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The important thing is not to stop questioning.
Curiosity has its own reason for existing. One
cannot help but be in awe when he contemplates
the mysteries of eternity, of life, of the marvelous
structure of reality. It is enough if one tries
merely to comprehend a little of this mystery
every day.

Albert Einstein, Life magazine, May 2, 1955
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Abstract

Understanding gravity is at the heart of some of the biggest questions in mod-
ern physics. While General Relativity (GR) is a theoretically unique and exper-
imentally well-tested framework, it remains important to question whether
it accurately describes gravity at all scales. This motivates the exploration of
broader theories of gravity, particularly in regimes where deviations from GR
might still arise. Black holes provide ideal natural laboratories for testing grav-
itational theories in the strong-field regime, and the recent advent of gravi-
tational wave (GW) astronomy has opened a new observational window into
these extreme environments. In particular, the final stage of a compact binary
merger—the ringdown phase—is of great interest. Here, under the so-called
black hole spectroscopy program, the study of quasinormal modes (QNMs) offers
a powerful tool to probe the fundamental nature of gravity and to extract in-
trinsic properties of black holes.

This thesis investigates black hole solutions and their QNM spectra within
scalar-tensor (ST) theories of gravity—well-motivated extensions of GR that
include an additional scalar degree of freedom. In particular, it focuses on
‘stealth’ black holes, where scalar hair exists without altering the background
metric but can modify the QNM spectrum. By analysing perturbations around
such spacetimes, we derive forecasted constraints on beyond-GR parameters
for current and future GW detectors.

Three main investigations are presented: (i) a novel method to constrain the
speed of gravity using ringdown signals alone; (ii) a stability and QNM analysis
of black holes with linearly time-dependent scalar hair; and (iii) a general clas-
sification of stealth solutions in higher-order scalar-tensor (HOST) theories,
including a stability analysis and identification of ringdown observational sig-
natures.

Together, these studies contribute new theoretical tools and observational fore-
casts that advance our understanding on fundamental gravitational physics in
the era of GW astronomy.
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Notation and conventions

The metric signature convention is (—, +, +, +). The following conventions will be used:

Spacetime indices
Greek: p,v, -
Lower-case latin: a, b, -+
Upper-case latin: A, B, -+

4 spacetime dimensions, e.g. x* = (¢, r, 0¢)
2 time+radial spacetime dimensions, e.g. x* = (¢,7)
2 angular spacetime dimensions, e.g. x* = (6, ¢)

Metric tensors

Flat Minkowski metric Ny

Full metric &w
Background metric Ew
Metric perturbations hyy
Metric determinant, i.e. det(g,,) g

Trace of metric perturbations, i.e. h”,, h
Curvature objects

Partial derivative 9
Covariant derivative Vy
D’Alembert operator O=v, Vvt

Christoffel Symbol
Riemann Curvature Tensor
Ricci Tensor

Ricci Scalar

Einstein Tensor

1
Fﬁv = Egpa (8ugva + 0y 8o — aag,uv)
Ref,uv = aprea - avrﬂa + rﬁ/lré(r - rf/lrﬁo

Y
RIJV = R;Mv
R=g"R,

1
Gyv = va - EgpvR

Identities

Symmetric tensor

Antisymmetric tensor

1

A(pv) = E(Apv + Avp)
1

Apy) = E(A#v —Ay)

a...0p i 0.0 QG A0
N [V VAT g g, = R AT g g ot Row AT,
Ricci identity o..q a..0
_RO' A 1--Cr . _RO' A 1--%r
P o..pfs sHY B0
First Bianchi identity R‘E o] = R'L;n/a + Rﬁw + Refyv =0
Second Bianchi identity VMR’ZTW] = VARPUW + VI,RiM + VVR’;AH =0
Scalar
Scalar field ¢
Background scalar field é
. s VItVe _ g,
Covariant derivatives on the scalar o 11 "=V VY, eV, 8
Scalar canonical kinetic term = _§¢u¢ﬂ
Note that background quantitites—e.g. g, $, R, ...—will oftentimes be written without the overbars in order to

avoid cluttering. Alternatively, the background scalar and its canonical kinetic term will sometimes be referred to

as ¢y and Xj. This is clarified within the text when relevant.



Units

Throughout this thesis, unless otherwise stated, we adopt natural and/or geometric units. However, in select
cases—especially when interpreting observational data—standard SI units will be used. When such conversions
are made, the appropriate values of the universal constants below are reinstated explicitly.

Quantity SI Units

Natural Units

Geometric Units

(h=c=1) G=c=1)
Speed of light ¢ 2.998 x 108 m/s 1 1
Reduced Planck constant & 1.055 x 10734 s 1 2.61x 10770 m?

Newton’s constant G 6.674 x 10711 rr13/lr<g~s2

Planck mass Mp; 2.18 x 1078 kg

Solar mass Mg, 1.989 x 10%° kg

Cosmological constant A ~13%x107? m™2

6.71 x 1073 Gev 2
1.22 x 10 Gev
1.12 x 10°7 GeV

~ 5.06 x 1073* GeV?

1
1
1.477 km

~13x107°2 m™2

Mass 1kg
Length 1m
Time 1s
Energy 1]

5.62 x 10%° GeV
5.07 x 101° Gev ™!
1.52x 10% Gev™!

6.24 x 10° GeV

7.42x 10728 m
1m
2.998 x 108 m

1.6 x 10710 @1

Note that the electric constant €, and Boltzmann’s constant kg are not included here because the systems and
phenomena considered in this thesis do not rely on thermodynamic or electromagnetic interactions in a form
that requires those constants explicitly.



Acronyms

Gravity theories
SR

GR

EFEs

ST
(D)HOST
EOM(s)
EFT
KGB
GLPV
DGP
dRGT
EsGB
EAGB
QFT

Special Relativity

General Relativity

Einstein Field Equations
Scalar-tensor

(Degenerate) Higher-order scalar tensor theories
Equation(s) of motion

Effective Field Theory

Kinetic Gravity Braiding
Gleyzes-Langlois—Piazza-Vernizzi
Dvali-Gabadadze-Porrati

de Rham-Gabadadze-Tolley
Einstein-scalar-Gauss-Bonnet
Einstein dilaton Gauss-Bonnett
Quantum Field Theory

Black holes & compact objects

BH Black hole

SMBH Supermassive black hole

NS Neutron star

Schw Schwarzschild

Sds Schwarzschild-de Sitter

RN Reissner-Nordstrém

KNdS Kerr-Newmann-de Sitter

BBH(s) Binary black hole(s)

BNS(s) Binary neutron star(s)

EMRI(s) Extreme mass-ratio inspiral(s)

Gravitational waves

GW(s) Gravitational wave(s)

QNM(s) Quasinormal mode(s)

SGWB Stochastic gravitational wave background

PTA(s) Pulsar Timing Array(s)

SNR Signal-to-noise ratio

LIGO Laser Interferometer Gravitational-Wave Observatory
LVK Ligo-Virgo-Kagra

ET Einstein Telescope

CE Cosmic Explorer

AEDGE Atomic Experiment for Dark Matter and Gravity Exploration
DECIGO Deci-Hertz Interferometer Gravitational Wave Observatory
LISA Laser Interferometer Space Antenna

Other

dof(s) degree(s) of freedom

NR Numerical relativity

ODE(s) Ordinary differential equation(s)

PDE(s)

Partial differential equation(s)
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Introduction

Einstein’s theory of General Relativity (GR) has proven remarkably success-
ful over the past century, accurately describing the natural phenomenon
of gravity across different scales and passing all observational tests to date.
From its initial predictions of Mercury’s orbital motion and light deflection
to the recent direct detections of gravitational waves (GWs), GR continues to
be a cornerstone of modern physics. However, despite its successes, GR is
widely believed to be an incomplete description of gravity. Open questions
related to dark energy, dark matter, singularities, and the reconciliation of
gravity with quantum theory suggest that new gravitational physics may lie
beyond Einstein’s framework.

This thesis is devoted to exploring gravitational physics beyond GR, with a
particular focus on black holes and their GW observables. Black holes serve
as natural laboratories for testing gravity in the strong field regime, where
GR still remains largely untested, but now observationally accessible due to
the advent of GW science. Among the most promising avenues for prob-
ing deviations from GR are black hole perturbations and their associated
quasinormal modes (QNMs), which arise during the ringdown phase follow-
ing a binary merger, as the newly formed black hole settles into equilibrium.
QNMs, which have already been measured by GW detectors, carry clean im-
prints of the black hole spacetime and the underlying gravitational theory
governing its dynamics, and so can be used to carry out tests of gravity.

The focus of the work presented here lies in scalar-tensor (ST) theories of
gravity, a broad and well-motivated class of extensions to GR that intro-
duce an additional scalar degree of freedom alongside the metric. In partic-
ular, we investigate black hole solutions within these theories, which retain
background geometries characteristic of GR but are nonetheless supported
by non-trivial (radial or time-dependent) scalar field configurations. This
scalar hair leaves no imprint at the background level but might allow for de-
viations from GR in the perturbative regime, i.e. in the QNMs, that could be
observable by current and upcoming GW detectors.

Within the context of ST theories of gravity, this thesis will investigate
black hole spacetimes with scalar hair by evaluating their stability, calcu-
lating their QNM spectrum and deriving explicit forecasted constraints
on beyond-GR parameters for different GW detectors.

Thesis outline

This thesis is structured in two main parts: Preliminaries and Investigations.
As their names suggest, the first provides the necessary theoretical back-
ground and contextual framework for the research, while the second presents
the original contributions and findings developed in the course of this work.
Here we briefly summarise the Chapters in each of these parts.
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[1]: Sirera et al. (2023), “Testing the speed
of gravity with black hole ringdowns”

Summary of Preliminaries
History and philosophy of gravity

This thesis opens with a brief survey of the historical development of human-
ity’s understanding of gravity, highlighting a few instances where concepts,
ideas, and attitudes—first conceived or adopted centuries or even millennia
ago—have collectively shaped both our modern understanding of gravity as
well as the scientific practices we use to explore the natural world.

General Relativity, black holes and gravitational waves

This Chapter reviews the foundations of GR, including its observational evi-
dence and unresolved challenges. We summarise black hole solutions within
GR, discuss key theorems, and develop the framework of black hole pertur-
bation theory. This includes a detailed discussion of GWs, their generation,
propagation, and detection, and how the ringdown phase can be used to test
the nature of gravity through the QNM spectrum.

Scalar-tensor theories and hairy black holes

Motivated by these prospects, this Chapter shifts focus to ST theories of grav-
ity. We map out the theory space from the simplest ST models to the full
Horndeski action and its higher-order extensions (HOST), paying particu-
lar attention to their black hole solutions, GW phenomenology and observa-
tional constraints. Special attention is given to black holes endowed with
scalar hair, but this Chapter also includes a fully-detailed derivation of the
ringdown dynamics for a Schwarzschild black hole with a constant (hence
not hairy) scalar in Horndeski gravity.

Summary of Investigations

We then present three original investigations based on three different pa-
pers aimed at testing gravity beyond GR using current and future GW ob-
servations. Figure 0.1 shows overlapping and non-overlapping topics within
these works in terms of the theories, background solutions, and perturbation
analyses appearing in them.

Speed of gravity—based on [1]

In this Chapter we discuss the possibility of constraining the speed of grav-
itational waves via the QNM spectrum of hairy black holes. We provide the
first ringdown-only forecast constraints on the deviation of the speed of
gravity from the speed of light, characterised by the parameter a7 conclud-
ing that future space-based detectors such as LISA and TianQin will be able
to constrain it at the 0(1072) level from a single supermassive black hole
merger. Unlike other constraints in the literature, these do not require an
electromagnetic counterpart or multiband observations, and can effectively
be applied as soon as LISA detects a single supermassive black hole merger.
Deviations from the speed of light, while extremely tight in the LVK band,
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are still potentially large in the LISA band. In that case, our work can pro-
vide one of the fastest most stringent constraints in such band. Our analysis
demonstrates the intricate connection between deviations in the speed of
gravity and the presence of scalar hair. Hence, this work also contributes
to the broad understanding of observable effects of hairy black holes, and
constraints obtained through our analysis can also be translated in upper
bounds in the amplitude of scalar hair.

Time-dependent scalar—based on [2]

In this Chapter we investigate black hole solutions with a scalar endowed
with linear time-dependent hair. Known exact solutions of this type ex-
ist, and provide well-motivated links with the cosmological regime by em-
bedding the black hole within cosmological asymptotics. However, they are
generically plagued by instabilities. We explore a particular solution in which
the time-dependence is qualitatively different, hence offering promising
stability properties, as compared to previously studied solutions. We anal-
yse the perturbative stability and identify a non-zero surviving parameter
space. The QNM spectrum is also extracted and used to establish forecast
constraints on the parameter controlling GR-deviations, /? It is shown that
a single black hole merger observed by LISA will be able to constrain it at
the ©(10™*) level, but constraints for other detectors such as LVK are also

provided.

Inverting no-hair theorems—based on [3]

Finally, in this last Chapter we explore the landscape of ST theories that ad-
mit general stealth black hole solutions where the metric matches that of GR

Introduction 3

Figure 0.1: Venn diagram for the three in-
vestigations presented in this thesis.

[2]: Sirera et al. (2025), “Stability and quasi-
normal modes for black holes with time-
dependent scalar hair”

[3]: Kobayashi et al. (2025), “Inverting no-
hair theorems: How requiring general rela-
tivity solutions restricts scalar-tensor the-

P
ories
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[4]: Sirera (2023), ringdown-calculations

but supports non-trivial scalar profiles with time-dependent hair. The the-
ories studied here concern the most comprehensive ST frameworks to date,
extending Horndeski by including higher orders derivative terms, i.e. by
dealing with higher-order scalar-tensor (HOST) theories. We derive the con-
ditions imposed on these theories under which such stealth solutions exist
and investigate the associated perturbations in the odd-parity sector. The
work presented here includes the most general study of stealth solutions in
HOST theories to date. Within the remaining models satisfying the derived
existence conditions, we evaluate their stability and identify the allowed de-
viations from GR. Among these potential deviations, we highlight a specific
model where the speed of gravitational waves has a non-trivial behaviour.

This thesis aims to contribute to the theoretical and phenomenological un-
derstanding of black holes in modified gravity, providing new tools and pre-
dictions for the era of GW astronomy. As the sensitivity of detectors im-
proves, the methods and results presented here will become increasingly rel-
evant for uncovering the true nature of gravity. All calculations presented in
the Investigations part of this thesis are openly available and reproducible via
Mathematica notebooks in [4]. The content of this repository is described
in Appendix 6.6.
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History and philosophy of gravity

Amicus Plato — amicus Aristoteles — magis amica veritas.

Newton

The quest to understand gravity has been at the forefront of science since
its inception. As one of the most immediate perceptions of the external
world available to humans (i.e. that things have a weight and tend to fall to
the ground), gravity has been one of the first physical phenomena humans
have attempted to explain in a scientific manner. Perhaps more surprisingly,
gravity remains a driving force behind a significant portion of the scientific
effort, with its study throughout history consistently uncovering deep non-
trivial truths about the world around us. Beyond this, the concept of gravity
has transcended disciplinary boundaries, inviting reflection on the nature
of scientific progress, the interplay between theory and observation and the
limits of human knowledge.

This thesis aims to contribute a small grain of sand to our understanding of
what gravity is, what it might be, and what it might not be. In order to place
the research presented here in the big picture, we will be taking a brief and
incomplete—yet informative—tour on the history of human’s understanding
of gravity. This is not without further purpose, as one often finds looking to
the past to be the best way to forecast the future.

Ancient Greece

The story of gravity begins, like many other nice things, in the classical world
of ancient Greece. Presocratic philosophers were really the first to inquire
about the world with a scientific attitude. It is difficult to emphasize how
groundbreaking this seemingly small step must have been, as before this,
explanations of natural phenomena relied solely on supernatural agents and
lacked any true predictive power. These natural philosophers laid down the
foundations on which science has been able to progress and, in a way, some
of their aspirations and motivations are still present with us, such as the
goal of unifying phenomena under one explanation, seeking first principles
and guiding thought with an aesthetic sense.

It is difficult to resist not naming a few of them. Anaximander of Miletus
(c.610—c.546 BC) has often been referred to as the first scientist [5], as he
pioneered in the use of observation and rational thought as mechanisms
to reveal laws of nature. Among the ideas proposed by Anaximander that
have survived, one finds those related to physics and cosmology to be the
most impressive. Before him, other cultures such as the Babylonians and the
Egyptians had already looked at the sky with wonder and even registered the
movement of stars and planets with outstanding precision. However, what
they all lacked was Anaximander’s abstraction and desire for explanation and
understanding. Anaximander proposed that the Earth was a finite cylindrical
body floating undisturbed and unsupported in infinite empty space. Accord-
ing to Karl Popper, a philosopher of science that we will visit later, this was
“one of the boldest, most revolutionary, and most portentous ideas in the whole

[5]: Rovelli (2023), Anaximander and the
Birth of Science
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[6]: Popper (1962), Conjectures and Refuta-
tions: The Growth of Scientific Knowledge

[7]: Kirk et al. (1983), The Presocratic Philoso-
phers. A Critical History with a Selection of
Texts

[8]: Wright (1981), Empedocles: The Extant
Fragments

1: Empedocles’ life and philosophical
views are brimming with -captivating
anecdotes and intriguing parallels to
modern science. One such story is the
myth of his death, which claims he leapt
into the flames of Mount Etna in Sicily
to prove his immortality. Another is his
account of the origin of humans and
animals, which bears a striking, albeit
peculiar, resemblance to Darwin’s theory
of evolution.

2: It is worth noting that, unlike the
Presocratic philosophers—whose surviv-
ing work is limited to fragments and
second-hand quotations, if anything at
all—we are fortunate to have a relatively
complete and accessible account of Plato’s
and Aristotle’s writings.

3: One of the triangles is scalene, with an-
gles 30°, 60° and 90°; and the other one
isosceles, therefore with angles 45°, 45°
and 90°. These triangles combine in differ-
ent ways to form the Platonic solids, which
correspond to the four elements. The
transmutation of elements is therefore el-
egantly explained by the right-angled tri-
angles rearranging themselves in different
ways.

history of human thinking” [6]. Attempting to demystify the origin of the uni-
verse, Anaximander proposed that the Earth was at the centre of a series of
three concentric hollow wheels corresponding in order to 1) the stars and
planets, 2) the Moon and 3) the Sun as the farthest one. Despite getting
the order wrong, Anaximander’s correct intuition of celestial bodies existing
in some sort of space with depth and traveling in circles around the Earth
would represent a major step in our conception of the universe. These ce-
lestial wheels are thought by Anaximander as hollow, filled with fire, and
mostly opaque, except for some holes where the fire shines through which
correspond to the stars, the Moon and the Sun. At the beggining of the cos-
mos, Anaximander suggests that a sphere of fire originated from what he
called the “apeiron”, which refers to something without boundaries, a first
principle which is infinite, endless, unlimited and boundless and from which
everything originates. The apeiron would add a new level of abstraction to
the toolset available to natural philosophers. The primordial sphere of fire,
which might remind one of the primordial hot plasma in the Big Bang theory,
would then evolve to be contained in the mentioned celestial wheels around
the Earth. With this worldview of the origin of the cosmos, Anaximander
was effectively founding cosmology as a science—see e.g. [7][pp. 99-142] for
a commentary on Anaximander’s surviving fragments.

Another fascinating character in this story is Empedocles (c.494—c.432 BC),
who proposed a cyclic cosmology, orchestrated by an endless battle between
two cosmic forces: one attractive, which he called Love, and one repulsive,
called Strife. These forces alternate their influence in the universe, which
undergoes cycles of total Love or Strife domination—see e.g. [8]. According
to Empedocles, these forces act upon the fundamental elements, or roots,
of the universe—earth, air, fire, and water. In this account, we can discern
the glimmers of remarkably modern ideas. The notion of attractive and re-
pulsive forces pervading the universe, acting uniformly on all matter and
shaping the evolution of the cosmos, evokes parallels with our contempo-
rary understanding of gravity and even dark energy.!

After the Presocratic philosophers, the intellectual stage is naturally set for
Socrates (c.470-399 BC). However, Socrates shifts the focus of philosophy
to the realm of ethics, emphasizing questions of morality. He is concerned
with understanding what is truly right and how we can distinguish genuine
moral truths from mere societal or individual claims. Socrates’ most dis-
tinguished follower, Plato (c.428/423-348/347 BC), would be deeply inspired
by his master—particularly after witnessing his unjust death sentence—and
would go on to develop his own philosophy, breaking all frontiers of thought
by exploring metaphysics, ethics, politics, epistemology and cosmology in
ways that would shape Western intellectual tradition for millennia. Plato’s
primary focus, one could argue, lies in politics, specifically in determining
the most ideal way to organise society. To justify his proposal of philosopher-
kings as rulers, however, he developed an expansive worldview that encom-
passes a detailed account of the origin and nature of the physical world as
well as its relationship with and dependence upon a higher, transcendent,
non-physical realm.? In his account of what constitutes the physical world
in a material sense, Plato combines the best aspects of some of his prede-
cessors. He also thinks, like Empedocles, that the four elements constitute
all matter. However, he assigns to these elements a more fundamental and
mathematical substructure based on two right-angled triangles.® This view
is reminiscent, on one hand, of Pythagoras’ mathematical philosophy, which



holds that numerical relationships and geometric forms are the fundamen-
tal principles underlying the structure and harmony of the cosmos. The
Pythagoreans, for instance, famously posited a musica universalis, or ‘Music
of the Spheres), believing that the cosmos was governed by harmonious nu-
merical ratios, a concept that would resonate deeply with later astronomers,
most notably with Kepler, seeking mathematical order in the heavens. 4 On
the other hand, it also echoes the atomist philosophies proposed by Leucip-
pus and Democritus, where the universe is understood as being composed
exclusively of atoms and the void.®> To all this Plato adds a new innovative
concept, that of the Receptacle. This is a substance that provides tempo-
ral and spatial location to all material objects. In other words, it is the stage
where things happen, come to be and perish. Some aspects of the Receptacle
resemble Anaximander’s aperion, such as its all-encompassing nature. How-
ever, some aspects are intrinsically different. In the Timaeus, Plato writes
about the Receptacle: “For it is laid down by nature as a molding-stuff for ev-
erything, being moved and marked by the entering figures, and because of them it
appears different at different times” (50c) [10]. We therefore see that the Re-
ceptacle is a malleable substance, changing in time in relation to the matter
that fills it. It is difficult to resist seeing in the Receptacle a proto-version of
the modern idea of spacetime.

Aristotle (384-322 BC), who was Plato’s most famous student, diverged sig-
nificantly from his teacher’s idealism and metaphysics. While Plato empha-
sised a higher, non-material realm of Forms, Aristotle grounded his philos-
ophy in the observable world, focussing on empirical observation and cat-
egorisation. His account of the physical world, however, is also based on
the four elements: earth, air, water and fire, to which he assigned different
weights. These different weights determined the tendencies of movement
for the different elements, with heavier elements being drawn to the centre
of the universe, and lighter ones moving away from it. Aristotle also adds
an additional element, i.e. a fifth element, or quintessence, which he also
referred to as the aether. The aether is an unchanging substance believed
to fill all space in the universe—a concept that would preoccupy and chal-
lenge great thinkers for millennia until its experimental refutation in the
19th century by the Michelson-Morley experiment [11]. Interestingly, the
term quintessence has re-emerged in academic discourse over the past few
decades, this time in the context of explaining the accelerated expansion
of the universe.® This thesis focuses, in part, on testing this quintessence
hypothesis.

Aristotle’s physics represents an unparalleled development in the study of
the natural world, offering the first comprehensive and systematic attempt
to explain motion, change, and the behaviour of physical objects, a frame-
work that would dominate scientific thought for centuries. The main innova-
tion of Aristotle’s physics lies in the concept of causation. His framework of
the four causes—material (what something is made of), formal (its structure
or essence), efficient (the source of change or motion), and final (its purpose
or goal)—provided a comprehensive and systematic way to understand why
things exist and behave as they do [12]. This teleological perspective, where
nature is seen as goal-oriented, was groundbreaking for its time. Aristotle
introduced the idea that motion and change are driven by intrinsic tenden-
cies, such as an object’s “natural place” in the cosmos. In a sense, Aristotle’s
view of natural motion can be seen as an early, intuitive precursor to the
idea that physical systems tend toward an optimal state or configuration.

4: Aristotle provides an early critique of
this concept in On The Heavens IL.9 [9]. For
a detailed discussion see also [7][pp. 229-
231].

5: Atoms, another word of Greek origin,
refer to indivisible, fundamental particles,
with the diversity of matter arising from
the different arrangements and interac-
tions of these particles.

[10]: Plato (2001), Timaeus

[11]: Michelson et al. (1887), “On the relative
motion of the Earth and the luminiferous
ether”

6: Unlike the classical four elements, the
modern counterparts refer to baryons,
neutrinos, dark matter, and radiation,
which collectively represent the various
components shaping the evolution of the
COSMOS.

[12]: Aristotle (1996), Physics


https://www.perseus.tufts.edu/hopper/text?doc=Perseus%3Atext%3A1999.01.0180%3Atext%3DTim.%3Asection%3D50c
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[13]: Plofker (2009), Mathematics in India

[14]: BirGni (2012), Alberuni’s India: An Ac-
count of the Religion, Philosophy, Literature,
Geography, Chronology, Astronomy, Customs,
Laws and Astrology of India about AD 1030

7: In fact, the term algorithm comes from
a Latinisation of Al-Khwarizmi’s name.

[15]: Musa (2013), The Algebra of Mohammed
ben Musa

For Aristotle, this meant that objects, like heavy bodies, naturally move to-
ward the Earth’s center, while lighter bodies move upward, as if following an
optimal path determined by its nature, “minimizing” or “maximizing” cer-
tain intrinsic tendencies. This idea parallels, albeit loosely, the principle of
minimum action in modern physics. Aristotle also suggested that the speed
at which two objects of identical shape fall depends directly on their weights
and inversely on the density of the medium they move through. While we
know this is not correct, it nonetheless provides a reasonable approximation
for objects moving through Earth’s gravitational field in air or water, where
resistance from the medium plays a significant role, and we would need to
wait until Galileo to see it refuted. More notably, it marks an important step
from purely qualitative descriptions of motion to a more quantitative rela-
tional approach. In the European continent, Aristotle’s physics as well as his
empiric and teleological philosophy would remain paradigmatic throughout
the Middle Ages, as they were extensively adopted and integrated into reli-
gious thought. During this time, however, other interesting things were also
taking place elsewhere.

India

India played a significant role in the development of mathematics and as-
tronomy [13]. Aryabhata (476—550 CE) was a pioneering Indian thinker whose
work laid foundational contributions to both fields. In the realm of mathe-
matics, he is thought to have been the first one to introduce the concept of
zero and the decimal system, as well as providing major advances in trigonom-
etry. In regards to astronomy, he proposed a heliocentric model with a rotat-
ing Earth orbiting the Sun, centuries ahead of its time. His work would also
be extremely influential to posterior Indian scholars. Among them, Brah-
magupta (598-668 CE) formalised the definition and arithmetic rules of zero
while also providing new advances in geometry and other branches of math-
ematics. Most interestingly to us here, however, are his views on gravity,
as he was really the first one to describe it as an attractive force, the gurut-
vaakarshanam, even if only qualitatively. In his own words: “the earth on all
its sides is the same; all people on the earth stand upright, and all heavy things fall
down to the earth by a law of nature” [14]. It would take roughly a millennia for
this idea to be famously shaped into a quantitative and predictive universal
law by Newton.

Islamic Golden Age

Conveniently located between Greece and India, Baghdad (in modern-day
Iraq) emerged as a vibrant center of knowledge and science from the 9th
to the 12th century CE. The Abbasid caliphs heavily invested in building
libraries, hospitals, and other academic institutions, fostering an environ-
ment of intellectual growth. They prioritised translating classical works,
which not only preserved these texts, but also led to advancements in the
theories described in them. In mathematics, words like algebra and algo-
rithm are first associated with the Persian scholar Al-Khwarizmi (c.780-¢.850
CE)” who introduced systematic methods for solving linear and quadratic
equations, and contributed to arithmetic, popularising the Hindu-Arabic nu-
meral system, which was later adopted in Europe [15]. Scholars like Ibn Sina



(Avicenna) (c.980-1037) explored motion, force, and dynamics, foreshadow-
ing later ideas of inertia and momentum. Ibn al-Haytham (Alhazen) (c. 965—
1040) revolutionised optics, introducing experimental methods and correctly
explaining vision as light entering the eye [16]. Advances in mechanics, fluid
dynamics, and astronomy also emerged, with thinkers refining Aristotle’s
ideas and integrating them into new frameworks.

The Scientific Revolution

The world we live in is undoubtedly a scientific one. While we now take this
for granted, it was not always so. Today, science permeates every aspect of
our society and even our language. If this is so, it is largely due to the revolu-
tionary developments that took place in Europe during the Renaissance. The
Scientific Revolution is typically agreed to have started with the publishing
of Nicolaus Copernicus’ (1473-1543 CE) De Revolutionibus Orbium Coelestium
[17], which he waited until his deathbed to publish, fearing controversy and
backlash from religious and academic authorities for challenging the long-
held geocentric view of the universe. The idea of a heliocentric universe
dates back to ancient Greece, with figures like Aristarchus of Samos (310-230
CE) suggesting that the Earth orbits the Sun [18]. However, Aristarchus’s he-
liocentric model lacked detailed mathematical support and was largely over-
shadowed by the dominant geocentric model of Ptolemy (c. 100-c. 170 CE)
[19]. What made Copernicus revolutionary was his comprehensive mathe-
matical framework and systematic arguments. His work provided a detailed
alternative to Ptolemaic cosmology, sparking the Scientific Revolution and
influencing subsequent thinkers like Kepler and Galileo.

Johannes Kepler (1571-1630 CE) made groundbreaking contributions to as-
tronomy by formulating the three laws of planetary motion, which described
the elliptical orbits of planets around the Sun, their varying speeds, and the
relationship between orbital periods and distances from the Sun [20, 21]. His
work, based on Tycho Brahe’s precise observations [22],% refined the Coper-
nican heliocentric model and replaced circular orbits with ellipses. Galileo
Galilei (1564-1642 CE) was a pivotal figure in the Scientific Revolution, known
for his contributions to physics, astronomy, and scientific methodology. He
improved the telescope, enabling observations that supported heliocentrism,
such as the moons of Jupiter, the phases of Venus, and the surface features
of the Moon. In physics, he studied motion, establishing the principles of
inertia and free fall, showing that objects accelerate uniformly under grav-
ity regardless of mass [23]. Galileo supported the use of experimentation
and mathematics in science, laying the groundwork for modern empirical
methods and challenging traditional Aristotelian views. More broadly, dur-
ing the Renaissance we in fact witness a rediscovery of Platonic ideals and
the underlying Pythagorean emphasis on numerical and geometric harmony
as opposed to the long-standing Aristotelian views, which had been refined,
reinterpreted and adopted as the canon throughout the Middle Ages.®

Another exemplification of the deep intertwining of philosophical reason-
ing and mathematical abstraction that defined the Scientific Revolution is
offered by René Descartes (1596-1650 CE). Like Plato, Descartes believed that
true knowledge could not rest on the senses alone, which he considered unre-
liable; instead, he sought certainty through reason and deductive logic. His
famous dictum “Cogito, ergo sum” (“I think, therefore I am”) [24] reflects his ra-
tionalist commitment to grounding knowledge in clear and indubitable ideas.
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[16]: al-Haytham (2001), Alhacen’s Theory
of Visual Perception: A Critical Edition, with
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8: Tycho Brahe (1546-1601 CE) was a Dan-
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[25]: Descartes et al. (2009), Principles of Phi-
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10: Newton’s law of universal gravitation
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mym,

F=G—p, (11)

r

where F denotes the gravitational force ex-
erted between two bodies of masses m; m,
separated a distance r, with G being the
universal garvitational constant.

[27]: Kant (1970), Metaphysical Foundations
of Natural Science

[28]: Popper (2002), The Logic of Scientific
Discovery

Descartes applied this methodology to physics and cosmology, aiming to de-
rive the laws of nature from first principles through pure reason. Cartesian
physics hence offers a vision of a mechanistic universe—governed by mathe-
matical laws and composed entirely of matter in motion [25]—which, though
not always correct, influenced later thinkers, helping to cement a new vision
of science rooted in rational abstraction.

Among those thinkers is Isaac Newton (1643-1727 CE), whose work is often
seen as the culmination of the Scientific Revolution. Newton formulated the
law of universal gravitation, which postulated that every mass attracts every
other mass in the universe with a force proportional to the product of their
masses and inversely proportional to the square of their separation [26].1°
This law unified celestial and terrestrial mechanics under a single frame-
work, but what it trully singled it out was its predictive power. Equipped
with this law, one could predict how many seconds an apple would take to
fall to the ground and how many years a planet would take to orbit the Sun,
confront the predictions with observations and confirm their validity. New-
ton’s universal gravitation was embedded within a deterministic framework
based on differential calculus—developed for the first time by him and Leib-
niz independently—enabling the precise calculation of trajectories, forces,
and accelerations across a wide range of physical systems—what we now re-
fer to as classical mechanics.

The impact of Newtonian mechanics transcended the scientific sphere and
profoundly influenced broader intellectual, philosophical, and cultural do-
mains in an unparalleled way. It helped shape the Enlightenment worldview,
fostering a belief in the power of reason, order, and natural laws to explain
the universe. Philosophers such as Immanuel Kant drew inspiration from
Newton’s success, seeing in his work a model for how human understanding
could uncover the fundamental structure of reality [27].

In sum, the Scientific Revolution was not merely a triumph of observation
over dogma, but also a profound philosophical reorientation—one that re-
placed the qualitative, Earth-centered, and hierarchical cosmos of Aristotle
with a mathematically structured, harmonious universe deeply in line with
Platonic thought.

What is science?

Before arriving at the contemporary understanding of gravity, it is instruc-
tive to reflect on foundational questions in the philosophy of science. For
instance: What is science? Few questions exist which are so easily posed
and seemingly straightforwardly answered, yet prove so difficult to answer
with precision. An answer was provided by Karl Popper (1902-1994 CE), who
argued that theories must be falsifiable in order to be scientific—that is, they
must make predictions that can, in principle, be proven wrong by observa-
tion or experiment [28]. According to Popper, the hallmark of a scientific
theory is not that it can be verified, but that it can be rigorously tested and
potentially refuted. This criterion sought to distinguish genuine scientific
inquiry from pseudoscience.

Let us now exemplify this distinction through Newton’s own interests. Ac-
cording to this definition, his theory of gravity proved to be a trully scientific
one, offering uncountable opportunities for its falsification. In fact, it also
turned out to be a successful one, passing the majority of such tests and



therefore offering a trustable description of gravity within its regime of va-
lidity. In his life, Newton also developed a profound interest for alchemy, a
tradition based on the transmutation of base metals into noble metals with
the aim of achieving immortality. We now know that alchemy is not a sci-
entific practice, but this might not have been so apparent in the 17th cen-
tury. Alchemy clearly participated in aspects characteristic of the scientific
method such as systematic observation and documentation, experimenta-
tion and theory-building. However, it was shown over time that through its
entanglement with mysticism and esoteric language it lacked a clear com-
mitment to falsifiability or empirical rigor. Its predictions failed to be repro-
ducible or compatible with emerging approaches such as atomic theory or
modern chemistry. Does this entail Newton was not being a scientist when
engaging with alchemy? Not necessarily. Alchemy could have been consid-
ered scientific up to the point where its predictions were shown to be incom-
patible with the natural world, i.e. falsified. Since this happened gradually
over time instead of as a result of a single event or experiment, it results dif-
ficult to assess how scientific the attitude of its practitioners was. Alchemy,
and similarly other pseudo-sciences, become unscientific when they do not
treat their connection with the natural world in an objective manner, either
by disregarding or enforcing observations.

The lessons learned by pondering on this question remain important today,
where scientific ideas have sometimes been seen to slowly depart from their
rigour or abandon attempts to remain connected with observations.

How does science progress?

Another important question to think about in this context is: How does the
progress of science actually take place? It is often conceived that science
progresses linearly through the small (although sometimes big) cumulative
contributions of individual scientists or groups of scientists. This was how-
ever not the view of Thomas Kuhn (1922-1996 CE), who instead argued that
science advances via a series of paradigm shifts—i.e. radical changes in the
fundamental framework that guide scientific research.

A paradigm, in Kuhn’s terminology, is more than just a theory; it encom-
passes the entire worldview of a scientific community at a given time: its
assumptions, methods, values, standards of evidence, and exemplary prob-
lems. Kuhn identified two main phases in scientific development. First, nor-
mal science is a period during which scientists operate under an accepted
paradigm, solving puzzles and extending the theory within its established
framework. According to Kuhn, this is what mosts scientists ever do. Sec-
ondly, we have scientific revolutions, disruptive phases that occur when anoma-
lies accumulate—empirical results that cannot be explained within the ex-
isting paradigm—leading to a crisis and ultimately to the adoption of a new
paradigm [29].

The transition from Newtonian to Einsteinian gravity is a canonical exam-
ple of a Kuhnian paradigm shift. For over two centuries, Newton’s theory of
universal gravitation reigned as the dominant framework for understanding
gravity and was the basis of normal science: scientists refined calculations,
solved celestial mechanics problems, and applied the theory to new domains,
all within the Newtonian worldview. Despite its success, Newtonian grav-
ity began to show cracks by the 19th century. Notably, the precession of
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[30]: Einstein (1916), “The Foundation of
the General Theory of Relativity”

Mercury’s perihelion could not be fully explained within Newtonian mechan-
ics. Besides, the concept of instantaneous action at a distance clashed with
emerging understandings of field theory and the finite speed of light in elec-
tromagnetism. These anomalies accumulated and refused to be explained
within Newton’s paradigm.

In 1915, Albert Einstein (1879-1955 CE) proposed a fundamentally new theory
of gravity, General Relativity (GR) [30]. Rather than viewing gravity as a force
acting at a distance, GR described it as the curvature of spacetime caused
by the presence of mass and energy, with objects following the straightest
possible paths in this curved geometry.

This new paradigm brought with it a redefinition of basic concepts. For
instance, space and time became dynamic and interwoven into spacetime.
Gravitational interaction became local and geometrical rather than instan-
taneous and at a distance. Moreover, the mathematical formalism shifted
from classical vector calculus to differential geometry and tensor calculus.
In Kuhn's view, the Einsteinian paradigm did not simply improve Newtonian
theory. Instead, it replaced its foundational assumptions, making it incom-
mensurable in some respects, meaning that the lack of a common ground
between these paradigms impedes their direct comparison. For example,
the concepts of space and time fundamentally differ between these frame-
works so one cannot interchangeably employ these terms independently of
the paradigm in which they are considered.

In a sense, Newtonian gravity was falsified by the success of GR, resulting
from its empirical predictions relating to Mercury’s orbit, light bending, and
later, gravitational waves among others. However, rather than completely
discarding the theory, one should understand Newtonian gravity as a low-
energy, weak-field limit of Einstein’s theory—valid only under specific con-
ditions.

Kuhn's paradigm shift framework provides a powerful lens through which
to view the historical development of gravitational theory. The movement
from Newtonian to Einsteinian gravity illustrates how science evolves not
just through data collection, but through deep transformations in our con-
ceptual and theoretical frameworks. Understanding this process helps us
appreciate the contingent, dynamic, and occasionally disruptive nature of
scientific progress. Current persistingly unexplained anomalies within GR’s
framework bear similarities to those once afflicting Newtonian gravity and
could indeed be signaling the need for a new paradigm shift. Moreover, ac-
cording to Popper, as scientists it should be our goal to falsify GR, even if
none of the existing reasons to modify it did exist. This motivates the work
undertaken in this thesis, which deals with the development of observational
probes to test fundamental assumptions within GR’s framework.
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Chapter summary

This opening chapter provides a formal introduction to the framework

of General Relativity (GR), where we examine its observational confir-
mations (§2.1.1) and unresolved challenges (§2.1.2). We explore the fam-
ily of black hole solutions within GR (§2.2.1) and review some theoreti-
cal (§2.2.2) and observational (§2.2.3) aspects of these objects. We then

present the mathematical formulation of gravitational waves (§2.3.1) and

discuss their generation (§2.3.2), propagation (§2.3.3) and detection (§2.3.4).
We finally focus on the ringdown stage of gravitational waves within

GR, first by formulating the black hole perturbation theory framework

(§2.4.1), followed by a discussion of quasinormal modes (§2.4.2), the power

of ringdown tests of gravity (§2.4.3) and potential systematics (§2.4.4).

2.1 A geometrical theory of gravity

General Relativity remains the cornerstone of our understanding of grav-
ity and exemplifies the highest standards of a scientific theory. Reminisc-
ing of Platonic ideals, GR can be thought to explain the phenomenon of
gravity through geometry—more precisely, as the curvature of spacetime—
characterised by a metric field g existing in a 4-dimensional manifold ..
The action for this theory is the Einstein-Hilbert action

1
Senlgl = o J d*xJ=gR, (2.1)

where R, the Ricci scalar, is the unique non-trivial scalar one can form with
the metric and first and second derivatives of the metric.> The /=g =

I—det(gyv) factor ensures the measure is Lorentz invariant. Varying Sgy
with respect to the metric rank-2 tensor g, yields the Einstein Field Equa-
tions (EFEs) in the absence of matter, i.e. Gy = 0, where G, is the Einstein

tensor defined as G, = Ry, — % gwR, and R, is the Ricci tensor. These tensors
encode information about the geometry of the universe (see [31] for a general
overview). In Eq. (2.1), k is the Einstein gravitational constant. In order to re-
cover Newtonian gravity in the weak field limit for slowly-moving particles,
x needs to be set to kx = 87G/c?, where G is Newton’s constant of gravita-
tion and c is the speed of light [32]. In standard units, k has a value of the
order of 107N _1, which demonstrates the weakness of the gravitational
force as compared to other fundamental forces. For example, the gravita-
tional attraction between two protons is about 103 times weaker than their
electromagnetic repulsion. Unless otherwise stated, we will be employing
geometrical units where k = 8.
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1: M is a connected 4-dimensional Haus-
dorff C* manifold and g is a Lorentzian
metric.

2: Other scalars in 4 dimensions either are
total derivatives or involve higher deriva-
tives of the metric.
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[32]: Carroll (2019), Spacetime and Geometry:
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3: Aconstant is indeed the only other non-
trivial operator besides the Ricci scalar
which one can add in 4 dimensions with-
out introducing new degrees of freedom
[33, 34].

4: Lorentzian manifolds are a special
class of pseudo-Riemannian manifolds,
which are smooth differentiable manifolds
equipped with a non-degenerate metric.
Lorentzian manifolds contain the addi-
tional characteristic of having a specific
metric signature, which in our convention
and dimensionality is (-, +, +, +). Rieman-
nian manifolds are another special case of
pseudo-Riemannian manifolds, where the
metric is required to be positive definite.
Intuitively, Euclidean space is Riemannian,
while Minkowski space is Lorentzian.

To include matter, a standard placeholder action for matter fields is typically
used

Sulg, 1] = jd‘*ngSf% i .2)

where &, is the Lagrangian density for any matter field of our interest.
Varying this action with respect to those fields 1; will produce equations of
motion for the fields coupled to g,,. Varying with respect to the metric will
then give us the matter content appearing in EFEs. Because the variation has
to be a scalar, this will be represented by a symmetric rank-2 tensor which
we call the stress-energy tensor Ty,,. Hence, the variation

1
8gSm = 2 J' d4x1/—gTﬂv5g“V (2.3)
is used to define T}, as
2 5,5y
T[IV = \/?g 5ggﬂv . (24)

Combining the variations with respect to the metric of the Einstein Hilbert
action and the matter action gives

1 1
— 4 %
SgSGR = Jd XJ=g (EGFV — ET/JV> (Sg” s (2.5)
and requiring this variation to vanish finally yields the EFEs in the presence
of matter

1
Gu =Ry, — ngR = 87Ty, (2.6)

Finally, one can incorporate to the Einstein-Hilbert action a constant A in
the following way:>

1
Sprranle] = — j dhx g (R~ 2A). )

Because of the presence of the measure ,/—g, this term still contributes to
the field equations, giving the full EFEs

Gy + Agyy = 87Ty, (2.8)

The constant A is referred to as the cosmological constant because of the role
it can play in the cosmological evolution of the universe. Hence, we see that
EFEs symbiotically connect matter with curvature: the presence of matter
(or energy) curves the geometry of spacetime and what we experience as
gravity are objects moving in straight lines on a curved geometry.

Note that, in differential geometry language, other formulations exist which
lead to the same physical predictions, i.e. the same EFEs. In this section
we have introduced GR in the metric formulation, where the metric tensor
is the only fundamental object. In this formulation, curvature is described
with the Levi-Civita connection, which is symmetric in its lower indices, and
is given by the metric. The connection is a mathematical object (not a tensor)
describing how two points are connected in a manifold. In a Lorentzian man-
ifold* with an affine metric (i.e. a metric which satisfies Vg = 0), one can use
the Levi-Civita connection to parallel transport a vector along different paths
and, in the presence of curvature, the vectors will show a misalignment when
joined back together. This failure to realign is given by the Riemann tensor.
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In other words, the commutator of covariant derivatives acting on a vector
is given by [V, V, ]v/ = Ry PAe.

A different perspective comes from the Palatini formulation, where the met-
ric and connection are varied independently in the action, leading to the
same EFEs [35]. If one instead assumes the connection to be antisymmetric,
one can describe gravity in terms of torsion rather than curvature, which
receives the name of teleparallel gravity [36]. A different option is to as-
sume the metric to be non-compatible (i.e. Vg # 0) while keeping torsion
and curvature zero. This leads to the formulation of symmetric teleparallel
gravity, which can also recover the same field equations, see e.g. [37, 38].
Generalisations of the above formulations include Einstein-Cartan (which
includes both torsion and curvature but no non-metricity), Einstein-Weyl
(which includes non-metricity and curvature but no torsion, see e.g. [39])
and Einstein-Cartan-Weyl (which includes all three of them, see e.g. [40]).
Given they give the same equations of motion, these formulations are all (at
least classically) equivalent. However, each of them provides unique insights
into the nature of gravity and offers alternative ways to explore modifica-
tions of GR. In this thesis, however, we only focus on metric formulations of
gravity.

2.1.1 Observational evidence

General Relativity was put forward by Albert Einstein in 1915 [30] as an exten-
sion of his previous work on Special Relativity (SR) in 1905 [41]. SR originated
from an attempt to resolve the incompatibility between Maxwell’s electro-
magnetism and Newtonian mechanics. Newtonian mechanics is founded
on the Galilean Principle of Relativity, which asserts that the fundamen-
tal laws of physics remain the same in all inertial frames—those moving
at constant velocity relative to one another. However, Maxwell’s equations
are not invariant under Galilean transformations, as they predict that the
speed of light is the same in all frames. A possible resolution at the time was
the existence of a cosmic aether, providing an absolute rest frame where
Maxwell’s equations would hold. However, this idea was famously disproved
by the Michelson-Morley experiment [11]. Einstein elevated the observed
constancy of the speed of light to the status of a fundamental principle. He
formulated a new principle of relativity, asserting that the speed of light is
invariant in all inertial frames of reference. The necessary transformations
had been derived earlier by Hendrik Lorentz in 1904 [42], but Einstein rein-
terpreted them within a radical new framework, deeply challenging long-
established views on the nature of space and time. This constituted his the-
ory on Special Relativity.

Einstein spent the next ten years working to incorporate gravitation into his
framework of space and time, ultimately succeeding in 1915 [30]. One could
argue that the first indications of GR’s success were of a theoretical nature,
as it provided a description of gravity consistent with the well-tested prin-
ciples of SR. However, the radical nature of GR’s ideas demanded observa-
tional confirmation to persuade the scientific community. One of the earli-
est and most compelling pieces of evidence—sufficient, at least, to convince
Einstein—concerned the long-standing problem of Mercury’s perihelion pre-
cession [43]. This anomaly could not be fully explained within Newtonian
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lation invariance and associated gauge

fields”
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5. There are multiple other recollections
of Einstein’s reaction to his discovery. On
a letter to his friend Michelangelo Besso
on the 17th of November of 1915, Einstein
wrote: "In these last months I had great suc-
cess in my work. Generally covariant gravita-
tion equations. Perihelion motions explained
quantitatively... you will be astonished”. On
January 1916 he wrote to Paul Ehrenfest:
“for a few days I was beside myself with joy-
ous excitement” [44]. Finally, in his GR pa-
per [30], he concluded: "These facts must, in
my opinion, be taken as a convincing proof of
the correctness of the theory”.

[45]: Dyson et al. (1920), “A Determination
of the Deflection of Light by the Sun’s Grav-
itational Field, from Observations Made at
the Total Eclipse of May 29, 1919”

6: Note that it has been argued, mostly
by philosophers and historians of science,
that the results obtained by Eddington
could have been biased by his own theoret-
ical and political views, and therefore not
sufficient to overthrow Newtonian gravity,
see e.g. [46, 47]. However, it has also been
argued in response that a 1979 reanalysis
of the plates used during the 1919 eclipse
demonstrates no evidence for such predic-
tor effect taking place, i.e. fitting data to
the expected or desired result [48].

[50]: Shapiro et al. (1977), “The Viking Rela-
tivity Experiment”

[52]: Clifton et al. (2012), “Modified Gravity
and Cosmology”

[53]: Will (2014), “The Confrontation be-
tween General Relativity and Experiment”

mechanics, despite extensive efforts. Scientists had even proposed the exis-
tence of an unseen ninth planet, dubbed Vulcan, whose gravitational influ-
ence might account for Mercury’s orbit, though no such planet was ever ob-
served. Einstein’s version of gravity provided corrections to the the Newto-
nian calculation which accounted precisely for the observed anomaly, some-
thing which, in a communication with Adriaan Fokker, Einstein admitted to
had given him palpitations of the heart.’

Another major piece of evidence in support of GR came a few years later in
1919, not only solidifying its acceptance within the scientific community but
also instantly making Einstein world famous. This relates to the bending of
light around massive objects, commonly known as gravitational lensing. Such
a phenomenon already takes place in Newtonian gravity, but Einstein re-
alised that the effect doubles in magnitude if derived with GR when applied
to how light would be deflected by the Sun. The first observations of this
effect was led by Arthur Eddington during a total Solar eclipse on the 29t of
May of 1919 [45], providing an agreement with the GR prediction.® Such mea-
surements have been refined using radio waves and currently stand compat-
ible with GR’s prediction within 0.3 standard deviations, and incompatible
with the Newtonian prediction by 600 standard deviations [49]. Similarly,
while Newtonian gravity predicts that the deflected signal would arrive be-
fore the undeflected one, GR predicts the opposite effect, i.e. that deflected
light will be delayed, providing a higher accuracy to distinguish the two theo-
ries. This was first done in [50] and then improved in [51], showing data to be
within 0.9 standard deviations from Einstein’s theory and 130,000 standard
deviations away from the Newtonian prediction.

These early successful tests drew the attention of physicists worldwide, who
since then contributed to the development of GR both on theoretical and
observational fronts. For a recent and more comprehensive review of obser-
vational tests passed by GR to date, see [52]. Over time, it became clear that
not only did GR appropriately correct the Newtonian results, but also pro-
vided unprecedented predictive power, unveiling an entirely new landscape
of physical phenomena. The theory was like a vast, uncharted mountain,
full of gold and ready to be mined. Among its most profound predictions—
particularly relevant to this thesis—are black holes and gravitational waves,
which will be examined in detail in the following sections.

2.1.2 Unresolved challenges

As of today, we have no strong evidence supporting a better alternative than
GR [53]. However, multiple reasons exist, both theoretical and observational
in nature, to believe that GR might require some sort of modification to ex-
plain gravity in all regimes.

High-energy completion and singularities: GR is a low-energy Effective
Field Theory (EFT) that breaks down at extremely high energies, such as near
singularities inside black holes or at the Big Bang. At these scales, quantum
effects are expected to play a crucial role, and could be expected to resolve
the existence of singularities. While quantum corrections can be consis-
tently calculated within GR as an EFT at energies below a certain ultraviolet
(UV) cutoff, its inherent non-renormalizability prevents a consistent quan-
tum theory at arbitrarily high energies. This breakdown suggests that GR is
not the ultimate theory of gravity but rather an effective description valid
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at low energies. A complete theory of quantum gravity—such as string the-
ory or loop quantum gravity—may resolve singularities and provide a more
fundamental understanding of spacetime at the smallest scales. Nonethe-
less, even in its failure, GR does so elegantly, as it predicts its own demise
by showing that singularities are generic within the theory [54-57].

The ACDM cosmological model: The standard cosmological framework, the
ACDM model, is built upon GR and stands as arguably the most successful,
and definitely the most popular, model of the universe to date (see [58] for a
recent review on ACDM). However, explaining modern cosmological observa-
tions within this model requires invoking several unknown components that
play a fundamental role in cosmic evolution: dark energy (A), cold dark mat-
ter (CDM), and an inflationary field. The nature of these elements remains
mysterious and exotic. Hence, the ACDM model implies that the Universe
today consists of ~ 95% of unknown ‘dark’ components, something far from
ideal in model building. While they might not necessarily imply that GR is
incomplete, multiple strategies aiming to provide more ontologically satis-
factory explanations of these phenomena involve modifying the behaviour
of gravity at large scales.

Dark matter: Observations of rotation curves in spiral galaxies show that
the outer stars move at significantly higher speeds than expected based on
the distribution of visible matter alone [59]. Dark matter, a hypothetical
form of matter whose primary observable interaction is gravitational, is
invoked in vast amounts (making up ~ 27% of the energy content in the
Universe) to account for the missing mass within the GR framework [60].
While strong experimental constraints have been placed on the strength of
its non-gravitational interactions, for instance with Standard Model parti-
cles, these have not been definitively ruled out, and indeed, direct detection
experiments are actively designed to probe for such possibilities [61].

Dark energy and the cosmological constant problem: In 1998, two indepen-
dent research teams discovered that the universe is undergoing accelerated
expansion [62, 63].7 This conclusion was mainly drawn from the study of
Type Ia supernovae as standard candles. These supernovae appeared dim-
mer than expected, suggesting that the universe has expanded more than
previously thought. While alternative explanations, such as light being ab-
sorbed by cosmic obstacles, were considered,® they were inconsistent with
other observations like the integrated Sachs—Wolfe effect,’ which shows that
photons travelling through potential wells actually gain energy as a result of
the accelerated expansion smoothing out the potential [68].

The accelerating expansion is attributed to an unknown component called
dark energy, which constitutes about ~ 68% of the total energy density of
the Universe. In GR, this phenomenon is typically modelled by introducing a
cosmological constant A in the Einstein field equations. However, the origin
and nature of A remain unknown. In quantum field theory (QFT), vacuum
energy contributes a similar term, but calculations of its value famously fail
to match the observed value [69].1° This is known as the cosmological constant
problem, and constitutes a major unresolved issue in modern physics. As
such, A remains a phenomenological parameter rather than a fundamental
explanation for dark energy.
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[59]: Rubin et al. (1980), “Rotational proper-
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tion of Dark Matter: A Critical Review”
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Figure 2.1: Schematic representation of black hole solutions in GR.
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2.2 Black Holes

Black holes are arguably the most fascinating and extreme physical predic-
tion of the last century. They refer to regions of spacetime where gravi-
tational forces are so strong that nothing, not even light, can escape. The
defining feature of a black hole is its event horizon, a one-way causal bound-
ary beyond which events cannot influence an outside observer. As incredible
as it might seem, black holes exist, and we can routinely observe them today
through the gravitational waves emitted when two of them meet and merge.
We refer to [70] for an in depth study of black hole solutions and their clas-
sification, but here present the most relevant aspects.

2.2.1 The General Relativity black hole family

In this section we briefly review the main exact black hole solutions in GR,
schematically organised in Figure 2.1. As will be discussed in Section 2.2.2,
these solutions are the subject of uniqueness theorems which demonstrate
that, given appropriate assumptions, they constitute the only possible vac-
uum stationary solutions in GR.

Schwarzschild black hole

Roughly a month is all it took Schwarzschild to find the first static and spher-
ically symmetric solution to Einstein’s equations after they were first pub-
lished in 1915. Such solution is given by the metric line element [71]

r
= —f)e + a1 2d0h f0=(1-2), @)

r
where dQZ is the 2-dimensional solid angle and r, = 2M. Physically, this

metric describes the spacetime outside a spherical object (e.g. a star, a black
hole or a football) of mass M. In these coordinates, the metric contains two



singularities. One appears at r — 0 and corresponds to a physical singular-
ity, meaning that GR breaks down in a coordinate-independent way. The
other one is a coordinate singularity located at the horizon r,.!! The domain
of validity of this solution can be extended to cover the entire manifold by
changing to Kruskal-Szekeres coordinates [72, 73]. However, here we will
only be interested in the outside region of a black hole where the gravita-
tional waves can be detected, so the Schwarzschild coordinates will suffice.
The geometry of this solution is Ricci-flat (va = 0 = R) and asymptotically
flat, i.e. it approaches Minkowski for large r. Note that it also smoothly con-
nects to Minkowski flat spacetime in the limit M — 0.

The correspondence between Schwarzschild and Einstein in 1916 quite beau-
tifully describes an educated intellectual debate filled with respect and ad-
miration for each other. Schwarzschild found his solution while serving in
the German Army. In his words: “The war treated me kind enough, in spite of
the heavy gunfire, to allow me to get away from it all and take this walk in the land
of your ideas.” At the time, this result was considerably unexpected, as it
was thought that EFEs would be challenging to solve due to their non-linear
nature. In Einstein’s words: “I would not have expected that the exact solution
to the problem could be formulated so simply. The mathematical treatment of the
subject appeals to me exceedingly.” Sadly, Schwarzschild died from disease in
1916 and this laboration could not continue.

Schwarzschild-de Sitter black hole

Here we consider an extension to the Schwarzschild metric which incorpo-
rates a cosmological constant A and is given by the metric [74-76]

ds? = —f()dE? + f1(dr? +r2dQ3, f(r) = (1 — %Aﬂ) (210)

where now the geometry is no longer Ricci-flat and asymptotes to de Sitter,
i.e. we have R = 12A. This solution is therefore named Schwarzschild-de
Sitter (SdS). Note that A is sometimes expressed as a length scale A o 1/L2.
This solution can also describe a black hole in AdS (Anti-de Sitter) by chang-
ing the sign of A. In that case L would represent the AdS radius. The de Sit-
ter asymptotics at large distances more closely mimic realistic black holes
embedded in cosmological spacetimes (in comparison to Schwarzschild so-
lutions with their Minkowski asymptotics). If A is in the range 0 < A < ﬁ
this metric possesses two horizons: a black hole horizon r,, which reduces
to the Schwarzschild horizon in the absence of A, i.e. r,(A = 0) = r,, and a
cosmological horizon r.. As shown in Figure 2.2, for cosmological values of
A, this is true for all black holes existing in the Universe. As A — ﬁ (or
equivalently as we approach M. in 2.2) the two horizons become increas-
ingly closer and we obtain the Nariai solution [77, 78]. See also [79] for an
alternative interpretation of this saturated point.

Rotating black holes

As could be expected, black holes that exist in nature rotate. The spacetime
around rotating black holes is described by the Kerr metric, which steeply
grows in complexity compared to the non-rotating Schwarzschild case [80].
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Figure 2.2: Cosmological and black hole
horizons in Schwarzschild-de Sitter space-
time for a cosmological constant given by
A=10""20E.
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where ¥ = r? +a? cos 6% and A = r? —r;r+a?. The structure of the spacetime
described by this metric is considerably richer. Note that it took 50 years to
generalise the Schwarzschild solution to the rotating case. This solution is
also Ricci-flat.

Assuming that the rotation of the black hole is small simplifies the metric
greatly. The following line element is obtained by considering the Kerr met-
ric to first order in the rotation parameter a, which corresponds physically
to a slow rotation

4aM
ds? = — f(r)de? + f71()dr? +r2dQE — —

r

sin 0%dtd¢. (2.12)

Here f(r) is the same as in Schwarzschild. This geometry is still Ricci-flat
to first order in a. The Kerr metric is perturbatively smoothly connected to
the the slow-rotating solution, and the latter is also perturbatively smoothly
connected to the Schwarzschild solution, which can be seen by taking the
a — 0 limit. This means that although physical black holes rotate, the
Schwarzschild metric constitutes a physically sensible limit to study. One
can also introduce the cosmological constant A to the Kerr metric and there-
fore construct Kerr-de Sitter black holes.

Charged black holes

One can include electromagnetism into the theory by adding the electromag-
netic field strength tensor Fy, = 29,4, (where A, is the electromagnetic
gauge field) minimally coupled to gravity, resulting in the Einstein-Maxwell
action

1 1 1
Semlgl = p™ J d4x\/fg[§R - ZF,WF“V] . (2.13)

Solving the equations of motion of this theory for a static, spherically sym-
metric solution leads to the Reissner-Nordstréom metric, which takes the



form [81, 82]

2
ds? = — () + L )dr? + 1249, f(r) = (1 -2+ %) (214)

where Q is the electric charge endowed to the black hole. This metric con-
tains two horizons at r, = M + /M2 — Q% where we recall that r, = 2M.
In the Q — 0 limit, this metric element is continuously connected to the
Schwarzschild one, fully recovering it for Q = 0. In that case, r, = r; and
r_ = 0. Alternatively, if O = M we say the black hole has reached extremal-
ity, and the two horizons coincide r, =r_.

Further generalisations: the Kerr-Newmann-de Sitter family

We have seen metric solutions for black holes where, in addition to their
mass M, the geometry is described by an additional parameter, i.e. A (the
cosmological constant), a (rotation) or Q (electric charge). However, as de-
scribed in Figure 2.1, generalisations of these cases exist which include sev-
eral or all of these 3 parameters, with the most general one being the Kerr-
Newmann-de Sitter (KNdS) metric, which describes a charged rotating black
hole embedded in an asymptotically de Sitter spacetime. In Table 2.1 we
collect the KNdS black hole family of solutions, all of which are smoothly
connected.

Metric M A a Q Year Reference
Schwarzschild v X X X 1916 [71]

RN v X X Vv 1916 [81, 82]
sds v v X X 1918 [74-76]
RNdS v v X Vv 1918 [74-76]
Kerr v X vV X 1963 [80]

KN v . X v/ 1965 [83]

KdS v v v X 1970-73 [84-86]
KNdS v o v v Vv 1970-73 [84-86]

In the Petrov classification of GR solutions [87], which categorises space-
times based on the algebraic structure of the Weyl tensor, the metrics in
Table 2.1 correspond to Type D, meaning the Weyl tensor has two distinct
repeated principal null directions. For an in-depth discussion on this topic
we refer to [88]. Note that other black hole metrics exist in GR with non-
zero stress-energy tensors: e.g. the McVittie solutions, which generalises
the SdS solution by allowing the cosmological background to evolve dynam-
ically rather than remaining static [89]; the Schwarzschild—Melvin solution,
which immerses a Schwarzschild black hole in a background electric or mag-
netic field [90]; or the Vaidya’'s radiating Schwarzschild solution, which is
used to model the spacetime around a star including its radiation effect with
a coordinate-dependent mass function (i.e. M(¢,r)) [91].

Including more exotic types of matter (i.e. violating some energy conditions)
one can construct regular black hole solutions (i.e. singularity-free) such as
the Bardeen metric [92]. For a comprehensive review of these solutions as
well as other other ones such as accelerating or cylindrical black holes we re-
fer to [88]. With even more exotic stress-energy tensors which often require
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port wormhole constructions, such as for
example in [95], where a long traversable
wormbhole is ‘sourced’ by a charged mass-
less fermionic field coupled to electromag-
netism following a specific trajectory.

severe violations of energy conditions (potentially leading to causality para-
doxes), one can also construct metric solutions that might appear as black
holes to external observers but actually connect through its interior to other
spacelike-separated regions of spacetime, otherwise known as wormholes
(see e.g. the Morris-Thorne traversable wormhole solution [93] and [94] for
a more general overview of the topic).!?

The Kerr hypothesis

All astrophysical black holes existing in nature are expected to be well de-
scribed by the Kerr metric, or so does the Kerr hypothesis propose. More
specifically, the hypothesis states that the spacetime around a black hole af-
ter gravitational collapse is well described by the Kerr metric and therefore
contains no hair. This provides a foundation for testing GR in the strong-
field regime—any observed deviations from the Kerr geometry could signal
a violation of GR. An implicit assumption in this hypothesis is that astro-
physical black holes carry negligible electric charge. This expectation is sup-
ported by several physical mechanisms that would efficiently neutralise any
initial charge (see [96] for a more in-depth evaluation of this assumption).

2.2.2 Black hole theorems

The period between 1960 and 1975, often referred to as the Golden Age of Gen-
eral Relativity, saw a revolution in our understanding of black holes, driven
by the development of rigorous mathematical theorems. Here we review
some of these results.

Singularity theorems

Spacetime singularities represent breakdowns in the geometric structure of
spacetime, signaling the limits of GR. Their physical significance was ini-
tially a matter of debate. Early singularity solutions—such as those in the
Schwarzschild and Friedman-Robertson-Walker spacetimes—were thought
to be mathematical artifacts arising from the high degree of symmetry in
these models. Many physicists believed that a more realistic treatment, in-
corporating perturbations or more general initial conditions, would elim-
inate them. However, the development of singularity theorems provided
rigorous arguments showing that singularities are not mere curiosities of
symmetric solutions but generic predictions of GR under reasonable physi-
cal conditions.

Singularities are difficult to pin down in a general and precise mathemat-
ical definition. They are usually referred to as the ‘place’ where curvature
becomes infinite, but if by ‘place’ we mean a location in spacetime, this def-
inition is problematic as the metric is not well-defined at a singularity. At-
tempts to define singularities as boundaries of the manifold or via the di-
vergence of curvature invariants, while useful in specific cases, fail to fully
capture their nature in all scenarios [31].

Quite ironically, the best characterisation of singularities to date is based not
on what they are but on what they entail. This is done with singularity theo-
rems, which use the notion of geodesic incompleteness. The underlying idea is



that if singularities represent “holes” in spacetime, then geodesics encoun-
tering them should terminate after a finite value of their affine parameter,
rendering them inextendible beyond the singularity. A singular spacetime is
therefore a spacetime which is geodesically incomplete and inextendible.

The first singularity theorem for a general spacetime was published by Pen-
rose in 1965 [54], a result for which he was awarded a portion of the 2020
Physics Nobel Prize. In the next years new theorems were proved and im-
proved by Hawking and Penrose [55-57].}* Such theorems require a list of
necessary ingredients in order to cook up singularities: 1) a boundary condi-
tion, 2) an energy condition, and 3) a causality condition. With different com-
binations of them one can obtain spacetimes with at least one incomplete
causal geodesic. In short, the boundary condition implies that geodesics
start focusing, the energy condition ensures that the focusing continues and
the causality condition assures that there are no conjugate points along the
geodesics. This will inevitably lead to geodesic incompleteness and thus to
singularities.

The first singularity theorem for a general spacetime was published by Pen-
rose in 1965 [54], a result for which he was awarded a portion of the 2020
Physics Nobel Prize. In the next years new theorems were proved and im-
proved by Hawking and Penrose [55-57]. Such theorems require a list of
necessary ingredients in order to cook up singularities: 1) a boundary condi-
tion, 2) an energy condition, and 3) a causality condition. With different com-
binations of them one can obtain spacetimes with at least one incomplete
causal geodesic. In short, the boundary condition implies that geodesics
start focusing, the energy condition ensures that the focusing continues and
the causality condition assures that there are no conjugate points along the
geodesics.'® This will inevitably lead to geodesic incompleteness and thus to
singularities.

In this thesis, however, we will not delve any deeper into the topic of sin-
gularities, and will remain for most part on the exterior region of black
holes. The following theorems address how black holes appear to distant
observers.

Birkhoff’s theorem

Birkhoff’s theorem is a fundamental result in GR which states that [99]

Theorem 2.2.1 (Birkhoff’s Theorem) Spherically symmetric solutions of the
vacuum EFEs must be static and asymptotically flat.

In other words, this theorem tells us that the Schwarzschild metric with a
constant mass is the only solution to EFEs in vacuum and in the absence
of A. As a physical corollary of this theorem, we can see how the collapse
of a star to a black holes, or equivalently a pulsating star, does not produce
gravitational waves as long as the process remains spherically symmetric,
because the spacetime around it needs to remain static.

No hair theorems

No-hair theorems are a set of results demonstrating that, under certain con-
ditions, black holes are completely described by just three parameters: mass,
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angular momentum, and electric charge. More precisely, they establish that
the Kerr-Newman(-de Sitter) solutions are the only asymptotically flat (or
de Sitter) and regular black hole solutions to Einstein’s field equations in the
presence of fundamental fields.

Despite their name, no-hair theorems are not rigorous theorems in the strict
mathematical sense, as they lack a fully general proof applicable to all possi-
ble scenarios. Instead, they are often referred to as the no-hair conjecture.
However, they are widely accepted as “theorems” because they have been
shown to hold across a broad range of physically relevant cases. Note as
well that such results, in particular in the absence of additional fields, are
sometimes referred to as uniqueness theorems.

The first one came in 1967 due to Israel and it established the uniqueness of
the Schwarzschild metric as a static asymptotically flat spacetime in vacuum
[100], a result which he later extended to incorporate electric charge by es-
tablishing that RN black holes are the unique static and asymptotically flat
solutions in electro-vacuum (referring to the vacuum in Einstein-Maxwell
theory) [101]. Note that Israel’s original theorem can be thought of as the
converse of Birkhoff’s theorem. While the latter tells us that spherically sym-
metric solutions in vacuum need to be Schwarzschild, Israel’s theorem tells
us that Schwarzschild is the only static solution in vacuum.

The extension to non-static, rotating solutions was completed in 1975 by
Robinson, who proved the uniqueness of the Kerr metric [102]. Later, elec-
tric charge was incorporated into the rotating case in [103, 104], establishing
that Kerr-Newman black holes are the unique solutions for asymptotically
flat, stationary, and axisymmetric spacetimes in electro-vacuum.

Following the establishment of black hole uniqueness results, attention then
turned to assessing their robustness under the inclusion of additional fun-
damental fields. Early investigations suggested that these fields typically do
not introduce new independent charges, and no hair theorems were there-
fore extended for different specific configurations.

In particular, a significant body of no-hair theorems exists for a wide range
of scalar-tensor (ST) theories, typically demonstrating that scalar fields must
possess a trivial profile around black holes, see [105-118] for the original pa-
pers and [119] for a review. The earliest such results include Chase’s pioneer-
ing work, which established that static, asymptotically flat black hole space-
times cannot support a regular massless scalar field [105]. This was notably
extended by Bekenstein, who demonstrated that even massive scalar fields
do not introduce new independent charges, by developing a general method
that would then be applied to various configurations [106-108]. Further
similar no-hair theorems were subsequently established for conformally-
coupled scalars [109], massive complex scalars [110], and other scalar field
configurations, typically including the addition of a scalar potential [111-
114].

The scope of these theorems was then broadened by Hawking, who showed
this also applies to stationary black holes in minimally coupled Brans-Dicke
theories [115]. Subsequent research extended these findings to a more gen-
eral class of ST theories, including those with scalar self-interactions [116],
spherically symmetric static black holes in Galilean-invariant theories [117],
and slowly rotating black holes in more general shift-symmetric theories



[118]. However, in these beyond-GR models, violations of specific assump-
tions of such no-hair theorems can be used to construct hairy black hole
solutions. This will be reviewed in Section 3.4.

2.2.3 Observational evidence

To conclude this section on black holes, let us briefly shift our focus from
theoretical considerations to the remarkable body of observational evidence
confirming their existence in the universe.

Black holes are by nature difficult to observe. As a result, the first strong
pieces of evidence came unsurprisingly from indirect observations, i.e. ob-
servations that can only be explained by inferring the presence of black holes
with a specific mass and density, despite those not being observable. An ex-
ample concerns the stars around Sagittarius A* (what we now know to be the
supermassive black hole at the centre of our galaxy) whose orbits revolved
around a very massive but invisible object [120]. Similarly, gas falling into
a black hole from its surroundings forms an accretion disk, where extreme
gravitational forces accelerate the gas to high velocities. The resulting fric-
tion heats the material to extreme temperatures, causing it to emit X-rays.
One of the first confirmed stellar mass black hole candidates, Cygnus X-1,
was detected through these emissions (see [121-123] for the original work
and [124] for a recent review). Around 50 years ago, Stephen Hawking and
Kip Thorne famously bet on whether this system was indeed a black hole or
not as, at that time, the community was not yet certain on their existence.
Hawking, who bet against it being a black hole, described it as an insurance
bet, since all his work on black holes “would all be wasted if it turned out that
black holes do not exist” [125]. Luckily for us, he lost the bet.

The two most notable pieces of evidence are more direct in nature and have
both been recognised with Physics Nobel Prizes. One comes from the Event
Horizon Telescope (EHT), which, as its name suggests, enables the direct
imaging of the hot plasma surrounding a supermassive black hole, revealing
the silhouette of its event horizon. In 2019, the EHT collaboration released
the first-ever image of a black hole, capturing the shadow of the M87* black
hole, of billions of solar masses [126]. In 2022, they achieved a similar feat
for Sagittarius A*, the supermassive black hole at the center of the Milky
Way [127]. More recently, advancements in data processing techniques have
refined these images, revealing additional details such as polarised light sig-
natures and magnetic field structures [128-131], shown in Figure 2.3.

Secondly, the most compelling evidence for the abundant existence of stellar-
origin black holes in our universe is provided by gravitational wave observa-
tions, which are discussed in more detail in the next section.
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Figure 2.3: Images of the supermassive
black holes M87" and Sagittarius A* by the
Event Horizon Telescope

[132]: Einstein (1916), “Approximative Inte
gration of the Field Equations of Gravita

tion”

16: The term trace-reverse comes from
the fact that h = —h.
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2.3 Gravitational waves

If there is one thing about the natural world that we have learnt after cen-
turies of studying it, is that it contains an abounding number of elements
that behave as waves. Sound, light, fluids and even the Earth itself are a few
examples of the wide range of phenomena that can be accurately modelled by
wave equations. According to GR, even spacetime itself can have wave-like
behaviour. In this section we review the standard theoretical background
for the formulation of gravitational waves (GWs) and the current state of
detections as well as forecasted expectations by future missions.

2.3.1 Linearised gravity

The idea of gravitational waves originated in 1916, less than a year after the
formulation of GR, when Albert Einstein demonstrated that, under the weak-
field approximation, the equations of GR allow for wave-like solutions [132].
Let us start by considering small perturbations around flat space. At linear
order, the spacetime metric can be approximated as:

S =M + h,uv’ (2.15)

where Ny = diag(—1, 1, 1, 1) is the background Minkowski flat metric which,
to linear order in perturbations, can be used to raise and lower indices. hy,
describes small perturbations (i.e. |h,,| < 1 for all p,v) that will carry the
information of gravitational waves, and we use h = hﬁ = n""hy, to denote
its trace. The linearised EFEs are obtained by substituting the weak-field
approximation (2.15) into (2.8), which gives the following LHS

1 1
1
R}(JV) - 5’7va(1) = 5[ - Uyanvpaaaa — w959y

—op
+ Mo @0y + q,,gavap]h , (2.16)

where, for convenience, we have employed a trace-reversed version of the
metric perturbations defined as'®

1
by = hyy — Eqwhg (2.17)
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Since E/Jv is a symmetric 4 by 4 matrix, it requires 10 distinct components
to be fully specified but these are not all physical due to the diffeomorphism
invariance of GR. It is possible to take advantage of this gauge symmetry to
remove some components. To see this explicitly we can perform a general
coordinate transformation

x'H = xt + H(x),

ox'H "

ox” = O + ot

ox* 1 2

s = o= a0+ 0P, 1)

where the prime denotes the new coordinate system and to write the last
equation we assumed |9,{*| <« 1. With this, we can write the metric tensor
in these new coordinates as

ax% axP
g/’lv(x,) = ax_,yax_,vgaﬁ(x)’
(8¢ = 3,07 + 0 (0¢12)) (8 = 0,77 + 0 (07P)) (ap + hap)
=N+ hyv - 3H§V - a1/év,u +0 (|8§|2, |¢9§|h)
=Nt h/,,tv +0 (|a§|2’ |aév|h) > (2.19)

meaning that another hj, in the new coordinates exists such that |hj,| < 1
for all p, v, and is given by

Ry = hy — 9.8, — 9,8 (2.20)

This is a gauge transformation, and it can be used to modify the compo-
nents of the perturbed metric. In particular, we can choose to fix the gauge
to eliminate non-physical information from the perturbed metric. Going

back to our trace-reversed h,,, we see that under a change of coordinates it

g
transforms as

p—4

1
B = B = S
1
= hyv - a,ugv - aVg,u - Eﬂ,uvnaﬁ(haﬂ - aagﬁ - aﬁga),

1
= hyv - 5’7;11/}1 —dugy — avgp + Upvaaga’

_7 o
- h,uv - aygv - avgp + vaa éva' (2~21)
We can now choose the so-called de Donder, Lorentz or harmonic gauge,
wherel? 17: Note that the following derivative op-
8”E;v -0, (2.22) erators are equi;/alent 3t first order in this

case, i.e. 3H = — = —.
x'H axH

implying from (2.21) that 6/’EHV = 9#9,{;,. Note that for smooth EIW functions,
this can always be solved for ¢, and actually ¢, + ¢, will also be a solution
provided that aﬂa,,ev = 0, where ¢, here encodes another coordinate trans-
formation. In this gauge, the linearised EFEs in vacuum read

=0, (2.23)

which is nothing else but a wave equation. Writing the equation above in
component form and restoring factors of the speed of light in the Minkowski
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18: Note that the traceless requirement
implies the equivalence between the trace-
reversed tensors hy, = hy,.

+ polarisation

0z

Figure 2.4: Illustration of how the polar-
isations hy = |A|cos(t — z) and h, =
|A| cos(t —z) of gravitational waves affect a
ring of point particles at different phases.
The gray circle is the unperturbed ring
(e.g. when the waves are in a node at t —
z = 7 /2), while the blue and green ellipses
show the perturbed ring whent —z = 0
and t — z = x, respectively.

flat metric as 77, = diag(—c?,1,1,1) we get

1 ’
<—c—zat2 + V2> hyy =0, (2.24)

where V2 = aiai with i = 1, 2,3, and therefore we see that such waves travel
at the speed of light in GR. This wave equation is solved by a standard super-
position of plane waves

— , d’k ,
iy _ k,xH _
hpv(tsx) = J W [Ayv(k)el w4 C.C.] s kukp =0, (2.25)

with A, describing the tensorial amplitude and k being the wave vector.
This shows that small perturbations of the gravitational field on Minkowski
space propagate as waves, i.e. gravitational waves. In other words, while GR is
a highly nonlinear theory, its linear physics already accepts wave-like equa-

tions. Let us look again at the degrees of freedom (dofs) in Eﬂv. Recall that
we started with 10 dofs and then we imposed the de Donder gauge, which

/

explicitly gives us 4 relations for Euv’ and therefore reduces the number of
dofs to 6. Applying the gauge condition (2.22) to the solution (2.25), we can
equivalently write

kFA,, =0, (2.26)

meaning that gravitational waves, like electromagnetic ones, propagate in a
transverse way. For waves traveling in the z-direction (i.e. k¥ = (-, 0,0, k;)
with w = +k;,), this means Aj, = +As,. As was noted below (2.22), one can
perform a further coordinate transformation

I TH = x/F 4 ¢k, (2.27)

which preserves the condition 3“h£$ = 0 as long as [Je = 0, meaning that

p—
we still have the freedom to shift h,, — hg + 98, + 9y, — 19" and
therefore remove 4 further components. These extra conditions are usu-

ally chosen to make thNT traceless (1 condition: AZT‘U = 0) and set the non-
T
HO >
AOTOT = AgOT from the harmonic gauge).!® This fully fixes the gauge (known

as the traceless-transverse (TT) gauge) and, as a result, we find that we can

transverse components to zero (3 conditions: A;5, because we already have

write the components of the gravitational wave tensor with only 2 indepen-
dent dofs

0 0 0 0
0 h h 0
ATT — toox 2.28
w 0 he -h, 0] (2.28)
0 0 0 0

where the subscripts (+, X) are used to denote the two polarisations of gravi-
tational waves. As an example, in Cartesian coordinates, a single plane grav-
itational wave propagating along the z axis will then have + and x polarisa-
tions such that the associated spacetime line element is

ds? = —dt? +[1 + hy(t — 2)]| dx® +[1 — hy(t — 2)| dy? + 2h,(t — 2)dxdy + dz°.

(2.29)
Therefore, the + and x polarisations will distort directions of the space in
different ways, as illustrated by Fig. 2.4 which shows how a ring of point
particles in the x — y plane is affected by both polarisations.



2.3.2 Generation

As was shown in 1918 by Einstein, gravitational waves are generated from
sources with a varying mass quadrupole moment [133]. These waves, how-
ever, are generally weak and can only be observed if they are generated by
strongly interacting and/or sufficiently heavy objects. Sources of astrophysi-
cal gravitational waves could include: gravitational collapse like supernovae;
binary systems of compact objects such as black holes, neutron stars (or al-
ternative compact objects), irregular spinning neutron stars. In the future,
it may be possible to also observe cosmological gravitational waves from in-
flation, or phase transitions.

To date, with the potential exception of the detection of the stochastic grav-
itational wave background [134-139], whose origin is not yet fully certain,'®
there have only been direct detections of binary black holes and neutron
stars, and thus these have become the most important objects of study. The
gravitational wave emission of binaries is typically divided into three stages,
as depicted in Figure 2.5: inspiral, when the objects are far apart and have
low velocities; merger, when the objects touch and form a single heavier ob-
ject; ringdown, when the final single remnant object settles down into its
final stationary state.

GR is nonlinear so a full detailed GW emission process has to be addressed
with numerical relativity simulations. However, perturbative methods al-
low for analytical approximations to be obtained in the radiation zone (away
from the compact sources).

To understand better what can physically generate gravitational waves, let
us continue working in the approximation of linear perturbations around
Minkowski. In the presence of a matter source, the linearised Einstein equa-
tions take the following simple form in the harmonic gauge,

Ohyy = —1678T,, (2.30)

where 6T}, is the linear matter tensor. The solution to this equation outside
the source can be obtained through the use of the retarded Green function?®

Tpv(t - |x - x,|»x)

ﬁyv(t, x) =4 J' d*x (2.31)

|x = x’|
Let us now assume that the source is moving slowly compared to the speed
of light. For example, for a periodic motion we can write

Tyv(t, x) = Syv(x) cos wt, ol < 1, (2.32)
where L is the characteristic size of the source, and wL corresponds to its typ-
ical velocity. In Eq. (2.31), x denotes the field point where the gravitational
wave is being observed, while x” denotes the source point where it is emitted.
Since the energy-momentum tensor T, vanishes outside the matter distri-
bution, we have |x’| < L; in other words, contributions to the integral only
come from within the source, whose spatial extent is bounded by L. Then,
because x” is confined to a region of size L, and assuming we are evaluating
the field far from the source (i.e,, |x| > |x’]), we can expand the distance

as

wlx — x'| = wlx| + O(w|x’|). (2.33)
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[133]: Einstein (1918), “Uber Gravitation-
swellen”

19: When convinvingly detected, the back-
ground will most likely be sourced by a
large superposition of binary black hole
mergers.
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Figure 2.5: [llustration of the gravitational
wave signal from a compact binary coa-
lescence as a function of time with the
three distinct stages and the correspond-
ing mathematical framework in which
they are studied.
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20: Intuitively, the presence of retarded
time in this solution arises from the finite
speed of gravitational waves. This means
that we observe them as they were in the
past rather than in their current state.
In other words, by the time we detect
the waves from a black hole merger, the
merger itself has already occurred long
ago.



32 | 2 General Relativity, black holes and gravitational waves

[140]: Maggiore (2007), Gravitational Waves.
Vol. 1: Theory and Experiments

[141]: Peters et al. (1963), “Gravitational Ra-
diation from Point Masses in a Keplerian
Orbit”

Furthermore, if we assume the source to be far away from the observer (|x| >
L), we can approximate

1 1 L 1 1
LI (1 . @(—)) ~ 12l (2.3
=] T )T

and then we can simplify (2.31) to

— 4
hy(t,x) = . J d3xTuV(t —r,r). (2.35)

This equation is already in the harmonic gauge, which also ensures conser-
vation of the stress energy tensor in these coordinates, i.e. 9T, = 0. Using
this, we can derive the following relation

40 . 29 [ 20

; d’x Tyv = ;ﬁ d>x Tooxva = ;ﬁIIJV’ (2.36)
where I, is defined to be the mass quadrupole moment tensor. Finally, we
can rewrite the solution for the gravitational field far away from the source
(2.35) as [140]

2.
hly = ;IEVT(t -r), (2.37)

with overdots denoting time derivatives, and where we have also fixed the
TT gauge. This is the quadrupole formula and it describes the amplitude of
spherical gravitational waves generated by a source in Newtonian motion
that decay with the distance r between the source and observer. Substitut-
ing (2.28) into (2.37) we can see that the polarisation of GWs emitted in a given
direction, say z, can then be obtained as:

1. . 2.
hy =~ (I - ). oo =~ I (2.38)

For slow-moving sources we have that Ty, = p, with p referring to the New-
tonian mass density. Hence, 17” # 0 requires the distribution of mass in a
body to change over time. A rotating spherical body, for instance, will not be
able to source gravitational waves. A binary system of gravitationally-bound
compact objects, on the other hand, is a natural candidate to emit GWs. Re-
call that the GW signal generated by binary mergers is characterised by the
inspiral, merger and ringdown stages, as depicted in Figure 2.5. We will com-
prehensively discuss the ringdown stage in Section 2.4, but let us briefly
summarise the other two previous stages. Since analytic solutions for the
general relativistic two-body problem are not known, one relies on pertur-
bative approximations and/or numerical methods to resolve the dynamics
of binary systems and derive the resulting gravitational wave signals.

Inspiral

In the inspiral, when the objects are far away from each other moving with
velocities v < ¢, the quadrupole formula in (2.37) can be used to obtain
a leading-order approximation to the GW solution. The emission of GWs
causes the system to loose energy throughout this stage, therefore shrink-
ing the orbits and resulting in an accelerating inspiral. For two point masses
my and my, in a circular orbit with angular frequency w,,p, the rate of energy
loss is given by [141]



dE  32G7/3 /3
i (M), (2.39)

where ./, is known as the chirp mass and is given by

("11”12)3/5

c = W . (2.40)

According to Kepler’s law, the binary velocity is wozrb = GM,y/d? for a bi-
nary separation d and total mass M;,; = m; + my. In the adiabatic regime
where @y K “)grb’ it is then possible to show that, due to Eq. (2.39), the GW
frequency will change slowly in time according to:

J© = 2@ f01 P, (2.41)

which is positive and hence shows how the GW frequency grows in time as
the compact objects get closer to the merger, resulting in a characteristic
chirping profile for the frequency as a function of time. These analytical ex-
pressions only hold during the early inspiral phase. However, the results can
be generalised using the Post-Newtonian (PN) formalism [142], which is a per-
turbative approach in which higher order v/c corrections can be obtained. In
that case, additional effects coming from the binary mass ratio, object spins
and their compositions (e.g. whether they suffer from tidal deformations)
become relevant [142]. Nevertheless, as the two compact objects get close to
merger, their velocities become relativistic and the PN approximation does
not hold.

To model the time evolution of the GW, one can use the following expansion
(see e.g. [143, 144]):

£
he® =i =D, " bt p) —2Yom(b —0), (2.42)

22 m=—¢

where all angular dependencies appear in the spin-weighted spherical har-
monics _Ypy, and p; collects the parameters of the binary (e.g. masses and
spins), ¢, is the coalescence phase and « is the inclination angle.

Merger

As the binary nears coalescence, post-Newtonian approximations break down,
and full numerical relativity (NR) is required to model the strong-field dy-
namics.?! The merger stage is characterised by rapid orbital decay and the
eventual collision of the two objects. The gravitational waveform peaks in
amplitude just before and during the merger. The NR simulations solve the
full Einstein equations in a dynamical, highly nonlinear regime. The result-
ing waveforms are crucial for detecting and interpreting strong-field gravity
effects.

2.3.3 Propagation

After being emitted, GWs propagate through the cosmological medium be-
fore we can detect them here on Earth. In the cosmological context, the Cos-
mological Principle states that the universe is homogeneous and isotropic on
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[142]: Blanchet (2014), “Post-Newtonian
Theory for Gravitational Waves”

[143]: Thorne (1980), “Multipole expansions
of gravitational radiation”

[144]: Kidder (2008), “Using full infor-
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Newtonian waveforms from inspiralling
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21: For a review on the use of NR to model
black hole binaries see [145], for a more
general review on NR see [146, 147] and for
a review on the application of NR to cos-
mology see [148].
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22: Note that the FLRW metric in prin-
ciple also includes a curvature parameter
k = {0, +1} describing the overall geome-
try of the spatial dimensions

ds? = —dr® + az(r)( TTo?

+r2d6? + r? sin® 9d¢2), (2.43)

with k = 0 corresponding to a flat uni-
verse with Euclidean geometry, k = +1 to
a closed universe with spherical geometry
and k = —1 to an open universe with hy-
perbolic geometry. See Fig. 2.6 for illustra-
tions for these cases. We know from obser-
vations that the universe is to a high de-
gree of accuracy spatially flat, and hence
in equation (2.44) we have used k = 0.

Figure 2.6: From top to bottom, illustra-
tions of closed (k = +1), open (k = —1)
and flat (k = 0) universes.

[149]: Hu et al. (2023), “Hubble Tension: The
Evidence of New Physics”

[150]: Di Valentino et al. (2021), “In the
realm of the Hubble tension—a review of
solutions”

[155]: Malik et al. (2009), “Cosmological per-
turbations”

23: Scalar-type perturbations account for
the matter inhomogeneities in the uni-
verse, governing the dynamics of large-
scale structures like galaxy clustering. On
the other hand, vector-type perturbations
are generally disregarded, as they decay
with the expansion of the universe and
eventually become negligible.

large scales, leading to the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric, which describes an expanding (or contracting) universe in GR and is
given by the line element??

ds? = —dr® + a®(r)dx>. (2.44)

Here, a(r), known as the scale factor, is a function of cosmic time 7 that de-
scribes the expansion of the universe. The spatial coordinates x are called
comoving coordinates, as the spatial location of gravitationally bound objects
remains unchanged despite the expansion of the universe. They relate to
physical coordinates by the simple rescaling xphys = a(r)x. It is also often
convenient to introduce a new time coordinate known as conformal time, de-
noted by 5. Conformal time is related to cosmic time as dr = a(r)dn. In
terms of conformal time, the FLRW metric can be rewritten as

ds? = a®(n)(—dn? + dx?). (2.45)
This form of the metric is particularly useful because it explicitly factors out
the scale factor, making the spacetime locally ‘conformally flat’.

At this point, we can define the Hubble parameter H(r), and its conformal
time version, given by
a’ H
%(’7) = H=—
a a

H(r) = Z, (2.46)

which quantifies the rate of expansion at a given time. Note that we have

d d
used the definition a = d—a anda’ = 2.
T

The value of the Hubble parameter today, represented as Hy, is known as
the Hubble constant and is the subject of one of the major current unresolved
problems in the field of cosmology, i.e. the Hubble tension. This issue arises
from the discrepancy between local measurements of Hy (using supernovae
and Cepheid variables) and early-universe estimates (from the CMB), poten-
tially indicating new physics beyond the standard cosmological model. For
reviews of the Hubble tension, see e.g. [149, 150], and for efforts to mitigate it
by introducing new physics, such as Early Dark Energy, see e.g. [151-154].

At zeroth perturbative order, using the metric ansatz (2.44) in EFEs (2.8) re-
sults in the derivation of Friedmann equations, which are the key feature of
the ACDM model, as they can be used to describe the dynamical evolution
of the different components of the universe, resulting in a set of cosmolog-
ical parameters that can be matched with observations. Let us, however,
focus on gravitational waves, which appear at first order in metric perturba-
tions. Cosmological perturbations divide into scalar, vector and tensor types,
whose dynamics decouple at linear order. Here we will solely focus on tensor
perturbations, since these are the gravitational waves, but refer to [155] for
a comprehensive review on cosmological perturbation theory.??

Similarly to the previous discussion on gravitational waves in the transverse-
traceless gauge, tensor-type cosmological perturbations have only non-zero
spatial components and are both transverse and traceless. These perturba-
tions are then decomposed into two polarisations, with each polarisation
satisfying the following linear equation of motion in Fourier space in vac-
uum

Wy + 29 hy, + K*hy, = (2.47)



with the prime denoting a conformal time derivative. This equation de-
scribes the propagation of gravitational waves in an expanding universe,
with the term 27 h;, accounting for the damping due to the expansion of
space. The third term, k?, is the spatial curvature that characterises the
wave's propagation.?* Crucially, we see that all types of matter affect the
propagation of GWs only via the Hubble rate parameter H, and equally for
both polarisations p = +, x. Interestingly, this equation is modified in alter-
native theories of gravity (such as the ST type that will be the focus of the
following chapters, see Eq. 3.38) and therefore observational measurements
of how GWs actually propagate through the cosmological medium provides
a powerful tool to test gravitational physics beyond GR.

2.3.4 Detection

As we have already seen, gravitational waves stretch and squeeze spacetime
as they pass through, causing minuscule changes in the distances between
objects. These changes are incredibly small—on the order of a fraction of the
diameter of a proton—making detection a formidable challenge. The first
evidence for gravitational waves came indirectly in 1974, nearly 6 decades
after Einstein’s original 1916 paper, when R. Hulse and J. Taylor observed the
orbital energy loss of the binary pulsar PSR B1913+16, which matched the
predictions of GR by the emission of gravitational waves [156].

Nowadays, GWs are detected through the use of highly sensitive interferom-
eters, such as those employed by the LIGO-Virgo-Kagra (LVK) collaboration.
In 2015, the LIGO-Virgo-Kagra (LVK) collaboration made the first direct de-
tection of gravitational waves [157]. Since then, LVK has completed 3 observ-
ing runs and is currently, at the time of drafting of this thesis, undergoing
the fourth one, having detected a total of 203 gravitational-wave events [158—
170].

The fundamental principle behind interferometric gravitational wave detec-
tors is to split a laser beam into two perpendicular arms of equal length, re-
combine them, and analyse the resulting interference pattern. When a gravi-
tational wave passes through the detector, it causes tiny, opposite changes in
the lengths of the arms, leading to a measurable shift in the interference pat-
tern. Essentially, these interferometers act as extraordinarily precise rulers,
capable of measuring distance variations as small as 1078 meters.

To better understand the detection process, it is useful to examine the ge-
ometry of the problem. Since gravitational waves can originate from any
direction in the celestial sphere, their position in the sky is characterised
by the usual spherical coordinates (6, ¢). However, the source of GWs is not
spherically symmetric itself and possesses an intrinsic orientation. This ori-
entation is determined by the binary’s angular momentum, requiring an ad-
ditional angle, i, to describe its inclination relative to the observer’s line of
sight. These angles are represented in the source, detector and sky frames
in Fig. 2.7 [171].

The strain h quantifies the relative change in length of the interferometer’s
arms due to a passing gravitational wave and is therefore given by how it
responds to the two polarisations (2.42)

h = F.(0,$.9)hy + F(0, 4. 9)hy. (2.49)
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24: Note that reinstating factors of the
speed of light we have

Ry + 2, + *k*hy, = 0, (2.48)

so we see that the last term controlls the
propagation speed of this waves, in this
case the same as the speed of light c.

[156]: Hulse et al. (1975), “Discovery of a pul-
sar in a binary system”

Z\ €p

Figure 2.7: Angles in the binary system +
detector system. From top to bottom dif-
ferent frames are shown: source frame (in
black), detector frame (in green), and sky
frame (in blue). J refers to the total angu-
lar momentum, ¢ to the orbital plane incli-
nation with respect to the observer, and 11
corresponds to the direction of the line of
sight. Figure taken from [171].
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Figure 2.8: LVK scheduled observing time-
line [172].

25: These include NANOGrav (North
American Nanohertz Observatory for
Gravitational Waves) [134], the European
Pulsar Timing Array (EPTA) [173], the
Parkes Pulsar Timing Array (PPTA,
Australia) [139], and the Chinese Pulsar
Timing Array (CPTA) [174]. Data from
these efforts will be combined under
the International Pulsar Timing Array
(IPTA) to refine the results; see [175] for a
global data release prior to the individual
detections reported in June 2023.

Here, F, , are the antenna pattern functions specific to each detector and
are given by the following combination of angular functions

F, [1 + cosz(G)] cos(2¢) cos(2y) — cos(0) sin(2¢) sin(2y),  (2.50)

[NCH N O e

E, [1 + cosZ(G)] cos(2¢) sin(2y) + cos(8) sin(2¢) cos(2¢). (2.51)

Since different detectors are oriented differently, they will have distinct re-
sponses to each polarisation mode. In other words, they will have different
values of for F, and F,. Nonetheless, the characteristic strain functions h,
and h,, which are intrinsic for the GW, will necessarily be the same. Hence,
by combining detections from multiple detectors one can localise the origin
direction of GWs with better precision and disentangle the individual polar-
isation components.

Current status and future missions

LVK is currently undergoing its fourth observing run (04) at the time of writ-
ing this thesis (see Fig. 2.8) and has detected a total of 203 GW events since
the first one in 2015, projecting to detect an event every two to three days
[158-170].
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Gravitational waves at much lower frequencies (nanohertz) have recently
been detected for the first time through precise timing observations of pul-
sars [134, 139, 173, 174]. Correlated variations in the timing of multiple pulsars—
an approach known as Pulsar Timing Arrays (PTAs)—have been indepen-
dently observed by several collaborations,?® providing strong evidence for a
stochastic gravitational wave background (SGWB). Unlike gravitational waves
from individual sources, the SGWB arises from the combined contributions
of numerous unresolved sources, forming a pervasive background across the
universe.

While the exact origin of this background remains uncertain at the time of
writing, the leading explanation is that it results from binaries of super-
massive black holes at the centres of merging galaxies. However, alterna-
tive origins beyond standard astrophysical sources are also being considered.
In particular, a SGWB could arise from exotic early-universe phenomena
such as cosmic strings [177], first-order phase transitions [178], or primor-
dial black holes [179] (see [180] for a general review).
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Returning to stellar-origin black holes, the future of GW detections appears
exceptionally promising. The LVK collaboration has extended the fourth ob-
serving run (04) until October 2025. Following an engineering break to en-
hance detector sensitivity and performance, the fifth observing run (05) is
tentatively set to begin in late 2027, though the exact timeline remains uncer-
tain. 05 aims to significantly expand the observable volume of the universe
and increase the detection rate of GW events (see e.g. [181] for a visualisation
of detection rate forecasts).

Currently, GW observatories are in their second generation, following the
limited-sensitivity configurations of first-generation detectors like the early
LIGO and Virgo setups. Looking further ahead, the third generation of de-
tectors planned for the 2030s will mark a major leap in sensitivity and range
of observable frequencies.

Conceived as a European project, the Einstein Telescope (ET) is planned to
be a triangular shaped underground detector with 10km arms with multiple
simultaneously operating interferometers [182, 183]. ET will detect gravita-
tional waves from decihertzs to several kilohertzs with improved sensitivity
and sky localisation. With similar scientific objectives, Cosmic Explorer (CE)
is a US-proposed detector with a similar L-shaped design as the LVK detec-
tors but with arms 10 times longer (i.e. 40km) [184, 185].

Operating roughly in the millihertz to decihertz range, the upcoming AEDGE
(Atomic Experiment for Dark Matter and Gravity Exploration) [186] and DE-
CIGO (Deci-Hertz Interferometer Gravitational Wave Observatory) [187, 188]
missions will be space-based detectors, extending gravitational wave sen-
sitivity to lower frequencies than ground-based observatories. By access-
ing this unexplored regime, these detectors will provide complementary av-
enues for testing gravitational interactions, including the potential to probe
specific dark matter models.

Finally, LISA (Laser Interferometer Space Antenna) will be a space-based
mission (recently adopted by the European Space Agency) that will detect
low-frequency GWs, bridging the gap between ground-based interferome-
ters and PTAs [189]. By employing three spacecraft in a heliocentric orbit,
separated by 2.5 million kilometers, LISA will be capable of detecting grav-
itational waves from sources such as supermassive black hole mergers, ex-
treme mass-ratio inspirals (EMRIs), and potential early-universe relics like
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Figure 2.9: Sensitivity curves for differ-
ent current and upcoming GW detectors
plotted in characteristic strain against fre-
quency. This figure has been generated on-
line from [176].

[181]: Broekgaarden et al. (2024), “Visual-
izing the Number of Existing and Future
Gravitational-wave Detections from Merg-
ing Double Compact Objects”

[184]: Evans et al. (2021), “A Horizon Study
for Cosmic Explorer: Science, Observato-
ries, and Community”

[185]: Hall (2022), “Cosmic Explorer: A Next-
Generation Ground-Based Gravitational-
Wave Observatory”

[186]: El-Neaj et al. (2020), “AEDGE: Atomic
Experiment for Dark Matter and Gravity
Exploration in Space”

(2006), “The
Japanese space gravitational wave an-
tenna DECIGO”

[188]: Kawamura et al. (2021), “Current
status of space gravitational wave antenna
DECIGO and B-DECIGO”

[187]: Kawamura et al.

[189]: Amaro-Seoane et al. (2017), “Laser In-
terferometer Space Antenna”
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[198]: Luo et al. (2016), “TianQin: a space-
borne gravitational wave detector”

26: Note that, unlike frequencies, the am-
plitudes of these oscillations do depend on
the initial configuration.

27: Other  examples of  perturba-
tive schemes in gravity include:
Post-Newtonian  theory [199], post-

Minkowskian theory [200] and cosmologi-
cal perturbation theory [155].

[201]: Regge et al. (1957), “Stability of a
Schwarzschild singularity”

[202]: Zerilli (1970), “Effective Potential for
Even-Parity Regge-Wheeler Gravitational
Perturbation Equations”

primordial gravitational waves or cosmic strings. For LISA, expected event
rates are still somewhat uncertain, but most estimates lie in the O(10 — 100)
per year range for SMBH mergers - see e.g. [190-197]. In addition, by oper-
ating in space—free from the terrestrial noise that ground-based detectors
must contend with—LISA is expected to detect gravitational waves with a
significantly higher signal-to-noise ratio (SNR). TianQin will be a Chinise-
led mission operating with a similar set up and scientific goals as LISA but
orbiting the Earth instead of the Sun [198].

2.4 Ringdown in General Relativity

After two black holes (or other similar compact objects) merge, the resulting
black hole undergoes a rapid phase of relaxation, emitting GWs as it set-
tles into a stable configuration. This stage is known as the ringdown and is
charcaterised by quasinormal modes (QNMs), a discrete set of damped oscil-
lations whose frequencies are uniquely determined by the remnant’s mass,
spin, and, in some cases, additional charges or modifications to GR.2® The
corresponding values for quasinormal frequencies are obtained as a result of
the application of black hole perturbation theory. Since these are governed
solely by the properties of the final object, the ringdown provides a power-
ful probe of black hole physics, enabling precision tests of GR and potential
deviations from the Kerr metric. Studying the ringdown is thus crucial for
understanding strong-field gravity, constraining alternative theories, and
searching for new physics beyond Einstein’s theory. In this section we will
discuss in detail the mathematical framework for the study of ringdown sig-
nals in GR, its power in testing gravitational physics and the potential sys-
tematics one would need to account for in order to fully take advantage of
this power.

2.4.1 Black hole perturbation theory: Regge-Wheeler and
Zerilli

In perturbation theory, one exploits the fact that the system under study
approximately satisfies the overall characteristics of a much simpler system.
By adding small corrections to the background solution, one can analytically
study the dynamics of perturbations.

In gravity territory, there are several ways one can perform a perturbative
expansion depending on which ‘easier system’ we choose to expand around
and which small parameter we use to perform the expansion. In our case
we work with the black hole perturbation theory framework, as it allows
us to define and compute gravitational waves emitted by BBHs in the ring-
down.?”

The details of black hole perturbation theory in GR were first understood
during the 1950s-70s in the seminal papers by Regge and Wheeler (1957) [201]
and Zerilli (1970) [202]. Here we will review and rederive these results. Let
us start by considering first order perturbations on the metric field

8w = 8wt h,uv’ (2.52)
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where g, is the background metric and h, are the first order metric per-
turbations, which are small in magnitude compared to the background (i.e.
|h#V| « 1 for all g, v). This is analogous to our earlier discussion in Subsec-
tion 2.3.1, where we defined GWs as wave solutions of the evolution equations
of metric perturbations in flat spacetime. Here, however, instead of working
with a Minkowski spacetime 77,,,, as our background metric, g, refers to the
spacetime metric of a black hole solution (e.g. those discussed in Subsection
2.2.1). As we will see, perturbations of spherically symmetric spacetimes nat-
urally decompose into two distinct sectors, which, at the linear level, evolve
independently. These are known as the odd (axial) sector and the even (po-
lar) sector. In each case, the resulting perturbative degree of freedom is
governed by a single ordinary differential equation (ODE). For a static and
spherically symmetric background given by

ds? = —f(r)di® + %drz +r2dQ3, (2.53)

such as the one corresponding to S(dS) black holes (see (2.9) and (2.10)), the
ODEs in vacuum take the form of the following wave equation

dZ

2 £ £ _
ﬁ + (wfm - Vo?d/even) lpoand/even =0. (2-54)

Given the great importance of this equation throughout this thesis, let us
look in detail at its components. Starting from left to right we encounter:

» 7,, tortoise coordinate. The radial coordinate transformation r,(r)
yields a wave equation in a more conveniently solvable (Schrédinger-
like) form (2.54) by smoothing out the horizon coordinate singularity.
For a metric in the form of (2.53) this transformation looks like

dr

E = f(r). (2.55)

As an example, in the case of a Schwarzschild metric where f =1 — 5
.

(2.9), we have the following solution

r—r,
r, =r+rslog = (2.56)
Ts

which maps the exterior region of the black hole from r € [r,, +o0] into
r, € [—oo, +00]. We therefore see that the precise form of the tortoise
coordinate is a background-dependent object.

» Wy, quasinormal frequencies. Upon employing physically reasonable
boundary conditions (as will be exposed in detail in Subsection 2.4.2)
the quasinormal frequencies wy, arise as solutions to the master equa-
tion (2.54). These are a discrete set of complex frequencies whose real
and imaginary parts respectively describe the oscillation frequency
and the damping time of each (¢,m) mode. They appear in the mas-
ter equation as a result of taking the master variables to follow a har-
monic time dependence, i.e. W(t,r) = e ) (r), which converts the
initial PDE into an ODE with a Schrédinger-like form with s, play-
ing the role of eigenvalues and the general solution being constructed
as a superposition of the different independent (£, m) modes.

> V(fgﬁ Jeven> €ffective potential. These potentials govern the evolution of

39
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Figure 2.10: Regge-Wheeler and Zerilli po-
tentials of a Schwarzschild black hole for
different values of £ as a function of r/r,
(left panel) and the tortoise coordinate
r./rs (right panel).

28: Note that V44 and Ve, can have iden-
tical spectra of eigenfrequencies even if
they look different when ploted.

[203]: Chandrasekhar (2002), The mathe-
matical theory of black holes

[204]: Chandrasekhar et al. (1975), “The
Quasi-Normal Modes of the Schwarzschild
Black Hole”

29: Note that the mathematics involved
with such demonstration is analogous to
that of supersymmetric quantum mechan-
ics [205].

[206]: Li et al. (2024), “Isospectrality break
ing in the Teukolsky formalism”

[207]: Maggiore (2018), Gravitational Waves:
Volume 2: Astrophysics and Cosmology

30: Note that the d’Alembert operator is
defined as [J = V#V,. When acting on a
scalar, it can be shown to be equivalent to
the form in (2.60) by employing the prop-
erty det(e?) = €™, true for any square
IgtatFr;x A.lThis can be used to show that
‘ﬁ = Eg"ﬁaugaﬁ, and the rest follows
straightforwardly:

04 = 9,0"¢ +T},9"¢

1
=9,0"p + 5g*‘”aag,ma‘¢

- ae"a+ L8

- %a,l [Fee"ad].  (59)

25 1=4 Reglgfe-WheeIer ~.“£ =4
{ Nt Zerilli / \
2.0
215 1=3 £=3
S
<
L = 2
1 2 3 4 5 -2 0 2 4 6 8
rirs r«/rs

GWs emitted by perturbed black holes and determine the QNM spec-
trum. The algebraic form for these potentials differs for odd and even
perturbations and, for a Schwarzschild metric (2.9) in the action (2.1),

these are
We+1)  3r
Voda = f (—r2 - r_3) (2.57)
- 8A2(A + 1)r® + 122%r% + 18Ar2r + 973
Veven = f > (2-58)

r3(2Ar + 3r,)?

with A = (¢ — 1)(£ + 2)/2. These effective potentials are plotted in
Figure 2.10 both in standard Schwarzschild and tortoise coordinates.
There, one can see that despite both potentials having considerably
differing algebraic forms, their plotted values appear almost indistin-
guishable, leading to identical QNM spectra.?® This property is known
as isospectrality and has been shown to arise from a hidden symmetry
between the Regge-Wheeler and Zerilli potentials, which allows them
to be mapped onto each other and, more generally, be derived from
a single superpotential [203]. This was first found in 1975 by Chan-
drasekhar and Detweiler in the form of a 1-to-1 mapping between
the two potentials [204].2° This feature applies to Schwarzschild, RN
and Kerr black holes, but is generally broken for more general metrics
and/or in theories beyond GR (see e.g. [206]).

> gg‘d Jeven> MAaster variable. These are scalar functions that encode the
gauge-invariant gravitational perturbations of a black hole spacetime,
each one carrying one of the 2 degrees of freedom in GR.

In what follows, we will rederive these equations from first principles in two
alternative ways. Before doing so, however, we will look at the derivation of
the equivalent equation for a test scalar field, which will serve as an easier
example to introduce some of the procedures used in the derivations.

Test scalar on a black hole background

As a warm-up exercise for the more complicated study of tensor perturba-
tions, let us here follow [207] and consider a massless Klein-Gordon scalar
in a curved background, whose dynamics is then governed by the equation>®

1
== [V=8g"a.¢] =0, (2:60)
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where we will take g, to be the one corresponding to a Schwarzschild black
hole as given by the line element in Eq. (2.9). Here, we intentionally avoid us-
ing the overbar to denote background quantities—a common choice to keep
the notation uncluttered. Since the background is spherically symmetric,
one can exploit this symmetry to separate the (¢,7) and (6, ¢) dependencies
of the test scalar field as®

00 3
o(t,r,0,4) = ; P (R0 M CAD) (2.61)
t

=0 m=—¢

Here, Yy, (0, ¢) are called the spherical harmonics and they satisfy the proper-
ties described below.

Spherical harmonics properties

» Orthonormality:

T 21
[ | ¥000em @.9)5in0d086 = b, (252

where § correspond to Dirac delta functions.
» Completeness:

o [/
F0.6) =) cumYum(©.), (2.63)
[

=0 m=—¢

where f represents any function on the sphere, and the equation
above shows that it can be completely decomposed in the spherical
harmonic basis.

» Parity transformation:

Yim(m = 0,¢ + 1) = (=1)Yim(8, 9, (2.64)

which describes the transformation (6,$) — (r — 0,¢ + ), cor-
responding to an inversion through the origin-i.e. mapping the
points 7 — —7. This demonstrates that Y, exhibits even parity
when £ is even, and odd parity when £ is odd.

» Solutions to the angular part of the Laplace equation in sphercial
coordinates with eigenvalues £(£ + 1):

1
V2Yin(6,6) = | ——3p (sin 03p)
sin @

1 2
2+ 0+ 1)]ng(9, $=0 (265

+ 17
29

sin
» Written as associated Legendre polynomials:

(2¢+1) (£ — m)!
a7 (L +m)!

Pyp(cos )e™? (2.66)

Yom(6, ¢) = (=)™
with Py,(cos 0) being the Legendre polynomials satisfying
Py = —(t(t + 1) — m? csc 0%) Py, — cot P, (2.67)

where here the prime denotes dy.

31: Note that here we are employing ¢ to
designate both the scalar field and one
of the angular coordinates, hence relying
on contextual cues providing clear distinc-
tion between the two.



42 | 2 General Relativity, black holes and gravitational waves

Table 2.2: Spherical harmonics Yy,,(6, ¢) for £ = 0, 1, 2 with corresponding visualisations.

m=0 m=+1 m=42

%\f cos(f) :F%\[g sin(0)e*™

S O
HfGw@ - #[Een@cos@e L [E e
@ % % ‘

Let us now go back to Equation (2.60). Substituting in (2.61) and (2.9) we can
write?

1
Op = Fg[at (v=2£"a) + o (V=29

32: Being g, diagonal, its inverse and + (V_gg%ae) + 3¢ (V —gg¢¢8¢) ]¢
determinant can be straightforwardly ob- 1 1
tained: =5 [ — 0 r? sin 0—0, ) + 9, (}’2 sin Gfar)
résinf f
-fy o0 0 0 1
1
g = 0 w 0Z 0 ’ + 99 (sin63p) + 9 (siﬁa‘ﬁ) ]¢
0 0 r 0 1 1
2 i
© 00 el = fat¢+ La0? F0r9) + ==z 3p(sin 009) + ———=0%
S f?) i ! ! ¢
v _ r B B PP ®
S RO I T v 3u(on ()
o0 +1<la('GaY )+ Ly, ><I>
= | sin Y
=g = r¥sin. (2.68) r3 \sino” Ot Gin g2 %97 tm
f(’( + 1)
:—f[ 20 + — f(ra(facb)+fa/<§ for® — f@) - f Yim
1[, ) (e+1) ,
:ﬁ D — D — f s— + | ®|Yim =0 (2.69)

From the last line above, specifying a harmonic time dependence for the
master function, i.e. ®(t,r) = e “'p(r),>* we see that each (¢, m) mode inde-
pendently satisfies the master equation

&’ w+1) r
[d_rer(w(Zm_f((; )+;)>]¢:0, (2.71)

where we have also specified to a Schwarzschild metric.

33: Or, in other words, performing a
Fourier transform with respect to time

oo

dow .
(t,r) = L %(p(m, re . (2.70)

Writing covariant equations in component form (as done in (2.69)) is suffi-
ciently straightforward for the case of the test scalar to show it here in full
detail. When considering tensor perturbations (and even more so in theories
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beyond GR) it however becomes increasingly more tedious. Hence, when per-
forming the analogous calculations in the works summarised in this thesis
[1-3] we employ the tensor algebra Mathematica package xAct [208], and
make such calculations reproducible and open source at [4]. Some of the key
steps in such calculations are:

1. Substitute in component values for tensorial objects,

2. Employ spherical harmonic relations to reduce the problem to (t,r)
components,

3. Perform coordinate transformations (e.g. to tortoise coordinates),

4. For tensor perturbations, combine perturbation functions into master
variables.

Tensor perturbations

Let us now turn our attention to the dynamical study of metric perturbations
on a black hole background. Similarly to the case for the scalar, for spher-
ically symmetric backgrounds we can decompose the linear metric pertur-
bations hy, into tensorial spherical harmonics. We here follow the notation
of Martel and Poisson [209] (up to a few concessions), where the spacetime
coordinates are divided as x* = (3%, ZA) with y* = (¢,r) and 24 = (0,¢). The
metric and Levi-Civita tensor in the spherical coordinates are given by

(1 0 _ 0 sind
YAB = 0 sin?6 )’ €AB = —sinf 0 ’

This expansion allows us to separate the perturbations into two different
sectors depending on how they transform under a parity transformation:
(0,9) —» (r — 0,7 + ¢)). Even (or polar) components rotate in the same

(2.72)

way as the spherical harmonics (2.64), while odd (or axial) components have
opposite parity.

By = B934 + RSven, (2.73)

which, to first order in perturbations, remain uncoupled and independently-
evolving.

In order to decompose tensors into spherical harmonics, we require these
harmonics to also incorporate tensorial indices; in other words, we require
tensorial spherical harmonics. Table 2.3 collects such decomposition basis
for up to 2-tensors. Tensorial harmonics also obey a set of orthonormality
relations which can be directly derived from the relations shown above—we
refer to e.g. [209, 210] for a collection of such relations.

Rank Parity Harmonic

Even Y§"=V,Y"™=(Y{", Yf;sm)
. 07,
oqq A= —eacy VY = —e vy
— (—_L_ytm g pytm
_( sin0Y’¢ ’SIHQY’Q )
, Even ngB = (VAVB + %f(f + 1)}’AB) -yt

1
0dd  Xjfp=—7 (eXVp+efVa)- Vey™

[1]: Sirera et al. (2023), “Testing the speed
of gravity with black hole ringdowns”

[2]: Sirera et al. (2025), “Stability and quasi-
normal modes for black holes with time-
dependent scalar hair”

[3]: Kobayashi et al. (2025), “Inverting no-
hair theorems: How requiring general rela-
tivity solutions restricts scalar-tensor the-
ories”

[4]: Sirera (2023), ringdown-calculations

[209]: Martel et al. (2005), “Gravitational
perturbations of the Schwarzschild space-
time: A practical covariant and gauge-
invariant formalism”

Table 2.3: Tensorial spherical harmonics
for rank 1 and 2 tensors.
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34: Note that we are suppressing fm in-
dices for simplicity.

35: As was shown in Subsection 2.3.2
only a time-varying quadrupole moment
tensor can source gravitational radiation
(2.37).

0dd parity perturbations, which ultimately give rise to the Regge-Wheeler
equation, can be decomposed as**

hOdd (2.74)
hog' = Z ha,m(tDXE", (2.75)
o = th m(t, )XY (2.76)

However, due to diffeomorphism invariance, we know that not all of these
components are physical and we can reduce the number of degrees of free-
dom by fixing the gauge. Under a gauge transformation (2.18), metric per-
turbations transform as described in Eq. (2.20), now with partial derivatives
being promoted to covariant derivatives due to the curved nature of the back-
ground. Odd sector functions correspondingly transform in the following
way

, 2 or
hg = hg = hy — a§+_a_a

hz i hé = hz - 2{ (2.78)

(2.77)

It is convenient to choose the Regge-Wheeler gauge which sets hy = 0 [201].
This choice leaves h, invariant under gauge transformations, completely fix-
ing the gauge for £ > 2. Hence, this renders the following perturbations in
the odd sector, which are controlled by two functions (hy, h{)

hy .
0 0 - ﬂa(ﬁ sin 6h(oy
-t i
h/%id -1 0 0 o 08¢ sin 6hq 9y Yom (2.79)
* ok 0 0
* ok 0 0

where the * denote symmetric components. Note that £ = 0 and £ = 1,
also known as the monopole and dipole modes respectively, require special
treatment, as the Regge-Wheeler choices does not fully fix the gauge in these
cases. We will however be mostly interested in the quadrupole mode £ = 2
(and occasionally higher multipoles) as it is the lowest contributing mode
to the emission of gravitational waves, and so we refer to e.g. [209] for the
gauge-fixing details on £ = 0 and £ = 1.3°

The even parity sector, which gives rise to the Zerilli equation, has perturba-
tions that can be decomposed as

even — ZH mytm (2.80)
REYen = Z jlmytm (2.81)

heven =2 Z(K{mYABYEm Gmef ) (2.82)
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Under a gauge transformation, these quantities transform as

Hyp — Halb =Hy — vagb - vbga- (2-83)
. , . 2 or
Ja=Ja=Ja— 8 — Vil + __ag’ (2.84)
r ox
(e+1) 2 or
K—>K =K+ ——§{--—&, (2.85)
r r 0x,
2
GG =G-3¢ (2.86)
r

In this case the Regge-Wheeler gauge sets j, = G = 0 and leaves the other
perturbations invariant. Defining

Hy H
Hab:< 0 1),

2.87
H H, (2.87)

we see that the metric perturbations in the even sector are governed by four
functions (Hy, H;, Hy, K) and can be written as

fHy, H, © 0
1
x <-H, 0 0
hepet = f ) Yem- (2.88)
0 0 r’K 0
0 0 0 r?sin?0K

It is important to note that this formalism does not apply to the full Kerr
metric, as Kerr spacetime lacks full spherical symmetry and retains only
axial symmetry. In that case, one needs to use the Teukolsky equation to
perform the equivalent separation [211].

To study the evolution of these perturbations we can follow two equivalent
approaches:

1. EOM approach: We apply perturbations at the level of the equations
of motion (EOM), i.e. EFEs.

Gyy = Gy + Gy, = 0. (2.89)
Note that the background Einstein tensor for the Schwarzschild met-
ric satisfies G_HV = 0. Hence, the linearised field equations are fully
determined from the first order perturbation, which is given by

6G

w = —h R+ V,V h =V Vb = VY hT +V,Vhy,

1
+ B (h“RM +5 E7MVaVeh — 2V, V ks + vpvphd)> =0, (2.90)

where h = K, y.36 We then substitute in the expressions of the met-
ric perturbations for the odd and even sector and combine different
components of the equations to obtain the two differential equations
determining their evolution.

2. Action approach: We apply perturbations at the level of the action to
obtain a quadratic action, substitute the components and then vary
with respect to the functions in the perturbations (e.g. in the odd
sector either hy and h; separately or their redefinition into a master
variable). The covariant quadratic Lagrangian for the Einstein-Hilbert
action is given by*’

[211]: Teukolsky (1973), “Perturbations of a
Rotating Black Hole. I. Fundamental Equa-
tions for Gravitational, Electromagnetic,
and Neutrino-Field Perturbations”

36: Note that in a Ricci-flat geometry,
such as Schwarzschild. the background
Ricci scalar and tensor will also vanish
here.

37: As before, we can simplify this expres-
sion by noting that all curvature terms
vanish in our background solution.
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38: That is, it contains no ¢-dependence.

1 _ _ _ _
SL = 1—6\/Tg[8hy"hﬁ’VRm + h(~4h" Ry, + hR) — 2k, W' R
+ 2(V, AP — 2VFRV, by + 2V, hy g VO R — voh,wvf’hw)]. (2.91)

Both methods must of course produce the same results. We now present in
explicit detail the methodology to obtain such equations via both methods,
as sometimes one is more suited than the other for specific settings.

EOM approach: 0dd sector

Here we approximately follow the Regge-Wheeler original paper [201] and
Maggiore’s GW textbook [207]. We begin by substituting the odd-parity com-
ponents of the metric perturbations (5.36) into Eq. (2.90). While this step
is conceptually straightforward, the calculations are lengthy, so they are
carried out using Mathematica. However, we can leverage the significant
symmetries of our system to simplify the computation. First, since the back-
ground geometry is Ricci-flat (R = R/“, = 0), all Ricci curvature terms evalu-
ated on the background vanish. Second, in the odd-parity sector, the trace
of the perturbation is clearly zero, i.e. h = 0. Finally, due to the axial symme-
try of the Schwarzschild metric,3® 9, is a Killing vector. This implies that all
m-modes are degenerate in frequency and decouple from each other at lin-
ear level, allowing us to take m to a fiducial value without loss of generality,
conveniently m = 0, giving

ho
hy

hoad = sin 09y Y, e, (2.92)

* O O O
¥ O O O
o O O O

0

where note that we have also separated the time-dependence from the per-
turbation functions as h, = h,e !, We can start by solving for hy(h;) the
component equation (0, ¢) = 0 of the equations of motion (2.90), which gives

. if(illf)l,

0 (2.93)

w

Looking at the (r, ) = 0 component equation, we substitute (2.93) and solve
for hY, giving

. _r W2
hy ~rf ( —r2why +1fhy + P fhy — r*hy(f7)?

+ 2n 20y = 32 f 7 = PP fh ). (2.94)

Defining the Regge-Wheeler function as

fhy
Yoda(r) = —. (2.95)
we can rewrite equation (2.94) in tortoise coordinates (2.55) as
d? (e+1)  3r
2 £ tm _ tm _ S
PR (©im = Voda) [ Voda =0 Voda = f( i r—3> (2.96)
*

which is the Regge-Wheeler equation in the absence of matter.
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EOM approach: Even sector

Due to its higher number of functions in (2.88), this sector is more laborious
to compute. In fact, despite the seminal 1957 Regge-Wheeler paper already
setting the basis for solving this sector, it would remain unsolved until 1970
when Zerilli finally completed the analysis of Schwarzschild perturbations
in GR [202]. Again, here we approximately follow the Zerilli paper [202] as
well as Maggiore’s version [207]. As in the odd sector, we also separate the
time-dependence from the perturbation functions as Hy, = Hye ! and
K = Ke ™ Tt is also convenient to start with the component equation
(6, ¢) = 0, which gives us Hy = Hy. This is used to eliminate H, from all the
other components. Now the component equations {(t,8), (¢,7),(r,0)} = 0

give the following equations

i 1 <—2iwﬁ1 +(=2H, + K)f’

0~ 2 f
2roHy — 2roK +iHy (€ + ¢ —2rf’ —r2 f7)
- 2 ; (2.97)
rew
. ioHy + iwK + Hy
if === ¥ lf , (2.98)

PO Kf"  2roHy - 2roK +iH (& +0—2rf’ —r2f")
=—-|— + .

2\ f rw
(2.99)

These can be used to reduce the order of the derivatives in the component
equation (r,r) = 0, which then results in an algebraic relation between the
three remaining functions

40 f?(—Hy + K) + roK(40? + ') + f( — 20K +0—rf")
20 (4 t—r !~ )~ iy (ra? 4 2V~ (4= 7)) =

(2.100)

We can solve this for Hy and substitute it back to the differential equations
(2.98) and (2.99). Rewriting H; = wG, we can uncouple K and G from these
two equations. The next step is to rewrite these functions in the following
way

K= fl‘peven + fZX’ G= fS‘//even + f4X5 (2-101)

where the f coefficients are functions of r given by

fi= : (2426 +¢¢
20r + 20%r — Arf — 2r2 f" — 2r3 f7
—2bf =20 f —rtrf’ = 30%rf" + 2r f f* + 2r2(f")?
—20rf7 — 2052 f AP f T 3 7+ r4(f”)2)), (2.102)
f2=1 (2.103)
i(—t—+2f+2rfy+rf +r:f")
fr=- , (2.104)
2f
ir
fa=—= (2.105)

f
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[4]: Sirera (2023), ringdown-calculations

39: It is important not to evaluate any of
the time derivatives before varying the ac-
tion, as these operations do not commute.
To illustrate this point, let us look at the
following toy example:

& =(h)?, h = —iwh. (2.110)

Evaluating the time derivative first and
then varying with respect to h gives

=—2w?h. (2.111)

Sh
Nonetheless, following the correct route

we get

. . 14
8& = 2hSh = —2héh, e 20°%h,
(2.112)

which results in the opposite sign.

These coefficients are chosen so that 9,Yeyen — X vanishes. To obtain the
Zerilli equation, we just need to differentiate 9,pyen — X = 0 with respect
tor,, giving

2
2 £ tm _
— + (@i — Veven) | Veven = 0, (2.106)
drs
with
0 8A2(A + 1)r® + 124%r % + 18Ar2r + 912
Veven = f , (2.107)

r3(2Ar + 3r,)?

where we have redefined A = (¢ + 2)(¢ — 1)/2.

Action approach: 0dd sector

We turn now to the action approach as an alternative way to obtain the same
differential equations. We start by considering the quadratic Lagrangian
(2.91) as evaluated on a Schwarzschild background, i.e. with R = 0 = R,
h = 0 (for odd perturbations), and m = 0 in (2.92). After substituting the
odd perturbation components (2.92) in (2.91), we also need to integrate the
angular components, which involves integrating different combinations of
spherical harmonics. In terms of the associated Legendre polynomials the

integrals required at this point are

20e(¢ + 1))

2.108
20 +1 ( )

T 2 T
JO df sin QPezm = 243—-{-1, J'() df sin Q(Pe/m)z =

The ¢ integral is trivial to compute, as setting m = 0 means nothing explicitly
depends on ¢ and hence just contributes an overall 27 factor. As a result, we
obtain the following expression for the action in components

(1 . e+ 22)5::— 1))hg _f(z + 2)2('( - l)h%

. 4 .
— 2hyhf + (h))? + —h1h0> ]
r

270 + 1)

T r2(2e+1)

r2 e
+ — (hl (2.109)
2

where the dot denotes a time derivative. The step of converting the quadratic
Lagrangian from covariant (2.91) to component form is performed in Math-
ematica and invovles performing some integrations by parts [4]. Note that
here we do not yet separate the time dependence from the perturbation func-
tions in the same way we did before.3® To obtain the Regge-Wheeler equa-
tion, one can either redefine hy and h; into one master variable and hence
write a one-variable quadratic action (this will be the procedure used in the
following Chapters in this thesis), or vary directly this action with respect to
hy and h; and combine such equations of motion appropriately to obtain the
master equation. Here we will follow this latter route. Varying (2.109) with
respect to hy and h; we obtain respectively

. . hy ke 4M
hy +ioh + 20— — = f W€+ 1) - — ] =0, (2.113)
r r r
—1 . ]jl0 2;1 . il/ ill _
f Zza)T + why —iwhy | — r—z(fz +2)(t—1)=0, (2.114)
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where now we have specified the time dependence. Taking an r-derivative
of the second equation gives the first one multiplied by an overall factor of
i/ f, which can be simplified to give the same equation as (2.93), obtained
in the EOM approach,

o S0y

0= (2.115)

1w

Using the same Regge-Wheeler master variable (2.95) and tortoise coordi-
nates (2.55) we recover the same Regge-Wheeler equation (2.96)

d? e+1) 3r
2 £ £ _ fm _ s
dr2 + (wl’m - Vo?d) ogld =0, Vogld - f( r2 - r_3> : (2'116)

Action approach: Even sector

To close our discussion on the derivation of Reggie-Wheeler and Zerilli equa-
tions, let us finally derive the Zerilli equation through the action approach.
We start by substituting the even metric components (2.88) in the quadratic
action (2.91). The resulting expression is long and uninsightful, so we do
not show it here and leave it for the interested reader in the Mathematica
repository [4]. Varying the quadratic action with respect to the four func-
tions {Hy, H;, Hy, K} and integrating the angular dependencies, one obtains
the following four respective equations of motion*°

(€ +0+2)H, + 02 +2—-2)K —rK’ + fr(2H} — 5K’ — 2rK”) = 0, (2.117)
1 . - - - -
?(—Zinr + f(20(¢ + 1)H; — 4iwHyr + 6iwKr + 4iwr’K’) = 0, (2.118)
L ap 2, g2 27
?(20) Kr* + f*r(-2Hj + K’)

+ f((22 + Hy — 2H, — (62 + £ — 2)K — 4iwH;r +rK’)) =0,  (2.119)
1 - - -
?(—Zinlr + 20°r*(Hy + K)

+ (¢ + ©)(Hy — Hy) — 2iwH;r — Brﬁé - 4iwr21:11’ - rI:IZ’ +2rK”")
+ f2r(Hy — Hy + 2(K’ —rH] +rK”)) = 0, (2.120)

where again we have now separated the time dependence, giving rise to fac-
tors of w.

These equations can now be combined in different ways to obtain the Zerilli
equation. The intricate details of these manipulations can be found in the
same Mathematica notebook but we summarise them here in Figure 2.11.

~ [}

H, Eom K e

~ ~ |

H, Eon H, E&

~ ~ ) ~ )

H, Eom H, € H, E*

K Eon ALG. ER.

[4]: Sirera (2023), ringdown-calculations

40: To the best of our knowledge, these ex-
plicit expressions have not been presented
elsewhere in the literature.

Figure 2.11: Equation manipulations for
the derivation of the Zerilli equation in the
action approach.
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After such manipulations, we obtain the same equations as in the EOM ap-
proach (2.97), (2.98), (2.99), (2.100).

. or=3M . 1. tt+1).

K'+—K--Hy+———H; =0, 2.121
r(r—r,) 0T 2ir2 1 (2121)
., r=3M _  r—4M . iwor L+ 1) g0 ( )
— =0, 2.122
O rr—ry) r(r—ry) 0\ = re  2ior? 1
. ior . ior . Ts ~
H{ + K+ Hy + H; =0, (2.123)
r—r; r—r r(r—ry)

(g +(e+2)(t - 1)) H,

20°r  r(r=3M)\ .
—((E+2)(1’—1)— — + r— )K
o0+ 1)M)Hl Y

(2.124)

— (Zia)r + 3

ior
The rest follows in the same way as described in the EOM approach. How-
[212]: Tattersall et al. (2018), “General the-  ever, following [212, 213] we present here an equivalent but different way of

orles of linear gravitational perturbations  ghtaining the Zerilli equation from the equations above. Let us apply the
to a Schwarzschild Black Hole”
[213]: Tattersall et al. (2018), “Quasinormal

modes of black holes in Horndeski gravity”

following field redefinitions

~ rg
K=a07+(1-=) gk, (212
H; = —io (8()Yéven + r(Yéven)’) » (2.126)
] s tm tm s ’ >
HO = ((1 - 7) (gZ(r)‘//even + r(‘ﬁeven) )) -K, (2-127)
41: We note that in [212, 213], the numera- where the g functions are given byl‘1
tor of g; appears with a factor of 2 instead
of 3, which we believe to be a typographical o + 1)1’2 + 3¢mr + 6 M2
error. r)= s 2.128
&l r2(Ar + 3M) (2.128)

Ar? — 3AMr — 3M?
(r—r)(Ar +3M) -~

&) = (2.129)

Now writing Eq. (2.124) in terms of the Zerilli function and changing to tor-
toise coordinates we recover the Zerilli equation

2

el (g — Vélitn) | éien = 0, (2.130)
drs

with

8A2 (A + 1) + 12A%rr® + 182rlr + 917
r3(22r + 3ry)?

yim = f (2.131)

2.4.2 Quasinormal modes

Once the Regge-Wheeler and Zerilli equations are obtained, they can be solved
to determine the QNM frequencies. Since the two potentials are isospectral

in GR, solving just one of these equations is sufficient to obtain the full spec-
trum.

Unlike normal modes, QNMs are characterised by complex numbers, wepy,,
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usually written as

i
Oy = 27T fom + —, (2.132)

Ttm
where the real part represents the physical oscillation frequency of a mode,
and the imaginary part determines the damping time—i.e. how quickly the
oscillations decay. Normal modes lack an imaginary part, and therefore do
not decay over time, i.e. they are not dissipative.

These frequencies depend on the following numbers:

» ¢, multipole number. This is the angular number associated with
spherical harmonic decomposition. For GWs, £ = 2 (i.e the quadrupole)
is the lowest mode sourcing the generation of GWs (see Subsection
2.3.2). Lower £ values are prevented to source GWs due to conserva-
tion of momentum (¢ = 1) or due to their spherical symmetry (£ = 0).
Higher € values correspond to modes with more angular nodes.

» m, azimuthal number. This describes how the mode behaves under
rotations around the symmetry axis. Perturbations on non-rotating
black holes—e.g. S(dS)—are invariant under such rotations and are
therefore independent of m. However, in a rotating Kerr black hole,
frame-dragging breaks this degeneracy, and the frequencies depend
on m, leading to a Zeeman-like splitting.*? This can be visaulised in
Fig. 2.13.

» n, overtone number. This labels QNMs by a monotonically increasing
[Im{w}|. The fundamental mode, n = 0, has the longest damping time
(smallest imaginary part). Higher overtone modes, n > 1, decay faster,
meaning their imaginary parts are larger in magnitude. For each spe-
cific overtone n, the Regge-Wheeler and Zerilli equations yield two
distinct solutions for the frequency: one, typically referred to as the
regular mode, which possesses a positive real part, and another, known
as the mirror mode, which has a negative real part. Crucially, both the
regular and mirror modes share the identical imaginary component
of the frequency.

QNM frequencies are independent of initial perturbations. They only de-
pend on the characteristics of the remnant black hole (mass, angular mo-
mentum, charge), meaning they constitute clean tests of the background
geometry and/or the underlying theory. However, the amplitude of individ-
ual modes does depend on more contingent characteristics of the system
[214]. One then may ask: is there an (£mn) mode that contributes over the
others? What is their hierarchy? It turns out that theory and observation
both single out the (220) mode as the observationally most relevant one, i.e.,
as the dominant mode containing the majority of power. Actually, it has been
shown that only two of the observed GW events to date show evidence for
the presence of higher multipoles [215]. More generally, the modes with the
largest amplitudes for astrophysical binary compact object mergers are the
£ = m modes [216-221]. Note that, for a non-rotating black hole solution,
the equations of motion are independent of m. So while m = 0 is typically
fixed in such setups for simplicity, the results derived apply for any m. The
relative amplitude of subdominant modes (in particular £ = 3) grows as the
mass ratio g and angular momentum j of the remnant black hole increase
[217, 219, 222, 223]—also see those references for discussions related to the
detectability of such modes. Nonetheless, the £ = 2 mode still generically
dominates in all scenarios and higher £ modes decay more quickly, see Table

42: Modes with m > 0 are dragged for-
ward, while those with m < 0 are dragged
backwards.

[214]: Chavda et al. (2024), “The impact of
initial conditions on quasi-normal modes”
[215]: Hoy et al. (2025), “Rarity of preces-
sion and higher-order multipoles in gravi-
tational waves from merging binary black
holes”

[216]: Berti et al. (2006), “On gravitational-
wave spectroscopy of massive black holes
with the space interferometer LISA”

[217]: London et al. (2014), “Modeling ring-
down: Beyond the fundamental quasinor-
mal modes”

[218]: Berti et al. (2007), “Inspiral, merger
and ringdown of unequal mass black hole
binaries: A Multipolar analysis”

[219]: Berti et al. (2007), “Matched-filtering
and parameter estimation of ringdown
waveforms”

[220]: Bhagwat et al. (2020), “Detectability
of the subdominant mode in a binary black
hole ringdown”

[221]: Bhagwat et al. (2020), “Ringdown
overtones, black hole spectroscopy, and
no-hair theorem tests”

[217]: London et al. (2014), “Modeling ring-
down: Beyond the fundamental quasinor-
mal modes”

[219]: Berti et al. (2007), “Matched-filtering
and parameter estimation of ringdown
waveforms”

[222]: Kamaretsos et al. (2012), “Black-hole
hair loss: learning about binary progeni-
tors from ringdown signals”

[223]: Baibhav et al. (2020), “LISA param-
eter estimation and source localization
with higher harmonics of the ringdown”
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Table 2.4: Numerical values for the real and imaginary parts of the QNMs of a Schwarzschild BH in GR for ¢ = 2,3,4,5and n =0, 1, 2.

n=20 n=1 n=2
Re(r,w) Im(rsw) Re(r,w) Im(r,w) Re(r,w) Im(r,w)
£=2 0.7474 —0.1779 0.6934 —0.5478 0.6021 —0.9566
=3 1.1989 —0.1854 1.1653 —0.5626 1.1034 —0.9582
t=4 1.6184 —0.1883 1.5933 —0.5687 1.5454 —0.9598
£=5 2.0246 —0.1897 2.0044 —0.5716 1.9654 —0.9607

[224]: Abbott et al. (2019), “Binary Black
Hole Population Properties Inferred from
the First and Second Observing Runs of Ad-
vanced LIGO and Advanced Virgo”

[225]: Peters (1964), “Gravitational Radia-
tion and the Motion of Two Point Masses”
[226]: Hinder et al. (2008), “Circularization
and final spin in eccentric binary-black-

hole inspirals”

Figure 2.12: Quasinormal modes of a
Schwarzschild black hole in GR plotted in
the complex plane for £ = 2,3,4,5 and
overtone numbers n = 0,1, 2.

43: Imposing the (unrealistic) boundary
conditions ¥ = 0 as r,
sults in solving the Schrodinger equation

—  +00 re-

for bound-state solutions. However, RW
and Zerilli potentials cannot support such
states [207].

2.4. The damping time 7 goes as the inverse of the imaginary component of
w, which increases for higher £ modes. So in addition to generically possess-
ing a smaller amplitude, these modes also decay faster. Finally, also notice
that, for binary systems that have orbited each other for a sufficiently long
time for orbits to have approximately circularised, the £ = 2 mode will be
additionally enhanced relative to other modes [224-226].

We list QNMs of Schwarzschild black holes in GR in Table 2.4 and plot them
in Figure 2.12. Note that different conventions exist when numerically ex-
pressing QNM frequencies depending on which of the two dimensionless
quantities is chosen: r;w or Mw. Knowing that ry = 2M, one can easily map
from one convention to the other simply with a factor of 2. In this thesis
we always show QNM values with the quantity r,w. Including rotation in the
black hole, we show in Figure 2.13 how the fundamental (i.e. n = 0) mode
£ = 2 changes and splits for different m as the rotation parameter increases.
QNM data used in these plots is provided online [227, 228].
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Definition of QNMs
Upon imposing the dissipative boundary conditions*®
e for r, > —co,
v~ (2.133)
e for r, — oo,

which correspond to outgoing waves at spatial infinity and ingoing waves at
the black hole horizon (corresponding to r, — +00) such that on the horizon
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Figure 2.13: Quasinormal modes with £ = 2 of a rotating black hole as a function of the dimensionless rotation parameter a/M.

wavepackets are moving inwards and at infinity wavepackets are moving out-
wards, discrete values for w are selected [229]. To see this, let us first realise
that the potential V(r) in the master equation of the form (2.54)

d2
2
[d_rg + ((‘)Em - me)] lﬁfm =0 (2~134)
vanishes in the asymptotic limits r, — oo, and the equation reduces to
one solved by plane waves [207]. Since in this scenario, the black hole itself
is the source of the wave emission, we begin by considering an outward-
propagating wavepacket, illustrated in red in Fig. 2.14. As it approaches the
peak of the potential barrier, a portion of the wave is reflected back toward
the black hole (depicted in blue), while the remainder is transmitted toward
spatial infinity (shown in green).

Due to conservation of probability, we require that |Ag(w)* = [A()* +
|A;()|*. The imposition of our boundary conditions in (2.133) implies that
Ap(w) = 0, meaning that the scattering amplitude defined as

An(w)
Ay(w)

S(w) = (2.135)
picks up some poles, therefore selecting some discrete values for w as the
resonances of this system. For a more rigorous demonstration of how QNMs
are defined we refer to [207], which uses the Laplace transform with respect
to time in the Regge-Wheeler or Zerilli equation. This introduces a source
term which depends on the initial conditions and Green’s functions can be
used to solve such sourced equation. The Green’s function has an associ-
ated Wronskian W (w) which vanishes for the values of w, corresponding to
the QNM frequencies. In other words, the ‘quantised’ values of w selected
through the imposition of boundary conditions correspond to poles in the
Green’s function, see Fig. 2.15.

[229]:  Vishveshwara (1970), “Scatter-
ing of Gravitational Radiation by a

Schwarzschild Black-hole”

(;:-ao

Wl

i
Aclw) e

+ LW

Aylw) e

Figure 2.14: Inwards and outwards-
travelling wavepackets in a black hole
spacetime with a Regge-Wheeler or
Zerilli-type potential.
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[232]: Leaver (1985), “An Analytic represen-
tation for the quasi normal modes of Kerr
black holes”

[233]: Nollert (1993), “Quasinormal modes
of Schwarzschild black holes: The deter-
mination of quasinormal frequencies with
very large imaginary parts”

[234]: Zhidenko (2006), “Massive scalar
field quasi-normal modes of higher dimen

sional black holes”

ilmm

7

Figure 2.15: Integration contour in the
complex frequency plane for the Regge-
Wheeler or Zerilli function. The shaded
region corresponds to a branch cut and
crosses correspond to QNM frequencies,
i.e. zeros of the Wronskian. Figure taken
from [194].

[243]: Schutz et al. (1985), “Black hole nor-
mal modes - A semianalytic approach”

44: The method originated in the context
of semiclassical quantum mechanics, used
to approximately solve the Schrédinger
equation [248-250].

[2]: Sirera et al. (2025), “Stability and quasi-
normal modes for black holes with time-
dependent scalar hair”

[252]: "Konoplya et al. (), Mathematica WKB
package

[253]: Cardoso et al. (2019), “Parametrized
black hole quasinormal ringdown: De-
coupled equations for nonrotating black
holes”

Methods to calculate QNMs

There exist various techniques for computing the numerical values of the
QNM frequencies. We refer to [194, 210] for an extensive review of those but
here present some key aspects of the most commonly used methods. Im-
portantly, no exact solutions can typically be found, except for some special
cases where e.g. the potential is shown to reduce to the Poschl-Teller poten-
tial which offers exact solutions [230, 231].

» Leaver’s continued fraction method. Since Leaver’s seminal paper in
1985 [232] on the application of the continued fraction method to the
computation of black holes QNMs, this method has been further de-
veloped [233, 234] and extensively used in the gravitational context for
a wide range of black hole solutions (see e.g [235-242]). The method
is based on expressing the solutions i to the master equation (2.54) as
a power series and obtaining, upon the imposition of boundary condi-
tions, a recurrence relation between the coefficients of different pow-
ers. The convergence of such power series entails that the coefficients
will satisfy an infinite continued fraction equation which can be nu-
merically solved for w.

» WKB approximation. The WKB (Wentzel-Kramers-Brillouin) approx-
imation is a semi-analytic method used to compute QNMs which was
first applied to black holes in [243] and subsequently extended to higher
orders in [244-247].* A notable generalisation is the ‘uniform approx-
imation method’, which extends the WKB approach to provide signif-
icantly enhanced accuracy, particularly for large overtone numbers
where standard WKB methods can lose precision [251]. The rationale
is to match the asymptotic solutions given by (2.133) respectively with
a Taylor expansion around the maximum of the potential. We will use
this method to compute QNMs for the set up studied in [2] in Section
5.4.2, where we will expand on more technical details. In fact, in such
computations we significantly extend an existing Mathematica pack-
age [252] to allow it to obtain explicit semi-analytic expressions for the
QNM frequencies in terms of standard GR or beyond-GR parameters.
This is covered in detail in Appendix A, where we exemplify how the
extension can be used to quantify the effect of a cosmological constant
A in the QNMs [2].

» Poschl-Teller potential matching. In some special cases, the effective
potential can be reduced or approximated to the Péschl-Teller poten-
tial, which is analytically solvable. This includes, for instance near ex-
treme SdS, Nariai or asymptotic anti-de-Sitter black hole spacetimes
[194]. However, this method is usually not available for more realistic
black hole backgrounds and so we will not go into further detail here.

» Parametrised ringdown formalism. More recently, a method has been
proposed to compute QNMs which offers a straightforward and easily-
applicable procedure to convert terms in the effective potential V(r)
to concrete contributions to the QNMs [253]. In practice, one iden-
tifies contributions to the potential appearing as different powers of
(rs/r)*, and a numerical basis is provided in [253] which allows one to
convert such coefficients to contributions to w. For this to be applica-
ble, the corresponding master equation must be written in a specific
form, specifically with extra terms in the potential appearing as sepa-
rate inverse powers of the radial coordinate, which is not necessarily
true in general. This method, which has been subsequently developed
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in [254-256], will be used in Section 4.3 when computing QNM correc-
tions corresponding to non-luminal GWs [1].

» Direct integration. An alternative way to compute QNMs is to em-
ploy a direct integration shooting method [210, 257, 258]. This method
uses two different ansitze for the two asymptotic regions (horizon
and infinity) motivated by the boundary conditions. Then, one inte-
grates the horizon ansatz equation from the horizon to a matching
point r = 1, imposing only ingoing wavepackets. Similarly, the in-
finity ansatz is integrated from infinity to the same matching point
imposing only outgoing waves. One can then construct a linear com-
bination of the two solutions which is C° at the matching point. This
is ensured by a specific choice of the coefficients. The QNM frequen-
cies are then found by imposing that the linear combination is C! so
that the derivatives are continuous.

2.4.3 Testing gravity with black hole ringdown

Black hole ringdown provides a clean and powerful way to test GR in the
strong field regime. We have seen how, as a consequence of no-hair theo-
rems in GR (2.2.2), QNMs are fully specified by the asymptotic parameters
of black hole solutions. Since QNMs are complex numbers (therefore with 2
components), assuming the Kerr hypothesis, the detection of 1 QNM (typi-
cally the dominant mode) can be used as a measurement for the 2 only intrin-
sic black hole parameters (M, a). Then, the measurement of an additional
mode, whose value will be predicted for a Kerr black hole in GR with specific
(M, a) values, can be used as a consistency test of both the Kerr geometry
and the underlying theory governing the dynamics of perturbations. This
program is often referred to as black hole spectroscopy.

2.4.4 Ringdown systematics

The use of QNMs in black hole spectroscopy constitutes a powerful way to
devise tests of GR. However, in order to fully exploit this power in a con-
sistent and robust way, there are a few questions to be addressed which we
discuss here.

When does the ringdown start?

GWs are schematically divided into three stages (inspiral-merger-ringdown)
as shown in Fig. 2.5. However, this separation is merely artificial, and nature
itself does not adhere to such distinctions. In other words, there is no clearly
defined boundary separating these stages. In fact, the ambiguity in the def-
inition of ringdown start-time is a known issue in the application and in-
terpretation of ringdown analyses.*> Ringdown waveforms are modelled as
a superposition of exponentially damped sinusoids. Conversely, the merger
is a highly non-linear process where the hierarchy of modes present in the
ringdown no longer applies. Therefore, starting the ringdown too early, i.e.
too close to the merger, can introduce systematic errors in the extraction of
QNM frequencies via overfitting the signal [221, 271]. This can be seen in Fig-
ure 2.16, which shows estimates for the QNM frequency and damping time
as a function of ringdown start-time #, for the GW150914 event [272]. There,
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black hole quasinormal ringdown. II. Cou-
pled equations and quadratic corrections
for nonrotating black holes”

[255]: (2020), “Note on the
parametrized black hole

Kimura
quasinormal
ringdown formalism”

[256]: Franchini et al. (2023), “Parametrized
quasinormal mode framework for non-
Schwarzschild metrics”

[1]: Sirera et al. (2023), “Testing the speed
of gravity with black hole ringdowns”
[210]: Pani (2013), “Advanced Methods in
Black-Hole Perturbation Theory”

[257]: Ferrari et al. (2007), “A New approach
to the study of quasi-normal modes of ro-
tating stars”

[258]: Rosa et al. (2012), “Massive vec-
tor fields on the Schwarzschild spacetime:
quasi-normal modes and bound states”

Detector(s)  Ringdown SNR
LVK 10 [183, 259, 260]
ET/CE 102 [182-185]
pre-DECIGO 102 [261]

DECIGO

10 [186, 262]"

/ AEDGE
LISA 103 [263-266]
TianQin 103 [265, 266]
AMIGO 10° [267]

Table 2.5: Achievable order-of-magnitude
ringdown SNRs for a single observed event
for different GW detectors. A star’ de-
notes that the quoted forecasted SNR is
not ringdown-specific. For ET/CE we have
quoted the ringdown-specific ET forecast
[183], in the current absence (to our knowl-
edge) of an analogous forecast for CE.
For LISA, we quote the maximum SNR
estimates from [263-266] going up to ~
0(10*), which coincide with the SNRs in
the LISA Mock Data Challenge [268, 269],
but also note that some more optimistic
SNR forecasts (up to ~ (10%)) exist
for sufficiently nearby and massive events
[260, 270]. The same applies for TianQin.
This also illustrates that there is still sig-
nificant variance in the forecasted SNRs
relevant for the missions considered here.

45: This ambiguity is due in part to the
incomplete and non-orthogonal nature of
the QNM ‘basis’.

[221]: Bhagwat et al. (2020), “Ringdown
overtones, black hole spectroscopy, and
no-hair theorem tests”

[271]: Baibhav et al. (2023), “Agnostic black
hole spectroscopy: Quasinormal mode con-
tent of numerical relativity waveforms
and limits of validity of linear perturba-
tion theory”

[272]: Abbott et al. (2016), “Tests of general
relativity with GW150914”
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from the choice of geometrical units (G =
c=1).
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mal modes”
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hole ringdown a memory of its progeni-
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[218]: Berti et al. (2007), “Inspiral, merger
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binaries: A Multipolar analysis”

[274]: Baibhav et al. (2018), “Black Hole
Spectroscopy: Systematic Errors and Ring-
down Energy Estimates”

[275]: Bhagwat et al. (2018), “On choosing
the start time of binary black hole ring-
downs”

[276]: Carullo et al. (2019), “Observational
Black Hole Spectroscopy: A time-domain
multimode analysis of GW150914”

Figure 2.16: 90% credible intervals of the
posterior probability distributions for the
dominant QNM parameters for different
ringdown start-times. In solid black is rep-
resented the 90% credible interval from
the posterior distributions of the remnant
mass and spin. Figure taken from [272].

[221]: Bhagwat et al. (2020), “Ringdown
overtones, black hole spectroscopy, and
no-hair theorem tests”

[274): Baibhav et al. (2018), “Black Hole
Spectroscopy: Systematic Errors and Ring-
down Energy Estimates”

[279]: Cheung et al. (2022), “Nonlinear ef-
fects in black hole ringdown”

[280]: Mitman et al. (2022), “Nonlinearities
in black hole ringdowns”

one can see how starting the ringdown too soon after the merger biases the
inferred QNM parameters. However, starting the ringdown too late, despite
ensuring the applicability of the perturbative prescription, also entails that
all testing-GR power (i.e. the SNR) is lost due to the exponentially decaying
amplitude. In this case, regions overlap for a starting time of ¢y = t;; + 3ms,
with ), being the time of merger. Expressed in units of the remnant’s mass
this corresponds to ~ 10M after the merger.*® A similar choice has been
employed in [217, 273], albeit for different interpretations of what ty; consti-
tutes. Other explored alternatives include e.g. selecting the starting time as
the one which maximises a measure of the energy contained in the QNMs
[218, 274]. A method for assessing different choices of start-time was pro-
posed in [275] which uses a measure of the Kerr nature of the signal to val-
idate the application of a perturbative analysis, finding that a starting time
of tg ~ 16.4M after merger is preferred and, in particular, that future events
with higher expected SNR will require later that 10M start times. In [276],
the start time for GW150914 was directly inferred to be ~ 14f§M. In order to
perform multiple mode analyses in the future, and hence fully exploit black
hole spectroscopy, robust implementations of ringdown starting time will
be required.

‘2'|— IMR (I =2,m=2,n=0) 1
~ 10 . J
w2 LR
E "- \\
~ ";' So s
o gl "l \‘\ ]
E ‘0 \‘\
= ¢'—7'i‘) “‘
> A ‘| \‘\
< 6F = P Ve 1
Q . R . LIRS
5] 'o '0 , . PR
c k4 4 \J) L4 “ ‘Q
2 | o T T

2l 5.0 M mm e e m e e mmma -mm=y

O ! | ! !

200 220 240 260 280 300

QNM frequency (Hz)

Non-linear quasinormal modes

Having the longest damping time, the (220) mode dominates the ringdown
signal in physically relevant scenarios for binary mergers. As detector sensi-
tivities improve, and in particular in light of next-generation detectors with
higher ringdown SNRs (see Figure 2.5) a clear understanding of the hierar-
chy of subdominant modes will be essential for multimodal analyses. Note
that a ringdown SNR of 30 is sufficient to resolve overtone frequencies [221].
In addition to overtones, whose inclusion is required for 1% measurements
of the remnant’s mass and spin [274], one needs to clearly understand when
non-linearities in the ringdown may become relevant.

The impact of non-linearities in black hole ringdown has been recently stud-
ied in several works [217, 277-283]. Through the use of numerical simula-
tions, evidence for the presence of modes appearing at second-order per-
turbative level (in the form of self-interacting first-order modes) has been
reported in [279, 280]. For quasi-circular mergers, where (220) dominates at
first order, the first second-order contribution comes from the (220) x (220)
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interaction. Figure 2.17 shows how the amplitude of this mode is compara-
ble, and in fact higher for low mass ratio, to its corresponding (440) linear
mode.*” In [283], a Fisher forecast analysis indeed shows that for some con-
figurations the quadratic mode can be measured with more precision than
the linear one. Similarly to (440) (c.f. Table 2.4), the mode (220) x (220)
has a frequency twice the one of (220). As shown in Figure 2.17, fits for
the amplitude of the second-order mode are consistent with the expected
quadratic relationship with the one of (220). These findings suggest that
once ringdown SNRs reach sensitivities where £ = m = 4 harmonics are
detectable, non-linearities will necessarily need to be included in order to
perform precise black hole spectroscopy. In fact, the inclusion of the first
quadratic mode will enhance the power of consistency tests of GR for up-
coming GW detectors [283].
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Degeneracies with GR deviations

Incomplete ringdown models can introduce biases in the inferral of black
hole parameters, potentially mimicking deviations from GR. As we have seen,
an example of this could be the omission of, or overfitting with, non-linear
modes, but in reality there is a much larger plethora of potential effects
whose impact in the QNMs could be degenerate with standard deviations
from GR, see e.g [284].

In [285], a thorough compilation of potential sources of false signals indicat-
ing deviations from GR is presented, encompassing experimental systemat-
ics, data analysis and processing techniques, as well as missing physics in the
theoretical models. Some examples of such effects that might contaminate
ringdown tests of GR include:

» Kick-induced effects from the anisotropic emission of GWs, see e.g.
[286].

» Large unmodelled eccentricity in the premerger [287].

» Environmental effects from matter or other fields around black holes,
see e.g. [288-293].

Before robustly claiming a violation from GR, one should then rule out each
of the potential degeneracies discussed in [285].

Stability under perturbations in the potential

It has been observed that the QNM spectrum of black holes is notably sen-
sitive to small modifications in the effective potential [288]. Such spectral

47: The quadratic (220) x (220) mode pri-
marily excites the { = m = 4 angular har-
monic.
[283]: Lagos et al. (2025), “Black hole
spectroscopy with nonlinear quasinormal
modes”

[283]: Lagos et al. (2025), “Black hole
spectroscopy with nonlinear quasinormal
modes”

Figure 2.17: Amplitudes for the first
second-order mode (220) x (220) and the
(same harmonic) linear mode (440) as a
function of the dominant mode amplitude
for different mass ratios and starting
times. Figure taken from [280].
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[296]: Jaramillo et al. (2021), “Pseudospec-
trum and Black Hole Quasinormal Mode
Instability”

Figure 2.18: Spectral (in)stability of a
Schwrazschild black hole under small per-
turbations in the potential. The unper-
turbed € = 2 QNM spectrum is shown
in red dots. With blue symbols, the spec-
trum is shown to branch out for different
6V, corresponding to small modifications
to the effective potential in the form of
cos functions with wavenumber k. Figure
taken from [296].

[293]: Cheung et al. (2022), “Destabilizing
the Fundamental Mode of Black Holes: The
Elephant and the Flea”

[298]: Cardoso et al. (2024), “Physical signif-
icance of the black hole quasinormal mode
spectra instability”

instability threatens the practical realisation of black hole spectroscopy and
has therefore motivated further investigations [292-297]. Figure 2.18 dis-
plays how such instability takes place for Schwarzschild black holes [296], as
the QNM spectrum branches out from the unperturbed values (red circles)
once the potential is modified. As can be appreciated, overtones are gener-
ally more prone to become unstable.
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The stability of the fundamental dominant mode under ‘tiny bumps’ in the
potential was further investigated in [293], where it was shown how such in-
stability depends on the position of the bump. However, the physical origin
and significance of such ad hoc potential modifications is in some cases un-
warranted and requires exotic types of matter for their realisation [298]. In-
stabilities potentially affecting the fundamental dominant mode, which, as
mentioned in Subsection 2.4.3, has already been measured, can arise from
physically reasonable physics but generally appears in the low-amplitude
late-time part of the signal [298].
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black holes

Todas las teorfas son legitimas y ninguna tiene importancia.
Lo que importa es lo que se hace con ellas.

Jorge L. Borges

Chapter summary

After a review of different alternatives for extending GR (§3.1), this chap-
ter will focus on scalar-tensor theories of gravity. We will introduce spe-
cific theories in order of complexity building up to Horndeski gravity and
its higher-order generalisations (dubbed HOST) (§3.2), therefore compre-
hensively mapping the theory space of GR plus a scalar field. We will
discuss gravitational wave effects (§3.3) as well as hairy black hole so-
lutions within such theories (§3.4) and close this chapter by reviewing
basic applications of black hole perturbation theory in the scalar-tensor
framework (§3.5).

3.1 Extensions to General Relativity

Not only is GR strongly supported by observational evidence but also distin-
guished by its theoretical elegance and uniqueness. This is encapsulated in
Lovelock’s theorem [33, 34], which states that GR is the only possible theory
of gravity that satisfies a set of fundamental principles. In a schematic form,
the theorem states that:

Theorem 3.1.1 (Lovelock’s Theorem) General Relativity (i.e. EFEs) is the only
theory satisfying all the following assumptions:

1. The theory is local;

2. it contains one metric field &

3. it lives in 4 dimensions;

4. it contains only second-order derivatives of the metric.

Consequently, any alternative theory of gravity aiming to extend GR must vi-
olate at least one of the assumptions outlined above. Below, we briefly exam-
ine the implications of breaking each assumption and provide key references
in each case. Interestingly, violations of different assumptions are often in-
terconnected and can frequently be recast as the introduction of additional
fields—effectively constituting a direct violation of the second assumption.
In this thesis, we explore extensions of GR that incorporate an additional
scalar degree of freedom and, in some cases, also include higher-derivative
terms.?
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1: It is worth noting that the criterions
in Lovelock’s theorem are ‘classical’. Quan-
tum corrections to gravity, such as those
arising in effective field theory approaches
or from string theory, generally introduce
higher-derivative terms, thereby violating
assumption 4.



60 3 Scalar tensor theories and hairy black holes

2: However, whether quantum non-
locality motivates the need for non-local
operators in a gravitational context is
not so clear-cut. The type of non-locality
revealed by quantum mechanics—most
famously through violations of Bell
inequalities  [299]—does not imply
faster-than-light
be viewed as a ‘mild’ or non-signaling
form of non-locality. Similarly, quantum
field theories are typically local in their
interaction structure, yet still allow for
entangled states that exhibit non-local
correlations.  Thus,
mechanics challenges classical intuitions
about locality, it does so in a way that
remains compatible with the causal
structure of relativistic field theories.
[300]: Deser et al. (2007), “Nonlocal
Cosmology”
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renormalizable Quantum Gravity”
[302]: Capozziello et al. (2022), “Nonlocal
gravity cosmology: An overview”

signaling and can
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“Super-

3: This model does not leave many non-
trivial observational imprints, aside from
a change in the energy evolution of dark
energy.
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[309]: Tasinato (2014), “A small cosmo-
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[310]: Armendariz-Picon (2004), “Could
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[311]: Beltran Jimenez et al. (2017), “Gener-
alized multi-Proca fields”

[312]: Allys et al. (2016), “Generalized SU(2)
Proca Theory”

[313]: Gallego Cadavid et al. (2020), “Gen-
eralized SU(2) Proca theory reconstructed
and beyond”

[314]: Gallego Cadavid et al. (2021), “To-
wards the extended SU(2) Proca theory”
[315]: Cervero et al. (1978), “Classical Yang-
Mills Fields in a Robertson-walker Uni-
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[316]: Galtsov et al. (1991), “Yang-Mills cos-
mology: Cold matter for a hot universe”
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[318]: Piazza et al. (2017), “Gaugid inflation”

[319]: Rham et al. (2011), “Resummation of
Massive Gravity”

Non-locality

GR is fundamentally a local theory, meaning that the interactions it de-
scribes, such as the curvature of spacetime in response to matter and en-
ergy, occur at specific points in spacetime and propagate according to local
differential equations. This ensures that information cannot travel faster
than the speed of light, in accordance with relativity, and that gravitational
effects are determined solely by the immediate surroundings rather than
by distant influences. Nonetheless, despite seeming a bizarre concept, non-
locality is naturally built in our reality, as described by quantum mechanics.?
One can then attempt to build a non-local theory of gravity by incorporat-
ing non-local operators in the action. Examples of such operators include
inverse powers of the dAlembert operator, as in f(R,[J7!R), see [300-302]
for more details.

Additional fields

In GR, the mediator of gravity is the metric, a rank-2 symmetric tensor (or
spin-2 field). This is not by chance, as it needs to couple to the stress-energy
tensor, which is also a rank-2 symmetric tensor. However, this does not
entail the absence of additional fields playing a gravitational role. Among
the potential list of additional fields, scalar fields represent the simplest
and most natural extension. A minimal example is quintessence, where
the scalar field is minimally coupled to gravity (as the rest of standard mat-
ter components in the universe).> Extensions to this model including non-
minimal couplings exist, such as in Horndeski, Beyond Horndeski or DHOST,
and include some of the best-studied alternatives to GR aimed at explaining
late-time cosmic acceleration. These will constitute the main focus of this
thesis and will be reviewed in more detail later. Note that one can in prin-
ciple also add multiple scalar fields as in e.g. multi-galileon theories [303,
304].

Alternatively, one can consider vector-tensor theories, whose generalisation
(restricting to second-order equations of motion) is the Generalised Proca
theory [305]. Within this family we have for instance the Einstein-Maxwell
theory (2.13), Einstein-Aether [306, 307] and others [308, 309]. Such theo-
ries often result in a breaking of Lorentz invariance, as they introduce a
preferred direction in spacetime. Beyond single-vector extensions, one can
also consider frameworks involving multiple interacting vector fields such
as multi-Proca theories [310-314], Yang-Mills theories [315-317], and gaugid
inflation [318].

Following a logical sequence, one can then consider tensor-tensor theories
of gravity, where an additional rank-2 tensor field is introduced alongside
the metric. For instance, the massive gravity theory described by the de
Rham-Gabadadze-Tolley model [319] introduces a non-dynamical fixed fidu-
cial additional tensor which renders self-interactions of the standard dy-
namical metric stable, giving rise to a non-zero graviton mass. A natural ex-
tension is to then promote the fiducial metric to be dynamical, as is done in
bigravity theories [320]. These theories generically contain ghostly degrees
of freedom [321], but can also be made stable, see also [322, 323]. Generali-
sations including multiple interacting spin-2 fields have also been proposed
in [324].
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There also exist theories including fields of spin higher than two. Those with
at least one additional massless field of spin higher than 2 are referred to as
Higher-Spin gravity (see e.g. [325-331] for different models and [332] for a
more recent review). Such extensions are mostly motivated by the goal of
constructing a consistent quantum theory of gravity.

Finally, one can in principle also combine together multiple additional fields
of different spin at the same time as is done for instance in scalar-vector-
tensor theories [333].

Extra dimensions

While physicists generally agree that theories existing in 4 dimensions (3
space +1time) are the most sensible ones to study, and that extra dimensions
are somewhat exotic, there is in fact no fundamental reason why spacetime
should be 4-dimensional. Ideally, the number of dimensions would instead
emerge as a theoretical prediction. This is the case, for instance, in string
theory, which necessitates a specific minimum number of dimensions to
be consistent.* Importantly, however, when the number of dimensions is
higher than 4, there need to be mechanisms in place to explain why we only
experience 4 of them. This is typically done by making extra dimensions ei-
ther very ‘small’ (e.g. through compactification) or very ‘large’”® (e.g. branes).
Interestingly, it has been shown that extra dimensions can be repackaged as
additional fields in an effective 4-dimensional theory. One famous example
is that of the Kaluza-Klein theory, which describes gravity in 5 dimensions,
but can be reduced to describe Einstein’s gravity and Maxwell’s electromag-
netism in 4 dimensions [336]. More generally, it has been shown that theo-
ries of gravity in extra dimensions can often be compactified in such a way
that they manifest as an additional scalar degree of freedom in an effective
four-dimensional theory, see [337-340] for general overviews. Other inter-
esting models that modify gravity by adding extra dimensions include for
instance the Randall-Sundrum models [341, 342], Dvali-Gabadadze-Porrati
(DGP) gravity [343] or Einstein dilaton Gauss-Bonnett (EdGB) gravity [344,
345].

Higher-order derivatives

GR, like Newtonian mechanics, is governed by second-order equations of
motion. This guarantees that the evolution of a system is fully determined
by specifying the initial values of a function and its first derivative (e.g. the
position and velocity of a particle). As a result, the initial value problem is
well-posed, meaning that a unique solution exists and depends continuously
on the initial conditions, ensuring stable and predictable dynamics. Allow-
ing the field equations to involve higher-order derivatives of the metric,
rather than being strictly second order, offers potential extensions to GR,
but these often introduce severe instabilities. When these higher deriva-
tives are non-degenerate (i.e. they cannot be eliminated through field re-
definitions or constraints), the system introduces extra ghostly degrees of
freedom. While these lead to a Hamiltonian that is not bounded from below
and thus to negative-energy states that can, in principle, cause runaway be-
haviour, it is important to stress that such instabilities are only problematic
if the mass of the ghost lies below the ultraviolet (UV) cutoff of the theory.
If the ghost’s mass is above this cutoff, non-degenerate higher-derivative
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clude the possibility that string theory
could be embedded in a more fundamental
theory with a different or larger number of
dimensions, as is the case with M-theory,
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interactions do not necessarily render the theory inconsistent, as is often
the case in well-defined EFTs. Conversely, if the ghost’s mass is below the
cutoff, this means the system permits states with arbitrarily negative en-
ergy, allowing for uncontrolled energy extraction and rendering the theory
physically inconsistent. Nonetheless, not all higher-order modifications are
pathological. One example is f(R) gravity, where the Einstein-Hilbert action
is generalised to include arbitrary functions of the Ricci scalar, introducing
higher-order derivatives in the field equations (see [346] for a review). In
this case, instabilities can be avoided as higher order derivatives act on non-
propagating modes. More generally, Lovelock gravity in higher dimensions
and Horndeski theories in four dimensions introduce higher derivatives at
the level of the action while carefully avoiding Ostrogradsky ghosts by ensur-
ing that the equations of motion remain second-order [33, 347]. Even more
generally, Degenerate Higher-Order Scalar-Tensor (DHOST) theories intro-
duce higher derivatives but impose degeneracy conditions that prevent the
presence of unstable ghost degrees of freedom, maintaining a well-posed ini-
tial value problem [348-352]. Another example of a theory which introduces
higher-order spatial derivatives is given by Hotava-Lifshitz gravity [353], a
theory which abandons Lorentz invariance at high energies by introducing
an anisotropy between space and time, allowing it to avoid Ostrogradsky
ghosts by keeping time derivatives to second order.

3.2 Scalar-tensor gravity: from Branks-Dicke to
HOST

Scalar-tensor (ST) theories of gravity originated in the 1960s with the work of
Brans and Dicke [354], but did not capture much interest until the beggining
of the new century, as potential alternative explanations to the observed late-
time accelerated expansion [62, 63]. Since then, the scalar-tensor framework
has rapidly evolved, growing in their theoretical construction (therefore pro-
viding richer phenomenology) as well as shrinking in viability as a result of
their confrontation with observations. Most significantly, Horndeski gravity
embeds the most general scalar-tensor theories resulting in second-order
equations of motion [355, 356], and the Higher-Order-Scalar-Tensor (HOST)
family extends this to include higher-order equations of motion [348-350].
In this overview, we will start by looking at the simplest scalar-tensor exten-
sions to GR and build up to Horndeski and HOST theories.

3.2.1 Quintessence

The simplest scalar-tensor model is quintessence, whose action in vacuum
is (see [357-361] for the original studies and [362] for a review)

S= Jd‘*x\/?g[%}z +X - V(¢)], (31)

where recall that k = 87G/c* = 87 in geometric units (used throughout this
Section). Here we have introduced the shorthand X = —%gﬁ,,qﬁ” for the ki-
netic term of the scalar, where ¢, = V¢ (and ¢, = V,V,¢). In quintessence,
the scalar field is minimally coupled to gravity like any other matter field,
and dynamically evolves along the potential V(4).® Such evolution can pro-
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vide an explanation for the observed late-time acceleration in the universe
as an alternative to the cosmological constant. In this case, dark energy is
modelled with an evolving equation of state w that depends on the shape
of the potential, see e.g. [363-367]. Cosmological observations such as the
growth rate of matter perturbations are able to constrain quintessence mod-
els. It is generally found that cosmic acceleration in accordance with ob-
servations requires carefully selected initial conditions and/or fine-tuned
parameters. As a result, despite assuming a zero A,” quintessence models
are not completely free of coincidence and/or fine-tuning problems. In ad-
dition, recent DESI DR2 observations suggest that dark energy may evolve
and weaken over time [368-372], displaying a specific behaviour referred to
as phantom crossing, i.e. an equation of state parameter which crosses the
o = —1 divide. In many models, such as quintessence, this behaviour leads
to ghost and gradient instabilities, rendering such theories physically incon-
sistent.

3.2.2 k-essence

A natural extension to quintessence is to allow the kinetic term to have a
non-canonical form. Doing so, one can construct ST theories which offer
alternative dark energy explanations without necessarily requiring ad hoc
potentials. These models are known as k-essence and their action can be
written as [373, 374]

S= Jd‘*xﬁ[%R +p(, X)), (32)

with p being a generic function of the scalar field and its kinetic term. In
models where p contains non-canonical kinetic terms, the dynamics of the
scalar field can be driven by this non-canonical structure rather than a po-
tential and self-tune to the observed accelerated expansion, therefore not
relying on fine-tuned initial conditions. Such behaviour is often referred to
as a dynamical attractor solution.

However, modifying kinetic terms in the action can also give rise to instabili-
ties within the theory. In particular, the propagation speed of perturbations
depends on the functional form of p and can, in some cases, lead to unphys-
ical exponentially growing perturbations. In order to see how instabilities
can arise in practice for fields with non-trivial kinetic interactions we will
consider closely a toy-example.

Toy-model: stability of a generic scalar

Mathematical models are used to describe observed phenomena. In or-
der to provide analytically tractable descriptions, such models often con-
tain idealisations. Nature, on the other hand, is usually far from ideal,
making such models good approximations at best rather than exact de-
scriptions. These approximations can only be considered valid if they are
unaffected by small changes or, in other words, if they are stable under
perturbations. Consider a generic action for a scalar in one spatial di-
mension with quadratic interactions. Linear perturbations of the scalar

[363]: Steinhardt et al. (1999), “Cosmologi-
cal tracking solutions”

[364]: Caldwell et al. (2005), “The Limits of
quintessence”

[365]: Scherrer et al. (2008),
quintessence with a nearly flat potential”
[366]: Dutta et al. (2008), “Hilltop
Quintessence”

[367]: Chiba (2009), “Slow-Roll Thawing
Quintessence”

“Thawing

7: In other words, this assumes the cos-
mologcial constant problem is solved by
another mechanism which effectively sets
A to zero. However, in this case, one still
might wonder what protects the form of
this potential.

[368]: Adame et al. (2025), “DESI 2024 VI:
cosmological constraints from the mea-
surements of baryon acoustic oscillations”
[369]: Abdul Karim et al. (2025), “DESI DR2
Results II: Measurements of Baryon Acous
tic Oscillations and Cosmological Con-
straints”

[370]: Lodha et al. (2025), “Extended Dark
Energy analysis using DESI DR2 BAO mea-
surements”

[371]: Elbers et al. (2025), “Constraints on
Neutrino Physics from DESI DR2 BAO and
DR1 Full Shape”

[372]: Gu et al. (2025), “Dynamical Dark En-
ergy in light of the DESI DR2 Baryonic
Acoustic Oscillations Measurements”
[373]: Chiba et al. (2000), “Kinetically
driven quintessence”

[374]: Armendariz-Picon et al. (2001), “Es-
sentials of k essence”



64 3 Scalar tensor theories and hairy black holes

[375]: Delhom et al. (2022), “Instabilities in
Field Theory: A Primer with Applications
in Modified Gravity”

8: Sometimes also referred to as Jordan-
Brans-Dicke theories.

[376]: Dirac (1937), “The Cosmological con-
stants”

[377]: Jordan (1959), “The present state of
Dirac’s cosmological hypothesis”

9: See [378] for a comprehensive overview
of the historical developments leading to
this theory.

[354]: Brans et al. (1961), “Mach’s principle

and a relativistic theory of gravitation”

can then be written as [375]

1
S = Jd4x§[a¢2 — by’ — Ctpz], (3.3)

where here overdots and primes denote time and space derivatives re-
spectively. Assuming that a, b and ¢ are constants,® the equations of
motion are

o b ’” ¢
¢o— =" +-¢p=0, (3~4)
a a

which are solved by the ansatz

—i( Izk-x—wt) i(ﬁk-x—wt) b c
p=Ae \V° + A¥e\V? , o=+ -kP+-. (35)
a a

Whether this solution is stable or unstable, and in fact which type of
instability it displays, depends on the relative signs of the coefficients.
To guarante stability, we require a > 0, b > 0, ¢ > 0. Otherwise, we
encounter the following types of instabilities:

Tachyonic Gradient Ghost
a>0,b>0,¢c<0 a>0,b<0, a<0,b<0
ora<0,b>0
o purely imaginary, = purely imaginary, Unbounded
exponentially exponentially Hamiltonian,
growing modes growing modes negative energies

Stability issues are more nuanced than outlined here and can depend
critically on the characteristic scales of a given theory. In particular,
tachyonic instabilities, which arise from negative mass-squared terms,
can often be mitigated by making the growth rate very long, which can-
not be done for gradient instabilities.

¢ The coefficients a, b and ¢ encode information of the background solution and hence can
depend on spacetime coordinates. However, their background evolution will typically
occur over much longer timescales.

In addition to potential stability issues, which can nonetheless be dealt with,
k-essence models with late-time attractor solutions do not completely get
rid of fine-tuning problems [373].

3.2.3 Brans-Dicke

Brans-Dicke theories® introduce a non-minimal coupling between the scalar
and curvature. Implementing ideas first proposed by Dirac and Jordan ques-
tioning the constancy of the gravitational constant [376, 377],° Brans and
Dicke proposed the action given by [354]

2mpp

¢

where wgp is a free constant. The presence of the non-minimal coupling
term @R implies that the effective gravitational strength, and thus the ef-
fective Planck mass (Mp \@), becomes spacetime-dependent. Conven-

S= J d%ﬁﬁ[w + X - V(¢)], (3.6)

tionally, the factor 167 is introduced as an overall multiplicative factor to
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this scalar-tensor action instead of using x (which is defined to include the
gravitational constant G). This highlights that the scalar field ¢ should be
understood as a spacetime-varying substitute for (the inverse of) Newton’s
gravitational constant G. Consequently, matter fields, which are minimally
coupled to the Jordan frame metric, effectively experience a gravitational
force mediated by a varying ‘strength’. One of the key motivations behind
Brans-Dicke gravity was to incorporate Mach’s principle, which is not fully
realised in GR, and states that local inertial properties of bodies are deter-
mined by its interactions with all the matter distributed throughout the uni-
verse.l? The principle derived from Mach’s attempt, inspired by previous
ideas from Berkeley and Leibniz, to question Newtonian substantivalism, i.e.
the postulation of space and time as absolute entities whose existence is in-
dependent of the matter that exists in them. Instead, Mach suggested that
theories of gravity should be relational, where space and time exist only as
a system of relations between objects. His perspective strongly influenced
Einstein in the development of GR,! but GR ultimately failed to fully imple-
ment it, as is demonstrated by the existence of inertial frames in vacuum
spacetimes such as Schwarzschild, meaning that inertial properties do not
arise from their relation with the rest of matter in the universe. Brans-Dicke
gravity, by introducing a dynamical scalar field coupled to curvature, takes
a step towards a more relational view of gravity. The presence of this addi-
tional field means that the gravitational interaction—and consequently the
inertial properties of objects—becomes more dependent on the distribution
of matter. However, Brans-Dicke theory still retains some non-Machian as-
pects of GR, such as the existence of vacuum solutions beyond Minkowski
spacetime. Thus, while it moves closer to fulfilling Mach’s vision, it does not
completely eliminate the persistence of absolute structures.

The action in (3.6) is said to be in the Jordan frame, meaning that the scalar
is non-minimally coupled to curvature, therefore modifying Einstein field
equations. Under a conformal transformation!? of the metric given as

Sy = gyv = Qz(x)gpv’ J-§— \/Tg = Q4(X)F’ (3.7)

and further specifying Q? = ¢ = e?, the Brans-Dicke action can be written

asl3

5= [arrgre R (om 2 ) @02 -2 6o

where now the scalar is only-minimally coupled to curvature. This is re-
ferred to as the Einstein frame, as the field equations take the form of an
uncoupled Einstein tensor with the scalar field appearing as a source of the
stress-energy tensor. Here, g, is the Einstein-frame metric. It is important
to note that in writing the actions above we have left out the Lagrangian den-
sities for matter fields Z,,(/). These fields minimally couple to the metric
&, 1.e. the metric in the Jordan frame. Performing a conformal transfor-
mation introduces non-minimal couplings between the matter fields and the
scalar ¢. As a consequence, for instance, the mass of the scalar field can de-
pend on the density of matter fields, which provides a screening mechanism
(dubbed chameleon mechanism) to hide fifth forces in solar system scales
[380].

Particularly relevant to this thesis is the importance of distinguishing be-
tween Jordan and Einstein frames in regards to the interpretation of GWs.
Matter, and consequently GW detectors, minimally couple to the Jordan-

10: Sciama had previously proposed a the-
ory incorporating aspects of Mach’s prin-
ciple [379].

11: In fact, it was Einstein who first coined
the term ‘Mach’s principle’.

12: Sometimes also referred to as a Weyl
transformation.

13: Under the conformal transformation
in (3.7), the Ricci scalar transforms as

R=0?[R+60InQ -6V, InQv*InQ|

ilan @”an@"an
6 -6

— 02
=@ |R+6—; o

(3.8)
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rg \1/3
ry = (ﬁ) . (3.12)

For a cosmologically relevant cubic
Galileon, i.e. with A3 ~ MleOZ, the Sun’s
Vainshtein radius is ry ~ 103 light-years
[387], while the Oort cloud, ie. the edge
of the Solar system, is roughly 200 times
closer, merely a couple light-years away,
meaning the Galileon is well-screened
within the Solar system.

[388]: Vainshtein (1972), “To the problem of
nonvanishing gravitation mass”

15: Recall that we use the definition ¢, =
V9.

frame metric. Hence, data obtained from such detectors should be under-
stood in terms of the Jordan-frame metric. However, theoretical calcula-
tions are often simplified in the Einstein frame, so it is common to transform
back and forth between the two frames, see e.g. [381].

One can further generalise the Brans-Dicke action by allowing the BD cou-
pling to be a function of the scalar field wgp(¢), see e.g. [382-385].

3.2.4 Galileon

Another approach to modifying GR while ensuring that deviations remain
screened at solar system scales is to introduce non-linear derivative self-
couplings of the scalar field. This can be achieved through the following
action [355, 386]

1 a
S= Jd4x\/fg[§R+X(1— FDQS)]’ (3.10)
commonly referred to as cubic Galileon. Here, « is a dimensionless constant
and A is a constant with dimensions of mass, determining the scale at which
the cubic Galileon interaction enters. The effect of the Galileon is suppressed
[388], but still provides
self-accelerated behaviour at cosmological scales, maintains second-order

near massive sources via the Vainshtein mechanism'*

equations of motion, and avoids ghost instabilities, making it an attractive
model to study.

Interestingly, the Galileon emerges as a low-energy effective description of
several models, including the 5-dimensional DGP model [343], massive grav-
ity [322], and certain vector theories [305, 309, 389].

The action (3.10) is invariant under the transformation®®

Py = Py + by, (3.12)
called a Galilean transformation. In total, there exist five different Galilean
invariant Lagrangians in Minkowski spacetime giving rise to second-order
equations of motion [386]

& = ¢, (3.13)
Ly = ", (3.14)
3 = U, (3.15)

Zy = (O9)*¢u¢" — 2004, §, — dudH" ,9° + 28,94 §, 4P, (3.16)

35 - (D¢)3¢”¢ll - 3(D¢)2¢y¢”v¢v - 3D¢¢yv¢w¢p¢p + 6D¢¢y¢uv¢vp¢p
+ 20480118 B + 30,8 D, b — 60,8 b0 .

(3.17)

Note that here derivatives are in flat space, i.e. V), = 9. One can construct
a generalised action with a linear combination of all these Lagrangian den-
sities as

(3.18)

J-d4xr R+Zc, i,

with ¢; being free constant coefficients for each term. This construction can
be generalised to curved spacetimes while maintaining second-order equa-
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tions of motion by introducing direct couplings to curvature, though this
inevitably breaks Galilean invariance [390]. This led to the rediscovery of
Horndeski theories [356], first proposed over 30 years earlier[355].2°

3.2.5 Horndeski

Horndeski gravity is the most general ST theory leading to second-order
equations of motion and is governed by the following action [355, 356].

5= |4t =56, + 6s09 + G+ Gux [P - 9] +

GsOyu" — =Gox [ 364,06 + 20,0 s] | (19

Here, the G; are free functions of ¢ and X and G;x denotes the partial deriva-
tive of G; with respect to X.

Horndeski gravity provides a general consistent construction to explore mod-
ifications of GR, motivated in part by the existence of self-accelerating so-
lutions which do not require a cosmological constant as well as evading
Solar system constraints. More broadly, they constitute a framework to
generically test gravitational interactions. We have already seen how Horn-
deski gravity includes quintessence, k-essence, Brans-Dicke and the cubic
Galileon as special members of its family. Other theories within Horndeski
deserving a special mention include Einstein-scalar-Gauss-Bonnet (EsGB)
[344, 392, 393], Fab Four [394], Kinetic Gravity Braiding (KGB) [395] and f(R)
[396-398]. Several aspects of Horndeski gravity will be introduced in the fol-
lowing Sections and Chapters. For a review on Horndeski theories, covering
e.g. their cosmological implications, see [399].

3.2.6 Beyond Horndeski

One might have initially thought that Horndeski gravity marked the end of
the road for general ST theories. However, it turns out that physically viable
ST models can exist well beyond the Horndeski class.

A prominent example is the Gleyzes-Langlois—Piazza-Vernizzi (GLPV) the-
ory, sometimes referred to as beyond Horndeski gravity [400]. GLPV extends
the Horndeski framework by allowing higher-order field equations, whereas
Horndeski is strictly second order. In practice, this means the following La-
grangians are added to the Horndeski action

bH _ YN
Li" = Fy(p, X)el"Poel VP ¢p¢y’¢vv’ ‘/J’pp”

ngH = F5(¢, X) el"Poek’V'P'o PuPp v Ppp Poor -

Despite this extension, GLPV avoids Ostrogradsky instabilities and remains
healthy by satisfying specific degeneracy conditions that eliminate the un-
wanted ghostly degrees of freedom. As a result, the theory still propagates
only three degrees of freedom: two tensor modes and one scalar.

While higher-order equations typically signal the presence of Ostrogradsky
ghosts—unphysical instabilities due to an unbounded Hamiltonian—GLPV
cleverly circumvents this issue. A simplified demonstration of how these
degeneracy conditions work is presented below through a toy example.
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Toy model: dynamics of higher-order particle-Ostrogradsky ghost

Here we present a toy-model to introduce the main features of the Ostro-
gradsky instability [401, 402]. Let us consider a field ¢(¢) whose dynamics
is given by the action®

1
S=2 Jdt (¢® — ?¢® + ag?), (3.22)

which is a harmonic oscillator with the addition of a higher-derivative
term. Its equation of motion is given by

P+’ —ap = 0. (3.23)

This theory propagates two degrees of freedom and requires four initial
conditions for ¢(0), @(0), $(0) and @(0). The two degree-of-freedom na-
ture of the theory can be made explicit by rewriting the action (3.22) in
an equivalent, albeit different form

S = % J dt[¢? - *0® + a(2py —y?)] 521
_ %Idt [(6 +ap)? — a?)? — w2 — ay?] . (3.25)

From the first line above, it can easily be seen that solving for ¢ and sub-
stituting back into the action recovers (3.22). From the second line, one
can see that this theory propagates two modes with opposite-sign kinetic
terms, meaning the energy of the system is unbounded from above and
below, rendering the model unphysical. The additional propagating de-
gree of freedom is referred to as a ghost.

Let us now add another particle dynamically coupled to the original one
as

1
5= J dt (¢* — *¢® + ¢ — 0*¢* + 2a¢q) , (3.26)
with equations of motion
¢+ w’p—ap—ag =0, G+o*q+ap=0.  (3.27)

In general, these type of models have three propagating degrees of free-
dom (¢, g and the ghost). However, the specific form of the dynamical
coupling allows for the Ostrogradsky instability to be evaded. This can
be seen for our example by using the field redefinition Q = g+ a¢, which
gives

S= % Jdt (% + 0 — w¢? - wzQz) , (3.28)

which contains two healthy propagating modes. This property of absorb-
ing higher-order derivatives in the field redefinitions is known as degen-
eracy.

@ This example is taken from a lecture by Karim Noui. A more elaborate presentation of the
instability can be found in [403, 404].

Another example of a ST theory that lies outside the Horndeski framework
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is mimetic gravity [405], originally proposed to mimic the behaviour of dark
matter. This is achieved by expressing the physical metric as a non-invertible
conformal transformation of an auxiliary metric, with the conformal factor
determined by the kinetic term of a scalar “mimetic” field. Due to the non-
invertibility of this transformation, mimetic gravity falls outside the Horn-
deski class.

A further example is Hotava-Lifshitz gravity, first introduced in [353]. Mo-
tivated by quantum gravity, this theory explicitly breaks Lorentz invariance
by introducing higher-order spatial derivatives (hence going beyond Horn-
deski), while keeping time derivatives strictly second order — thereby evad-
ing Ostrogradsky instabilities. The theory was further healthily developed
in [406]. In the infrared (low-energy) limit, Hotava-Lifshitz gravity reduces
to what is known as khronometric gravity, where a scalar field (the khronon)
defines a global time function, thus enforcing a preferred time-foliation of
spacetime. Although still Lorentz-violating, the low-energy version remains
quadratic in time and space derivatives, and may be extended to include
higher derivatives using degeneracy conditions, similar to those discussed
previously [407].

An additional example of a theory beyond Horndeski is cuscuton gravity,
originally introduced in [408, 409] and later generalised in [410]. The cuscu-
ton is a scalar field with no independent dynamics, i.e. it does not propagate,
and the theory only contains two tensorial degrees of freedom. This is ac-
complished by giving the scalar field a Lagrangian that islinear in first-order
time derivatives, e.g., Z 3 VX. The theory discussed in Chapter 5 belongs
to the extended cuscuton class, and its properties will be explored in more
detail there.

3.2.7 Higher-Order Scalar-Tensor theories

Theories going beyond Horndeski required a generalised classification, which
was provided by the Higher-Order Scalar-Tensor (HOST) framework. HOST
theories are the most general ST theories containing up to second-order
derivatives in the action. GR and Horndeski gravity also contain second-
order derivatives of the metric (R ~ 9 guw) and the scalar (¢,) in the action,
but nonetheless lead to second-order Euler-Lagrange equations, as opposed
to third-order. This is because the structure of the action is carefully con-
structed so that higher-order derivatives cancel out in the equations of mo-
tion. In HOST theories, the equations of motion are generally allowed to be
higher than second-order. This is in principle problematic, as it generically
entails the presence of an additional ghostly degree of freedom. However,
degeneracies between the different functions appearing in the Lagrangian
can be imposed to ensure the absence of such ghost degree of freedom.'”
When such degeneracy conditions are imposed to HOST theories, they be-
come DHOST (Degenerate Higher-Order Scalar-Tensor) theories. DHOST
theories were first constructed up to quadratic order in second-derivatives
of the scalar (i.e. ~ ¢;2w) in [348] and further extended in [349]. They were
also later constructed to cubic order (~ d)zv) in [350]. Here, we introduce the
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[406]: Blas et al. (2010), “Consistent Exten-
sion of Horava Gravity”

[407]: Barausse et al. (2021), “Degenerate
Horava gravity”

[408]: Afshordi et al. (2007), “Cuscuton: A
Causal Field Theory with an Infinite Speed
of Sound”

[409]: Afshordi et al. (2007), “Cuscuton Cos-
mology: Dark Energy meets Modified Grav-
ity”

[410]: Iyonaga et al. (2018), “Extended Cus-
cuton: Formulation”

17: Similar constructions also exist for
vector-tensor theories [411].

[348]: Langlois et al. (2016), “Degenerate
higher derivative theories beyond Horn-
deski: evading the Ostrogradski instabil-
ity”

[349]: Crisostomi et al. (2016), “Extended
Scalar-Tensor Theories of Gravity”

[350]: Ben Achour et al. (2016), “Degener-
ate higher order scalar-tensor theories be-
yond Horndeski up to cubic order”
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cubic HOST action

[3]: Kobayashi et al. (2025),
hair theorems: How requiring general rela-

Inverting no-

tivity solutions restricts scalar-tensor the-
ories”

[404]): Langlois (2019),
modified gravity in degenerate higher
order scalar-tensor (DHOST) theories: A
review”

“Dark energy and

18: Note that the sum of two degenerate
Lagrangians is not necessarily degenerate.
Table 3.1: Classification of degenerate
DHOST subclasses involving quadratic
and/or cubic terms.

[415]: Takahashi et al. (2023), “Generalized
disformal Horndeski theories: Cosmolog-
ical perturbations and consistent matter

coupling”

19: It was shown in [416] that in the con-
text of cosmology the disformal Horndeski
class is phenomenologically favoured, un-
like other subclasses of DHOST theories.

where

[%w*hmxwﬂwXEWﬂwxm+memN>

10
+ F3($, X)Guot + >, By(9, X)L(f)] + J d*xJ=gL,, (329
J=1

L(z) and L( ) comprise all possible terms built from ¢, and ¢, which

are quadratic and cubic in ¢, respectively, and are written explicitly as

1? = g, ¥ = g, 1Y = (OP g™,

LY = g7, 1) =gudh LY = O980"4,
1Y = O Gud’s L = 08,0738, LY = $u™$007 ¢,
LY = 99,678 LY = 4,078,685 L = 4,8 Dot $s87 )

(2 (3) 1®
Ls™ = (d’ﬂd’pvd)v)z’ D¢(¢p¢w¢v)2 Ly = (¢,u¢'uv¢v)3 (3.30)
The covariant Euler-Lagrange equations for these broad class of theories
were derived in [3], which constitutes the content of Chapter 6. This ac-
tion encompasses both standard Horndeski [355, 356] and beyond-Horndeski
[400, 412, 413], see e.g. [414]. For instance, the Horndeski action in the stan-

dard form with the Galileon functions can be recovered with the choices:

F0:G2, :G?,,
Ay = —Ay = =Gyx ,

F2:G4, F3:G5,

(3.31)
6B1 = —ZBZ = 3B3 = _GSX .

and A} = B;=0 for] =3,4,5and J =4, ---, 10. For a review of DHOST theo-
ries see [404]. The full classification of quadratic/cubic DHOST theories can
be found in [350], and there are a large number of subclasses distinguished

by different sets of degeneracy conditions, as shown in Table 3.1.18

# of degenerate
Class of theory

subclasses

Purely quadratic (F3 = 0, all Bj = 0) 7 total
« Non-minimally coupled (F, # 0): 2N-I, N-II, ... 4
« Minimally coupled (F, = 0): 2M-I, 2M-1I, ... 3

Purely cubic (F, = 0, all A; = 0) 9 total
« Non-minimally coupled (F; # 0): >N-I, 3N-II 2
« Minimally coupled (F; = 0): 3M-I, 3M-11, ... 7
25

Mixed quadratic + cubic
(out of 7x 9 = 63)

Among these subclasses, there is one that can be obtained from the Horn-
deski class via invertible conformal/disformal transformation, which was
called “disformal Horndeski” class in [415].1° (Note that an invertible confor-
mal/disformal transformation preserves the number of physical degrees of
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freedom [417, 418].) In the terminology of [350], this class corresponds to a
sum of the quadratic DHOST of class 2N-I and the cubic DHOST of class >N-
I. This notation can be better understood by looking at Table 3.1. For the
quadratic part (characterised by F, and Ay’s), the degeneracy conditions are
given by?°

Ay =—Aq, (3.32)

Ay = ————— | (3F, + 8XA; + 2X2%A3)(A; + XAz + Fyx)?
§= ST aea | OF  8XA (A + XAg + Frx)

—2A3(3XA; + X2As + Fy + XFZX)Z] , (3.33)
(A1 + XAs + Bx) [A1(A) —3X A3 + Fox) — 243F] (3.3
> 2(Fy + 2X A,)? ’ ’

where F, (# 0), Ay, and Aj are free functions and the condition F, +2X A; #
0 is assumed. For the cubic HOST characterised by F3 and Bj’s, we have

B, B 4XB4Fs3x — (6B; + F3x)?
__:_:Bl’ BSZ—B7: s
3 2 12XB,
Bs(4XBy — 6B, — F5x)
o = 5( 4 1 3X ’ B6 _ —B4 ,
12X B,
By(4XBy — 6B, — F3x) B4(4XBy — 6B; — F3x)*
9 = 5 BIO = 2 > (3~35)
6X B, 24X?%B;

where F3, By (# 0), and B, are arbitrary functions. Moreover, when both
the quadratic and cubic parts are present, one has to impose the following
conditions on top of Egs. (6.6) and (6.7):

A(4XFyx —3F)  XFx —F  Fx(F +2XA)°
37 XF, TTTXZ T T ex?RB
_ 6By(F, — XFox) + Fsx(F, + XA;)
‘T 2XF, ‘

5

(3.36)

Conformal and disformal transformations in HOST theories

In ST theories, it is often useful to consider transformations of the metric
that depend on the scalar field ¢ and possibly its derivatives. These are
often considered to be of this form [419]

gpv =C(¢, X) 8wt D(¢, X) ¢,u Py (3.37)

where C is the conformal factor and D is the disformal factor. We have
previously seen how a conformal transformation can be used to map back
and forth between the Jordan and Einstein frames (see Eq. (3.7)). In the
HOST framework, more generally, specific theories can sometimes be
mapped into each other by the transformation above. For instance, such
transformation can be used to map a subset of DHOST theories to Horn-
deski [412, 420]. Therefore, disformal transformations can change the
appearance of a theory at the Lagrangian level but, as long as the trans-
formation is invertible, preserve the number of degrees of freedom and
in fact describe the same physics. These transformations hence help to
distinguish physically distinct theories with respect to those which are

20: Note that degeneracy conditions can
be imposed at the level of Lagrangian
(i.e. before specifying a background).

[419]: Bekenstein (1993), “The Relation be-
tween physical and gravitational geome-
try”

[412]: Zumalacérregui et al. (2014), “Trans-
forming gravity: from derivative cou-
plings to matter to second-order scalar-
tensor theories beyond the Horndeski La-
grangian”

[420]: Bettoni et al. (2013), “Disformal in-
variance of second order scalar-tensor the-
ories: Framing the Horndeski action”
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[421]: Ben Achour et al. (2020), “Hairy
black holes in DHOST theories: Exploring
disformal transformation as a solution-
generating method”

[422]: Babichev et al. (2023), “Rotating black
holes embedded in a cosmological back-
ground for scalar-tensor theories”

21: Aside from the technical subtleties in-
volved in detection, where the gravita-
tional signal is converted into an electric
signal and then extracted from noisy data.

[423]: Eardley (1975), “Observable effects of
a scalar gravitational field in a binary pul-
sar”

[424]: Will (1994), “Testing scalar - tensor
gravity with gravitational wave observa-
tions of inspiraling compact binaries”
[425]: Yunes et al. (2010), “Constraining the
evolutionary history of Newton’s constant
with gravitational wave observations”

[426]: Yang et al. (2018), “An axion-like
scalar field environment effect on binary
black hole merger”

[427]: Choudhary et al. (2021), “Gravita-
tional waves from binary black hole merg-
ers surrounded by scalar field clouds: Nu-
merical simulations and observational im-
plications”

[428]: Bamber et al. (2022), “Black hole
merger simulations in wave dark matter
environments”

[429]: Aurrekoetxea et al. (2024), “Effect of
Wave Dark Matter on Equal Mass Black
Hole Mergers”

[430]: Damour et al. (1993), “Nonperturba-
tive strong field effects in tensor - scalar
theories of gravitation”

equivalent up to field redefinitions. Moreover, they have been recently
used as black hole solution-generating techniques, by e.g. transforming
known GR solutions onto different non-trivial black hole solutions with
scalar hair [421, 422]. This often involves ignoring the fact that after the
transformation matter couples to a new metric—as otherwise the same
physics should be recovered—which somewhat accidentally can lead to
new healthy solutions.

3.3 Gravitational wave effects of scalar-tensor
theories

The beauty and elegance of gravity resides in how it is uncorrupted by the
intricate structure of the other fundamental forces. It acts universally on all
forms of energy and matter, indifferent to their charge, colour, spin, flavour,
or any other quantum property. As a result, when GWs are detected, we
are witnessing gravity in its rawest form?! -disturbances in spacetime itself-
allowing us to remarkably precisely measure the masses and spins of black
holes billions of light-years away. Moreover, the power of GWs goes beyond
astrophysical inference, as it also offers a direct probe into the fundamental
nature of gravity. ST theories, in particular, open up a rich landscape of po-
tential deviations from GR in their GW phenomenology. In this Section, we
will summarise some of the key GW signatures predicted by such theories,
and in some cases discuss how observations have helped constrain them.
Schematically, one can divide such effects into emission and propagation
categories, based on the context where they arise. Broadly speaking, emis-
sion effects probe the strong gravity, high-energy, local regime, while prop-
agation effects probe the weak gravity, low-energy, cosmological regime.

3.3.1 Emission

Due to modified gravitational dynamics, the process of a binary merger can
in principle differ in ST theories as compared to GR, and ultimately lead to
a difference in the emitted signal.

Inspiral

One such example is in the inspiral, where the scalar field can alter the tra-
jectories of the compact objects and lead e.g. to a different inspiral rate. Un-
like in GR, ST theories allow for dipolar radiation, in which case the energy
loss to GWs during the inspiral is enhanced, resulting in a faster orbital de-
cay [423, 424]. In addition, if the effective gravitational constant is allowed to
vary in time, the gravitational interaction can be altered, making the inspiral
dependent on its environment and hence allowing for constraints on such
time evolution [425]. Independently, for scalar dark matter models, an over-
density between binary black holes can arise as a result of scalar accretion
leading to a faster inspiral (i.e. a dephasing of GWs) due to the additional loss
of energy by friction with the scalar cloud [426-429]. In a similar vein, spon-
taneous scalarisation is a process that may occur in which compact objects
(black holes or neutron stars differently) acquire a non-trivial scalar config-
uration [430], leading to deviations from GR in the strong gravity regime,
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but maintaining agreement with GR predictions elsewhere. Scalarisation is
ignited by a tachyonic instability settled by non-linear self-interactions of
the scalar. This process typically requires a certain property of the compact
object such as its compactness or spin to be above a specific threshold, see
[431] for a general review. Scalarisation is most typically relevant in the in-
spiral stage, where it can get activated and leave imprints on the GW.

Effects on the inspiral rate have been accurately measured and constrained
with binary pulsars. In Section 2.3.4 we have already explained how the dis-
covery of the Hulse-Taylor binary pulsar constituted the first indirect evi-
dence of GWs [156]. After several decades of continuous observations, this
system has been able to place constraints on modified gravity theories, see
e.g. [432] where the orbital decay rate after 30 years of observation was found
to be given by 0.997 £ 0.002 times the one expected for GR. Another interest-
ing binary is PSR J1738+0333, composed of a pulsar and a white dwarf, and
shown to also agree with the GR orbital decay prediction, resulting in an
upper bound on the dipolar emission effectively translated to a constraint
on the parameter coupling matter with the scalar [433]. For Brans-Dicke
gravity, a 10-year observation of this binary set a constraint of wgp > 25000
[433],%2 slightly weaker than the constraints set by the Solar system test from
the Cassini spacecraft [51]. In terms of scalarisation, the original model pro-
posed in [430] has been ruled out by binary pulsar observations [434-436].
However, different scalarisation sources involving scalar couplings to curva-
ture, as opposed to non-linear matter sources, have been proposed in [437—
441], which have in some part also been constrained by binary pulsar data
[442]. An interesting prospect for probing scalarisation with GWs are ex-
treme mass-ratio inspirals (EMRIs), which will be observed with high SNR
by future detectors. In these binaries, one of the compact objects is much
smaller than the other, and hence the former orbits the latter for a long
time. Since scalarisation turns on e.g. for high compactness, a reasonable
scenario is where the smaller (and more compact) object is scalarised while
the supermassive black hole it orbits around is not, leaving an imprint in the
GW in form of a dephasing, which should be observable by LISA [443].

Additional inspiral observables signalling deviations from GR are tidal Love
numbers (TLNs), which measure how much an object deforms under an ex-
ternal tidal field, with black holes in GR famously having vanishing TLNs
[444]. Analyses of TLNs have been completed in a number of GR extensions,
see e.g. [445-452].

Ringdown

In Section 2.2.2, we have seen how special black holes are in GR, while in Sec-
tion 2.4.2 we have shown how this simplicity can be translated to ringdown
observables, in particular to QNMs. In the following section, §3.4, we will
summarise different ways in which black holes can grow in complexity in ST
theories. As a result, QNMs of these ST black holes will in principle differ
from the GR ones, rendering ringdown observations as a powerful tool to
test and constrain such models, as argued in Section 2.4.3.

The use of QNMs to test modified gravity theories (scalar-tensor or other-
wise) is known as the black hole spectroscopy program and has received sig-
nificant attention in the recent years. Agnostically parametrised deviations
have been introduced in the data analysis pipelines, where current GW QNM

[431]: Doneva et al. (2024), “Spontaneous
scalarization”

[432]: Weisberg et al. (2010), “Timing Mea-
surements of the Relativistic Binary Pulsar
PSR B1913+16”

[433]: Freire et al. (2012), “The relativistic
pulsar-white dwarf binary PSR J1738+0333
I1. The most stringent test of scalar-tensor
gravity”

[433]: Freire et al. (2012), “The relativistic
pulsar-white dwarf binary PSR J1738+0333
I1. The most stringent test of scalar-tensor
gravity”

22: Note that GR is recovered in the limit
(pp —> ©0.

[51]: Bertotti et al. (2003), “A test of general
relativity using radio links with the Cassini
spacecraft”

[434]: Antoniadis et al. (2013), “A Massive
Pulsar in a Compact Relativistic Binary”
[435]: Kramer et al. (2021),
Gravity Tests with the Double Pulsar”
[436]: Zhao et al. (2022), “Closing a
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[437]: Doneva et al. (2018), “New Gauss-
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Scalar-Tensor Theories”

[438]: Silva et al. (2018), “Spontaneous
scalarization of black holes and compact

Scalarization  in

stars from a Gauss-Bonnet coupling”
[439]: Gao et al. (2019), “Scalar pertur-
bations on the background of Kerr
black holes in the quadratic dynamical
Chern-Simons gravity”

[440]: Andreou et al. (2019), “Spontaneous
scalarization in generalised scalar-tensor
theory”

[441]: Doneva et al. (2021), “Spontaneously
scalarized black holes in dynamical

Chern-Simons gravity: dynamics and

equilibrium solutions”

[442]: Anderson et al. (2019), “Binary pulsar
constraints on massless scalar—tensor the-
ories using Bayesian statistics”

[443]: Maselli et al. (2020), “Detecting scalar
fields with Extreme Mass Ratio Inspirals”
[444]: Binnington et al. (2009), “Relativistic
theory of tidal Love numbers”
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[445]: Cardoso et al. (2017), “Testing strong-
field gravity with tidal Love numbers”
[446]: Cardoso et al. (2018), “Black Holes
in an Effective Field Theory Extension of
General Relativity”

[447]: Chakravarti et al. (2019), “Tidal Love
numbers of black holes and neutron stars
in the presence of higher dimensions: Im-
plications of GW170817”

[448]: Cai et al. (2019), “Non-vanishing of
tidal Love numbers”

[449]: De Luca et al. (2023), “Implications of
the weak gravity conjecture for tidal Love
numbers of black holes”

[450]: Katagiri et al. (2024), “Parametrized
Love numbers of nonrotating black holes”
[451]: Barura et al. (2024), “Tidal Love Num-
bers from EFT of Black Hole Perturbations
with Timelike Scalar Profile”

[452]: Cano (2025), “Love numbers beyond
GR from the modified Teukolsky equation”

[213]: Tattersall et al. (2018), “Quasinormal
modes of black holes in Horndeski gravity”

[454]: Tattersall et al. (2019), “Forecasts for
Low Spin Black Hole Spectroscopy in Horn
deski Gravity”

[455]: Tattersall (2020), “Quasi-Normal
Modes of Hairy Scalar Tensor Black Holes:
0dd Parity”

[1]: Sirera et al. (2023), “Testing the speed
of gravity with black hole ringdowns”

[466]: Buonanno et al. (2008), “Estimating
the final spin of a binary black hole coales-
cence”

[468]: Pierini et al. (2022), “Quasinormal
modes of rotating black holes in Einstein-
dilaton Gauss-Bonnet gravity: The second
order in rotation”

[475]: Cano et al. (2023), “Universal Teukol-
sky equations and black hole perturba-
tions in higher-derivative gravity”

[476]: Cano et al. (2023), “Quasinormal
modes of rotating black holes in higher-
derivative gravity”

[477]: Cano et al. (2024), “Higher-derivative
corrections to the Kerr quasinormal mode
spectrum”

[478]: Maenaut et al. (2024), “Ringdown
Analysis of Rotating Black Holes in Effec-
tive Field Theory Extensions of General
Relativity”

data seems to provide a small hint of a GR deviation, as shown in Figure ??
[453]. However, in order to gain understanding of the microphysics responsi-
ble for QNM deviations, ringdown calculations need to be repeated for differ-
ent combinations of modified gravity theories and black hole backgrounds.
In Section 3.5, we will introduce some key aspects of how such calculations
take place in ST theories, but here we will summarise some key literature
on the topic. First, let us highlight that in theories of gravity that include
additional fields, perturbations of such fields on black hole backgrounds will
also lead to QNM emission. As such, in ST theories one also obtains scalar
QNMs. As shown in Section 2.4.1, these are much easier to compute than
tensor perturbations and, as a result, a significant portion of new literature
on QNMs beyond GR relates to scalar modes. However, distortions in space-
time as observed by GW detectors come in the form of tensorial perturba-
tions, making them more interesting objects of study, despite them being
significantly more challenging to compute. Moreover, scalar and tensorial
modes can couple to one another, so computing the whole spectra is highly
preferred over computing each in isolation.

QNMs for Schwarzschild black holes with a constant scalar field in Horn-
deski gravity were studied in [213]. There, it is shown that odd parity modes
evolve just like in GR, i.e. they obey the same Regge-Wheeler equation 2.96,
while even modes are mixed with the scalar by the function Gy (i.e. the ¢
derivative of G4 evaluated on the background). In this scenario, which will
be shown in more detail in Section 3.5, the only Horndeski fingerprint is
the introduction of an effective mass term for scalar perturbations, which is
forecasted to be constrained by LISA to the order ~ 10~ 7eVe ™2 [454]. More
rich QNM phenomenology can be achieved if black holes acquire hair, i.e. are
different from the GR ones. Small parametrised hairy deviations from the
background solution studied in [213] (i.e. a Schwarzschild black hole with
a constant scalar) were introduced in [455], where the odd sector was stud-
ied and a modified Regge-Wheeler equation containing corrections from the
parametrised hair was derived. In Chapter 4, we will employ a similar con-
struction to study the effect of non-luminal GWs on QNMs [1]. QNM cal-
culations have also been completed for more concrete theory choices, such
as Einstein-dilaton-Gauss-Bonnet gravity [456-458], Chern-Simons gravity
[459-461], Einstein-Aether [462, 463] and (curvature-only) higher-derivative
gravity [446, 464, 465].

Black holes, like any other astrophysical object, rotate [466]. Therefore, in
order to fully exploit black hole spectroscopy, it is crucial to study QNMs
of rotating black holes. However, the inclusion of rotation comes with in-
creased computational difficulties, and QNM calculations beyond GR have
only been computed in some special cases, mostly relying on slow-spin ap-
proximations. For instance, QNMs for slowly rotating black holes in Einstein-
dilaton Gauss-Bonnet gravity have been calculated to first [467] and second
order in rotation [468], where it is found that QNM shifts are significantly en-
hanced by rotation. In addition, slowly-rotating QNMs have been calculated
in dynamical Chern-Simons [469-472] and in higher-derivative gravity [473,
474]. More recently, QNMs calculations have in some cases been extended
to rapidly spinning black holes. In particular, [475-477] calculated QNMs
for rotating black holes in higher-derivative gravity to 18" order in rota-
tion. The QNM shifts calculated in these works were then implemented into
pyRing, where GW data from GWTC-3 was used to set an upper bound of
£ < 35 km on the length scale of new physics [478]. Such QNM computations
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were made possible by the development of the Modified Teukolsky Equation
(or modified Teukolski formalism) [475, 479, 480]. In addition, a framework
named METRICS based on a spectral decomposition of metric perturbations
has been developed [481, 482] and employed to calculate QNMs for rapidly ro-
tating black holes in Einstein-dilaton-Gauss-Bonnet gravity [483-485] and
dynamical Chern-Simons [486].

Besides QNMs, greybody factors exist as alternative ringdown observables,
quantifying how much of a wave gets transmitted versus reflected by the
compact object’s effective potential. These frequency-dependent factors can
serve as powerful diagnostic tools for probing the nature of compact objects.
For example, horizonless compact objects—as predicted in various quantum
gravity models, such as fuzzballs [487], gravastars [488, 489], or boson stars
[490-492]—can possess a physical surface or structure that partially reflects
incoming gravitational waves. This reflection gives rise to delayed secondary
signals or echoes in the ringdown phase, see e.g. [493]. The presence, struc-
ture, and frequency-dependence of these echoes are given by the modified
greybody factors.?® In [497, 498], greybody factors have been proposed as
ringdown waveform modelling alternatives to QNMs, in particular motivated
by their robustness against ringdown start-time choices, which, as explained
in Section 2.4.4 can constitute a problem for QNM interpretation.

Polarisations

GWs in modified theories of gravity can carry additional polarisations be-
yond those predicted by GR [499]. In particular, in ST theories the scalar
field can manifest itself as a breathing mode—an isotropic expansion and
contraction in the plane transverse to the direction of propagation—and,
when the scalar is massive, a longitudinal mode, where the displacement of
test particles occurs along the direction of propagation [500], as depicted
in Fig. 3.1. Detecting or constraining such non-tensorial modes would pro-
vide a powerful observational test of GR. In the present case, since the LIGO
Hanford and Livingston detectors are closely aligned, they can not by them-
selves detect additional polarisations, but would require instead a third de-
tector, such as Virgo to be simultaneously active [501]. This was the case for
GW170814, where simplified analyses showed that data prefer pure tensor
modes over pure scalar or vector ones, without including mode-mixing [502,
503].

3.3.2 Propagation

After being emitted, GWs will propagate through cosmological distances be-
fore reaching our detectors, and the specific way that occurs will generically
differ in ST theories. We can discuss some of these effects by looking at how
the propagation equation is modified in beyond GR theories®*[505]

Ry + (2 + VIR + (cawk?® + a®iP)h, = S(hy.ty), (3.38)
where here the prime denotes derivatives with respect to conformal time
and #, v, cgw, p and S are potential modifications to the GW propagation
equation in GR (2.47), which is recovered in the limit of % being the same
Hubble parameter as in GR, cgy =c=1landv=p=S=0.

[481]: Chung et al. (2023), “Spectral method
for the gravitational perturbations of
black holes: Schwarzschild background
case”

[482]: Chung et al. (2024), “Spectral method
for metric perturbations of black holes:
Kerr background case in general relativ
ity”

[493]: Maggio (2023), “Probing the Horizon
of Black Holes with Gravitational Waves”
23: Note that greybody factors of black
holes have been studied mostly in the con-
text of Hawking radiation [494] in differ-
ent theories of gravity [495, 496].

Breathing polarisation
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Oy or ®x

Figure 3.1: Illustration of scalar mode po-
larisations on a ring of particles at differ-
ent phases (c.f. to the tensor modes in 2.4).

[500]: Hou et al. (2018), “Polarizations of
Gravitational Waves in Horndeski Theory”

24: Note that this equation applies only
for theories with up to second-order time
derivative equations of motion. In addi-
tion, the source term S(hp, tp), discussed at
the end of this Subsection, originates nat-
urally in non-ST theories, and its presence
in ST theories would require an inhomoge-
neous background [504].
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[506]: Bellini et al. (2014), “Maximal free-
dom at minimum cost: linear large-scale
structure in general modifications of grav-
ity”

[507]: Gleyzes et al. (2015), “A unifying de-
scription of dark energy”

25: This includes theories than can be dis-
formally related to Horndeski.

26: We will later see how on black hole
backgrounds one can also define effec-
tively the same parameters albeit with a
spatial dependence instead.

[501]: Ezquiaga et al. (2018), “Dark Energy
in light of Multi-Messenger Gravitational-
Wave astronomy”

27: In particular, the luminosity distance
relation is given by

&V =(1+2) J: %dz, (3.40)

which is the same as the electromagnetic
luminosity distance, d°" = d°™.

28: The terminology being inspired by
standard candles (supernovae observations)
and standard rulers (baryon acoustic oscilla-
tion (BAO) measurements).

[508]: Schutz (1986), “Determining the
Hubble constant from gravitational wave
observations”

[509]: Abbott et al. (2017), “A gravitational-
wave standard siren measurement of the
Hubble constant”

29: Current neutron star merger rates
are inferred to be between 10 — 1700
Gpclyr1[513].

[514]: Gray et al. (2020), “Cosmological in-
ference using gravitational wave standard
sirens: A mock data analysis”

[515]: Abbott et al. (2021), “A Gravitational-
wave Measurement of the Hubble Constant
Following the Second Observing Run of Ad-
vanced LIGO and Virgo”

In the context of ST theories, the Bellini & Sawicki parametrisation com-
presses the functions appearing in the full covariant Lagrangian into their
effective combination appearing in the equations of motion on a cosmolog-
ical background [506, 507]. This way, for Horndeski theories we have ag
(kineticity), ag (braiding), ay; (Planck-mass run rate), and ar (tensor speed ex-
cess), with the addition of az in beyond Horndeski theories.?®> Note that
these ‘parameters’ are actually time-dependent functions on a cosmological
background.?® In particular, ag and ag affect the evolution of scalar pertur-
bations and are therefore probed by data from the cosmological microwave
background (CMB) or the large-scale structure (LSS), while ¢y and e affect
tensorial (as well as scalar) perturbations in the form of Eq. (3.38) with

v =y, Ay — 1= ar, ©=0, S=o. (3.39)
The main type of effects or tests in GW propagation appear as modifications
to the following (see [501] for a comprehensive review):

» Expansion history with standard sirens. In astronomy, the luminos-
ity distance dj, is a quantity that connects an observed signal to how
far it is in physical space. In the context of GWs, the amplitude of
the signal is inversely proportional to their d®" . The expansion of the
universe introduces a friction term in (3.38) which stretches waves as
they propagate, affecting their observed redshift and therefore imply-
ing that GWs are sensitive to the expansion history. In the absence of
the additional modified gravity terms, in particular the absence of the
extra friction term v = 0 but also cgy = 1 and g = S = 0, luminos-
ity distance dgw, redshift z and the Hubble parameter H are intercon-
nected.?” As a result, because dfw is known from the GW amplitude, if
the redshift of the source is known, the Hubble parameter H can be in-
ferred, therefore potentially providing an independent observational
channel for the resolution of the Hubble tension. Because of this, GW
signals with an identified redshift have been referred to as standard
sirens®® [508]. However, GW redshifts are not easy to come by. In the
special case of neutron star mergers, such as GW170817, their elec-
tromagnetic counterpart can be used to obtain the redshift, and thus
these class of events are referred to as bright sirens. This particular
event, GW170817, was used to set the first broad bounds on the Hubble
parameter from GWs: Hy = 70+_182 km s~ Mpc™! [509]. Competitive
1% measurements of Hy would require ©(100) bright sirens [510-512].
However, due to the scarcity of neutron star mergers observed,?® al-
ternative techniques to identify redshifts for the largely more abun-
dant number of black hole mergers have been devised. In particular,
galaxy catalogues can be used in combination with GW sky localisa-
tion to obtain redshifts from candidate host galaxies while account-
ing for the uncertainty in host identification. These are instead re-
ferred to as dark sirens, due to the lack of an intrinsic electromagnetic
counterpart, and their constraining power resides in the stacking of
multiple observations. Employing a fully Bayesian method developed
in [514], an LVK analysis including GW events up to 02 constrained
H, = 68.7:“71% km s~! Mpc~! [515]. This method can also be imple-
mented through the construction of cross-correlations between GWs
and galaxy catalogues, see e.g. [516—522]. Another method to identify
the redshift of dark sirens is to model how the mass spectrum scales
with luminosity distance. Being the observed masses redshifted, spe-
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cific known features in the mass distribution of compact objects (e.g.
the neutron star—black hole mass gap) can be used to infer the redshift
[523-525]. In addition, both methods can be used in conjunction as in
[526-528] which, including data from GWTC-3, resulted in a shrink-
ing of the error bars in the H, measurement, e.g. Hy = 69+_172 km s~ !
Mpc ! in [527].

This way, in the absence of specific modified GR parameters, GW prop-
agation depends on the nature of dark energy indirectly through H,
and standard sirens can therefore probe the dark energy equation of
state, see e.g. [529-531].

GW damping. As we have seen, the GW propagation equation in GR
contains an friction term given by the Hubble parameter. In addition,
a non-zero v in (3.38) will modify the GW damping rate and will lead
to a GW luminosity distance different to the electromagnetic one.*
Therefore, one can use the same standard siren methods described
above to study the GW damping rate as a probe of physics beyond GR
[532]. Modified gravity theories which modify the GW luminosity dis-
tance include higher-dimensional gravity [532], non-local gravity [533]
and ST theories with a non-zero v which, in Horndeski, is written as a
time-varying effective Planck mass

dln M?
v=ay = VR (3.42)
with M? = 2(Gy — 2XGyx + XGsy — $HXGsy) in Horndeski lan-
guage, with the dot denoting a t-derivative (c.f. Eq. (2.44)). Constraints
on v (or alternatively ay) have already been placed by GW observa-
tions, but remain somewhat weak [534-536]. Looking forward, we can
expect competitive constraints on the GW damping rate from dark
sirens, provided a sufficiently abundant number of them. In terms of
bright sirens, despite their enhanced constraining power, competitive
results can only be expected for third-generation detectors, assuming
they can achieve a significantly higher neutron star merger rate [537].
GW speed. In GR, GWs are predicted to propagate at the speed of light,
aresult easily broken in theories which modify the dispersion relation,
i.e. with cgw # ¢ = 1 (tensor speed) and/or p # 0 (effective graviton
mass) in (3.38). In Horndeski gravity, non-luminal speed is sourced by
a non-zero ar (3.39), which on a cosmological background is given by

1 .
ar = v [2G4X — 2G5y — (¢ - ¢H) Gsx] . (3.43)

This quantity was famously strongly constrained by GW170817 to [538]°!

ar
—3x107P < - SHTx 10716 (3.45)

thanks to an electromagnetic counterpart in the form of a short dura-
tion gamma-ray burst (SGRB) observed 1.7440.05s after the GW signal,
and similarly named GRB 170817A [539, 540]. Here, the bounds are set
assuming a constant ey. More concretely, the lower bound is set by
assuming ar < 0 and a SGRB emitted with a 10s delay after the slower
GW.32 Conversely, the upper bound is set by assuming ar > 0 while
attributing the entire 1.74 + 0.05s lag due to the faster propagation of
the GW signal.

This observational milestone quickly motivated theorists to evaluate

[526]: Abbott et al. (2023), “Constraints
on the Cosmic Expansion History from
GWTC-3"

[527]: Gray et al. (2023), “Joint cosmologi
cal and gravitational-wave population in-
ference using dark sirens and galaxy cata-
logues”

[528]: Mastrogiovanni et al. (2023), “Joint
population and cosmological properties in
ference with gravitational waves standard
sirens and galaxy surveys”

30: For theories with a luminal GW propa-
gation we have [501]

d¥"(2) [IJ’Z v
exp | =
0

&) 200 142

dz’] . (3.41)

[532]: Deffayet et al. (2007), “Probing Grav
ity with Spacetime Sirens”

[533]: Belgacem et al. (2018), “Gravitational-
wave luminosity distance in modified grav-
ity theories”

[534]: Arai et al. (2018), “Generalized frame-
work for testing gravity with gravitational-
wave propagation. II. Constraints on Horn-
deski theory”

[535]: Lagos et al. (2019), “Standard sirens
with a running Planck mass”

[536]: Chen et al. (2024), “Testing the na-
ture of gravitational wave propagation us-
ing dark sirens and galaxy catalogues”

[537]: Colangeli et al. (2025), “A bright
future? Prospects for cosmological tests
of GR with multimessenger gravitational
wave events”

[538]: Abbott et al. (2017), “Gravitational
Waves and Gamma-rays from a Binary
Neutron Star Merger: GW170817 and GRB
17081747

31: Note that the factor of 1/2 comes from
the fact that constraints are applied on the
quantity (reinstating now standard units)
8c/cwith 8¢ = cqy — ¢, which is equivalent
to o up to a factor of 2 for ¢ « 1as shown
below

fond e 5 i
= c c c( )
3.44

[539]: Goldstein et al. (2017), “An Ordinary
Short Gamma-Ray Burst with Extraordi-
nary Implications: Fermi-GBM Detection
of GRB 1708174

[540]: Savchenko et al. (2017), “INTEGRAL
Detection of the First Prompt Gamma-Ray
Signal Coincident with the Gravitational-
wave Event GW170817”

32: It is not certain whether the SGRB
emission might be relatively retained com-
pared to the GW one due to local physical
processes, therefore introducing some un-
certainty in emission time delays.
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[541]: Creminelli et al. (2017), “Dark Energy
after GW170817 and GRB170817A”

[542]: Ezquiaga et al. (2017), “Dark Energy
After GW170817: Dead Ends and the Road
Ahead”

[543]: Baker et al. (2017), “Strong con-
straints on cosmological gravity from
GW170817 and GRB 170817A”

[544]: Langlois et al. (2018), “Scalar-tensor
theories and modified gravity in the wake
of GW170817”

[545]: Rham et al. (2018), “Gravitational
Rainbows: LIGO and Dark Energy at its
Cutoff”

33: The cutoff is the largest possible ener-
gy/frequency scale, where the high energy
completion can take over, but this can al-
ready take place at significantly lower en-
ergies/frequencies. Theoretically predict-
ing the precise scale would require de-
tailed knowledge about such a fiducial
(currently unknown) high energy comple-
tion.

Figure 3.2: Frequency-dependent sound
speed for scalar perturbations in a toy
model incorporating corrections from UV
physics, restoring luminality around the
cutoff. Taken from [545].

[1]: Sirera et al. (2023), “Testing the speed
of gravity with black hole ringdowns”

its implications for beyond GR models, with the initial conclusions
being that Horndeski theories required er = 0 to remain viable. More-
over, it was argued that such vanishing would more naturally be achieved
by having G4x = 0 and Gs = constant independently, as opposed to a
non-trivial cancellation of non-zero terms in (3.43) [541-543]. Note
how the Horndeski functions which affect o are particularly those
which introduce second derivatives of the scalar in the action (3.19),
and thus according to these conclusions the ST landscape would be re-
stricted to their simplest forms. In addition, the most general luminal
DHOST theory was identified in [544].

However, it was later realised that interpreting such GW observation
as a constraining factor for modified gravity theories was more sub-
tle than initially imagined, and relied on concrete assumptions on the
range of energy scales in which the theory in question is applicable
[545]. Interestingly, it turns out that requiring higher-order operators
to be cosmologically relevant, as should be the case for dark energy
models, leads to a cutoff** scale given by

AHorndeski ~ (MPIH(JZ)1/3 ~ 260Hz (3-46)

expressed in units of frequency, which coincides with the frequency
range at which LVK operates, as displayed in Figure 3.2. This entails
that, for such theories, an (unknown) high energy completion of the
fiducial new dark energy physics ought to take over as one approaches
this cutoff, i.e. close to or somewhat below the LVK band, i.e. ~ 20 —
2000Hz. This high energy completion will naturally enforce cgy =
¢ at high energies if it permits Lorentz invariant solutions, so LVK
measurements such as GW170817 may simply confirm that feature of
the high energy completion instead of probing the original (low en-
ergy) dark energy physics itself. In other words, in theories that do
affect cgw at cosmological scales, one therefore naturally expects a
frequency-dependent transition back to cgwy = ¢ upon approaching
the LVK band. With frequencies in the LISA band ~ 107*-10"'Hz
being significantly lower, upcoming [189] and TianQin [198] measure-
ments therefore provide a much cleaner probe of cgy in such dark
energy related theories.
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We will describe in more detail different probes of a7 in Chapter 4,
where we will introduce the first ringdown-only forecasted constraints
on ar [1].

» Polarisations. The different + and x polarisations evolve equally and

independently of each other in Eq. (3.38). However, theories of gravity



that break parity-symmetry can introduce couplings between polar-
isations. These are usually called chiral models, with Chern-Simons
gravity being a standard example. In these cases, transforming the po-
larisation basis from {+, x} to {R, L}, i.e. right and left-handed,** the
metric propagation equations can be decoupled and therefore studied
independently, but will generically evolve differently. In particular,
effects on the morphology of GWs due to modified polarisation evo-
lution include amplitude birefringence (modifying the relative ampli-
tude of different polarisations) and velocity birefringence (modifying
the relative phase of different polarisations) [546, 547]. The amount
of amplitude birefringence present in GWTC-3 data has been shown
to be consistent with the GR prediction, i.e. no birefringence, pro-
viding bounds on the opacity parameter k, quantifying the amount of
birefringence, and translated to constraints on Chern-Simons gravity
[548]. Note that while these constraints already experienced a signif-
icant enhancement compared to pervious results using GWTC-2 data
[549], they are expected to further improve with third-generation de-
tectors [550]. Different sources and probes of amplitude birefringence
have been discussed in the literature [551-554]. Concerning velocity
birefringence, it has been found to be highly degenerate with the ori-
entation angle of the binary’s angular momentum ¢/, hindering its ca-
pability of being constrained by current data [555, 556], and meaning
that such effect requires multimessenger GW events to be constrained,
where the orientation angle can be obtained from the electromagnetic
counterpart [557].

Note that there exist other types of GW modified phenomenology not cap-
tured by the above points, specially for non-ST theories. For instance, the
source term S(hp,tp) captures the potential interaction between standard
metric perturbations with other tensor-like fields t,,. These fields naturally
originate in bimetric theories, e.g. dRGT massive bigravity, but can also be
sourced by tensor-like arrangements of vector fields in multi-proca theo-
ries, and even in ST theories, provided the background is inhomogeneous
[504]. These ‘GW interactions’ can induce exchanges of energy and momen-
tum between the tensor fields, and result in copies of the original GW signal
(potentially arriving at different times, i.e. GW echoes), which can manifest
time-dependent oscillations in their observed amplitude, phase and non-
zero birefringence factors [555].

Looking forward, it will be important to model and probe these effects si-
multaneously due to different degeneracies between them.

3.4 Hairy black holes

In GR, no-hair theorems ensure that black holes are fully described by their
mass, spin and charge, as we have seen in Section 2.2.2. However, in some
ST theories such theorems can be evaded, resulting in black holes with extra
structure, extra hair. Hairy black hole solutions in ST theories can broadly
be divided in two categories, depending on whether the scalar is static or
contains a linear time-dependence, each violating no-hair theorems in dif-
ferent ways. In the context of shift-symmetric theories (¢ — ¢ + ¢), [558]
proved that black holes cannot support non-trivial scalar profiles if the fol-
lowing assumptions apply >°
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34: In practice, the transformation from
linear to circular basis is given by

1 i
hy = ﬁ(hL +hg);  he= ﬁ(hL — hg).

(3.47)

[546]: Zhao et al. (2020), “Waveform of
gravitational waves in the general parity-
violating gravities”

[547]: Jenks et al. (2023), “Parametrized par-
ity violation in gravitational wave propaga-
tion”

[548]: Ng et al. (2023), “Constraining grav-
itational wave amplitude birefringence
with GWTC-3”

[555]: Ezquiaga et al. (2021), “Gravitational
wave propagation beyond general relativ-

ity: waveform distortions and echoes”

[558]: Hui et al. (2013), “No-Hair Theorem
for the Galileon”

35: Anice summary of the theorem and its
consequences is provided in [559, 560], in-
cluding an itemised list like this one.
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[118]: Sotiriou et al. (2014), “Black hole hair
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[561]: Sotiriou et al. (2014), “Black hole hair
in generalized scalar-tensor gravity: An
explicit example”

[562]: Babichev et al. (2017), “Asymptoti-
cally flat black holes in Horndeski theory
and beyond”

[562]: Babichev et al. (2017), “Asymptoti-
cally flat black holes in Horndeski theory
and beyond”

[563]: Saravani et al. (2019), “Classifica-
tion of shift-symmetric Horndeski theo-
ries and hairy black holes”

[564]: Barreira et al. (2013), “Parameter
space in Galileon gravity models”

1. The spacetime is spherically symmetric, static and asymptotically flat,

2. The scalar field is static ¢(r) and has a vanishing derivative ¢’ at infin-
ity,

3. The norm of the current associated with the shift-symmetry is finite
down to the horizon,

4. The action contains a canonical kinetic term X C G,,

5. All Gi(X) functions are analytical at X = 0.

In Chapter 4, where we describe the work in [1], we investigate black holes
with parametrised radial hairy deviations. In that case, since the family of
theories studied includes all Horndeski (including its non-shift-symmetric
branch), hair does not arise as a result of a direct violation of a specific as-
sumption. Conversely, in Chapters 5 and 6, respectively covering the work in
[2] and [3], the studied hairy black hole solutions directly violate assumption
2 by dealing with time-dependent scalars. In addition, the specific solution
studied in 5 (i.e. [2]) also violates assumptions 4 and 5.

3.4.1 Static scalar

We begin by considering solutions where the metric and the scalar are both
static and spherically symmetric

1
ds® = —B(r)di? + —dr? + dQ?
s () B0 r ,

$ = ¢(r).

(3.48)

Arguably the most common and minimal setup to achieve such kind of radial
scalar hair is via a linear coupling to the Gauss-Bonnet invariant [118, 561],
given by the choices

G, =nX, Gy =1¢,

Gs = aln|X], (3.49)
where 7, { and @ are constants and the other G;s are set to zero. The G5 term
is indeed equivalent to the linear coupling & 2 a¢&, where & is the Gauss-
Bonnet invariant [391]. This configuration in particular violates assumptions

3 and 4 above.

There exist, however, more general ways of breaking assumptions in no-hair
theorems and thus constructing hairy solutions of this kind. [562] showed
that including at least one of the following

G, 2 VX, G; 2 In|X], Gy 2 VX, Gs 2 In|X|, (3.50)
to an overall shift-symmetric action is sufficient to potentially enact a radial-
dependent scalar profile. These additional operators are in principle of no-
table interest as, unlike in the scalar Gauss-Bonnet case, they result in a
current with a finite norm at the horizon [562]. They do, however, come
with potential issues, as it was shown that operators of the type (3.50) other
than the Gauss-Bonnet coupling lack a Lorentz invariant (X = 0) solution
in Minkowski spacetime [563]. If such solutions are desired, this require-
ment can therefore be used to eliminate all solutions in (3.50), except for
the scalar-Gauss-Bonnet solution. Having said this, note that the Lorentz-
invariant X = 0 vacuum is also not a stable solution in Galileon cosmologies

consistent with CMB constraints [564], so the absence of a healthy X = 0



solution need not imply the absence of relevant solutions in settings where
Lorentz invariance is (already) spontaneously broken.

3.4.2 Time-dependent scalar

Let us now turn our attention to linearly time-dependent scalars, which di-
rectly violate assumption 2 and therefore require in principle no additional
violations to generate hair. These solutions are given by

1
2 _ _B 2 2 QZ
ds (r)dt® + B(r)dr +dQ2,

¢ =qt +y(r),

(3.51)

where q is a (dimensionful) constant. Table 5.1 in Chapter 5 provides a com-
prehensive summary of the discussion presented here.

Existence of solutions

This class of solutions were firstly found in [565] for the theory given by

Gy = —2A + 21X, Gy =+ pX, (3.52)
with #, { and f being constants. The -term introduces a non-minimal cou-
pling of the scalar field to the Einstein tensor (i.e. fG*"¢,¢,)*® which has
been referred to as the ‘John term’ in [394] and plays an essential role in
driving expansion. This result was then generalised in [566] to the shift-
symmetric (p — ¢ + ¢) and reflection-symmetric (p — —¢@) Horndeski sub-
set, of which (3.52) is an example.®” In particular, it is the shift symmetry of
the scalar which allows it to posses a linear time-dependence while keeping
the background metric static, as the background equations of motion will

only depend on derivatives of ¢ [567].

As a specific case of (3.50), [562] considered the theory given by

G, = nX, Gy =0+ pVX (3.54)
and extended the construction of hairy black holes to the time-dependent

background. The metric solution in this case was found to be non-stealth.

It was also investigated in [568, 569] whether these time-dependent back-
grounds could also be solutions of Horndeski theories incorporating G3 such
as the Cubic galileon, given by

Gz = —2A§ + 217X, G3 = —ZYX

Gy =¢. (3.55)

This choice breaks the reflection symmetry of the previously studied the-
ories but keeps the shift symmetry. However, no exact stealth black holes
solutions of the form of (3.51) were found. Instead, some approximated an-
alytical expressions were given for different asymptotics, which we will not
discuss here.

Abreaking of shift-symmetry was also studied in [570], finding that solutions
of the form (3.51) cannot exist there. This is no longer true, however, in be-
yond Horndeski theories, where such background configurations were found
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[565]: Babichev et al. (2014), “Dressing
a black hole with a time-dependent
Galileon”

36: To check this, note that the f-term
contributes to G;x = f. One can then use
the Ricci identity of commuting covariant
derivatives alongside integration by parts
to show that

Gix [([@9)? = ¢4, | = BRM$,6,. (3.53)

Combining this with G4R 3 —ﬁ%g’”Rzﬁ“qﬁv
gives us the coupling to the Einstein ten-
SOT.

[394]: Charmousis et al. (2012), “General
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37: Other non-stealth black hole solutions
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to be solutions of shift-symmetric [571, 572] and shift-symmetry breaking
quadratic DHOST [573].

Stability

Despite being exact solutions to a considerably large class of scalar-tensor
theories, backgrounds of the form of (3.51) were quickly shown to be prone to
instability issues. Odd parity perturbations were initially argued in [574] to
possess either ghost or gradient instabilities close to the black hole horizon.
It was later pointed out in [575] that this statement, made on the unbound-
edness of the Hamiltonian density, was coordinate-dependent and therefore
not a good stability criterion, which should be independent of coordinates.
In fact, it was shown there that stability could be attained in some time slic-
ings for odd parity modes and even parity modes with £ = 0. The assumption
of reflection symmetry was dropped from the stability analysis in [576], thus
including also the non-stealth solutions found in [569], and it was found
that odd parity perturbations could be stable in some subclasses of shift-
symmetric Horndeski. This analysis was then extended to the shift- and
reflection-symmetric subclass of DHOST theories in [577], showing that odd
parity perturbations there are stable and propagate with the same effective
potential as in GR, i.e. the Regge-Wheeler potential.

However, higher-£ even modes for the same stealth solutions in DHOST were
then investigated in [578], finding that they were unfortunately plagued with
instability or strong coupling issues. In particular, it was found that even
modes coming from scalar perturbations were always everywhere unstable
(c.f. to just close to the horizon in [574]). This result was later confirmed in
[579], which also found even gravitational modes to suffer from instabilities
or be strongly coupled. This then leaves us with no known well-behaved ex-
act stealth black hole solutions with a linearly time-dependent scalar. Being
X = const a key requirement for the results of [578] to hold, the possibility
of stable non-constant X solutions was investigated in [2], where odd parity
perturbations were shown to be stable for some region of parameter space,
and deviations in the QNM spectrum were computed.

In the context of non-exact stealth black hole solutions, [580] looked at static
solutions with a non-constant X and their stability against odd parity per-
turbations, finding that some configurations can be stable. When including
time-dependence, however, no stable configuration was found.

3.5 Black hole perturbation theory in
scalar-tensor gravity

Before entering the Investigations part of this thesis, it is instructive to study
a simple example of black hole perturbations in ST theories. This will enable
us to introduce some key features of such computations. With this aim, let
us consider the following perturbations on the metric and scalar fields

¢ = gy + 5¢. (3.56)

8w = gyv + h/,w»
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Here, we separate the quantities into the background {g,,, ¢} and perturba-
tions {hw, S¢} as shown in Table 3.2, where it is also highlighted that scalar
perturbations are purely of even parity.

Perturbations
Field Back d
ie ackgroun 0dd  Even
Metric B hzfd,d hoy ™
Scalar &0 X S¢

Henceforth, by background solution we will mean the set {g,w, ¢o}. ST theories
thereby expand the range of possibilities for studying black hole perturba-
tions: one must specify not only a background metric, such as those listed
in Table 2.1, but also a scalar background configuration. Moreover, the back-
ground metric in ST theories can itself differ from the GR solutions shown
in Table 2.1. As for the scalar background, the range of alternatives is some-
what more constrained. The simplest option—-which we will explore in this
section-is a constant scalar field, ¢y = constant. As we will see, this choice
significantly simplifies the perturbation analysis, to the extent that the dy-
namics of metric perturbations closely resemble those in GR. As discussed
in Section 3.4, more general scalar profiles, such as spacelike X, < 0 or time-
like Xy > 0, can lead to much richer phenomenology, and will be studied in
the following chapters. However, as previously mentioned, these more gen-
eral cases can sometimes lead to overly unconstrained dynamics, resulting
in fully unstable and hence unphysical solutions.

3.5.1 Schwarzschild black hole with a constant scalar field in
Horndeski

Let us here investigate the black hole perturbations in Horndeski gravity—
with the action (3.19)-where the background solution is given by a stealth
Schwarzschild GR metric with a constant scalar field, ¢, = constant, meaning
that the kinetic term evaluated on the background is X, = 0.® Within this
simplified set up, the metric and scalar equations of motion become

1
G4Guv - Egquz =0, quf) + RG4¢ =0, (3.57)
where the G-functions are evaluated in the background.3® We see that in this
setting, only G, and G4 contribute to the equations of motion and, in the GR
limit, this clearly recovers EFEs. Choosing to work with a stealth Ricci-flat
metric (such as Schwarzschild), where Ry, = R = 0 on the background, the
equations of motion give us the following constraint equations
Gy =Gy = 0. (3.59)
Perturbing the action to quadratic order in perturbations, i.e. up to two
powers of the perturbative fields {huv, 8¢} appearing together, we initially
find a quadratic Lagrangian given by

Table 3.2: Background and perturbation
quantities for black hole perturbations in
scalar-tensor theories.

38: Note that these are sometimes re-
ferred to as ‘bald’ black holes, as opposed
to hairy ones.

39: Note that we should in principle differ-
entiate when quantities are evaluated on
the background, as e.g. in this case

G, = Gy(¢y = const, X, =0).  (3.58)

The same applies for g, and R. However,
to avoid cluttered notation, we will take
this as understood and not include over-
bars.
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83(2)
V=8

=G, (h? - 2h,, ")

+ 2G| 2Ry, (204l — hY) — R (h,,vh/” - %hz) + V(TR = 20,17 + Vghy (20 OF = 97 RH)|
+ 4Gy + RGupg)8* — 4GV, S$VF¢ — 8GasdpTIS$ + 8GsyGM 5§V 7,66

+ 4G4X[2(D5¢)2 — 2V, V, 8TV ¢ - Rvy&ﬁvﬂ&p]

+ 4Gyhd$ — 463[(v,,h — 2V, HIVHE — 2V, 7,68 + hD&;S] + 8G(V, Vb — Oh — G, h™)5¢

1
+ 4Gs[ Ry (WVHV'S + HVTIS) + R (hwv,,vvw - EhD&q&) + Gy (VR = 29" hFOY 15 — 4RHTV, V" 5)

+ (Oh — vV, ") 08¢ + (2V,V,h7 — V,V,h — Oh) vﬂvvags]. (3.60)

However, we expect many of these terms to cancel out under closer inspec-
tion, as we have seen that only G, and G, appear in the equations of motion.
The perturbed field equations to linear order should be indistinguishable
independently of how they are derived. As we have seen exemplified in Sec-
tion 2.4.1, one can perturb the background equations of motion to first order,
or equivalently obtain directly the perturbed equations of motion from the
quadratic action. The equivalence between the two methods tells us that we
should expect many of the terms in (3.60) to vanish. In fact, by restricting to
Ricci-flat metrics, we can employ the constraints (3.59) on the action above,

40: Note that Gy = 0 does not imply thus eliminating the first line and the first term in the fifth line.*° In a sim-
Gygp = 0, as is exemplified by the function

) ilar vein, restricting at this point to a Ricci-flat background means we can
Gy = ¢ — 9%
2

substitute G, = Ry, = R = 0 back in the quadratic Lagrangian, consider-
ably reducing the terms appearing in it.

Let us now look at the G5 term, which can be shown to vanish up to integra-
tion by parts.

Gs|(V,sh = 29, )98 — 219,766 + hOI5g |

:G3[—M+W—W+W] =0, (3.61)

Integration by parts

In order to simplify a quadratic action, integration by parts is widely
used as a technique to move derivatives around between fields to rewrite
different terms in the same form and eliminate total derivative terms.
Integration by parts directly follows from the product rule (or Leibniz
rule) for derivatives. I covariant form, for any two generic fields A and B
one can express this rule as

V,.(AB)=V,A-B+ A-V,B. (3.62)

Let us see how integration by parts is actually implemented for one of
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the terms in the quadratic action (3.60)
- J d4xJTgG3¢5¢D5¢ =— J d4xJTgG3¢5¢VuV”6¢

- J d4x\/Tg[G3¢Vp5¢V”5¢ + VG385 ~ WWZ]
= J d'x[=gGs4V ,0VH 5. (3.63)

The term V,Gsg4 cancels due to the constant field nature of our back-
ground, i.e.

VﬂGg¢ = G3¢¢¢ll + G3¢X¢V¢V’u =0. (3.64)

This applies to all G-functions in the quadratic Lagrangian. The last
term V, (G3¢5¢V”5¢) cancels because it is a total derivative, which can
be rewritten as a boundary integral using Gauss’s theorem (also known
as the divergence theorem). Employing the principle of least action, we
vary the fields and can discard boundary terms assuming that the fields
and their variations vanish at the boundary.

Looking now at the G4x term, we see that using a combination of integration
by parts and the Ricci identity, we can rewrite one of its terms as

~2Gyx YV, 8IS = 2G4x VIV 7, 8¢V" 8¢
= 2Gyx YV, VHSpV" 8¢
= 2G4X[VVVuV”5¢VV5¢ + vaﬂfs(pvv(s(ﬁ]
= G4X[ — 2V, VHEGV, V'S + 2G,, VHEGV 5 + Rvu5¢vﬂ5¢], (3.65)

meaning the whole G4 x term can be rewritten as

G4X[2(D5¢)2 — 2V, V, 8TV S - RVySQSV”SQS] = 2G4x G, VHS$V' 5,
(3.66)

and therefore it is shown to vanish for Ricci-flat backgrounds.

Ricci and Bianchi identities

The Ricci identities express how covariant derivatives fail to commute
due to the curvature of spacetime. Starting with a generic scalar field,
covariant derivatives are known to commute as

[V, VA=V, V,A-V,V,A=0. (3.67)

In our context, this is equivalent to the symmetry ¢, = ¢,,, or equiva-
lently ¢y,,] = 0. For a vector (and co-vector) field, we instead have the

Ricci identity

[V, V,JA% = RZ,, A°, [V, 9,145 = —RY, A, (3.68)
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More generally, the Ricci identity can be written for any tensor as

... DA 400 LD A0
(Vi WIAT 5 g =R A g g+ Row AT g g

Yol .04 Yol a...00

1 1Y o..fs v 10

(3.69)

Bianchi identities express symmetries of the Riemann tensor. The first
identity is an algebraic relation relating permutations in the indices

R o1 = Riwvo + Riou + Ry = 0. (3:70)

The second Bianchi identity also relates different index permutations,
now in a differential way

0 _ P P P

Contracting the second identity leads to the conservation of the Einstein
tensor V/G,, = 0.

Let us now move to the more cumbersome Gy term. After restricting to Ricci-
flat backgrounds we simply need to inspect the last line in (3.60). Again, in-
tegrating by parts multiple times we can move all the derivatives away from
the scalar perturbation, and implementing the Ricci and Bianchi identities
we get (now skipping more intermediate steps)

G5[ (Oh - v,v,h") 08 + (2V,9,h7 — V,7,h — Oh) vﬂvv(sqs]

= G5vﬂ5¢[v0vvvuhw’ — VOV B = 2VP Ry Y — Rﬂmpvﬂhw]

= GsO| — VAV, T, 7 + VEV VT, Y, + 29H(P Ry ph®) + V(R VPR |
= GsS¢| = VHV,9, 9,8 + VEV VOV, B + 2VA(Y, Ry — Uy Ry B
+ (VgRyy = Vy Ry VIR + Rmpvﬁvphm]. (3.72)

Now we can employ Ricci and Bianchi identities to rewrite the second term
in the last line as
VAV, VO, B, = VA,V B
P
+ ORpy b — 2VO VR o hl) + 2V, Ry, VO hPY — 3V, R, VO hPY

+ Rypoy VOVIRPY = V7 Ry VR hjy — Ryp VO VP H. (3.73)

Hence, we see that the two first terms in the last equality line in (3.72) can be
made to cancel out up to some Ricci-flat vanishing terms. Putting together
everything, after a few more manipulations one can show that

Gs| (Oh = v, 1) 086 + (2959,h¢ - V,9,h — Oh) 9769
- —GS[DRWh/” +V,Gye VR + R,,Vvvafhﬁ], (3.74)
which vanishes for Ricci-flat backgrounds.

Finally, looking now at the Gsy term, it cannot be made to vanish by any
of the techniques used above. However, it can instead be absorbed into the
other G-functions, due to the fact that the quadratic Lagrangian contains
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no Gsx-explicit terms. In order to show this, let us begin by assuming Gs
has no X dependence (i.e. G = G5(¢)). Then,*

Zs

Gs()Gu ¢ = —VHGs($)G i’ = ~Gsg($)GudH'e’
—XGs4(P)R — Gsg (PR, pH'$"

—XGss()R — Gsg( @) (¥ — ¢" vir)

~XGs5($)R — Gy [(O9)? — 3¢y | + 2X sy + Gsgsh ¢’

~XGsp($)R — Gsy [(O)* — Py | + 3XGsppp — 2X2 G5
(3.75)

where we have used the conservation of the Einstein tensor, i.e. V“GW =0
and the Ricci identity. Now, redefining the original G; functions as

éz = GZ - 2X2G5¢¢¢, G~3 = G3 + 3XG5¢¢, é4 = G4 - XG5¢, (3.76)

the full &5 Lagrangian with G5 = G5(¢) is reabsorbed into %, %5 and Z,.
In practice, this means that the G5¢ term in (3.60) is redundant, and hence
can be reabsorbed into the other terms.

This all leaves us with the covariant quadratic Lagrangian
8.57(2)
N

:G4[Vyh(vf’h — 2V, W) + Vyh, (27 ROH — v"hﬂv)]

+ 2Gp400% + 4 (2Gsy — Gox ) V,5¢VH5

+ 4Gy (V, VB — Th)6. (3.77)
This reproduces the result in Equation (9) in [213], with the exception of a
non-vanishing G4y term there, which was later acknowledged by tha au-
thors to be vanishing [454]. We see that the quadratic Lagrangians for the
metric and scalar perturbations look quite straightforward, with the excep-
tion of the kinetic mixing between them given by the G44 term. By applying
a transformation to the metric perturbation, it can be uncoupled from the
scalar perturbation. In practice, we transform

v v G4¢ v
R — hH — — gl 5, (3.78)
Gy
which results in the quadratic Lagrangian
8.7(2)
=G|V, (T = 29,17 + Vg hy (27 RH = 7 1) |
+Cs¢(a — p?)d, (3.79)
where*?
) C=Gyx —2G +3G—i’S (3.82)
= C =Gyx 3¢ G . .

Now the equation of motion for the scalar results in a Klein-Gordon equation
with a mass term, which, as shown in detail in Subsection 27, can be writen
in component form as

e+1) 2M

2
r_2+r—3+,u), (3.83)

dZ
[_+(w€2m_vs)]‘/’zos Vs:f<

dr

41: Note that here we are dealing with
the full scalar ¢, not only its background,
hence ¢ # 0. Recall that §, = 0 = X,.

42: We will obviate the tildes in the G-
functions for simplicity.

[213]: Tattersall et al. (2018), “Quasinormal
modes of black holes in Horndeski gravity”

[454]: Tattersall et al. (2019), “Forecasts for
Low Spin Black Hole Spectroscopy in Horn
deski Gravity”

43: Note that this expression can be sim-
plified without loss of generality by remov-
ing the redundant Gy term. Separating
the X-dependence, we can write

P = =Gy($)0¢ — Gs(¢, X)0g,

assuming a Taylor expansion of X in posi-
tive powers is possible (i.e. no ~ EX terms).
Evaluated on the background then we have
63(¢,X) = 0, and the remaining term in
%5 can be absorbed into %, in a similar
way as was done for Gsy. This entails that
the effective mass term can be generally
written as

(3.80)

p=—2_ s
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where ¢ is defined in (2.61).

Hence, we see that for this simplified setting with a constant background
scalar field in a Schwarzschild black hole, Horndeski gravity boils down to
an additional parameter governing black hole perturbations, namely the ef-
fective mass term for the scalar ,uz. This was first studied in [213, 454], where
QNMs were calculated and forecasted constraints derived on p. However,
as previously mentioned, it was initially thought that another parameter,
named T in [213], sourced by the G4x term, also played a role. Here we have
provided a detailed exposition of why that is not the case, and shown p to be
the only non-trivial beyond-GR parameter.
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Speed of gravity

Ka-chow!

Lightning McQueen

Chapter summary

In this Chapter we investigate how the speed of gravitational waves, cgy,
can be tested by upcoming black hole ringdown observations. We do so
in the context of hairy black hole solutions, where the hair is associated
with a new scalar degree of freedom, forecasting that LISA and Tian-
Qin will be able to constrain deviations of cgy from the speed of light
at the O(1072) level from a single supermassive black hole merger. We
collect and discuss the relevant results from black hole perturbation the-
ory in Section (§4.2, both for ‘bald’ and ‘hairy’ black hole solutions. We
extract the observable quasinormal spectrum from the relevant solutions
in Section (§4.3), discussing issues related to the parametrisation of ar
in the process. Parametrised constraints are then presented in Section
(§4.4), where we analytically compute the precision with which upcoming
ringdown observations will be able to probe o7 for a generic observation.
We discuss correlations between different constrainable parameters and
how constraints depend on the underlying interactions. Forecasted con-
straints for a range of specific missions and experiments are then dis-
cussed in Section (§4.5). Finally, we will summarise conclusions in Sec-
tion (§6.6).

This Chapter is based on the findings in [1], and all calculations shown
here are reproducible in the companion Mathematica notebook [4].

4.1 Introduction

Measuring the speed of gravitational waves, cgy, places strong constraints
on the ‘medium’ gravitational waves are propagating through and hence on
the particle content of the Universe. In the strong gravity regime, binary
compact object mergers — e.g. binary black hole (BBH) or binary neutron
star (BNS) mergers — are one of the cleanest probes of this particle content.
Here interactions associated with novel particles can leave an imprint in the
inspiral, merger and ringdown phases. These systems can therefore act as a
particle detector, identifying or constraining the new physics that would be
a consequence of such particles and associated ‘fifth forces’.

One of the smoking gun signals for the presence of such new physics is a cgyw
different from the speed of light, and indeed it has been shown that binary
compact object mergers can place powerful constraints on cgy [538, 581
584] and hence on the presence and potential dynamics of new degrees of
freedom - see e.g. [395, 541-543, 585-598] and references therein. These pre-
vious constraints on cgy from binary compact object mergers have mostly fo-
cused on propagation effects (see e.g. [541-543, 585] and references therein)
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or emission effects during the inspiral phase of such systems (see e.g. [595]).

In this Chapter we instead investigate what bounds can be derived on cgy
from the ringdown phase alone. This phase is particularly amenable to be-
ing understood perturbatively and hence promises an especially clean an-
alytic understanding. While strong constraints on cgy exist, most notably
from the binary neutron star merger GW170817, it is important to keep in
mind that these are for frequencies in the LIGO-Virgo-KAGRA (LVK) band,
i.e. ~ 20 — 2000 Hz [538, 581-584]. Expressed as an energy scale, this corre-

1410712 ev. This range of values is important, because dark

spondsto~ 10~
energy-related physics is one of the primary targets that can be constrained
with measurements of cgy and dark energy theories that do affect cgy gener-
ically come with a cutoff around O(10%) Hz [545]. This means that, for such
theories, as one approaches the cutoff (close to the LVK band), a high en-
ergy completion of the theory ought to take over. This has been described in
more detail in Figure 3.2. In short, one can expect luminality to be restored,
ie. cgw = ¢, at high energies if the high energy completion permits Lorentz
invariant solutions. In that case, GW170817 would be understood as a confir-
mation of such aspect of the high energy completion.! Hence, it is natural to
expect a frequency-dependent transition back to cgw = ¢ upon approaching
the LVK band for theories that modify cgy at cosmological scales. As such,
probing cgw at lower frequencies where it is allowed to deviate from lumi-
nality (both theoretically and observationally) constitutes a much cleaner
probe of cgy in such dark energy related theories. This will be realised by
third-generation detectors such as LISA [189] and TianQin [198], with fre-
quencies in the ~ 107* — 107! Hz band (and the corresponding energies
~ 10719 — 10710 ev).

Existing and upcoming constraints on cgy: Existing constraints on cgw
from lower frequencies, i.e. frequencies below the LVK band, are compara-
tively weak, so it is particularly interesting to forecast constraints from and
for LISA. Here, it is worth emphasising that a frequency-dependent cgyy, SO
e.g. different speeds in the LVK and LISA bands, is a generic consequence
of the afore-mentioned dark energy theories - see [545, 600, 601] for more
detailed discussions on this point. The existing relevant constraints closest
to (in fact, just below) the LISA band are from binary pulsars, in particular
from the Hulse-Taylor binary, and place a bound of || < O(1072) for fre-
quencies f ~ 107> Hz [595]. Here we have conveniently expressed bounds
on cgy in terms of the dimensionless o parameter

ar = (ckw — )/, (4.1)

which we will use throughout this Chapter. Bounds from even lower frequen-
cies f ~ 10718 — 107! Hz come from the cosmic microwave background
and large scale structure measurements (see [534, 602-626] and references
therein) and require |ar| < O(1). Finally there are already a number of cqy-
related forecasts for upcoming measurements in the LISA band:

1) [627] forecasted that a multi-messenger observation in the LISA band
using observations of an eclipsing white-dwarf binary will be able to
constrain |ap| < 107'2 (in the event of a non-detection of any ap-
related effect).

2) For the case when there is a significant frequency-dependence for cqy
already within the LISA band, [600] used redshift-induced frequency
dependence imprinted on waveforms to be observed in the LISA band



(i.e. without the need for an optical counterpart) to forecast a con-

straint of |ep| < 1074,
3) Also for frequency-dependent cgy within the LISA band, [601] fore-
casted that a bound |erp| < 107! can be placed by using the fact that
waveforms to be observed by LISA will be squeezed/stretched/scram-
bled due to the different speeds with which different frequencies will
propagate (for frequency-dependent cgy and again without the need
for an optical counterpart).
Finally, if there is no detectable frequency-dependence in both the
LISA or LVK bands individually, but a transition in between, [601, 628]
showed that multiband observations using systems such as GW150914
— that are first observable in the LISA band and later enter the LVK
band [629] — will constrain |ap| < 107" (again in the event of a non-

~
=

detection).?

Looking forward to upcoming LISA observations, this leaves us with the fol-
lowing situation when looking for the strongest possible upcoming bounds.
If there is any significant frequency-dependence in the LISA band, a strong
lor| < 10717 bound will very quickly be established once a single sufficiently
loud SMBH (super massive black hole) merger has been observed. No opti-
cal counterpart or multi-band observation is required for this. If no such
frequency-dependence is present, multi-messenger events and multi-band
observations will eventually place bounds at the 10712 level and 10~ level,
respectively.> Here we will show that additional bounds at the 1072 level can
be derived from the ringdown phase of an observed SMBH merger. These
bounds are more model-dependent (we will detail how below), but will effec-
tively be obtainable as soon as LISA goes online (given an expected O(10 —
100) observable SMBH mergers per year [190-196] ). In the LISA context,
these bounds are therefore most relevant in the event that no significant
frequency-dependence is detectable within the LISA band itself, e.g. when
cgw quickly asymptotes to a constant value for high and low frequencies and
its frequency-dependence and transition between those asymptotes is effec-
tively localised to a narrow band between the frequencies accessible by LISA
and LVK. We will further discuss this setup — as pointed out above, this is
the same basic setup as explored in [601, 628] in the context of multi-band
observations — below, as well as how our analysis is affected when frequency-
dependence leaks into the frequency band under investigation. As we will
show, the ringdown bounds on cgyw discussed here are also eventually ex-
pected to tighten by up to two orders of magnitude when stacking obser-
vations of multiple events. We will also highlight that such bounds are not
just a complementary and independent constraint on cgy, but the fact that
they are derived for a different background space-time compared with con-
straints from gravitational wave propagation (black hole vs. cosmological
space-times) also allows us to extract novel insights about the underlying
physics.

Scalar-tensor theories: We will focus on theories where the fiducial new
physics is minimal in the sense that it is described by a single scalar de-
gree of freedom ¢, so that we are dealing with a scalar-tensor theory. The
most general such theory which results in second-order equations of mo-
tion is commonly known as Horndeski scalar-tensor theory [355, 356]. This
has been introduced within the broad context of scalar-tensor theories in
Section 3.2.5. Its action is first stated in (3.19), but we repeat it here for con-
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[601]: Harry et al. (2022), “Probing the
speed of gravity with LVK, LISA, and joint
observations”

[628]: Baker et al. (2022), “Testing gravita-
tional wave propagation with multiband
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[629]: Sesana (2016), “Prospects for Multi-
band Gravitational-Wave Astronomy after
GW150914”

2: Several of the forecasted constraints
listed here were computed considering
single waveforms. For upcoming future de-
tectors signal overlap will likely be a regu-
lar occurrence, so understanding to what
extent this impacts the above bounds will
be an interesting issue to explore going
forward.

3: Note that the galactic eclipsing white
dwarf binary considered in [627] is a
known system which is expected to be
clearly observable in LISA, whereas de-
tection rates for multi-messenger events
more akin to GW170817 (i.e. compact object
mergers with a clearly identifiable opti-
cal counterpart that pinpoints the merger
itself) are highly uncertain [630]. Multi-
band observations as discussed in [601,
628, 629] will take several years to con-
strain cgy, given the signal has to ‘migrate’
from the LISA to the LVK frequency band
for the constraint to arise.

[355]: Horndeski (1974), “Second-order
scalar-tensor field equations in a four-
dimensional space”

[356]: Deffayet et al. (2011),
k-essence to generalised Galileons”
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venience:
S= J d4x\/Tg[G2 + G0 + G4R + Gyx [(O9)? — 9 | +
1
GsGun " — ~Gsx [(O9)° = 36" 3,009 + 20, 5] | (42)

Recall that we have employed the shorthands ¢, = V¢ and ¢, = V,V,,¢,

and the G; are free functions of ¢ and X, where X = —%(ﬁurﬁﬂ. G;x denotes
the partial derivative of G; with respect to X.

Most relevant for our purposes will be the (X-dependent parts of the) G4
interactions and the Gs interactions, since (as we will discuss below) these
are the only interactions affecting ar. Also note that, for simplicity, we will
often focus on the case where G, is ¢-independent, so that Gy4 = 0 (where
Gjy denotes the partial derivative of G; with respect to ¢) — we will discuss
in more detail what this assumption entails.

In a consistent effective field theory (EFT), the functions G; typically incor-
porate specific energy scales—often denoted A —which are associated with
irrelevant operators and, in particular, with the number of derivatives act-
ing on the scalar field or metric. These scales implicitly suppress the higher-
dimensional operators in the action. For instance, A, is typically associated
with the G, function, which governs terms involving no derivatives of ¢ (such
as a scalar potential) or up to two derivatives (like a canonical kinetic term).
Similarly, A5 is related to the G; function, suppressing terms that are effec-
tively quadratic in derivatives of ¢ through the [J¢ term. The lowest of these
energy scales fundamentally signifies the intrinsic energy threshold where
the current EFT ceases to be a complete description of physics, i.e. the cut-
off. Below this scale, the theory provides a reliable description, but at or
above it, the full underlying theory would be required to accurately describe
phenomena. This is precisely analogous to the way in which GR is at most a
valid description of gravitational phenomena up to the Planck scale. In the
action (4.2), these fundamental energy scales are implicitly absorbed into the
definitions of the G; functions themselves, and are generally assumed to be
sufficiently high for the theory to remain valid within the frequency range
of interest for black hole ringdown. For the purposes of this Chapter, par-
ticularly when (4.2) is considered as a fiducial dark energy theory influenc-
ing cqw on cosmological scales, the relvant scales become A, ~ (MleO)l/2
and A3 ~ (Mle0)1/3. These values are required for the dark energy con-
tirbutions to the Friedmann equations to appear at the same order as the
standard ACDM terms. The lowest of these is A3, which then sets the cutoff
of the EFT. Converting its value to frequency units, the cutoff is expected to
be at or below O(10%) Hz. This energy scale marks the regime where new,
unknown physics would become relevant and the full theory would need to
be considered.

These observations have an important practical implication when comput-
ing BBH merger observables as we do here: cgw and hence ar derived from
(4.2) are in fact frequency-independent as a consequence of the structure
of (4.2) imposed by the requirement of 2nd order equations of motion. The
frequency-dependence of cqy alluded to above only enters as a consequence
of the unknown UV (high energy) completion of (4.2), in other words once
we are about to leave the regime of validity of (4.2). Throughout most of this
Chapter we will compute and analyse ringdown predictions derived from



4.2 Black hole perturbation theory

(4.2), so we are implicitly assuming that we are operating within a frequency-
window where I) (4.2) is firmly within its regime of validity, and hence II) cgw
is effectively frequency-independent within this window. Rigorously com-
puting analogous predictions in frequency-windows where there is signif-
icant frequency-dependence for cgyw would require incorporating at least
some of the effects of the UV completion and hence supplementing/replac-
ing (4.2) with the relevant interactions. We will point out the implications of
this assumption in more detail below as well as when one can extrapolate to
more general scenarios.

4.2 Black hole perturbation theory

Since the ringdown phase of BBH mergers can be well-described perturba-
tively, we first ought to discuss the relevant setup in black hole perturbation
theory. This has been introduced in detail in Section 2.4.1 but here we repeat
its main aspects relevant for this analysis. We will consider static and spher-
ically symmetric background solutions that are Ricci-flat (RIW = 0 = R) here,
in particular Schwarzschild spacetimes. We therefore write the background
metric g, as

1
ds® = Ewdx”dx" = —A()dt? + %dr2 + C(r)dQ?, (4.3)

where A, B, C are general functions of the radial coordinate r and dQ? is the
line element of the standard 2-sphere. We now consider metric perturba-
tions h around this background, where

8w = Euv +hyy. (4.4)

Around the static and spherically symmetric backgrounds considered here
such perturbations can be decomposed into odd and even parity perturba-
tions (under rotations), which decouple from one another at linear order (i.e.
they evolve independently from one another and can therefore be treated
separately). We will work to leading (linear) order in this Chapter, but note
that this decoupling does not hold at higher orders - see [278-280, 631-633]
for details on the behaviour of higher order modes. In this Chapter we will
exclusively focus on odd perturbations, which can be written as

0 0 0 hy
0 0 0 h |.

hﬁgd =l o o o o sin 09gYe, (4.5)
hg hy 0 0

where we have used the Regge-Wheeler gauge [201] and, since we assume
a static background metric, we have set m = 0 without loss of generality.
hy and h; are functions of (r,t), where the t-dependence will be taken to be
of the form e, Since perturbations of the scalar ¢ are even under parity
transformations and we focus on parity odd modes, we will therefore only
be concerned with metric perturbations. These perturbations are however
affected by the background solution they are propagating on, so odd metric
perturbations will nevertheless be sensitive to the new physics encoded by
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[115]: Hawking (1972), “Black holes in the
brans-dicke”

[116]: Sotiriou et al. (2012), “Black Holes in
Scalar-Tensor Gravity”

[117]: Hui et al. (2013), “No-Hair Theorem
for the Galileon”

[118]: Sotiriou et al. (2014), “Black hole hair
in generalized scalar-tensor gravity”

4: For scalar-tensor theories, it was first
shown that stationary black holes in min-
imally coupled Brans-Dicke theories con-
tain no hair [115], a result which was ex-
tended to a more general class of scalar-
tensor theories including self-interactions
of the scalar [116], to spherically symmet-
ric static black holes in Galilean-invariant
theories [117], and for slowly rotating black
holes in more general shift-symmetric
theories [118].

[213]: Tattersall et al. (2018), “Quasinormal
modes of black holes in Horndeski gravity”
[634]: Tattersall et al. (2019), “Forecasts for
Low Spin Black Hole Spectroscopy in Horn-
deski Gravity”

[635]: Motohashi et al. (2018), “General Rel-
ativity solutions in modified gravity”

[118]: Sotiriou et al. (2014), “Black hole hair
in generalized scalar-tensor gravity”
[561]: Sotiriou et al. (2014), “Black hole hair
in generalized scalar-tensor gravity: An
explicit example”

[391]: Kobayashi et al. (2011), “Generalized
G-inflation: Inflation with the most gen-
eral second-order field equations”

[455]: Tattersall (2020), “Quasi-Normal
Modes of Hairy Scalar Tensor Black Holes:
0dd Parity”

the (background solution of the) fiducial scalar degree of freedom we are
probing here.

4.2.1 Schwarzschild black holes without hair

No-hair theorems guaranteeing a trivial scalar field profile exist for a wide
range of scalar-tensor theories [115-118]. These theorems have been broadly
exposed in Section 15.4 A natural starting point are therefore Schwarzschild
spacetimes with a constant scalar field background profile 5 as e.g. investi-
gated by [213, 634, 635] and described in detail in Section 3.5

2M 1
—(1—7>dt2+@

¢ = constant. (4.6)

ds? dr® +dQ?,

Note that, when we mention the ‘background’ or ‘background solution’ go-
ing forward, we refer to both the metric and scalar background solutions, as
e.g. provided in (4.6). Around the background (4.6) odd metric perturbations
trivially behave just as in GR, since they are unaffected by the even sector
(where scalar perturbations do induce non-trivial effects) and also do not
feel any effects from the scalar background solution (since this is trivial in
the present no-hair setup). So in order to explore potentially observable
effects induced by the scalar, one ought to either investigate different back-
ground solutions or consider even perturbations. For detailed discussions of
the second option we refer to [212, 213, 634, 636—643] for work in the context
of Horndeski gravity, and to [212, 578, 644—648] for work in the context of
other theories (scalar-tensor or otherwise). However, here we will proceed
along the first route, considering the dynamics of odd perturbations around
different background solutions. We leave an investigation of how the speed
of gravity impacts quasi-normal modes in the even sector in the presence of
a non-trivial background solution (i.e. combining the two options discussed
above) for future work.

4.2.2 Hairy black holes: Background

If ¢ acquires a non-trivial background profile, this will provide a medium for
gravitational waves (i.e. here in particular hf,?,d) to travel through and hence
can affect cgy. Probing cgw therefore constitutes a powerful test for de-
partures from GR in such cases, as neatly illustrated in the aforementioned
cosmological context. Hairy black holes in scalar-tensor theories have been
discussed in detail in Section 3.4. For the black hole solutions we focus on
here, a well-known scalar-tensor theory example that can have scalar hair
are scalar-Gauss-Bonnet (sGB) theories [118, 561]. In the context of Horn-
deski theories,these are described by an action that (in addition to a standard
kinetic terms) contains a Gy interaction where G5 ~ In|X| [391]. However,
instead of focusing on a specific hairy solution, we will here follow the ap-
proach of [455] and parametrise the scalar-induced hair in a perturbative
fashion, but otherwise remain agnostic about the precise nature of the hair.
More specifically, we will consider a no-hair Schwarzschild black hole so-
lution at lowest order and introduce small hairy deviations away from this.

These can in principle manifest themselves both in the background solution
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for the metric as well as in the scalar profile, so [455] proposed the following
parametrised ansatz

2M
A(r) = B(r) =1— — + edA; + €254, + O(€?),
;
C(r) = (1 + €8Cy + €25C,)r* + 0(e3)
¢ = ¢+ e5py + €254, + O(e?). (4.7)

Here §A;, 8C;, 6¢; are functions of r and € is simply a useful order parame-
ter, since we will work perturbatively up to quadratic order in the (small)
hair ¢ — € has no physical meaning beyond this.> Note that we will de-
note quantities which are evaluated on the background (so h,,, is set to zero,

recall odd scalar perturbations vanish identically) with a bar, so 5 denotes
the scalar field as evaluated on the background. Quantities where in addi-
tion the small (background) scalar hair §¢; is set to zero are denoted by a
hat, so e.g. gz§ denotes the scalar field as evaluated on the background in the
absence of any non-trivial scalar hair. As a consequence we have X = 0,
while X here acquires non-zero contributions via the 8¢;. While (4.7) is a
very general parametrisation, for our purposes we will be able to work with
a highly simplified subset. We are interested in probing the effect of cqy (or
equivalently crr) on the ringdown phase. Since deviations from cgyw = ¢ (or
equivalently o = 0) arise due to a non-trivial scalar field profile acting as
a medium for gravitational waves passing through, it is unsurprising that
at lowest order in € any ar-dependent contribution only depends on §¢; in
(4.7) and not on §A4;, 8C;, or 8¢pp. We collect results showing this explicitly
in Equations (4.21) and (4.22), but here we will therefore proceed by working
with the much simpler parametrised ansatz

2M 1
—(1—T)dt2+@

$ + €. (4.8)

ds? ar® + r2dQ?,

¢

Recall that §¢ is a small deviation in the background solution 5 This will al-
low us to identify the leading order contributions imprinted by a non-zero
ar, so is ideally suited for our purposes. We will later discuss to what ex-
tent the constraints we will derive on o may be contaminated/weakened in
the presence of non-zero §A;, 5C;, but for now proceed with (4.8) as a proof
of principle. However, do note that our simplified ansatz is (partially) moti-
vated by sGB-like hair. There, when working perturbatively in a small sGB
coupling, at leading order only the scalar background acquires a non-trivial
contribution, while the metric remains Schwarzschild [118, 561],° i.e. we are
working with a so-called ‘stealth’ solution for the metric.

4.2.3 Hairy black holes: Quadratic action

In order to extract the ringdown signal we need to compute the behaviour of
(odd parity) perturbations on top of the background (4.8). Working out the
quadratically perturbed action, substituting the components of (5.36) as well
as our background solution (4.8), integrating over the angular coordinates
and performing several integrations by parts, we recover the action [649,
650]

5: It is worth emphasising an important
subtlety here. As mentioned above, since
we are focusing on the odd parity sector of
perturbations, there are no scalar pertur-
bations contributing in our setup. The §¢;
in (4.7) therefore describe small deviations
in the background solution for the scalar
away from a lowest order constant scalar
profile. There are therefore implicitly two
perturbative hierarchies at play here. Met-
ric perturbations hzﬂd and perturbations
in the background hair. We will work up to
linear order in h,, (at the level of the equa-
tions of motion) and up to quadratic order
in the hair.

6: This motivation is only ‘partial’ since 1)
it would correspond to setting §A; = 0 =
OC; in (4.7), but not 6 Ay, §C, and 2) because
the guiding principle here is not to explore
the consequences of any specific theory,
but rather to explore the consequences of
a non-trivial cgy on top of a parametrised
background ansatz.

[649]: Kobayashi et al. (2012), “Black hole
perturbation in the most general scalar-
tensor theory with second-order field
equations I: the odd-parity sector”

[650]: Ganguly et al. (2018), “Black hole sta-
bility under odd-parity perturbations in
Horndeski gravity”
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7: Expressions for €4p, which are ob-
tained by varying the action with respect
to A and B, are fully provided in [650].

8: In short, the one-field quadratic ac-
tion is obtained by introducing an auxil-
iary field g into (5.41) while leaving the dy-
namics invariant, varying with respect to
ho,1 to obtain hg; in terms of g, substitut-
ing them back into the action and finally
performing a field redefinition g(Q). This
is explicitly shown in the accompanying
notebook [4].

) ) 4.
S@ = J dtdr [51}1(2) +ayh? + as (hi + hif — 2hyhg + —hlho)]’ (4.9)
p

where a dot and a prime denote derivatives with respect to t and r, respec-
tively, and we have dropped an overall multiplicative factor of 27 /(2¢ + 1)
coming from angular integration. The expressions for the g; agree with
those found by [649, 650] and satisfy

\F% e-1)(€+z)g 2C
T Vi NV

z, = - E(€+1)F (e—1)(e+z)?+€B |
2C

fz(z + 1)

a =

5

_ 0(e+1) (.10)

where the g; are to be evaluated on the background (4.8) (to avoid clutter, bars
are implied, but not written explicitly, for all expressions on the right hand
side). €4 p are contributions that vanish on-shell,” and

1
F =2 <G4 + EBQ{),X,GSX - XG5¢> s

B
g =2 [G4 —2XGyx + X <7¢/G5X + G5¢,>] ,

B
H =2 [G4 — 2XG4X + X <—¢,G5X + G5¢):| . (4.11)
r

Note that, in our case of interest, i.e. a stealth Schwarzschild black hole, the
expressions above can be simplified by substituting in A = B and C = r.
The quadratic action (5.41) contains two fields (hg, h;), but describes only
one dynamical degree of freedom. [649, 650] show how the action can be
rewritten to make this manifest. To do so an auxiliary field q is defined and
then re-defined into a field Q, satisfying®

(rPasq)’ as NF
hy = —————, hi = =—q, = —0. 412
0 ria; — 2(ras) ! azq 1= Q («12)

Re-writing the quadratic action in terms of Q in tortoise coordinates r, (de-
fined as dr = Bdr,.), one then finds

0o+ 1) F do\*
S@O=_~ ~° Nagwar,|=0?-(=) -v()0?|, 4.13
at-ne+2)) T [ 79 "\, e 13)
where the potential is given by
@ 1)A F C? (ABC?\
= —+ _ | —
CxH 4C” c3

C2F? (ABF'?\ 2AF
_ — . 4.14
4F " \ C?2F3 Cx (6.14)

Using our background ansatz (4.8) (A = B, C = r?) to simplify this expression,
we can write the potential as

@r2e-naZ P B\ g (B
— (0 + S Y (D [ — 4.15
rPx 2 \rt 4F" \ rtF3 (415)
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4.2.4 Modified Regge-Wheeler equation

In order to obtain the analogue of the Regge-Wheeler equation, we now vary
the action with respect to the field Q and find

-—=——-VQ=0. (4.16)

We assume that the time dependence of Q is given by e ™, substitute %,
€, & and V for our background (4.8), and finally obtain the modified Regge-
Wheeler equation

d?Q

7

+|w0?(1 + €2ar) — B(Vgy + €28V) |0 =0, (4.17)

where o satisfies
Gyx =G5
_pX 5% 5¢"%.
Gy
Note that, given the background we are considering, ar naturally is a func-
tion of r as well as of the Schwarzschild mass M. In general there are further
contributions to o depending on Gsx, but these only enter at cubic order in

or = (4.18)

€ as can be deduced from (5.43), so do not contribute here.® Vg is the well-
known Regge-Wheeler potential in GR first introduced in Equation (2.58)'°

_H(e+1) oM
RW= "3~ 3> (4.19)
and &V is given by
P MQ@r—-5M) (+2)(t-1)
T 3 —2M) - r2
r—2M [ (5¢" 2 oYt r—5M &¢”
- - — 2

2r ( 5§ ) 5 | T TR oy (4:20)

While it has been re-arranged into a more concise form here, this as well
as the above expressions in this subsection agree with the corresponding
results given in [455], when specialised to our ansatz (4.8). Note that we have
implicitly assumed that Gyg = 0 = Gygy here, as would e.g. be the case
in shift-symmetric theories. We do this to isolate the effect of o on the
ringdown spectrum. Considering the full parametrised hair ansatz (4.7) [455],
the modified Regge-Wheeler equation becomes

d? (e+1) M
F + a)z (1 + EZQT(F)) — A(V)( ( rz ) — r—3 + €5Vl + 625V2):| Q =0,

(4.21)

where the potential perturbations are given by

9: This also implies that (4.18) can be
simplified further by integrating the con-
tributing Gs terms by parts in the origi-
nal theory, but as we will work with a gen-
eral ar here, this does not affect our sub-
sequent expressions.

10: Note that in (2.58), the metric function
B (named f there) is also included in the
definition, while here this is not the case.
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1
5V, = 2—2[45A1 — 28 A — 20t + 2)(t — 1)C; + 2(r — 3M)SC] — r(r — 2M)SCY’
r

- % (r (r = 2M) 867" — 2(r = 3059y | (4.22)
4

1
8V, = 4—2[85A2 — 4rd A% + 4(t + 2)(€ — 1) (8CZ — 8C,) + 3r(r — 2M)SC{? + 4(r — 3M)SCy — 2r(r — 2M)SCY’
r

+4r6A;6C] — 2r? (BALSC] + §A16CY") — 4(r — 3M)SC,8C]” + 2r(r — 2M)5C15C1”]

- %GG_‘T [—2(r — 3M)S§) + r (r6A15¢; — 5 A1 (2597 — régy”) + (r — 2M) (8¢5 — 5C15¢7))]
2
4—; (%) [3r(r — 2M)S¢(2 + 28, (r(r — 2M)SP;” — 2(r — 3M)5$]) |
4
- iz S [r(r = 2M)S$7% + 861 (r(r — 2M)S${’ — 2(r — 3M)5¢) |
2r G4
144 2
B O;T—(s)[ = SM+ Mr(r = 2M)™! = 2r(t +2)(¢ = 1) + r*(r = 2M) ( 7 )
+r(r(r—2M) 5;:, —2(r—5M)(z¢{,,>]. (4.23)
1 1

11: Recall that X refers to the kinetic term
X evaluated on the ‘Teference background’

of  (L.e. 54 = 0).

There are several observations we can make from these expressions. Let
us first point out that the modified Regge-Wheeler equation in (4.17) with
(4.20) can be recovered by setting 6A;; = 3Cy3 = Gyy = Gygp = 0. How-
ever, we see that A, 8C; would contribute at lower order (as well as §¢;,
if Gyy # 0). If present, such terms can therefore significantly contribute to
the ringdown signal. Indeed, if the fiducial scalar hair is highly suppressed,
i.e. when € is very small, such lower-order-in-e contributions would be ex-
pected to dominate over any ar-induced contributions. The motivation be-
hind our simple setup then is not to fully explore all parametric effects and
degeneracies in a comprehensive parameter space, but rather to isolate and
investigate observable signatures of ar. Having said this, it has been shown
that for known scalar-tensor theories that have hairy black holes, namely
scalar-Gauss-Bonnet theory, the metric at leading perturbative order re-
mains Schwarzschild (ie. §A; = 6C; = 0) [561], suggesting that several
aspects of our simple setup are concretely realised in relevant theories.

In addition, one could consider cases where Gyy # 0 # Gygg. It is interest-
ing to point out that interactions contributing to G4 in our background can
be removed with a conformal transformation of the metric. This is because
we still have X = 0,!! meaning that all terms in G4¢ are X-independent or,
in other words, those interactions are of the form f(¢)R in Jordan frame,
which is well known to be convertible to the usual Einstein-Hilbert term by
a conformal transformation. In the resulting Einstein frame representation,
one then naturally finds Gy = 0 = Gypy. This would indeed make our as-
sumptions more general and, because the Horndeski group is closed under
conformal transformations and we are not including matter fields, our cal-
culations would follow exactly in the same way. The price to pay for working
with the metric in the Einstein frame is that observations in GW detectors
are coupled to matter and therefore measure the metric in Jordan frame.
Hence, forecasts should ultimately be made for gravitational waves as ob-
served in the detector/Jordan frame. We therefore abstain from removing
any interactions via a conformal transformation here and explicitly high-



light setting G4y = 0 = Gy as an additional simplifying assumption. Note
that this assumption is trivially satisfied in theories where the scalar ¢ is
endowed with a shift symmetry ¢ — ¢ + c.

In the case where many of Gyg, Gygg, Az, 6C, are non-vanishing, an analo-
gous analysis to the one performed in this Chapter can still be carried out,
where the functional form of any non-vanishing such functions would need
to be specified as above. The additional parameters introduced in this way
mean a higher parameter space would then have to be constrained, presum-
ably degrading constraints on individual parameters. Breaking degeneracies
in such a higher-dimensional parameter space would likely require the mea-
surements of multiple QNMs. We leave such a more comprehensive explo-
ration to future work.

4.3 Quasinormal modes

Having derived and collected the relevant results from black hole pertur-
bation theory in the previous Section, we are now in a position to extract
the key observable in the black hole ringdown context: the quasinormal
modes (QNMs), see Section 2.4.2 for an in-depth introduction to QNMs. As
before, we will be focusing on the perturbations of odd modes and the mod-
ified Regge-Wheeler equation (4.17) governing them. This equation can now
be solved to obtain the frequencies of the associated quasinormal modes w.
Recall that, unlike normal modes, these frequencies are complex numbers,
where the real part represents the physical oscillation frequency and the
imaginary part represents the exponential damping due to dissipation in
the system. The QNM spectrum only depends on the properties of the final
black hole (mass, angular momentum, charge) as well as on the structure of
the underlying theory. Detecting and measuring this spectrum is hence a
powerful way to constrain the presence of novel degrees of freedom and in-
teractions, as well as to generally test the Kerr hypothesis [651],'% a scheme
that has received the name of black hole spectroscopy. Note that, while the
QNM spectrum does not depend on initial conditions, the amplitude of indi-
vidual modes does and this will be relevant for us in Section 4.4.

4.3.1 Parametrised ringdown

There are a number of techniques one can use to obtain the QNM themselves
(see e.g. [231, 232, 243, 652-655]) but we refer to Section 43 for a review of
those. In this Chapter, we will make use of the parametrised ringdown for-
malism [253], the relevant key aspects of which we will now summarise. In
order to apply this formalism, our modified Regge-Wheeler equation has to
be re-cast into the following form

d [ d )
B (Bd—?> + [wz — B(Vgw + 5V)]Q = 0. (4.24)

This can easily be achieved by absorbing the e2w?ay term into 8V in (4.17).
Because this term is a small correction to 5~V, we can take w to be the unper-
turbed frequencies wy of the unmodified Regge-Wheeler equation character-
istic of GR, around which we will compute the leading order dw corrections
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12: See Section 12 for a more detailed ex-
position of the hypothesis.

[253]: Cardoso et al. (2019), “Parametrized
black hole quasinormal ringdown: De-
coupled equations for nonrotating black

holes”
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13: Recall that there are multiple (¢,m)
modes encoded within ;.

Re(2Me;)  Im(2Me;)
j=4 0.03668 -0.00044
j=5 0.02404 0.00273
j=6 0.01634 0.00484
j=7 0.01136 0.00601
j=38 0.00795 0.00654

Table 4.1: Real and imaginary components
of the ¢; ‘basis’ functions for ¢ = 2, taken
from [253]. Note that we start with j = 4
as this is our lowest-order non-zero a;. For
the full collection up to j = 50 for each ¢
up to £ = 10, together with the ‘basis’ for
even-gravitational and even-scalar pertur-

bations, see [253].

14: Note that such a profile is indeed re-
covered in scalar Gauss-Bonnet theories
[118, 561] (in the long distance limit and
when working perturbatively in the Gauss-
Bonnet coupling).

below.”* Doing so, we obtain a modified Regge-Wheeler equation in the form
of (4.24) with

T 2 L,
OV =¢“(OV — ger ). (4.25)
with 8V being given by (4.20). It is then instructive to express the modifica-
tion to the potential §V as an expansion in powers of (2M/r)

. 1 [2MmY
oV =—— il— . (4.26)
@My ,Zof( r )

Once expressed in this form, [253] show that the quasinormal frequencies
are determined by the same a; coefficients as follows

[s]
w=w0+5wEwO+Zajej,
J=0

(4.27)

given that a smallness criterion on the coefficients |a;| < (1 + 1/7Y(G + 1)
is satisfied. The e; are a complex ‘basis’ and we summarise the low-order e;
most relevant here in Table 4.1 — for more details and an explicit computa-
tion of this basis see [253].

At this point we can already appreciate an important subtlety from the struc-
ture of equations (4.26) and (4.27). Each coefficient a; contributing to 5V en-
ters with different (increasing) powers of ~ 1/r (4.26). While this does mean
that those contributions to the potential are suppressed in the far distance
limit, i.e. far away from the horizon, it does not entail that these contribu-
tions are providing a sub-dominant contribution to the frequency spectrum
for the QNMs. Indeed, from (4.27) we explicitly see that this ~ 1/r/ sup-
pression does not play a role in determining the QNM frequencies. The j-th
correction enters as a;je; and, while the e;’s tend to slowly decrease in size
as j increases, there is no parametric suppression of higher j contributions.
Also note that situations where (some) higher j contributions dominate over
lower j contributions do arise rather generically — we will see explicit ex-
amples below. Finally, note that the smallness criterion mentioned above
guarantees that the j-th contribution to the QNM frequencies is a small cor-
rection to @y, but this does not entail that the sum of all corrections has to
be parametrically suppressed.

4.3.2 Parametrizing scalar hair and o

Before proceeding with the QNM computation and applying the above for-
malism to our (4.25), we require more information about the functional form
of 8¢ and ay. In close analogy to the above discussion, it is natural to to view
these functions as an expansion in powers of (2M/r) as well. Starting with
the scalar hair function §¢, in the main text we will follow [455] and focus
on a scalar hair profile parametrised as

¢ = %(ZM),

— (4.28)
,

where ¢, is a constant.’ In Section 4.4.4 we discuss the more general parametri-

2M\"
sation ¢ = ¢, (—) (where one remains agnostic of the leading order
r



in 1/r at which the hair enters) as well as superpositions of different r-
dependencies in the scalar hair profile. We leave an investigation of even
more general (non-power-law) parametrisations for the future. Note that,
while in this Section we will focus on the n = 1 scalar hair profile (4.28), we
will also discuss how different profiles affect eventual constraints on ¢ in
Section 4.4.4. Having parametrised d¢, we turn our attention to the one re-
maining function of r affecting 5V, namely ar. To this end it will be useful
to separate out the dependence on the scalar hair background profile and
other geometric factors from ag in (4.18) as follows

1 Gyx — G5¢

_ 2 ,2
ar = —B(2M)2Grd¢’?, GG

Gr =

(4.29)

Here the dimensionless Gy parameter has been defined to isolate the depen-
dence of arr on the Lagrangian G; functions, as opposed to the r-dependence
following directly from the scalar profile or via the dependence on the func-
tion B(r). We will find this separation especially useful later on when inves-
tigating what constraints on o can tell us about scalar hair and vice versa.'®
Because we have a non-trivial scalar profile, all the G; (and hence also Gr)
are functions of r and so to fully specify the r-dependence of oy we finally
also expand Gy in powers of r along the same lines as discussed for ¢ above.
Doing so we can write

— (4.30)
.

GT=;GTi(2M)i,

where each of the Gp; are constant coefficients. Putting everything together,
i.e. substituting 8¢ (4.28) and Gr (4.30) into the expression for ar (4.29), we

can finally write
o0 ) oM oM i+4
-3 Gt (1- 25) ()
i=0

ar
r r

00 oM oM i+4
Sl e
i=0 r r

In the last line, we have implicitly defined a final shorthand as part of our
notational setup. The dimensionless amplitude parameters Ag; neatly en-
capsulate the coefficients controlling ¢ and satisfy

(4.31)

Ari = Grigt. (4.32)

As one may expect, these are also the effective constant parameters that, as
we will find below, QNM observations will constrain observationally. To pro-
vide some intuition on the relationship between Ar; and o, we illustrate the
dependence of ar on 2M /r for various choices of the amplitude coefficients
Ar; in figure 4.1.

4.3.3 Parametrised QNMs

Having parametrised all the functional freedom encoded within 8V above, it
is now straightforward to combine the above expressions. Doing so we can

4.3 Quasinormal modes 103

15: Note that we have wused the
Schwarzschild mass M as a mass
scale to define a dimensionless Gr
here, but in principle this mass scale is
arbitrary.
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Figure 4.1: Here we plot ar, the deviation
of the speed of gravitational waves from
that of light defined via a = (c2y —c?)/c?,
as a function of 2M /r. We show ar for dif-
ferent example choices of i in (4.31), where
only the amplitude Ar; corresponding to
this specific i is non-zero (and fixed to a
fiducial value of 1) for each plotted curve.
Note that 2M /r = 0 therefore corresponds
to spatial infinity whereas 2M /r = 1 corre-
sponds to the Schwarzschild radius, so we
are interested in this range of values/dis-
tances. One can clearly see that ap(r) = 0
at spatial infinity and at the horizon, but
displays non-trivial behaviour in-between
with the overall amplitude and sign deter-
mined by Ar; while the radial dependence
depends on the choice of i considered.

16: For a given i the contributions to these
coefficients are

ass; 3 Ap(2May)?,
g4 3 Ap(—tt+ 1) +9),
azy; D Ar;(e(e + 1) — 20),

agyi 3 Am—.

, (4.34)

By using the ‘element sign’ € we stress that
a given a; can be built from contributions
from different i’s. For instance, aq obtains

contributions fromi = 0 and i = 2.

0.00

—0.02 1
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a
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—

(2M)?

=
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+
—

NN

7+
+ (et + 1) —20)

8+ 45
+ —
4
Note that we have dropped the order parameter €? at this point. From this

we can read off the a-coefficients defined in (4.26)!° and from (4.27) we also
obtain the following expression for the quasinormal frequencies

—

(4.33)

do =Y Ag-El,
i=0

= Y Ar| @Mag)es — (€t + 1)~ Deg
i=0

45
+ (8(€ + 1) — 20)e74; + Zegﬂ»], (4.35)
where E,-1 hasbeen defined for convenience, and its subscript 1 referston = 1.
A set of E}' ‘basis’ functions for general n are provided in Section 4.4.4.

Anticipating some of our later discussion, we can already see that, for small
€and 2Mwy ~ O(1), the higher e; terms are enhanced relative to smaller
j terms (for a given Ar;). For additional details on how different contribu-
tions enter into dw, see Section 4.4.4, and especially Figure 4.4. There we
also explicitly discuss how this picture changes for different scalar field pro-
files. Also note that the consistency criterion we alluded to above, |aj| <
(1+1/jY(j+1), places an implicit bound on the amplitudes Ar; for the per-
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turbative treatment we have outlined to be valid. As an example, for the case

where only i = 0 terms contribute this bound requires that Ayy <« 1.5.17 In-  17: Note that in practice this bound is
set by the a; coefficient, which places a

cluding higher order i’s will generate similar joint constraints on different
stronger bound than the other a;.

Ari. As we will see, observational bounds will constrain the Ag; at the 107
level or stronger. Given we are measuring deviations away from the stan-
dard GR expectation At; = 0, we therefore expect these consistency bounds
to be satisfied in all relevant scenarios here.

4.4 Parametrised constraints

In the previous Section we derived an analytic expression for the QNM fre-
quencies, assuming these to be close to the corresponding GR frequencies
for a Schwarzschild black hole with the small perturbations encoding infor-
mation about interactions in the underlying scalar-tensor theory, in partic-
ular about ap. We would now like to use this to forecast how well future GW
experiments will be able to constrain ar using ringdown. More specifically,
we perform a Fisher forecast to estimate the error in the Ap; parameters
(4.32). In this Section we therefore derive general expressions for the result-
ing constraints and discuss their overall features, following this up in the
next Section by forecasting and discussing constraints for specific upcom-
ing experiments. Note that, throughout this Section, we ubiquitously use
the techniques developed in [216] for our analysis.

4.4.1 Fisher forecast setup

[216]: Berti et al. (2006), “On gravitational-
wave spectroscopy of massive black holes
pendix 3. Here, it will suffice to say that the waveform is modelled as [216] with the space interferometer LISA”

Exhaustive details of the Fisher forecast construction are collected in Ap-

h=h,F, +h.F,, (4.36)

where h , represent the strain in the two polarisations of the gravitational
wave and Fy , are the angular antenna pattern functions (specific to each
detector) given by Equation (2.51). The strain functions for the ringdown
are functions of the parameters {wym, fom» Tom> Qoms Stms Atms A Pims Pom - A
and ¢ are the amplitudes and phases for the two polarisations, and S, are
the spheroidal harmonics as in Table 2.3. Finally, f;, and 7, characterise
the real and imaginary parts of wy, in the following way
i
Wgm = 27T fom + —, Qum = 7 fomTems (4.37)
Tem
where Qy,, is the quality factor.

18: The indices {a, b} here denote the dif-
With the strain functions, one can compute the signal-to-noise-ratio (SNR)  ferent parameters in the waveform.

p? (C.4) and the Fisher Information Matrix I, (C.7).}® Such matrix can be in-
verted (giving the covariance matrix) to find the error for a given parameter
a.

As an initial estimate we will here study the simplified case where all the
usual parameters of the waveform are known (A, ¢+, ...) and our only free
parameters are the Ap;’s (4.32). We leave forecasting full joint constraints to
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Re(2Mwy) Im(2May)
£=2 0.7474 -0.1779
=3 1.1989 -0.1854
1.6184 -0.1883
£=5 2.0246 -0.1897

Table 4.2: Real and imaginary components
of the quasinormal frequencies w, of a
Schwarzschild BH in GR for ¢ = 2,3,4,5.
Quasinormal data is provided online [227,
228].

19: As exposed in Section 2.4.2, there is a
third index characterising the QNM spec-
trum, the overtone number n. Here we only
focus on the ‘fundamental mode’ n = 0.
Modes with higher n’s (i.e. overtones) are
more suppressed by virtue of having in-
creasing values of |[Im(w)|.

20: Note that the discussion in Section 4.2
only applies for £ > 1 modes and the
dipole perturbation ¢ = 1 requires special
treatment, as the Regge-Wheeler gauge
used in Section 4.2 does not fully fix all
gauge degrees of freedom for this mode,
see [649] for details. However, the contri-
bution from the £ = 1 mode can be shown
to be negligible for the background solu-
tions we are probing [649], so this is of no
concern here.

future work. This simplified setup means the estimates which we will com-
pute below effectively are upper bounds on the precision one can expect. For
a setup as considered here, where the only waveform parameters we want to
constrain are those appearing inside the quasinormal frequencies o (i.e. in-
side f and Q), general expressions for the errors can be analytically derived.
These only depend on the number of parameters one wants to constrain. In
this Chapter we will constrain up to two Ag; together so we provide here the
expression for single-parameter constraints

1 2
b = E(QJ;') ’

where the prime denotes a derivative with respect to Ar;, and for double-

(4.38)

parameter constraints

: 9%
o e f_z(zQ).z + (1— f_Q) ’
Ti 2 (Qf/ _fQ/)Z
2 i 2
crf\ p? = f—’Z(ZQ). ’ (1 - f/Q) , (4.39)
WO - fory

where again a prime denotes a derivative with respect to Ar;, and a dot rep-
resents a derivative with respect to Ar;. For more details on the derivation
of these equations, see Appendix 3, and the repository [4].

Before deriving error estimates on different parameter combinations, let
us briefly return to the question of which (£, m) modes are of most inter-
est.® As discussed above, while the QNM spectrum does not depend on
initial conditions, the amplitude of individual modes does. The dominant
observable contributions, i.e. the modes with the largest amplitudes for as-
trophysical binary compact object mergers, generically are the £ = m modes,
more specifically the (2,2) mode [216-221].2° Note that, for a non-rotating
black hole solution as we are focusing on here, the equations of motion are
independent of m [212]. So while m = 0 is typically fixed in such setups
for simplicity, as we have done here, the results derived apply for any m.
The relative amplitude of subdominant modes (in particular £ = 3) grows
as the mass ratio g and angular momentum j of the remnant black hole in-
creases [217, 219, 222, 223] — also see those references for discussions related
to the detectability of such modes. Nonetheless, the £ = 2 mode still generi-
cally dominates in all scenarios and higher £ modes decay more quickly, see
Table 4.2. Note that the damping time 7 goes as the inverse of the imagi-
nary component of w, which increases for higher £ modes. So in addition to
generically possessing a smaller amplitude, these modes also decay faster.
Finally, also notice that, for binary systems that have orbited each other for
a sufficiently long time for orbits to have approximately circularised, the
£ = 2 mode will be additionally enhanced relative to other modes [224-226].
While it is straightforward to repeat the analysis for other higher £ modes,
the above rationale truly singles out the £ = 2 mode as the observationally
most relevant. We will therefore focus on this mode in what follows. Hav-
ing said this, a multiple mode analysis will of course be a powerful tool to
probe higher dimensional parameter spaces using ringdown alone tests in
the future. While, as we have seen, quasinormal modes are independent of
m for static black holes, all astrophysical black holes do in fact rotate. For
those, (2,2) is truly the dominant mode, and hence we will focus on this



one to perform the Fisher forecast and leave a more detailed study of con-
straints in the presence of several detected modes for the future. Extending
the quasinormal mode calculations in Sections 4.2 and 4.3 to rotating black
holes is an interesting way forward for which some machinery already exists,
at least for slowly-rotating black holes (see e.g. [656—-660]). However, such
metrics and the Schwarzschild metric are smoothly connected (i.e. taking
the limit of zero rotation j — 0 recovers the Schwarzschild line element) so
one expects that the non-rotating scenario still captures the leading order
information in the quasinormal frequencies for sufficiently slow rotation.

4.4.2 Constraining A,

We begin by considering a minimal setup, where there is only a single rele-
vant Ar; parameter, namely Arg. From (4.35) we then find the QNM shift to
be given by

Sw = Arg - EL. (4.40)

where E& is shown in (4.35) and we quote it here for reference

45
El = [(2Mw0)2e4 — (0 + 1) — 9eg + (8¢ + 1) — 20)e; + Ieg]. (4.41)
Substituting in the numerical values for the & from Table 4.1, we obtain
Méw = —[0.00070 + 0.00306i] - Ary. (4.42)

In evaluating this, we have also used the £ = 2 mode in Table 4.2. This now
allows us to obtain parametric expressions for the ar-induced deviations in
the QNM spectrum. From (4.42) and Table 4.2 we find the following percent-
age differences for the real and imaginary parts, respectively

(SCL)R 560]

— = —0.19- Apy%, — ~344- Apy%. (4.43)

WoR WoJ
Finally, we are also in a position to extract an expression for the accuracy
with which an experiment with ringdown SNR p will be able to measure Arg.
Reading off f and Q from (4.42), as defined in (4.37), and substituting them
into the single-parameter error expression (4.38), we obtain an estimate on
its detectability in the same fashion as [455].2! This gives us®2

oA, P~ 181 (4.44)

The numerical value of this error calculation, as well as the analogous ones
which will follow in this Section, will be translated into ag constraints for
specific detectors in Section 4.5. There, we will compare our results with
other existing and forecasted constraints.

4.4.3 Constraining multiple A,

Having considered the single-parameter case above, a natural next step is
to consider a more complex functional form for ar and hence for the Ap;.
Here we consider the case where ar is controlled by two parameters, Arg as
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21: Note that, in evaluating the final ex-
pression, we set Ary to zero. This should
simply be understood as capturing the
leading order contributions to the error —
depending on the actual value of Ag, the
precise error can differ by < O(10%).

22: More precise results are provided in
[4]. Ultimately, we will only be interested
in the robust order-of-magnitude con-
straints here, so e.g. in Table 4.4 we will
approximate o4, p = 0(10%).
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[194]: Berti et al. (2009), “Quasinormal
modes of black holes and black branes”
[220]: Bhagwat et al. (2020), “Detectability
of the subdominant mode in a binary black
hole ringdown”

[267]: Baibhav et al. (2021), “Probing the
nature of black holes: Deep in the mHz
gravitational-wave sky”

23: Equivalently, the matrix S is built with
the eigenvectors of (4.47)

L. [-084 —054
§=(5 SZ)~<—0‘54 0.84)' (6.49)

before and a second parameter Ar;. Proceeding as before, we then have
8w = Arg- E} + Arq - EL (4.45)

Reading off expressions for f and Q from equation (4.45) as before, we find
the following error estimates from (4.39)

Oa,P = 302, O, P = 465. (4.46)

One may wonder how we can constrain two parameters with the measure-
ment of a single mode. To this end note that the measurement of a single
mode carries information about the oscillation frequency of that mode as
well as for the associated damping time and these independent pieces of
information allow constraining two parameters here. Once future observa-
tions are capable of measuring multiple modes [194, 220, 267], this will of
course allow constraining a correspondingly larger parameter space.

Equation (4.46) shows that At and A7 can be constrained to a similar or-
der of precision. This re-iterates that terms at higher order in a 1/r ex-
pansion are not parametrically suppressed in their contribution to the QNM
frequency spectrum, so a 1/r expansion is not an ideal basis in terms of
observational constraints. Indeed, upon closer inspection, we find that con-
straints on Ay, and A are strongly correlated, as can be seen from the
off-diagonal elements of the covariance matrix for these two parameters

9  —16
S ~ 10* (_16 0 ) (4.47)

We can therefore diagonalize the covariance matrix to obtain the eigenmodes
that will be constrained by the data, i.e. a more optimal basis from a de-
tectability point of view. Under standard matrix diagonalization procedures
we obtain

Yo = S18S ~ 103 (5 0 ) (4.48)

0 303

This transformation amounts to identifying the combinations of Ap, and
At that yield uncorrelated parameters Ar, and Arg, i.e. we have per-
formed the parameter transformation (Atg, A1) — (Ara, Arpg) such that
the covariance matrix of the latter is the one given by equation (4.48). More
explicitly, the relevant eigenmodes here are At4 = —0.84A1) —0.54AT1; and
Arp = —0.54A7 + 0.84A7;.>> Finally, the errors for the new parameters
are

oA P = 68, OapP = 550, (4.50)

where we indeed see that Ap can be constrained more tightly than any
parameter in the previous basis.

4.4.4 Dependence on scalar hair profile

Above we have derived expressions for the precision with which a generic fu-
ture experiment with SNR p will be able to constrain the relevant parameter
combinations affecting QNM frequencies, namely the Ap;. Here we would
like to investigate to what extent the specific form of the scalar hair profile
affects this. As we will argue, in certain cases this argument can then also
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be inverted to place constraints on the scalar hair itself. Recall that we are
parametrising the scalar hair profile as

w=%fMy.

— (4.51)
,

Here ¢, effectively captures the scalar field amplitude, while n carries infor-
mation about the radial dependence of this profile. Until now we have set
n = 1, but here we will investigate the case with generic n.

Amplitude

The QNM frequencies derived above are functions of the Ar;, which we recall
depend both on the scalar amplitude ¢, as well as on the Gr; (i.e. the interac-
tions in the underlying theory) via (4.32). This has an immediate important
consequence, namely that a detection of the specific QNM shifts discussed
here implies both a detection of scalar hair and of non-trivial G4 and/or Gs
interactions contributing to the Gr; — cf. (4.29). The scalar amplitude ¢,
analogously to the amplitudes of QNMs, will depend on the ‘initial condi-
tions’ for the ringdown phase. It is worth emphasising that, at present, it is
not yet well understood how the non-linear merger stage affects this am-
plitude in scalar-tensor theories of interest, so we will leave ¢, as a free
parameter.?* It is interesting, then, to disentangle the effect of ¢, and of
Gr; on the constrained Ar; parameter(s). This is shown in Figure 4.2. As
can clearly be seen, and indeed as expected from (4.32), in the presence of a
larger scalar hair amplitude ¢, the constraint on the Gr; becomes stronger.
More explicitly

oG, = GAT,»(Pc_zo (4.52)
Interestingly, this implies that one can I) infer a constraint on the scalar
hair amplitude from measurements of the QNMs, given another non-trivial

4.4 Parametrised constraints 109

Figure 4.2: Here we show forecasted errors
on the strength of the interactions con-
tributing to cgw as parametrised by Gry
(4.30), where we focus on Gy, as an exam-
ple. The corresponding error o, is shown
as a function of the scalar hair amplitude
¢, and of the detector SNR as quantified by
p- We see that g5, improves as the scalar
hair amplitude grows and as p increases,
as expected from (4.52). More concretely,
for an SNR of p ~ 10* and a scalar hair am-
plitude of order ¢, ~ 107, we find o5, ~
10%7*=%_From Table 4.4, at lower frequen-
cies for LISA we would therefore expect
OGpy ~ 107372 constraints, while for LVK
one would need y = 8 to yield constraints
on the underlying interactions there that
are competitive with or stronger than ex-
isting bounds in this band.

24: ¢, may be significantly enhanced or
suppressed during the non-linear merger
stage, so in the absence of comprehen-
sive numerical (merger) simulations for
the theories in question, even an order
of magnitude estimate appears premature.
Note that, in cases where the scalar hair
does affect the black hole geometry (so un-
like the ‘stealth’ solutions (4.8) we consider
here), this effect on the geometry can be
used to place additional constraints on the
nature and amplitude of the hair e.g. along
the lines presented in [661-665].
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Figure 4.3: Here we show a7 (4.53) for dif-
ferent choices of n in (4.51) as a function of
2M/r.i = 0 has been set such that A is
the only non-zero parameter (and fixed to
a fiducial value of 1). We see that ar(r) = 0
at spatial infinity and at the horizon, but
again observe non-trivial behaviour in the
intermediate region. The size of ar (par-
tially controlled by A7) is considerably en-
hanced by increasing n. This is mainly due
to the factor n? accompanying all dw (as
can be seen from (4.57) and (4.58)).
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bound on the Gy e.g. from non-ringdown related constraints on cgy (in
other words: in the event of a future detection of a cgwy # ¢ from another
probe), and II) infer a constraint of the Gr;, given other independent informa-
tion about the amplitude ¢, (in other words: in the event of a complementary
detection of scalar hair).

Radial dependence

Having considered the effect of the scalar hair amplitude above, we now in-
vestigate how our analysis is affected when the functional form of the scalar
hair, i.e. its r-dependence and hence n in (4.51), changes. We have considered
n = 1 above and here we repeat the derivation of quasinormal corrections
for the case with generic n, and repeat the Fisher analysis forn = 2 as a
complementary example. In this case, ar is now given by

) oM oM 2n+i+2
B2
i=0 r r

where the new n-dependence is plotted in Figure 4.3. Substituting this back
into 8V (4.25) we get

~ n\2 > oM 2n+i+2
oV = (m) ZAT1|:<T> (ZM(,{)())Z

i=0

(4.53)

2n+l+4 9 7
{’(E +1)+-+-n+n )
r 2 2

(ZM) n+l+5 8(1’ +1)— <; + ;n +2n >)

2n+l+6
— + Sn+n >]

(4.54)
+

,
2M

+



Note that setting n = 1 recovers the expression (4.33). Again, this can be

written as
(2M)ZZ < ) (4.55)

with the only non-zero a-parameters for a given i contributing as
gnsivz 3 Ari-n*(2May)?
2 2.7 2
Aoptyiva 2 ATi ‘n —E(f + 1) + E + El’l +n
5 19 17 5
optivs D Ari-n (f(f + 1) — <? + ?n +2n ))
2 21 2
Aontive O Ari-n ”y +5n+n"). (4.56)

From these we find the following quasinormal frequency corrections

dw = Z ajej = Z ATiE{l, (4.57)
j=0 i=0

where we have defined the following new basis for convenience
E'=n? [(2Mw0)2e2n+,-+2

9 7 5

+ (—f(f + 1) + E + En +n )€2n+i+4
19 17 9

+ (f(t’ +1) - (; + >0 +2n >) €ntit5

21
+ (Z +5n+n )ezmi+6 . (4.58)

The basis for n = 1 (4.35) can be straightforwardly recovered from this. Note
that here, because we have chosen to remain agnostic about n, we have ended
up with two indices, i.e. n and i that need to be chosen in order to obtain
numerical results. This is shown explicitly in the super and subscripts of
the newly defined basis E}'. In diagram 4.4 we display the corrections com-
ing from different choices of (i, n), and make some observations about their
structure.

The step from these analytically calculated corrections to the quasinormal
modes to the errors on different Ar; parameters (and hence corrections on
ar) is straightforwardly repeated in the same fashion as shown in Section
4.4. We show in Table 4.3 the results for a few more illustrative cases, but
stress that such an analysis can easily be repeated for any combination and
superposition of (i,n) by adapting the companion notebook provided in [4].
The general trend we find that can already be appreciated in Table 4.3 is
that errors decrease for increasing i and n (at least for the single-parameter
cases).

i=0 i=1 i={01}

n=1 181 131 (68, 550)
n=2 132 72 (27, 250)
n={1,2} 153 93 (40, 344)
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Table 4.3: Values for g4, p for a scalar

2M\"
profile 6¢ = ¢, (T) . The last column
(i : 0,1) displays the errors for the
two parameters (At 4, Arp), obtained from
(Agg, A7q) via the same diagonalization
procedure as shown in Section 4.4.3.
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’AT % /AT * ,ATQ /AT 5 ,ATQ ’ATZ, /ATL ,AT ! B\To

Figure 4.4: In this diagram we display the contributions to ar (4.53) coming from different n values. These are ordered such that all contributions
to a specific Ar; parameter appear in one diagonal, which in principle is extendible ad infinitum. Contributions from different n also follow a
pattern, which can be appreciated here by focusing on the colour of the balls. The vertical axis ¢; corresponds to the parametrised basis from
[253], which tells us the power of (1/r) at which each contribution appears in the potential.



4.5 Forecasting observational constraints 113

4.5 Forecasting observational constraints

In the previous Section we derived parametric expressions for the precision
with which the parameters controlling the behaviour of o and hence cgw
can be measured for probes with a general ringdown SNR p. In this Section
we now summarise and briefly discuss what this concretely implies for a
range of current and future missions, spanning the frequency range from
10~* Hz to 10° Hz. The main results are collected in Table 4.4.2°

Before discussing forecasted constraints in detail for the respective missions
and frequency bands, this is a good point to recall our introductory discus-
sion in Section 4.1 about how and where the frequency-dependence in cgyw
may be localised and how this is tied to the regime (i.e. frequency range)
where the underlying theoretical framework is valid. Rather obviously, any
prediction derived from our starting point — the Horndeski scalar-tensor ac-
tion (4.2) — is only trustworthy when (4.2) is a faithful description of the rel-
evant physics. Since (4.2) gives rise to a frequency-independent cgyy, we are
therefore implicitly assuming that at the very least in the frequency-window
spanning the ringdown frequencies in question, cgy is constant as a func-
tion of frequency to high accuracy. A natural scenario to consider would
therefore be the one alluded to in the introduction: cgy effectively becomes
a constant cgif)v # ¢ at low frequencies where (4.2) applies and may indeed
be intimately linked to dark energy phenomenology on cosmological scales.
Now we consider the ringdown following a SMBH merger observable in the
LISA band and effectively have cgyw = cg{%, there. We can therefore straight-
forwardly use (4.2) to compute this ringdown signal. In this scenario we also
assume (4.2) stops being an accurate description of the relevant gravitational
physics between the LISA and LVK bands and its unknown UV (high energy)
completion takes over there, resulting in a transition back to ¢gy = c at high
frequencies due to the Lorentz invariant nature of the UV completion. The
frequency-dependence in cgy, induced by the UV completion is sharply lo-
calised in frequency-space between the LISA and LVK bands and so fully con-
sistent with existing bounds on cgy from the LVK band. Now this scenario —
as explored in detail in the context of forecasting upcoming multi-band con-
straints in [601, 628] - is only illustrative and the frequency-dependence of
cgw and the regime of validity of (4.2) can easily be altered depending on the
UV completion and if the connection to dark energy is loosened or severed
completely. We refer to [545, 600, 601, 628] and [667] for more detailed dis-

Detector(s) Ringdown SNR (p) Error on ar
LVK 10 [183, 259, 260] 1

ET /CE 102 [182-185] 107!
pre-DECIGO 102 [261] 107!
DECIGO / AEDGE 107 [186, 262]" 1072

LISA 103 [263-266] 1072
TianQin 103 [265, 266] 1072
AMIGO 10° [267] 1074

25: It is worth pointing out that the ring-
down SNRs quoted implicitly depend on
when precisely the transition from merger
to ringdown phase is assumed to take
place. While discussing this in detail is be-
yond the scope of this Chapter, we point
the interested reader to [217, 218, 272-275,
666] for discussions on this.

[545]: Rham et al. (2018), “Gravitational
Rainbows: LIGO and Dark Energy at its
Cutoff”

[600]: Baker et al. (2022), “Measuring the
propagation speed of gravitational waves
with LISA”

[601]: Harry et al. (2022), “Probing the
speed of gravity with LVK, LISA, and joint
observations”

[628]: Baker et al. (2022), “Testing gravita-
tional wave propagation with multiband
detections”

[667]: Noller et al. (2020), “Black Hole Ring-
down as a Probe for Dark Energy”

Table 4.4: Order-of-magnitude errors on
ar according to the achievable order-of-
magnitude ringdown SNRs for a single ob-
served event for different GW detectors.
More details on the quoted forecasted SNR
values can be found in the caption of Fig-
ure 2.5. Errors in this Table are computed
assuming Ar is the only amplitude pa-
rameter contributing to a in (4.31), as an
example. The error on ar, Oy is quoted as
one order-of-magnitude less than the cor-
responding error on Ar,, as observed in
Figure 4.1. We stress that the precise map-
ping of underlying amplitude parameters
to ey mildly depends on the precise func-
tional form of the scalar hair and the un-
derlying interactions, but note that errors
on other A; parameters and hence oy are
qualitatively similar - see e.g. Table 4.3.
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[668]: Aurrekoetxea et al. (2022), “Where
is the ringdown? Reconstructing quasinor-

mal modes from dispersive waves”

26: Note that, ar is generically about one
order of magnitude smaller than the domi-
nant Ap; — see Figure 4.1. Also, as should be
obvious from (4.31), this mapping is mildly
dependent on the i coefficient.

cussions of those two points, respectively, and note that in this Chapter this
is especially relevant in the context of forecasts for frequency-bands above
(i.e. at higher frequencies than) the LISA band. We will come back to this
point below.

What would it take to extrapolate/extend the results from the above Sec-
tions to cases where cgy is frequency-dependent in the frequency-window
associated with ringdown signals of interest? On the theoretical side, we
already pointed out that this would involve supplementing/replacing (4.2)
with the interactions inducing the frequency-dependence of cgy, which re-
quires knowledge of (or assumptions about) the UV completion of (4.2). The
resulting action could then be used to repeat the analysis for this frequency-
window. It is worth highlighting that the results of Sections 4.3 and 4.4
only know about the Horndeski scalar-tensor action by assuming the cor-
responding modified form of the Regge-Wheeler equation (4.17). So any UV
completion that does not modify this form other than inducing a frequency-
dependent cgyw and hence oy is covered by the analysis in Sections 4.3 and 4.4.
We leave an exploration of how UV completions might otherwise affect the
modified Regge-Wheeler equation and how this affects the subsequent anal-
ysis for future work. On the observational side, a frequency-dependent cgy
would introduce another challenge in the ringdown analysis. Since different
parts (i.e. frequencies) of the waveform then travel at different speeds, the
received signal at the detector will be stretched/squeezed/scrambled with re-
spect to the signal emitted at the source, see [601, 668] — also see formally re-
lated discussions in [669, 670]. Specifically in the ringdown context, this can
make identifying the correct frequencies more challenging and this there-
fore requires a dedicated analysis [668]. In practice, this means that the
strain functions (C.2) accurately describe the signal at emission but will be
altered via non-trivial dispersion effects by the time they reach the detec-
tor, so this needs to be taken into account to correctly forecast constraints
when a frequency-dependent cgy affects the frequency-window associated
with the signal under investigation. We will leave such a dedicated analy-
sis to future work and (as also motivated by the theoretical considerations
above) in this Section forecast constraints for different frequency bands, as-
suming an effectively frequency-independent cgy within the band under
investigation (i.e. the LISA forecasts assume a frequency-independent cgyw
in the LISA band and so on).

4.5.1 LISA band forecasts

As motivated above and in the introduction, the LISA band is particularly
promising in terms of testing for deviations of ¢y from the speed of light,
given that a frequency-dependent transition of cgy just or somewhat below
the LVK band is a natural prediction in a range of candidate dark energy
models. In terms of the amplitude parameters Ar;, we see from Table 4.4
that one expects the leading order such parameter to be constrained at the
107! level with future LISA/TianQin observations that are forecasted to yield
a ringdown SNR of ~ 0(10%) [263-266, 270]. Mapping this back to ay itself
(4.31), this implies one will be able to detect deviations down to the ar ~
0(1072) level from LISA band ringdown alone in the context of the models
we consider,?® i.e.

GOT;TISA/TlaHQm ~ 102, (4.59)
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Note that present forecasts for far-future missions such as AMIGO predict
higher order-of-magnitude ringdown SNR, so this would enhance the con-
straints on cgy in comparison with those expected from LISA/TianQin for a
single event to ap ~ O(107%).

It is worth emphasising that the main bounds discussed here are forecasted
for a single ringdown observation with the SNR achievable by the relevant
detector. It is reasonable to expect that qualitatively improved constraints
will be obtained when combining multiple observations. Indeed, for suffi-
ciently large N (where N is the number of detected events) the measurement
precision for QNMs is expected to improve as N1/2 [671, 672], assuming N
identical events. For the LISA band, expected event rates are somewhat un-
certain, but most estimates lie in the O(10 — 100) per year range for SMBH
mergers — see e.g. [190-197]. An improvement of up to two orders of magni-
tude on the above constraints therefore seems achievable after several years
of operation, so that one may hope to ultimately reach a precision of close to
ogZTISA/ Han@in_ 404 we again emphasise that the N -1/2 scaling discussed
here assumes an idealised case with N identical events with the large SNRs
considered here and so the above should be taken as an optimistic bound
(e.g. many events to be detected will be at higher redshifts and have corre-
spondingly reduced SNRs), also depending on the precise SMBH merger and
detection rates as discussed above.

4.5.2 LVK band forecasts

Having summarised results for the LISA band above, let us consider the LVK
band. The situation here is qualitatively different, given that there already
are tight constraints on cgy specific to this frequency band. From measuring
the coincidence of the GW170817 signal in GW and optical counterpart ob-
servations, one finds that ey < 1071 [538, 581-584]. When even a very mild
frequency-dependence of cgy is present in the LVK band, this bound can
be strengthened to ap < 10717 [601]. Contrast this with bounds from ring-
down observations alone, where the A; can be constrained at the ~ O(10)
level with LVK observations with an improvement by approximately an ad-
ditional order of magnitude to be expected from the future Einstein Tele-
scope(ET)/Cosmic Explorer(CE) missions — cf. Table 4.4 and see [182, 183]
and [184, 185] for ET and CE, respectively. Again mapping this to constraints
on ar itself, we therefore ultimately expect

ET/CE

Oap !~ 1071 (4.60)

once ET/CE are collecting data in the future.

The bound (4.60) given above is again for a single event with the SNR achiev-
able by ET/CE. Taking into account the NU/2 improvement of the measure-
ment precision for N detected events discussed above, we can again extrap-
olate how this precision might be improved over time. For ET O(10* — 10%)
events with a ringdown SNR of O(10) are expected per year [651]. One may
therefore reasonably expect that constraints can eventually be improved by
about two orders of magnitude to O'(ETT/CE ~ 1073, In the LVK context it is also
interesting to point out that existing (non-ringdown-specific) constraints on
cgw from GW waveforms in the LVK band have already seen similar improve-
ments by stacking events. More specifically, when comparing I) constraints
on cgw from GW170817 data alone (i.e. without using an optical counterpart)

[538]: Abbott et al. (2017), “Gravitational
Waves and Gamma-rays from a Binary
Neutron Star Merger: GW170817 and GRB
170817A"

[581]: Abbott et al. (2017), “GW170817:
Observation of Gravitational Waves from
a Binary Neutron Star Inspiral”

[582]: Goldstein et al. (2017), “An Ordinary
Short Gamma-Ray Burst with Extraordi-
nary Implications: Fermi-GBM Detection
of GRB 170817A”

[583]: Savchenko et al. (2017), “INTEGRAL
Detection of the First Prompt Gamma-Ray
Signal Coincident with the Gravitational-
wave Event GW170817”

[584]:  Abbott et al. (2017), “Multi-
messenger Observations of a Binary
Neutron Star Merger”

[601]: Harry et al. (2022), “Probing the
speed of gravity with LVK, LISA, and joint

observations”



116 4 Speed of gravity

[587]: Abbott et al. (2019), “Tests of General
Relativity with GW170817”

[453]: Abbott et al. (2021), “Tests of General
Relativity with GWTC-3"

27: This improvement, while still partially
driven by the larger number N of ob-
servations included, is also partially due
to other events having higher individual
SNRs than GW170817.

[667]: Noller et al. (2020), “Black Hole Ring
down as a Probe for Dark Energy”

[587] with II) constraints obtained using a LVK catalog of 43 confident binary
black hole mergers (used to obtain bounds on the graviton mass in [453], but
straightforwardly re-interpretable to place bounds on cgy), this improves
these bounds on cgy by around two orders of magnitude.?”

At first sight (4.60) as well as the improved O'§TT/CE ~ 1073 bound reachable by
stacking events are rather weak, albeit complementary, constraints on cgw
when compared with the existing GW propagation bounds from GW170817
discussed above. Also note that, for the purposes of this subsection and as
discussed in detail above, we are assuming that (4.2) is a valid description of
the underlying physics in (at least part of) the LVK band. As discussed, in
dark energy-related theories within (4.2) where cgy receives order one cor-
rections on cosmological scales one would not expect this to be the case. One
can remedy this (i.e. ‘return’ the LVK band to within the regime of validity
of (4.2)) in two different ways. First, by severing the connection to cosmol-
ogy/dark energy and looking at the constraints derived here in their own
right. Or second, by suppressing the cosmological ¢y from the beginning
while not precluding a more sizeable e around black hole space-times. A
specific scenario related to the second case below will be discussed in Sec-
tion 6.4.2, where such phenomenology will be shown to naturally stem in the
context of higher-order scalar-tensor (HOST) theories.

However, a more general related point is the following: The fact that the con-
straints derived in this Chapter are computed for a different background so-
lution than cosmological background GW-propagation constraints derived
e.g. from GW170817 means that they nevertheless contain some interesting
new information on the scalar hair profile and the underlying interactions
encoded in Gy along the lines discussed in Section 4.4.4 — we show this in
Figure 4.2. More specifically, reinstating units of Mpj, from (4.52) and in the
event of a scalar hair amplitude ¢, ~ O(108)Mpj, the constraint on the under-
lying interactions will be as strong as constraints on the same interactions
from GW170817—and even stronger for a larger amplitude ¢,.

Reversing the argument, if future observations were to identify a small but
non-zero cosmological ar, this would allow placing a bound on the scalar
hair amplitude from the ringdown constraints investigated here. For con-
creteness, consider the following setup: The higher derivative scalar inter-
actions in the Gs 45 terms in (4.2) come with an implicit mass scale A. In
cosmology this scale is typically chosen tobe A = A3 = (Mleoz)l/3, where
this choice ensures those interactions give O(1) contributions to cosmology.
However, if a different A is chosen, the cosmological ey (and hence Gr) scales
as ap ~ (As/A)°. So raising the interaction scale A by just three orders of
magnitude suppresses the cosmological @y down to a level of 0(10~'8), com-
fortably consistent with bounds from GW170817. This setup also allows the
full LVK band to be within the regime of validity of the physics described
by (4.2) — see [667] for further details on this scenario. Now suppose that a
future constraint indeed establishes Gy ~ 0(107!8), while future ringdown
constraints from ET/CE along the lines investigated here do not yield evi-
dence for a non-zero ar. From (4.32) this would allow us to derive a bound
on the scalar hair ¢, < 0(10%)Mp for frequencies in the LVK band, where
again we have momentarily abandonded geometric units. Note that other
complementary bounds on ¢, may be obtainable e.g. from considering even
perturbations or going beyond linear theory.



4.5.3 Intermediate band forecasts

With LISA and LVK forecasts discussed above, the intermediate frequency
band stands out as a third region of interest. Here the upcoming AEDGE
[186] and DECIGO [187, 188] experiments will detect and investigate GWs in
the future. In the introduction, we motivated probing cgy in the LISA band
by pointing out that a frequency-dependent transition from a nearly con-
stant cgw = ¢ at LVK frequencies to a different low-frequency cgy naturally
occurs just or somewhat below the LVK band in large classes of dark en-
ergy theories. This motivation of course equally applies to the frequencies
probed by AEDGE/DECIGO. Candidate transitions in this intermediate band
may ‘leak out’ into the LISA and/or LVK bands, in which case the consid-
erations outlined above for those bands already promise tight constraints.
However, another interesting class of transitions are those investigated by
[601, 628], where the transition is effectively completely contained within
the intermediate frequency band and no detectable frequency-dependence
leaks out into the LISA and/or LVK bands. In such a case multiband observa-
tions using systems such as GW150914 that are first observable in the LISA
band and eventually enter the LVK band can be used to obtain an integrated
constraint on any features residing at intermediate frequencies and indeed
will be able to constrain ey down to a level of 0(1071%) [601, 628]. In ad-
dition, once AEDGE/DECIGO observations are available, direct constraints
on cgw from this band will be obtainable in analogy to the LVK/LISA anal-
yses discussed above. Whenever there is significant frequency-dependence
for ¢gw in band, a complementary ringdown-specific analysis faces similar
theoretical challenges as discussed for the LVK band above, as well as the
observational modelling challenges mentioned earlier in this Section. So, as
before, the bounds forecasted in this subsection will be for the case where
(4.2) applies within (at least part of) the AEDGE/DECIGO band and hence cgw
is frequency-independent in this band to high accuracy. With these assump-
tions and from ringdown alone, we find that AEDGE/DECIGO will be able to
constrain the Ag; at the ~ O(1071) level, c.f. Table 4.4. Mapping this to
constraints on ay itself, as before, this implies

AEDGE/DECIGO —
oaEDGE/ ~ 1072

(4.61)
While weaker in magnitude than the integrated multiband constraints dis-
cussed above, these bounds are complementary in the same sense as dis-
cussed in the LVK Section above. Note that one may again expect this bound
to be improved significantly when stacking multiple observed events: Sev-
eral dozen intermediate mass black hole (IMBH) mergers with an SNR O(10%)
should be observable with AEDGE per year [186], so optimistically an im-

AEDGE/DECIGO

provement up to og; ~ 10™* appears feasible eventually.

4.6 Conclusions

In this Chapter, which collects the results obtained in [1], we have inves-
tigated how the speed of gravitational waves cgy can be probed using black
hole ringdown observations. Focusing on scalar-tensor theories of the Horn-
deski type and on odd parity quasinormal modes (QNMs), our key findings
are as follows:
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» Inthe context of non-rotating black holes where the metric background
solution is given by Schwarzschild, we find that deviations of ¢y from
the speed of light only affect the QNMs in the presence of a non-trivial
scalar hair profile ¢ = ¢(r) in agreement with the results of [455]. Any
deviations from cgyw = c are then proportional to the square of the
amplitude of the scalar hair.

» For a single event, ringdown observations from LISA, TianQin and
AEDGE/DECIGO will be able to constrain cqy at the O(1072) level. When
stacking observations over several years, both constraints may be im-
proved by up to two orders of magnitude, depending on precise event
rates. While those constraints are weaker than existing constraints
on cgy, e.g. from GW170817, they importantly probe different fre-
quency ranges. This is particularly relevant in the context of testing
cqw, given large classes of dark energy models naturally give rise to a
frequency dependent transition in cgy below the LVK band.

» With ringdown constraints we are testing the effect of deviations from
cgw = ¢ on a different background solution than that relevant for GW
propagation constraints on cgy (black hole vs. cosmological space-
times). The precise dependence of cgy on interactions in the under-
lying theory is different for these two backgrounds. We have high-
lighted examples where, in the presence of a sufficiently large scalar
hair profile, ringdown observations can provide novel constraints on
those interactions. Likewise, given complementary information on
those underlying interactions, we have shown how ringdown observa-
tions can constrain the nature of scalar hair. We stress that therefore
even LVK band ringdown measurements, where we find that O(1071)
level will be obtainable from the Einstein Telecope/Cosmic Explorer
for a single event, can yield valuable information complementary to
existing constraints on cgyy.

Overall we have therefore derived forecasts for the precision with which ring-
down observations will be able to constrain the speed of gravitational waves
cgw for various detectors throughout the O(107*) — O(10%) Hz frequency
range. Our study has been idealised in the sense that we have assumed I) the
‘usual’ binary black hole merger parameters (masses, amplitudes, phases)
to be known and focused on the effect of novel parameters associated with
cew # ¢, 1I) focused on a specific background solution for the black hole ge-
ometry and scalar hair profile, and I1I) by working with Horndeski scalar ten-
sor theories, we have implicitly assumed that cgy is approximately constant
in specific frequency windows/bands when forecasting constraints for those
respective bands. A more comprehensive analysis, extending the present
work, investigating degeneracies and constraints in higher-dimensional pa-
rameter spaces as well as a wider range of hairy black hole solutions and
underlying theoretical setups, will therefore be an interesting next step. As
has been mentioned, another promising route to make our setup more phys-
ically realistic is to extend the quasinormal mode calculations to rotating
black hole solutions [656—660]. Another step in this direction would be to
include in the analysis surrounding matter fields that dynamically interact
with the black hole in a way that also affects the emitted quasinormal modes
- see e.g. [289-291, 428, 673-676]. It is also worth emphasising that there
are several complementary probes of cgy in addition to the gravitational
wave probes discussed throughout this Chapter and corresponding to ener-
gy/frequency scales outside of the range considered here. These include con-
straints from cosmological large scale structure, currently at the O(1) level



- see e.g. [602, 603] and references therein — which are expected to improve
to 0(1071) in the near future [609]. While we have not mandated a specific
sign for any potential deviation of cgyw away from c, theoretical bounds from
requiring causality, locality and unitarity at high energies can further yield
information on these deviations at the (comparatively) low energies probed
by gravitational waves and cosmology, noticeably mandating cgw > ¢ for
large classes of models [677, 678]. We close by re-emphasising that we have
mostly focused on investigating how well cgyw can be tested by ringdown
observations, for a single detected odd-parity quasinormal mode. As more
sources and modes are detected in the future and the theoretical machin-
ery to analyse them is further developed, we fully expect further tightened
constraints to become obtainable.
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Chapter summary

In this Chapter we investigate black hole solutions with time-dependent
(scalar) hair in scalar-tensor (ST) theories. Known exact solutions ex-
ist for such theories at the background level, where the metric takes on
a standard GR form (e.g. Schwarzschild-de Sitter), but these solutions
are generically plagued by instabilities, as recapped in Section (§5.2). Re-
cently, a new such solution was identified in [679], in which the time-
dependent scalar background profile is qualitatively different from pre-
vious known exact solutions — specifically, the canonical kinetic term
for the background scalar X is not constant in this solution. In Sec-
tion (§5.3) we examine the theory in question at the background and
perturbative level. We investigate the stability of this new solution by
analysing odd parity perturbations, identifying a bound placed by sta-
bility and the resulting surviving parameter space. In Section (§5.4) we
derive the corresponding modified Regge-Wheeler equation and employ
the WKB method to extract the quasinormal mode spectrum predicted by
the theory, finding a concrete shift of quasinormal mode frequencies and
damping times compared to GR. Finally, in Section (§5.5) we forecast con-
straints on these shifts (and the single effective parameter ﬁ controlling
them) from current and future gravitational wave experiments, finding
constraints at up to the 6(1072) and 6(10~%) level for LVK and LISA/-
TianQin, respectively. Finally, we will summarise conclusions in Section

(85.6).

This Chapter is based on the findings in [2], and all calculations shown
here are reproducible in the companion Mathematica notebook [4].

5.1 Introduction

Ringdown tests of gravity: The rise of gravitational wave science offers a
new way to probe gravity in the strong field regime. In particular, the final
stage of gravitational wave signals emitted by binary compact object merg-
ers, known as the ringdown, can be notably sensitive to new gravitational
physics. The ringdown phase is well modelled by linear perturbations on a
black hole background, whose evolution is described by a superposition of
complex decaying frequencies, or quasinormal modes (QNMs) [194].! Gen-
eral Relativity (GR) predicts that the full set of QNMs is fixed by the black
hole’s mass and angular momentum (and charge, if present). This is a con-
sequence of no-hair theorems in GR? [680], and is therefore generically vi-
olated in extensions of GR which allow for hairy solutions.® In such cases,
QNMs can depend on extra parameters associated with the hair, and so look-
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4: Formally, the Kerr hypothesis asks
whether the final stage after gravitational
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ing for deviations from the GR-predicted QNM spectrum provides a power-
ful null test of GR. More quantitatively, QNM measurements can therefore
be used to place constraints on (additional) fundamental gravitational de-
grees of freedom generically associated with extensions of GR that leave an
imprint on the QNMs [647]. This program, sometimes referred to as testing
the Kerr hypothesis®, or black hole spectroscopy [683], has been employed to
probe the strong gravity regime in a diverse number of ways, see e.g. [1, 2,
213, 276, 465, 467, 469, 634, 672, 684—691].

Black hole-scalar solutions: In this Chapter we will work in the context of
ST theories, more specifically Horndeski gravity [355, 356], which is the most
general theory built with a metric tensor and a scalar field yielding second-
order equations of motion.®> Black hole solutions to such theories broadly di-
vide into two categories. On one hand, we have stealth black hole solutions,
where the background metric takes the same form as known GR solution
such as Schwarzschild or Schwarzschild-de Sitter (SdS).% Any potential ‘hair’
associated to such stealth solutions is then associated only with the profile
of the background scalar. On the other hand, due to the increased complex-
ity of scalar tensor actions with respect to the Einstein-Hilbert action, more
general black hole solutions can also exist in such theories. Thus, the other
category of black hole solutions involve new background solutions for the
metric itself (as well as for the scalar) - see e.g. [422, 692]. In this Chapter, we
focus on the former, i.e. stealth black hole solutions with non-trivial scalar
profiles. In particular, we will focus on Schwarzschild and SdS black hole so-
lutions. Especially SdS solutions have been a focus of attention in previous
studies [562, 565-569, 571573, 579, 679, 693], since the de Sitter asymptotics
at large distances more closely mimic realistic black holes embedded in cos-
mological space-times (in comparison to Schwarzschild solutions with their
Minkowski asymptotics). In Section 5.2 we will recap S(dS) solutions found
in ST theories, where the scalar has a time-dependent profile. But looking
ahead, known exact solutions 1) generically suffer from instabilities, and 2)
have been investigated for scalar profiles where X = —%d)ﬂqﬁ“, the kinetic
term for the scalar ¢, is constant.

In this Chapter we therefore focus on a novel black hole solution that was
recently found within Horndeski ST theories [679] and is a promising candi-
date going beyond the constant X assumption and possibly providing stable
dynamics as well. This theory is given by the following Lagrangian

|
Z = 2apX - 2A+ R + WX) + TR (@92 -¢"¢].  (52)

where one can see that standard GR plus a decoupled scalar (albeit with non-
standard kinetic term) is recovered in the A — 0 limit. This theory possesses
an exact background solution of the form [679]

1
ds® = —B(r)dt? + —dr? + dQ?
s @) Mﬂr ,

¢ =gt +y(r), (52)
with
2M 1
B(r)=1- — — =Ar%. (5.3)
r 3

The background solution for the metric is therefore manifestly of SdS form
and qis a (dimensionful) constant characterising the linear time-dependence
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of the scalar field, with ¢ encoding its radial dependence. As we are dealing
with a shift symmetric theory, the derivatives of the scalar field encode its
most important features. In particular, the radial derivative of the scalar
field and the kinetic term X are given by

lﬂ'Z_i 1_/1_B
- B? A+qre )’

where it is immediately apparent that this is a scalar profile with non-constant

1 ¢

TR A

X and we illustrate the dependence of X on r in Figure 5.1. Our focus in this
Chapter will therefore be to investigate this novel solution further, specifi-
cally its stability and QNM spectrum.

5.2 Scalar-tensor theories and hairy black holes

In this Section we briefly review the current state of hairy black hole solu-
tions and their known stability properties. Our focus is on theories where
the new fundamental physics is characterised by a single scalar degree of
freedom ¢, thus constituting a ST theory. As previously noted, Horndeski
gravity is the most general such theory resulting in second-order equations
of motion [355, 356]7, and is governed by the following action

5= j dixy=g|Gy + Gsp + GyR + Gax [(O9)? — ¢4, | +

1
GsGpu" — =Gsx [(O9)° = 30" 4,006 + 200 §5] |. - (55)

Recall that we have employed the shorthands ¢, = V¢ and ¢, = V, V¢,

and the G; are free functions of ¢ and X, where X = —%qﬁpd)". G;x denotes
the partial derivative of G; with respect to X. When discussing previous
work on black hole solutions in ST theories, we will occasionally also refer to
solutions derived in extensions of Horndeski theories, in particular within
DHOST [348-350, 694, 695].

Horndeski gravity admits a richer variety of black hole solutions compared
to GR. Yet, akin to GR, there exist a number of no-hair theorems for a wide
range of ST theories which enforce the scalar to possess a trivial profile [115—
118]. These theorems have been broadly exposed in Section 2.2.2.8 Stealth
black holes with a constant scalar field background profile ¢ have therefore
been investigated in [213, 634, 635]. Around this background odd metric per-
turbations trivially behave just as in GR, since they are unaffected by the
even sector (where scalar perturbations do induce non-trivial effects) and
also do not feel any effects from the scalar background solution (since this
is trivial in the present no-hair setup).® Consequently, in order to explore po-
tentially observable effects induced by the scalar, one ought to either investi-
gate different background solutions (and hence consider Horndeski theories
that evade no-hair theorems) or consider even perturbations. For detailed
discussions of the second option we refer to [212, 213, 634, 636—643] for work
in the context of Horndeski gravity, and to [212, 476, 578, 644—647] for work
in the context of other theories (ST or otherwise). However, like in the pre-
vious Chapter, here we will proceed along the first route, considering the
dynamics of odd perturbations around background solutions which evade
no-hair theorems. There exist a number of loopholes around no-hair theo-
rems and one can broadly classify the constructed hairy solutions depend-

7: For the equivalence between the formu-
lations of [355] and [356], see [391].

8: For scalar-tensor theories, it was first
shown that stationary black holes in min-
imally coupled Brans-Dicke theories con-
tain no hair [115], a result which was ex-
tended to a more general class of scalar-
tensor theories including self-interactions
of the scalar [116], to spherically symmet-
ric static black holes in Galilean-invariant
theories [117], and for slowly rotating black
holes in more general shift-symmetric
theories [118].

9: This set up has been portrayed in full
detail in Section 3.5.
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Table 5.1: Stealth black hole solutions with a linearly time-dependent scalar (5.2). S(dS) corresponds to Schwarzschild(-de Sitter), while (K)RN(dS)
refers to (Kerr-)Reissner-Nordsrom(-de Sitter). The cosmological constant in dS can either come from a bare cosmological constant in the action
as in GR, or from an effective combination of beyond-GR parameters (i.e. self-tuned). We denote cases which can fall in the latter category with
*. The symbol A is used to indicate the non-existence of stealth black hole solutions — in particular such solutions were shown to be absent
in large classes of shift symmetry breaking Horndeski theories in [570]. Further details related to all the solutions shown in this Table are
discussed in Section 3.4.2. Let us only point out here that even modes have been shown to suffer from instabilities in all known hairy solutions
for which X = const [578]. This Table builds on a pre-existing one [571].

> Background solution Stability
&w X odd even

% 2
(Shift + refl)-sym Horndeski [565, 566] S(ds) q? = const v X
Cubic Galileon [568, 569] $(dS)” (non-exact) non-const (non-exact)  ? ?
Shift-sym breaking Horndeski [570] 2 (for large subclasses) A (for large subclasses) - -
G, =1X, Gy = { + BVX [562] S(ds)” + RN(dS)" (non-exact) non-const ? ?

2
Shift-sym beyond Horndeski [693] Sds” qz = const v X
Shift-sym breaking quadratic DHOST [573] s(ds)” q? = const v X
Shift-sym quadratic DHOST [571, 696] s(ds)” + K* const v X
Quadratic DHOST [572] $(ds)” + (K)RN(dS)" const v X

2

Gy = —2A+ 21VX, Gy = 1 + WX [679] S(ds) % A‘i :rz v ?

10: Non-stealth solutions with primary
hair have also been found in [679], but we
will not be considering here.

ing on whether the background scalar is static or contains a (typically linear)
time-dependence. We have summarised in Section 3.4 the existence of static
and time-dependent scalar hair solutions. Here, we focus here exclusively
on subsets of Horndeski which admit stealth black hole metrics with a time-
dependent scalar as a background solution as in (5.2) of Schwarzschild or
Schwarzschild-de Sitter (SdS) form

2M
B=1—-—, Schwarzschild,
r
2M 1 9
B=1—-—— §Ar , sds. (5.6)
r

Here M is the mass of a spherically symmetric compact object (e.g. a black
hole) and A is a cosmological constant. Note that since we are focusing on
stealth solutions where B(r) is given by a GR metric, the scalar hair intro-
duced by g is of secondary nature.!°

Solutions of the form of (5.2) have been found to be of special cosmological
interest, where the time-dependent scalar can affect cosmological dynamics
and e.g. play the role of dark energy. More generally speaking, when embed-
ding black hole solutions in a cosmological spacetime time-diffeomorphisms
are naturally broken in the long-distance limit (unlike for Schwarzschild so-
lutions with Minkowski asymptotics) and hence a a time-dependent solution
for the scalar is a natural occurrence in such settings. Calculating and mea-
suring physical effects arising from such a time-dependence on the gravita-
tional waves emitted by black holes therefore promises to provide informa-
tive constraints on models such as (5.1). In this work we will focus on the im-
prints left on the quasinormal modes in the ringdown signal of binary black
hole mergers by the non-trivial nature of the scalar field. However, a key re-
quirement that needs to be satisfied prior to carrying out a ringdown study is
for the solution to be stable, i.e. to avoid an unphysical (exponential) growth
of perturbations. And indeed, while SdS solutions (i.e. approximants to “cos-
mological black hole” solutions) have been found for several Sections of the
Horndeski family, they have also been generically found to suffer from insta-
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bilities when the scalar has a time-dependent profile. Table 5.1 summarises
the existence and stability of these types of solutions, and a more in-depth
and historical examination of the results can be found in Section 3.4.2. Here,
it suffices to say that, while such exact SdS and scalar profile solutions have
been found for large sub-classes of Horndeski theories, higher-£ even modes
around backgrounds of the form of (5.2) have been shown to generically suf-
fer from instability or strong coupling issues [578].

This then leaves us with no known well-behaved stealth black hole solu-
tions with a linearly time-dependent scalar. However, as pointed out above,
X = const is a key requirement for the results of [578] to hold, so an obvi-
ous question is whether solutions with different scalar profiles exist and, if
so, whether perturbations can be stable on such other backgrounds where
X # const.! While previous solutions have frequently been constructed by
first imposing X = const for simplicity (see e.g. a related discussion in [573])
and then finding the form of ¢ satisfying this condition, the theory (5.1) was
recently identified as possessing a stealth SdS solution for which X # const
[679]. In terms of Horndeski functions, this theory is given by

Gy = —2A + 2pVX, Gy =1+ WX, Gy =0 = Gs. (5.7)
As pointed out above, unlike previous solutions, X then adopts a non-trivial
radial profile, cf. equations (5.2) and (5.4). In the next Section we will there-
fore examine this theory at the background and perturbative level, showing
that the solution can be stable under odd parity perturbations, and showing

the effects on its (likewise odd parity) quasinormal mode spectrum.

5.3 Background stability and perturbations

Re-expressing (5.7) as a full action for the theory, we have
S= Jd‘*x,/—g[R (1 + A\/Y) —2A+ 2V X

+

(@87 - G)] (55)
20X w

where the second line comes from the G, x term. It is worth making explicit
that, just as for the metric determinant, the square root of X is taken to be
the principal (positive) square root. Upon a redefinition of the scalar field
one can absorb into the scalar field either of the two parameters n or A and
hence redefine the theory without loss of generality in terms of only one pa-
rameter. This will be important when investigating and constraining physi-
cal deviations from GR in Sections 5.4 and 5.5. In particular, we will redefine

¢

A
the scalar field as ¢ — = and use % = 7 38 the single parameter controlling
n n

(small) departures from GR. In this Section, in order to facilitate comparison
with [679], we will however keep both  and A as bookkeeping parameters. We
show in the next Section expressions for the covariant equations of motion,
the current associated with the theory’s shift-symmetry (demonstrating its
regularity), and show a relation between the scalar and metric equations.

[578]: Rham et al. (2019), “Perturbations of
stealth black holes in degenerate higher-
order scalar-tensor theories”

11: Note that an alternative route to by-
pass stability issues in specific theories
and to study the evolution of perturba-
tions in a model-independent way (de-
tached from the question of whether a
given perturbative solution can be embed-
ded in a full covariant theory) is to employ
an Effective Field Theory (EFT) formalism
to perturbations on a background with
a time-dependent scalar. Such formalism
has been developed recently in [697] and
employed in different scenarios [451, 690,
698-700]. In this work, however, we will
focus on model-specific exact black hole
solutions. In the context of realising well-
behaved perturbative setups within covari-
ant theories, also see work on the ‘scor-
datura mechanism’ [701, 702].

[573]: Ben Achour et al. (2019), “Hairy
Schwarzschild-(A)dS black hole solutions
in degenerate higher order scalar-tensor

theories beyond shift symmetry”
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5.3.1 Equations of motion and conserved current

Writing the Lagrangian (5.8) as

& =Ler+ L+ 2, (5.9)
with
FLor = R—2A,
&y = 2V X,
1
L= A (RIX + = (9P = @), (510)

the equations of motion from for the metric tensor and the scalar can re-
spectively be written as

&y =88 +&h+8k =0, (5.11)

& =8+ &) =0, (5.12)

where we introduce the notation %LV = , & and we have used
5gI‘V ¢’ ¢

the fact that %¢ = 0 since it is ¢-independent. Full expressions for these
terms are given by

& =R, — - (R - ZA) (5 13)
Hv HY zg,uv > .
n n 1
%[ll/ = (7, ‘(gu\/ 2¢,u¢v > (5 )

&l = i[ =2 (R = 5R) + 5 (R = SO97) + 5 (2R + 8™ = O?) + 600
m=0IxX w58y o Puv 5 8w \#Xap op v
- zqso (¢(pRv)a + ¢(,u¢v)0') - d)qusz - R,utrvpd)o-d)p
1 1
+ §(2¢0¢0p¢(,u¢5) - ¢yv¢g¢pa¢p - E¢p¢v¢0p¢ap + ¢,ucr¢a¢vp¢p

+ 8978 (Odop — By —¢py¢§))], (5.15)
%gR 0, (5.16)
8] = 1= (00 + 5. (517
A1
&) = F[Em 2t + 0P — XTUp = R,,v¢>“¢V——¢ V9’

+ 3% (<384 81085 + g (87857 + 5%"”) 24 3R b~ 2 R 040 )

b 04 o (0500 + 26 ¢"p>] (515)
(zx)z op H 2 THY >

) ) ) where we have used again the standard definition of symmetric and antisym-
12: Symmetric and antisymmetric tensors

are defined as metric tensors (5.19)."* We note that the above equations of motion satisfy

1 an interesting relation given by
A(pv) = E(Auv + Avy);

_ VHE = —4,&. 5.20
Ap] = E(A“V -A,). (519 uv ¢ &y (5.20)
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This is in fact satisfied independently by the three different lagrangians
in (5.9). One can easily check from the expressions (5.14) and (5.17) that
vH %ZV =—¢, %(Z On the other hand, showing that V¥ %;}V =—¢, %;51 is more
cumbersome and is therefore shown in [4] for the interested reader. Then,
one is left with V# %g,R = -9, %gR. As was argued before, %Q?R = 0 due to
the lack of ¢-dependence, which in turn reassures that Bianchi identities
are satisfied, i.e. V”%E{,R =0.

In this Chapter we are focusing on so-called ‘stealth’ solutions, where de-
spite of dynamical modifications induced by the scalar field, the metric back-
ground solution is as it would be in standard GR (in our case: a standard SdS
solution) and hence %ﬁ,R = 0. In that case, equations (5.11) and (5.12) imply
that the scalar background profile satisfies both

&l = -8}, (5.21)
%(Z = —%g. (5.22)

As a consequence of the shift-symmetry of the theory considered here, the
scalar equation of motion can be rewritten as a conservation equation

8g=-V,J'=0, (5.23)

where the current J# can similarly be written as

=g+ I (5.24)
with [561]
ﬁ=i%w, (5.25)
A ) 1 5 5
.m%=57§[cﬂ¢v—5§(¢”«¢mJ - (39)")

wwmmr%ww. (526)

Note that %’Z = —Vu],f and %é} = —Vy]f. The norm of the current is given
by

1
2 _ 2 372 3.2
Jr=] g0 = oD [384M17 - r(27/1 A? + 10873r

+ 9pAZA(20 + 3Ar2) + 4n?A(75 + 29Ar2)) . (5.27)

Hence, the norm of the current is found to be regular for all r down to the
black hole horizon.

5.3.2 Cosmological background

We will focus on black hole solutions and related perturbations in this Chap-
ter and hence primarily investigate (5.8) as a fiducial effective description of
physics on the corresponding scales. Nevertheless, given the Schwarzschild-
de Sitter stealth solution for the metric, it is interesting to briefly discuss
the long-distance, ‘cosmological’ de Sitter limit of the dynamics encoded

127
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[703]: Creminelli et al. (2020), “Hairy Black-
holes in Shift-symmetric Theories”

in (5.8). Focusing on the background evolution in the cosmological r;/r < 1
limit, one can map the de Sitter metric in spherically symmetric coordinates
- the long distance limit of (5.6) — to standard cosmological coordinates by
using the transformations [568]

1 2
t=1— Eln[l—(Herp) ]
r=el?p, (5.28)
where A = 3H2. This transformation then yields the metric
ds® = —dr? + 217 (dp? + p2dQ?), (5.29)

up to corrections O(r,/r), i.e. terms strongly suppressed in the cosmological
long distance limit. The Hubble parameter H is a constant in the de Sitter
limit we are considering here. In these new coordinates, the canonical scalar
kinetic term X is given by

X=- = —
2 [A 2np? p
2
A+eN3iTpp2

where we again see that X is asymptotically suppressed at large distances.

(5.30)

A
1 ) e_z\/grqle @( 1 )
+ ,

The fact that the effective cosmological constant is A (i.e. is not redressed
by contributions from the scalar) as well as (5.30) serve to highlight two key
points: 1) In the solution we are considering, the scalar field ¢ does not affect
the cosmological background solution and e.g. is therefore not playing the
role of dark energy. While, as discussed above, time-dependent scalar hair
is often motivated by the way in which this time-dependence can be linked
to cosmological background dynamics, this is therefore not a primary moti-
vation for the specific solution we investigate here. 2) The form of X (5.30)
and the fact that it is asymptotically suppressed at large distances means
that this is not a solution where one obtains both ¢ « 7 in cosmological
coordinates and a metric solution of the simple cosmological form (5.29). In-
stead, a significant (unsuppressed) p-dependence remains present in the ¢
profile.

The behaviour of this solution, particularly the kinetic term X, warrants
careful consideration. Perturbations can become problematic when X — 0
on a Minkowski background, as non-analytic terms in the action involving
1/4/X would diverge, potentially leading to pathologies or ill-defined equa-
tions of motion for perturbations [703]. However, it is crucial to distinguish
between the asymptotic flat (Minkowski) background, where X — 0 at spa-
tial infinity might signal a genuine strong coupling problem, and the de Sit-
ter background considered here. In a de Sitter spacetime, the asymptotic re-
gion is fundamentally altered by the positive cosmological constant A, lead-
ing to a cosmological horizon. This implies that physical processes are con-
fined to regions within this horizon. The behaviour of perturbations near the
de Sitter horizon and the existence of this horizon can prevent the system
from truly probing the X — 0 regime in a pathological manner relevant for
observable physics, effectively shielding such strong coupling issues from
being physically problematic. In order to fully determine the strong cou-
pling scale of this theory, one would be required to go beyond the linear
theory. Moreover, in order to fully assess weather strong coupling issues as
described in [578] persist for such solutions with a non-constant X, a full
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analysis of the even sector would be required. This questions lie beyond the
scope of this Chapter and therefore constitute potential directions for future
research.

Having briefly considered the background evolution, especially in the con-
text of perturbative dynamics it is interesting to note that the theory we are
investigating (5.7) belongs to the class of ‘extended cuscuton’ theories [410]
— also see [408, 409] for the original cuscuton theory. These theories satisfy
the following condition

CGrH +6M* =0, (5.31)
where &1, Z, M are defined for general Horndeski theories in [410], but spe-
cialised to our setup are given by

Gr = 2(G4 — 2XGyx), M = 2Ho ¢(Gyx +2XGyxx),

K = Gyx +2XGyxx + 6H2(G4X +8XGyxx + 4X2G4XXX)' (5.32)

It is straightforward to check that (5.7) satisfies # = 0 and .# = 0, hence
trivially meeting the condition (5.31). For such theories, [410] show that the
scalar manifestly does not propagate when expressed in coordinates such
that ¢ o« 7. While we do not work in a coordinate system where ¢ o« 7
here, the timelike nature of the derivative of ¢) means a transformation to
new coordinates ¥ such that ¢ o« 7 is expected to exist. Note that the met-
ric is likewise expected to take on a form different from (5.29) in this new
coordinate system. While we will not investigate the cosmological limit in
different coordinate systems or further detail here, it will be interesting to
investigate the link to cosmological cuscuton analyses further in the future.
In the same vein it will also be interesting to in the future go beyond the
odd parity perturbations around black hole backgrounds we focus on here.
Investigating the even parity sector of (5.7) will in particular allow an assess-
ment of whether scalar perturbations (which are even parity and hence do
not show up in the odd sector) propagate in the black hole solutions consid-
ered here and precisely how this connects to the cosmological limit at large
distances.!®

5.3.3 Black hole background

Having briefly discussed cosmological limits, let us now move to the black
hole backgrounds which are the main focus of this Chapter. We recall from
equations (5.3) and (5.4) that it was shown in [679] that the theory (5.1) has a
solution of the form (5.2) with **

2M  Ar?
B(r)=1-— - —,
r 3
2
q AB
72
== |(1- s 5.33
4 B2 ( A +nr? ) 533)
where the scalar kinetic term is consequently given by
2 2
q 1 1 q°A
X=——--By)?=- ) 5.34
2B 2 4 2 A+ nr? (5:34)

[410]: Iyonaga et al. (2018), “Extended Cus-
cuton: Formulation”

[408]: Afshordi et al. (2007), “Cuscuton: A
Causal Field Theory with an Infinite Speed
of Sound”

[409]: Afshordi et al. (2007), “Cuscuton Cos-
mology: Dark Energy meets Modified Grav-
ity”

13: For a related study of black hole per-
turbations on a cuscuton-like model see
[704], where it is found that in their set up
odd parity modes evolve in the same way
as in GR. Related to cosmological dynam-
ics, while the model investigated here does
not alter the cosmological expansion and
dark energy is just given by a cosmologi-
cal constant, we note that other cuscuton-
related models can affect dark energy dy-
namics [705].

14: We refer to our reproducible Mathe-
matica notebook for the details [4].
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Figure 5.1: Here we plot X (5.34), the
standard kinetic term for the background
scalar as a function of r. We show different
choices for f3, defined as g% = e Smooth

continuous lines exist only for ,BZ >0, ie.
n and A having the same sign. In fact, it
will be shown in Section 5.3.5 that % > 0
is necessary to guarantee stability for all r.
The horizontal orange dashed line at X =
q%/2 corresponds to the limit 5 = 0.

15: We will work to leading (linear) order
in this Chapter, but note that this decou-
pling does not hold at higher orders - see
[278-280, 631-633] for details on the be-
haviour of higher order modes. This linear
order decoupling enables us to study the
odd sector in isolation.

10
q°/2

As mentioned above, unlike for other known time-dependent solutions, the

kinetic term X here is not a constant but rather contains a specific r-dependence

(see Figure 5.1). Note that the presence of both n and A is required in order
to have X # const. The form of ¢ in (5.33) ensures that both (5.21) and (5.22)
are satisfied and thereupon guarantees the existence of stealth black hole
solutions such as SdS.

5.3.4 Perturbations

In order to investigate the linear stability of the solution (5.33) in the the-
ory (5.8) and extract the quasinormal spectrum we need to study the evolu-
tion of linear perturbations. As presented in detail in Section 2.4.1, recall
that around the static and spherically symmetric backgrounds considered
here such perturbations can be decomposed into odd and even parity per-
turbations (under rotations), which decouple from one another at linear or-
der (i.e. they evolve independently from one another and can therefore be
treated separately). 1° Perturbations on the scalar are purely of even parity
and therefore will not be considered here. 0dd perturbations are however
affected by the background solution they are propagating on, so they will
nevertheless be sensitive to the new physics encoded by the (background
solution of the) scalar field ¢. We split the full metric as

8 = g,uv + h,uva (5-35)
where g, is given by (5.2) and (5.33), and hy,,, are small perturbations on top
of it. As we are considering the odd sector and hence no scalar perturbations
will be present in our analysis, we will (in an abuse of notation) use the same
symbol for the scalar field ¢ and its background value. In the Regge-Wheeler
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gauge [201], these look like

0 0 0 h
0 0 0 h

hoad = 0 o o U sin 09g Yy, (5.36)
he hy 0 0

where we have set m = 0 without loss of generality as a consequence of the
background metric being static. hy and h; are functions of (r,t), where the
t-dependence will be taken to be of the form e . To obtain the evolution
of such linear perturbations, we need to work at quadratic order in the per-
turbed action, which we define as

1
@ = J dx =g 2@+ 2P + 22, (5.37)

where the expressions for the corresponding quadratic Lagrangians are

1
8 = - (VR (29, hy — Vghy) + 2Ah )

. )
7P = T (Xl + $ 95 ).

(5.38)

(5.39)

3(2)_ —A h o 1Y v, HO o 1P 1 K) vipH HAV hOP HAp (vhU)
¢ _ﬁ[mr o (X (VORI 2017 4 70 (VU — 29V ) + GV P + 24V G

1
+ hpv<5hw((|j¢)2 = oy @) + S (A7 — HTI + $ppP) + dhg 179V

1
+ o5 (Hed7 @y — (CP)) + 2070 (9" B,y — hopt$'09))
+ AP PRV H) ) + V' hpe) + 28K 9P (2Vh), — V' hgp) + 20477V
+ 2% bV BP + 267 3, VIV HPI 1 200¢(¢TV,hFY — 281V, B — 260V hly)

1
+ o 8109 (969l + 97 (2V(hypo = Vo

Here, we have used the fact that some terms vanish for odd perturbations.
e.g. the trace h = R!; = 0 as can be seen from (5.36).1° We have used the met-
ric equations of motion for this background, i.e. R, = Ag,, and R = 4A, and
the notation for symmetric and antisymmetric tensors. From the form of
the quadratic action we can already make the following observations: (5.38)
describes how odd parity modes propagate in GR, (5.39) provides modifica-
tion to the effective potential only while (5.40) also provides modifications
to the kinetic term.

Substituting the components (5.36) and the solution for the background scalar
(5.2) and (5.33) into the quadratic action (5.37), integrating over the angular
coordinates and performing several integrations by parts, we can write the
action in the following form:

. . 4.
5@ = J dtdr[alhg +aph? +ay (h% +h(2 — 2k, + —h1h0> + a4h0h1],
r
(5.41)

where a dot and a prime denote derivatives with respect to t and r, respec-
tively, and we have dropped an overall multiplicative factor of 27/(2¢ + 1)

hpy)) )] (5.40)

16: Note that this is not true for even par-
ity perturbations - we refer to [4] for full
details and recall that we are working in
Regge-Wheeler gauge here.



132 5 Time-dependent scalar

coming from angular integration. The a-coefficients are given by

o(e+1 - 1D+ 2)F

o = (; ) (r%),+( );B+ ) ’
WW+1DE-1)(¢+2) B

ay) = — 2 r_z 5

a3=£(£;1)%,
e+ 1) —1)E+2

G - Ne+2) 602

where the g; are to be evaluated on the background. Expressions for{#, %, #, 7}

are given by

B

qZ
o afo (£ -ox)an).

H = 2(Gy — 2XGyx),
J = 2qy'Gyx, (5.43)

7
F = 2(G4 - —G4X>,

where in our case the G-functions take the form given by (5.7) but the for-
[574]: Ogawa et al. (2016), “Instability of  mula applies to more general theories [574, 577]. Note that ;# # 0 only due
hmyl bt“k} holes in shift-symmetric ¢4 the presence of the scalar hair g # 0. The quadratic action (5.41) contains
Horndeski theories . .
[577): Takahashi et al (2019), “Linear two fields (hy, hy), but describes only one dynamical degree of freedom. As
stability analysis of hairy black holes shown in [574], the action can be rewritten to make this manifest.
in quadratic degenerate higher-order
scalar-tensor theories: 0dd-parity ) f(f + 1)

— 2 _ 72 )
perturbations” - 4(f — 1)(£ + 2) Jdtdr[le bZQ + bSQQ

= (Kt + Dby + Vere()Q?) (5.44)
where the new variable Q can be written in terms of the old ones as
. 2
Q=hy—hy+-hy (5.45)
r

and the b-coefficients are given by

FHr?
b= 37 B
BE I?r?
Yk
272 712
3= W
by=%. (5.46)

Note the presence of the cross term b; which includes one time and one
radial derivative. By performing a time redefinition as described in [577, 706]

f=t b3d
=t+ | — .
Jsz T, (5.47)

we can diagonalise the kinetic part of the Lagrangian and rewrite the quadratic
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action in the standard form

et +1) .
s@ = —Jdtd b1(3:0)% — b,Q"?
46— 1)(e+2) r[ 1(GQ)" = b2
— (U + Dby + Veg(NQ?],  (548)
with
. b% H°r?
b1:b1—4—b2: ICR (5.49)
The potential is given by
2 1 "\
Vett(r) = r° | by (W) —2%. (5.50)

2 (b2 ,
==2(r 3 + ). (5.51)
where the second equation is obtained using the fact that # = 2 in this
theory and thus #’ = 0.

5.3.5 Stability conditions

Having written the quadratic action in the form of (5.44), we can easily iden-
tify the following conditions in order for perturbations to be well-behaved
and not grow over the background

b, >0, by >0, by > 0. (5.52)

Since by = Z = 2, the last inequality, which ensures the avoidance of tachy-
onic instabilities, is always satisfied. Before analysing the first two condi-
tions, it is important to show that they indeed are legitimate measures of
stability. As was shown in [575], the Hamiltonian density in the (¢,r) co-
ordinates, i.e. as obtained from (5.44), might be unbounded from below.
However, Hamiltonian densities are coordinate-dependent quantities, and
by performing a time coordinate transformation of the type (5.47) and show-
ing the boundedness from below of the Hamiltonian in the new (£, r) coordi-
nates, which is also encapsulated by conditions (5.52), it suffices to guarantee
stability [575]. In our background of interest, b; and b, take the form

- 1
bl = 27‘2 | | > 0,
%\MZ +nAr? + B(r)
%\Mz +nAr?2 + B(r)
by = 2r2 L2 > 0. (5.53)

lgg 2

+ —_—
NPINFEEE T

Note that B(r) is a positive definite function of r, so to satisfy both inequali-
ties and ensure the coefficients are real we require

1

22 +nar > 0. (5.54)

[575]: Babichev et al. (2018), “Hamiltonian
unboundedness vs stability with an appli-
cation to Horndeski theory”
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Figure 5.2: Stability plot for black holes
with a time-dependent scalar (5.2) in
cuscuton-like theory (5.8). In the bright
green region, stability is ensured for all
r.Atr = r, = 2M, the stable region
is extended to cover up to the diagonal
lines (5.55). In between the two extremes,
there is a smooth r-dependent transition
as shown by the dashed contours. Finally,
the dark blue region corresponds to pa-
rameter values violating the stability con-
ditions for all r. The plot we show here is
a 2D representation of what really is a 3D
space, where the extra dimension is given
by r.In [4] we include an interactive 3D ver-
sion of this plot which might help in its un-
derstanding.

17: Note that inverting this one gets
i pl
1-7 -2

(5.56)

1.0

<< 0.0

-0.5

-1.0

-1.0 -0.5 0.0 0.5 1.0

Investigating this condition in the short and long distance limits and for a
fiducial mass of M = 1/2, one finds

2 +pA>0
nA=0

atr = 2M,
(5.55)
atr — oo,

Note that the second condition is stronger than the first, meaning that A >
0 is a sufficient condition to guarantee stability for all r. It is instructive
to point out that we have glossed over the difference between Schwarzschild
and SdS metric backgrounds in deriving (5.55). In SdS it does not make sense
to take r — oo, but instead there the cosmological horizon r, serves as an ap-
propriate long distance limit for r. However, r, > r; by ~ 20 orders of magni-
tude, so corrections to (5.55) arising from this finite long-distance limit are
very strongly suppressed and we can therefore work with (5.55) to very high
accuracy even for SdS.

To visualise the stability conditions in the full parameter space, we can com-
pactify the infinite range of r as well as y and A, i.e. —o0 < (y,k) < o0 into a
finite range. This can be done with the choices’

n A

= ——, A= ——. 5.57
! Vi+n 1+ A2 o7

Now, the full range of 7 and & is given by —1 < (7, 1) < 1. Figure 5.2 sum-
marises the results of our stability analysis using these variables.

As can be easily appreciated from the figure, stability conditions share cer-
tain symmetries in the 7 and A plane. This is indeed not surprising, since (as
dscussed at the start of this section) one can rewrite the theory we consider
in terms of only one free parameter, namely the ratio between A and 5. More



specifically, we can redefine the scalar field ¢ — ¢/5, which maps the action
(5.8) to the following

S= Jd4x, /Tg[MI%lR —2A + 2MEVX + 22RVX
,82
VX
where we have temporarily suspended geometric units to make powers of
My, explicit and have implicitly defined the parameter 2 as

+

(@9 = (#)?) ], (5.58)

B = i >0, (5.59)

where the final inequality is mandated by the stability conditions (5.55). Note
that defining the parameter as ﬂz is precisely motivated by those stability
conditions, but the square root structure of the theory will mean several
predictions in the following Sections are controlled by f = \/ﬁ

5.4 Quasinormal modes

Having set up the relevant perturbation theory and discussed stability prop-
erties in the previous section, we are now in a position to derive the corre-
sponding quasinormal mode frequencies in the odd sector. As we will see,
deviations from standard GR predictions will (as one may expect) be con-
trolled by the f parameter introduced above.

5.4.1 Modified Regge-Wheeler equation

In order to obtain the analogue of the Regge-Wheeler equation we will follow
the procedures described in [706]. We start by obtaining the equation of
motion for the master variable Q of the odd parity perturbations by applying
the variational principle to (5.44)

b, b L+ Dby + Vgt

—2Q+ Q" + 2o-——2 o=y, (5.60)

by by by
To remove the single radial derivative term, we express the equation above
in a generalisation of the tortoise coordinate given by'®

re = I\/gdr (5.61)

¥ = FQ (5.62)

and redefine Q as

where s
F = (ble) . (5.63)

Doing this, we obtain an expression in the form of the Regge-Wheeler equa-
tion
(2-02-V)¥=o, (5.64)
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[706]: Nakashi et al. (2023), “Black hole
ringdown from physically sensible ini-
tial value problem in higher-order scalar-
tensor theories”

18: Note that for A = 0 we recover the tor-
1
toise coordinate in GR dr, = Edr‘
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9
where we have expressed the tortoise derivative as — = 9,.. The potential
T,

*

is given by
e+ )by +V, 1
o Tl —92F. (5.65)
by F
and Vg is given by (5.51). The full analytical expression for V can be written
as

P22 + 12 ) qP(B + qp2? +r?)
+ X
B 4r2(2p% + r2)(2qpB3 + 2% + r?)3

x [q2ﬂ6 (192B* + 10422 + 3r) + 2(28% + %) (24B* + 17%r% + 2r*)

\%4 :VRW (1 +

+6qf°\[2% + 12 (384 + 416%r% + 117r%) — BB (2 (4847 BO(2B7 + 1?) + 48 + 56 %% + 19r%))
3
+ 9 (384p* + 416°r* + 117r%) ] (5.66)
22 +r?

where Vpy is the well-known Regge-Wheeler potential in GR (2.58)

e(e+1)_ﬂ)

VRW = B( > 3 (5.67)

r r

and, as discussed above, square roots in (5.66) denote principal square roots
(this is also the origin of odd powers of f§ seen in the potential).

In the next Section we will investigate the quasinormal frequencies and damp-
ing times of this potential. There, we will find that, at leading order, devia-
tions from GR are in fact controlled by a single effective parameter, namely

p=pt (5.65)
=p—=. 5.68
3
My
Let us now look at how the potential V' looks analytically when ﬁ <« 1,s0
as to better understand its parametric form. To this end it is instructive to

write the potential as

V=Vaw+ D, 6Vix f. (5.69)
i=1
with the first orders of §V; given by

1 9 &M

r

2

5V, = (4 (et +1) — 4)
3_q2M3r3 Pl T=4+

M§, (56M )

21MME 38M2)

re

§Vy = — [ — —15M%

M\ (5.70)

where we have again temporarily suspended geometric units to make pow-
ers of Mpj (and hence mass dimensions) explicit. Higher orders can be found
in the companion Mathematica notebook [4]. The effect of §V on the un-
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Figure 5.3: Left panel: Modified Regge-Wheeler potential for different magnitudes of the deviation parameter B for £ = 2. We show r in units
of r, = 2M, so that r = 1 corresponds to r = r;. One can observe that the main effect is an enhancement in the overall amplitude. Also note that
the maximum of the potential is slightly shifted to lower values of r. Right panel: Quasinormal modes for £ = 2 (corresponding to Table ??) and
£ = 3 for increasing magnitudes of . Both stars correspond to the GR values and colours correspond to f values on the left panel.

perturbed Vgy is shown in Figure 5.3, where one can appreciate almost a
constant shift in the amplitude of the potential throughout the range of the
radial coordinate.

5.4.2 Quasinormal frequencies

Having obtained the effective potential for the modified Regge-Wheeler equa-
tion, we can now study its quasinormal mode solutions.!® Looking for quasi-
normal mode solutions where ¥ has a time dependence of e~
the Regge-Wheeler equation as

, We can write

(2 +w?-V)¥=0. (5.71)
Recall from Section 2.4.2 that upon imposing the relevant dissipative bound-
ary conditions (corresponding to outgoing waves at spatial infinity and ingo-
ing waves at the black hole horizon), the w solutions to (5.71) become complex
and can therefore be written as
i
Wpm = 27 fom + —.
Tem

(5.72)

Here, the real part corresponds to the physical oscillation frequency of a
mode, while the imaginary part corresponds to its damping time. Due to the
axisymmetric nature of our background modes with different (£, m) indices
do not mix.2® Here we will mainly focus on the dominant mode (2, 2).

There are a number of techniques one can use to obtain the QNM themselves
(see e.g. [231, 232, 243, 253, 652—655]) but we refer to [194] for an extensive
review of those. Here, we will use the WKB method, first applied to black
holes in [243] and subsequently extended to higher orders in [244—247].2
We do this by adapting the Mathematica package which can be found in
[247, 252].

The WKB method provides a straightforward and precise technique of ob-
taining quasinormal frequencies from an effective potential. However, in

19: Note that in this Chapter, in order to
retain a consistent convention throughout
the thesis, we show QNMs in units of 2M
instead of M, as was done in [2].

20: As explained in more detail in Sec-
tion 2.4.2, there is a third index charac-
terising the QNM spectrum, the overtone
number n. Here we only focus on the ‘fun-
damental mode’ n = 0. Modes with higher
n’s (i.e. overtones) are more suppressed
by virtue of having increasing values of
Im()|.

[243]: Schutz et al. (1985), “Black hole nor-
mal modes - A semianalytic approach”

[244]: Iyer et al. (1987), “Black Hole Normal
Modes: A WKB Approach. 1. Foundations
and Application of a Higher Order WKB
Analysis of Potential Barrier Scattering”

[245]: (2003),
mal the

Konoplya “Quasinor-
of

black
order WKB approach”
[246]: Matyjasek et al. (2017), “Quasinor-

mal modes of black holes. The improved

d-dimensional
and

behavior

Schwarzschild hole higher

semianalytic approach”

[247]: Konoplya et al. (2019), “Higher order
WKB formula for quasinormal modes and
grey-body factors: recipes for quick and
accurate calculations”

21: Because of the form of the poten-
tial corrections (5.70), in particular the
fact that they do not scale with B(r), it
is unfortunately challenging to use the
parametrised ringdown formalism intro-
duced in [253] and subsequently developed
in [254-256].

[247]: Konoplya et al. (2019), “Higher order
WXKB formula for quasinormal modes and
grey-body factors: recipes for quick and ac-
curate calculations”

[252]: "Konoplya et al. (), Mathematica WKB
package
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Table 5.2: Real and imaginary components
of the ¢ = 2 quasinormal frequencies w for
varying ﬂ obtained with the WKB method
to 6th order.

22: Note that, as is also the case for the GR
potential in 5.3, the second turning point
for the modified potentials is hidden atr <
1, where V approaches +o0 asr — 0.

23: We show in [4] that this is the case by
computing how error estimation increases
with WKB order. As said, we find that this
is minimised for 6th order.

[637]: Franciolini et al. (2019), “Effective
Field Theory of Black Hole Quasinormal
Modes in Scalar-Tensor Theories”

24: Note that the maximum is approx-
imately located around the light ring,
which in Schwarzschild GR is at r = 3M.
In Figure 5.3, because r; = 1 has been
chosen, the three maxima appear around
r(2M) = 1.5.

Re(2Mw) Im(2Mw)
B =0 (GR) 0.7472 —0.1778
p=1073 0.7506 —0.1788
B=10"2 0.7803 —0.1876
p=10"" 1.0469 —0.2705

order for it to be justifiably applied, the potential needs to satisfy some cri-
teria laid out in [247]. Most notably, the potential must have one local max-
imum, be asymptotically constant, and contain two turning points. As can
be observed form Figure 5.3, these are all satisfied by our modified effective
potential.??

Let us now briefly introduce how the method works practically. The ratio-
nale is to match the asymptotic solutions given by (2.133) respectively with a
Taylor expansion around the maximum of the potential located at ry. For a
differential equation written in the form of (5.71), the matching of solutions
at the different regions imposes

N
o =V, —i(n + %) V2ve? = if2vg® Y A,
i=2

Here, V) denotes the potential evaluated at the maximum ry, and we use VO(Z)
to denote the second tortoise derivative of V evaluated at the maximum. n,

(5.73)

being the overtone number, is set to zero when focusing on the fundamental
mode. Finally, A; are functions of higher order derivatives of the potential,
where j denotes the order to which the WKB expansion is carried out. The
first application of this method to black holes was carried out in [243] and
included only the first order. [244] then extended the WKB formula to 3rd
order by computing A, and As. This was then extended in [245] to 6th order
and in [246] to 13th order. However, going up in WKB order does not neces-
sarily mean improving accuracy. For instance, the fundamental mode in GR
is best approximated by 6th order WKB [252], and we find that this is also
true when including our corrections.?®* Therefore, we perform calculations
to 6th order WKB in what follows.

Note that obtaining QNMs via the WKB method involves taking derivatives
at the maximum of the potential. The location of the maximum, however,
changes as a function of ﬁ The WKB package [252] allows one to obtain
numerical values for the QNMs while taking this into account automatically,
and we show some examples in Table ?? and Figure 5.3 calculated this way.

Nonetheless, we also want ‘semi-analytical’ expressions for w as a function
of /§ that we can then use in our forecast analysis. For this, we employ
the light ring expansion [637] to find the location of the maximum as a func-
tion of ﬁ The expansion works under the assumption that the geometry
is “quasi-Schwarzschild” or, in other words, that the location of the poten-
tial maximum is only a small deviation away from the Schwarzschild value

pmax — piHa% GR 4 Or,.. This is certainly true in our case of study with small
B, as can be seen from Figure 5.3.2* Upon employing the light ring expan-

sion we can expand the defining property of the maximum of the potential
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ey v T 0 to approximate to first order [637]

oV

arzv ‘r:r:(nax,GR .

Sr, = (5.74)

With this, we then have expressions for the maximum as a function of [?
that we can then substitute in all the potential derivatives in (5.73). While
the full expression of r}}“ax(ﬂA) is quite lengthy - see [4] for full details - this
simplifies considerably for small ﬁ, i.e. the case we are focusing on here. But
rather than immediately truncating to the lowest order correction in /?, itis
instructive to examine the few lowest order terms. We find

2
MPI max _ _ 3 P2
V?’* = 3.2808 — 3.0306 - ﬁ + 0.8316 - ‘B

8

M, R R
M4P:;12> B+ oY (5.75)

- (0.22819 + 1.8502

where we have set £ = 2 in deriving this expression, and the first term rep-
max, GR

resents the GR value r; = 3.2808 - M/Mgl. This expression highlights
three important points:

1. First, the regime where it makes sense to truncate the above expan-
sion iSB <« 1. This corresponds to fMgq < Mf,’l, which puts an implicit
bound on the (until now unrestricted) parameter q if we are to demand
working in the small /? regime, i.e. in the regime where potential devi-
ations and the shift of rJ"* are small. As an example, taking § ~ O(1)
and considering black holes with M ~ 6(10)M, where Mg, ~ 103%kg
while Mp; ~ 1078kg, this requirement becomes Vg < 10~28kg or,
equivalently, \/qg < 108 ev.

2. At cubic order in ﬁ we effectively see that the theory ultimately is con-
trolled by two parameters (in addition to M and Mp): § and g. While
at lower (leading) orders these only enter in the form of the single
effective parameter ﬁ, from cubic order onwards we can see g enter-
ing independently. Note that this is expected in light of the potential
corrections (5.70), which share this feature. If we require these qualita-
tively different terms (e.g. the second term in the second line of (5.75))
to be suppressed with respect to the solely ﬁ—dependent terms, we
in addition require MSI < M4q2. Taking the same example masses as
above, this is akin to requiring /g > 1074 kgor /g >» 10711 eV, when
this bound is satisfied, these additional terms can be safely dropped
for black hole mass ranges close to the example chosen here.

3. For small /?, the linear /§ term in (5.75) is the leading order correction.
An immediate consequence of this is that the maximum of the poten-
tial always decreases in such cases, getting closer to the light ring at
r = 3M compared to GR.

Equipped with (5.75), we can substitute this into the WKB formula (5.73) to
obtain an expression for the QNM frequencies in terms of ﬁ, ie. w(ﬁ). Since
the full expression is quite cumbersome, we do not show it here (but leave it
available in [4] for the interested reader). We have checked that the w values
found with this analytical expression agree with those in Table ??. Working
in a small ﬁ expansion, one then finds

2Mw 2M6L)0 ~ 59 53
— = = +(3.36 — 100 — (4.78 — 032)f2 + O(F%),  (5.76)
MP] MPI
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Figure 5.4: This plot displays the achiev-
able accuracy in the real (solid) and imagi-
nary (dashed) parts of quasinormal modes
for £ = 2 for increasing orders of N in
(5.77). The y-axis represents the fractional
contribution to the quasinormal frequen-
cies gained by going to the next N+1 order
as compared to wy. As can be seen, these
fall of quickly, resulting e.g. in 0(1071%)
corrections for N > 6 for f ~ 0.01.

Table 5.3: Real and imaginary components
of the corrections to the £ = 2 quasinormal
frequencies .

where ) is the GR prediction, now satisfying 2Mw0/M§1 = (0.74—0.18i), and
the other terms correspond to entries in Table ??. More precise and exten-
sive coefficients for this expansion are given in this table, with corrections
to the QNM frequencies parametrised via

i=N

WN = Wy + Z 5a)i,[§i. (5.77)
i=1

The numerical precision of this expansion is shown in Figure 5.4 for increas-
ing N.

; 2MSa; 2May(f = 1071)
Re Im Re Im

0 / / 0.7472 —0.1778
1 3.3501 —0.9935 1.0822 —0.2771
2 —4.7710 0.3282 1.0345 —0.2738
3 20.8065 —4.0438 1.0553 —0.2779
4 —118.2672 18.8014 1.0435 —0.2760
5 674.1128 —123.6702 1.0503 —0.2772
6 —4153.5112 789.1050 1.0461 —0.2765
7 26 259.0482 —5274.1042 1.0487 —0.2770

The methodology for deriving such semi-analytical expressions for the QNM
frequencies from the WKB method is described in more detail in Appendix A,
where the method is exemplified and validated by deriving A-dependent
QNM expressions.

5.5 Forecasted constraints

In the previous Section we obtained the QNM spectrum for a hairy black hole
with a time-dependent scalar, where deviations from GR are controlled by
the parameter 5, which encodes information about the underlying ST theory.



Our aim now is to forecast how well current and future GW experiments will
be able to constrain f using solely the ringdown. Table 5.4 collects our main
results.

We employ a Fisher forecast analysis to estimate the precision with which
[§ will be measurable. Our analysis ubiquitously uses techniques developed
in [216] - for a detailed summary of the forecasting setup specialised to our
present analysis see Appendix 3. We will here focus on a simplified scenario
where all the standard waveform parameters are already known (4, ¢™,...),
leaving ﬁ as the only free parameter. Given this idealised setup, the con-
straints forecasted here should be interpreted as optimistic/optimal esti-
mates for expected achievable precision. Forecasts with full joint constraints
for all waveform parameters will be left for future work.

For a setup as considered here, where the only waveform parameters we
want to constrain are those appearing inside the quasinormal frequencies w,
general expressions for the achievable precision can be derived analytically.
These only depend on the number of parameters one wants to constrain.
Here, GR deviations are solely controlled by the parameter B so we employ
the expression for single-parameter constraints

Ggpz = % (QJ;C,)Z, (5.78)

where the prime denotes a derivative with respect to B — we refer to Ap-
pendix 3 for details on the derivation of (5.78). In (5.78), p refers to the stan-
dard signal-to-noise-ratio (SNR) and the quality factor Q is defined as

OQun = 7 fomTim- (5.79)

In the context of astrophysical binary compact objects, the (§,m) = (2,2)
mode is generically the one with largest amplitude and dominates the ring-
down signal [216-221]. It is therefore usually referred to as the dominant
mode. For non-rotating black holes, which are our focus here, the equations
of motion do not depend on m [212]. Consequently, even though m = 0 is
typically set for simplicity, as we have done here, the results are valid for
any m. For discussions on the amplitude and detectability of subdominant
modes we refer to [217, 219, 222, 223], but here highlight that not only does
the £ = 2 mode dominate in typical scenarios, but also note that for binary
systems which have orbited each other sufficiently long, the orbits will have
circularised, additionally enhancing the £ = 2 mode relative to other modes
[224-226]. That being said, our analysis here can straightforwardly be re-
peated for higher £ modes,*® while we leave conducting a multi-mode anal-
ysis and extending this study to slowly rotating black holes (see e.g. [656—
660]) for future work. Note that, in the context of constraints purely derived
from ringdown, in order to use black hole spectroscopy to both constrain the
standard GR black hole parameters (mass and angular momentum), as well
as additional beyond-GR parameters (such as /? here), the measurement of at
least two QNMs is required. This means an additional (subdominant) mode
is required in addition to the (2, 2) mode discussed above, which typically
entails an order of magnitude reduction in the constraining power, see e.g.
[707]. So when using a single mode analysis here, this is based on the ide-
alised assumption discussed at the start of this section, that all parameters
except for ,[? are (already) known to sufficient accuracy (e.g. from the inspi-
ral), and hence only one mode is needed to constrain the single remaining
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[216]: Berti et al. (2006), “On gravitational-
wave spectroscopy of massive black holes
with the space interferometer LISA”

25: Note that the dipole mode ¢ = 1
requires special treatment, as the Regge-
Wheeler gauge does not completely fix the
gauge in this case. For detailed informa-
tion see [649], where it is also shown that
£ = 1 contributions are negligible in set
ups as the one considered here.
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Table 5.4: Order-of-magnitude errors on
/§ according to the achievable order-of-
magnitude ringdown SNRs for a single ob-
served event for different GW detectors.
More details on the quoted forecasted SNR
values can be found in the caption of Ta-
ble 2.5.

26: Note that, in evaluating the final ex-
pression, we set ﬁ to zero. This should sim-
ply be understood as capturing the leading
order contributions to the error — depend-
ing on the actual value ofﬁ the precise er-
ror can differ by < 0(1%) for ﬁ <107L

27: A value with more significant figures
is provided in [4]. Ultimately, we will ap-
proximate ogp = 6(107Y) in Table 5.4,
as we are purely interested in the robust
order-of-magnitude constraints here.

28: This however assumes an optimistic
scenario of N events with identical SNR,
while many events will have lower SNR val-
ues, e.g. mergers at higher redshifts.

Detector(s) Ringdown SNR (p) Error on ﬁ
LVK 10 [183, 259, 260] 1072
ET/CE 102 [182-185] 1073
pre-DECIGO 102 [261] 1073
DECIGO / AEDGE 103 [186, 262]" 1074
LISA 103 [263-266] 1074
TianQin 103 [265, 266] 1074
AMIGO 10° [267] 107

free parameter.

We can now use the semi-analytical expressions found for the ﬁ—dependent
QNMs together with the error expression (5.78) to place estimated order-of-
magnitude constraints on ﬁ and hence on the gravity model (5.1). Reading
off f and Q from (5.77), as defined in (5.72) and (5.79), and substituting them
into the single-parameter error expression (5.78), we obtain an estimate on
its detectability in the same fashion as [1, 455].2¢ This gives us?”

agp = 0.08. (5.80)
The precision with which ﬁ can be constrained therefore inversely depends
on the achievable SNR, which varies for different existing and upcoming de-
tectors. Table 5.4 collects updated estimates on the optimistic obtainable
ringdown SNRs together with the corresponding order-of-magnitude con-
straint on /? for several ground and space-based detectors. 3™ generation
space based detectors such as LISA are predicted to be able to achieve a ring-
down SNR as high as 10%, which would entail a constraint on ﬁ of

O_I:,ISA/TianQin ~ 1074 (5.81)

B
Let us stress here that the primary bounds discussed in this analysis are pro-
jected from a single ringdown observation with the SNR as described in Table
5.4. In fact, as the number of equivalent events N increases, such bounds are
predicted to improve as N1/2 [671, 672]. For the LISA band, this could entail

an improvement in the constraint on ﬁ of up to two orders of magnitude, i.e.

LISA/TianQin
%
what uncertain, lie in the ©(10 — 100) per year range — see e.g. [190-197].%8

~ 1079, as the estimated rates of SMBH mergers, despite some-

Having pointed out how constraints may improve going forward, let us how-
ever also re-emphasise that the bounds quoted are from an idealised analy-
sis using only the dominant ringdown mode to constrain ,B, with other (GR)
parameters inferred to high accuracy from the inspiral and merger phases.
As discussed above, a pure ringdown constraint would require the measure-
ment of another subdominant ringdown mode, typically entailing an order
of magnitude reduction in the constraining power [707]. Finally, let us point
out that shifts in the QNM frequencies and damping times are detectable
with approximately the same precision as constraints on /)’ e.g. dw ~ 107*
will be detectable with LISA/TianQin. In our context this can e.g. be seen by
noticing that the precision with which /? is constrainable is inversely propor-
tional to SNR (5.80), while the shift in QNM frequencies and damping times
scales linearly with ﬁ (in the small ﬂ regime we are investigating) at leading
order with order one coefficient(s) w; ~ 1.68 — 0.50i.



5.6 Conclusions

In this Chapter, which summarises the results of [2], we have investigated
the stability and quasinormal modes of odd parity perturbations of hairy
black hole solutions with a linearly time-dependent scalar. In particular,
we have focused on the specific ST theory identified in [679] and given by
(5.1). This theory possesses an exact SdS solution for the metric ((5.4) and
(5.2)) and the scalar field is indeed linearly time-dependent for this solution,
but (unlike for other currently known exact solutions in ST theories with
these characteristics) the canonical scalar kinetic term X = —%qﬁﬂgb” is not
constant. This solution is of particular interest since known constant X
solutions are generically plagued by instabilities. Our key findings are:

» The solution we investigate can support stable odd parity perturba-
tions, where a non-trivial bound on the theory’s coupling constant
[§2 > 0 is placed by requiring odd sector stability. This parameter is
effectively a dimensionless measure of the strength of interactions in
the theory (and suggestively written as ﬁz, given this bound - note,
however, that the square root structure of the theory means several

theory predictions are controlled byﬁ = \/ﬁ)

» We have derived the modified Regge Wheeler equation governing odd
parity perturbations in this setup, and provided its quasinormal mode
solutions. QNMs in this setting are controlled by the same single
parameter ﬁ highlighted above. We have computed the QNM spec-
trum and quantified deviations from the GR values as a function of /?,
as illustrated in Figure 5.3, finding the following qualitative features:
1) The maximum of the modified Regge-Wheeler potential shifts to
smaller radii, lying closer to the light ring than in GR, 2) The overall
amplitude of the modified Regge-Wheeler potential is enhanced (i.e.
experiences a positive-definite shift, as above). The size of all three
effects is controlled by [?

» We derive forecasted constraints on ﬁ and the resulting shifts in the
QNM spectrum from upcoming ringdown observations. A single LISA
or TianQin event can constrain these shifts down to ©(10™%), with
potential improvements of up to two orders of magnitude by stacking
events. In the small—shift/small—ﬁ regime considered, the shifts scale
linearly with ﬁ, making it similarly constrainable at @(10™%) (or better
with stacking). Loud LVK events could provide analogous constraints
at the ©(1072) level. Table 5.4 summarizes the achievable constraints
across various current and future detectors.

Several avenues therefore suggest themselves for future work extending the
above: Most importantly, it will be interesting to see what complementary
bounds the even sector will place and whether a fully stable corner of param-
eter space remains for such theories when considering both odd and even
parity perturbations. Considering the dynamics of the theory (5.1) in detail
in other regimes, e.g. its cosmological dynamics/limit as briefly discussed
here, promises to further constrain the relevant parameter space. More gen-
erally speaking, we hope the work presented in this Chapter provides a step-
ping stone towards identifying the landscape of which (if any) black hole
solutions with time-dependent scalar hair are fully stable and hence are of
particular interest for both theoretical and observational follow-up investi-
gations.
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[2]: Sirera et al. (2025), “Stability and quasi-
normal modes for black holes with time-
dependent scalar hair”
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Chapter summary

Black hole solutions in general scalar-tensor theories are known to per-
mit hair. Imposing that some such solutions should exist, the space of
scalar-tensor theories is strongly restricted. In this Chapter, we inves-
tigate precisely what these restrictions are within general quadratic/cu-
bic higher-order scalar-tensor theories for stealth solutions, whose met-
ric is given by that in GR, supporting time-dependent scalar hair with
a constant kinetic term. In Section (§6.2), we derive, in a fully covari-
ant approach, the Euler-Lagrange equations and the conditions under
which they admit all (or a specific set of) exact GR solutions. Focusing
on static and spherically symmetric black hole spacetimes, we study in
Section (§6.3) the dynamics of linear odd-parity perturbations. We con-
struct a second-order covariant Lagrangian collecting all possible con-
tributions from HOST functions, and show which of them contribute in
our setup. In order to diagnose potential departures from GR, we inspect
the component form of the quadratic Lagrangian on Schwarzschild(-de
Sitter) black holes. Importantly, we find that requiring the existence of
all stealth solutions prevents any deviations from GR in the odd-parity
sector. In less restrictive scenarios, in particular for theories only re-
quiring the existence of Schwarzschild(-de Sitter) black holes, we iden-
tify allowed deviations from GR, derive the stability conditions for the
odd modes in Section (§6.4), and investigate the generic deviation of a
non-trivial speed of gravitational waves. In Section (§6.5) we discuss an
issue in deriving the master equation for odd-parity perturbations in
non-shift-symmetric theories. Finally, we summarise the results and
discuss several future directions in Section (§6.6).

This Chapter is based on the findings in [3], and all calculations shown
here are reproducible in the companion Mathematica notebook [4].

6.1 Introduction

The study of black hole solutions has been pivotal in advancing our under-
standing of gravity, offering a fertile testing ground for General Relativity
(GR) and alternative theories of gravity. Among these alternatives, scalar-
tensor (ST) theories have attracted significant attention due to their capacity
to modify GR (potentially addressing some of the challenges in describing
e.g. dark energy, dark matter, or inflation) while maintaining a predictive
and well-posed theoretical structure. In particular, the degenerate higher-
order scalar-tensor (DHOST) theories [348-350], which generalise the Horn-
deski framework [355, 356, 391], provide one of the richest known and well-
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6.3.1 General stealth GR with
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odd-parity perturbations . 167

6.4.1 Stability conditions . . .. 167
6.4.2 Speed of gravity . . . . ... 169
6.5 Master equation for odd-
parity perturbations . . . . 171
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1: There have been extensive studies on
further generalisation of the extension
of the DHOST framework. One of them
is to assume that the scalar field has a
timelike gradient and to impose the de-
generacy conditions only in the unitary
gauge, which was dubbed U-DHOST [702,
708, 709]. Another is to perform a higher-
derivative generalisation of invertible dis-
formal transformations on Horndeski/U-
DHOST theories [415, 710-712], utilising
the fact that an invertible transformation
preserves the number of physical degrees
of freedom [417, 418].

2: In this Chapter, we do not necessar-
ily impose the degeneracy conditions; in-
stead, we primarily work with generic
higher-order ST theories. The rationale
for this choice is explained below.

defined landscapes for exploring deviations from GR.! The theories explored
in this Chapter therefore represent some of the most comprehensive and
general ST frameworks developed to date.?

In the context of such ST theories, a number of no-hair theorems exist, show-
ing that (for large classes of ST theories) the presence of the extra scalar de-
gree of freedom does not alter the background black hole solutions in the
theory with respect to GR—see e.g. [114, 558, 680, 713] and Sections 15 for
a more detailed exposition. Black holes therefore retain their remarkable
simplicity in these ST extensions of GR and (at the background level) are
still fully specified by their mass and spin (and, if present, charge). However,
in general ST theories so-called ‘hairy’ black hole solutions exist, where the
scalar has a non-trivial profile and, importantly, black hole solutions for the
metric can also be affected by the presence of the scalar field—see Section 3.4
for more details. As such, general ST theories may also contain (some or
all) no-hair black hole solutions as present in GR, as well as other solutions
with hair. It is then interesting to turn the spirit of no-hair theorems on its
head and ask the reverse question: If we require the presence of all, or some
given specific, black hole solutions we are familiar with from GR, then we
can ask:

1. To what extent does this restrict the theories in question?

2. How do the resulting restrictions affect the black hole dynamics, espe-
cially also the behaviour of perturbations around black holes as e.g. ob-
servable via black hole ringdown?

In this Chapter we will address these questions within the framework of
cubic (and quadratic) higher-order scalar-tensor (HOST) theories. The mo-
tivation for focusing on theories that admit stealth solutions is threefold.
First, from a phenomenological perspective, stealth solutions provide a com-
pelling mechanism to evade current observational constraints on deviations
from GR in strong-gravity regimes. By construction, these solutions allow
for non-trivial scalar field configurations that leave the metric unchanged,
making them compatible with existing observations while still allowing for
novel scalar dynamics. Second, from a theoretical standpoint, the require-
ment that a theory admits stealth solutions acts as a non-trivial structural
constraint on its operator content. This makes it a useful tool for carving out
physically interesting subspaces within the larger theory space. In particu-
lar, some of the ST theories studied for cosmology can also admit stealth con-
figurations, potentially linking late-time scalar field dynamics to the strong-
field regime in a coherent framework. Furthermore, as shall be explained
below, one needs to go beyond DHOST by introducing so-called scordatura
terms in order to avoid strong coupling of perturbations. This promotes a
stealth solution to an approximately stealth one that behaves as stealth for
any practical purposes at the level of the background and that is free from
the strong coupling issue for perturbations. Since scordatura terms are of or-
der unity (and not necessarily small) in the unit of the cutoff of the theory, it
is expected that the space of scalar-tensor theories admitting approximately
stealth solutions is significantly broader than that admitting exact stealth
ones. The present Chapter should be considered as the first step towards the
important problem of finding such a broader theory space.

Black hole solutions in theories beyond GR that describe spacetimes indistin-
guishable from their GR counterparts (at the level of the background met-
ric, but may be accompanied by a non-trivial scalar field profile, i.e. they



may still have ‘scalar hair’) are typically referred to as ‘stealth’ black hole
solutions. For example, a shift-symmetric k-essence described by the ac-
tion fd4xﬁP(X), coupled to GR, admits stealth solutions if P/(X) =
dP(X)/dX has a non-trivial root X = X, # 0, where X = —g/"9,$9,¢/2
and g is the determinant of the metric. Indeed, for X = X, the stress-
energy tensor Ty, = P'(X)9,$9,¢ + P(X)g,, = P(X)gu is equivalent to
that of an effective cosmological constant A.g = —P(XO)/Mgl (with Mp; de-
noting the reduced Planck mass) which can be adjusted to any desired value
by adding a bare cosmological constant to the k-essence action, meaning
that any GR solution with or without the cosmological constant can be pro-
moted to a stealth solution as far as the spacetime geometry admits a scalar
profile with X = Xj,. Actually, any regular spacetime locally admits a scalar
profile with X = X: for X; > 0 (or X;; < 0) one only needs to specify a
spacelike (or timelike) hypersurface, to construct a congruence of geodesics
orthogonal to the hypersurface and then identify ¢ = /2| Xy| 7 up to a con-
stant shift, where 7 is the proper time (or distance) along each geodesic.?
The stealth Schwarzschild solution of this type based on the Lemaitre co-
ordinates was first found in [714] and then later generalised to the stealth
Schwarzschild-de Sitter (SdS) solution in Horndeski theory [565, 566] and in
DHOST theory [571-573, 577, 715]. It is even possible to obtain a stealth Kerr
solution in DHOST theories [572, 696]. While perturbations around those
stealth solutions suffer from strong coupling in the scalar sector [578], one
can easily solve this problem and render those perturbations weakly coupled
by taking into account higher derivative terms as in the effective field theory
of ghost condensate [716], if and only if the scalar profile is timelike. This
mechanism dubbed scordatura [701] was already taken into account in [714]
and the stealth Schwarzschild solution in k-essence was promoted to the
approximately stealth solution in ghost condensate that behaves as stealth
for any practical purposes in astrophysical scales at the level of the back-
ground [717] and is free from the strong coupling issue for perturbations.
For approximately stealth solutions in more general quadratic HOST with
scordatura terms, see [718]. In this way, once a stealth solution with a time-
like scalar profile is found, one can easily promote it to an approximately
stealth solution without the strong coupling issue. The timelike nature of
such scalar profiles also offers the intriguing possibility that the associated
time-dependence connects with cosmological dynamics driven by the scalar
in the long distance limit, although it is of course non-trivial to have the
same scalar yield leading order effects at long and short distance scales, see
e.g. [667, 719].

Cast in the above language, we are here investigating the effect of requiring
the presence of stealth solutions in general ST theories. More concretely, we
consider solutions in ST theories that satisfy the Einstein equation in GR:
G
stress-energy tensor of matter field(s), and A is the (effective) cosmological
constant. Specifically, we will consider the effects of requiring the following

= P_IZTW — Ag,y. Here, recall that G, is the Einstein tensor, T, is the

stealth solutions:

1. General stealth GR with matter: Any metric satisfying G, = MEIZT,uv -
Agyy 1s a solution.

2. General stealth GR in vacuum: Any metric satisfying G, = —Agy, is
a solution.

3. Stealth SdS: The SdS metric gf,ss (6.25) is a solution for any A.

4. Stealth Schwarzschild: The Schwarzschild metric gﬁﬁhw (6.24) is a so-
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3: This ensures the relation between the
scalar profile and the proper time (or dis-
tance) coordinate of any Gaussian normal
coordinate system in any spacetime geom-
etry. While the construction of the Gaus-
sian normal coordinate system is local as
usual, a constant-X profile is easily ob-
tained everywhere in the spacetime region
in which a Gaussian normal coordinate
system is defined. Once a Gaussian normal
coordinate system is globally specified in
a spacetime region of interest, the corre-
sponding constant-X profile of the scalar
field is obtained globally in the same space-
time region.

[714]: Mukohyama (2005), “Black holes in
the ghost condensate”

[565]: Babichev et al. (2014), “Dressing
a black hole with a time-dependent
Galileon”

[566]: Kobayashi et al. (2014), “Exact
black hole solutions in shift symmetric
scalar—tensor theories”

[571]: Motohashi et al. (2019), “Exact
black hole solutions in shift-symmetric
quadratic degenerate higher-order
scalar-tensor theories”

[572]: Takahashi et al. (2020), “General Rel-
ativity solutions with stealth scalar hair
in quadratic higher-order scalar-tensor
theories”
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Schwarzschild-(A)dS black hole solutions
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theories beyond shift symmetry”

[577]: Takahashi et al. (2019), “Linear
stability analysis of hairy black holes
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bations”
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ories”
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stealth black holes in degenerate higher
order scalar-tensor theories”
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condensation and a consistent infrared
modification of gravity”
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coupled stealth solution in scordatura de-
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[717]: Cheng et al. (2006), “Spontaneous
Lorentz breaking at high energies”
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mately stealth black hole in higher-order
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Table 6.1: This table organises the main results of this Chapter as well as previous literature. We classify different combinations of theories
and stealth metric solutions. The third column collects the works where the conditions ensuring the existence of the corresponding stealth
solutions were first derived. The fourth column indicates whether GR deviations are present in each case in linear odd-parity perturbations
on stealth S(dS) solution, and the subscript in v’ counts the number of independent combinations of beyond-GR parameters present. (See
Table 6.6 for a summary of the beyond-GR parameters for each case.) The final column refers to the stability conditions of each case, with a v’
denoting that stability conditions are automatically satisfied under the existence conditions. In the main body of the Chapter we use a simplified
nomenclature for the different cases, namely SymmmyTheorysohm(m requireds SO €-8- SSCubicsds for shift-symmetric cubic HOST theories where
we impose the conditions requiring the existence of stealth SdS solutions.

HOST Stealth
theory metric

Existence GR-deviations in Stability
conditions odd modes on S(dS) conditions

General GR with matter  this Chapter [3

6.16) X (this Chapter [3]) (6.56) v

] (6.16)

Cubic General GR vacuum this Chapter [3] (6.17)  v/; (this Chapter [3]) (6.57) (6.67)
ol sds this Chapter [3] (6.18) v/, (this Chapter [3]) (6.58) (6.69)
Schwarzschild this Chapter [3] (6.19) V'3 (this Chapter [3]) (6.60) (6.71)

General GR with matter  this Chapter [3] (B.1) X [720, 721] (6.56) v
Shift-sym General GR vacuum this Chapter [3] (B.4) X [720, 721] (C.1) (6.68)
cubic sds [715] (B.7) V1 [720, 721] (C.2) (6.70)
Schwarzschild [715] (B.10) vy [720, 721] (C.3) (6.72)

General GR with matter [572] (B.2) X (this Chapter [3]) (6.56) v
Quadrati General GR vacuum [572] (B.5) V/1 (this Chapter [3]) (C.1) (6.68)
¢ sds this Chapter [3] (B.8) v/, (this Chapter [3]) (C.2) (6.70)
Schwarzschild this Chapter [3] (B.11) v/, (this Chapter [3]) (C.2) (6.70)

General GR with matter [572] (B.3) X [577 579] (6.56) v
Shift-sym General GR vacuum [572] (B.6) [577, 579] (C.1) (6.68)
quadratic Sds [571] (B.9) / 1 [577, 579] (C.2) (6.70)
Schwarzschild [571] (B.12) v'1 [577, 579] (C.2) (6.70)

[667]: Noller et al. (2020), “Black Hole Ring- lution.

down as a Probe for Dark Energy”

[719]: Mukohyama et al. (2025), “Bridging
dark energy and black holes with EFT:
frame transformation and gravitational
wave speed”

[348]: Langlois et al. (2016), “Degenerate
higher derivative theories beyond Horn-
deski: evading the Ostrogradski instabil-
ity
[349]: Crisostomi et al. (2016), “Extended
Scalar-Tensor Theories of Gravity”

[350]: Ben Achour et al. (2016), “Degener-
ate higher order scalar-tensor theories be-

»

yond Horndeski up to cubic order”

Solutions listed earlier include all of the later conditions listed—e.g. requir-
ing SdS solutions clearly includes requiring the presence of Schwarzschild
solutions—so demanding the presence of the first set of solutions is a stronger
requirement than for the second, which is stronger than for the third.

This work then focuses on investigating the above stealth solutions in the
context of HOST theories up to cubic order in double scalar derivatives (hence-
forth referred to as cubic HOST) with a linearly time dependent scalar field
whose kinetic term is constant. We summarise the main findings in Table 6.1.
All calculations performed in this Chapter are reproducible via 2 compan-
ion Mathematica notebooks [4], with calculations of Section 6.2 appearing
in ‘Inverting-no-hair-theorems-1.nb), and those of Sections 6.3 and 6.4 in
‘Inverting-no-hair-theorems-IL.nb. These notebooks construct an adaptable
general formalism for the study of cubic HOST theories at the background
and perturbative levels, which can be tuned to specific models.

6.2 Field equations and existence conditions for
stealth GR solutions

6.2.1 Quadratic/cubic HOST theories

We examine the following action composed of the metric g, and the scalar
field ¢ [348-350]:
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5
Sgrav = J d4xr—g[Fo(¢, X) + By, X)0¢ + Fy(6, XOR + Y. Ay, X)LY
I=1

+Ey( X)G ™ + Z B4, )L | + j 5[ E L . (61)

where Ly, is the matter Lagrangian (assumed to be minimally coupled to
gravity)®, and recall that we have used the shorthands X = —ud"/2, ¢ =

Vu¢, and ¢, = V, V6. L(z) and L(S) comprise all possible terms built from
¢, and ¢, which are quadratic and cubic in ¢, respectively, and are written
explicitly as
L = g, 1) = @py, 15 = @)™

LY = O, 1§ = G} L) = (094,69,
L@ = O " L“) g, 4" Lé” = B " 385 .

LD = 019,006, . L5 = 86,0078 . L5 = 9,008 0091
L%z) = $"$ud"), L“) DR B8, LS = @p"$)°

(6.2)
The action introduced above encompasses both standard Horndeski [355, 356,
391] and beyond-Horndeski/DHOST [348-350, 400, 412, 413] theories as par-
ticular limits. For instance, the Horndeski action in the standard form with
the Galileon functions can be recovered with the choices:

Fo=Gy, F=G3, FB=G, FB=G, A =-A;=-Gy, 63)
631:—232:3B3=—Gsx, '

and A; = By =0 forI = 3,4,5and J = 4,---,10. The full classification of
quadratic/cubic DHOST theories can be found in [350], and there are a large
number of subclasses distinguished by different sets of degeneracy condi-
tions. Among these subclasses, there is one that can be obtained from the
Horndeski class via invertible conformal/disformal transformation, which
was called “disformal Horndeski” class in [415].% (Note that an invertible con-
formal/disformal transformation preserves the number of physical degrees
of freedom [417, 418].) In the terminology of [350], this class corresponds to a
sum of the quadratic DHOST of class 2N-I and the cubic DHOST of class 3N-I,
see Table 3.1 for reference. For the quadratic part (characterised by F, and
Ar’s), the degeneracy conditions are given by®

Ay =—Aq, (6.4)

Ay = [(31:2 +8XA; +2X2A3)(A; + XA; + Fyy)?

2(F, + 2X Ap)?

— 2A3(3XA; + X?As + Fy + XFZX)Z] , (6.5)

(A1 + XAs + Fox) [A1(A; — 3X A3 + Fox) — 2A3F]
2(F, + 2XA,)?

5 = , (6.6)

4: Theories where freely falling bodies fol-
low geodesics of a (symmetric) metric are
sometimes referred to as ‘metric theo-
ries’ [722], which is the case in our setup.

[415]: Takahashi et al. (2023), “Generalized
disformal Horndeski theories: Cosmolog-
ical perturbations and consistent matter
coupling”

5: It was shown in [416] that in the con-
text of cosmology the disformal Horndeski
class is phenomenologically favoured, un-
like other subclasses of DHOST theories.
6: Note that degeneracy conditions can be
imposed at the level of Lagrangian (i.e. be-
fore specifying a background).
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7: Note also that there is a special class of
ST theories where the scalar field does not
propagate, e.g. (extended) cuscutons [408,
410], and the odd-parity perturbations are
insensitive to the absence the scalar de-
gree of freedom.

[374]: Armendariz-Picon et al. (2001), “Es-

sentials of k essence”

[679]: Bakopoulos et al. (2023), “Black holes
with primary scalar hair”

[2]: Sirera et al. (2025), “Stability and
quasinormal modes for black holes with
time-dependent scalar hair”

[577]: Takahashi et al. (2019), “Linear
stability analysis of hairy black holes
in quadratic degenerate higher-order

scalar-tensor theories: 0dd-parity

perturbations”

where F, (# 0), Ay, and As are free functions and the condition F, +2X A; =
0 is assumed. For the cubic HOST characterised by F; and B]’s, we have

B, B 4XB,Fsx — (6B; + F3x)?
——:—:Bl, B5:—B7: N
32 12XB,
Bs(4XB, — 6By — F3x)
s = 5 4 1 3X ’ B6 _ —B4 i
12XB,
B5(4XBy — 6B, — F3x) B4(4XBy — 6B; — F3x)?
s = i 0= - ,  (6.7)
12X B, 24X2B?

where Fz, By (# 0), and B, are arbitrary functions. Moreover, when both
the quadratic and cubic parts are present, one has to impose the following
conditions on top of Egs. (6.6) and (6.7):

Fyx(Fy + 2X Aq)?

A1(4XFx —=3F,) XFx-F
= + -
6X%F,B,

XF, X2
_ 6By(F; = XFyx) + F3x(F + XAy)
B 2XF, '

3

5

(6.8)

4

Having said that, in what follows, we do not necessarily impose the degen-
eracy conditions for the following reason. When we consider perturbations
about stealth solutions (i.e., those with the metric of GR solutions) with a
timelike scalar profile, the perturbations would be strongly coupled in the
asymptotic Minkowski/de Sitter region [701]. Therefore, in order to render
those perturbations weakly coupled, one has to take into account deviation
from the degeneracy conditions, which is known as the scordatura mecha-
nism [701]. Of course, any deviation from the degeneracy conditions leads
to the appearance of an Ostrogradsky ghost in general, and therefore we
assume the deviation is tiny so that the mass of the Ostrogradsky ghost is
heavy enough. (An exception is U-DHOST, where the scordatura mechanism
is implemented by default while the Ostrogradsky ghost is intrinsically ab-
sent [702].) Note that we will mainly focus on odd-parity perturbations about
static and spherically symmetric background, where the problems of the
strong coupling and Ostrogradsky ghost are irrelevant.” The above comment
on the breaking of the degeneracy conditions and the scordatura mechanism
applies when we investigate even-parity perturbations, which we leave for
future study.

6.2.2 Background field equations

Now we assume a stealth solution with X = X, = const., which captures as-
pects of a broad range of known solutions. For instance, a de Sitter attractor
with constant X was found in [374]. Also, there have been extensive studies
on stealth S(dS) solutions [565, 566, 571-573, 577, 714, 715] as well as stealth
Kerr solutions [572, 696] in the context of Horndeski and (D)HOST theories.
As such, constant-X solutions are motivated due to their link to exact stealth
solutions while still having non-trivial scalar dynamics, therefore offering a
controlled and simplified way to explore departures from GR. However, ex-
act stealth solutions have also been found with non-constant X in [679] and
their stability and effect on quasinormal modes have been quantified in [2,
577]. Hence, looking forward, non-constant-X solutions offer yet a richer
and promising avenue to explore further viable GR departures. Under the
condition that X is a constant, one can express higher-derivative terms of ¢
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as
¢y = —~ghe

$V,08 = ~Ryod 97 — e
(6.9)

Phy =0,  PVuba =i,

¢Av/1¢,uv = _R,u)LVJ(ﬁASbU - ¢;/}¢/1v >

Then, the Euler-Lagrange (EL) equation for the metric is given by Ew =0,
with

gyv =(F, — X0F3¢)Gpv

1
2

8: At this point, we note that different no-
tation conventions exist in the literature
to rewrite combinations of derivatives act-
ing on the scalar. In this work, we will not
be using such conventions, but we refer
to them here to facilitate the comparison
of results. First, one can rewrite ¢§ﬁ =

¢£¢g and ¢gﬁ = ¢§¢;¢3 (more generally
Php = b Pa - b dat), like it is done
in e.g. [572]. A second convention which
was introduced in [412] rewrites the same
terms as [®%] = 5¢;; and [@%] = 5¢/§¢;;

(more generally [®"] = ¢’ ¢ - da, Ba).

{FO +2Xo(Fig + 2Fyp9) + (Ay + Ay + 2XOBZ¢)¢5¢g — 2 [ Fyg + Xo(Fagy — 2A29)| O

+ (Fyg = A) [(O)? — gy — 267 P R | — 2.0 [(09)* — 38l — 36797 R

+ 6XoBig(Og)? + (2B, + B)Bhglsy + 28247 6 Roarplgyn

1 1
- E{FOX + 2(F1¢ + F2¢¢) + (Fx — F3¢)R + (FIX — F3p4 — 5RF3X + 4A2¢ - 2X0A3¢> (o)

+[Aux + 2(Bag — XoBog)| @5 + [Asx + 2031y — XoByg)| (O9)* + (Byx + B(Op)?
+ Fyx ™ R + A3 [(O9)? — e — 6°9PRag | + (Bax — 2Bl

+ (Box — 2By + BODHLg — B0 R ~ 286806 Ry

—{Fz¢ + Xo(Fapgp + 2A14) — (F3p + Ay — 2XoByy) ¢ — By [(D¢)2 - [j¢g —R, ﬁ¢a¢ﬁ”¢#v

1
- 5[2(F3¢ + Ay +3XBsy) + (2B, — 3B3)0¢| §u80 — (2B, + 3B3)D¢A¢(y¢3)
— (Fsg + Ay + B.UD 6 Rupver + 2Bog* Rig 7y — 2(Fag — Az — 3B10H § Ry
—2[Ay + Ap + (3B; + B)O$] 6,0,y — 3Bshaodidy — (2B, + 3B3)¢™ dubyao

+ 3B3¢A¢0¢8,Rv)lop + 2B2¢A¢op¢(,uRv)aAp - Tpv >

where the coupling functions and their derivatives are evaluated at the back-
ground solution with ¢ = ¢, (not necessarily a constant) and X = X,.
Here, subscripts ¢ and X denote derivatives with respect to ¢ and X re-
spectively. The stress-energy tensor for the matter sector is given by T, =

_Z @ It should be noted that, unless ¢ = const., the EL equation
J-g og"”

for the scalar field, which we denote by &; = 0, is automatically satisfied
for any configuration (gpv, ¢) that satisfies &,, = 0 and the equations of
motion for the matter field thanks to the Noether identity associated with
general covariance, i.e. V/&,, o ¢,&; (see [723] for related discussions).
In other words, &3 = 0 can be reproduced from other EL equations and
hence is a redundant equation. Note also that the terms with A4, As, Bs,
B;, Bg, By, and Bj, do not contribute to the EL equations under the condi-
tion X = const.. Because nothing about the metric background structure is
assumed in Eq. (6.10), this is our main equation that we will use to derive the
existence conditions for general GR metrics, either with minimally coupled
matter field(s) or in vacuum.

Equation (6.10) is the master field equation derived in this work. From it, by
taking different limits, one can recover the relevant field equations for the
different cases collected in Table 6.1. More concretely, one can easily restrict

(6.10)



152 6 Inverting no-hair theorems

[572]: Takahashi et al. (2020), “General Rel-
ativity solutions with stealth scalar hair in
quadratic higher-order scalar-tensor the-

ories”

Eq. (6.10) to shift-symmetric cubic HOST by rewriting all the functions as
F(¢, X) = F(X), and therefore setting their ¢ derivatives to zero, i.e. Fy =
Fpp = 0. It is also straightforward to restrict to quadratic HOST theories
by setting the cubic functions to zero, i.e. By = F; = 0. In the latter case,
Eq. (6.10) recovers the expressions derived in [572].

Let us see now how the equation of motion gets simplified as we progres-
sively weaken the requirement on background solutions and only require the
presence of subsets of the previous solutions. Assuming that G, = —Ag,,
Eq. (6.10) reduces to

1 1

—2[Fygg + Xo(Fagg — 2Ang + 2A(5By + 2B,))| O + Bl

+[A; + Ay +2X,(3Byg + Byg) + 2(2B; + B;)g ] ¢5¢g}gw

1
- E{FOX + 2F1¢ + 2F2¢¢ + 2A[2F2X - F3¢ - Al - 2A2 + X0(2A2X + 3A3 + 4(3B1¢, - X0B4¢))]

+[Fix = Fsgp + 440y — 2X0Asy — A(Fsx + 12B; + 2B, — 4Xo(Byx + 2B, + By))| O

+ [Arx + Agx +2(3Byy + Bag — Xo(Bag + Beg)) + (B + Byx — By — B qsfqug

+ Byx b}

1
— [F2¢ + XO(F3¢¢ + 2A1¢ —2ABy) + BZ¢£¢%’ + ZXOBZ¢E|¢] ¢PV -3 <X0B3¢ - EB3D¢) ¢/1/1¢1/}

—2[ Ay + Ay + 3By + B)OP| 4Oy — 3B5 (920014 + Gubio®” — 864, Royiap)
— By (4u$10®"” — 9" 67 $uR)s2p) — (2B2 + 3B3) Opadudy (6.11)

9: The coordinates t and r here are static
and spherically symmetric coordinates as
defined in Eq. (6.20).

10: Note that sometimes p is used instead

of g to denote the time-dependence in the
scalar.

where we have used the identities

OP by — Spdrw — Runvod’¢” = A(2Xo0g0 + Gudy ) -
(Oh)? — ¢5¢g = 4AX, . (6.12)

Notice that the above identities hold true in the case of the S(dS) spacetime
with a linearly time-dependent scalar field ¢ = gt +/(r),” so that X; = ¢?/2.
Here q has a mass dimension two for a scalar with mass dimension one.'®
Having more simplified equations of motion then leads to less restrictive
existence conditions, and hence the case Cubicgyg, where only SdS solutions
are required to exist, will generally allow a bigger region of theory space than
in case Cubicgr_mat. In the limit of including only shift-symmetric quadratic

terms (i.e. SSQuadraticgds), Eq. (6.11) above reduces to Eq. (2.9) in [572].

We can further weaken the requirement on the background geometry to be
that of a Schwarzschild black hole, i.e. if we are interested in vacuum solu-
tions where G, = 0 (hence with A = 0), then Eq. (6.11) is further simplified
to
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N | =

[ 11
p
+ -Al + A2 + 2X0(3Bl¢ + BZ¢) +2 (231 + BZ + EBg) D(]S:l ¢Ul¢7}}gyv

=

x + 2F1¢ + 2F2¢¢ + (FlX — F3¢¢ + 4A2¢ - 2X0A3¢) |:|¢

N | =

+ | A1x + Agx + 2(3Byy + Bay — Xo(Byg + Beg))
5 1 B
+ (BlX +Box + 5Bsx — B3~ By - BG) D¢]¢a¢ﬁ}¢p¢v
1
= Fop + XoCPsgy + 219) + 5 2By + B + 2032409 o — 3X0Bog Dbk

7
- Z[Al + Ay + (331 + 2B, + 333) D¢]¢(p|:|¢v) —(2By + Bg)|:|¢,1¢(y¢3) ,

where we have used the following identities:

5 2
by = Sobd500 . X o = | X0y - SO, 0.

2
XoRuap$™P9" = ~=Haddidy . Ruoap 99l = 40 + Hp)
Xo [9D¢¢Z¢vo + 4¢(,u (D¢D¢v) +3 %DQ{’U)] = (D¢)2 [3X0¢yv +0Ug¢ (2X0g/1v + 3¢,u¢v)] »

which are valid for the stealth Schwarzschild background. Indeed, Eq. (6.13)
can be used to derive the existence conditions for Schwarzschild black holes.
We will see that weakening of the nature of the background allows more
freedom in the remaining valid theory space, and hence also in the potential
number of GR deviations, as can be seen in Table 6.1 and Figure 6.1c.

Finally, for completeness, let us also comment on the trivial case where ¢ =
const., and hence all derivatives of ¢ vanish. The equations of motion for the
metric and scalar are given by

1
%,uv = FZGyv - EFOg,uv - T,uv =0,

(6.15)
8y =Fop + FoyR =10,

which coincide with the expressions in [572] for quadratic HOST. Note that
the equation of motion of ¢ cannot be derived from that of the metric in
this case. In what follows, we only consider the case where the scalar field
has a non-trivial gradient and therefore &, = 0 automatically follows from
Ew=0.

6.2.3 Existence conditions for stealth GR solutions

We can now obtain the conditions that need to be satisfied for each class of
stealth solutions to exist. We will show here the conditions for general cubic
theories (i.e. cases CubiCgr mat/GR vac/sds/schw)> While an exhaustive list of
existence conditions for shift-symmetric and/or quadratic theories can be
found in Table 6.3.
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(6.14)
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11: In writing the conditions in (6.16), we
have also employed the relation R = 4A —
MgT, where T = T} is the trace of the
stress-energy tensor.

12: Note that the specific colour chosen
for the boxes in Figure 6.1a is not im-
portant. Instead, the number of differ-
ent colours indicates the number of inde-
pendent combinations of HOST functions
after the imposition of existence condi-
tions. In the present case, we see that after
the imposition of the conditions (6.16), all
non-zero HOST functions can be rewritten
in terms of four independent functions,
e.g. {Fo, Fig, Fy, Fag}-

Note that we obtain the existence conditions for stealth solutions in such a
way that the covariant equations of motion are trivially satisfied when the
Einstein equation in GR (ie. Gy, = Mp_lszv — Agy) is imposed. Once we
assume such existence conditions, the metric is determined by solving the
Einstein equation under the spacetime symmetry of interest, and then the
scalar field profile is fixed via Xy = —g/d,4y9,¢o/2 [572, 696]. It should
also be noted that the existence conditions are written in terms of the func-
tions of HOST theories evaluated at the background solution with ¢ = ¢,
and X = Xj. Since we are focusing on solutions with X, = const., even if
the existence conditions impose, e.g. A;(¢y, Xy) = 0, this does not necessar-
ily mean A;x(¢y, Xp) = 0. However, the condition A;(¢y, Xy) = 0 implies
A14(do, Xo) = 0 when ¢ is a non-trivial function of spacetime. (Recall that
we do not impose the shift symmetry from the outset, and therefore the func-
tions can depend on ¢ explicitly.) This property has been used to simplify
the conditions.

General stealth GR with minimally coupled matter

Let us begin by investigating the case Cubicgg_mat, in which Eq. (6.10) is re-
quired to allow general GR solutions (i.e. which satisfy G, = MEIZTW —Agu)
If the following conditions,

Fy + 2AMg; = —2X,(Fy + 2Fp4) = Xo(Fox — 2F2) »

XoFix = =3Fy = =3XoFsp ,  Xo '(F— M§) = Fox = F35 = —A; = A,
Fax = Ajx = Agx = A3 =0,

By =Bix =By = Byx = B3 = Bsx =By = B¢ =0,

(6.16)
are satisfied at X = X,,"! this sufficiently ensures that Eq. (6.10) is satis-
fied for any stealth GR solution with arbitrary time-dependent scalar back-
ground with constant X,, and any minimally coupled matter field—this is
visualised in Figure 6.1a.'? In that sense, they are the most restrictive set
of existence conditions presented in this Chapter. The conditions (B.1) for
SSCubiCGR_mat can be obtained from Eq. (6.16) by imposing shift symmetry
on all the functions. Additionally, the conditions (B.2) for Quadraticgr_p.¢
can be obtained by removing all cubic-order interactions, and then similarly
the conditions (B.3) for SSQuadraticGr_mat can be obtained by then taking the
shift-symmetric limit, recovering the expressions in [572].

General stealth GR in vacuum

In the case of stealth GR metric solutions in vacuum, i.e. if we focus on
Cubicgp_yac, the existence conditions for cubic HOST theories now read

Fy + 2A(F; — XoFsg) = —2X(Fig + 2Fagp)

Fox = —2[Fyg + Fagy + A@2Epx — 2F35 + XoA1x)]

3F + Xo(Fix — AF3x) = 2X§(Asg — 2ABy) ,  Foy = XoFagg ,
Fyp=-A1 =4y, As3=A;x=-Axx+2XByy,

234 = —Zle = B2X s Bl = Bz = B3 = B3X = Bé =0. <6.17)
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From the above conditions, we see that less functions are required to be set to
zero, therefore allowing a bigger region in the theory parameter space. Sim-
ilarly as before, the conditions for SSCubicGR_VaC (B.4), Quadraticgg_yac (B.5),
and SSQuadraticGR_Vac (B.6) can be obtained from Eq. (6.17) in the appropriate
limits. The results we have obtained for Quadraticgy_y,c and S5 Quadraticgp_yac
coincide with those found in [572].

Schwarzschild-de Sitter

Here we focus on extracting the existence conditions for SdS background
solutions in cubic HOST theories, i.e. Cubicgqg. From Eq. (6.11) we obtain

Fy + 2AF, = =2Xo(Fp + 2Fppp + AFsp + 20A1) . Fog = —Xo(Fagp — 24A24) ,
Fox + 4AFyx = —2{Fiy + Fyps — A[Fyg — Ay — Xp(2Agx + 343 — 4XByy)1} ,
Ay =-Ay, Apx+ Agx =2Xo(Byg + Bgy)

Fix — AFsx = Fags — 4Agy +2XoAsg — 4AX)(2B4 + By + Byy) ,

By =By =B3=B3x =0, By+Bs=Bix+Bsx. (6.18)

[715]: Minamitsuji et al. (2019), “Black hole

ss solutions in shift-symmetric degenerate
posed, i.e. °"Cubicgqg, the above conditions reduce to those derived in [715]. higher-order scalar-tensor theories”

We can also obtain the conditions up to quadratic interactions, i.e. Quadraticggs,
from the equation above by setting all B; = 0 as well as F3 = 0 [see (B.8)]. Fi-

These conditions are displayed in Figure 6.1b. When shift-symmetry is im-

[571]: Motohashi et al. (2019), “Exact
black hole solutions in shift-symmetric
Eq. (6-18) recovers Eq. (42) of [571] [See (ng)} quadratic degenerate higher-order

scalar-tensor theories”

nally, in the case of shift-symmetric quadratic theories, i.e. SSQuadraticsds,

Schwarzschild

Here we consider the conditions that HOST functions are required to satisfy
in order to admit the existence of stealth Schwarzschild solutions (Cubicg.j,y)-
From Eq. (6.13) we obtain

Fy = =2Xo(Fip + 2Fp¢) . Fog = —Xo(F3pp — 2A34) ,

Fox = —2(Fip + Fagp) » A1 =—Ay,

Arx + Agx = 2Xo(Bag + Beg) ,  Fix = Fags — 4Agg + 2XpAsy

18B; = 2By = —B3, 3Bs = Xy[9(Bix + Byx — B4 — Bg) + 5B3x] ,

Biy = Byy = B3y =0. (6.19)

These conditions are shown in Figure 6.1c. In this case, it is important to clar-
ify why certain functions—such as F,—appear uncoloured and unshaded in
Figure 6.1c, in contrast to their coloured or shaded appearance in Figures 6.1a
and 6.1b. Taking F, as an example, we note that in a Ricci-flat geometry like
Schwarzschild, its contribution becomes redundant, since FZGW = 0 auto-
matically holds in Eq. (6.10). This does not imply that F, is inadmissible in
this case; rather, it means that F, is unconstrained by the imposition of the
existence of a Schwarzschild background and is therefore allowed complete
freedom. Similarly to the previous case, in the shift-symmetric limit, cor-
responding to SsCubi(:sChW, these conditions exactly reproduce the results
in [715] and given in (B.10). For quadratic theories, i.e. Quadraticg,,,, the
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13: Here, we have assumed that the the-
ory is valid all the way from the black hole
scale to the cosmological scale. Recall that,
as mentioned in section 6.2.1, the class N-I
(i.e., a sum of quadratic DHOST of class 2N-
Tand cubic DHOST of class *N-1) is the only
subclass of DHOST that allows for viable
cosmology.

existence conditions can also be obtained from the equation above by set-
ting all B; = 0 as well as F3 = 0 [see (B.11)]. Finally, in the case of shift-
symmetric quadratic theories, i.e. SSQuadralticSChV\,, Eq. (6.18) recovers the
results of Eq. (23) in [571] and given in (B.12).

At this point, it is interesting to inspect the existence conditions obtained so
far, specifically in regards to the degeneracy conditions summarised in sec-
tion 6.2.1. One notices that the existence conditions (6.16), (6.17), and (6.18)
impose B; = 0 when evaluated at the background. Also, the existence condi-
tion (6.19) for the stealth Schwarzschild solution imposes 18B; = 2B, = —Bs,
which implies B; = 0 when the degeneracy condition (6.7) for cubic DHOST
of class 3N-I is assumed. Recall that for cubic DHOST of class 3N-I, one re-
quires that B; = 0 [see (6.7) and (6.8), where B; appears in the denominator].
This means that, if we work within DHOST theories of class N-I and require
the existence of stealth solutions with constant X, the cubic DHOST part
is prohibited, and we are left with quadratic DHOST of class 2N-I (see also
[715]).12 Regarding the degeneracy condition (6.6) for quadratic DHOST, one
easily sees the compatibility with the existence conditions. Indeed, all the
existence conditions (6.16)—-(6.19) satisfy A, = —A;, and the functions Ay
and Ajs are irrelevant to the existence conditions. In the remaining of the
Chapter, however, and as motivated in the introduction, we will not be re-
quiring the satisfaction of degeneracy conditions. So far, we have explic-
itly shown and discussed the existence conditions for the following cases:
Cubicgg_at (6.16), Cubicgy_yac (6.17), Cubicgyg (6.18), and Cubicgy,, (6.19). As
the most general cases, these are the most interesting expressions to show,
also because the conditions for simpler theories can be directly obtained
from them in the appropriate limits. With the aim of providing a compre-
hensive review, we list the conditions for the remaining cases in Table 6.3.

Some expressions in the Table have already been obtained in previous work.
The conditions for (SS)QuadraticGR_mat and (SS)QuadraticGR_VaC can be ob-
tained from Eq. (2.6) in [572]. In addition, the conditions for SSCubicsds and
SSCubicSChW correspond to Eq. (21) and Eq. (18) respectively in [715]. Sim-
ilarly, the conditions for SSQuadratichS and SSQuadraticsdlw correspond
respectively to Egs. (42) and (23) in [571]. Note that when comparing these
expressions with the corresponding ones in the literature one needs to take
into account different conventions for X, which is often defined without the
factor of —1/2.
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(a) Existence conditions for general GR stealth solutions with matter (Cubicgg_pat) (6.16).
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(b) Existence conditions for stealth SdS solutions (Cubicgys) (6.18).
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(c) Existence conditions for stealth Schwarzschild solutions (Cubicg.p,) (6.19).

Figure 6.1: Here we display the theory space of cubic HOST theories which allow the existence of different stealth solutions. (Rows) columns
represent (derivatives of) cubic HOST functions, e.g. ¢$-row and Fy-column refers to Fygy. In coloured boxes, we show (combinations of) free
functions that remain independent after the imposition of the corresponding existence conditions. When a single box is split into regions of
different colours, this indicates that such term can be rewritten as a distinct combination of functions corresponding to such colours. The
shaded region is either not allowed due to the constant-X nature of our background (dark grey), or due to the existence conditions (light grey).
Finally, uncoloured and unshaded regions simply do not contribute to the equations of motion. Note that the allowed theory-space region
increases as the assumptions on the background geometry are weakened.
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Table 6.3: Here we collect an exhaustive list of existence conditions for all models not shown in the main text.

Model

Existence conditions

Fy+2AM4 =0, F—-M4=0, Fx=Fx=Fx=Fx=0

%S cubicgr mat Ay =Ay=Aix = Apx = A3 =0, (B.1)
B, :BIXZZBZ:BZX:B3:B3X:B4:B6:O-
. FO + 2AMP1 = _ZXO(FI + 2F2 ) = XO(FOX - 2F2 )
Quadraticspma F— My =0, Fy 24}2¢ = ;j;( =A =4 = Aff( =Ax =A;3=0. (B2)
ss . Fy+2AM% =0, F,—M?% =0,
Quadraticog.mat Fox = FIXP - Fx =41 = 112\12 = Aix = Apx = A3 = 0. (B3
Fy+2AF, =0, Fyx = —-2AQFx + XpAi1x), Fix — AF;x = —4AXB,,
%S Cubicgp vac Az = Ax = —Azx, 2By = —2Bix = Byx, (B.4)
Al :A2:B1 :B2:B3:B3X:B6:0.
Fy +2AF, = _ZXO(FIQS + 2F2¢¢),
Quadraticgp_yac Fox = —2[Fy4 + Fopg + ACFx + XpA1x)], (B.5)
3Fy + XoFix = 2X5 A3y, Foy = A1 = Ay =0, A3 =A;x = —Ayx.
ss . Fy+2AF, =0, Fyx = —2AQF,x + XyA1x),
Quadraticgp_yac Fix =0, A=Ay =—Agy, Aj=Ay=0. (B.6)
FO + 2AF2 = —4AX0A1, FOX + 4AF2X = —ZA[AI + X0(2A2X + 3A3)],
SSCubicst Al = —Az, AlX = —Azx, Bl = Bz = B3 = B3X =0, (B7)
Fix — AFx = —4AXy(2B4 + By + B1x), Bs4+ Bg = Bix + Bax.
F() + 2AF2 = —ZXO(F1¢ + 2F2¢¢ + ZAAl), F2¢ = 2XOA2¢,
Quadraticggg Fox +4AFx = —2[Fig + Fogg — Ay — Xo(2Azx +343)], (B.8)
Al = —Az, AlX = —Azx, FlX = —4A2¢ + 2XOA3¢
FO + 2AF2 = —4AXOA1,
SQuadraticg s Fox +4AFyx = —2A[A; + Xo(24,5x + 3A3)], (B.9)
Ay =—4Ay, Aix=-Ax, Fx=0.
ss A Fh=Fyx=Fx=0, A =-A,, Aix=-Ayy,
Cubicgpy, 1%31 =0)§B2 =1 {33, 3B31= )(0[92(31 0% JerBzx - Jzaf— Bg) + 5B3x . (B.10)
FO = —ZXO(F1¢ + 2F2¢¢), F2¢ = 2XOA2¢,
Quadraticgy,, Fox = —2(Fy4 + Fagp), (B.11)
Al — —Az, AIX S —Azx, FlX = —4A2¢ + 2XOA3¢
SSQuadraticsChw Fp=Fx=Fx=0, A =-4, Aix=-4. (B.12)

6.3 Quadratic Lagrangian in the odd sector

In the previous Section we have investigated the background evolution in
cubic HOST theories as well as in a number of specific subcases, with a par-
ticular focus on understanding the constraints imposed by requiring stealth
GR solutions. Having done so, we arrived at a reduced set of cubic HOST the-
ories and in this Section we now consider perturbations about the stealth
solutions to ultimately understand how restrictions imposed by requiring
GR stealth solutions affect the behaviour of perturbations (and ultimately ob-
servable quasinormal modes). Specifically, we here investigate the dynamics
of linear odd-parity perturbations about a static and spherically symmetric
background given by

2
ds? = —A(r)dt® + dL +r? (dGz + sin%0 dqoz) , (6.20)

B(r)
accompanied by a spherical and (linearly) time-dependent scalar field ¢ =
gt + Y(r). In this section, we will focus on S(dS) solutions, i.e. the unique
static and spherically symmetric vacuum solutions of GR, therefore satisfy-
ing A = B. We, however, choose to keep A and B independent for now, as
the equations we derive can also be applied to study the dynamics of per-
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turbations for non-stealth metrics with A # B, e.g. those corresponding
to hairy black holes [565, 566, 569]. We begin by studying the dynamics of
odd-parity perturbations as an initial step toward identifying stable mod-
els within the broad spectrum of theories explored in this work, reserving
a more comprehensive analysis of the more complex even-parity modes for
future investigation.**

In the so-called Lemaitre coordinates, the line element (6.20) can be written

as:
ds® = —dr® + (1 — A)dp? +r? (d92 + sin®6 d<p2) , (6.21)
where 7 and p are defined so that
dr=dii |24 dp=d dr (6.22)
T=dt+ r, p=dt + —— . 6.22
AB JAB(1 — A)
We then see that the coordinate r is a function of p — 7, satisfying
5 ) B(1—-A)
==, /— , 6.23
o F T (6.23)

where a dot denotes the derivative with respect to 7. As a reminder, recall
that in the previous sections we have distinguished four different cases in
relation to the nature of the background solution: 1) general GR solutions
in the presence of matter, 2) general GR solutions in vacuum, 3) SdS, and
4) Schwarzschild black holes. As a result, for cases 1) and 2) one can in
principle study the dynamics of perturbations for metrics other than S(dS),
e.g. Kerr for cases 1) and 2) and Reissner-Nordstrém for case 1). However, in
this section we will focus on static and spherically symmetric stealth GR so-
lutions in vacuum, i.e., stealth S(dS) solutions. Written explicitly, the metric
functions for these solutions are as follows:

r
Schwarzschild: A=B=1--, (6.24)
r

rg 1 9
Sds: A=B=1—-——-Ar, (6.25)
r 3
where r; (> 0) is a constant of length dimension (corresponding to the hori-
zon radius for the Schwarzschild metric). Note that for the S(dS) metric, the
following relation applies:

1-A
A — =—Ar. (6.26)
r
We now introduce metric perturbations h, as
h,uv =8~ 8w s (6.27)

where g, is the background metric given by Eq. (6.21). As we are considering
the odd-parity sector and hence no scalar perturbations will be present in
our analysis, we will (in an abuse of notation) use the same symbol for the
scalar field ¢ and its background value, i.e. ¢y = @. Note that, if we assume
that the Lemaitre coordinate 7 is compatible with the time coordinate in the
unitary gauge (i.e., ¢ & 7), then Xj is a constant.

As introduced in detail in Section 2.4.1, we know that odd-parity metric
perturbations are usually decomposed in terms of the spherical harmon-

[565]: Babichev et al. (2014), “Dressing
a black hole with a time-dependent
Galileon”

[566]: Kobayashi et al. (2014), “Exact
black hole solutions in shift symmetric
scalar-tensor theories”

[569]: Babichev et al. (2016), “Black holes
in a cubic Galileon universe”

14: The additional complexity arises from
the higher number of even-parity func-
tions as well as their coupling to the scalar
mode.
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15: This is because in spherically symmet-
ric backgrounds all m-modes are degener-
ate in frequency and decouple from each
other at linear level.

[723]: Motohashi et al. (2016), “Fundamen-
tal theorem on gauge fixing at the action
level”

16: Note that we have also used the stan-
dard definition of symmetric and antisym-
metric tensors.

ics Y, (0, ¢). Note that one can set m = 0 without loss of generality thanks to
the spherical symmetry of the background,'® and hence one can employ the
Legendre polynomials Py(cos ) instead. In the Regge-Wheeler gauge, the
odd-parity metric perturbations look like

0 0 0 h
0 0 0 h

hzgd =1 o o o 01 r2 sin 0 9gPy(cos b)) , (6.28)
he hy 0 0

where the ¢-dependence of hg and h; has been suppressed as modes with
different £ evolve independently. Note in passing that the Regge-Wheeler
gauge can be achieved by a complete gauge fixing, and therefore one can
impose it at the level of Lagrangian [723]. Here, hy and h; are functions of
(z, p), and it should be pointed out that, as can be seen above, they differ
from definitions used in other works (e.g. [1, 577, 644, 720]) by an overall
factor of r? which has been included for later convenience. It should also
be noted that we focus on generic higher multipoles with £ > 2, where one
expects to have one propagating degree of freedom in the odd sector. For
£ = 1, the odd-parity perturbations are non-dynamical and correspond to a
slow rotation of the black hole.

We write the perturbed quadratic covariant action as:

) 1 3 5 10
sgrgv = Jd‘lx —g Z[ > 8Lk Fra+ ), 0L a, A+ Y, 5$BjaB]a],
K=0 I=1 J=1

a

(6.29)

where we have introduced the new notation a = {@, ¢, X, ¢¢, X X, X} denot-
ing the different ¢- and X-derivatives, with @ referring to a lack of deriva-
tives. This enables one to easily identify which terms contribute at pertur-
bative level and also directly confirm which features of the background so-
lution cause the other terms to vanish. For our setup with linear odd-parity
perturbations with X = const., out of the potential 114 contributions to
(6.29), only 23 are non-zero, which are diagrammatically collected in Fig. 6.2
and whose expressions we also show below, where the indices of the per-
turbed metric are raised/lowered by the background metric, and R, RW, Gpv,
and the covariant derivatives are evaluated on the background. *® Precisely
speaking, the coefficients presented here are those that we see just after ex-
panding (the gravitational part of) the Lagrangian for cubic HOST theories
up to the quadratic order in odd-parity perturbations. The explicit form
of the Lagrangian changes when one performs integration by parts. These
expressions can be found and directly used in the provided Mathematica
files [4].

All other contributions are shown to be zero for X = const. [i.e. by employ-
ing the relations in Eq. (6.9)] and/or restricting to odd-parity modes, as de-
scribed in Fig. 6.2. The simplifying relations valid for odd-parity modes on
a spherically symmetric background with the component form of Eq. (6.28)
are given below. These relations (as well as derivatives of some of them) have
been used to simplify the expressions in Egs. (6.31)—(6.53).

= ¢F @ hy = $F by, = PHV,BY, = GGV IV hY =
= ¢H' ¢ Vyhy, = PGV, by, =0 (6.30)
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Figure 6.2: Coefficients in the quadratic Lagrangian in covariant form (6.29). In green we show the terms that provide non-zero contributions to
the covariant quadratic Lagrangian for odd-parity perturbations, Eq. (6.29). In blue we show terms that contribute to the quadratic action only
if the corresponding functions are not constants, i.e. F|, F; # const. Otherwise, they vanish up to total derivatives. The remaining coefficients
are not present due to the reasons shown in the legend.
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Figure 6.3: Contribution from all cubic HOST functions to the different p-coefficients. We show in green when a specific HOST function appears
in a given p; and we leave in blank the cases where they do not, e.g. F, appears in the full expression for p; and p,, but not in the one for p; and
P4 The full expressions can be found in the companion repository in [4].
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8Lk, =—hh, (6.31)
6L Fy = —20" ¢ hihs (6.32)
8Lr, = hyo (4" G, — Dph'®) + 2¢H[ 20V, hS — 'O (Vyhyy — 2V,hy)] (6.33)
8Lr,, = —24#¢' OphSh,, , (6.34)
8Zr, = 4R, h*ohY, — RRLHY + VOh* (2V, by — Vshy,) | (6.35)
6L, = 49H (R (Vohyy = Vyhye) + RyVohT] (6.36)
8Lr,, = —2¢"[R§° L hyg + ($"Vhyy, + 2h, "IV ,h5] (6.37)
8L, = PM2G [Mi(2V5hyp = Vohyg) + 207 (Vohyyy + YV phye = Vb )] = 4V 7,9 1Y

+V,h" 2V Vohy = Ohyg) + 2V, RV Vo hoP + 2V Ry Ohyy — RO [R(V yhyy — 2Vghy,) + 2R,6V )k T}
+ ¢ [4GP hyohy, + 8GTHihy , — GuyhohS — 2Ry by h®P + 4Ry,
+ VhP(AV e — Vyhg ) = 20V RV ph + V phy VPG = Vihy VPR

1
0| (5o = Ty ) P = 2Ry HEI |+ 4Py = 29, P g + T 15)

+ 201 [R5 2V by = Vphy) + 2R(Vhg p = Vohyy + Y phye) = BV phG | (6.38)
0Lp,, = 20M{¢"P[2hT (Vohyp + YV oy — Vyho ) + W2V, hg, — Vh, )]
+Og[h°P (Vg = Vohy,) = RpVehS1} (6.39)
5Lr,, = P2hy (91 6°P Gty + $7 P (Vohp) — 2Vhg ) + O™V 5]
+ 'V [$PA(Vohpy — 2Vhp0) + OV ,h5 1} (6.40)
8L p, = P [V h7P (Vyhgp = 4V phyg) + AVPHGV gy, | + " [ p(BhudS — h7P ) + 4hyihy ,¢°F ]
+4¢H P (W (Vhyy + Vohyp = Vohye) + 205 (7 by = Vyhyp + Vb )] (6.41)
5L p,y = 201§ Wby o 8l (6.42)
8L 4, = Og{h, [-Ogh™ + 8hy$H7 — g7 (Voh™ — 2VVhE)] + 8¢ hbV,hl} (6.43)
8L, = —24P¢"(OP)*hGh,, (6.44)
8L a, = 2¢F ' 0P ¢PRG(2V phyy + Vo p) + 2hyhy y¢7P ] (6.45)
5Lp, = (@) [~Ohy, + 129,(p,hT) — 6¢° (Vohyyy — 2,05 ,)] (6.46)
8Lp,, = —24'¢" (O °*hGh,, (6.47)

5Lp, = OpdH " [V, h7PV kg, + AV HE(V(shyy, — Vyohe )| +40¢¢H ¢ [Ha(4V ho)p + V phoy) + 206V, |
+ 25 BRG° (2B 1 + 20V g — WYy )
+ iy [~OpEoRR" + ahy 20PghePT + FEshgTH) + 404§ Ph ) (6.48)
8L, = ~29$ OPdhhTh, . (6.49)
5Lp, = 3¢W{§¢3hmm¢£hﬁ ~ Goph?) + 4878 iahay + 2073 Np (Vohyy + Vohop +V phgy)

+ 207 G0 [RE(V yhpp + V phyp = Vahyp) + 2hi(—Vshpr + V phas + Vahe )]

+ §7 9P [2V) hpp (Vb + 2VAhye) + 2V hya Vighty +V Ahpvv)‘hgp]} : (6.50)
5333)( = —2¢P¢V¢g¢f¢§h‘ghv0 s (6.51)
5334 = 2¢P¢V(D¢)2 [(ﬁphZ(ZVtha + vahvp) + Zh/,tahvpd)op] > (6.52)

53B6 = 2¢y¢v¢g¢g [¢phz(2vphvo + vo:rhvp) + Zhyohqusgp] > (6.53)
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The quadratic Lagrangian for odd-parity perturbations (6.29) can be written
in component form by substituting in the expressions for the background
metric (6.21), the background scalar, and metric perturbations (6.28). Writ-
ten explicitly in terms of hq and h;, we have

20+1
272

Zy = piht + pahf + ps[(hy - apho)2 +2pgh19,hol + pshohy , (6.54)

where j2 = (¢ + 1). Note that the background equations of motion have
not been used at this stage, and we have adopted the notation in [699]. An-
alytic expressions for the p-coefficients in terms of cubic HOST functions
are very extensive and are therefore not included here. They can be found
and used, however, in the corresponding Mathematica notebook in [4]. Fig-
ure 6.3 summarises the cubic HOST functions (in green) that contribute to
the p; coefficients. The fact that the green coefficients appear differently
in Figures 6.2 and 6.3 is due to the use of integration by parts to write the
quadratic Lagrangian in component form as in Eq. (6.54), which necessarily
rearranges the function content.

It is interesting to highlight that in our general setup without assuming shift
and reflection symmetries and even without using the background equations
of motion we find that

py=0. (6.55)

In other words, for a static and spherically symmetric metric background
(not necessarily stealth) with a linearly time-dependent scalar field, the spe-
cific combination of hy(r, p) and h;(z, p) associated with p, does not appear
in cubic HOST theories even without imposing the degeneracy conditions.
This happens presumably due to the specific structure of the cubic HOST
Lagrangian. Indeed, the p, term is present in general in the context of EFT
of BH perturbations with a timelike scalar profile [699], which encompasses
HOST theories in principle. It was also shown in [699] that the presence of
P4 forbids the existence of slowly rotating BH solutions (or otherwise leads
to a diverging sound speed). In this sense, the vanishing of p4 in cubic HOST
is phenomenologically desirable.

In the following Subsections, we will explicitly show expressions for the p;
coefficients under several existence conditions, and identify the presence
of any potential deviations from GR. We will show here the expressions for
the p; coefficients for general cubic theories (i.e. Cubicgr_mat/GR-vac/sds/Schw)>
and an exhaustive list for shift-symmetric and/or quadratic theories can be
found in Table 6.5. Moreover, the beyond-GR parameter(s) for all models will
be summarised in Table 6.6.

6.3.1 General stealth GR with minimally coupled matter

Let us first consider the case where all GR solutions in the presence of matter
are required to exist. Upon employing the conditions (6.16) and specifying a
SdS background, the coefficients p;’s are given by

2
V1—A
2.4
Mgr

= , =0. 6.56
P3 T A Ps (6.56)

pr=rN1-AG? - 2)Mg, p2=-

-2 2
(.] - Z)Mpl 5

[699]: Mukohyama et al. (2022), “General-
ized Regge-Wheeler equation from Effec-
tive Field Theory of black hole perturba-
tions with a timelike scalar profile”
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These expressions for the p; coefficients are precisely the ones obtained in
GR. Therefore, in this case the dynamics of the odd-parity perturbations are
the same as in GR, implying that ringdown observables associated with such
perturbations, like the quasinormal mode frequencies, will be indistinguish-
able between the two cases.

6.3.2 General stealth GR in vacuum

Upon employing the conditions for the existence of stealth solutions (6.17)
and specifying an SdS background, the p-coefficients for the case Cubicgg_yac
are simplified to

2

r
p1 = rz V1 _A(Jz - 2)(FZ - X0F3¢) s P2 = _m(jz - 2)(F2 _X0F3¢) >
4
r
pP3 = ﬁ(Fz - X0F3¢) s pPs = 0. (6.57)

From Eq. (6.57) we see that the presence of F34 shifts the value of F, in the
same way for all non-zero coefficients p;, p, and ps. In this sense, we here
conclude that there is one independent combination of functions for the
case Cubicgg vac corresponding to F; — XoF34 controlling the behaviour of
odd-parity perturbations. We can now distinguish two cases. First, for non-
shift-symmetric models, these functions (and hence also their one indepen-
dent combination) can be non-trivial functions of spacetime and, as a result,
deviations from GR can appear. Because of this, we use the symbol v/; in
Table 6.1 to denote that there is one independent combination of HOST func-
tions which governs the dynamics of odd modes in a way that might differ
from GR. As will be discussed in Section 6.5, this actually complicates the
definition of quasinormal mode frequencies. Second, if F; — X F34 is a con-
stant when evaluated on the background (note that this does not entail shift-
symmetry, as it is possible that both F; and Fs4 are non-trivial functions of
spacetime but F, — X,F34 is a constant), then all ringdown phenomenology
in the odd sector will be indistinguishable from GR, albeit from a constant
shift in the effective Planck mass [c.f. (6.57) with (6.56)]. In this case, for
instance, quasinormal mode frequencies will have the same numerical val-
ues as in standard GR. In the shift-symmetric and/or quadratic limit, i.e. for
the cases SSCubicGR_Vac, SSQuadraticGR_VaC, and Quadraticgg_y,, the contri-
bution from the coefficient F34 disappears and F; is the only contributing
function [see (C.1)]. In these cases, if F, is shift-symmetric we also recover
GR predictions (therefore represented with a X in Table 6.1). However, for
the case Quadraticgg_yac, F> can generally be a non-trivial function of space-
time, hence potentially sourcing deviations from GR. Because of this, this
case is represented with the symbol v/; in Table 6.1.

6.3.3 Schwarzschild-de Sitter

As we have seen, requiring the existence of SdS solutions as opposed to re-
quiring general stealth GR solutions leads to a broader allowed region of
theory space. Imposing the existence conditions (6.18) for SdS spacetimes
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on cubic theories leads to the following p; coefficients:

p =11 — A( - 2)[1:2 + Xo(Fzg + 2A1)] )
2

.
P2 = —m(fz = 2)(Fy — XoF3¢) ,
4
.
by = m[Fz + Xo(Fsg +247)] ,

ps=0. (6.58)
Inspecting Eq. (6.58) we see that 2 independent combinations of HOST func-
tions fully characterise the all p; coefficients, corresponding to

Fy = XoFs , Ay + Fag . (6.59)
Note that p; and ps are proportional to a linear combination of these two

quantities.

In the shift-symmetric limit, all contributions from cubic functions disap-
pear and hence for SSCubichS and SSQuadraticsds, and actually also the

model Quadraticggg, we obtain the coefficients given by (C.2), which are equiv-
alent to Eq. (3.6) in [579] for shift-symmetric quadratic theories. In those

cases, only A; survives as an additional contribution on top of F,. When F,

and A; are shift-symmetric (and therefore time-independent when evalu-
ated on the background), the corresponding odd-parity quasinormal mode

frequencies can be obtained by simple rescaling of those in GR [690, 706].
Written explicitly, for stealth Schwarzschild solutions, the relation is given

by & = wgrlFa/(F, + 2X A2,

As mentioned before, when the shift-symmetry is not imposed, recall that
HOST functions can in principle contain explicit time dependences, which,
as stated before, and discussed in more detail in Section 6.5, makes deriving
the master equation in the odd-parity sector more challenging.

6.3.4 Schwarzschild

In this Subsection we express the p; coefficients after imposing the existence
conditions for Schwarzschild black hole solutions [Eq. (6.19)]. They are given
by

p1=rT= A2 = 2frlF, + Xo(Fsy + 2A1)] - 812X (1 — A) By},

2

’
p2=- A

(% = 2)(F, — XoF34) »
(6.60)

4
’
= ——|F + Xo(Fy +2A7)] ,
ps3 m[z o(Fs 1)]

p5=0.

In this case, Cubicgpy, we find the following 3 independent combinations
of HOST functions as fully characterising the p; coefficients:

F2 - XOF3¢ 5 Al + F3¢ 5 Bl . (661)
Interestingly, one cubic function, By, survives in the shift-symmetric limit.

Hence, SSCubicSChW contains 2 potential beyond-GR parameters (note that,

[579]: Takahashi et al. (2021), “Black hole
perturbations in DHOST theories: master
variables, gradient instability, and strong
coupling”

[690]: Mukohyama et al. (2023), “Quasinor-
mal modes from EFT of black hole pertur-
bations with timelike scalar profile”

[706]: Nakashi et al. (2023), “Black hole
ringdown from physically sensible ini-
tial value problem in higher-order scalar-

tensor theories”
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Table 6.5: Here we collect the list of p-coefficients in the quadratic Lagrangian (6.54) for odd-parity perturbations. In the main text we have
explicitly shown the expressions for the following cases: Cubicgg_m,;: (6.56), Cubicgg_yac (6.57), Cubicgyg (6.58), and Cubicgy,, (6.60). For the

cases SSCubicGR,mat and Quadraticgp ., it is trivial that the p-coefficients are given by (6.56). Here we exhaustively collect the expressions
for all the remaining models in Table 6.1. Recall that we found p, = 0 to be generically true in cubic HOST theories (as one would expect for
theories admitting slowly-rotating black hole solutions [699]).

Model p-coefficients
p= rzx/lz— A(j> - 2)F,,
SS 1. __ " (?_9F,
Rt o
-vac p ==t
ps = 0.
SSCubicsds b= r2\/r12_ Az(iz ~ 2R,
(SS)Quadraticsds, b= _;ﬂo DR (C.2)
(SS)QuadraticSChw. p3= ﬁ(F y +2X)A4),
ps =0.
pr = I= A = 2)|r(Fy + 2X) A1) - 81,[2X3(1 - A) By,
r2 K
SSCubicSChW P2 = _\/4@(72 —2)F, 9
P3= \/%(Fz +2XpA),
ps = 0.

[720]: Tomikawa et al. (2021), “Perturba-
tions and quasinormal modes of black
holes with time-dependent scalar hair in
shift-symmetric scalar-tensor theories”

as explained before, in shift-symmetric models F, is a constant and there-
fore not regarded as a beyond-GR parameter) in the evolution of odd-parity
perturbations corresponding to A; and B;. The presence of By here leads
to a non-trivial r-dependent radial speed for GWs, something which will
be discussed in Section 6.4 together with the corresponding stability con-
ditions. In [720] odd-parity perturbations for Schwarzschild black holes in
shift-symmetric cubic HOST theories were studied and, in particular, the
contribution from By to the fundamental quasinormal mode was calculated
(while setting A; = 0). In Section 6.4 we show how a non-zero By affects the
radial speed of GWs.

Both (SS)QuadraticSChW contain only A; as an additional function and do in
fact also fall into the same category where p; coefficients are given by (C.2)
(i.e. Eq. (3.6) in [579], which was found for shift-symmetric quadratic HOST).
As such, the same discussion below Eq. (6.58) related to the relation between
quasinormal mode frequencies in this case and the ones for Schwarzschild
black holes in GR also applies here. As mentioned in the previous cases,
when HOST functions above contain an implicit time dependence, the mas-
ter equation for odd-parity perturbations cannot be converted to an ODE,
and as a PDE, it makes the definition of quasinormal modes ambiguous. This
will be discussed in more detail in Section 6.5.

To conclude this Section, we have obtained the p; coefficients in the quadratic
Lagrangian (6.54) for odd-parity perturbations in general cubic theories un-
der the existence conditions for stealth solutions, i.e. for the models denoted
by Cubicgr_mat/GR-vac/sds/schw- An exhaustive list of the p; coefficients for
the remaining cases can be found in Table 6.5 and the beyond-GR parame-
ter(s) for each case are summarised in Table 6.6.
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Table 6.6: Here we collect the number of independent combinations of beyond-GR parameters for all different models (i.e. for each set of
{symmetry, theory, stealth solution}). The last column shows the symbol we use to condense this information in Table 6.1. Note how the interpre-
tation for F, differs for shift- vs. non-shift-symmetric models, where in the former, as a constant, does not count as a potential deviation from
GR while in the latter, as potentially depending non-trivially on spacetime coordinates, is included as a beyond-GR parameter.

Model Beyond-GR parameter(s) Symbol

(SS)CUbicGR—matr

(SS)Quadratic

ss GR-mat>  None X
CubicGR,vaC ,

ssQuadraticGR_VaC

Cubicgg vac Fy = XoFs4 at (¢, X) = (¢, Xo) Vi

Cubicggg Fy — XoFsg, A1 + F3y at (¢, X) = (¢o, Xo) Vs

Cubicschy Fy = XoF3, A1 + B3y, By at (8, X) = (o, Xo) V3

Quadraticg vac Fy at (¢, X) = (o, Xo) Vi

Quadraticggs, _

Quadraticg,,, Fy, Ay at (§,X) = (9o, Xo) V2

SSCUbiCsds,

SSQu::\draticsds, Ajat X =X, V1

SSQuadraticSCh‘,\,

SSCHbiCSChW Al’ Bl at X = XO \/2

6.4 Stability and speeds of odd-parity
perturbations

In the previous sections we have derived the conditions under which differ-
ent stealth black hole solutions with time-dependent scalar hair exist for
cubic HOST theories (Section 6.2) and obtained the quadratic Lagrangian for
odd-parity perturbations (Section 6.3). These kinds of solutions are known
to exist for several large classes of ST theories (see e.g. [562, 565, 566, 568—
573, 679, 693, 696]). Note in passing that stealth solutions in DHOST theories
have been shown to generically suffer from instability or strong coupling is-
sues when the even sector is taken into account [578, 579, 639] (see Table I
in [2] for a more comprehensive summary). In this section, as a first step to-
wards evaluating the overall stability of the different models considered, we
derive the conditions that HOST functions need to satisfy in order for linear
odd-perturbations to remain stable. In the EFT context, as an initial step
towards deriving generalised master equations for the even sector without
strong coupling issues, the dynamics of monopole (£ = 0) even perturbations
have been studied with the inclusion of the scordatura term, whose presence
allows for the avoidance of strong coupling issues [648].

6.4.1 Stability conditions

In order to rewrite the quadratic Lagrangian (6.54) in terms of one variable,
we introduce an auxiliary field y and integrate out the variables hy and h;y.
For a detailed description of the procedure, see, e.g. [579, 699]. We have seen
in the previous section that p, = ps = 0 in cubic HOST under the existence
conditions for stealth solutions, and therefore the corresponding terms in
Eq. (6.54) will be ignored in what follows. After some manipulations, we ob-
tain the quadratic Lagrangian for y as'’

[562]: Babichev et al. (2017), “Asymptoti-
cally flat black holes in Horndeski theory
and beyond”

[565]: Babichev et al. (2014), “Dressing
a black hole with a time-dependent
Galileon”

[566]: Kobayashi et al. (2014), “Exact
black hole solutions in shift symmetric
scalar-tensor theories”
[568]: Babichev et al.
Spherically

(2013), “Time-

Dependent Symmetric
Covariant Galileons”

[569]: Babichev et al. (2016), “Black holes
in a cubic Galileon universe”

[570]: Minamitsuji et al. (2018), “Stealth
Schwarzschild solution in shift symmetry
breaking theories”

[571]: Motohashi et al. (2019), “Exact
black hole solutions in shift-symmetric
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of-freedom nature of perturbations in the
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where the parameters s;’s are defined as
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Note that these expressions apply for the case when the p;-coefficients are
generic functions of 7 and p, and hence generalise the expressions in [579,
639, 699] which were derived under the condition that p;’s are functions only
ofr=r(p—r1).

The variable y now represents the propagating degree of freedom in the odd-
parity sector. As usual, we define the sound speed squared of GWs (i.e. the
speed of GWs) in the radial and angular directions as'®

5 2
2 _ Spp %2 s

2
= —_—— ¢ = lim ———.
P |gT’['| $1 07 50 |gr'r| ]251

(6.64)

The absence of ghost and gradient instabilities requires that s;, cf,, and cg
are positive definite:

51> 0, >0, Z>0. (6.65)

Using the following parametrisation to characterise deviations from unity
(i.e. the GR prediction) in the propagation speeds,

(p)

cf, =l+ay , cg =1+ a%e) , (6.66)

the stability requirements cf) /0> 0 are equivalent to a%p /9) > —1and the GR
result is obtained when ajgp/e) =0.

We can now assess what these stability conditions imply for all the different
cases in Table 6.1. As shown, cases (59 Cubicgr e and (SS)QuadraticGR_mat
recover GR results at the level of linear odd-parity perturbations and hence
stability conditions are automatically satisfied.

For general GR solutions in vacuum, more concretely for Cubicgg_yac, We
obtain the following stability criterion:

Fy — XoF34 > 0. (6.67)

From the above we see that in the cases SSCubicG,R_VaC and Quadraticgy_yac
the stability condition becomes

F,>0. (6.68)
For the case Cubicgyg, the stability of perturbations requires that
Fy = XoF34 >0, Fy + Xo(F3¢ +2A1) > 0. (6.69)

Similarly, the stability conditions for cases SSCubicst and (SS)Quadraticst

can be straightforwardly obtained from the condition above. In fact, the
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same conditions also apply for cases (SS)QuadraticsChw, and these are given
by

F,>0, F,+2XyA; >0. (6.70)

This leaves us with two remaining cases. First, we have Cubicgy,,, from
which we obtain the following stability conditions:

Fz - XOF3¢ >0 5 FZ + Xo(F3¢ + 2A1) >0 5

r[Fy + Xo(Fsg + 2A1)] — 81,/2X3(1— A)B, >0,

where the last condition was derived from requiring cf, > 0. Second, the sta-

(6.71)

bility conditions for SSCubicSC}lW can be straightforwardly obtained by im-
posing shift symmetry to the condition (6.71),

F2>0, F2+2X0A1>0,

r(Fy + 2XyA;) — 81\/2X3(1 —A)B;>0.

From the above expressions, one sees that setting the cubic HOST function

(6.72)

to zero one recovers the condition (6.70) for cases (SS)QuadraticSChw.

6.4.2 Speed of gravity

In this Subsection, for illustrative purposes, we analyse the speed of GWs in
the odd-parity sector. Let us focus on the cases 85 Cubicg,,, since they con-
tain non-trivial deviations from GR in the p; coefficients. Using Egs. (6.60)

and (6.63) in Eq. (6.64), the parameters a;p/a) defined in Eq. (6.66) are given
by
O —2rXo(A; + Fsp) + 812X (1 — A) B,
T N 3
r[Fy + Xo(2A; + F3p)] — 81,(2X5(1 — A) B,
© _ 2X(A; + Fay)

= - . 6.73
aT F2 + XO(ZAI + F3¢) ( )

From the expressions for the agp /9) parameters above, it is interesting to
understand how they are related to current observational constraints, most
notably from the GW event GW170817 and the gamma-ray burst 170817A
emitted from a binary neutron star merger, which constrained |cgw — 1| <
1071 at the frequency scales probed by LIGO-Virgo-KAGRA (LVK) [538, 581—
584].

The implication of the bound on GW speed on HOST theories in the context
of cosmology is as follows. On a homogeneous and isotropic cosmological
background described by the Friedmann-Lemaitre-Robertson-Walker met-
ric, the deviation of céw from unity is given by [416]

cosm _ 2 1= 2X[A1 + F3¢ - 6HX(BZ + B3)]

=iy —1=— , 6.74
o = ow Fy + X[2A; + Fyy — 12HX(B, + By)] (6:74)

cosm

where H denotes the Hubble parameter. In order for ap " to vanish irre-

spective of the matter content of the Universe (i.e. irrespective of how H
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19: Recall that we consider here non-
shift-symmetric theories in general, and
therefore time dependence can show up
through the explicit ¢-dependence. How-
ever, even if the HOST functions are not
strictly constant, assuming that the scalar
field is responsible for dark energy for in-
stance, one would expect their timescale
of evolution to be much longer than the
timescale associated with ringdown ob-
servables here, making the HOST func-
tions effectively constant in such an envi-
ronment.

20: Note that this coincides with the first
condition in Eq. (6.75). If we adopt the sec-
ond condition B, + By = 0 in our context,
this can be understood as B; = 0 as the
existence condition (6.19) for (SS)CubicSChw
imposes 18B; = 2B, = —Bs.

21: As discussed in [720], for B8 < 0,
Eq. (6.78) has only one positive solution for
rg, which satisfies ry > r;. For 0 < % < %,
with B, = {/108/3125, there exist two pos-
itive solutions to (6.78), of which the larger
one is identified as ry and in this case we
have rg <ri. Finally, for B > A, the so-
lution for (6.78) ceases to exist.

22: The event GW170817 was observed at a
distance of 4078, Mpc and the total mass
of the binary neutron stars was approx-
imately 2.8Mg [538], with M being the
mass of the Sun, ie. 1.99 x 10% kg. The
distance in units of r; (evaluated with the
total mass of the system) is given by r =
1.5 x 10%r,.

evolves), one requires that

A1+ Fy=0, By+B3;=0. (6.75)

Having said that, note that non-trivial is not ruled out for theories
whose cutoff scale is lower than (or close to) the frequencies probed by LVK
observations. More specifically, higher-order operators suppressed by the
scale Az = (Mleoz)l/3 (chosen so that these operators give @(1) contribu-
tions to cosmological dynamics), with H, being the present Hubble parame-
ter, lead to a cutoff close to or below the LVK frequency band (see [545] for
theoretical background and [1, 601, 628, 724, 725] for related GW phenomenol-

ogy and constraints).

a%OSITI

We can in principle also apply the bound on GW speed in our context, pro-
vided that the spacetime is described by the stealth Schwarzschild solution
throughout the propagation of GWs. As previously discussed in, e.g. [690,
719], while applying the GW170817 constraint suggests that a;p) must ap-
proach zero at large distances, it may nonetheless have non-trivial config-
urations at short distances (i.e. in the black hole environment). In order to
provide tangible results, we now assume that the relevant HOST functions
are constant when evaluated at the background, i.e. Fy, F34, Ay, By are all

constant.’® Then, requiring agp) to vanish at large r imposes Ay + F3 = 0.2

(p)

In that case, we can rewrite the an parameter in (6.73) in the following

form:

81,/2X3 B,
rs(Fy — XoFsg)

\3/2
a%p ) _ (7)—% , 7 (6.76)

3/2
1-(2) " =
r
where, in the absence of F34, the dimensionless quantity 9 exactly matches
that introduced in Eq. (59) of [720], from which we adopt the nomenclature.

We plot a%p ) as a function of r/rg for some (negative) values of % in Fig-

ure 6.4, where r, corresponds to the graviton horizon (i.e. the horizon for

the odd modes). Note that, for a%p) #0,1g 18 different than the radius of

the photon horizon 7, (i.e. the horizon for particles travelling at the speed of
light).?! Following the same discussion as in [690, 719], one can show that ry
satisfies

(p)

A(rg) + o’ (rg) =0. (6.77)

Specifically, on a Schwarzschild background where A(r) = 1 — ry/r, the two
horizons are related via
- (p)

rs=[1+ap (rlrg . (6.78)
In Figure 6.4 we see that a%p) transitions smoothly from —1 as r — 0 and
to zero as r — oo. In other words, as we approach the singularity (r — 0)
the odd modes ‘freeze), i.e. ¢, = 0, while at spatial infinity we recover the
GR prediction, i.e. ¢, = qignt (= 1). As a first approximation, assuming the
constraint on GW speed from the event GW170817 applies to black holes, and
taking them to imply that |a§p)| < 107 atr = 1027, then we can conclude

that roughly |%| < 10, suggesting that such a measurement is not really
effective for constraining this theoretical setup.
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Figure 6.4: Speed of GWs in the radial direction as a function of distance for different values of the beyond-GR parameter % (6.76). The distance
is plotted relative to the graviton horizon radius r,, with the region inside r, shaded in grey (note that ry > r; for B < 0). Shaded in red is the

6.5 Master equation for odd-parity perturbations

In order to further connect the models investigated here with actual ring-
down GW observables (e.g. quasinormal mode frequencies), one first needs to
derive a master equation for odd modes from the quadratic Lagrangian (6.62).
In this Section, we discuss how this derivation becomes more subtle once
HOST functions are allowed to carry explicit time dependencies, as is the
case for non-shift-symmetric models.

In order to clarify the subtlety, let us follow the derivation of such a mas-
ter equation in e.g. [579, 690, 699] until some difficulty arises. First, let us
rewrite the quadratic Lagrangian (6.62) in terms of the Schwarzschild coor-
dinates {t,r, 0, ¢}. After some manipulations, we obtain

2 —2)(2t+1) -
L(.ZH% = a1 (9 0)* — ax(9x)* + 243 )0 x) — asx® . (6:79)

27y
with
sp— (1= A)%s, B(1—A)
_3—, az = T(SZ_SO,
JASB(1—A) (6.80)
(1 — A)Sz -8 A
as = A s as = B(1—A)S3'

As mentioned earlier, though we mainly focus on the S(dS) background in
the present Chapter, here we have kept the metric functions A and B inde-
pendent for generality.??

Notice that the Lagrangian (6.79) contains the cross term (; y)(d, ). In the
case where all the g; coefficients defined above are static with respect to the
Killing time ¢ for the background metric, one can remove the cross term by
performing a transformation of the time coordinate, and it is straightfor-
ward to define a tortoise coordinate associated with the effective metric for
odd modes. Note that this is the case for all shift-symmetric theories, but

region where stability conditions are violated. In dashed orange we show the GR prediction (i.e. a;p ) = 0).
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23: Note that we have taken into account
the Jacobian determinant associated with
the coordinate transformation:

5 _ ‘a(r, p)
RED)

2 (6.81)
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can also be applied in non-shift-symmetric cases as long as all HOST func-
tions appearing in these coefficients do not carry an implicit t-dependence.
In this case, the master equation in the form of a wave equation (i.e., the gen-
eralised Regge-Wheeler equation) was obtained in [690, 699] in the context
of EFT of BH perturbations.

However, the situation changes for non-shift-symmetric models, where the
a; coefficients in (6.80) are generic functions of 7 and p. In these cases, these
coefficients in Schwarzschild coordinates are no longer independent of ¢,
and therefore a redefinition of ¢ that removes the cross term does not ex-
ist in general. Moreover, the position of the graviton horizon would also
be t-dependent, which would make the definition of the tortoise coordinate
subtle. As a result, it is not possible to write the master equation in the stan-
dard form of the generalised Regge-Wheeler equation as in [690, 699]. In
other words, the master equation cannot be converted from a PDE to a sim-
ple ODE for a mode with a fixed frequency when the coefficients are allowed
to depend on t. Consequently, we lose a clear definition for quasinormal
mode frequencies. This implies that in order to solve the PDE one would
need to resort to a numerical approach. Let us also point out, nonetheless,
that when the timescale of the change of the coefficients is long enough
compared to that of perturbations, those coefficients in Eq. (6.79) can be ef-
fectively regarded as constant and the effect of the time dependence may
be treated perturbatively. This is a reasonable assumption as the time de-
pendence of the coefficients appears only through the explicit dependence
on ¢, which evolves in a cosmological time scale if, e.g., the scalar field is
responsible for dark energy. In this case, we expect that the effect of the
time dependence can be treated in a perturbative manner. A more in-depth
exploration in this direction is left for future work.

6.6 Conclusions

In this Chapter, which collects the results in [3], we have explored the land-
scape of stealth solutions—i.e., solutions that remain identical to those in
General Relativity (GR) despite the presence of a non-trivial scalar field—in
the framework of general quadratic/cubic higher-order scalar-tensor (HOST)
theories. We have considered configurations where the scalar field exhibits
time-dependent hair while maintaining a constant background kinetic term.
Our analysis has focused on deriving the precise conditions required for ei-
ther all, or some given specific (Schwarzschild and Schwarzschild-de Sitter),
stealth solutions to exist. Furthermore, we have examined the behaviour of
odd-parity perturbations and derived the conditions that ensure such per-
turbations remain stable. Table 6.1 collects the existence conditions, the
nature of odd-parity perturbations, and the stability conditions for all com-
binations of theory setups with different classes of stealth solutions. Our
key findings are:

» Requiring all GR solutions to exist in the presence of generic matter
leads to odd modes that display the same behaviour as in GR. Within
the context of general cubic HOST theories, in order to encounter de-
partures from GR one therefore requires one of the following: a) non-
stealth metric solutions (see e.g. [562, 565, 566, 569]), b) scalars with
a non-constant kinetic term (see e.g. [2, 580, 679]), ¢) study the even
sector (see [579]), or d) relax the requirement of the existence of all GR



v
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solutions in the presence of matter and employing less restrictive con-
ditions (this leads to the conclusions in the following 2 bullet points).
We leave detailed further explorations on these directions as future
work.

Requiring all GR solutions to exist in vacuum also leads to similar re-
sults. In the generic case of cubic HOST, we have found one poten-
tial beyond-GR parameter in the odd sector. However, imposing shift-
symmetry and/or restricting to quadratic interactions recovers the
standard GR form for the evolution of odd-parity perturbations. In
these cases, departures from GR can also only appear if one takes any
of the options a)-c) spelled out in the previous bullet point.

When requiring specific (Schwarzschild and Schwarzschild-de Sitter)
stealth solutions to exist, we have found that a large plethora of the
(theory + stealth solution) combinations considered in this Chapter re-
sults in a reduced set of potential deviations from GR in the odd modes,
as described in Table 6.1. In most cases, odd-parity quasinormal mode
frequencies can be obtained from those in GR via a simple rescaling,
in the same fashion as in [690, 706].

We have identified a unique deviation from GR that does not fall in
the previous category for Schwarzschild black holes in cubic HOST
(shift-symmetric or otherwise). We have shown how this deviation,
denoted by the parameter 9%, modifies the propagation speed of odd
modes in a non-trivial way, in particular with an r-dependent o pa-
rameter. We have shown that the speed of gravity is modified in the
black hole environment (while still satisfying stability conditions) and
approaches the speed of light at cosmological distances, hence mak-
ing this an interesting healthy model in light of the constraint on the
propagation speed of GWs from the event GW170817. The fundamen-
tal quasinormal mode frequency for a shift-symmetric version of this
model was investigated in [720]. Given the uniqueness of the 98 signa-
ture in the large class of models we studied, a further investigation of
the quasinormal mode spectrum with contributions from 9, as well
as an assessment of the observability of % by current and future GW
detectors constitute interesting directions for future research.

We have established that p, = 0 in the quadratic Lagrangian (6.54) for
odd-parity perturbations about static and spherically symmetric back-
ground in general cubic HOST theories. In general, non-zero p, ap-
pears in the context of EFT of BH perturbations with a timelike scalar
profile [690]. We have shown here that in covariant cubic HOST the-
ories, contributions to p, from individual terms cancel out in a non-
trivial manner. The relevance of this result is that the presence of
ps # 0 is associated with the exclusion of slowly rotating black hole
solutions (or otherwise the divergence of the radial sound speed at
spatial infinity) [690], and so we show that cubic HOST theories do not
suffer from this problem.

In the context of non-shift-symmetric theories, we have shown how
the master equation for odd-parity perturbations cannot be written
in the standard ODE form of the generalised Regge-Wheeler equa-
tion due to the time-dependence of its coefficients. We have argued
that solving the corresponding PDE would require numerical methods
and/or further approximations.

When we require the degeneracy conditions (6.6), (6.7), and (6.8) for
quadratic/cubic DHOST theories of class N-I [350] as well as the ex-
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istence conditions derived in this work, we have concluded that the
cubic DHOST part of the theory is not allowed. (The authors of [715]
already pointed out that the existence conditions for stealth S(dS) so-
lutions are not compatible with cubic DHOST.) In this case, we are left
with the quadratic DHOST of class 2N-I, for which the compatibility
between the degeneracy and existence conditions is guaranteed.

In this Chapter, we have shown how restrictive it is to require the existence
of exact stealth solutions with timelike scalar profile in the space of scalar-
tensor theories. On the other hand, as briefly reviewed in the introduction,
one needs to introduce so-called scordatura terms in order to avoid strongly
coupled perturbations, promoting the background solution to an approxi-
mately stealth one that behaves as stealth in practice at the level of the back-
ground and that is free from the strong coupling issue for perturbations.
Since scordatura terms are of order unity (and not necessarily small) in the
unit of the cutoff of the theory, it is expected that relaxing the existence con-
dition of exact stealth solutions to that of approximately stealth ones should
significantly broaden the space of scalar-tensor theories. We leave detailed
investigations of this important problem for future work.



Conclusions and Outlook

This thesis has explored the theoretical and phenomenological implications
of scalar-tensor (ST) theories of gravity through the lens of black hole so-
lutions and gravitational wave observations, with a focus on the ringdown
regime.

In the Preliminaries part of this thesis, we have laid the foundational ground-
work for the later exposition of three different Investigations. This has in-
cluded an overview of our understanding of gravity throughout history in
Chapter 1, where we have highlighted some remarkable similarities between
concepts in cutting-edge research and some millennia-old ideas. We have
also discussed views on the progress of science, with the goal of better un-
derstanding the current state of gravitational physics, and concluding that
there are signs of an approaching paradigm shift in cosmology and gravita-
tion.

Chapters 2 and 3 have respectively reviewed the theoretical structure and
observational tests of General Relativity (GR) and scalar-tensor (ST) theo-
ries, focusing on black hole solutions and ringdown probes. As a recap, we
have exposed how the motivation for considering alternatives theories of
gravity, in particular ST, arises from limitations of GR when applied to cos-
mological and astrophysical phenomena. While GR has been remarkably
successful in describing gravitational interactions in a wide range of set-
tings, it requires the introduction of dark energy and dark matter to account
for the observed accelerated expansion of the universe and galaxy rotation
curves. These components, though effective phenomenologically, remain
unexplained within the standard framework. Additionally, while the math-
ematical structure of GR results in very unique settings describing the na-
ture of black holes and their gravitational wave emission, these still remain
largely unconstrained. Therefore, testing the robustness of these predic-
tions in strong-field regimes is essential. ST theories, as investigated in
this thesis, provide a well-motivated class of extensions to GR, introducing a
scalar field that modifies the gravitational dynamics. These theories enable
the construction of black hole solutions with richer dynamics—i.e. hairy
black holes—and serve as testbeds for probing deviations from GR. We have
shown how the rise of gravitational wave (GW) science offers a powerful new
observational window into the strong-field regime of gravity, allowing us to
test the fundamental predictions of GR and its alternatives with unprece-
dented precision. Among the various phases of a GW signal from a compact
binary merger, in this thesis we have focused on the ringdown phase, dom-
inated by the black hole’s quasinormal modes (QNMs), which is particularly
well-suited for probing the nature of gravity in the vicinity of black holes.
This stage is modelled with the framework of black hole perturbation theory.
QNMs are determined entirely by the spacetime geometry and the underly-
ing theory, and are independent of any other idiosyncrasies of the particular
source. As such, they provide a theoretically clean and observationally acces-
sible means of testing the validity of GR in the strong-field regime. Devia-
tions in the QNM spectrum from GR predictions can signal the presence of
new gravitational degrees of freedom or modifications to the theory, making
black hole spectroscopy a direct and robust probe of beyond-GR physics.
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The Investigations part of this thesis collects three Chapters in which the new
findings of the presented research presented have been discussed. Some
details for each of the projects can be seen in Table 6.7 and here we briefly
summarise the main conclusions.

Table 6.7: Summary of the main aspects of the investigations presented in Chapters 4-6. Note that Chapter 4 contains no explicit reference to
the stability of the solution. This is because such solution, insetad of being exact, is constructed by adding small parametrised deviations to a
Schwarzschild black hole with a constant scalar field, a configuration which is stable by nature, and therefore the stability of this solutions is
guaranteed by the hairy perturbative hierarchy. The asterisk  in the observational constraints column for Chapter 6 is there to denote that,
rather than an actual forecasted constraint, such huge number should be understood as the insensitivity of GWs to this beyond-GR parameter.
This number comes from an interpretation of the GW170817 result, while the other two results in this column refer to forecasted constraints
in the LISA band from one event.

ional
Theory Background Stability QNMs Observat?ona
constraints
8uv ¢
Cha Horndeski w/: é(r) Parametrised
0] Gur = 0 ’ Schwarzschild static Satisfied ringdown lorr| < 1072
49 (paramterised) formalism
Horndeski w/: 4(2)
Chs G, =-2A—-2p/X, Schwarzschild time-de Tendent Derived Semi-analytical ﬁ <104
[2] Gy=1+ WX, -de Sitter (exfct) conditions WKB -
G3 =0= G5
Che cubic HOST stealth time-dependent Der.lv.ed Conne.:cted to B < 101*
[3] conditions other literature

(exact)

[1]: Sirera et al. (2023), “Testing the speed

of gravity with black hole ringdowns”

Speed of gravity—based on [1]

In Chapter 4, we investigated the speed of gravitational waves as a phenomeno-
logical probe of beyond-GR physics in the ringdown phase. Focusing on hairy
black hole solutions with static scalar hair, we demonstrated that upcoming
space-based detectors such as LISA and TianQin will be capable of constrain-
ing deviations from the speed of light—quantified by the parameter ap—at
the percent level from a single supermassive black hole merger. While sev-
eral studies have explored constraints on ar, these have predominantly been
conducted in the context of a cosmological background, see e.g. [541-543,
585]. In contrast, our work provides the first analysis of ar from a black
hole background. The ringdown constraints we forecast are particularly rel-
evant in the LISA frequency band, where ST theories can remain within their
regime of validity—i.e., below the cutoff scale associated with their interpre-
tation as effective dark energy theories [545]. Moreover, the ambiguity of
electromagnetic counterparts in this band enhances the value of purely grav-
itational constraints, such as the one presented here. We further showed
that, within ST theories, odd parity QNMs exhibit @ dependence only in the
presence of scalar hair. Consequently, a non-detection of o deviations in
the ringdown signal can also be interpreted as placing constraints on the
presence and magnitude of black hole scalar hair.



Time-dependent scalar—based on [2]

Chapter 5 expanded the scope of investigation to include black holes en-
dowed with time-dependent scalar hair. We focused on a recently discovered
exact solution in which the scalar field exhibits non-trivial kinetic structure,
characterised by a non-constant background kinetic term X [679]. Through
stability analysis and QNM calculations of odd parity perturbations, we found
that deviations from GR in the ringdown spectrum are potentially stable and
observable with current and future detectors. This chapter provided con-
crete constraints on the parameter controlling the deviation, /?, with poten-
tial bounds at the level from LVK and space-based interferometers, respec-
tively. Time-dependent scalar field configurations are of particular interest
due to their possible connections with cosmologically relevant limits. How-
ever, previously known solutions of this kind have generally been plagued
by instabilities, linked to their assumption of a constant background kinetic
term X = const [578]. In contrast, the theory studied here circumvents this
limitation by allowing for a non-constant X. Our findings therefore repre-
sent a significant step toward identifying viable families of stealth black hole
solutions with time-dependent scalar hair.

Inverting no-hair theorems—based on [3]

Finally, in Chapter 6, we adopted a reverse-engineering approach to deter-
mine the precise restrictions on ST theories—in the broad context of cu-
bic higher-order scalar-tensor (HOST) theories—that allow for exact stealth
black hole solutions, i.e. those with a GR-like metric but non-trivial scalar
structure, in this case also with linear time-dependent hair. Focusing on
theories that admit stealth solutions is motivated by their ability to rec-
oncile non-trivial scalar dynamics with current observational constraints,
their role as a structural filter within ST theory space, and their potential to
connect cosmological and strong-field physics. We derived covariant equa-
tions of motion for such theories and showed that requiring the existence of
particular sets of stealth solutions imposes strong theoretical constraints on
the allowed theory space. We derived these precise conditions both generi-
cally and for specific cases such as Schwarzschild and Schwarzschild-de Sit-
ter backgrounds. Our analysis of odd-parity perturbations revealed that,
in most cases, the QNM spectrum matches that of GR up to simple rescal-
ings, as in [690, 706]. However, we identified a unique deviation parameter,
9B, in cubic HOST theories that induces a non-trivial, radially dependent
modification to the gravitational wave speed ar, offering an intriguing phe-
nomenology consistent with current observational bounds. Furthermore,
we demonstrated that covariant cubic HOST theories generically avoid the
issue of diverging radial sound speed often associated with EFT formulations
as in [690], and therefore allow in principle for slowly-rotating black hole so-
lutions. We also clarified the limitations of obtaining well-posed perturba-
tion equations in non-shift-symmetric cases. Finally, we showed that impos-
ing degeneracy and existence conditions simultaneously restricts the viable
DHOST theories, in particular excluding cubic DHOST models, and therefore
restricting to quadratic DHOST of class ?N-I. These findings underscore how
demanding the requirement of exact stealth solutions is, and suggest that re-
laxing this requirement in favour of approximately stealth configurations—
made viable by introducing so-called scordatura terms [701]—may signifi-
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[2]: Sirera et al. (2025), “Stability and quasi-
normal modes for black holes with time-
dependent scalar hair”

[3]: Kobayashi et al. (2025), “Inverting no-
hair theorems: How requiring general rela-
tivity solutions restricts scalar-tensor the-

ories”
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cantly enlarge the space of phenomenologically viable scalar-tensor theo-
ries.

Future work

Building on the findings of this thesis, several promising avenues for future
research emerge:

» Rotating black holes. All astrophysical black holes are expected to
rotate to some degree, and extending beyond static solutions is essen-
tial for realistic modelling. While some QNM results for rotating black
holes in modified gravity exist, a broader, systematic investigation re-
mains to be done.

» Even parity sector. This thesis has focused on odd-parity perturba-
tions, which are often more tractable analytically. However, even-
parity perturbations—where scalar degrees of freedom typically cou-
ple more directly—offer rich phenomenological signatures and are es-
sential for a complete understanding of deviations from GR. Extend-
ing the current methods to this sector is a natural and important next
step. In particular, an even-parity study of the configuration in Chap-
ter 5 will reveal whether a fully stable corner of parameter space re-
mains for such theories when considering both odd and even parity
perturbations

» Higher-dimensional parameter constraints. The application of black
hole spectroscopy in this thesis has been idealised in the sense that we
have assumed the ‘usual’ binary black hole merger parameters (masses,
amplitudes, phases) to be known—e.g. from the inspiral phase—and
focused on the effect of novel beyond-GR parameters. A more com-
prehensive analysis would extend such analysis by investigating de-
generacies and constraints in higher-dimensional parameter spaces.

» Using GW data. While this thesis has provided forecasted constraints
for several beyond-GR parameters, it would be interesting to employ
the already in hand data from LVK GW observations to set similar
constraints. Data analysis tools for such analyses already exist, and
have been mostly implemented under model-agnostic parametrisa-
tions. The work presented in this thesis has set some ground in order
to enable theory-specific constraints on ST parameters from actual
GW ringdown observations. This effort, which relies on partially de-
veloping the previous bullet points, is already underway.

» Non-stealth solutions. This thesis focused on exact stealth black hole
solutions. However, as shown in Chapter 6, the existence of exact
stealth configurations impose strong theoretical constraints. An al-
ternative approach involves relaxing these conditions and consider-
ing non-stealth solutions. One way is to consider black hole solutions
with primary hair, where the spacetime geometry is already modi-
fied at the background level. Multiple such solutions have been found
and it would therefore be interesting to investigate their QNM phe-
nomenology further. Another way is to consider approximate stealth
solutions, made viable through the inclusion of so-called scordatura
terms. These terms resolve strong-coupling issues without spoiling
stealth-like behaviour at the background level. Investigating the land-
scape of approximately stealth solutions would likely broaden the vi-
able theory space significantly and offer richer phenomenology in the
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GWs, and therefore potentially stronger constraints.

In summary, this thesis has explored the interplay between black hole physics,
gravitational wave observations, and scalar-tensor modifications of gravity.

From theoretical foundations to phenomenological applications, the results

presented here contribute to the growing effort to test gravity in its strong

regimes. As new observational data continues to arrive with increasing pre-
cision, further theoretical work in the lines of this thesis will be required

in order to translate such exceptional experimental milestones into theory-
informed statements about fundamental gravity. With it, the study of black

holes and their associated observational signatures will remain a powerful

probe of fundamental physics.
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ringdown-calculations: a repository with Mathe-
matica notebooks

Figure A.1: Logo of ringdown-calculations.

All new calculations in this thesis are made openly available and reproducible
in the Git-Hub repository ringdown-calculations [4]. Here we briefly
describe the contents of such repository, which mainly includes different
Mathematica notebooks employing the XAct tensor algebra [208]. As the
notebooks are fully documented themselves, we will not include here any

[4]: Sirera (2023), ringdown-calculations

[208]: "Martin-Garcia (), xAct

descriptions of how calculations are actually carried out, but will instead
direct the interested reader to the notebooks.

» Basic examples. This folder contains two notebooks with standard ex-
amples for the application of black hole perturbation theory in Gen-
eral Relativity (GR) and scalar-tensor (ST) theories respectively. These
serve as more approachable introductions to the techniques used in
the companion notebooks for the papers.

- Schwarzschild-GR.nb. This includes the derivation of Regge-
Wheeler and Zerilli equations for a Schwarzschild black hole in
GR by applying the perturbations at the level of the action. The
calculations here correspond to the contents of Section 2.4.

- Schwarzschild-Horndeski.nb. In this notebook we derive
the three master equations (gravitational odd, gravitational even,
scalar even) for a Schwarzschild black hole in Horndeski gravity.
The calculations here correspond to the contents of Section 3.5.

[1]: Sirera et al. (2023), “Testing the speed

» Testing-speed-gravity.nb. This is the companion notebook to ;
of gravity with black hole ringdowns

the paper [1], or equivalently, the one containing the calculations in
Chapter 4, where we investigate how the speed of gravitational waves
can be tested with ringdown observations and focusing on odd parity
quasinormal modes of hairy black holes in Horndeski theories. The
notebook contains all calculations starting from the covariant action
to the final Fisher parameter estimation and all details in between in-
cluding: quadratic action, modified Regge-Wheeler equation, scalar
hair and other parametrisations, quasinormal mode calculation, con-
struction of waveform with relevant parameters, calculation of SNR
and errors, plots.
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[2]: Sirera et al. (2025), “Stability and quasi-

normal modes for black holes with time

dependent scalar hair”

[252]: "Konoplya et al. (), Mathematica WKB

package

[3]: Kobayashi et al. (2025), “Inverting no

hair theorems: How requiring general rela-

tivity solutions restricts scalar-tensor the-

ories”

* metricEOMs.mx
* scalarEOM.mx

*

EE S I SR

deltalL-cubic-HOST-
odd.mx
deltalLcomp2.mx
deltaLcomp3.mx
deltaLFOcomp.mx
deltaLFOXcomp.mx
deltaLFlcomp.mx
deltalLFi1Xcomp.mx

A ringdown-calculations: a repository with Mathematica notebooks

» Stability-QNMs-SdS-t-dep.nb. This is the companion notebook

to the paper [2], or equivalently, the one containing the calculations in
Chapter 5, where we investigate the stability and quasinormal modes
of black holes with time-dependent scalar hair. The notebook con-
tains all calculations starting from the covariant action to the final
Fisher parameter estimation and all details in between including: back-
ground equations of motion, quadratic action, stability conditions, mod-
ified Regge-Wheeler equation, WKB quasinormal mode calculation, con-
struction of waveform with relevant parameters, calculation of SNR
and errors. This notebooks make use of the WKB package in [252].

- plots-Stability-QNMs-SdS-t-dep.ipynb. Here we make
available the python code for all plots in [2].

Inverting-no-hair-theorems. In this folder we collect the companion
notebooks to the paper [3]—i.e. Chpater 6—where we explore black
hole solutions in cubic/quadratic higher-order scalar-tensor (HOST)
theories. These notebooks construct an adaptable general formalism
for the study of cubic HOST theories at the background and perturba-
tive levels, which can be tuned to specific models.

- Inverting-no-hair-theorems-I.nb. In this notebook we
define cubic HOST theories, derive the covariant equations of
motion and obtain the conditions for the existence of stealth GR
solutions. This corresponds to the calculations in Section 6.2.

- Inverting-no-hair-theorems-II.nb: In this notebook we
derive the quadratic Lagrangian for black hole perturbations in
cubic HOST theories both in covariant and component form, where
the latter is associated to a static and spherically symmetric back-
ground. Focusing on odd parity modes, we also derive their sta-
bility conditions. This corresponds to the calculations in Sec-
tions 6.3 and 6.4.

- Precomputed expressions: The notebooks above contain calcu-
lations that can take several minutes to complete. This can be
avoided by loading the precomputed expressions contained in
this folder. To do so, one needs to place these files in a path
accessible by Mathematica. You can check the list of accessi-
ble paths by Mathematica by typing $Path in a Mathematica
notebook. You can append a new path with AppendTo[$Path,
"your_path"]. The precomputed expressions in this folder are:

deltaLF2comp.mx
deltaLF2phicomp.mx
deltaLF2Xcomp.mx
deltaLF3comp.mx
deltaLF3phicomp.mx
deltaLF3Xcomp.mx
deltaLAlcomp.mx
deltaLA1Xcomp.mx
deltaLA2comp.mx
deltaLA2Xcomp.mx

deltaLA3comp.mx
deltalLBlcomp.mx
deltalLBi1Xcomp.mx
deltaLB2comp.mx
deltaLB2Xcomp.mx
deltalLB3comp.mx
deltaLB3Xcomp.mx
deltaLB4comp.mx
deltalLB6comp.mx

¥ ¥k K X X X X X ¥

* ¥ X X X X X ¥ X ¥




Semi-analytic WKB method: A effects on QNMs

In this Appendix, we explore the effect that a cosmological constant term A
has on the emission of quasinormal modes, and use this as a complementary
check of the semi-analytical WKB method used in Section 5.4.2 of Chapter 5.
One would expect that such an effect is strongly suppressed for two reasons:
1) the small value of the cosmological constant, and 2) the fact that quasinor-
mal mode emission should be governed by the local dynamics around the
source, and A contributes as a large-r term to the spacetime metric

2M 1 9
B=1-— —-Ar-. (B.1)
r 3

Whether this really impacts at large r or not is of course dependent on the
value of A. As was shown in [290], for cosmological values of A (i.e. A/Mgl =
107?m™2 in natural units) its effect on the QNMs is negligible. For example,
for a black hole of 106M®, the correction to the quasinormal modes appears
at the 1073* level.

The SdS solution also allows for values of A larger than the one for the cos-
mological constant. In particular, the range of values allowed for A which
preserve the 2 horizon nature of SdSis0 < A < Lz.l QNM values spanning
this full range of A were calculated in [726]. In the cases considered there,
where the black hole and cosmological horizon are of comparable size, it is
not surprising that deviations in the frequencies become quite significant.

We employ here the WKB method to obtain quasinormal frequencies in the
two same ways as has been done in Section 5.4.2. First, we apply the package
[252] directly and obtain numerical solutions for specific values of A. By
doing so, we find that our results agree well with [726]. Secondly, we use
the 6" order WKB formula (5.73) and take derivatives of the potential while
keeping A unspecified. Hence, we are able to obtain an expression for w(A).
As was the case with w(f) in Section 5.4.2, the expression is cumbersome
and therefore unfeasible to write here. One can find such expression in [4].
Here, we instead Taylor expand around the zero value for A and obtain?

Mo = Mwy — [1.67631 — 0.33463i] - M2A
—[3.85847 — 0.89970i] - M*A?

—[17.4684 — 6.04082i] - MOA3 + O(AY). (B.2)
where we recover Mw, as the Schwarzschild quasinormal frequencies. Us-
ing this semi-analytical expressions, we are also able to recover the same re-
sults as in [726], gaining precision for smaller A. This provides a non-trivial
validation test of the semi-analytical prescription, which we developed in
Chapter 5 to constrain ,B Note that the maximum of the potential is shifted
due to A. Employing the light-ring expansion [637], for small values of A, this

[290]: Barausse et al. (2014), “Can en-

vironmental effects spoil precision

gravitational-wave astrophysics?”

1: See Figure 2.2 for reference.

[726]: Zhidenko (2004), “Quasinormal
modes of Schwarzschild de Sitter black
holes”

[252]: "Konoplya et al. (), Mathematica WKB
package

2: Higher order contributions can be ob-
tained in [4].

[637]: Franciolini et al. (2019), “Effective
Field Theory of Black Hole Quasinormal
Modes in Scalar-Tensor Theories”
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is given by

rlaxX = 328 . M — 2.85 - M3A + O(A?). (B.3)

3: Note the the mass of the Sun in geomet- Finally, for a black hole of 106M® =~ 10°m3 and a cosmological constant of

ric units is around 1.5km = 10’m. A =107"?m™2, we can easily use equation (B.2) to confirm that the first cor-
rection to the quasinormal frequencies appears at the 10734 level, in agree-
ment with [290].



Fisher forecast formalism

In this Appendix, we spell out the details in the construction of the Fisher
forecast formalism, which is used in Chapters 4 (Section 4.4) and 5 (Sec-
tion 5.5) to derive forecasted constraints on beyond-GR parameters. Full
details on the implementation of this formalism can be found in the corre-
sponding companion Mathematica notebooks in [4].

We begin by modelling the waveform as’ [216]
h=h,F, +hF, (C1)

where h, , represent the strain in the two polarisations of the gravitational
wave. These are in principle functions of all coordinates, i.e. h+’x(t, r,0,9).
However, to distinguish between time and frequency domains, we will only
make t (or v) explicit and take the dependence on 7,6, ¢ as understood. Fy «
are functions encoding the geometry of the problem (i.e. they depend on the
angles specifying the orientation of the source with respect to the detector).
The strain functions for the ringdown are given by

7t fom

he(@®) = Z A;me_ Qn Sp, 08 (P, + 271t fom),
tm

7t fom

hy(t) = Z A?—mee_mSt’m sin (g, + 27t fym), (C2)
tm

where these are the strain functions as emitted by the source and we will
implicitly assume that these trivially propagate to the detector.? In (C.2) we
have absorbed any overall constant normalization factors into the amplitude
parameters Af,,,> and where f;,, and 7, characterise the real and imaginary
parts of wy, in the following way
i
Wpm, = 27 fom + —,
Tem

Oun = 7 fomTems (C3)

where Qy, is the quality factor. {Af,, Ay, = Af,Ne, Pgry> Pint are the ampli-
tudes and phases for the two polarisations. Finally, Sy, are spheroidal func-
tions carrying angular dependencies. Because modes with different (£, m) do
not mix at linear level due to the nature of our background, the £m indices
in {@ums foms Tem> Qums Stms Atms Pems> Dot Will play no role for the time being,
so we will obviate them to simplify our notation.*

Using the above strain functions, we compute the signal-to-noise-ratio (SNR)
with the usual o s
p? = (hlh) = 4J de
0 Sp(v)
where S, (v) is the noise spectral density characteristic of the detector and
h(v) is the Fourier transform of h(t).5

, (C.4)

[4]: Sirera (2023), ringdown-calculations

1: Note that, throughout this section, we
ubiquitously use the techniques developed
in [216] for our analysis.

[216]: Berti et al. (2006), “On gravitational-
wave spectroscopy of massive black holes
with the space interferometer LISA”

2: The propagation of GWs in GR is ex-
posed in Section 2.3.3, and effects alter-
ing these waveforms throughout their cos-
mological evolution in ST theories are dis-
cussed in detail in Section 2.3.3.

3: The strain functions h, /. appear with
different normalisation factors in the lit-
erature depending on the setup in ques-
tion, e.g. with a factor of 1/2@, an ex-
tra geometrical m for LISA or a % fac-
tor [216, 217, 219, 651]. We choose to re-
main general and absorb all such factors
into the amplitudes A™. This does not af-
fect the calculations presented in this sec-
tion, as these factors only enter trough the
signal-to-noise-ratio p, for which the ap-
propriate detector-specific values will be
discussed and used in the next section.

4: Which ¢m modes are of interest in
physically sensible scenarios is discussed
where relevant in the main text.

5: Note that in (C.4) we use v rather than f
for the frequency domain representation
(or Fourier transform) of the time coordi-
nate. This is to distinguish it from the real
component of the quasinormal modes fy,
as defined in (C.3), especially since we will
be omitting the ¢m indices.
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6: Note that we need two variables to rep-
resent the real and imaginary parts of w
and, similarly to previous literature [455]
we choose to work with the pair {f,Q}
rather than {f,7}. We note that, if work-
ing with the latter, the SNR equation (C.6)
would be further simplified to

2= ﬁ (C.10)

pr= S, .

7. This simple expression also implicitly
makes use of the large-Q limit (or equiva-
lently large damping times 7). More terms
appear at the Q™ order. For details on the
validity of this approximation we again re-
fer to [216] and the full ‘unapproximated’
expressions are available in the compan-
ion notebook [4].

We now make use of the following set of simplifying assumptions: (F,) =
(E) =1/5,(F.E) =0, {|S]?) = 1/4r, AT = A. We also make use of the fact
that we can approximate S;(v) to be constant. For details on (and explicit
checks of) these assumptions see [216]. We hence obtain

- QA%((1 + N2)(1 + 40?%) + cos 2¢+ — NZ cos 2¢™)

1+ N1 + 4027 fSy,

(C.5)

Now, we further assume that ¢* = ¢* and N, = 1 (i.e. AX = AT = A) [216].
However, we stress that this is not a necessary assumption to recover the
expression for the single-parameter error (C.11). We do find it necessary to
recover the double-parameter error expressions (C.12). Using these assump-
tions, (C.4) can be re-expressed as

_ oA
nfSy

To derive error estimates we make use of the Fisher Information Matrix,
defined by
r oh ’ 6h
ab - 59(1 56b >

where 6% is the set of parameters for our theory and the noise-weighted
product (+|-) is defined as

0

(C.6)

(c7)

By By + By By
Sp(v)

Then, we can calculate the parameter errors by inverting the Fisher matrix

(hylhy) =2 L dv (C.8)

(which gives the covariance matrix 3). The error for a parameter a is given

by
Oq = \@: \ll—;al-

In the work described in this Thesis, we study the simplified case where all

(C.9)

the usual parameters of the waveform are known (A, %, ...) and our only
free parameters are the beyond-GR parameters, here denoted as (@, f,v, ...).
We leave forecasting full joint constraints to future work. This simplified
setup effectively corresponds to an initial estimate providing upper bounds
on the precision one can expect for such parameters.

Hence, for a setup as considered here, where the only waveform parameters
we want to constrain are those appearing inside the quasinormal frequencies
o (i.e. inside f and Q)°, general expressions for the errors can be analytically
derived. These only depend on the number of parameters one wants to con-
strain. In this Thesis we constrain up to two beyond-R parameters together
so we provide here the expression for single-parameter constraints’

U”%pZZ%(QJ;')Z’

where the prime denotes a derivative with respect to «, and for double-

(C.aa)



parameter constraints

. 10
2O+ (-7

olpt=— - - ,
= T - joy
2 20) + (1 - L2
oip? = f— - - S0 , (C12)
P 2 (Qf - fQ)

where again a prime denotes a derivative with respect to @, and a dot repre-
sents a derivative with respect to . This matches analogous expressions in
[455].
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