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Abstract
Fractonic phases of matter, a class of states in which collective excitations with constrained

mobility exist, were originally discovered in the study of quantum error-correcting codes in solvable

lattice spin models such as Haah’s code and the X-cube model. Recently, they have also drawn the

attention of the high-energy physics community due to the UV/IR mixing that arises when coarse-

graining these lattice models. In this work, we consider a (3+1)-dimensional holographic model of

fractonic solids and investigate the low-energy collective dynamics systematically. By computing

the quasinormal modes of black holes, we obtain all the hydrodynamic excitations on the boundary,

including two acoustic phonons, a longitudinal diffusive mode, and a subdiffusive collective mode

with the dispersion ω ∼ −ik4. In addition, it is found that the latter remains gapless when

translational symmetry is explicitly broken. These results suggest that the subdiffusive mode is

inherently protected by the crystal-dipole symmetry in solids and is qualitatively unaffected by

broken spacetime symmetries.
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I. INTRODUCTION

Fractons, an exotic class of elementary excitations exhibiting constrained mobility, have

attracted broad attention in the study of many-body quantum matter [1–8].1 The concept of

fractons originated in the study of exactly solvable lattice models for quantum error correc-

tion, most notably Haah’s code [3] and the X-cube model [5]. In recent years, these systems

have also garnered significant interest within the high-energy physics community. This in-

terest is largely driven by the phenomenon of UV/IR mixing observed when attempting to

describe these lattice models using continuum field theories, where the low-energy physics

remains sensitive to microscopic lattice details [10–12].

1 The term “fracton” was earlier introduced in particle physics to describe a type of fractionally charged
colorless bound system [9]. While, in condensed matter physics, it has been introduced to refer to quasi-
particles with restricted mobility much later.
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Recently, it has been proposed that the constrained motion of collective modes arises

because, in addition to the monopole charge, multipole moments such as the dipole moment

are also conserved [13, 14], making individual charge carriers immobile while allowing certain

neutral bound states to spread. This mechanism gives rise to a family of subdiffusive modes.

Such a dramatic slowing of collective dynamics is a manifestation of ergodicity breaking in

the system [15, 16]. Furthermore, the inherent stability of these excitations also implies po-

tential applications in quantum information storage and processing [17–19]. Several reviews

summarize developments in these areas (see [14, 20, 21]).

The effort to formulate a universal description of fractonic phases has led to the develop-

ment of the so-called fracton hydrodynamics. This framework has been built progressively,

starting from simple systems with only charge and dipole conservation [22], and later adding

other key ingredients like momentum [23–29] as well as energy [30–33].

The dipole symmetry of fractons is related to the breaking of continuous spatial trans-

lations [14, 28, 34]. Since this symmetry breaking is a ubiquitous feature of solid systems,

occurring either spontaneously or explicitly through mechanisms such as lattices, impurities,

or defects [35, 36], solids serve as a crucial platform for the realization of fractons. However,

embedding fractons within the solid-state context raises a natural question: how do the

Goldstone modes of a solid (acoustic phonons) coexist and interact with the subdiffusive

mode of a fractonic system? The study of fractonic solids will enrich our understanding

of fractonic phases as well as the interplay between the dipole symmetry and spacetime

symmetries.

During the past few decades, the AdS/CFT correspondence, or holographic duality, has

become a powerful tool for tackling real-time dynamics of strongly correlated many-body

systems [37–40]. This approach has proven to be particularly powerful in condensed matter

physics, especially for understanding exotic phases of matter where traditional perturbative

methods fail [41, 42]. A key point for modeling properties of solids is to break the transla-

tional symmetry spontaneously. Among the various holographic systems implementing this

symmetry breaking pattern, the holographic axion model stands out as perhaps the most

economical. For a detailed review of this model, one can refer to [43].

Inspired by recent theoretical developments, especially the hydrodynamic studies of col-

lective modes in [33, 44, 45] and the holographic subdiffusion model in [46], we investigate

the collective dynamics of fractonic solids through a generalized holographic axion model
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coupled with monopole and crystal-dipole gauge fields in the bulk. In particular, we fo-

cus on the intricate interplay among the subdiffusive collective mode, energy-momentum

fluctuations, and acoustic phonons in solid systems.

To begin with, we review the effective theory formulation of fractonic solids. In the frame-

work of effective field theory (EFT), the low-energy dynamics of a solid can be described by

introducing a set of scalar fields {ϕI , I = 1, 2, . . . , d}, which serve as co-moving coordinates

for the constituent elements of the solid. In the equilibrium state, their vacuum expectation

values are linearly dependent on the spatial coordinates [47],

⟨ϕI⟩ = δIi x
i, (1)

where lowercase Latin indices denote spatial directions and uppercase indices label the in-

ternal field space. Although this configuration spontaneously breaks the translational in-

variance, homogeneity is preserved by imposing an internal shift symmetry

ϕI → ϕI + cI . (2)

Then, one can construct the general low energy effective action that is invariant under both

the spatial translations and internal shifts. The vacuum expectation value (1) spontaneously

breaks the symmetry group down to the diagonal subgroup. The fluctuations of the scalar

fields around their equilibrium positions δϕI = ϕI − ⟨ϕI⟩ are precisely the Goldstone modes

of broken translations. In this way, the phonon dynamics and the associated elasticity of

solids can be reproduced in this formulation [47–49].

In addition, a complex scalar Ψ is introduced to describe the fractonic matter, associated

with the monopole and crystal-dipole symmetry [33, 44]

Ψ → ei(a+bIϕI)Ψ, (3)

where a and bI are constant parameters corresponding to the monopole and crystal-dipole

transformations, respectively. To derive the Ward identities of the conserved quantities, one

can introduce two gauge fields, Aµ and AI
µ, which allow us to probe the response of the

system and identify the conserved currents. Their gauge transformations are imposed asAµ → Aµ + ∂µa(x),

AI
µ → AI

µ + ∂µb
I(x),

(4)
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where a(x) and bI(x) are arbitrary local functions. Then, introducing the covariant derivative

Dµ ≡ ∂µ − iÃµ = ∂µ − i(Aµ + ϕIAI
µ) together with the spatial covariant operator

DIJ(Ψ,Ψ) ≡ ΨD(IDJ)Ψ−DIΨDJΨ− i∂µϕ(IAJ)
µ Ψ2, with DI ≡ ∂µϕIDµ, (5)

one can construct a crystal-dipole invariant Lagrangian [33]. Moreover, varying the effective

action of the theory with respect to the metric and the two gauge fields yields the expression

[44]

δS =

∫
dd+1x

(
1

2
T µνδgµν + JµδÃµ + J IµδAI

µ

)
. (6)

The total variations above are given by

δgµν =Lξgµν , (7)

δÃµ =LξÃµ + ∂µa(x) + ϕI∂µb
I(x) (8)

δAI
µ =LξAI

µ + ∂µb
I(x), (9)

where Lξ denotes the Lie derivative with respect to a vector field ξµ. The corresponding

Ward identities related to spacetime diffeomorphism, monopole transformation, and crystal-

dipole transformation are expressed as

∂µT
µν = F ν

µJ
µ + FIν

µJ
Iµ, (10)

∂µJ
µ = 0, (11)

∂µJ
Iµ = −Jµ∂µϕ

I , (12)

where

Fµν ≡ F̃µν + 2AI
[µ∂ν]ϕ

I = 2∂[µÃν] + 2AI
[µ∂ν]ϕ

I , (13)

FI
µν ≡ 2∂[µAI

ν]. (14)

It is worth pointing out that the effective field strength Fµν is not the standard electromag-

netic tensor. Instead, it includes contributions from the crystal-dipole gauge field and the

solid structure.

The rest of this paper will be structured as follows: In Section II, we introduce the holo-

graphic model of fractonic solids inspired by the above discussion and obtain the black hole

solution. In Section III, the dispersion relations of collective modes are obtained by com-

puting the low-lying quasinormal modes of the black hole by breaking spatial translational

symmetry spontaneously and explicitly. Finally, we provide a discussion and outlook in

Section IV.
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II. HOLOGRAPHIC MODEL FOR FRACTONIC SOLIDS

In this section, we construct a (3+1)-dimensional holographic model of fractonic solids

guided by the framework outlined in the previous section. The holographic dictionary states

that currents in the boundary theory should be sourced by the corresponding fields in the

bulk. Therefore, one can impose the following map from the boundary to the bulk:

Ãµ 7→ Aa, AI
µ 7→ AI

a, (15)

where the subscript ‘a’ denotes the spacetime index in the bulk. To break the translational

symmetry, we further introduce a set of massless bulk scalars {ΦI , I = 1, 2} (which are

also called ‘axion’ fields in much of the literature) possessing an internal shift symmetry

ΦI → ΦI + cI . Then, the bulk action can be written as [33]

S =

∫
d4x

√
−g

[
R− 2Λ− 2m2V (X)− 1

2
FabFab − 1

2
F I
abF

Iab

]
, (16)

where R is the Ricci scalar, Λ is the negative cosmological constant, m2 is an effective

coupling with the dimension of mass squared, and V (X) is a general function of X ≡
1

2
∇aΦ

I∇aΦI . Following (13) and (14), the field strengths Fab and F I
ab in the bulk take the

forms

Fab = 2∇[aAb] + 2AI
[a∇b]Φ

I , F I
ab = 2∇[aA

I
b]. (17)

They provide the external sources of the currents Jµ and JIµ on the boundary. Under

variation of the bulk fields, equations of motion (EOMs) are given by

0 = Gab + Λgab − F I
caF

Ic
b +

1

4
gabF

I
dcF

Idc −FcaF c
b +

1

4
gabFdcFdc

+m2gabV (X)−m2V ′(X)∇aΦ
I∇bΦ

I , (18)

0 = m2∇a(V
′(X)∇aΦI)− 1

2
F IabFab, (19)

0 = ∇aFab, (20)

0 = ∇aF
Iab +∇aΦ

IFab. (21)

A specific realization of translational symmetry breaking that retains the system’s homo-

geneity and isotropy is imposed by the following background profile for the scalars [50, 51]

Φ̄I = δIi x
i. (22)
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In the ingoing Eddington–Finkelstein (EF) coordinates, the ansatz on the black hole solution

can be taken as

ds2 =
1

u2
[−f(u)dt2 − 2dtdu+ dx2 + dy2], (23)

where u ∈ [0, uh] is the radial coordinate. The AdS boundary is located at u = 0, and the

black hole horizon is at u = uh, defined by the condition f(uh) = 0. For a fractonic phase

with finite charge density, we can set the background values of the gauge fields,

Ā = Āt(u)dt, with Āt(u) = µ− ρu, ĀI = 0. (24)

Requiring the temporal component of the gauge field to vanish at the horizon, ρ = µ/uh

should be satisfied. According to the Einstein equation, the emblackening factor is

f(u) = u3

∫ u

uh

dz

[
Λ +m2V (z2)

z4
+

µ2

2u2
h

]
. (25)

Then, the Hawking temperature is read as

T = −f ′(uh)

4π
= −2Λ + 2V (u2

h) + ρ2u4
h

8πuh

, (26)

which should be viewed as the temperature of the boundary system.

Note that the setup (22) cannot ensure that the bulk system is dual to a solid where trans-

lations are broken spontaneously. In fact, the way of symmetry breaking very much depends

on the choice of V (X). In this work, the benchmark model considered is V (X) = XN . As

was firstly realized in [52], when N > 5/2, the xi-dependent profile Φ̄I = δIi x
i plays the role

of the vacuum expectation value of the dual scalar operators in the standard quantization,

which exactly coincides with the equilibrium value of the co-moving coordinates ϕI , as de-

fined in Eq. (1), on the boundary. In contrast, if N < 5/2, the chosen profile corresponds to

external sources that break the symmetry explicitly, hence leading to momentum relaxation

[51].

III. HYDRODYNAMIC MODES

Having established our holographic model, we now turn to the main objective of this

work: studying low-energy collective excitations in a fractonic solid. While the existence

of a subdiffusive mode has been anticipated in [33], we provide here explicit calculations to

verify its presence and further characterize the other coexisting hydrodynamic excitations
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in detail. The hydrodynamic modes of the boundary theory are encoded in the quasinormal

modes (QNMs) of the black hole, which correspond to the poles of the system’s retarded

correlators. To extract these modes, we consider small perturbations around the background

solution for each of these fields,

gab = ḡab + δgab, ΦI = Φ̄I + δΦI , Aa = Āa + δAa, AI
a = ĀI

a + δAI
a,

where the fluctuating fields can be expanded as

δgab =

∫
d2k dω

(2π)3
hab(ω, ki, u)

u2
e−iωt+ikix

i

,

δΦI =

∫
d2k dω

(2π)3
δIj Φj(ω, ki, u) e

−iωt+ikix
i

,

δAa =

∫
d2k dω

(2π)3
aa(ω, ki, u) e

−iωt+ikix
i

,

δAI
a =

∫
d2k dω

(2π)3
aIa(ω, ki, u) e

−iωt+ikix
i

.

(27)

Due to the rotational invariance of the bulk geometry in the x− y plane, we align the wave

vector k along the y−direction without loss of generality. This choice causes the linearized

fluctuations to split into two sectors according to parity under x → −x:

Transverse sector (parity odd): {δgxt, δgxy, δgxu, δΦx, δAx, δA
y
x, δA

x
y , δA

x
t , δA

x
u},

Longitudinal sector (parity even): {δguu, δgtu, δgyu, δgtt, δgty, δgxx, δgyy, δΦy, δAy, δAt, δAu,

δAy
y, δA

y
t , δA

y
u, δA

x
x}.

(28)

By solving the coupled linearized EOMs for both sectors (see Appendix A for details),

subject to the physical boundary conditions of being purely infalling at the horizon and

normalizable (sourceless) at the asymptotic boundary, we obtain the QNM spectra of the

black hole for finite frequency ω and momentum k. As mentioned in the Introduction,

we will realize spontaneous and pseudo-spontaneous breaking scenarios for translations and

analyze the low-energy dynamics of fractonic solids. In the numerical computation, we fix

Λ = −3 so that the AdS radius is unity and set the event horizon radius uh = 1.

A. Spontaneous breaking of translations

In this subsection, the case of purely spontaneous symmetry breaking will be considered

by imposing V (X) = XN with N > 5/2. Specifically, we fix N = 5 and show the numerical
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results.

Transverse sector. FIG. 1 shows a pair of sound modes (acoustic phonons) whose

dispersion relations at small momenta take the form

ω = ±vTk − i
ΓT

2
k2 + · · · , (29)

where vT is the propagation speed of the transverse sounds and ΓT is the sound attenuation.

These sound modes are produced by the coupling among δΦx, δgxy, and δgxt. Although the

crystal-dipole gauge field δAI
a is also coupled to these fields, it does not lead to any new

modes or qualitatively alter the existing ones in this sector.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.00

0.05

0.10

0.15

0.20

k/T

R
e[
ω
]/
T

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

k/T

-
Im

[ω
]/
T

FIG. 1: Dispersion relations of transverse hydrodynamic modes, where the dots are the numerical

data points and the solid line represents the hydrodynamic prediction (29). Left: Real part. Right:

Imaginary part. Here, we have fixed µ/T = 1, m/T = 1.2. We only plot the branch with positive

real part of frequency (Re[ω] > 0). The corresponding negative branch (Re[ω] < 0) is symmetric

and has been omitted for clarity. This omission applies to all figures in the following.

Longitudinal sector. As shown in FIG. 2, this sector consists of three types of low-

energy modes: a pair of sound modes, a longitudinal diffusive mode2 and a subdiffusive

mode. The dispersion relations of these hydrodynamic modes at small momenta are given

by 
sound mode : ω = ±vLk − i

ΓL

2
k2 + · · · ,

longitudinal diffusive mode : ω = −iDLk
2 + · · · ,

subdiffusive mode : ω = −iDsk
4 + · · · ,

(30)

2 In some papers (e.g. [53, 54]), it is also called crystal diffusion.
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FIG. 2: Dispersion relations of longitudinal hydrodynamic modes for µ/T = 1, m/T = 1.2. Left:

Real part. Right: Imaginary part. The plotting conventions are the same as in FIG. 1.

where vL is the propagating speed of the longitudinal phonons, ΓL is the sound attenuation,

DL is the crystal diffusivity and Ds is the subdiffusivity. Importantly, the presence of the last

mode is the main feature of fractonic phases. This mode arises due to the coupling between

δA′
t and δAy′

t , where the prime denotes the partial derivative of the radial coordinate u. In

the charged case, they are coupled to the fluctuations of the metric and axions. However,

in the neutral case (µ = 0), their EOMs are decoupled from the others, solely giving rise to

the subdiffusion (see Appendix B for more details).
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FIG. 3: The coefficients in the transverse sound modes as the function of m/T for µ/T = {0, 1, 3, 5}

(black, red, blue, green). Left: Transverse sound velocity vT . Right: Dimensionless transverse

sound attenuation ΓTT . The solid and dashed lines represent the phase with and without δAI
a,

respectively. The same convention is used for all subsequent plots.

To analyze how the subdiffusive mode influences the dynamics of the phonons and the
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FIG. 4: The coefficients in the longitudinal sound modes as the function of m/T for µ/T =

{0, 1, 3, 5} (black, red, blue, green). Left: Longitudinal sound velocity vL. Right: Dimensionless

longitudinal sound attenuation ΓLT .

longitudinal diffusion in the charged case, we compare the full results with those in the

absence of δAI
a, which is crucial to generate the subdiffusive mode. As is illustrated in

FIG. 3 and FIG. 4, this mode affects the dynamics of the transverse and the longitudinal

phonons only via their dissipative parts, leading to a suppression of the sound attenuations.

From the hydrodynamic prediction, phonon velocities can be expressed as

vT =

√
G

χππ

, vL =

√
G+K

χππ

, with χππ = ϵ+ P =
3

2
ϵ, (31)

where χππ, G, K, and P are the momentum susceptibility, shear modulus, bulk modulus,

and pressure, respectively. In addition, ϵ denotes the energy density which can be calculated

by

ϵ =
1

u3
h

(
1 +m2 u2N

h

2N − 3
+

µ2u2
h

2

)
. (32)

The modulus G and K can be extracted from the real parts of the stress tensor’s retarded

Green’s function GR
Tij ,Tkl

, via the Kubo formulas. Since δAI
a does not couple to the metric δgij

in the EOMs, GR
Tij ,Tkl

remains unchanged when δAI
a is turned off. Consequently, the elastic

moduli and the two phonon velocities are NOT affected.3 For the longitudinal diffusive

3 Since the boundary solid is conformal, it possesses a constraint relating the sound speeds, v2L = v2T + 1
2

[49]. Given our finding that the transverse phonon velocity is unaltered in the presence of the subdiffusive
mode, it is straightforward to show that the longitudinal velocity is also unaltered. However, it is not
clear whether this is correct for non-conformal systems.
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mode, as shown in FIG. 5, the existence of δAI
a enhances the diffusivity, in contrast to its

effect on the sound attenuations.
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FIG. 5: The dimensionless longitudinal diffusivity DLT as the function of m/T for µ/T = {0, 1, 3, 5}

(black, red, blue, green).
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FIG. 6: The dimensionless subdiffusivity DsT
3 as the function of m/T for µ/T = {0, 1, 3, 5} (black,

red, blue, green).

In addition, the subdiffusivity is significantly altered by the charged solid background.

FIG. 6 displays the dimensionless subdiffusivity DsT
3, as a function of m/T . It shows that

DsT
3 exhibits a non-monotonic behavior for the finite density case, peaking at an interme-

diate temperature. Increasing µ/T causes this peak to shift towards lower temperatures and

decrease in magnitude. When µ = 0, the peak is located at zero m/T . As a result, DsT
3
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only decreases monotonically with increasing m/T .

B. Pseudo-spontaneous breaking of translations

In this subsection, we consider pseudo-spontaneous breaking for translational symmetry.

The form of the potential V (X) is set as [55]

V (X) = X + βXN , with N >
5

2
. (33)

In this case, the boundary momentum is relaxed due to the linear axion term. The new

parameter β controls the amount of the spontaneous versus explicit breaking. For the

pseudo-spontaneous breaking of translations, we require that β ≫ 1 so that the phonons are

just slightly gapped. As in the previous subsection, we fix N = 5 for the plots shown below.
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FIG. 7: Dispersion relations of (quasi-)hydrodynamic modes in the pseudo-spontaneous breaking

case. Left: Real part. Right: Imaginary part. One can clearly see that the longitudinal and

transverse phonons (green and red dots) are gapped due to the explicit breaking of translations,

while there still exist a diffusive mode (orange dots) and the gapless subdiffusive mode (blue dots)

in the longitudinal channel. Here, we fix µ/T = 0.05, m/T = 0.06, β = 50.

The dispersion relations of the collective modes are displayed in FIG. 7. As we can

see, while the phonons acquire a small mass gap due to the slowly relaxed momentum, the
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FIG. 8: Dispersion relations of the subdiffusive mode for different values of β, where the dots are

the numerical data points and the solid lines represent the hydrodynamic fitting ω ∼ −ik4. Here,

we fix µ/T = 1, m/T = 0.2.

subdiffusive mode still remains gapless. The gapless nature of this mode in the pseudo-

spontaneous breaking pattern can be viewed as a direct consequence of its protection by

the crystal-dipole conservation. Finally, FIG. 8 shows how the subdiffusivity decreases as β

increases.

IV. DISCUSSION AND OUTLOOK

In this work, we investigate the collective dynamics in a holographic model of fractonic

solids by computing the low-lying QNMs in the bulk. Our results show that, for a fractonic

solid system, the combination of charge conservation and crystal-dipole conservation gen-

erates a subdiffusive collective mode, which supplants the usual picture of charge diffusion

in systems with a single monopole charge conservation. We explicitly verify the existence

of this mode, as anticipated in [33], and reveal that it coexists with the acoustic phonons

and the crystal diffusion. Furthermore, it influences the dynamics of the other modes only

through their dissipative sectors. The coupling between this hydrodynamic mode and the

solid background results in a non-monotonic temperature dependence of the subdiffusivity.

Another result of our work concerns the stability of this excitation. It is found that this
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mode remains gapless even when translations are explicitly broken, reflecting the robustness

of such excitations in dirty solid systems.

Despite this work marking a step forward in our understanding of fractonic solids, a

comprehensive picture of fractonic phases remains far from complete. For instance, an ex-

ploration of the non-hydrodynamic modes would be necessary to understand how the system

behaves in the high-energy regime. This model can also be generalized to include the con-

servation of multipole moments up to the order n, which is expected to yield a low-energy

dispersion relation of the form ω ∼ −i k2(n+1). Another appealing direction is to extend this

holographic approach to other exotic phases, such as fractonic superfluids and supersolids

[31–33, 44, 45, 56–58]. Although the hydrodynamics for such phases have been constructed,

the corresponding holographic descriptions are still largely unexplored. Constructing the

holographic models would deepen our understanding of the relationship between multipole

symmetries and superfluidity, particularly beyond the hydrodynamic regime. Finally, hy-

drodynamic works [23, 24, 28–30] have shown that fluids conserving both spatial-dipole and

momentum exhibit a subdiffusive mode and magnon-like Goldstones with ω ∼ k2 dispersion,

which motivates the question of how these modes behave when momentum is not conserved.

We leave these for future work.
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Appendix A: Equations of motion for linearized perturbations

1. Transverse sector

Based on the Fourier decomposition defined as Eq. (27) in the main text, the linear EOMs

of the perturbations in the transverse sector are

0 =− 2u3Ā′
ta

′
x − uh′′

tx + 2h′
tx + ikuh′

xy − 2m2uΦ′
xV̄

′, (A1)

0 =− u4hxyĀ
′2
t + u2hxyf

′′ + u2f ′h′
xy − 4uhxyf

′ + u2fh′′
xy − 2ufh′

xy

+ 6fhxy + iku2h′
tx − 2ikuhtx + 2iu2ωh′

xy − 4m2u2hxyV̄
′ + 2m2hxyV̄

+ 2Λhxy − 2iuωhxy + 2ikm2u2ΦxV̄
′, (A2)

0 =− 2iu4ωaxĀ
′
t − u4htxĀ

′2
t + 2uhtxf

′ − 6fhtx − iku2fh′
xy

+ 2m2u2fΦ′
xV̄

′ − iu2ωh′
tx + k2u2htx + 2m2u2htxV̄

′ − 2m2htxV̄

− 2Λhtx + ku2ωhxy + 2im2u2ωΦxV̄
′ − u4Ā′

ta
x
t , (A3)

0 = m2uf ′Φ′
xV̄

′ + 2m2u2fΦ′
xV̄

′′ +m2ufΦ′′
xV̄

′ − 2m2fΦ′
xV̄

′ +m2uh′
txV

′ + 2m2u2htxV̄
′′

− 2m2htxV̄
′ − im2kuhxyV̄

′ −m2k2uΦxV̄
′ + 2im2u2ωΦxV̄

′′ + 2im2uωΦ′
xV

′

− 2im2ωΦxV̄
′ − u3Ā′

ta
x′
t , (A4)

0 = Ā′
th

′
tx + fa′′x + a′xf

′ + 2iωa′x − k2ax + ikayx − ikaxy + ax′t , (A5)

0 = fax′′t + ax′x f
′ + 2iωax′x − k2axx, (A6)

0 =− ikax + fay′′x + ay′x f
′ + 2iωay′x − k2ayx − ayx + axy , (A7)

0 =− a′x − ax′′t + ikax′y + Ā′
tΦ

′
x, (A8)

0 = ikax′t + fax′′y + ax′y f
′ + 2iωax′y − axy + ikax + ayx, (A9)

0 = iωax′t − k2axt − axt + ikfax′y − kωaxy − iωax − Ā′
thtx − iωĀ′

tΦx − fax, (A10)

where the prime denotes the derivative of the radial coordinate u for these perturbations,

while it stands for the derivative of X for V . We have adopted the radial gauge, i.e.

δgxu = δAx
u = 0.

2. Longitudinal sector

For the longitudinal sector, we introduce the symmetric combination hxs = (hxx+hyy)/2

and the anti-symmetric combination hxa = (hxx − hyy)/2 to simplify the equations. In the
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radial gauge, δguu = δgtu = δgyu = δAu = δAy
u = 0, we have that

0 = h′′
xs, (A11)

0 =− 2u4fĀ′
ta

′
t − u4fhxsĀ

′2
t + u4httĀ

′2
t − 2uhttf

′ − iku2htyf
′ − u2ff ′h′

xs

− iu2ωhxsf
′ + 2ufhxsf

′ − 2ufh′
tt + 12fhtt + 4ikufhty + k2u2fhxa

+ 4uf 2h′
xs + k2u2fhxs + 2m2u2fhxsV̄

′ − 2m2fhxsV̄ − 2Λfhxs

+ 4iuωfhxs − 6f 2hxs − 2ikm2u2fΦyV̄
′ − k2u2htt + 2m2httV̄

+ 2Λhtt + 2iuωhtt − 2ku2ωhty − 2u2ω2hxs, (A12)

0 = 2u3Ā′
ta

′
y + uh′′

ty − 2h′
ty + ikuh′

xa + ikuh′
xs + 2m2uΦ′

yV̄
′, (A13)

0 =− 2iku4atĀ
′
t − 2iu4ωayĀ

′
t − 2u4ayt Ā

′
t − u4htyĀ

′2
t + 2uhtyf

′ − 6fhty

+ iku2fh′
xa + iku2fh′

xs + 2m2u2fΦ′
yV̄

′ − iku2h′
tt + 2ikuhtt

− iu2ωh′
ty + 2m2u2htyV̄

′ − 2m2htyV̄ − 2Λhty − ku2ωhxa

− ku2ωhxs + 2im2u2ωΦyV̄
′, (A14)

0 = 2u4Ā′
ta

′
t − u4hxaĀ

′2
t + u2hxaf

′′ + u2f ′h′
xa − 4uhxaf

′ − u2f ′h′
xs

+ u2fh′′
xa − 2ufh′

xa + 6fhxa − u2fh′′
xs + 2ufh′

xs + u2h′′
tt − 4uh′

tt + 6htt

− 2iku2h′
ty + 4ikuhty + 2iu2ωh′

xa − 4m2u2hxaV̄
′ + 2m2hxaV̄

+ 2Λhxa − 2iuωhxa − 2iu2ωh′
xs − 2m2u4hxsV̄

′′ + 2iuωhxs

− 2ikm2u2ΦyV̄
′ + 2ikm2u4ΦyV̄

′′, (A15)

0 = 2u4Ā′
ta

′
t + u4hxaĀ

′2
t − u2hxaf

′′ − u2f ′h′
xa + 4uhxaf

′ − u2f ′h′
xs − u2fh′′

xa

+ 2ufh′
xa − 6fhxa − u2fh′′

xs + 2ufh′
xs + u2h′′

tt − 4uh′
tt + 6htt − 2iu2ωh′

xa

+ 4m2u2hxaV̄
′ − 2m2hxaV̄ − 2Λhxa + 2iuωhxa − 2iu2ωh′

xs

− 2m2u4hxsV̄
′′ + 2iuωhxs + 2ikm2u2ΦyV̄

′ + 2ikm2u4ΦyV̄
′′, (A16)

0 = 2u4Ā′
ta

′
t + u4hxsĀ

′2
t + u2f ′h′

xs − 2uhxsf
′ − 4ufh′

xs + 6fhxs + 2uh′
tt − 6htt

+ iku2h′
ty − 4ikuhty − k2u2hxa + 2iu2ωh′

xs − k2u2hxs − 2m2u2hxsV̄
′

+ 2m2hxsV̄ + 2Λhxs − 4iuωhxs + 2ikm2u2ΦyV̄
′, (A17)

0 = − 2u3Ā′
ta

y′
t + 2m2uf ′Φ′

yV̄
′ + 4m2u2fΦ′

yV̄
′′ + 2m2ufΦ′′

yV̄
′ − 4m2fΦ′

yV̄
′

+ 2m2uh′
tyV̄

′ + 4m2u2htyV̄
′′ − 4m2htyV̄

′ + 2ikm2uhxaV̄
′ − 2ikm2u3hxsV̄

′′

− 2k2m2uΦyV̄
′ − 2k2m2u3ΦyV̄

′′ + 4im2u2ωΦyV̄
′′ + 4im2uωΦ′

yV̄
′

− 4im2ωΦyV̄
′, (A18)
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0 =− Ā′
th

′
xs − a′′t + ika′y, (A19)

0 = Ā′
th

′
ty + ika′t + fa′′y + a′yf

′ + 2iωa′y + ay′t , (A20)

0 = ikhtyĀ
′
t + iωhxsĀ

′
t + iωa′t − k2at + ikfa′y − kωay + ikayt , (A21)

0 = Ā′
tΦ

′
y − a′y − ay′′t + ikay′y , (A22)

0 =− ikay′t − fay′′y − ay′y f
′ − 2iωay′y , (A23)

0 =− htyĀ
′
t − iωΦyĀ

′
t − ikat − fa′y − iωay + iωay′t − k2ayt

− ayt + ikfay′y − kωayy. (A24)

Appendix B: Mode-decoupling and the subdiffusive collective mode at zero charge

density

In this appendix, we show that the appearance of the subdiffusion is unrelated to the

metric and axion sectors. Considering the neutral case by turning off Āt, it is found that

the EOMs for the two gauge fields (Eq. (A19)-Eq. (A24)) are decoupled from those of the

metric (Eq. (A11)-Eq. (A17)) and the scalar field (Eq. (A18)). We then yield that

0 =− a′′t + ika′y, (B1)

0 = ika′t + fa′′y + a′yf
′ + 2iωa′y + ay′t , (B2)

0 = iωa′t − k2at + ikfa′y − kωay + ikayt , (B3)

0 =− a′y − ay′′t + ikay′y , (B4)

0 = ikay′t + fay′′y + ay′y f
′ + 2iωay′y , (B5)

0 =− ikat − fa′y − iωay + iωay′t − k2ayt − ayt + ikfay′y − kωayy. (B6)

The EOMs above are not fully independent. One can easily check that Eq. (B2) and Eq. (B5)

can be derived from the other four equations and therefore are redundant. Taking the u-

derivative of Eq. (B3) and Eq. (B6) and combining them with Eq. (B1) and Eq. (B4), we

obtain the two coupled equations,

0 = fA′′ + (2iω + f ′)A′ − k2A+ ikB, (B7)

0 = fB′′ + (2iω + f ′)B′ − (k2 + 1)B − ikA, (B8)
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where the new variables A ≡ a′t and B ≡ ay′t are introduced. The solution to these equations

governs the subdiffusive mode shown in FIG. 9.
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FIG. 9: Dispersion relation of the subdiffusive mode given by the EOMs of A and B, where the

dots are QNMs data and the solid line represents the hydrodynamic fitting ω ∼ −ik4. Here, we fix

µ = 0, m/T = 0.2.
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