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Higher-order topological superconductivity typically depends on spin-orbit interaction, and often
necessitates well designed sample structures, nodal superconducting pairings or complex magnetic
order. In this work, we propose a model that incorporates a Zeeman field, antiferromagnetic order,
and s-wave superconducting pairing, all without the need for spin-orbit interaction. In a two-
dimensional system, we realize a second-order topological superconductor by utilizing a staggered
flux, provided that the Zeeman field is oriented perpendicular to the magnetic order moments.
In three-dimensional systems, we achieve second- and third-order topological superconductors in
theory, through stacking the two-dimensional second-order topological superconductor.

I. INTRODUCTION

Superconducting surfaces coated with magnetic atoms
can induce Yu-Shiba-Rusinov (YSR) states within the su-
perconducting energy gap[1–3], facilitating the formation
of various types of topological superconductivity, which
has garnered significant attention[4–22]. With advance-
ments in experimental techniques, scanning tunneling mi-
croscopy (STM) not only enables the manipulation of
individual magnetic atoms on superconducting surfaces
but also provides greater insights into YSR states[23–
27]. Recently, a variety of anisotropic YSR states have
been observed on s-wave superconductor surfaces, closely
linked to the orbital characteristics of valence electrons
in magnetic atoms[28–40]. Moreover, sometimes these
YSR states can extend over several tens of nanometers,
spanning scales of hundreds of atoms[28, 33], thus offer-
ing a promising platform for the artificial realization of
magnetic topological superconductors (TSCs).

Recently, a novel topological superconducting phase
known as higher-order topological superconductivity has
been proposed[41–67, 69–73]. Its most significant dis-
tinction from traditional TSCs is the emergence of Ma-
jorana zero-energy boundary states, which manifest as
Majorana corner modes (MCMs) and Majorana hinge
modes (MHMs). For example, in a d dimensional
nth-order TSC, the Majorana zero modes emerge on
(d − n) (where n > 1) dimensional boundaries rather
than on the conventional (d − 1) dimensional bound-
aries. This phenomenon can be elucidated by low-energy
edge theory[45]. In a d dimensional nth-order TSC, the
energy gap functions of the effective edge Hamiltonians
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FIG. 1: (a) The schematic of two-dimensional square arrays
of magnetic atoms deposited on an s-wave superconductor.
The blue and red dots symbolize opposite spins, while the
larger blue dots represent different atoms due to their dis-
tinct spatial wave functions. The periodically arranged holes
contain staggered quantum flux Φ0 through them. (b) The
schematic of the effective tight-binding lattice model. The
arrows on the bonds indicate the hopping direction with a
positive phase factor, while the colors denote different signs
of hopping amplitudes. Each unit cell comprises four atoms,
as indicated by the green dashed-line box.

at two adjacent (d − n + 1) dimensional boundaries are
non-zero yet possess opposite signs, leading to the for-
mation of domain walls between them that bind zero-
energy bound states[74], corresponding to Majorana cor-
ner states or hinge states. Numerous studies have re-
ported the achievement of higher-order topological su-
perconductors (HOTSCs) through various approaches,
including the utilization of Josephson junctions[41–44],
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nodal superconducting pairing[45–55], magnetic atomic
configurations[21, 56–60], and the proximity effect be-
tween topological insulators and superconductors[43, 44,
47, 56, 61–67]. However, in these investigations, the for-
mation of domain walls between adjacent effective edge
Hamiltonians is dependent on the spin-orbit interaction
(SOI). On the other hand, proposals utilizing magnetic
atomic order mostly require nodal superconducting pair-
ings or complex magnetic structures.

In this paper, we propose a method to realize HOTSCs
in conventional s-wave superconductors without the need
for SOI and complex magnetic configurations. This ap-
proach employs staggered magnetic flux and relies solely
on the YSR states arising from antiferromagnetic (AFM)
order, along with an external magnetic field that is per-
pendicular to the magnetic moments.

II. MODEL

We consider magnetic atoms deposited antiferromag-
netically on a two-dimensional (2D) s-wave superconduc-
tor. The 2D superconductor is periodically hollowed out,
and staggered quantum magnetic flux is arranged as il-
lustrated in Fig. 1(a). The red and blue dots repre-
sent magnetic atoms with antiparallel spins located on
the surface of the superconductor. Notably, atom 1 dif-
fers from the other three atoms; its YSR state exhibits
anisotropy in the x- and y-directions, for example dx2−y2-
like[29, 31, 36], resulting in different signs of the overlap
integral of wave functions between neighboring atoms
in the x- and y-directions. Here, we employ a classi-
cal spin approximation for the magnetic atoms, wherein
they act as on-site magnetic fields. Utilizing STM tech-
niques, magnetic adatoms can be deposited onto the
superconducting substrate with atomic precision. Un-
der appropriate doping conditions, the array of magnetic
adatoms self-organizes into an AFM configuration, facil-
itated by the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction within a finite-size system[8, 9, 68]. The
schematic representation of the effective tight-binding
model is presented in Fig. 1(b), which consists of chains
of 1D TSCs[22]. The mean-field BCS model Hamiltonian
can be expressed as follows:

H =
∑

<jl>α

tjle
−i

ϕjl
2 c†jcl + Jc†jSj · σcj + µc†jcj

+ V c†jσzcj +∆c†j↑c
†
j↓ +∆cj↓cj↑. (1)

c†j = (c†j↑, c
†
j↓) refers to the electron creation operators

at site j. The first term represents the hopping term,
where tjl is the hopping amplitude of itinerant electrons
between nearest neighboring magnetic atoms, and the
phase factor is given by ϕjl/2 = ϕj/2 − ϕl/2. ϕj/2 de-
notes the phase factor of the single-particle wave func-
tion. The quantization of magnetic flux mandates that
the phase ϕj changes by 2πn around the four mag-
netic atoms in one unit cell. Assuming n = 1, we
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FIG. 2: The energy bands and open boundary spectra of
Hamiltonian (2). (a) Shows the dispersions along the path
depicted in (b), which represents the 2D Brillouin Zone (BZ).
(c) The gaps at the four HSPs in the BZ as a function of ∆
with the energies at X and Y exhibiting two-fold degener-
acy. (d) and (e) display the spectra of a system with 24×24
sites under OBCs applied in the x- or y-directions, while (f)
presents the case with OBCs imposed in both directions.

have ϕjl = π/2, resulting in a hopping phase factor of
±π/4. The second term accounts for the in-plane an-
tiferromagnetically arranged magnetic atoms, described
by Sj = S(cosφ, sinφ, 0), where φ is a random angle.
J stands for the exchange coupling constant between
the itinerant electrons and the on-site magnetic moment,
while σ = (σx, σy, σz) represents the vector of Pauli spin
matrices. The third and fourth terms correspond to the
chemical potential and the external Zeeman field, respec-
tively. A Zeeman field generally distorts the AFM order
established via the RKKY mechanism[10, 22]; here, we
assume the Zeeman field is sufficiently weak so as not to
completely destroy the AFM order. The final two terms
represent the s-wave pairing interactions.

Our model employs an idealized scenario, assuming
a high-quality superconducting substrate and neglecting
boundary disorder near the holes. While this simplifica-
tion allows for a tractable theoretical analysis, it omits
the effects of potential imperfections and boundary dis-
order on the Shiba impurity lattice.

III. TOPOLOGICAL PHASE DIAGRAM AND
MAJORANA CORNER MODES

The Hamiltonian can be expressed in momentum space

as H =
∑

k Ψ
†
kH(k)Ψk, where the basis spinor is Ψk =

[f1, f2, f3, f4]
T with fδ = [cδk↑, cδk↓, c

†
δ−k↓,−c

†
δ−k↑].

Here, cδkα = 1√
N

∑
j e

−ik·Rjδcδjα, where α denotes the

spins labels, δ represents the sublattice sites, and N de-
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notes the number of unit cells. Then we have

H(k) = Hx +Hy +Hon, (2)

with

Hx = ξx[(1 + cos kx)sxτz − sin kxsyτz]

+ ηx[(1− cos kx)syΓz − sin kxsxΓz],

Hy = ξy[(1 + cos ky)szΓxτz − sin kyszΓyτz]

+ ηy[(1− cos ky)Γy − sin kyΓx],

Hon = ∆τx + (JSxσx + JSyσy)szΓz + V σz. (3)

Here ξx(y) = tx(y) cosϕ, ηx(y) = tx(y) sinϕ, Sx = S cosφ
and Sy = S sinφ. tx(y) represents the hopping amplitude
along the x(y)-direction. ϕ = π/4. The Pauli matri-
ces τi, σi, si and Γi operate in the particle-hole space,
spin space, and the x and y sublattice spaces, respec-
tively. For simplicity, in this work we consider µ = 0,
tx = ty = t = 1.0 and all energies expressed in units of t.
In the normal states, the anti-commutation relationships
along the terms Hx, Hy, (JSxσx + JSyσy)szΓz ensure
that the system remains gapped. When considering the
superconducting pairing, at point M (see Fig. 2(b)), the
term ∆τx commutes with all other terms, indicating a
potential gap closing at this point. We present the nu-
merically calculated energy dispersions in Fig. 2(a) under
two different values of ∆. The gap at pointM closes and
reopens as the strength of ∆ increases, as illustrated by
the red and black curves.

The eigenvalues at the four high-symmetric points
(HSPs) in the 2D BZ can be calculated analytically. We
provide the eigenvalues at pointM as follows (The eigen-
values of other points can be found in Appendix A):

ϵ(M) = ±∆± δ±, (4)

where δ± =

√
(2
√
η2x + η2y ± V )2 + J2S2. It is evident

that the gap at pointM closes when ∆ = δ±. In contrast,
the other bands at points X, Y and Γ are consistently
gapped, as shown in the numerical results presented in
2(c), which are consistent with the analytical derivations.

Furthermore, in Fig. 2(d)[(e)], we display the spectra
obtained by imposing open boundary conditions (OBCs)
in the x(y)-direction, while applying periodic boundary
conditions (PBCs) in the y(x)-direction. Although gap
closing occurs within the spectrum of the ribbon geome-
try, coinciding with the bulk gap, as shown in Fig. 2(c),
no zero modes are present. In Fig. 2(f), we illustrate
the spectrum when OBCs are applied in both directions,
accompanied by the emergence of zero modes. These
results indicates the absence of a first-order topological
phase transition, while a second-order topological phase
transition may exist. In Fig. 3(a), we present the density
distributions of the zero-energy modes, which localize at
the four corners, thereby confirming the presence of the
second-order topological phase.

A 2D second-order topological superconductor
(SOTSC) is characterized by a quantized bulk
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FIG. 3: (a) The density distributions of the four MCMs (red
dots in inset) in the system comprising 24×24 sites under
simultaneous OBCs applied in both x- and y-directions, with
∆ = 2.0, JS = 0.3, V = 1.2. (b)(c) illustrate the second order
topological phase diagrams, where the red regions indicate
Qxy = 1/2. The green solid lines represent the gap-closing
conditions calculated by Eq. (4), with JS = 0.3 in panel (b)
and V = 2.0 in panel (c).

quadrupole moment Qxy[69, 70]. In superconduc-
tors, this expression can be simplified as follows[71–73],

Qxy =
1

2π
Im{ln[Det(U†QU)

√
Det(Q†)]}, (5)

where U is a 16N × 8N matrix constructed by column-
wise packing all the occupied eigenstates. The operator
Q = exp[i2πq̂xy], with q̂xy = x̂ŷ/(LxLy) representing
the microscopic quadrupole operator, where x̂(ŷ) is the
position operator and Lx(y) the corresponding size along
x(y)-direction. The particle-hole symmetry ensures that
Qxy is quantized to 1/2 or 0[73].
It is noted that there are some intrinsic issues asso-

ciated with calculating the quadrupole moment by Eq.
(5)[75]. Qxy is not arbitrary translation invariant, there-
fore, not correctly evaluate the physical quadrupole mo-
ment, and the improper choice of the origin point may
lead to zero values even when the system is in SOTSC
phase. However, the quadrupole moment can still serve
as an indicator for second-order topology of quadrupole
insulators and SOTSCs[76–80]. In the following calcula-
tion, we choose the origin point (x, y) = (1, 1), as well as
even values for Lx(y), therefore partly avoid the difficul-
ties proposed in Ref. [75]. Furthermore, the closing and
reopening of the energy gap, along with the presence of
zero-energy corner states, indicate a second-order topo-
logical phase transition and can be also used to prove the
rationality of Qxy as the topological invariant.
By numerically solving the Hamiltonian (1), we calcu-

late the quadrupole moment Qxy across the parameter
space, as illustrated in Figs. 3(b) and (c) through color
representation. The boundaries of the nontrivial phase
correspond to the gap-closing conditions, marked by the
green solid curves. Note that both the bulk energy gap
and boundary spectrum gap close under the same con-
dition. This indicates that the bulk quadrupole moment
signifies a topological phase transition that is not merely
a boundary phenomenon, but rather a transition involv-
ing both bulk and boundary physics. In the next sec-
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tion, we will present the phase transition and appear-
ance of MCMs from the perspective of the low energy
edge Hamiltonian.

IV. LOW ENERGY EDGE THEORY

The low energy edge theory is an useful tool for under-
standing the emergence of MCMs in HOTSCs. Since the
band gap of Hamiltonian (2) closes only at point M , we
expand Hx and Hy around M to the second order,

Hx =
1

2
(ξxsxτz − ηxsyΓz)q

2
x + 2ηxsyΓz

+ (ηxsxΓz + ξxsyτz)qx,

Hy =
1

2
(ξyszΓxτz − ηyΓy)q

2
y + 2ηyΓy

+ (ηyΓx + ξyszΓyτz)qy, (6)

where qx(y) = kx(y) − π. We label the four boundaries
with I−IV, as shown in Fig. 2(b). Taking edge-I as
an example, we apply PBCs along the x-direction and
OBCs along the y-direction, substituting qy with −i∂y
and neglecting the q2x term. The Hamiltonian can be
decomposed into two parts H = H0(−i∂y) +Hp with

H0 = −1

2
(ξyszΓxτz − ηyΓy)∂

2
y − i(ηyΓx + ξyszΓyτz)∂y,

Hp = (ηxsxΓz + ξxsyτz)qx + 2ηyΓy + 2ηxsyΓz

+ ∆τx + JSxσxszΓz + JSyσyszΓz + V σz. (7)

We solve the equation H0ψα = Eαψα(y) with Eα = 0.
By projecting Hp onto the eigenstates ψα, one can obtain
the gapped 1D edge Hamiltonian. Following this proce-
dure allows for the acquisition of all four edge Hamil-
tonians. A detailed derivation process is presented in
Appendix B. As the edge coordinates l are defined in a
counterclockwise manner, the edge Hamiltonian can be
compactly written as

Hl = −iA(l)szτzσx∂l +∆(l)σz +HM , (8)

where l={I−IV}, A(l) = {ξx, ξy, ξx, ξy}, ∆(l) =
{∆,−∆,∆,−∆}, HM = 2η(l)szΓzτz + 2η′(l)Γy −
(JSxτx+JSyτy)Γz+V τz with η(l) = {ηx, ηy, ηx, ηy} and
η′(l) = {ηy,−ηx, ηy,−ηx}. Here the Pauli matrices sz,
Γi, τi and σi are defined within the space of the sixteen
zero-energy states ψα.
The edge energy spectrum of Eq. (8) with ql = 0

reads ±∆± δ±, consistent with Eq. (4). The gap closes
at the boundaries of the topological phase, as calculated
using Eq. (5), further confirming the validity of Qxy as
the second-order topological invariant. Without loss of
generality, we assume δ+ > ∆ > δ−. The gaps at edges-
I and -III are 2(∆ − δ−), while at edge-II and -IV are
−2(∆− δ−). The signs of the mass term are opposite at
adjacent boundaries, resulting in the formation of a mass
domain wall at each corner. Consequently, each corner
traps one MCM, as illustrated in Fig. 3(a).

V. HINGE MODES AND THIRD-ORDER
CORNER MODES

By stacking the 2D model with specific coupling mech-
anism between neighboring layers, we can achieve 3D
HOTSCs. First, we introduce the coupling way to obtain
a 3D SOTSC. In this case, each layer is identical while
the interlayer hopping parameters are non-uniform, as il-
lustrated in Fig. 4(a). The Hamiltonian in k-space can
be expressed as

Hhinge(k) = H(k) + 2ξz cos kzszτz + 2ηz sin kzsz, (9)

with ξz = tz cosϕz and ηz = tz sinϕz. tz is the hopping
amplitude in the z-direction, while ϕz is a uniform phase
factor. When kz ̸= 0 or π, the interlayer coupling term
2ηz sin kzsz destroy the particle-hole symmetry (with the
operator given by τyσyK, where K denotes the complex
conjugate operator), thus eliminating the zero modes, as
shown in Fig. 4(b). Zero modes persist at kz = 0 or
π in the form of MHMs along each hinge. The density
distributions of the MHMs are shown in Fig. 4(c), where
each hinge accommodates a pair of MHMs.
Next, we stack the 2D TSC in a different way to obtain

a third-order TSC, as illustrated in Fig. 4(d). In contrast
to the hinge model, the two neighboring layers are rela-
tively rotated by 180 degrees, together with reversing the
phase factors of two interlayer hopping bonds, resulting
in opposite signs of the hopping phases between any two
parallel neighbor bonds within a unit cell. Consequently,
the number of atoms in each unit cell is doubled, and the
Hamiltonian can be expressed as follows,

H3D(k) = H ′
x +H ′

y +H ′
z +H ′

on, (10)

with

H ′
x = ξx[(1 + cos kx)sxτz − sin kxsyτz]

+ ηx[(1− cos kx)γzsyΓz − sin kxγzsxΓz],

H ′
y = ξy[(1 + cos ky)γzszΓxτz − sin kyγzszΓyτz]

+ ηy[(1− cos ky)Γy − sin kyΓx],

H ′
z = ξz[(1 + cos kz)γxszτz − sin kzγyszτz]

+ ηz[(1− cos kz)γyΓz − sin kzγxΓz],

H ′
on = ∆τx + (JSxσx + JSyσy)γzszΓz + V σz. (11)

Here γi represent the pauli matrices acting on the sub-
layer space. It is worth noting that when considering
any two of H ′

x(y,z), the system corresponds to the un-

coupled two layers of 2D SOTSCs described by Eq. (2).
We present the gaps of Hamiltonian (11) as functions of
∆ at the eight HSPs in the 3D BZ in Fig. 4(f). The
corresponding spectra, numerically obtained by impos-
ing OBCs along all three directions, are displayed in Fig.
4(g). Notably, the gap-closing phenomenon occurs ex-
clusively at point R, accompanied by the emergence and
disappearance of zero-energy modes. Similar to the two-
dimensional case, the eigenvalues at point R can also be
analytically derived and expressed as ϵ(R) = ±∆ ± δ′±,
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where δ′± =

√
(2
√
η2x + η2y + η2z ± V )2 + J2S2. These

eigenvalues resemble those in Eq. (4), differing only by
the substitution of δ with δ′. The appearance of the
zero-energy modes can also be explained by edge Hamil-
tonians. We expand the Hamiltonian around point R to
second order while applying OBCs in two directions. The
Hamiltonian can also be decomposed into two parts, H0

and Hp. the term Hp is modified by an additional mass
term 2ηzγyΓz, compared to Eq. (7), arising from the in-
terlayer coupling H ′

z. Following the same procedure as
outlined in edge theory, each pair of edge Hamiltonians
connected to the same corner exhibits a gap of 2|(∆−δ′−)|
but with different signs from the perspective of any direc-
tion (see the Appendix C for details). Consequently, the

cubic open boundary system features one Majorana zero
mode localized at each of the eight corners, as illustrated
in Fig. 4(h).

VI. CONCLUSION AND DISCUSSION

We have investigated higher-order topological phases
based on a conventional s-wave superconductor that lacks
spin-orbit interaction and complex magnetic orders, but
includes a magnetic flux, antiferromagnetic order, and a
perpendicular Zeeman field. We have obtained second-
order topological superconductivity in two dimensional
and three dimensional situations, and third-order topo-
logical superconductivity in three dimensional situation.
The experimental realization employs a superconduct-

ing substrate patterned with periodically arranged holes
(as shown in Fig. 1), or alternatively, square arrays of su-
perconducting nanowires. Magnetic atoms are positioned
atom-by-atom using STM, coupled via itinerant electrons
within the superconductor substrate. Theoretical analy-
ses suggest that antiferromagnetic order is achievable by
tuning the chemical potential[8, 9]. In experiment, anti-
ferromagnetic order has been observed in Mn dimers[36]
and chains[20], and in two-dimensional Cr adatom Shiba
lattices[21]. In our model, the magnetic flux and Zeeman
field can be applied independently. Thus, the Zeeman
field orientation is not restricted to the z-axis but can be
arbitrarily oriented, provided it remains perpendicular
to the moments of the antiferromagnetic order. Previous
studies have shown that an applied magnetic field cants
the antiferromagnetic moments, inducing magnetization
parallel to the field and effectively enhancing the Zee-
man field, while maintaining the antiferromagnetic com-
ponent perpendicular to the Zeeman field[10, 22]. Su-
perconducting loops incorporating π-Josephson junctions
can spontaneously generate magnetic flux[81]. Arrays of
such junctions, similar to those in Ref. [82], can be fab-
ricated to produce the required staggered magnetic flux
pattern through the designated holes (see Fig. 1).
The experiment presents two main challenges beyond

the need for high-quality materials. First, the limited
range of the YSR states extending or RKKY inter-
action between magnetic atoms, requiring miniaturiza-
tion the unit cell size of the π-Josephson junction array
to introduce magnetic flux. Experiments have demon-
strated that the YSR state of a single magnetic atom
can extend to 30 nm[83]. Utilizing quantum dots, this
range can be extended to 200 nm[84]. Furthermore,
the range of the RKKY interaction is comparable to
the superconducting coherence length, reaching nearly
micrometer scales[85]. Although most superconduct-
ing Josephson loops currently achieve micrometer-scale
dimensions[82, 86], π-Josephson junctions are now fabri-
cated at the atomic scale (≤5 nm)[87, 88]. The fabrica-
tion of superconducting square loops on the scale of hun-
dreds of nanometers[89] suggests that smaller π-junction
arrays should be feasible with further technological ad-
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vancements. Second, material selection must ensure that
magnetic atom 1 exhibits an anisotropy YSR state, re-
sulting in opposite signs for the hopping amplitude along
the x and y axes. Many orbitally anisotropic YSR states
have been experimentally observed[29–31, 34–36]. We
propose using a dx2−y2 state for atom 1, and isotropic
states along the x and y directions, such as dz2 states,
for the remaining three atoms.

Three-dimensional theoretical models of higher-order
topological superconductors can be constructed by stack-
ing two-dimensional counterparts. However, experimen-
tal realization poses significant challenges. In 3D hinge
model (9), for example, although the hopping phase fac-
tor along z-direction can be effectively induced by various
methods, such as a superconducting current[6, 90], the
differing signs of hopping amplitude necessitate a pre-
cisely engineered spatial distribution of interlayer mag-
netic atomic YSR states. This presents a substantial ex-
perimental obstacle. Creating the 3D third-order TSC
model (10) experimentally requires even more sophisti-
cated design and is considerably more complex. Despite
these challenges, 3D models remain valuable because, in
conjunction with the 2D model, they demonstrate an al-
ternative pathway to achieving higher-order topological
superconductors, progressing from second- to third-order
and from 2D to 3D systems, independent of spin-orbit
coupling.
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Appendix A: Eigenvaules at the four high-symmetric points of the 2D Brillouin zone

The eigenvalues of Hamiltonian (3) in the main text at the four high-symmetric points Γ(0, 0), X(π, 0), Y (0, π),
and M(π, π) can be expressed as follows:

ϵ(Γ) = ±
√√

A2 + 4[J2S2(ξ2x + ξ2y) +B2]± 2B,

ϵ(M) = ±∆±
√
(
√

4η2x + 4η2y ± V )2 + J2S2, (A1)

where A = ξ2x + ξ2y +∆2 − J2S2 − V 2, B =
√
V 2(ξ2x + ξ2y +∆2) + J2S2∆2.

ϵ1(X) = ±
√
C ±

√
C2 −D2,

ϵ2(X) = ±
√
C ′ ±

√
C ′2 −D′2, (A2)

where C = (2ηx − V )2 + 4ξ2y +∆2 + J2S2, D =
√

[(2ηx − V )2 − 4ξ2y −∆2 + J2S2]2 + 16ξ2yJ
2S2, C ′ = (2ηx + V )2 +

4ξ2y +∆2 + J2S2 and D′ =
√
[(2ηx + V )2 − 4ξ2y −∆2 + J2S2]2 + 16ξ2yJ

2S2.

ϵ1(Y ) = ±
√
G±

√
G2 −O2,

ϵ2(Y ) = ±
√
G′ ±

√
G′2 −O′2, (A3)

with G = (2ξx − V )2 + 4η2y + ∆2 + J2S2, O =
√
[(2ξx − V )2 − 4η2y −∆2 + J2S2]2 + 16η2yJ

2S2, G′ = (2ξx + V )2 +

4η2y +∆2 + J2S2 and O′ =
√
[(2ξx + V )2 − 4η2y −∆2 + J2S2]2 + 16η2yJ

2S2.

When ϕ = π/4 and tx = ty, ξx = ηx = ξy = ηy, ϵ(X) = ϵ(Y ).
Here B,C,C ′, D,D′, G,G′, O,O′ ≥ 0. The gaps at points Γ, X and Y remain open as long as JS ̸= 0 and the

phase 0 < ϕ < π/2. However, the gap at point M closes when ∆ =

√
(2
√
η2x + η2y ± V )2 + J2S2.

Appendix B: Derivation of the Edge theory in the 2D system

1. Edge-I and -III

We begin by expanding the original Hamiltonian H(k) to second order around the point M(π, π).

Hqx,qy =
1

2
(ξxsxτz − ηxsyΓz)q

2
x + (ηxsxΓz + ξxsyτz)qx +

1

2
(ξyszΓxτz − ηyΓy)q

2
y + (ηyΓx + ξyszΓyτz)qy

+ 2ηxsyΓz + 2ηyΓy + V σz +∆τx + (JSxσx + JSyσy)szΓz. (B1)

From the perspective of edges-I and -III, we apply periodic boundary conditions in the x-direction and open bound-
ary conditions in the y-direction, substituting qy with −i∂y in our analysis. The Hamiltonian is divided into two
components: Hqx,qy = H0(−i∂y) +Hp. By neglecting the q2x term in H0, we obatin

H0 = −1

2
(ξyszΓxτz − ηyΓy)∂

2
y − i(ηyΓx + ξyszΓyτz)∂y,

Hp = (ηxsxΓz + ξxsyτz)qx + 2ηyΓy + 2ηxsyΓz +∆τx + JSxσxszΓz + JSyσyszΓz + V σz. (B2)

Following the analysis of the gap structure at point M discussed in the main text, we find that the gap is opened by
the Hp term. When the gap is small, the impact of Hp on H0 is small; therefore we can treat Hp as a perturbation.
We solve H0 exactly and then project Hp onto the basis of the eigenstates of H0. A trial solution of the form
ψα = χαe

λαy satisfies the equation H0ψα = 0. The secular equation corresponding to H0ψα = 0 is given by
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Det[ 12 (ξyszΓxτz − ηyΓy)λ
2
α + i(ηyΓx + ξyszΓyτz)λα] = 0. However, we find when neglecting the two ηy terms does not

alter the solution of the equation H0ψα = 0. The simplified secular equation is

Det[
1

2
ξyszΓxτzλ

2
α + iξyszΓyτzλα] = 0. (B3)

We get λα = 0,±2. To attain a more precise spatial wave function, it is essential to expand the Hamiltonian to higher
orders; however, this will not impact the final results of this paper. For simplicity, in the subsequent sections, we will
concentrate exclusively on the second-order expansion. From the perspective of edge-I, let ψα≤4 = A1χα≤4(A2e

−2y+1)

and ψ4<α≤8 = A1χ4<α≤8(A2e
2(y−Ly) + 1), where A1 is the normalization index and A2 is a arbitrary constant. The

spinor component of the eigenstate satisfies syσzΓ0τ0χα = +χα. We list the eigenvectors as follows:

χ1 = |sy = +1⟩|σz = +1⟩|Γz = +1⟩|τx = +1⟩,
χ2 = |sy = +1⟩|σz = +1⟩|Γz = +1⟩|τx = −1⟩,
χ3 = |sy = −1⟩|σz = −1⟩|Γz = +1⟩|τx = +1⟩,
χ4 = |sy = −1⟩|σz = −1⟩|Γz = +1⟩|τx = −1⟩,
χ5 = |sy = +1⟩|σz = +1⟩|Γz = −1⟩|τx = +1⟩,
χ6 = |sy = +1⟩|σz = +1⟩|Γz = −1⟩|τx = −1⟩,
χ7 = |sy = −1⟩|σz = −1⟩|Γz = −1⟩|τx = +1⟩,
χ8 = |sy = −1⟩|σz = −1⟩|Γz = −1⟩|τx = −1⟩. (B4)

Using the basis above, the matrix elements of Hp can be calculated as

HI,αβ = HIII,αβ =

∫ ∞

0

dyψ∗
α(y)Hp(qx,−i∂y)ψβ(y). (B5)

We obtain the edge Hamiltonians of edges-I and -III within the subspace defined by the eigenvalue of syσzΓ0τ0 equal
+1,

HI = HIII = ξxτzσxqx + 2ηxΓzτz + 2ηyΓy +∆σz − (JSxτx + JSyτy)Γz + V τz. (B6)

From the perspective of edge-III, let ψ8<α≤12 = A1χ8<α≤12(A2e
−2(y+Ly) + 1) and ψα>12 = A1χα>12(A2e

2y + 1).
The spinor parts are the eigenvectors with the eigenvalues of syσzΓ0τ0 equal to -1.

χ9 = |sy = −1⟩|σz = +1⟩|Γz = +1⟩|τx = +1⟩,
χ10 = |sy = −1⟩|σz = +1⟩|Γz = +1⟩|τx = −1⟩,
χ11 = |sy = +1⟩|σz = −1⟩|Γz = +1⟩|τx = +1⟩,
χ12 = |sy = +1⟩|σz = −1⟩|Γz = +1⟩|τx = −1⟩,
χ13 = |sy = −1⟩|σz = +1⟩|Γz = −1⟩|τx = +1⟩,
χ14 = |sy = −1⟩|σz = +1⟩|Γz = −1⟩|τx = −1⟩,
χ15 = |sy = +1⟩|σz = −1⟩|Γz = −1⟩|τx = +1⟩,
χ16 = |sy = +1⟩|σz = −1⟩|Γz = −1⟩|τx = −1⟩. (B7)

The matrix elements of Hp can be calculated as

HIII,αβ = HI,αβ =

∫ 0

−∞
dyψ∗

α(y)Hp(qx,−i∂y)ψβ(y). (B8)

We obtain the edge Hamiltonians of edges-I and -III within the subspace defined by the eigenvalue of syσzΓ0τ0 equal
-1,

HI = HIII = −ξxτzσxqx − 2ηxΓzτz + 2ηyΓy +∆σz − (JSxτx + JSyτy)Γz + V τz. (B9)

Therefore, the complete edge Hamitonians of edges-I and -III are

HI = ξxszτzσxqx + 2ηxszΓzτz + 2ηyΓy +∆σz − (JSxτx + JSyτy)Γz + V τz,

HIII = −ξxszτzσxqx − 2ηxszΓzτz + 2ηyΓy +∆σz − (JSxτx + JSyτy)Γz + V τz, (B10)

with the Pauli matrices sz, Γi, τi and σi are defined within the space of the sixteen zero-energy states ψα.
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2. Edge-II and -IV

For edges-II and -IV, we apply periodic boundary conditions along the y-direction and open boundary conditions
along the x-direction. The original Hamiltonian can be divided into two parts as Hqx,qy = H0(−i∂y) + Hp. By

neglecting the q2y term in H0, we obatin

H0 = −1

2
(ξxsxτz − ηxsyΓz)∂

2
x − i(ηxsxΓz + ξxsyτz)∂x,

Hp = (ηyΓx + ξyszΓyτz)qy + 2ηyΓy + 2ηxsyΓz +∆τx + JSxσxszΓz + JSyσyszΓz + V σz. (B11)

We solve H0 exactly and treat Hp as a perturbation. By using a trial solution ψα = χαe
λαx, the secular equation

of equation H0ψα = 0 is given by Det[ 12 (ξxsxτz − ηxsyΓz)λ
2
α + i(ηxsxΓz + ξxsyτz)λα] = 0. However, we find when

neglecting the two ηx terms does not alter the solution of the equation H0ψα = 0. The simplified secular equation is

Det[
1

2
ξxsxτzλ

2
α + iξxsyτzλα] = 0. (B12)

We get λα = ±2,0. From the perspective of edge-II, let ψα≤4 = A1χα≤4(A2e
−2(x+Lx) + 1), ψ4<α≤8 =

A1χ4<α≤8(A2e
2x +1). The spinor component of the eigenstate χα satisfies Γyszσzτ0χα = +χα. We list the eigenvec-

tors as follow,

χ1 = |Γy = +1⟩|sz = +1⟩|σz = +1⟩|τx = −1⟩,
χ2 = |Γy = +1⟩|sz = +1⟩|σz = +1⟩|τx = +1⟩,
χ3 = |Γy = −1⟩|sz = +1⟩|σz = −1⟩|τx = −1⟩,
χ4 = |Γy = −1⟩|sz = +1⟩|σz = −1⟩|τx = +1⟩,
χ5 = |Γy = −1⟩|sz = −1⟩|σz = +1⟩|τx = −1⟩,
χ6 = |Γy = −1⟩|sz = −1⟩|σz = +1⟩|τx = +1⟩,
χ7 = |Γy = +1⟩|sz = −1⟩|σz = −1⟩|τx = −1⟩,
χ8 = |Γy = +1⟩|sz = −1⟩|σz = −1⟩|τx = +1⟩. (B13)

The matrix elements of Hp can be calculated as

HII,αβ = HIV,αβ =

∫ 0

−∞
dxψ∗

α(x)Hp(−i∂x, qy)ψβ(x). (B14)

We obtain the edge Hamiltonians of edges-II and -IV within the subspace defined by the eigenvalue of Γyszσzτ0 equal
+1,

HII = HIV = ξyτzσxqy + 2ηyΓzτz − 2ηxΓy −∆σz − (JSxτx + JSyτy)Γz + V τz. (B15)

From the perspective of edge-IV, following the same procedure, the spinor component χα corresponding to the
eigenvectors with eigenvalue of Γyszσzτ0 equal to -1.

χ9 = |Γy = −1⟩|sz = +1⟩|σz = +1⟩|τx = −1⟩,
χ10 = |Γy = −1⟩|sz = +1⟩|σz = +1⟩|τx = +1⟩,
χ11 = |Γy = +1⟩|sz = +1⟩|σz = −1⟩|τx = −1⟩,
χ12 = |Γy = +1⟩|sz = +1⟩|σz = −1⟩|τx = +1⟩,
χ13 = |Γy = +1⟩|sz = −1⟩|σz = +1⟩|τx = −1⟩,
χ14 = |Γy = +1⟩|sz = −1⟩|σz = +1⟩|τx = +1⟩,
χ15 = |Γy = −1⟩|sz = −1⟩|σz = −1⟩|τx = −1⟩,
χ16 = |Γy = −1⟩|sz = −1⟩|σz = −1⟩|τx = +1⟩. (B16)

We obtain the edge Hamiltonians of edges-II and -IV within the subspace defined by the eigenvalue of Γyszσzτ0 equal
-1,

HIV = HII = −ξyτzσxqy − 2ηyΓzτz − 2ηxΓy −∆σz − (JSxτx + JSyτy)Γz + V τz. (B17)
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Thus, the compete edge Hamiltonians of edges-II and -IV can be expressed as

HII = ξyszτzσxqy + 2ηyszΓzτz − 2ηxΓy −∆σz − (JSxτx + JSyτy)Γz + V τz,

HIV = −ξyszτzσxqy − 2ηyszΓzτz − 2ηxΓy −∆σz − (JSxτx + JSyτy)Γz + V τz. (B18)

In summary, the Hamiltonians for all the four edges are

HI = ξxszτzσxqx +∆σz + 2ηxszΓzτz + 2ηyΓy − (JSxτx + JSyτy)Γz + V τz,

HII = ξyszτzσxqy −∆σz + 2ηyszΓzτz − 2ηxΓy − (JSxτx + JSyτy)Γz + V τz,

HIII = −ξxszτzσxqx +∆σz − 2ηxszΓzτz + 2ηyΓy − (JSxτx + JSyτy)Γz + V τz,

HIV = −ξyszτzσxqy −∆σz − 2ηyszΓzτz − 2ηxΓy − (JSxτx + JSyτy)Γz + V τz. (B19)

We remark that here the Pauli matrices sz, Γi, τi and σi are defined within the space of the sixteen zero-energy states
ψα. The eigenvalues of each edge Hamiltonian at qx(y) = 0 is identical and given by,

±∆±
√
(
√

4η2x + 4η2y ± V )2 + J2S2. (B20)

Taking the counterclockwise direction as the positive direction, which affects both qi and the phase factor ϕ, the edge
Hamiltonians can be compactly written as

Hl = −iA(l)szτzσx∂l +∆(l)σz +HM ,

HM = 2η(l)szΓzτz + 2η′(l)Γy − (JSxτx + JSyτy)Γz + V τz, (B21)

where l={I−IV}, A(l) = {ξx, ξy, ξx, ξy}, ∆(l) = {∆,−∆,∆,−∆}, η(l) = {ηx, ηy, ηx, ηy} and η′(l) =
{ηy,−ηx, ηy,−ηx}. Although the terms in η′(l) exhibit different signs at different edges, they do not infuence the
signs of the gaps.

Appendix C: Derivation of the 3D Edge theory

The model is consistent from any direction. In this study, we focus on the three edges connected to a single corner
trijunction, as illustrated in Fig. 5. We will present the edge Hamiltonians for these three edges, only taking account
of the part calculated from their respective perspectives. This simplification does not affect the overall conclusions.
We expand the Hamiltonian H3D(k) around point R(π, π, π) to the second order.

H ′
x =

1

2
(ξxsxτz − ηxγzsyΓz)q

2
x + (ηxγzsxΓz + ξxsyτz)qx + 2ηxγzsyΓz,

H ′
y =

1

2
(ξyγzszΓxτz − ηyΓy)q

2
y + (ηyΓx + ξyγzszΓyτz)qy + 2ηyΓy,

H ′
z =

1

2
(ξzγxszτz − ηzγyΓz)q

2
z + (ηzγxΓz + ξzγyszτz)qz + 2ηzγyΓz,

H ′
on = ∆τx + (JSxσx + JSyσy)γzszΓz + V σz. (C1)

1. From the perspective of z-direction

When focusing on the edge-II, we apply periodic boundary conditions along the x-direction and open boundary
conditions along the y- and z- directions. Substituting qy(z) with −i∂y(z) in the analysis, we divide the Hamiltonian

into two parts, expressed as H ′
qx,qy,qz = H ′

0(−i∂y,−i∂z) +H ′
p. By neglecting the q2x term in H ′

0, we obatin

H ′
0 = −1

2
(ξyγzszΓxτz − ηyΓy)∂

2
y − i(ηyΓx + ξyγzszΓyτz)∂y

−1

2
(ξzγxszτz − ηzγyΓz)∂

2
z − i(ηzγxΓz + ξzγyszτz)∂z,

H ′
p = (ηxγzsxΓz + ξxsyτz)qx + 2ηyΓy + 2ηxγzsyΓz + 2ηzγyΓz

+ ∆τx + (JSxσx + JSyσy)γzszΓz + V σz. (C2)
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FIG. 5: The schematic depicts the three-dimensional cubic Brillouin zone. We focus on the three red edges to examine the
three-dimensional edge theory.

For simplicity, we focus exclusively on the spinor components of the wave functions. We choose the spinor component
of the eigenstate which satisfies γ0syΓ0σzτ0χα = +χα. The components are presented in the form |γz⟩|sy⟩|Γz⟩|σz⟩|τx⟩,

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ3 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ4 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩| − 1⟩,
χ5 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ6 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩,
χ7 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ8 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩,
χ9 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ10 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ11 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ12 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩| − 1⟩,
χ13 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ14 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩,
χ15 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ16 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩. (C3)

We obtain the edge-II part of the edge Hamiltonian as follows:

HII = ξxΓzσxqx +∆σz +HM ,

HM = 2ηxγzΓzτz + 2ηyτy + 2ηzγyτz − (JSxΓx + JSyΓy)γzτz + V Γz. (C4)

For edge-I, we apply periodic boundary conditions in the y−direction and open boundary conditions in the x-
and z-directions, substituting qx(z) with −i∂x(z) in the analysis. We divide the Hamiltonian into two parts with

H ′
qx,qy,qz = H ′

0(−i∂x,−i∂z) +H ′
p. By neglecting the q2y term in H ′

0, we obatin

H ′
0 = −1

2
(ξxsxτz − ηxγzsyΓz)∂

2
x − i(ηxγzsxΓz + ξxsyτz)∂x

−1

2
(ξzγxszτz − ηzγyΓz)∂

2
z − i(ηzγxΓz + ξzγyszτz)∂z,

H ′
p = (ηyΓx + ξyγzszΓyτz)qy + 2ηyΓy + 2ηxγzsyΓz + 2ηzγyΓz

+ ∆τx + (JSxσx + JSyσy)γzszΓz + V σz. (C5)

We choose the spinor component of the eigenstate χα that satisfies γzΓyszσzτ0χα = +χα, and present in the form
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|γz⟩|Γy⟩|sz⟩|σz⟩|τx⟩.

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ3 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ4 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ5 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ6 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ7 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ8 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ9 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ10 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ11 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ12 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ13 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩| − 1⟩, χ14 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩|+ 1⟩,
χ15 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩, χ16 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩. (C6)

The the edge-I part of the edge Hamiltonian can be written as

HI = ξyΓzσxqy −∆σz +HM ,

HM = 2ηyγzΓzτz − 2ηzτy − 2ηxγyτz − (JSxΓx + JSyΓy)γzτz + V Γz. (C7)

The eigenvalues of Eq. (C4) and Eq. (C7) are identical when qx(y) = 0,

ϵ = ±∆±
√
(2
√
η2x + η2y + η2z ± V )2 + J2S2. (C8)

In the topologically nontrivial phase, the gaps of edge-I and -II are |∆−
√
(2
√
η2x + η2y + η2z − V )2 + J2S2| but exhibit

opposite signs.

2. From the perspective of y-direction

When focusing on the edge-III, we apply periodic boundary conditions along the z-direction and open boundary
conditions along the x- and y- directions. Substituting qx(y) with −i∂x(y) in the analysis, we divide the Hamiltonian

into two parts, expressed as H ′
qx,qy,qz = H ′

0(−i∂x,−i∂y) +H ′
p. By neglecting the q2z term in H ′

0, we obatin

H ′
0 = −1

2
(ξxsxτz − ηxγzsyΓz)∂

2
x − i(ηxγzsxΓz + ξxsyτz)∂x

−1

2
(ξyγzszΓxτz − ηyΓy)∂

2
y − i(ηyΓx + ξyγzszΓyτz)∂y,

H ′
p = (ηzγxΓz + ξzγyszτz)qz + 2ηyΓy + 2ηxγzsyΓz + 2ηzγyΓz

+ ∆τx + (JSxσx + JSyσy)γzszΓz + V σz. (C9)

We choose the spinor component of the eigenstate that satisfies Γ0szγyσzτ0χα = +χα, and express in the form
|Γz⟩|sz⟩|γy⟩|σz⟩|τx⟩,

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ3 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ4 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ5 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ6 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ7 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩| − 1⟩, χ8 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩|+ 1⟩,
χ9 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ10 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ11 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ12 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ13 = | − 1⟩| − 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ14 = | − 1⟩| − 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ15 = | − 1⟩|+ 1⟩| − 1⟩| − 1⟩| − 1⟩, χ16 = | − 1⟩|+ 1⟩| − 1⟩| − 1⟩|+ 1⟩. (C10)

The edge-III part of the edge Hamiltonian can be written as

HIII = ξzτzσxqz −∆σz +HM ,

HM = 2ηzγzΓz + 2ηyγy − 2ηxγzΓyτz + (JSxτy − JSyτx)Γy + V τz. (C11)
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When focusing on the edge-II, we choose the spinor component of the eigenstate which satisfies Γ0syγ0σzτ0χα =
+χα, and present in the form |Γz⟩|sy⟩|γz⟩|σz⟩|τx⟩,

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ3 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ4 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩,
χ5 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ6 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ7 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ8 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩,
χ9 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ10 = | − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ11 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ12 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩,
χ13 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ14 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ15 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ16 = | − 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩. (C12)

The edge-II component of the edge Hamiltonian can be written as

HII = ξxτzσxqx +∆σz +HM ,

HM = 2ηxγzΓz + 2ηyγy + 2ηzγzΓyτz + (JSxτy − JSyτx)Γy + V τz. (C13)

The eigenvalues of Eq. (C11) and Eq. (C13) are identical when qz(x) = 0,

ϵ = ±∆±
√

(2
√
η2x + η2y + η2z ± V )2 + J2S2. (C14)

The gaps of edges-II and III are |∆−
√
(2
√
η2x + η2y + η2z − V )2 + J2S2| but have opposite signs.

3. From the perspective of x-direction

When focusing on the edge-I, we choose the spinor component of the eigenstate which satisfies szΓyγzσzτ0χα = +χα,
and present them in the form |sz⟩|Γy⟩|γz⟩|σz⟩|τx⟩,

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ3 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ4 = |+ 1⟩| − 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ5 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩| − 1⟩, χ6 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩,
χ7 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩| − 1⟩, χ8 = | − 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩,
χ9 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ10 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ11 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩| − 1⟩, χ12 = |+ 1⟩|+ 1⟩| − 1⟩| − 1⟩|+ 1⟩,
χ13 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩| − 1⟩, χ14 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩,
χ15 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩, χ16 = | − 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩. (C15)

The edge-I part of the edge Hamiltonians can be written as

HI = ξyγzσxqy −∆σz +HM ,

HM = 2ηyγzΓzτz − 2ηxΓyτz − 2ηzτy − (JSxγx + JSyγy)Γzτz + V γz. (C16)

For edge-III, we select the spinor part of the eigenstate that satisfies szγyΓ0σzτ0χα = +χα, and express them in
the form |sz⟩|γy⟩|Γz⟩|σz⟩|τx⟩,

χ1 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ2 = |+ 1⟩|+ 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ3 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ4 = |+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩| − 1⟩,
χ5 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩|+ 1⟩, χ6 = | − 1⟩| − 1⟩|+ 1⟩|+ 1⟩| − 1⟩,
χ7 = | − 1⟩| − 1⟩| − 1⟩|+ 1⟩|+ 1⟩, χ8 = | − 1⟩| − 1⟩| − 1⟩|+ 1⟩| − 1⟩,
χ9 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ10 = |+ 1⟩| − 1⟩|+ 1⟩| − 1⟩| − 1⟩,
χ11 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ12 = |+ 1⟩| − 1⟩| − 1⟩| − 1⟩| − 1⟩,
χ13 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩|+ 1⟩, χ14 = | − 1⟩|+ 1⟩|+ 1⟩| − 1⟩| − 1⟩,
χ15 = | − 1⟩|+ 1⟩| − 1⟩| − 1⟩|+ 1⟩, χ16 = | − 1⟩|+ 1⟩| − 1⟩| − 1⟩| − 1⟩. (C17)
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The edge-III part of the edge Hamiltonian can be written as

HIII = ξzγzσxqz +∆σz +HM ,

HM = 2ηzγzΓzτz − 2ηxΓyτz + 2ηyτy − (JSxγx + JSyγy)Γzτz + V γz. (C18)

The eigenvalues of Eq. (C16) and Eq. (C18) are also identical when qy(z) = 0,

ϵ = ±∆±
√

(2
√
η2x + η2y + η2z ± V )2 + J2S2. (C19)

The gaps of edges-I and -III still are |∆−
√

(2
√
η2x + η2y + η2z − V )2 + J2S2| but exhibit opposite signs.

In summary, regardless of the perspective from any direction, the edge Hamiltonians of adjacent edges possess the
same eigenvalue when qx(y,z) = 0,

ϵ(R) = ±∆±
√

(2
√
η2x + η2y + η2z ± V )2 + J2S2. (C20)

This is consistent with the gap-closing conditions outlined in the main text. When the system is topo-

logically nontrivial, the energy gaps are given by |∆ −
√
(2
√
η2x + η2y + η2z − V )2 + J2S2|. Assuming that√

(2
√
η2x + η2y + η2z − V )2 + J2S2 < ∆ <

√
(2
√
η2x + η2y + η2z + V )2 + J2S2, the signs of the gaps correspond to the

signs of the terms ∆σz.
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