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Abstract

Let X be a smooth complex prime Fano fourfold having a semi-free action
of C*, then X is contained in one of the families P4, Q% W5, X7*. All of the
families contain members that have a semi-free C*-action.

This is mostly proved by an analysis of closed symplectic 8-manifolds with
bo(M) = 1 with a semi-free Hamiltonian S!-action using methods of equiv-
ariant symplectic geometry. In this setting some notable restrictions are ob-
tained: the index is greater than 1, by(M) is bounded above and all fixed com-
ponents are shown to be symplectomorphic to products of projective spaces.
The proof of the main result appeals in the last step to the classification of
prime Fano 4-folds with index greater than 1.
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1 Introduction

The classification of smooth complex Fano varieties of a given dimension n is a well-
known problem in algebraic geometry. The classification is complete in dimensions
at most 3 [21,22,36]. A natural follow-up question is: which smooth complex
Fano varieties can admit an effective action of an infinite algebraic group? This is
also complete in dimension at most 3 [4,28]. Here, as in the general classification
problem, knowledge of prime Fano 3-folds with infinite automorphism group [28§]
helps greatly with the general case [4]. This is mainly due to a result of Blanchard,
that states roughly that an extremal contraction p : X — Y is equivariant with
respect to a connected group of transformations of X.

The number of known smooth complex prime Fano fourfolds admitting torus
actions is the same as in dimension 3; there are 4 examples. In addition to the
examples P4 Q%) there are the exceptional examples W3, Vig (see [45]), both ad-
mitting an effective action of a two dimensional algebraic torus C* x C*. Many
fundamental results about the equivariant geometry of Wy, Vig were given in [45],
natural subvarieties which are invariant by the automorphism group are studied.
Prokhorov and Zaidenberg classified the possible automorphism groups of fourfolds
in the family Vig [46, Theorem A], there are four possibilities up to isomorphism:
GLy X Zg, (C*)? x Zg, (C*)? x Zy and (C x C*) x Z,. Contrastingly, W; is unique
up to isomorphism [10], its automorphism group was describe by Piontkowski and
Van de Ven [42, Theorem 6.6], it is a connected algebraic group of dimension 7 with
maximal torus having dimension 2.

Some results on smooth complex prime Fano 4-folds having an action of a 2-
dimensional algebraic torus C* x C* with isolated fixed points were obtained in [13].
When the number of fixed points is at most 6; which holds for all known examples,
a complete classification was given. This paper is concerned with the classification
of smooth complex prime Fano fourfolds having a semi-free action of C*. An action
of a group G is called semi-free if the stabilizer of every point is either G or {1}.
The first main result of the paper is as follows, it is proved in Theorem 7.2.



Theorem A. Let X be a smooth prime Fano 4-fold having a semi-free C*-action,
then X is contained in one of the families P*, Q*, W5 or X

Here Q* is a quadric, Wi is the del Pezzo fourfold of degree 5 and X" is the Mukai
fourfold of genus 8 and degree 14. All four of the families contain fourfolds that admit
a semi-free action of C*. P* has two semi-free C*-actions, described in Example 4.7
and Example 4.9, Q* has two semi-free C*-actions, described in Example 4.2 and
Example 4.11, and W5 has a semi-free C*-action described in Example 4.4. X"
contains fourfolds having a semi-free C*-action, described in Example 4.12.

Via the Bialynicki-Birula decomposition theorem [2], there is also a connection
to a question of Hirzebruch [19, Problem 27] about classifying compactifications of
C™ with second Betti number equal to 1, an early paper in the study of this question
is [51].

For a projective manifold X with a torus action and a fixed component F ¢ X,
let Np denote the normal bundle of F' in X. Projective manifolds X, Xy each
having C*-actions are called FP-equivalent (fixed point equivalent), if there exists
an isomorphism ¢ : XF — XI such that the weights of the torus action at p
are equal to those at ¢(p) and for each fixed component F' C XS and integer i,
©*(¢i(Np)) = ¢;(Ny-1(ry). Using this notion, a more precise version of Theorem A
is given, it is proved in Theorem 7.3.

Theorem B. Let X be a smooth complex prime Fano 4-fold with a semi-free C*-
action. Then, one of the following cases occurs:

a). X = P and the action is FP-equivalent to the one of the actions given in
Ezxample 4.7 and Fxample 4.9.

b). X = Q' and the action is FP-equivalent to one of the ones given in Ezample
4.2 and Example 4.11.

c). X = Wy and the action is FP-equivalent to the action described in Example

4:4-

d). X is contained in the family X{". X is FP-equivalent to the action described
i Exzample 4.12.

The proof uses the theory of Hamiltonian S'-actions. A prime Fano fourfold X
with a algebraic C*-action admits an equivariant polarization, and thus an equiv-
ariant embedding into complex projective space with respect to some linear action.
For a linear C*-action on projective space, the action of the compact group S* is
well known to be Hamiltonian, therefore pulling back the Hamiltonian gives X a
Hamiltonian S'-action with Kahler form w normalized so that c¢;(X) = [w] (see
Lemma 2.6 for a more detailed argument).



The majority; but not all, of the steps to proving Theorem A apply equally closed
8-dimensional symplectic manifolds with by(M) = 1 and a semi-free Hamiltonian S*-
action. The following theorem summarizes the results which are obtained in a purely
symplectic context. It is proved in Theorem 5.5 with the exception of statement d).
which is proved in Theorem 6.3. In this setting the index ¢(M) is defined in direct
analogy with the Fano index; the maximal integer k for which &éw)
cohomology class.

is an integral

Theorem C. Let (M,w) be a closed symplectic 8-manifold with by(M) = 1 with a
semi-free Hamiltonian S*-action. Then the following hold:

a). M is simply connected and has Todd genus 1.
b). All non-isolated fized components are symplectomorphic to either:
CP!, CP?, CP! x CP!, CP?,
with the (product of ) Fubini-Study symplectic forms.
c). 1 <u(M).
d). by(M) < 14.

The assumption that by(M) = 1 forces (M,w) to be positive monotone (see
Lemma 2.4), hence these results fit into the problem of classifying positive monotone
symplectic manifolds with Hamiltonian torus actions, on which there has been recent
work by several authors, see [3,5,34,48]. Recall that the subsets of the manifold
where the Hamiltonian attains its minimum and maximum are connected symplectic
submanifolds denoted M ,in, Max. To prove Theorem C, we analyse cases depending
on the value of (dy,dy) := (dim(Mpn), dim(Myax)). Reversing the circle action i.e.
replacing X with —X and H with — H which has the effect of swapping the minimum
and maximum submanifolds. Therefore, we can assume that d; < dy < 8. Since
M nin, M.y are symplectic and therefore even dimensional this gives ten possible
cases.

The proof relies upon an array of results of the theory of Hamiltonian S!-
actions. For a brief summary let us mention, Kirwan localization, Atiyah-Bott-
Berline-Vergne localization and the Duistermaat-Heckman theorem. A more sur-
prising ingredient is a result of Jannich and Osa about the signature of the fixed
point set of an involution on a manifold, in Proposition 3.2 this is used in combina-
tion with [32, Theorem 3.4] to prove the existence of a fixed component of dimension
at least 4, which is a starting point for further analysis in Section 4, and in particular
rules out five of the ten possibilities for (dy,ds).

In Section 4 the main tools are the ABBV localization formula and Proposition
4.1 which gives natural spheres in the reduced spaces, under different conditions on
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(dy, ds) and moreover gives information about the integral of the reduced symplectic
form on them via the Duistermaat-Heckman theorem. With the exception of the
case (dy,ds) = (0,0) which uses an entirely different method, the ABBV localization
formula for the equivariant cohomology class 1 and Proposition 4.1 determine the
fixed components up to symplectomorphism and their normal bundles, up to the
number of isolated fixed points with weights {—1,—1,1,1}. The number of such
fixed points is bounded in Section 6, moreover they are ruled out entirely in the
algebraic case in Section 7.

Let us also mention the proof in the exceptional case (dy,d2) = (0,0). By
Proposition 3.2 there is an non-extremal fixed component of dimension 4, by analysis
how that the reduced symplectic form changes closed to this fixed submanifold, we
show it has degree two in the reduced space and by [18] that it is symplectomorphic
to CP' x CP! with the product of Fubini-Study symplectic forms.

In the last Section 7, Theorem C is used to study semi-free algebraic torus
actions on smooth prime Fano fourfolds. The key consequence of Theorem C is that
the Fano index is greater than 1, which allows us to appeal to the classification
of prime Fano fourfolds of index greater one from [38,52]. We narrow the list
down to eight possibilities in Lemma 7.1 using the fact that the intersection form
is positive definite [32, Theorem 3.4]. Then, by combining Theorem C with some
brief additional arguments involving the Duistermaat-Heckman function, Theorem
A and Theorem B are proven.

Acknowledgements. I would like to thank Alexander Kuznetsov for providing
Example 4.12, answering a question posed in the first version of this paper. The
author is funded by the position: Postdoc in complex and symplectic geometry in
memory of Paolo de Bartolomeis.

2 Preliminaries

2.1 Hamiltonian S'-actions

Let (M,w) be a closed symplectic manifold, suppose that there is smooth S!-action
on M generated by a vector field X. A Hamiltonian S'-action on (M, w) is defined
as follows.

Definition 2.1. The S'-action is called Hamiltonian if
dH = —w(X, ")
for some smooth function H : M — R.

The function H is called the Hamiltonian of the action, the equation dH =
—w(X,-) is called the Hamiltonian equation. For a subgroup G C S* define a subset
of M as follows:

MC.={peM|zp=p Vz€G}.
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A connected component of M 5" is called a fixed component, a connected com-
ponent of M%m m > 2 is called an isotropy submanifold. Because X generates the
Sl-action, M5 is equal to the zero set of the X; Z(X), which by the Hamiltonian
is equal to zero set of dH, Z(dH) i.e. the critical set of H:

Z(X)=Z(dH) = M*".

There is an S'-invariant almost complex structure J compatible with w [37,
Lemma 5.52]. Tt follows that for any p € MS" T,(M) inherits the structure of a
complex Sl-representation, there are n weights w; € Z which encode the decompo-
sition into irreducibles:

221y ey 2n) = (2W 21, ., 2% ).

A key fact is that the number of negative weights at a fixed point p counted with
multiplicity is equal to half the Morse Bott index of H at p, for a proof see [37,
Lemma 5.54].

The following result of Kirwan [25] will be central to the proofs in the paper. It
allows the Betti numbers of M to be calculated as a sum of the Betti numbers of
the fixed components.

Theorem 2.2. [25] Let (M,w) be a closed symplectic manifold having a Hamilto-
nian S*-action. Then for all i,

bi(M)= > biox.(F).

FcMms?

Another result which will be a central part of our tool-kit will be the Duistemaat-
Heckman theorem. To state this, we have to recall that if (M, w) is closed symplectic
manifold with a Hamiltonian S'-action and ¢ is a regular value of H, then the

quotient space
M, = H '(c)/S",

has the structure of a symplectic orbifold [37, Lemma 5.35], which is referred to in
various different ways in the literature, as the Marsden-Weinstein quotient, the sym-
plectic quotient or the reduced space. We will use the term reduced space. Attached
to each reduced space the level set H~!(c) has the structure of an orbifold principal
Sl-bundle over M,. If J is an invariant almost complex structure, and g the associ-
ated invariant Riemannian metric then the gradient vector field of H with respect
to gis Y := JX, the flow of Y gives equivariant diffeomorphisms between level sets
HY(¢1), H Y (¢y) provided H ' (¢y, ¢) N MS" = 0, and therefore orbifold diffeomor-
phisms of the reduced spaces. It is via these gradient flow maps that variation of the
cohomology class of the symplectic form is interpreted in the Duistermaat-Heckman
theorem. We are now ready to state the Duistermaat-Heckman theorem in its most
basic form:



Theorem 2.3. [9, Theorem 1.1] Suppose that (M, w) is a closed symplectic manifold

with a Hamiltonian S*-action, with Hamiltonian H. Let ¢ be a reqular value of H.

Then p
E[Wtﬂt:c = e(H7(c)).
Here H™(c) is considered as an (orbifold) principal S'-bundle over the reduced

symplectic orbifold M, and e denotes the Euler class of this bundle in H*(M;, R).

The Duistermaat-Heckman theorem also has many other forms, mostly related
to expressing the symplectic volume of M in terms of data associated to the moment
map of the action. Define

DH(z) = /M ([ﬁ o

it is well-defined on the set of regular values of H and is piecewise polynomial and
continuous. Then another form of the Duistermaat-Heckman formula states that

/M‘“;—T :/H(M) DH(x). (1)

An action of a group G is called semi-free if the stabilizer of every point is either
G or {1g}. For a semi-free Hamiltonian S'-actions on a closed symplectic manifold,
the objects in the above theorem take a simpler form. In this case, for each regular
value ¢ of H, M, is a closed symplectic manifold, H~*(c) is an principal S'-bundle
over M, in the sense of manifolds.

The following result about closed symplectic manifolds with (M) = 1 and a
non-trivial Hamiltonian S!-action will be needed.

Lemma 2.4. Suppose that (M,w) is a closed symplectic manifold with a non-trivial
Hamiltonian S*-action and by(M) = 1. Then after possibly rescaling the symplectic
form by a positive constant it holds that that

(M) = [w].

Proof. Since by(M) = 1, ¢;(M) = k[w] for some k € R. The result then follows
from [39, Proposition 1.1]. O

The following formula is well-known [6,11,12], for a proof in the stated generality
see for example [34, Proposition 1.9].

Theorem 2.5. Suppose that (M,w) is a closed symplectic manifold with ¢,(M) = [w]
with a Hamiltonian S*-action with Hamiltonian H : M — R. Then, after possibly
adding a constant to the Hamiltonian, for each fized component I,

H(F)=— Z w,

where w; are the weights along F.



The following lemma, organizes the link between C* actions on smooth complex
Fano varieties and Hamiltonian S!-actions on them.

Lemma 2.6. Let X be a smooth complex Fano variety and with a C*-action. Then,

a). The restriction of the action to S* C C* is Hamiltonian with respect to a
Kabhler form w satisfying ¢1(X) = [w].

b). The action of S' C C* is semi-free if and only if the C*-action is semi-free.

Proof. Recall the natural group isomorphism C* = S! x R.,. There exists a C*-
equivariant embedding of X into some projective space, with respect a some linear
C*-action on projective space PV associated to a sufficiently large power of the
anticanonical line bundle [13, Lemma 5.3]. A linear action on C*-action may be
conjugated by a unitary projective transformation ¢ € PU(N) to a diagonal action:

zlzo 2z ian] =20 22 L 2N 2y,

for some wy, ..., wy € Z.
The action of S C C* with generating vector field X, is Hamiltonian with
respect to the Fubini-Study form, with Hamiltonian

Z?:l 7Twi|zi|2

Z?:o | ;]2 ’

that is dH = —w(Xo, "), proving a). The gradient vector field of H with respect
to the Fubini-Study metric of JX,, where J is the standard complex structure PV,
Since the action of C* is holomorphic, that action of {1} x Ry C C* is defined by
the flow is JXy. To prove b)., first suppose that the action of S! is semi-free. It
follows the action R is semi-free, since it is generated by the gradient vector field
of a function on a closed manifold. So via the isomorphism C* = S x R it follows
that the action of C* is semi-free. Note also that this also implies X5 = X©°
since the vector field generating the action of {1} x R.g; JX, and the vector field
generating the circle action; Xy have the same zero set. Then, if the action of C*
is semi-free then using the condition X5' = XC the semi-free condition for the
subgroup S'-action follows. O

H(lzo:21:...:25]) =

2.2 Formulas coming from the ABBYV localization class of
the normal bundle of a 4-dimensional fixed component.

The following is the well-known equivariant splitting principle for equivariant com-
plex vector bundles.



Lemma 2.7. (Equivariant Splitting Principle) Let X be a paracompact topological
space with an S'-action, and E an S'-equivariant vector bundle over X. Then there
exists a topological space Y equipped with an S*-action and an S'-equivariant map
p:Y — X such that:

o p*E decomposes equivariantly as a sum of S*-equivairant line bundles.
o p': H(X) = H(Y) is injective.

Lemma 2.8. Let M be a closed symplectic 8-manifold with a Hamiltonian S*-
action, and F' a 4-dimensional fixed component Let Np denote the normal bundle of
F. Then, if the non-zero weights both equal to 1,

¢S (Np) = (2 4 c1(Np)t + co(Np)).
Similarly, if the non-zero weights both equal to —1,
e (Np) = (2 — c1(Np)t + co(Np)).

Proof. We just prove the first case, the proof of the second follows by the same
argument. Write £ = Np. Let p : Y — X be the S'-equivariant map provided
by Lemma 2.7 so that p*E splits equivariantly as a sum of equivariant line bundles
p*E = L1®L,. Note that the map on equivariant cohomology induced by p preserves
the equivariant generator i.e. the pull-back of the hyperplane class from CP* in
the Borel model. This may be seen directly via the Borel model construction. In
a small abuse of notation we denote this class by ¢ in the equivariant cohomology
ring of X and Y.

Since the fibers of p*(F) are isomorphic as S'-representations to those of E, the
weights of the action on L; are both 1. Therefore ¢%' (L;) = 1+t+c1(L;) for i = 1,2.
Therefore by the Whitney sum formula

o5 (Li®Ly) = *+t(cr(Lr)+ei(La)) +er(Ly)er(La) = P +t(cy (LiB L)) +ea(Li B Lo),
substituting via the equation p*E = L & Lo gives
&' (p°(B)) = (¢ + ter (07 (E)) + o2 (p*(E)))-

Combining the fact that p* is injective and p*(¢) = t noted above, by linearity of the
induced homomorphism and functoriality of Chern classes via pull-back this yields

S(E) =1 +ta(E) + co(E),

which in turn yields the desired formula when one notes that since Np = E has
rank 2, by definition 3" (Np) = ¢5 (Np). O



The following formula follows from the ABBV localization formula. The expres-
sions for the individual terms for dim(F) < 2 were given in [50, Remark 2.5].

Proposition 2.9. Let (M,w) be a closed symplectic manifold with dimension 2n
having a semi-free Hamiltonian S*-action. Then,

1
R

FcMS?!
Moreover, the contribution of fixed submanifolds may be computed as follows.

1. If p is an isolated fized point, then

1
(= 1)Mei)
631 (NF) ( )

2. if 3 is a fized surface let ay (k =1,...,n—1 be the degrees of the components
of the normal bundle of ¥;. We label the components so that aj correspond
to components with weight —1 for 1 < k < A(X) and weight 1 for A(¥) +1 <
k<n-—1, then

n2

== Z(—l)A(E)(—al — .o axy) Faas)y 41 e ).
j=1

1
%" (NF)

3. If N is an extremal fized component with dimension 4 and by(F) =1, then

1
m = Cl(NF)2 — CQ(NF).
Proof. This follows from integrating the equivariant cohomology class 1 via the
ABBYV localization formula. The expressions for the terms corresponding to isolated
fixed point and surfaces are given in [50, Remark 2.5].

Let F' be an extremal four-dimensional fixed component satisfying by (M) = 1,
we assume first that ' = My;,. Let u be the integral generator of H?(F,Z) then
eSI(NF) = t? + cyut + cou?, where ci, co € Z which represent ¢;(Nr) in the above
basis of the cohomology of F'. If F = M;, then by Lemma 2.8:

1 t=2 ot —qut™)

2+ cut +cou? 1+ cutt Feut=2 1 — Ault2 + cyut—2

t72(1 — cqut ) (1 + Au?t™2 — cu*t™2)
— 1 =] — Ca.
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If I = M, then by Lemma 2.8:

1 2 t72(1 4 cqut™)

2 —cuut +cou? 1 —cput=! + cut=2 1 — Ault=2 4 cyult—2

(14 qut ) (14 dutt? — uttT?)

]

2.3 4-dimensional positive monotone symplectic manifolds

The last preliminary result regards closed symplectic 4-manifolds N which satisfy
[w] = keq(N) for some k > 0. let wpg denote the Fubini-Study symplectic form on
complex projective space.

Theorem 2.10. [40] Let (N,w) be a closed symplectic 4-manifold such that [w] =
ke (N) for some k > 0. Then, up to scaling the symplectic form by an appropriate
positive constant, (N,w) is symplectomorphic to a del Pezzo surface, with the pull-
back of wrs via a projective embedding associated to a sufficiently high power of the
anticanonical bundle.

Proof. By [40], the manifold is diffeomorphic to a del Pezzo surface, by [49, Conclu-
sion. Page 10], this gives the claim about the symplectomorphism type. O]

3 Ruling out (dy,ds) = (2,6),(4,6),(6,6),(2,2)(0,2).

In this part of the article, we consider closed symplectic 8-manifolds with by(M) =1
and a semi-free Hamiltonian S'-action.

Recall that the subsets of the manifold where the Hamiltonian attains its min-
imum and maximum are connected symplectic submanifolds denoted M in, Minax.
To prove the main classification results of this paper, the argument works in cases
of the value: (dy,ds) = (dim (M), dim(Mpay)). Reversing the circle action i.e. re-
placing X with —X and H with —H which has the effect of swapping the minimum
and maximum submanifolds. Therefore, we can assume that

d1§d2<8.

Since Min, Mimax are symplectic and therefore even dimensional this gives ten pos-
sible cases, in this section we discard five of the cases, all the other five are furnished
by examples and are further analysed in Section 4.

The following Lemma rules out three of the cases, in fact here the semi-free as-
sumption is not needed, but later in the section the arguments rely on this condition
crucially.

11



Lemma 3.1. There does not exist a closed symplectic 8-manifold having by(M) = 1
and a Hamiltonian S'-action such that (dy,dy) = (2,6), (4,6), (6,6).

Proof. Suppose that there is such an action satisfying (d;,ds) = (2,6), (4,6), (6,6).
Recall that A(Mpi) = 0 and A(Myay) = 8 — dy = 2. Theorem 2.2 gives

bo(M) = D by oxp(F) = ba(Muin) + bo(Minax) + ¢,

FcMS!
where ¢ is a non-negative integer. Which contradicts the assumption by(M) = 1. [
Proposition 3.2. Let (M,w) be a closed symplectic 8-manifold having a semi-free

Hamiltonian S'-action and by(M) = 1 then MS' has a connected component of
dimension at least 4.

Proof. Assume for a contradiction that every component of M has dimension at
most 2. By the semi-free assumption M? = MS'. By [33, Theorem 3.4] and the
assumption that all fixed components have dimension 0 and 2,

(M) = by(M) > 0.
By [23, Main Result] and since the action of —1 € S* is homotopic to the identity:
o(M) = o(M*M?),

since all components of M%2 have dimension less than half the manifold, this inter-
section product is 0, a contradiction. Hence there exists some component F' C M* '
with dim(F') > 4. m

Lemma 3.3. There does not exist a closed symplectic 8-manifold having bo(M) = 1
and a semi-free Hamiltonian S*-action such that (di,dz) = (0,2),(2,2).

Proof. Since by assumption dim(Myax) = 2, A(Mpyax) = 3. By Lemma 3.2 there is
a component Fy C M5 with dim(Fy) > 4 and by the assumptions and Poincaré
duality bo(M) = be(M) = bg(M) = bg(M) = 1. By Proposition 2.2 the following
formula holds:

1 = bg(M) = by(Mipay) + > bs_ox,. (F). (2)
FCMSY F Mpax
Since Fj is non-extremal Equation (2) implies 0 < Ar, < 4 and since dim(F,) > 4
and F' is a symplectic submanifold by;(Fp) > 0 for all i =0, ..., dimzﬂ. Combining
this with the Equation (3) , the only possibility is dim(F") = 4 and A\p = 1.
Then by Theorem 2.2,

be(M) = Z bo—axrp (F) = bo(Mmax) + ba(Fo) + ¢,

where ¢ is a non-negative integer. That is the desired contradiction. O
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4 Classifying the existent cases

In this section, we continue to use the notation (di,ds) = (dim(Mpn), dim(Myax))
and make the assumption that d; < ds. Due to Lemma 3.1 and Lemma 3.3, it
remains to deal with the cases:

(dlv d2) = (07 O)v (Oa 4)7 (27 4)7 (4’ 4)a (07 6)'

There are examples of semi-free Hamiltonian S'-actions on closed symplectic 8-
manifolds with by(M) = 1 furnishing all of these cases. The problem then becomes
about classification. The following proposition will be central to this analysis, to
state the proposition, define Hyay := H(Mmax) and Hyyin := H(Mpin).

Proposition 4.1. Let (M,w) closed symplectic 8-manifold having bo(M) =1 and a
semi-free Hamiltonian S*-action. Scale the symplectic form via Lemma 2.4 so that
c1 = [w] and normalize the Hamiltonian H via Theorem 2.5 so that H(p) = — Y w;.
Then the following statements hold:

a). If dy = 4 and H(0,2) " MS" = 0 and there is an isolated fized point p with
weights {—1,—1,1,1}. Then, there exists a smooth map f : S? — Myax such
that fSQ ffw=2.

Similarly, if H™*(Hyin, 0) NMS" = 0 and there is an isolated fixed point p with
weights {—1,—1,1,1}. Then, there exists a smooth map f : S* — My, such
that f52 ffw = |Humin|-

b). If dy = 4 and every non-extremal fized component F' is isolated and satisfies
Ap = 2. Then, there exists a smooth map f : S* — My such that [, f*w =
Hmax - Hmin-

c). If dy < 4 and there are no non-extremal fized components. Then, there are
maps fumin 1 S* = Muin, fmax : 5% = Miax such that [o, fiiw = Huax — Huin
and f52 I));laxw = Hpax — Hpin.

d). If di = 0 and there is a fized surface F with weights {0,—1,1,1} and moreover
HY(—4, 1)0]\451 = (). Then, setting a;, as, as to be the degrees of the splitting
of the normal bundle, with a; corresponding to the component with weight —1.
Then
3a1 =2+ a1 + as + as.

Proof. Firstly by the equivariant symplectic neighbourhood theorem [24, Theorem
A.1] each fixed component admits an S'-invariant neighborhood which is equiv-
ariantly symplectomorphic to a neighbourhood of the zero section in the normal
bundle with a fiberwise symplectic form. Then, picking an invariant compatible al-
most complex structure and extend it (possibly non-equivariantly) to all of (M, w),
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the averaging procedure of [37] will give an invariant compatible almost complex
structure which agree with the original ones on possibly smaller neighborhoods of
the fixed point sets. All the statements are proved using the gradient flow of the
corresponding invariant metric g such that w = ¢(J-,-), that is the flow of the
gradient vector field V,Hof H with respect to g, in fact V,H = JX where X is
the generating vector field of the S'-action. Recall that a vector field on a closed
manifold gives an R-action, a gradient flow line is an orbit of this action containing
more than one point.

To prove a). isolated fixed point p with weights {—1,—1,1,1}, then note that
the normal bundle of p is T}, M which splits equivariantly into two rank 2 subspaces
N,,N_ on which S acts with weight 1 and —1. Let C'; denote the union of all
gradient flow lines which correspond to N, via the linear identification with the
normal bundle constructed at the start of the proof. Let n. : H _1(0) — M, denote
the usual projection to the symplectic quotient, then note that by the Duistermaat-
Heckman theorem Theorem 2.3, for ¢ € (0,2) m.(C) is a 2-sphere such that fﬂ( oyw =
c. One the other hand consider a neighborhood U of M,,,, which is identified with
a neighbourhood of the normal bundle with linear symplectic form. Note that w
induces a ¢ closed 2-form on the 5-manifold with boundary U/S'. Let f the map
given by the projection to the base of my; . : 7(C) — Myay for any ¢ sufficiently
close to 2 so that M, C U/S!. Using the above properties one verifies that the
smooth map f satisfies fs2 ffw = 2. The second statement holds by the same
argument.

To prove b), let f; : S* — M., be the maps constructed in the previous para-
graph, since note that since each f; is smooth M., \ (U;fi(S?)) is non-empty, take
a point ¢ € Myax \ (Ui fi(S?)). Then considering the union C, of the flow lines with
maximum ¢, by the way ¢ was chosen, Cj is invariant and the action on it is free,
by the Duistermaat-Heckman theorem Theorem 2.3

/ W =c,
m2—c(Cq)

then constructing a 2-sphere as in M,,;, by the projection to the base in a linear
identification with the normal bundle, proves the existence of f.

To prove ¢). Let ¢ € Mpyax be arbitrary and let U, be the upward flowing normal
bundle, by the assumption dy < 4, for ¢ sufficiently close to Hpax = 2, m.(U,) is

symplectomorphic to (CP¥71,O}F5‘) and H'(c) is the Hopf bundle over 7.(U,),
picking any line [ in the projective space, then [ e(H '(c)) = 1. Then, letting U’ be
the union of gradient flow lines that intersect 7, (1), gives a family of 2-spheres in
the reduced space as in the previous parts of the proof, and the proof then proceeds
as above.

Finally to prove d). Let Ur be the union of gradient flow lines with maximum F'.
Then, by the equivariant symplectic neighborhood theorem for ¢ < —1 sufficiently
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close to —1, fﬂ'c(UF) e(H'(c)) = a1, moreover the limit of fﬂ'c(UF) w is zero as ¢ tends
to —4. Therefore, since [,[w] = 2+ a; + az + as, the result follows. ]

4.1 (dy,ds) = (0,0)

Now we begin to classify closed symplectic 8-manifolds having by(M) = 1 and a
semi-free Hamiltonian S'-action in the case (dy,dy) = (0,0). There is one example
in this case which is now described.

The image of the Pliicker embedding Gr(2,4) — P(A%(C*)) = P® is a smooth
quadric, denoted Q*. In the following example we study a torus action on Q*
constructed via the above identification.

Example 4.2. There is a C*-action on Q* = Gr(2,4) induced by the linear action
on C* defined by

Z'(Zlv 29, 23, Z4) = (Z’Zla 222, 23, 24)-

Moreover,
4

(@H" ={[P], [P} UTL
Where: Py = {(z1,22,0,0) | 21,20 € C}, Po» = {(0,0,25,24) | 23,23 € C} and
I := {[{(vy,v2)] | v € Pi,vy € Py} C Gr(2,4). It further holds that I =2 P! x P! and
the C*-action is semi-free.

The claims about the fixed point set are immediate after unpacking the defini-
tions. To prove that the action is semi-free, it is useful to identify Gr(2,4) with the
space G(1,3) of projective lines in P?. The associated action on CP? is semi-free
and has fixed point set L; U Ly, where Ly := {[20 : z1 : 0: 0] | [20 : z1] € CP'},
Ly:={[0:0: 23: 24 | [23: 24] € CP*}. The fixed point set of the action on G(1,3)
contains [L;], [Ls] and the component II corresponds to classes of the lines which
intersects both L; and Ly in a single point (hence why it is naturally isomorphic to
Ly x Ly). By Lemma 2.6 the action of C* is semi-free if its restriction to S! is. Sup-
posing the action of S! is not semi-free and L is not fixed by the action on G(1,3)
then there exists a non-trivial element g € S* of finite order such that g preserves
L, therefore the action restricted to L has at least two fixed points. But since the
fixed point set of the associated action on P? is L; U Ly, L intersects L; U Lo in at
least two points, implying that L is contained in the fixed point set of the action on
G(1,3), hence the action is semi-free.

Lemma 2.6 the restriction of the C*-action to S! is Hamiltonian for a Kahler form
w such that ¢; = [w]. By Theorem 2.5 the Hamiltonian H may be normalized so that
H(p) = — Y w; for all p € M5, Then, by Theorem 2.2 { Mynin, Moy} = {[L1], [L2]}
s0 H(Muyin) = —4, H(Myax) = 4 and II is a non-extremal fixed component isomor-
phic to P! x P! with A\ = —1 and weights {—1,1,0,0}, and H(II) = 0.
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In the following proposition, it is shown that in the case (dy,dy) = (2,4) the
symplectomorphism type of the fixed components and the Chern classes of their
normal bundles correspond precisely to Example 4.2.

Proposition 4.3. Let (M,w) be a closed symplectic 8-manifold with by(M) = 1
having a semi-free Hamiltonian S'-action such that (dy,ds) = (0,0). Then, there
is only one non-extremal fized component F symplectomorphic to CP' x CP', with
symplectic form dwpg X dwrs, and normal bundle Np = O(1,1) ® O(1,1).

Proof. By Lemma 2.4 and Theorem 2.5 the symplectic form and Hamiltonian may
be normalized so that ¢; = [w] and H(p) = — > w;, where w; are the weights at
p. By Lemma 3.2 there is a component Fy C M3 with dim(Fy) > 4 and by the
assumptions and Poincaré duality bo(M) = by(M) = bg(M) = bg(M) = 1. By
Proposition 2.2 the following formula holds:

1 = bg(M) = bo(Miax) + > bs_ox, (F). (3)
FCMS" Fo£Muax
Since Fp is non-extremal Equation (3) implies 0 < A, < 4 and since dim(Fy) > 4
and F' is a symplectic submanifold by;(Fp) > 0 for all i =0, . . ., dim(Fo) | Combining
this with the Equation (3), the only possibility is dim(F') =4 and Ap = 1.
Therefore by Proposition 2.2 the following formulas hold:

L=by(M)=bo(Fo)+ > baronn(F), (4)
FCMS' F£F,
L=0bs(M) =bs(Fo)+ D> beans(F). (5)

FcMSY F+£F,

For a non-extremal fixed component F' such that F' # F, by Equation (4) and
Equation (5) F' must be an isolated fixed point p with A\, = 2. The existence of such
fixed points is ruled out by [50, Lemma 3.1]. Therefore MS" = Myin U Myax U Fo.

By [15, Theorem 10.1-10.2] My := H~'(0)/S* has the structure of a symplec-
tic manifold, we denote this symplectic form wy and by the Duistermaat-Heckman
theorem and the Moser stability theorem, it is symplectomorphic to CP* with the
symplectic form normalized so that ¢; = [wo] = 4h, where h is the hyperplane class.
Let Ly, Ly be the components of the normal bundle corresponding to the weights
—1,1. In the proof [33, Theorem 3.4] it was shown that (1 — m — m)[w]lpo =
c1(Fy) and |Humin|c1(L1) = |Hmax|c1(L2) = [w]|r,- Since the action is semi-free
the weights are My, M. are {1,1,1,1}, {—1,—1,—1,—1} respectively and so
|Hiax| = |Hmin| = 4, therefore [w]|p, = 2¢1(Fy). Therefore by 2.10 F' is sym-
plectomorphic to a del Pezzo surface and therefore has Todd genus 1, that is
fFo c1(Fo)? + Xiop(Fo) = 12, rearranging gives [ ¢1(Fp)? = 10 — by(Fy).

16



By the above, it follows that [wg] = 4h where h € H*(My,Z), is the hyperplane
class, therefore

LﬂwP:iAlPDU%A%)Mm2=1M;

where k € Zs is the degree of Fyy in My = CP?. So, substituting [wo]|r, = 2¢1(Fp)
gives

[l = [ et = 100 - b)) < 30

Therefore since 0 < by(Fp), 0 < 16k < 36, so k = 1,2. If £ = 1 then Fj is
symplectomorphic to CP? but by the above formula for ¢;(Fy)?, by(Fy) = 6 which
is a contradiction. Therefore k& = 2 by [18, Theorem 1.3], it is symplectomorphic
to CP' x CP', with symplectic form amfwpg + briwpg. Using bidegree notation to
express classes in H?(CP'xCP', Z) = Z2?, ¢, = (2, 2) and so the monotonicity implies
symplectic form satisfies [wg] = (4,4). By the above equations |Hy|ci(L1) =
| Hinax|c1(L2) = [w]|R, it follows that ¢, (Ly) = ¢1(L2) = (1,1). O

4.2 (dy,ds) = (0,4)

In this subsection, we focus on the case (di,ds) = (0,4). In this case the primary
example is an action on W5, the del Pezzo 4-fold of degree 5.

Example 4.4. Let W5 be the quintic del Pezzo fourfold. Let C* x C* act on Wi
via [13, Theorem 5.2] (see also [43]). Then the C*-action of the linear subtorus
2+ (z,271) is semi-free and WE = {p, 3,11}, where p is an isolated fized point,
Y = CP' and 11 = CP?.

By the expression of the weights given in [13, Theorem 5.2], the weights at p are
{1,1,1,1}, the weights at ¥ are {0, —1, 1, 1} and the weights at IT are {0,0, —1, —1}.
By Lemma 2.6 the restriction of the C*-action to S! is Hamiltonian for a Kahler
form w such that ¢; = [w]. Letting M = Wj, by Theorem 2.5 the Hamiltonian H
may be normalized so that H(p) = — > w; for all p € M5". Therefore H(p) = —4,
H(Y) = =1, and H(II) = 2, in particular My, = {p}, Mmax = II. Moreover, if
Nin /max denotes the normal bundle of My /max and [ ¢1(M) =9, ¢1(Nmax) = 0
and f Moo ¢2(Nmax) = 2, where Ny« denotes the normal bundle of M, [43, Lemma
3.6].

The case (dy,d2) = (0,4) differs from the others in the sense that there are two
possibilities for the dimension of non-extremal fixed components (0 and 2). The
arguments with localization formulas take a different form when there exists a fixed
component of dimension 2 or not, firstly we consider the case that there is no fixed
component of dimension 2.

Lemma 4.5. Let (M,w) closed symplectic 8-manifold with by(M) = 1 with a semi-
free Hamiltonian S*-action such that (dy,ds) = (0,4) and MS" consists of Myay and
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only isolated fixed points. Then if Npayx denotes the normal bundle of M.y, then:
Mooy is symplectomorphic to CP?,

/ 02<Nmax> == b4(F)7
Mr[lax

/ 3 (Npax) = 1.

If by(M) > 1 then ¢1(Nmax) = —L, where L represents the Poincaré dual of a line.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that ¢; = [w]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mpin) = 0 and the action is semi-free the weights at M, are {1,1,1,1} and
H(Mpin) = —4 and the action is semi-free the weights at M.« are {—1,—1,0,0}
and H(Mpax) = 2. By the assumptions and Poincaré duality by(M) = bg(M) = 1.
By Proposition 2.2:

L=bg(M) =by(Muax) + > oo (F). (6)

FCMSY F#£Mpyayx

Since Myay is a symplectic 4-manifold, by(Mpyay) = 1. Let N; denote the number
of fixed points p with A, = N;, applying Proposition 2.2: 1 = by(M) = Ny, 1 =
ba(M) = Nj. Similarly, N3 = 0 and N, = 0 and finally the equation

by(M) =1+ N (7)
holds. By the semi-free condition, every fixed point p with A\, = 2 has weights
{-1,-1,1,1}

If Npax denotes the normal bundle of M., then by Proposition 2.9 and Equation
(7):

/ ) - / )+ Bi(M) < 1 =0 (s)

On the other hand by [33, Theorem 3.4] the intersection form of M is positive
definite, i.e. o(M) = by(M). By [23, Main Result],

M?% M% = g(M) = by(M).

Furthermore, since the action is semi-free M?%2 = M* ' consists of M.x and a finite
collection of isolated fixed points,

M™% M*= = / Co(Niax) = ba(M).
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Therefore, there is a cancellation in Equation (8) simplifying the equation to:

/ ) = 1 (9)

By Proposition 2.2 they have by(Myax) = 1 and since My, is a symplectic
4-manifold it satisfies o(F) = 1, therefore by the Hirzebruch signature theorem
f Moo Cl(Mmax)2 = 9. Let a be the integral generator of the second homology which
is a positive multiple of [w]|yr,... Then ¢ (Mpyax) = £3a. In fact, ¢;(Mpax) = —3a
is impossible, because by the equation [,  ¢1(Nag,,,)* = 1 shown in Equation (9),
then [w]|a,., = (=3 + k' )a where &' = £1 which contradicts the definition of a.
Therefore ¢1(Mpax) = 3a, therefore [w]|as,... = (3 + &')a, where ¢;(Nyax) = K'a. In
particular, M.y is positive monotone, and therefore since by(F') = 1, by Theorem
2.10 F is symplectomorphic to CP?. Since by(M) > 1 then by Equation (7) Ny > 0
there must exist an fixed point with weights {—1, —1, 1,1} therefore by Proposition
4.1 there exists a map f : S* = Muax, such that [, (f*(w)) = 2. Therefore it must
fold that (3 + k) is at most 2, showing that k' = —1 as required. O

The following proposition treats the case when M S does contain a component
of dimension 2, as is the case for the action on Wj described in Example 4.4.

Proposition 4.6. Let M be a closed symplectic 8-manifold with by(M) = 1 with a
semi-Hamiltonian S*-action such that (dy,dy) = (0,4) and such that M5\ My
has a component of positive dimension. Then there exists a fized component ¥ of
dimension 2 with A\p = 1. Moreover, and, if N denotes the normal bundle of M.y
mex 1(Nmax)? € {0,1}, moreover My, is symplectomorphic to CP?. Moreover,

/ (M) = b(F)

and

[atn=36- [ au.p)

max

If additionally by(M) > 2, then ¢1(Nmax) = —L where L is the Poincaré dual of a
line in particular meaX c1(Nmax)? = 1 in this case.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that ¢; = [w]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mpin) = 0 and the action is semi-free the weights at M, are {1,1,1,1} and
H(Mpn) = —4 and the action is semi-free the weights at M.« are {—1,—1,0,0}
and H(Myayx) = 2.

1= bg(M) = by(Miax) + > bgoan(F). (10)

FCMSY FMpax
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Since M.y is a symplectic 4-manifold, by(My.x) = 1. Let F' be a component
in M5\ F with positive dimension, since My, is isolated dim(F) > 0, moreover
by Equation (10) bg_2x,(F) = 0 since F is a connected symplectic submanifold of
positive dimension by(F') > 0 by(F') = 1 therefore Ap = 1 and again by Equation
(10) dim(F') = 2, define ¥ := F'. Note that by(X) = bo(X) = 1, also since the action
is semi free the weights at F' are {0,—1,1,1} and H(F) = —1.

L=by(M)=bo(S)+ > baan,(F). (11)

FCMS F#y

Therefore by Equations (10), (11) every fixed component not equal to M, Mpax,
¥ satisfies dim(F') = 0 and Ap = 2, therefore has weights {—1,—1,1,1}. Let N
denote the number of such isolated fixed points. Then by Proposition 2.2:

bi(M) = > baan,(F) = bo(Minax) + b2(S) + Ny =2+ Ny (12)
FcMS! P4y

Then, denote by Ny, the normal bundle of ¥ in M, and label the component of
the splitting of Ny, so that a; is the first Chern class of the component of weight —1
and ao, ag are the first Chern class of the components with weight 1. Then if Ny .y
denotes the normal bundle of M., by Proposition 2.9 !:

/ ¢1 (Ninax) — / ¢2(Nimax) — a1 +az +az + by (M) —1=0.  (13)

On the other hand by [33, Theorem 3.4] the intersection form of M is positive
definite, i.e. (M) = by(M). By [23, Main Result],

M% M® = g(M) = by(M).

Furthermore, since the action is semi-free M?%2 = M* ' consists of M.,.x and a finite
collection fixed submanifolds of dimension at most two,

M™= M* = / Co(Niax) = ba(M).
Therefore, there is a cancellation in Equation (8) simplifying the equation to:

/ C?(Nmax) —a; +as +as = 1. (14)

!Note that while it was shown that there are precisely bs(M) — 2 fixed points p with A, = 2,
in this case the isolated fixed point M,;, also contributes +1 to the formula of Proposition 2.9,
hence the given form.
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Since H(X) = —1 and H(My,) = —4 by Proposition 4.1 2 4+ a; + ay + a3 = 3a4,
therefore —2 + a; = —a; + a9 + as. Substituting this into Equation 14 implies that

/ 3 (Nmax) + a1 = 3. (15)
Mmax

Since [ Mo ¢1(Nmax)? is a square number, and a; > 0 (as the symplective volume of
Fis 3ay), the only possibilities are fM c1(Nmax)? =1, a1 = 2, meaX c1(Nmax)? = 0,
a; = 3. The claim about the integral of cl(M ) over ¥ follows from Equation (15).
By Equation (10) be(Mpyax) = 1 and since My,.y is a symplectic 4-manifold it
satisfies o(F') = 1, therefore by the Hirzebruch signature theorem [ Moo c1(Mpmax)* =
9. Let a be the integral generator of the second homology which is a positive multiple
of [W]| M- Then ¢1(Mpax) = £3a. In fact, ¢;(Mpax) = —3a is impossible, because
by the equation [, ¢1(Nag,,,)? = 0,1 shown above, then [w]|p,,., = (=3 + &)a
where k' = 0,+£1 which contradicts the definition of a. Therefore 1 (Mpyax) =
3a, in particular M, is positive monotone, and therefore by Theorem 2.10 F' is
symplectomorphic to CP?. Finally, if by(M) > 2, then ¢;(N) = —L, by Proposition
4.1. ]

4.3 (di,dy) = (0,6)

In this subsection the case (dy,ds) = (0,6) is analysed, the primary example in this
case is an action on P* described below.

Example 4.7. Let C* act on P* by
zlzo 2zt iz = (220 221 220 223 0 24).

Then (PH) = {p}UZ wherep=1[0:0:0:0:1] and Z = {[z0: 21 : ... : 24] € P*|
24:0}

By Lemma 2.6 the restriction of the C*-action to S* is Hamiltonian for a Kahler
form w such that ¢; = [w]. Letting M = P*, by Theorem 2.5 the Hamiltonian H may
be normalized so that H(p) = — S w; for all p € MS". By direct computation in
affine charts the weights at p are {1,1,1,1} and the weights at H are {—1,0,0,0}.
Therefore My = {p}, H(p) = —4, Myax = Z, H(E) = 1. Moreover, if Npax
denotes the normal bundle over M.y, then Ny = O(1).

Lemma 4.8. Let (M,w) be a closed symplectic 8-manifold having a semi-free Hamil-
tonian S*-action and satisfying by(M) = 1. Assume furthermore, (dy.dy) = (0,6).
Then, the fixed point set has two components, M, an isolated fized point and M.
is symplectomorphic to CP?, ¢;(Npax) = h, where h € H*(CP?,Z) is the hyperplane
class.
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Proof. By the assumptions and Poincaré duality ba(M) = bg(M) = 1. Since Mpax
is a 6-dimensional symplectic submanifold, b;(My.) > 0 for i = 0,2,4,6 and
A(Myax) = 1. Therefore, by Proposition 2.2

L=bg(M) =by(Muax) + > oo, (F). (16)

FCMS F#£Mpyayx

Therefore by(Myax) = 1 and therefore by Poincaré duality be(My.x) = 1. By Propo-
sition 2.2 every non-extremal fixed component is isolated and has A\, = 2. By the
semi-free assumption, the only remaining possibility for fixed submanifolds is iso-
lated fixed points with weights {—1, —1,1, 1}, this impossible by [50, Lemma 3.1].
Therefore, M is a simple Hamiltonian manifold in the sense of [17, Definition 1.1],
and by [17, Corollary 6.5] the result is proven. O

4.4 (dl, dg) = (2, 4)

In this subsection the case (dy,ds) = (2,4) is analysed, the primary example in this
case is an action on P* described below.

Example 4.9. Let C* act on P* by
zfzo iz 29 23t ze) =200 210 220t 2230 224
Then (P*)C" = LUIIL, where L is a line and 11 is a plane.

By Lemma 2.6 the restriction of the C*-action to S* is Hamiltonian for a Kéahler
form w such that ¢; = [w]. Letting M = P*, by Theorem 2.5 the Hamiltonian H may
be normalized so that H(p) = — > w; for all p € M5". By direct computation is
affine charts the weights at L are {0,1, 1,1} and the weights at IT are {—1, —1,0,0}.
Therefore My, = L, H(L) = =3, Mpax = II, H(II) = 2. Moreover, if Nuyin /max
denotes the normal bundle over Myin /max, then Ny, =2 O(1)% and Npax = O(1)2
So applying the Whitney sum formula the following formulas hold: ¢(Ny,,) = 143h,
¢(Nmax) = 1 + 2h + h?, where h is the hyperplane class.

In the following proposition, it is shown that in the case (dy,dy) = (2,4) the
symplectomorphism type of the fixed components and the first Chern classes of the
normal bundles correspond precisely to Example 4.9.

Proposition 4.10. Let (M,w) be a closed symplectic 8-manifold having by(M) = 1
and having a semi-free Hamiltonian S*-action. Suppose that (dy,ds) = (2,4). Let
Niiny Nmax denote the normal bundle of Myin, Mumax respectively. Then, by(M) =
1 and M5 = Mpin U Myax.  Furthermore, M. 15 symplectomorphic to C]P’2,
meax c1(Nuax)? = 4, My is symplectomorphic to CP' and mein ¢1(Nmin) = 3.
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Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that ¢; = [w]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mpin) = 2 and the action is semi-free the weights at M, are {0,1,1,1} and
H(Mpin) = —3 dim(M,.x) = 4 and the action is semi-free the weights at M., are
{=1,-1,0,0} and H(Myax) = 2.

By Poincaré duality and the assumptions by(M) = bg(M) = 1. Therefore by
Proposition 2.2 the following formulas hold:

L=by(M) =by(Muin) + Y baay, (F). (17)
FCMSY F£Mpim

Since M, is a closed orientable 2-manifold by( My, ) = 1. Similarly

1 = b6(M) = by(Mmax) + Z bo—axp (F)- (18)

I“_'C]\4S1 7F7£Mmax

Since Myayx is a symplectic 4-manifold, bo(Mpax) = 1. Therefore Equations
(17),(18) imply that for any non-extremal fixed component F, b;_s,,(F) = 0 for
i = 2,6. Applying the formulas for by(M),bs(M) in a similar way show that for
any non-extremal fixed component F' b;_o),.(F) = 0 for i = 0,8. The equations
bi—oap(F) =0 for i =0,2,6,8 imply Ap = 2, and that dim(F) = 0. Therefore since
the action is semi-free the weights of the action along F' are {—1,—1,1,1} for any
non-extremal fixed component.

By Lemma 2.9,

/max ¢1(Nimax)? — / -~ C2(Nmax) — /Mmin ¢1(Nuin) + (bs(M) = 1) = 0.

By [33, Theorem 3.4] the intersection form of M is positive definite, i.e. o(M) =
by(M), where o denotes the signature. By [23, Main Result],

M% M® = g(M) = by(M).

Since the action is semi-free M% = MS' By Proposition 2.2 and the assumptions
bo(M) =1, (dy,dy) = (2,4), it follows that M, is the only component with dimen-
sion at least 4, [ Mo ¢a(Mpax) = by(N). Therefore, we obtain

/ cl(NmaX)2—/ c1(Npmin) — 1= 0. (19)
max Mmin

Now the proof splits into two case, when by(M) = 1 or when by(M) > 1, note
that the second case is equivalent to the existence of isolated fixed points with
weights {—1,—1,1,1}.

If by(M) > 1 then by Proposition 4.1 there is a map f : S? — Myax, such
that [, (f*(w)) = 2. Let a be the generator of H?(Mmax, Z) modulo torsion, such
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that a = c[w] for some ¢ > 0. Then set, ¢;(Nmax) = K'a, k' € Z, note that since
by(Mpyax) = 1 and M., is a symplectic 4-manifold o(Mp.,) = 1 and therefore by
the Hirzebruch signature theorem [ Mo c1(Mmax)? = 9. Therefore ¢i(Mpa.y) = —3a
or ¢1(Muyax) = 3a. It will be shown that the first case is impossible, suppose for
a contradiction that ¢;(My.,) = —3a. Write PD(f.([S?])) = k, then it holds that
(=34 k')k = 2, and since —3+ k" > 0, this implies =34k’ = 1,2, implying k' = 4,5,
meax c1(Nmax)? = 16,25, therefore by Equation (19), mein ¢1(Nmin) = 15,24 and
therefore ¢ (M)|ay,,, is either 17 or 26 times the generator of H?(My,) = Z, which
contradicts the existence of a map f : 5* — My, such that [, (f*(w)) = 3.

Therefore ¢;(Mpyax) = 3a, the equation becomes (3 + k')k = 2 with 3+ k" > 0
therefore (34 k') = 1,2 and correspondingly ¢1(Npax) = —2a or ¢1(Npax) = —a. In
the case that ¢;(Npax) = —a, then by Equation (19), mem ¢1(Nmin) = 0, but that
contradicts the existence of a amap f : S? — My, such that [, (f*(w)) = 3. In the
remaining case that ¢;(Npax) = —2a, by Theorem 2.10 My, is sympplectomorphic
to CP* and Equation (19) gives the desired equation [ i €1 (Nmin) = 3, but that
contradicts the existence of a a map f : S* = My, such that [o,(f*(w)) = 3. We
have shown that by(M) > 1 is impossible.

Therefore, by(M) = 1, that is there are precisely two fixed components, the
2-manifold M,,;, and the 4-manifold M,... By Proposition 4.1 there is a map
f 5% = Mpay, such that [o,(f*(w)) = 5. Let a be the generator of H*(Mpax, Z)
modulo torsion, such that ca = [w] for some ¢ > 0. Then set, ¢;(Nyax) = K'a, k' € Z,
note that since by(Mpyax) = 1 and M.y is a symplectic 4-manifold o(Mp.x) = 1
and therefore by the Hirzebruch signature theorem | Mo c1(Mpax)? = 9. Therefore
c1(Mpax) = —3a or ¢1(Myax) = 3a. It will be shown that the first case is impossible,
suppose for a contradiction that c¢; (M) = —3a. Write PD(f.([S?])) = k, then it
holds that (—3+£&")k = 5. Since (—3+k")a = [w], it holds that —3+%" > 0, therefore
-3+ kK =1,51e Kk = 4,8 In such a case meax ¢1(Nmax)? = 16, 64 respectively,
the by Equation (19), [ Mo ¢1(Nmin) = 17,65 respectively and therefore [w]|p . is
19 or 67 times the generator of the second cohomology. However there is a map
f 8% = Mpyn, such that [, (f*(w)) = 5, which gives a contradiction.

In the case where ¢;(Mpax) = 3a, the equation becomes (3 + k')k = 5 where 3 +
k' > 0 therefore (3+ k') = 1,5, and correspondingly ¢1(Nmax) = —2a or ¢1(Npax) =
2a and | Mo ¢1(Nmax)? = 4. Finally, note that since ¢;(Mp.y) is a positive multiple
of a and therefore of [w] by the definition of a, M,y is symplectomorphic to a del
Pezzo surface with by = 1 and so to CP?. O

4.5  (dy,dy) = (4,4)

In this subsection the case (dy,ds) = (4,4) is analysed, the primary example in this
case is an action on Q* described below.
The image of the Pliicker embedding Gr(2,4) — P(A?(C*)) = P’ is a smooth
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quadric, denoted @Q*. In the following example we study a torus action on Q*
constructed via the above identification.

Example 4.11. Let X = Q* = Gr(2,4), and consider the C*-action induced by
Z'<Z17 2924 %3, Z4) - (2217 294 %3, 24)'
Then X© =TI, UIly, where II; are planes fori=1,2.

Let H = {(0, 22, 23, 23) | (22, 23, 23) € C*} C C*. Then IT; = {(vy,v2) € Gr(2,4) |
v1,v2 € H} = Gr(2,3) = P? is fixed by the linear action therefore is fixed. Moreover,

Iy = {{(1,0,0,0), (0, 22, 23, 24)) € G1(2,4) | (22, 23, 24) € C*} = P*

is also fixed.

Now, to prove that the action is semi-free, by Lemma 2.6 it suffices to show that
the action of S' C C* is semi-free. Note that X is naturally isomorphic to the space
of lines in P? denoted G(1,3), and via this identification the S'-action is induced by
the action on P? given by the above linear action i.e.

Z~<Zlu 22, %3, 24) = (2217 22, %3, Z4)~

By direct computation in affine charts, this S'-action on P? is semi-free and the
fixed point set of the action is ¢ := [1: 0 : 0 : 0] and the hyperplane H. G(1,3)¢",
is equal to the union of lines contained in H and lines containing q.

Let L be a line which is not fixed by the action, i.e. L is not contained in H and
L doesn’t contain ¢ so it intersects H in a point p, € LN H. Let p € L\ {p.}, in
particular p is not contained in the fixed point set of the action on P3. Let L’ be
the line through p and ¢, note that S*.p is contained in L’. Let ¢ be a non-trivial
element of S, then ¢g.p isin L' and L N L' = p, so g.p cannot be contained in L.
Therefore, g.L # L. That is, every orbit of the S'-action on G(1,3) = Gr(2,4)
not intersecting the fixed point set is a free orbit, i.e. the S'-action is semi-free,
therefore the C*-action is semi-free.

By Lemma 2.6 the restriction of the C*-action to S* is Hamiltonian for a Kiahler
form w such that ¢; = [w]. Letting M = Q*, by Theorem 2.5 the Hamiltonian H
may be normalized so that H(p) = — > w; for all p € M5, Since M5 has only two
fixed components Muin, Mmax are both planes in Q*, and by the semi-free condition
the weights are {1,1,0,0} and {—1,—1,0,0} and H(Muyin) = —2, H(Mmax) = 2.

Let II be a linear plane contain in a smooth quadric 4-fold Q C P®. There is a
short exact sequence of normal bundles:

0 — Nng — Npps — Ngps — 0.

Therefore the above exact sequence gives the equation of total Chern classes, it fol-
lows that ¢(Nm,q)c(Ngps) = c(Nmps). We have the standard identifications Ny ps =
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O() @ O(1) @ O(1) and Ngps = O(2), substituting these expressions into the
above equation gives: ¢(Npg) = 1+ h + h?, where h € H*(II, Z) is the hyperplane
class. Note that this is the total Chern class of TP? ® O(—1) therefore Ny and
TP? @ O(—1) are equivalent as complex vector bundles.

Another example fitting into this case is a Fano 4-fold of index 2 and genus 8,
this forms a family of Mukai fourfolds denoted X{*. I would like to thank Alexander
Kuznetsov for providing this example. Since by(XF") = 8 Kuznetsov’s example
answers [45, Question 15.3] negatively.

Example 4.12. There ezists a smooth prime Fano 4-fold X in the family X" having
a semi-free C*-action. Moreover X© =TI, UTl, U {py,...,ps}, where I1; are planes.
In particular, X3 contains compactifications of C*.

Proof. Let V and V; be 3-dimensional vector spaces. Let A be a 4-dimensional

subspace:
ACVieVicN(Voe W)

Then define X4 := Gr(2,Vy @ V1) NP(AL), where
At ={ve NV V)| a(v) =0, Ya € A}.

Set V=V, @ V;. Consider the Segre subvariety P(Vg) x P(V;) C P(Vo ® V1), and its
secant variety 3 C P(Vy ® V1), which is the determinantal cubic hypersurface. Note
that Sing(X) = P(Vy) x P(V4).

Claim. X, is smooth if and only if the cubic surface P(A) N ¥ is smooth. In
particular, X4 is smooth if A is general.

First the action of C* on X 4 is defined, then the claim is proved. Consider the C*-
action on V; and Vj, equal to the weight space of weight 0 and 1 respectively. Note
that the induced C*-action on A%*(V) has weight 0,1,2 on the subspaces A?(V}),
Vo ® Vi and A%(V}), respectively. Therefore the subset A C A%V @ Vi) is C*-
invariant, hence X4 is invariant by the induced C*-action on Gr(2,V).

Note also that the fixed locus of the C*-action on P(A?(V)) is:

P(A2(Va)) U P(V ® V2) U P(AX(V4)).

The first and last two components are planes, they are contained in Gr(2,V) and
P(A1), hence in X 4. On the other hand, the intersection of P(Vo®V;) with Gr(2,V)
is the Segre variety P(Vy) x P(V}), and its intersection with P(A~) is a general linear
section of P(Vg) x P(V}) of codimension 4, which consists of deg(P(Vp) x P(V;)) =6
points.

Finally, note that the C*-action is semi-free. Indeed, the subset of points in
P(A%V) that have finite non-trivial stabilizer in C* is:

P(A*Vy @ APVY) \ (P(A2V) UP(APY)).

26



This locally closed subset of P(A*V) has empty intersection with Gr(2,V), hence
also with X 4.

Proof of claim. Only the “if” direction is proven, because the other direction
is irrelevant now. First, let us check that X4 is singular if and only if the cubic
surface

Ya = Pf(V*) NP(A)

is singular, where Pf(V*) C P(A?V*) is the Pfaffian cubic hypersurface. Indeed, if
X4 is not smooth, there is a point [U] € X4 and a point [a] € P(A) such that the
hyperplane section H, N Gr(2,6) is singular at [U]. Then the skew-symmetric form
corresponding to a is degenerate and U is contained in its kernel. In particular,
[a] € PF(V7).

Now, if the rank of a as a skew-form is 2, then Pf(V*) is singular at [a], hence
also Yy is singular at [a]. So, assume that the rank of a is 4. Then U is equal to the
kernel of a.

Since [U] € Xy, it follows that all skew-forms ¢’ € A must vanish on [U]. But
the tangent space to P f(V*) at [a] is exactly the space of all skew-forms that vanish
at U. This shows that the tangent space to Y4 at [a] has dimension 3, hence Y} is
singular at [a].

Next, let us show that Y4 = P(A) N X. This is easy, because the determinant of
skew-forms in P(Vy ® Vi*) is equal to the square of their determinants, hence their
Pfaffian is equal to the determinant up to sign.

Finally, let us show that P(A) N ¥ is smooth for general A. Indeed, there is a
version of Bertini’'s Theorem saying that a general hyperplane section Y N H of a
singular variety Y is smooth away from Sing(Y) N H. Applying this five times to
Y =3, we conclude that for A general Y, is smooth away from:

P(A) N P(Vy) x P(VY).
But dim(P(V;) x P(V}*)) = 4, so its general linear section of codimension 5 is empty
2

To prove the fact about compactifications. Consider Gr(2,V}), denote by U its
tautological bundle, and consider the morphisms of vector bundles

Vol - Vo@Vie0 - ANVR0 - AR O,

2The proof of this claim also follows from a general fact about homological projective duality [27,
Theorem 6.3]. Namely, that if X is homologically projective dual to Y then X4 is smooth <
Y4 is smooth, it does not appear explicitly in the literature although it is mentioned in [27, Page
642]. To prove this; if X 4 is smooth then Db(X ) is smooth and proper. Hence its semi-orthogonal
component C4 is smooth and proper. Hence D’(Y,) is smooth and proper because it has a semi-
orthogonal decomposition where all components are smooth and proper, hence Y4 is smooth. The
proof of the converse is similar.
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where the first arrow is induced by the tautological embedding of i/, the second is
induced by the natural inclusion, and the third is the dual of A — A2V*.

The source bundle has rank 6 and the target rank 4. Moreover, the dual of
the first bundle is globally generated. Therefore, if A is general, the morphism is
surjective, and its kernel is locally free of rank 2. By definition the total space of the
kernel is contained in X 4. But by the Quillen—Suslin theorem the kernel is trivial
over A2, which gives an embedding of A* into X 4. O

In the following proposition, it is shown that for a closed symplectic 8-manifold
having by(M) = 1 and having a semi-free Hamiltonian S'-action with extremal
fixed components both having dimension 4, then the extremal fixed components are
symplectomorphic to CP?, moreover ¢ and ¢, of the normal bundle of each extremal
component is equal to 1, as in Example 4.11.

Proposition 4.13. Let (M,w) be a closed symplectic 8-manifold having by(M) = 1
and having a semi-free Hamiltonian S*-action. Suppose that (dy,dy) = (4,4). Let
Niin, Nimax denote the normal bundle of Myin, M.y respectively. Then, My, and
M pax are symplectomorphic to CP?,

/Mmin ¢2(Nin) —I—/ ¢3(Nuax) = ba(M),

max

/ Cl(Nmin)2 - / cl(Nmax)2 = 1.
Mmin max

Finally, ifby(M) > 2 then ¢1(Nuin ), ¢1(Muax) are equal to the class—h € H?(CP? Z),
where h denotes the hyperplane class.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that ¢; = [w]|. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mpyin) = 4 and the action is semi-free the weights at M, are {0,0,1,1} and
H(Mpyin) = —2 dim(M,.x) = 4 and the action is semi-free the weights at M., are
{=1,-1,0,0} and H(Mpax) = 2.

By Poincaré duality and the assumptions by(M) = bg(M) = 1. Therefore by
Proposition 2.2 the following formulas hold:

1= by(M) = by(Myin) + D b (F). (20)
FCMSY F£Mpin

Since My, is a symplectic 4-manifold, by( M) = 1. Similarly

1 = bg(M) = by(Mipax) + > be_onp (F). (21)
FCMSY FoMumax

Since M.y is a symplectic 4-manifold, by(Mp.x) = 1. Therefore Equations
(20),(21) imply that for any non-extremal fixed component F', b; oy, (F) = 0 for
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i = 2,6. Applying the formulas for by(M),bg(M) in a similar way show that for
any non-extremal fixed component F' b;_o),.(F) = 0 for i = 0,8. The equations
bi—oap (F') =0 for i = 0,2,6,8 imply Ap = 2, and that dim(F) = 0. Therefore since
the action is semi-free the weights of the action along F' are {—1,—1,1,1} for any
non-extremal fixed component. Putting this all together, if Ny denotes the number
of fixed points with index 2, then Proposition 2.2 gives

ba(M) = bo(Mmax) + ba(Mumin) + No = 2 + No. (22)

By [33, Theorem 3.4] the intersection form of M is positive definite, i.e. o(M) =
by(M), where o denotes the signature. By [23, Main Result],

M% M% = o(M) = by(M).

Then, since the action is semi-free M?%2 = M Sl, moreover the since only compo-
nents of dimension at least 4 can have non-trivial self-intersection, and for a four-
dimensional symplectic submanifold the self-intersection is the second Chern class
of the normal bundle:

M?% M%2 = / co(Niin) + / Co(Nmax) = ba(M).
Mmin

max

By Lemma 2.9 and Equation (22):

/ Cl(Nmin)2 - / CQ(Nmin) + / Cl(Nmax)2 - / CQ(NmaX) =2 b4(M)
Mmin Mmin max max

Substituting the above equation gives

/ Cl(]vmin)2 + / Cl(Nmax)2 =2
Mmin max

Since by(Npin) = 1 let a be a generator of H?( My, Z) because by Poincaré duality
the intersection pairing is a non-degenerate symmetric bilinear form, [,, a* = +1.

writing a = k[w]|y for some k € R, then [, a® = [, k*[w]* > 0, therefore
Jy.a* =1, therefore [,, ¢1(Npin)? is a square, similarly meaX c1(Nmax)? is a
square. The only pair of squares that sum to 2 is {1,1}. Therefore

/ Cl(Nmin)2 = / Cl<Nmax>2 =1
Mmin max

Let I be either of the extremal fixed components having normal bundle N,
which have dimension 4 by assumption, then since by Proposition 2.2 they have
ba(F') = 1 and they are symplectic 4-manifolds they satisfy o(F') = 1, therefore by
the Hirzebruch signature theorem they satisfy |, rCi(F )2 = 9. Let a be the integral
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generator of the second homology which is a positive multiple of [w]|r. Then ¢;(F) =
+3a. In fact, ¢;(F) = —3a is impossible, because by the equation [, ¢;(Np)? =1
shown above, then |[w||r = (—=3+k’)a where &’ = +1 which contradicts the definition
of a. Therefore ¢;(F) = 3a, in particular F' is positive monotone, and therefore since
by(F) = 1 by Theorem 2.10 F is symplectomorphic to CP?,

If b4(M) > 2 then by Equation (22) there exists an isolated fixed point p with
Ap = 2. By Proposition 4.1 there are maps f; : S? — Mpin, fo i S? — M.y such
that [g, ffw = 2. [ fsw = 2. This shows that the restriction of ¢;(M) = [w] to
M min, Minax cannot be divisible by 4, so the only remaining possibility iss the claimed
property i.e. that ¢;(Nuin), ¢1(Muax) are equal to the class—H € H?(CP?). O

Let (M,w) be a closed symplectic 8-manifold with a semi-free Hamiltonian S*-
action. Combining the results of this section, gives quite a lot of topological conse-
quences for the topology of M, which are worked out fully in Section 5 after proving
some more preparatory results. The following theorem, states the topological re-
strictions which are implied immediately from the results in this section.

Theorem 4.14. Let (M,w) be a closed symplectic 8-manifold with by(M) =1 and
a semi-free Hamiltonian S*-action. Then the following hold:

a). M is simply connected and has Todd genus 1.

b). All non-isolated fixed components are symplectomorphic to either:
CP!, CP?, CP! x CP!, CP?,
with the (product of)) Fubini-Study symplectic forms.

Proof. 1f (dy,d2) = (0,0), By Proposition 4.3, in addition to the isolated fixed
points Myin, Mmax, there is one non-extremal fixed component symplectomorphic
to N = CP' x CP', statement b). follows. Since M, is isolated, the fact that M
is simply connected and has Todd genus 1 follows [30].

If (dy,d2) = (0,4) Then, since My, is isolated point by [30] M is simply con-
nected and the Todd genus of M is 1, proving a). Statement b). follows immediately
from Lemma 4.5 and Proposition 4.6.

If (d1,dy) = (0,6) Then, since My, is isolated point by [30] M is simply con-
nected and the Todd genus of M is 1, proving a). By Lemma 4.8 M., is sym-
plectomorphic to CP? and there are no non-extremal fixed components, proving
b).

If (dy,dy) = (2,4), Then, by Proposition 4.10 My, is symplectomorphic to CP*
a therefore by [30] M is simply connected and the Todd genus of M is 1, proving
a). By Proposition 4.10 M.« is symplectomorphic to CP? and there are no non-
extremal fixed components proving b).
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If (dy,ds) = (4,4) Then, by Proposition 4.13 Myin, Minax are symplectomorphic
to CP? therefore by [30] M is simply connected and the Todd genus of M is 1,
proving a). Moreover by Proposition 4.13, every non-extremal fixed point isolated
proving b). O

5 Proof of Theorem 5.5

5.1 Extremal submanifolds encode the index

The following topological lemma about sphere bundles is a consequence of the Gysin
sequence. The construction of the disk and sphere bundles from a vector bundle are
constructed via a bundle metric but do not depend on the metric, so the metric is
suppressed in the following.

Lemma 5.1. Let N be a simply connected, orientable, closed manifold with torsion-
free integral homology and E a complex vector bundle with rank k > 1 over N. Then,
let D(E) be the unit disk bundle and S(E) the unit sphere bundle respectively. Then
the inclusion i induces an isomorphism

i : Hy(S(E),Z) — Hy(D(E),Z).

Proof. Denote by i : S(F) — D(FE) the inclusion. Let mg, 7p denote the projection
to the base of S(E) and D(FE), clearly 7p is a homotopy equivalence and wg = mp oi.
Therefore, the claim is equivalent to showing that g induces an isomorphism

(’ﬂ's)* : HQ(S(E),Z) — HQ(N, Z)

Since E is a complex vector bundle by assumption, it is in particular oriented
and as such it induces an orientation on fibers of S(F) in a natural way. Therefore,
S(E) is a fiberwise oriented S?*~!-bundle, and the Gysin sequence may be applied:

.= HYE@U(N 7)) » H*(N,Z) — H*(S(E),Z) — H>* (N, Z) - ...

By the assumption 2k > 2, 1 —(2k—1) =2—-2k < 0and 2—(2k—1) =3—-2k < 0so
the first and last terms vanish and 7* : H?(N,Z) — H*(S(E),Z) is an isomorphism.
Since by assumption N is simply connected, by the universal coefficients theorem,
H?*(N,Z) =~ Hom(Hy(N,Z),Z), and similarly for S(F), proving the claim. O

Lemma 5.1 will be applied in the following proposition to closed symplectic
manifolds admitting a Hamiltonian S*-action with by(M) = 1, showing that the
second homology is integrally generated by classes in the extremal submanifolds,
provided they are not isolated. It is loosely inspired by [41, Proposition 0.2]. This
will be important later in the determining of the index in the main classification
problem. The index ¢(M) is defined to be the maximum integer & such that #
is an integral cohomology class.
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Proposition 5.2. Let (M,w) be a closed symplectic manifold with a Hamiltonian
St-action and by(M) = 1 and such that each component of MS" is simply connected
and has torsion-free integral homology. Let N be an extremal fized component of pos-
itive dimension. Then the inclusion i, : Ho(N,Z) — Ho(M,Z) is an isomorphism.
In particular, o(M) = | [, c1(M)|, where a € Hy(N,Z) is a generator.

Proof. Homology groups are taken with integral coefficients throughout the proof.
Without loss of generality N = My, i.e. A(N) = 0 and dim (V) > 0. Firstly, it
is shown that for every fixed component F, Ap # 1, so that M, is the unique
fixed component with Ar < 1. Suppose for a contradiction there is another fixed
component F' such that A\p = 1. Then by Proposition 2.2:

b2(M) = Z b2_2)\F<F) = bQ(Mmin) + bo(F) + C,

where c is non-negative integer, a contradiction.

We prove the claim inductively for the sets H'(—o0, ¢) as ¢ passes through crit-
ical levels, For ¢ = Hy, + ¢, € sufficiently small H~!(—o0, ¢) is homotopy equivalent
to N and the proposition holds tautologically. When ¢ is a critical level for ¢ suf-
ficiently small then H~!(—o0,c + ¢) is homotopy equivalent to the space obtained
as the union the negative disk bundle N_(F) of the fixed components F' such that
H(F) = cand H'(—0c0, c—e¢) [32, Lemma 0.4]. Moreover as was noted in the begin-
ning of the proof A > 1. Since Ap is the rank of N_(F") we denote it by A\p = k > 1.
Let A= H'(—o0,c+¢€), B= N_(F), and X := AU B, so that X is homotopy
equivalent to H~!(—o0, c+¢). Since F is simply connected and AN B is homotopy
equivalent to a S%?*~!-bundle over F' by the homotopy long exact sequence, it holds
that Hi(A N B) = 0. Then the relevant portion of the Mayer-Vietoris sequence is:

.= Hy(AN B) L% Hy(A) @ Hy(B) & Hy(X) — 0.

By Lemma 5.1 i, : Hy(AN B) — Hy(A) is an isomorphism. Let f1 = (i, J«),
and fy = k, — [, be the maps appearing in the above Mayer-Vietoris sequence, then
by exactness of the sequence, the map induced by f,

f2 1 (Hy(A) ® Hy(B))/fi(H2(AN B)) — Hy(X)

is an isomorphism. Moreover the map 7 : Hy(B) — (H2(A)® Ho(B))/ f1(H2(ANDB)),
defined by 7(a) = [(0,a)] is an isomorphism, since any element of the form (0,a) in
the image of f; = (i4,J.) is equal to (0,0), since i, is an isomorphism. Therefore
—l, = fg o 7 is an isomorphism, so [, is an isomorphism. O

The following final lemma of this section exhibits another way in which; loosely
speaking, the index of a closed symplectic manifold with a Hamiltonian S*-action
is encoded in its fixed point set.

32



Lemma 5.3. Let (M,w) be a closed symplectic 8-manifold with by(M) = 1, with
symplectic form normalized so that c;(M) = [w] and a semi-free Hamiltonian S*-
action. Then the following hold:

o Suppose that My, M. are isolated and there is a unique non-extremal fixed
component F of dimension dim(F') = 4. Then 4 < (M).

o Suppose that M, is isolated and H~'(—4,0) N M5 =Fisa component of
dimension 2 with weights {—1,1,1,0}. Then (M) is odd. Suppose that My,
is isolated and H~'(—4,0) N MS' = p is a component of dimension 0 with
weights {—1,1,1,1}. Then (M) < 2.

Proof. a). Firstly, let H be the Hamiltonian from Theorem 2.5. Firstly, it will be
shown that Ap = 1 and H(F') = 0. Suppose Ap # 1 then there is some i € {0,4}
whuch that i —2Ay = 0,2, ..., 4, therefore since even Betti numbers of F' are positive
bo(M) or bg(M) is greater than 1 by Proposition 2.2 which is a contradiction. Hence
Ar = 1 and therefore by the semi-free condition the non-zero weights along F' are
—1,1 and so H(F) = 0.

Note that by assumption H(Mpy,) = —n and H(Mpy.) = n. Pick and S'-
invariant almost complex structure, recall the construction of the gradient vector
field and gradient flow maps from the proof of Proposition 4.1. The proof proceeds
by constructing a cycle S € M for which S - F = 4+1. Let U C M the union
of gradient flow lines with minimum in F. Let 0 < ¢ < n then the U N H~!(c) is
diffeomorphic to an S'-bundle over F', Then since H !¢, o) is diffeomorphic to D",
UNH *(c) is a boundary of a chain C C H ™ ![c, 00), therefore construct a cycle Cy
by gluing H~*(—o0,¢) NU and C. Then Cj intersects S in one point transversally,
therefore Cj - S = £1. By the Duistermaat-Heckman theorem |, gw = n, therefore
[S] generates Hy(M,Z) and (M) is a positive multiple of [(w = n proving the
lemma.

The proof of b). uses the same idea, although here there is no need to prove
that [S] is primitive. There is a sphere S C M with maximum at F' and [(w = 3.
It follows immediately that ¢(A/) cannot be even since otherwise |, gw =3 would be
even also. Similarly if H~!(—4,0) N M §' = p is a component of dimension 0 then
there is a sphere with maximum p such that [;w = 2. O

5.2 Proof of Theorem 5.5

At this point we are close to being able to prove Theorem 5.5, one of the main parts
of which is the statement, if (M, w) is a closed symplectic 8-manifold with by(M) = 1
and a semi-free Hamiltonian S'-action, then ¢(M) > 1. Next, an auxilary lemma is
proven, it summarizes all of the consequenes for the index (M) following from the
analysis of the fixed point set in Section 4 and the general results about the index
proved in this section. Let h € H?(CP?, Z) represent the hyperplane class.
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Lemma 5.4. Let Let (M,w) be a closed symplectic 8-manifold with by(M) =1 and
having a semi-free Hamiltonian S*-action. Then «(M) > 1, in particular:

a). If (dy,d2) = (0,0) by(M) = 2 and o(M) = 4, if (di,d2) = (2,4),(0,6) then
by(M) =1 and (M) = 5.

b). If (di,dy) = (0,4) then My is symplectomorphic to CP?. Moreover it holds
that

ba(M) :/max ¢2(Ninax)

and 2 < (M) < 4. If (M) =2 or by(M) > 2 then ¢;(Nmax) = —h. If M5’
does not contain a 2-dimensional component then (M) = 2.

c). If (dy,ds) = (4,4) then Myin, Myax are symplectomorphic to CP?. Moreover
it holds that

O = [ Vo) [ sV,
Mmin max
and (M) € {2,4}. If (M) = 2 or by(M) > 2 then ¢;(Nmin) = —h and

Cl(Nmax) = —h.

Proof. Throughout we denote by Ny, resp. Npax the normal bundles of M, and
M hax. By Lemma 3.1 and Lemma 3.3,

(dla d?) = (07 0)7 (O’ 4)? (07 6)7 (27 4)’ (47 4)7

are the possible values, these are analysed seperately.

If (di,ds) = (0,0), By Proposition 4.3, in addition to the isolated fixed points
M nin, Max, there is one non-extremal fixed component symplectomorphic to N =
CP' x CP'. By Proposition 2.2 by(M) = 2 and by Lemma 5.3, 4 < 1(M).

If (dy,ds) = (0,6) By Lemma 4.8 M, is isolated point and M.y is symplecto-
morphic to CP® and ¢;(Nyax) = H. Therefore by Proposition 2.2 by(M) = 1 and
by Proposition 5.2 (M) = 5.

If (d1,ds) = (2,4), Then, by Proposition 4.10 My, is symplectomorphic to CP*
and | e = €1(Nmin) = 3, Minax is symplectomorphic to CP?. By Proposition 2.2
by(M) = 1. Since mem = ¢1(Nmin) = 3 c1(M) |, is 5 times the positive generator
therefore by Proposition 5.2, «(M) = 5. Therefore statement a). is proved.

If (dy,dy) = (0,4), the claimed equations about Chern classes are a part of
Lemma 4.5 and Proposition 4.6. Moreover, it was shown My, is symplectomorphic
to CP? and ¢;(Nmax) = aH, where |a| < 1, therefore ¢;(M)|y,.. = bH, where
2 < b < 4. therefore by Proposition 5.2, 2 < (M) < 4, and (M) = 2 exactly
when b = 2, which is equivalent to ¢;(Mp.x) = —H. If M S' does not contain a
2-dimensional fixed component of dimension 2 then ¢;(Nyay) = £h by Lemma 4.5,
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therefore by Proposition 5.2 «(M) = 2,4, and furthermore by Lemma 5.3 (M) = 2,
proving b).

If (dy, ds) = (4,4), the claimed equation about Chern classes was given in Propo-
sition 4.13. Then, by Proposition 4.13 M.y is symplectomorphic to CP? and
¢1(Nmax) = aH, where a = =+1, therefore ¢;(M)|y,,.., = bH, where 2 < b < 4.
Therefore by applying Proposition 5.2 to M.y, ¢(M) > 2, and (M) = 2 ex-

actly when b = 2, which is equivalent to ¢;(Nyax) = —H, which in turn impies
¢1(Nmin) = —H after applying Proposition 5.2 to the reversed circle action, proving
c). O

The following theorem summarizes the results proven in a symplectic context at
this point.

Theorem 5.5. Let (M,w) be a closed symplectic 8-manifold with a semi-free Hamil-
tonian S*-action. Then the following hold:

a). M is simply connected and has Todd genus 1.
b). All non-isolated fized components are symplectomorphic to either:
CP!, CP?, CP! x CP!, CP?,
with the (product of) Fubini-Study symplectic forms.
c). 1 <uM).

Proof of Theorem 5.5. Statements a). and b). follow from Theorem 4.14 and state-
ment c). follows from Lemma 5.4. O

6 Further Duistermaat-Heckman analysis

The final step to proving Theorem 6.3 is to analyse the Duistermaat-Heckman mea-
sure, close to extremal fixed components. By the results of the previous sections,
these are symplectomorphic to CP¥, for some k. Supposing that M., = CP? with
normal bundle denoted N,...Then reduced space on levels close to the extremum
Hax — € are symplectomorphic to P(Npax ), with symplectic form described below,
and by definition the Duistermaat-Heckman function is equal to the symplectic vol-
ume of this projective bundle up to a suitable constant. Since by Lemma 5.4 the
fixed point data is classified unless there is an extremal fixed component My, / max
such that ¢;(Npin /max) = —H, the lemma is stated under this restriction.

Lemma 6.1. Suppose that (M,w) a closed symplectic 8-manifold with by(M) = 1
and having a semi-free Hamiltonian S'-action. Let H be normalized by Theorem
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2.5 finally suppose My is symplectomorphic to CP?, H™(—o00,0) N MS" = M,
and ¢(Npin) = 1 — H + ke H?, then then the following formulas hold:

/ [woors]® =122 + 62° + (1 — ko)2®, / w! =176 — 16k,.
M_oiq H

_1(_0070)

Similarly if Muyax is symplectomorphic to CP?, H=1(0,00) N M5 = M., and
¢(Npax) =1 —H + ko H?. Then the following formulas hold:

/ [wo_o]® = 122 + 62° + (1 — ky)2®, / w' =176 — 16k,.
Mo, H—l(O,oo)

Proof. By reversing the circle action, we may just prove the first statement. Note
that H(Muyax) = —2. Then the reduced space M, for ¢ € (—2,0) is diffeomorphic
to P(Nmax). The cohomology ring may be computed by [35, Lemma 2.13], it is
isomorphic to Z[n, £]/(n3, €% — né + kyn?), the top degree products of the generators
are n° = 0,76 = 1,n€% = 1 and € = (1 — k). Note that in this identification
¢ =e(H'(c)). To see this note that by definition the level set H~!(c) is the unit
sphere bundle of the tautological bundle of P( Ny ).

Then, in level H = —2+x the cohomology class of the symplectic form is 2n+x€,
therefore

[wooye]® = 2+ 26)% = 120 + 62 + (1 — ky)2®.
M72+z

Then by Equation (1):

0
/ wt = 4/ / [we]?dx = 176 — 16k,.
H—1(—00,0) -2 .

The following similar lemma will also be needed, giving information about the
Duistermaat-Heckman function close to an isolated extremal fixed point under cer-
tain conditions.

]

Lemma 6.2. Let (M,w) a closed symplectic 8-manifold with bo(M) =1 and having
a semi-free Hamiltonian S'-action. Let H be normalized by Theorem 2.5 and finally
suppose H~1(—00,0) consists of an isolated fived point with weights {1,1,1,1} and
an isolated fized point with weights {—1,1,1,1}, then

/ wt = 240.
H-1(—00,0)

Proof. Applying the Duistermaat-Heckman theorem to M_4.,, x € (0,2) gives that

/ [Wa:]3 — $37
M74+m
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for z € (2,4). For x € (—2,0), e(H '(c)) = h — e where e is the exceptional divisor
of the corresponding blow-up of the reduced space. Therefore

| SRS

for x € (2,4). It follows by Equation (1) that

0 4
/ wt = 4/ / [we]?de = 4/ r3dr = 240.
H~1(—00,0) —4 c 2

6.1 Bounding b,(M)

In this subsection, we remain in a symplectic context and note that the results
proved so far imply a bound on by(M).

Theorem 6.3. Let (M,w) be a closed symplectic 8-manifol with bo(M) = 1 and
having a semi-free Hamiltonian S'-action, then by(M) < 14.

Proof. Throughout we denote by Npin resp. Npax the normal bundles of M,,;, and
M .x. By Lemma 3.1 and Lemma 3.3,

(dh d2) = (07 0)’ (07 4)? (07 6)7 (2’ 4)? (47 4)'

Then if (di,dz) = (0,0),(0,6),(2,4), then by Lemma 5.4 by(M) < 2 so the
theorem is proven.

Hence assume (dy,dy) = (0,4), (4,4). If (dy,d2) = (0,4) and by(M) > 2, then by
Lemma 5.4 M.y is symplectomorphic to CP? and ¢;(Npax) = 1 — H + by(M)H?.
Note also that H~1(0,2) N M5 = (). Therefore Lemma 6.1, the Duistermaat-
Heckman function on (0, 2) is

/ [wo2ta]® = 122 + 62° + (1 — by(M))2>.
Moy

If by(M) > 7 then this is negative close to level zero (i.e. = 2), a contradiction.
If (dy,ds) = (4,4) and by (M) > 2, then by Lemma 5.4 M i, M.y are symplecto-
morphic to CP? and ¢;(Nyax) = 1—H +kmax H? and ¢;(Nyin) = 1— H +kyin H? where
Femin+ kmax = ba(M). Note also that H(0,2)NM5S" = @ and H~1(—2,0)nM5" = 0.
Therefore Lemma 6.1, the Duistermaat-Heckman function on (0, 2) satisfies

3IDH(2 —x) = / [wa—o]® = 122 + 627 + (1 — kpax (M))2>.
M2—ac
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the Duistermaat-Heckman function on (—2,0) satisfies

3IDH(—2+z) = / [wooia)? = 122 + 62° + (1 — kpin(M)) 2.
M72+z

Assume for a contradiction by (M) > 14, since kmin + kmax = bs(M), at least one of

Emin, kmax 18 greater than 7, therefore we get the same contradiction as before, at

some point the Duistermaat-Heckman function is negative, providing a contradic-
tion. ]

7 Torus actions on prime Fano 4-folds

In this section we will prove the main result about smooth complex prime Fano
4-folds having a semi-free torus action.

A Fano variety is a variety with ample anticanonical bundle — K y. For a smooth
Fano variety X let «(X) denote the Fano index, that is the maximum integer k
such that —Kx = kH, H € Pic(X). A Fano variety is called prime when the
Picard group has rank 1. Smooth Fano 4-folds with +(X) > 1 are classified; by
Mukai and Wilson in the prime case, this was extended to arbitrary Picard rank by
Wisniewski. In contrast to the situation when ¢(X) = 1, this list is relatively short,
particularly when restricting to Prime Fano 4-folds: There are 16 families of smooth
prime Fano 4-folds with «(X) > 1, 1 family with «(X) = 4,5 respectively, 5 families
with (X)) = 3 and 9 families with «(X) = 2 [7, Tables 1-4].

Let X be a smooth prime Fano 4-fold with index 2 and let H be the positive
generator of the Picard group. Such varieties were classified by Mukai under the
condition that |H N H| has a smooth member [38]. The technichal assumption
was later shown to hold by Wilson [52]. Let the degree be d = [, H*, then the
classification is usually stated in terms of the genus g(X) := 1 + ¢. Then all such
fourfolds X fall into a family denoted X" for each g such that 2 < g < 10.

The family X7j is usually known via its degree Vig = X, and contains fourfolds
admitting a C* x C*-action with isolated fixed points. The following lemma gives
a list of the prime Fano fourfolds with index greater than one and positive definite
intersection form. I would like to thank Alexander Kuznetsov for providing an
argument showing that A"3(X") = 0 for 7 < g < 9.

Lemma 7.1. Let X be a smooth complex prime Fano 4-fold with 1(X) > 1. X has
positive definite intersection form precisely when X belongs to one of the following
families:

CPY, Q*, Q1 N Qa, Wi, X2, X", X3", Vis.

Proof. By the Hodge index theorem and Kodaira vanishing a Prime Fano 4-fold has
positive definite intersection form if and only if 2?(X) = 0. The proof proceeds by
consulting the list of Fano 4-folds with «(X) > 1 [7, Tables 1-4].
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When «(X) > 3, every fourfold not in the claimed list is a complete intersection
or a weighted complete intersection in [47, Table 1]. Therefore by [31, Corollary 6.1]
and the values of h'#(X) given in [47, Table 1], each of them has h'3(X) > 0.

When «(X) = 2, that is X = Xt for 2 < g <10, then if 2 < g < 5, X" is
a complete intersection or a weighted complete intersection contained in [47, Table
1], so the proof proceeds as above. X[ is a Gushel-Mukai fourfold, h'?(X") = 1
by [20, Lemma 4.1], finally Vig = X7{.

We have narrowed the search down to the desired list, it remains to verify that
each fourfold in the list has positive definite intersection form. For CP*, Q*, Q1 NQ
this follows from [31, Corollary 6.1]. X contains members having a C*-action with
isolated fixed points, therefore h'3(X7®) = 0 by [2]. For 7 < g < 9 the vanishing
of h1’3(X;”) follows from the vanishing of the Hochschild homology of X for degree
greater than 0, which in turn follows from results of [26]. O

7.1 Proof of Theorem 7.2

In this subsection the main result is proven.

Theorem 7.2. Let X be a smooth complex prime Fano 4-fold having a semi-free
C*-action, then X is contained in one of the families P*, Q*, W5 or X7

Proof. By Lemma 2.6 there is a Kihler form w invariant by S* C C* such that
¢1 = |w] and the S'-action is Hamiltonian.

Then, by [33, Theorem 3.4] the intersection form of X is positive definite, more-
over by Theorem 5.5 ¢(X) > 1 therefore by Lemma 7.1 X belongs to one of the
families CP*, Q*, Q1 N Qy, Wi, X2, XT', X{", Vig. By [1, Theorem 3.1] Q1 N Q5 has
finite automorphism group so can be ruled out.

Therefore, the remaining cases to rule out are precisely the cases X = X7*, X¢", Vis.
Recall that also by(X7*) = 12 [43, Proposition 5.2] by(X{") = 4 [44, Theorem 2.1],
and it is well-known that bs(V1s) = 2. Moreover we can state the integral [ ¢} for
each case, using the well-known formula relating the degree and genus, which in this
case takes the form d(X) = 2(g(X) — 1), and since the index is two

/ ¢l = 16d(X) = 32(g(X) — 1). (23)

We give the specific values since they will be used in the remainder of the proof:
Sy €1 = 192,224,256,288, for g = 7,8,9,10 respectively.
gSuppose for a contradiction there is a semi-free C*-action on X" with g €
{7,9,10}. Since ¢(X) = 2, by Lemma 5.4 we may assume that (d, dy) = (0,4), (4.4).
Suppose that (di,ds) = (0,4) then by Lemma 5.4 and the condition ¢(M) = 2,
it holds that ¢;(Npax) = 1 — H + by(M)H?.
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Then if M5" has no fixed component of dimension 2, by Lemma 4.5, Lemma
6.2 and Lemma 6.1 [, ¢f = 240 + 176 — 16b4(M) = 416 — 16bs(M). If by(M) = 4
then [,, ¢i = 352, but this does not hold for X§" by Equation (23). If by(M) = 12
then [, ¢f = 224, but fx;n ¢ = 192 by Equation (23). If by(M) = 2 then [, ¢} =
240 + 176 — 32 = 384, but fvls ¢} = 288.

Then if M5" has a fixed component of dimension 2, then by Lemma 5.3, ¢(M) is
odd, which is a contradiction. So the proof is complete in the case (d;,dy) = (0,4).

Suppose that (di,ds) = (4,4) and ¢(X) = 2, then by Lemma 5.4 ¢1(Npax) =1 —
H+knaxH? and ¢; (Nyin) = 1— H +kupin H* where kpin+kmax = b4(M). Then Lemma
6.1 gives that, [,, c¢f = 352 — 16by(M). If by(M) = 2 then [, ¢f = 352 — 32 = 320,
but [, ¢ =288. If by(M) = 4 then [, ¢f = 288, ruling out Xg" by Equation (23).
Finally if by(M) = 12 then [, ¢! = 160 which is not the case for X7 by Equation
(23). O

Finally, we prove a slightly more precise version of the previous theorem, the
result follows quite quickly from the main proof.

Theorem 7.3. Let X be a smooth complex prime Fano 4-fold with a semi-free C*-
action. Then, one of the following cases occurs:

a). X = P* and the action is FP-equivalent to the one of the actions given in
Ezxample 4.7 and Example 4.9.

b). X =2 Q* and the action is FP-equivalent to one of the ones given in Ezample
4.2 and Example 4.11.

c). X = Wy and the action is FP-equivalent to the action described in Example

4.

d). X is contained in the family X{*. X is FP-equivalent to the action described
i Example 4.12.

Proof. By Theorem 7.2, X = W;, Q* P* or X is in the family X7*. If X = W;
then ¢(X) = 3, and by(X) = 2 then by Lemma 5.4 (dy,dy) = (0,4). Then if M5
consists of M.« and isolated fixed points, by Lemma 5.4 (M) = 2,4, which is a
contradiction. If MS" contains a two-dimensional fixed component, then by Lemma
5.4 ¢1(Nmax) = 0, therefore applying Proposition 4.6 the action is FP equivalent to
the one given in Example 4.4.

If X = @Q* then by Lemma 5.4 (di,ds) = (0,0),(0,4), (4,4). If (d1,d2) = (0,0)
by Proposition 4.3 the action is FP-equivalent to Example 4.2. If (dy,ds) = (4,4)
by Lemma 5.4 the action is FP equivalent to Example 4.11. If (dy,ds) = (0,4), if
M5" consists of M,y and isolated fixed points, by Lemma 5.4 t(M) = 2, which is a
contradiction. If M5 contains a two-dimensional fixed component, then by Lemma
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5.4 mex = ¢1(Nmax)? = 1, therefore applying Proposition 4.6, [, ¢;(M) = 6, where
Y is the two dimensional component, which contradictions the fact that (M) = 4.

If X = P* then by Lemma 5.4 (di,d2) = (2,4),(0,6). If (dy,d2) = (0,6) by
Lemma 4.8 the action is FP equivalent to Example 4.7. If (di,ds) = (2,4) by
Proposition 4.10 the action is FP equivalent to Example 4.9.

If X is in the family X{" then by Lemma 5.4 (di,ds) = (0,4),(4,4). The in-
variants of X{" are as follows, by [43, Lemma 4.4] by(XZ") = 8, by Equation
(23) fX;ﬂ ¢ = 224. Assuming (dy,dy) = (0,4), if there is an extremal compo-
nent of dimension 2, then «(X) = 3 by Lemma 5.3 which is impossible. If there
is no fixed component of dimension 2, then by Lemma 4.5, Lemma 6.2, Lemma
6.1, [,,¢1 = 240 + 176 — 16by(M) = 288 which is a contradiction. Therefore,
(dy,dy) = (4,4) and by Proposition 4.13 the action is FP-equivalent to Example
4.12. [
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