Phase assumption-free multiparty quantum clock synchronization
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We investigate methods to broadcast timing information from a central clock to all other clocks by
the use of multipartite entanglement. This task is a necessary step in establishing a coordinated uni-
versal time, currently performed using classical synchronization methods. Using an entanglement-
based method has the advantage that the timing results are independent of the intervening medium.
We generalize existing bipartite quantum clock synchronization methods and take special care to
address issues of different phase conventions being adopted at each node (the “Preskill phase prob-
lem”). Using supersinglet purification, we show that this allows for a scalable method with a time
signal that is a constant with respect to the number of nodes.

Introduction The goal of obtaining a universal stan-
dard time, where a common time is established across nu-
merous parties around the world, is a crucial technology
in modern day society [1-3]. Among numerous applica-
tions [4], those which require high accuracy include sen-
sor networks [5], global positioning system satellites [6],
and gravitational wave observation [7]. One of the main
tasks in achieving a coordinated universal time (UTC)
is to synchronize accurate clocks. Currently, UTC is ob-
tained by taking the weighted average of atomic clocks
around the world, which is then used as the standard
for all clocks to synchronize against. The synchroniza-
tion is typically performed using Two Way Satellite Time
and Frequency Transfer (TWSTFT) [8, 9], which involves
two-way radio communication via a geostationary satel-
lite. The primary reason that the two-way communica-
tion is used is due to cancel out delays due to fluctuations
in the atmosphere and satellite transponder delays. The
time-transfer accuracy of TWSTFT is typically at the 1
ns level [10, 11].

Quantum clock synchronization (QCS) is an alterna-
tive method for clock synchronization that has emerged
with advantages over classical methods. First intro-
duced by Jozsa, Abrams, Dowling, and Williams [12],
the method attains synchronization between two distant
parties by the use of qubits in entangled states. The
qubits represent precisely energy separated levels, which
can constitute the clock states in an atomic clock, for
example. Then by one party performing a measurement,

the precession of the qubit in the remote clock is initi-
ated, thereby remotely sharing timing information be-
tween two parties. The QCS protocol has the potential
for improving the accuracy of clock synchronization be-
cause no actual timing information needs to be commu-
nicated between the parties, only the measurement re-
sult of the transmitter [13]. Picosecond precision should
be attainable given that there are a sufficient number of
shared entangled qubits [14]. One criticism of the QCS
protocol made by Preskill shortly after its proposal was
that there is a hidden assumption of a common phase ref-
erence when defining the original entangled state [15]. It
was pointed out that to have a common phase reference,
synchronized clocks would be required, defeating the pur-
pose of QCS. This issue —- dubbed the “Preskill phase
problem” — was subsequently resolved in the two-party
case by performing a preliminary step of performing en-
tanglement purification, which simultaneously prepares
the entangled state, and establishes a common phase ref-
erence [14]. Several experiments have been done to test
the QCS protocol [16-20]. Alternative methods based on
different principles for synchronization to the QCS pro-
tocol have also been suggested [21-25].

Several approaches to generalize the original two-party
QCS protocol to the multiparty case have been per-
formed. This would be directly applicable to sychroniza-
tion tasks such as establishing UTC, for example, due to
the numerous clocks stationed around the world. In the
approach of Ref. [26], a W state is shared between the



parties, and Alice shares timing information by perform-
ing a measurement. Other parties make measurements to
extract the time signal with the help of classical commu-
nication. The approach has the disadvantage that the
signal degrades as o 1/N, where N is the number of
parties. An improvement upon this was made in Ref.
[27], where Dicke states are used as the initial entangled
state. Using the central Dicke state, the signal scales as
a constant with respect to N. Dicke states (including W
states) are advantageous in the task of multiparty QCS
since the entanglement is of a bipartite nature, rather
than genuinely multipartite. Multiparty schemes using
GHZ states have a non-local signal in the sense that all
parties must work together to extract timing informa-
tion [28, 29], and hence is less desirable in the context
of synchronization. In all these works, the Preskill phase
problem has not been addressed, which is a critical com-
ponent of a realistic protocol where phase conventions
are independent. Without resolving this issue, the timing
information has a systematic offset, rendering the QCS
protocol ineffective.

In this paper, we develop a full protocol for the task
of broadcasting timing information using shared entan-
glement. The protocol is summarized in Fig. 1. Alice is
the central (master) clock from which time information
needs to be distributed to all other clocks. In the state
initialization stage, bipartite singlet pairs are distributed,
which are converted to a supersinglet state using purifica-
tion [30]. The supersinglet state, introduced by Cabello
[31], is a particular type of spin-zero state that has a
non-trivial entanglement structure that we show is well-
suited to our current task. In particular, we show the
purification resolves the Preskill phase problem, which is
crucial for long-distance applications. We show that the
supersinglet state can then be used for multiparty QCS,
generalizing the bipartite case. We show that the super-
singlet state has good scaling properties of the timing
signal with respect to the number of parties IV, making
it suitable for applications with a large number of clocks
to be synchronized.

Singlet based QCS Consider N parties (taken to be
even number throughout this paper), each in possession
of an accurate clock. The frequency of the clocks can
be considered to be accurate, but their relative phases
are unsychronized. Each party possesses a qubit with
precisely separated energy levels with the Hamiltonian

N
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where the Pauli matrix Z, = |0)(0], — |1)(1|, for the
nth qubit. Here we defined the total spin operator S% =
21]:[:1 Z, /2, and similarly defined for the z,y axes. The
total spin eigenstates are defined as S?|s, a, m)*) = s(s+
s, a,m)®), S%|s,a,m)*) = mls, o, m)*), where m €
[—s, 5], and S% = (5%)% + (8¥)% + (S%)2. The *) denotes

FIG. 1. Quantum time broadcasting using supersinglet states.
Alice wishes to share her timing information with the remain-
ing parties, each holding a qubit depicted by a Bloch sphere
(we show the N = 4 case). The full protocol proceeds as fol-
lows. Step 1: Distribute singlet pairs [¥~) between parties
following symmetry of supersinglet state (dashed lines). In-
terchange of qubits within Group I (n € [1, N/2]) and Group
II (n € [N/2+ 1, N]) leaves the distribution symmetric. Step
2: Perform entanglement purification following Ref. [32] or
similar. Step 3: Check correlation of (Z;Z;) of singlet pairs,
if not consistent with singlet state, then apply a 7 rotation
around Z axis and repeat Step 2. At this point the Preskill
phase is removed. Step 4: Perform purification protocol in
Ref. [30] to obtain a supersinglet state |S) (wavy lines). Step
6: Alice measures her state in the X basis and classically
broadcasts the result. Step 7: Each party measures their lo-
cal qubit in the X basis, and adjusts the amplitude according
to Alice’s outcome. Step 8: Parties infer the time of Alice’s
measurement using (5) and (8).

that the eigenvalues are for the S* operator. The label
« is the outer multiplicity label.

The N parties are initially in possession of a singlet
state |S) = >, ¢als = 0,,m = 0) satisfying

S%8) = §7|S) =0, (2)

for any basis j € {x,y,z}. For any N > 4, the singlet
sector has multiplicity and there is a choice of the type
of singlet state, giving rise to the coefficients ¢, (to be
determined below). The state |S) has a zero eigenvalue
with respect to the Hamiltonian (1), and hence is unaf-
fected by its time evolution. Any singlet state can be
decomposed as
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where |[+) = (|0)£[1))/v/2 and |s = 1/2,m)§$)71 isaN—1

qubit state forming a s = 1/2 state via angular momen-
tum coupling. Therefore, after Alice (in possession of

S) [|+>1|s =1/2,m=-1/2)%



the n = 1 qubit) measures her qubit in the z basis, the
state collapses to |£)1]s = 1/2,m = :|:1/2>§$)_1. Alice an-
nounces her result to all the parties. Since Alice’s qubit is
decoupled from the remaining system, we drop it hence-
forth. We note that the states |s = 1/2,m = $1/2>(I)
are not unique since it depends upon the particular 1n1t1al
singlet state |S), and for large N there are many ways
that spins may coupled to form a total s = 1/2.

Under time evolution of the Hamiltonian (1) the state
is e tH/h|s = 1/2,m = $1/2>§$)_1. Crucially, the
time ¢ is the time elapsed since Alice’s measurement is
made, which is the basis of the QCS protocol. In or-
der to obtain a deterministic result, for the case that
Alice measures |—), an additional rotation of the state
exp(imS?) = Hf:’:l exp(inZy/2) is performed by all par-
ties (or alternatively can be accounted for by classical
post-processing, see Appendix). At this point we deter-
ministically have the state

¥ (1)) =

on the qubits n € [2, N]. The expectation value of the
nth qubit may be evaluated to be

fa(t) = (WO Xnl(t))

where A,, = (1(0)| X, |¥(0)). From the fact that the state
[(0)) on qubits n € [2, N] forms a s = 1/2 state, we also
have

e s =12, m=-1/2){  (4)

= A, coswt. (5)

N
> A, =-1. (6)

n=2

N
0)] > Xaleo(0)) =

The signal (5) for each of party n € [2, N] can be ob-
tained with a local measurement, and no communication
beyond Alice’s measurement outcome needs to be per-
formed, which is an advantage of over GHZ state based
methods which must still share information. We also note
that the measurements on different nodes all commute
and do not affect measurement results on other parties.
Thus the precise ordering or timing of the measurements
on qubits to obtain (X,,) do not matter. Repeating the
measurement on an ensemble of singlet states (3) and
taking statistics in the usual way recovers the signal (5).

Choice of singlet state We find that the optimal type
of singlet state that gives the largest magnitude ampli-
tude of the signals for the parties is the supersinglet state
[31], defined as

N/2

v

where | D;/?) = [s = N/4,1,m = N/4— k)§), are the
Dicke states constructed from N/2 qubits [33]. This type
of singlet state is constructed by grouping the qubits into
two groups of N/2 qubits, each forming a maximum spin
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state s = N/4, then these are combined to form a to-
tal spin zero state. We evaluate that the amplitudes of
the signals (5) when using the supersinglet state are (see
Appendix)

A { 1/3 n € [2,N/2] (8)
T - ne[N/2+1,N]

The difference in the amplitudes arise from the fact that
Alice performs a measurement on the first qubit, which is
in the first group of qubits, creating the asymmetry. For
large N, asymptotically both groups have an amplitude
with magnitude 1/3. Other choices of singlet states have
a smaller magnitude of oscillations (see Appendix).

Due to the inhomogenous amplitudes (8), we require an
additional step in the context of the QCS protocol. In the
initialization stage, each party is notified whether they
are in Group I (for qubits n € [1, N/2]) or Group II (for
qubits n € [N/2+1, N]). Then all signals are normalized
by the amplitudes given in (8), such that a consistent
signal is obtained. This simple modification ensures that
symmetry is restored across the network, and enabling
consistent synchronization across all parties.

The supersinglet state is optimal for the following rea-
sons. The range of values the amplitude can take are
-1 < A, < 1/3 for any spin zero state, due to the
restriction of SU(2) invariance (see Appendix). Under
the constraint (6), it is beneficial to take as many A,
to be 1/3 as possible to maximize the amplitudes |A4,,|.
This however occurs only for a ferromagnetic alignment
of qubits, where the spin is s = M/2 for M qubits. Then
one must maximize M, while also finally resulting in a
total spin zero state, which is optimall attained with the
supersinglet state (7) for M = N/2. To numerically ver-
ify the optimality, we directly optimize the singlet states
for the N = 4 case (Fig. 2(a)). As expected, we obtain
the optimal point as the supersinglet state, correspond-
ing to §# = w/2. The other two states, corresponding to
(0 = 7/6, ¢ = 0,7), are equivalent supersinglet states,
up to permutations of parties between the two groups.

Preskill phase In order to obtain a genuine multiparty
QCS protocol, it must only use only local operations and
classical communications (LOCC) and not make hidden
phase assumptions. The Preskill phase problem [34] can
be summarized for QCS as follows. We assume that the
clocks are separated by large (e.g. intercontinental) dis-
tances. While the qubit states {|0)y,|1)n} at each loca-
tion n are well-defined by their physical properties (e.g.
atomic levels), their superpositions are only defined by
convention. For example, the state |[+) = (|0) + |1))/v/2
will appear different if one uses a different phase con-
vention for the logical states |0') = €90 |0), [17) = e¥1]1).
This phase ambiguity will affect the QCS protocol since
this corresponds to an uncontrolled systematic Z,, rota-
tion. In our context, this will produce a timing offset in

().
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FIG. 2. Performance of the multiparty quantum clock
synchronization. (a) Optimization with respect to singlet

states for the N = 4 case using parametrization |¢) =
cos(0) [W™) , |U7),, + €@ sin(0) |Sa). As the function to be

1
optimized, we take (Hfj:z |An|) "' the geometric mean of

the QCS amplitudes. (b) Error estimate (9) of multiparty
QCS for various supersinglet fidelities Fiuper-

The key to resolving this issue is to prepare the su-
persinglet state using the same phase conventions as the
measurements in the QCS protocol. If the supersinglet
(or any other entangled state) is produced in a differ-
ent laboratory and distributed to the remote sites, it is
susceptible to the Preskill phase because the phase con-
ventions may not match [35, 36]. There is an obvious
difficulty here, since an entangled state must be prepared
on distant qubits, which can only implement LOCC. En-
tanglement purification is ideally suited to solving this
problem, since it allows for the preparation of an en-
tangled state using only LOCC. Specifically, the step of
performing bilateral rotations (“twirling”) [32] has the
singlet state as a fixed point, with respect to the local
basis [14].

To prepare the supersinglet state, we use the protocol
introduced in Ref. [30]. In this protocol, first singlet
Bell states |~ ) are prepared using conventional entan-
glement purification techniques such as Ref. [32]. At this
stage, as already shown in Ref. [14], the states will be
singlet states defined in the local basis. In Fig. 3(a) we
show how entanglement purification overcomes an uncon-
trolled Preskill phase ¢, as long as |¢| < m/2. Since the
Preskill phase is a systematic error, one may correct for
cases with |p| > 7/2 by checking the correlation (Z;Z5)
on a sample of the post-purified states which converges to
0 rather than —1 for a successful purification. Once this
is established, application of e?™21/2 puts the states in
the correct sector. Henceforth, the distillation proceeds
as normal as given in Ref. [30], since all operations are
LOCC, and all qubits have the same local phase defini-
tion. In this way, the supersinglet state (7) in the local
phase basis convention can be created. In Fig. 3(b) we
show the convergence of the supersinglet states with im-
perfect singlet state convergence. The protocol of Ref.
[30] is known to degrade for large number of iterations
with a population outside the s = 0 sector. Even for im-
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FIG. 3. Entanglement purification of supersinglet states

with the Preskill phase. Fidelities are defined as Fiinglet =
(U7 |p|¥~) and Fuuper = (S|p|S). We target the N = 4 su-
persinglet. Purification iterations are shown for (a) singlet
Bell pairs using BBPSSW purification [32]; (b) supersinglets
using methods in Ref. [30]. The initial state for the singlet
Bell pair purification of (a) is exp(ipZ1/2)|¥ ™), where ¢ is
the Preskill phase. The output of BBPSSW purification after
10 rounds is used as the input for the supersinglet purification

in (b).

perfect singlet state, high fidelity supersinglet states can
be obtained after ~ 5 iterations.

Error estimates To assess the accuracy of the our
multiparty QCS scheme, we evaluate the error of signal
(5). We examine two dominant sources of error. First,
imperfect fidelity Fiyper Of the supersinglet state due to
insufficient rounds of purification (Fig. 3), decoherence
(see Appendix), or otherwise, can lead to a loss accuracy
of the QCS signal. Second, the signal (5) is obtained
by quantum measurements which suffer from shot noise.
This is reduced by preparing a sufficiently large number
of copies M of the supersinglet state. We evaluate that
in our case the total error of the timing signal of these
effects is (see Appendix)

ot = é\/ﬁ + 4(1 - Fsuper)' (9)
Estimates for the error are plotted in Fig. 2(b). The error
is plotted in dimensionless units, some typical values of
clock frequencies are w™! = 17 ps for Cs or w™! = 0.4
fs for Sr. We see that the errors improve consistently
with M, until they are saturated by the imperfect fidelity.
Even with modest M =~ 10 and fidelities F' ~ 0.99, errors
in the range of §t ~ 10 ps can be attained with Cs, which
exceeds the best accuracies by TWSTFT [10, 11].
Conclusion We have introduced a multiparty clock
distribution protocol based on supersinglet states, in-
cluding the state preparation stage which overcomes the
Preskill phase problem. The singlet based scheme is
a natural generalization of the two-party QCS proto-
col, and has comparable performance with alternative
Dicke state based methods [27]. The primary advantage
is that supersinglets have a LOCC purification protocol
[30] which is absent for general Dicke states. This al-
lows one to overcome the Preskill phase problem, which
allows the QCS protocol to be used for long-distance ap-
plications, where a common phase reference is absent.



The accuracy that is attainable is limited by the super-
singlet fidelity and shot noise but performance outper-
forming classical methods should be possible with rea-
sonable experimental parameters. We consider the main
experimental challenge to be the reliable generation of
long-distance entanglement (likely initially generated by
photons) to be transferred to matter qubits with a precise
clock frequency according to (1). While distribution of
long-distance entanglement has been demonstrated using
space-based methods [37], its reliable transfer to matter
qubits suffer from low success probabilities [38-41]. One
benefit of the current protocol is that the entanglement
can be produced offline, so that the synchronization may
proceed only when the entanglement is in place and suit-
ably purified. Our protocol further motivates applica-
tions of a world-spanning quantum internet [42].
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SINGLET STATES

General singlet states

In this section we describe some basic properties of
singlet states.
A singlet state is defined as any quantum state satis-

fying

S%|S)=0
5% |S) = 0. (10)

The singlet state is invariant, up to a global phase, to all
homogeneous qubit rotations

USN|S) = €™|S) (11)

where U is an arbitrary single qubit unitary and ¢ is a
global phase. As such, the singlet state is unique among
angular momentum eigenstates |s, o, m) in that it is rota-
tionally symmetric, such that it is also a zero eigenstate
of total spins S7 |S) = 0 in any direction j = {x,y, z}.
For N = 2 the singlet state is unique and coincides
with the Bell state |[¥'~) = (|01) — [10))/v/2. For larger
(even) N, the singlet state is not unique. This can be un-
derstood in terms of angular momentum coupling. For
example, coupling two spin 1/2 gives the direct sum of
two irreducible representations according to %@% =0p1.
Further performing tensor products gives angular mo-
mentum coupling according to Fig. 4. At each point in
the diagram there is a splitting since each tensor product
with spin % can either increase or decrease the spin by %
(with the exception of spin 0), such that each path gives
a distinct coupling pattern. Singlet states correspond to
all paths that end with s = 0. The number of singlets
for N qubits then corresponds to the number of paths
that end with a total spin s = 0. This means that the
dimension of this subspace is the Catalan number [43]

1 N
Cnj2 = W<N/2> (12)

1 2 3 4 5 6

FIG. 4. Angular momentum coupling chart for N spin-1/2
(qubits). Each path corresponds to a irreducible representa-
tion of the total angular momentum.

Using the property (11), several general properties of
singlet states can be deduced. For single qubit expecta-
tion values we have

(SIXalS) = (S|(UEM) X, UZN]S)
= (SlllS) =0, (13)

for j € {x,y, z}. Such single qubit expectation values are
zero because (S|X,,|S) produces a single spin flip which
removes the state from the m = 0 sector.

Two qubit spin correlations along the same axis are
symmetric:

<8|Zan|S> = <8|(U®N)TZanU®N|S>
= (S|o},07,S) (14)

where ¢/ are Pauli matrices along the j € {z,vy, 2} axes
and the U are chosen such as to rotate the Pauli matrices
accordingly. For correlations in different directions we
have

(Sloy,0mIS) =0, (15)
for i # j, where we used the fact that (S|X,,Z,,|S) =
(8|Z, X:m|S) = 0 since the X,, operators change the m =
0 in a similar way to (13). The remaining correlations can

be deduced using a similar argument to (14). Finally, we
can also deduce that

(Slo 0,m|S) = 5(S812nZmlS), (16)

N =

where we used the identity
1

| XaYa)), (17)

oo == (Xp X + Y Y + (Y Xy —



and the relations (14) and (15).

Supersinglets

For our multiparty QCS protocol, we are primarily in-
terested in the supersinglet state [31], as defined in (7).
Due to the basis invariance property (11), we may equally
write the supersinglet as

N/4 N/i—m
Svy =3 =
e VN2 H1

X |s = N/4,1,m){)ols = N/4,1,-m){),. (18)

where j € {x,y, z}. We see the supersinglets are formed
by coupling each half of the N qubits into a maximal
s = N/4 spin, then coupling these two to form a spin zero
state. In Fig. 4, this corresponds to the upper triangular
path that initially increases to s = N/4, then goes down
to s = 0.

The s = N/4 spin eigenstates can be written

N/2 B
|Dk:m+N/4> -

where we defined the Dicke states on N/2 qubits with &
excitations as

1DY/?) =

|s = N/4,1,m)§), (19)

(N/2) ZP |O ®N/2 k& |1>®k) (20)

where P,(-) is a permutation operator which for each o
produces a distinct rearrangement of the qubits. For a
state with N/2 —k zeros and k ones, there are (Nk/z) such
combinations.

In terms of Dicke states, the supersinglet is (7), which
can be further simplified to the form

1
(N/2)I\/N/2+1

% Z K1K1 N — Kl)'P (|O>®N/2 ® |1>®N/2)

ISn) =

(21)

where K} = S7 + N/4 counts the number of ones in the
first N/2 qubits, with S} = Eg/? oz /2. In the above we
used the identity

N/2
SN P (102N 2R @ [1)ER) Py, (j0)2F @ [1)9N/27E)

k=0o0102

=) P(0)%N2 o [1)=N3), (22)

which is similar in logic to the following combinatorial
identity

N/2

(NA/72) - kZ:O (Nk/ 2) ( N%/E k> (23)

Each register consisting of N qubits with exactly N/2
ones can be viewed as a subset of N/2 elements selected
from a total set of N elements. One natural way to
construct such a subset is by choosing £ elements from
the first N/2 qubits and N/2 — k elements from the sec-
ond N/2 qubits. By allowing k to range from 0 to N/2,
we generate all possible configurations of N/2 ones dis-
tributed across the N qubits.

Homogeneous singlets

Another type of singlet is the homogeneous singlet
state, defined as

|Shom> -

1

__ > ), ()
(wy2) il /=N/2

where |7) is a computational basis state and the sum is

restricted to states where 7 is a binary number with N/2

zeros and N/2 ones. In order for the above state to be a

singlet state

S¢ |Shom> =5Y |Shom> =5 |Shom> - Oa (25)

the phases w, must satisfy particular conditions. The
condition for the z-component is automatically satisfied,
since the sum runs over the kernel of S., i.e., the sub-
space with total magnetization zero. The x-component,
however, yields a nontrivial constraint:

N N
Z Xn |Shom> = Z eiWT Z Xn|T> =0, (26)
n=1 n=1

T:|T|=N/2
Projecting (26) onto any computational basis state |7)
with weight N/241 yields the local consistency relations:
for every 7 of weight N/2 + 1,

> e =0, (27)

n:Tp=1

and for every 7/ of weight N/2 — 1,

> e =0, (28)

. ! —
n: 7/, =0

Here 7(™) denotes the weight-N/2 string obtained from 7
by flipping its nth bit. Equations (27) and (28) are equiv-
alent statements (related by complement) and together
are necessary and sufficient for Sy |Shom) = 0. The S,
condition is not independent: since Y,, = 1X,,Z,, and all
|7) lie in the S, = 0 subspace, the S, constraint imposes
the vanishing of the same real and imaginary parts of the
sums in (27)—(28). Thus the singlet condition reduces to
the requirement that, for every weight-N/2 + 1 string,
the complex phases of its adjacent weight-/N/2 neighbors
sum to zero. As an elementary illustration, for N = 4



the weight-3 string 7 = 1110 produces the constraint
eiwoio 4 eiwioto 4 eiwiioo — () and analogous relations
hold for all weight-3 and weight-1 strings.

In this state, the bipartite entanglement between two
parties, measured by concurrence, is always zero [44].
However, entanglement between a pair and the remaining
parties is maximized in such a state.

QCS SIGNAL

In the QCS protocol, Alice performs the projective
measurement I1; = |+)(+|. We consider the two mea-
surement outcomes by Alice separately. In the case that
Alice obtains the outcome |+), the state is

|¢@>=;%ﬁ”mmnga

= e HUM ) s =1/2,m=—1/2) | (29)

Here py = 1/2 are the probabilities of the two outcomes.
Meanwhile, if Alice obtains the outcome |—), the state is

1
lv(t) = \/T_Jre

e RIS ) s = 1/2,m = 1/2){
_th/h|+> |s =1/2,m = —1/2>(I) (30)

_th/heiﬂ—SzH, |8>

where we used the fact that a 7 rotation of S* = Z,/2+
22[22 Z, /2 is performed for this case. This shows that
for either measurement outcome we have the same state
(4). The signal (5) is then evaluated in the Heisenberg
picture

cH/h X —iHt/h

= X,, coswt — Y, sinwt (31)

and we used (¢4 (0)|Yy, |14 (0)) = 0.
Alternatively, one could also classically post-process

the expectation values, instead of performing the physical
correction €/™5” . In this case, we have the two states

e (1)) = ——c

e Y Ly s = 1/2,1,m = —1/2) | (32)

7th/hH+|8>

T—i_efth/hni |8>

71Ht/h|_> |s =1/2,l,m = 1/2>(I) (33)

Evaluating the expectation value for Alice’s |+) out-
come using (32), we have

(44 (8) X (1)) = memm&mm (34)

where we evaluated the time evolution in the Heisenberg
picture (31). For the other outcome, we have similarly
1

(- ()| Xl (1)) = — (ST X, TT|S)coswt (35
Since the expectation II1[|S) o« |s = 1/2,Ii,m =
—1/2)$%0  and TL|S) o [s = 1/2,0,m = 1/2){%
simply performing an average gives zero signal. By mod-
ifying the signal for Alice’s |—) outcomes by a factor of

—1, then taking the average, we obtain a non-zero signal.
Specifically, the signal from the nth party is

fa(t) = Py (D1 Xn]Y1(8)) = p— (- ()| Xn |- (1))
= (S|4 X, 11|S) — <S|H_XnH_|S>)cosw1E |
36

which gives the same signal as (5).
The right hand side of (36) can be manipulated into
another form

fn(t) =

where we used the fact that 113 = Iy, [II4, X,] = 0,
and X; = II; —II_. Thus the amplitude of the signal is
related to the two-qubit correlation of the singlet state.
Using the general property of singlets (14) we can equally
write

(S|X1X,|S) coswt (37)

fn(t) -

This means that the accuracy of a member’s signal is
directly related to their qubit’s correlation with Alice.

The corresponding relation to (6) can be obtained us-
ing the relation

(81Z1Z,,|S) cos wt. (38)

N
1
7,5°I8) = 5 (21 + Y Z0)1S)

n=2

Lu+a Y zols) =0, (39)

2
n=2

since S#|S) = 0. Taking the inner product with (S| we
obtain

N

> (81212,]S) = —1. (40)

n=2

QCS AMPLITUDE EVALUATION

Correlation method

Here we evaluate the amplitudes (8) of the QCS pro-
tocol using the supersinglet state. Using the form of the
signal (38), we evaluate

1,n n 1,n

poo " +P( ) p((n : Pgo b

= 4plp" — 1 (42)

(S1212,|S) =



where we defined the probabilities for /,, € {0,1}

i = (| S)P (43)
and we used the fact that p&’") —l—pgll’") —l—péll’") —l—p%’") =1
and also the symmetry of the Clebsch-Gordan coeflicients
vl € {0,1}" for singlet states, (I[S) = (—1)N/2(]|S),
where [ is the conjugate of the bitstring [.

Considering the case n € [2, N/2], we evaluate

1,n (1,n
( )= Zpoom)pk (44)
where
1
= — 45
PE= N2 (45)

is the probability that the supersinglet state contains IE:
zeros in the first N/2 bits, corresponding to k = N/2 -k
in (7). Meanwhile,

(W02 k- 1)
(1,n) k=2 ) \N/2—k
ool (Nfc/2) (NJXQ/EE) N(N/2=1)

is the probability of obtaining the outcome [00) when
measuring the first (Alice’s) qubit and the nth qubit,
assuming the first N/2 qubits are in the Dicke state
’k =N/2 - > , which contains k zeros. This is com-
puted by placing k—2 zeros among the remaining N/2—2
qubits (since the two zeros corresponding to the first and
nth qubit are already fixed), multiplied by the degener-
acy of the Dicke state over the last N/2 qubits.
Evaluating (44), we obtain

2 XK 1
& = k(k—1) = -. (47
Poo (N/2+1)(N/2—1)]; ( ) 3 (47)
Substituting this into (42), we have
1
(S1212,|S) = 3 (48)
Next, for the case n € [N/2+ 1, N], we have
N/2
1 n (1, n

where the probability of obtaining |00) in the state |k =
N/2 — >N/2|k>N/2 is

N/2-1y( N/2-1 _ _

(1m) (% )(N/27E—1) 4k(N/2 — k) 50

p00|k - (N/Q)( N/2 ) N2 ) ( )
k) \Nj2—k

where we place k— 1 zeros among the first N/2—1 qubits,
excluding Alice’s qubit (since hers is already fixed to 0);

and similarly place N/2 — k — 1 ones among the last
N/2 — 1 qubits, excluding the nth qubit (also fixed to
0).

Evaluating (49), we obtain

p“"):#zvf B(N/2—F) = L. (51)
0o N2(N/2+1) & 3N

Substituting this into (42), we have

N +4

(52)

Wavefunction method

In this section we calculate the amplitudes (8) using
a direct wavefunction method. For the purposes of this
section, we rotate Alice’s measurement basis from z to z
for notational convenience. Since singlet states are basis
invariant, we use the supersinglet written in the form (7)
written in terms of Dicke states (in the z basis).

Written in the form (7), it is apparent that the qubits
fall into two groups. Applying a projection operator II; =
[1}1(l|; for I € {0,1} on the first qubit, we obtain

H0|D;]gv/2> =

(N/Q) 0) 3 B (10)° 4 0 1))
k

2k N/2-1
01D 7). (53)
Similarly, we have

I, | D)%) = \/ |1 ) DY/27h, (54)

Applying these to to the singlet state we have
Iy |S

-~

o) =

_x [N =2k _N/j2—1,, ~N/2
_1)N/2 k T|Dk/ >|DN;2fk>

(55)

(&)

A R

(56)

N/
\/ —|—2



The probabilities of the two outcomes | € {0,1} are
1
p = (SIIIS) = L (57)

Evaluating the expectation values for the [ = 0 out-
come, we have for n € [2, N/2] in the first group of qubits

(0| Znltho) = %
4 N/2-1 R
EEEE R (")
1
9 (5%)

where ST = Zflg Z,/2 is the total spin operator for the
first group. For n € [N/2 + 1, N] in the second group of
qubits we evaluate

(0| Zn|tho) = %ﬁéw
_ 4 N/2—1 N e N2
TNN+2) kzzo (N —2k) <N7/2)

N+4
- _W7 (59)

where S5 = ZS:N/}H Zy, /2. In the above, we used the
fact that the qubits within each Dicke state is completely
symmetric such that (Z,) = (S*)/N.

For the [ = 1 outcome, in the first group of qubits
€[2,N/2]
2(1| St [¥1)
Zolthy) = DL
lZabbn) = 2
8 NZ”k (N/2— 1) — 2(k — 1)
- N(N+2) &~ N/2 -1
1
EE—— 60
: (60)
For n € [N/2+ 1, N] in the second group of qubits,
(1S5 ]1)
8 %/fk 2k — N/2
 N(N +2) = N/2
N +4
N (61)

Using the classical post-processing approach (36) , we
obtain a signal

Lcoswt n € [2,N/2]

Int) = { ]%+4 coswt n € [N/2+1,N] ° (62)
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Other singlet states

We find that other choices of singlet states have a
smaller magnitude of oscillations. Formally, we state our
problem as to find a spin zero state

8) = dals=0,a,m=0) (63)

such that the total signal amplitude

N e
A= (H |An|> (64)
n=2

is maximized. We take the absolute value of the ampli-
tude since we wish to obtain a large signal irrespective
of sign. The geometric mean favors equal amplitudes for
all parties.

For example, another choice of singlet state is the ho-
mogenous singlet (24) where all parties have the same
amplitude. The homogeneous singlet state yields the
same results for all parties:

1

Zn = TN 10

(ol Zn|to) N1 (65)
which satisfies (6). This has an amplitude that is lower
than the supersinglet for N > 4. For N > 4 it is evident
that 1/(N — 1) < 1/3, comparing to (58). For N = 4

from Fig. 2(a) we saw that the supersinglet is optimal.

OPTIMALITY OF THE SUPERSINGLET STATE

In this section we show that the supersinglet state is
the optimal spin zero state in terms of obtaining the max-
imum signal for all parties.

First, let us make some general statements about the
range that the expectation value (S|Z,7,|S) can take.
We saw from (42) that these are directly related to the
QCS signal amplitudes A,,. Since the spin zero state |S)
is SU(2) invariant, when reduced to qubits 1 and n, the
state can only take the specific form

o I
1
+3I|0,1,0><0,1,0|
m|, (67)
m=—1

since the only SU(2) invariant states for two qubits are
the singlet state |¥~) and the completely mixed state
I/4. In the second equality we wrote the states in terms
of the two qubit singlet state and triplet states. Demand-
ing that the eigenvalues of pi, are non-negative, we ob-
tain the range of validity of the parameter —1/3 <z < 1.



We see that for x = —1/3, the density matrix is an equal
mixture of the s = 1 triplet, and for x = 1 the state is
purely the s = 0 singlet.

The expectation for the state (66) may be evaluated
as

<Z1Zn> = —X. (68)
It follows that the amplitude is bounded by region

-1<A4, < (69)

Wl

We must however simultaneously satisfy the constraint
(6). If we take all amplitudes to be the same value, we
recover the homogenous singlet result

1
A, = N1 (70)
However, it is evident that one can make a larger magni-
tude amplitude under constraint (6) by making as many
of the amplitudes A,, = 1/3 as possible. The remaining
then can be chosen negative such that constraint (6) is
satisfied.

Following this logic, now suppose we choose M of the
N qubits to have a signal A,, = 1/3. The physical state
for these M qubits can be obtained by generalizing (67)
as

1 M/2
M
P12 M = T Z M 1,my (A, 1,m| (1)
m=—M/2
1 M
= DMY(DM 72
w7 2 1Pl (72)

The Z Z expectation values for this state can be evaluated
to be

<ZIZn> =A, = % (73)

for n € [2, M].

The maximum spin of the M qubits (i.e. s = M/2)
creates the largest amplitudes A4,,. If instead we consider
the state

s 1 :
P = gy O Isami(s.aml, (74)

the ZZ expectation values take a value

4s(s+1) — 3N

<len>:An: 3N(N—1)

(75)
which takes a maximum value for s = N/2. Hence in the
interest of making the largest values of A, it is beneficial
to choose the largest spin s = M/2.

Now our problem reduces to finding a spin zero state
with the reduced density matrix (72), where we would
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FIG. 5. Signal amplitudes A, = Tr(pX;1 X, ) after the dephas-
ing channel (76) as a function of p. The solid curve show the
signal of parties in Group I (n € [2, N]), which remains invari-
ant with respect to the total number of parties N. The dashed
curves represent the signal of Group 11 (n € [N/2+ 1, N]), for
different system sizes V.

like to take M as large as possible. Since (72) is an
s = M/2 state, the possible range of M is 0 < M < N/2,
since for more than M = N/2 it is impossible to form a
spin zero state with the remaining N — M qubits. Taking
the largest M = N/2, we see that the supersinglet has
exactly the reduced density matrix (72), since it couples
two s = N/4 spins with equal Dicke state amplitudes.

DECOHERENCE

To evaluate the effects of decoherence on the QCS pro-
tocol, we consider a model of dephasing where there are
independent phase-flip errors that occur according to

Ep)=">_ pla-pN Tl zopze,  (76)
se{0,1}V

where  Z° = @, 2% (Z°=1, Z'=Z). The above
channel corresponds to each qubit having a probability of
having a phase-flip error with probability p. The binary
number s specifies the type of error on the state, from no
errors s = 00...0 to errors occurring on all qubits s =
11...1. The probability of each outcome is calculated

according to how many errors |s| occur.

Assuming the noise acts after state preparation, the
resulting QCS signal is modified accordingly, allowing us
to analyze the degradation of the signal amplitude (Fig.
5). We see that as expected the signal degrades with the
presence of the dephasing channel, reaching zero signal
quadratically for p = 1/2.



ERROR ANALYSIS

Here we evaluate the accuracy of our supersinglet QCS
protocol. We follow the methods given in Ref. [14]. One
source of error in the QCS protocol is an imperfect fi-
delity of the supersinglet state, which may occur to in-
sufficient rounds of purification, for example. The worst
type of error that can occur is a systematic Z rotation of
the qubits, where Alice’s qubit is rotated in the opposite
direction to the remaining qubits

|S/> 715Z1/2 zszn 5 Zn /2|S>
_ eie En:Z Z"|S> _ 6715Z1|$>7 (77)

where in the second line we applied a factor of
I = exp(ieS?)exp(—ieS?) and used the fact that
exp(+ieS?)|S) = |S). The fidelity of this state compared
to the original state is

F =|(S|S)]? = cos?, (78)

where we used the form (3).
The state (29) in the case that the error is included
becomes

—i(w —e€ N T
/() = i@ T Il = 1/2,m = —1/2)() .

(79)

Hence the presence of a remnant Preskill phase simply
changes wt — wt — 2¢. Following the steps leading to
(38), the QCS signal is then modified as

fn(t) = A, cos(wt — 2e). (80)

We see that a remnant Preskill phase gives a systematic
time offset of
2¢  24/1—F

where we used (78) to convert the error € to a fidelity. In
using (78), we assume a worst-case state in the context
of QCS that gives the largest error in the timing signal
for a given fidelity F.

Another source of error is due to statistical noise in
estimating the QCS signal. To estimate this consider the
measurement on the nth qubit. Consider the measure-
ment outcome |+) of the state (79). The probability of
obtaining |4+) on the nth qubit is

pe = (W' @O+ (+'(1)

@—wzm—amwwm%“‘%mwﬂ
.. [ wt—2€ wt — 2¢

—zsm< 5 > ( >|
.. [ wt—2€ wt — 2¢

+zsm< 5 > ( >

+sin? (L2 ) (l]ls = 1/2,m = —1/2)

= 2p5™ cos (;2) +2p{y™ sin (ﬁ) (82)
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Here, the probability p( ") was evaluated in (47) and
(51) for n € [2,N/2] and n € [N/2 4 1, N] respectively.
From the fact that p(1 - pgll’n) and p(1 ) = p% ™) and
the probabilities sum to 1 we can deduce

1
1,n \n
p((n ) = 9~ p(lJO . (83)

The probability of the outcome |—) is

()= (=1 (#))
= (s=1/2,m=—1/2|C [cos2(

. (wt—2e> ( t—2e>
— 7 sin
2
. (wt—2e> (wt—2e>
+ 7 s1n
2
2

p- =
wt — 2¢

)=

t—
+sin? (L2 ls = 172,m = —1/2)@

n t— 2e n) . t—2
=mﬁ”wﬂi——wnﬁﬂwﬂﬁ—im@®

2

To estimate the signal (80), the nth party makes M
measurements. For a particular set of M measurements,
the probability of obtaining k outcomes with |+) is

M
Pk = (k>pipM i

N 1 ox {_ M (2k—M_( _ ))2}
/72pr+1)7 p 4p+p7 M D+ p- 3

(85)

where in the second line we used a Gaussian approxima-
tion [45] to approximate the distribution. The variable
z = 2EM takes the range [—1,1] and has a peak at the

value

Py —p- = (pg%) ") péll’")) cos(wt — 2e), (86)
which agrees with (80). The standard deviation of the
variable x = %#M is

. [2p4p-
ox =~ — (87)

Taking the average value of p+ over a period, we have

_ 1,n
pe = ps" +pby )—2- (88)
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Thus the typical standard variation of dz ~ 1/vV2M, Combining the errors due to the phase offset and the
which equates to a time variance of statistical noise we have

. ot ~ [ 0tF + 0t3qrp, (90)

: (89)
wvV2M which leads to (9) on substituting (89) and (81).

6tSQL ~



