p(oy)
M+xM+

+ plox)p(y)| K (d(z, oy)) du dy.

If we replace p by p?, the second integral does not change. Fixing z,y € M™,
we examine the effect of replacing p by p? in the first integral. If p(x) > p(ox)
and p(y) > p(oy), or if p(z) < p(ox) and p(y) < p(oy), then the integrand
p(x)p(y)+p(ox)p(oy) does not change. Assume that p(z) > p(oz) and p(y) < p(oy).
Then, the integrand increases by
p(x)ploy) + plox)py) — p(x)p(y) — plox)ploy)
= (p(ox) = p(x)) (p(y) — p(oy)) > 0.
(

The same holds true in case p(z) < p(oz) and p(y) > p(oy). We obtain
16~ 1) = [ wax{(plow) ~ pla) (0(0) ~ plow)).0} -

{K(d(z,y)) - K(d(z,0y)) } dzay.

From (p?)* = p* and Riesz’ rearrangement inequality Theorem 3.5, it follows
that I(p) < I(p?) < I((p°)*) = I(p*). Since p is a minimizer of I, it follows

(3.4)

1Analytic functions f: S™ — R can be defined e.g. through two antipodal stereographic
projections, which form a holomorphic atlas.
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that I(p”) = I(p) and the integral on the right-hand side of (3.4) is zero. Since
d(z,oy) < d(z,y) for all 2,4 € M and K is a decreasing function, the integrand
in (3.4) is non-negative everywhere, therefore it is zero everywhere. Moreover, if
x,y € MT with d(z,y) < §, we have from d(z,y) < d(z,0oy) and (3.2) that

K(d(z,y)) > K(min{d, d(z,0y)}) > K(d(z,0y)),
so we obtain in particular
(p(z) — plox)) (p(y) — ploy)) >0 forallz,y € MT with d(z,y) <d. (3.5)

The idea is now that (3.5) implies that the function p — p o o cannot change sign
within balls of radius §. Since p is analytic, this will imply that p — p o ¢ cannot
change sign globally on M™.

To make this precise, define A :={x € MT : p(z) < p(ox)} and B:={ye M :
p(y) > p(oy)}. If A is empty, then p > poo on MT which implies p = p?. On the
other hand, if B is empty, then p < poo on M T which implies p = p° o 0. Below,
we will show that it is not possible for A and B to be both non-empty. Together
with (3.3), this implies Theorem 3.3.

Assume now that both A and B are non-empty. If z € A and y € B, then
d(z,y) > by (3.5). Let 29 € A and yo € B such that inf{d(z,y) : z € A,y € B} =
d(xo,yo). Then, d(xg,yo) > ¢ and the intersection of the open balls B(xq, d(xo,yo))
and B(yo, d(zo, o)) is a subset of {p = poc}. In particular, {p = po o} contains
an open ball. By the identity theorem for real analytic functions, we then have
p=poo on MT, which implies that A = B = (), which is a contradiction. (]

Lemma 3.7 (Analyticity of stationary states). Assume that w satisfies Assump-
tion 1.1 and is additionally C? on (—Sy, $w). Fizy >0 and £ € (0,1/(254)). Then,
any stationary state p of (1.5) is analytic.

Proof. Assumption 1.1 and s,¢ < 1/2 imply that W,, € W'2([0,1]) where
WH2(]0,1]) is the periodic Sobolev space. Therefore, by [CGPS20, Theorem 2.3], p
is smooth. By Lagrange’s form of the remainder in Taylor’s theorem, analyticity
follows once we have shown that for some C > 0 we have

Hp(”)Hoo < O"tip) for all n € N.

Since p is stationary, it is a fixed point of the Kirkwood—Monroe map (3.1), that is,

1
p= e~ Wmexp where Z(p) = / e~ Wrex)@) g, (3.6)
Z(p) [0.1]
Observe that supp W, ¢ = [—sy, lsy]. Let f: R — R be a smooth 1-periodic
function. By partial integration, we obtain
1 zm
W V@) = [ Wos)f e =pdy= [ Woo)f (o~ )dy
0 —{Sqy
L5 Sy,
= [Wosts@ -] )+ [ W@
50
=/, Woe(y)f(z —y)dy.
Similarly, we have
L5 s
(Woe ') = [-Wiat)l =) [ Wi —y)dy.

In particular, there exists a constant ¢; > 0 such that we have for all smooth
1-periodic functions f : R — R that

Waex [l < callflloe and  [[W5 5 £l o < el flloo- (3.7)
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By Faa di Bruno’s formula [Joh02], the n-th derivative of the composition of two
n times differentiable functions f and g can be written as

! ) () \ ™
0o @ =Y I [[(L52) L e

Lomgl--my,! i g!

where the sum is over all non-negative integers mq,..., m, such that 1-mq + 2 -
mo + -+ +n-m, = n. Define

Hp”oo
C .= max{l Plloos 12" ]|oos €1, 1|2 0o
T Mol 1 o1, el

Assume inductively that for some n > 2 it holds for all j =0,...,n — 1 that
Hp(j)Hoo < Cj'Hj!.
By (3.6) and Faa di Bruno’s formula (3.8), we obtain that

n

| — (W s % )(j) mi
) _ n p (Woexp

j=1

By the induction hypothesis and the first part of (3.7), we have for all j =2,...,n
[Waex pD| < er]]pV 2, < eaCi7H(G—2)' < I — 1)L,
By the second part of (3.7), this formula holds for j = 1 as well. We obtain
W pD| 2

(n) n! ||p|| || ,
o™l < myl-mal--my! Z(p H jlmi
n! Iplloe v €™ (G — D™
SZmll-mg!n-mn! Z(p) 31;[1 4l
1Pl 0o vm
< 70 )C’ Y, (0,1 ... (n— 1)), (3.9)

where the complete Bell polynomial Y, is given by [Com12, Section 3.3]

Yo (21,0, n) ::Zmll mg! -, |H jims

By [Com12, Section 3.3, (3i)], we obtain

Y, (0,10, (n—1)! Z| s(n, k)| (3.10)

where s(n, k) are the Stirling numbers of the first kind [Com12, Section 1.14].
By [Com12, Section 1.14, (14p)], the sum (3.10) equals n!. In particular, we obtain
from (3.9) that

lp"lloe < C"*nl,

which proves the claim. O

Proof of Theorem 3.3. Define the entropy and the interaction energy by

S(p) = /[ p(@)log(p(a))da and I(p //H Wya(o - y) da dy,

0,1]

respectively. The free energy (1.6) is then given by the sum F(p) = S(p) + I(p).
The entropy depends only on the masses of the levels sets of p, so S(p) = S(p*).
Also note that we are minimizing the free energy and that W, ((x) is increasing as
 increases from 0 to %, so can apply Theorem 3.5 to —I(p) to obtain I(p) = I(p*).
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FIGURE 3.2. Single-cluster state are stationary states for v > 1
(logarithmic y-axis). Blue: A numerical steady state of (1.5),
computed as fixed point of the Kirkwood—Monroe map (3.1) using
Newton’s method. The potential is given as in (1.4) with param-
eters v = 100 and ¢ = 0.5. Red: A Gaussian least-squares fit
to the numerical steady state, apart from the tails. Its variance
is 02 = 0.0051 which approximately equals % = 0.005.

By Lemma 3.7, p is analytic. From Assumption 1.1 we have that w”(0) > 0 which
implies (3.2), so by applying Lemma 3.6 to —I(p), we obtain the claim. O

Remark 3.8 (Generalization to higher dimensions). We expect a variant of Theo-
rem 3.3 to hold true on S and on T for d > 1 as well. The key part to prove this
is to generalize the analyticity result Lemma 3.7 to multiple dimensions, something
which we believe can be done for example using the multivariate generalization of
Faa di Bruno’s formula from [Har06].

3.3. Approximate Gaussian steady states. Numerically, we observe that the
single-cluster states in the PDE are Gaussians with variance o2 = W. This is
in line with the following heuristic argument. Under Assumption 1.1, we can use
Laplace’s method around z = 0 to find

e~ (Waex0)(@) | = 1tw(©)=w" O) @) (@)/E  pg~ o0

Therefore, a Gaussian with variance o2 = #@ satisfies the Kirkwood—Monroe
fixed point equation (3.1) approximately for large . Therefore, we expect the single-
cluster state to have a variance of 02, something which is confirmed by our numerical
simulations, see Fig. 3.2. That single-cluster states are approximately Gaussian
can also be seen through the particle system by approximating the dynamics of the
particles within a cluster by an Orstein—Uhlenbeck process as in [GPY17, Setion 5.3].

3.4. Multi-cluster states. When after initial clustering, the N particles in (1.1)

are divided into K € N clusters of N (1‘), ..., N particles, respectively, we can
assign to each cluster a mass m; = NT() If the clusters are sufficiently localized,

the particles within each cluster behave approximately like the system (1.1) with

effective interaction strengths ~; = %’y = m®~. Therefore, the particles within

cluster i are approximately normally distributed with variances o? = W.
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Moreover, the empirical density for a multi-cluster state with masses m(®), ... m(%)
and cluster centers X, ... X () is approximately a Gaussian mixture

1 2
~ S mBg(e; XB) 52) = § plk N p<—( —X(k)> > 3.11
>l D=3 nt o5 )
where g(x; i, 0%) is the density of a normal distribution with mean y and variance o2.
In Section 4, we will provide evidence that multi-cluster states are metastable
states for the PDE (1.5) and that the stability timescale for a cluster of mass m
within a multi-cluster state is of order e¥/A™.

3.5. The critical minimal mass for a cluster inside a multi-cluster state.
Consider again a multi-cluster state in the particle system (1.1). In order for a
cluster of mass m € (0,1) of this multi-cluster state to be stable, the width ociuster
needs to be small compared to the interaction range 2s,,¢ of the potential since
otherwise the cluster would dissolve quickly. This gives the condition
1

Ylw" (0)

for a cluster of mass m to be stable, where mc,j; is the critical minimal mass. This
can be also seen through the following scaling argument for the free energy:

Foye(mp) m/ )(log p(x) + log(m)) dz + m* = // (x_ )()p(y)dﬂcdy

= MFm~ye(p) +mlogm.

(3.12)

m > Merit <

Therefore, whenever p,, , € P(T) is such that
F. m~y) = inf F )
e (Mpm ) pelg(T) v.e(mp)
we have that

Fmryt(Pmy) = pelgfl‘) Fmry(p)-

Therefore, p,, 4 can only be a stable cluster state provided that m~y > 7., where 7.
is defined by Section 3.1. This suggests that the critical mass mei € (0, 1) is of the
form mepiy = %, so that (3.12) gives
_ 1
T = Twr(0)”
4. THE REDUCED MODEL: COALESCING HEAVY BROWNIAN MOTIONS WITH MASS
EXCHANGE

In this section, we will first recall the Markovian dynamics of the clusters
from [GPY17]. Then we will present a model for the mass exchange of clusters.

4.1. The Markovian dynamics of the clusters in the particle model af-
ter [GPY17]. We now describe the coalescense of the clusters for the particle
model (1.1), following closely [GPY17]. Assuming that w satisfies Assumption 1.1,
we consider again the dynamics (1.1) in the regime ¢ < 1 and > 1. Let us assume
that initial clustering has already occured (see Section 2) so that the particles are
organized in K(7y) clusters at some time 7. Let I/ C {1,..., N} be the set of
indices of the particles belonging to the j-th cluster. Each cluster j has has then a
mass of mU) = |I/|/N and a corresponding width o; defined by of W.
Since w is even, it follows from (1.1) that the cluster centers

t(]) . |Ij‘ Z

i€li
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follow independent Brownian motions

X7 = x0 ¢ 2w 4.1
t To + Nm(]) t > ( )

where Wt(j )= \/IlIT\ Y icrs W} is a standard Brownian motion. The cluster centers

follow (4.1) until two clusters meet at time
71 = inf {t >7 | XW — X®)(¢)] = d for some j # k} ,

where the characteristic length scale d is given by d < ¢s,,. In this case, the two
clusters k and [ merge expect for some set of realizations which is exponentially small
in 7. Tt follows from (1.1) that the merging process can be described approximately
by the following SDE
1
. 0 . ;
d(x{) = —L”Q( ) 4 m®)(x 9 — x5 e

and similarly for Xt(k). In particular, the cluster centers converge exponentially fast.
The new cluster with index set I7 U I* has mass

m(j) +m(k)
and follows a Brownian motion of the form
2 .
v2 W,

XM = x k) 4

where Wt(j’k) = % (Wt(j )+ Wt(k)) is a standard Brownian motion and the center

of the new cluster starts at some time 71 at the weighted average

G _ m) XD 4 k) xF)
1 m) + m(k)
where we neglected the influence of the Brownian motions during the duration of
merging as well as the time the merging takes.
Relabeling the clusters to take the merging into account, we obtain now K(r) =
K (19) — 1 clusters. The coalescing process continues until a unique cluster with
mass 1 and variance ﬁ forms. Neglecting the set of realizations on which

, (4.2)

merging of touching clusters does not occur, or mass leakage occurs, it follows from
standard properties? of the one dimensional Brownian motion in a bounded domain
that a unique cluster will form almost surely in finite time on a timescale of order

tcoalcscncc = N.

4.2. The extended Markovian dynamics with mass exchange. We now
extend the model of the Markovian dynamics of the clusters by allowing the clusters
to exchange mass. Under Assumption 1.1, we propose the following model, which
we derive in Section 4.5: We assume that at time ¢, there are K (t) clusters with
centers X < ... < XE®) and masses mV) ..., mE®) € (0,1) such that
ZJK:(? mU) = 1. The positions and the masses of the clusters behave as follows:

. ) ,
ax? = det(J>, (4.3a)
Nm)
d .. I . ; ,
&m(ﬁ - ¢§,_)1m(y n 4 ¢§_1J)rlm(g+1) _ (¢§ )y ¢;l))m(3)7 (4.3b)

2For a standard Brownian motion Wi, the hitting time 7,,_p of {a, —b} (with a,b > 0) satisfies
E [Ta7_b} = ab. Therefore, from (4.1) we see that for two clusters on a periodic domain [0, 1], the

timescale for two clusters to merge is of order N.
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for j =1,..., K(t), where the rates ¢§-T) and ¢§»l) at which cluster j with mass m®)
loses mass to the cluster to the right and to the left, respectively, are given by

¢§T) = ¢ (W), XG0 xG) x G+, qgg,l) = ¢ (m), x0-1 x0) xG+)
where we define

1 eyw’ (0)
daic (T, ) — 28,0 2ml

Vme YEA™ (4.4)

¢(T) (m7 Xy, T, x’r‘) =

as well as
1 eyw”(0) _
@) — Y ~YeAmM 4.5
o (m,xy, z,2,) (2] — 25,0 57 Vme (4.5)
Here, A = —inf w and dg;, denotes the directed distance on the torus T ~ [0, 1]:

Ly — I ifxrth

ddir(xl,mr) = { (46)

T+ 1—x ifx, <a.

Throughout this paper, we will write X(© := X(K(®) and XE®O+D .— x(1) jp
order to simplify the notation. This makes sense since our model is defined on the
torus T.

The model (4.3) is subject to the following boundary conditions:

e Cluster merging: If two clusters with centers X and X*) meet, they
merge into a single cluster of mass m¥) +m®*) and position given by (4.2),
so that the system (4.3) starts anew with the clusters X @) and X(*) being
replaced by a single cluster with starting position X @-*) and mass m) +
m®).

e Cluster dissolution: If the mass of a cluster approaches zero (this will
happen if the cluster mass has fallen below the critical mass me;it), the
cluster is removed from the dynamics (4.3).

This process continues until only one cluster remains.

As the derivation of the model (4.3) in Section 4.5 below shows, 1/(;5;” and 1/(,25;-”
are the waiting times for a particle inside cluster j to leave the cluster and join the
cluster to the right and left, respectively. These timescales are of the order etam)
by the Eyring-Kramers law.

4.3. Application to the mean-field equation and dynamic metastability.
The behaviour of the mean-field PDE (1.5) after initial clustering in the regime
v¢ > 1 and ¢ < 1 is governed by the limit N — oo of (4.3), so that the cluster
centers are frozen in space and the mass exchange ODE system (4.3b) determines
the dynamics. This is also reflected by the coalescence timescale tcoalesence =< V.-
This suggests that after initial clustering, coarsening in the PDE (1.5) occurs by
mass exchange between clusters which is described by (4.3b). Indeed, if we start
the PDE with a multi-clustered initial state, then the ODE (4.3b) approximately
describes the PDE evolution, as shown in Fig. 4.1 for the potential (1.4). Fig. 4.2
shows a similar comparison for the truncated piecewise parabolic potential with
parameters «, 8 > 0, a € (0,1) given by

a(z? —a?)/2+ B(a® —-1)/2 if |z| <a,

w(z) =4 Bx?—1)/2 ifa < |z <1, (4.7)
0 if |z > 1.
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FI1GURE 4.1. Comparison of the masses from the PDE simulation
from Fig. 1.3 (solid lines) with the ODE model (4.3b) (dashed
lines).
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FIGURE 4.2. Left: The piecewise parabolic potential (4.7) with
a=1.0, 5 =3.0, and a = 0.5. Right: Comparison of the masses
from the PDE simulation from Fig. 1.3 (solid lines) with the ODE
model (4.3b) (dashed lines) for the same potential (4.7), where
£ =0.05, v = 500, initial masses (0.1,0.3,0.6) and initial positions
(:5:)-

Dynamical metastability. For v¢ > 1, the timescales e7*A™ (see (4.11) below) for a
particle to leave a cluster are exponentially large in the cluster masses m(), so that
we expect dynamical metastability for the cluster mass dynamics. Indeed, assume
for instance that we start the PDE with two clusters with masses m, m; = % and
me > myp. In the regime v¢ > 1, £ < 1, we find from (4.3b) that mass is exchanged
at a rate that is exponentially small in v¢m, and ~v¢m;. Therefore, it will take
exponentially long for the stronger cluster to absorb the smaller one. Indeed, we
observe both for the PDE and the mass exchange ODE (4.3b) that the masses
change only very little over a large amount of time to then suddenly collapse to a
state in which only the initially heavier cluster remains, see Fig. 4.1.

4.4. Limitations of the reduced model (4.3). Observe that the model is only
a valid approximate description of the PDE with a multi-clustered initial state if
X0+ — XU > (s, that is, the initial centers of the clusters are sufficiently far
apart, since otherwise deterministic merging phenomena.

Moreover, the model (4.3b) is in general not a good approximation of the dissolu-
tion of clusters. Once one of the clusters has a mass smaller than the critical mass
Merit (see Section 3.5), then the dynamics of the particles of this cluster are not
described by the Ornstein—Uhlenbeck approximation from [GPY17] and the cluster
shape is in general not well approximated by (3.11). Moreover, in this situation, not
only the behavior of w around zero but its general shape determines the behavior
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and the exact evolution of mass. In particular, the description of the ODE (4.3b) is
in general only valid until the first dissolution of a cluster.

4.5. Heuristic derivation of the reduced models (4.3) and (4.12).

The timescale for a particle to leave a cluster. As before, we assume that for
some fixed time ¢ > 0, the particles (1.1) are arranged in clusters of masses
m® . mE®) € (0,1) and centers X1 < ... < X(K®) - For simplicity, let
us assume that the particles move on the real line R instead of the torus. Each
cluster X9) consists of approximately m) N particles. We would like to compute
the timescale of a particle X} in the j-th cluster to leave the cluster and join
another one, where s € {1,...,N} and j € {1,..., K(¢)}. The empirical measure
AR % vazl 1) xi can be approximated by a linear combination of Gaussian densi-

ties centered at the cluster centers Xt(k) with variances o7 = W and weights
mk);
K(t KMt
m 1 k 2
< S = 3 (oL (-0,
k=1 k=1 Tk

where g(z; i1, 0?) is the density of a normal distribution with mean p and variance
o%. We are interested in the event that the particle X} of cluster j leaves this cluster
and joins another cluster which can be assumed to be one of the neighboring clusters
7 —1or j+1, since the event that a particle jumps to a cluster that is not a direct
neighbor of the cluster where the particle have a probability of lower order. The
particle X} moves in the effective potential

K(t)
Ver(2) = (Wo e % 1) ( Zm (vew(3) g XP,0D)) @), (48)
that is dX} = —V/3(X})dt + v2dBi.

In order to approximate Vog around its local minimum X ), we replace w(x)
in (4.8) by the quadratic approximation w(x) ~ —A +w"(0) % 2” for small ||, where
A ;= —infw = —w(0). This is justified by the fact that the o2 is of order £/,
while the interaction range of the potential W, ; is of order £ > £/~. Using this
approximation, we obtain then

V() =¥ ( (268 + P27 g X901) ) 0

" (k) 2
= —Am® + % ((w - X(k)) + U,%) (4.9)

— _tAm® L( _ <k>)2 1
YeAm +20_% r—X +2,
for z close to X®*). Fix some a € R inside the potential well of Vg around
X0U=1Y which is close enough to the right boundary of this potential well and
some b € R inside the well of Vog around XU*Y which is close enough to the left
boundary of this well. Let 7,5 be the time of X} to hit (—oo,a] U [b,00) and set
u(z) = Elra | X{ = z]. By classical results [DZ01, Theorem 5.7.3] [Pav14, Sec.
7.3], u satisfies the boundary value problem

u’(x) — Vig(x)u'(x) = -1 in (a,b),
u(a) =0, u(b) =0,
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FIGURE 4.3. The effective potential Vg for the Hegselmann-—
Krause prototype (1.4)

which has the solution

" T Ver (W) doy . [0 [V oVerr(¥)—Ver(2)
_/ /yeveﬁ(w—veﬁ(z)dzd“ Jo e dy f{ajv;f)f;y (%) dz dy
aeeffy y

(4.10)

for z € [a,b]. We would like to apply Laplace’s method for the limit v — oo. Around
its minima XM ... X(E®) we approximate Vig by (4.9). Also relevant is the
width of the potential wells around the minima. Since the support of W, , has
length 2/¢s,,, we expect that the width of the potential wells of Veg = W, ; * uly

can roughly be approximated by 2¢s,,, since o, = \/£/(yw” (0)m(¥)) < £. For fixed
€ (XU —ts,, XU +¢s,), we therefore obtain the rough approximation

/“’ eVer @) qy ~ X0 _ XU=D _9g 1.
b
/ eVen®) dy & XUTD _ XU g0,

Furthermore, from (4.9) we have for ¢ € (X) — £s,,, X9 4 ¢s,,) that

/ Verr ( dZ ~ J e'yZAm(” _ 2l 'yZAm(J)
“ e’yw”(O)m(J)

A similar argument shows for the same x the rough approximation
b .
/ /y Vet W) =Verr(2) 45 dy ~ (X(j+1) _xW _ 2Sw€> Levmmm.
a Ja eyw” (0)m)

Here we used that a,b are sufficiently close to the boundary of their respective
valleys, so that we get only the contribution of the valley around X ). Therefore,
we obtain the Eyring—Kramers formula

E[rap | X§ = 2] (4.11)

(XUFD — X0 —25,0) - (X0 — X0=D —25,0) 2l O AMD
(XU+D — XG-1 — 25,,0) ey (0)m@ ©

~
~

as y — oo for all x € (XU — ¢, XU) 4 7). Here, we used that the first term in (4.10)
is of lower order than the second by our choice of a and b. The formula (4.11)
holds for all j = 1,..., K(t), where we adopt the notation X = X(K®) and
X KB+ = X (1) a5 before.
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The equilibrium potential. Let hy () = P[Ta <Tp ’ X = J:] be the probability
that a particle X; which starts at x hits a before hitting b. Then, h, j satisfies the
boundary value problem given by (see e.g. [Ber13])

ap(@) = Vig(@)h ,(z) =0 in (a,b),
h%b(a) = 1, h%b(b) =0.

Therefore, we obtain
fb eVerr () 4y

hap(x) = Frr
)b( ) ffeveff(y) dy

for all x € [a, b],

so that as above we can approximate the equilibrium potential for all z € (X ) —
(54, X ) 4 0s,) by

XU+ — x0) —92g, ¢
XU+ — X0-1) — 4g,0

With this, we describe the mass exchange as follows: A particle X} of cluster j waits
for an exponentially distributed time with expectation E[Ta’b } X§= x] inside the
cluster j. When it leaves the cluster after this random time, it joins the cluster j —1
with probability p¥) and the cluster j + 1 with probability 1 — p(?). This gives the
following waiting times for jumps of the particle X} inside cluster j to the cluster
7 — 1 and j + 1, respectively:

ha,b(ﬂﬁ) %p(j) —

70 _ Elrap [ Xo =] _ (ddir (Xufl) X(j)) _ 25w4> 2l eam®
left p(J) ’ efyw”(())m(])

70 _ Elrae|Xo=a] (dase (XD, X)) — 25,0) 2l eam®
right 1— p(J) ’ e*yw”(())m(])

where we used the directed distances (4.6) to account for the fact that we are on the
one-dimensional torus. Now the waiting times 7)) and Tr(ijg)ht are just the inverses of
the rates ¢§l) and qﬁg-r) defined in (4.5) and (4.4), respectively. From this, we obtain

the model (4.3b). More precisely, we can use the jump process described in the next
section to model the mass exchange, form which we can then derive (4.3b).

4.6. Modeling the mass exchange via jumps of particles. Based on the
waiting times for particles from one cluster to join adjacent clusters, we can write
down a continuous-time stochastic Markov process for the mass exchange of the
clusters which features jumps of particles from one cluster to another. Assuming
again that the particles are arranged in K(t) € NT clusters at time ¢ > 0 with
masses m) = MU) /N and cluster centers X)) where j = 1,..., K(t), we model
the mass exchange of these clusters by a continuous time Markov chain with state
space

M(N, K (t)) := {(Mu),m’M(K(t))) e NEM) . ) 4 ppE®) = N}’

where N is the total number of particles as before.
For i,j € {1,...,K(t)}, we denote that two clusters ¢ and j are neighbors on T
by writing

i~k = li—jl="1or (i,j) € {(1, K(t)), (K(t),1)}.
We say that the state M = (M(l),...,]T/f(K(t))) € M(N, K(t)) arises from the
state M = (MW, ..., ME®)) € M(N, K(t)) by a jump of a particle from cluster
i to cluster j if M@ = M® —1, M©® = MO +1 and M® = M® for all
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kEe{l,...,K(#)}\ {i,j}. The Q-matrix of the Markov chain (Mt(l), ce Mt(K(t))>

is defined as follows. If M = ﬁ, it is defined by
K(t)

©)
o (a0 Y (M i—1) v() yG+1
QM M) = > M(J)<¢j + 6! )(vi(] ) X, x G+ )>
j=1

Moreover, if M arises from M by a jump of a particle from cluster i to cluster j
where i ~g ;) j are neighbor, then we set

— M@ . M@ ) ) )
M, M) i= = (0 4 60) (S X070, X0, x0+ ),
Q( (07 +00) (5
In all other cases, we set Q(MJVI) = 0. The corresponding chemical master

equation (Kolmogorov foward equation) reads

gIP’[Mt:M|MO:1\7I] = ¥ P[Mt:M‘Mo:M] Q(M.M)
i MeM(N,K (1))

With this, we can write down the following model:

: D) .
ax¥ = LdW}” forj=1,...,K(t) (4.12a)
Nm)
The numbers of particles in the clusters (MM ..., MK®))
evolve as a continuous time Markov chain with state space (4.12b)
M(N, K(t)) and @Q-matrix as defined above.

This model is augmented by the same boundary conditions as the model (4.3), that
is, clusters merge when getting close and if the number of particles M) in a cluster
approaches zero, the cluster is removed from the system.

In the limit N — oo, we expect # — m) and we can formally replace the
chemical master equation (4.12b) by the reaction rate equation (4.3b), see [Gil00]
for details.

Note that the ODE (4.3b) exhibits dynamical metastability in the same way as
the continuous-time jump-diffusion process given by the Q-matrix defined above
exhibits (stochastic) metastability.

Remark 4.1 (Existence of multi-cluster steady states). A multi-cluster state with K
clusters of the same masses % and at equidistant positions on the torus corresponds
to a stationary state of the ODE (4.3b). Indeed, we can prove the existence of
stationary states of (1.5) of this form: By Section 3.1, for £ < 1 and + > 1, there
exists a non-trivial global minimizer g, ¢ of the free energy. Moreover, ¢ must be
a single-cluster state by Theorem 3.3. We show now how to construct multi-cluster
stationary states from g, ¢.

We view ¢, ¢ as 1-periodic function R — R. Then, for every K € N such that
swl < 1/2, the state G(z) := g,o(Kx) is a fixpoint of (3.1) for W, ; where 5 = K?y
and ¢ = (/K since

(Wioyo/i % q)(x) = Kyl /_; w(?)%,e(f{(ﬂs —y))dy

=t [ () elis — ) dy = Wy <, (),

where we used that £suppw C [—1/2,1/2] in the last step by assumption. This
can be also seen by calculating the Fourier modes: On the one hand, we have that
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FIGURE 4.4. Free energy landscape for a two-cluster state (3.11) in
dependence of the two masses masses my € [0, 1], mg = 1—m; with
distance of cluster centers d := X — X ¢ [0,1]. For fixed d,
the free energy is maximized at m; = mq = 1/2, which is however
an unstable state. The free energy was computed by discretizing
the torus with 2° grid points. Parameters: v = 150,¢ = 0.1, w as
n (1.4).

q(x) = 5= Y ek Gy.e(k)eTR where Gy o(k f[ 11, o(x)e~** dz. On the other

20 2
hand, the Fourier modes of W ; are given by

K1
w<Ky>eiKky dy :'yE/ ’ w(y>e*iky dy
341\ Ky

= / e~ dy

%e(Kk).

Wi o/ (k) = Kl /

In particular, these calculations show that multi-cluster stationary states exist.
However, these states are unstable as can be seen from the free energy landscape
in Fig. 4.4.

5. DISCUSSION AND OUTLOOK

In this paper, the dynamics of weakly interacting diffusions in an attractive
localized interaction potential was studied. It was shown, through a combination of
heuristics, rigorous analysis, and careful numerical experiments, that the system
exhibits very rich dynamical behavior that the mean-field description cannot capture.
In particular, we identified several timescales and dynamical phenomena: formation
of clusters, merging/coalescence, mass transfer between clusters, and microscopic
reversibility, which we summarize as follows:

o Initial clustering: The timescale tciustering it (2.2) for the onset of cluster-
ing is determined solely by the activation of the dominant unstable mode of
the linearization of the mean-field PDE (2.1). As shown in Section 2.1, in
the case of the mean-field PDE and for a generic initial datum pg # punit,
the clustering time fciustering is of order one. The same applies to the particle
system when its initial positions are sampled i.i.d. from a generic proba-
bility measure py # punit- However, if the initial positions of the particles
are sampled i.i.d. from the uniform measure punir, then the timescale for
clustering is of order fciustering < log IV.
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e Coalescence: The merging of clusters only happens in the particle system
on the timescale tcoalesence Of order IV as argued in Section 4.1.

e Dynamic metastability: Each cluster of macroscopic mass m € (Mmeit, 1]
is metastable on a timescale tmetastab = €'*2™ independent of N as implied
by the proposed extended model in Section 4.2.

e Microscopic reversibility: The finite particle system (1.1) is ergodic
due to the presence of Brownian motion for each particle. However, the
presence of a discontinuous phase transition (see Corollary 3.2) implies that
the free energy (1.6) has a critical point. Since the clustered state is the
global minimizer, its energy barrier Az > 0 to this critical point determines
the timescale of microscopic reversibility treversibility = eNAF (see [GS20,
Section 5]).

Consequently, we obtain the following behaviour for the particle model (1.1): As
long as log N < v¢A, the movements of clusters (4.3a) and (4.12a) dominates the
mass exchange (4.3b) and (4.12b). In this case, the clusters will merge before the
mass exchange has a significant effect. On the contrary, for log NV > v/A, the mass
exchange dominates the cluster movements.

The identification of the timescales obtained in this paper raises several interesting
questions that we plan to address in future work. The rigorous proof of dynamical
metastability of the mean-field PDE, in the sense of Otto—Reznikofl, is still open.
Furthermore, the rigorous justification of the limit to the massive Arratia flow in the
appropriate scaling regime is a challenging question. A precise form of the conjecture
can be found in Section A. Finally, the rigorous analysis of similar questions for
the kinetic Langevin dynamics, in particular in the weak friction regime, is also of
interest.

APPENDIX A. CONVERGENCE TOWARDS THE MODIFIED MASSIVE ARRATIA FLOW

As explained above, in the regime v > 1 and ¢ < 1, once clusters have arisen,
the system (1.1) behaves essentially as a system of coalescing heavy Brownian
motions. It is therefore natural to expect that appropriate rescalings of (1.1)
converge in the large particle limit to the Massive Modified Arratia Flow [KR19],
which is an random element {y(u,t), v € [0,1], t € [0,T]} in the Skorohod space
D([0,1],C10,T]) characterized by the following set of axioms.

Theorem A.1 (Massive Arratia flow [Kon17, Theorem 1.1]). There exists an random
element {y(u,t), v € [0,1], t € [0,T]} in the Skorohod space D([0,1],C[0,T]) such
that
(C1) for all u € [0,1], the process y(u,-) is a continuous square integrable mar-
tingale with respect to the filtration

Fe=0(y(u,s), uel0,1], s<t), tel0,T7;
(C2) for all u € [0,1], y(u,0) = u;
(C3) for all w < v from [0,1] and t € [0,T], y(u,t) < y(v,t);
(C4) for alluw € [0,1], the quadratic variation has the form (y(u,-)); = fot m(di’s),
where m(u,t) = LYv: s <t y(v,s) =y(u,s)}, t €[0,T];
(C5) for all u,v € [0,1] and t € [0,T], (y(u,-),y(v,"))irr,., = 0, where Ty, =
inf{t: y(u,t) =yv, )} AT.

Based on (1.1), we define the random variables Zf{\fg with values in RI%-1*10.20) by
Z,(u,t) == x V.

Comparing (4.3a) with the axioms for the MMA Theorem A.l and with the con-
struction of the MMA by means of the finite particle system from [Konl17, Section 2],
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we see that we have to rescale the noise in (1.1) by a factor of ‘/—g, or equivalently,
rescale time by a factor of % Having this in mind, we formulate the following
conjecture:

Conjecture. Let (), (£,) be sequences in (0,00) and (N,,) be a sequence in N+
such that

Yrnln
Nn — ) E’I’L 07 1. A,]_
- ! log N, (A-1)
Then we have
ny\:?en (u, %) — y(u, ) asm — 00

in a suitable sense.

The condition ~,¢, — oo in (A.1) ensures that clusters are asymptotically stable
as n — 0o, while £ | 0 ensures that clusters merge in the limit only when they have
exactly the same position. Finally, we want the coalescence dynamics to dominate
over the mass exchange in the model (4.3) which explains the condition IZ’gLieNfil > 1.

Remark A.2. The scaling in (A.1) is related to the moderately interacting diffusions
considered by Oelschliager [Oel85], but his regime is 7,4, < 1, while in our regime
v grows much faster. In the direction of more localized attractive scalings, the
work [CGK18] provides a first result. The authors consider the regime, in which the
interaction becomes an attractive Dirac W, ¢4, — —d¢. The derived mean-field limit
has besides the linear diffusion a quadratic backward porous medium. The system
is only well-posedness for initial data close to the uniform state and larger states
show a blow-up like a reverse Barenblatt solution. In this sense, the mean-field limit
can show the initial cluster, but the dynamic of clusters cannot be observed in the
mean-field limit in agreement with our result.
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