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Abstract

This paper investigates the homology groups of the clique complex associated with the zero-divisor graph of a
finite commutative ring. Generalizing the construction introduced by F. R. DeMeyer and L. DeMeyer, we establish a
Kiinneth-type formula for the homology of such complexes and provide explicit computations for products of finite
local rings. As a notable application, we obtain a general method to determine the clique homology groups of Z, and
related ring products. Furthermore, we derive explicit formulas for the Betti numbers when all local factors are fields
or non-fields. A complete classification of when this clique complex is Cohen—Macaulay is given, with the exception
of one borderline case. Finally, our results yield a partial answer to a question posed in earlier literature, showing that
certain topological spaces, such as the Klein bottle and the real projective plane, cannot be realized as zero-divisor
complexes of finite commutative rings. E]E]

1 Introduction

In this paper, a graph is an undirected simple graph and a ring is a unitary commutative ring. The study of zero-divisor
graphs was initiated by Beck [Bec88|], who defined the graph G(R) for a commutative ring R with 1 # 0 to have
all elements of R as vertices, where two distinct vertices a and b are adjacent if ab = 0. Anderson and Livingston
JAL99] later introduced a refinement, the graph I'(R), defined as the induced subgraph of G(R) on the set of nonzero
zero-divisors Z(R)* = Z(R) \ {0}. The interplay between the ring structure of R and the graph structure of I'(R) has
since been extensively studied [AL99,|AB08. [Red06].

This concept extends naturally to commutative semigroups S [DMSO02], and was further developed by DeMeyer
and DeMeyer [DDO05], who introduced the simplicial complex K(S)—the clique complex of I'(S). Recall that the
clique complex A(G) of a graph G is the simplicial complex whose simplices are the cliques of G. By a slight abuse of
notation, we write K(R) for the clique complex of I'(R). The primary objective of this paper is to conduct a systematic
investigation of the simplicial homology groups of K(R) for finite commutative rings R. We also utilize the complex
Ko(S), where a simplex is a subset A C S \ {0} such that xy = O for all distinct x,y € A.

Computing the homology of such zero-divisor complexes presents a fundamental challenge whose tractability
depends crucially on the underlying algebraic structure. For certain highly symmetric cases, such as chessboard
complexes (arising from products of fields) or matching complexes, the homology can be attacked via group actions
and combinatorial representation theory. However, for a general commutative semigroup, zero-divisors lack a uniform
description, and no such global symmetry is available; consequently, a universal homological formula appears out of
reach.

The case of finite commutative rings occupies a privileged intermediate position. The Chinese Remainder Theorem
provides a canonical decomposition into local rings, endowing the set of zero-divisors with a rich yet rigid product
structure. It is precisely this rigidity that makes a complete homological analysis possible. For a finite commutative
ring €, the classical structure theorem yields an isomorphism Q = R; X R, X --- X Ry, where each R; is a finite
local ring. Our first main contribution is a Kiinneth-type formula that expresses the homology group H,(K(2)) in
terms of data derived from the local factors R;. The structure of K() is intimately related to the join operation of
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simplicial complexes. In the simplest case, K(F X F>) is the complete bipartite graph K,,, ,,,
well-understood. To handle the general case, we introduce the following key construction:

whose clique complex is

Definition 1.1. Let A be a subcomplex of a simplicial complex K and L be another simplicial complex. The join of L
and K over A is a simplicial complex denoted by Kv L, whose vertex set is the disjoint union of the vertex sets of K
and L. The simplices of KV 4L are those of K, those of L, and the disjoint unions of simplices of A with simplices of L.

This definition provides an efficient recursive description of K(€), which serves as the foundation for our homo-
logical computations.

In Section 2, we review necessary background in simplicial homology and establish our primary technical tool
(Theorem , which describes the homology of complexes of the form Xv,K,. Its proof leverages the Kiinneth
theorem and the Mayer—Vietoris sequence.

Section 3 is devoted to our central result, Theorem[3.1] which gives an explicit, recursive formula for the homology
groups H,(K(€)). This theorem allows us to compute these groups inductively. As a first application, we obtain a
partial answer to a question posed in [DDO5], showing that neither the Klein bottle nor the real projective plane can be
realized as K(Q) for any finite commutative ring Q. Furthermore, we derive explicit formulas for the Betti numbers in
the cases where all local factors are fields, and where none of them are fields.

In Section 4, we apply our results to two classification problems. First, we provide a near-complete characteri-
zation of the rings Q for which K(€2) is a Cohen—Macaulay complex, with only one borderline case remaining open.
Second, we prove that K(2) cannot be a triangulation of any compact surface, thus strengthening the aforementioned
topological obstructions.

Finally, in Section 5, we discuss natural open questions, including the extension of our results to finite noncom-
mutative rings and the complete classification of the Cohen—Macaulay property in the remaining case.

2 Preliminaries

We first review some definitions and results of simplicial homology theory that will be used in this paper.

An abstract simplicial complex K is a vertex set {v,} and a family of its subsets, called simplices, such that any
subset of a simplex must be a simplex. A set of k + 1 vertices is a k—dimensional simplex. A subcomplex L of K is an
abstract simplicial complex such that every simplex of L belong to K. The formal sum }; a,-Af." is called an n—chain,
where a; is an integer and A is a simplex of dimension k. The group of k—chains is denoted by C(K). Assume that
all of simplices of K are oriented, i.e., the vertices of each simplex are ordered. A simplex with vertices with order
ap, ai, . . .,a, is denoted by [ay, ay, . . ., a,]. We define the boundary of a simplex as

a0, 1,...,n] =Z(—1)"[0,...,?,...,n],

where [0, ...,1,...,n]=[0,...,i—L,i+1,...,n]. Extending 0 by linearity, we obtain a manp 9;.: Cy(K) — Ci_1(K).
Since 00 = 0, we have in fact defined a complex of abelian groups

-+ = CK) = Gy (K) = -~ = Co(K) — 0.

The quotient group H;(K) = kerd,/imdy., is called the k—dimensional simplicial homology group of the complex K.

If we replace the map dy: Co(K) — 0 by €: Co(K) — Z, where e(v) = 1 for each vertex v, then we obtain a new
chain complex. The homology group of this chain complex is called the reduced homology group of K, and is denoted
by H,(K). In this paper, we mainly use the reduced homology group.

Theorem 2.1 (Kiinneth Relation [CE99]). Let L. and M. be complexes of abelian groups. Then we have an exact
sequence
0= Y Hi(L)®H(M.) > HL.®M.) = > Tori(H(L.), Hj(M.)) > 0.

i+j=n i+j=n—1
Theorem 2.2. Let G, and G, be simple graphs. Suppose that H.(A(G1)) or H,(A(G»)) is free, then we have
H,(A(G1vG))) = Z Hi(AG))) ® H{(A(G)).

i+ j=n—1

Proof. Consider the augmentation complex C.(A(G1VG»)). In the join G, VG,, each vertex of G is adjacent to each
vertex of G,. Then an n—simplex of A(G;VG,) can be identified with an i—simplex of A(G,) and a j—simplex of
A(G,), where i + j = n— 1, here we view a (—1)—simplex as an empty set. Given a left complex L., we write L.[k] for
the shift of L, with degree k, where L,[k] = L, and d,[1] = (=1Fd,s. By the above argument, we have

C.(A(G1VGy)) = (CAGHIT]® CAGTDI-1].



Applying the Kiinneth theorem (Theorem [2-)) to the tensor product of the shifted complexes, we obtain:
H,(A(GVG)) = Hypt (C.(AG))1]® C.(AG))[1])
Z H(C.(AG))I[1]) ® Hi(C.(AG)I[1])

i+j=n+1
Z H;((C.(AG))) ® Hi(C.(A(G))

i+ j=n+1

Z H(AGY)) ® Hi(AG))).

i+ j=n—1

IR

The first isomorphism follows from the identification of the chain complex, the second from Theorem[2.1] and the last
equality is a reindexing. O

Corollary 2.1. Let A be a simplical complex. Then
H,(AVK,) = [H,1(A)]"".

Proof. Note that A,(K,) = 0 for n # 0 and Hy(K,) = Z"". u]

Corollary 2.3. Let F'| and F, be finite fields. Set u = |F}| and uy = |F;|. Then
H\(K(Fy x Fy)) = 717D,
and H,(K(F\, X F;)) =0ifn # 1.

Proof. Observe that K(F; X F,) = K, [m]

U2

Theorem 2.3 (Mayer Vietoris [Pra07]). Suppose that K is a simplicial complex, K, and K, are subcomplexes of K
such that K = Ky U Ky, and L = Ky N K|. Then there is an exact sequence

<= Hi(L) — Hi(Ko) ® Hi (K1) = Hi(K) = Hy (L) — -+ - .

Theorem 2.4. Let A be a subcomplex of a simplicial complex X. Suppose the natural homomorphism H,(A) — H.(X)
is zero and H.(A) is free, then we have

H,(XV4K,) = H,(X) ® [H,-1(A)]".
Proof. By Theorem@ we have an exact sequence
H,(A) - H,(X)® H,(AVK,) - H,(XV4K,) > H,.1(A) > H,.;(X) ® H,_,(AVK,).

Using_ Theorem ind Theorem we can see that the map H,(A) - I:I,,(AVE,)_factors through H,(A) - H,(A)®
H_((K,) — H,(AVK,). Therefore the natural homomorphism H,(A) — H,(AVK,) is zero. Since we assume that
H.(A) — H,(X) is zero, the above exact sequence reduces to a short exact sequence

0 - H,X)® H,(AVK,) > H,(XV4K,) — H,_1(A) - 0.

By assumption the H, (A) is free, this short exact sequnce is split and conclusion follows. O



3 Main Theorems

In this section, Q will denote a finte commutative ring, and Q = R; X R, X - -+ X Ry, where R; is a finite local ring. We
use m; to denote the maximal ideal of R;. Let v; be the least positive integer such that mf’ = 0. We use U(R) to denote
the set of units of a ring R and we write |U(R;)| = u;.

Lemma 3.1. Let R be a finite local ring. Then H,(K(R)) = 0.
Proof. This is proved in [DDOJ], Corollary 6. O
Lemma 3.2. For a finite commutative ring R, we have H,(Ky(R)) = H,(K(R)) for n # 0, and

ZIUBL - if R is not a field;

Hy(Ko(R)) = {Z'U(R)l’ if R is a field.

Proof. Recall that K((R) is the disjoint union of K(R) and the set of units U(R) (as isolated vertices).

We compute the reduced homology dimension by dimension.

For n > 0, since the reduced homology of a discrete set of points vanishes in positive dimensions, and using the
general fact that H,(X UY) = H,(X) ® H,(Y) for n > 0, we have:

H,(Ko(R)) = H,(K(R)) ® H,(Kjy(xy) = H,(K(R)) ®0 = H,(K(R)).

For n = 0, we compute directly using the number of connected components. Let ¢(X) denote the number of
connected components of X.
Case 1: R is not a field. Then K(R) is connected and non-empty, so c(K(R)) = 1. The set of units contributes
|U(R)| isolated vertices, giving:
c(Ko(R)) = c«(K(R)) + U =1 +|U(R)I.
Therefore, Hy(Ky(R)) = ZHURD-1 = ZIU®I,
Case 2: Ris a field. Then K(R) is empty and K (R) is just the discrete set of units, so c(Ky(R)) = |U(R)| and:

Ho(Ko(R)) = 2V,
This completes the proof of the lemma. O

Theorem 3.1. The homology group H,(K(Q)) is free abelian for any integer n € Z, and we have

k=1
(K@) =" > Bua(Ko(Riy X Ry, X -+ X Ry )y

J=1 i <<k

if Ry is not a field. When Ry, is a field, the exponent of H,_((Ko(Ry X+ - X Ry_1)) in the above formula should be changed
to u, — 1.

Proof. We use induction on k. Represent the elements of Q as k-tuples (xy,...,x;) with x; € R;. Let K, be the
subcomplex of K(€Q) induced on {(xy,...,x;) € Z(€)" | x; ¢ U(Ry)}. This complex is a cone: for any z; € mzk’l \ {0},
the vertex (0, ...,0, z;) is adjacent to all other vertices of Ky. Hence H,(K,) = 0 for all n € Z.

Define K as the subcomplex induced on Kj together with 0 X --- X 0x U(Ry). Each vertex in 0x - - - X 0 X U(Ry) is
adjacent to the subcomplex on (R; X - - - X Ry_; \ {0}) X 0, which is isomorphic to Ko(R; X - -- X Ri_1). Since the clique
complex of 0 X -+ - X 0 X U(Ry) is Euk, we have K| = KOVKU(RIXvuka,])Euk- Theoremmgives:

H,(Ky) = H,_((Ko(Ry X -+ X Re_))'™.

The remaining vertices form the set Z(R; X - -+ X Ry_1)* X U(R}). We partition them into two types:
Type I: Vertices with at least one nonzero zero-divisor in the first k — 1 coordinates. These lie in sets:

Vv, = (1_,[ Z(R;)" X ];[R,-) x U(Ry)
JE i

for non-empty J C {1,...,k — 1}. For each such V,, the attachment subcomplex A, is a cone (take a; € m;j_l \ {0} for
some j € J; then (0,...,a;,...,0,0) is a cone point). By Theorem@ these attachments preserve homology.
Type II: Vertices where the first kK — 1 coordinates are units or zero, but not all units. These correspond to sets:

v, = []_[{0} <[] U(R»J x U(R)

jel i¢J



for non-empty J € {1,...,k — 1}. The attachment is over A’, induced on

[]_[ R; X ]—]{0}] x {0},

jel i¢J

which is isomorphic to Ko ([T, R;). Since H.(K,) = 0, the map H.(A},) — H.(K)) is zero. By Theorem attaching
V, contributes a direct summand:
Aoy (Ko (TTiey Ry)) "M

After attaching all Type I and Type II vertices, we obtain K(€). Type I attachments preserve homology, while
Type II attachments yield the additional terms in the formula. This completes the inductive step when R; is not a field.
Now assume Ry, is a field. Then:

Ko = Ko((Ry X -+ X Ri1 \ {0}) X {0}) = Ko(Ry X -+ X Ry-1)
and K, = Ko(R, X - -+ X Ri_1)VK,,. Corollary 2.1 gives:
H,(Ky) = H,_|(Ko(Ry X -+ X Ri))* .
Since H,(Ky) — H,(K) is zero, the same procedure applies. The conclusion follows. [m]

Corollary 3.1. The homology group H,(K(Q)) is 0 ifn > k.

Remark 3.1. In [DDO0S5], the authors ask if there is a simplicial decomposition of the Klein bottle or the real projective
plane which is the complex of a semigroup S . From Theorem[3-1|we know the answer is no if § is a finite commutative
ring.

Using Theorem 3.1, we can determine the homology groups H,(K(Z,)). We provide some examples.
Example 3.1. By Theorem|3.1] we have I:I,I(K(anl X Zpﬂz ) =H,_ (K()(anl ))“’(”Zz), where ny,n, > 1. Therefore
1 2 1

n n
AR R

A(K (@ X Z,p2) = {o, nel.

Example 3.2. Let n; > 1. Since I-I,,(K(Zprlq X Zpy)) = FI,,_|(K()(ZP’1’] P22, we have

D

H"(K(Zp’lxl X sz)) = {0’ nel

Example 3.3. The Theorem [3.1]implies that

H,(K(Zp, X Zp, X L))
= ~'n—l(l(()(Zp] X sz))p3—2 @ Hn—l(KO(Zp] ))(pz—l)(p3—1) 5] I:In—l(KO(sz ))(pl—l)(pz—l).
Then By (K(Z,, X Z,, X Z,,)) = ZP1=22-2¢3-2) and

-~ —)(pa-1)(p3-2 “2)(pa—1)(p3-1 ~1D(p2-2)(p3-1
HI(K(Zpl XZP2XZP3))=Z(’” (P2=1)(P3=2)+(P1=2)(P2=1)(P3=D+(P1=D(p2=2)(p3-1)

For any other integer n, I:In(K(Zpl X Zp, X Zp,)) = 0.

I*Example 34. LetR = Z, XZp, X Zp, X %m. We compute H,(K(R)). §ince I:In(K(Zp1 X Zp, X Zyp,)) = 0forn > 3 and
H,(K(Z), X Zp,)) = 0 for n > 2. Hence H,(K(R)) = 0 for n > 4 and H3(K(R)) = ZP1=2(2=2p3=2(P4=D By Example
[B3]and Corollary 2:3] we get

rankA,(K(R)) = Z (pi, = D(pi, = D(pj, = 2)(pj, = 2),

1<iy<ip<4

where {j1, jo} = {1,2,3,4}\ {i1, i»}. By Lemma[3.2] we have

4
rankA (KR) = > (piy = D(piy = D(pis = D(ps, =2+ 3] [ = D,
k=1

1<ij<ip<iz<4

where {ji} = {1,2,3,4}\ {i1, ip, 3}.



When all the R; are fields or not fields, the Betti numbers b, (K(€2)) can be viewed as a symmetric polynomial with
variables uy, ..., u;. In these cases, we can describe the Betti numbers b, (K(€2)) more explicitly. In the following, we
use b,(u1, . . ., uy) to denote the Betti number rankH, (K(Q)). By Corollary we can focus on the case n < k— 1.

When none of the local factors are fields, the Betti numbers take a particularly simple form.

Theorem 3.2. When every R; is not a field, we have
Dy(uy, ... u) = appuy - - - ug,
where a, € Z,aox = 1 and

k=1
k-1
Anj = Z]( ] )anfl,j~
j=

Proof. The statement ag; = 1 follows from the Lemma@ We use induction to prove the second equation. By
Theorem 3.1] we have

k-1
Ui-u
by(uy, ... u) = Z Z bn—](uip“-vuij)¥

=1 1<iy <<ij<k-1 Uiy == Ui
k=1
= Z Ap—1,jUy - Uk
J=1 1<ip<<ij<k-1
k=1
k-1
22(1,1,1’]' . Uy - Ug.
= J
The induction completes. O

If all the R; are fields, the Theorem@implies that the b, (uq, ..., u;) involves u; and u; — 1. We set

iUy, u) = Z iy = D) (= Dty -+ -ty
1<iy<w<ij<k
where {n,...,m—;} ={1,2,...,0n}\ {i\,...,i;}. If j > kor j <0, we understand that o ;(u,, ..., u) = 0.

Theorem 3.3. If every R; is a field, then we have by_i(uy, ..., u) = or(uy, ..., u) and
bjuiy .o ) = Ajoy 10Uy, oo ) + o+ Ay o1 k—2jaa (U, e )

forany j > 2. The numbers A, ; satisfies the recurrence relation

j+t-=2 j+t=2 j+t—=2
Aji, = A_j—z,t—l( 1 ) + A_j—3,t—]( > +o Al -t

and Aj; = 1.

Proof. The equation by_(uy, ..., ux) = o(ui, ..., u;) can be easily deduced by the Theorem [3.1] and Corollary [31}
Now we use double induction to prove the second equation. The Lemma@ implies that bo(uy, ..., u;) = uy---u; =
oo(uy,...,u;). This proves the case k = j. Next we establish the equation for j = 2. Using Theorem@and induction
on k, we have

k-1

bro(uy, .o u) = bra(uy, .o )y — 1) + Z bis(uy, ..., ﬁj, cee ,uk—l)ujuk
j=1

k=1
= s, st )t = 1)+ Y Tty gy )
j=1
= o2, - 5 Up).
Set V(ir,...,0n) = {ur, ..., 1} \ {utsy, . .., u;, }. Therefore

-1
bj(uy, ... u) = Z Z b jo (V3 o hp))ugy -+ iy, U s

m=0 1<iy <-<ipy<k—1



where 1o = w; — 1 and uy, = uy for m > 1. By induction on j and k, we have the term by_;_(V(iy, ..., i,)) equals to

A 110k jrr (Vi) + o+ At jema1 T k=2jumet (V1 oo i)
If m = 0, then the term by_;_; (uy, . .., ux—1)(ux — 1) contributes
Aj—l,to'k—j—t(uls s )y = 1).
Ifm>1,theterm A;_,_y -1 0kj—r+1(V (i1, . .., 1)) contributes

W=D =DC [ wm

Ui (V] seees Ve jop 1o
if and only if {vi,...,vi_jp} N {u;, ..., u;,} = 0. There are (-”};’2) ways to choose uy,...,u,. Since A;_;, =
I Aot 1 (”;’2), the coefficient of the term
W=D - [ w
Ui UL sl jr41}
is always A;_;;, no matter whether there exists the factor (u; — 1). The induction completes. ]

4 Applications

In this section, we give two applications of our main Theorem We can classify the ring Q when the simplicial
complex K(Q) is Cohen-Macaulay or K(€) is a decomposition of a compact surface.

4.1 The Cohen-Macaulay Property of K()

Let A be a simplicial complex with vertex set {v;,...,v,} and k a ring. Recall that the Stanley-Reisner ring of the
complex A is the homogeneneous k—algebra k[A] = k[ X, ..., X,]/1a, Where I, is the ideal generated by all monomials
X;, Xi, - -- X;, such that {v;,v;,,...,v;} € A. The complex A is called a Cohen-Macaulay complex over k if k[A] is a
Cohen-Macaulay ring. We say that A is a Cohen-Macaulay complex if A is Cohen-Macaulay over some field. Let
F be a subset of the vertex set of A. The link of F is the set IkanF = {G € A: FUG € A,F NG = 0}. For more
information about Cohen-Macaulay complex, the reader can consult [BHO8].

Theorem 4.1 ([Rei76]). Let A be a simplicial complex, k a field. The following conditions are equivalent:
(a) A is Cohen-Macaulay over k;

(b) H(IKF; k) = 0 for all F € A and all i < dim 1kF;

(c) Hi(A; k) = 0 for all i < dim A, and the links of all vertices of A are Cohen-Macaulay over k.

Remark 4.1. Using condition (c) of Theorem[4.1] one can show that a simplicial complex of dimension 1 is Cohen-
Macaulay (over any field) if and only if it is connected. Indeed, if A is 1-dimensional and connected, then Hy(A; k) = 0
and dim A = 1, so the first condition in (c) holds. Moreover, the link of any vertex is O-dimensional (a discrete set of
points), and any 0-dimensional complex is Cohen-Macaulay. Thus A satisfies (c). The converse follows immediately
from (c) since Hy(A; k) must vanish.

Theorem 4.2. Let Q be a finite commutative ring. The complex K(Q) is Cohen—Macaulay if and only if one of the
Sfollowing holds:

1. Qis notlocal, and Q = F| x F; or Q = Z,[X]/(X?) x F,, where F|, F, are finite fields;
2. Qisalocal ring and is a field;

3. Qis a local ring (not a field) with maximal ideal m of nilpotency index v, and |m"~!| > 2;
4

. Qs a local ring (not a field) with |m"~| = 2, and K(Q) is Cohen-Macaulay (a full classification in this case
remains open,).

Proof. We proceed by considering the value of & in the decomposition Q = R} X Ry X -+ X Ry.

Case 1: If k > 3, then dim K(Q) > k — 1 > 1 and H,(K(Q)) # 0. By condition (c) of Theorem4.1| the complex K(Q)
is not Cohen-Macaulay.

Case 2: Let R; denote a local ring that is not a field, and let F; denote a field. If k = 2, we can classify the type
of Q into the following three cases: F X F, Ry X Ry, and R X F». If Q = F| X F,, then K(Q) is a connected
1-dimensional complex. By Remark@ (Q) is Cohen-Macaulay. Now we discuss the case Q = R; X R,. Let m; be

vo—1

K
the maximal ideal of R;. Let x € m‘l'I “\{0}and y € my>"" \ {0}. Then the complex K(L2) has a 2-dimensional simplex



{(x,0),(0,y), (x,y)} and dim K(Q) > 2. Note that H,(K(Q)) = Z“*2 # 0, hence the complex K(Q) is not Cohen-
Macaulay. Finally we suppose Q = R; X F,. The link of the vertex (0, 1) is Ko(R,). If [m| > 3, then dim Ky(R;) > 0.
Since Ky(R;) is not connected, it is not Cohen-Macaulay. If [m;| = 2, we first show that R; must be isomorphic to
Z>[X1/(X?). Let m; = {0,¢} and R,/m; = F,. The equation > = t implies that #(1 — ) = 0. Since 1 — # is a unit, we
must have ¢ = 0, which is a contradiction. Hence > = 0 and mf = (. With this condition, the ideal m; can be viewed
as a vector space over R;/m; = F,. This shows that ¢ < 2, and therefore ¢ = 2, which implies that R, = Z,[X]/ X?).
Note that the complex K(Z,[X]/(X?) X F,) is 1-dimensional and connected, and it is Cohen-Macaulay.

Case 3: We will show that the link of every vertex in K(R,) is a cone, which implies it is CM. Let z € Z(R;)* be an
arbitrary vertex. Consider the elements x,y € m‘l’“l \ 0 with x # y. We claim that at least one of x and y is in the link
of z, i.e., adjacent to z. Since x,y,z € m;, we have xz,yz € mY‘ = 0. Thus, both x and y are adjacent to z in the graph
I'(R,). However, for one of them to be in the link of z in the complex K(R)), it must be a vertex distinct from z. If
z # x and z # y, then both x and y are in 1k(z). If z = x, then y is distinct from z and is in lk(z). Similarly, if z =y,
then x is in 1k(z). In all cases, there exists a vertex p € x,y such that p # z and p € lk(z). Now, since p € m;‘_l,
we have pw = 0 for all w € m,, meaning p is adjacent to every vertex in K(R;). In particular, p is adjacent to every
vertex in 1k(z). Therefore, 1k(z) is a cone with apex p, and hence is Cohen-Macaulay. By Theorem [£.Ifc), since all
vertex links are CM and H;(K(R))) = 0 for i < dim K(R,) (as K(R,) is itself a cone with apex x), the complex K(R))
is Cohen-Macaulay. O

Remark 4.2. In case 4, the complex K(Q2) can be either Cohen—Macaulay or not. For example:
e K(Q) is Cohen-Macaulay for Q = Z,[X]/(X>) and Z,[X]/(X*);
e K(Q) is not Cohen—Macaulay for Q = Z,[X]/(X") withn > 5;
e K(Q)is Cohen—Macaulay for Q = Z,[X, Y]/(X?, Y?).

4.2 K(Q) Cannot Be a Compact Surface

We have shown that for any finite commutative ring Q, the complex K(€2) is not a simplicial decomposition of the
Klein bottle or the real projective plane. Using Theorem [3.1} we can study if K(€2) is a simplicial decomposition of a
compact surface.

Theorem 4.3. For any commutative ring Q, the complex K() is not a simplicial decomposition of a compact real
surface.

Proof. By Theorem@ the K(€2) can never be a nonorientable surface. If K() is the compact orientable surface X,
with genus g, then we have H,(K(Q)) = Z, H,(K(Q)) = Z?¢ and dim K(Q) = 2. We consider the value of k in the
decomposition Q = R} X Ry X - -+ X Ry.

Ifk > 4, thendim K(Q) > k—1> 3. Ifk = 1 ork = 2, we have H,(K(Q)) = 0. The only possibility is k = 3. When
some Ry is Z,, the homology group H,(K(Q)) is 0. If some Ry is not a field, then b,(K(Q)) > 1. The remaining case
is Q= F| x F, X F3. Since H,(K(Q)) = Z1~D2=Ds=1) the condition H,(K(Q)) = Z implies that u; = u, = uz = 2.
This shows that if K(Q) is a compact surface, it must be X, since H(K(Z3 x Z3 x Z3)) = Z'2. It is easy to check that
K(Z5 x Z3 X Z3) is an octahedral with 12 1-dimensional handles, which is not Xg. O

5 Questions

The main difficulty of extending our Theorem [3.1]to finite semigroups is that, for a general semigroup S, there is no
easy decomposition theorem as in the ring case Q = R} X R, X - -+ X R;. In semigroup theory, the direct product is
replaced by the structure of a semilattice of semigroups, but the structure of semilattice is also complicated. For finite
noncommutative rings, the situation is not as bad as in the case of semigroups. We may study the following question:

Question 5.1. How to compute the homology group K(L) if Q is a finite noncommutative ring?
In Theorem[4.2] there is a case remains open.

Question 5.2. If Q is a finite commutative local ring (not a field) with maximal ideal m of nilpotency index v and
|m"~!| = 2, find the necessary and sufficient condition that K(Q) is Cohen-Macaulay.
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