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Abstract

Randomized quantum algorithms have been proposed in the context of quantum simulation
and quantum linear algebra with the goal of constructing shallower circuits than methods based
on block encodings. While the algorithmic complexities of such randomized schemes have been
shown to be suboptimal, it has been speculated that they may offer benefits in the early fault-
tolerant era where circuit depth comes at a premium. In this work, we investigate the end-to-end
resource requirements for a randomized quantum linear systems solver to estimate scalar properties
of the matrix inverse by combining sampling from a Fourier series with Hamiltonian simulation.
We derive explicit bounds on all relevant algorithmic parameters that control the total error.
We analyze two algorithmic kernels for Hamiltonian simulation: a second order product formula
approximation and a method called random Taylor expansion (RTE).

Finally, we provide numerical demonstrations that confirm the validity of our analytical results
and question the actual practicality of the randomized Fourier series-based approach for linear
systems problems as we show that the sampling complexity can grow exponentially. By providing
explicit bounds, our work serves as a bridge between theoretical algorithmic proposals and efficient
hardware implementations while also enabling fair comparisons to alternative algorithms that
exhibit optimal asymptotic complexities at the cost of large resource overheads.

1 Introduction

Quantum computers hold significant promise for solving complex computational problems in scientific
computing, particularly within the physical sciences [1-5]. This has inspired a broader search for
quantum algorithms that can effectively solve classical computational problems arising in combinatorial
optimization, machine learning, and linear algebra [6, 7]. In this work, we focus on the latter and study
the topic of quantum linear algebra.

Most existing approaches to quantum linear algebra rely on a fully coherent, oracle-based data
access model with Hamiltonian simulation [8, 9] and block-encoding access [10] as two of the most
common assumptions. Hamiltonian simulation is a key quantum algorithmic primitive; it is known to
be in the BQP complexity class, and is efficiently implementable on quantum computers for k-local
and sparse Hamiltonians [11-16]. Consequently, Hamiltonian simulation has become a widespread
quantum routine and a foundation for many subsequent quantum algorithms. As a subroutine, it
provides query access to the time evolution operator e '#* with controllable error e. In particular, the
first quantum algorithm to solve linear systems of equations proposed by Harrow, Hassidim, and Lloyd
(HHL) makes use of Hamiltonian simulation [8]. On the other hand, a block encoding is an embedding
of a non-unitary operator into a larger unitary, and is central to algorithms based on the quantum
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Figure 1: Randomized framework for sampling from solutions to the quantum linear systems (QLS)
problem (¢| A~! 1)) for a Hermitian matrix A, consisting of a classical processing step (left) which con-
structs a provably accurate Fourier series approximation to the inverse function, followed by repeatedly
sampling a Fourier time ¢ and constructing an approximate time evolution operator U ~ e~ 4? using
either a Product Formula (PF) or Random Taylor Expansion (RTE). Next the quantum processing
step (right) uses log(N) + 1 qubits to measure (¢| U |¢) for each sample. The statistical average over
all samples converges to (¢| A~1 |¢).

singular value transformation (QSVT) [10, 17]. Block encodings provide query access to the operator
itself or to polynomial transformations of the operator through QSVT and its variants. Quantum
circuits for block encodings can be constructed explicitly for certain classes of highly structured, data-
sparse problems [18-23] without relying on quantum random access memory (QRAM) [24], or from
linear combinations of unitaries (LCU) [25, 26, which is efficient for operators that are sparse in the
Pauli basis.

Coherent data access via block encoding models generally requires deep and complicated quantum
circuits that will remain challenging to implement for near-term quantum computers, even if some de-
gree of fault-tolerance is achieved. In an effort to bypass the challenge of constructing block encodings,
a new class of randomized algorithms have been proposed in the context of quantum linear algebra.
For this approach, the computational problem is reformulated such that a classical sampling procedure
combined with a Hamiltonian simulation subroutine can be used to provide Monte Carlo estimates
to the desired solution upon averaging over all estimates. It has been shown that a key advantage of
this approach is that the circuit complexity of each individual sample can be reduced at the cost of
increasing the total number of samples required to reach a certain precision. Prominent examples of
randomized quantum algorithms include methods for Hamiltonian simulation [12, 27], for statistical
phase estimation [28], and for computing more general matrix functions [29-32].

In this work, we build on [28, 29] and present an explicit randomized quantum algorithm for
quantum linear algebra problems based on Fourier series approximations. We consider the task of
estimating scalar properties of matrix functions f(A) for an N x N Hermitian operator A, i.e., quantities
of the form (¢| f(A)|)!. We primarily focus on the quantum linear systems (QLS) problem, that is
f(A) = A=L, but provide a brief overview of how to extend the methods that we present to arbitrary
functions. The proposed method is summarized in Fig. 1 and preserves the key advantages of [28, 29]:
only a single ancilla qubit leading to a log(N) + 1 qubit complexity for N-dimensional problems and
tunable circuit and sampling complexities.

We note that all previous work in the space of Fourier series based randomized QLS solvers provide
only asymptotic complexities. While useful, it is unclear what the actual end-to-end resource require-
ments are. The problem of constructing the Fourier series is often left as an open question and hence

I'We do not consider the problem of computing the required normalization factor in this work, see [29] for a careful
treatment of this topic



its contribution to the final algorithmic complexities have not been thoroughly studied. In this work,
we accurately characterize the error made by approximating the inverse function by one possible choice
for the Fourier series approximation proposed in recent work [33]. We also place upper bounds on the
variance introduced as a result of sampling individual terms from this Fourier series. Thus, this allows
us to compute end-to-end resource requirements for the full randomized algorithm including classical
and quantum subroutines. We show that even for moderately sized problems, our analysis puts into
question the practicality of such randomized schemes.

After defining the problem and giving an overview of the randomized procedure in Section 2, our

main contributions include:

i A detailed and complete analysis of the truncation and discretization errors stemming from
approximating the inverse function as a Fourier series presented in Section 3. This includes
non-asymptotic choices for the parameters used to construct the Fourier series given some error
tolerance, using a scheme that requires exponentially fewer terms compared to previous ap-
proaches. A comprehensive description of the normalization and sampling procedure is included
in Section 4.

ii Non-asymptotic algorithmic resource estimates given an error budget. Specifically, we compute
the number of samples required by the randomization procedure as well as the non-Clifford gate
depth of each sample. In Section 5 we present results for two different strategies to implement
Hamiltonian simulation. The two approaches are (1) product formulas (PF) [11, 34] and (2) an
implementation based on random Taylor expansion (RTE) [28, 29]%.

iii End-to-end numerical demonstrations provided in Section 6 for a set of relevant small-scale
examples that empirically confirm the validity of our results while also questioning the practicality
of such randomized schemes.

We end with a discussion of our results in Section 7.

2 Proposed method

2.1 Problem statement

Let H be an N = 2"-dimensional Hilbert space and A € CV*N: H — H be some Hermitian operator
on this space. We assume that the Pauli decomposition of A is known and given by,

A= Z Cng, (1)

Le[L]

where [L] := {0,1,...,L — 1}, each P, € {[,X,Y,Z}*" (i.e., a length-n Pauli string), and each
coefficient ¢, € R. We assume efficient classical access to the coefficients and classical representation
of the Paulis, {(c;, Pr)}repr)®. We also assume access to the Pauli weight of A, defined as A := Y, |¢f].
Furthermore, we assume that ||A|| > 1. From the unitarity of the Pauli matrices and the triangle
inequality, this automatically implies that A > 1. We also assume that the condition number of A,
k= r(A) = ||A7Y|||A||, is known or that we have an upper bound x* > k. Finally, we also assume
access to state preparation oracles for the pair of states |¢),|¢) € H, which means that we have
unitaries Uy, Uy, such that for a reference state |g) € H,

V) = Uy lg), 19) = Uslg) - (2)

For the remainder of this paper, we assume that the cost associated with state preparation is constant
and, for simplicity, we keep |g) = |0). The problem statement that we study in this paper can be
summarized as follows:

2Previous work [28, 29| referred to this result as the random compiler lemma. To avoid confusion with randomized
compiling, also known as Pauli twirling, we stick to the terminology of random Taylor expansion introduced in [35].

3Each length-n Pauli string requires 2n classical bits of storage and each coefficient is assumed to be stored in some
floating point representation requiring a constant amount of storage per coefficient.



Problem 1. Given classical access to the Pauli decomposition (1) for an N x N Hermitian operator
A with Pauli weight A, condition number upper bounded by x*, state preparation oracles Uy,Uy for
[0),|0), and approzimation error € > 0, construct an estimator Z where E[Z] =~ (¢| A~V |p) . The
number of samples Ng is to be chosen such that the statistical average Zng := NS_1 Zz’e[Ns} Z; satisfies

Zns — (el AT W)| < e, (3)

with probability greater than 1 — 4§ for § € (0,1).

2.2 Description of the randomized algorithm

The following provides a more detailed overview of the different steps of the algorithm. We highlight
whether each individual step requires classical or quantum resources (or both).

The algorithm begins with a series of classical pre-processing steps, the first of which is to
approximate the inverse function, f(x) = x~!, over some domain D C Ry by a Fourier series approxi-
mation F(x),

~ —ixts __ .
J@| ~ Y ase = Fla), (4)

s€lS]

that satisfies,
sup | f(z) — F(z)| < er, (5)
z€D
where S is the number of terms in the Fourier series approximation, ts € R is the Fourier time, oy € C
is the Fourier coefficient, and €p is the error on the Fourier series approximation. If the spectral range
of the operator A falls within the domain D, then Eq. (5) implies that

sup||A™t — F(A)|| < ep. (6)
€D

Given k* and A, we use the methods in Section 3 to construct the domain D and hence F(A) given
an error tolerance er. We show that the complexity of this step is independent of the Hilbert space
dimension.

After this initial pre-processing, we use a combination of classical and quantum processing.

In particular, we use an iterative and randomized routine such that at each step j we sample a Fourier
time ¢; € {t,}se[s) with probability |o;[/ 3 (g |vs| and consider the exponential e~ A% We now
seek a method to implement an approximate controlled version of the unitary to derive an estimate for
(¢| e74% |¢) using a Hadamard test. At this juncture, we consider two approaches for constructing a
unitary that serves as either an approximation or estimator (respectively) for the controlled version of
e 4% that we use for implementing the Hadamard test circuit:

1. Product Formula (PF): We can approximate e~ 4% with a product /Trotter formula by splitting
the full exponential into products of “simpler” exponentials such that each exponential involves
only a single n-qubit Pauli string. For example, one can use a 2"4 order PF approximation as
follows (see Section 5.1 for more details):

efiAtj ~ U(tJ) — e*ngPotj/Qeficlplt]‘/Q L efiCL—lpL—ltjefiCL—2PL—2tj/2 o e*iCoPotj/Z. (7)

We note that to implement a controlled version of U(t;) on quantum hardware, we can control
each of the “simpler” exponentials individually.

2. Random Taylor Expansion (RTE): Alternatively, we can use Lemma 2 from [28] to approximately
express the time evolution operator e 4% as a linear combination of unitaries (LCU):

o—iAL; Z AU (8)
meM



for some appropriately defined index set M. From this LCU we sample an individual unitary
U(t;) € {Un;j}tmem (by interpreting the coefficients in the LCU as being proportional to prob-
abilities) such that E[U(t;)] ~ e~*4% thus introducing a second level of randomization. As we
show in Section 5.2, for appropriately chosen algorithmic parameters the unitary U(t;) can be
expressed as a series of Pauli rotations and an insignificant number of Clifford operations. Thus,
the primary source of the gate complexity to construct a controlled call to U(t;) on quantum
hardware comes from controlling a series of Pauli rotations.

For each Fourier sample, let U(¢;) be the unitary obtained from one of the two subroutines outlined
above. We define Ngp as the number of controlled Pauli rotations required to implement a controlled
call to U(t;) and will discuss in Section 5 how to choose this parameter given a certain error budget.
We set U(t;) = U;U(tj)Uw. We now use two shots* (one each for the real part and imaginary part

of the overlap) of the Hadamard test to obtain estimates for the overlap (0| U(t;)[0) = (¢|U(t;) |¥).
We denote the result as Z(t;) € C, where we note that E[Z(t;)] = (¢|U(t;) [¢). This completes a
single iteration j of this hybrid workflow. We denote the total number of iterations, and thus the total
number of samples of the form Z(t;), by Ns. Each such Z(t;) is then stored on the classical device.
We note that all such iterations are independent of each other and can be conveniently parallelized.

The final step involves classical post-processing to compute the statistical average of all the
samples that are collected:

Zns=Ng' Y Z(t). (9)
JE[Ns]

The quantities Ng and Ncp are chosen such that

Zng = (01 A7 [0)] < |Zns — (01 F(A) [0)] + (6] F(A) [4) — (9l A" [0)| S es+en <6, (10)

with probability greater than 1 — § thus solving Problem 1.

Eq. (10) shows that the total approximation error can be characterized by considering two sources
of error: (1) the sampling error eg when measuring (¢| F'(A) |¢), and (2) the error on the Fourier
series approximation er. Each of these can be further attributed to more detailed sources of error.
A simple strategy to distribute the total error budget is the balanced case of ¢g,ep < €/2. We stick
to this convention and choose algorithmic parameters to control each source of error independently.
Throughout our analysis the key figures of merit (or cost model) we consider consist of the sample
complexity (Ng) and the number of controlled Pauli rotations per sample (Ncp). In this work, Ncp
does not include the cost of preparing the states [¢) , |¢). In Section 5 we provide two lower bounds for
these figures of merit, one for each of the two Hamiltonian simulation subroutines that we consider.
In particular, we show that there exists a tradeoff between these two figures of merit: in general,
increasing Ng allows us to decrease Ncp and vice-versa. We also numerically compare the RTE and
PF methods in Section 6 by performing end-to-end classical simulations for a selection of small-scale
examples.

We provide a high-level flow chart of the full randomized quantum algorithm in Fig. 2 that summa-
rizes the content of this section. We note that these methods are not specific to the inverse problem and
can be used to estimate scalar properties of any matrix function f(A) for which a provably accurate
Fourier series approximation can be constructed.

3 Fourier series approximation to the inverse function with ex-
plicit error bounds

We start with the following integral representation for the inverse function, which was also used in [36],

-1 _ 1 * >~ —22/2 —ixyz\ _.
T = d dz | ze e =: I(x). 11
= [ [ s ) = I(a) (1)

4See Appendix A for why we choose this method over performing multiple shots for each Fourier sample
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Figure 2: Flowchart outlining the randomized quantum algorithm for estimating (¢| A=! ). Orange
boxes are classical data processing steps, with boxes having a white background describing inputs,
intermediate results, and outputs, and those filled with an orange background describing a classical
algorithm. The blue box shows the Hadamard test circuit which is the only step that requires a QPU.
The dashed lines indicate the iterative portion of the algorithm that uses a combination of classical and
quantum processing. The dashed arrows indicate a choice in the method used to perform Hamiltonian
simulation.

Next, we define the domain D, = [71, 71//@] U [1//@, 1}, with k > 1, that excludes the singularity at
zero and provide a method to construct a finite LCU (or Fourier series) approximation to the double
integral in Eq. (11) over D, by discretizing the integral. This requires two steps: (1) truncating the
infinite integral appearing in Eq. (11) and (2) discretizing this truncated integral. It is in these two steps
that we improve upon [36] and derive a more efficient discetization of Eq. (11) by following a similar
approach as in [33]. To this end, we introduce two definitions for the truncation and discretization
steps.

Definition 2 (e-close integral truncation). The truncated integral Ij(f ) D, — C which approzimates
I(x), the integral representation of the inverse function given in Eq. (11), is defined as,

P fymex o pemex 2
d dz (zefz /zeﬂxyz) , 12
V2T A y[ (12)

Zmax

I (x) =

where the pair of positive real truncation parameters (Ymax, Zmax) € RT x RY determine the integration
bounds and are chosen to satisfy,

stquK )Iéf) (x) — I(.ﬁ)‘ <e. (13)

Next, we consider the discretization of the truncated integrals. This requires us to introduce two



positive weight functions, wy : [0, Ymax] — RY for the y-integral and w, : [~ Zmax, Zmax] — RT for the
z-integral.

Definition 3 (e-close integral discretization). Let the Fourier parameters (J,K) € N x N. The
discretization IS’E ) D, — C of LE;) is defined as follows,

I(ee) . Z Z <w k)zke zk/2 wyjzk), (14)

]E[J] ke[K]
where w(J) = wy(y;), w/(zk) = w;(2x) and the quadrature nodes y; € [0, Ymax], 2k € [—Zmax; Zmax) for
(J, k) € [J] x [K]. The Fourier parameters are chosen to satisfy,
sup |15 (z) — 1;6’)(33)‘ <e (15)
z€D,

We remark that the discretization in Eq. (14) can be interpreted as a Fourier series approximation
to the inverse function with JK terms, where each product of the form y; 2y is interpreted as a Fourier

time (or frequency) and each product of the form iw(J)w,(z )zke’zi/Q/\/ﬂ as a Fourier coefficient (or
amplitude).

It follows from Definitions 2 and 3 that the total error accrued while constructing approximations
to the inverse function, which we denote by er in accordance with Eq. (10), can be attributed to two
sources which we denote by er and ep for the truncation and discretization errors respectively. In
particular, we have that,

eri= sup 1577 (2) = I(w)| < sup |1577 (@) — 160 ()] + sup |17 () — 1)
T€D, ® €Dy
< €ep+ep.
Our goal now is to construct a provably accurate Fourier series approximation to the inverse function
that requires as few as possible total terms JK and as short as possible maximum simulation time
tmax ‘= YmaxZmax Ziven a target approximation error €. This is precisely the topic of the remainder of
this section and our results are summarized in Algorithm 1. To satisfy the balanced choice of ep < €/2

made in Section 2.2, we can use Algorithm 1 with ep + ez < €/2 to construct the appropriate Fourier
series approximation to the inverse function.

3.1 Bounds on the truncation and discretization error

The following theorem characterizes the truncation error e and describes how to choose the truncation
parameters (Ymax, Zmax) for each of the integrals appearing in Eq. (12).

Theorem 4. Given a truncation error ep > 0, the integration bounds (Ymax, Zmax) € RT x RT given

by
Ymax = K 2In (3/@)7 Zmax = {/21n <3l€> (16)
\/ €T €T

provide a truncated integral approximation I;ET), as defined in Definition 2, to I(x) over the domain
D,.

Proof. The proof is given in Appendix C.1 O

We note that Theorem 4 allows us to compute the maximal Fourier time parameter t,,,x for the

) as follows,
tomax = 2k In (3“> (17)
er

Fourier series Iq(f T



Next, we present lower bounds on the Fourier parameters (J, K) that appear in each of the sums

in Eq. (14) such that the discretization error to approximate an integral of the form I;* (1) s bounded
from above by a given error tolerance ep. We note that this analysis requires specn‘ic choices for the
quadrature rules for both the z- and y-integral appearing in Eq. (12). We follow the proposal introduced
in [33] and combine discretization by the trapezoidal rule for the z-integral and the Gauss-Legendre
rule for the y-integral to select the quadrature nodes and weights.

For the z-integral appearing in Eq. (12), we observe that the integrand is quasi-periodic, rapidly
decaying (Gaussian), and analytic. It has been established that under these conditions the trapezoidal
rule convergences exponentially [37]. In the notation of Eq. (14), for an appropriately chosen value
of the Fourier parameter K (given some error tolerance), we can discretize the z-integral using the
trapezoidal rule with the constant weight function,

k) _ 2Zmax .
wiY = o1 Az, (18)
with quadrature nodes z, = Az(k — (K — 1)/2) for k € [K]. For the y-integral appearing in Eq. (12),
the integrand is a purely oscillatory function that does not a decay and hence the trapezoidal rule
does not converge exponentially fast. As proposed in [33], we instead make use of the Gauss-Legendre
quadrature rule for the y-integral. We use the change of variable y — ymax(1 4+ ¥)/2 to rescale and
write Eq. (12) as,

€ lymax Fma —22/2 _—i 1 2
189 / d / L2 (22 19

Zmax

In the notation of Eq. (14), we can thus discretize the y-integral in Eq. (19) by using J many Legendre
nodes and setting y; = Ymax(1 + ¢;)/2, where ¢; € [—1,1] is the 5" root of the J*® degree Legendre
polynomial. We also set wé] ) to be the usual Gauss-Legendre quadrature weight scaled by the factor
ymax/27 i'e'a 9

(j) — Ymax (20)

w = )

. 2 (1=y3)(Py(y;))?

where P; denotes the degree-J Legendre polynomial.
Thus, we have effectively approximated the integral appearing in Eq. (12) using a discretization of

the form appearing in Eq. (14). We use the error bounds presented in [33, 37| to arrive at the following
theorem on how to choose the Fourier parameters (J, K') to control the total discretization error.

Theorem 5. Given a discretization error ep > 0, the Fourier parameters (J,K) € N x N,

K 1+1 1(2)+212m"+21 <3>+1 <2)+1 <1+ 2 ) (21)
= — | In Kln — n E—— ,
@ 2 €r €D Zmax V2T
3K
1 K 320 max 22 3x1n (7)
J — 1 +1 max + , 22
In (2) n(K—l) n( epv/2r ) 22 (22)

provide an integral discretization I,(;D’eT), as defined in Definition 3, of I;fT)(CU) over the domain D,.

Proof. The proof is given in Appendix C.2 O

3.2 Matrix rescaling

We can apply the results presented in this section to the task of approximating the inverse of a
Hermitian matrix. We remind the reader that we assume ||A|| > 1 and that we know an upper bound
on the condition number £ < xk*. We distinguish between two cases. If ||A|| = 1, then A(A) C D,»,



where A(A) indicates the set of eigenvalues of A, and the previous results readily apply. Alternatively,
if || A|| > 1, then it does not necessarily hold that A(A) C D,~. In this case, we can rescale the problem
as follows.

Lemma 6. Let A be a Hermitian matriz with ||Al| > 1, upper bound on the condition number *, and
Pauli weight \. Define the rescaled matriz A and the rescaled upper bound on the condition number K*
as follows:

~ A
A= —
A

R* = Ar™.

)

Then A(A) C Di-.
Proof. The proof is given in Appendix C.3. O

Note that the Pauli weight of A =1. Thus, we may apply Theorems 4 and 5 to A on the domain
D:- to obtain a Fourier series approximation for A~'. We can then multiply this Fourier series by A~!
to obtain an approximation of A~'. Note that the error on the approximation to A~! is also scaled
by A~ L.

Algorithm 1: Fourier series approximation to the inverse function A~1.

Input:

- k*: upper bound on the condition number of A,

- A Pauli weight of A,

- er, €p : truncation and discretization error tolerances respectively such that er + ep < €/2.
Output: Fourier coefficients and time parameters {a,ts}scs) such that

471 = AT S gy avne T | < L)
1 K" 4= AK™;
2 Ymax < Ky /21n (%), Zmax < +/21n (i’f); // Eq. (16)
s K+ 1+1 <ln(2) + Zmex 4 2R%In (3*;) +In (%) +In (1 + m2%)> // Eq. (21)
o7 gy (1 (atr) 4 () 250D, /153 2
Az ¢ 2zmax,

foreach (j,k) € [J] x [K] do
xj < j-th root of the J-th degree Legendre polynomial;
Yj — ymax(l + .%'])/2,

(4) Ymax 2
Wy S S PTw))” // Eq. (20)
10 zp < Az (k= (K —1)/2);

. ; 2
11 g (Ewg(;j)Az) Zpe—/2;

© 0 N o o«

12 tik < Yjzn;
13 end foreach
14 return {ojk, tjk } (i e)e[s)<[K]5

In the rest of this work we present our results in terms of the rescaled upper bound on the condition
number £*. Algorithm 1 summarizes the content of this section and combines it with the previous
results from this section.



4 Sampling from the Fourier series approximation

Having characterized the Fourier series approximation error ep appearing in Eq. (10), we shift our
attention over the next two sections to characterizing the sampling error €g. In the current section,
we introduce the routine we use to sample from the Fourier series approximation. To set up sampling
access and interpret the Fourier coefficients as probabilities, we have to normalize this set of coefficients.
In particular, we define the following normalization parameters:

1 . 2
N, = — ’w(j) ‘w(k k€ Zk/g‘, (23)
T %;1 ’ =

ke[K]

where wéj ) is given by Eq. (20) and w? is given by Eq. (18). These normalization parameters now

allow us to define the following probability distributions:

() ‘w?(’j) *) . ‘wgk)‘
J) = : 24
py Ny ) pz NZ ) ( )
and use these to rewrite the Fourier series generated by Algorithm 1 as follows:
S metie — y e )
s€[S]
=\ 1N N, Z Z w(g, k pyj)p(k)e*“““c (25)
JE[J] kE[K]
where each w(j, k) has unit norm and represents the appropriate phase factor, ie.
(7), (k)
iwy wy
w(j, k) = —= (26)
CAI

We can sample indices j’ € [J] with probability p(] ) and indices &' € € [K] with probability pgk,), and

thus effectively sample exponentials of the form e —idyyze = 1At from Eq. (25). The variance of
sampling from this distribution is upper bounded by the product /\_1NyNz. The following Lemma uses
Theorem 4 to express N, and an upper bound for N, in terms of parameters introduced in Section 3:

Lemma 7. The normalization parameters Ny, N, defined in Eq. (23) satisfy:

N Ymax _ A o1 (35 222 V21 427 3R*
y = n , N, < = In ) (27)
NGT ,/ K—1 K—1 er

where K is given by Theorem 5.
Proof. The proof is given in Appendix C.4 L

Lemma 7 can thus used to upper bound the variance of sampling individual exponentials from
Eq. (25). In particular, we note that the upper bound on the variance scales poly-logarithmically with

5 Algorithmic resource requirements

Let 7 be a Fourier time of the form ¢;/;, that we sample using the protocol outlined in Section 4. We
now consider the task of implementing controlled versions of operators of the form e=*47. In particular,

10



we consider two subroutines to accomplish this task: (i) Section 5.1 outlines a product formula (or
PF) approach to construct approximate time evolution operators, and (ii) Section 5.2 outlines the
random Taylor expansion (or RTE) scheme to sample from the LCU decomposition for controlled time
evolution operators, which introduces a second randomized procedure into the overall algorithm. We
derive the number of quantum circuit samples and gate depth per sample required to solve Problem 1
for each subroutine.

5.1 Complexity of the product formula approach

We consider the rescaled matrix A defined in Section 3.2 and write it as,

A=)\ Z coPp = Z Pg, (28)

Le(L)] Le([L]

where we have absorbed the coefficients ¢,/ into the modified Paulis Pg. The PF method allows one
to construct the exponential e 47 by decomposing the full exponential into products of exponentials
each involving only a single P;. The exponential of a single Py can then be implemented using the
standard CNOT ladder construction [38]. The controlled version of the exponential of a single P, thus
requires a controlled single-qubit Pauli rotation and 4log(N) Cliffords [28]. The most common method
to construct a PF is using the Lie/Suzuki Trotter construction. For explicit constructions we refer the
reader to [11]. The number of terms in a PF grows exponentially with the order of the formula, and
in practice only low order product formulas are used. In the rest of this work we will consider the 274

order formula® given by,

S(r) = H o~ 1Per/2 H e~ 1Pr—e7/2 (29)

Le[L] Le[L]

5.1.1 Approximation error of the second order product formula

As shown in [11], Eq. (29) provides a good approximation to the true exponential when 7 is small since
the error terms scale as a polynomial in 7. For finite 7, we can split the full interval 7 into 7 smaller
steps 7/r and use a 2°¢ order PF approximation for each step, i.e.,

eI & (S(r/r)) = S, (7). (30)

The quantity r € N is known as the Trotter number. The question we ask now is how to choose r to
ensure the approximation error,

epr = [le 74T = S.()], (31)
is bounded. The following lemma establishes an upper bound on epg for a given choice r:

Lemma 8. For a given Trotter number r, the error in operator norm epp defined in Eq. (31) for a
24 order PF satisfies the following upper bound:

3
-
e < T (32)
where f € C is defined as follows:
gL e L-1 = L-1
f=1 S, s | DS PP + 51 S P > Pull- (33)
20=0 || | L2=t0 £1=Lo+1 £o=0 £1=Lo+1

5We note that our results can be easily generalized to arbitrary orders.
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Proof. The proof of this lemma follows from applying the triangle inequality r times to the result in
Proposition 16 from [11]. O

We can use Lemma 8 to construct provably accurate PF approximations to exponentials of the
—iA7 In particular, given an upper bound on epp, which we call epp*, choosing

rz,/f;, (34)

ensures that epp < epp. We point out that while this provides a valid choice for the Trotter number
r, empirical evidence shows that in many cases of interest this bound is pessimistic and an error epp
can be reached at significantly smaller Trotter numbers than that implied by Eq. (34) (for example see
[11, 34, 39]). However, tighter analytic bounds require knowledge of the specific matrix of interest, so
we stick to Eq. (34) for our analysis. We also note that the gate complexity, in terms of the number
of single-qubit Pauli rotations, of implementing a PF formula scales linearly with the total number of
terms in the PF and hence with r. In particular, we require 2r L-many single-qubit Pauli rotations for
the 274 order PF S,.(7). We summarize the PF construction routine in Algorithm 2.

form e

Algorithm 2: Construct a 2°¢ order PF approximation to e~ 47
Input:
- Pauli decomposition A = 2oeelr) P,
-7eR
- g €RT

Output: Unitary S,(7) such that:
- the non-Clifford cost of controlling S,.(7) is equal to that of controlling
2rL Pauli rotations
- €pF < €pp
U<+ 1
T\ T3/ €ebp; // Eq. (34)
x < T)r
foreach ¢ € [L] do
‘ U « Ue—iPex/2
end foreach
foreach ¢ € [L] do
| U« UeiPree/?
end foreach
STPF (tj’k') < urr
return S, (7)

© 0 N O~ W N R

1

=
= o

5.1.2 Sampling error for the product formula approach

Having constructed S,.(7), we can now estimate the overlap given by (¢| S,-(7) |¢) using the Hadamard
test circuit shown in Fig. 2. We set U = U;ST(T)Uw and obtain two separate measurement outcomes
(shots), each being either 41, that are estimates for the real and imaginary parts of the desired overlap
respectively. Let XT, Y, be the random variables associated (respectively) with these outcomes. These
are unbiased estimators for the real and imaginary parts of (¢| S, (7) |¢),

E[X,] =R (0| UJS,(r)Uy |0}, E[Y;] =S (0|U}S,(7)Uy0). (35)

12



We now include the phase and normalization factors shown in Eq. (25) and define the random variable

Z. as follows:
Z, = wr Ny N AT (X, +1Y5), (36)

and note that this is a biased estimator for the quantity A=! (¢| I(DeD’GT)(A) [1),

E[Z,] + Ber = A" (9| 5 (D) [v), (37)
where Bpy is the bias term that arises due to the fact that we replaced the exponential eAT with a

PF approximation. We present the following upper bound on the bias term:

Theorem 9. The norm of the bias term Bpr appearing in Eq. (37) can be upper bounded as follows:

—1 ft?nax
|Bpr| < AT Ny N, 2 (38)
where Ny and N, are given by Lemma 7, and tmax is given by Eq. (17).
Proof. The proof is given in Appendix C.5. O

The following theorem now provides a way to choose the number of samples and controlled Pauli
rotations required per sample when utilizing the PF subroutine:

Theorem 10. Let Zng be the random variable obtained by taking the average of Ng many samples
of the biased estimator Z, (defined in Eq. (36)) such that the norm of the bias defined in Eq. (37)
is bounded by Bprp < €/2 for some choice of Trotter number r. If ep + er < €/2, then Zng solves
Problem 1 if:

2 16(N,N.)?
Ns=2+In{ = Y-z Ncp =2rL 39

=240 (3) S e Ner =20k 39
where Ncp provides an upper bound on the number of controlled Pauli rotations required per sample
(see Section 2.2), N, and N, are given by Lemma 7, and tmax is given by Eq. (17).

Proof. The proof is given in Appendix C.6. O

We observe that there exists a trade-off between Ng and Ngp. For instance, if we increase the value
of the Trotter number 7, we observe that this would increase Nop. However, from Theorem 9, we see
that this will also decrease the upper bound on Bpr and hence (in general) decrease the number of
samples Ng. Similarly, the effect of decreasing r will be to increase Ng. Thus, using a more accurate
PF decreases the overall sample complexity while increasing the non-Clifford gate complexity and vice
versa. Using Theorem 9, we observe that the condition Bpg < €¢/2 implies the a lower bound on 7,
QJVZJJVZ.]%?nax7 (40)

e

which yields the following lower bound on Ngp using Theorem 10,

9N, N, [t
Nep > 2L\/w. (41)
€

5.2 Complexity of the random Taylor expansion approach

r>

In this section, we consider the sampling based approach presented in [28] to construct an estimator
for the exponential e 747, In particular, we use a Taylor series expansion to approximately represent
the exponential as a Linear Combination of Unitaries (LCU). We sample individual unitaries according
to the coefficients of the LCU. The controlled version of each such unitary can then be used in the
Hadamard test circuit step shown in Fig. 2 to estimate the overlap (¢|A~"[¢)). This approach was also
used in [29] for randomized quantum linear algebra algorithms.
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5.2.1 Sampling from the approximate Taylor expansion of the time evolution operator

Similar to the PF method (see Eq. (30)), we divide the Fourier time 7 into r segments and write,
efiA'r _ (efifir/r) ) (42)

As shown in Appendix B and [28], we can Taylor expand each exponential e=A7/7 and truncate the
resulting infinite series expansion to obtain an approximate expansion as follows,

n

i =1 ir\" T/r 2 ) co
AT /7 I e “€ i0, P,
s () e EE) (2 ) BRe @

n=0 Le[L] Le[L]
n even

where nmax € NU {0} denotes the truncation parameter and 6,, in Eq. (43) is given by

6, = cos! <1+(n7f1)2>_1/2 . (44)

We can rewrite Eq. (43) as a (finite) LCU,

AT N L, U (45)
meM’

where M’ represents the appropriately defined index set, each coefficient d,, € R by absorbing
their phase into their respective unitary U/, ~ Py, Py, . ..Pgnew"anJrl, where 01,09,..., 0, lh11 €
[L] and n € [nmax]. We note that each unitary U/ . requires a sequence of at most nmyax Clifford
operations and one multi-qubit Pauli rotation. The latter can be efficiently synthesized into a sequence
of Clifford operations (CNOTS) and one single-qubit Pauli rotation using the standard CNOT ladder
construction [38]. It follows that the non-Clifford cost of a controlled-U},. is equivalent to that of
controlling one single-qubit Pauli rotation.

The LCU approximation for €47 can then be obtained by raising Eq. (45) to the r*® power as

follows,

e [ > d, UL | =D dneUn, (46)
meM’ meM
for the appropriately defined index set M = (/\/l’ )T. Thus, a controlled-U,,, has a non-Clifford cost
equivalent to controlling r single-qubit Pauli rotations.
We now consider the problem of sampling individual unitaries of the form U,,, from the LCU
shown in Eq. (46). We begin by rewriting Eq. (45) as follows:

q d
e AT Z ZT U=« Z Ul (47)
meM’ meM’

with o = 3"\ d;,, the one-norm of the vector of LCU coefficients such that p;,, can be interpreted
as the probability to sample the unitary U/, _. To sample a unitary of the form U,,, from Eq. (46),

- mT*
such that E[U,,,] = e 47, we can sample 7 unitaries of the form U/ _ according to the probabilities
pl.» in Equation (47) and form their product. The overall sampling normalization constant, denoted
by NgrE, for this procedure is,

Nrrg =’ <€ /", (48)

where we note that the upper bound follows from Appendix C of [28]. We refer to Algorithm 2 in
[28] which presents a classical approach to sample and return a description of r-many unitaries of the
form U], according to the probabilities p/,  without having to construct the full set of probabilities

mT

{p;n'r }mGM .
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5.2.2 Sampling error for the random Taylor expansion approach

Up to this point, all computations are performed classically. Similar to the method outlined in Sec-
tion 5.1.2, we can now construct an estimator for (¢| Uy, |t¥) using the Hadamard test circuit for

U(lUmer- Let Xp,, Y, be the random variables associated (respectively) with the 2 outcomes of
the Hadamard test. We note that these are unbiased estimators for the real and imaginary parts of

(8] Unar [9):
E[Xyr] = R (0| U Un-Uy 0}, E[Yorr] = S (0] UL U Uy |0) . (49)
Similar to Eq. (36), we define a random variable Z, as follows:
Zpr = wr NrreNy N (Xpr +iY5,) (50)
and observe that it is a biased estimator for the desired quantity A=* (¢| IgD’ET)([l) [1):

E[Z] + Brrw = A~ (0] ISP (A) 4) (51)

where Brrg represents the bias term that arises from the fact that Eq. (43) is an approximation to
the true Taylor series expansion of the time evolution operator obtained by performing a truncation.
If we assume r > 7, we can present the following upper bound on this bias term.

Theorem 11. Let tyi, be defined as follows:

tmin ‘= min tik) . 52
<j:k>emxu<](”“) (52)

Then, for all choices of r satisfying v > tmax, the following upper bound holds:

N, N, eFnaxtltmax|=ltmin) /7 /g N Tmax
|Brre| < — ( > , (53)
2 T max
where Ny and N, are given by Lemma 7, and tymax is given by Egq. (17).
Proof. The proof is given in Appendix C.7. O

We observe that for fixed 7,7, Ny, N., and A the upper bound on Brrg falls off super exponentially
as a function of ny,ax and can thus be made negligible for appropriately chosen values of ny.x. We
now present efficiently computable choices for the sample and non-Clifford gate complexities required
by the RTE approach given some error budget:

Theorem 12. Let Zy, be the random variable obtained by taking the average of Ng many samples
of the biased estimator Zy, defined in Eq. (50) such that the norm of the bias defined in Eq. (51) is
bounded by Brrr < €/2. If ep + er < €/2, then Zng solves Problem 1 if:

2\ 16(efmex/" N, N,)?
Ng=1+In(2 V-2 Nep = 54
s=1+ “(5) N2(e/2 — [Brre)?’ P " (54)

where Ncp provides an upper bound on the number of controlled Pauli rotations required per sample
(see Section 2.2), N, and N, are given by Lemma 7, and tmax s given by Eq. (17) .

Proof. The proof is given in Appendix C.8. L
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If we choose r > tyax, then the condition Brrg < €/2 can be satisfied by setting the upper bound
from Eq. (53) to be less than €/2:

2 H max
7Ny N, et ltmax| = ltmin]) /7 ( et >n < % (55)

2 TNmax

from which an appropriate value of n,,.x can be determined. An important feature of the result shown
in Theorem 12 is that the sufficient choice for Ng scales exponentially with the ratio 2, /r. For
instance, choosing r = tyax implies the need for exponentially many samples with respect to tyax
while keeping the gate depth per sample constant. If we instead choose r = O(¢2,.), then by using
Theorem 11 to choose sufficiently large ny.x, we can essentially strip Ng of its dependence on t2,
at the cost of Ncp picking up quadratic dependence on t2,, . Thus, there exists a tradeoff between
the sample complexity and the gate complexity per sample®. We note that if one decides to move the
dependence on t,,, over to the gate complexity r, it might be more efficient to adaptively choose the
value of r based on each sample Fourier time instead of setting it to be a constant function of ..
We also point out that if one decides to keep r = O(1) for instance (independent of ¢payx), the task of
generating Ng-many samples may both become computationally intractable for many problems due to

the exponential dependence on t2 see Section 6.

max?

6 Numerical results

6.1 Error on the Fourier series approximation to the inverse function

In this section, we compare the theoretical bounds on the Fourier series approximation presented in
Theorems 4 and 5 with empirical results for randomly generated 4 x 4 matrices with given condition
number k. We construct these random matrices by first generating diagonal matrices of the form
D = diag (:I:l JKy e :I:l), where the elements on the diagonal not explicitly shown are chosen randomly
from the uniform distribution on [-1, —1/x]U[1/k, 1] such that spec(D) € Dy. For each instance of D,
we generate a 4 x 4 unitary matrix U randomly sampled from the group U(4) according to the Haar
measure. The matrix A = UDU' is then a randomly generated 4 x 4 matrix with condition number &.
We generate 100 such random matrices for each pair of condition number and error threshold values,

(k,er) € {10,10%,10%} x {1072,1073,107*,107°}.

For each of the random matrices, we compute the Pauli weight A and found that A € [1.5,2.1] and thus
the values of #* = Ak lie within the range [15,2.1 x 103]. We set er = ep = /2 and use Algorithm 1
to construct the Fourier series approximation to the inverse of each random matrix,

A7V F(A) = AT/ /2 (4), (56)
such that the approximation error ey satisfies,
A [JATE = AU )| < e (57)

For each trial matrix, we reconstruct the Fourier series approximation to the inverse and compute
the error in the spectral norm with respect to each of the exact inverses scaled by the Pauli weight, i.e.
the quantity shown on the LHS of Eq. (57). Our numerical results show that inequality (57) is satisfied
for every trial matrix. In Table 1 we show our results in terms of the maximum errors observed across
each of the 100 trials, denoted by €max(k, €F), for each pair (k,ep). We observe that €max lies around
20% of the bound ep in all cases. Furthermore, we observe that the number of terms in the Fourier

6As noted in Appendix D of [28] one can in principle solve a one-dimensional problem to compute the elements
{Tj,k}(j,k)e[J]x[K]» where we have assigned a unique value of r for each Fourier time, that minimize either the total
complexity NsNcp or Ng (resp. Ncp) given an upper bound on Ncp (resp. Ng).
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expansion JK increases with increasing condition number s and decreasing approximation error ep.

We note that we used the C++ implementation available in FASTGL [40] to efficiently compute the

Gauss-Legendre quadrature up to degrees of O(10%) required for the discretization I,(;D 1)

to Definition 3.

according

K €ER ‘ J K 6max("@ eF)
10 154 62 1.81 x1073
102 1072 | 1709 708 2.08 x1073
102 20388 8478  2.03 x1073
10 194 78 2.10 x10~4
102 1073 | 2065 856  2.023 x10~*
102 23915 9945  2.03 x10~*
10 232 94 2.03 x10~°
102 1074 | 2421 1004 1.76 x107°
103 27442 11413  1.81 x10~°
10 271 110 1.76 x10~6
102 1075 | 2777 1152  1.81 x10°6
102 30969 12880 2.02 x10~6

Table 1: Numerical verification of the bounds on the Fourier series approximation to the matrix
inverse derived in Theorems 4 and 5 for randomly generated 4 x 4 matrices with condition numbers
x € {10,10%,10%} and approximation errors er € {1072,1073,1074,1075}. The table reports the
Fourier parameters (J, K) obtained from the theoretical bounds and the maximum numerical error
over 100 trials.

6.2 End-to-end numerical simulations of the randomized quantum linear
systems solver

In this section, our aim is to perform an end-to-end numerical simulation of the randomized quan-
tum linear systems solver as described in Problem 1. In particular, we use the method described
in Section 6.1 to generate a 4 x 4 matrix A with x = 100, A = 2.09, and thus &* = 209. We set
€p = er = €p/2 = 1073 and thus er = 2 x 1073, We then use Algorithm 1 to construct the Fourier
series approximation 11(310 *,10 d).
approximation is given by,

We note that Eq. (17) implies that ty.x for this Fourier series

3209

> ~ 5580. (58)
Instead of an exact numerical reconstruction of the Fourier series approximation as in Section 6.1,
we simulate the randomized quantum algorithm described in Fig. 2. We set Uy = Us = I so that
the randomized algorithm estimates (0] A=*|0). For the real-time evolutions sampled from the Fourier
series approximation, we tested both the product formula and the random Taylor expansion approaches.
To simulate the statistical noise coming from a single shot of the Hadamard test, we add noise sampled
from a Gaussian of width 1 to the numerical results [41].

A product formula implementation. We start by using the product formula subroutine outlined
in Section 5.1. We perform classical simulations of Algorithm 2 to obtain a PF approximation to each
sampled Fourier exponential of the form e~*47 for 3 different choices of Trotter number r: a fixed
value at r = 500, and two adaptive choices [0.057%], and [0.17%]. We note that Eq. (58) implies
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that for the latter two choices, we have r < 1.6 x 10 and 3.2 x 10° respectively. To compute each
PF approximation, we compute matrices of the form e~ *47/" and exponentiate each to the power 7.
We generate N, = 10® random samples from the simulated Hadamard test, compute the average, and
take the real part to obtain the final approximation to (0] A=1|0). Fig. 3 shows the convergence of
the root mean squared error (RMSE) averaged over 20 trials as a function of the number of simulated
shots. We note that by choosing a constant value for the Trotter number r = 500 instead of choosing
it adaptively based on the sampled Fourier time 7, we reach an error plateau determined by the region
where the error in the product formula dominates the sampling error. In other words, the condition
Bpr < €/2 from Theorem 10 is no longer satisfied, and therefore taking additional samples has little
to no effect on the overall approximation error. We observe this effect in the orange curve in Fig. 3
around Ng = 106.

102
\al e
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10! \‘~
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N
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g 100 *h‘..
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Figure 3: Convergence in the root mean squared error (RMSE) as a function of the total number of
simulated shots, where the exponential e=*A7 corresponding to each Fourier sample is approximated
by a 2" order product formula. Results are shown for three different choices of Trotter number 7 and
for exact numerical evaluation of the real-time evolutions. To each such approximation, we add noise
sampled from a Gaussian centered at 0 with width 1 to simulate the noise coming from a single shot of
the Hadamard test circuit. We note that not choosing the Trotter number r to depend on the Fourier
time 7 leads to a plateau in the RMSE as a result of the bias dominating over the sampling error.

A random Taylor expansion implementation. The situation with RTE is different. We see from
Theorem 11 that for each sampled Fourier time, we can in theory choose a constant value for the time
step r as long as r > tnax and npax is large enough to ensure that Eq. (55) is satisfied. If for instance
we choose 7 = tyax, We can technically use Theorem 11 to find a good choice for n,.x. The prefactor
in Eq. (55) is approximately o elimax/T = gtmax (which corresponds to the upper bound on Ngrg from
Eq. (48)) and, even for our small-scale example, this value is astronomical, roughly €>3%°. For this
reason we were unable to compute and use the necessary value of ny,.x from the bound. Instead, we
choose nyax = 150 which is the largest value before underflow occurs in the computation of 1/m.y!
in the coefficients of the RTE. Furthermore, for the parameter choice r = ty,,x, Theorem 12 implies
that Ng also has an exponential dependence on t,,,x to converge to the desired error with the same
prefactor of roughly €20, For these reasons, we were unable to simulate the RTE subroutine with
7 = tmax as part of the end-to-end randomized algorithm to compute (0]A~1|0) for our trial matrix.
Instead, we consider the simpler task of estimating the quantity R (0] e=47 |0) for modest values of
7 such that the relevant prefactors are smaller and a classical simulation is possible. In particular we
assume a maximal simulation time ¢, = 100 and keep r = t,ax. We consider values of 7 between 1
and 80 and denote Urrgr(7) as a unitary sampled by the RTE method such that E[{0] Urrge(7) |0)] ~
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R (0] €47 |0). In Fig. 4 we plot the convergence of the RMSE of this estimator, averaged over 20 trials,
as a function of the number of RTE samples collected. To isolate the convergence properties of the
RTE method, we do not simulate noise coming from the Hadamard test and compute each overlap
R (0| Urrr(7) |0) exactly. We observe that gradual increases in 7 and the ratio 72/r lead to very large
increases in the RMSE. Thus, we see that even for modest choices for 7 the RTE method is unable to
accurately approximate even a single exponential in this parameter regime.

10204 *~

Examples of scenarios where
the simulation breaks down

10%°

1018

108

RMSE

107

10°
1072

10~

—+- T’/r=64

1076 41— ] ‘ |
102 103 104 10°
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Figure 4: Convergence in the root mean squared error (RMSE) as a function of the total number of
RTE samples for the task of approximating R (0| e*47 |0). The RTE procedure uses r = tyax = 100
and simulation time 7 is varied from 1 to 80 and hence the ratio 72/r varies from 0.01 to 64. We
observe that as the ratio 72/r increases past 1, the prefactor of the RTE method is severely impacted
as illustrated by the large RMSE for the red and purple curves.

As discussed in Section 5.2, we can attempt to mitigate the impact of this exponential prefactor
by alernatively choosing larger r ~ t2 as a different parameter regime. However, this implies an
upper bound r < 2.~ 31.14 x 10° and hence for each sampled Fourier time, Algorithm 2 from
[28] has to sample the descriptions of and compute the product of up to 31 million unitaries U, .
(see Section 5.2). This would require multiplying up to 31 million (possibly unique) unitary matrices,
rather than computing the rth power of a single matrix as was done for the PF simulations. This long
matrix multiplication leads to impractically long computations.

For all reasons listed above, we were unable to perform a classical simulation using the RTE method
to sample an approximation to (0] A=1]0) for our choice of A in a reasonable amount of time and
resources in either parameter regime. Thus, an important consideration when using the RTE method
is the trade-off between exponentially slow convergence, resource intensive sampling procedures, and
deep quantum circuits.

7 Discussion

In this work, we analytically compute the resources required for a randomized hybrid quantum al-
gorithm to estimate scalar properties of functions of Hermitian matrices, i.e., quantities of the form
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(p|f(A)|Y). We focus on the particular case of the inverse function and use a Fourier series approx-
imation to evaluate the inverse of non-singular matrices A. Our results in Section 3 provide explicit
bounds on the truncation and discretization parameters of the integral representation of the inverse
function that determines the Fourier series approximation. Section 5 studies two subroutines, PFs and
the RTE method, to implement the time evolutions e ~*4* sampled from this Fourier series and presents
upper bound estimates for the sample complexity Ng and the number of controlled single-qubit Pauli
rotations required per sample Ngp. Since our analysis is exact and does not consider asymptotic scal-
ing (as in previous work [29]), one can use our results to explicitly compute all algorithmic parameters
such that the result provably satisfies a desired error threshold as long as a problem description is
given, i.e., the Pauli decomposition of a Hermitian matrix A, upper bound x* on the condition number
of A, and the Pauli weight A of A. Thus, our work in principle enables a full end-to-end implementation
of the randomized routine shown in Fig. 2.

However, by providing such explicit algorithmic resource requirements, our work also questions the
utility of randomized algorithmic schemes such as those presented in [28, 29] for the specific example
of the linear systems problem. As we showed in Sections 5 and 6.2, even modest-sized problems with
moderate condition number require enormous classical and quantum resources to satisfy a reasonable
error threshold. For both the PF and RTE approaches, this complexity is caused in part by the large
variance of the probability distribution of the Fourier coefficients from which samples are drawn. For
the RTE approach, there is an additional very large contribution to the variance as a result of the
secondary sampling step from the approximate Taylor expansion of the time evolution operator. As
we showed in Section 5.2, we can mitigate the latter contribution at the expense of choosing the gate
depth to scale polynomially with the Fourier time. This also increases the number of unitaries one
needs to sample classically (Algorithm 2 from [28]) to generate an estimator for each Fourier time. As
shown in Section 6.2, when we combine these sources for the total variance, RTE requires immense
resources. In particular, we need to sample on the order of tens of millions of gates for each individual
Fourier time, such that even for a small-scale problem with condition number x = 100 the numerical
simulation of the algorithm becomes impractical. As presented in Section 6.2, this meant that we
could only perform an end-to-end numerical simulation of the PF approach and we could not detect
the onset of convergence of the RTE approach in a reasonable number of samples.

The current work provides one possible construction of a Fourier series approximation for the
inverse function using a combination of a Gauss-Legendre and trapezoidal rule discretization of the
inverse function [33]. In order to improve the practicality of randomized schemes, one may be able to
construct an approximation scheme with a more optimal dependence on the condition number k. As
noted in [29], one can in principle apply classical preconditioners to A, thus reducing the condition
number x and accelerating convergence. We also note that future work may be able to construct lower
variance versions of the RTE subroutine enabling it as an viable estimator. Another interesting future
direction would be to consider matrices with well-defined structure and develop a more refined sampling
procedure that respects this structure to efficiently bias and improve the polynomial dependence on
both x* and 1/e.

Our work thus serves as a bridge between theoretical developments (provably accurate asymp-
totic resource estimates) and efficient implementations (provably accurate non-asymptotic resource
estimates with efficient choices of algorithmic parameters). However, our work does not quite fit into
the latter category given the demanding sample complexities we compute in Section 5. We further
note that our analysis of the resource requirements for the linear systems problem opens the door for
fair comparisons to block-encoding-based methods that promise more optimal dependence on both x
and the approximation error € at the expense of a potentially larger overhead from constructing the
block encoding itself. However, as mentioned in Section 1, highly-efficient block encodings can be
constructed for classes of structured matrices. Given access to such block encodings, one could con-
sider the Chebyshev approximation to the inverse function rather than a Fourier series approximation.
Chebyshev series are known to converge exponentially fast when the function of interest is entire [42],
which is the case for the inverse function on the domain D,~. This in turn implies that the query
complexity (with respect to the block encoding) scales logarithmically with the inverse of the desired
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approximation error. We leave it to future work to identify classes of matrices for which the superior
asymptotic complexity of such block encoding methods provides practical advantages over Fourier se-
ries based randomized approaches such as those we consider in this work. Given the resource intensive
nature of such randomized quantum algorithms for the QLS problem, it remains unclear which method
is actually more practical and useful in the near term.
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A Choosing the number of shots per Hadamard test

Suppose we wish to estimate the following quantity:
(Ol USF(A)U410) = > as(0[Uf e~ 4Ty 0). (59)
s€[S]

We use the Monte Carlo estimator

~ O,
Z=- Z foir (60)
Ps;
ze[n
where each s; is chosen independently at random with probability ps = |ov|/ > (g o], and fs, is

an unbiased estimator of fs, = <0|U:Le’“"55U¢|0>7 obtained by averaging 2S5 independent Hadamard
test shots, where the factor of 2 comes from the fact that we perform S shots each for the real and
imaginary part of each overlap <0|U11L)6_iAtSU¢|O>.

The variance of Z is

Var[Z] = %Var <gsfs> (61)
1 las| a2 5 Qg
= E, ] - Var(fs)| + Vars (ps fs> , (62)

where C' = }_ (g |as| and Var( fs) = 02/S, with o2 the variance of a single Hadamard shot for t,.
Since ps = |as|/C, we have

2
s = Olayl.
Ps
Thus,
fl 2 2
VarZ] = CZ"%‘ +C’Z|ag|f (A)? ] . (63)

Suppose we have a fixed total budget T = n.S of Hadamard test shots. Solving for n givesn = T'/S,
so we can write the variance as a function of 7"

_ 2 2
Var|Z T C g las| fz — g |as|os (64)
SVar fs) E |ovs | (65)
T s as s Qg 0'55
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where we note that both terms decrease with T" and the second term is independent of S. Since we
must have S > 1, the variance is minimized by choosing S =1 and n =T.

B Taylor expansion of the time evolution operator

In this section, we follow the approach of [28] to expand the time evolution operator as an infinite

—iAT/r

LCU. Given the exponential e , we can Taylor expand as follows:

—idr/r _ 2. (AT /r)" _ 2 (A7 /r)" iAT /7
c T;) n! 7;) n! I+n+1 ’ (66)

where T is the identity operator. We then use the Pauli decomposition shown in Eq. (1) to write

n

¥ =1 fir\" ¢ ir/r ¢
—iAT/r _ = lP I lP
e G (F) (2] (e e @
nn;gn Le[L] Le[L]
-y LY (e (e n )
B nl \ r Al A n+l1 ‘)’
n=0 (el el

n even

where we have used the fact that A has unit Pauli weight. We now define the angle 6,, such that

cos(f sin(6 —ntl = (69)
/1
e Gy 1+ ()

and use this to rewrite Eq. (68) as follows:

n

A =1 fir\" r/r\? c c
—iAT/r _ I e Ce =4 ..
D () 1t (n+ 1) > ) Y (eos(0,)] +isin(0,)P) (70
n=0 e[l te(L)
n even
= i l E ! 1+ T/ ’ Z %p Z @eiGan (71)
nl \ r n+1 P A )
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C Proofs of Theorems

C.1 Proof of Theorem 4

Proof. We use a result found in the proof of Lemma 12 in [36] where the authors show that
Zmax —(TYmax 2 —2z2
/ymax dy/ z2/267ixy2) 1 e~ (@ymax)?/2  9p—27/2
ous T

2] + ER (72)

Zmax

We bound each of the terms on the RHS separately by €¢; and e respectively, such that these satisfy
€1 + €3 > ep. Since we have that |z| > 1/k.
1. Bounding the first term, we see that:

_(xymax)z/Q
‘ < ke V2 < ¢ (73)
||

25



and thus

Ymax > 4/ 21n (:1) (74)

2. Bounding the second term, we see that:

2
2¢—% /2
€ "7 < Qo Fimax/2 < e (75)
2|
and thus
2
e > 1210 (”) (76)
€

Since any allowed €1, e will work, we set €; = er/3 and €3 = 2er/3 to arrive at the desired result. O

C.2 Proof of Theorem 5

Proof. We begin the proof by first discussing the relevant error bounds we use to characterize the total
discretization error €p. For the z-integral appearing in Eq. (19), we use the trapezoidal rule. The error
of the trapezoidal rule with step Az over the integration range [—o0o, o] for an integrand g(-), which

we denote by the functional egi;) [g], can be upper bounded provided that g is analytic within and on
the horizontal strip of width 2p in the complex plane, i.e., H, = {z : |Sz| < p}. The bound is given

by [37],

2SUper_ 7 dz|g(x +is)]
Az s€[=p,p] \J—00
egrap) [g‘HP] S QQSP/AZ 1 ) : (77)

In our case, the z-integrand, ze=*/ 2e71¥% ig holomorphic on the entire complex plane and hence
Eq. (77) applies for all p > 0.

We can discretize the y-integral appearing in Eq. (19) using the Gauss-Legendre scheme. We denote
the error accrued over the integration range [—1,1] by the Gauss-Legendre discretization scheme with
J quadrature nodes for a function h(-) by the functional egL)[h]. We use the bound presented in [33]

to upper bound this error as follows:

80 supyee, [h(0)
o2 (g2 —-1)

e [hlE,] < (78)

provided that h is analytic within and on the Bernstein o-ellipse in the complex plane &, = {oe? /2 +
e /20 : 0 € [-m,7]}. We note that the integrand for the y-integral, e i#¥* appearing in Eq. (19) is
holomorphic on the entire complex plane and hence Eq. (78) applies for all o > 1.

Thus, the total discretization error, as a result of using the trapezoidal and Gauss-Legendre rules
for the z,y integrals in Eq. (19) respectively, can be upper bounded using the triangle inequality as:

ymax
ss E/ i o2 o] )+

ymaXAZ —z J
s sze £/2 <0§§1§a§ le(cL)[ k(Y)|Es ])

1

PR e (7) =

(79)

where N denotes the dimension of the matrix under consideration (which we will denote by A),
gnly, 2) = ze=*"/2e=1nV7 with x,, € spec(A), hnp(y) = e~ @n2r¥max(149)/2  We note that the maximum
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error from each source occurs when | — x,,| is maximum, i.e. when |z, | = 1. Thus, Eq. (79) becomes

€p < 751 /ymx dy (eﬁﬁé} [zezz/2eiyz|5p}>+
oo 80
Ymax Az = (80)

22/2( (J) |: izkymaX(1+y)/2 :|>
zpe °F € (& Ho ’
9 ,—27.[_ kZZO k GL ‘

We now compute each term separately (which we call €p rap) and €p,ar) respectively). We first

consider €(p trap) and compute eErAa;) which, using Eq. (77), is bounded by:

2 Supse[—p,p] (foooo dz (Z -+ iS)e(Z+is)2/2ei(2+i5)y‘>

(Az) —22/2 iyz }
etrap |:Z€ € |SP < e?frp/Az —1 (81)
We compute an upper bound on the supremum as follows:
sup / dz ‘(z + is)e*(”is)g/zei(”“)y’ < sup / dz ‘(z + is)e*f/zesrz/Qe*Sy <
s€[—p,p] —o0 s€[—p,p] —00
(82)

2 e 2 > 2
sup | e¥ /2™ (/ dz ‘ze_z /2‘ + |s|/ dz ‘e_z /QD = (83)
SE[—p,p] —oo —00

sup (652/26_Sy (2 + |s|\/27r)> < P’ /2ery (2 + p\/27r) (84)
]

sE[—p,p
Thus, we have that
2/26p9(92 4+ p\/2
(Az) —22/2 iyz 2eP Ze ( tp 7T')
etrap |:Z€ e |HPj| < e7-rp(](—l)/zmax -1 ’ (85)
where we have used that Az = 2z, /(K — 1). We thus see that
1 26‘02/2 2+p\/ﬂ Ymax
€(D,trap) < p (K—(l)/z ) / dy@py (86)
A /271- empP max — 1 0
2
1 2P /2ePYmax (9 D)
7 /2erimss (2 + py/27) )

<
= over B D e

where we have assumed that p, K, and zpax are independent of . Next, we consider the term €p ar,)

and compute egﬁ which, using Eq. (78), is bounded by:

2
80 sUp;eg,

027 (02 = 1)

eizkYmax (141) /2 ‘

We can compute an upper bound on the supremum as follows:

. 0 719 . . .
12k Ymax oe’ € 12k Ymax a1 1
1 < 1— ——— 89
am o (2= () )| el (= (-5 0))) @
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Thus

8o2e (o+3)

() [ 12k Ymax (14Y) /2 1
€aL |€ |5U = O_QJ(UQ _ 1) (9 )
The expression for € p gr) is now upper bounded as follows:
ymaXAZ Z 82k:€ Zk/QU Zkyfax (UJré) SymaxAZKZmax0'2€zmax‘lymax (U+é) (92)
€
(D,GL) < N 02 (g2 = 1) = 2v27027 (02 — 1)
Putting this all together, we have that
< 1 2eP” [2ePVmax (2 + py/27) K Symaxzfnaxa%w(“‘*‘%) (93)
D = oV 2m eTP(K —1)/zmax K —1 /27T02J(02 —1)

for all valid choices of the quantities p, 0. To present efficiently computable lower bounds on the Fourier
parameters .J, K, we can separately control the errors due to each of these terms as follows: Let ¢, €’
denote upper bounds on each of terms (respectively) appearing on the RHS of Eq. (93). We thus see
that

2
zIIlaX 1 2
K>1+——|In 2+—+ max + I + In 94
™ () PYma: ( ) < p /—27T> ( )

2
J > 1 111 K + 111 Symaxz?naxo'Q + Zmaxyma.x o + l (95)
= 2In(0) K—1 ¢ (02 — 1) 27 4 o) ]
We consider the balanced case of € = ¢’ = €p/2, set (p,0) = (Zmax, V2), and use Eq. (17) to arrive at
the desired result. O

C.3 Proof of Lemma 6

Let A be a Hermitian matrix with condition number x. Let A denote the Pauli weight of A. We
now consider the case when |max(spec(A4))| > 1. We note that this automatically implies that
| min(spec(A4))| > 1/k since the ratio of the two quantities determines the condition number . Since
it is true that 1 < ||A|| < A, we see that:

| max(spec(A))] < 1, (96)
1

| min(spec(A))| > = (97)

Hence spec(fl) C Dy, = Dx.

C.4 Proof of Lemma 7
From Egs. (20) and (23), we have that:

ymax ymax
= = GL;, (98)
Ny = 2v/27 EZ[:, —y2)(P (y;))? JGZ,] g

where GL; denotes the usual Gauss-Legendre quadrature weight. We note the these quadrature weights
are always positive. To evaluate this sum, consider a function f(z): R — R that is a polynomial of
degree d such that d < 2J — 1. Then it is true that

/ fl@)dz =Y GL;jf(x;), (99)

J€J]
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where as stated in the main text, x; is the 4*1 root of the degree J Legendre polynomial. In particular,
we let f(x) =1, then we have that

> GLj=2, (100)
J€[J]
and hence
ymax
N, = . 101

We may then use Theorem 4 to arrive at the upper bound for IV,.
For the upper bound on N,, from Eq. (23) we have that

2z 2 222 2
— max —z;/2 max —z3/2
NziK—l Z zpe” °k ’37}(—126 k (102)
ke[K] ke[K]
222 Fmax o 422 e 2
~ max - /2d < max —z /2d 103
K1/_mee Z_Kfl/o ‘ ‘ (103)
222 V2
= ZmexV T (104)
K-1

We can then use Theorem 4 to arrive at the upper bound for N,.

C.5 Proof of Theorem 9
From Eq. (37), we have that

(epser)( 4
ol Ip v
Byl = | A( DI gz, (105)
- (D) 5, p=2i/2p=iAysz1 ) _ Dy (B) 5, p—20/2
= Z Z wy Wy zKe e Z Z wy " zke Srpp (tjk)
/\V27T €[J] ke[K] ( ) >‘V €[J] ke[K] ( )
(106)
< Z Z w) ze ik ~ max (He‘iA%zk = Srex(tjrw) D (107)
)\v 2m el kelK] ( ) (k) e[JIx[K]
N, N. €EPF
< 1
< Mulbserr, (10)
where in the final inequality we have used Egs. (23) and (31).
C.6 Proof of Theorem 10
We use the triangle inequality to write:
Zy, =X HOIIE DD )] < [R(Zg) - R (TSP D W)+ oo
3(2x) = X713 (10l 157 (W) )| (110)

Thus, we can separately bounding each term on the RHS of this inequality by eg/2. In particular, by
individually approximating the real and imaginary parts of the desired overlap A~! (¢| I o ET)( A) 1) to
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error €g/2 with probability at least 1— 9, we will have effectively constructed an eg-close approximation

to A7 (¢] ISD’CT)(A) |1) also with probability at least 1 —d. We first consider the task of constructing
an approximation to the real part.
We note that

N,N.V2
|Zjk| = == (111)
and hence
—Ny,N,v2 N,N,\v2
Ny NV2 R (V) < 22 v2 (112)

A A

We also have that:
R (Zng) = AR ({0l 152 () 1))

< IR (Zns) = R (B [Z38] )| + 1% (E[Z38] )| = AR (6] 1577 (A) |0) )
Bpr

<R (Zwe) R (E 23] )| + S5

where we have split the contribution of the bias term presented in Eq. (37) equally between the real
and imaginary parts of the overlap. By Hoeffding’s inequality [43], we thus have that:

€s — Bpr —Ns(es — Bpr)?\?
prob (|§R(ZNS) —R (IE [ij])| > 2) =§ < 2exp ( BNIN? (113)
SN2N2 2
o SN (2
= Ns < g S n <5> (114)

Thus to succeed with probability 1 — § in approximating the real part of the desired overlap, we must

take Ng to be at least
8N2N2 2
Ng=1+—22_—In(=>). 115
S + (ES — BPF)2/\2 . (5) ( )

At this juncture, we note that the analysis for the imaginary part is identical and thus, to approx-
imate both the real and imaginary parts of the desired overlap we must take Ng to be at least:

Ng =2 —16Ny2N22 1 2 116
s =2+ (ES _ BPF)Q)\2 n 5 . ( )

We then set g = €/2, and along with the assumption that ep +er < ¢/2 (balanced choice made in
Section 2.2), we arrive at the desired result for Ng. To arrive at the result for Ncp, we note that upon
constructing a PF approximation of a single exponential, the controlled version of the unitary can be
implemented by individually controlling each of the exponentials appearing in the decomposition. Ngp
is then given by the total number of terms appearing in the PF decomposition and thus:

Ncp = QTPFL. (117)

C.7 Proof of Theorem 11

From Appendix B, we have that the exponential e~ HAT/T can be expressed as an infinite LCU:
A S & U, (119
meM’
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where M/ denotes the appropriately defined infinite dimensional index set and each coefficient d.,,. €
R* by absorbing the phases into the unitaries U/, .. Eq. (45) represents an approximation to this infinite
LCU by truncating the infinite dimensional index set M, and replacing it with the finite dimensional
set M’. Using the notation from Eq. (25), the quantity |Brrg| can thus be upper bounded as

T T

|Brre| < Z |ovs| Z d;ntqulms - Z d:ntsUmts ) (119)

se[S] meM/ meM’

where have assumed a choice for r independent of the Fourier index s”. From [28] we have that

H Z d;ntst/nts - Z d;ntsUmts H
meM’ meM’
k r—k
S| S || T | T dutn
ielr] " memz, meM’_ /M mem’

(120)

<r Z d/mtsUr/nts Z d;ntsU;nts ) (121)

meMZL meM’l_ /M’

and hence the LHS of Eq. (119) can be upper bounded as

Brre| < ) leslr | Y d, S dy,. (122)

s€[S] meM’ meM’_ /M’

From Eq. (71) and the proof of Proposition 13 from [28], we have that

E d., < EOO L (L " 1+ b 2 (123)
mts = 2n)! \ r r(2n+1)
meML_ /M’ N=Nmax+1

o0

S e‘tmaxl/r Z l' (|t5|> e—‘ts‘/'f (124)
n. r

n=nNmax+1

We can then use the assumption that r > |ts| Vs € [S] thus allowing us to use Corollary 6 from [44]
(restated in the proof of Proposition 4 from [28], specifically Equation A4) and write

— L ([tl\" o elltmexl=ltminD/T /o ) T
‘tmax‘/'f — sl _lts‘/” < max . 125
; > 2 ( ) el < E (125)

rm
N=Nmax+1 max

Thus we have that

(‘tmaxl_‘tminl)/'f t Mmax
€ emax
|Brre| < 5 ( ) > leslr | Y d, (126)
]

™
max s€[s meM/

(t?xxax+|tmax|_|tmin|)/7‘ Mmax
< rNyNe ( et max ) (127

- 2

"We note that our proof can be generalized to the case where r has an explicit dependence on the index variable s

Tnmax
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C.8 Proof of Theorem 12

The proof for the result for Ng is identical to that shown in Appendix C.6 for the PF subroutine with
the following simple changes (see Eq. (48)):

N,N, = NrrN,N, < efmax/"N, N, (128)
BPF — BRTE' (].29)
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