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Certifying nonclassical correlations typically requires access to all subsystems, presenting a major
challenge in open quantum systems coupled to inaccessible environments. Recent works have shown
that, in autonomous pure dephasing scenarios, quantum discord with the environment can be certi-
fied from system-only dynamics via the Hamiltonian ensemble formulation. However, this approach
leaves open whether stronger correlations, such as entanglement, can be certified. Moreover, its
reliance on Fourier analysis requires full-time dynamics, which is experimentally resource-intensive
and provides limited information about when such correlations are established during evolution.
In this work, we present a method that enables the certification of system-environment quantum
entanglement solely from the reduced dynamics of the system. The method is based on the theory of
mixed-unitary channels and applies to general non-autonomous pure dephasing scenarios. Crucially,
it relaxes the need for full-time dynamics, offering a resource-efficient approach that also reveals the
precise timing of entanglement generation. We experimentally validate this method on a Quantin-
uum trapped-ion quantum processor with a controlled-dephasing model. Finally, we highlight its
potential as a tool for certifying gravitationally induced entanglement.

I. INTRODUCTION

Quantum entanglement is a distinct form of quantum
correlation with no classical counterpart [1]. This non-
classical resource plays a central role in quantum com-
putation [2], communication [3], metrology [4, 5], cryp-
tography [6, 7], thermodynamics [8–10], and in under-
standing critical phenomena in complex many-body sys-
tems [11, 12].

However, certifying entanglement remains a long-
standing and generally challenging task. Full ac-
cess to all subsystems is typically required, which be-
comes infeasible, especially in open quantum systems
where the system of interest interacts with inaccessi-
ble environments [13–17]. Building upon the frame-
work of open quantum systems, several approaches have
been developed to partially infer (nonclassical) sys-
tem–environment correlations, either through the knowl-
edge of system–environment interactions [18–25], or via
local detection schemes [26–31], which exploit quantum
non-Markovian memory effects [32–34].

One particularly promising class of open-system sce-
narios is pure dephasing [35, 36], where the system loses
quantum coherence while its level populations remain ap-
proximately unchanged. Pure dephasing arises in many
physical settings, such as impurity-phonon interactions in
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solid-state systems [37], circuit and cavity quantum elec-
trodynamics in the dispersive regime [38–42], and even
in certain theoretical models of quantum gravitational
interactions between massive particles [43–48].

With negligible population changes, pure dephasing
dynamics offer a simplified yet non-trivial arena for
studying system-environment correlations. A notable
recent advance builds upon the Hamiltonian ensemble
(HE) representation [49–51], where the non-unitary sys-
tem dynamics is described as an ensemble average over
autonomous Hamiltonian evolutions. Importantly, not
all types of pure dephasing dynamics are compatible with
this representation. Such HE incompatibility, under the
assumption of autonomous evolution, reveals the pres-
ence of system-environment quantum discord [52–55], a
weaker form of nonclassical correlation than quantum en-
tanglement.

Nevertheless, the HE incompatibility approach comes
with certain challenges. First, as aforementioned, the in-
ference of quantum discord depends on the assumption
of autonomous global evolution; that is, evolution under
a time-independent Hamiltonian. Second, detecting HE
incompatibility requires Fourier analysis of the reduced
dynamics over the entire time domain, which is experi-
mentally demanding and provides no information about
the specific time at which quantum discord is established.
Finally, whether this method can be extended to witness
stronger correlations, such as quantum entanglement, re-
mains unexplored.

In this work, we introduce a generalized entanglement
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detection scheme that overcomes these limitations. To
this end, we employ the concept of mixed-unitary (MU)
channels [56–61]. These channels can be expressed as
probabilistic mixtures of unitary evolutions and natu-
rally generalize the HE representation beyond strictly
autonomous dynamics. Using recently proposed sys-
tem–environment entanglement criteria for pure dephas-
ing [62–67], we show that non-mixed unitarity (NMU)
of the reduced dynamics serves as an experimentally effi-
cient witness of system–environment entanglement. This
approach retains the operational spirit of the HE incom-
patibility while significantly broadening its scope:

1. The non-mixed unitarity method applies to non-
autonomous dynamics, relaxing the requirement of
strictly autonomous evolution.

2. It enables certification of system–environment en-
tanglement at arbitrary times, reducing the need
for full-time dynamics and lowering the experimen-
tal demands.

3. The method remains effective even when the dy-
namics exhibit pure dephasing behavior only over
a short-time regime, unlike the HE model, which
requires strict pure dephasing throughout the en-
tire evolution.

We validate this approach by implementing controlled-
dephasing dynamics on a trapped-ion quantum proces-
sor, System Model H1 by Quantinuum [68]. The results
demonstrate that certifying HE incompatibility requires
sampling the system’s dynamics at multiple time points.
In contrast, system-environment entanglement can be
certified from a single time point whenever the corre-
sponding NMU is non-trivial, demonstrating its practical
advantage in experiments.

Furthermore, we propose that the NMU provides a
promising approach for certifying gravitationally induced
entanglement in scenarios where massive particles in-
teract with each other via a Newtonian potential. In
contrast to the coherence-revival detection scheme intro-
duced in Ref. [44], the NMU method does not rely on the
assumption of time-translational invariance in the sys-
tem’s dynamics. Importantly, the NMU method enables
an unambiguous certification of entanglement generated
by gravity, rather than merely excluding specific classes
of semiclassical models, as discussed in the corresponding
Erratum to Ref. [44].

The remainder of this paper is organized as follows: In
Sec. II, we introduce the theoretical framework and show
that NMU serves as a witness of system-environment en-
tanglement and compare it with HE incompatibility. In
Sec. III, we detail the experimental realization on the
Quantinuum trapped-ion processor. In Sec. IV, we dis-
cuss the application of the NMU approach to certifying
gravitationally induced entanglement. Finally, in Sec. V,
we summarize this work and discuss future directions.

II. CERTIFY SYSTEM-ENVIRONMENT
ENTANGLEMENT OF PURE DEPHASING

In this work, we consider pure dephasing of a generic
open system (S) with respect to a reference basis {|i⟩}.
The dephasing arises from the interaction between the
system and its environment (E), governed by a global
system-environment unitary evolution of the form:

USE =
∑
i

|i⟩⟨i| ⊗ Vi, (1)

where {Vi} are unitary operators acting on E. Given an
initially uncorrelated state ρS ⊗ ρE, the joint system-
environment state after evolution becomes

ρSE = USE ρS ⊗ ρE U†
SE =

∑
i,j

ρS,i,j |i⟩⟨j| ⊗ ViρEV
†
j (2)

with ρS,i,j = ⟨i|ρS|j⟩. The evolved system’s reduced state
can then be written as

ρ′S = TrE(ρSE) =
∑
i,j

ρS,i,j ϕi,j |i⟩⟨j|, (3)

with the dephasing factor ϕi,j = TrE(ViρEV
†
j ). Since

ϕi,i = 1 for all i, the populations remain unchanged,
reflecting the pure dephasing nature of the system’s evo-
lution.
If the system is initially prepared with vanishing co-

herence (i.e. ρS,i,j = 0 ∀ i ̸= j), the evolved joint
state ρSE remains separable and takes the form ρSE =∑
i ρS,i,i|i⟩⟨i| ⊗ViρEV

†
i . This indicates that the presence

of initial coherence in S is a necessary condition for estab-
lishing system-environment entanglement [67]. However,
it is not sufficient: the structure of the global unitary USE

and the initial environmental state ρE also plays a crucial
role in the entanglement generation. For instance, con-
sider the case where Vi and ρE can be simultaneously di-
agonalized in some environmental basis {|en⟩}, such that
Vi =

∑
n exp(iϕi,n)|en⟩⟨en| and ρE =

∑
n pn|en⟩⟨en|.

Under this condition, the evolved total state becomes

ρ̃SE =
∑
n

pn ρS,n ⊗ |en⟩⟨en|,

with ρS,n =
∑
i,j

ρS,i,j e
i(ϕi,n−ϕj,n) |i⟩⟨j|.

(4)

Hence, even in the presence of initial coherence, ρ̃SE re-
mains separable. More precisely, it is also zero discordant
from E to S. Moreover, the reduced dynamics of the sys-
tem in this case correspond to a MU channel:

ρ̃S = TrEρ̃SE =
∑
n

pnŨnρSŨ
†
n, (5)

where each Ũn =
∑
i exp(iϕi,n)|i⟩⟨i| is a unitary operator

acting on S.
In this particular case, we observe that the separability

of the evolved joint state leads to a MU channel for the
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reduced dynamics. Although this observation arises from
a specific scenario, it raises a broader question: can devi-
ations from MU dynamics serve as signatures of system-
environment entanglement? As the main result of this
work, we formalize this possibility through the following
theorems.

Theorem 1. The reduced evolution of a system is a
mixed-unitary channel if the evolved system-environment
state ρSE remains zero-discordant from E to S.

Proof. The proof begins by assuming that ρSE is zero-
discordant from E to S. This implies that there exist a
rank-one projective measurement {Mn} on E such that∑
n 1 ⊗Mn ρSE 1 ⊗Mn = ρSE. As shown in Ref. [69],

this condition can be expressed as

[ViρEV
†
j , VkρEV

†
l ] = 0 ∀ i, j, k, l. (6)

By choosing k = j and l = i, we obtain

Vi ρ
2
E V †

i = Vj ρ
2
E V †

j ,

or equivalently, Wij ρ
2
E W †

ij = ρ2E,
(7)

where we define the unitary operator Wij = V †
j Vi.

Let us now consider the spectral resolution: ρE =∑
n pn|en⟩⟨en|. For simplicity, we assume here that

ρE is full-rank and non-degenerate, which implies that
pn > 0 ∀n, pn ̸= pm ∀n ̸= m, and {|en⟩} forms a basis of
E. Under this assumption, we conclude that

Wij |en⟩⟨en|W †
ij = |en⟩⟨en| ∀n. (8)

Accordingly, the unitary operator Wij is diagonal in the
basis |en⟩ and can be expressed as

Wij =
∑
n

exp(iθi,j,n)|en⟩⟨en|. (9)

Furthermore, one can observe thatWijW
†
ik =Wkj , which

implies that θi,j,n − θi,k,n = θk,j,n. In other words, the
phase θi,j,n can be written as a difference of two other
phases ϕi,n and ϕj,n, i.e., θi,j,n = ϕi,n−ϕj,n. This allows
to conclude that the reduced evolution of S corresponds
to a MU channel:

ρ̃S =
∑
i,j

ρS,i,jTr(WijρE)|i⟩⟨j| =
∑
n

pnŨnρSŨ
†
n, (10)

with Ũn =
∑
i exp(iϕi,n)|i⟩⟨i|. Note that this derivation

can be extended beyond the assumption that ρE is full-
rank and non-degenerate. We leave this formal proof in
Appendix A.

In general, it is known that if a bipartite state is zero
discordant, it must also be separable; however, the con-
verse does not necessarily hold. Nevertheless, as we
demonstrate in Theorem 2 below, when the system is
prepared in a pure state, the separability of the total
state ρSE also implies that it is zero discordant from E
to S.

Theorem 2. The criteria for ρSE to remain zero discor-
dant and separable are equivalent.

Proof. According to Refs. [62, 63], the separability crite-
ria for the pure dephasing model, with initial pure system
state, can be expressed through the following two inde-
pendent classes of conditions:

ViρEV
†
i = VjρEV

†
j = R ∀i, j, (11)

and

[ViV
†
j , VkV

†
l ] = 0 ∀i, j, k, l. (12)

These two classes of conditions are referred to qubit-like
and qutrit-like conditions, since they can be obtained by
treating the system as a qubit and a qutrit, respectively.
Combining these two conditions, we show that

R[ViV
†
j , VkV

†
l ]R = [ViρEV

†
j , VkρEV

†
l ] = 0. (13)

This leads to the conclusion that the separability also
implies zero discord.
We remark that the qutrit-like conditions described

by Eq. (12), which was originally derived in Ref. [63],
are overly restrictive. The correct form is derived in Ap-
pendix B. The formal proof of Theorem 2, incorporating
this correction, is provided in Appendix C.

We can now formalize the main result of this work:
Non-mixed unitarity for pure dephasing dynamics can
serve as a witness for system-environment entanglement.
More precisely, if the reduced evolution of the system is
not a MU channel, then there exist initial system states
for which the evolved system-environment joint state be-
comes entangled.
According to Refs. [62, 63], a violation of the separa-

bility criterion implies system-environment entanglement
with nonzero negativity [70–72]. Based on this insight,
we conjecture that NMU may be quantitatively related
to the negativity. In Appendix D, we present numeri-
cal simulations supporting this conjecture, showing that
NMU provides a lower bound on the negativity.

A. Comparison with Hamiltonain ensemble
formalism

The proposed method based on NMU serves as a nat-
ural extension of the HE incompatibility originally intro-
duced in Ref. [49]. We briefly review the central concept
here for comparison. A HE is defined as {(pλ, Hλ)}λ,
which consists of a collection of time-independent Hamil-
tonian Hλ acting on the system, each associated with a
time-independent probability distribution pλ. The cor-
responding ensemble-averaged system dynamics is de-
scribed by the dynamical map {Et}t:

ρS(t) = Et(ρS) =
∫
dλ pλ e

−iHλt ρS e
iHλt. (14)
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Operationally, a unique (quasi-)distribution p̃λ for a
given pure dephasing dynamics can be obtained by per-
forming a generalized inverse Fourier transform, as out-
lined in Ref. [49]. Further, a given pure dephasing
dynamics is incompatible with HE model, if the con-
structed quasi-distribution p̃λ exhibit negative values.
Notably, under the assumption of autonomous pure de-
phasing, where the system-environment global evolution
is governed by a time-independent Hamiltonian, the HE
incompatibility also implies the generation of system-
environment quantum discord.

Compared to the HE incompatibility, the proposed
NMU approach provides several advantages for entangle-
ment certification. First, according to Theorems 1 and
2, the NMU approach is not restricted to autonomous
system-environment models. They are also applicable to
more general non-autonomous pure dephasing settings,
such as Floquet [73] and collisional models [74].

Second, constructing the quasi-probability under the
HE framework requires access to the full-time dynamics,
which can result in substantial experimental overhead.
Moreover, while the negativity of the quasi-probability
indicates the presence of system-environment quantum
discord, it offers no information about the specific time
at which this nonclassical correlation is established. In
contrast, the NMU framework enables certification of
system-environment entanglement at any given time,
thereby relaxing the stringent requirement of full-time
dynamics imposed by the HE approach and significantly
reducing the experimental demands.

Third, the NMU also applies to the cases where the
dynamics can be well approximated by pure dephasing
only in the short-time regime. Specifically, for such a sce-
nario, the short-time system-environment evolution can
be written as U(τ) ≈

∑
i |i⟩⟨i| ⊗ Vi(τ) + δU(τ), where

δU(τ) captures the small deviation from pure dephasing
with ∥δU(τ)∥ ≪ 1. In this case, entanglement generated
at time τ is predominantly due to the pure dephasing
term, which can be effectively certified using the NMU
approach.

III. EXPERIMENT ON CLOUD QUANTUM
COMPUTER

Here, we demonstrate the aforementioned advantages
by applying it to a dephasing model implemented on
the trapped-ion quantum processor, System Model H1
by Quantinuum [68]. The model consists of a two-qubit
system interacting with a single-qubit environment, gov-
erned by the Hamiltonian

H = |01⟩⟨01|⊗σy+|10⟩⟨10|⊗n̂1 ·σ⃗+|11⟩⟨11|⊗n̂2 ·σ⃗, (15)

with the unit vectors n̂1 = (
√
3/2,−1/2), n̂2 =

(−
√
3/2,−1/2), and the two-dimensional Pauli vector

σ⃗ = (σx, σy). The environment qubit is prepared in
ρE = |0⟩⟨0|.

χ(ω
)

ω

(d)

(a)
s1
s2
E

H
H

Ry(θ) R ̂n1(θ) R ̂n2(θ)
Tomography
Tr

Initialization Pure dephasing process
|0⟩
|0⟩
|0⟩

(b)

Q
A

t

t

ℑ[
ϕ 0

1,1
1(t)

]

(c)

FIG. 1. (a) Circuit implementation of a pure dephasing
dynamics governed by Eq. (15), where we set θ = 2t. (b)
Theoretical (blue curve) and experimental (red triangles) re-
sults for the NMU measure QA as a function of time. (c) The
fitting curve (blue curve) and the experimental data (red tri-
angles) for the dephasing factor ℑ[ϕ01,11(t)]. (d) Comparison
of the theoretical distribution χ(ω) (solid blue curve) and the
reconstructed distribution χfit(ω) (red dashed curve).

The circuit implementation of this model is presented
in Fig. 1(a) with the system qubits S1 and S2 and the
environmental qubit E. The pure dephasing process is
implemented by a sequence of three controlled-controlled
rotation gates, where Rn̂(θ) denotes a single-qubit rota-
tion about the axis n̂ by an angle θ. The time evolu-
tion is simulated by tuning the rotation angle such that
θ = 2t. As presented in Appendix E, each controlled-
controlled rotation gate can be decomposed into four two-
qubit controlled-Z gates and several single-qubit gates, all
of which are native to the Quantinuum device. Conse-
quently, the entire circuit involves a total of twelve two-
qubit gates.

To experimentally obtain the dynamics of pure de-
phasing factors, we prepare the system qubits in the
maximally coherent state (|00⟩ + |01⟩ + |10⟩ + |11⟩)/2
using Hadamard (H) gates. State tomography is then
performed to monitor the evolution of the off-diagonal
elements, with the corresponding dephasing factors de-
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fined as ρS,ij,kl(t) = ϕij,kl(t)/4. The environment qubit
E is left unmeasured (i.e., traced out). The experimental
results presented below are obtained from state tomog-
raphy with 300 shots.

Following Ref. [56], the NMU of a channel Λ can be
quantified by the entanglement of assistance of its Choi
state:

J (Λ) = IS′ ⊗ Λ(|Φ+⟩⟨Φ+|). (16)

Here, IS′ denotes the identity map on the ancillary sys-
tem S′, and |Φ+⟩ is the maximally entangled state,

|Φ+⟩ = 1√
dS

dS−1∑
i=0

|iS′⟩ ⊗ |iS⟩. (17)

The entanglement of assistance is defined as [75]

EA[J (Λ)] = max
{pi,ψi}

∑
i

piS(TrS|ψi⟩⟨ψi|), (18)

where the maximization runs over all pure-state decom-
positions, i.e. J (Λ) =

∑
i pi|ψi⟩⟨ψi|, and S(·) denotes

the von-Neumann entropy.

For a MU channel, ΛMU(•) =
∑
j pjUj • U

†
j , the Choi

state is a mixture of maximally entangled states:

J (ΛMU) =
∑
j

pj |Uj⟩⟨Uj |,

|Uj⟩ =
1√
dS

dS−1∑
i=0

|iS′⟩ ⊗ Uj |iS⟩,
(19)

which attains the maximal entanglement of assis-
tance [56]:

EA[J (ΛMU)] = EA,max = log dS. (20)

Therefore, deviations from this maximum indicate NMU
and can be quantified by

QA(ρΛ) = EA,max − EA[J (Λ)], (21)

with QA > 0 signaling the presence of NMU.
As illustrated in Fig. 1(b), the dynamics of QA shows a

clear signature of NMU. Both the theoretical predictions
and experimental results agree well, exhibiting nonzero
NMU except at the special times t ̸= 0, π/2, π, where
the channel reduces to a (nearly) MU channel. This con-
firms that deviations from the maximal entanglement of
assistance provide a faithful indicator of NMU.

In addition to NMU, the model enables direct observa-
tion of HE incompatibility through the quasi-probability
distribution p(ω) associated with the dephasing factor
ϕ01,11(t). The analytical expressions are

ϕ01,11(t) = cos2(t)− 1

2
sin2(t) + i

√
3

2
sin2(t)sgn(t),

p(ω) =
1

2π

∫
dt ϕ01,11(t)e

iωt

=
1

4
δ(ω) +

3

8
δ(ω − 2) +

1

8
δ(ω + 2) + χ(ω).

(22)

Following the procedure in Ref. [49], we manually in-
troduce the factor sgn(t) in the imaginary part of the
dephasing factor, ℑ[ϕ01,11(t)]. This ensures that p(ω) is
a real function, without altering the observed dephasing
factor for t ≥ 0. The negativity arises through the final
term

χ(ω) =

√
3

πω(ω − 2)(ω + 2)
, (23)

which is obtained from the Fourier transform of
ℑ[ϕ01,11(t)]. Specifically, χ(ω) takes negative values
when ω ∈ (−∞,−2) ∪ (0, 2).
To assess this feature experimentally, we fit the de-

phasing factor ℑ[ϕfit01,11(t)] to the experimental data and
reconstruct the distribution χfit(ω). Guided by the an-
alytical expression in Eq. (22), we adopt the following
ansatz:

ℑ[ϕfit01,11(t)] = α

√
3

2
sin2(t), (24)

with α as a fitting parameter, resulting in χfit(ω) =
αχ(ω). The optimal fit, α ≈ 0.9739, shows good agree-
ment with the experimental data [Fig. 1(c)]. Moreover, as
shown in Fig. 1(d), the reconstructed distribution agrees
well to the theoretical prediction and clearly exhibits neg-
ativity for ω < −2 and 0 < ω < 2. This provides di-
rect evidence of the HE incompatibility. Thus, system-
environment entanglement is reflected in both the ob-
served NMU and the negativity in the quasi-probability
distribution.
Note that the model exhibits a built-in discrete time-

translational symmetry: ρSE(t + nπ) = ρSE(t) with
n = 1, 2, 3, · · · , which reduces the need to track the full-
time dynamics to access HE incompatibility. Neverthe-
less, reconstructing χfit(ω) still requires sampling the sys-
tem’s dynamics at multiple time points within t ∈ [0, π].
As shown in Fig. 1(b), we use seven time points and
obtain the best-fit dephasing factor to reconstruct the
quasi-distribution. In contrast, NMU can be certified
from a single time point as long as its value is positive.
This illustrates that NMU offers a more economical ap-
proach to entanglement certification than HE incompat-
ibility.
In addition, while a single dephasing factor is sufficient

to reveal quasi-distribution negativity in this model, this
feature is not generic to all pure dephasing processes with
HE incompatibility. In general, dephasing factors corre-
spond only to marginals of a higher-dimensional joint
distribution that fully characterizes the underlying dy-
namics [50]. Recently, machine learning techniques have
been explored to aid in reconstructing these distribu-
tions [51]; however, a general and systematic approach
remains unavailable, and the task is computationally de-
manding even for two-qubit systems. By contrast, detect-
ing system-environment entanglement via NMU offers a
significantly more efficient alternative, both experimen-
tally and computationally.
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d

R

xM

d0 r

|x1R⟩|x1L⟩

m M
d

d0 r

|x2R⟩|x2L⟩

m

FIG. 2. Schematic illustration of gravitational interaction be-
tween test particles and a mechanical oscillator.

IV. WITNESSING GRAVITATIONALLY
INDUCED ENTANGLEMENT

In this section, we demonstrate that NMU can serve as
a viable approach for certifying gravitationally induced
entanglement between test particles of mass m and a me-
chanical oscillatorM , as described in Refs. [44, 45]. As il-
lustrated in Fig. 2, we consider two test particles (labeled
1 and 2) positioned near the oscillator. Each particle can
be prepared in a quantum superposition of two spatially
distinguishable states, |x1(2)L⟩ and |x1(2)R⟩, separated by
a distance d0 = |x1(2)L − x1(2)R|. Here, L and R denote
the left and right positions, respectively. The distance
between the center of mass of the oscillator xM and each
test particle is given by d = |xM −x1| = |xM −x2|, with
x1(2) = (x1(2)L − x1(2)R)/2.

The interaction between the test particles and the os-
cillator is governed by the Newtonian gravitational po-
tential, V (xM ,xm) = −GMm/|xM − xm|. Assuming
d≫ d0, |xM |, the total Hamiltonian can be written as

H

ℏ
= ω̃a†a+

∑
i=1,2

ωmσz,i + gσz,i(a+ a†), (25)

where a and a† are the annihilation and creation oper-
ators of the mechanical oscillator, and the pseudo-spin
operator is defined as

σz,i = |xi,L⟩⟨xi,L| − |xi,R⟩⟨xi,R|. (26)

The oscillator’s frequency is gravitationally shifted to

ω̃ =

√
ω2 − 2Gm

d3
, (27)

where ω is the bare frequency. The frequency shift expe-
rienced by the test particles is given by

ωm =
GMmd0
2ℏd2

, (28)

and the coupling strength between each particle and the
oscillator is

g = −Gmd0
d3

√
M

2ℏω̃
. (29)

We consider both the test particles and the oscilla-
tor to be composed of silica with mass density ϱ =

2400 kg ·m−3. The radii of the test particles and the
oscillator are r = 70 × 10−9 m and R = 7 × 10−6 m,
respectively. We set d = 175 µm, d0 = 500 nm. Accord-
ing to Eq. (29), the coupling strength is inversely pro-
portional to the oscillator frequency. Here, we consider a
low-frequency oscillator with ω̃ = 0.01 Hz, which is of the
same order as that used in Ref. [44], resulting in a dimen-
sionless coupling strength of g/ω̃ ≈ −2.75 × 10−9. Also
we consider that the oscillator is cooled to T = 1 mK.
In this case, the maximal decay of the decoherence

factors for this model is expected at the interaction time
t∗ = π/ω̃ ≈ 314 s, yielding |ϕij,kl(t = π/ω̃)− ϕij,kl(0)| ∼
10−6. As reported in Ref. [44], such a long interaction
time and small coherence change might be within reach
of near-future experiments. Accessing the full-time dy-
namics remains highly demanding, making the NMU a
more feasible tool for certifying particle-oscillator entan-
glement than HE incompatibility. Our numerical results
show that QA ≈ 1.26 × 10−6 at t∗, with the numeri-
cal precision ϵ ∼ 10−10. For comparison, the baseline
value obtained by randomly generated MU channel is
QA,MU ∼ 10−9. Thus, the estimated NMU exceeds the
baseline by three orders of magnitude, providing strong
evidence of gravitationally induced entanglement.
Finally, in comparison to the coherence revival detec-

tion scheme proposed in Ref. [44], a key advantage of the
NMU approach is that it does not rely on the assump-
tion that gravity-induced dephasing follows Lindblad dy-
namics with time-translational invariance. Therefore, the
NMU can unambiguously certify entanglement genera-
tion, rather than ruling out certain classes of classical
stochastic gravity models [44, 76–78].

V. DISCUSSION AND CONCLUSION

We address the challenge of certifying sys-
tem–environment entanglement in open quantum
systems, focusing on the widely encountered class of
pure dephasing dynamics. Motivated by the notion
of HE incompatibility, we introduce a generalized and
experimentally efficient approach based on the concept
of NMU.
The NMU method overcomes key limitations of the

HE incompatibility. Specifically, it is applicable to non-
autonomous dynamics, enables entanglement certifica-
tion at arbitrary time points without requiring access
to the full-time evolution, and remains valid even when
pure dephasing holds only approximately over a short-
time regime. These features make the NMU approach an
effective tool for entanglement detection.
We experimentally validate the method using a

trapped-ion quantum processor, demonstrating that
NMU can witness entanglement using fewer measurement
resources than those required by the HE method. Finally,
we propose that the NMU provides a promising strat-
egy for certifying gravitationally induced entanglement in
scenarios involving Newtonian interactions between mas-
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sive particles, offering a conceptually transparent and ex-
perimentally feasible alternative to existing proposals.

Several open questions remain. The present work is
limited to pure dephasing scenarios. It would there-
fore be valuable to explore the implications of sys-
tem–environment correlations inferred from NMU in gen-
eral unital dynamics. Furthermore, as suggested by the
numerical results presented in Appendix D, we conjec-
ture that NMU may serve not only as a witness of sys-
tem–environment entanglement, but also as an indicator
of its magnitude. Intuitively, the quantification of HE
incompatibility proposed in Ref. [50] may offer similar
utility. We leave the formal validation of this conjecture
as a promising direction for future work.
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Appendix A: Formal proof of Theorem 1

In the main text, we assume that ρE is full-rank and
non-degenerate. Here, we relax this assumption such that
a general environmental state can be expressed as

ρE =
∑
n

qnΠn. (A1)

Here, we set qn > 0 and qn ̸= qm ∀ n ̸= m. Also,
{Πn} forms an incomplete set of orthonormal projec-
tors with

∑
nΠn < 1E, implying that ρE is not full-

rank. Therefore, we can express the Hilbert space of E
as HE =

⊕
nHn ⊕ H⊥, where Hn denotes the eigen-

subspace defined by Πn and H⊥ represents the subspace
that is orthogonal to the support of ρE. In addition, we
require rank(Πn) ≥ 1 to capture the possible degeneracy
in ρE.
Let us now turn to the zero-discordant criteria de-

scribed in Eq. (6), which leads to

WijΠnW
†
ij = Πn ∀n. (A2)

This implies that the unitary operator Wij preserves the
eigen-subsapces and can be expressed as direct summa-
tion of local unitary operators acting on the eigen-spaces,
namely,

Wij =
⊕
n

Wijn ⊕W⊥,ij ∀i, j, (A3)

where Wijn and W⊥,ij are unitary operators respectively
acting on the corresponding subspaces Hn and H⊥. In
general, the local unitaryWijn operator can be diagonal-
ized under a basis for the corresponding eigen-subspace
Hn:

Wijn =
∑
m

exp(iθijnm)|enm⟩⟨enm|. (A4)

Similarly, we can also express the projectors with the
same basis, i.e. Πn =

∑
m |enm⟩⟨enm|. As mentioned in

the main text, utilizing the relation WijW
†
ik = Wkj , we

obtain WijnW
†
ikn = Wkjn and θijnm − θiknm = θkjnm.

This implies that the phase θijnm can be written as a
difference of two other phases, i.e., θijnm = ϕinm−ϕjnm.
Therefore, the reduced evolution of S can be written as:

ρ̃S =
∑
i,j

ρS,ijTr(WijρE)|i⟩⟨j|

=
∑
n,m

qn exp(ϕinm − ϕjnm) ρS,i,j |i⟩⟨j|

=
∑
n,m

qn Ũnm ρS Ũ
†
nm,

(A5)

with Ũnm = exp(iϕinm)|i⟩⟨i|. This completes our proof
of Theorem 1 for general environmental states.

Appendix B: Corrected qutrit-like conditions

As shown in Ref. [63], the qutrit-like conditions can be
derived by treating the system as a qutrit, assuming the
qubit-like conditions is already satisfied. Here, we follow
a similar approach to obtain a corrected version of these
conditions.
Consider now the system is prepared in a qutrit pure

state:

ρS = |ψ⟩⟨ψ| with |ψ⟩ =
∑
i

ci|i⟩.

In this case, the system-environment joint state ρSE can
be expressed by a 3× 3 block matrix, namely,

ρSE =

 |c0|2 R c0c
∗
1 R01 c0c

∗
2 R02

c1c
∗
0 R10 |c1|2 R c1c

∗
2 R12

c2c
∗
0 R20 c2c

∗
1 R21 |c2|2 R

 , (B1)

Here, we define Rij = ViρEV
†
j ∀ i, j. Due to the qubit-

like conditions in Eq. (11), we have Rii = R ∀i.
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Following a similar procedure in Eq. (A1), we consider
the spectral decomposition of R, which can be written as

R =
∑
n

qnΠn. (B2)

This implies that the Hilbert space of E can be decom-
posed as HE =

⊕
nHn ⊕H⊥, where each Hn represents

the eigensubspace corresponding to the projector Πn, and
H⊥ denotes the subspace orthogonal to the support of R.

The qubit-like conditions in Eq. (11) can also be ex-

pressed as [R, Yij ] = 0 with Yij = ViV
†
j . This also implies

the unitary operator Yi,j can be decomposed as

Yij =
⊕
n

Yijn ⊕ Y⊥,ij , (B3)

where Yijn and Y⊥,ij are local unitary operators acting
on the corresponding subspaces. Therefore, we obtain

Rij =
⊕
n

qnYijn ⊕ 0⊥. (B4)

In other words, the local unitary operators Y⊥,ij becomes
irreverent for determining whether ρSE is separable.

Since [R, Y01] = 0 implies [Πn, Y01n] = 0, there exists

a basis {|enm⟩} such that

Πn =
∑
m

|enm⟩⟨enm| and Y01n =
∑
m

eiθnm |enm⟩⟨enm|.

(B5)
Notably, [R, Yij ] = 0 does not guarantee [Y01, Y02] = 0,
and therefore, [Y01n, Y02n] = 0 is not guaranteed. As a
result, Y02n is in general not diagonalized under {|enm⟩}.
We can thus express it as

Y02n =
∑
m,m′

xnmm′ |enm⟩⟨enm′ |. (B6)

Moreover, since Y12 = V1V
†
2 = V1V

†
0 V0V

†
2 = Y †

01Y02, we
have

Y12n = Y †
01nY02n

=
∑
m,m′

e−iθnm′ xnmm′ |enm⟩⟨enm′ |. (B7)

To certify system-environment entanglement, we em-
ploy the Peres–Horodecki criterion [70, 71], which in-
volves performing a partial transposition on the system:

ρTS

SE =

 |c0|2 R c1c
∗
0 R10 c2c

∗
0 R20

c0c
∗
1 R01 |c1|2 R c2c

∗
1 R21

c0c
∗
2 R02 c1c

∗
2 R12 |c2|2 R

 . (B8)

It is known that ρTS

SE must be positive semidefinite if ρSE
is separable. As shown in Ref. [63], this condition can be
verified by checking a class of principal minors defined as

D(nm);(n′m′) = det

 |c0|2 [R](nm);(nm) c1c
∗
0 [R1,0](nm);(nm) c2c

∗
0 [R2,0](n′m′);(nm)

c0c
∗
1 [R0,1](nm);(nm) |c1|2 [R](nm);(nm) c2c

∗
1 [R2,1](n′m′);(nm)

c0c
∗
2 [R0,2](nm);(n′m′) c1c

∗
2 [R1,2](nm);(n′m′) |c2|2 [R2,2](n′m′);(n′m′)


= det

 |c0|2 qn c1c
∗
0 qne

−iθnm c2c
∗
0 qnx

∗
nmm′δnn′

c0c
∗
1 qne

iθnm |c1|2 qn c2c
∗
1 qne

iθnm′x∗nmm′δnn′

c0c
∗
2 qnxnmm′δnn′ c1c

∗
2 qne

−iθnm′xnmm′δnn′ |c2|2 qn′

 ,

(B9)

with [Rij ](nm);(n′m′) = ⟨nm|Ri,j |n′m′⟩. If any of these

principal minors is negative, it implies that ρTS

SE is not
positive semidefinite, and thus the system-environment
state is entangled.

For the cases where n ̸= n′, we find that
D(nm);(n′ ̸=n m′) = 0. This means that it suffices to con-
sider the cases where n′ = n, for which the principal
minors can be written as

D(nm);(nm′)

= −2|c0c1c2|2q3n|xnmm′ |2 [1− cos(θnm − θnm′)] .
(B10)

From this, we see that D(nm);(nm′) = 0 only if cos(θnm−
θnm′) = 1 or xnmm′ = 0. Otherwise, entanglement can
be certified by a negative principal minor. Furthermore,

if all of these principal minors vanish, it implies that

[Yijn, Ykln] = 0 ∀i, j, k, l. (B11)

In this case, we can also conclude that [Rij , Rkl] = 0,
which indicates that ρSE is a separable state and zero-
discordant state from E to S. Therefore, the corrected
form of the qutrit-like conditions should be given by
Eq. (B11), or equivalently,

R[ViV
†
j , VkV

†
l ]R = 0. (B12)
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Appendix C: Formal proof of Theorem 2 with
corrected qutrit-like criteria

In the main text, we show that the separability criteria
in Eqs. (11) and (12) implies the zero-discordant condi-
tion in Eq. (6). However, the converse does not hold,
which leads to an apparent inconsistency.

Here, we show that the inconsistency can be resolved
by considering the corrected qutrit-like conditions in
Eq. (B12). First, as stated in Eq. (7) of the main text,

the zero-discord criteria imply Viρ
2
EV

†
i = Vjρ

2
EV

†
j , which

is equivalent to ViρEV
†
i = VjρEV

†
j = R. This means that

the zero-discord conditions leads to the qubit-like con-
ditions. Moreover, through a straightforward algebraic
procedure, we can demonstrate that

[ViρEV
†
j , VkρEV

†
l ] = 0

=⇒ ViρEV
†
j VkρEV

†
l = VkρEV

†
l ViρEV

†
j

=⇒ ViρE(V
†
i Vi)V

†
j Vk(V

†
l Vl)ρEV

†
l

= VkρE(V
†
k Vk)V

†
l Vi(V

†
j Vj)ρEV

†
j

=⇒ RViV
†
j VkV

†
l R = RVkV

†
l ViV

†
j R

=⇒ R[ViV
†
j , VkV

†
l ]R = 0.

(C1)

Therefore, we conclude that the zero-discord conditions
also imply the corrected qutrit-like conditions, complet-
ing the proof.

Appendix D: Conjecture: estimating negativity by
non-mixed unitarity

Here, we randomly generate pure dephasing maps for
three-level (dS = 3) and four-level (dS = 4) systems,
each coupled to a qubit environment initially prepared
in a pure state, and investigate the relationship between
the NMU and the resulting system–environment entan-
glement.

In each run, one can consider a qubit initial state
|ψ⟩ and a set of local unitaries acting on the envi-
ronment qubit {Vi}i=0,··· ,dS−1 to determine the system-
environment global unitary described by [see also
Eq. (1)]:

USE =

dS−1∑
i=0

|i⟩⟨i| ⊗ Vi. (D1)

The corresponding pure dephasing map is completely
specified by {Vi|ψ⟩}i=0,··· ,dS−1. To increase the sam-
pling efficiency, rather than separately generating the
set of local unitaries and the initial qubit state, we in-
stead directly generate a set of random pure qubit states,
{|ψi⟩}i=0,··· ,dS . We then compute the NMU quantified by
QA [defined by Eq. (21)] for the assicated pure dephasing
map.

QA

Ne
gat

ivi
ty

(a)

QA

Ne
gat

ivi
ty

(b)

FIG. 3. Negativity of the system-environment state [Eq. (D3)]
verses the NMU measure QA for (a) dS = 3 and (b) dS = 4
with randomly sampled pure dephasing maps.

As shown in Ref. [67], the amount of entanglement
generated in such a pure dephasing scenario is upper
bounded by the initial coherence of the system. To maxi-
mize this potential entanglement, we initialize the system

in the maximally coherent state |ψS⟩ =
∑dS−1
i=0 |i⟩/

√
dS.

In this case the joint system-environment state evolves
into

|ΨSE⟩ =
1√
dS

dS−1∑
i=0

|i⟩ ⊗ |ψi⟩ (D2)

To quantify the generated entanglement, we compute the
negativity of the joint state, which is given by

N =
∥ρTS

SE∥1 − 1

2
, (D3)

where ρSE = |ΨSE⟩⟨ΨSE|, TS denotes the partial trans-
position on S, and ∥ · ∥1 is the trace norm.
In Fig. 3, we present results based on 106 and 105

randomly sampled pure dephasing maps for dS = 3
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Rz(−α) XX Rz(α)Rz (θ)
=

Rz(α) Rz(α)

FIG. 4. Circuit decomposition of a CCRZ gate with α = θ/4.

and dS = 4, respectively. For each sample, we com-
pute both NMU and the resulting entanglement. For
both cases, the results show a monotonic increase in the
minimum negativity as QA grows, indicating that NMU
may not only serve as witness but also a quantifier of
system-environment entanglement under pure dephasing
scenario.

Appendix E: Circuit decomposition of the
controlled-controlled rotation gate

Here, we present circuit decomposition of controlled-
controlled rotation gate into CZ gate and single-qubit

gates. As shown in Fig. 4, a controlled-controlled rota-
tion Z (CCRZ) gate can be decomposed into four con-
trolled Z (CZ) gates (represented by a vertical line with
solid circles at the ends), two X gates, and four rotation-Z
(Rz) gates, where the gates are defined as

CCRZ(θ) =
∑

i,j∈{0,1}
(i,j)̸=(1,1)

|i, j⟩⟨i, j| ⊗ 1 + |1, 1⟩⟨1, 1| ⊗ Rz(θ),

CZ = |0⟩⟨0| ⊗ 1 + |1⟩⟨1| ⊗ σz,

Rz(θ) = cos(θ/2)1 − i sin(θ/2)σz,

X = |0⟩⟨1|+ |1⟩⟨0|.
(E1)

Based on the decomposition of the CCRZ gate, this
approach can be directly generalized to a controlled-
controlled rotation gate with an arbitrary rotation axis.
Specifically, by applying appropriate single-qubit gates
to the target qubit, one can modify the rotation axis as
desired. Furthermore, by applying X gates to the control
qubits, one can alter the control conditions, enabling the
realization of the white control circles shown in Fig. 1(a)
of the main text.
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