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ABSTRACT: We evaluate the complete set of kinematic power corrections (KPCs) to the leading
power (LP) term of the transverse momentum dependent (TMD) factorization theorem for semi-
inclusive deep-inelastic scattering (SIDIS) with a polarized target. This formulation restores the
contributions of twist-two TMD distributions to all structure functions, including those that vanish
at leading power, such as contributions of longitudinal photons. The resulting expressions are
explicitly gauge- and frame-invariant, and inherit all key features of the standard TMD factorization
framework, including the coefficient functions and the evolution equations. Numerical estimations
show that KPCs contribute only a few percent at @ ~ 10GeV, but can reach several tens of
percents when @@ ~ 2GeV. Consequently, accounting for kinematic power corrections can be vital
for an accurate theoretical description of current SIDIS measurements.
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1 Introduction

In recent years, our understanding of the nucleon’s internal structure has advanced significantly,
partly due to the development of transverse momentum dependent (TMD) factorization theorems
[1-3]. While the predictive power of the TMD factorization approach has been firmly established and
its range of successful applications continues to expand, the current leading power (LP) formulation
exhibits both theoretical inconsistencies and practical limitations that are becoming progressively
apparent (see, for instance, the discussions in refs. [4-10]). It is expected that some of these issues
may be resolved, or at least alleviated, through the inclusion of power corrections. Consequently,
there has been a growing interest in studying the TMD factorization approach at sub-leading power
[11-21].

However, extending the TMD factorization theorem beyond the LP approximation is not a
straightforward task, as its structure becomes increasingly complex with each successive power. In
contrast to the collinear factorization theorem, where power-suppressed contributions are systemat-
ically ordered by powers of the hard scale [22], the TMD framework involves various kinds of power
corrections due to its multi-dimensional nature.
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Figure 1. Schematic representation of the “pyramid” of power corrections in the TMD factorization

framework. The levels indicate specific orders in the 1/Q-expansion, starting with LP at the top. The
green bubbles represent power-suppressed terms of different types with three main categories. In the
present work, we consider the TMD-with-KPCs approach, which consists in the summation of all KPCs,
i.e. all terms along the facing edge.

Practically, different types of power corrections correspond to contributions relevant in different
kinematic limits of the differential cross-section. Theoretically, they are associated with distinct
operator structures. It is convenient to present the hierarchy of power-suppressed terms as a
“pyramid” of contributions, which naturally emerge from power counting and dimensional analysis
within the framework of the TMD operator expansion [13]. This idea is visually represented in fig. 1,
where the different tiers correspond to successive orders in the 1/Q-expansion, i.e., at the apex lies
the LP term, followed by the next-to-leading power (NLP) one, and so forth. Continuing with this
analogy, the edges host the various types of power corrections: higher-twist contributions (denoted
as A/Q), gr/Q terms (often associated with the Y-term [1]) and kinematic power corrections (KPCs)
(marked as k7 /Q). This structure becomes evident already at NLP, whose expression can be written
as a sum of three independent contributions with specific properties [20]. For higher power terms,
one also expects mixed-type contributions, indicated by the small dots in fig. 1. Each class of power
corrections exhibits distinct features, and the interplay among the relevant physical scales makes
certain kinds more significant than others, depending on the kinematic regime under consideration.
For a more detailed discussion, we refer to ref. [18].

Among the various types of power corrections, KPCs play a special role, and posses unique
properties. They encompass all power-suppressed terms involving twist-two TMD distributions at
small g7, restore both gauge- and frame-invariance of the hadronic tensor, and structurally resemble
the LP term, sharing its non-perturbative content and coefficient functions. For all these reasons,
incorporating KPCs into the TMD factorization theorem seems natural and advantageous. Such
an extension has already been carried out in ref. [18], where the KPCs following the LP term were
summed and derived at all powers. This improved formalism is referred to as the TMD-with-KPCs
factorization theorem, and can be seen as an extension of the ordinary LP TMD factorization into
an explicitly Lorentz and gauge invariant form, while preserving its original properties. The TMD-
with-KPC approach disregards the strict @Q-counting, replacing it by the TMD-twist-counting and
allowing to determine the leading-twist contribution to all observables (in this sense, it is similar
to the computation of Wandzura-Wilczek terms [6] at all powers). Its domain of applicability



coincides with that of the LP TMD factorization theorem (that is, gr < @ and A < Q). The
practical feasibility of this framework has already been demonstrated in [23], where all angular
distributions that appear in the Drell-Yan (DY) lepton pair production, even the sub-leading ones,
were successfully described.

In this work, we consider the structure functions of semi-inclusive deep inelastic scattering
(SIDIS) and derive their expressions within the TMD-with-KPCs formalism. The LP and NLP
expressions for these structure functions are already known [12, 17, 24]. However, at this level
they explicitly violate frame- and charge-conservation. While such violations may be negligible at
asymptotically large @, they are not at the scales relevant for modern SIDIS measurements with
Q ~ 1 —5GeV. By resumming KPCs, we restore these critical symmetries, and, in addition, gain
access to the leading-twist approximation of sub-leading structure functions, such as those induced
by longitudinally polarized photons. These improvements are expected to enhance the description
of SIDIS and help resolve discrepancies observed in phenomenological studies [25-29]. This issue
becomes particularly critical in view of the preparation of precise SIDIS data for future colliders
[30-32].

The article is organized as follows: in section 2 we present the theoretical framework and sum-
marize the main aspects of SIDIS kinematics (sec. 2.1) that are relevant for computing the two
key theoretical ingredients: the lepton tensor, discussed in sec. 2.3, and the hadron tensor. The
later is derived in sec. 3 within the TMD-with-KPCs factorization theorem, where we also out-
line the main features of this formalism. The resulting expressions for the structure functions are
presented in sec. 3.3. Finally, in section 4, we explore the phenomenological implications of includ-
ing KPCs using the artemide code [26] together with the ART25 set of TMD distributions [29].
Additional relations useful for the structure functions computation are collected in appendices A
and B, while appendix C provides the technical details of the momentum-space convolution and its
implementation in artemide.

2 Semi-Inclusive Deep Inelastic scattering

In this work, we focus on the SIDIS process, which is defined by the reaction
(1) + H(P) = ¢(I') + h(pp) + X, (2.1)

where ¢ is the incoming lepton, H and h represent the target and produced hadrons, respectively,
and X denotes the collection of undetected final states. The four-momentum of each particle is
indicated in parentheses. In the following, we treat the lepton as massless, i.e., [? = "2 = ml2 =0,
while the masses of the hadrons are given by P? = M? and p? = m3.

A total of 18 structure functions are employed to parametrize polarized SIDIS, each proportional
to sine and cosine modulations of various azimuthal angles [24]. Although deriving these functions
from a given model is, in principle, a straightforward task, the computation can become intricate
due to the numerous scalar products, whose explicit formulas are often lengthy. The main algebraic
complication arises from the fact that the angles are defined with respect to the lepton in the
laboratory frame, while the factorization is performed in a system where the momenta of the
hadrons are characterized in a more natural way. Reconciling these two reference frames to resolve
the resulting mismatch leads to cumbersome intermediate expressions. For a review, see, e.g.,
refs. [6, 12, 17, 33-35], where different approaches are discussed. In this article, we outline an
alternative formulation, in which each structure function is presented as a product of two tensors
explicitly constructed in the hadron frame. This representation is conceptually close to the one
used in [12, 33], but employs a basis of physical vectors instead of the more abstract helicity basis.
It should be noted that an analogous decomposition for the Drell-Yan reaction was previously

described in ref. [23].



We assume that the interaction between the lepton and the nucleon target takes place through
the exchange of a single virtual photon. Under this assumption, the differential cross-section of the
process in (2.1) reads
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(2.2)

where s is the center-of-mass energy, qem = €2/47 is the electromagnetic coupling constant, and
g = | — I’ indicates the momentum of the mediating photon. Accordingly, the ¢? factors arise
from the photon propagator A*” = g’ /(q* +40). The last terms in eq. (2.2) correspond to the
phase-space elements of the detected lepton and the produced hadron, where E’ and E} denote
their respective energies.

To compute the cross-section, it is necessary to evaluate both the lepton (L*¥) and hadron
(W) tensors. Before proceeding with their explicit computation, however, it is useful to review
the main kinematic features of the SIDIS process. In this section, we summarize its kinematics and
algebraic structure, and derive convenient pocket formulas for its structure functions. Note that the
calculations presented here are fully general, and therefore we keep the hadrons masses non-zero,
although they will be neglected in the following sections devoted specifically to TMD factorization.

2.1 Brief overview of SIDIS kinematics

The kinematic variables relevant for the description of SIDIS are defined as

2_ 2 p— Q2 :@ z:(Pph)
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Here, Q? denotes the squared momentum transferred to the incoming lepton, equal to the virtuality
of the mediating photon. The Bjorken variable = specifies the fraction of the nucleon’s momentum
carried by the struck parton, while the inelasticity y determines how much energy the lepton deposits
into the target in the laboratory frame. The variable z represents the portion of the virtual photon’s
momentum taken by the detected hadron. It is useful to recall that these invariants are related to
each other through the Mandelstam variable s = (P +1)? as

zy(s — M?) = Q2. (2.4)

We also introduce the following set of power-suppressed variables,
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which typically appear in the treatment of target- and produced-mass corrections.

To obtain a complete description of hadron structure, one must account for the transverse
momentum exchanged between the colliding partons. This can be achieved by parameterizing the
underlying kinematic quantities in different vector bases. In practice, two reference frames are
generally employed. The first defines transverse components with respect to the vectors P* and
q", and represents the conventional choice used in experimental analyses, where all observables are
formulated. It is denoted by the l-symbol. The second frame is constructed relative to P* and
pl, providing a natural setting for theoretical computations, as the partons’ transverse momenta
are expressed in this basis. It is marked by the T-symbol. Below, we review the significant vector
definitions in both systems and discuss their relations.



2.1.1 The transverse |-plane

We begin with the frame in which the experimentally accessible quantities are defined, commonly
referred to as the “laboratory frame”. Typically, what is measured is the transverse component of
the detected hadron momentum pj with respect to the plane spanned by the vectors P* and ¢*.
Consequently, the components orthogonal to this plane, traditionally denoted by the 1 -symbol, can
be obtained using the projector

e oy
=g |

normalized such that ¢”g. ., = 2. Additionally, a second projector that orthogonalizes a trans-
1
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verse vector can be constructed with the aid of the transverse Levi-Civita tensor
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which satisfies €"¢'| | = ¢/".

These two projectors allow the construction of an orthogonal basis in the transverse |-plane.
Accordingly, the transverse component of a generic four-vector v* is given by v/ = ¢/”v,,, while the
transverse (axial) vector orthogonal to v/ is denoted with a tilde and determined by o/ = €/"v,.
Vectors belonging to the L-plane are purely spatial, and thus have a negative Minkowski scalar
product. In what follows, we adopt boldface to denote the magnitude of this product, i.e. v3 =

—g"v,v, = —v? > 0. In summary, the notation reads
v ~ v ~ 2 2 ~2
v =g v, o =ée"v,, (vp-9,)=0, v] = —vi = -9 >0. (2.8)

On the other hand, the azimuthal angles are defined with respect to the lepton momentum, fol-
lowing the Trento conventions [36] (see fig. 2), and can be computed using the tensors g/ and €'”
introduced above. In particular, the azimuthal angle for the produced hadron is
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Similarly, the azimuthal angle associated with the spin vector S* is defined analogously to ¢; as
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The relative azimuthal angle between the hadron and spin directions, ¢, — ¢g, is therefore given by

cos ¢, = — sin¢p, = — (2.9)

(2.10)
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In this way, the L-coordinate system is entirely specified by the set of vectors (P*, ¢*, p’j_ﬁ’i). Any

other vector can be expressed in this system in terms of the variables (z, z,Q, p? ) and the relevant
azimuthal angles. Specifically, the decomposition of the spin vector takes the form

cos (¢n — ¢s) = — sin (¢n, — ¢s) = — (2.11)
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where the longitudinal component is determined by
S
S” = (59) 7 (2.13)
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and S| denotes the perpendicular one.

0123 _

I The Minkowski Levi-Civita tensor is defined as € +1. All sign conventions used in this work coincide with

[24].



Figure 2. Description of the azimuthal angles according to the Trento conventions [36].

2.1.2 The transverse T-plane

The TMD factorization for SIDIS is most conveniently formulated in the so-called Breit frame (oc-
casionally referred to as “the factorization frame” throughout this work), where the momenta of the
involved hadrons are approximately light-like and aligned in opposite directions. This configuration
naturally suggests the parametrization

M? m?
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where n* and n* are two independent light-like vectors normalized such that (nn) = 1.
We adopt the standard notation for the light-cone decomposition of a generic four-vector,
o = vtk ok 4ok, (2.15)

with vt = (nv), v~ = (v) and v% denoting the transverse component orthogonal to the (n,n)-

plane, satisfying v% < 0. Thus, the label T refers to transverse components defined in the hadron

frame, which should not be confused with the transverse 1 -components of the hadron-photon frame.
The symmetric and anti-symmetric projectors onto the transverse T-plane are

gy’ = g"" —nta¥ —atn?, (2.16

ey = e = P ng, (2.17
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normalized such that g7"gr ., = 2 and €/’¢; , = g7”. Analogously to the L-system, we define v7,

as the vector orthogonal to 0%. The notation for the T-system is then summarized as

B Spo SN 2 _ 2 _ =2
v = g vy, U = €l vy, (vr - op) =0, vy = —vp = —07p >0, (2.18)

where boldface denotes the magnitude of the scalar product for purely transverse vectors.

It should be noted that, by definition of (2.14), the (n,n)-plane coincides with the one spanned
by the hadron momenta P* and pj,. Therefore, the light-cone vectors can be directly expressed in
terms of the kinematic variables introduced earlier,
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Here, we have used the relation

+o- — 02~ /1 _ ~2~2
Pth4x<1+ 1 v’yh). (2.21)

The component Pt remains unspecified; however, it cancels out in all Lorentz invariant quantities.

Using the equations (2.19, 2.20) we can rewrite the projectors (2.16, 2.17) in physical terms
2
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These two tensors allow us to express any vector in terms of (P, p), ¢4, ¢}) or, alternatively, in
terms of (n#,n*, ¢k, ¢4). In particular, the target spin vector can be written as follows

97 =g" -
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where A is the longitudinal spin component and S/ denotes the transverse one.

Let us remark that, in the absence of masses, the vectors P* and p} tend to n* and n*,
respectively. Therefore, one set of notation directly matches another. Since target mass correc-
tions to TMD factorization are currently unknown, the vectors n and 7 are natural for theoretical
computations. Thus, along this work, we often refer to the systems (n, ) and (P, py) synonymously.

2.1.3 Relation between systems

In order to bridge the two vector systems introduced above, it is helpful to establish a set of relations
that facilitate transitions between them without undue complications. This is accomplished by
comparing Lorentz-invariant quantities, such as scalar products, expressed in both frames. Adopting
this strategy, we have constructed a “dictionary” of helpful relations between variables in the T-
and |-systems, including also some scalar products that have proven useful in our computations.
For instance, calculating g% and p? using the corresponding projectors yields the relation
s P11+

=51 772%217 (2.25)
which is particularly important since it connects the transverse momentum appearing in the TMD
formalism, gr, with the one actually measured in experiments, p,. The remaining entries of this
dictionary are provided in appendix A.

2.2 Cross-section and structure functions definition

The differential cross-section (2.2) can be fully expressed in terms of the kinematic variables in-
troduced so far. To achieve this, we need the explicit expressions for the phase-space elements of
the outgoing lepton and the detected hadron. These can be obtained by decomposing their four-
momenta and projecting onto the relevant angular directions. The full derivation is available in the
literature and will not be reproduced here. The resulting expressions are
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where ¢, is the azimuthal angle defined in (2.9), and v is the azimuthal angle of the outgoing lepton
around the lepton beam axis (see fig. 2), measured with respect to an arbitrary fixed direction. The
angle v is related to the ¢g as [33]

coS ¢g

: (2.27)
\/ 1 — sin? 0, sin? ¢g

cosy =

where sin 6., ~ v (see definition in eqn. (2.33)). Therefore, in the @ > M limit, one finds ¢ = ¢s.
By inserting eqn. (2.26) into eqn. (2.2) we obtain the following expression for the SIDIS differ-
ential cross-section

do Qo Y L, WHhv

2
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dxdydipdzde,dp?, Q4 8z \/1 _ ’ (2.28)

p?

VU =V 25

which reproduces the well-known result [24, 33].
The SIDIS cross-section is parameterized in terms of 18 independent structure functions [24]
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where ). is the helicity of the lepton and ¢ is the ratio of longitudinal and transverse photon flux,
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The super-scripts of the structure functions introduced in (2.29) encode their azimuthal dependence,
while the sub-scripts specify the polarization of the lepton and the target hadron, respectively. In
particular, the first one, U (L), refers to an unpolarized (longitudinally polarized) lepton beam,
whereas the second, U (L or T), corresponds to an unpolarized (longitudinally or transversely
polarized) target hadron, with polarization defined relative to the virtual photon direction. In
addition, a third subscript appears in four of the structure functions and indicates the polarization
of the exchanged photon.

Additionally, it should be noted that the factor (1++2/2z), included in the standard definition
of structure functions [24], does not arise from any invariant decomposition. Therefore, following
the standard convention, we also introduce it in eqn. (2.29); however, it leads to a compensating
factor within the theoretical expressions for the structure functions derived below.



2.3 Lepton tensor

The lepton tensor reads
L, =2(1,0, + l;ll, — (1" guw) + 2iXc€p0pol?l. (2.31)

To make the azimuthal angle dependence explicit, we rewrite it in the 1-system, where the lepton
momentum takes the form
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Here, 6, denotes the angle between ! and ¢ in the laboratory gamma-hadron frame [37], defined as
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Substituting eqn. (2.32) into eqn. (2.31) yields the following decomposition
2
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where S and A denote symmetric and anti-symmetric projectors, respectively. Their explicit ex-
pressions are
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These tensors are dimensionless and transverse to ¢*, i.e. ¢,S"" = ¢, A" = 0. It is worth noting
that Sy, Ss, A1, and As are P-odd, while all others are P-even. Moreover, these projectors remain
regular in the massless limit, which is obtained by setting v — 0.



2.4 Structure functions pocket formulas

The hadron tensor is at most linear in the spin-vector (2.12). Therefore, it can be written as
WHY = WIAJW + SHWEV + S| cos(épn — qf)s)Wgy + |81 |sin(¢p — QSS)W‘QW. (2.44)

Here, the tensors Wy and Wy are P-even, while Wi, and Wg are P-odd.

Contracting the hadronic tensor (2.44) with the lepton tensor (2.34), we obtain an expression
for the cross-section with the azimuthal angle structure explicitly displayed. To facilitate this pro-
cedure, it is convenient to take into account the parity properties of the various tensor components.
By comparing the result with the parameterization in (2.29), each structure function can then be
identified with a convolution of particular tensors. The resultant formulas are the following
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The factor Fy accounts for the overall kinematic factor that appears in the definition of the cross-
section but is not separated from the definition of the structure functions.

In the massless limit, F; = 1. However, when the computation of the hadron tensor is done
assuming massless kinematics, the factor Fj can still be taken exactly, since it originates from a
mismatch of the definitions of the cross-section and the structure functions and is therefore not
affected by any computation. In practice, Fy is close to 1 for a typical data point. Nonetheless,
for some HERMES bins [38] at Q ~ 2.3GeV, it can reach values ~ 0.8, making its inclusion in
phenomenological analyses important.

The expressions (2.45 - 2.62) are completely general and follow directly from SIDIS kinematics.
They represent an alternative, although completely equivalent, formulation to those presented in
refs. [12, 33]. We find our representation more practical, as it expresses the structure functions in
terms of the kinematic vectors at hand, thus avoiding the introduction of photon helicity vectors.

3 Hadron tensor in TMD-with-KPCs factorization

The TMD factorization theorem provides a general expression for the hadron tensor. The LP term
has been derived in numerous previous works, see, e.g., refs [1, 12, 24]. Here, we generalize those
derivations by including KPCs, as it is discussed in the introduction. Our approach employs the
background field method [13, 39], which, for this particular computation, closely resembles the
Soft-Collinear Effective Field Theory (SCET) derivation [2, 12]. In a nutshell, the method involves
splitting the fields into parts associated with the target and the produced hadrons, while integrating
out the remaining components. In the strict limit ) — oo, our expression reproduces the LP result,
but it is explicitly gauge- and frame-invariant. The theoretical foundation and a detailed discussion
on the TMD-with-KPCs factorization theorem is given in ref. [18].

The computation of the KPCs that follows the LP term consists in the extraction of the TMD-
twist-two component from the higher power terms of the TMD factorization. This task is not as
complicated as it sounds, due to the observation that the insertion of an additional gluon field
into the operator necessarily increases its twist. Consequently, the computation of KPCs for the
LP term effectively reduces to that for free quarks, analogous to the LP calculation itself. Let
us mention that this observation is similar to the celebrated statement that collinear operators of
twist-two correspond to those constructed from free quark fields [40].

In ref. [18], the KPCs following the LP term were derived to all orders for the Drell-Yan hadron
tensor and subsequently summed up into a compact series. The resulting series is regular, allowing
for a reordering of summations and a reformulation of the procedure into a more natural framework.
Specifically, one can consider a prototype of TMD operator and then determine its TMD-twist-two
component. Using these matrix elements as building blocks enables the calculation of the hadron
tensor avoiding the tedious multipole expansion.

In this section, we present the explicit computation of the hadron tensor. The calculation
is performed in the massless limit, since target-mass corrections for TMD factorization remain
unknown. Hence, from this point onward, we set M = mj; = 0. The useful expressions for this
transition are collected in appendix A.1.

3.1 Twist-two part of TMD correlators

In the case of SIDIS, two types of correlators appear: those with hadrons in the initial state and
those with hadrons in the final state. We denote them as

T(y) = 3 TP Sla(w)ly.y -+ noc] s 1X) (X[ moc, 0Ja(0)| 2. S). (3.1)
X
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ol(y) = Ni > Tr(0|[-noo + v, y]gQ(y)lph, X)(pn, X|q(0)[0, —noc]|0), (32)

X
where T" is a Dirac matrix, [a,b] represents the gauge link connecting the points a and b and the
trace operation Tr runs over color and spinor indices. The coordinate y is fully general, i.e., it is not
aligned to any light-cone direction. These correlators serve as prototypes of quark TMDPDF's and
TMDFFs, respectively. Note that the associated Wilson lines in these operators point in opposite
directions, as it appears in SIDIS factorization [41, 42]. In addition, we also need correlators with
quark and anti-quark fields acting at different states

T (0) = 30 TP, Sy + noo. sla(u)|X) (X]a(w)[0, +noe] L |P.S), (33)
X
6" ) = 3 3 T0law)ly, ~mo0 + allon, X) o, XIS [no0, 0Ja@)0), (39
¢ X

which correspond to anti-quark distributions.
The correlators (3.1 — 3.4) do not possess a definite TMD-twist; rather, they are a sum of
contributions with different twists. Meanwhile, the pure TMD-twist-two correlators are defined as

&) (3.5)
+
= TP, Slay o+ yr)yn - yry R+ g+ nod] | X) (X oo, 004(0)] P, S),
X
Al W) (3.6)

1 - S i i
= 5 2 Tr{0l[=mco +y~n+yr,y* 7+ yrl—-a(y* 7+ yr)pn, X) (on, X|g(0)[0, —7100]|0),
¢ X

where I'*t € {y*, 745 ic®*4%}. These Dirac structures project out only the “good” components
of quark spinors along the n and # directions for I't and I'~, correspondingly. The definitions for
the anti-quark correlators are analogous. It is worth noting that these matrix elements depend only
on a single light-cone component of y, although we utilize the total vector y as an argument.

The definite TMD-twist matrix elements represent irreducible non-perturbative functions, in the
sense that they do not mix with any other non-perturbative functions under QCD evolution. This is
their defining property, which follows from the symmetries of the corresponding operators [13, 43].
In contrast, the generic TMD correlators (3.1 — 3.4) do not have specific evolution properties, and
do not even obey a closed evolution equation, instead mixing with various multi-point correlation
functions. Nonetheless, a generic correlator can be decomposed into irreducible components of
increasing TMD-twists, which form a series of KPCs corresponding to particular twists. We remark
that, although technically different, this procedure is conceptually close to the computation of KPCs
in collinear factorization; see, for instance, ref. [44].

The theoretical justification for the TMD-twist-two extraction method is given in ref. [18].
Practically, the strategy is the following: to extract the TMD-twist-two component of the operators
appearing in (3.1 — 3.4), one must expand the fields at coordinate y along the corresponding light-
cone direction (7 for \Tl, and n for (:)) This generates a series of operators with growing derivatives,
(0—_q, 0_7q) for ¥ and (0+q, 0+q) for o. By applying the quark equation of motion /Pq = 0, these
derivatives can be rewritten in terms of transverse and “good” derivatives of the quark fields

2

8T

where 1/0+ denotes the integration operator along the corresponding direction. The dots represent
terms containing additional gluon fields, and thus contributing to higher-twist terms. Since the
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second quark field is independent on y, the 97 and J+ derivatives can be taken outside the operator.
This yields

~ =y RN =y,

M) = nz:% ; (23+> Uy n +yr) + ..., (3.8)

oMy = (7i:)n <;§’) O (yt a4 yr) + ..., (3.9)
)l _

with analogous expressions for the anti-quark correlators.

These formulas still have admixture of higher twists due to the presence of “bad” spinor com-
ponents. Therefore, it is necessary to further decompose the spinors and express these remaining
“bad” components in terms of the “good” ones by another application of the equations of motion.
Then, the correlators read [18]

- SO ()

n=0

&y +yr) (3.10)

ggi<1>h“”+r+r”+”a]](y—n+yT) + 32%52Tﬁ¢ﬂv%+rv+v Yy n+yr)| + .
oIy — 3 ) (f;) A7 4 ) (3.11)
ol _
gng[h YTTHIy Y ]](y n—l—yT)—i-az%zTﬁA[h Y Ty Ty ]](y Atyr)| + ..,
where
[r] = {’Y? F’V;T for 0,
[r] = PQWFVH} for ©.

This latter form contains only TMD-twist-two distributions, while the higher-twist contributions
are hidden in the dotted terms. Importantly, no other twist-two contributions appear in these
correlators, since all eliminated terms contain at least one gluon field and thus have TMD-twist-
three or higher.

The expressions (3.10, 3.11) are rather abstract because they incorporate a sum over powers
of derivatives and integrals. This structure can be greatly simplified by moving to the momentum
space representation. We define

I+ dy~d? ity Pt —i ~rt), _
e kr) = / y@i)yT PTG R (g + yr), (3.12)
dy™*d?
C kr) QC/ Y yT it Ty Phﬂ(yk)TA[F ](y+ﬁ+yT)- (3.13)

Here, the factor 1/2¢ is part of the conventional TMDFF definition [24, 45]. After the Fourier
transformation, the derivatives act on the exponent, generating corresponding factors of momenta.
The resulting series can then be explicitly computed, yielding

o M (y)

yt K2
= pt /dfdzk‘;re_i 2£;I eiky)r iy €PT [ (3.14)

tw2
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r kra DS W PV krakr A SRR
q>[[ 1](5 fer) — 2§P+CI)[[’Y Y T+Ty Yy H(ﬁ,kT) (2§P+)ﬁ <I>[h YTy Ty H(f,kT)],

e l(y)

— .2
dCd?kyp =L o
=2 / S z Lo 2y g ilhy)r—iyTpy /4[ (3.15)

kTa o+ + o krok Byt Tyt o

A G hr) = G e AT TG k) PSR (G )
DPh (2py,)

The label tw2 indicates all higher-twist terms have been eliminated. These expressions can be

simplified even further by observing that (—k2)/2k* corresponds to kT if k2 = 0. Thus, a more

natural form to present the twist-two component of the TMD correlators is

T T(y) = pt / d kS (k2)eth) / des(kt —ep™) (3.16)
2 @6 hr) — kra®fy T g k) kkT;fT%“”“”*””%,zm],
ol =2p; /d4k5(k;2)ei(y’“>/%6 (k - ph) [ (3.17)
tw2 ¢ ¢
20 AN br) = ko TNy - i EEGTE AR ”(c:kT)].

The anti-quark correlators satisfy analogous relations.
The last step is to consider all elements of the Dirac basis {1,~75, v#, v#+% ic#"~4°} and to express
each correlator explicitly in terms of the TMD distributions. The expressions for TMDPDF's are

wll (y) — gh’ ](y) =0, (3.18)
tw2 tw2
)| L =2Pt / d*k S (k?)ei k) / deo(kt — Pk (6 k), (3.19)
tw
W)= 2P [akset [ —eptpal e k), @20)
tw
W)= 2pt [aks)en [ et - e (3.21)
o vo ktnY — ntk” « it y®
9 k" — g7 k“+TkT)(I)[11 ! ](kaT)~
These expressions were already derived in ref. [18]. The computation for the TMDFFs yields
ol (y) _ é[v“]@) =0, (3.22)
tw2 tw2
oMy = 4p}:/d4k5(k2)ei(k-’/)/%5 <k pg) kAL N(C k), (3:23)
tw2
o) = 4p;/d4k6(k2)e“’“y>/%5 <k‘ pg) AL NG Re), (3:24)
tw
Bl I(y)| = 4p; / d*k 6 (k?)e'ky) / s (k- —u ( (3.25)
tw2 h C C
SRR va ktn” —ntk” o i y0
9 k" — gr k" + ki_kT>A[11 ! ](Cva)~

The expressions for anti-quark correlators are analogous. We stress that these expressions are valid
for any spin of the particle, including spinless and higher-spin cases.
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In this form, it follows that the TMD-twist-two TMD correlators satisfy the set of equations

o*ul(y)| =06y =o, (3.26)
tw2 tw2
NTleal — @[7“’75] ‘ — \T;[ia“"”/s] —
au (y) o au ('y) o alL (y) o 0,
"] _ 3 ol _ 5 Qlic*+°] _
au@ (y) tw2 8M® (y) tw2 aM@ <y) tw2 0

which are also defining for the twist-two collinear correlators [40]. In the case of collinear twist, these
equations can serve as a definition of the twist-two operators [46]. Evidently, the same conclusion
can be made for TMD-twist-two operators, i.e., one can define the TMD-twist-two component of
a correlator as the part that satisfies the equations (3.26). This can be viewed as a manifestation
of the Lorentz-invariance relations, and leads to an alternative derivation of the TMD-with-KPCs
factorization theorem.

3.2 TMD-with-KPC convolution for SIDIS

The main ingredient required to construct the cross-section is the hadron tensor, which encapsulates
the information associated with the strong interaction. In the case of SIDIS, it is given by

W =

W)Z (PLTY (y)lpn, X)(X, pu|J*(0)| P), (3.27)

where J#(y) denotes the electromagnetic (EM) current

JH(y) = eq(y)r*a(y), (3.28)

with ¢(y) representing the quark field, and e its electric charge. For shortness, we omit the flavor
indices of the quarks. The sum over all active flavors is restored in sec. 3.3.

At tree order, the computation of the factorized expression reduces to the recoupling of spinor
and color indices, which is carried out with the help of the Dirac decomposition. For any matrix A
in spinor space, one has

1 — 1
— [Ca] L
A 5 ga r,A% el A 2Tr (AD), (3.29)

where T'y, € {1,745, v*,4#~% ich~%}, and T, € {1,7°,9*, ="+, —ioc"~®/2}. Recoupling the
indices yields

Oy TR
Ty T, ) §Ta ()] FATod (e
Tr(7#Tpy"Ta) T8 ()01 v (y) + Tr(VT ' Tp)¥  (1)©  (y) p + ... (3.30)

Let us note that this expression is essentially identical to that obtained for the Drell-Yan process
[23], with the only differences being the interchange of the correlators © < U and the sign of the
Fourier transform.

The hadron tensor (3.30) contains contributions of various twists, both in the explicit terms and
in the dotted ones, which include the diagrams with radiation of additional gluons. As discussed
in the previous section, any insertion of a gluon field (apart from those forming the Wilson lines)
increases the TMD-twist of a term. Therefore, the dotted contribution consists solely of higher-
twist operators, and does not contribute to the KPCs following the LP term. The TMD-twist-two
part of the ¥ and © correlators is presented in eqns. (3.18-3.25).
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Beyond tree level one needs to compute the contributions from hard fields, which can be done
perturbatively. It has been proven [1, 18] that the only diagrams contributing to the LP term and it
descendants are the virtual ones. The divergent part of the hard coefficient function renormalizes the
TMD operators, inducing their scale dependence. Importantly, this procedure must be performed
power by power in position space, and each power term has a distinct diagrammatic structure.
Nevertheless, the resulting coefficient function is identical for all KPCs terms. This property follows
from the QED Ward identity, which must be satisfied by the twist-two part of the hadron tensor
independently. This has also been checked explicitly, see ref. [18].

Thus, after accounting for the perturbative corrections, we obtain a expression for the hadron
tensor that incorporates all KPCs descendants of the LP term. We find

v Q2 62 d4y (1 LT VT \y =~ <
Wipe = Copis (qu Z/We WO NS Tr(y Ty Ta) By 1, O O (g3 1, Q)
a,b

tw2 tw2

=[Ta =[r _
+Tr(7”fw”fb)‘ff[ ](y;u, C)’ 5" (s 1, C)‘ } 7 (3.31)
tw2 tw2
where Cp ps is the hard coefficient function for SIDIS. The scale ;1 denotes the hard factorization
scale, within 1 ~ Q. The parameters ¢ and ¢ are the rapidity factorization scales, which satisfy the
relation (¢ = Q*.

The hard coefficient function differs from that in the Drell-Yan process by finite terms originat-
ing from the different imaginary parts of the corresponding amplitudes, Copis = |c(Q?)|? versus
Copy = |c(—Q?)|>. The expression for ¢ is known up to four loops [47]. Note that the argument
of the coefficient function is Q2 rather than the LP expression 2¢t¢~. This is a consequence of the
KPCs resummation, which restores de Lorentz invariant form of the result (see detailed discussion
in ref. [18]).

The factorization of fields with different rapidities beyond the tree approximation modifies the
KPCs structure. Namely, the transverse derivatives d,, acting on the TMD operators are replaced
by the “long” transverse derivatives d,, + [0, D] In(¢/¢)/2 [16, 21, 43]. These corrections are crucial
because they preserve the boost invariance of TMD factorization and prevent mixing between
contributions of different TMD-twists. Simultaneously, they avoid the use of eqns. (3.14, 3.15),
since the summation of “long derivatives” is not a simple task. However, it still can be carried out

at the specific normalization point
(=C=Q% (3.32)

At this stage, the additive term in the derivative vanishes, and the KPCs can be summed as
discussed earlier. After the summation, the normalization point can be shifted using the evolution
equations for the TMD distributions. Nevertheless, the resulting expressions become significantly
more involved and include Fourier-convolution integrals. Therefore, from now on, we fix the rapidity
scales at (3.32), while the hard factorization scale p remains unrestricted.

Finally, by substituting the expressions for the twist-two TMD correlators (3.18-3.25) into
(3.31), we obtain the desired form of the hadron tensor within the TMD factorization theorem
including all KPCs

2
Wi = 8¢? PTp, Copis (%) / Ay d ko0 (k2)6(k2)6W (g + k1 — k2) (3.33)

x /dg%&(kf —£PT)s (k; - pg) {

v + - —[v ==l +.5 Z 587 [ F B [y—nb
(kg (#7a07 + 80 AL ol AR Al )
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+ie" Py o kop <‘I’[1V1+]A[1717 (1)11 Ah ” [171+75]A[171 ] ‘1)11 o ]Ah ]>

_+(klk2)[}ﬂgy (gaﬁ_+ keks __(k?k;—-kgkf><k§k1—-ksz))

ki ky (k1ka)ki ky
NeHEP RS + N HY kS N NFHEKS + NV HE k)
Ry ky

i@t ~5 igB—~5 —[ic®ty 51—[icP~~°
(afe™ a4 B Ul “>},

—HIHY® — HYPHY +

 (NENY + NENY)ES RS
ki ky

where the arguments of ® and A are (&, ki7; u, Q?) and (¢, kar; p, Q?), respectively, and

KK + KL kY
(kiko) 7

It is worth noting that these tensors are defined such that

HY" =g — N# =Hy*,  Nt=H}". (3.34)

ki, HEY = kop HYY =0,  if ki = k3 = 0. (3.35)

The expression (3.33) constitutes one of the main results of this paper. It represents the
complete twist-two part of the SIDIS hadron tensor. Therefore, it can be considered as an extension
of the TMD factorization, which we refer to as the TMD-with-KPCs factorization theorem.

The TMD-with-KPCs factorized expression incorporates the LP term (see below) as well as
power-suppressed terms such that together form a gauge- and frame-invariant object. The correction
terms to this factorization include two types of contributions (see also fig. 1). First, there are higher-
twist terms starting from the tw2xtw3 term [17], which is accompanied by an extra suppressing
factor of 1/Q). Second, there are gr/Q terms originating from the contribution of tw2xtw3 singular
at y% — 0. This singularity can be isolated and rewritten in terms of tw2xtw2 terms accompanied
by a gr/Q factor, thus representing a qr/Q correction [20]. Each of these corrections generates
its own series of KPCs, which could be potentially summed. In this way, the TMD-with-KPCs
factorization theorem is a systematic framework that expands the hadron tensor in powers of A/Q
and ¢r/@Q while exactly accounts for kr/Q corrections.

The expression (3.33) is transverse with respect to g,

QuWihe = (3.36)
as it follows from eqn. (3.35). Furthermore, we observe that
k1 Wicpe = k2uWipe = 0- (3.37)

These conditions do not arise from the requirement of charge conservation, but rather are a conse-
quence of the twist-two approximation (3.26). Furthermore, it can be shown [18] that accounting for
the KPCs also restores reparameterization-invariance [48], and thus the TMD-with-KPCs approach
is frame-invariant.

A characteristic feature of the TMD-with-KPCs factorization theorem is the convolution inte-
gral appearing in (3.33), which is Lorentz invariant and represents the phase-space integration for
the partonic scattering q(k1) +v(q) — ¢(k2) involving exactly massless, non-collinear partons. The
hadron momenta specify the collinear and transverse directions, thereby determining the momentum
fractions and the transverse momenta of the partons. This can be interpreted as a Lorentz-invariant
way of representing the partonic sub-process in its exact center-of-mass frame (i.e., accounting for
the partons’ transverse momentum) where the factorization theorem is derived.
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Figure 3. Integration domain for the convolution integral (3.33) in {k?, k3}(left) and {¢, ¢}(right) planes.
The region Rr is generated by the constraint k1 + gr = k2, while the region R is defined by the condition
0<& <.

To better understand the structure of the convolution integral, let us consider the phase-space
domain of the partons. Taking into account the 8 delta-functions presented in (3.33), the integra-
tion can be reduced to a two-dimensional integral. A physically motivated choice of independent
variables is {k?, k3}. The triangle inequality for the vector sum k; +qr = ks restricts their absolute
values to the region Rp, shown as the orange domain in fig. 3. This is also the domain of integration
for the LP expression.

Using k%,z as independent variables, the parton momentum fractions take the form

1 k? k3 A(K?, k2, —12) z k2 72 AKk2, k2, —72)
o B R VARG RS T _ i T VARLES T (g
¢ 2 < T 72 72 > ¢ 2 k2 k2 k32 (3.38)

where A is the triangle function,
Ma, b, c) = a® 4+ b* + ¢* — 2ab — 2ac — 2bc.

This implies that the collinear momentum fractions of the partons are not fixed, as in the LP
factorization, but instead vary depending on the kinematics. The causality requires 0 < £ < 1 and
0 < ¢ < 1, which restricts the integration region for k%,Q to Re¢¢, which is shown as the blue domain
in fig. 3.

Together, the regions Ry and Re¢ form a finite domain of integration (see fig. 3). This is in
contrast to the LP convolution, which extends to infinity. Although this may seem unusual, such
restrictions are physically appropriate, since they prevent a parton from carrying momentum larger
than that allowed by the external kinematics. Simultaneously, the collinear momentum fractions are
not exact, but corrected for transverse momentum effects, and within the convolution integral, they
cover the domain illustrated in the right panel of fig. 3. Note that the effective ¢ of the fragmentation
function is lower than the observed z, while the effective £ is higher than the observed x. The figure
also marks the lower-limit point zg, which is given by

zO:L42 1+(2—x)ﬁ— \/(1z)""’?”(1+q%)]. (3.39)

(72 + 2q%)
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Practically, the computation of the integral convolution is rather cumbersome, but it can be signif-
icantly simplified with a suitable change of variables. We present the details of the implementation
of this convolution within the artemide code [49] in the appendix C.

To obtain the LP limit, one must assume that 2P > 0 and p, /z > 0, while kf , are held fixed.
This limit corresponds to the strict case Q? — oo, with g% also fixed, taken in the Breit frame. Note
that this limit must be taken under the sign of the integral, which is not mathematically rigorous,
since the integration region is restricted by ~ 1/@Q. To guarantee the existence of the limit in this
form, one should assume that the TMD distributions decay sufficiently fast at k2 — oco. Then, the
functions for £ and ¢ (3.38) reduce to their LP counterparts with zp.p = —¢*/P* and z1p = p;, /q~,
respectively. The convolution integral turns into the LP one (for the proportionality coefficient see
(B.2)) setting the hierarchy for partons momenta as k" > kir > ki and k; > kor > ki. The
components of hadron tensor (3.33) in this limit are

: uy o pv ; [L——) im NE = ph
lirgl Hj g7, lirlglN nt, limN nt. (3.40)
Combining these elements yields the well-known expression for the SIDIS hadron tensor at LP [50].

3.3 SIDIS structure functions

To obtain the explicit expressions for the structure functions, one must substitute the parameter-
izations of the TMD distributions. The TMDPDFs for a spin-1/2 polarized hadron are defined
as

af
0NE k) = fule ) — TR e ) (3.41)
@ (e k) = dar( k) — P b e k), (3.42)
DN E k) = s (6 K) + A Aty (€. ) (3.3

2kkP — kg5’
2M?2

€%Bk@
M

STﬂhllT<§7k) - hll(€7k)
The corresponding anti-quark distributions are defined analogously, except that the anti-quark
functions g; and gi acquire an additional factor of (-1) [50].

The TMDEFFs for a spin-0 hadron are

A1 k) = Di(( k), (3.44)

AP k) = 0, (3.45)
ap

Alie® )¢ k) = —#Hf(g,k). (3.46)

It should be noted that the TMDFF Hi- is defined with a relative minus sign with respect to hi-
[17, 24].

By inserting the parameterizations (3.41 - 3.46) into eqn. (3.33) and contracting with the
lepton tensor components (2.35 — 2.43) as given by the pocket formulas (2.45 — 2.62), we obtain
the complete set of SIDIS structure functions. This computation is rather tedious, since the lepton
tensor is naturally defined in the laboratory frame, while the hadron tensor is defined in the partonic
center-of-mass frame. Consequently, their convolution produces a large number of terms that lack
a direct physical or geometrical interpretation, representing instead projections of tensors from one
frame onto another. The contributions proportional to the chiral-odd TMD distributions Plic™ "7
and A7) are particularly cumbersome, as they involve tensors of higher rank.
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To present the structure functions in a compact manner, we introduce the following short-hand
notation for the TMD-with-KPCs convolution

2
ClA, fif2] = FoQ*) e} Coprs (%) (3.47)
f

% /d4k1d4k’2§(4) (q + k1 — k2)6(k2) ( )/ dg CC ( ;r B £P+) 0 (kz - pC}_L)
X (fr.7(& k1) f2,5(C Re2) + 71’f(£’ k1)?2,f(§7 k2)4

where the factor Fj is defined in eqn. (2.63), f labels the active quark flavors, and A denotes an
expression constructed from the kinematic variables. The unpolarized structure functions then read

Fyur = C[1, fiD1] + %FUU,L; (3.48)
Fyu s = Clta(1 + ), fiDi] + Cl~da(1 + ) F52) i gy, (3.49)
m;LM
Fson = ¢ [2(1 + 20) (kgh , lel} (3.50)
—2a(l+a
+C {W{(l +b) (2(kh)L + q%) — (k1hr) <1 QQ) } hi Hi- ] :
2
Fg* = *%FUU,L +C [4(122}12)l,f1D1] (3.51)
Lc [ﬁ{ (k) — 2(kihr) (kahe) (1 + 2(’2’“2))
2
+2kQ';’ — da(1 a)(kle)},thﬂ.
The longitudinal structure functions are
. _ 2
Finon _ ¢ {W{(klhﬂ—k(kgth) — (kh)L (1 gg)} hiy ] (3.53)
e
—a(l+a)(kiqr) ( Q2> +a2+a)(l+ b)(quT)}, hf‘LHf‘] ,
Frp =¢C []. + 2a,glLD1} R (355)
Fcosd)h C (kh)J_ D
LL = 0 ygir | . (3.56)

Finally, the transverse structure functions take the form

sin — —(k1h sin
sin — 4@(1 + a)(k hT) k2(k2hT)
vl 4 14a(kihr)ks — (kik2)\/a7 e
maM 1+0b Q2 i
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Feinentos) _ {1\14{2 (’“g} (a(krgr) — k3) + a1 + a) (kihz) . f%TDl] (3.59)

[ 1 1+a
mp1+b

+(1—b)(1+ a)Q\/g},thﬂ

{(kh)J_((l + b)? (4+2a+b—ab)@ —a%)

2 3/2
+C |- M2 (2b(kh)i —a(2+a+3b)y/q +a? q52 > ,thHf] ,
Fpo# ™) = C{J\Z{‘l(klth)gz(khn — 3a(l +b)(kh) . (3.60)
_a q%(2+a—|—b—a)} JizD1]
2 Q2 171
1 (kh) L (k1hg)?
+C| — ST Dy {Sb o2 —2a(kihr)(b(14b) —a)
—2ab(3 + 2b)(kh) 1 +a*(2+b(b — a))\/q3 + Z;bq%}, hlle]
ve| - W{(khm%f ~ d(kahr)? - (2 - a)ag})

e (0 o8+ (1 et 20am ) },thHf],

Fenes _ (1 L2a) {a(klhgﬁ lg} flTDll (3.61)
1 (1+a) g\ 2kihr)kivag | o
+C[th( 50 ){ (k1 k2)<(1—|—b) Q2)—Q2 ,hi Hi
2
oo}
Flsji;(%h _ 1—|—2a i klhT qT Q(klhT)Q  fir Dy (3.62)
Q Q
2 (1 +
e e
= P
Fyslon=9s) — ¢ 7(1 + 2a) (thT),ngDJ : (3.63)
gt = o |- {W‘T - ’;} ,ngm] , (2.64)
cm;(2¢h_¢s) _c % {1221 Ta (klhqé)\/g —Q(klgT)Q},g%TDll . (3.65)
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Figure 4. Comparison of TMD-with-KPCs prediction to the pure LP TMD factorization expression for
angle-integrated SIDIS cross-section as a function of (). Solid lines indicate the comparison of Fyy,r only,
while dashed lines include the contribution +eFyy,; term. The values of (z,z,p1) are indicated in the
figure. The value of ¢ is defined by (2.30) and is € ~ 0.85 — 1. for the present kinematics.

In these expressions

kQ k2 2
a=i-1=%g, p=io1-iB-Z (3.66)
_ 2 _ 2
(kyshy) = M (kh) 1 = (’fL); (hp) 1 = Z@Wfa%. (3.67)
dar P

Let us remark that the variables a and b behave as O(Q~2). On the other hand, the transverse

scalar products can be formulated as

ki + k3 — qf
2 )

k3 — ki — g3

k3 — ki +q7
2 ’ '

(k1ko) = 5

(kiqr) = (k2qr) = (3.68)

The integrands are written in a form that makes their regularity in the limit ) — oo explicit.

These expressions constitute the main result of this work. In the limit ) — oo, they can be
compared with the known results at LP, NLP and partially NNLP [12, 16, 24, 34, 51], and they are
found to be in agreement with them. The corresponding expressions in this limit are presented in
appendix B.

4 Size estimation of KPCs

In this section, we examine the potential phenomenological impact of including KPCs in SIDIS
observables. For the numerical estimations, we use the artemide code [26] with unpolarized TMD
distributions (both TMDPDFs and TMDFFs) extracted in the ART25 fit [29]. This extraction
incorporates more than a thousand points from Drell-Yan and SIDIS reactions measured over a
wide range of @ values, from 2GeV in SIDIS up to 1TeV for neutral boson production in Drell-Yan.
This analysis relies on the most advanced theoretical setup, including perturbative ingredients
up to three and four-loop order (reaching the overall N*LL perturbative accuracy), as well as
other elements, such as large-x resummation [52], and transverse momentum moments [53]. For a
complete description of ART25, we refer to the original publication.
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The ART25 determination is performed using the LP TMD factorization theorem. Conse-
quently, the values of the extracted TMD distributions are biased toward this order. In some cases,
this bias may be negligible, and the extractions based on the LP TMD and TMD-with-KPCs for-
malisms would result into the same TMD distributions. For instance, in the Drell-Yan process,
most measurements are made at large @@, with the most precise data obtained at Z-boson mass,
Q@ ~ 90GeV. In this regime, power corrections are small and have little impact on the determina-
tion of TMDPDF's [23] (note, however, that a significant portion of the Drell-Yan data is taken at
Q ~ 8 — 16GeV, where the KPCs effects become relevant). In contrast, the situation in SIDIS is
exactly the opposite, as we demonstrate below. For that reason, the values of the TMDFF's are
concerned and we could not compare with the data. A proper comparison would require a dedicated
TMDFFs extraction within the updated formalism, which goes beyond the scope of this work. We
thus limit ourselves to estimating the phenomenological impact of the KPCs inclusion, leaving the
full scale determination of TMD distributions for a future study.

Since the current set of available TMD distributions contains only the unpolarized ones, our
analysis is limited to the unpolarized structure functions. Furthermore, we neglect contributions
from the Boer-Mulders and Collins functions, as they remain unknown. Based on our experience
with Drell-Yan angular coefficients [23], we estimate that the corrections from these functions
are negligible for the present comparison. Among the unpolarized structure functions, the angle-
integrated cross-section is the most relevant, since it serves as the normalization for polarized
measurements (see, £.i., [54, 55]). For this reason, we concentrate on it.

The unpolarized SIDIS cross-section consists of two structure functions, Fyyr + eFyu,r. The
structure function Fyy,p is power-suppressed and therefore neglected in all modern fits. It is
naturally revealed in the TMD-with-KPCs formalism. To assess the significance of KPCs, we
compare three scenarios: (i) the LP expression for Fyy 1, which is, so far, used to determine TMD
distributions, (i) the TMD-with-KPCs expression for Fyy r, and (iii) the complete TMD-with-
KPCs sum, Fyyr +cFyu . In the figures 4, 5, 6, we illustrate the comparison of (ii) (solid lines)
and (iii) (dashed lines) against (i) for different kinematic configurations.

In fig. 4 we present the KPCs magnitude as a function of (). The comparison is intentionally
performed at small p; to avoid contamination from ¢ /@ corrections. At QQ = 2GeV, the corrections
are comparable in size to the LP contribution, both for Fyyr and Fyy,r independently. The
corrections then decrease rapidly: at @ ~ 5GeV, they amount to about 10-20% (depending on
other variables), and at Q ~ 10GeV reduce to 2 —6%. Below @ = 2GeV, power corrections become
too large, and destroy the predictive power of factorization theorem.

In fig. 5 we show the KPCs magnitude as a function of p;. The corrections for Fyyr and
Fyy 1, exhibit a weak dependance on p;, with a mild tendency to increase by about 2 — 5% for
each. This effect is more pronounced for the sum Fyy,r +eFyy,r. Notably, the Fyy, 1, contribution
does not vanish at p; — 0, highlighting that KPCs remain significant within the traditional domain
of the LP TMD factorization approach. From these plots, we found that the general size of power
corrections relative to the LP expression can be estimated using the following pocket formulas

Fovr N (2.3GeV)? 2% Fyun (1.7GeV)? 23/2
Fourwp) Q* 202’ Fourwp) Q* 20

(4.1)

These expressions are not precise but provide an approximate order-of-magnitude estimation of the
effects and can be used as a criterion to select experimental data.

In these figures, small discontinuities in the curves are observed around @ ~ 1 and @ ~ 4GeV.
They are related to the mass thresholds of the charm and top quarks, respectively. There are also
instabilities in the curves with respect to p; at Q@ = 10GeV (left panel of fig. 5), which arise from
the computation of the LP term in artemide at gy ~ 0 and large-Q, where the Hankel transform
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Figure 5. Comparison of TMD-with-KPCs prediction to the pure LP TMD factorization expression for
angle-integrated SIDIS cross-section as a function of p, . Solid lines indicate the comparison of Fyy,r only,
while dashed lines include the contribution +eFyy,r term. The comparison is done for z = 0.5 and values
of (z,Q) are indicated in the figure. The value of ¢ is defined by (2.30) and is € ~ 0.85 — 1. for the present
kinematics.
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Figure 6. Comparison of the TMD-with-KPCs predictions for the angle-integrated SIDIS structure
functions Fyy,r and Fyu,r as a function of z, for the kinematics of JLab (left), COMPASS (center) and
EIC (right), relative to the LP TMD factorization result for the structure function Fyy,r. The combination
Fuu,r +eFyu,r is also shown to better illustrate the contribution from longitudinal photons. The value of
¢ is defined by (2.30) and ranges approximately as € ~ 0.6 — 0.9 for the JLab bin, as € ~ 0.5 — 0.9 for the
COMPASS bin, and as € ~ 0.8 — 1. for the EIC bin.

degenerates and the algorithm becomes noisy. Nicely, the TMD-with-KPCs convolution is free from
these numerical issues, as its integrand is not osculatory.

Finally, in fig. 6 we present the computation of the SIDIS angle-integrated structure functions
for the kinematics of current and future experiments. For comparison, we selected a high-energy
bin from the JLab measurements [56], a typical bin from the COMPASS measurements [57], and a
low energy bin for the future EIC measurements [30]. In all these cases, the contribution of KPCs
is significant, reaching 10-30% at x ~ 0.2. The contribution from Fyy 1, is also substantial and
comparable to the precision of experimental data.

These observations lead us to conclude that the effect of power corrections is meaningful for
the present SIDIS data. This effect is most pronounced in the normalization of the curve, which
can change by a factor of 2 or 3 for lower-Q bins, rather than in its shape, which varies only about
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a few percents. Consequently, the existing extractions of TMD distributions can not be considered
reliable, and must be revisited taking into account the power corrections effects. It is well-known
that, currently, there is disagreement among different groups regarding the interpretation of low
energy SIDIS data (see, e.g., [26—29]). This disagreement stems from distinct readings of the LP
formula at low energy, and it is possible that it could be mitigated by explicitly including KPCs.

5 Conclusions

In this work, we have studied the structure functions that parametrize the semi-inclusive deep
inelastic scattering (SIDIS) cross-section within the framework of the TMD-with-KPCs factoriza-
tion theorem introduced in ref. [18]. This approach extends the standard transverse momentum
dependent (TMD) factorization formalism by incorporating kinematic power corrections (KPCs),
specifically those that follow the leading power (LP) term (see fig. 1). As a result, it systematically
includes all power-suppressed terms containing TMD distributions of twist-2 at small values of qr.

The inclusion of KPCs restores two fundamental properties of the hadron tensor that are vio-
lated in the LP approximation: charge conservation and frame invariance. Moreover, these correc-
tions share both the perturbative content (i.e., the coefficient functions) and the non-perturbative
content (i.e., the TMD distributions and the Collins-Soper kernel) of the LP factorization theorem,
and can therefore be considered as an inherent part of it. This formalism is especially appealing
because it has proven useful for computing observables that were previously theoretically inacces-
sible due to power-suppression; for example, the angular distributions of Drell-Yan (DY) leptons
[23] or, in the case of SIDIS, the longitudinally polarized photons contributions.

The KPCs account for only a subset of the power corrections contributing to SIDIS at low-Q.
Nevertheless, it is plausible that they constitute the dominant ones in the limit p; < Q. In this
regime, qr/@Q corrections are, by definition, suppressed. The next possible contributions come from
genuine twist-three distributions (denoted as A/Q corrections in fig. 1). However, existing studies
consistently indicate that these corrections are much smaller than the twist-two ones. Therefore,
it is reasonable to argue that the TMD-with-KPCs formalism captures the most relevant power
corrections in this kinematic region.

We apply this methodology to compute the SIDIS hadron tensor in its general form, and,
subsequently, for the structure functions. The main result of this paper consists of the expressions
for the polarized SIDIS structure functions presented in sec. 3.3. They take the form of scattering
cross-sections of massless on-shell partons, accompanied by rather cumbersome kinematic factors,
arising mainly from the transformation between the Breit frame and the laboratory frame. The
principal modification introduced by KPCs into the factorization formula is the restriction of the
integration region over parton momenta to a finite domain.

With the help of the artemide code, we have conducted a series of impact studies to evaluate
the phenomenological implications of including KPCs into unpolarized structure functions, and we
have found that they significantly contribute at @ < 5 — 10GeV, reaching up to 100% already
at @ ~ 3GeV. Furthermore, in this region, the contribution of longitudinally polarized photons
becomes as large as the LP term. Consequently, incorporating power corrections is crucial for the
description of all existing SIDIS data, most of which lies below Q@ < 5GeV.

The numerical tests were performed using TMD distributions extracted within the LP factor-
ization theorem [29]. Given the magnitude of these corrections, the reliability of these and other
TMDFFs extractions is questionable. This finding can possibly shed light into the discrepancies
among the different determinations of TMD distributions, as well as the tensions observed in the
Collins-Soper kernel extractions. Consequently, the TMD distributions determinations should be
revisited using an updated framework; an analysis we plan to perform in the future.
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A Useful expression for SIDIS kinematic

In this appendix we collect the expressions useful for handling SIDIS kinematics in the TMD
factorization framework, expressed in terms of the standard variables
Q? (Pq) (Ppn)

C=0 "oy YT m) TT (P (A1)

The parameters associated with the 1/Q corrections are defined as
_ 2Mx mp _ pf_
Y= Q ) ’WL_ZQv YL = ZQ .

It should be pointed out that, in order to simplify the notation of the results outlined here, we also

(A.2)

introduce the angle between [ and ¢ in the laboratory gamma-hadron frame [37]

2
1+yy B A PR
VI+? V1+92 4

Some of the scalar products that appear most frequently throughout the calculations are

2
(apn) = % (1 -1+ 72\/1 -y - v%ﬁ) : (A4)

cosf, = sinf., = (A.3)

Y
2Q? .
(Ipr) = % (1 — \/1 — 729} — 7243 cos 0., — yy1 cos ¢y sin 97) , (A.5)
eaﬁvélaqﬁP,yph(; = Q4%% V14 ~2sin ¢y, sin 6., (A.6)

With their help, we found the following table of vector decompositions

2z 1 — 4292 — 4242 2z
no_ ¥ 1 1L
2 1+92)(1 — 4292 — 243 b2
v L =%, z
N [1—=~2
p’i:—z Tfﬁh(ﬁw (A~9)
2,2 o9 1 — ~2~72 _ ~2-2
1=y \z 7« I+
1— 2~2 _ ~A2A2 2 I m
P Y (VA el (g’pu_ph)_% (A11)
Q L=, gl z V1I+92
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2 12 24,2 2.2 M
Y (2 Dy, 1=, =771 ar
sy | cos(én — bs) ( Pﬂ—) +
' Q 1— 4292 \ 2 z L=~y a;
qr
Vaz

The meaning of the labels | and T that appear in the above expressions is explained in section 2.1,

—[s.|sin(¢n — ds)

where we introduce the notation of the two reference frame used in this work.
Moreover, the relations between the normalizations of the spin components are

1 — 9297 — 1 YL
|sT| = [sL], /\—SI\/ 1_72%% _|3L|CO5(¢h_¢S)1_7M- (A.12)

A.1 Massless limit

In the massless limit, M? = mfl = 0, the vectors P and p; reduces to
Pt =qtpPT, ph =ntp,, (A.13)
with

Ptp, —QQ (A.14)

The relation (2.25) between p% and ¢3 simplifies

VPl _ Var

2 _ 2.2 — - A15
by z2qr, YL ZQ Q ( )
The expressions for the vectors given in (A.7-A.11) turn into
ph = 2q" + 2z P (L+1) + 9, (A.16)
q" = th zP*(1 — ’Yl) +q4, (A.17)
ﬁ’i = —Z(jT, (A.18)
P = —2¢f — 22293 PF, (A.19)
2x 22y, ar ) ar
St = S| —=P"—|s| [cos(q’)h — ¢s) PH 4+ + sin(gp — ¢s) ——= ] (A.20)
vQ Q vV qT % qT
and the relation between the spin componentssimply becomes |sr| = [s_|, S| = A.

B Large-() limit of structure functions

In this appendix we collect the expressions for the structure functions in the large-Q) limit, which
corresponds to the LP term of the conventional TMD factorization theorem. These expressions can
be used for comparison with known results derived within the TMD factorization approach, and
also as a minimal model for estimating structure functions whose LP contribution is absent.

The structure functions presented below are the leading terms of the formal large-Q) expansion

lifglC[A, f1f2] :CLP[ll{IlglAvflfﬂa (B.1)

where limp,p A denotes the leading contribution in this limit. The integral convolution Crp is

—92qta—
CLplA fife] = Foa > ¢% Coprs (Iqﬂq) / Pl d®kord® (qr + kir — kor)  (B.2)
f
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X (f1,f(xLp, k1) f2,7 (2L, k2) 4+ f1 s (zLp, k1) fo s (2up, k2)) A,

where

$LP=—£7 ZLPZ&-

Pt q-

It should be noted that we assume that TMD distributions decay faster than 1/k?, which is ap-
proximately correct. This assumption allows us to evaluate separately the limits of the integration
region and the integrand. The relative corrections to this expression are of order 2, they include
the modifications to the integration variables and boundaries, and can be expressed in terms of
derivatives of TMD distributions as well as surface contributions. Consequently, the expression
beyond the leading term for each structure function becomes rather involved.

Below we provide the leading term expressions for each independent product of TMD distri-
butions entering the structure functions. In some cases, the @-counting of these terms does not
coincide, and formally one would need to include higher order terms. However, as discussed above,
this leads to cumbersome and practically useless expressions.

1
Fyur = Cup(l, fiD1] + iFUU,La (B.3)
4k? 4k? (k1k
Four = CLP[Qigla J1D1] +CLP[_Q721 (mlhl\zi) ,hi Hi, (B.4)
cos -2(k1h’T) —2(k2hT) k2
FUU¢h = CLp _Q,lel] +CLp |:Qm;:]\4’hi_HlJ_ , (B,5)
cos 2 1 4(klh'T)2 (k]kz) — 2(k1hT)(k2hT)
Fou o= D) vu,r +CLp {QQ“ﬁDl +CLP[ Y ,hlle(}B.G)
sin [ (kohr) K3
FUL¢h = Crp __2 9) mhl]\fhllLHf ) (B.7)
in kiks) — 2(k1ht)(kah
i = g [ (kel = 2bhalhe) | 55)
Frp = Cup[1,010.D1], (B.9)
COS [ k h
Fy7 " = Cup 2( 1QT),91LD1] , (B.10)
sin — [ (k1h 1 sin _
FUTS?’I bs) _ Crp ( EWT)’fllTDI:| + iFUTffh ¢s), (B.11)
sin(¢p—a¢ _4(k1hT) k2 2(k2hT) (k2)2
Fiinn=9s) _¢pp _TQ—;,f%TDl +Cue | le  hip H- (B.12)
—4 K2(k1hr) — (k1k2)\/q?
+CLP o 2( 1 T) g 1 2) quhlelJ_ ,
mp Q
sin(dn+o (krhr) k3 (k2hr)
FEnntes) _ e {— Vi Q—g,f%TDl + CLp . JhHE (B.13)
y _ 4(k1h)2(koht) — 4(kihy)(kiks) — k2(k1h
FEnGon=0s) _ ¢ (kihr)*(k2hr) — A(kihr)(kik2) — ki(k T),ffTDl (B.14)
MQ?
A(kihr)?(kohr) — 2(kihr)(Kiks) — ki (kohr) | 1
+Crp { S M2 sharHj
in —k} 2(k1ks)
FEnes) _ ey Lwé ffTDl] +CLp { m; QQ ,hlﬂf} (B.15)
in _ 2(k1hy)? — k2
FISJT(2¢h ¢s) — CLP |:(1]\Z)Cgl’ff_TD1:| (BlG)
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+Cup {mf]%\p (k1hr)? + (klgT)(k2hT) —k? hk
Fp @) = ¢up _(k;\l;m,gng] (B.17)
Fi @) = cpp -ng,ngDl} (B.18)
FppPo=0) = cpp :ngm} (B.19)

The structure functions that scale as ~ Q° can be compared with the results obtained within the
LP TMD factorization theorem [24], and are in agreement with them. The terms ~ Q~! agree
with the NLP expressions in refs. [12, 17]. On the other hand, some NNLP terms, such as Fy;j; o
can be found in [51], and also agree with our results. This provide an independent check of our
computation.

C Details on the convolution integral and its implementation in artemide

The convolution integral appearing in (3.33) is a central element of the TMD-with-KPCs factoriza-
tion framework, as it guarantees frame-independence and a proper treatment of parton dynamics.
From the numerical perspective, however, it has a rather involved structure due to the complexity
of the integrand and the complicated shape of the integration region (illustrated in fig. 3). There-
fore, rewriting it in a form suitable for numerical realization is a crucial step. In this appendix, we
outline its main features and describe its implementation in the artemide code [49].

The convolution (3.47) can be reassembled as follows

2

ClA, fifo] = %Fo Q> e} Coprs (%) Z1A, f1f2], (C.1)
f

where
I[A, f1f2] = 4PTp;, (c2)
/d4k1d4k2§(4)(q +ky — kz)é(kf)a(kg)/@%a (kf —¢P*) o (k2 _ pCh)

X(fr.p(& Fo1) fo, 1 (C k2) + f1 1§, k1) f2,£(C, K2)) A.

Here, the quantity A is a scalar function depending on the transverse momenta ki, ko, and gr, as
well as on the collinear momentum fractions of the partons, £ and (. The latter variables, as well as
the scalar products of the transverse vectors, can be expressed in terms of the squared transverse
momenta k? and k3 by means of the d-functions. Specifically,

§:m<l_§%+§%+WM),<:;<1_%_#+WM>,(C,3)

= k2K [

k2 k2_ 2 k2_k2_ 2 k:2_k2 2
(kiky) = L2 (g = 2T (g = 2SI (o
where A denotes the triangle function, i.e.,
Ma, b, c) = a® 4+ b* + ¢* — 2ab — 2ac — 2bc, (C.5)
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and 72 represents the hard-scale of the TMD factorization theorem
™ ==2¢"q" =Q* —q7. (C.6)

The variables x; and z; correspond to the LP expressions for the collinear momentum fractions,

+ —
1 o = L (C.7)

Ty = _ﬁa q

In the massless limit, which is the case considered in this work, they simplify to
2 2
T q
M,mp — 0 ; xlszZ:x< —QT2>, 72 = z. (C.8)
Moreover, we can exploit the d-functions to rewrite the integral (C.2) in a more convenient fashion

TA fifs) = / Phizd?hsrd® (qr + kyr — kor) (C9)
R{CQRT

2¢

X R kO (G k) + T (6 k) o g (6 ) A,

which facilitates comparison with the LP case by explicitly revealing the conventional §-function
for transverse momenta. This also makes the differences with the LP convolution (B.2) more
transparent. The minor distinction lies in Jacobian factor ¢/ v/ that incorporates power-suppressed
contributions, while the more change concerns the integration region Rec N Ry. The region Re¢
arises from the causality-imposed constraints 0 < & < 1 and 0 < ¢ < 1 applied to the TMD
distributions. Explicitly, the region resulting from these conditions reads

(1 —.731)(

Rgg: ki%>07 0<k%< .
1

ki + 7). (C.10)
The transverse d-function, meanwhile, constrains the integration domain as follows
Rr: (lar| — [k1])* < k3 < (lgr| + |ki])*. (C.11)

Therefore, the integration domain is defined as the intersection R¢¢NR7. Both regions are illustrated
in fig. 3, highlighting another key difference between the LP and KPCs cases.

As a consequence, the integrand acquires a more intricate structure, making the numerical eval-
uation of the convolution significantly more demanding. This also requires transforming the TMD
distributions into momentum space. A fast and accurate algorithm for performing the corresponding
Fourier-Bessel transformations is presented in the appendix B.2 of ref. [23].

To recover the LP case, one must take the limit Q) — oo, where \(k? k3, —72) — Q*, and ¢
and ( reduce to their LP counterparts, x1 and z, respectively. The integrand then reduces to

2z

> / Pk d*kyrd® (qr + kir — kor) (C.12)

X(fr,p(x1, k1) fo, 5 (2, ka) + f1 (w1, k1) fo p (2, K2)) ngnoo A.

Iip [111151 A, fif] =

Furthermore, in the LP limit, the integration boundaries R¢¢ become unbounded, and the first
arguments of the distributions depend solely on x; and z. This allows to the convolution integral
to be recast as a Hankel convolution in position space, in which the TMD factorization is used in
the majority of modern applications.
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In order to implement the integral (C.9) within the artemide code and perform the numerical
evaluation, it is more practical to reparametrize the variables in the integrand such that the inte-
gration region acquires a simple form. For this purpose, we introduce a new variable A defined

as
qar
A=-2 (k:1 + > . (C.13)
Z1
The §-function fixes
. A qr N A (1 — x1)qT
ki=————, ky=———- ——F7F7—.
2 X1 2 T

The integration domain for A is a circle of radius A% < 4(1 — x1)Q?/2?. Rescaling the norm of
this new vector by 1/4(1 — x1)Q?/z%, the integral can be expressed over the unit disc

2
I[A,f1f2]:/ ds i d9\2/§xlx1 <1+ )5 (C.14)

X (1€ k1) fa,7 (G, Ra) + Fr (€, k1) Fa £ (C K2))A

Now, the relevant variables are defined as follows

2
k=T - (1= 9)?), k= (A= (145, (C.15)
1 2z
=(1-S+Vh), =—F,
3 2 ( ) h 1+ S+ VA
where
k2 —kz 1 2 — X
S = 172 = ( @ + —50059\/qT T2+ ¢%)(1 —x1)> (C.16)
2 12 2 _
p = AELR T (1 R el Y 9) (1 + qg) . (C.17)
T a3 z? T

In this form the integral is sufficiently straightforward to compute.

In the new variables, the expressions for the structure functions take rather lengthy forms.
Essentially, they are polynomials in S and A with various coefficients. We do not present them
here, as they carry no fundamental meaning, and can be directly extracted from the artemide code
if needed.

When evaluating the integral (C.14), it is important to note that the shape of the integrand
exhibits a peak near § ~ \/g /Q with a width ~ Q/ \/g . This behavior results from the competing
trends of the TMDPDF and TMDFF: while one grows at the border of the region, the other
decreases, and vice-versa. Therefore, to address this, we found it convenient to further change
the profile of the integral over ¢ such that the peaking region is zoomed, and thus the integration
converges faster and more accurately.
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