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We investigate the spectral properties of all-to-all interacting spin Hamiltonians acting on ex-
actly k spins, whose coupling coefficients are drawn from a normal distribution with mean g and
variance 2. For ;1 = 0, we demonstrate that the random matrix ensemble — Gaussian Orthogonal
Ensemble (GOE), Gaussian Unitary Ensemble (GUE), or Gaussian Symplectic Ensemble (GSE) —
is determined by the parity of system size L and locality k, following standard time-reversal sym-
metry classification. For couplings with a nonzero mean, we map the Hamiltonians to deformed
random matrix ensembles and analyze conditions for an energy gap between the ground state and
the first excited state. For u < 0, we find two distinct regimes: for k > +/L, the gap closes at
critical disorder o, & |u|. Near this transition the energy gap A exhibits universal quadratic scaling
AJL ~ (0 — 0.)?. When k < VL, o, scales with |u|, but lacks a sharp transition. Our work
introduces a semi-solvable model that captures universal features of random-matrix statistics, and
spectral gap formation, providing a foundation for systematic extensions to more general many-body

systems.

I. INTRODUCTION

The behavior of complex quantum systems is often
shaped by the nature of their interactions and symme-
tries. A key challenge in quantum many-body physics is
understanding how the complexity and chaotic behavior
of quantum systems arise from the underlying interac-
tions and symmetries. The emergence of random-matrix
theory statistics in the energy level of a system are consid-
ered as a signature that the system is quantum chaotic
[1=7]. In this context, Random Matrix Theory (RMT)
has become a central tool for analyzing spectral fluctu-
ations and identifying signatures of ergodicity. Wigner
initially introduced RMT to model the level statistics
of heavy atomic nuclei [3] and was later extended by
Dyson [9, 10], who systematically classified random ma-
trix ensembles based on symmetry considerations: (1)
time-reversal invariant systems with rotational symmetry
for which the Hamiltonian can be made real, (2) systems
without time-reversal invariance for which the Hamilto-
nian is complex Hermitian and (3) time-reversal invari-
ant systems with half-integer spin and broken rotational
symmetry where the Hamiltonian can be written in terms
of quaternions. These three classifications define three
universal ensembles: the Gaussian Orthogonal Ensemble
(GOE), the Gaussian Unitary Ensemble (GUE), and the
Gaussian Symplectic Ensemble (GSE). The strength of
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random matrix theory lies in its universality: the sta-
tistical properties of a random matrix ensemble do not
depend on the specific details of the matrix elements, but
rather only on the fundamental symmetry of the system.
This universality has been observed across a wide range
of quantum chaotic systems, where the spectral statistics
exhibit remarkable consistency regardless of the specific
form of the Hamiltonian.

A spectral gap refers to the nonzero energy difference
between the ground state and the first excited state in
the thermodynamic limit. The presence or absence of
such a gap is a central concept in quantum many-body
physics as it governs the nature of low-energy excitations,
stability, and dynamical behavior of the phase — gapped
Hamiltonians exhibit exponentially decaying correlations
with distance | |, whereas gapless Hamiltonians can
display long-range correlations, and the closing of the gap
|. Deter-

mining whether a given local Hamiltonian is gapped or

often signals a quantum phase transition [15—

gapless is, in general, undecidable — there exists no al-
gorithm capable of determining the spectral gap for all
possible Hamiltonians [18, 19]. Nevertheless, for many
important classes of models, rigorous results are known.
For example, the Haldane spin-1 chain, the transverse-
field Ising model, and the XXZ chain in certain param-
|, while

others such as the Heisenberg spin-1/2 chain and critical

eter regimes are provably gapped [11, 12, 20,

Ising models are rigorously gapless [22, 23].
For all-to-all interacting Hamiltonians, the system is
effectively zero-dimensional, meaning there is no notion
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of spatial distance as in local 1D or 2D models. How-
ever, the spectral gap has an effect on long-ranged and
all-to-all interacting models in the stability of nonthermal
states (quasi-stationary states) [24], behavior of correla-
tion function in time in the spin-glass models, and other
low energy behavior. Therefore, it is essential to explore
the spectral gap in long-range and all-to-all interacting
systems as a foundation for characterizing their dynami-
cal and thermodynamic properties.

In this work, we study all-to-all interacting Hamilto-
nians consisting of terms that act on exactly k spins.
The couplings are drawn from a normal distribution with
mean p and variance o2. We first demonstrate that the
universality in spectral statistics for the model with 4 =0
depends solely on the system size and the locality of in-
teractions: classification of the Hamiltonian into GOE,
GUE, or GSE is entirely determined by whether these
parameters are even or odd. Additionally, we provide nu-
merical evidence to support our results. A similar parity-
based classification scheme exists for SYK models with
Majorana and complex fermions [25-29].

We show that when the couplings in the Hamiltoni-
ans are chosen from a normal distribution with nonzero
mean, then these Hamiltonians can be mapped to de-
formed random matrices with the random matrix part
being GOE/GUE/GSE depending on the parity of L
and k. This enables us to determine the critical value
of the variance o2 for which the Hamiltonian has an en-
ergy gap between the ground state and the first excited
state. For o < 0, we find that for k > v/L, the k—local
spin Hamiltonian has an energy gap as long as o < |u|.
For k < /L, we show that the critical disorder o, at
which the energy gap closes, scales proportionally with

J

3
H(p,0%) = Z Z Jj

J1<j2<-<jk a1, ,0p=1

where aEf ) represents a Pauli matrix o, € {04,0y,0.}
acting on the jth qubit, and Jj, ,...;, are real numbers

from the normal distribution with mean and variance [32]

L L)
Mean(lejz,...jk) = 5%, Var(c]jlb-.-jk) = 3£é2)) 7(3)

where f(L) is a function that controls how the overall
energy of the system grows with system size. We choose

f(L) = L, ensuring that the energy of the Hamilto-

1, although the transition lacks a sharp cutoff. We also
derive the scaling of the gap near the critical point in the
limit k> /L.

The rest of the paper is organized as follows: in Section
II, we introduce the k—local Hamiltonian model, which
is the main focus of our analysis. The results section is
divided into two parts. In Part I, we present a classi-
fication of these models based on their system size and
their locality being odd or even. In Part II, we present
an analysis of the energy gap in these Hamiltonians when
the mean of the couplings is nonzero.

II. MODEL AND DEFINITIONS

The set of all tensor products of single-qubit Pauli ma-
trices and the identity forms a basis for the 2 x 2 Her-
mitian matrices. For a L qubit system this basis has
4% elements of the form o,, ® 0n, ® -+ ® 04,, With
0a; € {I,0,,04,0.}, and is orthogonal with respect to
the inner product Tr[ATB] = 2%64p5. Any Hermitian
matrix — thus any Hamiltonian H can be uniquely rep-

resented as

L
H = ch®0az7 cj €R. (1)
i =1

A Hamiltonian H acting on a system of L qubits is de-
fined as k—local if it can be expressed as a sum of terms
H=> y H;, where each term Hj is a Hermitian opera-
tor that acts nontrivially on at most k particles or spins

30, 31].

nian that acts on exactly k spins:

In this work, we define the following Hamilto-

1J2 Ik Ugll) ® Jg;) ®---® Ug:) ) (2)

(

nian remains extensive, and comparisons are meaningful
across different system sizes, following Kac prescription

every spin couples to every other spin, are effectively

All-to-all interacting models like Eq.(2) where

zero-dimensional and lack any structure. Various proper-
ties of these models in the y = 0 limit have been studied
under different names — quantum g—spin model [36, 37],
|, SpinXYq |
| ete. This list is not exhaustive, and we

quantum p—spin glass [38, |, random

energy model |



will not discuss the results of these studies here as they
are not directly relevant to the main focus of this work.

We now show that the random matrix ensemble of
these Hamiltonians depends only on whether the system
size and the locality of interaction are even or odd. To
this end, we first determine the random matrix ensemble
of the Hamiltonians numerically, using the energy level
statistics, which is defined as the gap ratio of consecutive

eigenvalues [4, 42]
min(dy,, 6p—1) (.1
= - = _— 4
" max (3, dp_1) i T T ) )
where
on

Fn = s 5
5, (5)
and d,, = Fp,4+1 — E,, is the nearest-neighbor spacing in

the ordered energies FE,. This quantity has the advan-
tage that it does not require unfolding of the energy spec-
trum, which requires knowledge of the density of states
of the system [413]. In the ergodic (chaotic) regime, the
average value of r,, approaches the universal values pre-
dicted by random matrix theory: 0.53 for GOE, 0.60 for
GUE, and 0.67 for GSE |

or many-body localized systems, the statistics follow a

]. In contrast, for integrable

Poisson distribution, yielding an average (r,) = 0.386.
Thus, r, serves as a powerful and efficient diagnostic for
J

DS

J1<Ja<-<jk o1, =1

H(p,0%) = on O
. V()

_uL I oL
= 2 _ga,0)+ —Z=—H(0,1),
V3E(R) 3 ()

where H(1,0) represents the fixed, deterministic part of
the Hamiltonian with all coupling terms set to unity, and
H(0,1) corresponds to the completely disordered part.
The decomposition in Eq.(10) isolates the effects of ran-
domness from structured interactions. In our numerical
study, we focus on the regime p = 0 and o = 1, thereby
analyzing the level statistics of H(0, 1) as a representative
of the fully random ensemble. Since H(0,0?) = cH(0,1),
the spectral statistics of the two are equivalent to an over-
all scaling. Focusing on the level statistics of this com-
pletely disordered Hamiltonian H(0,1) ensures that we
do not encounter any accidental symmetries.

|:’U/L0-(j1)o'(j2) -

distinguishing chaotic from regular spectral behavior in
many-body quantum systems. Note that one needs to
remove all unwanted symmetries from the Hamiltonian
before calculating the r,, using Eq. (4) [44].

Another indicator of ergodicity is the repulsion be-
tween the nearby energy levels. To quantify this, one
needs to perform the unfolding of the eigenvalue spec-
trum [43]. The unfolding procedure maps the raw spec-
trum {E,, } to a new set in which the mean level density is
unity. From standard random matrix theory results, the
analytical expressions for these probability distributions

of this spacing are given by [45]

paor(s) = (m/2)se” ™ /4, (6)
paue(s) = (32/7%)s2e 4"/, (7)
pGSE(S) _ (218/(36ﬂ3))54676452/(971')' (8)

For p1 # 0 and o = 0, all the coupling coefficients are

pL ilto-
() As a result, the Hamilto
nian in this case has degenerate eigenvalues due to many

identical: Jj, j,...5, =

additional symmetries (see Sec. IIIC for details). In
contrast, when ¢ = 0 and o > 0, the couplings are fully
disordered, and the randomness breaks these symmetries,
and the level statistics of the Hamiltonian correspond to
one of the random matrix ensembles. To ensure that we
analyze the Hamiltonian without any unwanted symme-

try, we start by rearranging Eq. (2):

) A p——
gln) 4 ok T } VW) gt oG] (9)
oy I o ay a2 aE |7
3% (k) 5 (D)
(10)
[
ITII. RESULTS

Part I: Classification

We first present our numerical evidence for the depen-
dence of the energy level statistics of the k—local Hamil-
tonians on the system size L and locality k. In Figures
1 and 2, we plot the energy level statistics of the Hamil-
tonian H(0,1) averaged over random realizations of its
couplings. For even L and even k, the Hamiltonians be-
long to the GOE ensemble. For odd L and even k, we
found that the eigenvalues of H(0,1) are doubly degener-



TABLE 1. Dependence of energy level statistics of the k—local Hamiltonians on system size L and locality k.

System Size Locality RM ensemble T2 Commutation relation
0dd Even GSE -1 [H,T]=0
Even Even GOE [H,T]=0
Even Odd GUE X {H,T}=0
Odd Odd GUE X {H, T} =0
FGSE  freeeeeressmsmssmsmssiss FGSE  freeeeeeesemsmssmsmsisssss rgse | rgse
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< 04l ' S o4
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| itedhebmaivepes 00 0 ST [GOE == ] rGoE
< 04 S 04
0.2 02
t k=4 t k=5 { k=4 { k=5
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FIG. 1. Average level statistics (rn,) of the Hamiltonian FIG. 2. Average level statistics (r,) of the Hamiltonian

H(0,1) for L = 10 for locality k = 2,3,4,5,6,7. The error
bar indicates the standard error of the mean for 480 different
random realizations of the couplings. The pink dashed-dotted
line, the blue dashed line, and the purple dotted line represent
the GOE (r,) = 0.53, GUE (r,) = 0.60, and GSE (r,,) = 0.67
level statistics, respectively.

ate, suggesting the presence of Kramers degeneracy, and
Hamiltonians belong to the GSE ensemble. When the
locality k is odd, the Hamiltonian belongs to the GUE
ensemble for both odd and even system sizes. For odd k,
we also found that the eigenvalue spectrum is symmetric
around zero; for every eigenvalue F, there is an eigenvalue
—FE. This suggests that there is a unitary/anti-unitary
operator S that anticommutes with these Hamiltonians
H,ie {H,S} = HS+ SH = 0. Since the energy level
statistics of these Hamiltonians are robust to the coeffi-
cients and do not require any specific constraints on the
structure in the Hamiltonian, the operator S has to be
defined in such a way that it anticommutes with H (0, 1)

H(0,1) for L = 9 for k = 2,3,4,5,6,7. The error bar in-
dicates the standard error of the mean for 480 different ran-
dom realizations of the couplings. The pink dashed dot line,
the blue dashed line, and the purple dotted line represent the
GOE (r,) = 0.53, GUE (r,) = 0.60, and GSE (r,) = 0.67
level statistics, respectively. In the case of odd L and even
k, the eigenvalues of the Hamiltonian are doubly degenerate.
The level statistics in that case are calculated by choosing one
of the degeneracy sectors, i.e., the eigenvalues with either the
odd or even indices.

for any realization of its coefficients. In Figures 3 and
4, we plot the probability distribution of the normalized
spacings for different values of L and k. We observe the
same dependence on L and k in determining the random
matrix ensembles of the Hamiltonians H (0, 1) as in Fig-
ure 1 and 2.
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FIG. 3. Average normalized spacing distribution of the Hamil-
tonians H(0,1) for L = 9 for locality k = 2,3,4,5,6,7 aver-

aged over 480 random couplings.

_.
i

Probability, P(s)
o
ol

o
o

_L
2

Probability, P(s)
o
o

o
=)

_L
<

Probability, P(s)
o
o

o
o

Normalized spacing, s

Normalized spacing, s

FIG. 4. Average normalized spacing distribution of the Hamil-
tonians H(0,1) for L = 10 for locality k = 2,3,4,5,6,7 aver-
aged over 480 random couplings. For even k, we choose one
degeneracy sector to calculate the normalized spacings.

A. Time-reversal symmetry

We now show that all the observed properties in energy
level statistics of these Hamiltonians follow from whether
it has time-reversal (TR) symmetry. A Hamiltonian H
has time-reversal symmetry if

T'HT =H, T =UrK, UpUj} = +1, (11)

where Ur is a unitary operator, and 1 is the identity
]. We now construct the time-reversal op-
Under
the action of the time-reversal operator, we expect the

matrix |
erator explicitly for the k—local Hamiltonians.

spin operator to change its sign T-1ST = —S or equiv-
alently TflajT = —oj, for j = =z,y,%, since time-
reversal reverses the angular momentum. For a single
spin—1/2 particle, the time-reversal operator is given by
T = —ioy K. Here, K is the complex conjugation opera-
tor whose actions on the Pauli matrices are

K lo,K = crw,KfloyK = —ay,KflazK =o0,. (12)

Generalizing this to the k—local Hamiltonian case, we
define the time-reversal operator as

T = (13)
J

(—ioJ)K.

L
=1

The action of this operator on a k—local term is given by

= ) ) )
T (01(1]11) ® 01(1]22) ® - ® o—&]kk))T

= ()" (o @) @ @og)). (1)
From this, we conclude that
T'HT = (-1)*H. (15)

This implies that H is invariant under T only if k is
even. For spin—1/2 particles, the time-reversal operator
satisfies T2 = —1, which gives rise to Kramers degeneracy
[17]. For the time-reversal operator defined in Eq.(13), it
satisfies

% = (-1)F1. (16)
Thus, for odd L, T? = —1, and for even L, T? = 1.

For odd values of k, time-reversal symmetry is absent,
but the time-reversal operator satisfies { H, T} = 0, from
Eq.(15). From this, we conclude that the energy spec-
trum of H for odd k is symmetric around zero. With this,
we are ready to explain all our observations discussed in
section III.



B. Classification of Hamiltonians

We now explain the energy level statistics of the Hamil-
tonians defined in Eq.(2) solely depending on the parity
of L and k. Below, we explain each case separately.

1. Odd L and even k

For even k, Eq.(15) gives [H,T] = 0. We now explicitly
show that the eigenvalues of H in this case are doubly de-
generate. Suppose 1) be an eigenstate of H with eigen-
value A: H|¢) = A|¢). Applying T from the left side on
both sides of this equation gives: TH|i) = AT|¢). Then
using TH = HT, we get H(T|Y)) = A(T|y)). Thus,
the two states |[¢)) and T|¢) have the same eigenvalue
if we can show (¢|Ty) = 0. We can proceed as fol-
lows: (W[T0) = WITITH) = (WT2TH) = —(Wb|Tv).
The first equality follows from the antilinearity of T' (i.e.
(Ta|Tb) = (bla)), and the third equality follows because
L is odd. Thus, (¢|T%) = 0. Together, [H,T] = 0,
and T? = —1, imply that the Hamiltonians in this case
belong to GSE.

2. FEwven L even k

Using the same time-reversal operator as for the previ-
ous case, we find: [H,T] =0, and T2 = 1, implying that
the Hamiltonian belongs to GOE.

8. FEven L odd k

In this case, from Eq.(15), we find that T' does not com-
mute with H (rather, it anti-commutes with H). There-
fore, the system does not have time-reversal symmetry,
which implies that it belongs to the GUE. Since k is odd,
the energy spectrum of H is symmetric around zero.

4. 0dd L odd k

Similar to the previous case, odd k implies that
{T,H} = 0. Thus, the energy spectrum is symmetric
around zero. The absence of time-reversal symmetry im-
plies that the Hamiltonians belong to GUE.

Remarks — For Hamiltonians whose matrix in the com-
putational {| 1),| |)} basis is purely real — equivalently,
built only from 0g, 0,0, or with an even number of o,

matrices in each term, the anti-unitary symmetry T'= K
commutes with the Hamiltonian regardless of the value
of L and k. Therefore, these Hamiltonians belong to the
GOE.

In addition to models with a single locality k, one can
consider Hamiltonians composed of terms with different
localities, say k1 and k3. The symmetry classification
in this case is governed by the combined effect of these
terms. If either &y or kg is odd, the Hamiltonian lacks
time-reversal symmetry and the level statistics is GUE.
Conversely, if both localities are even, time-reversal sym-
metry is preserved and the statistics remain in the GOE
or GSE depending on the parity of L. More generally,
the random matrix ensemble is determined by whether
time-reversal symmetry survives under the mixture of in-
teraction terms.

Having characterized the k—local Hamiltonian with
u = 0, we now shift our focus to the case where the
couplings have a nonzero mean (p # 0). In the following
section, we demonstrate that introducing a finite mean in
the interaction strengths fundamentally alters the spec-
tral properties, leading to the emergence of an energy
gap between the ground state and the first excited state
under specific conditions.

Part II: Energy gap and critical disorder scaling

In this section, we investigate the energy gap be-
tween the ground state and the first excited state for k-
local Hamiltonians whose couplings have a nonzero mean,
specifically for u < 0. Rearranging Eq. (10), we obtain

HER (4,0%) = [MH(L”“)(L 0) +

V3R (D)
o (’;) HER) (0, 1)} . (17)

where we have introduced superscripts to indicate the
system size and locality explicitly. In the following, we
keep u fixed, thereby reducing the Hamiltonian to a one-
parameter family characterized solely by o, which we re-
fer to as the disorder strength. We then examine how
this disorder effects the energy spectrum. As a starting
point, we analyze the spectrum and eigenstates of the
disorder-free Hamiltonian (o = 0).



C. Eigenstructure in the absence of disorder

The deterministic or the ‘disorder-free’ part of the
Hamiltonian H ") (1, 0) has the eigenvalues

AR = (] 71i<—1)j (0 a9
J
N !
() KEHw, (19)
for n = 0,1,2,--- L, and each eigenvalue )\( ) has

a degeneracy of (n) The functions K]f’Q(n) are called
Krawtchouck polynomials [18, 49]. The eigenstates cor-

responding to these eigenvalues are the product states

L
= X lus,), (20)
j=1

) with s; € {+, =}, |us) are the
eigenstates of (o, + 0, + 0.) given by

where s = (81,892, -, 8L,

ud = (1= Loy ginsa L
) f( 1) 1+f|1>) (21)

1/ \0 ) 4 efm/4 1_\f|1>) (22)

The index n in the eigenvalues in Eq.(19) corresponds to
the number of s; = —1 in Eq. (20). The Krawtchouck
1)*K?(n), which im-
plies that for even k the extremum (maximum if g > 0

Ju-)

polynomials satisfy K.**(n) = (—

and minimum if g < 0) eigenvalue occurs at n = 0, L.
This corresponds to two degenerate eigenstates: s =
(+,+,--,+)orn=0,and s=(—,—,---,—)orn = L.
When £k is odd, the spectrum is symmetric around zero,
and the maximum and the minimum occur at n = L
and n = 0 respectively for 4 < 0. For a given sys-
tem size L, all the disorder-free k—local Hamiltonians
have the same eigenstates given by Eq.(20), which fol-
lows from the property: [H(#1)(1,0), H*2)(1,0)] = 0,
for any 1 < k1, ko < L. Eigenvalues of these systems have
been previously studied in the context of the Hamming
graph/scheme [50]. In the next section, we examine the
energy spectrum of these Hamiltonians for o # 0.

D. Spectrum of the disordered Hamiltonian

*) (, 0?)
for nonzero disorder o, keeping the mean p fixed. Since

We now discuss the energy spectrum of H*

our focus is on the energy gap between the ground state

and the first excited state, we set ;1 < 0 in the following.
In Figure 5, we plot the energy spectrum/eigenvalues
of HE#)(11,0?) as a function of o for L = 10,11 with
k=2,3,4,5,6,7— obtained numerically using exact diag-
onalization for a single disorder realization with p = —1.
For clarity, we refer to the eigenvalues in the middle of
the spectrum as the bulk, and the ones that lie far at the
extreme edges of the spectrum simply as the ground state
or the highest excited state. The degeneracies of the bulk
eigenvalues are lifted in the presence of nonzero disorder
o, and the edges of the bulk spread proportionally to the
disorder strength. We show later that this spreading is
linear in o for k > /L. In the same plot, we indicate
the bipartite von Neumann entanglement entropy of each
eigenstate through colorbars, which diagnoses thermal-
ization in the bulk and the maximum/minimum eigen-
states. For even L, we choose a subsystem A of L/2
consecutive sites: Ly = L = L/2, for odd L, we choose
the subsystems as: Ly = |L/2],Lp = L — L 4 with peri-
odic boundary conditions. We then calculate the entropy
as Sy = —Tr(palnpa), where pa = Trz(|¢)(¢]) is the
reduced density matrix of eigenstate |¢/). We then aver-
age over |L/2| independent choices of the subsystem A
for all given eigenstates.

We find that the bulk thermalizes quickly at small dis-
order strength and reaches the maximum entanglement
entropy given by the Page value Spage = [LIn2 — 1|
[51]. The maximum/minimum eigenstates that lie far
from the bulk display low entropy, retaining memory of
their unperturbed states until a critical value of disor-
der strength, say o., at which they merge in the bulk.
Since the density of states in general vanishes near the
spectral edges, the eigenstate thermalization hypothesis
(ETH) is not expected to hold in this regime.
quently, the observation that eigenstates at the spectral

Conse-

edges are nonthermal is consistent with theoretical ex-
pectations [52].

From Eq. (17), we expect that for small o, the de-
terministic component H“*)(y,0) dominates the dis-
ordered term H ) (0,02).

level statistics at small o are expected to deviate from

Consequently, the energy

the canonical random matrix ensembles such as GOE,
GUE, or GSE. For large o, the disordered component
dominates, and we expect random matrix statistics from
H@EF) (11, 0%). Tn the next section, we establish that ran-
dom matrix statistics are expected from this model at
exponentially small disorder strength o ~ 2~%. This jus-

Lk)(

tifies our treatment of H( %) as a random matrix



for moderate disorder in the rest of the work.

The density of states of H(“)(0,1) changes from a
Gaussian distribution for k < /L, to the Wigner semi-
circular distribution when k > VI [38, 53, 51]. For
sufficiently large o, we expect the density of states of
HEF) (1, 0%) to follow the same crossover behavior. The
Wigner semicircle law is given by [3, 55]

{ﬁ;Z\/Rz—Ea for |E|<R

0, otherwise

Psc (E) = (23)

where R = 2 (standard deviation of eigenvalues). To de-
termine R as a function of disorder o, we calculate the
variance of the eigenvalues of H*)(y, 02), with (-) de-
noting average over the random coefficients

Var = S (T(HOP (,0%))7), (24)
1
- 2L<ZJanTr[Pan]>, (25)
a,b

= > (D, (26)

a

= 3k (’;)([E(JG)P + Var(J,)), (27)

= I? <a2 + i (i) 1), (29)

where we have used Tr[P,P;] = 2L6,, for two k—local
Pauli terms P,, P,. From this, we obtain the radius of
the Wigner semicircle in Eq. (23) as

R(o) = 2Ly/0® + 22 (2)_1. (30)

From this equation, we see that the energy spectrum of
HF) (1, 0%) approximately grows linearly in . The two
functions, R(o) and —R(0), envelop the bulk eigenvalues
of the Hamiltonian H*) (1, 0?) for k > /L as shown
in Figure 5.

To determine the eigenvalues lying outside the Wigner
semicircle envelope, i.e. the ground state and the highest
excited state for o # 0, we start by writing Eq.(17) in
the eigenbasis of H*) (1, 0):

H™9 (u,0%) = D+ (oL)V. (31)

where D = diag(/\((JL’k),)\gL’k),--- ,)\(L’k)) with )\;L’k)

2L —1

given by Eq. (19), V = UTHER(0,1)U/, /3 (@7 and

U is the matrix that diagonalizes H(**)(y,0). When
k is odd, then U is unitary, so V is a GUE. Similarly,
when k is even and L is even (odd), it can be shown that
HF) (11,0) can be made real using an orthogonal trans-
|, therefore V is GOE/GSE. Thus, in this

new basis, the random matrix ensemble associated with

formation |

H@F)(0,1) remains unchanged.

Eq.(31) can also be interpreted as a case of the Rosen-
zweig—Porter model [56, 57] which has the form H =
Hy + V/257/2 where Hy is a diagonal matrix with el-
ements chosen from a Gaussian distribution, and V is
a random matrix. The RP model shows Wigner-Dyson
statistics for v < 1, fractal phases when 1 < v < 2, and
localized statistics for v > 2 [58-63]. Drawing an anal-
ogy between the RP and the model in Eq.(31), we find
that our model should show random matrix statistics for
exponentially small disorder o ~ 27 for 4 ~ O(1). This
justifies our earlier treatment of H"*)(u, 02) as a ran-
dom matrix for small disorder o.

Matrices of the form defined by Eq. (31) are some-
|, and
various results exist for the distribution of the largest

times referred to as deformed random matrices |

eigenvalue of such deformed matrices when the matrix
D, commonly referred to as the perturbation, has dif-
ferent ranks [065-75]. For instance, when the perturba-
tion matrix D has rank-one, the spectrum exhibits the
well-known Baik—Ben Arous—Péché (BBP) transition — as
the strength of the perturbation is increased, the largest
eigenvalue detaches from the bulk and becomes an out-
lier [67].
perturbation [68]:

For our case, we use the result for a full rank
for 4 < 0 we can write, on average,

the ground state energy of H(%*)(p, 02) as

] _ 272 p(v)
Amin(0) = pL+0o°L /uL—vdv’ (32)

where the density of states of H“*)(p,0) is defined as
1
o) = o 360 —vy). (33)
J

Combining the above two equations, we obtain

o2 L? 1
Amin(0) = pL , 34
(o) = pL+ 5L q);L Lo (34)

where v runs over all the eigenvalues of H) (;1,0) ex-
cept uL. For odd k, by symmetry we conclude Apin(0) =
—Amax(0). When L and k are both even, then for o =0
the ground state is doubly degenerate with eigenstates
[Yn=0) = [u_)®L, and [¢,—r) = |uy)®E. Although in-
troducing disorder lifts the degeneracy between these two



states, we prove in the appendix (A) that they are de-
generate in the thermodynamic limit (L — oo). Hence,
there is a unique ground state energy in each case that
is given by Eq. (34) for all L and k. In Figure 5, where
we plot Eq. (34) on top of the spectra for different val-
ues of I and k, which shows good agreement between
them. In addition, Figure 6 shows the absolute distance
between the maximum eigenvalue calculated using Eq.
(34) and the ones calculated using exact diagonalization
for L =10 and k£ = 2,3,4,5,6,7. These two results con-
firm the validity of Eq. (34). In the next section, we
determine the critical disorder strength o. at which the
ground state merges with the bulk, thereby closing the

energy gap.

E. Critical disorder and its scaling

As mentioned earlier, for k > v/L, the bulk eigenvalues
follow the Wigner semicircle law, resulting in a sharp cut-
off at —R and R [76]. In contrast, for k < v/L, the bulk
follows a Gaussian distribution and lacks a sharp cutoff.
Therefore, we divide our analysis into two regimes.

k> L limit — From Eq.(30), at disorder
strength o, the bulk eigenvalues lie within R(c) =
2L /o2 4+ p2(4)
which the ground state enters the bulk, then using Eq.
(30) and (34), we can write

2L1/a§+u2/(£) = uL (35)

o2L? 1
+tor , (36)

Let 0. be the disorder value at

s uwl —v

While this equation can be solved numerically for a given
L and k, here we are interested in the scaling of the crit-
ical disorder o, with the system size L. Let us focus on
the case of k = L/2 when L is even and k = (L — 1)/2
when L is odd. This choice of k¥ maximizes the binomial
coefficient. When k is odd, the energy spectrum has the
maximum and the minimum eigenvalue at —uL and pL
respectively. The rest of the eigenvalues are concentrated
around zero in the limit L — co. When k is even, the
ground state energy (minimum eigenvalue) is at pL with
Thus, in the limit
of large L, we can approximate Eq. (36) by considering

the rest concentrated around zero.

contributions only from the ground state

2’,02+M2/<LI;2) ~ u+cf. (37)
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FIG. 5. Plot of the energy spectra of the Hamiltonian

defined in Eq. (17) as a function of disorder strength o for
u = —1, shown for system sizes L = 11 and L = 10, each cor-
responding to a single realization of random couplings. Panels
(a)—(f) correspond to L = 11 with k = 2,3,4,5,6,7, respec-
tively; panels (g)—(1) show the same for L = 10. The color
scale represents the half-system von Neumann entanglement
entropy normalized by its Page value [51]: S/Spage, where
Spage &~ 3.22 for L = 11 (using a bipartition into La = 6,
Lp = 5) and Spage =~ 2.97 for L = 10. The two dashed-
dotted pink lines in each plot represent the envelope given by
Eq.(30). The red dotted curves represent Eq. (34) for the
ground state energy for even k£ and the ground state energy
and the highest energy for odd k. For k = 2, 3, we have shown
the critical disorder values predicted by Eq.(40) using vertical
black lines corresponding to the ground state merging into the
bulk that are within two (s = 2) and three (s = 3) standard
deviations from the mean. For k > 3, the critical disorder
predicted by Eq.(37) is shown with a vertical dotted line.
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FIG. 6. Plot of the absolute difference/ distance between the

maximum eigenvalues calculated using Eq. (34) and using

exact diagonalization, as a function of disorder strength o,
for L =10,k =2,3,4,5,6,7. Error bars / bands indicate the
standard error of the mean over 256 different realizations of
the coefficients of the Hamiltonian. For each k the difference is
calculated up to the point the ground state remains detached
from the bulk.

This gives the critical disorder strength for gap closing
as

oo~ July[1- 2( 52) B (38)

In the thermodynamic limit, this yields a constant critical
disorder o, = |p|.

Gapped Hamiltonians in the nonextensive limit — For
k > /L, it is straightforward to show that the energy
gap between the ground state and the first excited state
(bulk) scales as A(o) ~ L(u — 0)?/|p|. This suggests
the universality A(o)/L ~ (0. — 0)7, where the criti-
cal exponent v = 2. In Figure 7, we plot the normal-
ized energy gap A(o)/L as a function of (0. — o)? for
k =5and L = 9,10,11,12,13,14. The data collapse
onto a common straight line, demonstrating the universal
quadratic scaling A(c)/L « (0. — 0)7 with critical ex-
ponent v = 2. The observed linear scaling of the energy
gap with system size arises from our choice of normaliza-
tion f(L) = L in Eq. (2). More generally, we find that
A(o) = f(L)(o. — 0)2.
tum system requires the energy gap between the ground

By definition, a gapped quan-

state and the first excited state to remain finite (inde-
pendent of L) in the thermodynamic limit [77, 78]. This
observation implies that when the energy of the k—local
Hamiltonians is not extensive i.e. f(L) = constant, the
system remains gapped for a given disorder strength o.

0.25

0.20

0.15

A(o)/L

0.10

0.05

0.00

T T T T T
0.00 0.05 0.10 0.15 0.20 0.25

(0—0c)?

FIG. 7. Scaling of the bulk—edge energy gap near the critical
point. The normalized gap A(c)/L is plotted against (o, —o)>
for system sizes L = 9,10,11,12,13,14 at fixed k = 5. The
data collapse onto a common straight line, demonstrating the
universal quadratic scaling A(c)/L « (0. — 0)” with critical
exponent v = 2. Error bars denote the standard error of the

mean over ten disorder realizations.

The influence of Kac scaling on the low-energy behav-
ior of long-range interacting systems has been previously
discussed in [79].

k < VL limit — Without a sharp cutoff of the bulk
eigenvalues, it is difficult to obtain an exact value of
the disorder at which the ground state enters the bulk
and the energy gap closes. Instead, we define a disorder
strength, denoted by os, when the ground state enters
into the bulk eigenvalues that lie within s standard devi-
ations from their mean. Using Eq.(30) and (34), we can
then write

sL,/O—gw?/(i) L (39)

Let us focus on a specific value of locality, say k = 2, in

the limit of large system size L. In the appendix (Sec.
B), we prove that irrespective of s = 2,(95.456%) or s =
3,(99.73%), Eq.(40) gives the disorder scaling

ou ~ |l (41)

Figure 8 shows that the average exact critical disorder
always lies between the critical disorder estimates using
Eq. (40), when we consider two (s = 2) and three (s = 3)
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(b). The exact critical disorder threshold is identified at the
point where the ground state enters into the bulk. Each data
point represents an average over 10 independent realizations
of the Hamiltonian coefficients with error bars representing
one standard deviation. The shaded dashed region indicates
the critical disorder range obtained using Eq.(40) for s = 2
and s = 3.

standard deviations from the mean. Thus, we conclude
that the exact critical disorder scales as

oc~ |ul. (42)

An intermediate regime — Another regime where uni-
versal features may emerge from this model is known
as the double-scaling limit, in which o = k?/N is held
fixed [80, 81]. In this limit, the density of states of
the Hamiltonian H(*)(0,1) can be calculated analyt-
ically [38], exhibiting a sharp cutoff at [—R, R], where
R = 2/V1—e42/3. We leave this as a direction for
future research.

In general, the critical disorder can roughly be viewed
as the strength of disorder at which the disordered part
of the Hamiltonian becomes comparable to the determin-
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istic part. From Eq. (17), we see that the disorder-free
and the disordered part scale roughly as (||A|| denotes
the spectral norm of the matrix A)

HWH ~ L, (43)
ULH(“)(OUH ~ |o|L (44)

k(L
3*(x)
the ratio of these two terms gives the critical disorder

oc & |pl.

IV. CONCLUSIONS AND OUTLOOK

In this article, we first classified the k—local Hamilto-
nians based on the locality k& and the system size L. We
showed that based on whether the system size and the
locality are even or odd, these Hamiltonians with u = 0
belong to the three canonical random matrix ensembles —
GOE, GUE, and GSE. We then showed that the Hamilto-
nians with p # 0 can be interpreted as deformed random
matrices. This analogy allowed us to analytically derive
that energy gap between the ground state and first ex-
cited state vanishes for y < 0. We found that for locality
k > /L the gap closes at o, ~ |u|, and for locality
k < v/L we showed that the critical disorder scales with
|| without a sharp cutoff. Additionally, for a large lo-
cality, we showed that the energy gap has a universal
quadratic scaling. Whether such a universal scaling ex-
ists for smaller locality (k = 2,3) or in the double scaling
limit (k?/N = constant) remains an open question.

While our work has focused on all-to-all interacting
Hamiltonians as abstract models, it is natural to ask
whether any of these models, particularly for small lo-
cality k = 2,3 can be realized in experiments. The long-
range nature of the interactions suggests potential imple-
mentation in cavity QED platforms [82, 83]. For small
values of k these Hamiltonians remain within the reach
of present-day experimental platforms [34-88].

Beyond experimental realization, the models studied
here can serve as a toy or semi-solvable example for ex-
ploring universal properties of quantum chaos and spec-
tral gaps. Their all-to-all connectivity allows analytical
control over the eigenstructures and the spectral scal-
ing while retaining nontrivial random matrix behavior.
This combination of analytical control and complexity
makes them ideal for probing questions that are other-
wise intractable in short and long-range Hamiltonians in



general. The Sachdev—Ye-Kitaev (SYK) model serves as
a notable reference for how analytically tractable disor-
dered systems can capture aspects of chaotic dynamics,
quantum gravity, and holography [39].

Several promising directions remain open for future
research. First, while our analysis assumes all-to-all in-
teractions, in most experimental platforms implementing
large k is not physical. Extending these results to systems
with restricted connectivity—such as nearest-neighbor or
power-law interactions—will clarify the robustness of the
observed classification and gap behavior under realistic
constraints. Another key direction is to examine the ro-
bustness of the gapped phase under symmetry-breaking
perturbations to the Hamiltonian. The robustness of
spectral gaps under various local perturbations of the
Hamiltonian remains an active area of research [90-93].

In its most general form, the k-local Hamiltonian lacks
the symmetries that are often present in physically re-
alistic models. To better reflect such systems, it is im-
portant to explore the impact of imposing symmetries
on the Hamiltonian. Introducing symmetry constraints
may reduce the number of terms in the Hamiltonian, or
put constraints on the coefficients — resulting in a sparser
structure compared to the fully general case. Some works
have been done in the local interaction and translation
invariant case [94, 95]. Beyond these results, several open
questions remain, particularly regarding physical realiz-
ability and robustness under perturbations. These re-
search directions are left open for future investigation.
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Appendix A: Degeneracy of the ground state for
even L and even k in the thermodynamic limit

In this section, we show that when both L and k are
even, then the ground state is degenerate in the thermo-
dynamic limit, although the degeneracy appears to be
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lifted for finite L. To simplify the notation, we denote
H@ER)(1,0) = Hy and HXF)(0,1) = V. Here we present
the proof for k = 2, the generalization to higher even val-
ues of k follows straightforwardly. We begin by defining
the operators

1
T, = %(ax +oy,+0.) (A1)
_ [tofus) Ol
v= <uu+><uu+J =

where the states |u_) and |u4) are defined in Eq.(22).
We further define the following

1. = Uo,UT, (A3)
7, = Uo,U'. (A4)
These operators act on the eigenstates as
Tus) = Flus), (A5)
Telus) = |ug), (A6)
Tylut) = Filuz). (A7)

These new operators obey the standard commutation
Thus
there exists a real orthogonal matrix R such that 7, =

relation of Pauli matrices: [74,7p] = 2i€qpeTe.
Yo Rua0a. The matrix R represents a rotation of 2m/3
that maps the z-axis to the (1,1,1)/v/3 direction. In this
new basis, the completely disordered matrix V retains the
same structure

vV = Z jj1 . T(jl)T(s];)

J2 Taq

(A8)

Jj1<j2

with the new coupling constants jj having the same

1J2
mean and variance as the original coupling constants.
Consider the degenerate subspace spanned by the or-

thonormal eigenstates of Hy

)=l o) === 0), (A9

with an equal unperturbed energy Ey = puL. We then
add the perturbation
uL

L
H= ——Hy+oc—V
V3E(R) 3 ()

Let us set © = 1 and treat o as a perturbation parameter

(A10)

(0 < 1). Then using the projectors

P = [ )Wy |+ [ ){v—|,
Q=1-P

(A11)
(A12)



the effective Hamiltonian within the degenerate subspace
can be written as [96, 97]

Hei = EoP+ oPVP (A13)
+0?PVQ———QVP +--- Al4
Qo —me (Al4)
= EyP (A15)
+3 0" PV(Q(Ey — Ho)~'V)"™'P  (Al6)

r>0

The off-diagonal elements that lift the degeneracy are
(Vi [Het|p—) = ZUT<7/J+|V(Q(E0 — Ho)'V)" " 'yo)

Now consider the action of V on the states |uy), [u_). It
is easy to verify that a typical 2—local term of them form
T, ® Ta, can flip at most two spins: |u_) — £|uy) or
|uy) — £|u_). Thus starting from [¢p_) = | ———--+ =)
it will require » = L/2 (L is even) successive applications
of V toreach |[¢1) = |+ ++---+).
r<L/2

Therefore, for all

(t 4+ +|Hep| = — == ) =0 (Al7)

Hence, the first nonzero off-diagonal element appears at
order r = L/2, giving an exponentially small splitting
O(c*/?). Since ¢ < 1, this splitting vanishes in the limit
L — oo, implying that the two states are degenerate in
the thermodynamic limit.

Appendix B: Critical disorder estimation for k < VL

In this section, we derive the critical disorder scaling
for k = 2 in the large L limit. Let us start with Eq.(40)

L
sL a§+u2/<k) = uL (B1)
022 1
+—27 (B2)
2 s wL —wv
Define
1 1 1 L 1
pegy ks ()t
L _ L Lk
2 v#EuL NL v 2 n#0,L n :U‘L - )"El )

The factor (i) appears due to the degeneracy of the
eigenvalues corresponding to each n. Then in this no-
tation, Eq.(B2) becomes

L
p+ BolL = s U§+u2/(k). (B3)
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Squaring both sides

L
Bl + uBL - ot + (= /() = o

Using the quadratic formula, we obtain

1
2 _
75 = ypere

5\/52 — 4uBL — 402B2L2/ (i) _1). (B5)

For k = 2, from Eq. (19), we obtain

W =) v () (). @

=0

s> —2uBL + (B4)

which in the large L limit becomes
2 n\[(L—n n\[(L—n
(L2) o ZH - B
w1 () - () ) e
n\[(L—n
B
() (55" (B8)

= (L —4n — 1+ 4n?/L). (B9)

Using this, B in the large L limit becomes

L-1
1 L 1
B~ —— I
QL#T; (n) dn+1—4n2/L

To simplify B, let us define y = (2n — L)/v/L, which
gives n = L/2 4+ v/Ly/2, and Ay = 2/v/L. Then using
De Moivre-Laplace theorem [95]

(B10)

1 (L 2 1 _1(2m=Ly2
() ~ Vi e
1
= me_yQ/ZAy. (B12)
Using this, we can write the sum as
VL
1 2 1
B ~ — QL ———; /7 B13
Iz /_ﬁ ‘ L+1i—2" (B13)

Using the saddle point method |
that the integral scales as

| around y = 0, we find

B~1/(uL) . (B14)

Then, substituting the scaling B ~ 1/(uL) in Eq. (B5),
we obtain

p? L\7!
U?N?(82—2i|8| 82_4+4(k) ). (B15)

From this equation, we conclude that irrespective of the

value of s = 2,3 considered, critical disorder scales as

(B16)

o~ |pl -



Appendix C: Eigenvalues and eigenstates of the
disorder-free Hamiltonian

In this section, we derive the eigenvalues and eigen-
states of the disorder-free Hamiltonian H(“F)(1,0). We
start by defining the operator P() (og(cj) + U;j) +
oV )) /\/3, with the properties

pln pl2) = pG2) pl),
(P = I

(C1)
(C2)

Let |ux) be the eigenstates of P. Now for a given s =

(s1,82, -+ ,s1), where s; € {—1,1}, we define the state
L
W) = ® |u3j>’ (C3)
j=1
which satisfies
PONW,) = s|¥y). (C4)
The k—local disorder-free Hamiltonian satisfies
HER (1,00 = Y [[PY. (C5)

|J|=kjeJ

Define the function

L L
Gt) = J[a+tPY)=>"t*H"M(1,0), (Co)
k=0

Jj=1
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whose action on the state |U;) is given by

M=

G, = [0 +tsp)w,), (C7)
= A+ A -tV |e,),  (C8)

L
= > AER () vy, (C9)

k=0

where Ny = #{j : s; = 1}, and A("'F) is the coefficient
of t* in (14 )N+ (1 —t)N-. Comparing the coefficient of
t* on both sides, we obtain

HERw) = AER (5)[0,). (C10)

Using the binomial theorem, we obtain the eigenvalues

AER) (5) = zk:(_l)j (@‘) (kAi*j). (C11)
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