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Abstract

In online convex optimization (OCO), a single loss function sequence is revealed over a time horizon of
T, and an online algorithm has to choose its action at time ¢, before the loss function at time ¢ is revealed.
The goal of the online algorithm is to incur minimal penalty (called regret) compared to a static optimal
action made by an optimal offline algorithm knowing all functions of the sequence in advance.

In this paper, we broaden the horizon of OCO, and consider multi-objective OCO, where there are K
distinct loss function sequences, and an algorithm has to choose its action at time ¢, before the K loss
functions at time ¢ are revealed. To capture the tradeoff between tracking the K different sequences, we
consider the min-max regret, where the benchmark (optimal offline algorithm) takes a static action across
all time slots that minimizes the maximum of the total loss (summed across time slots) incurred by each of
the K sequences. An online algorithm is allowed to change its action across time slots, and its min-max
regret is defined as the difference between its min-max cost and that of the benchmark. The min-max regret
is a stringent performance measure and an algorithm with small regret needs to ‘track’ all loss function
sequences closely at all times.

We consider this min-max regret in the i.i.d. input setting where all loss functions are i.i.d. generated
from an unknown distribution. For the i.i.d. model we propose a simple algorithm that combines the well-
known Hedge and online gradient descent (OGD) and show via a remarkably simple proof that its expected

min-max regret is O (/T log K).

1 Introduction

Online convex optimization (OCO) [18] is a basic learning problem that models a wide variety of applications
such as spam filtering [[18]], capacity provisioning in cloud networks [25] etc., where at time ¢, an online
algorithm A has to choose an action z; € X, after which the adversary reveals the convex objective/loss
function f; on which x; is evaluated. As a benchmark, the offline optimal algorithm is considered, that knows
the entire set of f;, t = 1,...,T, however, can only choose a single action across all times. To quantify

single

the performance of online algorithms, the metric of static regret R, is studied, that is defined as follows,

where x;’s are the actions taken by A,

T T
RY'(T) = s}lp {Z fe(@e) — mxinz ft(x)} '
A t=1



In a long line of work, comprehensively summarized in [18]], tight guarantees (both upper and lower
bounds) have been obtained for the OCO problem, and R*"9¢(T") = inf 4 Rfft"gle(T) = O(v/T). In particu-
lar, online gradient descent (OGD), mirror descent, and follow-the-regularized-leader (FTRL) 18] all achieve
the optimal static regret performance for OCO.

Many modern real-world decision problems, however, involve multiple conflicting performance metrics,
motivating the multi-objective OCO framework—an extension of OCO that aims to achieve Pareto-efficient
trade-offs among competing objectives. However, Pareto optimality is too challenging to work with in the
online setting, both in terms of defining the right benchmark as well as the required analytical treatment.
One such attempt was made at this recently in [20], however, it used a weak regret metric, which remained
independent of the number of objectives. We provide more details of this in the Related Work section.

Thus, in this paper, we consider the robust alternative in the multi-objective case: the min — maz OCO,
where the objective of an algorithm is to minimize the maximum of the total loss (summed across time slots)
incurred by each of the multiple objective functions. A compelling example for considering the min-max
approach is fair machine learning, where performance is typically evaluated across multiple demographic
groups, which naturally induces a multi-objective optimization problem. While Pareto efficiency identifies
trade-offs between groups, it may still permit highly unequal solutions, as a classifier can be Pareto optimal
even if it performs very poorly on a disadvantaged group. To address this limitation, fairness is often modeled
via a min—max objective: maximize the minimum accuracy (or minimize the maximum error) across groups
(2. 9D).

The min-max approach is also well suited for modern networked systems—such as data centers, wireless
edge networks, and shared cloud infrastructures—where online decisions must balance performance across
multiple service classes, users, or flows whose objectives (throughput, latency, energy) often conflict. The
min—max regret criterion provides a principled way to ensure worst-case fairness by minimizing the largest
cumulative loss among competing entities, which is crucial in fair resource allocation [38]], fair allocation in
clouds [17], fair assignment of reusable resources [26] congestion-controlled transport [22} 3], and dynamic
resource provisioning in data centers [42]. Unlike average-regret formulations that can conceal systematic
bias, minimizing min—max regret explicitly guards against persistent under-allocation to any group or flow—an
increasingly important property in multi-tenant and QoS-sensitive networks.

The formal min-max OCO problem that we consider is as follows. We consider that there are two convex

loss function sequences f;, g;, that are revealed after A chooses action x; at time ¢ fort = 1,...,T. The
min-max cost of A is
T T
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Two loss function sequences are considered for simplicity of exposition since they capture the basic difficulty.
Extension to ' > 2 sequences is straightforward and detailed in Remark [/} As a benchmark, we consider
the static offline optimal algorithm OPT that knows f;, g; fort = 1,...,T at time ¢t = 1 itself but can only
choose a single action z* across all times such that

T

T
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t=1

and the optimal cost is

T T
Copt = max { fe(z™), th(x*)} . (€]
t=1 t=1
Consequently, we define the min-max static regret of A with actions x; as
RA(T) = ?UP{CA — Copt}- (5)
Jt,9t



We refer to (B)) as the min-max OCO problem.

Remark 1 (On the regret definition). The chosen benchmark in Q)) is deliberately stringent. If we considered
a weaker benchmark, e.g., minimizing mingc x Zt 1 max{fi(x), g¢:(x)}), then applying standard OGD al-
gorithm on the surrogate function hy(x) = max{ fi(x), g:(x)} would yield regret O(~/T) independent of the
number of objectives, underestimating the intrinsic hardness of balancing multiple sequences. In particular:

* Our definition forces the algorithm to track both sequences globally and simultaneously. This means
the online algorithm cannot focus on one objective at the expense of the other, nor can it switch actions
adaptively across time as the per-slot benchmark allows.

e Qur benchmark ensures robustness across objectives: the comparator x* is the best fixed action that
minimizes the worst cumulative cost.

o This definition aligns with fairness and robustness considerations (e.g., in machine learning across
demographic groups), where good performance must be guaranteed for all objectives, not merely on
average or in expectation.

Thus, while the regret metric in (3)) is harder to minimize, it is an appropriate notion when robustness across
multiple objectives is essential.

1.1 Related Work

Because of its widespread applications, multi-objective OCO has been an object of immense interest, however,
with limited success. For example, [30]] wanted to study the multi-objective OCO and stated the difficulty as “A
fundamental difference between single- and multi-objective optimization is that for the latter it is not obvious
how to evaluate the optimization quality”. Further, it said “Since it is impossible to simultaneously minimize
multiple loss functions and in order to avoid complications caused by handling more than one objective,
we choose one function as the objective and try to bound other objectives by appropriate thresholds. This
work gave rise to the now popular problem of constrained online convex optimization (COCO), where the
problem is transformed into a constrained optimization problem with one objective and one or more constraint
functions, that is described next.

111 COCO

In COCO, on every round ¢, an online algorithm first chooses an admissible action z; € X C R?, and then the
adversary chooses a convex loss/cost function f; : X — R and a constraint function of the form g;(z) < 0,
where g; : X — R is a convex function. Let X'™* be the feasible set consisting of all admissible actions that
satisfy all constraints g;(z) < 0,t € [T]. A standard assumption is made that X* is not empty (called the
feasibility assumption). Since g;’s are revealed after the action x is chosen, an online algorithm .4 need not
take feasible actions on each round, and in addition to the static regret defined as

T
RiOCO(T E sup {Z ft xt ien)(f*;ft(x*)}’ 6)

{ft}t 1

an additional metric of interest is the total cumulative constraint violation (CCV) defined as

CCV(T) = Zmax(gt(xt), 0).
=1

The goal with COCO is to design an online algorithm to simultaneously achieve a small regret (6) with respect
to any admissible benchmark x* € X* and a small CCV.



1.1.2 Prior Work on COCO

(A) i.i.d. loss and constraints: COCO with independent and identically distributed (i.i.d.) loss functions f;’s
and constraint functions g;’s was studied in [30] while its extension to stationary and ergodic processes can be
found in [43], where both derived an algorithm with regret O(v/T) and CCV O(T%/4).

(B) Time-invariant constraints: COCO with time-invariant constraints, i.e., g = g,V t [49, (19} [29] 46]
has been considered extensively, where functions g are assumed to be known to the algorithm a priori. The best
known results in this case give static regret of O(T™>{¢1=¢}) and CCV of O(T~9)/2) for any ¢ € (0, 1).
The algorithm is allowed to take actions that are infeasible at any time to avoid the costly projection step of
the vanilla projected OGD algorithm and the main objective was to design an efficient algorithm with a small
regret and CCV while avoiding the explicit projection step.

(C) Time-varying constraints: The more difficult question is solving COCO problem when the constraint
functions, i.e., g;’s, change arbitrarily with time ¢. One popular algorithm for solving COCO considered a La-
grangian function optimization that is updated using the primal and dual variables [48} 41, 147]. Alternatively,
[33]] and [24] used the drift-plus-penalty (DPP) framework [32] to solve the COCO, but which needed addi-
tional assumption, e.g. the Slater’s condition in [33]] and with weaker form of the feasibility assumption in
[33].

[[L6] obtained bounds similar to [33]] but without assuming Slater’s condition. Very recently, the state of
the art guarantees on simultaneous bounds on regret O(\/T) and CCV O(V/T log T') for COCO were derived
in [39] with a very simple algorithm that combines the loss function at time ¢ and the CCV accrued till time
t in a single loss function, and then executes the online gradient descent (OGD) algorithm on the single loss
function with an adaptive step-size. Most recently [40]] showed lower CCV is possible with increased regret
compared to [39] while [45] obtained instance dependent CCV bounds which can be O(1) for specific cases
while achieving regret of O(\/T), respectively. The COCO problem has been considered in the dynamic
setting as well [8] 4] 44} 27]] where the benchmark z* in (6) is replaced by z} (z} = arg min, f;(x)) that is
also allowed to change its actions over time.

Remark 2. Even though the min-max OCO and the COCO problem appear related, but unfortunately results
for one do not give results for the other in either direction.

1.2 Global Cost Functions in Experts Setting

A special case of the min-max OCO problem (5) was considered in [14], where there are K experts, with
expert 4’s loss at time ¢, being ¢;(¢). If expert 7 is selected by an algorithm A with probability p;(¢) at time ¢,
then the overall expected loss for expert i is L; = Zthl p¢(1)0: (i) where T is the time horizon, and the cost
of A is the global cost [14]

Cyp= maXK{Li}. @)

The regret of A is defined as usual with respect to the static optimal offline algorithm that is required to choose
a fixed distribution across all time slots while knowing all losses in advance.

The name global refers to the fact that the objective function (7) captures the end-to-end cost function
rather than a summation of the instantaneous losses. For this formulation, which we refer to as GlobalExpert-
sProblem, [14] proposed an algorithm called MULTI and showed its regret to be O(v/T log(K)). GlobalEx-
pertsProblem differs with our min-max OCO formulation, in two fundamental ways, i) the objective inside the
max is a linear function of the actions p, (), and ii) the action p;(¢) taken at time ¢ affects each expert’s loss
but only in an average sense since Zfil p¢(1) = 1 while with min-max OCO the action z; chosen at time ¢
affects both ZtT:l fe(zy) and Zthl g¢(x¢) in full. Even though this appears to only be a small difference, it
changes everything. As a consequence the result on GlobalExpertsProblem does not apply for min-max OCO
even when fy, g; are linear. Extensions of [14] with additive global functions can be found in [2, 21] while for
non-additive ones in [35]].



1.3 Pareto Optimal Multi-Objective OCO

More recently, [20] attempted to study the multi-objective OCO from the Pareto optimality point of view.
Towards this end, it used the concept of Pareto-suboptimality-gap (PSG), for k = 1, ..., K loss functions fF,

and defined the regret to beE]
T

s i 52 - S @) ®

where P* is the set of points on the Pareto frontier for the K -dimensional vector [ZtT: | R [20] proposed
a mirror-descent inspired algorithm and showed that its regret (§) is O(+/T’) which notably is independent of
K. The minimization over the K possible loss functions in (8) made the regret (8) not depend on K, which
highlights the weakness of the metric. Thus, even though [20] made a valid attempt at modelling the general
multi-objective OCO, the weakness of the metric limited its applicability.

1.4 Per-slot min — maz multi-objective optimization

Compared to our ‘global’ min-max objective (@), in [23]], a per-slot min — maz multi-objective OCO was
studied, where in particular, at each round t = 1,...,7": i) an online algorithm chooses x; € X (convex
compact set), ii) the adversary chooses y; € ) (convex compact set), and iii) the online algorithm suffers a
vector loss:

Ce(wy,ye) = (ét,l(xhyt)v cee agt,d(xtyyt)) €1, 1]d-

The goal of an online algorithm is to solve ming,,} max;¢g) Zthl Ly (e, y1), knowing £,(.,.), but not y;,
and its performance is compared against a per-round local minimax value

t .
Wr = INin maxmaxﬁt A\ y
L ex yey jeld) 3(®:9);

where the cumulative benchmark is:

T

T
Wi = Zth, and regret R%(T) := me[xé]cz&’j(xt, ye) — WE. )
t=1 AL

A Hedge-type algorithm [6] was shown in [23] to have O(v/T) regret.

Defining Y = {e} a singleton, and d = 2, such that £, 1 (z¢,y:) = fi(x) and £ 1(ze, y¢) = ge(ay) for
Yy = e, we recover our model where two convex functions f;, g; are revealed at time ¢, and for which the
benchmark W} simplifies to

T
Wi = ZQI:HGII')I( max{ f¢(x¢), gs () }). (10)
t=1""

Thus, benchmark is fundamentally different than our considered benchmark (4) since it is additive across
time slots, and allows the benchmark to choose different actions across time slots. Even though allows
choosing different actions across time slots, surprisingly, we show in Appendix @] that W1 (I0) can be 3/2
times more than our benchmark Cop (#) and hence algorithms with O(+/T') regret (9) do not yield a O(v/T)
min-max static regret ().

In summary, compared to COCO and GlobalExpertsProblem, our considered problem has a wider scope,
while our considered metric (3]) is more meaningful and stringent compared to (8) and (10).

'We write the equivalent simpler form given on Page 21 [20] compared to the original Definition 4 made on Page 5 of [20] that is
mathematically more complicated.



1.5 Applications

Multi-objective OCO has also been studied from an applications perspective, e.g. [28] studied the problem
of multi-period multi-objective online ride-matching problem, where the multiple objectives included plat-
form revenue, assigning drivers with higher service quality, minimizing the distance to the customer etc. [28]
also used the COCO-type reformulation of multi-objective OCO for deriving theoretical guarantees. Other
applications of multi-objective OCO include fair resource allocation [38]], fair allocation in clouds [17], fair
assignment of reusable resources [26] congestion-controlled transport [22, 3], and dynamic resource provi-
sioning in data centers [42], multi-task learning [36]], multiple target tracking [31], portfolio selection [12]] and
safe reinforcement learning [[10], where decision-makers must make sequential decisions under uncertainty,
balancing objectives such as cost, delivery time, and reliability without full knowledge of future demand or
disruptions [22} 3], where the min-max criterion naturally makes sense.

1.6 Our Contributions

1. Compared to the discussed prior work, which has primarily focused on bounding the ‘respective’ regret
under worst-case or adversarial inputs, establishing bounds with the adversarial input on the min—-max
static regret (3 appears to be substantially more challenging. We highlight the difficulty for one instance
in Section [3] where even when full functions f;, g; are revealed before choosing action z;, the greedy
algorithm still has a linear regret.

2. Thus, we consider the min-max static regret problem in the i.i.d. setting where both f;, g; are chosen
independently across ¢ with identical (unknown) distribution D. Note that all the discussed applications
and use cases for multi-objective OCO (e.g. fair machine learning, fair resource allocation, multi-task
learning, network scheduling, multi-objective online ride-matching problem etc.) are well motivated in the
i.i.d. case as well. Moreover, analytically also, the problem remains challenging with the i.i.d. input. From
a theoretical advancement point of view similar approach was followed for the COCO problem where the
earliest results were derived for the i.i.d. input [30], which were then later generalized to the worst case
1nput.

For the i.i.d. model, the expected cost of A is C 4 that is just the expected value of C 4 in (2)), while the
CopT simplifies to

~ _ . . T : * px) . T
Copr =T min max 0 u(z) with (z%,0%) = arg min max 0" u(x), (11)
where p(x) = E{fi(x),g:(x)}, 0 = (01,02) € Ay and Ay is the 2 — D simplex. The metric is now the
expected min-max static regret

RA(T) S S%p{C'_A - COPT}~ (12)

Algorithm: For the i.i.d. model, the basic idea behind our solution approach for minimizing the expected
min-max static regret (12)) is as follows. From (TI), the real goal for an algorithm is to find the optimal pair
(z*,0*). Since an online algorithm A does not know D ahead of time, finding (x*, §*) is not possible. So
we propose a simple algorithm that produces pair (¢, 6;) at time ¢ in an online manner that uses Hedge
algorithnﬂ [6] to update 6; to solve the inner maximization problem in (LI} given x;, and OGD to obtain
actions z; given 6, to solve the outer minimization (OCO) problem in applied to the surrogate loss
function 0, [f:(z), g¢(x)] = 011 f(x) +02:9¢(x) which is a proxy for 6" yu(z), in an attempt to keep (z¢, 6;)
to stay close to (z*, 6*), so that the regret remains small.

2We describe the basic Experts problem and Hedge algorithm in Appendix [E| together with its regret guarantee for completeness
purposes.



Note that (TT) is not the usual online min — maz optimization problem [3]], where an online algorithm and
adversary are playing against each other. Instead with both x and @ are algorithm’s choices depending
on D, that is under an adversarial control as defined in (I2). The proposed alternating min-max algorithm
is intuitive, however, the regret analysis is actually quite delicate, and heavily depends on our non-trivial
decomposition of regret in (I9) into three terms, which also motivates our algorithm.

It is worth noting that there are several other candidate algorithms (e.g. primal-dual algorithm for COCO
[48]] and OGD with surrogate cost function for COCO [39]) that appear to solve (TI)), however, analyzing
them is rather challenging because of the outside max in the cost of an online algorithm in (3).

3. Guarantee: Using simple and elegant analysis via an insightful regret decomposition, we show that the
expected min-max static regret (I2) of the proposed algorithm is O(V/T). This is similar to the short and
elegant analysis of OGD algorithm’s [18] performance for OCO in the adversarial input setting, that has
been very useful for further progress. Even though we considered just two sequences f;, g; for simplicity,
the result generalizes directly if there are K sequences ff,k = 1,..., K and the expected min-max static
regret (§) is O(v/T'log K). See Remarkfor more details.

4. Improved guarantee for GlobalExpertsProblem [14] in the i.i.d. input: As a special case of our result,
we derive an improved regret guarantee of O (/T log K ) for the GlobalExpertsProblem [[14] with the i.i.d.
input compared to O(v/T log K) of [14] which was applicable in the worst case/adversarial input setting.

5. With Bandit Feedback: We also extend our results to the bandit setting, where only function evaluations
at the most recent actions are available without any gradient feedback. We show that the expected min-
max static regret is O(T°%/*\/log K) and O(y/T log K) for one-point and two-point bandit feedback,
respectively, matching the best known bounds on OCO in the respective bandit settings.

1.7 Open Questions

* We have only considered the i.i.d. input setting, and the major open question that remains is whether
o(T) min-max static regret (3)) is achievable in the worst case input or not.

* Lower bound on the expected min-max regret: Theoretically, deriving a lower bound on the expected
min-max static regret matching the derived guarantee of O(\/T) appears challenging, however, simula-
tions (see Fig. (1)) with f;, g; as random linear functions suggest that @(\/T) is the correct scaling for
the expected min-max static regret.

* Strongly Convex Functions: For OCO, the best-known static regret reduces to O(log T') when functions
fi’s are strongly convex. Because of the use of Hedge in our proposed algorithm to update weights 6, ,
its expected min-max static regret (I12)) remains O(V/T) even if f;, g are strongly convex. It is not clear
whether this is a limitation of the proposed algorithm or the expected min-max static regret is Q(\/T)
even when f;, g; are strongly convex. Simulations (see Fig. [2)) suggest that in fact expected min-max
static regret is Q(+/T") for the proposed algorithm.

» Constrained Multi-Objective OCO: An immediate open question is how to solve the constrained version
of the multi-objective OCO. For example, let f;, g; be the loss functions under the min — maz criteria
while h; be the constraint function. Similar to COCO, let X* be the feasible set consisting of all
admissible actions that satisfy all constraints h,(z) < 0,t € [T]. Then, the optimal expected static
benchmark cost is

~ _ . : T . * pk) : T
Copr =T Inin grelzggﬂ w(x) with  (z*,6%) arg min grelfg@ (), (13)



and the corresponding regret and CCV are

T
RA(T) = s%p{C'A — Copr} CCVi1py =Y E{max(hy(x:),0)}, (14)
t=1

respectively. It turns out that our proposed algorithm cannot be married readily with the prior best
known approaches for COCO [39, 45| 40] for deriving simultaneous bounds on regret and CCV. Thus,
how to solve the min-max OCO with constraints remains an interesting open problem.

2 Assumptions

We start by stating the assumptions that we will use throughout, that are standard in the OCO literature [[18].

Assumption 1 (Convexity). X C R? is the admissible set that is closed, convex and has a finite Euclidean
diameter D. Cost functions fi,g: : X — R are convex for all t > 1, and are bounded | f:(x)| < B, |g:(z)| <
B, VxeX.

Assumption 2 (Lipschitzness). All cost functions { f+, g }+>1 are G-Lipschitz, i.e., for any z,y € X, we have
|fe(x) = fe()] < Gllz —yll, |ge(x) — g (y)] < Gllz —yll, VE = 1.

Assumption 3. Information Structure: On round t, the online algorithm A first chooses an admissible
action x; € X and then the adversary chooses two convex cost functions f; : X — R and g, : X — R. Once
the action xy has been chosen, both fi(x¢),V fi(x¢) and gi(xt), Vgi(xt) are revealed, as is standard in the
literature. We will also consider the bandit information structure in Section [6|where no gradient information
is available.

3 min-max OCO Problem () in the Adversarial Setting

In this section, we highlight the difficulty in solving the min-max OCO Problem (3) in the adversarial input
setting, where the input can be chosen adversarially depending on the choice of an online algorithm.

To illustrate the basic difficulty, we even allow the algorithm to know f;, g; completely before choosing its
action z; at time ¢. Under this enhanced information setting, consider the greedy (locally optimal) algorithm
that chooses

Ty = gg(l max{ f;(x), g¢(x)}.

Recall that when g; = f; V t, i.e. in the OCO setting, this algorithm will have non-positive regret Rff‘"gle(T)
since fi(x¢) < fi(z) for any x. However, as we show next, the greedy algorithm suffers a linear min-max
static regret (3).

Let 7' = 2N and consider the following linear functions on X = [0,1], forj =1,..., N

fgj_l(x) =12-— 02177 fgj(l‘) =,
g2j-1(z) =z, g2j(z) = 0.8+ 0.2z. (15)

Clearly,

arg it {max(fo;1(¢), g25-1(2))} = 1 and  arg min{max(fy;(¢), g2;(2))} = 0.



Thus, the greedy algorithm chooses x2;_1 = 1 and z2; = 0, and the cost C'4 (@) of the greedy algorithm is

N N
Z (f2j—1(m25-1) + f2j(25)) ,Z (92j-1(22j-1) + g2 (225))
j=1 j=1

N

N N N
=max{ > (faj—1(1) + f2;(0)) .Y (g2j-1(1) + g2;(0)) x4 Y (140),> (140.8) p = L8N.
j=1 j=1

j=1 Jj=1
However, if an algorithm chooses a single static action * = 0 for all times, its cost C 4 (E]) is 1.2N, and hence
Copt < 1.2N.

Thus, the min-max static regret (3) of the greedy algorithm is linear in 7. This example highlights the key
difficulty in minimizing the min-max static regret in the adversarial/worst case input. We note that this example
does not preclude more intelligent algorithms that take a global view in trying to balance the two costs, such
as primal-dual, OGD+Hedge or FTRL to achieve sub-linear min-max static regret (3)), however, the stringent
min-max static regret definition makes the analysis highly challenging. We will make additional remarks on
the technical difficulty in Appendix [F] Thus, from here on we consider the i.i.d. input that is defined next.

4 i.i.d. Input model

We consider the i.i.d. input model, where at time ¢, loss functions (f;, g;) are chosen independently and are
identically jointly distributed as D (unknown) across all t. We assume that Assumption [T] and [2] holds, and
consider the same information structure as defined in Assumption 3]

Let As = (ft, 9¢) and recall that A is the 2 — D simplex, § = (61, 602) € Ao, and

Ae(x,0) := 01 fr(z) + O29:(2).

Following (2)), the expected cost of any online algorithm A with the i.i.d. input which chooses actions x¢

C_'A:E{max{th(xt),th(xt)}} {éﬁa’izAt x4, 0 } (16)

while from (TT))

. o
Copr=T- ml}vlgeli)ge w(x) with  (2*,0%) = argmmggz&@ u(x), (17)

where u(z) = E{fi(), g:(x)}.

Consequently, the expected min-max static regret Ry (A) following is
RA(T) = sup {C4 — Copt} . (18)
D
We refer to (I8)) as the i.i.d. min-max OCO problem and for the rest of the paper, consider it with the goal of
deriving an algorithm that has o(T") expected min-max static regret.

Remark 3. Note that even i.i.d. min-max OCO problem is theoretically challenging, and no prior results
apply directly.

Remark 4. We note that only two loss function sequences are considered for simplicity of exposition since it
captures the basic difficulty of the problem, and all the results that we derive apply directly to the case when
there are K function sequences (see details in Remark|7).



4.1 Algorithm

In this section, we present an algorithm to solve the i.i.d. min-max OCO problem (I8). Towards that end, if
suppose an online algorithm knew the optimizing 6* in (T7), then by executing an OGD algorithm for OCO
with a single function 6% f; +60%g; at time ¢+ 1, it would achieve a regret of O(v/T') using standard results [[I]).
However, the optimizing 8* that depends on D (unknown) remains unknown, but, this observation motivates
our algorithm that constructs

i) 0, at time ¢ as a surrogate for 0* using the Hedge algorithm (gains version) treating the two function
sequences {f:}X ; and {g;}; as the gains of the two experts (see Section |E| for basic definition of the
Experts Problem and the Hedge algorithm), and

ii) for each fixed value of 6;, plays the action chosen by OGD applied to the single surrogate function 6, f; +
0i29¢ at time t + 1. Pseudocode is given in Algorithm

Algorithm 1 Minimization of the Maximum of The Sum of Two Convex Loss Sequences
1: Input: step sizes 1, ¢+ > 0, mg,; > 0, feasible set X
2: Initialize: wy = (1,1), 01 = wy/||w1]l1, fo =0, go = 0 and play arbitrary 2o € X
3: fort=1,...,Tdo

4 Observe (fi—1(w¢-1), gt—1(z4-1)) and (V fi_1(24-1), Vgi—1(21-1))

5: Using current 0;, form convex function © — Ay(x,0;) := 0y 1 fr_1(x) + 0129:—1(x)
6: OGD: Gradient step: vy = x¢—1 — gt VA (x4—1,6;) and find 2, = Proj, (y:)

7: Play action z;

8: Evaluate Ay = (f¢(7¢), g¢(1))

9: Hedge: Update weights: w41 ; = wy,; exp(ng,¢As,;) fori =1,2

10: Normalize: 0:11 = wer1/||wis1|1

11: end for

4.2 Guarantee
Theorem 4. Under AssumptionsandH formg < QBI—‘Z}E, Neyt =
(T8) of the proposed algorithm (Algorithm[I) is

RA(T) = O(VT).

D

NG the expected min-max static regret

Proof. The main ingredient of the proof as well as the inspiration for Algorithm I]is the following decompo-
sition (T9) of the expected min-max static regret (I8)). Recall the definition of

At(l', 9) = glft(x) + 029)5(.1')

where 6 = (01,05) € A,.
By adding and subtracting two terms, Zle A¢(y, 6;) and minge v E;‘F:l A¢(z, 6;) inside the expectation
in the RHS of (T8)), we write the expected min-max static regret as

Rp(A) = S%p{E{Rl} +E{R:} + E{R3}} < S%p{E{Rl}} + S%P{]E{Rz}} + S%p{lE{Rs}}, 19)

where

T T
Ry = g’éi}i ZAt($t79) - ZAt(l“t,at),
=1 =1
T T
Ry = ;At(l't»et) - i%i}é;At(x,at)a

10



T T
. = . . T
Rs = min t:ZlAt(x, 0;) — Copt = ;Ig(ltzzl Ae(x,0,) =T - min max 0 u(x).

The interpretation of R; is that it is the regret for the gains version of 2-Experts Problem [6], where the two
function sequences f;, g; are the gains of two experts, with respect to an optimal 8* € A, for fixed actions
x, across time slots. This motivates the use of Hedge algorithm [6] (gains version) in our proposed algorithm
that is tailor-made for updating 6; for fixed actions ;.

Similarly, R, is the static regret for an OCO minimization problem relative to static optimal action z* for
a single surrogate objective function sequence of A¢(x, ;) = 641 fi () + 64294 () for a fixed 6;. Hence using
an OGD algorithm is natural for this purpose as done in the algorithm for each time ¢, with a fixed weight 6;.

The third term Rj3 is more nuanced and captures the difference between the cost of OPT for a fixed
sequence of §;,¢t = 1,...,T and the optimal benchmark cost CopT (T7), respectively.

We will bound R; and Rs sample path wise for each realization of f;, g;, while for R3 we will bound
E{R3}. In particular, we will show the following that is proven in the Appendix.

Lemma 5. Fornp,; < /2In2/(B%t), supp{R:1} < O(VT).
Lemma 6. Choosing 1, ; = GL\/E’ supp{R2} < O(VT).
Lemma 7. E{R3} <0.

Because of the connection described above, the proof for R; in LemmaE] and for Rs in Lemma@ follows
standard analysis [18]] for Hedge and OGD, respectively. Bounding 3 needs more care and we prove it in
Appendix |C|where we critically exploit the i.i.d. input model.

Combining Lemma 5] [6|and[7] and the regret decomposition (I9), we get that the expected min-max static
regret (I2)) of Algorithm [T with

2In2 D
Not < ﬁ» and Net = Gix/l? (20)
is -
RA(T) = O(VT), 1)
proving the result. O

Following remarks are in order.

Remark 5. The regret decomposition (19) does multiple things at the same time i) identifies the critical
difficulty of the problem, ii) motivates a natural algorithm, and ii) keeps the proof modular, where the regret
bound for each module is simple and elegant, almost first principles based.

Remark 6. Although the proof of TheoremH\is remarkably simple and elegant, it hinges on the critical regret
decomposition — which is not obvious a priori. This decomposition eliminates the need for sophisticated
technical machinery needed in related prior work [30] that also considers the i.i.d. input and highlights the
underlying simplicity of the result. We would like to emphasize that the elegance of the argument should not
obscure its importance.

Remark 7. When there are K loss function sequences fF. k = 1,..., K that are chosen i.i.d. from D, define
0 € Ak, (where Ak is the K-dimensional simplex) and Ay(x,0) = Zle Ox fE. Then the expected min-max
static regret of A is

T
RA(T) = s%pIE {ergzi ; Ae(24,0) —T - ;rg/_rvl fax HTu(w)} (22)

11



where () = E{f}(x), ..., X (2)}.

With this new definition of 0 and A;, Algorithm |I| remains as is with Hedge choosing 6; € Ak while
x; the single action chosen by OGD. Assuming all fF .k = 1,..., K satisfy Assumption |I|and 2| the only
change in the guarantee with K > 2 compared to Theorem ] with K = 2 is because of Lemma ] that is
now O(\/Tlog K) [I8] since there are K experts corresponding to the K loss function sequences fF,k =
1,...,K . The OGD guarantee of Lemmal6| stays the same since |V Ay (x¢,0)|| < G as before. Moreover,
Lemma [7] holds as is. Thus, the overall expected min-max static regret of Algorithm [I|with K loss function

sequences is
O(/Tlog K). (23)

Remark 8. We note that Algorithm |l|is well motivated even while considering the worst case/adversarial
input. The technical problem in its analysis with the worst case/adversarial input is that Lemma[7]that is the
critical result fails when considering the adversarial input. We highlight this difficulty in Appendix [F| and
show that the ‘best possible’ upper bound on Rs is R3 = O(T3/ 2) with the worst case/adversarial input
for Algorithm (1| by exploiting just the properties of the Hedge algorithm which is insufficient for achieving
sub-linear regret.

Remark 9. [Extension to Strongly Convex fi’s and g;’s] One limitation of our proposed algorithm and the
proof is that because of the use of the Hedge algorithm for updating 0,, the regret supp{R1} can at best be
O(\/T ). Thus, unlike OCO, where OGD algorithm achieves logarithmic regret in T when fi’s are strongly
convex, our algorithm’s regret is only O(\/T) even when both fi, g; are strongly convex. Is this a limitation
of the algorithm or of that of the problem itself remains an interesting unresolved question.

5 Improving the result on GlobalExpertsProblem with the i.i.d. input
[14]

Let X = Af, the K-dimensional simplex, and writing fF(z) = x40y (t), where z, is the k-th coordinate
of x € X, £i(t) is the loss corresponding to the k-th expert, and k = 1,2..., K, we get the GlobalExpert-
sProblem [14] with K experts in the i.i.d. input case is a special case of the i.i.d. min-max OCO problem
(18).

Thus, from (23), we get that the expected min-max static regret of Algorithm [1{is O(y/T log K) for the
GlobalExpertsProblem with i.i.d. input. In comparison, [14] derived a min-max static regret (3 guarantee of
O(V/T log K) with adversarial input for the following algorithm called MULTTI:

For K = 2,
T2 (t)gg (t) — X (t)£1 (t)
VT ’
and z2(t) = 1—x1(t). For general K, the K = 2 algorithm was used recursively. Compared to our Algorithm

the MULTT algorithm [[14] is very compute intensive since it recursively uses an algorithm for K = 2 and
requires the knowledge of time horizon 7.

6 Extension to Bandit Feedback

We now analyze the expected min-max OCO problem (18) under the bandit feedback, where at time ¢, once
the online algorithm A chooses its action x4, it only observes the scalar values { f* ;(.)}/_, at one (one-point
model) or two points (two-point model) and does not receive any gradient information.

12



Algorithm 2 Bandit-MinMax (unified one-point/two-point variant)

Require: Feasible Set X C R?, smoothing parameters {J; }, step-sizes {1, + }, {7.+ }, feedback type mode €
{one-point, two-point}
1: Initialize wq = 1k, 61 = w1/||w1||1, choose g € X
2: Define Ay(z,0;) = >, O i fF(2)
3: fort=1,...,Tdo
4: Sample u; uniformly from unit sphere S%—1

5: if mode = one-point then
6: Play ; = Proj(w;—1 + 6;u;) and observe { fF(;)} 5,
7: Gradient estimator: J
V= gAt(ft,at) Uy
t
8: else if mode = two-point then
: Query Ti—1 + (5tut and Tt—1 — 6tut, observe {ftk($t_1 + 5tut)}£(:1
10: Gradient estimator:
~ d
Vi = 35, (At(xt—l + 0gug, 0p) — Ay(mi—1 — Spuy, 91:))%&
t
11: end if R
12: Gradient step: yy = x4—1 — 12,t Ve, & = Projy(y:)
13: Hedge update: wy11 ; = wy i exp (ng,tft7k(xt)), 011 = wp1/]|wes1]1
14: end for

6.1 Algorithm

For this bandit model, we consider a simple adaption of Algorithm[I|by replacing its OGD part with the bandit
information counterpart, while keeping the Hedge part as it is, given by Algorithm[2] Moreover, the analysis
also follows the same script by replacing the guarantees by their respective bandit counterparts.

6.2 Guarantee
Theorem 8. Under Assumption[I|and

1. (One-point feedback) With 6, = t='/%, n,, = D/(Gd'/*t3/%), and ng; = \/Tog K /(B\1), the
expected min-max static regret satisfies

RA(T) < 1 d?GDT?* + ¢;B\/TlogK,
for universal constants c1,ca > 0.

2. (Two-point feedback) With 5, = t='/2, n,, = D/(Gd'/?\/t), and n9; = /Tog K /(BV/t), the ex-
pected min-max static regret satisfies

RA(T) < ¢3d*GDVT + ¢4B\/TlogK,

for universal constants c3,cq > 0.

6.3 Proof of Theorem
Recall the decomposition (T9)

13



RA(T) = s%p{E{Rl} +E{Ry} + E{R3}} < S%P{E{Rl}} + S%P{E{Rﬂ} + S%P{E{Rs}}-

Bounding R; and R3. For both one-point or two-point bandit feedback, the Hedge guarantee remains the
same as in Lemma In particular, with 79 ; = v/log K/ (B\/i), sample path wise,

Ry < B\/2Tlog K,
and similar to Lemmal[7]
E{R3} <0.

The only change is in bounding R».
Bounding R> (one-point feedback). The one-point estimator

~ d B
V= gAt(xtv 9t) Ut
t

is unbiased for the gradient of the J;-smoothed loss, with variance at most O(dB?/§2). Using 6; = t~/* and
et = D/(GdY/?t3/*), the bandit-OGD analysis [15] yields
Ry < ¢y d'?GD T3/,

for some universal constant c;.
Combining the three bounds we get

RA(T) < ¢y d*GDT?* 4+ 2B\/2Tlog K.

Bounding R> (two-point feedback). With two function evaluations per round, the estimator
ﬁt = % (At(xtfl + 5tut7 9t) - At(xtfl - 5tut7 9t))ut

is unbiased with variance O(dB?/6?). Choosing 6; = t~*/? and ), ; = D/(Gd'/?\/t), the two-point bandit-
OGD analysis [[1} [13,137] gives
R2 < C3 dl/QGD \/T7

for some universal constant c3. Thus, with two-point feedback,
RA(T) < ¢3d*GDVT + 2B+\/2T1og K.

O

Discussion: Compared to the limited information setting considered in Section[2] where gradient informa-

tion is available, with bandit feedback the regret guarantees suffer for the expected min-max OCO problem,

however, the degraded guarantees match the best known guarantees for OGD in the bandit setting. The proof

of the result is simple because of the modularity of our algorithm and the regret decomposition that decom-

poses the total regret into regret resulting from Hedge and OGD, and the fact that only regret for OGD changes
with bandit feedback.

7 Experimental Results
In this section, we present numerical results on the expected min-max static regret of Algorithm [I] under

relevant settings, that are well motivated from both theoretical as well applications point of view. In all the
figures, we plot the expected min-max static regret as a function of time horizon 7.
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7.1 Basic Results

We begin our experimental results by considering the input model when all functions ff fork = 1,..., K, t =
1,...,T are random linear functions in d = 10 dimensions, where each coefficient is distributed uniformly
between [0,1]. Random linear functions are important since they were sufficient to find lower bounds on
the regret of any online algorithm for OCO [18]. In Fig. [T} we plot the expected min-max static regret of
Algorithm E] as a function of K and T for random linear functions, where as expected, we observe that the
regret scales as O(y/T log K).

Next, we consider fF’s as strongly convex functions, where each fF is independently and identically
selected from a set of {(z — a)?,a = [-9,-8,...,0,1,...,9]}. Recall that for OCO with strongly convex
functions, the step size 7 needed for OGD to get a regret guarantee of O(logT') scales as 7 = 1/t and not n =
1/+/t [18]]. Thus, for this simulation of Algorithmwe use g = O(1/+/t) and Nt = O(1/1). As pointed
out earlier, we are unable to improve the expected min-max static regret guarantee for Algorithm [T when all
functions f;°’s are strongly convex. We see that in fact that is true for Algorithmeven in simulations as shown
in Fig. [2| where for K = 1, which is the same as OCO (with 7, ; = O(1/t)) the regret scales as log(7'),
while for larger values of K, the expected min-max static regret scales as O(v/T) when 19, = O(1/+/t) and
N+ = O(1/t). Thus, if indeed expected min-max static regret of O(logT') is achievable then Algorithm
needs to be conceptually modified.

Expected min-max static regret for random linear functions

I I
15}
50 60 | 5
[a7
5 i i
2
= 40| :
g
=
3 i i
% —-o0— K=1
§ 20 0 K =10 | |
< I —— K =50 | |
K =100
O | | | | |
0 50 100 150 200 250 300

Time (%)

Figure 1: Expected min-max static regret of Algorithm |1l when ff are random linear functions for different
values of K.

7.2 GlobalExpertsProblem

In this section, we compare the performance of Algorithm [Ijand MULTI [14] for the GlobalExpertsProblem
with the i.i.d. input. For that purpose, we consider that the loss of each expert at time ¢ is drawn independently
from a uniform distribution:

by g g Uniform(a,b), t=1,2,...,7, k=1,2,..., K,

31n contrast to 15,1 = O(1/+/%) as needed to prove Theorem
4We have checked that other combinations only increase the regret.
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Expected min-max static regret for quadratic loss functions
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Figure 2: Expected min-max static regret of Algorithmmwhen fF are random quadratic functions for different
values of K.

where a, b € [0, 1] are fixed parameters defining the range of losses. In our experiments, we set a = 0.2 and
b = 0.8 to ensure non-trivial loss variation while avoiding extreme loss values.

For this model, we plot the expected min-max static regret performance of Algorithm[[Jand MULT! in Fig.
B] and see that both perform similarly, even though the regret guarantee we obtained for Algorithm [T]in i.i.d.
case is slightly better than MULTI (which is valid even with the adversarial input). It appears that MULTI
has better performance than its guarantee [[14]. However, MULTI is computationally far more intensive than
Algorithm|[T]since it uses the K = 2 primitive recursively, and moreover, it needs to know the time horizon T
in contrast to Algorithm [T]

7.3 Application of min-max formulation to Fair Classification Setting

Finally, in this subsection, we simulate the i.i.d. min-max OCO problem for a fair classification setting.

Data generation. We consider K groups, each corresponding to a convex loss function sequence. For each
group k € [K], we sample a hidden parameter wj ~ N(0, ;). Ateachround ¢t =1, ..., T, for each group k
we draw m feature vectors

Zt)k’iNN(ﬁLk,U2Id), izl,...,m,

with uy, drawn once per group. Labels are generated as
Yrk,i ~ Bernoulli(o((wg, 2¢.r.i)))

where o(u) = 1/(1 + e~ ") is the sigmoid function.

Loss functions. The per-group convex loss at round ¢ is the averaged logistic loss with Lo regularization:

1 m
ftk(a:) = mZ;log(l—&—eXp(—yt,kJ (x,zth>)> + f<aHx||§
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Figure 3: Expected min-max static regret of MULTI [14] and Algorithm [I]for different numbers of experts K
and time horizons 7" for the fair classification example.

For this application, we compare the performance of following algorithms.
* Algorithm 1) (OGD+Hedge)
+ OGD on average loss: projected OGD on + S5 | fF(x).

* Follow-the-Regularized-Leader (FTRL): z; = arg mincx {maxk S (@) + R(2) }

Parameters. We use d = 20, K = 10, mini-batch size m = 50, diameter D = 5, and regularization
k = 1073, Step sizes are set as 1, ; = D/ (G/t) for OGD (with G an upper bound on gradient norms) and
no.« = VIn K /(Bv/t) for Hedge, with B an upper bound on per-round losses.

In Fig. [4 we plot the expected min-max static regret Ry for all the three algorithms. We see that all
algorithms have sub-linear regret, and Algorithm ] has larger regret than FTRL but better than average OGD.
However, recall that neither FTRL and average OGD have any theoretical guarantees on their expected min-
max static regret. Next, in Fig. [5] we will consider an input where the index of the most challenging sequence
changes over time and show that Algorithm [T]outperforms FTRL in that case.

Non-stationary input

Next, we change the input described in Section to model a highly non-stationary environment specif-
ically designed to challenge static optimization strategies such as FTRL and highlight the adaptability of
Algorithm[T] that uses OGD+Hedge. The detailed changes with respect to Section[7.3]are as follows:

* We consider K = 3 separate objectives, each with its own logistic loss function defined by fixed but
distinct parameter vectors wg,,[k] and mean feature shifts p[k].
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Expected min-max static regret for K = 10 for the fair classification problem
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Figure 4: Expected min-max static regret comparison for K = 10.

* Every switch_interval steps (here set to 100), one objective becomes significantly harder by
adding a large mean shift (shift _magnitude = 5.0) to its feature distribution. This creates abrupt
changes in which objective dominates the cumulative loss objective function.

* Data generation: For each round ¢, and for each objective k, a feature matrix Z of size m x d is
generated from a Gaussian distribution centered at the shifted mean. Labels y are generated from a
logistic model using wgy[k] (is a hidden “true” parameter vector for objective k. It defines how that
objective behaves.), with additional noise introduced via random sampling.

We clearly see in Fig. [5that Algorithm [I|(OGD+Hedge) adapts better to changing conditions than FTRL,
since worst-case objective changes over time, making past loss information misleading for FTRL.

8 Conclusions

In this paper, we have made a basic advance in the area of multi-objective OCO by formulating the min-max
static regret minimization problem, that requires an algorithm to closely track multiple loss function sequences
simultaneously and at all times. Because of analytical challenges with the adversarial input, we considered
the i.i.d. input setting, for which we proposed a simple algorithm that used a combination of the well known
Hedge and OGD algorithm. Using an insightful regret decomposition, which made the analysis modular,
we derived a O(+/T log K) regret bound on the proposed algorithm, which is shown to be best possible via
simulations. We also extended the results to the bandit information setting. Certain questions that remain
open are: i) what is the best regret possible with the adversarial input, ii) how to handle the case when all loss
functions are strongly convex, and iii) handling constraints like COCO.
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Expected min-max static regret in switching environment for X = 3
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Figure 5: Expected min-max static regret for Algorithm[I]vs. FTRL in a piecewise-stationary environment.
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A  Proof of Lemma

Let S := S, fi(z;) and Sy := 31, gi(+), and recall that A, = (f(2¢), g¢(x¢)) and 32, Ay (¢, 60;) =
01 fr + Or2gr = >, (0r, \¢). Then

max ; Ai(zy,0) = max{Sy, S2}.

Standard Hedge (gains version) [6] analysis implies that for any expert ¢ = 1, 2.

Maximizing over i and using (A1 — At 2)? < (2B)? = 4 B2 (since values are bounded by B from Assumption
[T) yields

T
In2 4B
Z<0t; At) > max{Sy, So} — — — Z ULK:

t=1 0,7

Rearranging gives

n2 B?
Ay(20,0,) = max{Sy, So} — Zet,Af - Z”“

t=1 0,7

R1 = maXZAf ,’.Et,

HMH

B Proof of Lemma (6]

Define ft(x) := A4(x, 6;), which is convex for fixed ;. Thus, the standard OGD (projected) guarantee from
[L8] implies, for any x € X,

T T

> i) =3ty < Lol 5

=1 =1 21,1 =1

(w4 1)|| .

Using the finite diameter ||z—xo|| < D and the bounded gradient |V f;(z;_1)|| < G (since both ||V f;(z¢_ 1) <
G and || Vg, (z¢-1)|| < G from Assumption|[l) yields

With the choice 7, ; = D/(GV/t)
Ry < DGVT.

C Proof of Lemma

Recall that

Ai(z) = (fe(),9¢(x)),  andlet p(x) :=E{\(z)}.
where p(z) is independent of index ¢ on account of the i.i.d. assumption on functions f, g;. Let F;_; denote
the filtration generated by

thl = J($17 ce 7xt717917 ©. '7915717 )\1(*%.1)7 s '7)\1571('7;1571))7
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which determines 6; at round ¢.
Recall the definition of optimal pair z* and 6* that defines the static offline optimal solution of the expected
min-max problem (17):

T

* = 07 u( d 0% := 07 pu(z*). 24
x arg;rgggrelzggz ), an arg;relzg; w(x™) (24)

By the definition of R,

T T
. T : T
R3 = ;Iél;{l g 0, M\(z) — mig mex tE_l 0" Ai(x)

T

) gg(lzgmt =D 0 TN (@),
t=1
b T
< ZQTAt * —ZQ*T/\t(J?*),
t=1 t=1
T
=>"(6: — 1)\, (25)

t=1
where (a) follows from the definition of * and (b) follows since z* € X is feasible. Moreover, we have
E {(Qt — 9*)TAt((E*)
where the first equality follows since 6, is completely determined by F;_1, while the second equality follows

because E{\;(2*)|F;—1} = p(a*) from the i.i.d. assumption.
We also have

_ } = (0, — 0")TE{\(a*)|Fi_1} = (6, — 0%) T p(a*), (26)

(6: —6") T pu(z*) <0

foreacht = 1,...,T using the optimality of 6* since
o* 9T *
€ argmax ¢ u(z”)

depends only on the expected vector u(x*) and not on any particular realization of A;(x*).
Thus, we get from (26)

E{(0—0") M) | Fia} <0, @7

Using 27) in (Z3)) and taking the expectation (using the tower property of conditional expectation),

T
E{R3} < Z 0, — 0") " p(z*) <0. (28)

D Per-slot min — max multi-objective optimization [23]

In this section, we show that benchmark W (T0) can be 3/2 times more than our benchmark Copt (@).
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Input Let7 =2Nand X =[0,1]. Forj =1,..., N let
fQj_l(I’) =12-— 021’, fgj(l‘) =, ggj_l(l’) =, ggj(l’) = 0.8+ 0.2z.

Odd time slots: minge[o,] max{1.2—0.2z, v} = 1 (attained at z = 1). Even time slots rounds: min,¢[o,;) max{x, 0.8+
0.2z} = 0.8 (attained at z = 0). Thus the benchmark W1 (T0) is

T
> min max{f;(z), g:(x)} = N(1+0.8) = L8N.
t=1

For any fixed z, for a pair of time slots 25 — 1, 27, the sequence f; and g;’s cost is

23 2j
> filw) =1.2+08x, > giw) =08+ 1.2z,
t=25—1 t=25—1
Thus, Copt @) is
N 23 N 25
Copt = min max Z Z 1.2+0.8x,z Z 0.8412z y =12N (atz* =0).
J=1t=25—-1 j=1t=25—-1
Hence,
Wi 18N L
CopT T 12N T Y

as claimed. Therefore, even if an online algorithm A achieves sub-linear regret with respect to the benchmark
WE(T0), it does not necessarily have sub-linear regret for our benchmark Copt (@).

E Experts Problem (Gains Version)

We are given N experts. The interaction proceeds for 7" rounds as follows:

* Oneachroundt =1,2,...,T"

1. Eachexperti € {1,..., N} receives a gain g; ; € [0, 1].

2. The learner chooses a probability distribution
Dt = (pt,lv v 7pt,N)a

where p; ; > 0 and sz\; Pri = 1.

3. The learner’s gain is the expected value

N
Gy = Zpt,i Gt,i-
i=1

The learner’s goal is to compete with the best fixed expert in hindsight by minimizing the regret

T T
Rr = mZaXth_j — ZGt.
t=1

t=1
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Hedge Algorithm (Gains Version)

Algorithm 3 Hedge (Gains Version)

Require: Number of experts IV, learning rate > 0
1: Initialize weights: wq ; < 1 foralli € {1,...,N}
2: fort=1,2,...,T do
3: Form probabilities:

Wt 4 .
Dt,i < Nil Vi

Zj:l Wt j
4: Play according to distribution p; = (pg.1, ..., Pe.N)
5: Observe gains g ; € [0, 1] for each expert ¢
6: Update weights:
Wig1,4 4wy e Vi

7: end for

Guarantee

Theorem 9. [6] With ) = |/ 22X Hedge achieves

T T
m?Xth7i—ZGt < v2T'InN.
t=1 t=1

F Bounding 1?3 with the adversarial input

In this section, we show the best bound one can obtain for R3 on a sample path basis for Algorithm [I] with the
adversarial input is O(nyT?).

Theorem 10. UnderAssumption ie, | M\(7)|oo < B, Ry < 2B*T Zthl N0.t-

Recall the definitions \;(z) = (fi(z), g:(x)),

T T

Rs = ;Iél)f(l (0¢, Me(x)) — Copr, and Copt = gél)f(l max f71<97 Ae(x)).

Thus, an almost natural way (or really the only way for Algorithm [I] that combines OGD+Hedge) to bound
Rs3 is via exploiting the stability > ", ||6:+1 — 6:||1 of the Hedge algorithm. Following this path, we next derive
Lemma [T} Lemma|[I2]and Lemma 3] which when combined imply Theorem[10]

However, it is not sufficient since by substituting 7 ; = % for all ¢, the usual Hedge step size, we get

Ry = Q(T3/?).
Lemma 11. Define the time-averaged vector 0 := % 23:1 0, € As. Then,

T
Rz < BZ 16 — 6|1

t=1
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Proof. Since @ is a particular (constant) element of Ay, for every z € X'
T T

D (0, M(2)) < max Y (0, (),

N
t=1 €243

and therefore taking the minimum over x yields

T
min t_1<§7 At(2)) < Copr.
Thus,
T
I3 = min Z<9t7 At(2)) — Copt
t=1

<miny (0, A(@)) —miny (6, A ()
t=1

t=1

T
< maxz <9t -9, )\t(x)>,
T
t=1
where the last inequality follows as below.

Let 2* satisfy u(z*) = min, u(x). Then

mzinu(z) - rnxinv(x) =u(z*) — Ingnv(z) <uz*) —v(x*) < m;lx(u(x) —v(x)),

which proves the claim.

This proves
T

R < max ;@ — 0, \(z)). (29)

Since we are in the bounded setting, for all rounds ¢ and all x € X we have ||M\¢(2)]lc < B. Thus,
appyling the Holder’s inequality (using duality of ||.||; and ||.||e norms) on 29),

T T T
S0 = 8. 0(@)) < 3116 — Ol M@)o < B 116 — O]l
t=1 t=1 t=1
Thus,
T
R3 < BZ 10: —0]]1.
t=1
This is the desired inequality. O
Next, we state an elementary inequality without proof.
Lemma 12 (Deviation from average via consecutive differences). Let 0y, ... 07 € R? be vectors, and define

the average

1 T
6= Zot.
t=1

el

Then
T B T-1
D0 =01 < 2T [[i41 — 6i]l1-
t=1 t=1
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Lemma 13 (One-step TV bound for Hedge). Let {0;} be the Hedge distributions updated by

Ori €104 A0 ,

Or11,: = W, yeen

with learning rate ng , > 0. Assume the losses satisfy \; € [0, B] for all i. Then
10141 — 0cll1 < Mo B.

Proof. Let
Zyi=) 0p5e" N0 = Eyg e 0],
J

By the definition of Kullback—Leibler divergence,

0:; 01,
DKL GtHHH_l Z@t,ln till = Zetzln et _ene, i)‘“/Zt

= Z 0r,i(InZy —ng M) =InZy —ng Eig, [Mri]-
i

Let pi := E;p,[A¢ti]. ThenIn Z; = InEy, [6’7“)‘%1‘] = ng,tpt+1nEg, [6"914’\%1'*“)] , 50 (1) is equivalently
Dir,(0y]0141) = InEg, [t Peimi)]. (30)

Thus to upper bound the one-step KL it suffices to bound the centered MGF In E[e"”(“v’?_“)].

Proposition 14 (Hoeffding’s MGF bound). For a random variable X that satisfies X € [a, b] almost surely
and E[X| = p, then for any s € R

2 b— 2
IHE[ES(X*#)} < %, (€2))
Since A ; € [0, B], using (1) in 30) with X = X\, ;, [a,b] = [~ B, BJ, s = 1,4, and mean j, we get
2 4 R2
Ny AB
Dice (Be6r41) < =5 (32)
Proposition 15 (Pinsker’s inequality [[L1]]). For any two probability vectors p, q,
Ip = alli < V2 Dxw(plla)- (33)
Since both ; and 6, ; are distributions, applying (33) on (32), we get
2 P2
n; ., B
16t41 — Ocl]1 < t/2- o= = 16, B,
the claimed bound. O
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