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Abstract

We give a combinatorial algorithm for computing exact maximum flows in directed graphs
with n vertices and edge capacities from {1,...,U} in O(n?logU) time, which is near-optimal
on dense graphs. This shaves an n°(1) factor from the recent result of [Bernstein-Blikstad-
Saranurak—-Tu FOCS’24] and, more importantly, greatly simplifies their algorithm. We believe
that ours is by a significant margin the simplest of all algorithms that go beyond O(m\/ﬁ) time
in general graphs. To highlight this relative simplicity, we provide a full implementation of the
algorithm in C++.

The only randomized component of our work is the cut-matching game. Via existing tools,
we show how to derandomize it for vertez-capacitated max flow and obtain a deterministic O(n?)
time algorithm. This marks the first deterministic near-linear time algorithm for this problem
(or even for the special case of bipartite matching) in any density regime.
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1 Introduction

Fast algorithms for computing maximum flows have been pivotal in algorithmic research, inspiring
various paradigms such as graph sparsification, dynamic data structures, and the application of
continuous optimization to combinatorial problems. These algorithms find numerous applications
in problems like bipartite matching, minimum cuts, and Gomory—Hu trees [GH61, LP20, LNP*21,
CLN"21, CHLP23, ALPS23]. Below, we summarize the development of fast maximum flow algo-
rithms since Dantzig’s introduction of the problem [Dan51]. The input for this problem consists of
a directed graph with n vertices and m edges. For simplicity, we assume in this introduction that
edge capacities range from {1,...,poly(n)}.

Augmenting Paths: The Impact of Clarity. Ford and Fulkerson [FF56] introduced the
augmenting path framework, where algorithms iteratively identify an augmenting path in the
residual graph and augment the flow along this path by a value equal to the bottleneck of the
augmenting path. Using this framework, algorithms with a time complexity of O(m-min{m'/2 n?/3})
were discovered since the 70s [Kar73, ET75, GRI8]; this time bound remained the best record for
the next 40 years.

Despite the lack of progress on time complexity, the clarity of this framework has enabled
impactful developments that extend far beyond the maximum flow problem. For example, the
blocking flow [Kar73, Din70, GR98] has become an important object for parallel, distributed,
and local algorithms [Vis92, Coh95, AKR07, OZ14, CS20, HHS23]. The push-relabel method
[GT88] generalizes to solve numerous problems, including approximate low-degree spanning trees
[CRRT09], global minimum edge/vertex cuts [HO94, HRGO00], parametric flow [GGT89, GMQT12],
submodular function minimization [Iwa03, FI03|, submodular flow [FM12], and packing/covering
matroid [Qua24]. Push-relabel algorithms have also been adapted to local, dynamic, and parallel
settings [HRW17, SW19, CMGS25].

Interior Point Methods and Dynamic Graph Data Structures. In the 2000s, Daitch and
Spielman [DS08] introduced a novel framework for computing maximum flow via interior point
methods (IPMs) by reducing the problem to solving O(y/m) instances of electrical flow, which can
be solved in near-linear time [ST04]." This sparked further advances in IPMs [Mad13, LS14, Mad16,
LS20b, KLS20] that minimize the number of iterations required to solve electrical flow or related
problems. Consequently, an O(m+/n) time maximum flow algorithm [L.S14] and, for unit-capacity
graphs, an m4/3+0) time algorithm [KL.S20] were developed, breaking the previous time record set
by the augmenting-path approaches.

Since 2020, the emphasis has shifted from minimizing the number of iterations in IPMs to
reducing the cost per iteration through dynamic graph data structures. A series of impressive works
[vdBLN*20, vdBLL*21, GLP21, vdBGJ*22] culminated in almost-optimal m!T°(!) time algorithms
for maximum flow and min-cost flow [CKL 22, vdBCP 23], along with their extensions to dynamic
settings [CKL 24, vdBCK™24].

In this paper, we use O() to hide poly-logarithmic factors in n. As standard in modern graph algorithms, we
use near-linear time to refer to algorithms with a running time of O(m), and almost-linear time for those running in
140(1) 4=
m time.



In Pursuit of Clarity. These breakthrough algorithms with almost-optimal time bounds are,
however, still not simple in two different aspects. Conceptually, the IPM framework updates the
flow solutions without a clear combinatorial interpretation. And, technically, the required dynamic
data structures are still highly involved.? The current state of the art motivated a new search for
algorithms that are more “combinatorial”, as a proxy for clarity.

With this motivation, Chuzhoy and Khanna [CK24a, CK24b] presented an algorithm for maxi-
mum bipartite matching, a special case of maximum flow, that runs in n2t°() time without using
IPM. Their algorithm is conceptually clearer; it repeatedly increases the flow value along paths
listed by dynamic shortest-path data structures. These data structures, however, are still complex.

Recently, Bernstein, Blikstad, Saranurak, and Tu [BBST24] introduced an augmenting-path-
based maximum flow algorithm with a running time of n?t°()  improving upon the O(m -
min{m'/2,n?/3}) bound within the augmenting path framework. They bypassed heavy dynamic
data structures and replaced them with a simple variant of push-relabel called weighted push-relabel.
The weighted push-relabel algorithm itself is clear, combinatorial, and implementable. The authors
of [BBST24] showed that given edge weights derived from an expander hierarchy, weighted push-
relabel is guaranteed to efficiently return a flow with good quality. Unfortunately, their algorithm
for constructing the expander hierarchy is very complex. Furthermore, their analysis of why the
returned flow has good quality, given the expander hierarchy, is also quite intricate. Thus, the goal
of obtaining much simpler and clearer algorithms remains highly desirable.

Our Result. We propose a new combinatorial maximum flow algorithm that is significantly
simpler and also strictly speeds up all recent combinatorial algorithms [CK24a, CK24b, BBST24],
improving the running time from n2t°M to O(n? - polylog(n)).?

Theorem 1.1. There is a randomized algorithm that, given an n-vertex directed graph G with edge
capacities from {1,..., U} and s,t € V(G), finds a mazimum (s,t)-flow in G with high probability
in O(n?log nlogU) time.

It is worth noting though that while our O(nQ) time algorithm improves on the almost-linear
time algorithm of [CKL*22] on dense graphs, there also exists an IPM-based O(m + n'°) time
algorithm of [vdBLL"21] that already runs in near-linear time on dense graphs.

Overall, we believe that our algorithm is by a significant margin the simplest among all exact
maximum flow algorithms for general graphs that go beyond the O(m+/n) bound of [L.S14], which
include all the recent progress using IPM plus dynamic graph data structures.* Our result is
also relatively self-contained. The main outside tool that we need is weighted push-relabel from
[BBST24], which is a simple extension of classic push-relabel; a fully self-contained description and
analysis is given in [BBST24, Section 4]. Beyond that we use:

2There has been exciting progress in simplicity among IPM-based algorithms. The involved dynamic min-ratio
cycle data structure in [CKL122, vdBCP 23, CKL*24] was recently replaced by a simpler dynamic min-ratio cut
data structure [vdBCK ™ 24] based on dynamic tree cut sparsifiers [CRST21].

3While we work out an explicit number of O(logn) factors in the O(-) notation, we made no significant effort in
minimizing it. There are places (e.g., the expander decomposition algorithm) where more efficient algorithms should
exist following standard techniques, yet we chose slower ones that we believe are simpler for presentation, analysis,
and implementation.

“We are only comparing ourselves to other algorithms for general graphs (directed, capacitated). There is a separate
line of work for directed graphs with small capacities, culminating in m?/3+t°() time algorithms [Mad16, LS20b, LS20a,
Kat20]; these works use the IPM framework but do not require dynamic data structures. Finally, for the special case of
undirected, uncapacitated, simple graphs, there is a much simpler O(nz) time algorithm of Karger and Levine [KL15].



e Standard graph algorithms such as topological sort and finding strongly connected components.
e Classic tools for capacitated flow such as link-cut trees and fractional-to-integral flow rounding.

e The heaviest machinery that we use is the cut-matching game for expanders. We specifically
use the “non-stop” cut-matching game. Loosely speaking, whereas the standard cut-matching
game either certifies that the graph is an expander or finds a sparse cut, the non-stop version
either certifies almost-expansion or returns a balanced sparse cut. This has already become
a relatively standard tool for undirected expanders [RST14, SW19, LRW25]. The algorithm
for directed expanders is similar but needs a more refined analysis; we use as a black box the
result of [FLL25].

Implementation. As evidence of its relative simplicity, we present the full implementation of
Theorem 1.1 in C++ [BT25]. To our knowledge, this is the first complete implementation of
any maximum flow algorithm that is provably faster than O(m+/n) time in any density regime.
Previously, [Kav24] gave a partial implementation of the almost-linear time algorithm of [CKL"22],
but significant parts are missing. The lack of implementation of the recent theoretically efficient
maximum flow algorithms is likely due to the sheer complexity of the algorithm descriptions that
results from their reliance on dynamic graph data structures.

We emphasize that our implementation is not at all practical, particularly because of the log'® n
factor in our running time. Our goal is merely to show that the entire algorithm can be captured
from start to finish using code of reasonable length.

Derandomization. The only randomized component of Theorem 1.1 is the KRV-style cut-
matching game from [FLL25] for computing expander decomposition. There exists a deterministic
variant of the cut-matching game [CGL*20, BPS20], but it incurs an n°(") overhead in the running
time and the quality of expansion, while also being more complicated. Using [CGL™20, BPS20], it
should be straightforward to make our algorithm deterministic, but with running time of n2t°() log U
instead of O(n?logU).

In fact, for the special case of vertex-capacitated graphs (instead of edge-capacitated), our
algorithm naturally gives a deterministic O(n2) time algorithm when combined with the appropriate
implementation of the cut-matching game. This is the first near-linear time deterministic algorithm
for the problem on dense graphs. Even for the special case of bipartite matching, no near-linear
time deterministic algorithms were previously known in any density regime. In particular, the
O(m + n'9) time algorithm by [vdBLN*20, vdBLL*21] is randomized.

Theorem 1.2. There is a deterministic algorithm that, given an n-vertex directed graph G with vertex
capacities from {1,...,U} and s,t € V(G), finds a mazimum (s,t)-flow in G in O(n?log?® nlogU)
time.

Techniques. The main technical difficulty faced by [BBST24] in their bottom-up expander
hierarchy construction is enforcing the hierarchical structure in between levels. That is, the next
level i 4+ 1 need to be a coarsening of the previous level 7, in the sense that each cluster on level
i+ 1 is the (disjoint) union of some clusters on level i. Unfortunately, directly building a coarsening
at level i + 1 (without changing levels i and below) is infeasible, in that the multiplicative losses
build up significantly over the levels of the hierarchy. Instead, [BBST24] need to re-cluster levels 4



and below in order to build level ¢ 4+ 1 with minimal losses. The final algorithm continuously and
dynamically breaks down and repairs previous levels while building the next level, a process which
is highly technical and suffers an extra n°d) factor.

Our starting point is a recent bottom-up weak expander hierarchy construction for undirected
graphs [LRW25].> Their simple conceptual insight is that if one settles for weak expanders, then
the back-and-forth rebuilding between levels is completely unnecessary. Instead, we can first build
the next level ¢ + 1 without regard to the structure of the previous 4 levels, so that the coarsening
property is not ensured. To enforce coarsening, simply refine each previous level with respect to
level i 4+ 1. That is, each cluster on a previous level is further partitioned into all possible non-empty
intersections between that cluster and some cluster on level i + 1. It turns out that unlike (strong)
expander decomposition, weak expander decompositions are closed under refinements: if each cluster
in a weak expander decomposition is partitioned arbitrarily, then the new clustering is still a weak
expander decomposition.

However, the original algorithm of [BBST24] commits to strong expander hierarchy for a good
reason: their weighted push-relabel framework breaks down in subtle ways for weak expander
hierarchy. Surprisingly, we show that adding shortcuts to expanders, as similarly done on undirected
graphs [HHL 24, LRW25], resolves this issue. More precisely, we run the weighted push-relabel
flow algorithm of [BBST24], where the edge weights are induced by an expander hierarchy, on
the original input graph union with shortcuts, where the shortcut edges are stars on top of each
expander in the hierarchy. Thus, our algorithm follows the augmenting-path framework, except
that the paths can use the shortcut edges.

This idea leads to major simplification in both the algorithm and analysis of [BBST24], as will
be explained in detail in Section 3. At a high level, the shortcut enables reasoning about the flow
of edges at different levels of the hierarchy independently, whereas [BBST24] needed an intricate
analysis to handle the interactions of edges across levels.

2 Preliminaries

def def

Let N'= {1,2...} be the set of positive integers and 1/N = {z : 1/x € N}. We use boldface a to
denote a vector, where a < b means a is entry-wise upper-bounded by b. For a vector w we may
write w(S) & > ecsw(e), and w|s denote the restriction of w to S. Let 1g denote the vector that
has one on entries in S and zero elsewhere.

2.1 Basic Definitions

Graphs. Without stated otherwise, in this paper we consider directed edge-capacitated graphs of
the form G = (V, E, ¢g), where ¢cg € ]Rgo. When the context is clear, we may drop cg from the
definition of the capacitated graph and implicitly use the subscript G to indicate its underlying
graph. By default, we will assume that the capacities are positive integers. Via standard capacity
scaling techniques (e.g., [BBST24, Appendix B]), we will also assume that the capacities are bounded
by n?, i.e., ||cglleo < n?, by incurring an O(logU) overhead in the final running time.

For a directed edge e = (u,v), let tail(e) = u and head(e) = v. Let Eg(A, B) for disjoint
A, B C V denote the set of edges whose tails are in A and heads in B.

A similar strategy was implemented by Bartal [Bar96] to construct a low-diameter decomposition hierarchy.



Incident Edges, Degree, Volume, and Cuts. Consider an F' C E. Let dp(v) be the set of
edges in F incident to v, whose sum of capacities we denote by degp(v) & D ecop(v) €al€). Let

volp(S) for S C V be volp(S) & Y vesdegp(v). Let degg(v) & degp(v) and volg(S) £ volg(S).
We may use vol(v) and deg(v) interchangeably for a vertex v, and we may also use them as vectors
on V, in which case we will use the notation deg, vol (with appropriate subscripts). For S C V', let

SEVN\S.

Flows. A (single-commodity) flow f € Rgo assigns non-negative value to each edge. The

congestion of a flow f in G is congs(f) = maxecp f(e)/cale). Let U (u) = > wwer F(w,v)) —
> (wwer £ ((v,u)) denote the net outgoing flow at vertex u € V.

A (single-commodity) vertex-demand is a pair (A, V) with source and sink vector A,V € RY,. A
flow instance is a tuple Z = (G, A, V), and we often consider diffusion instances where ||A|; < [[V]|;.
Let Af(u) = max{0, A(u) — V(u) — % (u)} and V ¢(u) = max{0, V (u) — A(u) + fo"*(u)} be the
residual source and sink demands at u. A flow f partially routes (A, V) if Ay < A and Vy <V,
and the value of such an f is |f| & Y wev (A(u) — Ap(u)), ie., the amount of source (equivalently,
sink) demand routed. The flow f (completely) routes (A, V) if | f| = [|A|1 (equivalently Ay = 0)
and Vg > 0. The demand (A, V) is routable (with congestion ) if there exists a flow (with
congestion k) routing it. The flow f is feasible for T if Ay < A, V <V, and congg(f) < 1.

Given a flow f, the residual graph G contains for each e = (u,v) € E a forward edge e = (u,v)
with capacity cf(?) ©eg(e) — fle) if cf(?) > 0 and a backward edge € = (v,u) with capacity
Cf(%) © fle) if Cf(%) > 0. An augmenting path is a path in G consisting of edges with positive
residual capacities from an unsaturated source s (i.e., A¢(s) > 0) to an unsaturated sink ¢ (i.e.,
V(t) > 0).

A flow f is 1/z-integral where z € N if each f(e) is an integral multiple of z, i.e., f € (1/2)-NF.
Similarly, a demand (A, V) is 1/z-integral if A,V € (1/z) - N,

Lemma 2.1 (Flow rounding [KP15]). Given an integral flow f in an m-edge graph G routing an
integral demand (A, V) with A,V € z-NV where z € N, there is a deterministic O(mlogm) time
algorithm that computes an integral f' with f' < [f/z] routing (A/z,V /z).

2.2 Weighted Push-Relabel

We will use the weighted push-relabel algorithm from [BBST24] as a black box (see [BBST24, Section
4]). Recall that the classic push-relabel algorithm up to height A finds a flow f such that the residual
graph has no augmenting paths of length h; the running time is O(mh) because an edge is processed
every time it moves up a layer. The weighted push-relabel algorithm takes as additional input a
weight function w and finds a flow such that every augmenting path P has w(P) < 3h. The key
advantage of using weights is that an edge of weight w(e) only has to be processed every w(e)
layers, so each edge contributes only h/w(e) to the running time.

Theorem 2.2 (Weighted Push-Relabel [BBST24]). Suppose we have a mazimum flow instance
T = (G, e, A, V) consisting of an n-vertex m-edge directed graph G = (V, E), integral edge capacities
c € N, and integral demand (A, V). Additionally, suppose we have a weight function w € N and
height parameter h € N. Then there is an algorithm WEIGHTEDPUSHRELABEL(G, ¢, A, V, w,h)

that in O ((m +n+Y cn L) log n) time finds a feasible integral flow f such that

w(e)

5



(i) the w-distance in the residual graph Gg between any unsaturated source s (Ayg(s) > 0) and
any unsaturated sink t (V¢(t) > 0) is at least dist’é’f(s,t) > 3h, and

(ii) the average w-length of the flow is % < 9h.

(iii) f is a %—approzimation of fr ,,—the optimal (not necessarily integral) flow with average

w-length T;{wﬁb) < h.
w,h

2.3 Crucial Concepts: Hierarchies, Expanders, and Shortcuts

def

Levels and Hierarchy. Let level : E — {1,..., L} be a level function of G. Define E; = {e |
level(e) =i} as a set of level-i edges. Let E<;, E>;, E<; and E-; be defined in a natural way.

Definition 2.3. Given a level function level of G, a level-i component of G is a strongly connected
component in G \ Es;. Let C; contain all level-i components of G. A hierarchy of G induced by
level is H = {Co, cee ,CL}.

Note that the vertex sets of components in the hierarchy C over all levels form a laminar family
where Cyp = {{v}}yev consists of singletons and Cj, consists of SCCs of G. When we refer to a
hierarchy H, we implicitly assume that the level function inducing H is given to us too. Next, we
define a vertex ordering that respects a hierarchy.

Definition 2.4. A vertex ordering Ty € [n]V respects a hierarchy H of G if the following holds.
1. For every component C' € H, the image 7(C) of C' is contiguous in [n].
2. If w are v are in different level-i components but u can reach v in G\ E~;, then 7y (u) < 74(v).

Note that such an ordering can be easily computed in O(mL) time (see [BBST24, Lemma 5.3]).

(Component-Constrained) Expansion. Rather than the usual definition of expanders in terms
of cuts, we define them in terms of flow. Intuitively, a set of terminal edges F' C F is expanding if
any unit demand on F' can be routed in G with low congestion.

Formally, we say that a demand (A, V) with A(V) < V(V) respects d € RY, if A(v), V(v) <
d(v) for all vertices v € V. Let C be a collection of disjoint vertex sets. We say that (A, V) is
C-component-constrained if A(S) < V(S) for all sets S € C.5

Definition 2.5. An edge set F' is (w, h)-length ¢-expanding in G where w € RgéG) are edge weights

if every volp-respecting demand is routable in G via a f with congestion at most 1/¢ and average
length % < h.” The edge set is h-hop ¢-expanding if it is (1, h)-length ¢-expanding, and simply
¢-expanding if the hop/length constraint is dropped. An edge set F' is C-component-constrained
¢-expanding if the same holds for volp-respecting C-component-constrained demand.

51deally we want to route sources in S to sinks in S, and a demand being C-component-constrained means that
this is not vacuously made impossible by simply not having enough sink capacity in S.

"Equivalently, f can be decomposed into a collection of flow paths such that the (weighted) average length of these
flow paths is bounded by h. Note that this is not the same as the length-constrained erpansion recently proposed
in the literature (e.g., [HRG22, HHS23, HHL"24]). For comparison, this notion if the average-length version of the
router defined in [HHL'24], which is a simpler-to-define object than length-constrained expanders in [HHL™24] and
literature.



Intuitively, if F' is C-component-constrained expanding, then any volp-respecting demand
between vertices inside the same component S of C can be routed with low congestion. Note that
the flow routing the demand inside each component S can go out of S, but the total congestion for
simultaneously routing the demand of all components S € C must be low.

Weak Expander Hierarchies. We use a weaker version of the expander hierarchy defined in
[BBST24]. We start with a brief intuition. If the entire edge set F is ¢-expanding in G then the
hierarchy only has one level. If not, we want a smaller set of edges F such that all the components
of G\ E; are (weakly) ¢-expanding in G. We then want an even smaller set E3 such that inside
each component of G\ E3, the edges of Fy are ¢-expanding. This is formalized as follows.

Definition 2.6 (Weak Expander Hierarchy). A hierarchy H of G is ¢-expanding if, for every level
i€ {l,...,L}, the level-i edge set E; is [G \ Es;|-component-constrained ¢-expanding in G, where
[G \ Es;] refers to the set of SCCs in G \ E;.

In contrast to Definition 2.6, the strong hierarchy of [BBST24] instead required that each level-i
component C is itself an expander. That is, E; N C' is ¢-expanding in C.%

Shortcut of Hierarchy. The key difference between our algorithm and that of [BBST24] is the
use of shortcuts. These are new edges that we add to the graph to speed up flow computations; see
Section 3.2 for more intuition.

Definition 2.7. (Star Edges) For any edge set F' C E, the star Ar on F' is a star whose root is a
new Steiner vertex r and leaves are the tail of all edges in F.? The edges between the root and
leaves are bidirectional. We say that Ap has capacity scale 1 € 1/N if the edges between the root r
and the endpoint of e € F have capacity ¢ - ¢(e). If there are multiple edges in F' that have the
same tail we avoid parallel edges in Ar by simply combining those into single edges by summing up
the capacities.

Definition 2.8 (Shortcut of Hierarchy). Given a hierarchy H of G, the shortcut A induced by H
is a collection of stars defined as follows. For each level-i component C' € C;, let Ac be the star
def def

on E;NC. Let A; = UCeCi Ac denote a level-i shortcut and A = |J;.;-; Ai. We say that A has
capacity scale v if every star Ac has capacity scale ¥. A shortcut graph G & GU A is obtained
by augmenting the shortcut A to G.

Definition 2.9. Given a shortcut A induced by a hierarchy H of some subgraph G’ C G (with
V(G') = V(G)), define the weight function w of G 4 as follows.

e For each original edge e = (u,v) € E, set wy(e) & |7y (u) — 7 (v)| where 7y is a vertex
ordering induced by # (recall Definition 2.4).

e For each shortcut edge e € Ac in component C, set wy(e) = |V (C)].

8The hierarchy of [BBST24] also included a set of “DAG edges” D. We do not need this terminology, but loosely
speaking, the DAG edges in our hierarchy correspond to the edges in E; that cross the SCCs of G \ Ex;.
9The choice of tail or head of edges is arbitrary.



Note that to define the weight function wy, the hierarchy H does not need to include all edges
in G. In this case, the weight of each e € G\ G’ is still well-defined since H still induces an ordering
7y of V(G). Also observe that any level-i edge e = (u,v) that moves backward in the vertex order
Ty (1., 7 (u) > T4 (v) is contained in some level-i component.

Observation 2.10. For any (u,v) € E; with Ty (u) > T(v) there exists a C € C; such that
u,v € C.

3 Technical Overview

For simplicity of presentation, we assume during this overview that the input graph is unit-
capacitated, in which case the congestion of f is simply cong(f) & max.cp f(e). Note that it
suffices to design a constant-approximate flow algorithm for directed graphs, as the exact algorithm
then follows by repeating the approximate algorithm O(logn) times on the residual graph.

3.1 High-Level Framework Borrowed from [BBST24]
We first describe the high-level framework of [BBST24] that our algorithm also follows.

Weight Function. Using Theorem 2.2 (weighted push-relabel from [BBST24]), computing an
approximate flow in O~(n2) time reduces to computing a “good” weight function w that satisfies: (1)
there exists an approximate max flow f for which all flow paths P have w(P) = O(n) (this allows
us to set h = O(n) in Theorem 2.2) and (2) 3>, 1/w(e) = O(n).

Note that if G is a DAG with topological order 7, then w(u,v) < |7 (u) — 7(v)| is a good weight
function: all paths have w(P) < n and 3, 1/w(e) = O(n) because the weights incident to any
vertex v form a harmonic sum. Applying Theorem 2.2 yields a remarkably simple approximate
max-flow algorithm for DAGs, as noted by [BBST24].

For general graphs, we follow [BBST24] in defining w based on an expander hierarchy #: let

be any vertex ordering that respects H (see Definition 2.4) and set w(u, v) |7 (u) — 7(v)|. Observe

that we again have ) 1/w(e) = O(n) for the same reason as in a DAG.

The Three Key Steps. At a high level, our algorithm follows three basic steps of [BBST24].
1. Prove that the weigh function w defined by an expander hierarchy H is a good weight function.
2. Show how to efficiently construct an ‘H using an expander decomposition subroutine.

3. Show how to compute expander decomposition with respect to edge set E; using weighted
push-relabel with weight function defined by the partial hierarchy F1,..., E; computed so far.

Below, we describe in Section 3.2 how we introduce shortcuts into the framework of [BBST24] and
then explain how they significantly simplify (and improve) the three steps above in Sections 3.3.1
to 3.3.3, respectively.



3.2 Our Key Contribution: Shortcutting Expanders

Much of the technical difficulty of [BBST24] comes from the need to keep track of the interactions
between levels of the hierarchy. We show that it is possible to avoid much of this interaction by
adding a set of new edges (and a new Steiner vertex) to the graph, denoted shortcuts, which simplify
the graph topology and speed up flow computations.

The starting point is the following observation: as long as we only add shortcuts to edge sets
that are already expanding in GG, they will not significantly change the flow structure of the graph.

Observation 3.1. Let F be a set of terminal edges that is ¢-expanding in G. Then, adding a
star Ap on F with capacity scale 1) = ¢/polylog(n) (Definition 2.7) has minimal impact on the
flow structure of G: formally, for any feasible flow f' in GU A, there exists a flow f in G with
congestion 1 + 1/polylog(n).

Proof. In f’ the total flow on edges in Ap is at most ¥|Ap| = 2¢|F|. If we instead try to route
this flow inside G properly, the resulting flow instance has at most ¢)degp(v) supply/ demand on
any vertex v. Since F' is expanding in G, this flow can be routed with a congestion of O(¢/¢) =

1/polylog(n). O]

Shortcutting an Expander Hierarchy. In line with the above observation, we will add shortcuts
to the expanders at every level of our hierarchy H. Formally, letting H be a ¢-expander hierarchy
(Definition 2.6), for every level i and every SCC C in G \ Es;, we add a star on G[C] N E; with
capacity scale ¥ = ¢/polylog(n). For the rest of the overview, we refer to A as the total set of
shortcuts and define G4 & G U A. Note that the final flow we compute will be in G U A; we discuss
in Section 3.4 how to transform this into a flow on G.

3.3 Improvements and Simplifications from Using Shortcuts

The addition of shortcuts ends up significantly simplifying many seemingly unrelated parts of the
algorithm of [BBST24], as well as improving the running time from n2*°() to O(n?). At a high
level, shortcuts on G[C] N E; provide a trivial way to send a moderate amount of flow between those
edges without needing to interact with other levels of the hierarchy. In this section, we outline how
we use shortcuts to solve the three key steps described in Section 3.1.

3.3.1 Weak Expansion and Shortcuts

The authors of [BBST24] show that given a strong ¢-expander hierarchy H (without shortcuts),
the corresponding weight function wy (u,v) = |7(u) — 7(v)] is a good one—that is, there exists an
approximate max flow f such that all flow paths P have w(P) = O(n/¢). Unfortunately, this claim
is false if H is a weak expander hierarchy.

We briefly outline the proof of [BBST24] to see why a strong hierarchy is needed. They show that
to bound wy(P) for a path P in a flow f—and hence to prove that wy is a good weight function—it
suffices to prove the following short-flow property: for any level i component C' (Definition 2.3),
f uses at most O(1/¢) edges in C' N E;. They prove the short-flow property by exploiting the
fact that since C'N E; is expanding in C' (because H is an expander hierarchy), the aggregate flow
through C' can be rerouted to use few edges in F;. This rerouting needs to be done carefully to
avoid blowing up congestion on lower levels. More importantly, the argument crucially requires the



fact that rerouting a level ¢ component does not add any flow on E;, since otherwise those higher
levels might once again violate the short-flow property. This is true in a strong expander hierarchy
because C' is an expander in G \ Ex;. In a weak expander hierarchy, where the rerouting might use
any edge in GG, the whole argument breaks down.

We now sketch the proof that adding shortcuts leads to a good weight function even for a weak
hierarchy. The main advantage of this, as we will see in the next section, is that constructing a weak
hierarchy is much easier. Our weight function wy(u,v) < |7(u) — 7(v)]| is the same as in [BBST24]
for edges in G; for every level i-component C, we set the star shortcuts on C' to have weight |C/.

The argument that w satisfies the short-flow property is quite straightforward: unlike in
[BBST24], we can handle each flow path P separately rather than carefully rerouting aggregate
instances. Consider any flow path P in the current flow and any level ¢ component C; for simplicity
assume P has one unit of flow. Let ey, ..., e, be the edges of P in C N E;. If ¢ < 2/ = O(1/9)

def

then P already satisfies the short-flow property. Otherwise, let Egqt S {e1, ., e1y} and Elagy =
{eq-1 St 1y - eqt. We “leak” flow from Ef,q to Elagt through the star edges in the natural way:
reduce the flow on all edges in Pley, e4] by ¢ and instead add ¢ flow on the star edge from e; to r
and r to eq; then reduce the flow on all edges in Pleg, e,—1] by ¢ and add ¢ flow on the star edge
from ey to 7 and r to e;—1. Repeating this for 1/1 steps, the only edges with non-zero flow on
PN CnNE; will be the 2/¢ = O(l/(b) edges of Efrs¢ and Eg. It is not hard to check the above
procedure obeys the capacities of star edges. Note that the flow of all other edges only decreases, so
there is no risk of violating the short-flow property for other levels; this is why a weak expander
hierarchy suffices once we add shortcuts. !’

3.3.2 Bottom-Up Construction of Weak Expander Hierarchy

As mentioned in the three key steps of Section 3.1, both our algorithm and that of [BBST24]
construct the hierarchy via the following expander decomposition subroutine: given a partial
hierarchy Ej, ..., E;, either certify that E; is expanding (in which case we have a complete hierarchy)
or compute a set of edges E¢y such that F; \ E.y is expanding in G\ E.u.'' In this section, we
assume black-box access to such a subroutine and show that computing a strong expander hierarchy
is still extremely challenging, while computing a weak one is trivial. The main advantage of shortcuts
is thus that they allow us settle for a weak hierarchy.

Say that we have already computed a partial hierarchy F4, ..., F;, where F; might not be
expanding in G. It is tempting to run the expander decomposition subroutine, and simply set
Ei11 + Ecy. If we were in the lucky case where F;11 C Fj;, then this would indeed work (we
would then set F; < E; \ E¢yu). Unfortunately, one can construct examples where the expander
decomposition must pick F.ut that uses edges from E;, which causes serious complications. Consider
some level j < i and some level-j SCC C inside which F; is expanding. Say that E,; contains some
edges in C. If we set E;1 < Ecu, the edges of E.y are added to B, so C' might split into SCCs
C1,Cs. But even though F; was expanding in C, there is no guarantee that is it expanding in C;
or Cy: routing a flow-instance in C7 might require using edges from C5, and vice versa.

10T fact, observe that our argument does not use the expansion properties of # at all. The only reason we
need expansion is to guarantee that adding shortcuts does not significantly alter the flow structure of the graph
(Observation 3.1)

U he strong expander decomposition of [BBST24] requires F; \ Ecut to be expanding in G \ Ecut, while our weak
one, which is simpler to compute, only needs it to be expanding in G.

10



To summarize, when constructing a strong expander hierarchy in a bottom-up fashion, fixing
expansion properties at level ¢ can actually ruin the properties at level j < i. As a result, the
algorithm of [BBST24] could not proceed in a direct bottom-up fashion, and instead needed to
repeatedly move up and down between levels to fix issues caused in the previous step. Ensuring a
small number of total moves required significant algorithmic adjustment and was the most technically
involved aspect of the entire paper (see [BBST24, Section 7]). It was also the reason behind the
n°M factor in their running time: the total number of moves was exponential in the number of
layers in the hierarchy, so they could only afford a hierarchy with o(logn) layers.

By contrast, if we are willing to settle for a weak expander hierarchy, then the natural bottom-up
construction easily goes through: we simply set E;1 < E¢y, and remove all edges in F<; N Ecyt
from their respective sets. No further changes to the lower levels are needed and we can proceed to
finding the next set E;;s. In particular, consider the component C' from the previous paragraph:
although F; might not be expanding in G[C}] or G[C5] individually, we know by definition of
expander hierarchy that any demand respecting G[C] N E; can be routed in the whole graph G, and
hence the same goes for any demands respecting G[C1] N E; and G[C5] N Ej.

3.3.3 Computing a Single Level of the Hierarchy

We now briefly discuss our approach to the expander decomposition subroutine from the previous
section. Our high-level approach mimics that of [BBST24]. By standard cut-matching games,
computing an expander decomposition boils down to repeatedly solving the following: we are given
some supply/demand on E; and want to either find a large flow or a small cut. We do so by running
weighted push-relabel (Theorem 2.2) with the weight function w defined by the lower levels of the
hierarchy Ei, ..., E;_1. If the flow f computed by weighted push-relabel is large, then we are done.
If the flow f is small, we need to return a small cut.

As in regular push-relabel, we compute a small cut by exploiting the property that the residual
graph with respect to flow f contains no augmenting paths of small w-weight, so the vertices can
be partitioned into many layers L. We then argue that one of these layers has few edges crossing it
in the residual graph and hence yields a small cut. We analyze each hierarchy-level ¢ separately and
argue that most layers L; have few crossing edges from E;. Observe that by definition of expander
hierarchy, all edges in E; are in some SCC C of G\ E-;. We prove two key properties:

1. The vertices of each E; N C have small diameter—that is, for any (u,u’), (v,0") € E; N C,
distyy (u, v) is small—and hence occupy only a small number of layers Ly.

2. Observe that push-relabel augments down the computed flow f and so reverses a small number
of paths going through C. We thus also need to prove that there exists a small “pruned set”
Pc C E; such that the remaining vertices in each (E; N C) \ Po have a small diameter even
after the path reversals.'?

Our proofs of the two properties above diverge significantly from those of [BBST24]. In [BBST24],
although it is easy to argue that there exists a (u,v)-path with few edges in E; (because Ej is
expanding in C'), bounding the weight of lower-level edges requires a much more careful analysis.
The path reversals of Property 2 pose an even bigger challenge. Intuitively, since C' is an expander,
one can prove the existence of Po by using expander pruning. But even though the number of
reversed flow paths is small, these paths can have many edges, so standard expander pruning will

12Note that we only only need to prove the ezistence of Po.
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not give sufficiently strong bounds. Thus [BBST24] needed to develop an entirely new expander
pruning subroutine that can handle path reversals and is also sensitive to distances under wy.

By contrast, the presence of shortcuts leads to a much simpler analysis. Recall that every
component C' now comes with a star root r¢ and star edges incident to every edge e € E; N C. The
diameter of E; N C' is thus trivially small because one can use the path (u,r¢) o (r¢,v). To handle
path reversals, we observe that any simple path will use only two star edges, so only a small number
of star edges will be saturated by the flow paths. As such, except for a small set Po all other edges
in E; N C will still be incident to an (unsaturated) bidirectional star edge in the residual graph and
thus still have small diameter. This proof sketch again highlights the way in which star edges allow
us to largely avoid analyzing the interaction between different levels of the hierarchy.

3.4 Unfolding the Shortcuts

While greatly simplifying most of the algorithm, shortcuts do also add a new element of complexity,
as the algorithm computes a flow f’' in G4 instead of the original graph G. By an extension of
Observation 3.1, we can show that there must exist a flow f of almost the same value, but we still
need to compute this flow. Fortunately, this only needs to be done at the very end of the algorithm,
by which point we have computed a lot of useful information that allows us to compute f using
straightforward techniques. Loosely speaking, given an SCC of G \ E;, the flow on the shortcut
edges of the star on G[C]| N E; defines a flow instance respecting E; in C. Since each component C'
is a (weak) expander with respect to Ej;, all of these flow instances can be routed in G with low
congestion. This routing is easy to obtain, again, via the weighted push-relabel algorithm. This
leverages the fact that we have already proven when computing the expander hierarchy that these
demands can be routed not just with low congestion, but also with short paths. Iterating this
for all levels in the hierarchy top-down, we map the flow in G 4 back to a flow in G with small
congestion blow-up. Finally, we run a standard flow rounding to convert it into the desired feasible
approximate flow.

4 Weighted Push-Relabel on Shortcut Graphs

Below, in Corollary 4.2, we show that by running the weighted push-relabel algorithm of [BBST24,
Algorithm 1] we can in O(nQ) time find a constant-approximate maximum flow (and approximate
minimum cut) on the shortcut graph G4 with capacity scale m. To this end, we prove a
more general version, Lemma 4.1, that will later prove useful in the construction of the expander
hierarchy. In this version, we have an additional edge set F' not part of the hierarchy.

This should be compared to [BBST24, Theorem 6.1]. However, note that our proof is significantly
simpler due to the addition of shortcuts. In fact, in contrast to [BBST24, Theorem 6.1] where the
given hierarchy is required to be expanding, such a condition is not even needed for our Lemma 4.1
to work. Instead, Lemma 4.1 gives us a flow in G4 not GG, and the expansion of the hierarchy is
used only when we are “unfolding” the flow back to G, which happens after running the weighted
push-relabel algorithm.

Lemma 4.1 (Weighted Push-Relabel on Shortcut Graphs). Let F' C E and H be the hierarchy
of G\ F with L = O(logn) levels. Let A be the shortcut induced by H with capacity scale ¢ €
def

1/N, and G4 = G U A be the shortcut graph. Given a diffusion instance T = (A, V) with -
integral demand and parameter k € N, there is a deterministic algorithm that runs on G4 in

12



O(n?log®n - (k + 1/4)) time and finds a -integral flow f in G4 with congestion k and average
weight w""fﬂf) < O(nlogn - (k+1/1)).
Additionally, if |f| < ||All1, then the algorithm also returns a cut § # S C V(Ga) with

V(S) =0 and Ap(S) =0 of size

e(Fa, (5,5)) < 1+ min{volr(S), volr(5)}

K

Recall from Definition 2.9 that even though the hierarchy # is only on G\ F', the weights wy(e)
for e € F' are still well-defined from the vertex ordering induced by H. Before proving the more
general version Lemma 4.1, we show how it directly implies Corollary 4.2 in the case when F = ()
and Kk = 1.

Corollary 4.2. Let H be a hierarchy of G. Let A be the shortcut induced by H with capacity scale
Y € 1/N, and G4 = G U A be the shortcut graph. There is a deterministic algorithm that, given G 4
and s,t € V(G), in O(n?log3n/+) time finds an O(1)-approzvimate mazimum (s,t)-flow f and an
O(1)-approzimate minimum (s,t)-cut S in G 4.

Proof. This follows from Lemma 4.1 when kK = 1, F = (), and Z = (A, V) is a flow instance
for routing a (s,t)-flow. More precisely, A(s) = n3U where U is a maximum capacity of G
and A(v) = 0 for all v # s. Similarly, V(¢) = n3U and V(v) = 0 for all v # ¢. Since this
demand cannot be fully routed, Lemma 4.1 must return a flow f with congestion x and a cut 5,
such that e(Eg,(S,S)) < 41|f|. Moreover, s € S and t € S, since the residual demands satisfy
V5(S) =0 = Af(S) and Ag(s), V() > 0. Hence f together with the cut (S,S) must be
41-approximate maximum flow respectively 41-approximate minimum cut in G 4. The running time
follows from Lemma 4.1. O

In the remainder of this section, we prove Lemma 4.1.

Weighted Push-Relabel of [BBST24]. Our approach to prove Lemma 4.1 is similar to the
corresponding sparse-cut algorithm of [BBST24, Theorem 6.1, Algorithm 2]. Because we run on
the shortcut graph G 4, instead of the original graph G with an directed expander hierarchy as in
[BBST24], our proofs here will be significantly simpler,'® and have less overhead in the running
time.

def

The Algorithm. Let M = ) _pc(e) be the total capacity in F. We set

he {n-(if—i—lOOﬁlogM)—‘ (1)

as the target height, and scale up all the capacities (but not the demands) by a factor of k. We
then run the weighted push-relabel algorithm (Theorem 2.2) with weights wy on G4 to compute

the flow f, which by Theorem 2.2(ii) satisfies w’ffﬂf ) < 9h as required.'* In case we did not route

13This section replaces most of the analysis in [BBST24, Section 5 and 6]. We still rely on the rather short weighted
push-relabel algorithm [BBST24, Section 4].

1Since Theorem 2.2 requires the capacities to be integer, and the short-cut edges have capacity scale ¥, we scale up
all capacities and demands before calling the weighted push-relabel by 1 € N, and then scale down the returned flow.
The scaled down flow will have congestion x with respect to the original capacities ¢, and might no longer be integral.
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all of the demand we also need to output a cut. Similar to [BBST24], we modify the edge lengths
slightly to wy by setting many of the edge weights in the residual graph to 0. In particular, we
set wf(?) = 0 for any edge e = (u,v) € E\ F (notably this excludes edges in F', short-cut edges
in A, and reversed edges formed in the residual graph) that moves forward in the vertex order
associated with H (i.e., 7y (u) < T74(v)) . In the residual graph (ignoring edges with zero residual
capacity), we calculate the wg-distance for each vertex from its closest unsaturated source, and let
S; be the corresponding distance layers. The main part of the analysis is to show that one of these
distance-layer cuts (S<;, S<;) must satisfy the output-guarantee of Lemma 4.1.

Algorithm 1: SPARSECUT(Z = (G, F,H,c, A, V), k, F,H)

def

Leth—{ (g—i—lOOﬁ:logMﬂ,and " Ek-e

[y

P
2 Run WEIGHTEDPUSHRELABEL(G 4, i ch 4 5 A, i -V, w,h) (Theorem 2.2) to get a flow f'.
3 Set f & - f. // f is t-integral
4 if |f| =||Al|; then return f
5 else
6 Let ws be w extended to (Ga) ¢, except set wy(€) = 0 for all edges e € E(GQ) \ F

moving forward in the vertex order 7y (i.e., e = (u,v) such that 7 (u) < 74 (v)).
7 Let Sop ={s €V :Ag(s) > 0}.

8 Compute w¢-distance levels S; o {v eV: dlstG (So,v) = z} in the residual graph G.

9 return f and the cut (S<;, S<;) minimizing
(B, (S<i, S<;)) — min{volr(S<;), volr(S<i)}.

Running Time. Note that G4 has at most n + nL vertices and m + nL edges, since there are L
layers in the hierarchy H, and in each layer there is at most one added star edge per vertex. The
weight function wy can be computed in O(mL) time, and the distance layers can be computed in
O((m + nL)logn) time by Dijkstra’s shortest-paths algorithm. By Theorem 2.2, the running time
of the WEIGHTEDPUSHRELABEL() call is:

1
0] m+n+ loen | =0 | hlogn _
Z g g Z wy(e)
e€cE(G e€E(Ga)
=0 | hlogn Z#—i_ Z o1
= wiule) e wi(e)

Since each edge e € A has w(e) > 1, we have that >, 4 — oo = = O(nL), as there are at most nL

star edges. The term with F(G) can be bounded similarly as [BBST24, Claim 5.5] by harmonic
sums, since their weights are induced by a permutation 7:

1
2w S 2 |m<>—m _222

e€E(G) T3 (u), 73 (V) E[n] i=1 j=i+1
T (w)# T (v)

O(nlogn).
i—i
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We thus see that the total running time of the algorithm is O((m+nL)logn+hn(L+logn)logn).
Plugging in the value of h from (1), the running time can be bounded by

L
(0] <n2 . <¢ + mlogM) (L +logn) -logn> .
Since L = O(logn) and M < n*, the running time becomes O(n?log®n - (k + 1/1)).

Finding a Sparse Cut. In case |f|=||A||1, we are done, so let us focus on the case of | f| < ||A]l1,
where we need to show that the returned cut satisfies the output guarantee of Lemma 4.1.

Theorem 2.2 guarantees that the wy-length of any remaining augmenting path is at least 3h in
the residual graph. The following lemma, which can be proved in exactly the same way as [BBST24,
Lemma 6.3], certifies that even after setting some edge weights to 0 to obtain wy, the w¢-length of
any augmenting path is still at least h.

Lemma 4.3. If distz‘gf4 (So,v) > 3h, then dist;.? . (So,v) > h.

)f (Ga)s

Proof Sketch. On any path P, all edges (u, v) going forward in the vertex order Ty (recall new weight
is wg(u,v) = 0; old weight was wy (u,v) = |7(u)—7(v)|) can be charged to increasing the location in
the vertex order, whose total increase is at most n plus the amount we move backwards in the vertex
order (and all edges (u,v) moving backwards have weight w¢(u,v) = wy(u,v) > |7(u) — 7(v)|).
Hence wy (P) > wg(P) > %, and the lemma follows since h > n. O

By the output guarantee of Theorem 2.2 together with Lemma 4.3, we thus know that among
distance layers Sy, S1, . ..S) there is no unsaturated sink. That is, we know that Af(Sp) = 0 and
for all 0 <4 < h that V¢(S;) = 0.

Definition 4.4 (Good Cuts). For 0 < i < h, the distance layer cut (S<;, S<;) is good if the capacity
of this cut, in the residual graph,'® disregarding edges in F, is at most 40|f|, i.e., if

(BG4, (S<is S<i) \ F) < 40| f].

We will prove that there are at least h/4 good cuts. If F' = (), this means that the flow f
together with such a good cut are both constant-approximate. When F # (), assuming we have at
least h/4 good cuts, one can instead finish the proof with a standard ball growing argument.

We begin by showing that (large) components at a certain level at the hierarchy remain mostly
intact and close together in the residual graph. The following lemma, which has a very short proof
due to the construction of the shortcuts, is to be contrasted with the corresponding [BBST24,
Lemma 6.5] that required a much longer analysis.

def

Lemma 4.5. Consider a level £ of the hierarchy H and o level-f component C. Let Ec = E,NC,
and let r be the Steiner vertex of the star Ag,. There exists a subset Po C Ec such that

(1) for each e € Ec \ Pc, we have distzﬂGfA)f(r, tail(e)) < |C| and distng)f (tail(e),r) < |C|; and

(2) c(Pc) < 2L

5Recall that we set ™ = k-c. and that in the residual graph (G.)y each edge e = (u,v) has a corresponding forward

edge @ = (u,v) with capacity c;(?) 4 ¢"(e) — f(e) and a backward edge ‘€ = (v, u) with capacity c;(%) L re).
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Proof. Recall that in G 4 there is a bidirectional star Ag, added between the tails of edges in E¢
to r, where all these star edges have a i-fraction of the capacity of the corresponding edges in E¢.
Let P’ C Ap, be the subset of the (directed) edges of this star that are saturated by the flow f, i.e.,
edges e where f(e) = c¢"(e). The total capacity of P’ is at most 2| f|, since every flow path passes
through the star at most once.'® Let Po be all edges in E- whose tail is incident to an edge in P’.
In particular, ¢"(Pg) < % Moreover, all tails of edges e € E¢ \ Pco are of distance at most |C|
from the star center r in the residual graph, in both directions, since the corresponding star edges
are not saturated and have w-length |C| (hence w-length |C1). O

We are now ready to show that at least a constant fraction of our distance layer cuts are good.
Lemma 4.6. There are at least h/4 good cuts.

Proof. Consider one of our candidate level cuts (S<;, S<;) where 0 < i < h, and what edges can
cross it in the residual graph (G4)¢.

1. Backward edges ‘e. These have residual capacities c’}(%) = f(e). The contribution of these
(across all good level cuts) can be bounded by } o c}(?)wf(e) =2 cep fle)wg(e) =
wyg(f) < 9h-|f| by Theorem 2.2(ii) and that wy < w.

2. Forward edges @, where e = (u,v) is a level- edge with 73 (u) > T3 (v) that is contained in a
level-¢ component C' of H, and the corresponding star edges (which exist by Observation 2.10).
We will use Lemma 4.5 to show that most level cuts only have few of these edges.

The remaining edges are either in F' (which we disregard for in the definition of good cuts), or are
edges e where we set wyg(e) = 0, as they move forward in 75 (and hence cannot cross our distance
layer cuts).

For each level ¢ of H, and level-¢ component C, let Po be the pruned set in Lemma 4.5, and
let Ef E (E,NC)\ Po. Let Ap C A(g,ncy be the shortcut edges (in the star of the level-¢
component C) that are not incident to Pc. Call a cut (S<;, S<;) bad if any edge e € E, U Apy,
crosses it, for any level ¢ and level-¢ component C. First we argue that there are at most h/2 bad
cuts. In particular, we argue that some level-¢ component C' can only be responsible for 3|C| bad
cuts (where |C| counts the number of vertices in this component). Indeed by Lemma 4.5, each (tail)
of an edge in E, is of distance at most |C| from the Steiner vertex r at the center of the shortcut
star on Ey N C. Let 4, be the layer such that S; > r. The earliest layer any edge in Ef, can start in
is in layer i, — |C|, and the latest layer any edge in Ef, can end is in layer i, + |C| + |C] (the tail of
the edge can be at layer i, + |C/|, and then the length of this edge can be another |C| layers). Thus
all edges in Ef,, and their corresponding star edges, must be within 3|C| consecutive distance layers.

For a fixed level /¢, all level-¢ components sum up to n in size, and hence they can be responsible
for at most 3n bad cuts in total. Summing over the L layers, there are at most 3nL < h/2 bad cuts.

Now, there are at least h/2 remaining non-bad cuts. We will argue that half of them are good.
The total capacity of edges over these cuts is at most 9h - | f| from the backwards edges. Each
edge in Po has length at most |C|. Also, as 1 < 1, the corresponding star edges connected to P
contribute at most the same amount (in terms of capacity) as the edges in Po. Hence, if we add the

Y5This uses the fact that the weighted push-relabel of [BBST24] works by repeatedly pushing flow along simple
augmenting paths. If an augmenting path increases the flow value by a, then this augmenting path can be responsible
for at most 2a reduction in the capacity of edges in Ag., as the path passes through the center r at most once.
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contribution from the edges in Po (and the corresponding star edges) for all levels ¢ and level-¢
components C', we have, by Lemma 4.5:

Z CIJZ(E(GA)f(SSETSi))

0<i<h such that
(S<i,S<i) is not bad

<Ohfl+ ) > C] - 2¢"(Po)

{=1,...,L level-¢£ component C
4
§9h|f+n-L-|J|

< 104|f].

The last inequality comes from our choice of h in (1), h > %. By an averaging argument, at most

1(;;;\2f| = 40| f|. Hence, at least h/4 cuts have

capacity, in the residual graph and disregarding F', at most 40| f|, i.e., they are good cuts. O

half of the non-good cuts have capacity more than 2 -

In case F' = () (as in Corollary 4.2), we would already be done. When F' # (), what remains is to
argue the contribution of these edges via a standard ball-growing argument stating that at least one
of our h/4 good cuts (S<;, S<;) has capacity, in F, at most min{volp(S<;),volp(S<;)}. We do this
in Lemma 4.7 below, and note that our main Lemma 4.1 follows almost directly from this.

Lemma 4.7. There exists a level cut S<; with 0 <1 < h such that

cH(E(G ), (S<i, S<i)) < 40| f] + min{volr(S<;), volp(S<i)}- (2)

def

Proof. Let S<j;,...,S8<;, be the g > h/4 many good level cuts given by Lemma 4.6. Let U; =

def

S<ijn \ S<ig;_yy., foreach 1 < j < |[£]. Let k= [2] > 4. That is, we first split the distance levels
into g blocks at i1, ...,74, and then merge every n consecutive blocks to form the U;’s. Observe
that since ij., > i(;_1)., + 1, we must have

., w
dlSt(GfA)f(Uj, Uj+2) >n (3)
for every j. We will now only consider level cuts that are between some U; and U;41 and bound the
contribution of edges from F' to them using a ball-growing argument. Note that if volp(U<1) =0
or volp(U<y) = 0, then the lemma is vacuously true, and therefore we assume otherwise. We show
that there exists a 1 < j < k such that

c (E(GA) U<, Uj)NF ) < min{volp(Us;), volr(U<;)}, (4)

which proves the lemma. Assume for contradiction that none of the Uj satisfies (4). Because of (3) and
that the weight of any edge is bounded by n we know that all edges in EGa, (U<j, U<;) with positive

def

capacities must be in E(q,),(Uj,Ujt1). Let volj(S) = k- volp(S). If volp(Usy)2) < volp(U<y/2)
then we have L
volf(U<j) > volp(U<j—1) + ¢} (E(GA)f(USJa U<j) N F)
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for 1 < j < k/2 which with the assumption of (4), and that vol%(U<1) = k- volp(U<1) > k, implies
that

K

k/2—1
voly(U<;) > (1 + 1) volj(U<jo1) = volj(Ucy/n) > (1 + ) k> 227 D/Re > 9k M.
< - < <

The last inequality above uses k/2 — 1 > k/4 > % (since by Lemma 4.6 we have g > h/4) and,
by (1), that h > 100nklog M, where M is the total capacity of edges in the input graph. This is a
contradiction because vol}(S) of any S should always be bounded by 2xM.

Similarly, if volp(U<y/2) > volp(U<y/2), a symmetric argument gives

o 1 - - k/2—1
volj(U<j) > (1 + K) volj(U<jr1) = voli(U<yjop1) > (1 + K> K

In both cases we have arrived at a contradiction, proving the lemma. ]
We end the section by finishing Lemma 4.1.

Proof of Lemma 4.1. Note that the capacity, in the residual graph (Ga)g, of any cut can be at
most | f| smaller than the capacity of the same cut in the original graph, i.e., ¢*(E (¢ ,)(S<i, S<i)) <

C;(E(GA)f(SSi,@)) + | f|. Hence, we get ¢(Eg,(S,S)) < A fl+min{volr (9).volr(9)} when combined

K
with Lemma 4.7, which concludes the proof of Lemma 4.1. ]

5 Expander Hierarchies: Single-Pass Bottom-Up Construction

The goal of this section is to construct in O(n2) time a weak expander hierarchy H (see Definition 2.6)
of G that is Q(l)—expanding. In fact, we show something stronger: we give a data structure that can,
for any flow in the shortcut graph G4, computationally “unfold” it to a corresponding flow in G of
approximately the same value. This is useful in the final maximum flow algorithm in Section 6. This
section proves the following Lemma 5.1, with ¢yang = Q(1/ log7 n) being the universal parameter
defined later in Lemma 5.2.

Lemma 5.1. There is a randomized algorithm that, given an n-vertex graph G, in O(n? log!® n)
time computes

e a hierarchy H of G with L = O(logn) levels,
e a shortcut A induced by H with capacity scale Yrand = Q(Prand/logn), and

e a “flow-unfolding” data structure Dyntola such that, with high probability, given any Yrand-
integral feasible flow fa in Ga “Gu A, Dunfola returns a flow f 4 Duntold(fa) in G routing
the same vertex-demand with congestion 3 in O(n?log'®n) time.

To formally see why the flow-unfolding data structure of Lemma 5.1 implies that H is Q(l)—
expanding, consider any level i and the level-i edge set E; in H. Any [G\ F;1]-component-constrained
volg,-respecting demand (A, V) can be routed in G4 with congestion 1/vyang = O(1) by trivially
routing through the shortcut edges. Denote this flow by f4. Then, Lemma 5.1 can map f4 to
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a flow f in G with congestion O(1). This shows that F; is [G'\ Ejt1]-component-constrained
Q(1)-expanding in G for every i. Thus, H is indeed €2(1)-expanding according to Definition 2.6.!7
We now describe on a high level how the weak expander hierarchy is constructed.

Dynamics of Levels and Hierarchies. We will construct the expander hierarchy in L =
[log1g/9 ¢(E)] + 1 = O(logn) rounds. In each round r, we have a level function level : F —

{1,...,7}. We define Ei(r) & {e: level™(e) = i} as the set of round-r level-i edges. In particular,
(1)

for round 1, we initialize level™ (¢) = 1 for all edges e and therefore E = E}

In round r > 1, we will choose an edge set Efd:i ) where c(EﬁTil)) <0.9-c(Er B )) and then set

their level to r + 1. That is, IeveI(TH)( ) r4+lifec ET(,T_:{D and the level of other edges remains
the same: level" (e) & level™ () if e ¢ Erfll In particular, we have E(T+1 \Errgl for
all i <r.

We call E,(,T) the set of top-level edges in round r. We will build objects for the graph induced
by non-top-level edges. Let H() = {C[()T), e C(T 1} be the hierarchy of G\ E " induced by level ™
(restricted to non-top-level edges E \ Ey)). Let A7) be a shortcut induced by H("”) with capacity
scale ¢rang/L. Note that A) does not include the stars on the top-level edges ET(,T). For example,
AM = ¢ and HD = {C((]l)}, where C((]l) are singleton components. Denote the round-r shortcut
graph by G 4 Lauan.

Observe that, for all ¢ < r, E(T) C E(
(r—

"1 and the family C, ) of level-i components of H() is

b because E( ") D) E(T 1) In words, as the number of rounds r increases, the

(r)

levels of edges only move up. For a fixed level i < r, the family Ci

(r)

undergoes refinements. Hence, the stars in the level-i shortcut A;’ only keep splitting.'® At the
end, we will return H(“*tY and guarantee that F7,1 = 0 which makes H(“+D a hierarchy of G.

a refinement of C

of level-i components only

Algorithm: Expander Decomposition Once per Level. For each r > 1, once we choose

Eﬁfll), this determines how level"+1) 2/ (r+1) G 4r+1) can be obtained from level ™), (), G 4. We

construct Efn _:{ ) using the following variant of (weak) expander decomposition, which we prove in

Section 7.

Lemma 5.2 (Weak Expander Decomposition). There is a universal rana = O(1/log” n) where
Grand € 1/N such that there exists a randomized algorithm that, given the round-r level function
level™ and the induced shortcut graph G 4y with capacity scale ¢ of an n-vertex graph G, computes

in O(n?log” n - (log® n 4 1/4)) time the round-(r + 1) top-level edge set E,(,ﬁl) such that

1. c(EﬁTil)) <0.9- c(EﬁT)) and

'"Meticulous readers might notice that we lose an extra O(logn) factor in congestion here. This is in fact unnecessary
because our Lemma 5.2 only have a congestion blow-up of 1/¢rana. That said, what is described here is an easy way
to see how the flow-unfolding data structure is a stronger construct.

181n fact, our algorithm does not actually split the stars Agr). Instead, we maintain L different versions of shortcut
graphs that are fixed once constructed, and delegate each level of routing to its corresponding shortcut graph.
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2. E7(nr+1) is [G\ Eﬁr{l)]—component—constminedlg Q(1/1og® n)-expanding in G 4, with high
probability.

Furthermore, conditioned on Item 2 succeeding, given a [G\Eﬁ’:{l)]—component—constmmed (vol RO

t/z)-respecting 1/ z-integral demand (A, V) for some k., z € N, there is an O(n?log® n-(log® n+1/1))
time algorithm that returns a flow f routing (A, V) in G 4y such that f(e) < w

Note crucially that the value of ¢,,,q does not depend on the scale of the hierarchy, and thus
there is no circular dependence; see its proof in Section 7.

Remark 5.3. The above Lemma 5.2 is a form of expander decomposition. For example, in the first
round when r = 1, we have A = () and Eil) = E. The lemma then computes a set R o E(Q), of
capacity ¢(R) < 0.9 - ¢(E), such that E;Q) “ E\ Ris [G\ R]-component-constrained expanding in
G 40) = G. That is, the algorithm identifies a not-too-large set of edges R, after whose removal all
strongly connected components of G are expanders.

Note that as in our new weighted push-relabel algorithm on shortcut graphs, we do not need the

expansion of the hierarchy H(") to guarantee that Eﬁrﬂ) is expanding in G 4. The expansion of

H (") is used later when guaranteeing that Eyﬂ) is expanding in the original graph G or, equivalently,
when proving the flow-unfolding data structure.

Given Lemma 5.2, the algorithm for computing our final expander hierarchy is very simple. See
Algorithm 2.

Algorithm 2: A bottom-up construction of an expander hierarchy.

Initialize level™ () < 1 for all edge e € E.

Set L = [logyg/9 c(E)] + 1.

forr=1,...,L do

Let H(") be the hierarchy of G'\ E'") induced by level™.

5 Let A be the shortcut induced by H) with capacity scale Yyang = Grand/ L. Let
G 4 EGUAM.

[y

W N

6 Run Lemma 5.2 on G4 and compute the round-(r + 1) top-level edge set Eq(:;l)-
(r+1)
7| Set level D (ey 2 T c€ BN
level™ (e) otherwise.

Return the last hierarchy H(“+t1) and the shortcut A+,

03]

def

Analysis. We now analyze Algorithm 2. Let z = 200L/t¢,anq € N be the integrality of the flows
that we will work with. Note that we are being deliberately explicit about the integrality of flows as
our push-relabel algorithm works with integral demands and flows (which up to scaling by a poly(n)
factor works for 1/poly(n)-integral demands and flows). We first show that we can do a single
level of unfolding by incurring a small congestion. For intuition one should think of the following

9Recall that this is defined to be C-component-constrained for € < SCC(G \ Eﬁ:{l)), which is not necessarily the
same as that of G 4 \ Eﬁ:’;l).
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lemma as incurring a multiplicative (1 + 1/L) congestion (while the extra 0.1/L factor stems from
rounding to preserve integrality) in each level of unfolding, and thus the final congestion in G is

(14+1/0L)* = 0(1).

Lemma 5.4. Given a 1/z-integral flow f in G 411 routing a demand (A, V) supported on V
with congestion k/z for integer k > z, we can compute in O(nlog**n) time a 1/z-integral flow f'

in G 4 routing the same demand with congestion k'/z where k' € N satisfies k' < (1 + %) K.

Proof. Let A$T+1) be the set of level-r stars of the shortcut A"+, For each strongly connected
component C' of G \Eﬁ:{l), there is a star A¢ in A£«T+1) whose leaves are vertices in the component C,

with a bidirectional edge to each leaf v of capacity deg,+1) (V) - @rand/L = deg 1), (V)  Yrand-

Let £ be the flow f restricted to the (bidirectional) edges of the star Ag. Since f has congestion
r/z, the vertex-demand (A%, V) of f¢ satisfies

@Z)randﬁ
A%(v), V9(v) < T deg e o (0) <

w |

: degE$T+1)ﬂC (U),

where /& & [¥ranak ], for all vertices v in the component C'. Moreover, for the center u of the star A,
we have A (u) = V(u) = £°U%(u) = 0 since v ¢ V and the original demand (A, V) is supported
on V. Tt follows that A (C) = V().

Consider the 1/z-integral vertex-demand (AT, V+) = (3, A%, 3", VE), which is both [G'\

Eﬁ:{l)]—component—constrained and (vol D R/z)-respecting by the above discussion. Invoking

Lemma 5.2, we can compute in O(nlog**n) time a 1/z-integral flow T routing (A", V*) in G
such that ~ ~ )
er(e) < ["{ . C(e)/gbrand-| < H/Qbrand + /¢rand . c(e),

z z

where we used that ¢(e) > ¥ranqg-
Note that vertex-demand (A, V7) is also routed by the sum of flows ) FC. Tt follows that

f* routes the same vertex-demand as Y f¢. Therefore, the flow f’ g - > £+ £ routes the
same vertex-demand (A, V) as £ in G’ < GUAM U (AC+D \Ayﬂ)), is 1/z-integral, and satisfies
< K+ ’%/(prand + 1/wrand .

7)< cerle) < “HIEE Y Grnd £ W v

z z (5)
< A+ 101/L)x 1'31/L)H “egr(e).

The last inequality in (5) follows from

1 1 2 0.01
+ < <.
¢rand wrand wrand L

since k > z = 200L/trang- What remains is to transform the flow to be supported solely on
G 4 < G U A™. Observe that for each 1 < i < r, the partition Cl-(rﬂ) is a refinement of the

partition Ci(r) since the only differences in level™ and level" 1) is that level™*1) lifts some edges to
level 7 + 1. Therefore, we can naturally map each edge in level-i stars of the shortcut AT+ to a
corresponding edge in a level-i star of the shortcut A). Under this mapping, the new flow f” is
supported on G 4, and its vertex-demand is still supported on V. ]

K
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Now we can prove Lemma 5.1.

def

Proof of Lemma 5.1. We run Algorithm 2 to construct the hierarchy H = HE+D and shortcut

A ALY, By Lemma 5.2, we have c(Ef,:_tl)) <09- c(Ey)) for each » > 1, and since L =

[logg 10 c(E)] + 1, we have c(Eélel)) < 0.9M19%10/9¢(E)] . ¢(E) < 1, which implies EI(.JLJII) = (). Then,
H < HEAD g the hierarchy of G\ Eéﬁjl) = @G, and A ¥ AL+ hag capacity scale ¢rana/L by
construction. The running time is O(n?log'” n) per level by Lemma 5.2, hence O(n?log*® n) overall.
For the flow-unfolding data structure D14, we proceed by repeatedly unfolding a level-(r + 1) flow
£t to a level-r flow £() in G 4y with Lemma 5.4, starting from £+ < £ in G411, Initially,
FEAD has congestion 1 = z/z, and inductively the final flow () routes (A, V) in G 40) = G and
has congestion (14 1.01/L)F < e < 3. The running time of the flow-unfolding data structure is
O(n*log'*n - L) = O(n®log'® n). This completes the proof. O

6 The Maximum Flow Algorithm

Given the algorithm for computing an approximate maximum flow in a shortcut graph from Section 4
and the algorithm for mapping the flow on the shortcut graph to the original graph without blowing
up congestion too much from Section 5, we obtain an approximate maximum flow algorithm
summarized as follows.

Lemma 6.1. There is a randomized algorithm that, given a graph G and s,t € V(G) with poly-
nomially bounded integral edge capacities ¢ € N¥, in O(n?log'®n) time finds an integral O(1)-
approzimate maximum (s,t)-flow 0 < f < ¢ and minimum (s,t)-cut S in G with high probability.

Note that Lemma 6.1 immediately implies our main Theorem 1.1 by repeatedly solving the
problem in the residual graph up to O(logn) times (recall that we have assumed the capacities are
bounded by poly(n) via capacity scaling). We state the algorithm for Lemma 6.1 in Algorithm 3
and prove its correctness below.

Algorithm 3: An O(1)-approximate maximum (s, ¢)-flow and minimum (s, t)-cut algorithm.

1 Using Lemma 5.1, compute a hierarchy H, the shortcut A induced by H with capacity scale
1, and the data structure Dynfold-

2 Given the shortcut graph G4 = GU A and s,¢ € V(@) as input to Corollary 4.2, compute a
Y-integral O(1)-approximate maximum (s, t)-flow f4 in G4 and O(1)-approximate
minimum (s,#)-cut S4 in G4.

3 Set f < Duntold(fa), scale the flow value on each edge down by a factor of 1/3, and round f
to integral using [KP15].

4 Return (f,S4NV).

Correctness.  We will prove that f is a feasible (s,t)-flow in G and Sy NV is a (s,t)-cut in
G where ¢(Eg(SanV,54N0V)) < O(|f]). We have c(Eg(Sa,S4)) < ¢(Eg,(Sa,S4)) because
G C Ga. Next, ¢(Eg,(S4,54)) < O(|fal) because, by Corollary 4.2, fa is a O(1)-approximate
feasible maximum flow in G4.

It remains to prove that f is a feasible (s,t)-flow in G and has value | f| = Q(|f4]). Indeed, by
Lemma 5.1, Dynfold(fa) is an (s,t)-flow in G with congestion at most 3 and |Dynsoid (fa)| = | fal-
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After scaling the flow value on each edge by 1/3 and rounding, f becomes integral and is a feasible
(s,t)-flow in G of value |f| = [|fal/3].

Running Time. Lemma 5.1 takes O(n?log!®n) time. Corollary 4.2 takes O(n®log®n/1) =
O(n?log! n) because 1 = Q(1/log®n). The data structure call Dypgo1a(fa) takes O(n?log!® n)
time. Finally, flow rounding takes O(mlogn) = O(n?logn) time. Overall, it takes O(n?log'®n)
time to compute an O(1)-approximate maximum flow. This proves Lemma 6.1.

Lastly, recursively applying Lemma 6.1 O(logn) times we solve maximum flow in O(n?log!® n)
time, proving Theorem 1.1.

Theorem 1.1. There is a randomized algorithm that, given an n-vertex directed graph G with edge
capacities from {1,..., U} and s,t € V(G), finds a mazimum (s,t)-flow in G with high probability
in O(n?log' nlogU) time.

7 Weak Expander Decomposition: Proof of Lemma 5.2

In this section we give an algorithm for weak expander decomposition, proving Lemma 5.2.

7.1 Cut-Matching Game

To compute a weak expander decomposition, we use the now-standard procedures of cut-matching
games. The cut-matching game constructs an expander by the interaction between a cut player
and a matching player: Starting from an empty graph, in each iteration, the cut player chooses a
cut of the vertices, and the matching player outputs a matching between the two sides of the cut,
which is then added to the graph. The guarantee of the cut-matching games is that there exist good
strategies for the cut players so that after a small number of iterations, regardless of the matchings
chosen by the matching player, the final graph (which equals the union of these matchings) becomes
an expander.

To use this procedure to certify whether a given graph G is an expander or not (or whether a
vertex weight is expanding in it), we can implement the matching player by solving a flow problem
on the graph that finds a matching between the vertices embeddable with low congestion into
G via flow paths. Thus, after the cut-matching game, the expander constructed by the game is
embeddable into G with low congestion, thus proving the expansion of G.

The standard cut-matching game requires the matchings we choose to be perfect. We use a slight
variant that only requires almost perfect matchings, at the cost of only guaranteeing the expansion
of almost all vertices. This procedure has become fairly standard for undirected graphs, and its
directed generalization can be proven in various ways. We describe two ways of achieving this.

(Standard) Cut-Matching Game with Pruning. For instance, one can run the standard
directed cut-matching game (e.g., [Loul0]). Since it requires the matchings to be perfect, we add
fake edges to our matchings to make them artificially perfect. At the end of the cut-matching game,
we get an expander that contains few fake edges. We then run the expander pruning algorithm (e.g.,
[SP25]) to extract an expander subgraph supported on a large fraction of vertices and that consists
of only real edges (which proves the expansion of these vertices).
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Non-Stop Cut-Matching Game. Alternatively, one can use a non-stop version of the cut-
matching game that allows removing small subsets of vertices during the interaction between the
cut and the matching players [SW19, LRW25, FLL25]. That is, the matching player does not need
to return a perfect matching, and vertices that are unmatched in some iterations get removed from
the game. The non-stop cut-matching game is able to guarantee the expansion of all non-removed
vertices at the end. Note that this approach only returns weak expanders (in the sense that
the expansion of non-removed vertices is potentially certified through removed ones), while the
aforementioned one based on pruning returns strong expanders.

While the first version might be more modularized for presentation, we believe the non-stop
cut-matching game is the simpler approach (both in implementation and analysis) as it avoids the
pruning step. Thus we opt for using it for our algorithm?” (see Lemma 7.3 below).

Matching Player. In either version of the cut-matching game, we need to implement the matching
player in the game by providing the cut player a (directed and capacitated) matching from some
vertex set A to B. We define the following notion of perfectness for these matchings.

Definition 7.1. Consider a partition (P, Q) of V. A capacitated graph M on V (with capacities
cum) is a (P, Q)-matching if (1) degy,(v) = 0 for all v € P and (2) deg},(v) =0 for all v € Q. It is
d-perfect for some measure d satisfying d(P) = d(Q) if it also holds that (i) deg},(v) = d(v) for all
v € P and (ii) deg),(v) = d(v) for all v € Q. It is 1/z-integral if the capacities ¢ are 1/z-integral.

Consider a (P, Q)-matching M. Let dy; € RY be defined by dj;(v) = degt,(v) for v € P and

dy(v) < deg,(v) for v € Q. That is, djs is the unique measure such that M is dps-perfect.

We encapsulate what we consider a valid output of the matching player in the non-stop cut-
matching game as follows (note that d’ is supposed to be a subdemand of d for which we are trying
to certify almost expansion).

Definition 7.2. Let (P, Q) be a partition of V' and d’ be a vertex measure on V with d'(P) = d'(Q).
A (P,Q,d', A,m)-bidirectional-matching is a pair of matchings (M, M) consisting of m edges
such that dyy,dg; < d' are submeasure of d' that satisfy dy;(V),dg; (V) > d'(V) — A. The

%
bidirectional-matching is 1/z-integral if both M and M are.

We use the following directed, capacitated, non-stop cut-matching game of [FLL25] as a black
box. The cut-matching game is formulated not exactly this way in [FLL25], and we discuss how our
Lemma 7.3 can be extracted from [FLL25] in Section B.

Lemma 7.3 (Non-Stop CMG [FLL25]). Consider an integral vertex measure d on n vertices V
where ||d||cc < poly(n). Let z € N. Suppose there is an oracle that on input partition (P,Q) and
1/z-integral d' < d outputs a 1/z-integral (P, Q,d/, A, m)-bidirectional-matching for A = Sxry-d(V')
where dxry = O(1/log?n) is sufficiently small.

Then, there is a randomized algorithm that invokes the oracle Txry = O(log2 n) times and takes

O(mlog?n) additional running time to compute a submeasure d < d with ||d||; > Zl\dllx such that
def

s — —
with high probability d is Txry-hop Q(1)-expanding in W = Uie[k} M; U Mi, where M; U MZ is the
output of the oracle in the i-th invocation.

2°In Section A—where we show how to derandomize our algorithm for the special case of vertex-capacitated
graphs—we instead use the former approach of standard cut-matching games plus pruning (as the non-stop version of
the cut-matching games are randomized).
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7.2 Implementing the Matching Player

Note that given a partition (P, Q) of V and vertex measure d’, a flow f that routes the demand
(A, V) defined by A “1p-d and V = 1g - d’ gives an d'-perfect (P, Q)-matching via path
decomposition of flows: For any flow f it is standard that we can write it as f = C¢ + Pf, where
Cyisa circulation®’ and the support of Py is acyclic. The part Py can be further decomposed into
Py = Zie[k] Aifp, where \; > 0, and each fp, is the flow that sends one unit of demand along a
simple (s;,;)-path P;. We call such (Cy, {(\i, P%) }icr)) & path decomposition of f.

Now, for any path decomposition (Cy, {(\i, P;)}icfr) of a flow f routing the above demand
(A, V), the capacitated matching M that contains for each (u,v)-path P; an edge (u,v) with
capacity ey (u,v) N isad -perfect (P, Q)-matching. This flow perspective will be used frequently.
In particular, it is easy to see that our flow algorithm Lemma 4.1 can be used as the oracle required
by Lemma 7.3 when d = volg. To achieve a stronger property that we need later, we further require
that the flow we found is decomposable into short paths under the weight wy. We call a path
decomposition (Cg,{(Ai, P)}ie)) (w, h)-short if each path P; satisfies wy (P;) < h.?* The path
decomposition is 1/z-integral if each \; is. We encapsulate this into the following lemma. Since it
can be quite straightforwardly obtained by running Lemma 4.1 multiple times and performing path
decomposition to extract short paths, we defer the proof to Section C. Note that to circumvent the
path decomposition barrier in capacitated graphs, instead of outputting the paths {Pi}ie[k], we only
return the representation {(\;, s, t;)}icp (i-e., the endpoints of the paths) of the decomposition
which suffices for constructing the matchings.

Lemma 7.4. Let F' C E and H be the hierarchy of G\ F. Let A be the shortcut induced by H
with capacity scale ¢ € 1/N, and G4 = G U A be the shortcut graph. Given a diffusion instance
T = (A, V) with -integral demand and parameter k € N, there is a deterministic algorithm that
runs on G in O(n?loghn - (k4 1/v)) time and finds a v-integral flow f in G4 with congestion
O(klogn) and the representation of a v-integral (wyy, h)-short path decomposition of f for some
h=0(nlogn- (k+1/v)).

Additionally, if | f| < ||All1, then the algorithm also returns a cut O # S CV with V¢(S) =0
and A¢(S) =0 of size

c(Eq,(S,9)) < 41min{A(S), V(S)} + min{volF(S)yv()lF(g)}.

We now use the flow subroutine of Lemma 7.4 to construct our matching player.

Lemma 7.5 (Matching Player). Let FF C E and H be a hierarchy of G\ F. Let A be the shortcut
induced by H with capacity scale ¥ € 1/N and G4 < G U A be the shortcut graph that contains
m’ edges. Then, for any ¢ < 1 and § < 1, given a partition (P,Q) of V' and v-integral d' < d
for d £ volg, there is a deterministic algorithm that runs in O(n?log*n - (1/¢ + 1/¢)) time and

computes either

e a balanced ¢-sparse cut S such that volp(S) € [%VOIF(V), svolp(V)], or

217 circulation is a flow that routes the trivial demand (0, 0).

22While our Lemma 4.1 already guarantees that the average weight of any path decomposition is small, we want the
worst case weight is small as well (as required by the definition of being (wy, h)-short). The proof of Lemma 7.4 thus
essentially consists of running Lemma 4.1, taking the paths that are short, and recursing on the demand that was not
routed by these short paths.
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e a Y-integral (P, Q,d', A, m')-bidirectional-matching (]\7, M) where A 5 - volp(V).

of =7
In the second case, the matchings are such that, given any -integral flow fay on M MU M
of congestion k, there exists a -integral flow fg, routing the same demand as fyr does in G4 with
congestion O(k -logn/¢) such that wy(fa,) < ||fumll1-h for some h = O(nlogn - (1/¢ + 1/1)).

Proof. Given the partition (P, Q) and d’, to find 2 and ]\_4> we solve the flow problem defined by
AE1p.dand VE 1g - d' in G4 (which is ¢-integral by the input guarantee). We invoke
Lemma 7.4 on with k & [50/¢] to compute a flow 7 in G4 with congestion O(logn/¢) routing
(A, V). If \7\ < ||All1, then Lemma 7.4 additionally gives us a cut S that contains all the vertices

with excess, meaning that (a subset of) ? routes the demand restricted to S (note that this subset

of f may still use edges outside of G 4[S].) We first show that S, if non-empty, is indeed a ¢-sparse
cut with respect to F'. By Lemma 7.4, we have

c(Eq,(S,8)) < % - (41min{A(S), V(S)} + min{volp(S), vol p(5))

< ¢ - min{volr(S), volp(5)}

using A(S) < volg(S) and V(S) < volg(S). If min{volg(S),volg(S)} > §/2 - volp(V), then we
terminate the algorithm and return the balanced sparse cut. Otherwise, given the flow f, we extract
the matching M from the representation {(\;, si, ;) }ic[x) of a (w3, h)-short decomposition of f,
where h = O(nlogn - (k 4+ 1/1)) = O(nlogn - max{1/¢ + 1/1}) is the parameter from Lemma 7.4.
That is, for each i € [k], we add an edge (s;,t;) to ]\—4> with capacity \;, where we note that ]7 is
-integral as the path decomposition is. Note that d-; is equal to the source (for P) and sink (for

Q@) demand routed by ?, and thus d3(V) is equal to 2\?\ By Lemma 7.4, we have V¢(S) =0

and Az(S) =0, and using that A¢(S) = V£(S) we obtain
d(V) = 2|?| =d'(V) - QA?(S) > d' (V) — 2min{volp(S),volp(S)} > d'(V) — éd(V).

%
This shows that M is a valid part of a (P, Q,d’, A, m’)-bidirectional-matching. To construct ﬁ, we
run the same algorithm in the reversed graph G 4 with the Same demand vector (and reverse tge
direction of the obtained flow and matching), noting that G4 is indeed the shortcut graph of G.

If neither of the executions found a balanced sparse cut, then we output (]\7 ) M ); Otherwise, we
output one of the sparse cuts. The algorithm runs in O(n?- (1/¢ +1/1) -log* n) time by Lemma 7.4.

We now proceed to the second part of the lemma, i.e., any demand on M MU can be
routed with low congestion and short paths. Recall that our matchings M and M are constructed
via Lemma 7.4, with the guarantee that the path decompositions of f and f are (wy;, h)-short.
We prove the claim for ]\7 since H is analogous, and the overall statement follows by summing up

%
the two flows. Consider a given ¢-integral flow f7+ on M of congestion x. Let (C?, {(Nis Po) Yiepr))
be the underlying (wy, h)-short path decomposition of ? We can write

F-cp=3" ) Nifr,

u,v (u,v)-path P; with wy (P;) < h
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%
where the Ap,’s for each (u,v) sum to the total capacity of the (u,v) edge in M. We now construct

a flow f’ in G4 routing the same demand as J3; by simply scaling up f appropriately for each
(u,v). In particular, we set

1 def Z M . Z Aifp |- (6)

CcC—(Uu,v
u,v M( ’ ) (u,v)-path P; with wy (P;) < h

Fu(uw)

cqp(uv) =

It is easy to see that f/ routes the same demand as J5;- We also have flle) < ?(e) -IMAXy

m?(e) for each e, meaning that f’ is of congestion O(k -logn/¢) in G 4. Finally, we have wy(f’) <
| f3;ll1 - h, since each P; in (6) has weight wy (F;) < h, and by definition those A;’s sum up to

C3 (u,v). Combining the two f’ for ]\_/./> and ﬁ as fa,, this concludes the proof. O

7.3 Decomposing the Graph into Weak Expanders

The rest of the proof of our weak expander decomposition Lemma 5.2 is now mostly standard:
We run the non-stop cut-matching game (Lemma 7.3) to attempt to certify the expansion of a
large fraction of edges, using our matching player (Lemma 7.5) based on weighted push-relabel
(Lemma 7.4). In each iteration, either our matching player finds a balanced cut—in which case we
simply split the graph at the cut and recurse on both sides—or the cut is unbalanced in which case
we have a matching that we feed to Lemma 7.3 and continue the algorithm. Thus, we either get a
low recursion depth due to the balanced first case, or we successfully finish running the cut-matching
game Lemma 7.3 and certify the expansion of a large fraction of the edges.

The crucial idea that makes our construction different (and simpler) from previous expander
decomposition algorithms lies in how we leverage “weak” expander decomposition to handle the
second case. To get a “strong” expander decomposition, one needs to ensure that each component
is expanding within itself, meaning that the underlying witness cannot use any edges outside of
the component. Previous work such as [SW19, SP25] thus needs to perform a trimming step that
extracts from a “near” expander to an actual “strong” expander. In contrast, since weak expansion
suffice for our purposes, we can allow the witnesses to be embedded into edges that we “cut” from
the graph, potentially even outside of the components that they are in (as long as the overall
congestion can be bounded). This nullifies the need of the trimming step, as we can simply remove
the cut edges, and consequently greatly simplifies our algorithm.?® We first claim that we can
compute a large subset of expanding edges from an expanding vertex measure.

Claim 7.6. Given an edge set F and a vertex measure d’ < d with ||d'||1 > 0.8||d||; where d = volp,
there is an O(|F|) time algorithm that computes an edge subset F' C F such that volp < 2d’ and
c(F')>0.2-¢(F).
Proof. Let U< {v e V : d'(v) < 3d(v)}. We have

d(U) <2(dU) — d'(U)) <0.4-d(V).
Thus, we simply let F’ be the set of edges in F not incident to U which can be easily computed in linear

time. We have ¢(F') > 0.2 - ¢(F) since d(V') = 2¢(F). Also, we have volp/|y\py < dy\p < 2d'|y\¢
and that volg/|y < 2d'|y since each u € U has degp (u) = 0. O

2The state-of-the-art trimming algorithms for directed graphs [BPS20, SP25] are currently significantly more
intricate than the undirected counterpart [SW19].
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Splitting the Shortcut Graph. Our algorithm for Lemma 5.2 will involve “splitting” a shortcut
graph G 4 induced by H along a cut in G4 (in particular when we find a sparse cut in G4 when
doing expander decomposition). Formally, we overload notation slightly and denote by (G[S])a the
induced shortcut graph which is defined to be the shortcut graph of G[S] induced by the hierarchy

H[S]. Note that while technically (G[S])a U (G[S])4 is not a subgraph of G 4, it behaves essentially

like one in the sense that there is a trivial one-way correspondence from edges in (G[S])4 U (G[S]) a
to G 4. We thus have the following useful observation.

Observation 7.7. Given a flow f in (G[S])a U (G[S])a routing a demand (A, V) supported on
V(G), there is an O(m) time algorithm that computes a flow fg routing (A, V) in Ga.

Finally, once the expander decomposition is computed, to support the second part of Lemma 5.2,
we will prove that E,(«TH) is not only expanding but also (wy,h)-length expanding for some
reasonably small h. This allows us to efficiently route the demand using the following lemma.

Lemma 7.8. Let FF C E and H be a hierarchy of G\ F. Let A be the shortcut induced by H with
capacity scale ¥ € 1/N and G4 = G U A be the shortcut graph. If F' C F is (wyy, h)-length ¢-
expanding in G 4 for some h € N, then there is a deterministic algorithm that, given any 1/z-integral
(volpr - k/z)-respecting demand (A, V) for some k,z € N, computes a 1/z-flow f routing (A, V)
in G4 with f(e) < [Cm'mognz/(b.cc'vf‘ ©1 i O(mlogn + hnlog®n) time for some universal constant
crg > 0.

Proof. Consider the given 1/z-integral (volps - k/z)-respecting demand (A, V). Note that z- (A, V)
is an integral (volg - k)-respecting demand. By definition of F’ being (wy, h)-length ¢-expanding
in G4, there exists a flow f* routing z - (A, V) in G4 with congestion /¢ such that w’ff(ﬂc) < h.
Running Theorem 2.2 on G4 with demand z - (A, V), we can compute a t-integral flow f’ routing
1/6-fraction of the demand in G4 with congestion x/¢ in O(m + hnlog®n) time.?* Repeating this
O(logn) times and summing all the flows, we get a 1-integral flow f,, routing z - (A, V) in G4 with
congestion O(xlogn/¢) in O(mlogn + hnlog®n) time. We set c75 to be the universal constant
hidden in the above O(-) expression. Using Lemma 2.1, we can round 1/4 - fy, to an integral flow
f. routing z - (A, V) such that f.(e) < [¢rs-rklogn/é - ca,(e)].?° Setting f = f./z completes
the proof. O

We are now ready to prove Lemma 5.2, which we restate below.

Lemma 5.2 (Weak Expander Decomposition). There is a universal ¢ranq = ©(1/log’ n) where
Grand € 1/N such that there exists a randomized algorithm that, given the round-r level function
level™ and the induced shortcut graph G 4y with capacity scale ¢ of an n-vertex graph G, computes

in O(n?log” n - (log® n 4 1/4)) time the round-(r + 1) top-level edge set E(:;I) such that

r

1. ¢(BUEY) <0.9- ¢(BEY) and

2. Eq(fﬂ) is [G\ Eﬁ:{l)]-component-consltrcw‘necl26 Q(1/log® n)-expanding in G 4y, with high
probability.

24This bound was established in the proof of Lemma 4.1 and for brevity we omit repeating the calculation here.
ZMore specifically, 1/1) - f, routes z/1) - (A, V), and thus Lemma 2.1 gives us an f, < [fy] routing z - (A, V).

26Recall that this is defined to be C-component-constrained for C = SCC(G \ E,E:_ng)), which is not necessarily the

same as that of G 4 \ Ey:{l).
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Furthermore, conditioned on Item 2 succeeding, given a [G\ET(,TIU]—component—constmmed (VOIE(TH)-

k) 2)-respecting 1/ z-integral demand (A, V) for some k, z € N, there is an O(n?log® n-(log® n+1/v))
time algorithm that returns a flow f routing (A, V) in G 4 such that f(e) < MLW.

def def 1

Proof. Let ¢exp = O(1/ log®n) be sufficiently small. Let F = ETT) be the terminal edge set.
We apply the cut-matching game of Lemma 7.3 on the graph G 4) and vertex measure d S

volp, using the output of Lemma 7.5 with parameters ¢exp and dxry as the oracle. This takes
O(log®n) - O(n?log*n - (log® n + 1/1)) time. There are the following two cases.

1. If in any of the Tkry = O(log? n) iterations, Lemma 7.5 outputs a balanced sparse cut S (i.e.,
volp(S) > 5K2RV -volp(V)), then we terminate Lemma 7.3 and instead simply recurse on both
sides of the cuts. In particular, let X be the edge set among Eg (S,95) and Ea . (S,9)

that has a smaller total capacities. Since S is ¢-sparse, we have G , () (X) < exp - vOlp(S).

We add X N E(G) into the set E;:{l) and split G into two parts (G[S]) o) and (G[S]) A

recursing on both of them (with terminal edges F' N G[S] and F N GIS]).

2. On the other hand, if Lemma 7.5 outputs a valid i-integral bidirectional matching for all
the Tkgry iterations, then by Lemma 7.3 we get a vertex measure d < d with ||d||; > %Hd”l
that is O(log? n)-hop Q(1/log? n)-expanding in the graph W defined in Lemma 7.3, with high
probability. We terminate the recursion here and conclude that most of F' is expanding in
G 4 and obtain the appropriate routing data structure required. Indeed, by Claim 7.6, we
can compute in O(m) time an edge set F’ C F such that volz < 2d and ¢(F') > 0.2 - ¢(F),
and then add the remaining edges F'\ F’ to Eﬁﬁl). That volp < 2d means that F' is also
O(log? n)-hop Q(1)-expanding in W.

Claim 7.9. The edge set F' is (w3, O(hlog?® n))-length Q(¢exp/ log® n)-expanding in Ga for
some h = O(nlogn - (log®>n + 1/4)).

Proof. For any volg/-respecting demand (A, V), we construct a flow f routing in G 4 with
low congestion and average weight under wy, as follows. Since F” is O(log®n)-hop Q(1)-
expanding in W, there exists a flow fy routing (A, V) in W with congestion O(1) such
that %wal < O(log2 n). The flow fy induces a demand on the matchings M;’s that form
W: For each M;, by Lemma 7.5, the vertex demand induced by fuw|n; can be routed
in G4 by a flow f; with congestion O(logn/¢exp) such that wy(fi) < ||fwla,l|l1 - b for
h = O(nlogn - (1/¢exp + 1/1)) = O(nlogn - (log® n + 1/1)). Setting f to be the sum of the
f’s, we have that f is of congestion O(log®n/ bexp) in G4 and

wi(f) =Y wu(fi) <h- Y | fwllh < O(h-log*n) - | fw].
i i
Using the fact that f routes the same demand as fy does, this completes the proof. O
Overall, algorithm recursively decomposes the graph G 4 until no balanced sparse cut is found
by Lemma 7.5. The recursion depth is bounded by O(log3 n) as the volume of the graph decreases by
a factor of 1—Q(1/ log? n) in each recursion. Since the graphs on each level are edge-disjoint, the total

capacities of edges added to Eﬁr_:{l) in Case 1 is bounded by O(log®n) - Gexp - c(Ey)) <0.1- c(E,gr))
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for ¢exp = O(1/log® n) sufficiently small. For edges added in Case 2 (i.e., for each leaf nodes in the
recursion tree), since the leaves are edge-disjoint and for each of them the capacities of edges we

added to Eﬁ:{l) is at most 0.8 - ¢(F’) for the respective set F' of the leaf node, in total we added

at most 0.8 - c(E(T)) units of capacity to Eﬁﬁl) in Case 2. Therefore, we can bound the final

total capacities of Eﬁ:{l) by 0.9 - c(Ey)), as required. The running time for constructing Eﬁil)

is O(n%log®n - (log®n 4 1/1)). This is because at each level we spend O(n?log®n - (log3n + 1/4))
(r)

time certifying the expansmn of the current edge set Ey,
nodes), and there are O(log®n) levels.

To show that B! ), which by definition is just B \E(TH), is [G\ Eﬁﬁl)]—component—

constrained Q(1/log® n)-expanding, we first note that the components of G\ Eyfll) is a refinement
of the components corresponding to the leaf nodes in the recursion. By construction, the set
E,(TH) is the disjoint union of the F{,’s, the edge set F” for each leaf node C' that we have proven

expansion in Claim 7.9 in the corresponding graph (G[C])4. Combined with Observation 7.7,

this implies E,ETH) is (1/1og® n)-expanding because any flow routing [G'\ Eril)]—component—

constrained vol 1)-respecting demand in U GIC] 4¢ (which exists by the expansion guarantee of

and constructing the witness (at the leaf

each F(,) can be converted into an equivalent one in G 4(»). Using the same argument, for any given
G\ E/:{l J-component-constrained (vol ,(-+1) - £/z)-respecting 1/z-integral demand, we can route
it in G 4(» by first splitting split the demand to each component. For each component, we apply
Lemma 7.8 to route it within the component and then combine the flows using Observation 7.7,
leveraging Claim 7.9 that F” is (ws, O(nlog®n - (log®n 4 1/1)))-length Q( 1/log n)-expanding.
The resulting flow f satisfies f(e) < M if we properly define ¢pang = O(1/log” n) (note
that the qS value in Lemma 7.8 is ©(1/log® n) per Claim 7.9). The time to compute such a flow is
O(n?log®n - (log®n + 1/¢)) by Lemma 7.8 with h = O(nlog®n - (log3n + 1/1)), noting that the
leaf components of the recursion tree are disjoint. This completes the proof. O
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A Deterministic Vertex-Capacitated Flow

In this section we show that how our algorithm can be derandomized in the special case of vertex-
capacitated flows, proving Theorem 1.2. Note that the only randomized component of our algorithm
is the non-stop cut-matching game of Lemma 7.3 that runs in near-linear time with respect to
the number of edges returned by the matching player which can be as large as Q(n?) in the
edge-capacitated maximum flow instances. However, when the graph is vertex-capacitated, we can
substitute the randomized cut-matching game with a deterministic one (see, e.g., [CGL"20]) that
runs in near-quadratic time instead of near-linear time, leveraging the fact that the matching player
always outputs a matching of size O(n).%”

Consider a graph G = (V, E) with vertex capacities cg € NV. We do the standard transformation
of splitting each vertex v into an in-vertex vy, and an out-vertex voyt with a directed edge (vin, Vout)
of capacity cg(v) between them. Edges in G are directed from the out-vertex of its tail to the
in-vertex of its head, with infinite edge capacity. Let G be this edge-capacitated graph. It is easy to
see that there is a bijection between (sout, tin)-flows in G respecting edge capacities and (s, t)-flow
in G respecting vertex capacities of the same value. Thus we will run our maximum flow algorithm
on G. Note that G contains n finite-capacity edges which we exploit to argue that the matching
player always outputs a sparse matching. Recall that our algorithm works by iteratively finding
O(1)-approximate flows in residual graphs, and while this property holds for the initial input graph,
it may not hold for an arbitrary residual graph. Therefore, we first show that we can “round” any
flow in G to only be supported on few, O(n) edges. This ensures that the residual graph with
respect to this rounded flow will only contain O(n) finite-capacity edges as well.

Lemma A.l. Given an integral (s,t)-flow f in G, there is a deterministic O(mlogn) time
algorithm that computes another integral (s,t)-flow f’, of value |f'| = | f|, that contains 3n non-zero
entries.

Proof. We consider a correspondence between vertex-capacitated flows and bipartite b-matchings.
Consider a bipartite graph where the left bipartition consists of all out-vertices v;, and the right
bipartition all in-vertices vi,. Each edge (uout, vin) is included to the bipartite graph as an undirected
edge. We can interpret the flow f naturally as a b-matching in the bipartite graph where b(vi,) =

2"Recall that the size of the matching is the number of edges it is supported by, which in Section 7 was bounded

only by O(m).
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b(vout) = FOU(v) for v & {s,t}, b(sout) = FOU(s), and b(tiy) = f2(t). Conversely, any b-matching
@ in the bipartite graph corresponds to an (s,t)-flow in G with the same value as f and the same
support (modulo the edges between in- and out-vertices).

Suppose there is a cycle C' = (eq,...,e9,...,¢e;) (as a sequence of edges) in the support of . We
can observe that if we add d to @(e;) for odd i and —8 to x(e;) for even i, where § & min; x(ez;),
then this is still a b-matching and with one less non-zero edges. Repeating this process until there
is no cycles in the support of &, we see that now x contains at most 2n non-zero entries (and thus
the corresponding flow contains 3n non-zero entries). To implement the algorithm, we can use a
standard link-cut tree data structure to efficiently discover cycles and alter the values of x along
the cycle. This will take O(mlogn) time. O

In Section A.1 we prove the following lemma that computes an O(1)-approximate maximum
flow deterministically when there are few finite-capacity edges.

Lemma A.2. There is a deterministic algorithm that, given a graph G = (V| E) with edge
capacities ¢ € (NU {oo})Z such that Ess = {e : c(e) = 0o} forms a DAG and |E \ Ex| = O(n),
computes an O(1)-approzimate integral (s,t)-flow in O(n?log®® n) time.

Now Theorem 1.2 follows from Lemma A.2.

Theorem 1.2. There is a deterministic algorithm that, given an n-vertex directed graph G with vertex
capacities from {1,...,U} and s,t € V(G), finds a mazimum (s, t)-flow in G in O(n?log?® nlogU)
time.

Proof. We start with the empty flow f and iteratively apply Lemma A.2. We maintain the invariant
that f always contains at most 3n non-zero entries. In each iteration, in O(n? log® n) time we can
find an O(1)-approximate integral flow f’ in G ¢, noting that (1) G¢ contains 4n edges with finite
capacities (including the initial n edges between in- and out-vertices and the additional 3n ones
from the residual edges) and (2) the infinite-capacity edges form a DAG (since they all go from
out-vertices to in-vertices). We update our f by combining it with f’, and then apply Lemma A.1
to reduce the number of non-zero edges back to 3n. This takes O(logn) iterations until we find a
maximum flow, proving the theorem. O

A.1 Deterministic Approximate Flow Algorithm

Throughout this section we consider the input graph G to Lemma A.2. In particular we let F
denote the infinite-capacity edges and assume that they form a DAG and contain the majority of
edges.

Assumption A.3. The set of infinite-capacity edges Eq = {e : c(e) = 0o} forms a DAG and the
number of finite-capacity edges is |E \ Ex| = O(n).

Recall that the randomized analogue of Lemma A.2, i.e., Lemma 6.1, is proven via Algorithm 3.
The first step of Algorithm 3 is to construct an expander hierarchy H, its shortcut, and an unfolding
data structure. We provide a determinstic algorithm analogous to Lemma 5.1, where ¢get =
O(1/1og?* n) is universal and defined in Lemma A.5—the deterministic analogue of Lemma 5.2.

Lemma A.4. There is a deterministic algorithm that, given an n-vertex graph G satisfying
Assumption A.3, in O(n? log3¢ n) time computes

37



e a hierarchy H of G with L = O(logn) levels,
e a shortcut A induced by H with capacity scale Vget = O(Pget/ logn), and

e a “flow-unfolding” data structure Duntola such that, given any Y-integral feasible flow fa in
Ga = GUA, Dufora returns a flow f o Duntold(fa) in G routing the same vertez-demand

with congestion 3 in O(n?log® n) time.

Using Lemma A.4, Lemma A.2 follows in exactly the same way as Lemma 6.1 in Section 6. The
running time is O(n? log® n). To prove Lemma A.4, we use a deterministic analog of Lemma 5.2.

Lemma A.5. There is a universal ¢gey = O(1/log?* n) where ey € 1/N such that there exists a

determanistic algorithm that, given the round-r level function level™ such that E,(,r) NEsx =
and the induced shortcut graph G 4 with capacity scale v of an n-vertex graph G, computes in

O(n?log'®n - (log" n + 1/4)) time the round-(r 4 1) top-level edge set EE:II) such that

o c(BUY) <09 e(EY), and

o B s G\ Eﬁ:{l)]—component—constmmed Q(1/1og® n)-expanding in G 4 -

Furthermore, given a [G \ Eﬁr;l)]—wmponent—constmined (V01E$r+1> - k/z)-respecting 1/z-integral

demand (A, V) for some v,z € N, there is an O(n*log'® n - (log® n + 1/1)) time algorithm that
returns a flow f routing (A, V) in G 4 such that f(e) < [ele)#/daet]

z

Proof of Lemma A.J. We first put E, into the first level of the hierarchy and then build a hierarchy
on the rest of the edges, i.e., we set levelM(e) € 1 for all e € E, level®(e) € 1 for e € Eu
and level® (e) & 2 otherwise. Note that this is vacuously valid because Eo, forms a DAG by
Assumption A.3, so everything is (G \ Egz))-component-constrained expanding (the shortcut A is
trivial since we only consider intra-component edges in the construction of stars; see Definition 2.7).
We now build the rest of the hierarchy via Lemma A.5. Note that infinite-capacity edges will never

appear in upper levels since c(Eﬁil)) < c(E,gr)) where the right-hand side is finite for r > 2. This
and the flow unfolding data structure are the same as Lemma 5.1. O

Now, we prove Lemma A.5. Recall that Lemma 5.2 is obtained by running the randomized
non-stop cut-matching game where the matching player (Lemma 7.5) runs the weighted push-
relabel algorithm on the shortcut graphs. Note that the matching player obtains the matching by
decomposing the flow into paths, and standard path-decomposition algorithm (e.g., Lemma C.1)
guarantees that each path it found either saturates a source/sink vertex or saturates an edge. Since
we put all infinite-capacity edges in the bottom level of the hierarchy, our algorithms are dealing
with finite demand, and therefore we only saturate finite-capacity edges. This implies that the size
of the matching is in fact bounded by n + |E(GA) \ Ex| (which in our case is O(nlogn); O(n)
from the original graph, and O(nlogn) finite-capacity star edges) instead of the cruder bound of
m’ = |E(G4)| in Lemma 7.5.

Lemma A.6 (Matching Player for Vertex-Capacitated Graphs). Let F' C E and H be a hierarchy

of G\ F. Let A be the shortcut induced by H with capacity scale ¥ € 1/N and G 4 L GUA be
the shortcut graph that contains m' edges. Then, for any ¢ < 1 and § < 1, given a partition
(P,Q) of V and v-integral d' < d for d = volp, there is a deterministic algorithm that runs in
O(n*log’n - (1/¢ + 1/1)) time and computes either
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e a balanced ¢-sparse cut S such that volp(S) > 6/2-volp(V), or

e a Y-integral (P,Q,d';A,n + |E(G,) \ Exl|)-bidirectional-matching (ﬁ,ﬁ) where A < § .
VO]F(V).

of =7
In the second case, the matchings are such that, given any -integral flow fay on M MU M

of congestion k, there exists a -integral flow fg, routing the same demand as f does in G5 with

congestion O(k -logn/¢) such that |f(fG|A) < h for some h = O(nlogn - (1/¢ + 1/7)).

Our derandomization comes from substituting the randomized non-stop KRV-style cut-matching
game with a deterministic KKOV-style variant. Note that we do not prove a non-stop version as in
Section 7; Instead, we require the matching player to have § = 0, or in other words that it always
returns a perfect matching.

Lemma A.7 (Deterministic Cut-Matching Game [BPS20]). There exists a universal constant c4 7
such that the following holds.

Consider an integral vertexr measure d on n vertices V. where ||d|| < poly(n). Let z € N.
Suppose there is an oracle that on input partition (P, Q) and 1/z-integral d’' < d outputs a 1/z-integral
(P,Q,d', A, m)-bidirectional-matching for A< c,/log*n - d(V).

Then, there is a deterministic algorithm that invokes the oracle Txkov = O(logn) times and

takes O(m?log? n) additional running time to compute a submeasure d < d with Hd”l Zldlly such
def

that dy is O(log"® n)-hop Q(1/1og'® n)-expanding in W = Uier M U MZ, where M U ﬁl is the
output of the oracle in the i-th invocation.

Proof of Lemma A.5. The proof remains largely the same as that of Lemma 5.2 and thus we only
describe the difference. Recall that the strategy is to use cut-matching games to either certify that
a large fraction of the terminal edges are expanding (which we add to E,QTH)), or find a balanced
sparse cut for us to recurse on.

We replace the randomized non-stop cut-matching game Lemma 7.3 with Lemma A.7, using
Lemma A.6 with ¢eyp = O(1/log’n) and § = O(1/ log? n), both sufficiently small, as the oracle.
If Lemma A.6 ever returns a balanced sparse cut, then we recurse on both sides of the cut.
Otherwise, we use the output of Lemma A.6 as the matching that is fed to Lemma A.7. In
Txxov = O(logn) rounds, the cut-matching game Lemma A.7 terminates with a d that is O(log!® n)-
hop Q(1/log!® n)-expanding in W. Using the same reasoning as in the proof of Lemma 5.2, we
can extract a large edge set that is (wy, O(hlog' n))-length Q(¢exp/ log'® n)-expanding in G4 for
h = O(nlogn - (log® n + 1/1)).

The correctness of the algorithm is the same as in Lemma 5.2. Since the size of the subgraph
decreases by a (1 — Q(1/log*n)) fraction in each recursion, the recursion depth is bounded by
O(log® n) and for ¢ey, sufficiently small the capacity of Eﬁ’:{l) is bounded by 0.9 - c(Eq(«T)) as
desired. The construction takes O(log® n) - O(logn) - (O(n?log™ n) + O(n?log* n - (log® n+1/4))) =
O(nlog'®n-(log" n+1/4)) time. Given any (vol ,(ri1) - £/z)-respecting 1/z-integral demand, we can

route it using Lemma 7.8 with a flow f with f(e) < M for some paer = O(1/log* n),

z

in O(n?log'n - (log® n 4 1/1)) time. This completes the proof. O

This finishes the description of our deterministic vertex-capacitated max-flow algorithm, modulo
the proof of Lemma A.7 which we do in the next section.
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A.2 Deterministic Cut-Matching Game

In this section we show how the directed version of the deterministic cut-matching game (i.e.,
Lemma A.7) can be proved. The cut-matching game works as follows: Let W,y initially contain
only self loops on the vertices so that degy,  (v) = 2d(v) for all v. We maintain the invariant that
degyy,, (v) = 2k - d(v) for all v at the start of the k-th iteration, and that W, = W U F' for some
real edges W and fake edges F, with ¢(F) < ¢ - ¢(Wan)/log* n for some sufficiently small constant
¢ (depending on the value of ¢4 9 below in Lemma A.9). In each iteration, we run the following
Lemma A.9 on Wy (with F' being the set of fake edges). If for some iteration, Lemma A.9 concludes
that for some X C V with voly,, (X) > 0.88 - voly,, (V) we have that Woy[X] \ F = W[X] is

Q(1/1og" n)-expander, then we show that d ¥ d|x satisfies the output requirement of Lemma A.7.
Indeed, we have that ||d|; = volw,, (X)/2k > 0.88 - volw,, (V)/2k > Z||d||1. To see the expansion

guarantee of d, note that degyyx)(v) > d(v) for all v. Combining the following claim and that
W[X] is an Q(1/log'* n)-expander, we get that d is O(log'® n)-hop Q(1/log!'® n)-expanding in W.

Fact A.8 (see, e.g., [BBST24, Lemma 5.10]). Let W be an n-vertex ¢-expander. Then, voly is
O(logn/$)-hop Q(¢/log? n)-expanding in W.

If, on the other hand, Lemma A.9 finds a cut (S,.5), we use the matching player to compute a
matching between S and S which is then added to W,;.2® Note crucially that while the matchings
the oracle outputs are not necessarily perfect, we add a (fairly arbitrary) set of fake edges with
capacity bounded by 2A = 2c4.7/log? n - d(V') to make them perfect before including them in Wyy.
With ¢4 7 sufficiently small, the edge set F' always has capacity bounded by c4.9 - U/ log* n, where
UEsy cew,, €(€), which ensures that Lemma A.9 is always applicable in the next iteration.

Tt then remains to bound the number of iterations this process takes. Note that in Wy, we
always add a perfect matching between a balanced sparse cut (S,.S). This was first analyzed by
[KKOVO07] for unweighted undirected graphs, and [BPS20] used the same entropy analysis to show
that this works for unweighted directed graphs. The same proof strategy generalizes to the weighted
case as well. The argument is essentially that whenever there is a cut as in Lemma A.9(2), then
some entropic measure of the flow matrix increases by Q(n) after adding the matchings to the
witness. Using the fact that the measure is always upper-bounded by O(nlogn), this shows that we
must arrive at Lemma A.9(1) in Tkkov = O(logn) rounds.

Overall, the running time of Lemma A.7 is O(m?log” n) where m is the size of the matchings,
since the witness contains at most O(mlogn) edges. We omit the details on the entropy analysis
and focus on proving the balanced sparse cut algorithm.

Lemma A.9. There exists a universal constant cag > 0 such that, given an n-vertex m-edge
capacitated graph G and an edge set F C E(G) with cq(F) < ca9-U/log* n where U < Y ecrcale),
there is a deterministic O((m +n)%log’ n) time algorithm that either

1. outputs a vertex set X of volg(X) > 0.88 - volg(V) such that G[X]\ F is an Q(1/log* n)-
expander, or

2. a cut S C V(Q) withvolg(S), volg(S) > volg(V)/50 and min{cg(Ec(S, S)), ca(Eq(S,S))} <
volg (V') /400.

28Technically, the bipartition is made perfectly balanced by moving vertices in the larger side to the smaller side
arbitrarily. See [BPS20, Section 7.1] for more details.
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To prove Lemma A.9, we are going to reduce to the case where the graph is unweighted and has
constant degree and then apply the following algorithm from [CGL™20]. We would like to point out
that the following Lemma A.10 does not follow exactly from [CGL"20] because their algorithm is
for undirected. We give a simplified proof in Section A.3 that is specialized to the specific form that
we are using.

Lemma A.10. There is a universal constant ca.10 > 0 such that, given an n-vertex unit-capacitated
graph G with mazimum degree Ag = O(1), an edge set F C E(G) with |F| < ca.10-n/log*n, and a
constant ¢ < 1, there is an O(n? log” n) time algorithm that either

1. outputs a vertex set X C V of size | X| > 0.89-n such that G[X]\F is an Q(1/log* n)-expander,
or

2. outputs a cut S C V(G) with |S|,|S| > n/20 such that min{|Eg(S,S)|, |Ec(S,S)|} < ¢ -
volg(V).

Reducing to Unweighted Graphs. We first transform G into a unit-capacitated graph G’ by
throwing away low-capacity edges and replacing each remaining edge with a proportional number of
parallel unit-capacitated edges. This uses ideas from [vdBCK'24]. Let U < > ecr cale) be the

def

sum of edge capacities, and let 7 = U/(1000m) be a threshold. For each edge e with cg(e) > 7, we
add [eg(e)/7]| parallel copies of e into G’. For each vertex v, we also add [degq(v)/(207)] self-loops
on v to G’ (each contributing 2 units of degree). Edges with small capacities are discarded. Let m’
be the number of edges in G’, and let F’ be edges in G’ that correspond to F.

Claim A.11. It holds that 1099m < m’/ < 1102m.

Proof. We first lower bound m'. Edges with cc(e) < 7 have a total capacities of at most U/1000,
and for edges with cg(e) > 7 we have [eg(e)/7] > cg(e)/T copies of edges in G’. This contributes
w = 999m edges. Likewise, we have [degq(v)/(207)] > degq(v)/(207), and since the degrees
sum up to 2U, this contributes at least 100m edges.

For the upper bound, we have [cg(e)/T]| < cg(e)/T + 1, and thus this contributes at most
U/7+m = 1000m+m = 1001m edges. Likewise, the degrees contribute at most 2U/(207)+n < 101m
edges. O

Claim A.12. Let X C V. If G'[X]\ F' is a ¢p-expander, then G[X]\ F is also a ¢/20-expander.

Proof. Note that the self loops in G’ contributes a degree of at least 2-degq(v)/(207) = degq(v)/(107)
to each v, which is not affected by the removal of F’ and the restriction to X. In particular, this
suggests that volg/ x)\ ' (S) = volgx)\r(S5)/(107) for all S C X. Let e(,,) denote the number of
parallel edges (u,v) in G"\ F'. We know that if e(, ) > 0, then cg(u,v) > €(yy) - 7/2. Overall, this
suggests that

u,v

c(Egix)\r(4A, B)) - |Eqrixpr (A, B)|
min{volG[X]\F(A),VOIG[X}\F(B)} — 20 min{volG/[X}\F/(A),VO]G/[X}\F/(B)}

for all A, B C X, and thus if G'[X]\ F' is a ¢-expander then G[X]\ F is a ¢/20-expander. O
<

Claim A.13. For any cut S C V(G) we have volg(S) > P7-volg (S)—U/250 and cc:(Ec(S,S))
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Proof. We first bound volg(S). For a vertex v we have degq/(v) < 2-[degqg(v)/(207)] +degq(v)/T+
ey < 11/10-degq(v)/T + €, + 2, where e, is the number of edges incident to v (the first term in the
inequality comes from the self-loops we added; the second comes from edges incident to v). The bound
follows since e, sums up to at most 2m. Likewise, for each edge e we have [eg(e)/7] < cgle)/T+1
edges in G'. The +1 terms amount to 7 - m = U/1000 units of capacities. O

Reducing to Low-Degree Graphs. We apply a second transformation that reduces the maximum
degree of G’ to a constant and obtain G”, following the ideas in [CGL"20]. For each vertex v we
use [CGLT20, Theorem 2.4] to deterministically construct an Q(1)-expander H, with maximum

degree 9 containing deg.(v) vertices and replace v by H, in G”. Let us number these vertices by

U, & {v1, -+, Vaeg e (v) }- We also number the edges incident to v arbitrarily by {e1,.. ., €qcg. (v)}-

Now, for each edge e = (u,v), if e is the i-edge incident to v and the j-th edge incident to v, then
we add (u;,v;) to G”. Note that since G’ might contain self-loops from the first transformation, we
treat each self-loop on v as two edges in the list {e;} of v (since they contribute two units of degree
each) and thus map it to an edge (v;, v;) for some ¢ and j. Now G” has n” vertices and m” edges
where n” = 2m/ and m” < 9n” +m’ < 20m/, and has maximum degree 10. Again, let F” denote
edges in G” that correspond to F’ (and thus F').

Proof of Lemma A.9. We do the two transformations and apply Lemma A.10 with the constant 1)
sufficiently small on G (with the edge set F”) that runs in O(n”"*log” n”) = O((m+n)?log” n) time.
Indeed, note that if cg(F) < ca9 - U/log*n for some constant ¢ > 0 (as required by Lemma A.9),
then |F”| < 2cq(F)/T < 2000c - m/log" n which is less than c 1o - n”/log4 n” for c49 being
sufficiently small, depending on c4.19. Consider the following two cases that Lemma A.10 returns.

e If Lemma A.10 terminates in Case 1, i.e., it outputs a vertex set X" of size |X"| > 0.89n"
so that G"{X"} \ F" is an Q(1/log** n)-expander. Then, we first map X” to an X’ C V(G)
by including all v € V with |U, N X”| > |U,|/100. We claim that this new set X’ in G’ is an
expander.

Claim A.14. It holds that G'{X'} \ F' is an Q(1/log'* n)-expander.

Proof. Consider any volgrx/)\ pr-respecting demand (A, V). We may treat (A, V) as a
demand on G” by distributing the demand on v evenly to U,. Since H, is an Q(1)-expander,
we can route the demand on U, \ X" to U, N X” by a flow in H,, with congestion O(1). We
then route the resulting demand, which is volgr(xm\ pr - O(1)-respecting, in G"{X"} \ F”
with congestion O(log!4n). Such a flow naturally corresponds to a flow in G’{X’} \ F’ with
congestion O(log'*n). Combining this with the flow in H,, proves the claim. O

Now it follows from Claim A.12 that G{X'} \ F is an Q(1/log** n)-expander. The volume of

X' in G can also be bounded as volg(X') > 197 - volg/(X') — U/250 by Claim A.13, where

volg (X') = 2m/ — > |U,| > 2m’ —n" /9 = 16m’ /9.
VeV |U,NX"|<|Uy /100

The inequalities above follow since 217 ~xr< |0, 1/100 [Uv| < DS UNX"| < 290.0.11n". This
suggests that volg(X') > 197 (8-1099m) — U/250 > 0.88volg (V) (note that volg(V) = 2U),
as desired.
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e On the other hand, if Lemma A.10 terminates in Case 2, i.e., it outputs a cut S” C V(G") where
|S"| > n"/20 and min{|Eg»(S",S")|,|Eq»(S",5")|} < 4 -n". Suppose that our constant-
expanders H, have expansion ag (as in [CGL"20, Theorem 2.4]). If ¢» < /2 (this gives the
bound on how small ¢ should be), then by [CGL"20, Lemma 5.4] we can compute another cut
T" C V(G") such that [T"| > |S”|/2, |T"| > |S”|/2, and min{|Eg(T",T")|, | Eq(T", T")|} <
O(min{|Eg»(S",S")|,|Ec(S”,8")|}). More importantly, for each v € V(G), either U, C T"
or U, NT" =, i.e., the cut T” is consistent with the original vertices. We can thus naturally
map 7" to a cut S’ C V(G’) such that volg (S") = |T”| and min{|Eq/(S’, S|, |Ec/ (S, S")|} <
O(¢) - n" = O(1) - m. By Claim A.13, the cut S’ in G has volg(S') > 197 - volg/(S') —
U/250 > U/25 = volg(V)/50. The same bound holds for volg(S) as well. Finally, we have
min{cg(Eq(S',5")),ca(Ec(S,5)} < O(y) - U + U/1000 < volg (V) /400 for ¢ sufficiently
small, as desired.

This concludes the proof. ]

A.3 Proving Lemma A.10

We will reduce Lemma A.10 to the following similar lemma.

Lemma A.15. There exists a universal constant ca15 > 0 such that, given an n-vertex unit-
capacitated graph G with mazimum degree Ag = O(1), an edge set F' C E(G) with |F| < ca15 -
n/log*n, and a constant ¢ < 1, there is a deterministic O(n?log®n) time algorithm that either

1. output X C V(G) such that G[X]\ F is an Q(1/log" n)-expander, or

2. outputs a cut S C V(G) with |S| > |S| > Q(n/log* n) such that min{|Eq(S,S)|,|Ea(S,S)|} <
¥ -1S].

We first prove Lemma A.10 assuming Lemma A.15.

Proof of Lemma A.10. We start with S % () being initially empty. While |S| < n/10, we invoke
Lemma A.15 on G[V \ S] with the given value of ¥. If we get an X C V' \ S for which G[X]\ F is
an Q(1/log' n)-expander, then we return the same X. The size of X is at least 0.99 - 0.9n > 0.89n.
Otherwise, we get a cut S’ C V' \ S, and we include S’ into S, i.e., set S < SUS’.

Now, suppose that we have reached a state where |S| > n/10 but none of the invocations of
Lemma A.15 returns an expander subgraph X. Then, since the set S’ returned by Lemma A.15 has
|S"] < n/2, we have |S| < 3n/4. Now we show that we can extract a sparse cut within S. Indeed,
this follows from the following observation from prior work (e.g., [BPS20, BBST24]) that a union of
sparse cuts contains a large sparse cut.?”

Claim A.16. Consider a graph W and suppose there is a sequence of cuts Si,..., S, where S; is in
Wi €W\ (S1U---USi1) and |S;| < |V(Wy)|/2. Then, there is an O(|E(W)|) time algorithm that
computes an S C Sy U---U Sk with |S| > (|S1] + -+ |Sk|)/2 and min{|Ew (S, S)|, |Ew (S, 9)|} <
> minf|Eyy; (Si, Si)|, | Ew, (i, Si)l}-

29This is in contrast to the undirecte case where the union of sparse cuts s a sparse cut itself.

43



By Claim A.16, we can compute a sparse cut S C S of size |S’| > |S|/2 > n/20 such that
min{|Eg(S’,S")|,|Ea(S’,S")| < 2¢ - |S’| < 1 -n. This S’ can thus be used as the output. The
running time is O(log® n) - O(n?log? n) since the size of the graph decreases by a 1 — Q(1/log?n)
factor for each invocation of Lemma A.15. This concludes the proof. O

We now show Lemma A.15 whose algorithm works as follows. We deterministically construct an
Q(1)-expander H on n vertices via [CGL"20, Theorem 2.4], and then attempt to embed H into
G. Note that H can be decomposed into k& = O(1) disjoint matchings and we embed each of them
separately. This is done via the following algorithm in Lemma A.17 which is a simplified version of
[CGLT20, Theorem 3.2] specialized to our use case.

Lemma A.17. Given an n-vertex graph G with mazimum degree Ag = O(1) and a matching M
where V(M) C V(G), a z € N where z < n/4, and a constant ¢» < 1, there is a deterministic
O(n?log®n) time algorithm that either

e outputs a subset of Z C M of size |Z| < z such that M can be embedded into G U Z with
congestion O(log®n), or

e outputs a cut S C V(G) with |S|,|S| > z/6 such that Ug(S) < v, where Ug(S) &
min{|EG(57§)‘7IEG(§7s)|}
min{|S],[S|}

If Lemma A.17 with z & % with a small constant d > 0 returns a cut when embedding one
of the matchings, then Lemma A.15 returns the same cut. Otherwise, overall, that the Q(1)-expander
H is embeddable into GU Z with congestion O(log? n) means that GUZ is an Q(1/ log? n)-expander.
Here Z & Uie[k] Z; where Z; is the set of fake edges outputted by Lemma A.17 when embedding
the i-th matching. Since |F U Z| < (¢ + d)n/log* n, we can apply the following expander pruning
algorithm to extract an X C V(G) with |X| > n—|[V(G)\ X| > n —volguz(V(G)\ X) > 0.99n for
¢ and d sufficiently small such that G[X]\ F is an Q(log!* n)-expander.

Lemma A.18 ([SP25, Theorem 4.1]). Given an m-edge ¢-exzpander G and D C E(G) with |D| <
%m, there is an O(|D|logm/¢?) time algorithm that outputs an X C V(G) with volg(V(G)\ X) <
%]D| such that (G'\ D)[X] is an Q(¢")-expander.

It thus remains to prove Lemma A.17.

Proof of Lemma A.17. The algorithm works in phases, where in each phase we try to embed a
subgraph M’ C M into G. We start with M’ < M and stop running the phases when |M’| < z.
For each phase, we let G’ be a copy of G and go through the edges (u,v) € M’ in an arbitrary order.
Let Meompeq initially empty be the set of edges in M’ that we embed in this phase. We check in

O(m) time if there exists an (u, v)-path P in G’ with length at most ¢ < MAG% = O(logn). If

there is, then we embed (u,v) € M’ into the path P, add (u,v) to Memped, and remove P from G’.
If we have successfully embedded at least % fraction of the edges in M’ i.e., |Memped| > % - | M|,

then we proceed to the next phase by setting M’ +— M\ Mempeq. Once we reach the state where
|M’| < z, we know that M \ M’ can be embedded into G with congestion O(¢logn) = O(log?n)
(since there are O(£logn) phases), and thus we set F'“= E(M’) which makes M trivially embeddable
into G U F with congestion O(log?n).

Otherwise, if for one of the phases we did not successfully embed % fraction of the edges in the
current M’, then we will find a sparse cut in G. We first prove the following claim.
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Claim A.19. Given u and v in G C G such that dists(u,v) > £, there is an O(m) time algorithm
that finds a cut S C V(G) such that |S| <n/2 and min{|Ex(S,S)|,|E4(S,9)|} < v/12-1S|.

Proof. This follows from a standard ball-growing argument. Let S; denote the set of vertices
reachable from u in G by a path of length at most i. Assume without loss of generality that
|S¢/2l < n/2, otherwise we swap u and v and work in the reversed G’ instead. If none of the cut
S; for i < /2 is sparse, then we have |S;11] > |S;| - (1 +¢/(12A¢)). This leads to a contradiction
since (1 4+ v/(12Ag))? > n/2. O

Now, we maintain a set U C V which is initially empty. While |U| < z/2, since | M’ \ Memped| >
z/2, an edge (u,v) € M’ \ Membea Where u,v ¢ U exists (since M is a matching). We apply
Claim A.19 and « and v to find a cut S in G < G'[V \ U] and set U « U U S. When this loop
terminates, we know that z/2 < |U| < z 4+ n/2 < 3n/4. We can then extract a balanced sparse cut
from U via Claim A.16. Applying Claim A.16, we get an .S C V with 2/2 < |S| < 3n/4 such that
min{|Eq (S, 5)|, |Eq (S, 9)|} < /6 -|S|. We also know that V' \ S > n/4 > |S|/3 and therefore
Ve (S) <9p/2. Note that G’ is obtained from G by removing | M’ \ Mempea| < l%é - z paths of length
¢, and thus Vg (S) < ¥ (S) +1/12- m < /2 +1/2 = 7). Finally, note that the running

time is O(¢logn) x O(n?) = O(n%log®n). This completes the proof. O

B Discussion of Non-Stop Cut-Matching Game

In this section we discuss how our Lemma 7.3 is implied by the work of [FLL25]. Its main result,
[FLL25, Theorem 5.1], is a combination of the abstract non-stop cut-matching game we described
together with a specific matching player tailored to their use case, i.e., computing directed expander
decomposition of an input graph.

How the Cut-Matching Game Works. To describe the differences in presentation between
Lemma 7.3 and [FLL25], let us first outline how this non-stop cut-matching game works. The
algorithm runs in O(log? n) iterations. In each iteration t, it maintains for each vertex v the “fraction”
dy(v) < d(v) that is “alive”, and let A; & supp(dy) be the set of “alive” vertices at iteration ¢.3
The algorithm also maintains a multi-commodity flow matrix F}, where F}(u,v) denotes the unit of
u-commodity that is sent to v. Initially, we have Ay = supp(d) and Fy(u,u) = d(u), indicating that
we have d(u) units of u-commodity at u at the beginning of the cut-matching game. The goal of the
cut-matching game is to have the commodities spread out among the vertices to prove expansion.

To do so, in each iteration ¢, based on Fj, the algorithm computes a random d;-balanced
bipartition (L, R) of A, i.e., di(L) = di(R), and attempts to mix the commodities between L and
R. The mixing is done through two “matchings”, one from L to R and the other from R to L that
indicate how much commodity currently at ¢ € L is to be sent to r € R and vice versa. Ideally,
the two matchings should be such that each v € A; receives and sends out exactly d;(v) units
of commodities. However, this is not always possible in directed graphs. Instead, the algorithm
computes di11(v) < dy(v) as the minimum between the units v receives and sends out, and once
di11(v) < d(v)/2, v is completely “removed”, i.e., we set dy11(v) < 0. After this, the flow matrix
is updated by sending flows between L and R through the matchings (see [FLL25, Section 5.1]).

39This reflects the fact that in the weighted setting, a vertex might get partially matched, which is in contrast to
the unweighted case where vertices are simply either matched or unmatched.
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Finally, at the end of O(log?n) iterations, it is shown that F “mixes” well enough in the graph,
proving expansion of d on the alive vertices A;.
For more details, see [FLL25, Section 5] and in particular [FLL25, Algorithm 1].

Comparison Between the Two Presentations. We now compare the presentations of the
cut-matching game in our paper and [FLL25]. To start, [FLL25, Theorem 5.1] is described as a
combination of the above abstract game with a specific matching player implemented by running
the standard unweighted push-relabel algorithm (in particular [FLL25, Lemma 5.19]) on the input
graph to [FLL25, Theorem 5.1]. This matching player works by attempting to route from each ¢ € L
(with d;(¢) units of source demand) to each r € R (with d¢(r) units of sink demand), and it will
compute a flow f partially routing the demand and a sparse cut .S such that f rotues the demand
in V'\ § almost perfectly, up to O(d:(5)) units of source/sink. A matching can be extracted from
this flow through standard path decomposition, similar to what we did in Lemma 7.5.

The main difference is that for their end result, [FLL25, Theorem 5.1] wants to find a sequence
of non-overlapping cuts in the input graph such that the uncut part is expanding (in the whole
graph). To do so, even though a vertex v € S might still be partially matched by f, the algorithm
will completely remove it (i.e., set dy11(v) < 0 for v € S). For other vertices, some of them might
not fully send/receive dy(v) units of commodities due to the flow f not routing the demand perfectly.
The algorithm of [FLL25] proceeds to set dyy1(v) to be the minimum between the amount v sends
and receives, and removes those with d;41(v) < d(v)/2, as described earlier. Having the vertices in
the cut completely removed allows them to add the cut S to their sequence, and then solve the flow
problems of future iterations only on the uncut part of the graph to make the cuts non-overlapping.

Our formulation differs from [FLL25] mainly in that our cut-matching game is not concerned
about the input graph, hence there is no notion of sparse cuts for Lemma 7.3. In particular, given
d, the d' vector that we use (in Definition 7.2) in each iteration will simply be the d; vector in
the cut-matching game, and the bidirectional matchings will naturally define the matching matrix
M, of [FLL25] to update F;. Crucially, since there is no notion of cuts in the abstract form of the
cut-matching game that we use, we do not remove vertices in the cut like [FLL25]. Instead, all
vertices v just set their dy4+1(v) based on the amount they receive and send, and only those with
di11(v) < d(v)/2 are removed. It is easy to see this does not invalidate the proofs in [FLL25]. The
final measure d in Lemma 7.3 will simply be the final alive demand d;. Since we ensure that each
bidirectional matching is perfect up to some O(1/log?n) - d(V) units of demand, over O(log?n)
iterations we only remove a small constant fraction from d;(V). The removal of di(V') caused
by completely setting d;(v) to 0 when it reaches below d(v)/2 can also be charged to the former
quantity, and thus we can guarantee a bound of d(V') > £d(V) in Lemma 7.3.

Our formulation also differs from [FLL25] in where and how the final subset of demand is
expanding. In [FLL25, Theorem 5.1], since it is explicit in the theorem setup that the matchings are
embeddable with low congestion in the input graph G, the final demand is O(¢/ log? n)-expanding
in G, where 1/¢ is the congestion of each embedding. Inspecting the proof of this fact (see [FLL25,
Section 5.4]) and as standard in the cut-matching game literature, that dy is O(¢/ log? n)-expanding
in G is because each di-respecting demand can be routed by (1) following the flow matrix F; (which
“mixes” well at the end of the game)—indeed, [FLL25, Page 26, Proof of Lemma 5.26] defined an
explicit flow routing the demand—and (2) using the fact that F; can be routed in G through the
embedding with low congestion O(log?n/¢).

Since our formulation does not involve the underlying graph G, we simply say that F; can be
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routed with congestion O(1) in the witness W My UMy U--- U M. Indeed, based on how Fj is
updated (see [FLL25, Section 5.1]), the graph W is defined so that F} can be trivially routed with
congestion O(1)—the routing just follows how F} is “mixed” between L and R in each iteration. This
establishes the expansion guarantee listed in Lemma 7.3. Finally, we need a low-hop guarantee in
this routing on W. This also follows fairly simply from the definition of W. The routing through W
is obtained as F; evolves as new matchings are added: In each iteration we simply send flow through
the newly added matching M; to update Fj. Since there are only Tkry = O(log? n) matchings, the
hop of the routing is naturally Tkgry.

C Omitted Proofs

In this section we provide proofs that are omitted from the main body of the paper.

Lemma 7.4. Let FF C E and H be the hierarchy of G\ F. Let A be the shortcut induced by H
with capacity scale ¢ € 1/N, and G4 = G U A be the shortcut graph. Given a diffusion instance
7 = (A, V) with 1-integral demand and parameter k € N, there is a deterministic algorithm that
runs on G4 in O(n?logn - (k4 1/v)) time and finds a -integral flow f in G4 with congestion
O(klogn) and the representation of a V-integral (wyy, h)-short path decomposition of f for some
h=0(nlogn - (k+1/1)).

Additionally, if | f| < [|Al}1, then the algorithm also returns a cut ) # S CV with V§(S) =0
and A¢(S) =0 of size

c(Ec:,(S,9)) < 41 min{A(S),V(9)} + min{volF(S),volF(S)}.

K

We will use the following lemma that finds a path decomposition of a flow and the weights of the
paths. Computing a path decomposition in capacitated graphs is fairly standard using a dynamic
tree, and by simply augmenting the dynamic tree to maintain the weights we can obtain the desired
property.

Lemma C.1 ([ST83]). Given a flow f on an m-edge graph G with edge weights w, there is an
O(mlogm) time algorithm that computes the representation {(\i, si,ti) }icr) together with {Wi}icy
for some path decomposition (Cy,{(Ni, Pi)}iew) of f, where w(P;) < W;.

Proof of Lemma 7.4. We run Lemma 4.1 multiple iterations, each time routing a large fraction of
demand or return the desired cut. Let (A1), V1) = (A, V) be the initial demand. For each
iteration i, we run Lemma 4.1 to route (A, V@) in G4, getting a flow . If [fO| > |AD| /2,

then we run Lemma C.1 on £ with the weight function wy. Let hyy = O(n - (k4 1/%) -logn) be
def

B : Zie[k]:Wig% AifPp;
consists of only paths with weight bounded by 2h. By Markov’s inequality, f® routes at least half
of the demand that £ does, i.e., |f@| > [|AD |, /4. We set (A yi+1)) (A?()w V%)) be
the residual demand (which is ¢-integral since f (@) is) and continue to the next iteration. If all the
O(log n) executions of Lemma 4.1 route at least half of the demand (and thus, the corresponding

f@ routes at least a quarter), then f <M 44 £OOgn) routes (A, V) with congestion
O(klogn). Additionally, f trivially admits a (wy, 2hy 1)-short path decomposition since each F®
by construction does. The representation of this decomposition can also be easily computed from
that of each f() (which we obtained from Lemma C.1).

the bound on the average weight of flow paths returned by Lemma 4.1. Let f (@)

47



Otherwise, we have |f@| < ||A®]/2 and get a cut S@) from Lemma 4.1. We have

< 41) @] 4+ min{volp(S®), vol (S@)}

K

c(Eg, (5", 50))

_ 1min AO(SO), VO(ST)} + minfvol(59). vol (5)}
- K

< A min{A(SY), V(5@)} + min{volp(5), volp(SD)}

i

R

where we used that |f(i)| < A(i)(s(i)) since A(i)(S) > A(z‘+1)(5(z‘)) — HA(z’+1)H1 while ,f(z'), <
JAD]1/2 < A, and that [£0] < VO(SO) since VEHI(SEHD) = 0 and therefore
V(i)(S(i+1)) > V(i+1)(S(i+l)) > ||A(i+1)||1 > ‘f(i)‘. Moreover, we have (A(i—i—l)’ V(i“)) = (A4, Vy)
for £ < O 4 ... 4 £O and thus f routes all sources except than those from S, and S is fully

saturated. Again, f admits a (w3, 2h41)-short path decomposition which we can compute from
that of (. The congestion of f in this case is, similar to above, O(xlogn). O
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