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Abstract. In this paper, I present a natural generalization of all the
results from [6] to LVMB manifolds: to summarize, very few LVMB
manifolds are lck, and none are Ick with potential except for diagonal
Hopf manifolds. Moreover, if NV is an LVMB manifold with a sufficient
number of indispensable coordinates, and under a certain assumption
(H) (which may be artificial, as I conjecture) on the localization of the
configuration A, there exists a non-compact and non-Kéhlerian ZP-lck
with potential cover of N with p = m — 1. Furthermore, I show that the
conjecture stated at the end of [5] (that p is bounded below by m — 1)
is false, by exhibiting examples of LVMB manifolds that are 1-lck with
potential when m > 3 and n > 2m+1. This leads to the formulation of a
new conjecture: if assumption (H) holds, then N is 1-Ick with potential.
Moreover, assumption (H) seems entirely artificial. This conjecture is
supported by several examples.
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Introduction

The metric aspect of complex manifolds is a fertile field in geometry. For
example, Kéhler manifolds are complex manifolds that admit a Riemannian
metric whose fundamental 2-form is closed, which grants numerous properties
to such objects. A notable example is the deep result known as the Hodge
cohomological decomposition theorem. The first historical examples of com-
pact non-Kéahler complex manifolds are the Hopf manifolds, introduced in
[8]. Such a manifold is a quotient of C™\{0} by a Z-action generated by a
holomorphic contraction. S. Lopez de Medrano generalized this action to an
action of C* x C in [11] and studied these manifolds in detail in collaboration
with A. Verjovsky in [12]. Later, L. Meersseman further extended this to an
action of C* x C™, leading to the class of compact complex manifolds known
as LVM manifolds [13]. It was also shown in [13] that these manifolds, like
Hopf manifolds, are non-Ké&hler.

This naturally raises the question of a more refined metric study of such
non-Kéahler manifolds. A complex manifold is said to be locally conformally
Kéhler (we will use the acronym Ick) if its metric is locally conformal to a
Kahler metric. This class of manifolds was initially introduced by I. Vaisman
between the 1970s and 1980s in a series of articles [23], [25], [24], [26]. It was
later studied in detail by L. Ornea and S. Dragomir in 2012 in a book [4]
and in a series of articles by L. Ornea and P. Gauduchon [7], as well as by
L. Ornea and M. Verbitsky [15], [10], [14], [16], [17], [19], [18]... Among other
contributions to the subject, we may also mention F. Belgun [1], K. Tsukada
[22], and N. Istrati [9]. One of the rigid properties affecting lck manifolds is
that they are not stable under deformations. This result was proved in [15] in
2010. Following this result, the same authors naturally introduced the notion
of Ick manifolds with potential (where the metric derives from a potential)
and showed that such metrics remain stable under deformations.

Hopf manifolds are the archetypical example of Ick manifolds with po-
tential. In other hand, in the paper [6], the link between lck, Ick with poten-
tial metrics and LVM manifolds, witch contains Hopf manifolds, is studied.
In particular, very few LVM manifolds are Ick, except for the diagonal Hopf
manifolds.

It is then natural, as I formulated in [5], to attempt to generalize these
results specific to LVM manifolds to larger classes of non-Kéhler compact
complex manifolds. This article focuses on LVMB manifolds introduced by
F. Bosio [2], which are a generalization of LVM manifolds. The difference
between LVMB and LVM manifolds essentially lies in the fact that Bosio
studies, given an action of C* x C™, all possible combinations of subspaces of
C™ on the complement of which the set of orbits of the action forms a compact
complex manifold. The presentation is therefore slightly modified compared
to LVM manifolds. Furthermore, the author exactly characterizes LVM man-
ifolds among LVMB manifolds: these are obtained when all the intersections
of the interiors of the convex hulls of the possible sub-configurations of the
configuration A are non-empty. This characterization allows for the search for
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examples that are not LVM manifolds, and thus represent novelties compared
to those in [6]. T would even go further by giving an example borrowed from
[3] of an LVMB manifold that is not biholomorphic to any LVM manifold.

Moreover, I present numerous examples of LVMB manifolds to illus-
trate the results of this paper on the one hand and to demonstrate that the
conjecture stated at the end of [5] is false on the other hand. More precisely,
there exist LVMB manifolds that are p-lck with potential with p < m — 1.
This only makes sense when m > 3. Going further, the combinatorial study
of these examples leads to the formulation of a new conjecture:

Congecture 0.1. Let N be an LVMB manifold with m > 1, n > 2m + 1,
and where the coordinates 1,2,...,m + 1 are essential. Then there exists a
non-compact and non-Kéhlerian Z-Ick cover with potential of N.

In other words, any LVMB manifold satisfying these assumptions that
is not a diagonal Hopf manifold (the only LVMB manifolds that are lck with
potential) would be 1-lck with potential.

This article is structured as follows.

In the first part, I present the objects involved: Ick manifolds, Ick man-
ifolds with potential, LVM manifolds, and Hopf manifolds. I also present all
the results needed for the rest of the article, citing the contributors.

In the second part, I present the objects that distinguish this article
from [6): LVMB manifolds, based on the original construction by F. Bosio in
[2].

In the third part, I propose, in the case where the number of essential
coordinates is sufficient, an alternative model for an LVMB manifold, which
has the advantage of being a quotient via a discrete action of Z"" that replaces
the continuous action of C™. This part is an adaptation of the corresponding
section in [6] with the same purpose.

The goal of the fourth part is to exactly characterize the diagonal Hopf
manifolds among the LVMB manifolds. Again, this is an adaptation of [6],
however, the proof of Theorem 4.1thm.4.1 presents notable differences com-
pared to that of Theorem 3.1 in [6]. Indeed, two crucial lemmas will be
proved beforehand. This theorem essentially states that an LVMB manifold
is a diagonal Hopf manifold if and only if m = 1 and the number of essential
coordinates is 2.

In the fifth part, I show that under a rationality condition (K) on A,
a complex torus of complex dimension m injects naturally into the automor-
phism group of the LVMB manifold stable under the complex structure.

In the sixth part, I generalize Theorems 1.9 and 1.11 from [6] to the
case of LVMB manifolds. I obtain the following results (Theorems 6.1thm.6.1
and 6.3thm.6.3). Let N be an LVMB manifold. If m = 1 and the number of
essential coordinates is 0 or 1, then N does not admit an lck metric since it
is simply connected. If the number of essential coordinates is 2, then N is
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biholomorphic to a diagonal Hopf manifold and thus is Ick with potential. If
m > 2, then N is not Ick with potential (stability by deformation is crucial
for this result). Moreover, if N satisfies the hypothesis (K), then N does not
admit an lck metric. Therefore, if there exist LVMB manifolds that are Ick,
then necessarily m > 2 and the condition (K) must be violated. Since this
condition is dense, such examples, if they exist, would be difficult to uncover.

In the seventh part, I study to what extent an LVMB manifold with
m > 2 and at least m + 1 essential coordinates (thus admitting a discrete
presentation developed in the third part) exhibits an obstruction to admit-
ting an lck metric: the existence of a ZP-covering that is Ick with potential,
non-compact, and non-Kéhlerian (the key theorem of this part is Theorem
7.3thm.7.3). I use, as needed, the terminology of p-structure introduced in
[6].

In the final part, I present several examples of LVMB manifolds that sat-
isfy Theorems 6.1thm.6.1 and 7.3thm.7.3: notably, the example from [3] where
the LVMB manifold with parameters m = 1 and n = 5 is not biholomorphic
to any LVM manifold and is non-lck according to Theorem 6.1thm.6.1. I also
present examples that refute the conjecture made at the end of [5] regard-
ing the minimality of p in the existence of an Ick with potential p-structure,
which then lead to the formulation of the conjecture 0.1thm.0.1.

Since this search for examples is fundamentally combinatorial in nature,
I present in Appendix Asection.1 all the Python scripts that helped me obtain
these examples.

1. 1ck/Ick with potential, LVM and Hopf manifolds

A locally conformally Kahler (Ick) manifold is a complex manifold N whose
metric is locally (on an open covering) conformal to a Kéahler metric. We can
give three equivalent definitions of this notion (see [4] for the equivalence):
the first one reflects the local character, the second provides a necessary and
sufficient global condition revealing the closed Lee 1-form, and finally, the
last definition is related to the universal covering.

Let N = (N, g,J,Q) be a complex manifold with Riemannian metric g,
complex structure J, and fundamental 2-form 2. The manifold N is said to
be Ick if it satisfies one of the following three equivalent conditions.

e Local characterization. There exists an open cover (Uy)aca of N and
a family of smooth functions (fa)aca from U, to R such that, for all
a € A, the induced 2-form

Qo = exp(—fa)Qy, (1.1)
is closed.
e Global characterization. There exists a closed 1-form w such that
dQ=wA (1.2)

This form w is called the Lee form.
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e Characterization by covering. The universal covering N of N can be
endowed with a 2-form Q such that (N, ) is a Kéhler manifold and the
fundamental group G acts on (N, ) by homotheties (see Theorem 3.31
in [20]).

The class of Ick metrics is rigid (it is not stable under deformation). It is
therefore natural to focus on a certain less rigid subclass of lck manifolds.
There are two interesting subclasses: lck manifolds with potential and Vais-
man manifolds.

Definition 1.1. A Ick manifold N is said to be lck with potential if there
exists a smooth function {/)v : N — R+ such that Q= 2@'85{/; = ddc{l)v and also
satisfies that for all v € G, there exists a positive real constant x(7y) such
that ~ 7:2; = X(fy){/;. The function 1Z is called the potential.

Definition 1.2. A Vaisman manifold is a lck manifold whose Lee form is
parallel: Vw = 0.

Naturally, a Vaisman manifold is a Ick manifold with potential, but the
converse is generally false.

It was shown in [15] that an lck metric with potential is stable under
deformation, and that a Vaisman metric is not stable under deformation but
can deform into an lck metric with potential. We will only use lck manifolds
with potential. We are now ready to present the crucial example of lck man-
ifolds with potential (non-Kéhlerian) announced in the introduction: Hopf
manifolds.

Example 1. A Hopf manifold of complex dimension n > 2 is a quotient of
C™\ {0} by the action of a cyclic group {«) (isomorphic to Z), generated by
a holomorphic contraction « («(0) = 0 and for every compact set K C C"
and every neighborhood U of 0, there exists a positive integer gg such that
for every integer ¢ > qo, 9(K) C U). Let H® = C" \ {0}/(a) be a Hopf
manifold. If « is an endomorphism whose eigenvalues have a complex mod-
ulus strictly smaller than 1, we say that H™ is a linear Hopf manifold. If,
moreover, « is diagonalizable, we say that H" is diagonal. In all other cases,
we say that H" is non-linear. It is now known that Hopf manifolds are all
compact, complex, non-Kéhlerian, Ick with potential, and the diagonal Hopf
manifolds are furthermore Vaisman (see [7] for diagonal surfaces, [16] for all
linear Hopf manifolds, and [18] for all Hopf manifolds). The authors of [15]
also demonstrated that for any compact complex manifold M of complex
dimension greater than or equal to 3, Ick with potential, there exists a holo-
morphic immersion of M into a linear Hopf manifold. Furthermore, if M is
Vaisman, then the linear Hopf manifold is also diagonal.

As a Ick manifold with potential (non-Kéhler), we have so far only
presented Hopf manifolds. Now, a Hopf manifold is generated by a discrete
action (an action of Z). This construction generalizes by considering an action
of C* x C™, leading to the manifolds of S. Lopez de Medrano, A. Verjovsky,
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and L. Meersseman (LVM) [11], [12], [13]. We will present the construction
of these compact complex (non-Kéhlerian) manifolds as outlined in [13].
Let m > 1, n > 2m + 1 be two integers and A = (Aq,...,A,) € (C™)"
be an n-tuple of elements of C™ of real rank 2m (the maximal rank). We
will say that A is a configuration. For every configuration A, we denote by
H(A) its real convex hull. Also, let A; = (Al,..., A7) € C™. We say that the
configuration A is admissible if it satisfies the following conditions:

e the Siegel condition: 0 € H(A);
e the weak hyperbolicity condition: for all 1 < 43 < -+ < 49y, < n,
0¢ H(Aiy, .., Niy,).

Now, let’s define a certain open set of C™:
Sp={2€C",0 € H(Ni)ier.}

where I, = {i € {1,...,n},2z; # 0} is the set of indices of the non-zero
coordinates of z € C". We have an action of C* x C™ on this open set:

an: ((C* X(Cm) XSA—>SA

(o, T, 2) — (azle<T’A1>

T.A
v azpel ">)

where (T, A;) = >0, TN,

Theorem 1.3 (and definition [13]). The quotient Ny = Sa/ap is called an
LVM manifold. It is a compact complex manifold of complex dimension n —
m—1. If n > 2m+1, then Ny is non-symplectic (and hence non-Kdhlerian,).
If n =2m+ 1, then it is a complex torus T™ of complex dimension m (thus
a Kdhler manifold).

The following definition will also be necessary:

Definition 1.4. A coordinate i € {1,...,n} is said to be indispensable if
0¢ H(A, ..., Ni—1,Niq1, ..., Ay). Otherwise, we will say that ¢ is eliminable.

Thus, LVM manifolds are non-Kéhler (for n > 2m + 1), just like Hopf
manifolds, from which they are a generalization. In [6], we showed that di-
agonal Hopf manifolds occupy a very special place among LVM manifolds.
More specifically, we proved the following theorem:

Theorem 1.5. Letn > 2m+1, p=n—m—1, A € (C™)"™ an admissible
configuration with exactly k indispensable coordinates and Ny the associated
LVM manifold. The following assertions are equivalent.

(i) Np is a diagonal Hopf manifold.
(i) Ny is diffeomorphic to S*~1 x St.
(iii) m=1 and k = 2.
(iv) Na has the same homology as S?’~% x St.

The next step, in [6], was to prove that if an LVM manifold satisfies the
following condition (Kj):
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Definition 1.6. (The condition (Kj))
We say that an LVM manifold with an admissible configuration A satisfies
the condition (Kj) if the solution space of the system

Yy sibi =0
Z?:l Si =0

has a rational basis.

Then a complex torus injects into the group of automorphisms stable
by the complex structure:

Theorem 1.7. Let Ny be an LVM manifold satisfying the condition (Ko) with
m > 1 andn > 2m-+1. Then there exists a complex torus T™ in Aut(Na, J).

This theorem allowed us to use an existence criterion for an Ick metric
given by N. Istrati [9] to prove the following non-existence result.

Theorem 1.8. Let Ny be an LVM manifold with n > 2m + 1. Suppose that
Ny is not biholomorphic to a diagonal Hopf manifold. If m = 1 or m > 2
and Ny satisfies the condition (Ky), then there does not exist an lck metric
on Ny.

Remark 1.9. Since Ick metrics are not stable under deformation, it is possible
that there exist LVM manifolds admitting an Ick metric (other than diagonal
Hopf manifolds). However, to obtain such examples, it is necessary for m to
be greater than 2 and for A to not satisfy the condition (Kj), which is a dense
condition: this leaves relatively little room. We do not have such an example
to date, but to complete this remark, let us add the following theorem, which
follows from the stability of the lck with potential metric structure under
deformations: there does not exist any (except for diagonal Hopf manifolds)
LVM manifold that is Ick with potential.

Theorem 1.10. There exists an Ick with potential metric on an LVM manifold
if and only if it is biholomorphic to a diagonal Hopf manifold.

In [6], following this result of the non-existence of an lck with potential
metric, I study the existence of ZP-coverings that are Ick with potential. More
specifically, I prove the following theorem:

Theorem 1.11. Let N be an LVM manifold with an admissible configuration
A whose first m + 1 coordinates are indispensable, satisfying the following
condition: There exists a basis B= (f1,..., fm) of Z™ and j € 1,...,m such
that

IT(f)rl < L,¥rem+2,...,n.

See [6] for the construction of the T'(f;), or equation 3.lequation.3.1 from sec-
tion 3section.3 of this article. Then there exists a non-compact, non-Kdhlerian
Z™ 1 _covering lck with potential of N. Moreover, this result remains stable
under deformation (see Remark 6.3 of [6] on this topic).
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In the next section, we will present a generalization of the LVM mani-
folds due to F. Bosio [2]: the LVMB manifolds. These include the LVM mani-
folds and are also compact, complex, non-Kéhlerian manifolds (if n > 2m+1).

2. LVMB manifolds

Let n > 1 be an integer and m > 1 another integer. A fundamental set is
a non-empty set of subsets of {1,...,n}, where all elements of the set have
cardinality 2m + 1. This definition is relative to m, so if n < 2m + 1, then
every fundamental set is empty. For the rest of the discussion, we assume
that n > 2m + 1. Let ¢ be a fundamental set. An element o € € is called
a fundamental part. A subset P of {1,...,n} is said to be acceptable if it
contains a fundamental part o € e. Let A denote the subset of P({1,...,n})
consisting of acceptable subsets. A coordinate ¢ is called indispensable if it is
contained in all the fundamental parts.

Let € be a fundamental set. Consider an n-tuple A € (C™)™ of vectors in
C™, which is called a configuration. The pair (¢, A) will be called a studyable
system if, for every fundamental subset o € €, (A;);c, forms a real affine
frame of C™ = R?™,

Let (¢, A) be a studyable system. Define

S ={zeC" I, € A},
and consider the action
ap: (C*xC™) x §¢ — §°

(o, T, 2) = (aze<tvT>

<Ap,T>
coyuzpe St 7,

Let Nj denote the quotient of S¢ by the action ax. Bosio showed in [2] that
N§ is a compact complex manifold if and only if the studyable system (e, A)
satisfies the imbrication condition and the (PEUR): principle of existence
and uniqueness of the replacer.

Definition 2.1. We say that a fundamental set € satisfies the (PER): principle
of existence of the replacer if, for every fundamental part ¢ € € and every
k € {1,...,n}, there exists ¥’ € o such that (o \ {k'}) U {k} € e. We say
that a fundamental set satisfying the (PER) satisfies the (PEUR) if the &’
is unique.

Definition 2.2. We say that an studyable system (e, A) satisfies the imbrica-
tion condition if for every pair (o,7) of fundamental parts, the real convex
hulls H(A;)ico and H(A;);e- have non-disjoint interiors.

A studyable system that satisfies the imbrication condition and the
(PEUR) is called a good system, and in this case, the compact complex
manifold Nj is called an LMVB manifold.

Bosio, by generalizing Meersseman’s proof, showed that if n > 2m + 1,
the LVMB manifolds are non-symplectic [2]. Furthermore, he showed that
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any LVM manifold can be realized as an LVMB manifold, but the converse
is not true in general. More precisely:

Theorem 2.3. Let A € (C™)" be an admissible configuration. Let 0 be the set
of points in C™ that do not belong to any part of A with 2m elements. Then,
(e,A) is the good system of an LVM manifold if and only if there exists a
bounded connected component O C 0 such that

e={oceP{l1,...,n}),|lo] =2m+1,0 C H(A;)ico}

3. From continous to discret

As with LVM manifolds, an LVMB manifold can be presented using a discrete
action of Z™ (if it has sufficiently many indispensable coordinates).

Theorem 3.1. Let N be an LVMB manifold with m > 1, n > 2m + 1, and
k > m 4+ 1 indispensable coordinates, for which we can assume that the first

(m+1) coordinates, 1,2,...,m+ 1, are included. Then there exists an open
set C C C*™! and an action dy of Z™ on C such that
Ni =C/dy.

Proof. First, according to the hypotheses on €, the open set S€ is written as
S = (CH™ x C,

where C' is an open set in C*~™~!. The reasoning that follows is exactly the
same as in the ”from continuous to discrete” section of [6]. The only new
point is the proof that the matrix
Ay — Ay
A= :
Api1 — M
is invertible. This naturally arises in the reasoning for constructing the dis-
crete action of Z™ in the case of LVM manifolds. In this case, the weak hy-
perbolicity condition was used. Here, we use the fact that the system (e, A)
is studyable and that 1,2,...,m 4 1 are indispensable. Indeed, by assump-
tion, we have an R-basis of C™: (A; — A1)jes\ (13 for all o € e. Thus, since
2,3,...,m+1 € o, the family (A; — A1)a<j<m41 is R-free because it is a
subfamily of a R-basis. Therefore, the matrix A is indeed invertible. To have
the necessary notations, we will explicitly write out the action of Z™:
dpr:Z" x C — C

Wm4-2
(l7 Wm+2, - - - ,U}n) = Dlag(r(l)m+2a AR 7F(l)n) '

wy,
where, for each r € {m +2,...,n},

(1), = eldr—Ar2imaA™tD) (3.1)
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In [6], it is shown (just before Theorem 2.1) that N§ is biholomorphic to
C/dna. It B=(f1,..., fm) is a basis of Z™, the action of Z™ defining N is
generated by

alB? e Oéfn?
where for each j € {1,...,m},
o = Diag(T'(f})m+2,-- - D(f)n)- (3.2)

4. Diagonal Hopf manifolds ans LVMB manifolds

This section is devoted to the proof of the following theorem, a generalization
of Theorem 3.1 in [6].

Theorem 4.1. Let n > 2m+1 and N§ be an LVMB manifold of type (n,m, k).
Denote by p=n —m — 1. The following three assertions are equivalent.

1. N§ is a diagonal Hopf manifold.
2. Ny is diffeomorphic to S?P~1 x St.
3. m=1and k=2.

The proof of this theorem relies on the following two lemmas.

Lemma 4.2. Let € be a fundamental set with m = 1 where the coordinates 1
and 2 are indispensable. Then

e={(129),7=3,...,n}.

Proof. We will prove the equality of sets by double inclusion. Let o € €. Since
1 and 2 are indispensable, we have 1,2 € o, and since m = 1, |o| = 3, so
there exists j € {3,...,n} such that o = (125). Thus, we have the direct
inclusion. Moreover, from this fact, we know that ¢ = {(12j5),j € E} where
E is a subset of {3,...,n}. Let E = {j1,...,4} with j; € {3,...,n}, and
thus I < n —2. Let j € {3,...,n}. We will show that o = (12j) € € for
the reverse inclusion. If j € FE, then o0 = (12j) € e. Suppose that j ¢ E.
Let j; € E, and let 7 = (125;) € e. By the (PEUR) property, there exists a
unique p € 7 such that

(M\{pH U {j} €e

Since 1,2 are indispensable, we have p = j; and 0 = 7\{j;} U {j} € e. The
reverse inclusion is thus established. In particular, E = {3,...,n}. O

Lemma 4.3. Let (e,A) be a good system with m = 1 where the coordinates
1 and 2 are indispensable. Let D be the line in the complex plane C pass-

ing through Ay and Ay. Then the sign of Im(tiﬁi) is constant for j €

{3,...,n} if and only if all the A;, j € {3,...,n}, are on the same side of
D.
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Proof. First, observe that Ay # A;. Indeed, since (e, A) is a good system, for
every o € €, (A;)ico is a real affine frame of C, and since 1,2 € o, we must
have Ay # As.

Let sign(z) denote the function that equals 1 if the real number «x is positive
and —1 if it is negative (this function is not defined at 0, but we do not need
this case here).

Let for each j € {3,...,n}, A; = a; +ib; with a;,b; € R. Suppose first that
a1 = ay (i.e., that the line D is vertical). We have

s () - s 5)
:sign( ( b17b2‘)))
:sign(aliaj)

b1 — by
= sign(by — by)sign(a1 — a;).

This sign is constant in j if and only if the sign of a; — a; is constant in j. In
other words, this is equivalent to the fact that all the a; are strictly less than
(or strictly greater than) a;, meaning that all the A; are on the same side
of D. Now, suppose that a; # as. The equation of the line D is y = ax + 8

with o = % and 8 = by — aa;. We have

s (R3)) sl (0 0)

" —(al—aj)(bg—b1)+(a2—al)(bl—bj)
= slgn< |A2 — A1|2 )

= sign( — (a1 — a;) (b — b1) + (a2 — a1) (b1 — bj))'

We can then force a factorization by (a2 — ay):

sign(lm(iA1 — Aj)) = sign((az — al)(_(al — a;)(b2 — b) + b — bj))

A2 — Al ag — a1
= sign(az — al)sign( —ala; —aj) + b — bj)
= sign(ag — a1)sign(8 + aa; — b;).

If all the A; are on the same side of D, the sign above is constant, and
conversely. O

We can now begin the proof of theorem 4.1thm.4.1.

Proof. 1. First step. Suppose that Nj is a diagonal Hopf manifold, then
by Theorem 3.1 [6] or Theorem 5.3.1 from [5], we directly get (2) and
(3), as in this case N§ is an LVM manifold.
In the next two steps, we assume (3): k = 2 and m = 1, with coordinates
1 and 2 being indispensable.



p-lck with potential structure on LVMB manifolds 13

2. Second step. Recall that
Sc={zeC" I, € A},
and show that
S¢ = (C*)? x C"A\{0}.

We do this by double inclusion. Let z € (C*)2 x C"~2\{0}, we need
to show that z € S¢, that is, that I, is acceptable, hence contains a
fundamental part. By assumption, there exists j € {3,...,n} such that
(124) € I,. By Lemma 4.2thm.4.2, (12j) € e: hence z € S°.

Conversely, if z € S¢ then I, is an acceptable part, so it contains
a fundamental part (of the form o = (125) with j € {3,...,n} by
Lemma 4.2thm.4.2). This shows that 21 # 0, zo # 0, and there exists
j € {3,...,n} such that z; # 0, thus z € (C*)? x C"~2\{0}. We have
the equality

§¢ = (C*)2 x C"2\{0).

3. Third step. Apply Theorem 3.1thm.3.1 with m = 1 and k = 2 (where
we can assume that coordinates 1 and 2 are indispensable). The second
step has shown that C' = C"~2\{0}. The action d, is an action of Z.
Let | € Z* be a non-zero integer (thus a generator of Z), then the action
dy is generated by ol = Diag(T'(l)s,...,[(l),) with

r(l), = e<Ar—A1L2imAT > (Ar—A) X 52

We need to show that a! is a holomorphic contraction for some [ € Z*.
In other words, we need to show that there exists [ € Z* such that

T, <1
for all r € {3,...,n}. This translates to

—27TlIm<A1:AT>
<lee )

o —27TlIm<A1 _AT) <0

2l A =Ar
e Ag—Aq

Ay — Ay
o lIm(H) > 0.

Since [ can be chosen to be positive or negative, it is sufficient to show
that Im(ﬁljﬁ") has the same sign for all » € {3,...,n}. By Lemma
2 1

4.3thm.4.3, this condition is equivalent to all the A, (for r € {3,...,n})
being on the same side of the line D passing through A; and As. Suppose
by contradiction that there exist distinct 41,4 € {3,...,n} such that
A;, and A;, are not on the same side of D. By Lemma 4.2thm.4.2, the
parts (12i1) and (12i3) are fundamental. This situation violates the im-
brication condition since the interiors of the convex hulls H (A1, Aa, A;,)
and H(A1, As, A;,) are disjoint (see Figure 1figure.1). Therefore, all the
A, are on the same side of D: thus (1).
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1

FIGURE 1. A;,, A;, and the line passing through A; and A,.

5. Existence of a complex torus in Aut;(Ny)

Definition 5.1. Let (¢, A) be a good system. We say that it (or the associated
LVMB manifold N§) satisfies the condition (K) (we will also write A € (K)
or Nj € (K)) if there exists a R-automorphism ® of C™ such that for every
Jje{l,....n}, ®(A)) € Z[i]™.

Let us make two remarks.

Remark 5.2. Recall that the condition (Kj) is the existence of a rational
basis for the system

(S) {Zz_lsﬂ‘/\] :O
Zj:l Sj =0
The condition (K) implies the condition (Kj). Indeed, let r be the rank of
the system (.5) viewed with real coefficients. This rank is always equal to 2m
since the system (e, A) is studyable. If the condition (K) is satisfied, there
exists an R-automorphism ® of C™ such that ®(A;) € Z[i]™ for every j.
Applying ® to the previous system, it is then equivalent to

Zj:l Sj =0
Moreover, (Sg) is a system with coefficients in Z C Q, its rank over Q is
equal to r since the rank is the largest non-zero minor and the determinant
is independent of the base field. It follows that the system (Sg) satisfies
n > r = 2m, so it admits a rational solution basis, and the same holds for
the equivalent system (.5). Therefore, the condition (Kj) is satisfied.
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Remark 5.3. Suppose that A € (Q[i]™)™, then the condition (K) is satisfied
(it suffices to define the automorphism by multiplying by the product of all
the denominators of the real and imaginary parts of the coordinates of the
A;) and thus the condition (XK) is also satisfied. Since Q is dense in R, these
two conditions are dense: more precisely, if € is a fixed fundamental set, the
set

{(e,A), A € (K)}
is dense in the set of good systems with fundamental set e.

We will now prove the following theorem, which is an adaptation of
Theorem 4.2 from [6] to LVMB manifolds.

Theorem 5.4. Let N§ be an LVMB manifold satisfying the condition (K)
with n > 2m + 1 and m > 1. Then there exists a complex torus T™ of
complex dimension m in the automorphism group of N§ that is preserved by
the complex structure J.

Proof. Consider the action
n: C* x C*™ x §¢ — §¢
(0, T,0), 2) s (azge b T>H RO g ),
and its group of ineffectivity:
I'={(a,T,U) € C* x C* ¥z € S, n(a, T,U) = z}.
This action naturally induces another one of
CT & (((C* x C™)/1)/(C* x C™))
on N§ = S¢/ap (the symbol ~ here means that both parts are biholomor-
phic). Now, if (a, T,U) € T and z € (C*)™, we have
e <N T>+<Re(A;),U> _ |
Next, for each equation, divided by the one where j = 1 and taken logarith-
mically, we get
<Aj — A, T >+ <Re(Aj) —Re(Ar),U >= 2ink;,
for some (ko, ..., kp,) €Z" 1. Let P =T + U and Q = iT, this yields
< Re(A; —Re(A1), P >+ <Im(A;) —Im(A4), Q >= 2ink;.
Finally, separate the real and imaginary parts of this system:
< Re(A; — Re(A1),Re(P) > + < Im(A;) — Im(A1),Re(Q) > =0,
< Re(A; —Re(Ar),Im(P) > + < Im(A;) —Im(Aq), Im(Q) > = 27k;.

The first system (where we consider the real part) is a system of n — 1
equations with 2m variables. Let o € €, since (€, A) is studyable, (Re(A;)) o
is an affine real basis of R™. If 1 € o, then (Re(A; —A1));eq\ {1} is an R-basis
of R™. If 1 ¢ o, then by (PEUR), there exists a unique replacement k € o
such that 7 = (o\{k})U{1} € €. Then, (Re(A; —A1)) er\ (1} is an R-basis of
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R™. Proceeding similarly for the imaginary parts, we find that there exists
o € € containing 1 such that

(Aj _ Al)jea\{l} = (Re(AJ — Al),lm(Aj - Al))jGU\{l}

is an R-basis of C™. This demonstrates that there exists a submatrix of this
system with maximal real rank 2m: we then have

Re(P) = Re(Q) = 0.
Now, consider the second part (where we only use the imaginary part):
Ij =< RG(A]‘ — Al),Im(P) >+ < Im(AJ — A1)7Im(Q) >= 27T]{,‘j.
By the same reasoning as before, there exists o € € containing 1 such that
(Aj—A1)jeo\ {1} is an R-basis of C™. Thus, for each (k) e\ {13, the (1) eo 13
are fixed. The remaining equations are those with j € {2,...,n}\o. This is

where the condition (K) comes into play. Since (K) implies (Kj), there exists
a combination

Aj—Ai= ) aj(h— M),

leo\{1}
where the a;; can be assumed to be in Z (by multiplying these rationals by
a common integer). And then, for these same j:

Ij = 27T]€j,
where

k‘j = Z aj}lkl c 7
leo\{1}

is determined. To summarize, the stabilizer under the action of C/T" at a
point z is identified with Z2™. Moreover, the elements of this stabilizer fix
each point of S¢. This means that T is identified with Z?>™. Thus:

(Cm/r — Cm/ZQm — Tm.
Furthermore, the action of this complex torus of complex dimension m, be-

ing totally effective by construction, induces the injection of T™ into the
automorphism group of N§ that is preserved by J: Aut(Ng, J). O

6. lck metrics and LVMB manifolds

The conclusions are then, by what has been previously shown, similar to
those in [6]. More precisely, Theorems 1.8thm.1.8 and 1.10thm.1.10 naturally
generalize to LVMB manifolds. Here they are in the case of LVMB manifolds.

Theorem 6.1. Let Nj, be an LVMB manifold of type (n, m, k) withn > 2m+1.
Suppose that N§ is not biholomorphic to a diagonal Hopf manifold (in other
words, according to Theorem 4.1thm.4.1, (m, k) # (1,2)). If m = 1, or if
m > 1 and N§ satisfies condition (K), then there does not exist lck metric
on N§.
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Proof. Let Nj be an LVMB manifold that is not biholomorphic to a diagonal
Hopf manifold. First, suppose that m = 1. The number of indispensable
points is less than 2m + 1 = 3. Suppose that k£ = 3, then all the fundamental
parts are identical. The set e satisfying this condition does not satisfy the
(PEUR). Therefore, k # 3. According to Theorem 4.1thm.4.1, we cannot
have k = 2. The remaining cases are k = 0 and k = 1. But for both of these
cases, N becomes simply connected, hence non-lck.

Now suppose that m > 2 and that Nj satisfies condition (K). By Theorem
5.4thm.5.4, there exists a complex torus T™ of complex dimension m that
injects into Aut(N§g, J). The result then follows from Proposition 3 of [9]: this
torus has real dimension 2m > 4 since m > 2. Moreover, it is stable under J.
Thus, N§ cannot admit an Ick metric. 0

We will need, in order to generalize Theorem 1.10thm.1.10, the following
definition.

Definition 6.2. Let (¢,A) and (e, A’) be two good systems with the same
fundamental set e. We say that they are homotopic if there exists a continuous
map

H:[0,1] — (C™)»
s+ H(s)
satisfying the following conditions:
1. H0) = A;
2. H(1) = A’ (more precisely, H(1) is any permutation of A’);
3. for all s € [0,1], (e, H(s)) is a good system.

This definition naturally generalizes the one in [13] for good systems.
Thus, lets N and Nj, two LVMB manifolds where (¢, A) and (e¢,A’) are
homotopic, then N§ and N§, are diffeomorphic (this is a direct consequence
of an immediate adaptation of Proposition 1 from the fifth part of [13] to this
definition).

Theorem 6.3. Let Nj be an LVMB manifold. Then N§ is Ick with poten-
tial if and only if m = 1 and k = 2 (in other words, if and only if N§ is
biholomorphic to a diagonal Hopf manifold).

Proof. Suppose that Nj admits a Ick metric with potential. If m = 1, then
by Theorem 6.1thm.6.1, N can only be a diagonal Hopf manifold. Now
suppose that m > 2. In this case, Nj does not satisfy (K). Moreover, the
Ick metric with potential is a structure stable under deformation. Therefore,
there exists a homotopic deformation of (e, A) to (e, A’) such that N§ and
Ny, are diffeomorphic, that Nj, retains its Ick with potential property, and
that N§, satisfies condition (K) since it is dense. Thus, Theorem 6.1thm.6.1
forces the parameters of N§, to be m =1 and k = 2. But since N and N§,
are diffeomorphic, the same holds for the parameters of N§. It follows from
Theorem 4.1thm.4.1 that N is biholomorphic to a diagonal Hopf manifold.

O
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We obtain the same conclusions as in [6] for LVMB manifolds (Table 1table.1).

Condition (K) | m k Results on Nj
1 |0orl N not Ick
1 2 N} = Diagonal Hopf
> 2| any | Nj not lck with potential, N lck?
satisfied > 2| any Ny is not Ick

TABLE 1. Summary of results for an LVMB manifold N§
with m > 1,n > 2m + 1 and k indispensable coordinates.

7. Some LVMB manifolds are (m — 1)-lck with potential

We now generalize Theorem 6.2 from [6] by being more precise about the
condition, which we will denote here as (H).

Definition 7.1. Let Nj be an LVMB manifold with m > 2,7 > 2m + 1, and
suppose that the coordinates 1,...,m +1 are indispensable. We say that N§
satisfies the condition (H) if there exists a basis B = (f1,..., fim) of Z™ and
j€{l,...,m} such that for all r € {m +2,...,n},

IT(f)e] < 1.
Remark 7.2. If such a j exists, then the action of Z generated by af is an
action by holomorphic contractions. In the case where m = 1, n > 3, and

the only indispensable coordinates are 1 and 2, the condition (H) is always
satisfied: this is what we showed in (3) = (1) of Theorem 4.1thm.4.1.

Theorem 7.3. Let N§ be of type m > 2, n > 2m + 1, and with k > m +
1 essential points, the first m + 1 coordinates being indispensable. Suppose
that N§ satisfies condition (H) for some basis B = (f1,..., fm) of Z™ and
somej € {1,...,m}. Then C’/(af> is a non-compact, non-Kdhlerian lck with
potential Z™ ™ -covering of N§.

Moreover, since condition (H) is open, this result is stable under homo-
topic deformation of the good system (e, ).

Proof. The proof is exactly the same as that of Theorem 6.2 or Remark
6.4 from [6]. Remark 6.5 from [6] shows that the resulting covering is non-
Kahlerian. O

We immediately obtain the following corollary.

Corollary 7.4. Keep the notation from Theorem 7.3thm.7.3. Suppose that
condition (H) is satisfied for some basis B = (f1,...,m} for a subfamily
of indices j1 < jo < -+ < jy with1 <1 < m and j; € {1,...,m} for all
ie{l,...,1}. Then C’/(aﬁ, cee af’;> is a mon-compact, non-Kdhler, lck with
potential, ™! -covering of Ny (and this result is still stable under homotopic
deformation).
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Before presenting some examples, let’s recall the terminology introduced
in [6], which is more suitable for studying the existence of such coverings.

Definition 7.5. Let M be a compact complex manifold. Let
p =min{q € N, there exists a connected, Galois, and lck Z?-covering of M

(respectively lck with potential) of M}.

We say that M is p-lck (respectively p-lck with potential) or that M admits
a p-lck structure (respectively lck with potential). If no such covering exists
for M, then p = min) = —oco.

Remark 7.6. The conjecture formulated in [5] for LVM manifolds can rea-
sonably also be stated in the case of LVMB manifolds: under the conditions
of Theorem 7.3thm.7.3, N§ is (m — 1)-Ick with potential. In other words, if
this conjecture is true, then in Corollary 7.4thm.7.4, the integer [ is always
equal to 1. We will show that this conjecture is false in the next section.

8. Examples and conjecture

In this section, I present examples of good systems that satisfy the condi-
tions of Theorems 6.1thm.6.1 and 7.3thm.7.3. Some of these will particularly
help to refute the conjecture stated in Remark 7.6thm.7.6. I will then formu-
late two new conjectures at the end of these examples, which are related to
Theorem 7.3thm.7.3.

In his paper [2], Bosio shows that there exist certain LVMB manifolds
whose good system is not that of an LVM manifold. This study is conducted
in the case m = 1. This increases, compared to [6], the class of manifolds that
satisfy the conditions of Theorem 6.1thm.6.1 for m = 1, and are therefore
non-lck. However, Bosio leaves the following problem open:

Is there a LVMB manifold whose good system is not the good system of an
LVM manifold, and which is not biholomorphic to any LVM manifold?
The answer to this question is affirmative. S. Cupit-Foutout and D. Zafran
proved this in [3]. The authors prove the following theorem (Theorem 3.6 in

the paper [3]):

Theorem 8.1. Let Nj be an LVMB manifold with good system (e,A) such
that Ay # A for all i # j. Suppose additionally that N§ satisfies condition
(K), that (e, A) is not the good system of an LVM manifold, and that

ﬂo':@.

o€e

Then Nj is not biholomorphic to any LVM manifold.

Thus, Example 1.2 in [3] provides an LVMB manifold that is not biholo-
morphic to any LVM manifold. This example is a case where m = 1, so The-
orem 6.1thm.6.1 applies, and it provides an even more general application:
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we have an example of a non-lck LVMB manifold that is not biholomorphic
to any LVM manifold. Another natural question arises:

Is there an LVMB manifold whose good system is not that of an LVM
manifold, and which is not homeomorphic to any LVM manifold?

This remains an open problem, and some exploration paths are presented by
J. Tambour in [21].

Now, concerning the examples of applications of Theorem 7.3thm.7.3,
it is necessary to assume that m > 2, which introduces a much more compu-
tational aspect than a geometric one. Computational tools have supported
me in the search for such examples (see Appendix Asection.l). Examples of
good systems satisfying condition (K) are not lacking, as it is sufficient for
A € ((Q[z])™)™. However, I have not found an example of such a good system
where the coordinates 1,...,m + 1 are indispensable and where I can prove
that it does not correspond to the good system of an LVM manifold. Further-
more, note that if the cardinality of the fundamental set € is 2, then (e, A)
is the good system of an LVM manifold, according to the imbrication condi-
tion and Theorem 2.3thm.2.3. It must then be that || > 3 to have a chance
to exhibit a LVMB manifold that is not an LVM manifold. This cardinality
condition is equivalent to the inequality n > 2m + 2. Indeed, if 1,...,m +1
are indispensable, then

e={(1,...,m+1,0"),0" €€},
where the elements of ¢ have cardinality m. Moreover, the cardinality e of ¢’

(and thus of €) is bounded above by the number of m-element subsets among

n —m — 1 elements: <n - Z B 1). The (PEUR) further lowers this bound.

Indeed, if o’ € ¢, then for all k € {m+2,...,n}\o’, there must exist a unique
k' € o’ such that o’ \ {k'} U {k} € ¢'. Fix such a k, and the set

{K eo, o’ \{KIu{k} e}

has cardinality 1. In other words, this shows that

e< <”_m_1> —(m—1).

m

Therefore, if n = 2m + 2, we have

(nml) _ <m+1> 1,
m m
and then e < m+1— (m —1) = 2. Since e > 1 (otherwise the (PEUR)

condition is not satisfied), we have e = 2. I present several examples starting
from m = 2 and n = 7 to test the conjecture in Remark 7.6thm.7.6.

Ezample 2. m=2n=17
The set

e = {(12346), (12356), (12347), (12357)}
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is fundamental. Consider the configuration

A_(0 -1 0 11 —1-i —1-i
=i o0 -1 i i 1 1)

It is easy to verify (computationally, see Appendix Asection.l) that (e, A) is
a good system.

Let us check that condition (H) is satisfied. Let

B=(f.f2) = ((%)(5))

which is a basis of Z2. It remains to specify I'(f1) and T'(f2). The matrix A

is written as:
A— Ay — A (-1 7
T \A3—Ay) N0 —1414

We have det A =1 —1 # 0, so A is invertible with inverse:
Al 1 —14i —i :1 -2 1-1
1—34 0 -1 2\0 —-1-—14

Y(f1) =2irA™ f1 = —2n G i_ i)

Thus,

while v(f2) = <_021>. We have

1
A —AN=As—M=A— M = (22>

since Ay, = As. Similarly,

A6A1A7A1(1+i2>

And then
ID(f1)al = |ID(f1)s5] = |e 6767 | = =67 < 1,
IT(f1)6] = |IT(f1)7] = |e¥™ 4| = e™*" < 1.
Therefore, condition (H) is satisfied here: C/(a®) is a non-compact, non-

Kahler, Ick with potential Z-covering of N§. Let us add two clarifications: on
one hand, C' = (C?\{0})?, and on the other hand,

IT(f2)a] = e = 1.

Thus, the hypothesis (H) is satisfied only for f;, but not for f5. Consequently,
Theorem 7.3thm.7.3 only tells us that N§ is p-lck with potential, with p €
{0,1}. Furthermore, since the coordinates of the A; are rational, N§ satisfies
condition (K') and is therefore non-lck. This implies that p = 1.
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There remains one question: is it an LVM manifold? The answer to this
question is yes. Indeed, if

0={2eC" VWP C{l,...,7}|Pl=4,2¢ H(A\;)jep}

and if O denotes the interior of H(A;);je, (which is the same set for all o € €),
then

€ = {U S P({l, .. .,7}), |O" = 5,0 C H(Aj)jeg}

This shows (Theorem 2.3thm.2.3) that N§ is an LVM manifold. Further-
more, one can show by considering the projections that it is biholomorphic
to the product of two diagonal Hopf manifolds (thus indeed non-1ck), and it
corresponds to Example 1 in [6].

Ezample 3. m=2,n=28
Consider the fundamental set

e = {(12345), (12346), (12357), (12348), (12367), (12378)},
and the configuration

A— -2t 144 -2—-¢ -2+4¢ —-1+4+7 —-1+7 —1+43 1
T\ —-i -2 —-1-2i -2-2i 1-2i —-2—¢ —-2-2i 1+i

Then, (e,A) is a good system that satisfies all the conditions of Theorem
6.1thm.6.1, so Ny is non-lck. Moreover, condition (H) is also satisfied for the

basis

and for j = 2 (but not for j = 1). In other words, according to Theorem
7.3thm.7.3, N§ is 1-lck and 1-Ick with potential. The non-compact, non-
Kihler, Ick with potential covering is C/{(a%).

Example 4. m =3,n=9
Consider the fundamental set

e = {(1234567), (1234569), (1234589), (1234678), (1234789)},

and the configuration

A= (A1,...,Ay)
where
141 1 7 1-—2¢
(A1, Ao, Az, Ay)=[1—-20 141 14+¢ 1-23
0 1-2¢ —14¢ —1—3
—147 0 —2i —2—1 -2
(As, A6, A7, Ag, Ag) = | —24+1 —2i -1 —-1—-7 —-1-—1

1 1 -1-2i -2-2¢ 1
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Then, (e,A) is a good system satisfying condition (K), so the associated
manifold N§ is non-lck. Moreover, condition (H) is satisfied for the basis
-2 0 1
B=(fi.fo,f3)=( 0 0 =2
1 -1 =2
with j = 2. It follows from Theorem 7.3thm.7.3 that N§ is p-lck and p-lck
with potential with p € {1,2}. Indeed, since N is non-lck, we have p # 0,
and Theorem 7.3thm.7.3 implies that there exists an Ick with potential non-
compact, non-Kahler Z2-covering of N. However, the conjecture in Remark
7.6thm.7.6 is refuted. Indeed, we have
|F(f2)7"| < 1a Vr € {57 6; 77 87 9}
IT(f3)r| <1, Vr € {5,6,7,8,9}.
But these modules are all strictly greater than 1 for f;. Thus, according to
Corollary 7.4thm.7.4, there exists an Ick with potential non-compact, non-
Kihler Z-covering of N§: this is C'/(a¥,a%), so p = 1. It is easy to generate
other bases than B for which the same conclusion can be drawn (see Appendix
Asection.1).

Ezample 5. m =3,n =10
Consider the fundamental set
e = {(1234567), (1234678), (1234579), (1234789),
(123456 10), (123468 10), (123459 10), (123489 10)}

and the configuration
A= (A1,...,Ao),

where
—1+2t -2—1 1 2 -2
(A1, Ao, Az, Ay, Ag) = | 242 2 2.2 1  -1-2
1 1-2¢ 2—4¢ 2-—-24 1
—2—-2 —1 0 —1-2¢ 2-24
(Ae, A7, As, Ag, A1o) = —2 -2 =2-2i -2+3 -2
1—14 147 —1+2 2 —2—2
Condition (H) is satisfied for the Z-basis
0 1 0
B=(fi,f2, f3)=|-2 -1 0
-2 -2 1

for j = 1 and j = 2. Therefore, we can draw the same conclusion for this
example as in Example 4ex.4.

Ezample 6. m = 4,n =11
Consider the fundamental set

e = {(123456789), (12345789 10), (12345689 11), (1234589 10 11)},
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and the configuration
A= (Ala s 7A11)7

where
—1—3 -1 =2

—1-2i 1—4 —i
(A13A27A3) - 1 i i
—2—1 1—4 —i
—2-2i =247 —i
—2—-23 -2 7
(A47A57A6) - 0 —1+4i =2
0 —1—3 =2
—1—-7 -2—-21 —-2+431
| 2 141 —1—1
A7 A ho) = 47, 1 -2
-2 —-2-2i —-1-2
1 1
1—-2i -2
(Mo, A) = | " 2,
—1 —2i

Then, (e, A) is a good system satisfying condition (K) and condition (H) for
the basis

-2 =21 0
-1 1 1 0
B=(fufoufesf)=1 ¢ o o _1
-2 1 1 1

for j = 2,3 and 4. In other words, IN§ is 1-Ick with potential.

We can summarize these examples in the following table (2table.2):

Example m n Biholomorphic to a LVM 1-LCK with potential
1.20f[3] 1 5 no ? (non LCK)
2ex.2 2 7 yes yes
3ex.3 2 8 ? yes
dex.4 3 9 ? yes
5ex.b 3 10 ? yes
Gex.6 4 11 ? yes

TABLE 2. Summary of the presented examples

Based on these examples, it is natural to formulate the conjecture 0.1thm.0.1.
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Appendix A. Python scripts used for the search of examples

The necessary packages:

import numpy as np

from scipy.optimize import linprog
import sympy as sp

from sympy.solvers import solve

The fundamental set € and the configuration A should be entered as
global variables in the form of a list of lists. Concerning the configuration A, it
is defined as an element of (R*™)", i.e., as a list of n lists, each containing 2m

-1+
elements. For example, if the first vector of the configuration Ais | =141 |,
1
then Lambdal[0] will be the list [-1,2,—1,1,1,0]. Let us denote byNthe
manifold associated with (¢, A) when this system is good.

A.1. Studyability of (¢, A)
Let Aj = Aj — A for all j € {2,...,10}. The function Delta(L) returns the
configuration where this subtraction by Ay is performed.

def Delta(L):
DeltaRes =[]
for i in range(len (L
DeltaRes.append (
for a, b in zip(
return DeltaRes

) —1):
[b — a
L{O],L{i+1])])

The function is_free(L, sigma) returns 1 if (A;)jcq\q1} is linearly
independent and 0 otherwise. The input sigma corresponds to a certain fun-
damental set excluding 1: o\{1}. Note that imposing an error of 0.001 on the
determinant accounts for the numerical nature of numpy operations.

def is_free(L,sigma):
Deltal=Delta(L)
Delta_sigma =]]
for i in sigma:
Delta_sigma.append(Deltal [i —2])
Delta_sigma=np. array (Delta_sigma)
a=np.linalg .det(Delta_sigma)
if np.abs(a)>0.001:
return 1
else:
return 0
It is then necessary to test all the fundamental subsets.

The function is_studyable(epsilon, L) returns 1 if the input configura-
tion is studyable.
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def is_studyable(epsilon ,L):
N=len (epsilon)
for i in range(N):
sigma=epsilon [i]
if is_free(L,sigma)==0:
return 0
return 1

A.2. Imbrication condition

Let A be a subset of €. Let H 4 be the global intersection of the interiors of the
convex hulls of the sub-configurations associated with the fundamental parts
of A. Let a = |A|. Then, if we define a x (2m + 1) strictly positive variables,
say aj >0 for j=1,...,2m+ 1 and o € A, the set H, is non-empty if the
system

Y ico 07 =1 Vo €A,
ZiEU ani = Zie-r aZ—AZ V(U’ T) € A?

K3
has at least one solution. The function is_empty (A,L) returns 1 if the system
associated with A has no solution, after having declared the a x (2m + 1)
positive variables of the system via sympy. The imbrication condition will be
satisfied if H4 is non-empty for every subset A of e of cardinality 2.

def symbolic_variables(m,a):
V=1
for i in range ((2xm+1)*a):
name = ’x’ + str (i)
name=sp . symbols (name, positive=True)
V. append (name)
return V

def is_empty(A,L):
a=len (A)
n=len (L)
m=int (len (L[0])/2)
V=symbolic_variables (m,a)
Eq=(]
for i in range(a):
eq=-1
for j in range(2xm+1):
eqt+=V[(2*m+1)*i+j ]
Eq.append(eq)
for k in range(a—1):
for i in range(2*m):
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eq=0
for 1 in range(2xm+1):
eqt=L[A[k][T] —1][1]*V[1+(2an+1)+k]
for j in range(2xm+1):
eq=eq-L[A[—1][J] —1][1]*V[]j+(2#m+1)+(a—1)]

Eq.append(eq)
Solutions=solve (Eq,V)

if [|[==Solutions:
return 1
return 0

def Imbrication_condition (epsilon ,L):
n_eps=len (epsilon)

i=0
while i<n_eps:
j=i+1
while j<n_eps:
if is_empty ([epsilon[i],epsilon[j]],L))
return 0
j+=1
i+=1
return 1

A.3. Is (¢, A) the good system of an LVM manifold ?

If there exists a subset A of € with cardinality strictly greater than 2 such
that H4 is empty, then theorem 2.3thm.2.3 implies that Nj is not an LVM
manifold. T then attempted, for each good system (e, A), to find such an A
by testing all subsets of € each time, but without success.

def partlist(seq):

p =[]
imax = 2xxlen(seq)—1
for i in range(imax):

s =]
j, jmax = 0, len(seq)—1
while j <= jmax:
if (i>))&l = 1:
s.append (seq[j])
j+=1
p.append (s)
i4=1
return p
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def is_.LVM (epsilon ,L):
l=len (epsilon)
n=len (L)
m=int (len (L[0])/2)
SS_ENS=partlist (epsilon)
nb_part=len (SS_ENS)
for i in range(nb_part):
A=SS_ENS[i]
if len(A)>2 and is_empty (A,L):
return 0
return 1

A.4. Condition (H)

This test requires the following three functions. The first, Lambda_C(L) for a
configuration L as an element of (R?™)", returns the configuration L but as
an element of (C™)". The second, Gamma (k,r,L) takes as input an element
k € Z™, an integer r € {m + 2,...,n}, as well as a configuration L as an
element of (R?>™)" and returns I'(k),.. Finally, the third function returns 1 if
condition (H) is satisfied for a certain base B for the good system epsilon,L.

def Lambda_C(L):

n_-L=len (L)
m=int (len (L[0])/2)
Res=]]
for i in range(n_L):

Res.append ([])

for j in range(m):

Res[i].append (L[i][2*j]+L[i][2*]+1]*1])

return Res

def Gamma(k,r,L):
Deltal=Delta(L,1)
Deltal_C=Lambda_C(Deltal)
m=int (len (L[0])/2)
A=)
for i in range(m):

A.append (Deltal_C[i])

A=np.array (A)
InvA=np. linalg .inv (A)
Right=2%1j*np. pi*np.dot (InvA k)
Left=Deltal_C[r—2]
return np.exp(np.dot(Left ,Right))
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def Cond_H(B,epsilon ,L):
n=len (L)
nm=int (len (L[0])/2)
Res=]]
for i in range(m):
Res.append ([])
for r in range(m+2,n+1):
Res[i].append(np.abs(Gamma(B[i],r,L)))
i=ll
liste_max =[]
for i in range(m):
m=max(Res[i])
if m<1:
j.append(i+1)

return 0
else:

print (j)

return 1

A.5. Randomly generate configurations A

For the search of examples, the random generation of configurations proves
to be useful. The function random_Conf_R(m,n) randomly generates an ele-
ment of (R?™)". The function generate_good_system(epsilon) provides a
configuration Lambda such that (epsilon,Lambda) is a good system.

def random_Conf R (m,n):
L=(]
for j in range(n):
L.append ([])
for i in range(2+*m):
x=np.random. choice (np.arange(—2,2,1))
L[j].append(x)
return L

def generate_good_system (epsilon ):
M=)
for i in range(len(epsilon)):
M. append (max( epsilon[i]))
n=max (M)
m=int ((len (epsilon[0]) —1)/2)
L=random_Conf_R (m,n)
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cpt=1
while not(Imbrication_condition (epsilon ,L) and
is_studyable (epsilon ,L)):
L=random_Conf_R (m,n)
cpt+=1
if cpt>10000:
print (”too-many-trials”)
return None
print ("number-of -trials=" cpt)
return L
Once a good system is available, one can generate a Z"-basis such that
the condition (H) is satisfied. It turns out that this function has always
returned such a basis, and this is why I formulated conjecture 0.1thm.0.1.
def base(m):
B=(]
for j in range(m):
B.append ([])
for i in range(m):
x=np.random. choice (np.arange(—2,2,1))

B[j].append(x)
B=np.array (B)
while np.linalg.det(B)<0.01:
B=]
for j in range(m):
B.append ([])
for i in range(m):
x=np.random. choice (np.arange(—2,2,1))
B[j].append(x)
B=np.array (B)
return B

def generate_base_H (epsilon ,L):

m=int (len (L[0])/2)

B=base (m)

print (B)

cpt=1

while not (Cond_H (B, epsilon ,L)):
B=base (m)
cpt+=1
if c¢pt>=10000:

print (" too-many-trials=" cpt)
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return [0]
print ("numbre-of - trials=
return B

)

,cpt)
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