STABLE TORIC SHEAVES. I
CHERN CLASSES

CARL TIPLER

ABSTRACT. We study rank 2 torus-equivariant torsion-free sheaves on the com-
plex projective space. For reflexive sheaves we derive a simple formula for the
Chern polynomial, and in the general torsion-free case we introduce an iterative
construction method based on elementary injections, allowing us to prescribe
Chern classes. This yields infinite families of explicit examples on P4 and P,
and establishes existence on P™ for all n > 3, with Chern classes satisfying
all known constraints arising from locally freeness and indecomposability. We
also provide simple obstructions for smoothability.

1. INTRODUCTION

The existence of indecomposable low rank vector bundles on complex projective
spaces is a longstanding problem in algebraic geometry [6, 22]. While in low di-
mension there are many constructions [22], in rank 2 and for n > 4, there is an
essentially unique one : the Horrocks—Mumford bundle on CP* [11] (by “essentially
unique” we mean that it comes in moduli, and can be twisted by line bundles or
pulled back along finite covers). Given the close relation between codimension two
subvarieties and rank two vector bundles, Hartshorne conjectured that for n > 7
all such bundles should split [5, Conjecture 6.3]. He also raised the problems of
whether examples might exist on CP® or new ones could be found on CP* ([6,
Problems 1 and 2]). While these questions remain open in general, substantial
progress has been made in the equivariant setting. Viewing CP™ as a toric variety,
Kaneyama [15] and Klyachko [17] proved that any torus-equivariant vector bundle
of rank r < n over CP" splits as a direct sum of line bundles. More recently, Ilten
and Siiss extended this splitting result to bundles equivariant under a torus action
of lower rank [13]. In this paper, we propose a new approach to this construction
problem, through toric methods.

Our starting point is the observation that the existence of a semistable rank 2
vector bundle is equivalent to that of a smoothable, torus-equivariant, semistable
torsion-free sheaf with the same Chern classes (cf. Section 2.3, Corollary 2.7).
This suggests a strategy for approaching Hartshorne’s conjecture via the study of
deformations of torus-equivariant sheaves. Conversely, potential counterexamples
to the conjecture may also arise as deformations of such sheaves. For this program
to succeed, one must begin with a torsion-free sheaf with the desired Chern classes,
subject to the same constraints as those of locally free ones. As a first step in
this direction, we establish an inductive method for constructing torus-equivariant
torsion-free sheaves with prescribed Chern classes.

We will denote by (cq,...,¢,) € Z"™ the Chern classes of a torsion-free sheaf &
where we used an isomorphism H?*(P" Z) ~ Z- H* where H is (the Poincaré dual
of) some hyperplane section, so that

H>(P",Z) ~ Z[H)/(H")

and
Vk e {1,...,n}, cp(&) =ci - H.
1



2 C. TIPLER

As a warm up, we first study torus-equivariant reflexive sheaves, also called toric
sheaves. Up to normalisation obtained by tensoring with a line bundle (see Section
3.3), by work of Perling [24], a rank 2 toric sheaf is entirely characterised by a couple
(€ps Lp) pex1), where X(1) denotes the set of rays of the fan of CP" viewed as a
toric variety, (¢,)pex) € N**!, and L, C C? is a line for each p € X(1). With the
help of Perling’s resolution [23], and our choice of normalisation, we easily obtain :

Proposition 1.1 (Corollary 3.10). Let & be a normalised rank 2 toric sheaf defined
by (cp, Lp)pex1)- Then the Chern classes of & are given by

(1) VEeN, 0<k<n,c,= Z H Cp-

seX(k) pea(l)

Here, o(1) is the set of rays of the k-dimensional cone o € X(k). These expres-
sions are the elementary symmetric polynomials in the (c,),ex)’s. From those
formulae, we derive a simple proof of the Bogomolov—Gieseker inequality (Corol-
lary 3.7), and show that a rank 2 toric sheaf is locally free if and only if its third
Chern class vanishes (Corollary 3.6). As rank 2 toric vector bundles split (for
n > 3), they are rigid. Hence we deduce that for n > 3, a rank 2 toric sheaf will
never deform to a non-split locally free one - a fact already observed by Hartshorne
[7, Introduction].

We then turn to the more general torsion-free torus-equivariant sheaves. Let &
be such a sheaf and consider the canonical sequence induced by the evaluation map:

08— (&)Y 20

where 2 is the quotient sheaf (&V)V/&. In general, it is not so clear how to
compute the Chern classes of & from those of (€V)V. To help us do so, we consider
a factorization of the canonical injection by simpler injections. We will say that an
injection & — % between two torsion-free sheaves of the same rank is elementary if
the induced quotient 2 = .% /& is pure with irreducible support S, and restricts to
a rank one sheaf on S. Our terminology recalls Maruyama’s notion of elementary
transformations for vector bundles [20], where the support S is a divisor (but 25
may not be of rank 1). In Section 4.2, based on Perling’s description of equivariant
torsion-free sheaves [24], and Kool’s description of pure equivariant sheaves [19], we
obtain the following (Theorem 4.6 and Corollary 4.12) :

Theorem 1.2. Let X be a smooth toric variety, and let & — F be an equivari-
ant injection between two torus-equivariant torsion-free sheaves of the same rank.
Then & — F factorizes through a finite number of elementary injections, whose
quotients’ supports have increasing dimension.

This theorem provides a (non unique) refinement of the torsion filtration [12,
Chapter 1, section 1], and we expect that it should be true in a non toric setting
as well. Our proof, however, is quite constructive, which helps in understanding
sequences of elementary injections, which is a key aspect of what follows (and will
be useful in studying the deformation theory in a subsequent work).

For a specific class of elementary injections on the projective space, we then
obtain in Section 5 a simple formula for the ratio of the Chern polynomials. More
precisely, we will say that an elementary injection & — % is saturated if the re-
striction of the associated quotient .# /& to its support is locally free. From the
toric point of view, an equivariant elementary injection comes with two parameters
(00,mp) € ¥ x M, where ¥ is the fan of CP" and M its character lattice (see
Definition 4.3). We then obtain the following :

Proposition 1.3 (Corollary 5.10). Let & — .F be an equivariant saturated elemen-
tary injection on the projective space with parameters (oo, mg), with dim(og) > 1.
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Then the following holds in Z[H]/{H"*1) :

(2) Al dmﬁm)u ~ (my 4 i) )V )
o6 i |

where my, € Z is defined by Equation (30).
One can show (cf Remark 5.11) that in the above setting,

F)E ~ L*(ﬁv(fmz)),

where ¢ : V' — CP™ stands for the inclusion of the support V of % /&. Note however
that this isomorphism forgets about the equivariant structure of the quotient. In
general, the weight my in Proposition 1.3 is not entirely characterised by mg, but
in all our applications, my, will simply be given by

my = Z (mo, up),

pEao(l)

where w, is a primitive generator for p and (-,-) the duality pairing. We note
that while Proposition 1.3 may be obtained directly by applying Grothendieck—
Hirzebruch-Riemann—Roch theorem to €y (—my), our proof relies on toric and
combinatorial methods and has the advantage of giving along the way similar for-
mulae for not necessarily saturated elementary injections (Proposition 5.2). Com-
paring with the general formula for the Chern polynomial of an equivariant sheaf
(see Equation (23)), Formula (2) is quite simple, as it involves only a finite num-
ber of terms. In particular, using a formal logarithm, we can develop explicitly

log(z((?))) in terms of powers of H :

Proposition 1.4 (Proposition 5.9). Let & — F be an equivariant saturated ele-
mentary injection with parameters (oo, mg), with ko := dim(og) > 1. Then we have
an expansion in Z[H|/(H"T1) :

s (873) == 3= (3 () ) -

where Ay, = (—1)* k! S(1, k) and S(I,k) is a Stirling number of the second kind.

We then consider in Section 6 the prescription problem for Chern classes. Our
first application provides simple obstructions for producing rank 2 torus-equivariant
sheaves with vanishing higher Chern classes. Recall that if 2 is a coherent sheaf,
dim(2) := dim(Supp(L)), and 2 is pure if for any non-trivial coherent subsheaf
F C 2, dim(.F) = dim(2). We denote by

0=T1(2)CcTy(2)C...CTy1(2)CTy(2) =2
the torsion filtration of 2, so that d = dim(2) and for each 0 < i < d, the quotient
Qi(2) :=Ti(2)/Ti-1(2)

is either 0 or pure of dimension ¢ (see [12, Chapter 1]). Note that if & is a torsion-
free sheaf, its singular set is of codimension greater or equal to 2 (see [22, Chap-
ter 2.1]). As & agrees with its reflexive hull away from its singular set, one has
codim((&Y)V /&) > 2. Thanks to Theorem 1.2 and Proposition 1.4, we obtain in
Section 6.1 the following :

Theorem 1.5. Let & be a torus-equivariant rank 2 torsion-free sheaf with nor-
malised reflexive hull on the projective space. Let 2 = (&V)V/& and set q =
codim(2) = n — dim(2). Then the following holds :

(1) If ¢ > 4, then at least one of c3(&) or c4(&) is non-zero.
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(2) If ¢ =2, Qn-3(2) =0 and & is semistable, then c3(&) # 0.

Of course, for item (1) (resp. (2)) in Theorem 1.5 to hold, we assume n > 4 (resp.
n > 3). Before stating the~next corollary, recall that & is said to be smoothable if
there is a coherent sheaf & on CP" x C, flat over C, such that &icpn {0y = & and

Sjcprx gty 18 locally free for ¢ # 0. As Chern classes are invariant under such flat
deformations, we obtain the following (note that we don’t need to assume & to be
normalised here) :

Corollary 1.6. Let & be a torus-equivariant rank 2 torsion-free sheaf on the pro-
jective space. Let 2 = (&V)V/& and set ¢ = n — dim(2). Assume one of the
following :

(i) n>4 and g > 4, or

(i) n>3,¢=2, Qn_3(2) =0 and & is semistable.
Then & is not smoothable.

Again, from Corollary 2.7, the existence of indecomposable semistable rank 2
bundles is subject to the existence of smoothable rank 2 torsion-free equivariant
sheaves with appropriate Chern classes. Then, Corollary 1.6 points in the direction
of Hartshorne’s conjecture. It provides strong constraints on equivariant sheaves
that could lead to potential counterexamples, showing that they tend to be very
different from their simpler reflexive hull, with @, _3(<2) non zero. Note also that
Corollary 1.6 does not hold if one drops the equivariance hypothesis, even on P2,
as shown by the example Ej in [14, Proof of Proposition 7.2]'. This highlights the
advantage of our toric approach.

Despite these obstructions, we manage to provide examples with vanishing higher
Chern classes. Starting from a reflexive equivariant sheaf .%, whose Chern poly-
nomial is well understood from Equation (1), we systematically build sequences of
saturated elementary injections (cf Proposition 6.2) :

(g}:éap—)éapflﬁ...—)g():y.
Using multiplicativity of the Chern polynomial, together with Formula (3) for

log(c(céi)l) ), we can try to prescribe the Chern polynomial of &, by appropriately

tuning the parameters. Our main interest lies in Chern polynomials of hypothetical
rank 2 indecomposable vector bundles. Such bundles have vanishing Chern classes
c; for i > 3, and satisfy Schwarzenberger’s topological constraints [9, Appendix 1].
In Section 6.2, we derive the precise equations that one needs to solve in order to
produce torsion-free equivariant rank 2 sheaves whose Chern classes satisfy those
constraints. As an application, we produce in Section 6.3 two infinite families of
explicit examples on CP*, according to parity of the first Chern class. Moreover,
we explain that for infinitely many pairs (c1, c2) that we obtain, one may not pass
from one to another by twisting by a line bundle nor by pulling back along a finite
cover of the projective space. More precisely :

Theorem 1.7. For any t € N*, there exist torus-equivariant stable rank 2 torsion-
free sheaves &; and F; on CP* with Chern polynomials in H?®*(P*,Z) ~ Z[H]/{H®):

c(&) =1+ (12t + 1)H +12t(3t + 1)H?

and
c(F) =1+ (12t + 10)H + 12(t + 1) (4t + 3)H?.

Again, the Chern classes reached in Theorem 1.7 satisfy all known constraints
imposed by locally-freeness. For t large enough, they also satisfy the necessary

IThis counter-example was communicated to us by Marcos Jardim.
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conditions for indecomposability derived in [10]. By openness of semistability, any
small deformation of one of those examples will remain semistable. If we luckily
reach a locally free sheaf along such a deformation, we can conclude that it must be
indecomposable. Indeed, if a small semistable deformation splits as Opa (k) ® Opa (1),
we must have k = [ by semistability. But then the discriminant A = 4cy — c?
vanishes, which is not the case for our examples. As another application, in Section

6.4, we prove

Theorem 1.8. For any t € N*, there exists a torus-equivariant stable rank 2
torsion-free sheaf & on CP® with Chern polynomial in H?*(P° Z) ~ Z[H]/(H®):

c(&) =1+ (24t + 1)H + (14412 + 24t)H?.

For those examples, the same conclusions as for the ones of Theorem 1.7 hold.
The equations that one needs to solve in order to produce such explicit examples
quickly become convoluted as the dimension of CP™ increases. Nevertheless, in
Section 6.5, we derive the following existence result to illustrate our techniques:

Theorem 1.9. For each n > 3, there exists m € N* such that for all t € N,
there is a stable rank 2 torus-equivariant torsion-free sheaf & on CP"™ with Chern
polynomial

c(&) =1+ 2mt+1) - H+ (m*t*+2mt) - H>.

Once again, for t large enough, these last examples provide candidates for pro-
ducing indecomposable rank 2 bundles by deformations, although their construction
is not as explicit as in Theorems 1.7 and 1.8.

Remark 1.10. We note that while we focused on rank 2 sheaves with Chern classes
of potential locally-free 2-bundles in our applications, the technology developed in
this paper can be used to produce stable torsion-free sheaves with more general
Chern polynomials, in any rank. This is explained briefly in Section 6.6.

In a companion paper, we aim at developing the deformation theory for rank
2 equivariant torsion-free sheaves over the projective space, in order to produce a
smoothability criterion, and hopefully shed some light on Hartshorne’s questions.

Organisation. Section 2 provides background on toric sheaves and slope stability.
In Section 3, we compute Chern classes of rank 2 equivariant reflexive sheaves, with
some applications. In Section 4, we recall Perling’s description of the category of
equivariant torsion-free sheaves, introduce the notion of elementary injection in this
language, and prove Theorem 1.2. Then, the formulae for the Chern classes through
elementary injections are obtained in Section 5. Finally, the various applications
are given in Section 6.
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CE40-0017. He also beneficiated from the support of the French government “In-
vestissements d’Avenir” program integrated to France 2030, under the reference
ANR-11-LABX-0020-01.

Notations. We will follow notations from [3, 24] for toric varieties and toric
sheaves. In particular, we denote by Ty = N ®z C* the torus of a toric vari-
ety X, N the rank n lattice of its one-parameter subgroups, M = Homy(N,Z)
its character lattice and X its fan of strongly convex rational polyhedral cones in
Nr = N ®@zR (see [3, Chapter 3]). For each o € ¥, we let ¥ denote the dual cone,
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and o its orthogonal - both for the duality pairing (-,-). The variety X is then
covered by the T-invariant affine varieties U, = Spec(C[M NaV]), for ¢ € . We
denote by 7 < ¢ the inclusion of a face 7 in o, and 7 < ¢ if the inclusion is strict
(recall then that we have U, C U,). For m € M, we let x™ € C[oV N M] be the
associated regular function on U,.

2. BACKGROUND ON TORIC SHEAVES

We consider now CP" as a projective toric variety, for the action of the n-
dimensional torus T' = (C*)™ given, for A = (Ay,...,A\y) € T, by
Aofzo:ooizn)i=l20: A121 1o Apzn).
We denote by N = Z™ the rank n lattice of one-parameter subgroups of 7' and by

M = Homgz(N,Z) its dual lattice. We set ¥ to be the smooth and complete fan
of strongly convex rational polyhedral cones in Ng = N ®z R associated to CP™.

In more concrete terms, let (eq,...,e,) be the canonical basis for Ng = R", and
€g=—e1 —ey...—e,. Then, for any I C {0,1,...,n}, we obtain a cone
o1 = @R+ -e; C Ng,
i€l

and ¥ = {07, I C {0,1,...,n}}. We will denote X(k) C X the set of k-dimensional
cones, for 0 < k < n. The projective space is then covered by the T-invariant affine
toric varieties U, = Spec(C[M N aV]), for o € X, where oV denotes the dual cone
of o, that is

oV ={m € Mg |Yu € o, (m,u) >0} C Mg.

2.1. Reflexive equivariant sheaves. By definition, a coherent sheaf & on CP™
is T-equivariant if there is an isomorphism

p:0"8 = 138
satisfying some cocycle condition, where 6 : T x CP"™ — CP" and 75 : T' x CP™ —

CP™ stand for the torus action and the projection on X respectively (see e.g. [24]).
For the purpose of this paper, we introduce the following definition :

Definition 2.1. A toric sheaf is a T-equivariant reflexive sheaf over CP".

From Klyachko and Perling’s work [17, 24], there is a fairly simple description
such sheaves (their work actually extend to any torus-equivariant reflexive sheaf
over any normal toric variety). They are uniquely determined by families of fil-
trations. If & is a toric sheaf, let’s denote (E, E”(i)),ex(1),icz the associated fam-
ily of filtrations, which consist of a finite dimensional complex vector space E of
dimension rank(&), together with, for each ray p € (1), a bounded increasing
filtration (E*(i));cz of E. The space E is the fiber of & over the identity element
1 € T C CP", while the filtrations are obtained as follows. Being reflexive, the
sections of & extend over codimension 2 subvarieties. If we then set

Xo= U U
cex(0)us(1)

by the orbit-cone correspondence ([3, Section 3.2]), X is the complement of T-orbits
of co-dimension greater or equal to 2, and thus & = .(&x,), where ¢ : Xo — CP"
is the inclusion. Equivariance implies that &|x, is entirely characterised by the
sections I'(Uy, &), for o € X(0) UX(1). If 0 = {0}, Usoy =T, and

I'(Usoy, &) = E ®c C[M].
Then, if p € ¥ is a ray (i.e. a one-dimensional cone), I'(U,, &) is graded by
M/(Mnpt)~12Z,
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where for any cone o,
Li={me Mg |Vu € o (m,u) =0}
As T is a dense open subset of U,, the restriction map I'(U,, &) — T'(Uspy, &) is
injective and induces a Z-filtration
.CEP(i—1)CE(i)C...CE

such that one has
LUy, &) = P E"((m,up)) @ x™,

meM
where we denote by u, the primitive generator of p.

Remark 2.2. Note that we will use increasing filtrations as in [24], rather than
decreasing ones as in [17].

In the other direction, one recovers & by setting for each 0 € ¥ :
(4) U,,&) : @ ﬂ (m,up)) @ x™
meM peo(1)

Finally, from [17, Theorem 2.2.1] (or [24, Section 5]), & will be locally free if and only
if the family of filtrations (£ (e)),ex(1) satisfies Klyachko’s compatibility criterion,
namely that for each o € ¥, there exists a decomposition

E= D ]

[mleM/(Mno+)
such that for each ray p € 0(1) in o :
D Ew
(mup) <i
Example 2.3. As a leading example, we describe here the family of filtrations
of rank 2 equivariant locally free sheaves on CP", assuming n > 3. In that case,
from Kaneyama [15, Corollary 3.5], the associated vector bundle splits as a direct
sum of line bundles. We then start with the description of the family of filtration
associated to a line bundle. By the orbit-cone correspondence [3, Chapter 3], T-

invariant reduced and irreducible divisors on X are in bijection with rays of 3.
Hence, any T-invariant Cartier divisor D C CP" can be written

D= Y d,D,
pEX(1)

where D, C CP" is the orbit closure associated to p € ¥(1) and dp € Z. The family
of filtration associated to €'(D) for D = 3" ydpD, is given by E = C and for
each p € ¥(1), and each i € Z,

. 0 if i<—d
P — P
E(Z){ C if i>-d,

Consider now & = 0(D;) ® 0(D3) an equivariant locally free sheaf of rank 2, with

Di= Y d.D,,

pEX(1)

peEX(1

for i € {1,2}. Then, by definition of direct sums, we obtain that & comes from
the family of filtrations (C?, (E”(s)),ex1)) Where this time, for each p € X(1) with
—d} < —d?
p=""%
0 if i< —dl,
Ef(i) =< Cx{0} if —d,<i<-—d,
c* if —d2 <,



8 C. TIPLER

while if —d,% < —d!

p?
0 if i < —d?,
Ef(i)=q {0} xC if —d2<i<—d,
c* if —d}, <.

2.2. Slope stability. Recall that a torsion-free sheaf & on CP™ is said to be slope
stable (respectively slope semistable) if for any coherent and saturated subsheaf
F C & with rank(.%) < rank(&’) (respectively rank(.#) < rank(&)), one has

W(F) < (&)

(respectively u(.F) < u(&)), where for any coherent torsion-free sheaf ¢, the slope
w(¥) is given by

Cl(g) -H7 1
b)) = —"——— .
) rank(¥) €Q
If & is a toric sheaf with associated family of filtrations (E, E°(e)),ex(1), from
Klyachko’s formula for the first Chern class (see e.g. [2, Corollary 2.18]) we obtain
1
E)=——F— &
6 WE) =~z X (6,

pEX(1)
where
Lp(&) =" i (dim(E”(i)) — dim(E*(i — 1))).
i€z

From Kool’s work [19, Proposition 4.13] (see also [8, Proposition 2.3]), to check sta-
bility for &, it is enough to compare slopes with equivariant and saturated reflexive
subsheaves. By [21, Lemma 2.14], any such subsheaf is associated to a family of
filtrations of the form (F, F'N E*(i))yex(1),icz for some vector subspace F' C E (see
also [4, Proposition 0.0.1] and [8, Remark 1.2.4]). Hence we have :

Proposition 2.4. The toric sheaf associated to (E, EP(e)),ex (1) is slope semistable
if and only if for any vector subspace F C E, we have

1 1
dim (F) 2 wlF)> dim(E) 2 wl®)

pEX(1) pEX(1)

and slope stable if the above inequalities are all strict.
In the previous statement, we used the notation
Lo(F) := Y i (dim(F N E* (i) — dim(F N E*(i — 1))).
€L
Let’s assume now that rank(&’) = 2. Up to an isomorphism, we can assume E = C2.

For each p € (1), there exist integers a, < b, and a line L, C C? such that

{0} if i<a,
Er(iy={ L, if a,<i<b,
C? if b, <

Then, by Proposition 2.4, we deduce:

Corollary 2.5. With the previous notations, & is slope semistable (respectively
slope stable) if and only if for any one-dimensional subspace L C C2,

Zcpg Zcp,

L,=L L,#L

(respectively 3_; _p cp < D5 41 Co)s where ¢, :=by — ap.
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2.3. Equivariant sheaves as fixed points in Gieseker moduli spaces. In
this section, we reduce Hartshorne’s conjecture to the study of smoothability of
torsion-free torus equivariant sheaves, in the semistable case.

Proposition 2.6. Let (X, L) be a smooth polarised toric variety. Then there exists
a Gieseker semistable vector bundle E — X with Hilbert polynomial P if and only if
there exists a smoothable, Gieseker semistable, torus equivariant sheaf with Hilbert
polynomial P.

We refer to [12, Chapters 1, 2 and 4] for the definition of Gieseker stability and
for the construction of the moduli space of Gieseker semistable sheaves with given
Hilbert polynomial.

Proof. The if direction of the proof is clear, given openness of semistability [12,
Proposition 2.3.1]. To prove the converse, we will use Kool’s work [19]. We follow
here the notations from [19, Section 4]. In particular, we denote by M** the moduli
space of Gieseker semistable torsion-free sheaves with Hilbert polynomial P. This
can be obtained as a good categorical quotient R — M?®® of an open subscheme
R C Q of a Quot scheme @ by a reductive group G. Given a linearisation 7"~ L
of the action of the torus T of X, one can construct a regular T-action on ) that
restricts to R, commutes with the G-action, and descends to a regular action on
M#* (cf [19, Proposition 4.1]). On a closed point [£] € M7, this action simply
reads [&] — [t*&] for t € T.

Assume that E is a Gieseker semistable vector bundle with Hilbert polynomial
P. Then, FE yields a point [E] € M*®*. If [E] is a torus fixed point, then by
definition of the T-action, and as closed points in M®* correspond to S-equivalence
classes, we have for any ¢t € T, Gr(¢t*F) ~ Gr(E) (where Gr stands for the graded
object). We then obtain t*Gr(E) ~ Gr(t*E) ~ Gr(E). Decompose Gr(E) = &;E}"
into irreducible stable components. We argue now as in [19, Proposition 3.19]. By
the Krull-Schmidt property of the category of coherent sheaves on the projective
variety X, we deduce that for each ¢ € T', there exists j such that t*E; ~ E;. Set
I'={teT|t*E, ~ E;}. From stability, and as the stable components of Gr(E)
share the same Hilbert polynomial, I'; = {¢t € T'| dim(Hom(¢*E;, E;)) > 1}. By
semi-continuity, we deduce that I'; is closed in T', hence open as well as T\ T'; =
Uk# I'x. As IT'; contains the identity, we deduce that for all t € T, t*E; ~ E;.
Then, by [19, Propositions 4.2 and 4.4], each E; admits an equivariant structure,
and so does Gr(E). By [12, theorem 4.3.3], up to an isomorphism, Gr(E) lies
in the G-orbit closure of (the point corresponding to) E in @, and its G-orbit is
closed. Then, by a result of Kempf [16, Theorem 1.4], we may find a one parameter
subgroup A : C* — G such that

}% At) - E ~ Gr(E),

where we identify the sheaves and their corresponding points in the Quot scheme.
This provides a curve ¢ : C — @ with ¢(0) = Gr(FE) and ¢(t) isomorphic to A(t)-E for
t # 0. Pulling back the universal family to C yields a smoothing of the equivariant
sheaf Gr(FE), and concludes the proof when [E] is a T-fixed point.

Assume now that [F] is not a torus fixed point. Then we can consider the T-
orbit closure of [E] in the projective scheme M*°. By Borel’s fixed point theorem
[1, Proposition 15.5], one may find a torus-fixed point, say [%#], in this closure.
As R — M*®® is a good quotient, in particular sends closed sets to closed sets, we
can assume, up to isomorphism, that .# lives in the T-orbit closure of E in Q.
Then, consider the T' x G-action”? on R C Q. By [12, theorem 4.3.3], we see that

2Note that the T-action is a left action, while the G-action is a right action, but we can
precompose the T-action by the inverse map to obtain a genuine right action of the product
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Gr(%) lives in the T x G-orbit closure of E. Using Kempf’s [16, Theorem 1.4]
again, we obtain a smoothing of Gr(%#). Using the same argument as for Gr(FE)
in the previous case, Gr(%) carries a T-equivariant structure, which concludes the
proof. O

On the projective space, the Chern polynomial determines, and is fixed by, the
Hilbert polynomial. Hence we deduce the following.

Corollary 2.7. There exists a Gieseker semistable vector bundle on P™ with Chern
polynomial ¢ if and only if there exists a Gieseker semistable, smoothable, torus-
equivariant, torsion-free sheaf with Chern polynomial c.

By the Bogomolov—Gieseker inequality, if & is semistable, one has A(&) = 4cy —
c? > 0. On the other hand, if a rank 2 vector bundle splits, then A(&) < 0.
Hence, a semistable rank 2 vector bundle with strictly positive A is necessarily
indecomposable. In the rank 2 semistable case, we further note that Hartshorne’s
conjecture reduces to the case of zero first Chern class.

Proposition 2.8. Assume that there is no indecomposable, rank 2, Giescker semistable
vector bundle with zero first Chern class on P™. Then there is no indecomposable,
rank 2, Gieseker semistable vector bundle on P™.

Proof. As semistability and indecomposability are preserved upon tensorisation by
a line bundle, the asumption directly implies that any Gieseker semistable indecom-
posable rank 2 bundle must have an odd first Chern class. Assume then by contra-
diction that F is an indecomposable, rank 2, Gieseker semistable vector bundle on
P" with odd first Chern class. Consider the degree 2" ramified cover f : P* — P™
given in coordinates by f([20 : ... : 25]) = [28 : ... : 22]. The vector bundle f*FE
has even first Chern class 2"c; (E). As E is semistable, A(E) > 0. As c1(F) is odd,
A(E) is odd, hence A(E) > 0. Then, A(f*E) = 22"A(E) > 0. We deduce that
f*E is not split. It remains to show that f*FE is Gieseker semistable to conclude.
As c¢; is odd, by [12, Lemma 1.2.13 and 1.2.14], F is in fact slope stable. Hence, by
[12, Lemma 3.2.3], f*E is slope polystable. As it is indecomposable, is is actually
slope stable. The result follows. O

Hence, by Corollary 2.7 and Proposition 2.8, in the semistable case, Hartshorne’s
conjecture for indecomposable rank 2 vector bundles reduces to showing that there
is no smoothable, semistable, torus-equivariant, rank 2 torsion-free sheaf with van-
ishing c;.

3. CHERN CLASSES IN THE REFLEXIVE CASE

In this section, we compute Chern classes for rank 2 toric sheaves. Let & be such
a sheaf, with family of filtration (C?, E”(e)),cx (1) given as in Section 2.2 by

{0y if i<a,
(6) Ef(i)=¢ L, if a,<i<b,
c? if b, <
As observed in Example 2.3, if & is locally free, it is isomorphic to &(D;) & &(D3)

for some T-invariant Cartier divisors Dy and Dy. Then, its Chern polynomial is
given by

c(&) = (14 c1(O(D1)(1+c1(0(D2)) =1+ c1H + coH?
with ¢ = ¢1(€(D1)) + ¢1(0(D3)) and co = ¢1(0(D1)) c1(0(D3)). Moreover, we
see that the set of lines {L, | p € (1)} used to describe the family of filtrations of

& contains at most two distinct elements (given explicitly by C-(1,0) and C-(0,1)
in the notations of Example 2.3). In the other direction, we have
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Lemma 3.1. Assume that the set {L, |p € (1)} contains at least three distinct
lines Ly, , Ly, and L,,, with a,, <b,, foriec {1,2,3}. Then & is not locally free.

The proof of this lemma can be found in [26, Proof of Proposition 4], and is
a direct application of Klyachko’s locally freeness criterion applied to the three
dimensional cone spanned by the p;’s. Until the end of this section, we will assume
that & is not locally-free, and derive a formula for its total Chern class

c(&)=1+cH+...+c,H".

3.1. Perling’s resolution. We will use a resolution of & by direct sums of line
bundles. Such a resolution has been constructed by Perling in [23, Chapters 5
and 6] (who considered equivariant reflexive sheaves over toric varieties in general).
Consider the (n + 1)—dimensional complex vector space

- D L.
pED(1)
where in this sum we don’t consider the L,’s as subspaces of C2. For each p, we
have an inclusion map ¢, : L, — C?, leading to a surjective morphism
L: F — C?
(Tp)pesy + Z Lp(Zp)-
peEX(1)
Note that surjectivity comes from our hypothesis of & being non locally-free, cf 3.1.
We then consider the rank (n+ 1) toric sheaf .# whose family of filtrations is given
by (F, F*(e))pex(1), where
{0} if i <ap,
Fr(i) = L, if a,<i<d,
Foif by, <.
Note that the map ¢ sends F? (%) to E? (i) for each (i, p) € ZxX(1). From Klyachko’s
construction, ¢ induces a surjective morphism (still denoted ¢) from & to &. We

leave as an exercise to check that % is locally free, using Klyachko’s criterion for
locally freeness. More precisely, we have

(7) Fo~ P O(-a,D,~ > byDy).
pEX(1) P’ e€S(H\{p}

Denote by # the kernel of ¢ : # — &. It is a toric sheaf with family of filtrations
(K,K?(e)),ex(1) given by K =ker(¢: F — E) and
orn _ J {0} if i<,
K (’)_{ K if b,<i.

We obtain that ¢ is the rank (n — 1) sheaf obtained as (n — 1) copies of a line
bundle :

(8) — > b,D,)E Y,
pEX(1)

To conclude, we proved

Lemma 3.2. We have a short exact sequence of toric sheaves
= > bD )Y B O(-a,D,~ > byDy) > E 0.
pEX(1) pEX(1) P eX()\{p}

Remark 3.3. The result of Lemma 3.2 actually holds true on any smooth toric
variety.
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3.2. The Chern polynomial. From the previous section, we can compute the
total Chern class of &. We keep the notations for the families of filtrations of &, cf
Equation (6). We will set

cp=b,—a, €N
for each p € ¥(1), together with
a:= Z ap, b= Z by, and ¢ := Z Cp-
pED(1) pER(1) pED(1)
Proposition 3.4. The total Chern class of & is given by the following expression
in the ring Z[H]/(H"*1) :
_(1_ 2 cpH
(9) c(&)=(1-bH)? ] <1+ 1bH>

peEX(1)

Proof. Using the short exact sequence
0> —>F —>8&—-0

from Lemma 3.2, we obtain
()
c(¢) =
(A
(note that all total Chern classes satisfy cg = 1, hence are invertible modulo H"*1).
From the Equation (7) we obtain

o) = [ t=(ap+ > by)H)

pEX(1) p'#Ep
= II a=@-c)H).
pe(1)

On the other hand, with (8), we have
c(A) = (1—bH)",
and the result follows. d
Using
=1+bH +b*H*+...+b"H",

1—bH
the following corollary is then straightforward.

Corollary 3.5. We have

ci=—(a+b), ca=ab+ Z CpCp
TEX(2)
T=p+p’

and

c3 = Z CpCprCporr 2 0.
TEXL(3)
T=p+p'+p"
The above formula for c3 provides the following, that was already observed by
Hartshorne in the case of (non necessarily equivariant) reflexive sheaves of rank 2
on CP? ([7, Proposition 2.6]) :

Corollary 3.6. A rank 2 toric sheaf is locally free if and only if its third Chern
class vanishes.
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Proof. From Lemma 3.1, if & is a non locally free toric sheaf of rank 2 (with the
previous notations), there are at least three different rays {p, o, p”’} C X(1) with
Cp, Cpr, Cpr nON Zero. Then, from the formula in Corollary 3.5, we see that ¢z > 0.
On the other hand, if a rank 2 sheaf is locally free, it is well known that its k-th
Chern class vanishes for & > 3. O

Another well-known fact that we recover easily from our computations is the
Bogomolov-Gieseker inequality:

Corollary 3.7. Assume that & is semistable. Then
A(&) = 4cy — ¢ > 0.

Proof. As A(&) is invariant under tensoring & by a line bundle, we may assume,
tensoring by O3 ,cx(1) @pDp), that a, = 0 for each p € X(1). Then, for each
pEX(), by=cp,and a=0,¢c1 = —b=—c,c2 =3 5 Cpcy. Hence,

T=p+p’
A(&) =2 Z CpCpr — Z Cz.
TEX(2) peEX(1)

T=p+p’
From Section 2.2, slope semistability implies that for all p € ¥(1),
dows D o

L,y=L, Ly#L,

Multiplying by c, gives
ci < Z CpCy < Z CpCpr -

Ly=L, Ly#L,

Summing over p € £(1) leads to
Y acY Y s Y Yoo
pEX(L) p€XS(1) Ly #L, pEX(L) p'#p

As the right hand term in this last inequality is twice the sum 2762(2) cpCp, the
T=p+p’
result follows. 0

We now give formulae for higher Chern classes. We first introduce for any integer

k € N¥,
Sk = Z H Cp.

oeX(k) peo(l)

In particular, we have c; = ab + s2 and c3 = s3. More generally,
Lemma 3.8. Let k > 3. Then

B3 g ‘
(10) cp = Z ( . >Sz‘+3 pE—(+3)

i=0
Proof. We first set

p(H) = H)(1+10PfH),

peX(1
so that

(11) c(&) = (1 —2bH + b*H?)p(H).
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Then we have

p(H) = J[(+coH +cbH? + c,b*H? + c,b*H* + ..
(1)
_ 1+z<z( - z)m‘.
7>1 \i=1

Introduce the notation
p(H)=1+pH+pH*+ ... +p, H",
then from (11) we deduce for k& > 3 :

ck = pr — 2bpr—1 + b pr_a.

Hence
"k 2 k-3
- k—i k—1—i 2 - k—2—i
f— —2 . . .
i ;(Z_J b bZ( )szb +b ;(i_l)ﬁb
Then,
k k—1
_ k-1 k—i k—2 f—i
c, = Z(z—l) b —‘ (i_1>slb
i=1 i=1
k—2 k—1
. k—2 .
S pk—i _ pk—1
+ <1_1>szb Z(i—l)szb
=1 i=1
k—1
k—1 k—2 :
_ o 7;bk:—z
w3 ((20)-(20)
k—2
k—3 k—2 ki
B () ()
1=2
k—2
B k—2 k—3 ki
S Sl (R )T
k—3 i
_ Z( . )Si+3 bk (Z+3)’
1=0
where we made intensive use of Pascal’s rule for the binomial coefficients. O

3.3. Normal forms. One may consider, up to tensoring by a line bundle, two
natural normalisations for &. The first one sets a, = 0 for all p € 3(1). Up to
tensoring & by 0(3_,a, D)) (which doesn’t affect slope (semi)stability)), we may
assume that a, = 0 for all p € (1), see [4, Remark 2.2.15]. We then have

{0} if i<0

Er(i)={ L, if 0<i<b,

c? if b, <
For the second one, tensoring by (3, a, D)) instead, we may assume that b, = 0
for all p € ¥(1). In the first case, we obtain the following inequalities.

Lemma 3.9. Assume that & is normalized so that a, =0 for all p € X(1). Then

for any k > 3,
k—3
k—3
Z( ; >Cz+301 >
i=0
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Proof. By a similar proof as in Lemma 3.8, one obtains by induction from Equation

(10) :
k—3
k—3 i
Sk = ; ( i )Cz‘+3clf 5.
As s > 0 by definition, the result follows. O

With the second normalisation, the total Chern class becomes quite transparent
from the data (the proof follows directly from Lemma 3.8) :

Corollary 3.10. Assume that & is normalized so that b, = 0 for all p € 3(1).

Then for any k € N*,
Cr = S = Z H Cp-
ceX(k) peo(l)

An interesting consequence of this formula is the following.

Proposition 3.11. Let Q(H) € Z[H]/(H"™Y). If Q lifts to a polynomial Q €
Z[H|/(H™"2) that splits as

Q=0Q+reH)(...)1+r,H)
for (ri)o<i<n € N"T1 then there exists a toric sheaf & with total Chern class Q(H).

Proof. Simply take & to be a toric sheaf whose family of filtrations satisfies b, = 0
for all p € X(1) and (¢p)pex1) = (ri)o<i<n. Then from Corollary 3.10, the result
follows, as the s;’s are the elementary symmetric polynomials in the c,’s. O

We end this section with a geometric interpretation of the second normalisation.

Proposition 3.12. Let p € X(1). Then b, = 0 if and only if the restriction map on
weight m sections T(U,, &) — T(T, &) is an isomorphism provided (m,u,) > 0.

In other words, b, = 0 means that all weight m sections over 7' extend over
an invariant divisor D, if and only if (m,u,) > 0, that is the weight of the torus
action in a transverse direction to D, is positive. The proof of this proposition is
a direct reformulation of Klyachko’s description for toric sheaves. As we won’t use
it in what follows, we leave the proof to the reader.

4. ELEMENTARY INJECTIONS AND FACTORIZATION

From the previous sections, we see that a reflexive torus-equivariant sheaf will
never deform to an indecomposable rank 2 locally free sheaf on the projective
space. To hope for such deformations, one may consider the more general class
of equivariant torsion-free sheaves. If & is such a sheaf, then one has the exact
sequence :

06> —2—0

where Z = (&V)V stands for the reflexive hull of & and 2 for the quotient. From
the previous sections, .# is fairly well understood. In the other direction, we will
start from a reflexive toric sheaf .# and build torsion-free equivariant subsheaves
whose reflexive hulls agree with .%. This may be done by considering a sequence
of elementary injections

Ey—=E = ... 1 > E=F

where the Chern classes of &;_; are easily computed from those of &;. In this section,
we will define such elementary injections and provide some of their properties. We
will then show that any injection between two torus-equivariant torsion-free sheaves
of the same rank factorizes through elementary injections, on any smooth projective
variety.
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4.1. Equivariant torsion-free sheaves. We will recall here the combinatorial
description of equivariant torsion-free sheaves over toric varieties, following Perling
[24, Section 5]. Such a sheaf & is entirely described by its rings of equivariant
sections over invariant affine subsets, indexed by cones o € ¥ and weights m € M:

ES =T (Uy, &) m.

As in the reflexive case, we let E ~ C" be the stalk over the point 1 € T' C CP", so
that

E°=C[M]|®E
and EY, ~ C" for all weights m € M. For a given cone o € ¥, and a face 7 < o, we
have injective restriction maps

(12) ES =T(U;,&)m — T (U, E)m = ET,,

so we can see each vector space EJ, as a vector subspace of £ ~ C". Then, for each
o € %, we consider the relation <, on M defined by

m<,m << m' —meaog’,
and we denote m <, m’ if m <, m’ and m’ £, m (where the latter means that
m —m’ ¢ o¥). The coordinate function x™ =™ € C[¢¥ N M] induces an injection

(13) X" " ES =T Uy, &) — DUy, &) = ES/,

that we may assume to be an inclusion, up to isomorphism. Together with coher-
ence, and torsion-freeness, we reach the following (see [24, Section 5.4]) :

Definition 4.1. A family of multifiltrations for a C-vector space V is a collection
for each o € ¥ of vector subspaces (EZ,)men of V satisfying the following :
(i) For any o € ¥ and any m <, m/, EJ, C EJ,,
(ii)s For any m € M, ES, =V,
(uz)f For each chain ... <, m;_1 <, m; <o ... in M there is ig € Z such that
E;,. =0 for i < ig,
(tv)y There exists only finitely many vector spaces EJ, which are not contained
in the union U E7,,
m'<sm
(v); For each cone o € ¥ and each facet 7 < o there is m, € 0¥ N7+ such that
™ NM=1-NM+N-(—m,). Then, for any m € M, E], = U E im. -
€N
Note that points (i) s and (v)s in Definition 4.1 imply that for any o,

(14) v={J £,

meM
which was stated instead of (i) in Perling’s original definition. To ease notations,
we will write (EZ,) for (E2)sex,meM-

A morphism between two such families of filtrations (EZ,) and (F?) of V' and
V' is a linear map V' — V' that is compatible with the filtrations, namely sends
E? to F7 for each o € ¥ and m € M. From Perling [24, Theorem 5.18], the above
description that sends I'(U,, &), to E7* induces an equivalence between the cate-
gories of equivariant torsion-free sheaves over CP" and families of multifiltrations
of complex vector spaces. Axiom (i), provides an equivariant quasi-coherent sheaf,
that is coherent thanks to (¢i¢); and (iv)s. Axiom (v) gives torsion freeness, and
(#3) ¢ ensures that the rank of the sheaf is 7 = dim(V') (we shall refer to this as the
rank of the family of filtrations as well).

Up to isomorphism, we can, and we will, assume that V' = C" in the families
of multifiltrations that we will consider. From this point of view, an injective and
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equivariant morphism between two equivariant torsion-free sheaves of rank r is
equivalent to the data of two families of filtrations (EZ,) and (F7) (of C") such
that £, C Fy, for all 0 € ¥ and all m € M. We will denote this, somehow sloppily,
as (E2) C (F2).

We can then identify the reflexive hull of such sheaves thanks to the following
lemma.

Lemma 4.2. Let (ES,) be a family of multifiltrations. Then the associated equi-
variant sheaf & is reflexive if and only if for each o € ¥ and each m € M,

Ef, = () Eb.
pEa(l)
In any case, the family of filtrations (F”(e)),exy for F = (Y)Y is given, for
p€X(1l) andi € Z, by

(15) FP(i) = Ef

m

for any m € M such that (m,u,) = i.

The proof shall be clear from Perling’s [24] and the previous descriptions of
toric and torsion-free equivariant sheaves, but we will include it for the sake of
completeness. Let’s first gather some useful facts that will be used freely in the
proof and the following sections. Regarding the relations (<, ),ex on M, note that

(i) For each o, <, is transitive,
(ii) For each o, m <, m’ and m’ <, m if and only if m —m’ € o+,
(iii) For each 7 < g, if m <, m’/, then m <, m/.
Note also that for a given family of multifiltrations (EZ,) we have, for each 7 < o
and m <, m/, inclusions EJ, C E7, and EJ, C E7, (cf. (12) and (13) that follow
respectively from axioms (v); and (¢)f in Definition 4.1).

Proof. First, by point ()7, we see that if m —m’ € o+, then EJ, = E7,. Hence,
the family of filtrations (F'°(e)),ex(1) defined by (15) is well defined. Set .# to be
the associated equivariant reflexive sheaf. Then, by (iv)y, we have

E, C () EL=TUs,F)m
p€a(l)

for each o € ¥ and each m € M, so that & is an equivariant subsheaf of .%. If the
equality holds for each ¢ € ¥ and m € M, then & = .% and & is reflexive. On
the other hand, by construction of (F”(e)), & and .# agree on each affine sets U,,,
p € (1), and on Uygy, and so do their reflexive hulls. As the complementary of
those sets is of dimension less or equal to 2, they have the same reflexive hull on
the whole CP" by normality of reflexive sheaves. We conclude that (&V)V = .Z,
which ends the proof. O

4.2. Elementary injections. We would like now to factorize any injection & —
Z between equivariant torsion-free sheaves of the same rank into a product of
injections & = & — & — ... = &, = F of the simplest possible form.

Definition 4.3. Let (EZ,) C (F7) be two families of multifiltrations of the same
rank. We will say that it is elementary if there is 0 < kg < n such that :

(i)e For any k < ko, any o € X(k), and any m € M, E% = F¢

(ii). There is a unique couple o¢g € (ko) and mg € M/(og N M) such that
Eje # Fgo. For this couple, dim(F72) = dim(E}2) + 1.

(#7i). For any k > ko, any o € X(k) and any m € M, EJ, = F? unless 09 < 0
and m <;, mg in which case EJ, = F7 N E7°.
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With the above notation, we will say that the injection is kg-elementary, and refer
to the triple (ko, 00, mo) (or sometimes simply to the couple (og,mg)) as the pa-
rameters of the elementary injection. An injection between equivariant torsion-free
sheaves is elementary if the associated injection of families of multifiltrations is.

To clarify this definition, recall that from (13), for each cone ¢ and for any
(m,m’) € M with m’ € o+, EJ, = ES,, .. (cf. inclusion (13)). Point (ii). then
says that for any o € (ko) \ {00} and any m, E2, = F?, and that for og, there is
a unique class m € M/(c3 N M) where the equality fails. Point (iii). makes sense,
as the inequality m <,, mg doesn’t depend on the choice of the representant of the
class of mg in M/(og N M). While points (i), and (i), in the definition are quite
clear, point (4i%). has some interesting consequences that we gather in the following
lemmas.

Lemma 4.4. Let (EZ) C (F7) be an elementary injection, and let o € ¥ and
m € M. Then either dim(F7) = dim(EZ,) or dim(F7) = dim(EZ,) + 1.
Proof. From Definition 4.3, F}7, = EYJ, unless maybe when o9 < o and m <., my.
Note that the case 0 = o¢ is clear from (ii)., so we may assume op < o. In the
latter case, Ey, = F;7, N EJ¢ . From 09 < o and (12), we have F}, C F7°, and from
m <g, Mo, we have F,7° C F7° hence
FJ CEFR0.
By (ii)e, there is a line L in F7° such that
F =E7 @ L.
Then, either Fj7, C E7° in which case
By, =F,NER =F7,
or Fg, ¢ EZ° which implies
F =FnnEL)oL =E;, &L
for L" a line directed by any element in 7, \ F;7, N E5? . The result follows. U

The following observation will also be useful (we keep notations from Definition
4.3 in the statement).

Lemma 4.5. Let (E2) C (FZ2) be an elementary injection, and let o € ¥ and
m € M be such that dim(F?) = dim(ES) + 1. Then o9 < o and m —mg € oy .
Moreover, for any m' € mg + oy, if m <, m’, then dim(F?,) = dim(E?,) + 1.

Proof. From Definition 4.3, we must have o9 < ¢ and m <,, mo. The case when
o = o follows easily from (ii)., so we assume oo < 0. We are in the same context
as in the proof of Lemma 4.4, and there is x € F7, \ F)7, N E7? . Then, from 09 < o
we deduce that F7 C F7° so x € Fgo\ F° N Ege. Hence x ¢ Egp, and then
x ¢ B0 as B C B0 from m <, mg. We conclude that E70 # F7°. From (ii).,
m — mg € og. This proves the first statement of the lemma.

For the second statement, if m’ € mg + op, still assuming o9 < o, we are
again in the setting of the proof of Lemma 4.4. As F, ¢ Eg0 , from m <, m/ we
deduce 7, ¢ EZ° . The proof of the previous lemma then shows that dim(F7,) =
dim(E?,) + 1. O

We now prove the main result of this section.

Theorem 4.6. Let (ES) C (F2) be two families of filtrations of the same rank
and & — F the corresponding injection of torsion-free sheaves. Then there exists
a finite number of elementary injections

E=6—8 ... 6=
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that factorize & — F.

Remark 4.7. In the proof of Theorem 4.6, we will see that in the factorization
E=E =8 — ... 86 =F

if & C &41 is ki-elementary, then ¢ — k; is decreasing. Note that the proof could
be adapted to have instead ¢ — k; increasing.

Proof. We shall introduce an invariant 6 = (dx)1<x<n € (NU{+00})" for injections
between families of filtrations of the same rank such that 6 = 0 if and only if
the injection is an isomorphism, and then proceed to the proof by some induction
process. Let (EZ,) C (F7) be two families of filtrations of the same rank (for the
same vector space, say C"). We define ¢ inductively on the dimension of the cones
of 3. First, for each ray p € X(1), we set

&= Y (dim(Ff) - dim(Ef,)) € N.
meM/(pL-NM)

This sum is indeed finite, as from point (iii)s of Definition 4.1 and by (14), there
are (i,7) € Z* such that Ef, = 0 if (m,u,) < i and Ef, = C" if (m,u,) > j, and
similarly for the F?’s. Hence, for (m,u,) small enough, Ef, = Ff = 0 while for
(m,u,) large enough, Ef, = Ff = C". Then we set

01 := Z 5{)EN

peEX(1)

Note that by construction, ; = 0 if and only if for any p € ¥(1), Ef, = FP for
all m € M. We proceed to two dimensional cones in the following way. For all
o € 3(2), we have a decomposition into rays o = p; + p2. Consider the subset
¥*(2) C (2) of cones o = p1 + pa such that 6 = 6§ = 0. If this set is empty,
then set d; = 400 for k > 2, which ends the construction of §. Note in this case
(EZ) # (F2). If it’s not empty, for any o = p1 + p2 € £*(2) we set

69 = > (dim(FY) - dim(Eg,)) € N.
meM/(cL+NM)
Finiteness of this sum deserves some explanations. Pick a basis {e1,...,e,} of N

with dual basis {ef,...,eX} for M so that c =R, -e; + R, - e2 and
M/(ctNM)~7 el +7-e}.
From (4i7) s, there are integers ag and by such that
gei‘ere; = Egef+be§ =0
unless a > ag and b > by. Hence
65 = Z (dlm( gei”rbe;) - dim(Egeerbe;))'

a>ag,b>bo
As 5f1 = 0, there are integers agp < a1 < ... < a, such that the dimension of the
spaces EZ;I = FapelI is constant when a varries in each set {ag,ag +1,...,a; — 1},
{a1,a1 +1,...,a2 — 1}, ..., {ap—1,...,ap, — 1} and {ap,a, + 1,...}. We thus sum

P

5(2T = Z Z Z (dlm(Fge{ +be§) - diIn(EgeI—o—be;)) ’

i=0 \a;<a<a;t+1 b>bg
where we set apy1 = +00. For each ¢ < p — 1, the sum

Z Z (dim(Fie: pey) — dim(ETe: pe;))

a;<a<ait1 b>bo
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is finite, as from (v), for each a, there is b, such that for b > by, Ef,. .. = Ef}. =

aey
FPl = F9,

ae’ +bes . It remains to show that

Z Z dlm Fae*+be ) - dim(Egef-i-be;))

ap<a by<b

is finite. Using again (v) s, we have for each a > a, a smallest integer b} such that

for b > bl s Eger yhes = E”1 = C" and for b > b2 s Foes v FapelI = C". Moreover,

by (i), we see that a — bJ must be decreasing, reachlng a minimum in finite time
due to (iv);. Hence, there are ¢’ € Z and V' € Z such that for a > o/ and b > ¥/,

e ipey = C" = For 1ye;- We hence reduced ourselves to showing finiteness of

Z Z (dim(F;e’l‘—i-be;) - dim(Ege]‘-i'beE )

a/<a by <b<d’

or equivalently

Z Z dlm *+be ) - dim(Egef-i-be;))a
bo<b<b’ a’<a
which can be achieved by similar arguments, projecting now onto the e coordinate
and finding ay’s such that for a > ap, Eg . .. = Elfj; = Fbpj Flee tpes-
We then set
> eN
ocEX*(2)
This time, by construction, (d1,d2) = (0,0) if and only if EZ, = F? for all o € (1)U
3(2) and all m € M (note that the vanishing of §; implies ¥*(2) = %(2)). We then
proceed inductively, considering for each 2 < k < n, the set ¥*(k) of k-dimensional
cones o such that for each facet 7 < o, 7 € ¥*(k — 1) and 6]_, = 0. When ¥*(k)
is empty we set §; = 4oo for j > k, so that § = (d1,...,0k—1,+00,...,+00).
Otherwise we can then set for o € E*(k)

o= Y (dim(Fy)—dim(ER,)),

meM/(c+-NM)

which is again finite by a similar argument and we define

-y
ocex*(k)
This time, vanishing of (d1,ds,...,0;) implies equality for the associated torsion-
free sheaves on the affine sets U, for any ¢ of dimension less or equal to k. In the
end, we set
0= (01,...,0n)
which is our desired invariant.

We now proceed to our proof, and show that any injection (EZ) C (F9) of
families of filtrations of the same rank can be factored through elementary injec-
tions. We proceed by descending induction on the smallest k € {1,...,n} such that
dr # 0. Note that by construction, if § = (0,...,0,d,...,0,), then X(k) = X*(k)
and 0y, is finite. If this smallest integer is n, we proceed by induction on §,, (note
that the case d,, = 0 as well corresponds to an equality of torsion-free sheaves, and
there is nothing to prove here). Note also that 6 = (0,...,0,d,) implies EJ, = F%
for o € 3 of dimension less or equal to n — 1. If §,, = 1, then by construction of 4,
there is a unique cone ¢ € ¥(n) and a unique weight m € M such that

dim(F7) = dim(EJ) + 1
and for all the other pairs of a cone ¢’ in ¥ and a weights m’ € M, the inclusions
E°, C F9, are equalities. By Definition 4.3, (ES,) C (FJ) is already an elementary
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injection, which ends the proof in that case. If the result is true for 6, < d, let’s
assume d,, = d + 1. Pick 0¢ € ¥(n) and mg € M such that Ej2 C F7°. We may
assume that mg is chosen such that

(16) Vm <, mq, ES° = Fo°.

Indeed, from the construction of d,,, there is a finite number of weights m € M such
that EJ° # FZ0. Then, define a family of multifiltrations (G7,) in the following
way :

(G1) For any k < n, any o € X(k), and any m € M, G, = E%, = F7.

(G2) For o¢ and mg, EJ0 C G7o C F7°. For this couple, dim(Gyo ) +1 =

dim(F20).

(G3) For o9 and m € M \ {mp}, G, = F7,.

(G4) For any o € X(n) \ {0}, GZ, = F7, for all m € M.

We claim that (G7)) is indeed a family of multifiltrations of rank r. The axioms
(1), (79i) ¢ and (iv)y from Definition 4.1 are clearly satisfied as they are valid for
(F2). Similarly, the compatibility conditions (¢); and (v); are clearly verified for
cones different from oy as GZ, = F7, in that case. For oy, axiom (4)s is valid as if
m <y, Mo, either m =mg and G7? = G0, or m <4, mo and then

G = Fp by (G3),
Ep by - (16),
Ee as m <, mo,

G by  (G2).

mo

NNl

If instead mgy <,, m, with m # mg, then

Gy C Ege by (G2),
Cc FE70 as my <, m,
Cc G by (G3).

In general, if we consider two weights (m,m’) € M? with m <,, m/, either one of
the weights equals mo and then by the previous discussion we have G7° C G7Y,
or both are different from m( and the same conclusion holds using (G3). Finally,
(v)y is satisfied for (G7,) because it is for (F},) and because the chain i — G}, ;-
equals i — F7° ; for i large enough. Hence the claim is true and (GY,) is a family
of multifiltrations.

It is clear that (EZ) C (G?2)) C (F9) and that (GZ,) C (F7,) is an elementary
injection. Last, by construction, the ¢, invariant of (E%) C (G?,) is d, hence we
may apply our induction hypothesis to factorize this injection into elementary ones,
which ends the proof in that case.

We assume now that the result is true for any injection with § invariant of the
form (0,...,0,0k,+1,---,0n), and will give the proof when the smallest k such that
0k # 0is ko (note that when one reaches ¢ = 0 in the induction, this automatically
settles dg+1 to be finite, hence our induction scheme is well defined). We again
proceed in that case by induction on 6, € N, and we assume that dz, > 0. We will

decompose as before
(17) (E7.) € (Hy,) C (F7)

such that the second inclusion is elementary, and the dj, invariant of the first
inclusion has decreased by one. If this new dy, invariant reaches 0, we can apply
our induction hypothesis on the smallest k such that §; # 0, and if not, we apply
our induction hypothesis on dx, to conclude.

We are left with the problem of constructing the above factorization (17). By
construction of &y,, we can find og € X(ko) and mg € M/(og N M) such that
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Eqe C Fgo. As in the case for ¢, arguing this time on the classes of weights

mmeo Z\Z /(og- N M), we may assume that my is chosen such that
(18) Vm <g, mo, Ef0 = Fo0.
Then, we introduce the family of multifiltrations (HZ,) given by :
(H1) For any k < ko, any o € X(k), and any m € M, HS, = E? = F?.
(H2) For og € %(ko) and mg € M/(og N M), E30 C HZo C Fgo. For this

mo =
couple, Hy¢ = H for H a hyperplane containing E7° in F70.
(H3) For og and m € M/(og- N M) such that m —mq ¢ og, HZ® = F.
(H4) For o € 3(ko) \ {00}, HS, = FZ, for all m € M.
(

H5) For any k > ko, any o € X(k) and any m € M, HS = FS unless 09 < o
and m <, mo in which case Hy, = F}7 N H.

Note that in (H2)—(H3) we identified weights with their classes modulo (o3 NM)
with no harm, as translations by elements m € oy induce equalities FJ° = FJ? .
Note also that in (H5), the relation m <, mg is well defined and doesn’t depend
on the choice of a representant of the class mg € M/(og5 N M).

First, we note that we have for any cone ¢ and any m € M,
E7 C HS C Fy,.
Indeed, the second inclusion is clear while the first follow from (EJ,) C (F7,), except
maybe when o < o and m <,, mo. In this latter case, £y, C E7° C E7° by (12)
and (13); this in turn implies that EJ, C HZ, by (H2).

We now show that (HZ,) is a family of multifiltrations, by checking the axioms
in Definition 4.1. First, (i) — (i13)f — (iv) s easily follow from the fact that (F7)
satisfies those axioms. We now show compatibility condition (i);. Let o € . If
o = 0y, we can argue as we did before for (G7,) to conclude. If oq is not a face of
o, then (i) follows as HZ, = F2 for all weights m. Finally, if 09 < o, let m <, m/.
Recall that this implies in particular m <,, m/. Then, a case by case analysis on
which weights m € {m,m'} satisfy m <,, mo leads to the result (note that by
transitivity of <,,, the case m’ <,, mg forces also m <,, mg). It remains to check
axiom (v)s. The only non-trivial cases are for cones o with o9 < 0. If 0 = 0y, the
proof goes as for (G7,). If og < o, consider a facet 7 < o and fix m, € o¥ N7+
such that 7 N M = 7t N M + N (=m,). Fix then m € M and consider the
sequence (Hy, ;. )ien. We want to show that it is stationary at Hy,. If oo < 7,
then m, € 03‘ so either m 4 im, <,, mgo for all ¢ € N, or for none. In both cases,
we can conclude using (H5) and the fact that (F7 ., )ien is stationary at F,. If
oo % 7, then from oy < o we deduce that m, € oy. But then, for i large enough,
m + im, £q, Mo, so that HJ ;. = F7 ;. for large i, and (HJ,,;, )ien is
stationary at F), which equals H7 by (H5) and the fact that oy is not a face of
7. This concludes the proof that (HZ,) is a family of multifiltrations.

Finally, by construction (HZ) C (F9) is elementary, and (E%) C (HZ) has
dk,-invariant strictly smaller than the one of (EJ) C (FJ7), so we can apply our
induction hypothesis, and conclude the proof. O

For later use, we will introduce a specific class of elementary injections. Let
(EZ) C (F7) be an elementary injection with parameters (kg, 0o, mg). For each
o € ¥, we introduce the following set of (classes of) weights :

(19) W, :={me M/(c* N M)| dim(F?%) = dim(ES,) + 1} ¢ M/(oc N M).

Note that by Lemma 4.4, if m ¢ W, then F? = E?,, while by Lemma 4.5, W, # ()
if and only if o¢p < o, in which case W, is included in the preimage of mg under
the projection map

M/(et N M) — M/(og N M).
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Let o € X(d) be such that o9 < 0. Assume that cg = Rie; + ...+ Ryeg,, while
o=Rye; + ...+ Ryey, for kg < d and (e;)1<i<a = (Up)pes) € N is part of a
Z-basis. We make the following identifications

M/(og "M)~Z e} &...8Z- e},
and

M/(c*NM)~Z -e;@®...0L ¢}
For any j such that kg < j < d, consider the cone o; = 09 + R e; that contains o
as a facet. From Axiom (v); of Definition 4.1, for ¢ large enough, we have

93 — %0
Engrie;f - Emg
and
T;j __ 1700
Fmo-i-ie;f - Fmo'

Hence, from (i) in Definition 4.1, (i7). in Definition 4.3 and from Lemma 4.5,
there exists a; € Z such that for any ¢ < qj, dim(FT(;{J+ie;) = dim(E;fOHe;) while
for any i > aj, dim(F;iHe;) = dim(EZZO+ie;) + 1. With those integers (a;)r,<j<d
at hand, set

(20) Mg = Mo + Gy 1€5, 41 T - -+ age) € M/(ct N M).

Notice that (ms,u,) = a;. Moreover we have :

Lemma 4.8. Assume that m € W,. Then m, <, m.

Proof. As m € W,, by Lemma 4.5, m — mg € og-. We can then write
m = mo + Mgyp1€5, 11 + - +Mmaey € M/(oc+ N M).

If my £, m, then there is ky < j < d such that m; < a;. From o; < o, we
have F% C Fy’. But then, as m; < aj, and by definition of a;, we must have
Fyi = Eyi. Then, as in the proof of Lemma 4.4, this implies that Fnd C ER,
hence F, C Ej¢, which in turn forces Ej, = FJ, (again following the proof of

Lemma 4.4). As m € W,, this is absurd, which concludes the proof. O

The previous lemma then says that for any ¢ € ¥ with 09 < o,
W, C (mg +oy) N (my +0V).
This suggests the following definition :

Definition 4.9. Let (EZ,) C (F79) be an elementary injection of families of mul-
tifiltrations with parameters (o, mg). We will say that it is saturated if for any
o9 < o, we have

W, = (mo + oy) N (my +0V).
We will say that an elementary injection of equivariant torsion-free sheaves is sat-
urated if the associated injection of families of multifiltrations is.

We will now provide geometric interpretations of those notions.

Proposition 4.10. Let & — % be an equivariant injection between torsion-free
equivariant sheaves of the same rank, and denote by 2 := F /& the quotient.
Then 2 is equivariant, pure with irreducible support V := V(og) and restriction
Qv of rank 1 if and only if & — F is elementary with parameters (oo, mo), for
(00,m0) € X x M. If in addition & — F is saturated, then 2y is a line bundle.

In the above statement, we used the notation V(o) to denote the closure of the
orbit O(oy) associated to ¢ € ¥ in the orbit cone correspondence [3, Section 3.2].
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Proof. Assume that & — % is elementary with parameters (og, mg). Consider for
each 0 € ¥ and each m € M :
Qn = F/E7.

It is straightforward to check that (Q2,) satisfies the axioms of a finite A-family in
Perling’s terminology [24, Section 5]. Such a family corresponds to an equivariant
coherent sheaf, namely the quotient sheaf 2 (working on a smooth toric variety,
the data of an equivariant pre-sheaf corresponds to the data of an equivariant sheaf,
from the orbit-cone correspondence [3, Section 3.2]). By construction, we have for
all 0 € X, Q9, = 0 if 09 £ o, while when o¢ < o, Q7, = 0 unless maybe when
m € W,, in which case @9, is a line. In this latter case, m, <, m by Lemma 4.8.
Those are precisely the conditions for (Q7,) to define a pure equivariant sheaf with
support V(op), and whose restriction to V(o) is of rank 1, cf [19, Proposition 2.8
and Theorem 2.10]. The converse follows from similar considerations, and we leave
the details to the interested reader.

Assume now in addition that the injection is saturated. Then by construction,
for each o9 < o, and for each m € W, writing 09 = Ryeq + ... + Rieg, and
oc=Rye; +...+Riey as before, we see that

d
Q;‘n - ﬂ erZOerj e; :
j=ko+1
Then, from the description of the toric variety V(og) in [3, Section 3.2], and by
Lemma 4.2, we conclude that the restriction of 2 to V(og) is reflexive. As it is of
rank 1, it is locally free, which ends the proof.
O

Remark 4.11. Using similar arguments as in the proof of Theorem 4.6, one may
show that for any kg-elementary injection & — %, there is a finite number of
ko-elementary injections

EF > F1—...=F

such that & — %, is ko-elementary and saturated. The idea is to use an inductive
argument on the cardinality of (mg + o3) N (m, + o¥) \ W,, for o of minimal
dimension such that the difference of those sets is non-empty. Then, one splits such
an injection by modifying the family of filtration at EJ,, for a suitable weight m.
We leave the details of the proof of this fact to the interested reader, as we won’t
use it in what follows.

Together with Proposition 4.10, Theorem 4.6 implies :

Corollary 4.12. Let & — F be an equivariant injection of equivariant torsion-free
sheaves of the same rank. Then it splits as

E= & ... 6 =F,

where for each i, 2; := &;41/8; is equivariant, pure and restricts to a rank 1 sheaf
on its irreducible support. Moreover, the map i — dim(Supp(<2;)) is increasing.

5. ELEMENTARY INJECTIONS AND CHERN CLASSES

There is a formula for the total Chern class of a torsion-free equivariant sheaf
over a smooth projective toric variety. To state it, we first need to introduce some
notations. Let (EZ,) be a family of multifiltrations corresponding to a torsion-free
sheaf over some smooth projective toric variety. Fix a cone o € 3(d), that we may
write

U:R+€1+...+R+€dCNR
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for {e1,...,eq} part of a Z-basis of N. Then, following Kool’s notation [19], we may
rewrite the multifiltration (Ej,)menr as (E7 (A1, ..., Ad))(a,,... \a)ezd, Where each
m € M/(o- N M) writes uniquely (identifying M/(c-NM) with Z-e;®...DZ-€)
m = Are] + ...+ ey
We then introduce for each ¢ € {1,...,d} a Z-linear operator A; on the free abelian
group generated by the vector spaces {E7(A1,...,Ad)}(x,,...,\,)eze defined by the
following, for (A1,...,\q) € Z% :
A (BT, ) = BT As e Aa) — EFOv, o Mie s A — 1, At -+ 3 M)
We then set for any (\q,..., \q) € Z% :
[E71( A1y 20) = A1 (Ar (BT A1y, 2a))) - 0)-

We then extend the definition of the dimension in a Z-linear way on the free abelian
group generated by the multifiltration, and we can consider the integer

dim ([E°](m)) := dim ([E7](A\1, ..., a)) € Z,
where we used the identification m = Aje] + ... + Age)). For example, for a ray
p € X(1), and m = Ajef, we have
dim([E*](m)) = dim(E*”(A\)) — dim(E” (A — 1)),
while for o € £(2), and m = Aef + Age}, we have
dim([E°](m)) = dim(E° (A1, \2))
— dlm(E”(/\l — 1, /\2)) — dim(E”()\l, AQ — 1))
+dlm(Ea()\1 — 17>\2 — 1))
In general, the formula is given by
(21)  dim([E%)(m)) = Y (1) E0m) dim (BT (A — p1, .. Aa — ra)) -
ne{0,1}4

We come back to torsion-free sheaves over the projective space. We then introduce
for each 0 € 3 :

(22) uo, = Z up
p€a(l)

and recall that H stands for the class of a hyperplane section.

Proposition 5.1. We have
@)  e@) =T Tl O (ugmm) 0 am@Eem,
cEX meM/(ctnNM)

The proof follows directly from Klyachko’s work [17].

Proof. From [17, Theorem 3.2.1], see also [18, Section 4.3.1], we have the formula

(=1)edm () dim([E7] (m))
(&) =1]] 11 1= > (u,,m)D,

c€EX meM/(otNM) pEo(l)

for every locally-free equivariant sheaves over the projective space (note that we
use increasing filtrations rather than decreasing filtrations as in [17, 18], which
accounts for the difference in signs in our formulae). Arguing as in [19, Proposition
3.16], using the existence of finite equivariant resolutions by locally-free sheaves
for any equivariant torsion-free sheaf, we conclude that this formula holds for any
equivariant torsion-free sheaf. The result follows. O
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While Formula (23) may be difficult to handle, using multiplicativity of the
total Chern class, we can obtain simpler formulae for the quotients of the total
Chern classes of two equivariant sheaves coming from elementary injections. Hence,
starting from a sheaf whose total Chern class is known - typically a reflexive one -
we may be able to compute the total Chern class of its subsheaves.

Proposition 5.2. Consider an elementary injection & — %, with parameters
(ko, 00, mo). We have the following formula in the ring Z[H]/{H" 1) :

dim(o)

(24) (;((‘Z)) — H H H (1 — ({ug,m) + i)H)(—l)(COdim(U)+i)(dimi(a))

oo<omeW, =0

Recall that W, was defined in (19).

Proof. From Lemma 4.4 and Lemma 4.5, for any cone ¢ € ¥ that doesn’t contain
o0, E9, = F2 for all weights m. Hence in that case dim ([F?](m)) = dim ([E7](m))
for any weight m. Together with Equation (23), we find

() _ T TI ( {my )0 @) —aim(2)om)
c(&) c0<o meM/ (oL M)
Using now Formula (21), we have that for each o9 < o, the term

H (1 — (ug, m>H)(*1)C°dim(”>(dim([F”](m))*dim([EU](m)))

meM /(oL NM)

equals
H H (1— <umm>H)(*l)c"di’“(”“”"(dim(l’”(m*u))*dim(E"(m*u))) 7
meM/(c+NM) pe{0,1}dimeo
where we used the notations
(—1)H = (—1)patethaime
and, identifying again M/(c- N M) with Z-ef & ... D Z - €,
F7(m — 1) = F7(m — (€} + ...+ pacl),

and similarly for E7(m — p). Formula (24) then follows from Lemma 4.4, the
definition of W,, and a change of index (m, u) — (m + p, ). O

For saturated elementary injections, we will obtain a simpler formula, in several
steps. We will need first the following lemma :

Lemma 5.3. Let (a,m,d) € Z x Z x N with 2 < d < n. Then the following holds
in Z|H|/(H™ 1) :

(25)
d i rd d-1 n—d+ifd—1
[T TL0 - ot O < [T ot a0 00,
m>a 1=0 =0

Proof. The left hand side of (25) can be written
[0 - (m+a+5)m)®,
jEN

where, for j < d,
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and for j > d,

d ) L d .
0= > () = -1 PIE! (1) -o

i=0
For 5 < d, we compute

and the result follows. O

Corollary 5.4. Let & — % be a saturated elementary injection associated to
(E2) C (F2), with parameters (ko, 00, mg). Then

T ko . .
(26) Cc(é)) =11 (H(l ~ (m, + z’>H><—”“°‘“"‘<”“)<k»-°>> 7
oo<o \i=0

where Mgy := (Mg, uy) is defined by (20) and (22).
Proof. Starting from Formula (24), we need to compute for each og < o :

dim(o)

(27) IT { I] - (ue,m)+iyH)

meW, =0

(_1)(codim(0)+i) (dim_(a))

Using the fact that W, = (mg + 03-) N (m, + "), and the previous notations (i.e.
the basis (e;)1<i<d, Mo = Mo + Ako+1€5, 41 T - -+ aaey, etc) we have the following
description :

WJ:{m0+mk0+1eZO+1+...+mde:‘l\Vko <j<d,mj;>a;}.

Hence the product in (27) equals

d
H H (H(l — (Mg, + Mgyt + ...+ My +i)H)(_1)(”d+i)(‘Z)> .

ma>ad Mg +12ako+1  \i=0

The result then follows by iterating Lemma 5.3. O

We can actually simplify further formula (26). For convenience, we will use
sums instead of products in the ring Z[H|/{H™"!), so we introduce here a formal
logarithm.

Definition 5.5. Let P(H) € Z[H]/(H""!) be an invertible element, written
P(H) =1+ R(H) where R(H) is a multiple of H. Then we set

n

tog(P(H)) =~ 3 (-1 P ¢ g,

i=1
It is a straightforward exercise to check the following properties:
Lemma 5.6. Let Py, P, € Z[H]/(H™*) be two invertible elements. Then:
(1) log(Py) =log(Pz) if and only if Py = Py,
(2) log(P1P) = log(P1) + log(F2),
(3) log(P[ ) = —log(P1).
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We will derive an expansion in H for Formula (26). For this we need two lemmas,
and some notations.

Lemma 5.7. Let (p, k) € N2, and consider the expression

App = Zk: (]:) (—=1)%P € Z.

=0

(1) if p<k, then A, =0,

(2) if p=k, then A, , = (—1)7pl,

(3) if p > k, then sgn(Ayz) = (—1)F,

(4) Aoo =1, Aox =0 for k> 1, and then for p,k > 1,

Ap,k = k(Aprk - Apfl,kfl)-
Note that
Ap)k = (_1)k k! S(pa k)a
where S(p, k) stands for Stirling numbers of the second kind ([27, Chapter 13,
Equation (13.13)]). The results of Lemma 5.7 are then classical and we include a

proof for completeness. Note that by point (4), one can compute inductively the
values of Ay, ;. We list here some examples :

pk|l0 1 2 34 5
0L 0 0 0 0 0
10 -1 0 0 0 0
(28) App= 2 |0 -1 2 0 0 0
310 -1 6 -6 0 0
4 [0 -1 14 -36 24 0
5 |0 -1 30 —150 240 —120

Proof of Lemma 5.7. For the first item, we use an induction on k, assuming that
the result is true for all p < k — 1, and then an induction on p (note that the result
isclear for k=1orp=0). Let p+1<k:

Apiry = Zi(?)(—l)iz’p

Il
\

e
S
N————

N

<
o
i
\
o

where we use the induction hypothesis for the last equality. Items (2) and (4) can
be obtained easily by induction on p, using similar identities. Item (3) follows as
S(p, k) € N. O

We now introduce some notations. Let (EZ,) C (F7) be an elementary injection
with parameters (kg, 0o, mg). For any p € og(1), we set

my := (mo, up),
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while for p € (1) \ 09(1), if ko = dim(op) < n—1, we consider the cone 7 = o+ p,
and we set

(29) My =M, — My, = (Mr, Ur) — (Mg, Ug,)-
Finally, we introduce
(30) ms= 3 m,
pEX(1)
Lemma 5.8. With the previous notations we have, for p < codim(oy),

(31) S (1) me = mg

op<o

Proof. The identity will actually be proved for any set of integers (1m,,) ,ex(1), setting
m, =3 c,q)mp forany o € X, and my =} sy m, (forgetting that the m,’s
come from an elementary injection). We first deal with the case p = 0. In that
case, the proof follows from the following :

n
; +1—ko —
1 codim(o) _ n 1)t =1

NEIEEEED ol () [

oo<o i=ko
that can be obtained by noting that there are (":T_lgoko) cones of dimension i that
contain oy. We then proceed to a proof by induction on p. Assume first that there
is p € 0o(1) with m, # 0. Then consider

Z(—l)codim(a)mg = Z(_l)codim(g)( Z mp)p

oo<o oo<o pEa(1)

Z (_1)codim(a) (mgo n Z mp)p

o0<o pea(1)\ao(1)

= ey (S m))

oo<o q=0 pEa(1)\oo(1)

iz T o)

q=0 oo<o p€a(1)\oo(1)

Now, for ¢ < p, we can use the induction hypothesis on the set of integers (m;)peg(l)
defined by m), = m,, if p ¢ oo(1) and m), = 0 if p € o¢(1). This gives

5 (o o)
P (S )

oo<o pE€a(1)\oo(1)

p—1
ZUU<”(_1)codim(a)mg _

(]

By induction on the number of p’s such that m, # 0, we also obtain
i P
Z (_1)COdlm(a‘)< Z mp) — (mZ _ mUO)P’
oo<o pE€a(1)\oo(1)
and we can conclude in that case that

p
}:(—1f“m“ﬂnﬁ——E:(S)nﬁo%nur—nhﬁq—(Huo+nhr—nw0p—ln§

oo<o 4=0
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What remains is to initialize the last induction used, that is to deal with the case
where for each p € 0¢(1), m, = 0. So we are left with showing :

n

Yol X ety m) = 3 m)

k=dim(00) \o<o, oS (k) pea(1\oo(1) peS(1)\o0(1)

Re-indexing, setting codim(og) = r, it is enough to show that for any (r + 1)-tuple
(mj)o<j<r € Z"T' (that corresponds to (Mp) pgae(1y) and any 1 < p <7, we have

(32) i(—l)i > (ij)p=(—1)r(ima’)p-
i=1 JC|JEIOI_Z,T} jeJ =0

To show this, consider the generating function

T

Fly)= > (~nPlevSoesm = T - ™).

Jc{0,...,r} §=0

Formally, we can develop in power series :

eyzjeij - i£<zmj>qv

|
q=0 q jeJ

P
and compute the coefficient in front of y—‘ in F(y) :

p!
> (—1>'J'(ij)p=§<—1>i S o(Xm)"
JcA{0,...,r} jeJ =0 JcA{0,...,r} JEJ

|J|=i
On the other hand, y divides each factor (1 —e¥™), hence F(y) = []j_o(1 —e¥™)
starts in degree y"*!. Thus, for 1 < p < 7, the coefficient in front of y? in F(y)
vanishes, which gives (32). O

We can now state the formula that will be usefull in the prescription problem
for Chern classes :

Proposition 5.9. Let & — % be a saturated elementary injection with parameters
(ko, 00, m0), with ko > 1. Then we have an expansion in Z[H|/{(H™*1) :

o(F " (K H*
(33) tog (c(<g))) -2 (¥ <z) Ay mi™) T
k=ko l=ko
where recall my, is defined by (30).
Proof. By (26), we need to compute

ko
5 Y neetm e (" og (1 - (g +i)1).

op<o 1=0

Using the definition of log, this gives

— 37 (~1ycodim) f:(_l)i( )z”: m, +i))

oco<o =0 j=1

The result is then straightforward, using Lemmas 5.7 and 5.8. (]

We also have, the following simple formula for ratios of Chern classes under
saturated elementary injections :



STABLE TORIC SHEAVES. I 31

Corollary 5.10. Let & — F be a saturated elementary injection with parameters
(ko, 00, mo), with kg > 1. Then the following holds in Z[H]/(H"*1) :

o(F) (i (Fo
(34) @ = 110~ (ms+08) ),

where recall my, is defined by (30).

Proof. From Lemma 5.7 point (1), A, = 0 for p < k. Then by Proposition 5.9,

we have
n k

c(F) k w1\ HF
1 =3 A )0
Og(c(éﬁ) ; §<l> bR )
Unravelling the identities used in the proof of Proposition 5.9, we have

g (?) Apgo miy = i_:oo (lj()) (—1)"(ms + )",

and the result follows from the definition of log and its properties from Lemma
5.6. O

Remark 5.11. Using the arguments of the proof of Proposition 4.10, together with
Kool’s description of pure equivariant sheaves (cf. [19, Proposition 2.8 and Theorem
2.10]), one can give a geometric interpretation of the weight my. If 2 = #/&
denotes the quotient of an elementary injection with parameters (og,mg), V =
V(oo) = Supp(2), and Xy stands for the fan of V, there is a bijection between the
rays in 3y and the rays in (1) \ o(1) ([3, Section 3.2], here we use that we work
on the projective space). Then, using the family of multifiltrations for 2 (cf proof
of Proposition 4.10), setting ¢ : V' — CP" the inclusion, we obtain :

Q:(L*ﬁv(f 3 mpr))@oﬁpn(— S m,D,),
pESV (1) pEoo(1)

where ﬁp stand for the invariant divisors on the projective space V. From this we
deduce that

9 ~ Ly (ﬁv(fmg))
where the isomorphism is at the level of sheaves, but not of torus-equivariant

sheaves. To recover the equivariant structure on 2, one needs the data of mg € M
and all the m),’s, for p € £(1) \ oo(1).

We end this section by noting that Formula (33) is also valid for a non saturated
elementary injection at order kg 4+ 1 :

Proposition 5.12. Let & — .F be an elementary injection with parameters (oo, mg)
and with ko = dim(og) > 1. Then we have an expansion in Z[H]/(H"*1) :

c(F) ko—1 k Akot1,k ko+1 k
1 = (=1)* " (ko—1)1 H — (A otk ) ghott L O(Hkot?
o8 (S77) = (05— (e G2 0
where recall my, is defined by (30), and where O(H**2) stands for a multiple of
H*+2 in the ring Z[H]/(H™t1).

Proof. We prove this by decreasing induction on ky. Note that by definition, any
n-elementary or (n—1)-elementary injection is automatically saturated, hence those
cases follow from Proposition 5.9. Assume then kg < n — 2. Consider the smallest
equivariant torsion-free sheaf ¢4 such that & C % C ¢ and & C ¥ is a saturated
elementary injection with parameters (og, mg). It may be obtained by considering
the family of multifiltrations (G7,) defined as follows, using notations from Section
4.2 (in particular Equation (20)). Let (EZ) C (F9) stand for the families of
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multifiltrations of & and .#. For o9 £ o, G, = EJ, = F7 for any m € M.
For o9 < o, if m ¢ (mo + 00)t N (my + V), then GI, = EJ, = FJ, while if
m € (mg+09)t N (my+aV), then G, = FJ @ L, where recall the line L is defined
by F7o = E;° @ L. Then, the associated sheaf & provides the desired saturated
elementary injection, with parameters (o, mp). By construction of the sets W, for
o € X(ko)UX(ko+1), FZ agrees with G7,. Hence, from the proof of Theorem 4.6,
one may factorize # C ¢ into elementary injections that are k-elementary, with

k > ko + 2. We can apply the induction hypothesis to those elementary injections,

and thus conclude that @)
o (35) o
w(25) - )

+ log
<C( 7)
)
As & C ¥ is saturated, we can use formula (33) for log (cggg), and as (F7) agrees

Then,

= log (CC((@@) ) + O(H’%”)

with (G?,) as long as dim(o) < ko+1, we deduce that the weight my corresponding
o (Eg) C (F7) is the same as the one for (E2) C (GZ,). This concludes the
proof. O

6. APPLICATIONS

We come back to our initial problem, namely producing rank 2 torsion-free
sheaves with prescribed Chern classes over the projective space. We would like
in particular those Chern classes to satisfy the constraints of rank 2 vector bun-
dle Chern classes, that we now recall. First, if & is a rank 2 vector bundle over
the projective space CP™, we have the vanishing of ¢;(&) for ¢ > 3. Then the
Schwarzenberger’s constraints ([9, Appendix 1]) for ¢(&) := 1+c¢;1-H +c2- H? can
be formulated as follows (cf [10, Section 2]). For all m € N such that 2 < m < n,
we must have

m 5] L
i J—1t J_Z_]- T4
(35) § (=1)'em,; << ; ) + < i1 >> c “%el = 0 mod m,

j=2 i=1
where the e,, ; € N are defined by

D et =t(t+1)...(t+m—1).

6.1. Obstructions to smoothability. We begin with some negative results. We
shall prove here Theorem 1.5 and Corollary 1.6. Let then & be a torus-equivariant
rank 2 torsion-free sheaf with normalised reflexive hull .% = (&)Y on the projective
space (we use the normalisation as in Corollary 3.10). Let 2 = % /&, and set
q = codim(2) = n — dim(L2). From the proof of Theorem 4.6, & C .%# can be
factorized by a sequence of k-elementary injections, with £ > ¢. Denote by

E =641 C6, C...CE=F

the subsequence of injections obtained by setting, for each k, the inclusion &1 C
&% to be the composition of all the successive k-elementary injections appearing
in the factorization of & C .%. Then from Proposition 4.10, &) /&1 is pure of
dimension n — k. Hence,

O:g/éan+1 an/gn+l C ...Céaq/(gan+]_ :Q
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is the torsion filtration of 2, and for each k,

Qn—1(2) = 6/ Ekt1,

so that the vanishing of Qn £ (£2) means that no k-elementary injection appears in
the factorization of & C .%. Moreover, for each k, if Q,_r(2) =0,

(k)
36 lo =0,
( ) & (C(éo]c_i_l))
while in general, by Proposition 5.12,
c(ék) k-1 k k41
37 lo = (-1 kE—Dlpp H* + O(HM),
(37) 8 (sia ) = OV - i (H")

where py, stands for the number of k-elementary injections appearing in the factor-

ization of & C .%. Finally,
) Zlog( g,m )

With this at hand, we can prove Theorem 1.5.

(38) o (

6.1.1. Case ¢ > 4. From (38) and (37),

0g (42)) :E":log( ) ) = 1yt g — vty HO 4 O
k=q

c(&) c(Sk+1)

with p, # 0 by assumption on codim(2). If in addition c3(.#) = 0, then by
Corollary 3.6, % is locally free and then ¢;(.%) = 0 for ¢ > 3. Hence we can write

c(F)=1+c, H+cy H>
Then we have
1+cy H+cy H? c(F) 1
o ) -5 (82) -
BT e H 1 o E)H? + ..+ cp(E)H o(@)) = "+ OHT)
for some a, € Z\ {0}. By the expansion of log in Definition 5.5, this implies that
ci(€)=0for3<i<g—1andcy(&)#0.
Assuming now c3(.#) # 0, we obtain
1 (1 +¢1(F) H + co( F) H? +...+cn(§)H”)
14+ c1(E)H +ca(E)H2 + ...+ ¢, (&)H™
which this time implies that c;(&) = ¢;(F) for i < ¢ — 1. In particular c3(&) =
c3(%) is non zero. This achieves the proof of Theorem 1.5, item (1).

= ay HT + O(HTH)

Remark 6.1. Note that the previous proof shows that if # = (&)Y is locally free
and if ¢ = codim(.# /&) > 3, then ¢4 # 0 and & is not smoothable.

6.1.2. Case ¢ = 2. We move on to the proof of item (2), and assume that & is
semistable and @, —3(2) = 0. The latter implies, by (38), (37) and (36), that

c(F) c(&2) 4
tog ( (@) ) =1og (c(é@,)) +O(H),
with & C & as ¢ = 2. We now use Proposition 5.12, applied to the successive 2-
elementary injections in &3 C &. Let po > 0 stand for the number of 2-elementary
injections in the factorization of &3 C &, and let my ; stand for the weight of the
i-th one, as defined in (30). Then, we obtain

tog (22;9:3) = —p H* - Q(inglmz,i +p2) H3 + 0(HY).
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We deduce that

| (l—i—cl(ﬁ)H—i—...—i—cn F)H™
1+ci(E)H +...+cnp(&)H™

) —sz2—2<§:nml+4b)Hﬁ+cxHﬁ
i=1

As .7 is the reflexive hull of &, ¢1 (%) = ¢1(&). Then, the log-expansion in H yields

{ co(F) — ca(&) = —p2
c3(y)_c3(g’)+c1( 7)(ca(€) —ca(F)) = 20372, mz; +p2).

By contradiction, let’s assume that c3(&) = 0. Then (39) gives

(39)

es(F) +paer(F) = —2(me+p2)

which is equivalent to
b2
(40) es(Z)+ Y (e1(F) + 2ms, + 2) —0.

We need here an estimate on the my ;’s. To explain the argument, we will assume
for a moment that % is given by the normalised family of filtrations (C2, F*(e)) pex(1)
given by

{O} if i< —c
(41) Fr(i) = if —c,<i<0

C2 if 0<q
where for all p € ¥(1), L, C C?, ¢, € N, and with L, # L, for p # p/. From
Lemma 4.2, the family of multlﬁltratlons (E2) for .F is then given, for m € M and

o €3, by

L, if —cp < (myu,) <0andVp' # p, 0 < (m,u,)
(42) F7 =< C? if Vpeo(l),0< (m,up)

{0} otherwise

where in the first case above, p and p’ stand for rays in o(1). We wish to establish a
lower bound for my, ;. The first 2-elementary injection in the factorization of &3 C
& = F is obtained by picking a cone o € ¥(2) and a weight mg € M/ (o3 N M),
and lowering the dimension of F7° by one, as described in the proof of Theorem
4.6. Moreover, to make sure that we obtain a family of multifiltrations, the weight
mgo must be minimal for <, with the property that F7° # {0}. We are left with
picking
mo = (—¢,,,0) € M/(og N M) =~ Ze; @ Ze;,
with o9 = p; + p; € £(2). By definition of ms, (Equation (30)) and by the descrip-
tion of (F,) in (42), we deduce that for this choice, my; = —c,,. Hence, setting
Cpo = max{c, | p € (1)}, we deduce that my 1 > —c,,. Then, to produce the sec-
ond elementary injection, we iterate this procedure. By considering the cases where
the new chosen cone is either o or different from oy, we reach again the conclusion
that my, 2 > —c,,. A simple induction then implies that for any 4, mys; > —c,,.
Hence,
ci(F)+2ms,; +2>ci(F)—2cp, +2>2

where we used the semistability of .# that implies, with Corollary 2.5, that ¢,, <
2 pitpo Cp and thus 2¢,, <37 oy ¢, = c1(F). We deduce that

9)+Z(Cl(y)+2m27i+2) > c3(F) +2p2 >0

which contradicts (40).
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This settles the case when L, # L, for p # p’. In the general case, the argument
can be adapted as follows. Set, for any line L C C?,

S, = g Cp
L,=L

and
Sumax := max{Sy, | L ¢ C?}

where the max is over all lines in C2. Using the definition of my, one can easily
adapt the argument to show that in that case, for all ¢, one has my ; > —Spax.
Moreover, semistability implies that ¢;(.#) > 2Sy.x. Then, the same inequalities
as before, replacing c,, by Smax, lead to the same conclusion.

6.1.3. Proof of Corollary 1.6. This follows from Theorem 1.5, noting that both the
hypothesis and the result of Corollary 1.6 are invariant under tensoring & by a line
bundle. Hence, we may assume (&V)Y to be normalised, and Theorem 1.5 applies.
The non-vanishing of some Chern class c;(&) with ¢ > 3 is preserved in flat families,
preventing the existence of a smoothing.

6.2. Prescribing Chern classes. We start now from a reflexive equivariant sheaf
&, whose Chern polynomial is known from Sections 3.2 and 3.3, and such that its
first two Chern classes satisfy (35). We then produce inductively new torsion-free
equivariant sheaves &; C & such that for each i, & is the reflexive hull of &;, and

Ep 2 bp1— ... E =6

is a sequence of saturated elementary injections. Our goal is then to make sure that
the following holds in Z[H]/(H"*1):

c(&) l+cH+...+c,H"
c(&)  1+ciH+coH?

where the c;’s are the Chern numbers of & and ¢(&),) = 14+c1H +coH?. To achieve
this program, we use
1

(&) 1 _cl&)

o)~ Leigy

and the formula obtained in Proposition 5.9. Note that to make sure that & =
(&)Y, from Lemma 4.2, we need each &;11 — &; to be a k;-elementary injection
with k; > 2. We will actually assume k; > 3, so that cs is preserved. From Lemma
5.6, solving

pff c(&) 1+cH+...+c,H"
=0 C((g)i—i-l) a 1 +C1H+02H2

is equivalent to solving

(&)
(43) ;bg(c(&ﬂ)

Our starting point will be a toric sheaf normalized by b, = 0 for all p € 3(1) (in
the notations of Section 3.3), with family of filtrations (C?, E(e)),ex(1) given by

) =log(1+ciH+...+¢c,H") —log (1+ciH + coH?).

{o} if i<-—e
(44) Ef(i)=< L, if —c,<i<0
c? if 0<1
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where L, = C-u, C N¢c ~ C?, and ¢, € N for all p € (1), with at least one ¢, # 0
(say cp,). Note that with this choice, for p # p’, L, L, = {0}. From Lemma
3.10, the k-th Chern number of & is given by

== [ o

oeX(k) peo(l)

By Lemma 4.2, the family of multifiltrations (E¢,) for & is then given, for m € M
and o € ¥, by

L, if —cp, < (myup) < 0andVp' # p, 0 < (m,uy)
(45) E7 = ;(32} if Vpeo(l),0< (m,u,)
0} otherwise

where in the first case above, p and p’ stand for rays in o(1).
Our first task is then to produce sequences of elementary injections where the
term my that appears in (33) is well controlled. We will prove

Proposition 6.2. For each (p3,...,pn,) € N2 and each 3 < k < n, there
exist rank 2 torsion-free equivariant sheaves (& ;)o<j<p. together with saturated
k-elementary injections &, ; — & j—1 for 1 < j < pi such that :

® b30=2¢,
[ ] fOT’ k Z 4, 5’]670 = gk—lypkfu
o the weight my? associated to &, ; — & j_1 as in (30) is

(46) m;’j = —Cp, + Z pi+(G—1).
3<i<k

Proof. We will produce the elementary injections inductively, starting from k& =
3. We will use the notations introduced in the previous sections for elementary
injections, using sub or superscript (k, j) to recall the dependence on the injection
6k,j — 6k j—1. Assume that p3 > 0 (otherwise just move to the first non zero p;, and
set &0 = & for i < j). Set &3, = &. Then consider a cone o3 = pg+p1+p2 € 3(3)
containing po (recall that c,, # 0). Fix the weight ms 1 = (—¢,,,0,0) written in
the basis (e, e}, e5) of M/(oc3 N M), with e; a primitive generator of p;. The
couple (03,m31) will be the parameters of our first elementary injection. From
(45), By = Ly, that we will denote L from now to ease notations. By choice
of mg 1, we note that for any class m <,, mg1 in M/(c3 N M), By ={0}. We
then define the family of multifiltrations (Hg,) for &3 1 as follows :

e For any k < 3, any 0 € ¥(k), and any m € M, HZ, = E7,.

e For 03 € ¥(3) and mg1 € M/(o5 N M), H3?  ={0} C L= E7s

e For o3 and m € M/(04 N M) such that m —ms 1 ¢ o3, H3? = EJ2.

e For 0 € ¥(3)\ {03}, HJ, = EJ, for all m € M.

e For any k > 3, any 0 € X(k) and any m € M, HZ, = EZ unless 03 < o

and m <,, ms1 in which case HZ, = {0}.

Exactly as in the proof of Theorem 4.6, one shows that (HZ,) defines a family of
multifiltrations, and that &3, — &30 = & is 3-elementary. We now proceed to
show that this injection is saturated, with weight m%l = —Cp,.- We may assume
that n > 4, as if n = 3 the injection is automatically saturated. For each p ¢ o3(1),

we need to compute m¥! as defined by (29) and (20). Using (45), we find that

mf’;l = 0. Then, we obtain m%l = —c,, as required. Let o € ¥ such that o3 < 0.

To conclude the saturation property, we need to show that

W3t = (ms1 +o03) N (myt +0V).
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By construction,
W3t ={m e M/(cNM)|dim(EZ) = dim(HZ)+1} C (m31+03)N(mE' +oV).
Let m € (m31 + 03) N (M3 + V). Then, from Lemma 4.2,

E7, = ) Er((m.u,))
pEa(l)

(N 2emuw))N( N EGmu))

pEas(l) p€a(1)\o3(1)

en O N EUmu)),

pea()\a3(1)

where we used that m € (mg1 + o3 ). Using now m € (m3! + o), we deduce that
E*({m,u,)) = C? for p ¢ o3(1), hence
ES, = E3 =L

ms3,1

On the other hand, as m € (m3; + 03), and from o3 < o, we have HJ, C HJ2 =

{0}. Hence m € W', and we conclude that &1 — & o is saturated. What we used
in the proof of saturation is that for o3 < o and for m € (mz1 +o03)N(MSt +aY),
the description E?, = ﬂ E*({(m,u,)) from Lemma 4.2 is valid.

pea(l)

We now proceed to the construction of &3 2 — &3.1, assuming ps > 2 (otherwise
we set &40 = &31 and go to the next step of the construction). As parameters for
this new injection, we take (o3, ms3 2) with mg 2 = (—c,,, 0, 1) in the basis (ef, e}, €3)
of M/(o3)t N M. We consider the equivariant subsheaf & 2 — &1 described by
the family of multifiltrations (G9,) C (HY,) with for any o € ¥ and any m € M,
G?Z, = HZ unless 03 < 0 and m <,, mg2 in which case G, = {0}. As for (HY,),
and following the proof of Theorem 4.6, one can check that this defines indeed a
family of multifiltrations and that &3 2 — &3 is 3-elementary. To show saturation,
we can use the same argument as for the previous injection &31 — &3. Indeed,
for 03 < o and for m € (m32 + 03), we have m ¢ W21 and hence HS, = EZ,.
Then, the description HZ, = ﬂ E*({m,u,)) from Lemma 4.2 can be used, for

pEa(l)
any m € (ms 2 + Ug,l). We conclude that &35 — &3 1 is saturated, and we compute
m%Z = —cp, + 1.

We can iterate this argument, constructing a sequence of saturated elementary
injections &3 ; — &3 j—1 with parameters (o3, (—cs,,0,(j — 1))), by changing the
family of multifiltrations of &3 ;_1 at cones 03 < o and weights m <,, ms j, setting
the vector space to be {0} in those cases. Once we reach j = ps, we set &1 = &3,
Assuming ps > 1 (otherwise we set &5,0 = &4, and move on to the next step), we
construct similarly &1 — &1,0 with parameters (o4,m4,1) where o4 = 03 + p3 €
¥(4) and ma1 = (—cpy, 0, p3, 0) written in the basis (ef, e}, €3, €%) of M/(o4)- N M.
To do this, we simply turn down in the family of multifiltrations for & ¢ the vector
space to {0} at cones o containing o4 and weights m <., my4 ;. The same arguments
as before show that this defines a new family of multifiltrations corresponding to a
4-elementary saturated injection, with weight mé’l = —c¢,, + p3. The result then
follows, by iterating this process. O

Remark 6.3. As it might be useful for further applications, we note here that by
definition, any k-elementary injection with & € {n — 1,n} is saturated. We also
note that the iteration process to produce elementary injections & — &_; from a
reflexive sheaf used in the proof of Proposition 6.2 works as long as we choose the
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associated parameters (o;,m;) in such a way that the two following conditions are
satisfied (we denote here (F)%) the family of multifiltrations of &5_1) :

(1) my is minimal for <, with the property that F,‘,?J = L, for some fixed
p € x(1),

(2) 0j-1 < 05, my & (mj—1 +0j-1)"

The first condition ensures that we can build an elementary injection by turning
down F7 to {0} when o; < o and m <,, myj, while the second ensures that
the injection will be saturated. Those two conditions may produce more general
sequences of saturated elementary injections, and give more flexibility in the choices
of the weights my;, comparing with the result in Proposition 6.2. We won’t need it
though in the next applications.

Remark 6.4. The result and proof of Proposition 6.2 can easily be adapted to higher
rank equivariant torsion-free sheaves. A rank r equivariant reflexive sheaf .# on a
toric variety X with fan ¥ x is characterised by a family of filtrations (F'7(e)),e5 (1)
where for each ray p € Xx (1), ¢ — F?(i) is an increasing and bounded filtration
of some fixed vector space I of dimension r (see [24]). One may, as in the rank 2
case, normalise such a family of filtrations by tensoring by a line bundle to assume
that for each p and each ¢ > 0, F(i) = F. If it is non trivial, we can also assume
that for at least one py, F'*°(—1) C F. Assume that there exists c,, € N such that
—Cp, = min{i € N, dim(F*° (7)) = 1}.
To conclude, set L := F9(—c,,) and assume that the family of filtration is chosen
so that for any p # po and any ¢ € Z, L N F*(i) # {0} if and only if ¢ > 0. Such
filtrations may easily be constructed. For the corresponding reflexive sheaf .7, the
proof of Proposition 6.2 works fine, simply replacing & by % and E by F in the
families of filtrations.

Our goal is then to solve (43) for a sequence of elementary injections as in
Proposition 6.2. Our parameters are on one hand the (c,),ex(1) that fix the initial

Chern classes of & and on the other hand p = (ps,...,py) that fix the sequence of

elementary injections and the weights mg’j as in (46). For 3 < k < n such that

pr > 1, and | < n — k, we introduce the notation

Pk

(47) Sy =Y _(my?)

Jj=1

that will appear from (33). Then, define the numbers (€;)3<;<n by
(48) log(1+ciH+...+c,H") —log (1 + c1H + coH?) = —Zéq—.

Our goal is now to fix (c,),ex(1) and p such that for each 3 < ¢ <n,

(49) &= (Z (?) Avg Sg‘l).

k=3 =k

We will meet two kinds of obstructions to solve those equations. The first one
impose arithmetic conditions on the Chern classes of & that go beyond Schwarzen-
berger’s constraints. The second one impose some positivity on the combinations
of the &,’s and the S!’s.
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6.3. Four dimensional constructions. When n = 4, we can easily find solutions
to those equations by hand. First, Schwarzenberger’s constraints reduce to

ca(ca +1 —3c; —2¢?) = 0mod 12.
Then, we compute
3 = —3cs3,
64 = 4((31C3 — C4).
We also need

p3(ps +1
pa(ps 1)

(S§,S§,S§f) = (p37 *(Cpo + 1)]73 + B)

Then, the equations (49) read

2ps = C3
6py = cic3—cqg+ 9Ips+ 65%
We can substitute p3 by € in the second equation and we obtain the equivalent

2
system :
- c3
(50) b ci1C3—Cy ’ c3 Cg
pa = B tces—(c TS+ T

As p; € N, we obtain two type of necessary and sufficient conditions for solving this
system. The first is arithmetic, to which we add Schwarzenberger’s condition :

c3 = 0 mod2
(51) 4(cic3 —c4)+3c = 0 mod24
ca(ca+1—3c; —2¢?) = 0 modl12.

The second condition is a positivity constraint :

2
Ci1C3 — C4 C
f +c3 + ZS > CpoC3-

Remember now that c; = si is the k-th elementary symmetric polynomial in the
(Cp)pez(l)js. Then,

ciC3 —C4 = 3¢y + Z ci Z H c, >0,

pEXL(l)  TEX(2),p¢T(1) p'ET(1)

(52)

as for each p, ¢, > 0. Hence we see that for fixed c,,, letting the other c,’s go to
infinity, (52) will certainly be satisfied as the left hand side is of order 2 in c3 while
the right hand side is of order 1. To produce actual solutions, we may from now on
set
Cpy = 1.

Then, (52) is automatically satisfied, and we are left with finding solutions to (51),
which can be achieved easily. We will restrict to finding semistable torsion-free
sheaves with positive discriminant, which forces & to be semistable with A(&) > 0,
hence different from a split vector bundle. From Lemma 3.6, we must consider
the cases when at least 3 terms in (c,),ex(1) are non-zero. The simplest case is
then when (c,)pex1) = (1,2,9,0,0) with z,y € N*. Then, ¢; = 1+ 2 + y and
cy = ¢+ y+ xy, cg = zy while ¢4 = 0. Taking z = y = 6t with ¢ € N*, (51)
is satisfied, and solving (50) yields, with Proposition 6.2, to an explicit rank 2
torsion-free sheaf &; with

(c1,¢0,A) = (12t + 1,12t + 36t%, 24t — 1).

Note that those examples are stable (2.5). Those examples produce infinitely many
stable torsion-free sheaves of rank 2 whose Chern classes satisfy the constraints of
locally-free ones. For t large enough, they avoid the conditions found in [10] that
would force such a locally-free sheaf to split. Moreover, as A is invariant upon
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tensoring by a line bundle, the Chern classes of & cannot be obtained from the
ones of &y by tensoring with some Ops(d). Finally, it follows from Dirichlet prime
number theorem that for infinitely many ¢’s, 24t—1 is a prime number, hence cannot
be divided by a square. The discriminant of a rank 2 vector bundle is multiplied
by d? when considering a pullback along a degree d cover CP* — CP". From those
observations, we see that our examples provides infinitely many Chern classes that
are not related through pullbacks along finite covers nor through tensoring by a
line bundle.

All the previous examples have odd first Chern class, but we can also produce
infinitely many examples with c¢; even. Consider this time (c,),exna) = (1,4t +
3,4t + 3,4t + 3,0) with ¢t € N*. This choice is motivated by the fact that, letting
T =4t + 3, it gives

cp = 3T+1
C3 = TQ(T + 3)
Cqy = T3

2
hence 4(cic3 —cy) +3c3 = 3(T(T+ 1)(T—|—2)> . Then, the condition for solvability

of (51) is precisely T' = 4t 4+ 3, t € N. We obtain this time infinitely many rank
2 stable torsion-free sheaves with even first Chern class, whose Chern polynomial
satisfies the known constraints for Chern polynomials of indecomposable rank 2
locally-free sheaves. We compute A = 372 + 67 — 1 = 4(12t> + 24t + 11). From a
Theorem by Ricci (see [25] and reference therein), for infinitely many values of ¢,
12¢% +24t+11 is not divisible by a square. From this we deduce as before that those
examples cannot be related by twisting by a line bundle, and that unless for degree
2 pullbacks, may not be related by pullbacks along finite covers of the projective
space. This concludes the proof of Theorem 1.7.

6.4. Five dimensional examples. We turn now to CP°, and produce, as in the
previous section, an infinite family of stable rank 2 torsion-free sheaves whose Chern
classes satisfy the constraints imposed by locally freeness and indecomposability.
The equations (49) for (¢;) are

c3 = As 359
(53) ¢y = 4A335% + A1 3SY + AgaSY
€5 = 1043352 + 544353 + A5359 +5A4 45} + A54S) + A5 552.

Using the log-expansion, we compute
(63, (~Z4, 65) = (—3C3, 4(C1C3 — (34)7 —5(C5 — C1C4 — C3C2 + C3C%)).

As in the last section, we will set c¢,, = 1, so that the terms S,lC can be expressed in
terms of (ps,p4, ps) by using (47) and (46). We obtain the following :
1 3 15 3, 13

(59,53,53) = (ps., 51)3, — 3P, gP3 = 5P3+ o ps);

1
(8%,52) = (pas 5pa(pa+1) +pa(ps = 2))
and S? = ps. Recall the values of the coefficients Ay i, from table (28). Then, the
system (53) can be expressed as a system of equations for the (p;)’s in terms of the
c;’s:

- €3
b3 B ,
CiC3 — C4 b3
54 = bt F3
(54) Pa e T3

C5 — C1C4 — C3Cy + C3C° 1 5
py = P - (S5 48S)) — 2ps + ST+ 2m
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that we may solve inductively on the p;’s. After straightforward but tedious com-
putations, we obtain the equations :

C3
p3 = 57
2
_ C1C3 — C4 C3
Ps = 6 + S ’
_ c5 — c1cq — €3C2 + C3¢7
(55) b5 = 24
cicy ciczey  czeqy  ciep cick cier  cics
48 36 12 48 72 12 12
4 3 2 2
ci ¢ ¢ ¢ c c
PR B B G

27 24 16 24 72 12
To produce explicit solutions, we will consider simple configurations for the (c,)’s,
and set

(¢p)pexy = (1,t,£,0,0,0), t € N*.
Then, ¢c; =2t +1, co = t? +2t, cg = t2 and ¢4 = ¢5 = 0. The equations for p, and
ps then become

2
_¢ci¢3 ¢C3
Pz Ty
and
—C3C —I—C’CQ C3C 0202 C2C CciC C4 C3 C2 Cs
Py = 3C2 31+31+13 31_’_13_‘[_%_’_73_’_73_73.
24 48 72 12 12 2 24 16 24

Clearly, the conditions that py > 0 and ps > 0 are met for any ¢t € N* and
to produce solutions, one only needs to chose t so that the arithmetic conditions
imposed by (ps,ps,ps) € N3 are satisfied. For example, if cz3 = 0 mod 24 we are
done, and we could simply take ¢t € 12 - N*. In order to satisfy Schwarzenberger’s
conditions (35), we will further impose that 5! divides cq, and for this we will take
t € 5!'- N. To sum up, by setting

(¢p)pexy = (1,120,120¢,0,0,0), ¢ € N*,

we can solve the system (55) and thus obtain explicit examples of equivariant and
stable torsion-free sheaves whose Chern classes are satisfying the constraints of
indecomposable and locally-free sheaves. They have

(C1,Co, A) = (24t + 1,144¢% + 24t 48t — 1).

We can argue as in Section 6.3 and conclude that this family really produces an
infinite family of examples that are not related by twists by line bundles nor by
pullbacks along finite covers.

6.5. Higher dimensional constructions. The previous constructions may cer-
tainly be generalised in higher dimensions. By a simple inductive argument, one
can always reformulate the Equations (49) as a system of equations on the p;’s in
terms of the ci’s, as in (55) :

pr = Qr(c1,...,¢p)

for Qr € Q[X1,...,X,]. The conditions that px € N for each k impose two type
of constraints : positivity and integrality of Qx(cq,...,cy), for 3 < k < n. Some
numerical evidences leads us to expect that Qi (cy,...,c,) > 0 is always satisfied.
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This may be proved using that the ci’s are symmetric elementary functions in the
(¢p)pex(1y € N"T1. In any case, if one considers the special case of

(Cp)pEZ(l) = (17tat707 s 7O)a te N*7

and let ¢ goes to infinity, a simple inductive argument shows that
ok

Qk(clv cee 7Cn) tﬁ?»oo apt®

with o > 0. Hence, for t large enough, the positivity constraints of the equations
are always satisfied. Then, one only needs to check the arithmetic conditions. By
definition of the €’s, cf Equation (48), as for this special case ¢, = 0 for k > 4, we
see that all ¢; can be factored by cs, hence by ¢. By induction again, we deduce
that the same holds for the expressions Qx(c1,...,c,). Then, for ¢ sufficiently
divisible, the equations pr, = Qg(cy,...,c,) can be solved. Moreover, if n! divides
t, then n! divides co and Schwarzenberger’s constraints are satisfied. To sum up,
we have proved :

Proposition 6.5. For each n > 3, there exists m € N* such that for all t €
N*, there is a stable rank 2 equivariant torsion-free sheaf & on CP™ with Chern
polynomial

1+ (2mt +1) - H + (m*t* + 2mt) - H>.

Of course, solving explicitly the equations for (pi)s<k<n may become very tedious
for large n. The above proposition raises two natural questions :

(1) Is it true that Qx(cq,...,c,) >07
(2) Can we take m = n! in the statement of Proposition 6.5 7

We hope to come back to those problems once we have developed the deformation
theory for those sheaves.

6.6. More prescription problems. The methods and tools developed in this
work can be used to solve more prescription problems. Indeed, Theorem 4.6 is valid
for any smooth projective toric variety, and in any rank. Formula 33 works in any
rank on the projective space, as well as Proposition 6.2 as long as one starts with a
suitable equivariant reflexive sheaf, cf Remark 6.4. Stability of equivariant reflexive
sheaves can be checked easily in any rank as well (Proposition 2.4). Hence, one may
follow the strategy of Section 6.2 and try to solve more general prescription problems
for Chern polynomials of equivariant torsion-free sheaves over the projective space.
As potential applications, one may try to solve the following :

(1) Prescribe Chern classes that satisfy locally freeness conditions in higher
rank (vanishing for ¢ > 7 and the higher rank Schwarzenberger’s condi-
tions).

(2) Try to describe the set of Chern polynomials ¢ € Z[H]/(H™!) such that
the moduli space of slope stable equivariant torsion-free sheaves with Chern
polynomial ¢ is non-empty.
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