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Abstract

In this paper, we develop a stability threshold theorem for the 2D incompress-
ible Navier-Stokes equations on the channel, supplemented with the no-slip boundary
condition. The initial datum is close to the Couette flow in the following sense: the
shear component of the perturbation is small, but independent of the viscosity v. On
the other hand, the z-dependent fluctuation is assumed small in a viscosity-dependent
sense, namely, O(z/%\ log v|~2). Under this setup, we prove nonlinear enhanced dissipa-
tion of the vorticity and a time-integrated inviscid damping for the velocity. These sta-
bilizing phenomena guarantee that the Navier-Stokes solution stays close to an evolving
shear flow for all time. The analytical challenge stems from a time-dependent nonlocal
term that appears in the associated linearized Navier-Stokes equations.
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1 Introduction

In this paper, we study the quantitative stability threshold for perturbations of two-dimensional
nearly-Couette shear flows with no-slip boundary conditions on the channel T x [—1, 1]. Per-
turbations of the nonzero tangential modes that are assumed small (measured by a power
of viscosity, v) in an appropriate Sobolev space, are shown to undergo enhanced dissipa-
tion and inviscid damping. More precisely, we consider the incompressible 2D Navier-Stokes
equations

Oyt + 1t - Vit — vATL + V) = 0,
V-a=0, a(ta,y==+1)=(£1,0), (1.1)
u(t =0) = tin(z,y),

on the domain Q2 x [0,00) = (T x [—1,1]) x [0, 00), where v > 0 denotes the inverse Reynolds
number, (x,y) is the velocity field, and p(z,y) is the pressure. We denote Ui, (y) to be the
shear-flow component of the initial data and u;,(z,y) to be the z-dependent component:

Tin (2, y) = (@) (2, 9), 3 (2,9)) = (Uin(y),0) + uin(z,y), (1.2)

where

1 T 5 1 T
Un(y) / i (e g)dr,  m(e,y) = (2, y) — / ()

T ), or J_,

We assume that the shear component, Ui, (y), is an O(€) Sobolev perturbation of the Couette
flow (which satisfies the boundary conditions Uy, (y = +1) = £1), whereas the x-dependent
component, u, (x,y) is O(ev2|logv|™2). Importantly, € > 0 is a small universal number and
the viscosity is much smaller than this universal number, namely, 0 < v < €.

In general, the study of stability thresholds for fluid equations is by now vast, and we
discuss related results in more detail below. For now, the reader should keep in mind two
“nearest neighbor” results. First, Q. Chen, T. Li, D. Wei and Z. Zhang studied the nonlinear
stability threshold of the purely-Couette case, Ui, (y) = y in [18]. Our result can be seen as a



generalization of [18] to the close-to-Couette shear flow case, i.e., Uiy (y) = y + O(€). Such a
generalization is important to obtain from the point of view of potential treatment of much
larger, smoother data, such as those in [11,16]. Indeed, in the uniform-in-r argument of [11],
a similar threshold theorem was applied after the enhanced viscous time scale t > O(v~1/3).
While nonzero modes have been heavily dissipated by this time, the zero mode has not, and
is instead an O(e) perturbation of the Couette flow. In this case, one needs to understand
precisely the stability threshold of nearly-Couette shear flows as opposed to purely-Couette
flows, which is the setting of the present paper. The second “nearest-neighbor” result is
that of [13], which treats nearly-Couette shear flows with the Navier boundary condition.
Therefore, one can also think of the current paper as the no-slip version of [13], which presents
significant new difficulties.

For the case when u;,(x,y) = 0, the solution of the Navier-Stokes equations (1.1) is given
by the heat extension of the initial data, that is

(U(t,y),0) = (y + "% (Un(y) — v),0), (1.3)

where €% is the semi-group generated by the 1D heat equation subject to homogeneous
Dirichlet boundary conditions. Naturally, if U,(y) is regular, then the resulting shear flow
Ul(t,y) is similarly uniform-in-time regular and converges to the Couette flow like O(e™"*).
This is because U (t,y) —y solves the 1D heat equation with the Dirichlet boundary condition
and the initial data U;,(y) —y, thus all the higher order derivatives of U(t, y)—y are uniformly
bounded in time.

For the case when w,(x,y) is small and nonzero, we write the solution @(¢,x,y) as a
perturbation of the time-dependent shear profile (U(¢,y),0) and hence define

u(t, z,y) = u(t,z,y) — (U(t,y),0). (1.4)
From (1.1) and (1.4), we infer that the exact perturbation u(t, z,y) = (u(!), u(?) solves

ou+Udyu+u-Vu—vAu+ (UIU(Q),O) +Vp=0,
V-u=0, u(t,z,y==+1)=0, (1.5)
U(t = 07$ay) = uin(may)>

where we used the notation U’ = 9,U (¢, y). Taking the curl of (1.5) and denoting
w = curlu = —8yu(1) + 9,u'?,
we obtain the vorticity formulation of the perturbed Navier-Stokes equations

Oyw +Udww +u-Vw =U"0,4 + vAw,
U= vaa Aw = w, (a’m 3y)1/1‘y:ﬂ = O; (16)
(.U(t = vaa y) = win($7y)v

where U” = 92U (t,y) and V* = (=0, 0,).
The quantitative stability threshold is, given a norm on the initial data ||-||y, the small-
est v = 7(X) > 0 such that ||uin||y < v7 implies ‘stability” and |luin| y > v in general
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permits ‘instability’, or at least fully nonlinear dynamics. The exact quantification of ‘sta-
bility” may vary, but generally involves at least the enhanced dissipation characteristic of
the linearized problem which shall be discussed further below. See [7] for a review and e.g.
[15,18,22,25,33,34] and the references therein for 2D, and for 3D see [6,8,9,37] and the refer-
ences therein. When studying high Reynolds number stability problems, the mixing induced
by the shearing enhances the stability of the equilibrium, leading to (A) inviscid damping
wherein the perturbation velocity decays in the linearized (or nonlinear) Euler equations
and uniformly in Reynolds number and (B) enhanced dissipation, wherein the mixing ac-
celerates the viscous dissipation, leading to rapid decay of the x-dependence on time-scales
such as e.g. ~ v~!/3 (rather than ~ v~!). Many works have studied these in the linearized
Navier-Stokes and Euler equations; see [5,26-28,32,35,39-42] and the references therein for
inviscid damping results and e.g. [10,19,22,25,29,41] and the references therein for results
on enhanced dissipation (some results study both, such as [19,29]). See for example [1-3,23]
and the references therein on mixing and enhanced dissipation by laminar flows in passive
scalars. The purpose of this paper is to obtain the stability threshold for all shear flows close
to Couette, i.e. the shear profile in (1.2) satisfies ||Ui, — y||ge < 1.
To state our result, we introduce the z-Fourier transform

fe(y) == % /_7r f(x,y) exp(—ikz)dx, for k € Z.

In particular,

1 ™
)= 5 [ e
For T' > 0, we define the energy
L1/3
E(T,w) = |lwollreorizz) + > (1€ (1 = 1) will e 0,212
k#0
J1/3 /3
+ UMK e twkHLf(o,T;Lg) + |K|[|e¢ tUkHL,%(o,T;Lg)),
where 0 < ¢ < 1 is a small universal constant.

The following theorem is the main result of the paper.

Theorem 1.1. Consider the solution w to (1.6) with regqular initial data wy, € H?*(Q).
There exist constants vy, k,€ > 0 such that, for any v € (0,1y), if the following conditions
are satisfied

1. Smallness:

1Uin =yl 53 (j-1.1)) < K, (1.7)
lesall i@y < 2| log | % (1.8)
2. Compatibility:
/ 1 e Mo (y)dy =0, Yk € Z, (1.9)
ag_(;inb_ﬂ =0, j=24, (1.10)
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then the solution of (1.6) satisfies the following global-in-time estimate

sup E(T,w) < Cev'/?|logv| ™"
>0

Throughout this paper, we always assume that the smallness assumptions (1.7)—(1.8) and
compatibility conditions (1.9)—(1.10) hold without mention.

Remark 1.2. The compatibility condition (1.9) is equivalent to the no-slip boundary con-
dition on the initial velocity.

In [15], the analogue of this theorem was proved without boundaries (i.e. y € R) with
initial data in Sobolev spaces X = H*® with s > 1 (also without the logarithmic correction
in v) and for Navier boundary conditions in the channel in [13]. For the case of no-slip
boundary conditions and ||Ui, — y|| < v'/2, this theorem was first proved in [18]. It was
essentially proved in [17] that this result is sharp up to the logarithmic correction in v even
for | Ui, — y|| < v'/? in any finite regularity due to instabilities in the boundary layer.

In the case of T x R, [33] establishes stability of the Couette flow under the assumption
|Uin — || < v"/? in the almost-critical space, HI*8 L2, whereas [30] proves a complimentary
instability result. However, at higher Sobolev regularities, this was later improved to v < 1/3
for sufficiently high Sobolev regularity [34,38] and v € [0,1/3] for suitable Gevrey classes
[31]. These higher regularity results are also expected to be sharp, due to the results of [24].
When one has at least Gevrey-2 regularity on the other hand, the result was proved with
v = 0in [14] (i.e. the results are uniform-in-). The corresponding uniform-in-v results with
Navier boundary conditions were proved in [11,12].

2 QOutline
2.1 Setup

The main difficulty of this paper is to obtain a sufficiently precise understanding of the
linearized Navier-Stokes equations associated with (1.6). The relevant linearized Navier-
Stokes system for our analysis is the following system

(9tw + Uaxw — U"&Bw —vAw = V- (El,ﬁz),
U= VL¢7 A¢ = (")7 (8367 ay)@ﬂy:ﬁ:l = 07 (21)
W(t = O,I,y) = an(l’, y)
We emphasize that U = U(t,y) is time-dependent, as defined in (1.3). Taking the Fourier
transform in x, the equations (2.1) reduce to the following k-by-k system:
8twk + Zk?ka — U//Zl{?wk — l/Akwk = Vk : (]Tl;ka EQ;k),
up = Vite,  Agihy = wi,
ik¢k|y:ﬂ:1 = ay¢k|y::|:1 = 07
wi(t = 0,9) = win(y),

(2.2a)



where V- := (=0,,1k), V := (ik,0,) and A := 0; — |k]>. We note that the boundary
condition for 1 is over-determined. To make the system solvable, we always assume the
consistency condition on wy:

1
/ et y)dy =0, Vt>0, keZ. (2.2b)

1

One can view this as an integral boundary condition for wy.

Next we specify the functional framework. Since the vorticity undergoes a transient
growth near the boundary, the desirable norm should balance out this growth. We recall
the standard setup here, see, e.g., [18]. The main focus of the estimates on the linearized
Navier-Stokes equations (2.2) is to develop the uniform-in-time estimate for the weighted
L?-norm of the vorticity:

10— )21,
and the time-integral estimate of the following quantity:
lwell = o2 k0l B + IMEIVRAT wellZs + v 2Rl el (23)
Here, A,:l is the inverse of the Dirichlet Laplacian and the boundary weight p; is defined as
pp = min{L(1 — |y|),1}, L :=v 3 k*/3.

We observe that in the high-frequency regime, i.e., v|k|?> = 1, the Z-norm is equivalent to
the following simplified expression:

leonllz ~ [KPIVeA; wrllZy + 02 kol Z;-

The main linear estimate we establish for solutions to (2.2) is stated in the following
proposition, which will be used to prove Theorem 1.1.

Proposition 2.1. Let wy, be the solution of (2.2),{#0 and U(t,y) be the heat extension defined
in (1.3). There exist constants ¢ > 0 and 0 < vy, k < 1 such that if ||Uy, — yllgs < Kk and
v e (0,1], then

J1/3 J1/3
e 4L = [y 2wrllFe 2 + [l wil 725 (2.4)
_ P _ Y 1y et/
S Nog vf? (k| lwtnel3s + mindo ™2 k[*2, 07} 3y + 07 1 ol
Here, the Z-norm is defined in (2.3) and kaH%,z D H’k|o‘8yﬁfk||%§

Throughout this paper, we always assume that k£ # 0, unless stated otherwise.

Remark 2.2. The same proof also yields the space-time estimate (2.4) for the system (2.2)
with general time-dependent shear flow U(¢,y), provided the flow satisfies the following
conditions:

U= yllens < w0 (U—=y)| _,, =0,
U(S,y) - U(tvy)
1 -y

10;(U(s, ) = U, )z + sup

ye[_lvl]

<Cvls—t|, Vs, t>0.



In proving Proposition 2.1, we treat the high and low frequency regimes separately.
a) High Frequency Regime: We establish the following proposition for the high frequency
regime.

Proposition 2.3. Let wy be the solution of (2.2) and U(t,y) be the heat extension defined
in (1.3). There exists a constant { > 0 such that for the high frequency regime v|k|* >
210,U|| 12 , the following estimate holds:

t,y

/ / _ / /
e 01— Ty PwnllZ o g + e wnllFaz S v (e 3tf1;k\|%$L§ + [l BtfzkH%%L%,) + ||Win,k||i§ '

Y

The proof of this proposition is given in Section 3.6 and follows from standard energy

estimates. Therefore, we omit further discussion and focus on the challenging low frequency
regime.
b) Low Frequency Regime: To develop the linear estimates in the presence of the no-
slip boundary condition (1.6)y, we must use resolvent estimates similar to those studied, for
example, in [18,19,21] among many other papers. Since the low frequency regime is more
difficult, we will restrict our discussion to this case for the remainder of the section. Our
goal is to establish the following proposition.

Proposition 2.4. Let wy be the solution of (2.2) and U(t,y) be the heat extension de-
fined in (1.3). There exists a constant ¢ > 0 such for the low frequency regime v|k|* <
infyer, [|[0,U(2, -)|lLse, the following estimate holds:

1/3 1/3
e 41 = [yl Pl Fe pa + [l wr 722

_ _ 1/3 _ 1/3 (25)
< Nogf? ([l 2lwimallZe +0 k1€ Eun sy + 0 1 Dol )

We will sketch the proof of this proposition in the forthcoming subsections. The complete
proof will be concluded in Section 3.5. Furthermore, we observe that combining Propositions
2.3 and 2.4 yields the full linear estimates in Proposition 2.1. This is because when the shear
flow is sufficiently close to Couette flow, the high frequency regime v|k* > 1||0,U]| L, and
the low frequency regime v|k[* < infieg, [|0,U(t,-)||Le cover all possible & # 0.

The main challenges in deriving reasonably sharp quantitative estimates for (2.1) in the
limit v — 0 are the following;:

A. The time-dependency of the background shear flow U(t,y);

B. The nonlocal effect encoded by the term U”9,1 in (1.6);

C. The boundary layer vorticity generation induced by the no-slip boundary condition
(1.6)2.

We elaborate on these three aspects here.

Challenge A: The first challenge arises from the fact that representing semigroups in terms
of resolvents uses a Laplace transform in time, which is not applicable to time-dependent
linear operators. To overcome this difficulty, we employ the frozen-time scheme introduced



in [21], wherein the analysis is carried out for a family of Navier-Stokes equations linearized
around the stationary shear flows U(t = jv~1/3 y), where j € Ny. After establishing suitable
estimates for this family, a layer-cake construction (see Section 2.3 for details) enables us
to reconstruct the solution of the original system (2.2) with a time-dependent shear flow.
Consequently, the frozen-time reduction allows us to focus on the time-independent linearized
Navier-Stokes system.

Challenge B: The second difficulty arises from the linear nonlocal term U”0,1. Although
the closeness of the shear flow U = U(t,y) to the Couette profile (y,0) ensures U” = O(e),
this linear nonlocal term cannot be controlled directly by viscosity. A suitable inviscid
damping mechanism is therefore necessary to absorb its effect. Under the Navier/Lions
boundary condition w|,—1; = 0, one may use a hypocoercivity energy method (see, e.g.,
[4,36]), combined with the singular integral operator Jj introduced in [13], to derive the
necessary estimates as carried out in [13]; in that setting, Challenge A is also avoided. In
contrast, under the no-slip boundary condition, such energy-type estimates break down due
to boundary contributions. In this work, we instead use the singular integral operator Ji
to provide the inviscid damping estimates on the resolvent which is one of the most crucial
parts of the resolvent bounds (see Proposition 2.7). The introduction of this operator also
simplifies the compactness argument presented in [19] in the close-to-Couette setting.

Challenge C: One of the most delicate aspects of the argument is the analysis of the
boundary layers. We decompose the solution of (2.1) into two parts: a component w! which
has zero initial data and accounts for the forcing on the right hand side, and a component w?
which incorporates the initial condition but is not subject to any external forcing. The latter
can be treated relatively easily if one has a good enough method for the former component
w!. As established in [18,19], it is convenient to further decompose w’ into wyay, which
satisfies the Navier/Lions boundary condition wxay|y=+1 = 0, and a boundary corrector wg.
The corrector wg is determined by the velocity ul(\izv generated by wn.y at the boundary
points y = %1, and it will generally have a large L? norm but be very well localized near the
boundary. The estimates in [19] are insufficient to obtain a sharp enough bound on wg. In
particular, one cannot directly derive the estimate (3.28), which is essential for controlling
wg, from Proposition 2.7. We therefore establish a new estimate in Lemma 3.1 to address
this issue.

The remaining part of the section is organized as follows: In Section 2.2, we present the
linear estimates for the time-independent shear flows, which serve as the building blocks
for the frozen-time scheme. In Section 2.3, we present the frozen-time scheme and upgrade
the linear estimates for the time-independent shear flows to the time-dependent case and
conclude the proof of the key Proposition 2.4. Finally, in Section 2.4, we provide the sketch

of the proof of Theorem 1.1.



2.2 Linear Estimate: Time-independent Shear

In this section, we consider the following frozen-time linearized Navier-Stokes equations

Owy, — vALwy + Uikwy, — Z/(”ilﬂbk =V,- (]Tl, ffg),
1

Aty = wi,  (ik, ay)%}y:il =0, / e*Mudy = 0, (2.6)

1
Wk(t = 0, y) — Win;k<y)7

where Vy, = (ik,0,) and U = U(y) is a time-independent shear profile. We assume the
boundary condition

U = y)ly=s1 = 0. (2.7)

Note that the system (2.6) is a general form of the frozen-time systems (2.25) and (2.27),
and its estimates apply to both systems. We focus on the following low frequency regime:

vIk|* < U] (2.8)
Our goal is to establish the following key proposition.

Proposition 2.5. Let wy, be the solution of (2.6) in the low frequency regime (2.8). There
exist constants § > 0 and 0 < vy, k < 1 such that if ||U — y||gs < K, the boundary condition
(2.7) holds, and v € (0,14), then

Suv1/3¢

1/3
1271 = YD) Pwrl T s + €™ T2

2.9)
—_ _ 1/3 _ 1/3 (
< [logv/* <|k| llwiniellFzz + v LRI e T L o + 07 €™ tfszing) :

We present the proof of Proposition 2.5 in Section 3.4. To prove it, we first decompose

the solution of (2.6) into its homogeneous component wi’ and inhomogeneous component

I
wy,, namely,

Wy, = Wil + wy, (2.10)
where wi solves

Oy, + ikU (y)wi, — ikU" (y) ), — vAwi = Fy,

1
At =l wll, =0 [ el =o. .11

—1
w,g(t =0,y) =0,

and wi? solves

Oy’ + kU (y)wi — ikU" (y)f — vAw =0,
1

Ay =wifs |y =0, / 16“%5 (t,y)dy =0, (2.12)

Wf(t = 07 y) = win;k(y)'



The inhomogeneous component wi aims to address the external forcing, while the homoge-
neous component captures the linear evolution of the initial data. Importantly, obtaining
suitable estimates for the inhomogeneous problem also provides control over the homoge-
neous part. We begin with the analysis of wi in Section 2.2.1, followed by that of w/ in
Section 2.2.2.

I

2.2.1 Decomposition of the Inhomogeneous Solution w;

As in [10, 18,19], we use resolvent estimates. To motivate the key equations under consid-
eration, we apply the Fourier transform in time to a suitably normalized solution. Since
we expect the solutions to decay with rate e~V PR3t for some constant ¢ > 0, we consider
the normalized vorticity, stream function, and forcing with the enhanced dissipation time
weight, i.e.,

I 1/311(2/3 I 1/3|(2/3 1/3|(2/3
wk(ta y)ecy 1K ta ¢k(t7y)eCV 1K t? Fk<t7y)6<l/ 1 t'

We define the intermediate Fourier variable which corresponds to ¢, i.e., X e R Tobe
consistent with the literature, we also recall the actual spectral parameter

A= =Mk, Ni=—Cwk )3 Ni= A+ i\

This is equivalent to shifting the contour in the complex plane accordingly. Furthermore,

we extend the aforementioned functions to be zero for the time regime ¢ < 0. This yields

a transform which is essentially equivalent to the Laplace transform (though less flexible).
The corresponding Fourier transforms hence read as follows

wi (A, y) r:/ Wit y)e™dt, (N y) = / Uity y)e "t

0 0 (2.13)

Fr(\y) ::/ Fr(t, y)e ™ dt.
0

Note that wf(t = 0,y) = 0, and thus the following relation holds
/ Qupe™ dt = —wi(t =0,y) — ik/\/ wie™Adt = —ik ;.
0 0

Consequently, after the Fourier transform in the t-variable, the system (2.11) becomes
— vAwyi + ik (U — N wi — ik U ¢, = Fy,

1 2.14
Mol =l @wogol| =0 [ eufay=o. (2:14)

y==+1

The above boundary condition on wj} is more difficult than the Navier boundary condition
case. A classical idea used in [18] is to decompose the solution into a contribution associated
with the Navier boundary conditions and then additional boundary correctors:

wlﬁ()U y) = wNa;k(/\v y) + \C+()\, k>w+;k<>\7 y) t+co ()" k)w—§k<>\7 y)j (215)

TV
WBC;k
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where Wy, is the solution of the system with Navier boundary condition and wgc,; is
the boundary corrector that ensure that w! satisfies the no-slip boundary condition. More
precisely, the Navier component wy,., solves

{ — 1/(85 — kQ)wNa;k + ik (U — X) Wnagk — tkU" Pnage = Fi, (2.16)

ApdNak = WNasks ¢Na;k|y:i1 =0, wNa;k‘y:il = 0.

Note that the boundary conditions (2.16), imply that 8§¢Na;k‘y:ﬂ = 0. The elementary
parts wy;, in the boundary corrector solve

{ —v(0) — K )wag + ik (U — N) way — ikU" ¢y, = 0,
0.

G = A way, ay¢i;k|y:ﬂ =1, 6y¢i;k’y:$1 =
Here, A ! is the inverse of the Dirichlet Laplacian. The coefficients c.(); k) are chosen to
enforce the boundary condition

1
/ eikyw,ﬁ dy =0

1

in (2.14)5. Therefore, we take

cr(Nk) = =0ydna(y = 1), (A k) = =0ydna(y = —1). (2.17)

The boundary conditions of ¢4, are chosen so that the elementary boundary corrector
corrects one boundary condition while leaving the other intact. The main difficulty is that
U(y) is not the Couette flow, leading to the presence of the nonlocal term U"ik¢4 .. A related
problem was addressed in [19], where numerous estimates for similar boundary correctors
were established.

The goal of the decomposition is to obtain the following estimates on the inhomogeneous
component.

Proposition 2.6. Let w! be the solution of (2.11) in the low frequency regime (2.8) with the
forcing

]Fk = Zkﬁ.l + 8y]“f2 + ﬁ‘g, ﬁ‘l,ﬁg € L2, ﬁ.g S Hé

There exist constants 6 > 0 and 0 < k,vy < 1 such that if U — y|| g« < k and v € (0,1p)
then the following estimate holds:

I/l/z’k’ |’66(Vk2)1/3tw1€”%00L2 + ‘|e5(uk2)1/3tw£”%22 (2 18)
< log? L(1/_1/3|k|4/3||65(”k2)1/3t]°f1||%2L2 + V_1]|e5(”k2)1/3tf2||%2L2 + ||€6(”k2)1/3tka3||%2L )
The proof of the proposition requires several preparatory steps and will be completed
in Section 3.4. By Plancherel’s theorem and the relation (2.13), the problem reduces to

establishing estimates for each component of w/ in (2.15), namely, the Navier component
WNak, the unit boundary correctors wy,,, and the coefficients cij. Compared with [18,

11



Proposition 6.5], our analysis includes the additional treatment of the component f3 € H},
which is used to control the nonlocal term ikU"1! in (2.11).

Firstly, we consider the Navier component wy, and present the key estimates. For nota-
tional simplicity, we omit the k-dependence and define

E[w, ¢] := vs k|3 || Vio| 12 + v5|k|3 || Viw]| g2 + 5 |k]3 [Jw]| 2.
We summarize the key estimates as follows.

Proposition 2.7. Let wna be the solution of (2.16) in the low frequency regime (2.8).
Assume the parameter constraints [|[U—y||g+ < k. There exists a threshold 0 < ro(U) = O(1)
and 0 < & < 1 such that if 0 < k < Ko and kIm\ > —dov/3|k|*2, then the following
estimates hold:

E [wNagk, Nak] + V/IFI(I0A) lwnakl 22 + v [ Axwxakll 2 S 1155l 2z (2.19)
E [taks Snar] + v/ IRITmA) ¢ eonallzz + v 1 Axwnaell 15 S v [R5 IVl 5 (2:20)
E [wxack; Sxack) + /5] (T ([wxacell 2 S 075 k]3| Fill (2.21)

Here, the H™'-norm is defined as

1F )1 2= sup {({F. ) : g € Hy([=1,1]), [IVigllzz := (10,9072 + k[ lgll72)"* = 1}

Proposition 2.7 is analogous to [19, Proposition 3.13]. In [19], the authors employ a
delicate compactness argument to prove these estimates under the assumption that the
ambient shear profile U(y) is spectrally stable. When the shear flow is sufficiently close to
the Couette flow, however, the singular integral operator J; introduced in [13] yields a simpler
and more quantitative proof. For completeness, we present the proof of Proposition 2.7 in
Appendix B.

Next, we discuss the coefficients c; in (2.15). Thanks to the formula (2.17), one might
expect that the estimates developed in Proposition 2.7 are sufficient to provide estimates for
the coefficients. However, it turns out that these two coefficients are closely related to the
L,-bound of wy,, and the 1/1/4||wNa||L111 control in [19, Proposition 3.13] is insufficient. To
compensate for the loss of information, we keep track of an augmented quantity

1U = Nwxa — U Pnall 22

in (3.2). A suitable control over this quantity implies the desirable bounds on c., see, e.g.,
Lemma 3.4. This step is basically quantifying some inviscid damping in the linearized Euler
equations which will be used to estimate the coefficients. Finally, we follow the argument in
[19] to develop bounds on the unit boundary correctors wy..

Once the estimates mentioned above are carried out, we combine them to conclude the
estimate for w!.

2.2.2 Decomposition of the Homogeneous Solution w/

Next, we solve the homogeneous part of the solution wf. We begin by introducing the

decomposition

1 2 3
Wi (t,y) =W (ty) + Pt y) + i (t,y),

12



We set w,(cl), which can be considered an approximation for the passive scalar evolution, as
follows

1
w,(cl)(t, Y) = wink(y) exp {—itZ/{(y)k: - g(U’)zyk‘zt?’ - ukzt} : (2.22)

The component w,(f) corrects the residual which solves

w® + Uikw® — Uik — vAw® = vo2wM + (U UEH) + ik,

Y

1
62 = AW, / wi e vy = 0, (2.23)
-1
w(t=0,y) =0.
Note that the first two terms on the right-hand side of (2.23); equal

(W02 + U)o = v(0, — iU'kt) (D, + UKD — vitd" k!
= J/Fiw,(cl) — 2yiulktka,(€1) — Viul'ktw,(:),

where we denote the vector field I' = 0, — i'kt, which commutes with the inviscid passive
scalar equation. Since w,il) experiences transport and enhanced dissipation, the term sz,(:)
also experiences enhanced dissipation and this quantity remains small. We further remark
that if the initial data is smooth enough, then the term /" gb,(el) decays like (kt)~* (indepen-
dent of v) due to inviscid damping. The component w® corrects the boundary condition

which solves

O + Uikw® — Uik — v AW =0,

1 1
/ wl(;’)eikydy = —/ wl(:)eikydy, w,(f’) (t=0,y)=0.
-1 -1
Most of the estimates on w follow quickly from the corresponding estimates used in the
proof of the inhomogeneous problem. This will eventually yield the following proposition.

Proposition 2.8. Let wil be the solution of (2.12) in the low frequency regime (2.8). There
exist constants 6 > 0 and 0 < k, vy < 1 such that if |U —y||g+ < k and v € (0,14), then the
following estimate holds:

| P |G 2 + 11wl 72 S (log” L) K| lwimgel 2
The proof of the proposition is presented in Section 3.4. Combining the decomposition

wy = w +wfl in (2.10) and the estimates presented in Propositions 2.6 and 2.8, one obtains
the key linear estimate (2.9). Hence, the proof for Proposition 2.5 is concluded.

13



2.3 Linear Estimate: Time-dependent Shear Flows

In this section, we present the frozen-time scheme to upgrade the estimate (2.9) for time-
independent shear flows to the bound (2.5) presented in the key Proposition 2.4, following
the general framework outlined in [21]. It turns out that to prove the proposition, the key
is to control the L?Z-norm of the vorticity. Once this time integral bound is developed, the
uniform-in-time estimate of the vorticity in (2.9) is straightforward to achieve. Hence, we
will focus on L?Z-norm estimate throughout this section.

We first rewrite the linearized system (2.2) equivalently as

atwk + U(t, y)zkwk - U//(t, y)llﬂbk - l/Akwk = Vk : (]Ufl, ]TQ),
1
At = Wi, Yily=21 =0, / ey (t, y)dy = 0, (2.24)
1
wi(t = 0,y) = Wink(y)-

Let t; = ju='/3 and Zj;) = [t;,t;11) N[0, T]. There exists some N € N such that

N
=z
=0
For 0 < j < N, we define the “frozen shear” within each time interval Zj; as

Uy (y) = U(t;,y)-
We introduce the following layer-cake decomposition. Let wy be the solution of

Awyo + Upyikwio) — Ujgikyb) — vAwwio) = Vi = (T1 + fpisefo], f2) Tiezyy) s
1

At = wig),  Ypo)ly=+1 = 0, / e (t, y)dy = 0, (2.25)

1
wio)(t = 0,9) = wingk(y),

where
]TDisc[O] = (U[O}(y> - U<t7 y))w[ﬂ] - (U[/(,)] (y) - Uﬂ(tv y))¢[0] (226)
For 1 <7 < N, let wy; be the solution of

6tw[j] + Ub]lk’(dm - U[/],}an/}[ﬂ - VAkw[j] =V - (fl + ]TDisc[j] + ]TFrozen[j]a ]TQ)]]-tEI[j]a

1, (2.27)
Ay = wpgs Ypgply=41 =0, / et y)dy =0,  wy(t=0,y) =0,

1

where

J
foiseps) == (Ui (y) = U(t,9)) Zwm (Ul(y) = U"(t9) Yy, (2.28)

J'=0 J'=0

14



7—1

Frvosens) = > (Ul = Uli)tbygn — (Upy — Upn)wiyr) - (2.29)

§'=0

One can check that since the frozen shear Ujjj(y) remains close to U(t,y) on the time interval
Tjj, the discretization error fpi.[; and frozen error fgsenf;) are small in the space L? (Zy; LZ)
(see Lemma B.3). On each time interval Zj;; (0 < j < N), it is readily checked that the
solution of the linearized Navier-Stokes equations (2.24) can be written as

J
wk(t, y) = Z Wi - (230)
§'=0

The key observation here is that each component wy; experiences a time-independent shear
Ujj)- Hence, the linear estimate (2.9) developed for time-independent shear flows are valid.

Based on the decomposition (2.30), we would like to design two types of functional. The
first type of functional (“horizontal functional” X|;) captures the sharp enhanced dissipation
and inviscid damping for each w;-component. Bounds on the X{;-functional can be derived
from the linear estimate for the time-independent shear flows (Proposition 2.5). On the
other hand, we need another type of functional (“vertical functional” Y};) to collect all the
contributions from the decomposition (2.30) on each time interval Zj;).

“ Vg X3)
w[3] p————
| X[2)
e ‘ < —
Yv[l] | | :Xm
i — E—
y Yo | | | X
(0] : : —_—
=0 t=y1/3 t=20"13 =373 t=4p71/3

Figure 1: The Frozen Norms

Let us start with the horizontal functional X|;;, which measures the size of the solution
wyy). Since wy;) initiates from time ¢;, the suitable enhanced dissipation time weight from

Proposition 2.5 is e%"*(t=t) This leads to the definition:

/34—t .
Xy =™ "Dl 2, 12y, T 20 (2.31)

We observe that the X|;-estimate can be naturally derived from Proposition 2.5.
Once we have suitable controls over the horizontal functional X|;, we can bound the
following vertical functional (note that the norm is over Zj;)

J

Y[]] = Z(] - j, + 1)||w[j/]||L2(I[j];Z)7 j > 0.
/=0
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Here, the linear-in-j weight is introduced to control the frozen error fgose,. We postpone
the rigorous estimate of Y}; to Section 3.5.

Finally, to complete the L?Z estimate for the vorticity wy in (2.30), we collect all the
Y}j;-functional estimates together to obtain control over the following total energy

N
N Ox]
£ = 262 Y (2.32)

Jj=0

Here, the €?+7 is a suitable enhanced dissipation weight and §, > 0 is a constant related to
the ¢ in Proposition 2.5. One observes that the total energy £ controls the L?Z-norm of wy,
(Lemma B.1), i.e.,

L1/3
H€6 Y twk”%Q([O,T];Z) SE.

This completes the estimate of the L?Z norm of wy. We postpone the estimate of the
quantity [|(1—[y[)/2ws| 112 to Section 3.5 because it follows similar line of argument. This
concludes the sketch for the proof of Proposition 2.1.

2.4 Nonlinear Stability

Once we establish suitable estimates for the linearized Navier-Stokes equations (2.2), we
exploit the quadratic nature of the nonlinearity in the full equation to absorb its effects via
the coercive terms in the linear estimates, provided that the perturbation remains sufficiently
small. An adaptation of the nonlinear stability arguments in [18; Section 7] yields Theorem
1.1; see Section 4 for details.

3 The Linearized Problem

3.1 Linear Estimates of the Navier Part

In this section, we develop various linear estimates for the Navier part of the inhomogeneous
system (2.16).
To estimate the boundary corrector, the following lemma is crucial.

Lemma 3.1. Let wy, be the solution of (2.16). Let A = A\, + i)\;. Assume the parameter
constraints |U—y||gs < 1, v|k|? < |[U'||L and spectral constraint 0 > kIm\ > —&ov'/3|k|?/3,
we have

U = A )wna — U Pnallze S 1Fkll 2, (3.1)
1A = Nwna — U Pnall 2 S [1F%l 2

Proof. Without loss of generality, we assume that & > 0. Let \; = —dv'/3|k|~/3, where
d €0, d0). We rewrite (2.16) as

— vAwNa + ik (U — N\) Wxa — (U kdna — 003 |k Pwna = Fi,

-1
¢Na = AD WNa, wNa‘y::l:l = 0.

(3.3)
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We test (3.3); by (U — A\ )wna — U"Pna and take the imaginary part to obtain

| / U = A e — U a2y

< ‘/Fk((u — A\p)WNa — L{”nga)dy‘ +

yIm/AkwNa((U — A)wna — U"Pna)dy

AR

/wNa((u - )\r)wNa - MHQSNa)dy‘
S (B2 F 2 + 502 R fwonall ) IRV2 (U = Ar)wna — U dnall 2

+v /awaaulw_Na +v /kaNa'Vk(u"¢Na)d?/

From Young’s inequality it follows that

Bl = X )wna — U drall2:

< Celk|HIFrllZe + el k| U — A wna — U dxallF2 + v K12 Viwwa 22
+ Ce™ k2 wnal |22

S Celk7HIF T + ekl U — A )wna — U dnallZ2,

(3.4)

for any € € (0,1), where we used Proposition 2.7 in the last step. We take ¢ > 0 in (3.4)
sufficiently small to get

K[ = A wna — U dnall72 S | Fell 7,
which completes the proof of (3.1). Finally, we use Proposition 2.7 to obtain

B[ = Nwna —U"xall 72
S RPN = N)wxa = U"Sxall72 + V221K wsal T2 < I FellZ-

This completes the proof of the lemma. O

Lemma 3.2. Let wn, be the solution of (2.16). Assume the parameter constraints ||U —
yllge < 1, v|k|? > [[U'||z~ and the spectral constraint 0 > kIm\ > —6oY/3|k|?/3, we have

vk? [lwall > < 11 Fell g2 .
vk? lunall 2 < IFxll g1

vIk| lwnall 2 S 1%l - -

Proof. Without loss of generality, we assume that & > 0. We test (2.16); with dna and
integrate by parts to obtain

~v ||wnallz2 +ik/(u — A wnadna dy — ik‘/u”chaRdy = /Fkﬁdy-

Taking the real part of the above equation, we get
v ||wNa||2LQ + Imk‘/(u — M) Wxa®na Ay
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— ¥ wna]Z — Tmk / U $l, B dy + TmAk / (P dy + TmAR? / xal dy
— _Re / Frdmady,
from where

- 2
v a2 < \ R R P e P P e R

+ Sov K1 [ dall 7

Using |||~ < v|k|? and the identity

2 2 2 2
lwnallze = ll6Rallzz + & llénallzz + 257 [|¢hall 22 (3.8)

we obtain

sl 5 | [ | S 1l ol 39

Note that (3.8) implies
1
Jonalls < 75 sl

and thus (3.5) follows. To prove (3.6), we use (3.8) and (3.9) to obtain

vk? lunallze S v llwsallze S IEkl s lonallan S I1Ekll g1 lumall e
Finally, we note that

1
2
Vwsallze S 1l g1 llunall 2 S T 1E% - Nlowall 2

and (3.7) follows. O

3.2 Estimates of the Coefficients ¢, and c_

In this section, we establish several estimates on the coefficients ¢4 that were introduced in
the decomposition (2.15). We aim to derive some analogous estimates for the coefficients ¢,
and ¢, in [18, Lemmas 3.6, 4.1, and 4.2]. In addition, we present the necessary modifications
to treat the extra nonlocal term. _

Since U € C® and ||U — y||g+ < 1, there exists a strictly increasing function U € C?(R)
such that U(y) = U(y) on [—1,1], lim,_,_o U(y) = —oco, and lim,_,. U(y) = co. Hence, for
any A, € R, there exists a unique y, € R such that Zj(y,\) = \,.. For A\, € R, we define a
cutoff function y on R such that

Xy M) = , ifly = > L7 (3.10)
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Lemma 3.3. Let wx, be the solution of (2.16) and g+ € H'(—1,1) be test functions with
the boundary condition g, (—1) = 0 and g_(+1) = 0. For v|k|* < ||U'||z~ and 0 > kIm\ >
—6ov M 3| k|3, we have
[(wnas 9| S K1 I F -1 (L2t oo (- 10ma— 11 gn 4271
+ 1 (EDI(U(EL) = Al + L7 7L -l gax | (3.11)
+ LHgiXHLQ + V_l/QHgiXHLI)-

The above lemma is analogous to [18, Lemma 3.6]. The main modification relative to
[18, Lemma 3.6] lies in the appearance of the L'-norm of g4y on the right-hand side.

Proof. Let m; € Hi(—1,1) be a test function. We test (2.16); with 71 to obtain
B (@ = A )wna — U Exa, )

SN E a1 IVimillze + v][0ywnall 2| 0ymi || 2 + v 2|13 wnal| 2 Im ] 2 (3.12)
S IFell a1 (10ymll 22 + Ll z2)-

where we used (2.21) in the last step. Let Gy be the Green’s function for Ay = —|k|? + 9,
with homogeneous Dirichlet boundary condition, which has the explicit form

1 {sinh(k(l —y))sinh(k(1+y), y<y;

Gy y) = ~ ksinh(2k) sinh(k(1 — y)) sinh(k(1 +¥')), vy

(3.13)

From the symmetric property Gi(y, z) = G(z,y) it follows that

Aglg.h //Gk y, 2)g(z)dzh(y )dy:/9(2)/Gk(z’y)h(y)dydz (3.14)

Using (3.12) and (3.14), we conclude

‘<wNaa U= A)m — Ail(u"m)ﬂ = (U — A\ )wna — U " Pxay M)

_ (3.15)
SR Eellrr-1 N0yl 22 + Llimall 2),

for all n; € H}(—1,1).

Let o, € H'(—1,1) be a test function with ny(—1) = 0. Let L, € [L, 00) be a constant to
be determined later. Let x* (y) := max{0, L.(y — 1 + L; ')} be defined on [—1,1]. It follows
that

10 = Al < 00 = Al e I e < Q) = M|+ L2 e (3.16)
Since wnaly=+1 = 0, the fundamental theorem of calculus implies
wna()] < L7210y wnallze, Wy € [1— L1,
from where

||wNa||L1([17L:1,1]) S L:3/2||5waa||L2- (3.17)
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Denote 75 = 12 — n2(1)x7%.. Direct computation gives

| (wNa, (U = X2 — Alzl(u”%)

S ‘<wNaa (Z/[ - )‘7’)77; - A Z/{H >‘ + |772 )| <wNa7 (u - )‘T)X*+> |
+ ()] [ wna, A HU"X >‘

= T1 + T2 + T3.

(3.18)

Note that 5 € H}. From (3.15) it follows that

(T3] S VR Fallzr- (10,03 ] 22 + Ll ze)
SR EN - (19ym2]l 22 + Lo z2)
+ I WEHIF - (10X 22 + LI N 22) (3.19)
SR EN -2 (192l 22 + Lo 22)
+ (L) [K] [ Fell- (L2 + LLY?).

For the term T5, we appeal to (3.16), (3.17) and (2.21) to get

o] S In2(Dllwsall g ap 1@ = )Xl oo
< (1) L7 (jU(1) = A + L7 (3.20)
S I (WILPr [ Fell g (A1) = Al + LY.

For the term T3, we use the explicit expression of the Green’s function (3.13), yielding
AT U X)) e

< max /1 Gely, y') (1 —max{y,y' HU"(y)x} () dy'
~yel-11 ] 1 —max{y,y'} ’ i

Gr(y,v')
]_ —

(3.21)
<

(1 — max{y, y’})U”(y’)x’;(y’)||L§oL;,

Sz L X e S L2
Combining (2.21), (3.21), and the constraint L, > L, we obtain

T3 S Ie(D)llwwall 2L S Ina (D)2 1k 72| Byl -1 L2
S R (W Fil -1

Let L, := (JU(1) — A\ | + L7HYY2L32. From (3.18), (3.19), (3.20), and (3.22), we conclude
that

(3.22)

[(wna, U = A — AT U"n)))|
S Ik\”HFkHH—I(H@ymllm + Llln2[r2) (3.23)
+ [k (D Bl - (U(1) = M|+ L7 YVAL
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Let g, € H'(—1,1) with g, (—1) = 0. Denote 13 := g, X, where x is defined in (3.10). It
is clear that n3(—1) =0 and n3 € H*(—1,1). We invoke the estimate (3.23) for 13 to get

|<wNa79+>‘
S Kwna, g — [(U = Xz — A U D))+ [{wna, U — Xz — A U ns))]
< llwsallz2llgs — U = A )nsllze + [(wa, AL (U Ds))]

_ 3.24
bl Eel s (10,2 + Llimsllz2) (3.24)
+ kI s (O Fill s (U(1) = A| + L7HYAL3A
= T4—|—T5+T6+T7.
We bound the term 7} using (2.21) as
T L R L (3.25)

S RITL 2 Bl -1l gl oe (ot minimn -2t 1)-
For the term T, we appeal to (2.21) and (3.14), yielding
Ts = (A "wna, U"n3)| S [l énall oo 14" | oo ]| g X1 0

S I Viodnallrzllg+ x|l (3.26)
Sy R Fella g xl o

Note that the term Tg appears on the right-hand side of (3.11). Finally, for the term 77, we
note that

(D] S min{|Ud(1) = A, L} € max{[U(1) = A, L7}
S (@) = Al + L7
Thus, we get
Ty S g+ (DI Ell -1 [kl (L) = A+ L1 7ALY, (3.27)

From (3.24), (3.25), (3.26), and (3.27), we conclude the estimate (3.11) for g;. The proof
for g_ is similar and thus we omit the details. m

Lemma 3.4. Let wya, be the solution of (2.16) with 0 > kIm\ > —d0oY/3|k|?/3. For vk? <
|U'|| o, we have

(1 + [kl =U@Dles] + 1+ kA = U(=D)Dle-| < v O k|7 Fil| 2 log L, (3.28)
(L4 [K[IA = U@)D]es] + Q@+ kA = U= D]e-| S K2 ViFl2log L, (3.29)
where cy are the coefficients introduced in (2.15).

Proof. Without loss of generality, we assume that k > 0. Let A = ). — idL~!, where
d €]0,00]. We rewrite (2.16); as

U = A+ L7102 = k) e — U s = f—]’; (3.30)
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where
gk = VARwNa + Fi — k(1 — §) L™ wya.
From (2.19) it follows that ||gk|lz2 < || Fk||r2. From (2.17) and (3.30) it follows that
e | = [0y¢naly = 1)]

' 1 gk sinh(k(y + 1)) (3.31)
a ‘/—1 U—- N\ +iL1 <Z/I O+ E> sinh(2k) dy| -

Recall that U(y,) = A,. Direct computation gives

1 /1 1
. = ———dy
U—-X\+1iL7Y| U =N+ L
1 1 3.32
5/ —_dy+/ dy (3:32)
R R LN Lt L] U= A
<logL
and
1 ? ! 1
I
U—-\+iL L2 S U=NP+L
1 1 3.33
./ L 1, b
L -t n L2 LN L ] 1= A
< L.
e The case |\, —U(1)| < |k|~!. From (3.31) it follows that
el Sl : + 1K il :
C o0 2
RESE L | Py wary o p IkllL U +il1||, (3.34)
Combining (3.32), (3.33), (3.34), and (2.19), we deduce that
le+] S IVidllzzlog L+ k|| Eyl| 2v 1/ k] V/°
< v V8 k| 75/8 log L) Fy || 12
Suppose F}, € H}. We integrate by parts of (3.31) to obtain
! 1 vARwNa + Fi — /{?(1 — 5)L_1QUN
— u// a a
e+ ‘/_12/{—)\ +'L—1( Pt ik )
sinh(k(y + d ’
sinh(2k)
1
< k|7 || Apwna
O P IR I st JCEY

. Fy sinh(k(y + 1))
log (U — A + L~
* ‘/_1 o8 (U= A+ )ay (U’z’k snn(@k) ) Y

1
U— X +il ||,

+ L7 ||wyal| 22
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By the complex natural logarithmic rule we have
llog(Uf — A +iL7")| Slog L, (3.36)

for all y € [-1,1] and A\, € [U(1) — |k|~U(1) + |k|7']. Using (2.20), (3.32), (3.33), (3.35),
(3.36), we obtain

e | S |KI7V2 (Vi Fy| 2 log L.
e The case \, > U(1) + |k|~!. Using (2.19) and

L+ [kl (1) = M|
Uy) = A+ L7

|k| (7S [_171]a

we obtain
(T + [&[U) = A)]e]

L+ |k|U(L) — A g\ sinh(k(y + 1))
'/ U— A +il 1t o+ ) sinh(2k) Y

sinh(k(y + 1))

<
S Iatullos | s

(3.37)

I
1/2

R NG Dk

S VYOO e

Suppose F}, € Hj. We proceed as in (3.37) and use (2.20) instead of (2.19), yielding
(14 [kled (1) = ADles] S k722 Vi Felle.

e The case \, < U(1) — |k|™'. Let g5 € R be such that U(7) = (1 + A)/2. Let
E=[-1,1Nn[-1,y)) and E° = [-1,1] N [yx, 1]. Using (3.31), we have

1
\ch]::/ Idy:/ Idy—l—/Idy. (3.38)
-1 e E

For the first term on the right-hand side of (3.38), we use (2.19) and the bound

(/.

/ Tdy < v Ok Bl (4 (1) = Al + K]

sinh(k(y + 1))
(U — \,) sinh(2k)

9 1/2
dy) SRV N —U)) !

to get

_ T 3.39
K2 Fill e (L) = A+ [K[75) (3.39)

S VYOO Fall e (RN (1) = A + 1)
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For the second term on the right-hand side of (3.38), we split into two cases. If A\, <
—1 —|k|7!, we have

sinh(k(y + 1))

sinh(2k) (JU(=1) = \| + L7 H)!

L (E)

/ Tdy < |U"dx + (i6) " gi e
E

5 V_1/6|k3|_4/3€_|k|/4(|u

(=1) = Al + 20&[ ) | Bl e (3.40)
SOk AU (1) = N+ RITHU(L) = U1+ R T E e '
SOk AU (1) = A+ (L) = U1+ 1) 7 Fe e
S (RIIUL) = Al + 1) o OO Bl o
If =1 — ||~ < A\, <U(1) — |k|7, we appeal to (3.32) and (3.33) to obtain
sinh(k(y + 1))
sinh(2k)

1
|Ll — /\T| + L1 LY(E)
sinh(k(y + 1)) 1

sinh(2k) || ooy (U — A + L1
S v VORI Byl (RN (1) = A + 1) log L.

/ Tdy < |éull~
FE

15 (E)
(3.41)

+ kM gkl 22y

L*(E)

Combining (3.38), (3.39), (3.40), and (3.41), we conclude that
x| S VORIV O Fall 2 (IRIA = U(1)] + L) og L. (3.42)

For the case when F, € Hj, we have

! 1 I/AkwN — k(l — (S)L_I’LUN
< i a a
|C+|—‘/1u—x +'L—1 <u¢k+ ik )

" sinh(k(y + d ‘

smh(?k (3.43)
! 1 Fy, sinh(k(y + 1))

/_ LU= N\ +iLT ik sinh(2k)
=7y + 1.

+

dy‘

For the term Z;, we proceed in a similar fashion as in (3.38)—(3.42) and use (2.20) to obtain
Ty S k2| VR F 2 (kA —U(1)] + L) og L. (3.44)
For the term Z,, we split into two cases. If \, <U(—1) — k=1, we use the bound

1+ kU — N

< k2
yé??ﬁ} Uly) — N\ il ™
to get
F h(k 1
1-2 < / k sin y + ))dy
(1+ /{:|Z/l — A\ | 1 ik sinh(2k) (3.45)
S kTP kU(1) ) I ViFill2.
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HFU(-1)— k1 <\ <U() — k!, we use the bound (1 + |k|[UU(1) — \.]) < |k| and (3.36)
to obtain

k ! o Fy. sinh(k(y + 1))
7, < log (U — N\, +i0gL1) O d
21 k() = A ’/ 0 ( L) 0, (ku sinh(2k) ) Y|(3.46)
SEY2(1 4+ EU) = M) Y Vi Eg| 22 log L.

Combining (3.43), (3.44), (3.45), and (3.46), we conclude
e | S 1KYk Fell 2 (Rl = U(1)] + L71) " log L.

The estimates for |c_| in (3.28) and (3.29) are similar and thus we omit the further
details. O

Lemma 3.5. Let wy, be the solution of (2.16) with 0 > kIm\ > —§gv'/3|k|?/3. For F, €
H=', we have

(L4 kA = U@ Her | + (1+ [E|[A = U(=1)])>*|c_]
< 1/*1/2|k\*1/2\|FkHH_1 log L.

Proof. Let

sinh(k(y + 1)) _ sinh(k(1 — y))

g+(y) = sinh(2k) 9-(y) = sinh(2k)

It is clear that g, € H'(—1,1) and g, (—1) = 0. Using (2.17) and Lemma 3.3, we get

i | = Kwna, 9100 S 1 Eell - <L3/2Hg+”L°°((*171)”(yr7L_1,yr+L‘1))
(3.47)

+(001) = M+ L)L gyl + Lligaxlis + v lgixl),

where x is a smooth cutoff function defined in (3.10). To estimate the last term on the right
side of (3.47), we aim to prove

(1 + [kl = U@DY N gexllr S [k log L, (3.48)

which concludes that the L!-contribution on the right-side of (3.47).
e The case \, —U(1) > 2k~!. Using the mean value theorem, we obtain y —1 > k! >
L~!. Hence, we deduce that

1 1 1
1 < oo 1 < T T .
lgsxllcr S lxllze lg+llr < k|72 4+ U(1) = M| k] 14 [k|[U(1) = A\

e The case |\, —U(1)] < 2k~1. We use (3.32) to get

1 1

7w +L71dy§10gL.

19 xlls < g e Il < /
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e The case )\, € [—1 — 2[k|"L,U(1) — 2|k|™Y]. Let gx = U (1 + \,)/2). Let E =
[—1,1]N[—1,y)) and E° = [—1,1] N[y, 1]. It is readily checked that

_ -1
X zoeqmey S (117 + A1) = Adl)
Using (3.32), we obtain

lgsxliz < gl X ) + g+l e lIxl e
S e MO Nog L+ [k (k|7 + [U(1) — AT‘)_l
< (1 + |k|jU4(1) = A ) M log L.

e The case \, < —1 — 2|k|~!. Tt is clear that
[Eld(1) = Al = [R[l(1) = U(=D)] + [K[[U(=1) = A | S F2U(=1) = A
Therefore,

lg+xllr < llgsllrelixlizeE) + g+ e XN oo (2e)

e—Ikl/2 1 1
< TS —
U=1) = Aol + [RI71 (R U(=1) = A
e—kl/4 1
< +
N4 R[U) = A T [EUT) = A

< 1 .
Tl R[U) = A
This concludes the proof of (3.48). The rest of the terms on the right side of (3.47) are

estimated in a similar fashion as in [18, Lemma 4.2]. Since the estimates for c_ is similar,
we conclude the proof of the lemma. n

3.3 Boundary Corrector

In this section, we provide the estimates for the boundary corrector. Most of the estimates
are carried out in the works [18,19]. For the sake of completeness, we decide to review their
main results and key estimates.

Recall that the elementary boundary correctors introduced in (2.15) satisfy

{ — V(02 — KD weg + ik (U — N wig — U"ik¢oy =0, (3.49)

Gre = A weg, Oydrn(y==1)=1, 9ydrs(y=F1)=0.

Let Ai(y) be the Airy function, which is a nontrivial solution of f” —yf = 0. For
convenience, we denote

v\ 3 UEL) FU(£1) — N —ivk
Li = y di = .

U(ED)k U (£1)

and define the approximate boundary correctors
T

Weap(y) = Ai (Lely+de)exp (i (5 5)))-
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It is easy to check that
L0 Waap — i (Y + di) Weap = 0,
which is equivalent to
(02 = K*)Waap + ik (U(£L) + U (£1)(y F 1) = A) W = 0.
Let W, be the solution of

— (02 = K )YWase + ik (U — X) W —U"ik® e
Uik Dy — KU () — UL + U (DG F 1] Wop,
(I)i;ap = Alzlwi;apa q)i;re = Aglwi;rey Wi;re 0.

|y=i1 -

Here, the expression U (£1) +U'(£1)(yF 1) is the linear approximation of the strictly mono-
tone shear flow on the upper and lower boundaries. Define

Wi =Wiap+ Wi, @p=A"W,.
It is clear that
—v (02 — KW +ik(U(y) — Wi —U"(y)ikPs = 0.
We assume that the boundary correctors solution (w.,w_) to (3.49) can be written as
wy =W (y) + EEWy(y), w-=CW_(y) + W (y). (3.50)
It is easy to see that

! sinh(k(y £1)) ! sinh(k(y £ 1))
/_1 simh(2k) = /_1 sinh(2k)

(8; - k2)q§+dy = 8y¢+(y = +1)

and

/1 sinh(k(y £1) 4, — /1 sinh(k(y + 1)) (02— k)o_dy = Dyo_(y = +1).

_1  sinh(2k) _,  sinh(2k)

Therefore, the boundary conditions on 0,¢4 in (3.49) are satisfied by setting

/_ 1w+(y)smlslifh<(yzZ)l)) dy=1 and /_ 1w+(y)smlslif}$?2;)l)) dy =0

and

wnd /_1 w-(v) Sinlsliflf(yz;r)l)) dy =0, /_ v (y)smgféég)l)) dy = 1.
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Using (3.50), we obtain

/ w( Slnh (k(y — ))d —|—QZ+/ Wy smh(k(y—l)) dy = 0,

sinh(2k) sinh(2k)
= A__ —:X;,__
smh (k(y+ 1)) /1 sinh(k(y + 1))
W_( d T W dy = 1.
= / smh(%) yres | Wel)—Shan W
—+ —Aiy

Similarly, we have
Q:A__ + QttAJ'__ — 1, €:A_+ + Qti_A++ - O
fD:=A__A,, —A, A , #0, then wy and w_ are linearly independent and
(_A+—a A——) (A-‘r-f—a _A—-i-)
£y) ’ D '
We shall prove that ® # 0 after Lemma 3.7 in (3.61). To ease the notation in forthcoming
arguments, we further denote

smh (k(y + 1)) _ / smh (k(y £ 1))
s:l: ;ap - / Ws ap smh(2k) Y, s:l: ire -+ Ws re smh(?k) dy7

(€. ¢)) = (€z,eh) = (3.51)

where s € {+, —} and

Ag(z) = / Ai(t)dt = /6 / Ai(e™/5t)dt.

i /6 4 P

It is easy to see that
ALy +d)) = —eAL_(y+ d ™) = —™ W), (3.52)

Lemma 3.6. Let p, = min{1, L(1 — |y|)}. For vk* <1, we have the following bounds

Wl e Sy 2L7H A+ k(A = U(=1)))) /| Ag(L-(d— = 1))], (3.53)
IWllzge Spm 2L+ [N = U)))?|Ao(— Ly (df + 1)), (3.54)
LI|W_||1 LW,
Wy, Wil -
[Ao(L-(d- = 1)) [Ao(=Ly(dy +1)|
L1/2 1/2W_ 5 L1/2 1/2W 5
R P L -

[Ao(L-(d- —1))| * |Ag(=Ly(ds +1))| ~

Proof. The estimates (3.53) and (3.54) are similar to [19, Lemma 4.3] and thus we omit the
details. To prove (3.55), we use (3.52) and [19, Lemma B.3] to obtain

’ W ap () ‘ ‘A’ —(y+d) H (y+d- ))‘
Ao(L_(d- —1)) Ao(L_(y +d-) _(d_—1)) (3.57)
S(L+|L_(d- —1)])"?exp {—cL_ y—l—l (1+|L_(d- —1)[)"/?},
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which implies

IW-apllzy S [Ao(L-(d- = 1)|(1+ |L_(d- — 1)])"/?

« /_1 exp {—cL_(y + 1)(1+ |L_(d_ — 1))/} dy

! 1/2
S AT oy A = D)+ L (d = )Y

1
S 7lAo(L-(d- = 1))
From [19, Lemma 4.2] it follows that
1
IWosrellzy < 71 Ao(L-(d- = 1))

Hence, we conclude the proof of (3.55) for the term [[W_{|z:1. The estimate for |[W, ||z is
similar and thus we omit the details.
Next we prove the weighted L? estimates in (3.56). Using (3.57), we obtain

L
AL (d_ 1)
1 1/2
~ = [ A+ Py

ALy ) ALy + )\
-t </1 pely) |Ao(L_(y 4+ d_)|? |Ag(L_(d_ — 1))? d )

1/2
‘np,! W apl| 12

(3.58)

1 1/2
o (/1pk(y)(1 +[L_(d- = 1)) exp{—=2cL_(y + 1)(1 + [L_(d- — 1))"/*} dy)

e The case |L_(d_ —1)| < 1. From (3.58) it follows that
L
AL (d —1))

! 1/2
SL (/ (1+|L_(y+ d_)|)€—C(L,(1+y)) dy) < Y2

1

1/2
| o> Wl 2
(3.59)

e The case |L_(d_ —1)| > 1. From (3.58) it follows that
L
[Ao(L—(d- —1))]

1 1/2
_ _1\(1/2
<L (/ pr(y) (1 + |L_(y + d_)|)e”OE-Hw)lL—(d-—1) dy)

-1

1/2
[

1 1/2
SL (/ (1+L_(1+y) + Ly + 1)|L_(d_ — 1)|)e”CL-WHulE-(d--DI" dy)

~
1

< LY2. (3.60)

~
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Combining (3.59) and (3.60), we conclude the estimate for |]p,1€/2W,;apHLz in (3.56). For the

reminder term ||p,1€/ *W_ el 12, we have
1/2 1/2 1/2
oW oellzz S 1IWsellze S Wl 22 W e 12
Using [19, Lemma 4.2], we obtain
_ _ 1/2
o2 Wollze S (L2741 Ag (Lo (d- = D)) [Ao(L-(d- = 1))
< LR Ag (L_(d= — 1))] S L7V Ag(L_(d_ — 1))].

Similar arguments prove the Hp,lc/ “Wpapl r2 part in (3.56) and thus we conclude the proof of
(3.56). O

We recall the estimates for the coefficients A,y and Ay+ from [19].

Lemma 3.7. [19, Lemma 4.4] There ezists a constant K > 0 such that if min{L,,L—} > K,

then
1 1 -
[A_—| = E|A0(L_(d_ =), A = C—L+|A0(—L+(d+ + 1)
At o V2o |As < ﬁ
AT 20 AL T 2

Moreover, the following two estimates hold
A S (L2 R 4+ L2 Ao(L(d- — 1),
Ay S LR+ L) Ao(= L (dy + 1)

A direct consequence of the lemma is that the following lower bound for the Evan’s
function ©

D =[A—Apy —A LA [ > %

o [Ao(Lo(d- = D)|Ag(= Ly (ds + 1))
- 2CL? '
This lower bound will turn out to be crucial to estimate the coefficients ¢, and Qﬁ$ introduced
in (3.50).
Lemma 3.8. There erists a constant K > 0 such that if min{L,, L—} > K and vk* < 1,

(3.61)

then
V2w || e
e <1 3.62
v - a-ppe el S (3.6
V2w || o
1 <1 3.63
o+ = e S (363
lpr w2 S v TPV 4 (K| |X - U1, (3.64)
e w2 S vTTPETYR (L |R|IA = U(=1))S, (3.65)
oy w22 + [l o3 2w || 2 S LY2. (3.66)
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Proof. First we prove the estimate (3.62). Thanks to Lemma 3.7, (3.51), and the lower
bound on the Evan’s function (3.61), we obtain

Asy
£Y)

|¢:|=\

<‘A++ ‘< L

A A |~ AT~ D] (3:67)

and

|€i-| 5 ‘ A_+ ’ < LQ(L—7/4|M—1/4_|_L—2) < V_1/12|k’_1/6

A AT Ao(=La(dy + 1)) 7 Ao(= Lo (dy + 1)

where we used vk? < 1 in the last step. Using Lemma 3.6, (3.50), (3.53), (3.54), (3.67), and
(3.68), we arrive at

(3.68)

lw-llzee < JEZ[[W_lLoe + [€X[[[W ] Lo
ST RN = UDDYZ v 20 [KIIA - U (1))
ST+ [RIA = U1,
For the L' norm, we use (3.55), (3.67), and (3.68) to get
lw_llzr < [€Z[[W_|zr + €Wl S 1.

This completes the proof of (3.62). The proof of (3.63) is similar and thus we omit the
details.

The proofs of the estimates (3.64), (3.65), and (3.66) are similar to [18, Proposition 4.4]
and thus we omit the details. O
3.4 Space-time Estimates

In this section, we prove the space-time estimates for the Navier-Stokes equations linearized
around a time-independent shear flow.

Proof of Proposition 2.6. Without loss of generality, we assume that & > 0. Let A\ = \. 4+,
where \; = —dov/?k~/3. We take the Fourier transform in ¢ to get

wi(A, y) = / wit,y)e™dt, or(\y) = / YLt y)et,
0 0

RO = [ gt j=123
0

Thus, from (2.11) it follows that
- l/Akwk + Zk’(u - )\)wk - zk:bl”gbk = Zk’Fl + 8yF2 + Fg,

1
or = A,;lwk, / wkeikydy =0.

1
We further decompose wy as

(2) 3)

O 4@ 4 w® 4 (@D 4+ e 4 @+ (D 4 @ 4 b

Wk = Wx, + Wy T WR, T (67 + 037 64 Wik,
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where wf@;, wl(\ii, and wl(\?’) solves (2.16) with the right-hand side forcing ikFy, 0,F5, and F3,

respectively, and
& =-0,0dly=1), & =-00ly=-1), =123

Using the Plancherel’s theorem, we obtain

|l il st~ [ funlBadx

0 R

/ e Mgl (1) [2adlt ~ / 166 BadA.

0 R

/0 e (1) Badt ~ / ik, B,) A7 Vw22

/ N8, ()| Zadlt ~ / IEjZadh, j= 1,23
0

The proofs of the components (wl(\llg, csrl)er;k, c(,l)w_;k) and (wl(\?a), cf)er;k, c(f)w_;k) are anal-

ogous to [18, Proposition 6.5] which rely on Proposition 2.7, Lemmas 3.4, 3.5 and 3.8, thus
we omit the details.

Next we estimate the contribution of the component (wl(\l?’a), cf)er;k, c(_?’)w,;k). From (3.29)
and Lemma 3.8, we obtain

e w2 + 1P llwe |22 S 577207 log L]V Fy | e,
1o *willze + 1P sl < 1672070 log LIV Fy| 2.
el + 1D w2 < [k log L] Vi Fy]| 2.
Let wg, be the solution of
Ol — v + ik — k") = 1,
Wm0 =0, wih|y—sr = 0.

By Plancherel’s theorem and (2.20), we have

2
VR e ) ()22 S R I )l |

2
< [l S eV e

Vi F3 L2

Hence, the bounds on vY/3|k|2/3||e=% p,/W!|[2, ,, and v/2|k|||e**w!||2,,, are consistent
with the right-hand side of (2.18). By (2.20), (3.29), [18, Lemma 9.3], and Lemma 3.8, we
have

ik, 0,) A (w0 + Py + Pw )| 1

_ _ 3 _
S K2 VB 2 + kYD Nwg o+ k772D w1
S kT Vi Fs] e

This completes the proof of the estimate of |k|?||e " iul |2, ..

The proof of the term v/2|k|||e=**wl||? . > is similar to [18, Proposition 6.5] and thus
we omit the details. O
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Now we are ready to prove Proposition 2.8.

Proof of Proposition 2.8. We recall the decomposition of the homogeneous component of the
solution w’’ in Section 2.2.2:

{wf (t,y) = W () + w2t y) + w0 (t,y),

(0 = k) =w?, 0| =0, i=1,23

First we estimate the term w,(:)(t, y). Since vk?* < 1, we have

V1/3|k,|2/3||65(Vk2)1/3tp11€/2w1(€1)H%QLQ + V1/2|/€| ||66(1/k:2)1/3tw](€1) H%?L?

SR D .

Direct computation of the explicit expression (2.22) gives

~J

(Vk2)71/3 2\1/3 & 243
S VPR w72 (/ 20wk tdt+/ e Cvkt dt)
0 (vk?)=1/3

vk?

9 oo 9 >
R e Y (7 / (AR =G gy

< [ wingk |72
and
/
2|k (| PR P2 L S U 2R wingel e S w2

Next we estimate the term |k[2[|e?@*) i )|2, , Recall that Gy, is the Green’s function for
Ay = —|k|* + 9,, with homogeneous Dirichlet boundary conditions, which has the explicit

form (3.13). Using integration by parts, we obtain
u,(:) = (—0y,ik) A, WV
' 1
= / (_az,n Zk)Gk<y7 @win;k(@/) exXp {—§<u/)27/k2t3 — Vk’2t}

1

" Oy exp {—itUk}

Zak Y
_ 1 ' Wink (Y) - Lo n2 12,3 2
= _lay ( 7 (—0y,ik)Gi(y,y) exp —g(u) vk t® — vkt

x exp {—itUk} dy,

where we used Gi(y,y = £1) = 9,G(y,y = £1) = 0 in the last step. Direct calculation
gives

S(uk2)15t, (1) !
1e2CF D ()| e S m”win;kHHé’
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which leads to

/
kP D3 s S Nl (3.69)

Next we estimate the term w,(f) (t,y). Note that w,(f) (t,y) is the solution of (2.23), which
can be considered as the solution of (2.11) with the right-hand side forcing

Fk = lkﬁl + 8yﬁ2 + ]Uf37
where
1
fo= okl + PR E), B=0, Fy = iUy

Using the explicit expression of w,(fl) in (2.22), we write
1 . Lo ne 123 2
) = 77, €XP —itUk — g(L[) vk*t® — vkt
i

4 2 4
X [1/ <8§win;k — gaywin;kull/l"yk%?’ — g(u'l/{”)'y|k|2t3win;k + §(M'U")2u2|k|4t6win;k)

2
— 2uill'kt (@win;k - gwin;kU'U"yk2t3) — vild" ktwin.p,

Direct computation gives

~Y

/ _
€54 08 12, < D10 2
Using (3.69), we obtain

/ / . _
e80Ty 30 = (1" P U R e e S w3 S B2 winsil -

An application of Proposition 2.6 yields

V3| 23| DR Pl 22112, k[P POR PP 2, s 2k DR P2,

vk2)1/3 2 _
+ M2k P e S (log® D)k w2

~Y

Finally, we estimate the term w,(;’) (t,y). We use similar arguments in [18, Proposition
6.6] and replace the estimates [18, (6.12) (6.13)] by [19, (7.21)]. We omit further details for

the sake of brevity. Therefore, we conclude the proof of the Proposition. n

Next, we derive the space-time estimates of the Dirichlet problem

atwk, - I/Akwk + L{zkwk - L{”zk:wk = Zklfl + 6yﬁ2,
1

At =i |y, =0, / ey = 0, (3.70)

-1
wk(t = Oa y) = win;k(y)'
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Proposition 3.9. Let wy be the solution of (3.70). For v|k|* < ||U'||p~, we have

Hea(ykZ)l/St 3/2 S(vk2)1/3¢

D222 e + 3|23 DA L2

P Wil + K7l
+ M2 k[ ey G e + 2 €0 [ e (3.71)

S Nog v (1K1 lwmelfz + v 2RI CF 4 oo + 07 [ T 2)

Uk H%QLQ

Proof. We decompose the solution of (3.70) as wy = wil + wl, where wl solves (2.11) with
Fj. = ikf; + 9,8, and w}’ solves (2.12). Using Propositions 2.6 and 2.8, we obtain

M3 |k 23| DR P R[22 P 12
+ U2 k|| 20FD Py (1240 4 02 R[22
S Hog v (2 k] ~3||Oytornsk |72 + k]~ |wiasil 372

K e VPR (S T

(3.72)

It remains to estimate the first term on the left-hand side of (3.71). We perform an L?
energy estimate as in [18, Proposition 6.7], where a mollified version pj, of the function py is
introduced in [18, (6.17)]. The only modification lies in the additional term in the energy
estimate, which can be estimated as

‘/ﬁwW@M4=Vﬁ%ww@@4§WMwMWWWM§

We integrate in time to get

| 1l 1V 2
0

< Nog v (V31|21 0ywins || 72 + ||win;k||fqg + v B3 e + v (BT )
Hence, we obtain

vk2\1/3; 3/2
||e<5( k2) tpk/ Wk”%ooL? (3.73)
1 e B e e Y i A T

Combining (3.72) with (3.73), we conclude the proof of the proposition. ]
Finally, we are ready to prove Proposition 2.5.

Proof of Proposition 2.5. It remains to estimate the term [|e®"*t(1 — |y|)"/2wy||=z2. The
proof is similar to [18, Proposition 6.1] by appealing to Proposition 3.9, thus we omit the
details. O
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3.5 The Frozen-time Scheme

In this section, we prove Proposition 2.4. We will derive the following more refined version:

Proposition 3.10. Let wy be the solution of (2.2) and U(t,y) be the heat extension defined
in (1.3). For any 6. € (0,6/2) and v|k|* <inf>o |U'(t,-)|| s, we have
R e R L e R 9
vt/ ot/
R gl B + 02 R 5 2 (3.74)

— — / — /
o, og vf? (Ikl 2 lwimallle -+ 2RI ™ U By + 07 5 Uy a2

Proposition 2.4 is a direct consequence of Proposition 3.10 by taking ¢ = d, in (3.74).

Proof of Proposition 3.10. The X|;; estimates. We recall that X is defined in (2.31).
Since wyg) is a solution of the frozen-time system (2.25), we use Proposition 2.5 to obtain

Xy S 1og vl (Jlwtmelids + v k120,01
+1/_1/3|k|4/3||65”1/3t(1f1 + Fpisclo)) “%Q(I[O];LQ) + ’/_1||€5V1/3t]0f2“%Q(I[o];Lz)) (3.75)
S Nog v (k=2 e I3z + v k1216 + ot 2 gz + v MalEagany) -
Similarly, for j > 1, since wy;) is a solution of (2.27), Proposition 2.5 implies

X2 Nogvf? (v I8y + B+ Brvonenill 3220 + 0 ol )

(3.76)
S |log V|2 (V71/3|k’4/3||ﬁ1 + Ipise]j] H%Q(I[j];L2) +v! ||E2||%2(I[j];L2) + Vl/sy[jz'])v
where we used Lemma B.3 and vk? < 1 in the last step.
The Y[;-estimates. First of all, we observe from the definition (2.31) that
lwpillzz @,z < e 1Xyy,  for all j' <, (3.77)

(and of course, |lwj[|L2(z,,,2) = 0if j* > j). For j > 0, using (3.77) and the Cauchy-Schwarz
inequality, we obtain ‘

. 2 . 2
J j
Yii = (Zu —J+ 1>meHLz<zm;z>> S (Z@ —j 4+ 1)e Xu'])

§'=0 j3'=0
< (Z(] — 4+ 1) 20T )/3> (Z e~ 70 (i—J )/3X[2j’]7> (3.78)
4'=0 3’=0

J
—76.(G—3")/3 v2
S UG,

/=0
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From the previous estimates (3.75), (3.76), and (3.78) it follows that
J
¥ Sl Y2 eI UG v+ W
ot

+ /3 Y[

]/]I]_ />1i| +e é*j/3| IOgV|2|k|_2HWin;kHi]£‘

For £ defined (2.32) we use (3.79) to obtain
£ = Z 626*JY

N ,
< Z | log y’Q Z o0+ (G=3")/3+20.5' [Vfl/S‘k‘ll/SHﬁl + fEDisc[j’} H%Q(I[j,];LQ)
=0 §'=0

N
B ey + YR Ly |+ S € log w2 el
7=0

N
S 3 Hog 2 [y 5 8y + ol
J'=

_ i/

|f2|’%2(z[j,};L2) + U BTV, ﬂj'zl] + [ log ||k [l wings 772
Using Lemma B.3, we obtain
_ 173 _ 1/3
£ < |logv|? [V L[ Y AP S 1 R PAN S
01 log € + [og 12 k2wl
We take v > 0 sufficiently small to obtain

_ A/ 1y 8w
& < [log V|2[V 1/3’k|4/3|’€6* ' BthlH%?([O,T];L?) tv 1”66 1 Bt]UfQH%?([O,T];L?)
(3.80)
1ol et 25|

This concludes the proof of the estimates for the last three terms on the left-hand side of
(3.74).

The L° estimates. It remains to bound the first term on the left-hand side of (3.74).
We note that wpj; is a solution of (2.25) if j* = 0 and is a solution of (2.27) if j* > 1.
The space-time estimates for the time-independent flow problem (Proposition 2.5) and the
fevozen(j-estimate in Lemma B.3 imply

||e§(j—j )(1 _ |y|)1/2W[J’/} ||L°°(I[j];L2)
< |logv| (V_1/6|k:|2/3||1°f1 + Eisely) + Ly >1frvoment) |22z, 02) + V_1/2||f2||L2(Z[j,];L2)

o bl el 2 Lo (3.81)
5 | lOg V’ (yl/GY'[j,] ]1]-/21 —+ y*1/6‘k‘2/3HfF1 + fEDisc[j’} ”LQ(I[J-/];LQ) —+ Vﬁl/Q”]UfZHLQ(IU/];LQ)

+ ‘k|7l”win;k”Hz ]]-j’:O) ,
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for 0 < j' < j. Hence, using (3.81) and the decomposition of solution wy, in (2.30), we obtain
J1/3
Heé* t(l - ’y‘)l/zwkHLw(z[j];m)
J
N Z eI 70|00 (1 — |y|)1/2w[j’]||L°°(I[j];L2)
/=0
J
S Nogv| Yy @006 [0V 4+ 1= Ok P + eyl 2z, 1)
J'=0
+ 7 2 a2y + €O og vk whak |z

We observe that e/’ 12 and thesum 37, e20-=0)0=1") < Cs.
Applying the Cauchy-Schwarz inequality and the fpi[j-estimate in Lemma B.3 yields that

/
8[| 2z,i2) = (€| 2

e (1 = |y 2wnl| e o rys22) S sp [l (L= [y e aoe
< |log V| <V71/6‘k|2/3H€6*y1/3tﬁ1HL2([07T];L2) + V71/2Hed*yl/gtﬁé”LQ([O,T];LQ)
+ “{7|_1”W1n;k“H]3) + |log v|p/SVE.
Using (3.80) and taking v > 0 sufficiently small, we complete the proof of the proposition. [J
3.6 Estimates in the High Frequency Regime

In this section, we prove Proposition 2.3, which captures the high mode dynamics.

Proof of Proposition 2.3. We take the L? inner product of (2.2); with —; to obtain
(Opwr — (82 — k*)wy, + iUkwy, — U"ikiby, —p) = (ikfyy, + 0y Fa, v),

which leads to
1
((‘9tuk, uk) + l/”(,uk”%z + (@'Ukwk, _¢k> + Z/f/ U”|¢k|2 = <ikﬁ1;k —+ 8yf£‘2;k, 7,Dk>
—1

We take the real part of the above identity to get

1d

1 1
g Il 4 v el =Re [ Vikwnddy + Re [ (i + 0,800 dy. (352)
1 _

1

For the first term on the right-hand side of (3.82), we integrate by parts to get

1 1
\Re [ vk dy\ _ ]Re i [ o, dy\ <N e (K1 19y Nl
-1 -1 4

4 3
< gykz 10y ell72 + ZV/# [y
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where we used §||U’|| Ly, < vk? in the last step. For the second term on the right-hand side
of (3.82), we again integrate by parts to obtain

1
. — 2
Re [ (4 08000y < oz (Il + 18l )

1 ! (3.84)
ok (10,0l 2 + K l32)
From (3.82), (3.83), (3.84), and (3.8), it follows that
d 2 2 < 1 2 2
En kll L2 kllL2 > ~ 79 Lkl 12 2:kllp2) -
Zlallze + v lleonle S — (el + E2al )
We integrate in time to obtain
¢
62@1/315 ”uk“i2 + 7// 62@1/33 ||Wk”i2 ds
0 (3.85)

t t
f C ,
< 21 /0 S e+ o [ (Il 4 Wl F2) + C a3

Since k?||ug||3, < [|wll72, we infer that

t t
2C1/1/3/ 2 lug [ 2ds < g/ XV w72 ds, (3.86)
0 0

by using vk* > 1/4. Combining (3.85) with (3.86), we obtain

k2||6CV1/3t Cul/3twk|’%2L2

1/3
*fellZare) + Hwin,kHiQ :

ukH%OOLQ + Vk2||6
1/3

S (le” il ape + e

Using k?||ug||7: S [lwellFe S vE?||wklz2, we infer that

~Y

kznecyl/gtukH%sz + l/kzﬂecl’l/% Cvt/3¢

v (e

willzerz + K [le” L2 2

(3.87)
) S/
Fropl|2ape + [l

okl For2) + lemillze

It remains to estimate the term [|e¢”"*(1 — |y|)*/ 2wy || oo 2. Denote G = Oy, + ikUy.
Direct computation shows that

{AkG = Oy + 1kUwy + 2ikU' 01y + ikU" 4y, (3.88)

Gly=t1 = 0yGly=s1 = 0.
We take the L? inner product of (2.2); with —G and use (3.88) to obtain
<Z-k]fl;k + ayﬁ.g;k, —G> = <8twk — I/Aka + Zkka - Ullikwk, —G>
= <AkG - 2@kU’8y¢k - QZICU”@/Jk - l/Akwk, —G>
= [10,G |72 + K*||G)72 + v{wk, AkG) + 2ik(U' 0k, G) + 2ik(U" Py, G)
= 10,G|I32 + K*||G||32 + v{wg, Orwy + ikUwy, + 2ikU'O,nby + ikU" 1y
+ 2ik(U'0y)r, G) + 2ik{U" Yy, G).
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Taking the real part, we get

vd
2 el + 1,61 + RIGIZ:

S vIklllwell 2210y k] 2 + vIE[[ 0yl 2 10kl 22 + [EI1Oy k]| 22| Gl 2
k[ rll 2 |Gz + F[[[Eral 2| Gl 22 + 2]l 2110, G 2

S vllwillZ: + vE* 10, 0ullZ: + 1kIOynll 2 G llz2 + [ [xllL2 |Gl 2
Rk 22| Gl 22 + 2kl 2 10, Gl 2,

where we used Lemma B.2 and (3.8). Therefore, using the Young and Poincaré inequalities,
we obtain

d
vllwillze + 10,Gle S Iellze + 1Bk l1Z2 + vllwellze.

We integrate in time and use (3.87) to obtain

¢vt/3t

_ 1/3 _ 1/3
e wplfeore S v e gl ere + v 1€ ol e + llwinellZe.

The proof of the proposition is thus completed. O

4 Nonlinear Estimates
In this section, we prove nonlinear stability. We denote
By = 16 (1 = yl)Penlleng + o R 1 ol g + 1Rl unll sz
for k € Z\ {0}, and
Ey = lwoll zgor2-

Proof of Theorem 1.1. We apply the Fourier transform in the z-variable and rewrite the
equation (1.6) into the linearized form (2.2), where

g =—fp = Zugl)wk,g, fop = —f7 1= Zuf)wk,g. (4.1)

el LeZ

By the boundary condition u(? ly=+1 = 0 and incompressibility V - « = 0, we have ué2) = 0.

Therefore, from (1.5); it follows that

@ — v’ == 3 uPou) = - 3 WP 9ul) —itu®)
am e 42)
LeZ\{0}

Multiplying (4.2) by aguél) and integrating by parts, we obtain

1d

1 1 1 1 1 —
5 g l10un 22 = —vll5ju” 152 + (5. Oun”) < —5vl05us” 72 + (20) 1SS N2, (43)
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where we used the boundary conditions uél)|y:i1 = 0. Since wy = —8yuél), integrating (4.3)
in time yields

B = ool gz S v 1222 + etmoll2e (1.4)
For k # 0, we have
/34 (2 2 2
a7 )| | Y FPR TR U o %)
A=l ||, ok e
t Ly t
2 (2
20 { - | [Y 0. (t, 2)d2 . | [Y, 0.ul (t,z)dz]Q} (4.5)
yel(0,1] -y "yel-10] L+y L1
t

y1/3 2 v1/3 1
< [ 02 7z = kPN w32 < B,
where we used the Cauchy-Schwarz inequality. For k& € Z, combining (4.1) with (4.5) gives

1/3 1/3 2
||€<V tfl?HL%LgS Z ||€<V tué )Wk—zHLng

£eZ\{0}
(V1/3t (2) 1
<C Z |y|)1/2 (1 —1yl) / kaeHLgOLg (4.6)
e7\{0} L2Lge
<C Z EoEg—y,
te7)\{0}
where we used u(()2) = 0. In particular,
2
1 follzzr: <€ > EE.. (4.7)
e7)\{0}
Combining (4.4) with (4.7), we obtain
By Sv'? Y EE_o+ |winollze- (4.8)

LeZ\{0}

Next we estimate Ej for k # 0. By Proposition 2.1, for k # 0,

_ . - _ v/
B S [og ] (|| lwingell sz + min{v ™0k, 723 [ fl a2

(4.9)
4 V_1/2||6CV1/3tf13||L2L2)-
For k # 0, using (4.1) we have
J1/3 1 J1/3 J1/3 1
e ™ Fillzoze < llus” e e wrllzzs + 1€ uf” | 2o lwoll ez
v/
+ > e Pl 2 (4.10)
LeZ\{0,k}
=T+ 1T+ T;.
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By the Poincaré and Agmon inequalities,

1)1/2 1)n1/2
N2 L 10,us” )

1 1
lug N oz < N 112 s tors S 106 ez = ol vz

Applying Poincaré and Agmon inequalities again gives

1/3 1)1/2 1/3 1),1/2
T+ Ty S lwollzery (1€ wllzps + 10, 15 e i 152, )

1/3 2 p1/3 1)1/2
S loollesg (1™ ol + (lolzzsg + It Nzzsg) 2 0e " uP45,) )

1/3 1/3
S llwollzgerz <||€CV ‘wll 2z + k|2 | tUk”L%L%)

< v VA k| TY2 B Ey.

A similar argument to (4.5) yields

/e, (1) 2
e Um’ (T, 5
- (1/2y) < e ol 2y, Ym €L
(L —lyl) 212
L?L
Therefore,
Cul/3t (1)
e u
LIS DN il I (R R 0%
(€Z\{0,k} IV e
pl/3 1
< S 1 0, a1 [y 2wl e
£€7\{0,k}

which leads to

1/3 1/34 « _
Ts S (1wl + e AT wilzzg ) 11— o) e ellrpons

LeZ\{0,k}
y1/3 y1/3
S Z e tweHL%LgH@C t(1_|y|)1/2wkz—é||L;>°L§ (4.12)
£eZ\{0,k}
5 Z l/_l/4|k‘|_1/2EgEk_g.
eZ\{0,k}

Using (4.6), (4.8), (4.9), (4.10), (4.11), and (4.12), we obtain

S™ B < 1og o] 3 [ el + v /2 log ] 32 S BB

kEZ kEZ kEZ (T
2
< Nogv] Y k| lwingell g + v~ [log v (ZE:) :
kEZ keZ

Noting that the initial data ||wi, | z2 < ev*/?|logv|~? implies

Z |k‘_1”win;k“H§ N 5’/1/2‘ logv|~2.
kEZ
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A continuity argument yields

Z By < Cev'?|logv| ™!,

kEZ

concluding the proof of the theorem. m

A Properties of the Singular Integral Operator J;

This section collects the necessary estimates related to the physical side ghost singular inte-
gral operator defined as

ko1
Jelf1(y) = [k p-V-—/ Gy, ) (Y)Y Al
AW = kpv [ e G )W) (A1)
where Gy, is the Green’s function for Ay, := —|k|*+9,, with homogeneous Dirichlet boundary
conditions and has the explicit form (3.13).

Lemma A.1 ([13]). The singular integral operator Jy extends to a bounded linear operator
on L? — L* and moreover

ISkl o2 S 1.
The next lemma captures the commutator between 0, and Jy.

Lemma A.2 ([13]). If f € H' then J;[f] € H'. We define

i = [0y, Ji]
Then
1 /
Hk(y,y) / /
lfl=klpv. [ ————f(y)dy,
)= e [ S py)
where Hy 1s given by
inh(k(y +y'))
o " _sin
K. 9) sinh(2k)

We have the following commutator estimate on ;.

Lemma A.3 ([13]). There holds the estimate

19kl 2 2 S 1K

Lemma A.4 ([13]). For all f,g € L* there holds

and
1

Faulgldy = — / el Flody,

-1 -1

which in particular, implies I, = Jj.
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Lemma A.5 ([13]). Under the regularity hypotheses, for all § > 0 sufficiently small (de-
pending only on universal constants), the following estimate holds

. ~ k: 2
Re(-Ukwy, Jue) < — 5 |9, 3,
[Re(U" ik, Jxwi)| < CO||Vidrl72,
Re(yAkwk,fjkwk) < CVHV].{LU}M%Q,

where the implicit constant depends on |U||cs.

B Auxiliary Lemmas

Proof of Proposition 2.7. Without loss of generality, we assume that & > 0. First, we develop
the estimates for the spectral stream function ¢y, and the spectral vorticity gradient Vwy,
using the singular integral operator J;. Next, we use some standard resolvent estimate
techniques to derive the enhanced dissipation estimates for the spectral vorticity wys,.

We aim to prove the following key estimates

BN Vkdxallzz + VI Viwsallz2 + /1K (ImA) 4 [[wyal| 2

< Oy 2v 6 k|3 | Fyllie + CO3vb R fwnall e, i F € L2, (B.1)
B[ Vidnallzz + VY[ Viwsall 2 + V/[F[(ImA) 4 [[wa]| 22

< CIk[ Y|V Fallz2 + COZ b K|S [wnall e, if Fi € HY, (B.2)
B[ Vidnallzz + VY[ Viwsall 2 + V/15[(ImA) 1 [[wa]| 22

< O H|Fillu-t + C2v8 k| |wnall e, if Fp € H. (B.3)

First, we multiply the equation (2.16); by Wy, and take the real part to obtain
—v / AjwNaWNady + / (U — NikwnaOnady = / Fronady + ik / U pxa DA pnady.
We integrate by parts to get
V|| Viwxal|7e + ik /(Z/{ — Re) Jwya [*dy + kImA|jwal|7
— [ Fasady — it [ Viox) - Vi

Taking the real part, we are led to

V|| Viwnal7e + kmax{0, ImA} w72 < [Re(Fk, wxa)]

. B4
1 e bl 2110y a2 — e min0, T} o 2. (B4)

Thanks to the spectral constraint kIm\ > —&or'/3|k|?/® and the fact that wy. € H}, we
apply interpolations based on the regularity of F) for the first term on the right side of
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(B.4), yielding

V[ Viwnallzz + [k max{0, TmA} flwxal[7> < min {|| Fil| 22 [[wall 2,
[ Fsl[ -1 [ wnall a1, IViFll 2 | VidNall 22 } (B.5)
+ Hum||L°°||Vk¢Na||%2 + 5OV1/3|k’2/311m)\§0||wNa||%2~

Next, we test the equation (2.16); by Jrwy and take the real part to obtain
Re (—vArwna + k(U — Rel — ilmA\)wna — U ikdna, Jrwna) = Re(F, Jpwna)-
Rearranging the terms yields

Re(L{ikwNa,"}kwNa> = VRe<AkwNa,3kwNa> + kRe) Re (i(wNa,ﬁkwNa))
— KImA Re(wya, Juwna) + kRe U igna, Jrtwoxa) + Re (F, Jpwa) =: Y T
j=1

The left-hand side of (B.6) and the term 7} can be estimates using Lemma A.5 as

. ~ k?
Re(Uikwya, JxwWNa) > 1—6HVI<¢NaH%2v

T, < CV||kaNa||%2.

w W
oo
~—

Thanks to Lemma A.4, we have the identity

1 _ 1 B 1 B
/ Faulfldy = / F3ulfldy = / Falfldy, Vfe L.
-1 -1 1

Hence, we deduce that fjlfﬁk[f]dy € R and in particular, fjl WNadkWNady € R. Using
Lemma A.1, we obtain

Ty = kReA Re (i{wNa, JxWna)) = 0,

B.9
T3] < k| (3003 |k| 7 * Limaco + max{0, ImA}) [Jwxal|7e. (B.9)
Now we estimate the term T,. Based on the type of regularity, we have following cases:

o If F}, € L?, we invoke Lemma A.1 to obtain
T4l = [(Fi, Jewna)| S || Fell 2]l wnal 22

e If F}, € Hj, using Lemmas A.1 and A.3 we obtain

T4 = [(Fk, Jswna)| S [{IE[Fr, Julklona)| + [ (Frs I60yyPna) |
S IVeFillz2 [ Vidnall 22 + [(Fr, 0,360y dna) | + [(Fi, [0y, Jk]0ydna) |
S IVeFil 2| Vidnallz2 + [(0y Fie Jx0yéna) |
+ 1Bk Oyl 2 2 | Fi [l 22| Viednal | 22
S IVeFil| 2| Vidnal ze-
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o If Fj, € H™', using the definition of J;, in (A.1) and Gj(+1,y') = 0, we get

! 1 Gk(ilay/)

J ==+1)=Fkp.wv. — Ndy' = 0.
Bunnly = £1) = kpv. | 5 )iy =0

By Lemmas A.1, A.2, and A.3, we deduce
10y 3rwnallLz < ([ Tk0ywnallzz + ([0, Jn]wnallr2 S | Viwnallrz-
Hence, Jywy, € Hj and

Tal S N1Fell -1 [ Viewnall 2
To summarize, we have the following bound for the term 7}:

T3] Smin{l\FkaHwNaHLz, IVEEk]| 2] Vidnal 2, HFkHH—lekwNaHm}- (B.10)

From (B.6), (B.7), (B.8), (B.9), and (B.10), we infer that there exists a constant Cy > 1
such that

kP Vignall 72 < Co <V||V1<:w1\1a||%2 + min { || Fel| g2 [|wnall 2, 1F3ll -1 (| Viwal| 2z,
(B.11)
HVkaHLQHVk¢NaHL2} + ‘k‘ (50V1/3’k|_1/3]11mA§0 + max{O,Im)\}) H’LUNa”%z).

We multiply (B.11) by 1/2C, and add the resulting inequality to (B.5) to obtain that

|k

2C)

<2min { || Fillz lwnallzzs 1Bl losallig, 195 Fellz2l Vaowallzz }
+ U | oo Vil 72 + 2600 |KI* Limaollwall 72

Id

v
+ EHkaNaH%Q + o max{0, ImA}||wxal| 7.

V| Viwnal72 + [k max{0, ImA}wyall7> + 5= Vidnallz:

Consequently,

K2
4C)y
< amin | Fellzellwallzz, 11Fkllmlosallmgs I90F ezl Vil 22 |

+ 45003 k|3 Limaco || wxa | 2o

V| Viwsal72 + [k max{0, ImA}lwyall7> + =1 Vidnallz-

(B.12)

Based on (B.12), we conclude that:
o If F}, € L? (B.12) implies

Lk

4—COHVk¢NaHiz
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8

< WHFIC”QLQ + 8000 [ Ly [ wna 72

+ 5 imazsor 1| max{0, TmA} w72,

which leads to

k|
|V idnall L2
21/CY
< 0(50_1/21/_1/6|k|_1/3”Fk||L2 + Climacsor—1 vV 6o [kl wna 22,

and (B.1) follows.

\/;HkaNaHLQ —+ \/‘k| max{O, Im)\}HwNaHLQ +

o If F € H}, (B.12) implies

k| 2
4—OO||V1<:¢Na||L2
k|

8Co

u||kaNa||%2 +

< 3200 k| "I ViELl|22 + —o || Vidnal 22 + 40002 | k|2 Tima<ol|wnal 22,

and (B.2) follows.

o If F € H', from (B.12) it follows that
|2
4C)y

_ 12
< 8V Fill3-1 + §||kaNa||%2 + 46003k [** Lima<ol | wnal| 72,

V| ViwsallZz + | Vidnalli:

which yields (B.3).
Next we estimate the spectral vorticity wy, following the strategy in [19,21]. We introduce

the following test function x; € C*°([—1,1]):

1
U(y) — ReX) +iL—1

xi1(y) =
(
It is readily checked that

LY xallz + L2 xallee + L720,x o= < C

! : (B.13)
PR 1
Ix1fllzz < Ixallzallfllizee < CLENFIZNVESIZ V€ Hy([=1,1)).
We test the equation (2.16); by x1wna and taking the imaginary part, obtaining
tm (i [ (@) = V)il dy)
= —VIm/kaNa - Vi(xawna)dy + Im/F’fxleady (B.14)

+ (i [ Uon. iy
= T5 + T6 -+ T7.
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For the left-hand side of the relation (B.14), direct computation and (B.13), give
U — ReA)? + L' TmA
=kR a 2(
e/mm‘ (U — Re\)? + L2
=kllwxall7> + kL7 (ImA — L7 [ xawxallz2

(B14)p, s

! g (B.15)
>k||wNallzz — Clia<r-1A L™ [|wnal| 22 [| Viwnal| 22
1 2
Z§HwNaHi2 — Clprcr 1 k]3035 || Viwnal| 72
For the term T5, we use (B.13); to get
| T5| <v||Viwxallz2 (X1 2o Jwnall 22 + (X1 ]| 2 || Vewnal 22)

1 2 2 1

<Cs k|5 || Viwnal 2| wnal 12 + Cv3 k[5]|Viwna 2 (B.16)

_1 1
<08y v |k|3 ||V iwnal 22 + 6 K| || wwal 22

Similarly, the term Tg is estimated using (B.13) as follows:
_1 1 .
(Jlwwall 2 llx1 Fill 2 < Cv™s k|5 |wxall 2| Fell 2, if Fi € L,
_1 _1 .
lwnallzz X1 Fell e < Coms[k|73 ol 02|V iFell 2, if Fy € H;
_2 2 _1 1
I¥kOceona) | Fullir < C (v 3kl feowall oz + 073 K[ [ Vawnallze ) 1 Bxlla,
if Fbe H '

|Te| < <

\

Finally, we estimate the term 77 using (B.1), (B.2), (B.3), and the bound ||U" ||z~ < k as

(75 <CIU" | o Flllwnall 2 [ énaxi |2z < CIU" oo Bl lfwxal | 2v™ s 5|75 [ Vil 22

<Cr 8 k3 |wnall 2 min{8y 208 k|5 | Eull 2, K171V Fil 22, (B.17)
v | Felli 1} + CroZ sl 2.
Combining (B.1), (B.2), (B.3), (B.14), (B.15), (B.16), and (B.17), we obtain
o If F}, € L2,
leosallZ S 80 V3 IRI S I ViwnallZe + 03 llwmallZe + v k1wl 2 | Fil 2
kS| [l | Fell o + 508 1] lwnal 2
< 0y R B2 + 6f e 22
We take dp > 0 sufficiently small to obtain

v |k[5 [lwnall 2 < || Fel e

The estimates of E[wna, ¢na] and /|k[(ImN) ||wna||zz in (2.19) follows by appealing
to (B.1).
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o If F}, GH&,

-1 2 2 1 1,4
lwnallze S 0o *v3 k73 [ Viwall72 + 0 [lwsal72 + 170 k73 [[wnall 2| Vi Fl| 2
1T 1.
+ w8k lwnal |2 | Vi Fil 22 + 506 k| lwal 72
1 8 1
< 0 w3 KT3IVl + 05 llwnallZe-
We take d§y > 0 sufficiently small to get
1,4

volkls[lwxalle S IVeFillze. (B.18)

From (B.18) and (B.2) it follows that
1 1
kI Vidnall 2 + VVIIViwall e + vE (k[ |wsall e S 18I ViFill e,

and the estimates of E|wya, ¢na] and /|k|(ImA) [[wyal| 2 in (2.20) follows.
o I I} € H_l,

122 1 _2,,-1
lwnall7e S 0o w5k 75 || ViwnallZe + 6a lwnallze + 275 |k 75 lwxall 22 || Frll -1

1
R Bl | Vsl + 563 TH sl

_1 1
< 8y T K]S FRlZes 4 8 [Jwnal 2.

Similar arguments as in other two cases yield the estimates of E[wna, ¢na] and the term

TEITmA) + [[wyal 22 in (2.21).

To conclude the proof of the proposition, it remains to prove
V]| Apwnallze < min{[|Fel g2, Ok 722V |12} (B.19)
We test the equation (2.16); by vAjwy, and take the real part to obtain

V| Axwnallzz + vIEI(ImA) 4| Viwsa 72
< |(TmA)— V]| Vw72
+ Cv [k [U || oo [wnall 2 | Viwnal [ 22 + Cv R IU [wroe |V iénall 22 [ Viwnall 2

(B.20)
+ C'min {VHFkHLzHAkwNaHLz, y||kak|\L2|yvkwNa||L2}

. _ 1
< CE[wna, ¢xal” + Cmin{|| B[ 7, v PRVl 2} + 57| Axwnall 72,

where we used the relation v'/3|k|71/% < 1/1/6|k|*2/3||2/l’||2/£ in the last step, which follows
from v|k|? < ||U'||z~. From the already-established bound

Elwya: ¢xa]” S min{ || Fl[ 2z, 2 k72| Vi Fi |22},

we deduce (B.19) from (B.20). O
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Lemma B.1. For & defined in (2.32), we have

/3
™ wllizqoryz) S €5

where 0, > 0 is the constant from Proposition 3.10.

Proof. Using (2.30), we have

N
||€6*V1/3tw||%2([0,T];2) - Z 2
j=0 71

j
Z Wi
§'=0

An application of the Cauchy-Schwarz inequality leads to

j 2 j J
1
ZIIMﬂIIz) S/ (Z(j_jl+1>2||“’[j’]||23> (Z | —
/Im (jfzo Ly 7'= G=g 1)y

§/=0 0

. 2
J
< C (Z(] _ j/ + 1)”&][]-/}”[/2(1[]_];2)) = CY’[?]

=0

Therefore, we conclude the proof of the lemma.

N j 2
? 204 (j+1) S
< - . ,
‘Z < § ¢ /I § LE
7=0 [4] ]/:O

]

Lemma B.2. Assume that Uy, € H*(—1,1) satisfies the compatibility condition (1.10). Then

for U(t,y) defined in (1.3), we have

Ut ) = yllas S Ui —yllga, VE>0,
Ult,y) — U
sup (t.y) = U(s,y)
vel-1,1] 1—y|
HU”(t» ) — U//(s, )HLE S v||Uinl| 52|t — s,

S VI Uinllaaft = s,

foranyt>s>0.
Proof. From (1.3) it follows that (U — y) solves heat equation

(U —y) = v (U —y),
(U_y)‘y::l:l =0, (U_y)(t:()) :Mn_y

A standard basic energy estimate yields (B.21). Hence, GE(U —Y)|y=+1 = 0 and

y=1

/lay(U—y)dy:(U—y) = 0.

y=-1

By the Agmon inequality and Poincaré inequality, we have

10,(U = )z S 18,(U = 91510, (U — )15 S N02U = y)] 12,
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(B.21)

(B.22)

(B.23)

(B.24)

(B.25)



for any ¢ > 0. Differentiating (B.24) gives
8i0;(U —y) = vd2(0;(U —y)),
2(U —y) T 0, 9;(U—y)(t=0)=0;U.
Using (B.25) and the basic energy inequality of the heat equation (B.26), we infer
10,(U = )llezerge S N05(U = 9)llezerz S 105Uinllez S 1 Uinlla2-
Similar argument yields

10, (U = llzeerge SN0,(U = )llzerz S 105Umllzz S Uil ars.

Let t > s > 0. From the fundamental theorem of calculus it follows that
t t
Ult,y) — U(s,y) =/ O.U(r,y)dr = V/ U (r,y)dr, ye[-1,1].

Using (B.27), (B.28), and the mean value theorem, we arrive at

‘U(t,y)—U(s,y)‘ Sy/t

1—y

BU(t,y) — U (T, 1)
y—1

T

t
< 1// sup |8§’U(T, y)|dr < Cv||Upl gt — s,

yG[—l,l]
for any y € [—1,1]. A similar argument shows that

‘U(t, —y) = U(s, —y)'
y

. < C|[Usn| mat = s,

for any y € [—1,1]. Hence, the proof of (B.22) is completed.
To prove (B.23), we proceed similarly as in (B.29) to obtain

t t
10" (t, ) = U" (s, )1z < / 10" (7, Y zadr < v / 1020 (7, ) 2 dr

t
< y/ 108Ul s2dr < Uil lt — s,
S

where we also used the basic energy estimate for the one-dimensional heat equation.

Lemma B.3. Suppose that vk? < 1. Then we have

HfEFrozen[j]||L2(Z[j];L2) S V1/2|k|71/3}/[j]7 .] Z 17

N
S g o2 e iz, 1oy < om0 %€,
=0

51

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)



Proof. Using (2.29), we write

j—1

Brrozens) = — (U — Uywiy + Z Upi) = Ugin)tu

j'=o

Z Frozen[j] + Z Frozen[j']*

For 0 < 5/ < j — 1, using Lemma B.2 we obtain

— Uy 1/2
” Frozen[] ”L I[]] L?) H ’ ‘)5/2(1 - ‘y’) / w[j/]

(B.32)

L4 Tl?) (B.33)

Uy — Uy 1/2 13
H— 102 itz ey < 72K 7305 — 7tz o

[yl)'/?

From Lemma B.2 it follows that

H Frozen HL2 || U[J] U[f])?ﬁ }HL2(Z[ . .12)
U[’]’.] o Lee ‘k|71HVkAE W[j’]HL?(I[j];m) (B.34)

5 1/2/3‘k|71|j - j/‘ HWU'] HLQ(I[J'];Z)'
Combining (B.32), (B.33), and (B.34), we arrive at

j—1
||fFF‘rozen[j]HL2(Z[j];L2) < Z(V1/2|k’_1/3 + 1/2/3“{3|_1)|j _jll”w[j/]HL2(I[j];Z) < V1/2|l€|_1/3Y[ﬂ'
3'=0

completing the proof of (B.30).
For 0 < j < N, we use (2.26) and (2.28) to write
J J
o) = O (Ui () = UL, y))wpn — > (Ul (y) = U” (8, 9))tby. (B.35)
/=0 §'=0
An application of the Cauchy-Schwarz inequality leads to
2

J
1/
N (U (y) — Ut y) Jwy

§'=0

L2(Zy:L%)

j 2
J
y1/3
</ (ZW* t(Um(y)—U<t,y>>wm||L2>
41 \j/=0

< / (Z(j—j’+1)2H65*”1/3t(Um() U(t,y) meLz> (Z )
Iy

§'=0

J
SY G =71 [ W) = Ui
§'=0 [

7]

(B.36)
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Similar arguments as in (B.33) give
1) = Ut ) B, oy S IRty B, 2 (B.37)

From (B.36) and (B.37) it follows that

N J
_ J1/3
S Hog o Y3 R[0S (U (y) — Ut 5wt Bagay e
= - (BB.38)
N
< Nog PO ST ST () — 4 12 gl Bagg, 2y S Hog v P e,
=0 j'=0
A similar argument as in (B.34) shows that
N j 2
D Hog Py R[S le™ 0 S (U () — U (1)) S [log v*v'°€ (B.39)
J=0 j'=0 LQ(I[J'];LQ)
Combining (B.35), (B.38), and (B.39), we conclude the proof of (B.31). O
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