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Abstract

Let X be a smooth complex prime Fano fourfold having a semi-free action
of C∗, then X is contained in one of the families P4, Q4,W5, X

m
8 . All of the

families contain members that have a semi-free C∗-action.
This is mostly proved by an analysis of closed symplectic 8-manifolds with

b2(M) = 1 with a semi-free Hamiltonian S1-action using methods of equiv-
ariant symplectic geometry. In this setting some notable restrictions are ob-
tained: the index is greater than 1, b4(M) is bounded above and all fixed com-
ponents are shown to be symplectomorphic to products of projective spaces.
The proof of the main result appeals in the last step to the classification of
prime Fano 4-folds with index greater than 1.
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1 Introduction

The classification of smooth complex Fano varieties of a given dimension n is a well-
known problem in algebraic geometry. The classification is complete in dimensions
at most 3 [21, 22, 36]. A natural follow-up question is: which smooth complex
Fano varieties can admit an effective action of an infinite algebraic group? This is
also complete in dimension at most 3 [4, 28]. Here, as in the general classification
problem, knowledge of prime Fano 3-folds with infinite automorphism group [28]
helps greatly with the general case [4]. This is mainly due to a result of Blanchard,
that states roughly that an extremal contraction ρ : X → Y is equivariant with
respect to a connected group of transformations of X.

The number of known smooth complex prime Fano fourfolds admitting torus
actions is the same as in dimension 3; there are 4 examples. In addition to the
examples P4, Q4, there are the exceptional examples W5, V18 (see [45]), both ad-
mitting an effective action of a two dimensional algebraic torus C∗ × C∗. Many
fundamental results about the equivariant geometry of W5, V18 were given in [45],
natural subvarieties which are invariant by the automorphism group are studied.
Prokhorov and Zaidenberg classified the possible automorphism groups of fourfolds
in the family V18 [46, Theorem A], there are four possibilities up to isomorphism:
GL2 ⋊ Z2, (C∗)2 ⋊ Z6, (C∗)2 ⋊ Z2 and (C × C∗) ⋊ Z2. Contrastingly, W5 is unique
up to isomorphism [10], its automorphism group was describe by Piontkowski and
Van de Ven [42, Theorem 6.6], it is a connected algebraic group of dimension 7 with
maximal torus having dimension 2.

Some results on smooth complex prime Fano 4-folds having an action of a 2-
dimensional algebraic torus C∗×C∗ with isolated fixed points were obtained in [13].
When the number of fixed points is at most 6; which holds for all known examples,
a complete classification was given. This paper is concerned with the classification
of smooth complex prime Fano fourfolds having a semi-free action of C∗. An action
of a group G is called semi-free if the stabilizer of every point is either G or {1G}.
The first main result of the paper is as follows, it is proved in Theorem 7.2.
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Theorem A. Let X be a smooth prime Fano 4-fold having a semi-free C∗-action,
then X is contained in one of the families P4, Q4,W5 or Xm

8 .

Here Q4 is a quadric, W5 is the del Pezzo fourfold of degree 5 and Xm
8 is the Mukai

fourfold of genus 8 and degree 14. All four of the families contain fourfolds that admit
a semi-free action of C∗. P4 has two semi-free C∗-actions, described in Example 4.7
and Example 4.9, Q4 has two semi-free C∗-actions, described in Example 4.2 and
Example 4.11, and W5 has a semi-free C∗-action described in Example 4.4. Xm

8

contains fourfolds having a semi-free C∗-action, described in Example 4.12.
Via the Bia lynicki-Birula decomposition theorem [2], there is also a connection

to a question of Hirzebruch [19, Problem 27] about classifying compactifications of
Cn with second Betti number equal to 1, an early paper in the study of this question
is [51].

For a projective manifold X with a torus action and a fixed component F ⊂ XC∗
,

let NF denote the normal bundle of F in X. Projective manifolds X1, X2 each
having C∗-actions are called FP-equivalent (fixed point equivalent), if there exists
an isomorphism φ : XC∗

1 → XC∗
2 such that the weights of the torus action at p

are equal to those at φ(p) and for each fixed component F ⊂ XC∗
2 and integer i,

φ∗(ci(NF )) = ci(Nφ−1(F )). Using this notion, a more precise version of Theorem A
is given, it is proved in Theorem 7.3.

Theorem B. Let X be a smooth complex prime Fano 4-fold with a semi-free C∗-
action. Then, one of the following cases occurs:

a). X ∼= P4 and the action is FP-equivalent to the one of the actions given in
Example 4.7 and Example 4.9.

b). X ∼= Q4 and the action is FP-equivalent to one of the ones given in Example
4.2 and Example 4.11.

c). X ∼= W5 and the action is FP-equivalent to the action described in Example
4.4.

d). X is contained in the family Xm
8 . X is FP-equivalent to the action described

in Example 4.12.

The proof uses the theory of Hamiltonian S1-actions. A prime Fano fourfold X
with a algebraic C∗-action admits an equivariant polarization, and thus an equiv-
ariant embedding into complex projective space with respect to some linear action.
For a linear C∗-action on projective space, the action of the compact group S1 is
well known to be Hamiltonian, therefore pulling back the Hamiltonian gives X a
Hamiltonian S1-action with Kähler form ω normalized so that c1(X) = [ω] (see
Lemma 2.6 for a more detailed argument).
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The majority; but not all, of the steps to proving Theorem A apply equally closed
8-dimensional symplectic manifolds with b2(M) = 1 and a semi-free Hamiltonian S1-
action. The following theorem summarizes the results which are obtained in a purely
symplectic context. It is proved in Theorem 5.5 with the exception of statement d).
which is proved in Theorem 6.3. In this setting the index ι(M) is defined in direct

analogy with the Fano index; the maximal integer k for which c1(M)
k

is an integral
cohomology class.

Theorem C. Let (M,ω) be a closed symplectic 8-manifold with b2(M) = 1 with a
semi-free Hamiltonian S1-action. Then the following hold:

a). M is simply connected and has Todd genus 1.

b). All non-isolated fixed components are symplectomorphic to either:

CP1, CP2, CP1 × CP1, CP3,

with the (product of) Fubini-Study symplectic forms.

c). 1 < ι(M).

d). b4(M) ≤ 14.

The assumption that b2(M) = 1 forces (M,ω) to be positive monotone (see
Lemma 2.4), hence these results fit into the problem of classifying positive monotone
symplectic manifolds with Hamiltonian torus actions, on which there has been recent
work by several authors, see [3, 5, 34, 48]. Recall that the subsets of the manifold
where the Hamiltonian attains its minimum and maximum are connected symplectic
submanifolds denoted Mmin,Mmax. To prove Theorem C, we analyse cases depending
on the value of (d1, d2) := (dim(Mmin), dim(Mmax)). Reversing the circle action i.e.
replacing X with −X and H with −H which has the effect of swapping the minimum
and maximum submanifolds. Therefore, we can assume that d1 ≤ d2 < 8. Since
Mmin,Mmax are symplectic and therefore even dimensional this gives ten possible
cases.

The proof relies upon an array of results of the theory of Hamiltonian S1-
actions. For a brief summary let us mention, Kirwan localization, Atiyah-Bott-
Berline-Vergne localization and the Duistermaat-Heckman theorem. A more sur-
prising ingredient is a result of Jannich and Osa about the signature of the fixed
point set of an involution on a manifold, in Proposition 3.2 this is used in combina-
tion with [32, Theorem 3.4] to prove the existence of a fixed component of dimension
at least 4, which is a starting point for further analysis in Section 4, and in particular
rules out five of the ten possibilities for (d1, d2).

In Section 4 the main tools are the ABBV localization formula and Proposition
4.1 which gives natural spheres in the reduced spaces, under different conditions on
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(d1, d2) and moreover gives information about the integral of the reduced symplectic
form on them via the Duistermaat-Heckman theorem. With the exception of the
case (d1, d2) = (0, 0) which uses an entirely different method, the ABBV localization
formula for the equivariant cohomology class 1 and Proposition 4.1 determine the
fixed components up to symplectomorphism and their normal bundles, up to the
number of isolated fixed points with weights {−1,−1, 1, 1}. The number of such
fixed points is bounded in Section 6, moreover they are ruled out entirely in the
algebraic case in Section 7.

Let us also mention the proof in the exceptional case (d1, d2) = (0, 0). By
Proposition 3.2 there is an non-extremal fixed component of dimension 4, by analysis
how that the reduced symplectic form changes closed to this fixed submanifold, we
show it has degree two in the reduced space and by [18] that it is symplectomorphic
to CP1 × CP1 with the product of Fubini-Study symplectic forms.

In the last Section 7, Theorem C is used to study semi-free algebraic torus
actions on smooth prime Fano fourfolds. The key consequence of Theorem C is that
the Fano index is greater than 1, which allows us to appeal to the classification
of prime Fano fourfolds of index greater one from [38, 52]. We narrow the list
down to eight possibilities in Lemma 7.1 using the fact that the intersection form
is positive definite [32, Theorem 3.4]. Then, by combining Theorem C with some
brief additional arguments involving the Duistermaat-Heckman function, Theorem
A and Theorem B are proven.

Acknowledgements. I would like to thank Alexander Kuznetsov for providing
Example 4.12, answering a question posed in the first version of this paper. The
author is funded by the position: Postdoc in complex and symplectic geometry in
memory of Paolo de Bartolomeis.

2 Preliminaries

2.1 Hamiltonian S1-actions

Let (M,ω) be a closed symplectic manifold, suppose that there is smooth S1-action
on M generated by a vector field X. A Hamiltonian S1-action on (M,ω) is defined
as follows.

Definition 2.1. The S1-action is called Hamiltonian if

dH = −ω(X, ·)

for some smooth function H : M → R.

The function H is called the Hamiltonian of the action, the equation dH =
−ω(X, ·) is called the Hamiltonian equation. For a subgroup G ⊂ S1 define a subset
of M as follows:

MG := {p ∈ M | z.p = p ∀z ∈ G}.
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A connected component of MS1
is called a fixed component, a connected com-

ponent of MZm , m ≥ 2 is called an isotropy submanifold. Because X generates the
S1-action, MS1

is equal to the zero set of the X; Z(X), which by the Hamiltonian
is equal to zero set of dH, Z(dH) i.e. the critical set of H:

Z(X) = Z(dH) = MS1

.

There is an S1-invariant almost complex structure J compatible with ω [37,
Lemma 5.52]. It follows that for any p ∈ MS1

, Tp(M) inherits the structure of a
complex S1-representation, there are n weights wi ∈ Z which encode the decompo-
sition into irreducibles:

z.(z1, . . . , zn) = (zw1z1, . . . , z
w1z1).

A key fact is that the number of negative weights at a fixed point p counted with
multiplicity is equal to half the Morse Bott index of H at p, for a proof see [37,
Lemma 5.54].

The following result of Kirwan [25] will be central to the proofs in the paper. It
allows the Betti numbers of M to be calculated as a sum of the Betti numbers of
the fixed components.

Theorem 2.2. [25] Let (M,ω) be a closed symplectic manifold having a Hamilto-
nian S1-action. Then for all i,

bi(M) =
∑

F⊂MS1

bi−2λF
(F ).

Another result which will be a central part of our tool-kit will be the Duistemaat-
Heckman theorem. To state this, we have to recall that if (M,ω) is closed symplectic
manifold with a Hamiltonian S1-action and c is a regular value of H, then the
quotient space

Mc = H−1(c)/S1,

has the structure of a symplectic orbifold [37, Lemma 5.35], which is referred to in
various different ways in the literature, as the Marsden-Weinstein quotient, the sym-
plectic quotient or the reduced space. We will use the term reduced space. Attached
to each reduced space the level set H−1(c) has the structure of an orbifold principal
S1-bundle over Mc. If J is an invariant almost complex structure, and g the associ-
ated invariant Riemannian metric then the gradient vector field of H with respect
to g is Y := JX, the flow of Y gives equivariant diffeomorphisms between level sets
H−1(c1), H

−1(c2) provided H−1(c1, c2)∩MS1
= ∅, and therefore orbifold diffeomor-

phisms of the reduced spaces. It is via these gradient flow maps that variation of the
cohomology class of the symplectic form is interpreted in the Duistermaat-Heckman
theorem. We are now ready to state the Duistermaat-Heckman theorem in its most
basic form:
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Theorem 2.3. [9, Theorem 1.1] Suppose that (M,ω) is a closed symplectic manifold
with a Hamiltonian S1-action, with Hamiltonian H. Let c be a regular value of H.
Then

d

dt
[ωt]|t=c = e(H−1(c)).

Here H−1(c) is considered as an (orbifold) principal S1-bundle over the reduced
symplectic orbifold Mc and e denotes the Euler class of this bundle in H2(Mt,R).

The Duistermaat-Heckman theorem also has many other forms, mostly related
to expressing the symplectic volume of M in terms of data associated to the moment
map of the action. Define

DH(x) =

∫
Mx

[ωx]n−1

(n− 1)!
,

it is well-defined on the set of regular values of H and is piecewise polynomial and
continuous. Then another form of the Duistermaat-Heckman formula states that∫

M

ωn

n!
=

∫
H(M)

DH(x). (1)

An action of a group G is called semi-free if the stabilizer of every point is either
G or {1G}. For a semi-free Hamiltonian S1-actions on a closed symplectic manifold,
the objects in the above theorem take a simpler form. In this case, for each regular
value c of H, Mc is a closed symplectic manifold, H−1(c) is an principal S1-bundle
over Mc in the sense of manifolds.

The following result about closed symplectic manifolds with b2(M) = 1 and a
non-trivial Hamiltonian S1-action will be needed.

Lemma 2.4. Suppose that (M,ω) is a closed symplectic manifold with a non-trivial
Hamiltonian S1-action and b2(M) = 1. Then after possibly rescaling the symplectic
form by a positive constant it holds that that

c1(M) = [ω].

Proof. Since b2(M) = 1, c1(M) = k[ω] for some k ∈ R. The result then follows
from [39, Proposition 1.1].

The following formula is well-known [6,11,12], for a proof in the stated generality
see for example [34, Proposition 1.9].

Theorem 2.5. Suppose that (M,ω) is a closed symplectic manifold with c1(M) = [ω]
with a Hamiltonian S1-action with Hamiltonian H : M → R. Then, after possibly
adding a constant to the Hamiltonian, for each fixed component F ,

H(F ) = −
n∑

i=1

wi,

where wi are the weights along F .
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The following lemma, organizes the link between C∗ actions on smooth complex
Fano varieties and Hamiltonian S1-actions on them.

Lemma 2.6. Let X be a smooth complex Fano variety and with a C∗-action. Then,

a). The restriction of the action to S1 ⊂ C∗ is Hamiltonian with respect to a
Kähler form ω satisfying c1(X) = [ω].

b). The action of S1 ⊂ C∗ is semi-free if and only if the C∗-action is semi-free.

Proof. Recall the natural group isomorphism C∗ ∼= S1 × R>0. There exists a C∗-
equivariant embedding of X into some projective space, with respect a some linear
C∗-action on projective space PN associated to a sufficiently large power of the
anticanonical line bundle [13, Lemma 5.3]. A linear action on C∗-action may be
conjugated by a unitary projective transformation φ ∈ PU(N) to a diagonal action:

z.[z0 : z1 : . . . : zN ] = [z0 : zw1z1 : . . . : zwN zN ],

for some w1, . . . , wN ∈ Z.
The action of S1 ⊂ C∗ with generating vector field X0 is Hamiltonian with

respect to the Fubini-Study form, with Hamiltonian

H([z0 : z1 : . . . : zN ]) =

∑n
i=1 πwi|zi|2∑n

i=0 |zi|2
,

that is dH = −ω(X0, ·), proving a). The gradient vector field of H with respect
to the Fubini-Study metric of JX0, where J is the standard complex structure PN .
Since the action of C∗ is holomorphic, that action of {1} × R>0 ⊂ C∗ is defined by
the flow is JX0. To prove b)., first suppose that the action of S1 is semi-free. It
follows the action R>0 is semi-free, since it is generated by the gradient vector field
of a function on a closed manifold. So via the isomorphism C∗ ∼= S1×R>0 it follows
that the action of C∗ is semi-free. Note also that this also implies XS1

= XC∗
,

since the vector field generating the action of {1} × R>0; JX0 and the vector field
generating the circle action; X0 have the same zero set. Then, if the action of C∗

is semi-free then using the condition XS1
= XC∗

the semi-free condition for the
subgroup S1-action follows.

2.2 Formulas coming from the ABBV localization class of
the normal bundle of a 4-dimensional fixed component.

The following is the well-known equivariant splitting principle for equivariant com-
plex vector bundles.
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Lemma 2.7. (Equivariant Splitting Principle) Let X be a paracompact topological
space with an S1-action, and E an S1-equivariant vector bundle over X. Then there
exists a topological space Y equipped with an S1-action and an S1-equivariant map
p : Y → X such that:

• p∗E decomposes equivariantly as a sum of S1-equivairant line bundles.

• p∗ : H∗
S1(X) → H∗

S1(Y ) is injective.

Lemma 2.8. Let M be a closed symplectic 8-manifold with a Hamiltonian S1-
action, and F a 4-dimensional fixed component Let NF denote the normal bundle of
F . Then, if the non-zero weights both equal to 1,

eS
1

(NF ) = (t2 + c1(NF )t + c2(NF )).

Similarly, if the non-zero weights both equal to −1,

eS
1

(NF ) = (t2 − c1(NF )t + c2(NF )).

Proof. We just prove the first case, the proof of the second follows by the same
argument. Write E = NF . Let p : Y → X be the S1-equivariant map provided
by Lemma 2.7 so that p∗E splits equivariantly as a sum of equivariant line bundles
p∗E ∼= L1⊕L2. Note that the map on equivariant cohomology induced by p preserves
the equivariant generator i.e. the pull-back of the hyperplane class from CP∞ in
the Borel model. This may be seen directly via the Borel model construction. In
a small abuse of notation we denote this class by t in the equivariant cohomology
ring of X and Y .

Since the fibers of p∗(E) are isomorphic as S1-representations to those of E, the
weights of the action on Li are both 1. Therefore cS

1
(Li) = 1+t+c1(Li) for i = 1, 2.

Therefore by the Whitney sum formula

cS
1

2 (L1⊕L2) = t2+t(c1(L1)+c1(L2))+c1(L1)c1(L2) = t2+t(c1(L1⊕L2))+c2(L1⊕L2),

substituting via the equation p∗E ∼= L1 ⊕ L2 gives

cS
1

2 (p∗(E)) = (t2 + tc1(p
∗(E)) + c2(p

∗(E))).

Combining the fact that p∗ is injective and p∗(t) = t noted above, by linearity of the
induced homomorphism and functoriality of Chern classes via pull-back this yields

cS
1

2 (E) = t2 + tc1(E) + c2(E),

which in turn yields the desired formula when one notes that since NF = E has
rank 2, by definition eS

1
(NF ) = cS

1

2 (NF ).
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The following formula follows from the ABBV localization formula. The expres-
sions for the individual terms for dim(F ) ≤ 2 were given in [50, Remark 2.5].

Proposition 2.9. Let (M,ω) be a closed symplectic manifold with dimension 2n
having a semi-free Hamiltonian S1-action. Then,∑

F⊂MS1

1

eS1(NF )
= 0.

Moreover, the contribution of fixed submanifolds may be computed as follows.

1. If p is an isolated fixed point, then

1

eS1(NF )
= (−1)λ(pi).

2. if Σ is a fixed surface let ak (k = 1, . . . , n− 1 be the degrees of the components
of the normal bundle of Σj. We label the components so that ak correspond
to components with weight −1 for 1 ≤ k ≤ λ(Σ) and weight 1 for λ(Σ) + 1 ≤
k ≤ n− 1, then

1

eS1(NF )
= −

n2∑
j=1

(−1)λ(Σ)(−a1 − . . .− aλ(Σ) + aλ(Σ)+1 + . . . + an−1).

3. If N is an extremal fixed component with dimension 4 and b2(F ) = 1, then

1

eS1(NF )
= c1(NF )2 − c2(NF ).

Proof. This follows from integrating the equivariant cohomology class 1 via the
ABBV localization formula. The expressions for the terms corresponding to isolated
fixed point and surfaces are given in [50, Remark 2.5].

Let F be an extremal four-dimensional fixed component satisfying b2(M) = 1,
we assume first that F = Mmin. Let u be the integral generator of H2(F,Z) then
eS

1
(NF ) = t2 + c1ut + c2u

2, where c1, c2 ∈ Z which represent ci(NF ) in the above
basis of the cohomology of F . If F = Mmin then by Lemma 2.8:

1

t2 + c1ut + c2u2
=

t−2

1 + c1ut−1 + c2u2t−2
=

t−2(1 − c1ut
−1)

1 − c21u
2t−2 + c2u2t−2

=
t−2(1 − c1ut

−1)(1 + c21u
2t−2 − c2u

2t−2)

1
= c21 − c2.
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If F = Mmax then by Lemma 2.8:

1

t2 − c1ut + c2u2
=

t−2

1 − c1ut−1 + c2u2t−2
=

t−2(1 + c1ut
−1)

1 − c21u
2t−2 + c2u2t−2

=
t−2(1 + c1ut

−1)(1 + c21u
2t−2 − c2u

2t−2)

1
= c21 − c2.

2.3 4-dimensional positive monotone symplectic manifolds

The last preliminary result regards closed symplectic 4-manifolds N which satisfy
[ω] = kc1(N) for some k > 0. let ωFS denote the Fubini-Study symplectic form on
complex projective space.

Theorem 2.10. [40] Let (N,ω) be a closed symplectic 4-manifold such that [ω] =
kc1(N) for some k > 0. Then, up to scaling the symplectic form by an appropriate
positive constant, (N,ω) is symplectomorphic to a del Pezzo surface, with the pull-
back of ωFS via a projective embedding associated to a sufficiently high power of the
anticanonical bundle.

Proof. By [40], the manifold is diffeomorphic to a del Pezzo surface, by [49, Conclu-
sion. Page 10], this gives the claim about the symplectomorphism type.

3 Ruling out (d1, d2) = (2, 6), (4, 6), (6, 6), (2, 2)(0, 2).

In this part of the article, we consider closed symplectic 8-manifolds with b2(M) = 1
and a semi-free Hamiltonian S1-action.

Recall that the subsets of the manifold where the Hamiltonian attains its min-
imum and maximum are connected symplectic submanifolds denoted Mmin,Mmax.
To prove the main classification results of this paper, the argument works in cases
of the value: (d1, d2) = (dim(Mmin), dim(Mmax)). Reversing the circle action i.e. re-
placing X with −X and H with −H which has the effect of swapping the minimum
and maximum submanifolds. Therefore, we can assume that

d1 ≤ d2 < 8.

Since Mmin,Mmax are symplectic and therefore even dimensional this gives ten pos-
sible cases, in this section we discard five of the cases, all the other five are furnished
by examples and are further analysed in Section 4.

The following Lemma rules out three of the cases, in fact here the semi-free as-
sumption is not needed, but later in the section the arguments rely on this condition
crucially.
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Lemma 3.1. There does not exist a closed symplectic 8-manifold having b2(M) = 1
and a Hamiltonian S1-action such that (d1, d2) = (2, 6), (4, 6), (6, 6).

Proof. Suppose that there is such an action satisfying (d1, d2) = (2, 6), (4, 6), (6, 6).
Recall that λ(Mmin) = 0 and λ(Mmax) = 8 − d2 = 2. Theorem 2.2 gives

b2(M) =
∑

F⊂MS1

b2−2λF
(F ) = b2(Mmin) + b0(Mmax) + c,

where c is a non-negative integer. Which contradicts the assumption b2(M) = 1.

Proposition 3.2. Let (M,ω) be a closed symplectic 8-manifold having a semi-free
Hamiltonian S1-action and b2(M) = 1 then MS1

has a connected component of
dimension at least 4.

Proof. Assume for a contradiction that every component of MS1
has dimension at

most 2. By the semi-free assumption MZ2 = MS1
. By [33, Theorem 3.4] and the

assumption that all fixed components have dimension 0 and 2,

σ(M) = b4(M) > 0.

By [23, Main Result] and since the action of −1 ∈ S1 is homotopic to the identity:

σ(M) = σ(MZ2MZ2),

since all components of MZ2 have dimension less than half the manifold, this inter-
section product is 0, a contradiction. Hence there exists some component F ⊂ MS1

with dim(F ) ≥ 4.

Lemma 3.3. There does not exist a closed symplectic 8-manifold having b2(M) = 1
and a semi-free Hamiltonian S1-action such that (d1, d2) = (0, 2), (2, 2).

Proof. Since by assumption dim(Mmax) = 2, λ(Mmax) = 3. By Lemma 3.2 there is
a component F0 ⊂ MS1

with dim(F0) ≥ 4 and by the assumptions and Poincaré
duality b0(M) = b2(M) = b6(M) = b8(M) = 1. By Proposition 2.2 the following
formula holds:

1 = b8(M) = b2(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b8−2λF
(F ). (2)

Since F0 is non-extremal Equation (2) implies 0 < λF0 < 4 and since dim(F0) ≥ 4

and F is a symplectic submanifold b2i(F0) > 0 for all i = 0, . . . , dim(F0)
2

. Combining
this with the Equation (3) , the only possibility is dim(F ) = 4 and λF = 1.

Then by Theorem 2.2,

b6(M) =
∑

F⊂MS1

b6−2λF
(F ) = b0(Mmax) + b4(F0) + c,

where c is a non-negative integer. That is the desired contradiction.
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4 Classifying the existent cases

In this section, we continue to use the notation (d1, d2) = (dim(Mmin), dim(Mmax))
and make the assumption that d1 ≤ d2. Due to Lemma 3.1 and Lemma 3.3, it
remains to deal with the cases:

(d1, d2) = (0, 0), (0, 4), (2, 4), (4, 4), (0, 6).

There are examples of semi-free Hamiltonian S1-actions on closed symplectic 8-
manifolds with b2(M) = 1 furnishing all of these cases. The problem then becomes
about classification. The following proposition will be central to this analysis, to
state the proposition, define Hmax := H(Mmax) and Hmin := H(Mmin).

Proposition 4.1. Let (M,ω) closed symplectic 8-manifold having b2(M) = 1 and a
semi-free Hamiltonian S1-action. Scale the symplectic form via Lemma 2.4 so that
c1 = [ω] and normalize the Hamiltonian H via Theorem 2.5 so that H(p) = −

∑
wi.

Then the following statements hold:

a). If d2 = 4 and H−1(0, 2) ∩MS1
= ∅ and there is an isolated fixed point p with

weights {−1,−1, 1, 1}. Then, there exists a smooth map f : S2 → Mmax such
that

∫
S2 f

∗ω = 2.

Similarly, if H−1(Hmin, 0)∩MS1
= ∅ and there is an isolated fixed point p with

weights {−1,−1, 1, 1}. Then, there exists a smooth map f : S2 → Mmin such
that

∫
S2 f

∗ω = |Hmin|.

b). If d2 = 4 and every non-extremal fixed component F is isolated and satisfies
λF = 2. Then, there exists a smooth map f : S2 → Mmin such that

∫
S2 f

∗ω =
Hmax −Hmin.

c). If d2 ≤ 4 and there are no non-extremal fixed components. Then, there are
maps fmin : S2 → Mmin, fmax : S2 → Mmax such that

∫
S2 f

∗
minω = Hmax −Hmin

and
∫
S2 f

∗
maxω = Hmax −Hmin.

d). If d1 = 0 and there is a fixed surface F with weights {0,−1, 1, 1} and moreover
H−1(−4, 1)∩MS1

= ∅. Then, setting a1, a2, a3 to be the degrees of the splitting
of the normal bundle, with a1 corresponding to the component with weight −1.
Then

3a1 = 2 + a1 + a2 + a3.

Proof. Firstly by the equivariant symplectic neighbourhood theorem [24, Theorem
A.1] each fixed component admits an S1-invariant neighborhood which is equiv-
ariantly symplectomorphic to a neighbourhood of the zero section in the normal
bundle with a fiberwise symplectic form. Then, picking an invariant compatible al-
most complex structure and extend it (possibly non-equivariantly) to all of (M,ω),
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the averaging procedure of [37] will give an invariant compatible almost complex
structure which agree with the original ones on possibly smaller neighborhoods of
the fixed point sets. All the statements are proved using the gradient flow of the
corresponding invariant metric g such that ω = g(J ·, ·), that is the flow of the
gradient vector field ∇gHof H with respect to g, in fact ∇gH = JX where X is
the generating vector field of the S1-action. Recall that a vector field on a closed
manifold gives an R-action, a gradient flow line is an orbit of this action containing
more than one point.

To prove a). isolated fixed point p with weights {−1,−1, 1, 1}, then note that
the normal bundle of p is TpM which splits equivariantly into two rank 2 subspaces
N+, N− on which S1 acts with weight 1 and −1. Let C+ denote the union of all
gradient flow lines which correspond to N+ via the linear identification with the
normal bundle constructed at the start of the proof. Let πc : H−1(c) → Mc denote
the usual projection to the symplectic quotient, then note that by the Duistermaat-
Heckman theorem Theorem 2.3, for c ∈ (0, 2) πc(C) is a 2-sphere such that

∫
π(C)

ω =

c. One the other hand consider a neighborhood U of Mmax which is identified with
a neighbourhood of the normal bundle with linear symplectic form. Note that ω
induces a c∞ closed 2-form on the 5-manifold with boundary U/S1. Let f the map
given by the projection to the base of πMmin

: π(C) → Mmax for any c sufficiently
close to 2 so that Mc ⊂ U/S1. Using the above properties one verifies that the
smooth map f satisfies

∫
S2 f

∗ω = 2. The second statement holds by the same
argument.

To prove b), let fi : S2 → Mmax be the maps constructed in the previous para-
graph, since note that since each fi is smooth Mmax \ (∪ifi(S

2)) is non-empty, take
a point q ∈ Mmax \ (∪ifi(S

2)). Then considering the union Cq of the flow lines with
maximum q, by the way q was chosen, Cq is invariant and the action on it is free,
by the Duistermaat-Heckman theorem Theorem 2.3∫

π2−c(Cq)

ω = c,

then constructing a 2-sphere as in Mmin by the projection to the base in a linear
identification with the normal bundle, proves the existence of f .

To prove c). Let q ∈ Mmax be arbitrary and let Uq be the upward flowing normal
bundle, by the assumption d2 ≤ 4, for c sufficiently close to Hmax = 2, πc(Uq) is

symplectomorphic to (CP
8−d2

2
−1, ωFS) and H−1(c) is the Hopf bundle over πc(Uq),

picking any line l in the projective space, then
∫
l
e(H−1(c)) = 1. Then, letting U ′ be

the union of gradient flow lines that intersect π−1
c (l), gives a family of 2-spheres in

the reduced space as in the previous parts of the proof, and the proof then proceeds
as above.

Finally to prove d). Let UF be the union of gradient flow lines with maximum F .
Then, by the equivariant symplectic neighborhood theorem for c < −1 sufficiently
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close to −1,
∫
πc(UF )

e(H−1(c)) = a1, moreover the limit of
∫
πc(UF )

ω is zero as c tends

to −4. Therefore, since
∫
F

[ω] = 2 + a1 + a2 + a3, the result follows.

4.1 (d1, d2) = (0, 0)

Now we begin to classify closed symplectic 8-manifolds having b2(M) = 1 and a
semi-free Hamiltonian S1-action in the case (d1, d2) = (0, 0). There is one example
in this case which is now described.

The image of the Plücker embedding Gr(2, 4) → P(∧2(C4)) = P5 is a smooth
quadric, denoted Q4. In the following example we study a torus action on Q4

constructed via the above identification.

Example 4.2. There is a C∗-action on Q4 ∼= Gr(2, 4) induced by the linear action
on C4 defined by

z.(z1, z2, z3, z4) = (zz1, zz2, z3, z4).

Moreover,
(Q4)C

4

= {[P1], [P2]} ∪ Π.

Where: P1 = {(z1, z2, 0, 0) | z1, z2 ∈ C}, P2 = {(0, 0, z3, z4) | z3, z3 ∈ C} and
Π := {[⟨v1, v2⟩] | v1 ∈ P1, v2 ∈ P2} ⊂ Gr(2, 4). It further holds that Π ∼= P1×P1 and
the C∗-action is semi-free.

The claims about the fixed point set are immediate after unpacking the defini-
tions. To prove that the action is semi-free, it is useful to identify Gr(2, 4) with the
space G(1, 3) of projective lines in P3. The associated action on CP3 is semi-free
and has fixed point set L1 ∪ L2, where L1 := {[z0 : z1 : 0 : 0] | [z0 : z1] ∈ CP1},
L2 := {[0 : 0 : z3 : z4] | [z3 : z4] ∈ CP2}. The fixed point set of the action on G(1, 3)
contains [L1], [L2] and the component Π corresponds to classes of the lines which
intersects both L1 and L2 in a single point (hence why it is naturally isomorphic to
L1×L2). By Lemma 2.6 the action of C∗ is semi-free if its restriction to S1 is. Sup-
posing the action of S1 is not semi-free and L is not fixed by the action on G(1, 3)
then there exists a non-trivial element g ∈ S1 of finite order such that g preserves
L, therefore the action restricted to L has at least two fixed points. But since the
fixed point set of the associated action on P3 is L1 ∪ L2, L intersects L1 ∪ L2 in at
least two points, implying that L is contained in the fixed point set of the action on
G(1, 3), hence the action is semi-free.

Lemma 2.6 the restriction of the C∗-action to S1 is Hamiltonian for a Kähler form
ω such that c1 = [ω]. By Theorem 2.5 the Hamiltonian H may be normalized so that
H(p) = −

∑
wi for all p ∈ MS1

. Then, by Theorem 2.2 {Mmin,Mmax} = {[L1], [L2]}
so H(Mmin) = −4, H(Mmax) = 4 and Π is a non-extremal fixed component isomor-
phic to P1 × P1 with λΠ = −1 and weights {−1, 1, 0, 0}, and H(Π) = 0.
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In the following proposition, it is shown that in the case (d1, d2) = (2, 4) the
symplectomorphism type of the fixed components and the Chern classes of their
normal bundles correspond precisely to Example 4.2.

Proposition 4.3. Let (M,ω) be a closed symplectic 8-manifold with b2(M) = 1
having a semi-free Hamiltonian S1-action such that (d1, d2) = (0, 0). Then, there
is only one non-extremal fixed component F symplectomorphic to CP1 × CP1, with
symplectic form 4ωFS × 4ωFS, and normal bundle NF

∼= O(1, 1) ⊕O(1, 1).

Proof. By Lemma 2.4 and Theorem 2.5 the symplectic form and Hamiltonian may
be normalized so that c1 = [ω] and H(p) = −

∑
wi, where wi are the weights at

p. By Lemma 3.2 there is a component F0 ⊂ MS1
with dim(F0) ≥ 4 and by the

assumptions and Poincaré duality b0(M) = b2(M) = b6(M) = b8(M) = 1. By
Proposition 2.2 the following formula holds:

1 = b8(M) = b0(Mmax) +
∑

F⊂MS1
,F ̸=Mmax

b8−2λF
(F ). (3)

Since F0 is non-extremal Equation (3) implies 0 < λF0 < 4 and since dim(F0) ≥ 4

and F is a symplectic submanifold b2i(F0) > 0 for all i = 0, . . . , dim(F0)
2

. Combining
this with the Equation (3), the only possibility is dim(F ) = 4 and λF = 1.

Therefore by Proposition 2.2 the following formulas hold:

1 = b2(M) = b0(F0) +
∑

F⊂MS1 ,F ̸=F0

b2−2λF
(F ), (4)

1 = b6(M) = b4(F0) +
∑

F⊂MS1 ,F ̸=F0

b6−2λF
(F ). (5)

For a non-extremal fixed component F such that F ̸= F0 by Equation (4) and
Equation (5) F must be an isolated fixed point p with λp = 2. The existence of such
fixed points is ruled out by [50, Lemma 3.1]. Therefore MS1

= Mmin ∪Mmax ∪ F0.
By [15, Theorem 10.1-10.2] M0 := H−1(0)/S1 has the structure of a symplec-

tic manifold, we denote this symplectic form ω0 and by the Duistermaat-Heckman
theorem and the Moser stability theorem, it is symplectomorphic to CP3 with the
symplectic form normalized so that c1 = [ω0] = 4h, where h is the hyperplane class.
Let L1, L2 be the components of the normal bundle corresponding to the weights
−1, 1. In the proof [33, Theorem 3.4] it was shown that (1 − 1

|Hmin| −
1

|Hmax|)[ω]|F0 =

c1(F0) and |Hmin|c1(L1) = |Hmax|c1(L2) = [ω]|F0 . Since the action is semi-free
the weights are Mmin,Mmax are {1, 1, 1, 1}, {−1,−1,−1,−1} respectively and so
|Hmax| = |Hmin| = 4, therefore [ω]|F0 = 2c1(F0). Therefore by 2.10 F is sym-
plectomorphic to a del Pezzo surface and therefore has Todd genus 1, that is∫
F0

c1(F0)
2 + χtop(F0) = 12, rearranging gives

∫
c1(F0)

2 = 10 − b2(F0).
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By the above, it follows that [ω0] = 4h where h ∈ H2(M0,Z), is the hyperplane
class, therefore ∫

F0

[ω]2 =

∫
M0

PD(F0,M0).(4h)2 = 16k,

where k ∈ Z>0 is the degree of F0 in M0
∼= CP3. So, substituting [ω0]|F0 = 2c1(F0)

gives ∫
F0

[ω]2 =

∫
F0

(2c1(F0))
2 = 4(10 − b2(F0)) ≤ 36.

Therefore since 0 < b2(F0), 0 < 16k ≤ 36, so k = 1, 2. If k = 1 then F0 is
symplectomorphic to CP2 but by the above formula for c1(F0)

2, b2(F0) = 6 which
is a contradiction. Therefore k = 2 by [18, Theorem 1.3], it is symplectomorphic
to CP1 × CP1, with symplectic form aπ∗

1ωFS + bπ∗
2ωFS. Using bidegree notation to

express classes in H2(CP1×CP1,Z) ∼= Z2, c1 = (2, 2) and so the monotonicity implies
symplectic form satisfies [ωF0 ] = (4, 4). By the above equations |Hmin|c1(L1) =
|Hmax|c1(L2) = [ω]|F0 it follows that c1(L1) = c1(L2) = (1, 1).

4.2 (d1, d2) = (0, 4)

In this subsection, we focus on the case (d1, d2) = (0, 4). In this case the primary
example is an action on W5, the del Pezzo 4-fold of degree 5.

Example 4.4. Let W5 be the quintic del Pezzo fourfold. Let C∗ × C∗ act on W5

via [13, Theorem 5.2] (see also [43]). Then the C∗-action of the linear subtorus
z 7→ (z, z−1) is semi-free and WC∗

5 = {p,Σ,Π}, where p is an isolated fixed point,
Σ ∼= CP1 and Π ∼= CP2.

By the expression of the weights given in [13, Theorem 5.2], the weights at p are
{1, 1, 1, 1}, the weights at Σ are {0,−1, 1, 1} and the weights at Π are {0, 0,−1,−1}.
By Lemma 2.6 the restriction of the C∗-action to S1 is Hamiltonian for a Kähler
form ω such that c1 = [ω]. Letting M = W5, by Theorem 2.5 the Hamiltonian H
may be normalized so that H(p) = −

∑
wi for all p ∈ MS1

. Therefore H(p) = −4,
H(Σ) = −1, and H(Π) = 2, in particular Mmin = {p}, Mmax = Π. Moreover, if
Nmin /max denotes the normal bundle of Mmin /max and

∫
Σ
c1(M) = 9, c1(Nmax) = 0

and
∫
Mmax

c2(Nmax) = 2, where Nmax denotes the normal bundle of Mmax [43, Lemma
3.6].

The case (d1, d2) = (0, 4) differs from the others in the sense that there are two
possibilities for the dimension of non-extremal fixed components (0 and 2). The
arguments with localization formulas take a different form when there exists a fixed
component of dimension 2 or not, firstly we consider the case that there is no fixed
component of dimension 2.

Lemma 4.5. Let (M,ω) closed symplectic 8-manifold with b2(M) = 1 with a semi-
free Hamiltonian S1-action such that (d1, d2) = (0, 4) and MS1

consists of Mmax and
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only isolated fixed points. Then if Nmax denotes the normal bundle of Mmax, then:
Mmax is symplectomorphic to CP2,∫

Mmax

c2(Nmax) = b4(F ),

∫
Mmax

c21(Nmax) = 1.

If b4(M) > 1 then c1(Nmax) = −L, where L represents the Poincaré dual of a line.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that c1 = [ω]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mmin) = 0 and the action is semi-free the weights at Mmin are {1, 1, 1, 1} and
H(Mmin) = −4 and the action is semi-free the weights at Mmax are {−1,−1, 0, 0}
and H(Mmax) = 2. By the assumptions and Poincaré duality b2(M) = b6(M) = 1.
By Proposition 2.2:

1 = b6(M) = b2(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b6−2λF
(F ). (6)

Since Mmax is a symplectic 4-manifold, b2(Mmax) = 1. Let Ni denote the number
of fixed points p with λp = Ni, applying Proposition 2.2: 1 = b0(M) = N0, 1 =
b2(M) = N1. Similarly, N3 = 0 and N4 = 0 and finally the equation

b4(M) = 1 + N2 (7)

holds. By the semi-free condition, every fixed point p with λp = 2 has weights
{−1,−1, 1, 1}

If Nmax denotes the normal bundle of Mmax then by Proposition 2.9 and Equation
(7): ∫

Mmax

c21(Nmax) −
∫
Mmax

c2(Nmax) + b4(M) − 1 = 0. (8)

On the other hand by [33, Theorem 3.4] the intersection form of M is positive
definite, i.e. σ(M) = b4(M). By [23, Main Result],

MZ2 .MZ2 = σ(M) = b4(M).

Furthermore, since the action is semi-free MZ2 = MS1
consists of Mmax and a finite

collection of isolated fixed points,

MZ2 .MZ2 =

∫
Mmax

c2(Nmax) = b4(M).
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Therefore, there is a cancellation in Equation (8) simplifying the equation to:∫
Mmax

c21(Nmax) = 1. (9)

By Proposition 2.2 they have b2(Mmax) = 1 and since Mmax is a symplectic
4-manifold it satisfies σ(F ) = 1, therefore by the Hirzebruch signature theorem∫
Mmax

c1(Mmax)
2 = 9. Let a be the integral generator of the second homology which

is a positive multiple of [ω]|Mmax . Then c1(Mmax) = ±3a. In fact, c1(Mmax) = −3a
is impossible, because by the equation

∫
Mmax

c1(NMmax)2 = 1 shown in Equation (9),
then [ω]|Mmax = (−3 + k′)a where k′ = ±1 which contradicts the definition of a.
Therefore c1(Mmax) = 3a, therefore [ω]|Mmax = (3 + k′)a, where c1(Nmax) = k′a. In
particular, Mmax is positive monotone, and therefore since b2(F ) = 1, by Theorem
2.10 F is symplectomorphic to CP2. Since b4(M) > 1 then by Equation (7) N2 > 0
there must exist an fixed point with weights {−1,−1, 1, 1} therefore by Proposition
4.1 there exists a map f : S2 → Mmax, such that

∫
S2(f

∗(ω)) = 2. Therefore it must
fold that (3 + k′) is at most 2, showing that k′ = −1 as required.

The following proposition treats the case when MS1
does contain a component

of dimension 2, as is the case for the action on W5 described in Example 4.4.

Proposition 4.6. Let M be a closed symplectic 8-manifold with b2(M) = 1 with a
semi-Hamiltonian S1-action such that (d1, d2) = (0, 4) and such that MS1 \ Mmax

has a component of positive dimension. Then there exists a fixed component Σ of
dimension 2 with λF = 1. Moreover, and, if N denotes the normal bundle of Mmax∫
Mmax

c1(Nmax)
2 ∈ {0, 1}, moreover Mmax is symplectomorphic to CP2. Moreover,∫

Mmax

c2(Nmax) = b4(F )

and ∫
Σ

c1(M) = 3(3 −
∫
Mmax

c1(Nmax)
2).

If additionally b4(M) > 2, then c1(Nmax) = −L where L is the Poincaré dual of a
line in particular

∫
Mmax

c1(Nmax)
2 = 1 in this case.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that c1 = [ω]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mmin) = 0 and the action is semi-free the weights at Mmin are {1, 1, 1, 1} and
H(Mmin) = −4 and the action is semi-free the weights at Mmax are {−1,−1, 0, 0}
and H(Mmax) = 2.

1 = b6(M) = b2(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b6−2λF
(F ). (10)
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Since Mmax is a symplectic 4-manifold, b2(Mmax) = 1. Let F be a component
in MS1 \ F with positive dimension, since Mmin is isolated dim(F ) > 0, moreover
by Equation (10) b6−2λF

(F ) = 0 since F is a connected symplectic submanifold of
positive dimension b2(F ) > 0 b0(F ) = 1 therefore λF = 1 and again by Equation
(10) dim(F ) = 2, define Σ := F . Note that b0(Σ) = b2(Σ) = 1, also since the action
is semi free the weights at F are {0,−1, 1, 1} and H(F ) = −1.

1 = b2(M) = b0(Σ) +
∑

F⊂MS1 ,F ̸=Σ

b2−2λF
(F ). (11)

Therefore by Equations (10), (11) every fixed component not equal to Mmin,Mmax,
Σ satisfies dim(F ) = 0 and λF = 2, therefore has weights {−1,−1, 1, 1}. Let N2

denote the number of such isolated fixed points. Then by Proposition 2.2:

b4(M) =
∑

F⊂MS1 ,F ̸=Σ

b4−2λF
(F ) = b0(Mmax) + b2(Σ) + N4 = 2 + N2. (12)

Then, denote by NΣ the normal bundle of Σ in M , and label the component of
the splitting of NΣ so that a1 is the first Chern class of the component of weight −1
and a2, a3 are the first Chern class of the components with weight 1. Then if Nmax

denotes the normal bundle of Mmax by Proposition 2.9 1:∫
Mmax

c21(Nmax) −
∫
Mmax

c2(Nmax) − a1 + a2 + a3 + b4(M) − 1 = 0. (13)

On the other hand by [33, Theorem 3.4] the intersection form of M is positive
definite, i.e. σ(M) = b4(M). By [23, Main Result],

MZ2 .MZ2 = σ(M) = b4(M).

Furthermore, since the action is semi-free MZ2 = MS1
consists of Mmax and a finite

collection fixed submanifolds of dimension at most two,

MZ2 .MZ2 =

∫
Mmax

c2(Nmax) = b4(M).

Therefore, there is a cancellation in Equation (8) simplifying the equation to:∫
Mmax

c21(Nmax) − a1 + a2 + a3 = 1. (14)

1Note that while it was shown that there are precisely b4(M) − 2 fixed points p with λp = 2,
in this case the isolated fixed point Mmin also contributes +1 to the formula of Proposition 2.9,
hence the given form.
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Since H(Σ) = −1 and H(Mmin) = −4 by Proposition 4.1 2 + a1 + a2 + a3 = 3a1,
therefore −2 + a1 = −a1 + a2 + a3. Substituting this into Equation 14 implies that∫

Mmax

c21(Nmax) + a1 = 3. (15)

Since
∫
Mmax

c1(Nmax)
2 is a square number, and a1 > 0 (as the symplective volume of

F is 3a1), the only possibilities are
∫
Mmax

c1(Nmax)
2 = 1, a1 = 2,

∫
Mmax

c1(Nmax)
2 = 0,

a1 = 3. The claim about the integral of c1(M) over Σ follows from Equation (15).
By Equation (10) b2(Mmax) = 1 and since Mmax is a symplectic 4-manifold it

satisfies σ(F ) = 1, therefore by the Hirzebruch signature theorem
∫
Mmax

c1(Mmax)
2 =

9. Let a be the integral generator of the second homology which is a positive multiple
of [ω]|Mmax . Then c1(Mmax) = ±3a. In fact, c1(Mmax) = −3a is impossible, because
by the equation

∫
Mmax

c1(NMmax)2 = 0, 1 shown above, then [ω]|Mmax = (−3 + k′)a
where k′ = 0,±1 which contradicts the definition of a. Therefore c1(Mmax) =
3a, in particular Mmax is positive monotone, and therefore by Theorem 2.10 F is
symplectomorphic to CP2. Finally, if b4(M) > 2, then c1(N) = −L, by Proposition
4.1.

4.3 (d1, d2) = (0, 6)

In this subsection the case (d1, d2) = (0, 6) is analysed, the primary example in this
case is an action on P4 described below.

Example 4.7. Let C∗ act on P4 by

z.[z0 : z1 : . . . : z4] = [zz0 : zz1 : zz2 : zz3 : z4].

Then (P4)C
∗

= {p} ∪ Ξ where p = [0 : 0 : 0 : 0 : 1] and Ξ = {[z0 : z1 : . . . : z4] ∈ P4 |
z4 = 0}.

By Lemma 2.6 the restriction of the C∗-action to S1 is Hamiltonian for a Kähler
form ω such that c1 = [ω]. Letting M = P4, by Theorem 2.5 the Hamiltonian H may
be normalized so that H(p) = −

∑
wi for all p ∈ MS1

. By direct computation in
affine charts the weights at p are {1, 1, 1, 1} and the weights at H are {−1, 0, 0, 0}.
Therefore Mmin = {p}, H(p) = −4, Mmax = Ξ, H(Ξ) = 1. Moreover, if Nmax

denotes the normal bundle over Mmax, then Nmax
∼= O(1).

Lemma 4.8. Let (M,ω) be a closed symplectic 8-manifold having a semi-free Hamil-
tonian S1-action and satisfying b2(M) = 1. Assume furthermore, (d1.d2) = (0, 6).
Then, the fixed point set has two components, Mmin an isolated fixed point and Mmax

is symplectomorphic to CP3, c1(Nmax) = h, where h ∈ H2(CP3,Z) is the hyperplane
class.
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Proof. By the assumptions and Poincaré duality b2(M) = b6(M) = 1. Since Mmax

is a 6-dimensional symplectic submanifold, bi(Mmax) > 0 for i = 0, 2, 4, 6 and
λ(Mmax) = 1. Therefore, by Proposition 2.2

1 = b6(M) = b4(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b6−2λF
(F ). (16)

Therefore b4(Mmax) = 1 and therefore by Poincaré duality b2(Mmax) = 1. By Propo-
sition 2.2 every non-extremal fixed component is isolated and has λp = 2. By the
semi-free assumption, the only remaining possibility for fixed submanifolds is iso-
lated fixed points with weights {−1,−1, 1, 1}, this impossible by [50, Lemma 3.1].
Therefore, M is a simple Hamiltonian manifold in the sense of [17, Definition 1.1],
and by [17, Corollary 6.5] the result is proven.

4.4 (d1, d2) = (2, 4)

In this subsection the case (d1, d2) = (2, 4) is analysed, the primary example in this
case is an action on P4 described below.

Example 4.9. Let C∗ act on P4 by

z.[z0 : z1 : z2 : z3 : z4] = [z0 : z1 : zz2 : zz3 : zz4].

Then (P4)C
∗

= L ∪ Π, where L is a line and Π is a plane.

By Lemma 2.6 the restriction of the C∗-action to S1 is Hamiltonian for a Kähler
form ω such that c1 = [ω]. Letting M = P4, by Theorem 2.5 the Hamiltonian H may
be normalized so that H(p) = −

∑
wi for all p ∈ MS1

. By direct computation is
affine charts the weights at L are {0, 1, 1, 1} and the weights at Π are {−1,−1, 0, 0}.
Therefore Mmin = L, H(L) = −3, Mmax = Π, H(Π) = 2. Moreover, if Nmin /max

denotes the normal bundle over Mmin /max, then Nmin
∼= O(1)3 and Nmax

∼= O(1)2.
So applying the Whitney sum formula the following formulas hold: c(Nmin) = 1+3h,
c(Nmax) = 1 + 2h + h2, where h is the hyperplane class.

In the following proposition, it is shown that in the case (d1, d2) = (2, 4) the
symplectomorphism type of the fixed components and the first Chern classes of the
normal bundles correspond precisely to Example 4.9.

Proposition 4.10. Let (M,ω) be a closed symplectic 8-manifold having b2(M) = 1
and having a semi-free Hamiltonian S1-action. Suppose that (d1, d2) = (2, 4). Let
Nmin, Nmax denote the normal bundle of Mmin,Mmax respectively. Then, b4(M) =
1 and MS1

= Mmin ∪ Mmax. Furthermore, Mmax is symplectomorphic to CP2,∫
Mmax

c1(Nmax)
2 = 4, Mmin is symplectomorphic to CP1 and

∫
Mmin

c1(Nmin) = 3.
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Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that c1 = [ω]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mmin) = 2 and the action is semi-free the weights at Mmin are {0, 1, 1, 1} and
H(Mmin) = −3 dim(Mmax) = 4 and the action is semi-free the weights at Mmax are
{−1,−1, 0, 0} and H(Mmax) = 2.

By Poincaré duality and the assumptions b2(M) = b6(M) = 1. Therefore by
Proposition 2.2 the following formulas hold:

1 = b2(M) = b2(Mmin) +
∑

F⊂MS1 ,F ̸=Mmin

b2−2λF
(F ). (17)

Since Mmin is a closed orientable 2-manifold b2(Mmin) = 1. Similarly

1 = b6(M) = b2(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b6−2λF
(F ). (18)

Since Mmax is a symplectic 4-manifold, b2(Mmax) = 1. Therefore Equations
(17),(18) imply that for any non-extremal fixed component F , bi−2λF

(F ) = 0 for
i = 2, 6. Applying the formulas for b0(M), b8(M) in a similar way show that for
any non-extremal fixed component F bi−2λF

(F ) = 0 for i = 0, 8. The equations
bi−2λF

(F ) = 0 for i = 0, 2, 6, 8 imply λF = 2, and that dim(F ) = 0. Therefore since
the action is semi-free the weights of the action along F are {−1,−1, 1, 1} for any
non-extremal fixed component.

By Lemma 2.9,∫
Mmax

c1(Nmax)
2 −

∫
Mmax

c2(Nmax) −
∫
Mmin

c1(Nmin) + (b4(M) − 1) = 0.

By [33, Theorem 3.4] the intersection form of M is positive definite, i.e. σ(M) =
b4(M), where σ denotes the signature. By [23, Main Result],

MZ2 .MZ2 = σ(M) = b4(M).

Since the action is semi-free MZ2 = MS1
By Proposition 2.2 and the assumptions

b2(M) = 1, (d1, d2) = (2, 4), it follows that Mmin is the only component with dimen-
sion at least 4,

∫
Mmax

c2(Mmax) = b4(N). Therefore, we obtain∫
Mmax

c1(Nmax)
2 −

∫
Mmin

c1(Nmin) − 1 = 0. (19)

Now the proof splits into two case, when b4(M) = 1 or when b4(M) > 1, note
that the second case is equivalent to the existence of isolated fixed points with
weights {−1,−1, 1, 1}.

If b4(M) > 1 then by Proposition 4.1 there is a map f : S2 → Mmax, such
that

∫
S2(f

∗(ω)) = 2. Let a be the generator of H2(Mmax,Z) modulo torsion, such
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that a = c[ω] for some c > 0. Then set, c1(Nmax) = k′a, k′ ∈ Z, note that since
b2(Mmax) = 1 and Mmax is a symplectic 4-manifold σ(Mmax) = 1 and therefore by
the Hirzebruch signature theorem

∫
Mmax

c1(Mmax)
2 = 9. Therefore c1(Mmax) = −3a

or c1(Mmax) = 3a. It will be shown that the first case is impossible, suppose for
a contradiction that c1(Mmax) = −3a. Write PD(f∗([S

2])) = k, then it holds that
(−3+k′)k = 2, and since −3+k′ > 0, this implies −3+k′ = 1, 2, implying k′ = 4, 5,∫
Mmax

c1(Nmax)
2 = 16, 25, therefore by Equation (19),

∫
Mmin

c1(Nmin) = 15, 24 and

therefore c1(M)|Mmin
is either 17 or 26 times the generator of H2(Mmin) ∼= Z, which

contradicts the existence of a map f : S2 → Mmin, such that
∫
S2(f

∗(ω)) = 3.
Therefore c1(Mmax) = 3a, the equation becomes (3 + k′)k = 2 with 3 + k′ > 0

therefore (3 + k′) = 1, 2 and correspondingly c1(Nmax) = −2a or c1(Nmax) = −a. In
the case that c1(Nmax) = −a, then by Equation (19),

∫
Mmin

c1(Nmin) = 0, but that

contradicts the existence of a a map f : S2 → Mmin, such that
∫
S2(f

∗(ω)) = 3. In the
remaining case that c1(Nmax) = −2a, by Theorem 2.10 Mmax is sympplectomorphic
to CP2 and Equation (19) gives the desired equation

∫
Mmin

c1(Nmin) = 3, but that

contradicts the existence of a a map f : S2 → Mmin, such that
∫
S2(f

∗(ω)) = 3. We
have shown that b4(M) > 1 is impossible.

Therefore, b4(M) = 1, that is there are precisely two fixed components, the
2-manifold Mmin and the 4-manifold Mmax. By Proposition 4.1 there is a map
f : S2 → Mmax, such that

∫
S2(f

∗(ω)) = 5. Let a be the generator of H2(Mmax,Z)
modulo torsion, such that ca = [ω] for some c > 0. Then set, c1(Nmax) = k′a, k′ ∈ Z,
note that since b2(Mmax) = 1 and Mmax is a symplectic 4-manifold σ(Mmax) = 1
and therefore by the Hirzebruch signature theorem

∫
Mmax

c1(Mmax)
2 = 9. Therefore

c1(Mmax) = −3a or c1(Mmax) = 3a. It will be shown that the first case is impossible,
suppose for a contradiction that c1(Mmax) = −3a. Write PD(f∗([S

2])) = k, then it
holds that (−3+k′)k = 5. Since (−3+k′)a = [ω], it holds that −3+k′ > 0, therefore
−3 + k′ = 1, 5 i.e. k′ = 4, 8. In such a case

∫
Mmax

c1(Nmax)
2 = 16, 64 respectively,

the by Equation (19),
∫
Mmin

c1(Nmin) = 17, 65 respectively and therefore [ω]|Mmin
is

19 or 67 times the generator of the second cohomology. However there is a map
f : S2 → Mmin, such that

∫
S2(f

∗(ω)) = 5, which gives a contradiction.
In the case where c1(Mmax) = 3a, the equation becomes (3 + k′)k = 5 where 3 +

k′ > 0 therefore (3 + k′) = 1, 5, and correspondingly c1(Nmax) = −2a or c1(Nmax) =
2a and

∫
Mmax

c1(Nmax)
2 = 4. Finally, note that since c1(Mmax) is a positive multiple

of a and therefore of [ω] by the definition of a, Mmax is symplectomorphic to a del
Pezzo surface with b2 = 1 and so to CP2.

4.5 (d1, d2) = (4, 4)

In this subsection the case (d1, d2) = (4, 4) is analysed, the primary example in this
case is an action on Q4 described below.

The image of the Plücker embedding Gr(2, 4) → P(∧2(C4)) = P5 is a smooth
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quadric, denoted Q4. In the following example we study a torus action on Q4

constructed via the above identification.

Example 4.11. Let X = Q4 ∼= Gr(2, 4), and consider the C∗-action induced by

z.(z1, z2, z3, z4) = (zz1, z2, z3, z4).

Then XC∗
= Π1 ∪ Π2, where Πi are planes for i = 1, 2.

Let H = {(0, z2, z3, z3) | (z2, z3, z3) ∈ C3} ⊂ C4. Then Π1 = {⟨v1, v2⟩ ∈ Gr(2, 4) |
v1, v2 ∈ H} ∼= Gr(2, 3) ∼= P2 is fixed by the linear action therefore is fixed. Moreover,

Π2 = {⟨(1, 0, 0, 0), (0, z2, z3, z4)⟩ ∈ Gr(2, 4) | (z2, z3, z4) ∈ C3} ∼= P2

is also fixed.
Now, to prove that the action is semi-free, by Lemma 2.6 it suffices to show that

the action of S1 ⊂ C∗ is semi-free. Note that X is naturally isomorphic to the space
of lines in P3 denoted G(1, 3), and via this identification the S1-action is induced by
the action on P3 given by the above linear action i.e.

z.(z1, z2, z3, z4) = (zz1, z2, z3, z4).

By direct computation in affine charts, this S1-action on P3 is semi-free and the
fixed point set of the action is q := [1 : 0 : 0 : 0] and the hyperplane H. G(1, 3)C

∗
,

is equal to the union of lines contained in H and lines containing q.
Let L be a line which is not fixed by the action, i.e. L is not contained in H and

L doesn’t contain q so it intersects H in a point pL ∈ L ∩H. Let p ∈ L \ {pL}, in
particular p is not contained in the fixed point set of the action on P3. Let L′ be
the line through p and q, note that S1.p is contained in L′. Let g be a non-trivial
element of S1, then g.p is in L′ and L ∩ L′ = p, so g.p cannot be contained in L.
Therefore, g.L ̸= L. That is, every orbit of the S1-action on G(1, 3) ∼= Gr(2, 4)
not intersecting the fixed point set is a free orbit, i.e. the S1-action is semi-free,
therefore the C∗-action is semi-free.

By Lemma 2.6 the restriction of the C∗-action to S1 is Hamiltonian for a Kähler
form ω such that c1 = [ω]. Letting M = Q4, by Theorem 2.5 the Hamiltonian H
may be normalized so that H(p) = −

∑
wi for all p ∈ MS1

. Since MS1
has only two

fixed components Mmin,Mmax are both planes in Q4, and by the semi-free condition
the weights are {1, 1, 0, 0} and {−1,−1, 0, 0} and H(Mmin) = −2, H(Mmax) = 2.

Let Π be a linear plane contain in a smooth quadric 4-fold Q ⊂ P5. There is a
short exact sequence of normal bundles:

0 → NΠ,Q → NΠ,P5 → NQ,P5 → 0.

Therefore the above exact sequence gives the equation of total Chern classes, it fol-
lows that c(NΠ,Q)c(NQ,P5) = c(NΠ,P5). We have the standard identifications NΠ,P5

∼=
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O(1) ⊕ O(1) ⊕ O(1) and NQ,P5
∼= O(2), substituting these expressions into the

above equation gives: c(NΠ,Q) = 1 + h + h2, where h ∈ H2(Π,Z) is the hyperplane
class. Note that this is the total Chern class of TP2 ⊗ O(−1) therefore NΠ,Q and
TP2 ⊗O(−1) are equivalent as complex vector bundles.

Another example fitting into this case is a Fano 4-fold of index 2 and genus 8,
this forms a family of Mukai fourfolds denoted Xm

8 . I would like to thank Alexander
Kuznetsov for providing this example. Since b4(X

m
8 ) = 8 Kuznetsov’s example

answers [45, Question 15.3] negatively.

Example 4.12. There exists a smooth prime Fano 4-fold X in the family Xm
8 having

a semi-free C∗-action. Moreover XC∗
= Π1∪Π2∪{p1, . . . , p6}, where Πi are planes.

In particular, Xm
8 contains compactifications of C4.

Proof. Let V0 and V1 be 3-dimensional vector spaces. Let A be a 4-dimensional
subspace:

A ⊂ V ∗
0 ⊗ V ∗

1 ⊂ ∧2(V0 ⊕ V1)
∗.

Then define XA := Gr(2, V0 ⊕ V1) ∩ P(A⊥), where

A⊥ = {v ∈ ∧2(V0 ⊕ V1) | a(v) = 0, ∀a ∈ A}.

Set V = V0 ⊕V1. Consider the Segre subvariety P(V0)×P(V1) ⊂ P(V0 ⊗V1), and its
secant variety Σ ⊂ P(V0 ⊗ V1), which is the determinantal cubic hypersurface. Note
that Sing(Σ) = P(V0) × P(V1).

Claim. XA is smooth if and only if the cubic surface P(A) ∩ Σ is smooth. In
particular, XA is smooth if A is general.

First the action of C∗ on XA is defined, then the claim is proved. Consider the C∗-
action on V0 and V1, equal to the weight space of weight 0 and 1 respectively. Note
that the induced C∗-action on ∧2(V ) has weight 0, 1, 2 on the subspaces ∧2(V0),
V0 ⊗ V1 and ∧2(V1), respectively. Therefore the subset A ⊂ ∧2(V ∗

0 ⊕ V ∗
1 ) is C∗-

invariant, hence XA is invariant by the induced C∗-action on Gr(2, V ).
Note also that the fixed locus of the C∗-action on P(∧2(V )) is:

P(∧2(V0)) ⊔ P(V0 ⊗ V1) ⊔ P(∧2(V1)).

The first and last two components are planes, they are contained in Gr(2, V ) and
P(A⊥), hence in XA. On the other hand, the intersection of P(V0⊗V1) with Gr(2, V )
is the Segre variety P(V0)×P(V1), and its intersection with P(A⊥) is a general linear
section of P(V0)×P(V1) of codimension 4, which consists of deg(P(V0)×P(V1)) = 6
points.

Finally, note that the C∗-action is semi-free. Indeed, the subset of points in
P(∧2V ) that have finite non-trivial stabilizer in C∗ is:

P(∧2V0 ⊕ ∧2V1) \ (P(∧2V0) ∪ P(∧2V1)).
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This locally closed subset of P(∧2V ) has empty intersection with Gr(2, V ), hence
also with XA.

Proof of claim. Only the “if” direction is proven, because the other direction
is irrelevant now. First, let us check that XA is singular if and only if the cubic
surface

YA := Pf(V ∗) ∩ P(A)

is singular, where Pf(V ∗) ⊂ P(∧2V ∗) is the Pfaffian cubic hypersurface. Indeed, if
XA is not smooth, there is a point [U ] ∈ XA and a point [a] ∈ P(A) such that the
hyperplane section Ha ∩Gr(2, 6) is singular at [U ]. Then the skew-symmetric form
corresponding to a is degenerate and U is contained in its kernel. In particular,
[a] ∈ Pf(V ∗).

Now, if the rank of a as a skew-form is 2, then Pf(V ∗) is singular at [a], hence
also YA is singular at [a]. So, assume that the rank of a is 4. Then U is equal to the
kernel of a.

Since [U ] ∈ XA, it follows that all skew-forms a′ ∈ A must vanish on [U ]. But
the tangent space to Pf(V ∗) at [a] is exactly the space of all skew-forms that vanish
at U . This shows that the tangent space to YA at [a] has dimension 3, hence YA is
singular at [a].

Next, let us show that YA = P(A) ∩ Σ. This is easy, because the determinant of
skew-forms in P(V ∗

0 ⊗ V ∗
1 ) is equal to the square of their determinants, hence their

Pfaffian is equal to the determinant up to sign.
Finally, let us show that P(A) ∩ Σ is smooth for general A. Indeed, there is a

version of Bertini’s Theorem saying that a general hyperplane section Y ∩ H of a
singular variety Y is smooth away from Sing(Y ) ∩ H. Applying this five times to
Y = Σ, we conclude that for A general YA is smooth away from:

P(A) ∩ P(V ∗
0 ) × P(V ∗

1 ).

But dim(P(V ∗
0 )×P(V ∗

1 )) = 4, so its general linear section of codimension 5 is empty
2.

To prove the fact about compactifications. Consider Gr(2, V1), denote by U1 its
tautological bundle, and consider the morphisms of vector bundles

V0 ⊗ U1 → V0 ⊗ V1 ⊗O → ∧2V ⊗O → A⊗O,

2The proof of this claim also follows from a general fact about homological projective duality [27,
Theorem 6.3]. Namely, that if X is homologically projective dual to Y then XA is smooth ⇐⇒
YA is smooth, it does not appear explicitly in the literature although it is mentioned in [27, Page
642]. To prove this; if XA is smooth then Db(XA) is smooth and proper. Hence its semi-orthogonal
component CA is smooth and proper. Hence Db(YA) is smooth and proper because it has a semi-
orthogonal decomposition where all components are smooth and proper, hence YA is smooth. The
proof of the converse is similar.
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where the first arrow is induced by the tautological embedding of U1, the second is
induced by the natural inclusion, and the third is the dual of A → ∧2V ∗.

The source bundle has rank 6 and the target rank 4. Moreover, the dual of
the first bundle is globally generated. Therefore, if A is general, the morphism is
surjective, and its kernel is locally free of rank 2. By definition the total space of the
kernel is contained in XA. But by the Quillen–Suslin theorem the kernel is trivial
over A2, which gives an embedding of A4 into XA.

In the following proposition, it is shown that for a closed symplectic 8-manifold
having b2(M) = 1 and having a semi-free Hamiltonian S1-action with extremal
fixed components both having dimension 4, then the extremal fixed components are
symplectomorphic to CP2, moreover c21 and c2 of the normal bundle of each extremal
component is equal to 1, as in Example 4.11.

Proposition 4.13. Let (M,ω) be a closed symplectic 8-manifold having b2(M) = 1
and having a semi-free Hamiltonian S1-action. Suppose that (d1, d2) = (4, 4). Let
Nmin, Nmax denote the normal bundle of Mmin,Mmax respectively. Then, Mmin and
Mmax are symplectomorphic to CP2,∫

Mmin

c2(Nmin) +

∫
Mmax

c2(Nmax) = b4(M),

∫
Mmin

c1(Nmin)2 =

∫
Mmax

c1(Nmax)
2 = 1.

Finally, if b4(M) > 2 then c1(Nmin), c1(Mmax) are equal to the class−h ∈ H2(CP2,Z),
where h denotes the hyperplane class.

Proof. By Lemma 2.4 the symplectic form may be multiplied by a positive constant
so that c1 = [ω]. Let H be the Hamiltonian produced by Theorem 2.5. Since
dim(Mmin) = 4 and the action is semi-free the weights at Mmin are {0, 0, 1, 1} and
H(Mmin) = −2 dim(Mmax) = 4 and the action is semi-free the weights at Mmax are
{−1,−1, 0, 0} and H(Mmax) = 2.

By Poincaré duality and the assumptions b2(M) = b6(M) = 1. Therefore by
Proposition 2.2 the following formulas hold:

1 = b2(M) = b2(Mmin) +
∑

F⊂MS1 ,F ̸=Mmin

b2−2λF
(F ). (20)

Since Mmin is a symplectic 4-manifold, b2(Mmin) = 1. Similarly

1 = b6(M) = b2(Mmax) +
∑

F⊂MS1 ,F ̸=Mmax

b6−2λF
(F ). (21)

Since Mmax is a symplectic 4-manifold, b2(Mmax) = 1. Therefore Equations
(20),(21) imply that for any non-extremal fixed component F , bi−2λF

(F ) = 0 for
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i = 2, 6. Applying the formulas for b0(M), b8(M) in a similar way show that for
any non-extremal fixed component F bi−2λF

(F ) = 0 for i = 0, 8. The equations
bi−2λF

(F ) = 0 for i = 0, 2, 6, 8 imply λF = 2, and that dim(F ) = 0. Therefore since
the action is semi-free the weights of the action along F are {−1,−1, 1, 1} for any
non-extremal fixed component. Putting this all together, if N2 denotes the number
of fixed points with index 2, then Proposition 2.2 gives

b4(M) = b0(Mmax) + b4(Mmin) + N2 = 2 + N2. (22)

By [33, Theorem 3.4] the intersection form of M is positive definite, i.e. σ(M) =
b4(M), where σ denotes the signature. By [23, Main Result],

MZ2 .MZ2 = σ(M) = b4(M).

Then, since the action is semi-free MZ2 = MS1
, moreover the since only compo-

nents of dimension at least 4 can have non-trivial self-intersection, and for a four-
dimensional symplectic submanifold the self-intersection is the second Chern class
of the normal bundle:

MZ2 .MZ2 =

∫
Mmin

c2(Nmin) +

∫
Mmax

c2(Nmax) = b4(M).

By Lemma 2.9 and Equation (22):∫
Mmin

c1(Nmin)2 −
∫
Mmin

c2(Nmin) +

∫
Mmax

c1(Nmax)
2 −

∫
Mmax

c2(Nmax) = 2 − b4(M).

Substituting the above equation gives∫
Mmin

c1(Nmin)2 +

∫
Mmax

c1(Nmax)
2 = 2.

Since b2(Nmin) = 1 let a be a generator of H2(Mmin,Z) because by Poincaré duality
the intersection pairing is a non-degenerate symmetric bilinear form,

∫
Mmin

a2 = ±1.

writing a = k[ω]|N for some k ∈ R, then
∫
Mmin

a2 =
∫
Mmin

k2[ω]2 > 0, therefore∫
Mmin

a2 = 1, therefore
∫
Mmin

c1(Nmin)2 is a square, similarly
∫
Mmax

c1(Nmax)
2 is a

square. The only pair of squares that sum to 2 is {1, 1}. Therefore∫
Mmin

c1(Nmin)2 =

∫
Mmax

c1(Nmax)
2 = 1.

Let F be either of the extremal fixed components having normal bundle N ,
which have dimension 4 by assumption, then since by Proposition 2.2 they have
b2(F ) = 1 and they are symplectic 4-manifolds they satisfy σ(F ) = 1, therefore by
the Hirzebruch signature theorem they satisfy

∫
F
c1(F )2 = 9. Let a be the integral
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generator of the second homology which is a positive multiple of [ω]|F . Then c1(F ) =
±3a. In fact, c1(F ) = −3a is impossible, because by the equation

∫
F
c1(NF )2 = 1

shown above, then [ω]|F = (−3+k′)a where k′ = ±1 which contradicts the definition
of a. Therefore c1(F ) = 3a, in particular F is positive monotone, and therefore since
b2(F ) = 1 by Theorem 2.10 F is symplectomorphic to CP2.

If b4(M) > 2 then by Equation (22) there exists an isolated fixed point p with
λp = 2. By Proposition 4.1 there are maps f1 : S2 → Mmin, f2 : S2 → Mmax such
that

∫
S2 f

∗
1ω = 2.

∫
S2 f

∗
2ω = 2. This shows that the restriction of c1(M) = [ω] to

Mmin,Mmax cannot be divisible by 4, so the only remaining possibility iss the claimed
property i.e. that c1(Nmin), c1(Mmax) are equal to the class−H ∈ H2(CP2).

Let (M,ω) be a closed symplectic 8-manifold with a semi-free Hamiltonian S1-
action. Combining the results of this section, gives quite a lot of topological conse-
quences for the topology of M , which are worked out fully in Section 5 after proving
some more preparatory results. The following theorem, states the topological re-
strictions which are implied immediately from the results in this section.

Theorem 4.14. Let (M,ω) be a closed symplectic 8-manifold with b2(M) = 1 and
a semi-free Hamiltonian S1-action. Then the following hold:

a). M is simply connected and has Todd genus 1.

b). All non-isolated fixed components are symplectomorphic to either:

CP1, CP2, CP1 × CP1, CP3,

with the (product of) Fubini-Study symplectic forms.

Proof. If (d1, d2) = (0, 0), By Proposition 4.3, in addition to the isolated fixed
points Mmin,Mmax, there is one non-extremal fixed component symplectomorphic
to N = CP1 × CP1, statement b). follows. Since Mmin is isolated, the fact that M
is simply connected and has Todd genus 1 follows [30].

If (d1, d2) = (0, 4) Then, since Mmin is isolated point by [30] M is simply con-
nected and the Todd genus of M is 1, proving a). Statement b). follows immediately
from Lemma 4.5 and Proposition 4.6.

If (d1, d2) = (0, 6) Then, since Mmin is isolated point by [30] M is simply con-
nected and the Todd genus of M is 1, proving a). By Lemma 4.8 Mmax is sym-
plectomorphic to CP3 and there are no non-extremal fixed components, proving
b).

If (d1, d2) = (2, 4), Then, by Proposition 4.10 Mmin is symplectomorphic to CP1

a therefore by [30] M is simply connected and the Todd genus of M is 1, proving
a). By Proposition 4.10 Mmax is symplectomorphic to CP2 and there are no non-
extremal fixed components proving b).
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If (d1, d2) = (4, 4) Then, by Proposition 4.13 Mmin,Mmax are symplectomorphic
to CP2 therefore by [30] M is simply connected and the Todd genus of M is 1,
proving a). Moreover by Proposition 4.13, every non-extremal fixed point isolated
proving b).

5 Proof of Theorem 5.5

5.1 Extremal submanifolds encode the index

The following topological lemma about sphere bundles is a consequence of the Gysin
sequence. The construction of the disk and sphere bundles from a vector bundle are
constructed via a bundle metric but do not depend on the metric, so the metric is
suppressed in the following.

Lemma 5.1. Let N be a simply connected, orientable, closed manifold with torsion-
free integral homology and E a complex vector bundle with rank k > 1 over N . Then,
let D(E) be the unit disk bundle and S(E) the unit sphere bundle respectively. Then
the inclusion i induces an isomorphism

i∗ : H2(S(E),Z) → H2(D(E),Z).

Proof. Denote by i : S(E) → D(E) the inclusion. Let πS, πD denote the projection
to the base of S(E) and D(E), clearly πD is a homotopy equivalence and πS = πD◦i.
Therefore, the claim is equivalent to showing that πS induces an isomorphism

(πS)∗ : H2(S(E),Z) → H2(N,Z).

Since E is a complex vector bundle by assumption, it is in particular oriented
and as such it induces an orientation on fibers of S(E) in a natural way. Therefore,
S(E) is a fiberwise oriented S2k−1-bundle, and the Gysin sequence may be applied:

. . . → H1−(2k−1)(N,Z) → H2(N,Z) → H2(S(E),Z) → H2−(2k−1)(N,Z) → . . .

By the assumption 2k > 2, 1−(2k−1) = 2−2k < 0 and 2−(2k−1) = 3−2k < 0 so
the first and last terms vanish and π∗ : H2(N,Z) → H2(S(E),Z) is an isomorphism.
Since by assumption N is simply connected, by the universal coefficients theorem,
H2(N,Z) ∼= Hom(H2(N,Z),Z), and similarly for S(E), proving the claim.

Lemma 5.1 will be applied in the following proposition to closed symplectic
manifolds admitting a Hamiltonian S1-action with b2(M) = 1, showing that the
second homology is integrally generated by classes in the extremal submanifolds,
provided they are not isolated. It is loosely inspired by [41, Proposition 0.2]. This
will be important later in the determining of the index in the main classification
problem. The index ι(M) is defined to be the maximum integer k such that c1(M)

k

is an integral cohomology class.

31



Proposition 5.2. Let (M,ω) be a closed symplectic manifold with a Hamiltonian
S1-action and b2(M) = 1 and such that each component of MS1

is simply connected
and has torsion-free integral homology. Let N be an extremal fixed component of pos-
itive dimension. Then the inclusion i∗ : H2(N,Z) → H2(M,Z) is an isomorphism.
In particular, ι(M) = |

∫
a
c1(M)|, where a ∈ H2(N,Z) is a generator.

Proof. Homology groups are taken with integral coefficients throughout the proof.
Without loss of generality N = Mmin i.e. λ(N) = 0 and dim(N) > 0. Firstly, it
is shown that for every fixed component F , λF ̸= 1, so that Mmin is the unique
fixed component with λF ≤ 1. Suppose for a contradiction there is another fixed
component F such that λF = 1. Then by Proposition 2.2:

b2(M) =
∑

F⊂MS1

b2−2λF
(F ) = b2(Mmin) + b0(F ) + c,

where c is non-negative integer, a contradiction.
We prove the claim inductively for the sets H−1(−∞, c) as c passes through crit-

ical levels, For c = Hmin +ε, ε sufficiently small H−1(−∞, c) is homotopy equivalent
to N and the proposition holds tautologically. When c is a critical level for ε suf-
ficiently small then H−1(−∞, c + ε) is homotopy equivalent to the space obtained
as the union the negative disk bundle N−(F ) of the fixed components F such that
H(F ) = c and H−1(−∞, c−ε) [32, Lemma 0.4]. Moreover as was noted in the begin-
ning of the proof λF > 1. Since λF is the rank of N−(F ) we denote it by λF = k > 1.
Let A = H−1(−∞, c + ε), B = N−(F ), and X := A ∪ B, so that X is homotopy
equivalent to H−1(−∞, c+ ε). Since F is simply connected and A∩B is homotopy
equivalent to a S2k−1-bundle over F by the homotopy long exact sequence, it holds
that H1(A ∩B) = 0. Then the relevant portion of the Mayer-Vietoris sequence is:

. . . → H2(A ∩B)
f1−→ H2(A) ⊕H2(B)

f2−→ H2(X) → 0.

By Lemma 5.1 i∗ : H2(A ∩ B) → H2(A) is an isomorphism. Let f1 = (i∗, j∗),
and f2 = k∗ − l∗ be the maps appearing in the above Mayer-Vietoris sequence, then
by exactness of the sequence, the map induced by f2

f̃2 : (H2(A) ⊕H2(B))/f1(H2(A ∩B)) → H2(X)

is an isomorphism. Moreover the map τ : H2(B) → (H2(A)⊕H2(B))/f1(H2(A∩B)),
defined by τ(a) = [(0, a)] is an isomorphism, since any element of the form (0, a) in
the image of f1 = (i∗, j∗) is equal to (0, 0), since i∗ is an isomorphism. Therefore
−l∗ = f̃2 ◦ τ is an isomorphism, so l∗ is an isomorphism.

The following final lemma of this section exhibits another way in which; loosely
speaking, the index of a closed symplectic manifold with a Hamiltonian S1-action
is encoded in its fixed point set.
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Lemma 5.3. Let (M,ω) be a closed symplectic 8-manifold with b2(M) = 1, with
symplectic form normalized so that c1(M) = [ω] and a semi-free Hamiltonian S1-
action. Then the following hold:

• Suppose that Mmin,Mmax are isolated and there is a unique non-extremal fixed
component F of dimension dim(F ) = 4. Then 4 ≤ ι(M).

• Suppose that Mmin is isolated and H−1(−4, 0) ∩MS1
= F is a component of

dimension 2 with weights {−1, 1, 1, 0}. Then ι(M) is odd. Suppose that Mmin

is isolated and H−1(−4, 0) ∩ MS1
= p is a component of dimension 0 with

weights {−1, 1, 1, 1}. Then ι(M) ≤ 2.

Proof. a). Firstly, let H be the Hamiltonian from Theorem 2.5. Firstly, it will be
shown that λF = 1 and H(F ) = 0. Suppose λF ̸= 1 then there is some i ∈ {0, 4}
whuch that i−2λN = 0, 2, . . . , 4, therefore since even Betti numbers of F are positive
b0(M) or b8(M) is greater than 1 by Proposition 2.2 which is a contradiction. Hence
λF = 1 and therefore by the semi-free condition the non-zero weights along F are
−1, 1 and so H(F ) = 0.

Note that by assumption H(Mmin) = −n and H(Mmax) = n. Pick and S1-
invariant almost complex structure, recall the construction of the gradient vector
field and gradient flow maps from the proof of Proposition 4.1. The proof proceeds
by constructing a cycle S ⊂ M for which S · F = ±1. Let U ⊂ M the union
of gradient flow lines with minimum in F . Let 0 < c < n then the U ∩ H−1(c) is
diffeomorphic to an S1-bundle over F , Then since H−1[c,∞) is diffeomorphic to D2n,
U ∩H−1(c) is a boundary of a chain C ⊂ H−1[c,∞), therefore construct a cycle C0

by gluing H−1(−∞, c) ∩ U and C. Then C0 intersects S in one point transversally,
therefore C0 · S = ±1. By the Duistermaat-Heckman theorem

∫
S
ω = n, therefore

[S] generates H2(M,Z) and ι(M) is a positive multiple of
∫
S
ω = n proving the

lemma.
The proof of b). uses the same idea, although here there is no need to prove

that [S] is primitive. There is a sphere S ⊂ M with maximum at F and
∫
S
ω = 3.

It follows immediately that ι(M) cannot be even since otherwise
∫
S
ω = 3 would be

even also. Similarly if H−1(−4, 0) ∩MS1
= p is a component of dimension 0 then

there is a sphere with maximum p such that
∫
S
ω = 2.

5.2 Proof of Theorem 5.5

At this point we are close to being able to prove Theorem 5.5, one of the main parts
of which is the statement, if (M,ω) is a closed symplectic 8-manifold with b2(M) = 1
and a semi-free Hamiltonian S1-action, then ι(M) > 1. Next, an auxilary lemma is
proven, it summarizes all of the consequenes for the index ι(M) following from the
analysis of the fixed point set in Section 4 and the general results about the index
proved in this section. Let h ∈ H2(CP2,Z) represent the hyperplane class.
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Lemma 5.4. Let Let (M,ω) be a closed symplectic 8-manifold with b2(M) = 1 and
having a semi-free Hamiltonian S1-action. Then ι(M) > 1, in particular:

a). If (d1, d2) = (0, 0) b4(M) = 2 and ι(M) = 4, if (d1, d2) = (2, 4), (0, 6) then
b4(M) = 1 and ι(M) = 5.

b). If (d1, d2) = (0, 4) then Mmax is symplectomorphic to CP2. Moreover it holds
that

b4(M) =

∫
Mmax

c2(Nmax)

and 2 ≤ ι(M) ≤ 4. If ι(M) = 2 or b4(M) > 2 then c1(Nmax) = −h. If MS1

does not contain a 2-dimensional component then ι(M) = 2.

c). If (d1, d2) = (4, 4) then Mmin,Mmax are symplectomorphic to CP2. Moreover
it holds that

b4(M) =

∫
Mmin

c2(Nmin) +

∫
Mmax

c2(Nmax),

and ι(M) ∈ {2, 4}. If ι(M) = 2 or b4(M) > 2 then c1(Nmin) = −h and
c1(Nmax) = −h.

Proof. Throughout we denote by Nmin resp. Nmax the normal bundles of Mmin and
Mmax. By Lemma 3.1 and Lemma 3.3,

(d1, d2) = (0, 0), (0, 4), (0, 6), (2, 4), (4, 4),

are the possible values, these are analysed seperately.
If (d1, d2) = (0, 0), By Proposition 4.3, in addition to the isolated fixed points

Mmin,Mmax, there is one non-extremal fixed component symplectomorphic to N =
CP1 × CP1. By Proposition 2.2 b4(M) = 2 and by Lemma 5.3, 4 ≤ ι(M).

If (d1, d2) = (0, 6) By Lemma 4.8 Mmin is isolated point and Mmax is symplecto-
morphic to CP3 and c1(Nmax) = H. Therefore by Proposition 2.2 b4(M) = 1 and
by Proposition 5.2 ι(M) = 5.

If (d1, d2) = (2, 4), Then, by Proposition 4.10 Mmin is symplectomorphic to CP1

and
∫
Mmin

= c1(Nmin) = 3, Mmax is symplectomorphic to CP2. By Proposition 2.2

b4(M) = 1. Since
∫
Mmin

= c1(Nmin) = 3 c1(M)|Mmin
is 5 times the positive generator

therefore by Proposition 5.2, ι(M) = 5. Therefore statement a). is proved.
If (d1, d2) = (0, 4), the claimed equations about Chern classes are a part of

Lemma 4.5 and Proposition 4.6. Moreover, it was shown Mmax is symplectomorphic
to CP2 and c1(Nmax) = aH, where |a| ≤ 1, therefore c1(M)|Mmax = bH, where
2 ≤ b ≤ 4. therefore by Proposition 5.2, 2 ≤ ι(M) ≤ 4, and ι(M) = 2 exactly
when b = 2, which is equivalent to c1(Mmax) = −H. If MS1

does not contain a
2-dimensional fixed component of dimension 2 then c1(Nmax) = ±h by Lemma 4.5,
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therefore by Proposition 5.2 ι(M) = 2, 4, and furthermore by Lemma 5.3 ι(M) = 2,
proving b).

If (d1, d2) = (4, 4), the claimed equation about Chern classes was given in Propo-
sition 4.13. Then, by Proposition 4.13 Mmax is symplectomorphic to CP2 and
c1(Nmax) = aH, where a = ±1, therefore c1(M)|Mmax = bH, where 2 ≤ b ≤ 4.
Therefore by applying Proposition 5.2 to Mmax, ι(M) ≥ 2, and ι(M) = 2 ex-
actly when b = 2, which is equivalent to c1(Nmax) = −H, which in turn impies
c1(Nmin) = −H after applying Proposition 5.2 to the reversed circle action, proving
c).

The following theorem summarizes the results proven in a symplectic context at
this point.

Theorem 5.5. Let (M,ω) be a closed symplectic 8-manifold with a semi-free Hamil-
tonian S1-action. Then the following hold:

a). M is simply connected and has Todd genus 1.

b). All non-isolated fixed components are symplectomorphic to either:

CP1, CP2, CP1 × CP1, CP3,

with the (product of) Fubini-Study symplectic forms.

c). 1 < ι(M).

Proof of Theorem 5.5. Statements a). and b). follow from Theorem 4.14 and state-
ment c). follows from Lemma 5.4.

6 Further Duistermaat-Heckman analysis

The final step to proving Theorem 6.3 is to analyse the Duistermaat-Heckman mea-
sure, close to extremal fixed components. By the results of the previous sections,
these are symplectomorphic to CPk, for some k. Supposing that Mmax

∼= CP2 with
normal bundle denoted Nmax.Then reduced space on levels close to the extremum
Hmax − ε are symplectomorphic to P(Nmax), with symplectic form described below,
and by definition the Duistermaat-Heckman function is equal to the symplectic vol-
ume of this projective bundle up to a suitable constant. Since by Lemma 5.4 the
fixed point data is classified unless there is an extremal fixed component Mmin /max

such that c1(Nmin /max) = −H, the lemma is stated under this restriction.

Lemma 6.1. Suppose that (M,ω) a closed symplectic 8-manifold with b2(M) = 1
and having a semi-free Hamiltonian S1-action. Let H be normalized by Theorem
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2.5 finally suppose Mmin is symplectomorphic to CP2, H−1(−∞, 0) ∩MS1
= Mmin,

and c(Nmin) = 1 −H + k2H
2, then then the following formulas hold:∫

M−2+x

[ω−2+x]3 = 12x + 6x2 + (1 − k2)x
3,

∫
H−1(−∞,0)

ω4 = 176 − 16k2.

Similarly if Mmax is symplectomorphic to CP2, H−1(0,∞) ∩ MS1
= Mmax, and

c(Nmax) = 1 −H + k2H
2. Then the following formulas hold:∫

M2−x

[ω2−x]3 = 12x + 6x2 + (1 − k2)x
3,

∫
H−1(0,∞)

ω4 = 176 − 16k2.

Proof. By reversing the circle action, we may just prove the first statement. Note
that H(Mmax) = −2. Then the reduced space Mc for c ∈ (−2, 0) is diffeomorphic
to P(Nmax). The cohomology ring may be computed by [35, Lemma 2.13], it is
isomorphic to Z[η, ξ]/(η3, ξ2 − ηξ + k2η

2), the top degree products of the generators
are η3 = 0, η2ξ = 1, ηξ2 = 1 and ξ3 = (1 − k2). Note that in this identification
ξ = e(H−1(c)). To see this note that by definition the level set H−1(c) is the unit
sphere bundle of the tautological bundle of P(Nmin).

Then, in level H = −2+x the cohomology class of the symplectic form is 2η+xξ,
therefore ∫

M−2+x

[ω−2+x]3 = (2η + xξ)3 = 12x + 6x2 + (1 − k2)x
3.

Then by Equation (1):∫
H−1(−∞,0)

ω4 = 4

∫ 0

−2

∫
Mc

[ωc]
3dx = 176 − 16k2.

The following similar lemma will also be needed, giving information about the
Duistermaat-Heckman function close to an isolated extremal fixed point under cer-
tain conditions.

Lemma 6.2. Let (M,ω) a closed symplectic 8-manifold with b2(M) = 1 and having
a semi-free Hamiltonian S1-action. Let H be normalized by Theorem 2.5 and finally
suppose H−1(−∞, 0) consists of an isolated fixed point with weights {1, 1, 1, 1} and
an isolated fixed point with weights {−1, 1, 1, 1}, then∫

H−1(−∞,0)

ω4 = 240.

Proof. Applying the Duistermaat-Heckman theorem to M−4+x, x ∈ (0, 2) gives that∫
M−4+x

[ωx]3 = x3,
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for x ∈ (2, 4). For x ∈ (−2, 0), e(H−1(c)) = h− e where e is the exceptional divisor
of the corresponding blow-up of the reduced space. Therefore∫

M−4+x

[ωx]3 = x3 − (x− 2)3,

for x ∈ (2, 4). It follows by Equation (1) that∫
H−1(−∞,0)

ω4 = 4

∫ 0

−4

∫
Mc

[ωc]
3dc = 4

∫ 4

2

x3dx = 240.

6.1 Bounding b4(M)

In this subsection, we remain in a symplectic context and note that the results
proved so far imply a bound on b4(M).

Theorem 6.3. Let (M,ω) be a closed symplectic 8-manifol with b2(M) = 1 and
having a semi-free Hamiltonian S1-action, then b4(M) ≤ 14.

Proof. Throughout we denote by Nmin resp. Nmax the normal bundles of Mmin and
Mmax. By Lemma 3.1 and Lemma 3.3,

(d1, d2) = (0, 0), (0, 4), (0, 6), (2, 4), (4, 4).

Then if (d1, d2) = (0, 0), (0, 6), (2, 4), then by Lemma 5.4 b4(M) ≤ 2 so the
theorem is proven.

Hence assume (d1, d2) = (0, 4), (4, 4). If (d1, d2) = (0, 4) and b4(M) > 2, then by
Lemma 5.4 Mmax is symplectomorphic to CP2 and c1(Nmax) = 1 − H + b4(M)H2.
Note also that H−1(0, 2) ∩ MS1

= ∅. Therefore Lemma 6.1, the Duistermaat-
Heckman function on (0, 2) is∫

M2−x

[ω−2+x]3 = 12x + 6x2 + (1 − b4(M))x3.

If b4(M) > 7 then this is negative close to level zero (i.e. x = 2), a contradiction.
If (d1, d2) = (4, 4) and b4(M) > 2, then by Lemma 5.4 Mmin,Mmax are symplecto-

morphic to CP2 and c1(Nmax) = 1−H+kmaxH
2 and c1(Nmin) = 1−H+kminH

2 where
kmin+kmax = b4(M). Note also that H−1(0, 2)∩MS1

= ∅ and H−1(−2, 0)∩MS1
= ∅.

Therefore Lemma 6.1, the Duistermaat-Heckman function on (0, 2) satisfies

3!DH(2 − x) =

∫
M2−x

[ω2−x]3 = 12x + 6x2 + (1 − kmax(M))x3.
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the Duistermaat-Heckman function on (−2, 0) satisfies

3!DH(−2 + x) =

∫
M−2+x

[ω−2+x]3 = 12x + 6x2 + (1 − kmin(M))x3.

Assume for a contradiction b4(M) > 14, since kmin + kmax = b4(M), at least one of
kmin, kmax is greater than 7, therefore we get the same contradiction as before, at
some point the Duistermaat-Heckman function is negative, providing a contradic-
tion.

7 Torus actions on prime Fano 4-folds

In this section we will prove the main result about smooth complex prime Fano
4-folds having a semi-free torus action.

A Fano variety is a variety with ample anticanonical bundle −KX . For a smooth
Fano variety X let ι(X) denote the Fano index, that is the maximum integer k
such that −KX = kH, H ∈ Pic(X). A Fano variety is called prime when the
Picard group has rank 1. Smooth Fano 4-folds with ι(X) > 1 are classified; by
Mukai and Wilson in the prime case, this was extended to arbitrary Picard rank by
Wisniewski. In contrast to the situation when ι(X) = 1, this list is relatively short,
particularly when restricting to Prime Fano 4-folds: There are 16 families of smooth
prime Fano 4-folds with ι(X) > 1, 1 family with ι(X) = 4, 5 respectively, 5 families
with ι(X) = 3 and 9 families with ι(X) = 2 [7, Tables 1-4].

Let X be a smooth prime Fano 4-fold with index 2 and let H be the positive
generator of the Picard group. Such varieties were classified by Mukai under the
condition that |H ∩ H| has a smooth member [38]. The technichal assumption
was later shown to hold by Wilson [52]. Let the degree be d =

∫
X
H4, then the

classification is usually stated in terms of the genus g(X) := 1 + d
2
. Then all such

fourfolds X fall into a family denoted Xm
g for each g such that 2 ≤ g ≤ 10.

The family Xm
10 is usually known via its degree V18

∼= X10, and contains fourfolds
admitting a C∗ × C∗-action with isolated fixed points. The following lemma gives
a list of the prime Fano fourfolds with index greater than one and positive definite
intersection form. I would like to thank Alexander Kuznetsov for providing an
argument showing that h1,3(Xm

g ) = 0 for 7 ≤ g ≤ 9.

Lemma 7.1. Let X be a smooth complex prime Fano 4-fold with ι(X) > 1. X has
positive definite intersection form precisely when X belongs to one of the following
families:

CP4, Q4, Q1 ∩Q2,W5, X
m
7 , Xm

8 , Xm
9 , V18.

Proof. By the Hodge index theorem and Kodaira vanishing a Prime Fano 4-fold has
positive definite intersection form if and only if h1,3(X) = 0. The proof proceeds by
consulting the list of Fano 4-folds with ι(X) > 1 [7, Tables 1-4].
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When ι(X) ≥ 3, every fourfold not in the claimed list is a complete intersection
or a weighted complete intersection in [47, Table 1]. Therefore by [31, Corollary 6.1]
and the values of h1,3(X) given in [47, Table 1], each of them has h1,3(X) > 0.

When ι(X) = 2, that is X ∼= Xm
g for 2 ≤ g ≤ 10, then if 2 ≤ g ≤ 5, Xm

g is
a complete intersection or a weighted complete intersection contained in [47, Table
1], so the proof proceeds as above. Xm

6 is a Gushel-Mukai fourfold, h1,3(Xm
6 ) = 1

by [20, Lemma 4.1], finally V18
∼= Xm

10.
We have narrowed the search down to the desired list, it remains to verify that

each fourfold in the list has positive definite intersection form. For CP4, Q4, Q1∩Q2

this follows from [31, Corollary 6.1]. Xm
10 contains members having a C∗-action with

isolated fixed points, therefore h1,3(Xm
10) = 0 by [2]. For 7 ≤ g ≤ 9 the vanishing

of h1,3(Xm
g ) follows from the vanishing of the Hochschild homology of X for degree

greater than 0, which in turn follows from results of [26].

7.1 Proof of Theorem 7.2

In this subsection the main result is proven.

Theorem 7.2. Let X be a smooth complex prime Fano 4-fold having a semi-free
C∗-action, then X is contained in one of the families P4, Q4,W5 or Xm

8 .

Proof. By Lemma 2.6 there is a Kähler form ω invariant by S1 ⊂ C∗ such that
c1 = [ω] and the S1-action is Hamiltonian.

Then, by [33, Theorem 3.4] the intersection form of X is positive definite, more-
over by Theorem 5.5 ι(X) > 1 therefore by Lemma 7.1 X belongs to one of the
families CP4, Q4, Q1 ∩ Q2,W5, X

m
7 , Xm

8 , Xm
9 , V18. By [1, Theorem 3.1] Q1 ∩ Q2 has

finite automorphism group so can be ruled out.
Therefore, the remaining cases to rule out are precisely the cases X = Xm

7 , Xm
9 , V18.

Recall that also b4(X
m
7 ) = 12 [43, Proposition 5.2] b4(X

m
9 ) = 4 [44, Theorem 2.1],

and it is well-known that b4(V18) = 2. Moreover we can state the integral
∫
X
c41 for

each case, using the well-known formula relating the degree and genus, which in this
case takes the form d(X) = 2(g(X) − 1), and since the index is two∫

Xm
g

c41 = 16d(X) = 32(g(X) − 1). (23)

We give the specific values since they will be used in the remainder of the proof:∫
Xm

g
c41 = 192, 224, 256, 288, for g = 7, 8, 9, 10 respectively.

Suppose for a contradiction there is a semi-free C∗-action on Xm
g with g ∈

{7, 9, 10}. Since ι(X) = 2, by Lemma 5.4 we may assume that (d1, d2) = (0, 4), (4.4).
Suppose that (d1, d2) = (0, 4) then by Lemma 5.4 and the condition ι(M) = 2,

it holds that c1(Nmax) = 1 −H + b4(M)H2.
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Then if MS1
has no fixed component of dimension 2, by Lemma 4.5, Lemma

6.2 and Lemma 6.1
∫
M
c41 = 240 + 176 − 16b4(M) = 416 − 16b4(M). If b4(M) = 4

then
∫
M
c41 = 352, but this does not hold for Xm

9 by Equation (23). If b4(M) = 12
then

∫
M
c41 = 224, but

∫
Xm

7
c41 = 192 by Equation (23). If b4(M) = 2 then

∫
M
c41 =

240 + 176 − 32 = 384, but
∫
V18

c41 = 288.

Then if MS1
has a fixed component of dimension 2, then by Lemma 5.3, ι(M) is

odd, which is a contradiction. So the proof is complete in the case (d1, d2) = (0, 4).
Suppose that (d1, d2) = (4, 4) and ι(X) = 2, then by Lemma 5.4 c1(Nmax) = 1−

H+kmaxH
2 and c1(Nmin) = 1−H+kminH

2 where kmin+kmax = b4(M). Then Lemma
6.1 gives that,

∫
M
c41 = 352 − 16b4(M). If b4(M) = 2 then

∫
M
c41 = 352 − 32 = 320,

but
∫
V18

c41 = 288. If b4(M) = 4 then
∫
M
c41 = 288, ruling out Xm

9 by Equation (23).

Finally if b4(M) = 12 then
∫
M
c41 = 160 which is not the case for Xm

7 by Equation
(23).

Finally, we prove a slightly more precise version of the previous theorem, the
result follows quite quickly from the main proof.

Theorem 7.3. Let X be a smooth complex prime Fano 4-fold with a semi-free C∗-
action. Then, one of the following cases occurs:

a). X ∼= P4 and the action is FP-equivalent to the one of the actions given in
Example 4.7 and Example 4.9.

b). X ∼= Q4 and the action is FP-equivalent to one of the ones given in Example
4.2 and Example 4.11.

c). X ∼= W5 and the action is FP-equivalent to the action described in Example
4.4.

d). X is contained in the family Xm
8 . X is FP-equivalent to the action described

in Example 4.12.

Proof. By Theorem 7.2, X ∼= W5, Q
4,P4 or X is in the family Xm

8 . If X ∼= W5

then ι(X) = 3, and b4(X) = 2 then by Lemma 5.4 (d1, d2) = (0, 4). Then if MS1

consists of Mmax and isolated fixed points, by Lemma 5.4 ι(M) = 2, 4, which is a
contradiction. If MS1

contains a two-dimensional fixed component, then by Lemma
5.4 c1(Nmax) = 0, therefore applying Proposition 4.6 the action is FP equivalent to
the one given in Example 4.4.

If X ∼= Q4, then by Lemma 5.4 (d1, d2) = (0, 0), (0, 4), (4, 4). If (d1, d2) = (0, 0)
by Proposition 4.3 the action is FP-equivalent to Example 4.2. If (d1, d2) = (4, 4)
by Lemma 5.4 the action is FP equivalent to Example 4.11. If (d1, d2) = (0, 4), if
MS1

consists of Mmax and isolated fixed points, by Lemma 5.4 ι(M) = 2, which is a
contradiction. If MS1

contains a two-dimensional fixed component, then by Lemma
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5.4
∫
Mmax

= c1(Nmax)
2 = 1, therefore applying Proposition 4.6,

∫
Σ
c1(M) = 6, where

Σ is the two dimensional component, which contradictions the fact that ι(M) = 4.
If X ∼= P4, then by Lemma 5.4 (d1, d2) = (2, 4), (0, 6). If (d1, d2) = (0, 6) by

Lemma 4.8 the action is FP equivalent to Example 4.7. If (d1, d2) = (2, 4) by
Proposition 4.10 the action is FP equivalent to Example 4.9.

If X is in the family Xm
8 then by Lemma 5.4 (d1, d2) = (0, 4), (4, 4). The in-

variants of Xm
8 are as follows, by [43, Lemma 4.4] b4(X

m
8 ) = 8, by Equation

(23)
∫
Xm

8
c41 = 224. Assuming (d1, d2) = (0, 4), if there is an extremal compo-

nent of dimension 2, then ι(X) = 3 by Lemma 5.3 which is impossible. If there
is no fixed component of dimension 2, then by Lemma 4.5, Lemma 6.2, Lemma
6.1,

∫
M
c41 = 240 + 176 − 16b4(M) = 288 which is a contradiction. Therefore,

(d1, d2) = (4, 4) and by Proposition 4.13 the action is FP-equivalent to Example
4.12.

References

[1] O. Benoist, Separation et propriete de Deligne-Mumford des champs de modules
d’intersections completes lisse., J. Lond. Math. Soc., II. Ser. 87 (2013), no. 1,
138–156.

[2] A. Bia lynicki-Birula, Some theorems on actions of algebraic groups, Ann. of
Math. (2) 98 (1973), 480–497.

[3] I. Charton and L. Kessler. Monotone symplectic six-manifolds that admit a
hamiltonian gkm action are diffeomorphic to smooth fano threefolds. Transfor-
mation Groups. 10.1007/s00031-025-09914-2.

[4] I. Cheltsov, V. Przyjalkowski, C. Shramov. Fano threefolds with infinite auto-
morphism groups. Izv. Math., 83:4 (2019), 860–907.

[5] Y. Cho. Classification of six dimensional monotone symplectic manifolds admit-
ting semifree circle actions I. Internat. J. Math. 30 (2019), No. 6, 1950032 (71
pages).

[6] Y. Cho, M. Kim. Hamiltonian circle action with self-indexing moment map.
Math. Res. Lett. v.23 (2016), no.3, pp. 719 - 732.

[7] T. Coates, S. Galkin, A. Kasprzyk, A. Strangeway. Quantum periods for certain
four-dimensional Fano manifolds. Experimental Mathematics 29 (2), 183-221.

[8] T. Dedieu and L. Manivel. On the automorphism group of Mukai Varieties.
Mathematische Zeitschrift. Volume 300, pages 3577–3621, (2022). Appendix by
Y. Prokhorov.

41



[9] J.J. Duistermaat, G.J. Heckman. On the variation in the cohomology of the
symplectic form of the reduced phase space. Invent Math 69, 259–268 (1982).

[10] T. Fujita. On the structure of polarized manifolds with total deficiency one. II.
J. Math. Soc. Japan, 33(3):415434, 1981.

[11] A. Futaki. The Ricci Curvature of symplectic quoutients of Fano varieties. To-
hoku Math. Journ. 39 (1987), pp. 329-339.

[12] L. Godinho, F. v. Heymann, S. Sabatini, 12, 24 and Beyond. Advances in
Mathematics, 319 (2017), pp. 472 - 521.

[13] L. Godinho, N. Lindsay, S. Sabatini. On a symplectic generalization of a Hirze-
bruch problem. Journal of Fixed Point Theory and Applications, Volume 27,
article number 75.

[14] V. Guillemin, E. Lerman, and S. Sternberg. On the Kostant multiplicity for-
mula, J. Geom. Phys. 5 (1988), no. 4, 721–750 (1989).

[15] V. Guillemin and S. Sternberg. Birational equivalence in the symplectic cate-
gory. Inventiones mathematicae 97.3 (1989): 485-522.

[16] W. Graham. Logarithmic convexity of push-forward measures. Invent. Math.
123 (1996), 315–322.

[17] J.C. Hausmann, T. Holm. Simple Hamiltonian manifolds. Communications in
Analysis and Geometry, Vol. 23 No 2 (2015) 389-418.

[18] R. Hind. Symplectic hypersurfaces in CP 3, Proc. of the Amer. Math. Soc.,
134(2006), 1205-1211.

[19] F. Hirzebruch. Some problems on differentiable and complex manifolds. Ann.
of Math. (2), 60:213–236, 1954.

[20] A. Iliev, L. Manivel. Fano manifolds of degree 10 and EPW sextics, Ann. Sci.
´cole Norm. Sup. 44 (2011), 393–426.

[21] V. Iskovskikh. Fano 3-folds I, Math USSR, Izv. 11 (1977), 485–527.

[22] V. Iskovskikh. Fano 3-folds II, Math USSR, Izv. 11 (1978), 469–506.

[23] K. Jännich, E. Ossa. On the signature of an involution. Topology, Volume 8,
Issue 1, January 1969. Pages 27-30.

[24] Y. Karshon. Periodic Hamiltonian flows on four dimensional manifolds, Mem-
oirs Amer. Math. Soc. 672, 71p, (1999).

42



[25] F. C. Kirwan, The cohomology of quotients in symplectic and algebraic geom-
etry, Princeton University Press, 1984.

[26] A. Kuznetsov. Homological projective duality. Publications Mathematiques de
L’IHES, 105, n. 1 (2007), 157-220.

[27] A. Kuznetsov. Semiorthogonal decompositions in algebraic geometry. Proceed-
ings of the International Congress of Mathematicians—Seoul 2014. Vol. II,
635–660, Kyung Moon Sa, Seoul, 2014.

[28] A.Kuznetsov, Yu.Prokhorov, C.Shramov, Hilbert schemes of lines and conics
and automor phism groups of Fano threefolds, Japanese J. Math. 13 (2018), No.
1, 109–185.

[29] A. Langer. Fano 4-folds with scroll structure. Nagoya Math. J. Vol. 150 (1998),
135-176.

[30] H. Li. π1 of Hamiltonian S1-manifolds. Proceedings of the American Mathe-
matical Society. Volume 131, Number 11, Pages 3579–3582.

[31] A. S. Libgober and J. W. Wood, On the topological structure of even-
dimensional complete intersections, Trans. Amer. Math. Soc. 267 (1981), no.2,
637–660

[32] N. Lindsay. Hamiltonian circle actions on complete intersections. Bulletin of
the London Mathematical Society. Volume 54, Issue 1. (2022) Pages 206-212 .

[33] N. Lindsay. Symplectic torus actions on complete intersections.
Arxiv:2405.03424.

[34] N. Lindsay, D. Panov. Invariant symplectic hypersurfaces in dimension 6 and
the Fano condition. Journal of Topology. Volume12, Issue1 (2019).Pages 221-285.

[35] N. Lindsay, D. Panov. Symplectic and Kähler structures on CP1-bundles over
CP2. Selecta Mathematica volume 27, (2021) Article number: 93

[36] S.Mori, S.Mukai, On Fano 3-folds with B2 ≥ 2, Advanced Studies in Pure
Mathematics 1 (1983), 101–129.

[37] D. McDuff, D. Salamon. Introduction to Symplectic Topology, Second Edition.
Oxford Mathematical Monographs.

[38] S. Mukai. On Fano manifolds with coindex 3. Preprint, Nagoya, (1984).

[39] K. Ono. Some remarks on group actions in symplectic geometry. J. Fac. Soc.
Uni. Tokyo. Sect. 1A. Math 35 (1998), 431-417.

43



[40] H. Ohta and K. Ono. Notes on symplectic 4-manifolds with b+ = 1, II. Internat.
J. Math. 7(6) 755–770, (1996).

[41] T. Peternell and M. Schneider. Compactifications of C3. I. Math. Ann.,
280(1):129–146, (1988).

[42] J. Piontkowski and A. Van de Ven. The automorphism group of linear sections
of the Grass mannians G(1N). Doc. Math., 4:623664, (1999).

[43] Y. Prokhorov, M. Zaidenberg. Examples of cylindrical Fano fourfolds, European
Journal of Mathematics. Volume 2, pages 262–282, (2016)

[44] Y. Prokhorov, M. Zaidenberg. New examples of cylindrical Fano fourfolds. Adv.
Stud. Pure Math., 2017: 443-463 (2017).

[45] Y. Prokhorov, M. Zaidenberg. Fano-Mukai fourfolds of genus 10 as compactifi-
cations of C4. European Journal of Mathematics. 4(3):1197–1263, 2018.

[46] Y. Prokhorov, M. Zaidenberg. Fano–Mukai fourfolds of genus 10 and their auto-
morphism groups. European Journal of Mathematics. Volume 8, pages 561–572,
(2022).

[47] V. Przyjalkowski, C. Shramov. Bounds for smooth Fano weighted complete
intersections. Communications in Number Theory and Physics 14 (3), 511-553

[48] S. Sabatini, D. Sepe. On topological properties of positive complexity one
spaces. Transformation Groups. 10.1007/s00031-020-09588.

[49] D. Salamon. Uniqueness of Symplectic Structures. Acta Mathematica Vietnam-
ica 38(1).

[50] S. Tolman. On a symplectic generalization of petrie’s conjecture. Trans. Amer.
Math. Soc., 362(8):3963–3996, 2010.

[51] A. Van de Ven. Analytic compactifications of complex homology cells, Math.
Ann. 147 (1962), 189–204.

[52] P.M.H. Wilson. Fano fourfolds of index greater than 1. Crelle J.379, 172–181
(1987).

Departamento di Mathematica e Informatica “U. Dini”, Università Di Firenze.
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