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We generalize our recent analysis of hidden-strangeness tetraquarks within the dynamical diquark
model from its adiabatic form (in which each state is described solely by a diquark-antidiquark
potential) to its diabatic form (which incorporates effects of di-hadron thresholds upon the states).
We tabulate all relevant thresholds and compute the di-hadron content of each predicted state. Our
results produce no particular hidden-strange tetraquark candidate whose structure is dominated by
di-hadron structure, in contrast to the charm sector, where many exotic states are strongly associated
with such thresholds : The hidden-strange states tend to remain compact and less influenced by di-
hadron thresholds. Multiple states above 2 GeV with peculiar decay properties, including ¢(2170),
f2(2340), and 7(2370), continue to serve as excellent hidden-strange tetraquark candidates.
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I. INTRODUCTION

In the past two decades, the spectrum of known
hadrons has expanded beyond conventional ¢g mesons
and gqq baryons through the observation of numerous
exotic hadrons. These novel states include tetraquark
and pentaquark candidates in the heavy-quark sector,
and have been reported by multiple experimental collab-
orations. To note a few specific milestones, Belle dis-
covered X (3872) [now x.1(3872)] in B-meson decays [1],
BESIII observed the charged Z.(3900) [now T,z (3900)]
in ete™ collisions [2], and LHCb identified hidden-charm
pentaquarks such as P.(4457)% in A, decays [3].

Theoretical interpretations for the structure of these
hadrons include compact multiquark states, hadronic
molecules, hadroquarkonium, hybrids, and kinematic ef-
fects such as those arising from triangle singularities [4].
The paradigm to be used in this work, the dynamical
diquark model [5, 6] describes exotic hadrons as diquark-
antidiquark systems bound by Born-Oppenheimer (BO)
potentials, and provides a natural accounting of the
spectroscopy and decay patterns of multiquark exotic
hadrons.

A central element of the model is its analogy with the
BO treatment of heavy-quark hybrids in lattice QCD.
But rather than a heavy-quark pair @@, the heavy di-
quark ¢ and antidiquark § pair now serve as static color
sources, while the lighter, more rapidly changing gluonic
field connecting them generates effective adiabatic po-
tentials in which the 9 pair interact. These BO poten-
tials, which may be computed on the lattice, then govern
the dynamics of the heavy dd pair. The separation of
scales between the heavy diquarks and the fast light fields
(mg > Aqcp) provides a natural dynamical foundation
for the spectroscopic study of exotics.

The model was first applied to hidden-charm ex-
otics in Ref. [7], successfully reproducing the observed
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Xc1(3872) and Tz spectrum and predicting additional
states. Refinements incorporating spin-dependent inter-
actions and finite-size effects [8] explained fine-structure
splittings and the peculiar nature of x.1(3872). The
model was subsequently extended to P-wave excita-
tions [9], hidden-bottom and hidden-charm/strange sys-
tems [10], all-charm tetraquarks [11], open-strangeness
candidates [12], and the open-heavy-flavor state T, [13].
Beyond tetraquarks, the same framework has been gen-
eralized (by introducing color-triplet triguarks) to pen-
taquarks [14] and their fine-structure spectrum [15], con-
sistently demonstrating that the interplay of color-triplet
diquark/triquark dynamics and light gluonic fields allows
the model to capture essential features of the exotic-
hadron spectrum.

The expansion of this framework to include the close
association of multiple exotic candidates with specific
di-hadron thresholds (such as x.1(3872) with D°-D*9,
which differ in mass by only a fraction of an MeV [16])
mandates the generalization of the original dynamical di-
quark model—which may be described as adiabatic be-
cause it makes use of only single BO potentials—to the
diabatic formalism, which provides a systematic, rigor-
ous treatment of threshold dynamics and channel mix-
ing. This approach generalizes the BO approximation to
describe heavy-quark systems that lie near open-heavy-
flavor thresholds, accounting nonperturbatively for the
mixing of such states with di-meson components. Origi-
nally developed in atomic physics in a specific form de-
rived in Ref. [17], the method was first introduced in
hadronic physics to study heavy quarkonium, thus al-
lowing a complete description of near-threshold charmo-
niumlike [18, 19] and bottomoniumlike [20] states, as well
as their scattering behavior [21]. More recently, the di-
abatic formalism has been applied to the dynamical di-
quark model, where it allows for an explicit treatment
of coupled-channel effects and strong mixing between §d
and di-meson components [22-24].

While the applications described above refer to heavy-
quark systems (c¢, bb, cc) for which the heavy-light scale
separations are clear, it is natural to investigate the rele-



vance of the approach for the much more marginal case of
exotic hadrons containing hidden strangeness (ss), where
the scale-separation parameter Aqcp/ms cannot be con-
sidered especially small. In Ref. [25], we applied the
dynamical diquark model to hidden-strange tetraquarks.
There, we identified P-wave s5¢q states with JF¢ =1~
0~F, etc., near 2.3 GeV, S-wave s5s5 states with J©C =
0FF, 17—, 2% near 2.2 GeV, and P-wave s3s5 states
near 2.7 GeV. Since many of these masses lie in the vicin-
ity of di-meson and baryon—antibaryon thresholds, it is
natural to further investigate their properties within the
diabatic formalism, especially to uncover whether any
known states in this region appear to be heavily influ-
enced by nearby thresholds: Are there s5 analogues to,
e.g., Xe1(3872)-DOD*0?

In fact, experimental evidence for unconventional
isoscalar resonances in the 1.8-2.6 GeV region already
exists and continues to accumulate. Within this mass in-
terval, several well-established 07 and 2+ states are
reported by the Particle Data Group (PDG) [16], in-
cluding fo(1810), fo(2020), fo(2100), fo(2200), f>(2010),
f2(2150), f2(2300), and f2(2340) [16]—likely more than
simple ¢q models can accommodate. Among these reso-
nances, fp(2020) and f2(2340) states exhibit the largest
decay widths, I' = 440 + 50 MeV and 331725 MeV, re-
spectively [16]. They have been prominently observed
in radiative J/¢ decays such as J/v¥ — ~n'n’, where
partial-wave analyses by the BESIII Collaboration have
established clear scalar and tensor contributions [26].
f0(2100), f2(2010), f2(2300), and f2(2340) were also ob-
served by BESIII in the channel J/¢¥ — ~v¢¢ [27]. In
addition, the PDG lists two isoscalar 0~ [1(2225), con-
firmed by BESIII to appear in J/¢¥ — ~v¢¢ [27], and
7(2370) (modes discussed below)] and two 17~ [¢(2170)
and w(2200)] resonances.

The resonance ¢(2170) [formerly Y (2175)] has been re-
ported by three independent experiments. It was first ob-
served by the BaBar Collaboration in the process ete™ —
@ f0(980) [28], and was later confirmed by the BES [29]
and Belle [30] collaborations. Its mass and decay width
are summarized in the PDG as 2164 £ 5 MeV and
88726 MeV, respectively. Its nature has been discussed
in a variety of theoretical frameworks. One possibility is
that it represents a hidden-strangeness tetraquark of the
type ssqq [31], or even a fully strange ssss state [32].
It has also been proposed as a AA baryonium bound
state [33]. In alternative scenarios based on hadronic
molecules, ¢(2170) may be dynamically generated as a
@K K system, where the KK pair arises from a f;(980)
resonance [34]. Another recent proposal [35] identifies
the peak as arising from a triangle singularity mecha-
nism: In ete™ — ¢n 7, the intermediate process K K
with K1 — ¢K, followed by KK — wt7~, develops a
kinematical singularity that mimics a resonance structure
around 2.17 GeV.

In the light-hadron sector, BESIII has revealed a series

of unconventional resonances in radiative and hadronic
J/v¢ and 1(3686) decays. One of the first such states

was X (1835) [36], confirmed in J/¢p — yrTr~n' with
m = 1831.8750 MeV and ' = 120 + 70 MeV [37].
More recently, BESIII has expanded this spectrum: The
aforementioned 7)(2370) has been observed in J/¢ —
yrtr=n' [38], yKT K1/, and yK?K?n' [39], and has
JPC =07%, m = 2377+ 9 MeV, and T = 148755 MeV.
It has been discussed as a potential glueball candidate,
although lattice simulations predict the lightest 0=+
glueball state to occur near 2.6 GeV [40-42]. A state
X (2500), observed in J/v — y¢¢ with JFC = 0=+,
has m = 2470715 MeV and T' = 230753 MeV [27];
X (2600), seen in J/1p — ywTwn, was measured to
have m = 2618 £ 2 MeV and I' = 200 £ 8 MeV , and
JPC = 0=F,27% are favored [43]; and most recently,
X (2300) was reported in v(3686) — énn’ with JP¢ =
177, m =2316+31 MeV, and I' = 89430 MeV [44]. To-
gether, these results reveal a remarkably rich spectrum
of potential hidden—strangeness resonances in the region
1.8-2.6 GeV (see Fig. 1 at the beginning of Sec. V), pro-
viding an important testing ground for nonperturbative
QCD dynamics.

The structure of this paper is as follows. In Sec. II,
we enumerate the relevant tetraquark states within the
dynamical diquark model. Section III presents the list
of ss-containing di-hadron thresholds in the range 1.8-
2.6 GeV and their corresponding quantum numbers. In
Sec. IV, we review the diabatic formalism and construct
the potential matrix for the hidden-strangeness sector.
Section V presents our numerical results, analyzes the
dominant di-hadron components, and compares with ex-
perimental candidates. Finally, Sec. VI summarizes our
conclusions and outlines directions for future study.

II. TETRAQUARK STATES WITHIN THE
DYNAMICAL DIQUARK MODEL

In light of the quantum numbers of the candidates
we have discussed in the Introduction, our focus is on
tetraquark states with quantum numbers JF¢ = 0+,
1t%, 2+ 0=+ and 17~. In this section, we briefly
identify their origin within the dynamical diquark model.
We consider two types of diquarks (and their antiparti-
cles): mixed-flavor § = sq (where ¢ = u,d) and fully
strange § = ss. Both are assumed to transform under the
antisymmetric color-3 representation (being the unique
attractive combination at small separations), and there-
fore the spin-space-flavor wave function of each diquark is
completely symmetric. The constituent quarks in each of
0,0 are assumed to be in an S-wave, and so the structure
of each tetraquark is determined by the spin coupling
within each of § and J, the total spin of the §J pair, and
the orbital angular momentum L between § and 0.

For 06 = sq, the spectrum to be considered here in-
cludes both S-wave (L = 0) and P-wave (L = 1) states,
although, of course, arbitrary orbital excitations are pos-
sible [6]. Labeling states by the total diquark spins s, s;
and total quark spin S as |.95, 83>S, then in the S-wave



sector where J = S, one obtains two scalar configurations
with JP¢ = 07, namely,

Xo=0505)y,  Xo=11515), (1)
one axial vector with JP¢ = 1+ two with JF¢ = 11—,
1
JEC=1"" Xy = NG (115:05), + 05, 15),) »
1

JPC =1t Z = V2 (!15703>1_ ’06715>1) )
z' = |16115>1 ) (2)
and a tensor state JF¢ = 2+t
Xz = [15,15)s. (3)

for a total of 6 states. If both I =0 and 1 are counted,
then the total becomes 12, although we are only inter-
ested in isoscalar states in this work. Note that all such
states have positive parity because they contain equal
numbers of quarks and antiquarks.

In the P-wave s5qg sector (again assuming the com-

ponents quarks in each of 6,0 to be in an S-wave), the
coupling of §, ¢ spins to relative orbital angular momen-

tum L = 1 produces only negative-parity states. For
JPC = 0=, one obtains the states

1 L=1 L=1 , L=1
Yo = \ﬁ(|05,1s>1 —15:05)," ), Yo = [15,15),

(4)

while the vector channel with J¢ = 1-~ contains a
richer set of possibilities, namely,
L=1 1 L=1 L=1
Zy =105,05)y . Zi= ﬁ(|05,1g L1505, ),
L=1 L=1
Zil: ‘16>15>0 ’ Z{N: ’15713>2 : (5)

The L = 1 ss¢q multiplet also contains states such as
JPC = 07—, 271, etc. (for a total of 14 states [6]),
which we do not consider here.

The multiplets simplify considerably for 6 = ss. Here,
the Pauli principle forbids s; = 0, so that only sy = 1
configurations are admissible. As a result, the number
of independent states is reduced compared to the § = sq
case. In the S-wave, the scalar and axial-vector channels

are each restricted to a single state,
Xo=1515),, JCO=0"",

Z,:’15a15>1 ’ JPC:1+_a (6)
and the tensor channel remains,

Xo = [14,15) JPC = ot+, (7)

2 b
For the P-wave excitations, the pseudoscalar channel re-
duces from two to one configuration,

L=1 _
}/0/:|15715>1 ) JPCZO +7 (8)

while the vector channel contains only two remaining
states,

L=1
0

L=1 __
, L JPO=1

9)

The multiplet is completed by including states with
JPC =17% 277 27F and 37, for a total of 7 [11].

In summary, the restriction imposed by Fermi statis-
tics reduces the multiplicity of states for the § = ss sector
compared to the § = sq sector: the 07+, 0", and 11~
channels each decrease from 2 to 1 independent states,
and the 17~ channel decreases from 4 to 2. This sys-
tematic reduction reflects the fundamental role of Fermi
statistics in shaping the exotic spectrum.

Z;’=\15,15> , Z{”:\16,15>

I1III. HADRONIC THRESHOLDS

In this section, we tabulate the thresholds relevant
for hidden-strange tetraquarks by identifying mesons
(isoscalar and open-strange) and strange baryons that
have well-defined quantum numbers in pairs. We limit
the list to hadrons that contain, or potentially can con-
tain, valence s and/or § quarks (thus removing isovec-
tor meson pairs from consideration), and thereby in di-
hadron pairs can contribute to ssqq or ssss states. We
furthermore limit the list to include only those hadrons
with T' < 100 MeV, since identifying a di-hadron compo-
nent within a tetraquark requires each constituent to be
at least as stable as the overall state to which it con-
tributes. A tetraquark with two I' = 100 MeV con-
stituents that can decay independently would thus have
I' 2 200 MeV and might be difficult to discern in the
data. Additionally, the precise threshold for such broad
constituent states becomes a rather ill-defined concept.

Each hadron is specified by its total spin J, parity P,
charge-conjugation parity C (if applicable), and internal
orbital angular momentum L. For neutral ¢q mesons,
these quantum numbers satisfy the relations:

P= (-1, C= (-1, (10)
Here, S is the total spin of the ¢q pair, and L is their
relative orbital angular momentum, which also give rise
to the usual spectroscopic notation n25+1L ;.

The list of these mesons, including J*¢ quantum num-
bers, masses, decay widths, and n2+1L ; values inferred
by the PDG [16], is presented in Table I. As noted
above, we restrict component hadrons to relatively nar-
row states in order to ensure that they produce well-
defined thresholds in the coupled-channel framework. In
particular, broad isoscalar resonances such as f2(1270)
and h;(1170) are excluded from our list because their
decay widths exceed several hundred MeV, making them
unsuitable for our purpose. In Table I we also include
the strange mesons K*(892) and K (1270), together with
the baryons A(1116) and Z(1315). Unlike the isoscalar
mesons, these hadrons are not individually C eigenstates,



but when combined into particle-antiparticle pairs (corre-
sponding to the threshold states), they may be expressed
as states of definite C eigenvalue.

TABLE I. Masses, widths (central values, in MeV), and quan-
tum numbers JE¢ of the hadrons used in this work, and spec-
troscopic assignments n2°*1L; as inferred by the PDG [16].
For states with nonzero isospin, measured values refer to the
lighter isobar.

Hadron Mass Width Jre nZtip,
1(548) 547.9 1.31x 1073 0T 118,
n(958) 957.8 0.188 (O 1S,
n(1295) 1294 55 0t 218,
n(1475) 1476 96 0t 2'So
w(782) 782.7 8.49 1=~ 128
$(1020) 1019.5 4.25 1=~ 135
h1(1415) 1409 78 1t 1'P
f1(1285) 1281.8 23.0 1+ 1°P
f1(1420) 1428.4 56.7 1+ 13p
f2(1525) 1517.3 72 2t 13P,
K*(892) 890 51.4 1- 125
K1(1270) 1253 101 1t PP
A 1115.7 ~0 it 1S,
= 1314.8 ~0 it 118,

TABLE II. Di-meson pairs MM, (threshold energy T in
GeV) and relative orbital angular momentum values ¢ that
allow S-wave s5q7 candidates for the given JY¢ quantum
numbers.

To classify the quantum numbers of the di-hadron
thresholds, we follow the formalism of Ref. [18]. Con-
sider two hadrons with intrinsic spins S; and S;. Their
total spin is obtained by coupling S = S; + S5, while the
eigenvalue of the relative orbital angular momentum L
between the two hadrons (the partial wave) is ¢. The
total angular momentum of the two-hadron system is
then J = L + S. The parity of the two-hadron state
is P = Py P(—1)¢, where P;, P, are the intrinsic pari-
ties of the individual hadrons. A baryon-antibaryon pair
has Py P, = —1. For C-parity, one must distinguish two
cases:

o For either identical mesons (M; = M) or baryons
(B1 = Bs) [generically, hadrons Hy = Hs], the C-
parity of the HyH, di-hadron component is well-
defined:

C = (—1)5. (11)

o For nonidentical isoscalar mesons (M7 # M), or
for open-strange mesons such as kaons, or for non-
identical baryons (not used in this work), states
with either C' = 41 or —1 can be constructed.

All relevant quantum numbers for the meson (baryon)
thresholds are listed in Tables II-1V.

My M, Tog, 11, £ for JF¢

0++ 1++ 2++
nn(1295) 1.842 0 - 2
7(958)1(958) 1.916 0 - 2
nhi(1415) 1.957 1 1 1,3
nf1(1420) 1.976 1 1 1,3
n(958)¢ 1.977 - 0,2 2
nn(1475) 2.024 0 - 2
b 2.039 0,2 2 0,2,4
nf2(1525) 2.065 - 1,3 1,3
wn(1295) 2.077 - 0,2 2
K*K1(1270) 2.143 1 1,3 1,3

IV. DIABATIC DESCRIPTION OF THE
DYNAMICAL DIQUARK MODEL

The original dynamical diquark model for exotic
hadrons describes tetraquarks as bound states of a di-
quark-antidiquark pair §¢ interacting through gluonic
field configurations [7] (and pentaquarks as analogous
diquark-triquark bound states [14]). The natural frame-
work for this configuration is the Born-Oppenheimer
(BO) approximation: The heavy § and 6 move slowly
compared to the light fields, which adjust instantaneously
(“adiabatically”) to the motion of 6 and . The 9 system
with reduced mass ji55 then satisfies

p2

255

+ Higni(r) — E'| [¢)) =0, (12)

where Hiight (r) encodes the Hamiltonian of the light-field
degrees of freedom (d.o.f.) at a particular diquark sepa-
ration r. Solving

Higni (r)[€:(r)) = Vi(r) [&(r)) , (13)

defines the adiabatic potentials V;(r), which have been
calculated in lattice-QCD simulations [45-47] as the
potential-energy functions obtained between any two
static color-triplet sources at separation r. Expanding
the full wave function within this basis gives

w=Y [awimk s,

where |r) denotes the state corresponding to the two
heavy sources with separation vector r. This expression
is called the adiabatic expansion, because it suggests that



TABLE III. Di-hadron pairs HyHo (threshold energy T in
GeV) and relative orbital angular momentum values ¢ that
allow P-wave s5qq and S-wave s5s5 candidates for the given

TABLE IV. Di-hadron pairs HyH> (threshold energy T in
GeV) and relative orbital angular momentum values ¢ that
allow P-wave s5s5 candidates for the given J¥C quantum
numbers.

JPC quantum numbers.
H,H, Ty, i, ¢ for JFC

ott 1t ott o+ 1
AA 2231 1 1 1,3 0 0,2
n(958) f1(1285) 2.240 1 1 13 - 02
1(958)n(1295) 2.252 0 - 2 - 1
wn(1475) 2259 - 02 2 1 1
wf2(1525) 2300 1,3 1,3 135 2 024
¢ f1(1285) 2301 1 1,3 13 02 0.2
n(1295)6 2313 - 02 2 1 1
n(958) h1(1415) 2.367 1 11,3 - 02
n(958) f1(1420) 2.386 1 1 1,3 - 0,2
$h1(1415) 2428 1 13 1,3 02 02
n(958)n(1475) 2.434 0 - 2 - 1
¢ f1(1420) 2448 1 13 1,3 02 02
1(958) f2(1525) 2.475 - 1,3 1,3 2 2
n(1475)6 2495 - 02 2 1 1
K1(1270)K,(1270) 2506 0,2 2 024 1 1,3
f1(1285)f1(1285) 2564 02 2 024 1 13
f1(1285)n(1295) 2576 1 1 13 - 02
1(1295)n(1295) 2.588 0 - 2 - 1

the light d.o.f. remain in particular states |;(r)) that re-
spond only to the heavy-source separation r. In general,
however, different light-d.o.f. states can develop coupled-
channel mixing when r changes:

(& (r)|V&i(r)) #0. (15)

These overlaps are called nonadiabatic couplings. If they
can be neglected, then one obtains the single-channel BO-
approximation Schrodinger equation:

h2

—va? +Vi(r) = E| d(r) = 0. (16)

Near di-meson thresholds, however, mixing between 66
and di-meson M; M- configurations becomes essential,
invalidating this approximation. A more general treat-
ment employs the diabatic expansion, in which the basis
states are defined at a fiducial separation rg, whose value
ensures that V;(rg) lies far from thresholds. rg is chosen
so that the states |¢;(rg)) can reliably be expressed in
terms of unmixed configurations. The wave function is

HyH; Ty, a, [GeV] ¢ for JFC

0t 1

== 2.630 0 0,2
f1(1285)h1(1415) 2.691 1 1,3
n(1295)h1(1415) 2.703 0,2
F1(1285) f1(1420) 2.710 1 1,3
n(1295) f1(1420) 2.722 0,2

n(1295) f2(1525) 2.811 2 2
hi(1415)hy (1415) 2.818 1 1,3
hi(1415) f1(1420) 2.837 1 1,3
11(1420) f1(1420) 2.857 1 1,3
n(1475)h1 (1415) 2.885 0,2
n(1475) f1(1420) 2.904 0,2
f2(1525)h1 (1415) 2.926 1,3 1,3

then expanded as
W) =3 [ ), an)

leading to the coupled-channel Schrédinger equation

h2
Z [— 5ijV2 + Vji(r, 1) — Eéji] Y;i(r,rg) =0,

P 24
(18)
where the diabatic potential matriz is defined by
Vji(r,ro) = (& (ro) | Hiignt (r)[&i (r0)) - (19)

With the argument ry suppressed from this point on,
the diagonal elements Vj;(r) describe uncoupled-channel
potentials, while the off-diagonal terms Vj;(r) repre-
sent physical mixing between configurations. Threshold
effects are naturally included: Closed-channel (below-
threshold) wave functions decay exponentially, while
open-channel (above-threshold) wave functions support
oscillatory asymptotics and resonance behaviors [19].
The diabatic formalism thereby provides a systematic de-
scription of strongly coupled multichannel systems, and
thus is well suited to studies of exotic hadrons [23].

The coupled equations can be written compactly as

[K+V(r)-E]|¥(r)=0, (20)



where the kinetic-energy operator is
52

_ V2
2155

h2
PE)
2/”LM1M2

v2

and the coupled wave function is

(1/’)55(7“)
Y ()
v(r)=| " (22)
Yo (7)

The specific phenomenological form that we assume for
the diabatic potential matrix, which has been used since
its first hadronic applications [18, 22, is

Vst Van(r) e V)
Vmix(r) V AT (7“)

V(r) = s . (23)
Vs (r) Vi (r)

where blank elements are taken to be zero, and

Vys(r) = —%+m«+vo, (24)
Vi(r) =V () =M+ My=T() | (25)
. 2
(i)
A 1 [V(SS(T) - TMlﬁJ
(=2 L 2
Voi(r) 5 CXPy ~5 o2 , (26)

where a@ = 0.053 GeV - fm, ¢ = 1.097 GeV/fm, Vo =
—0.380 GeV is taken from [45], p = 0.3 fm, and A =
0.130 GeV [18]. Note also the disappearance of any di-
rection dependence from this application (r — r).

The use of a uniform mixing potential Vp;(r) for all
di-meson states ¢ (as well as the specific Gaussian func-
tional form) is of course a substantial phenomenologi-
cal assumption. In the heavy-quark case at least, one
can make headway by comparing the differing effects of
thresholds in which the component hadrons are related
by heavy-quark symmetry, such as D and D* [48, 49).

V. RESULTS

The inclusion of hadronic thresholds in the dia-
batic dynamical diquark model for hidden-strangeness
tetraquarks typically leads to a reduction of the mass

eigenvalues by a few tens of MeV compared to those
in the adiabatic case [25]. In general, these effects be-
come negligible once the difference between the adia-
batic tetraquark mass eigenvalue and the nearest meson
threshold exceeds about 200 MeV. In the following sub-
sections we present results for S- and P-wave states, and
for ssqq and ssss quark contents, and compare these re-
sults to the spectrum of observed resonances discussed in
the Introduction and displayed in Fig 1.

Across all states listed in the following subsections, the
compact d6 configuration is seen to be the main compo-
nent; despite some mixing with nearby di-meson thresh-
olds, no state is threshold-dominated. Threshold effects
are slightly more pronounced for P-wave than for S-wave
states, producing somewhat larger di-hadron admixtures
and mass shifts, but the §§ component continues to dom-
inate the overall wave function.

A. S-Wave s5qq States

For the S-wave s$5qq system, we consider thresholds
starting at 1840 MeV, as motivated by our previous pre-
dictions from the dynamical diquark model [25]. As seen
in Table V, the §§ configuration dominates the 17 and
211 states, each with contributions above 90%. For the
0+ state, the 66 structure remains the primary compo-
nent (=~ 87%), while the nn(1295) channel provides the
second-largest contribution (= 8%). Note that, accord-
ing to Table II, thresholds with JF¢ = 2%+ occur for
every listed di-meson threshold; however, the contribu-
tion from each of them is found to be < 1%.

TABLE V. Diabatic formalism results for S-wave s5qq states:
energy eigenvalues E, state sizes (r), and diquark—antidiquark
and di-meson state contents (%). Entries < 1% are left blank;
“~” indicates forbidden quantum numbers.

JPC 0++ 1++ 2++
E (GeV) 1.817 1.826 1.822
(ry (fm) 0.635 0.570 0.572
56 86.5 96.0 96.2
nn(1295) 8.4 -
1(958)n(958) 2.4 -
n(958)¢ - 1.4

The calculated sizes (r) of these states are all signif-
icantly smaller that 1 fm, suggesting a compact tetra-
quark structure rather than that of a loosely bound di-
meson molecule. These results reinforce the interpreta-
tion that the states are dominated by a genuine 69 con-
figuration.

The only observed light, unflavored meson states listed
by the PDG found to be compatible with the mass eigen-
values of Table IT are f5(1810) (2+) and X (1835) (0~).
Due to its P = — eigenvalue, X (1835) is incompatible
with an S-wave tetraquark configuration. f»(1810), how-
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FIG. 1. Spectrum of s5s5 and s5qq states of given quantum numbers within the dynamical diquark model, expressed such that
the differing di-hadron threshold effects for each state (but not yet including fine-structure effects in the underlying states)
produce a spread for each multiplet indicated by a shaded band. These results are compared to the measured values of the
isoscalar, light-unflavored meson resonances (masses and decay widths) tabulated by the PDG and by BESIII.

ever, serves as a potential 1.5 s5¢q candidate (Indeed, it
possesses K K and nn decay modes); and if so, then 07T
and 11" partners should be observable nearby.

TABLE VI. Diabatic formalism results for P-wave s5qq states:
energy eigenvalues E, state sizes (r), and diquark—antidiquark
and di-meson state contents (%). Entries < 1% are left blank;

Results for the 0+ and 2+ states (with ms = 0.710  «_» jpdicates forbidden quantum numbers.
MeV) lie well below the experimental masses of f2(2010) = — —
and fp(2020) (see Fig. 1). However, both of these J 1 0
states have been interpreted as tetraquark candidates E (GeV) 2.243 2.265
in various theoretical works. In particular, QCD sum- (r) (fm) 0.965 0.936
rule analyses of fully strange configurations (ssss) assign 56 75.4 80.7
f2(2010) to a JPC = 2+ tetraquark state [50, 51], while wf2(1525) 6.9
constituent-quark-model studies of light-tetraquark spec- o f1(1285) 7.0 11.7
troscopy suggest that fy(2020) may correspond to a ra- 1(1295)6 95 97
dial excitation within a scalar tetraquark nonet [52]. 1(958) hy (1415) 9.0 )
1n(958) f1(1420) 1.3 -
B. P-Wave s35q7 States ¢ha(1415) 11 15
17(958)n(1475) .
o f1(1420) 1.2

For the P-wave ssqq system, our previous adiabatic
results [25] suggest that the relevant thresholds start at
2.3 GeV, corresponding to the wf>(1525) channel (see
Table IIT). Table VI shows that the §é configuration
again dominates, contributing =~ 75% for the 17~ state
and =~ 81% for the 0~ state.

In the 17~ channel, the largest subleading contribu-
tions come from the wf2(1525) and ¢f;(1285) thresh-
olds, each ~ 7%. Referring to Table III, this result is
natural since both channels lie close in mass and con- The states w(2220) (177) and 7(2225) (0~ 1) listed in
tribute to the same lowest partial waves (¢ = 0,2). For the PDG have J”¢ quantum numbers and mass eigen-
the 0~F channel, the largest subleading component is values compatible with those in Table VI.

¢ f1(1285) (~ 12%). The wf2(1525) channel contributes
only weakly, as it appears only in the ¢ = 2 partial wave.



C. ¢(2170) and n(2370)

The different interpretations of ¢(2170) can be under-
stood as complementary perspectives applied at different
levels of physical description. In the diabatic diquark
model employed here, ¢(2170) is a predominantly com-
pact ssqq state composed of diquarks, decaying into me-
son pairs such as ¢n, wn(958), and K K* via the fall-apart
mechanism. To expand upon the discussion in the Intro-
duction, in hadronic-molecule models such as in Ref. [34],
©(2170) emerges dynamically from meson—meson interac-
tions (e.g., ¢ + KK), leading to comparable final states,
although the system is more spatially extended. In the
AA baryonium scenario [33], $(2170) is a loosely bound
baryon—antibaryon system, favoring open-strange decays
such as KK, and differing in both structure and domi-
nant decay channels from the tetraquark picture. Finally,
the triangle-singularity mechanism in Ref. [35] provides a
purely kinematic explanation of the observed peak, pro-
ducing similar invariant-mass enhancements without re-
quiring a conventional bound state.

In the dynamical diquark model, the inclusion of
spin- and isospin-dependent interactions for the P-wave

1000 0 —V3
MI=0 = M, 8(1)(1)8 + Figs _(‘)/3 _02
0001 0 0
0 0 0 04
—3VT22 —01 3@
0 4 3./3 _T

By using the results in Table IV of Ref. [25] for the
mass eigenvalues of the 17~ and 0~ s5s3 states in terms
of kss, Vis, and V. [the latter being defined as the coefli-
cient of the tensor operator S{3 in the s5s5 Hamiltonian
that is analogous to S74 in Eq. (27)], and fitting to results
obtained from QCD sum rules in Ref. [51], we determine
the spin-dependent parameters to be kg3 = 16 £ 7 MeV,
Vis = 28+5 MeV , and V. = —1.5 £ 1.6 MeV. Note
that this value of kg is also consistent with ones used in
Refs. [53, 54], and V7. is consistent with zero. Assuming
that these parameters remain the same in the ssqq sector
(i.e., Ksq = Kgs, the same value of Vg applies, and Vr,
which corresponds to a slightly different operator than
does V7., is also taken to vanish), we now also include the
isospin-dependent interaction (coefficient V) of Eq. (27)
and allow the value my to vary accordingly. In this frame-
work, the original 6 = sq diquark mass ms = 0.710 GeV

tetraquarks [9] yields the following Hamiltonian:

H = Ho+2kg¢s(8q-8s +55-55) + VgL - S
+ViTy 1040+ VT, T; Sg‘ﬂ . (27)

Here, Hy denotes the multiplet-average Hamiltonian
(with eigenvalue M), prior to the introduction of spin-
and isospin-dependent fine structure. The § and ¢ spin
operators are defined as ss = s, + s, and s; = sq + ss,
respectively. The total quark-spin operator is given by
S = s;+sj5, and L represents the orbital angular momen-
tum operator between & and 6. The isospin-dependent
interaction (analogous to pion exchange), here labeling
its coefficient as V7, is represented in the fourth term,
and the last term contains the tensor operator Sis, de-
fined as:

S12=4[3S1- 7Sy r/r* —8;-Ss] , (28)

where spin operators S; are used so that this operator
can be applied to any component particles 1,2, including
individual quarks or diquarks. In the case of 17~ and
0~ states, the explicit mass expressions [9] read:

0 0000 23000
0 0000 0 100
ol " Vesloo1ol 310 010
1 0003 0001
(29)
30 10
3V[<0 1)+12VT <0 0) (30)

used in Ref. [25] produces mass eigenvalues that lie ap-
proximately 50 MeV below the physical masses of ¢(2170)
and 1(2370) when V; = —21.5 MeV. An analogous effect
that requires a higher diquark mass when including the
isospin-dependent interaction has also been reported in
the S-wave ccqq tetraquark sector [12].

We offset this downward mass-eigenvalue shift that oc-
curs for ssqq states when spin- and isospin-dependent in-
teractions are included by increasing the sq diquark mass
to mys = 0.745 GeV. The masses of the 17~ and 07"
states can then easily be brought into agreement with
the observed values of ¢(2170) and 7(2370), respectively.
In these fits, we take ¢(2170) to be the lightest 1=~ and
n(2370) to be the heavier 0~ s5¢q eigenstate.

To estimate the theoretical uncertainties, we vary each
of the four model parameters independently by +10%,
keeping all other parameters fixed during each variation



(Table VII). The resulting mass sensitivities are small for
most parameters: For the 0~ state, the dominant con-
tributions arise from shifts of Vg and V7, which change
the masses by 5.8 and 6.4 MeV, respectively, while x4
and V7. induce only sub-MeV effects. For the 17~ state,
the sensitivities are almost entirely governed by V;, which
produces a change of 19 MeV, with all other parameters
contributing < 1 MeV. This sensitivity to V7 is particu-
larly interesting: Until isospin-partner tetraquark states
[e.g., hidden-strange analogues to Z.(3900)] are identi-
fied, the precise value of V; will be difficult to establish.

TABLE VII. Mass sensitivities AM in (MeV) of the 01 and
17~ states to £10% variations of the model parameters. Each
range corresponds to the result of varying only the indicated
parameter.

Parameter AM(0™T) AM(177)
Kss 0.2 0.6
Vis 5.8 2x 1074
Vi 5x 1073 1x1078
Vi 6.4 19.0

These states are further refined within the diabatic
formalism by incorporating nearby hadronic thresholds.
The results for ¢(2170) and 1(2370) are presented in Ta-
bles VIII and IX, respectively. The ¢(2170) mass lies not
far from the AA threshold, which is therefore explicitly
included in the calculation. The corresponding ¢(2170)
wave function is again dominated (Table VIII) by the 66
component (= 85%), with smaller contributions from AA
(= 4%) and 1(958) f1(1285) (~ 3%). Thus, the d0 con-
figuration remains the dominant component, even when
baryon—antibaryon and di-meson channels are included.

TABLE VIII. Results for the energy eigenvalue F, state size
(r), and diquark—antidiquark and di-meson state content (%)
of ¢(2170), assumed to be the lightest 17~ s5¢q 1P state [via
Eq. (29)] within the diabatic dynamical diquark model.

E (GeV) 2.132
(ry (fm) 0.971

50 84.6

AA 4.0
n(958) f1(1285) 3.1
n(958)n(1295) 1.2
wn(1475) 1.0

w f2(1525) 1.6

¢ .f1(1285) 1.5

For 7(2370), the 66 fraction is nearly 89% (Table IX),
while the next two subleading contributions arise from
¢h1(1415) (~ 5%) and ¢ f1(1285) (~ 4%) channels. This
state is also interpreted as a 0~F s5¢g state in a recent
QCD sum-rule analysis [55].

In both cases, the adiabatic model produces a perfect
fit to the measured masses, but the diabatic corrections

TABLE IX. Results for the energy eigenvalue F, state size
(r), and diquark—antidiquark and di-meson state content (%)
of 7(2370), assumed to be the heavier 0~1 s3¢7 1P state [via
Eq. (30)] within the diabatic dynamical diquark model.

E (GeV) 2.352
(ry (fm) 0.859
56 88.7
bh1(1415) 4.9
B f1(1285) 3.6

pull them about 20-30 MeV lower. However, this discrep-
ancy is merely an artifact of the two-stage fitting process;
a global diabatic fit could easily maintain the perfect fit.
Indeed, a fully self-consistent global diabatic fit treats
all states in each multiplet simultaneously and includes
all di-hadron channel couplings from the start, provid-
ing a consistent description of masses and wave functions
across the spectrum. In practice, the two-stage procedure
(first adiabatic, then diabatic) captures the main effects
of mixing and threshold coupling, while producing only
modest mass shifts. This claim is supported by analysis
in the hidden-charm sector, where the diabatic approach
has been extended to treat the tetraquark states as poles
in di-hadron scattering amplitudes [23], and yet the reso-
nant peak positions are nevertheless found to shift rather
modestly compared to either the adiabatic results or to
diabatic results in which mass shifts (and decay widths)
are computed using conventional Fano-type [56] coupled-
channel methods [24]. Even with a global fit adjusted to
the physical masses of ¢(2170) and 7(2370), the overall
structure of these states is not expected to change signif-
icantly. The compact §§ configuration would continue to
dominate, with the fit mainly refining numerical details.

Using the same parameter set as presented in this
subsection and assuming no mixing, we predict addi-
tional isoscalar 17~ s5qq tetraquark states with masses
of 2397 MeV, 2377 MeV, and 2340 MeV, as well as a
0~ state at 2088 MeV. We also predict an exotic (077)
tetraquark state with a mass of 2359 MeV. Nevertheless,
a careful analysis of the known PDG isoscalar states with
the same quantum numbers (interpreted as tetraquark
candidates) is needed in order to constrain the model
parameters directly, rather than by relying upon com-
parison with another theoretical approach (such as QCD
sum rules), especially for the fully strange tetraquarks to
be discussed next.

D. S-Wave ss5s5 States

In the S-wave fully strange sector, we predict states
with JPC = 07 and 271 at 2.19 GeV and 2.18 GeV,
respectively (Table X). Both are dominated by the 66
component (= 90%). For the 0% state, the next largest
contribution is from 7(958)n(1295) (=~ 5%), while for the
277 state this channel contributes only ~ 1%. The sup-



pression of the latter value arises from the angular mo-
mentum barrier: According to Table III, 07+ 57 states
couple through the ¢ = 0 partial wave, whereas 2+ 5
states only appears through the ¢ = 2 partial wave.

TABLE X. Diabatic formalism results for S-wave s5s§ states:
energy eigenvalues F, state sizes (r), and diquark-antidiquark
and di-meson state contents (%).

JPC 0+ o+

E (GeV) 2.188 2.179

(r) (fm) 0.545 0.543

56 89.3 91.4

AA 1.5 1.5

17(958) f1 (1285) 1.1 1.3

n(958)n(1295) 45 1.1
Experimentally, the PDG lists nearby candidates

f0(2200) and f5(2150), both with reported widths of
2 200 MeV. The same holds for the somewhat more
distant f5(2100). f5(2200) has also been suggested as an
S-wave tetraquark in Ref. [57].

E. X(2300) and f,(2340)

We also investigate the recently observed JF¢ = 17~
X (2300) [44], which has been interpreted as either a fully
strange tetraquark [58] or a molecular system [59].

Several recent studies have proposed alternative inter-
pretations for the newly observed X(2300). The PA-
CIAE study [59] simulates eTe™ collisions to generate a
full partonic and hadronic final state, including parton
rescattering, hadronization, and hadronic rescattering.
Using a phase-space coalescence approach, hypothetical
candidates for X (2300) are assembled under different
possible internal structures: an excited ss, a compact
588§ tetraquark, and a hadro-strangeonium (¢n or ¢n')
state. For each configuration, the model computes pro-
duction yields and kinematic distributions (rapidity and
pr), finding that the resulting yields and spectra differ
significantly among the three hypotheses: The excited ss
and compact tetraquark configurations are produced at
observable rates, whereas the hadro-strangeonium candi-
date is strongly suppressed. Work using the modified
Godfrey-TIsgur (MGI) approach [60] constructs a rela-
tivized ss spectrum with a screened linear potential to
mimic vacuum-polarization effects, which lowers the pre-
dicted masses of highly excited states below naive quark-
model expectations. Using the P, quark-pair creation
model, Ref. [60] then calculates OZI-allowed two-body
decay widths, assigning X (2300) as the third radial ex-
citation of the P; axial-vector state (3'P;), and predicts
KK*, K*K*, K*K,p, and K K}(1430) as the dominant
decay modes.

To test its structure, we vary my from 0.95 GeV (its
value in the adiabatic calculation [25]) to 1.0 GeV, in
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order to reproduce the observed X(2300) and include
nearby closed thresholds. Our results (Table XI) show
that even after threshold effects are included, X (2300)
remains dominated by its §6 component (= 83%), fol-
lowed by two n¢ channels with excited 1’s (each = 7%).
These results, analogous to those in previous cases, sup-
port the interpretation of X (2300) as a compact S-wave
5555, JPC = 11~ state.

Furthermore, Table XI also shows that the shift to
ms = 1.0 GeV nicely accommodates f(2340) (JFC =
271), which is also found to be an S-wave sss§ state
that is predominantly §6 (= 93%), with subleading con-
tributions from 7(958)h;(1415) and 7(958) f1(1420) (each
2 1%).

TABLE XI. Results for the energy eigenvalues F, state sizes
(r), and state contents of X (2300) and f2(2340) within the
diabatic dynamical diquark model with ms = 1.0 GeV. En-
tries < 1% are left blank.

Jre 1t~ o+t

E (GeV) 2.271 2.307

(r) (fm) 0.567 0.517

86 82.7 92.8
n(1295)¢ 6.7

7(958) h1(1415) 1.3

n(958) f1(1420) 1.1
n(1475)¢ 7.1

Notably, among the tensor states with masses around
2.3 GeV observed also in the channel J/¢ — ¢ [27],
the significantly larger decay width of f5(2340) compared
with that of f2(2300) further supports an exotic interpre-
tation. The exotic nature of f2(2340) has also been re-
cently examined in the context of a tensor glueball, but
analyses of its decay channels within the chiral model
disfavor this assignment [61].

F. P-Wave ssss States

Finally, in the P-wave fully strange sector, we take the
= = threshold as the lightest one (Table IV), because the
following mass relation for the 0~ state when the spin-
dependent terms are included [25],

]\4074r = MO(lP) + Rss — 2VLS - 8V’Z/“7 (31)

with Vg > 0 and V. assumed consistent with 0 as in
Sec. V C, suggests that this state is among the lightest
in the multiplet. Using the parameter values introduced
in Sec. V C, the pseudoscalar tetraquark is predicted to
have a mass of 2.62 GeV within the adiabatic approxi-
mation. In the diabatic formalism, the spectrum remains
strongly dominated by the 4 configuration (Table XII).
In particular, the predicted mass of the 0~ state agrees
with the observed X (2600). It is described primarily as



a 60 configuration (= 80%), with the next main contri-
bution arising from the == component (= 15%). Indeed,
this contribution is the largest single di-hadron compo-
nent we have observed in the hidden-strange sector.

Several theoretical studies have interpreted the
X (2500) resonance as a fully strange tetraquark (ssss).
QCD sum-rule analyses [51, 62] and quark-model calcula-
tions [57] assign it to a P-wave configuration with quan-
tum numbers JF¢ = 0%, predicting masses in the range
2.45-2.55 GeV, consistent with the BESIII measurement.
These works suggest that X (2500) represents the low-
est 1P fully strange tetraquark excitation, rather than
a conventional ss meson. In our framework, however,
we reach a different conclusion: The corresponding ssss
tetraquark configuration appears around 2.6 GeV, sup-
porting the interpretation of the nearby X (2600) state
as the likelier ssss state, especially since the quantum
numbers J7¢ = 0-F,27F, both members of the 1P s5s5
multiplet, are favored [43].

The 177 sector is handled analogously and gives very
similar results (Table XII); in this case, however, we note
that the $5s§ sector contains two 17~ states (see Sec. II),
and so we input the average of their mass eigenvalues ob-
tained from the adiabatic calculation (2.62 GeV) into our
diabatic calculation. The resulting value of 2.584 GeV in
Table XII provides a prediction for the mass average of
the two 17~ P-wave s5s§ states in the diabatic model.

TABLE XII. Diabatic formalism results for P-wave s35s3
states: energy eigenvalues E, state sizes (r), and diquark-

antidiquark and di-meson state contents (%). “~” indicates
forbidden quantum numbers.

Jre 1 0"
E (GeV) 2.584 2.602
(r) (fm) 0.855 0.855
86 79.5 80.0
EE 10.4 15.2
f1(1285)hq(1415) 1.7 1.6
1(1295)hq (1415) 2.9 -
f1(1285) f1(1420) 14 1.3
1(1295) f1(1420) 2.3 -

VI. CONCLUSIONS

In this work, we have studied the spectroscopy and in-
ternal structure of hidden-strangeness tetraquarks within
the diabatic dynamical diquark framework, taking into
account the effects of nearby hadronic thresholds that
can contribute to the structure of the states. Our analysis
shows that both S- and P-wave tetraquarks are predomi-
nantly composed of compact diquark-antidiquark config-
urations, with numerically smaller (typically < 10%) con-
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tributions arising from di-meson and baryon-antibaryon
channels. Threshold effects generally reduce the mass
eigenvalues predicted from the adiabatic approach by a
few tens of MeV, but their effects become negligible when
the tetraquark lies sufficiently far above the nearest me-
son threshold. -

For the S-wave ssqq and ssss states, the 06 compo-
nent dominates, and the small state size (r) values con-
firm a compact tetraquark interpretation. In particu-
lar, f2(2340) and X (2300) are found to retain predomi-
nantly diquark-antidiquark character, even after includ-
ing threshold effects.

In the P-wave sector, ¢(2170) and 7(2370) are found to
be consistent with compact ssqq tetraquark structures.
We also find that X (2600) fits well as a P-wave s§ss state
with quantum numbers 0~ . Of all the states considered
in this work, the largest mixing observed is the =-= con-
tent of X (2600), which is found to be almost 15%.

To this point, the only distinction between members
of dynamical-diquark-model multiplets (such as 07+ and
17* in the S-wave, or 0~ and 17~ in the P-wave) im-
plemented uniformly in the hidden-strangeness sector ap-
pears through the use of distinct masses for the compo-
nent hadrons in the di-hadron thresholds. A full anal-
ysis of the multiplet spectral structures (e.g., studies of
P-wave states with unusual quantum numbers, such as
0=, which have been ignored here) requires a complete
treatment of fine-structure effects, as has been carried
out in the heavy-quark sector [8-12]. Some of the nec-
essary steps have been presented here, such as the use
of Egs. (29)-(30) for the special cases of 17~ and 0~
P-wave ssqq states, but a full analysis remains to be
completed.

Overall, our results suggest that exotic tetraquark con-
figurations may be abundant not only in the heavy-quark
sector, but also among hidden-strangeness states. How-
ever, distinct and well-separated thresholds do not ap-
pear to produce the same impact for such states as they
do in the heavy-quark sector. The diabatic dynamical
diquark model provides a unified framework for inter-
preting these resonances, yielding predictions for masses,
state compositions, and spatial structures that can be
confronted with ongoing measurements from BESIII and
Jefferson Lab, as well as at future facilities such as the
Electron—ITon Collider.
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