MATRIX POINTS ON VARIETIES
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ABSTRACT. We study the cohomology of Cp(X), the moduli space of com-
muting n-by-n matrices satisfying the equations defining a variety X. This
space can be viewed as a non-commutative Weil restriction from the algebra
of n-by-n matrices to the ground field. We introduce a “Fermionic” counter-
part Sp(X), constructed as a convolution X" x Sn GL;,/Ty. Our main result
establishes that a natural map o: Sp(X) — Cn(X) induces an isomorphism
on f-adic cohomology under mild conditions on X or the characteristic of the
field. This confirms a heuristic derived from the classical theory of Weil restric-
tions and highlights a version of Boson-Fermion correspondence. Furthermore,
we derive explicit combinatorial formulae for the Betti numbers of Cy, (X) and
a Macdonald-type generating series. Finally we prove a Hermitian variant of
our main result.

1. INTRODUCTION

1.1. Motivation: Non-commutative Weil restriction. Let X be a k-scheme,
if L is a separable extension of degree n with Galois group G, and L is its Galois
closure, the Weil restriction of X to k represents the following functor (for k-
scheme S)

Rest (X1)(S) = Homg (S, X)

It can be verified that Resé (X1) is represented by the twisted product X" x¢
Spec(f) (the diagonal G-quotient of the product X™ x Spec(f), where G acts on
the X" factor by permuting n = Homyg (L, Z))

In this paper, we explore an analogue of this construction in a non-commutative
setting. We view the inclusion of a field k£ into the algebra of n-by-n matrices,
M, (k), as a non-commutative analogue of a degree n “separable field extension”,
and we study the Weil restriction functor from the matrix algebra to the ground
field.

Let X = Spec R be a finite type affine k-scheme. We define the functor C,,(X)
on commutative k-algebras S by

Co(X)(S) = Hompalg (R, M, (S5)).

If R is generated by commuting variables x; satisfying relations P;(x;) = 0, then
Cr(X) represents the space of commuting n-by-n matrices X; satisfying the same
relations P;(X;) = 0. This space is representable by a finite type affine scheme.

The space C,,(X) admits a moduli interpretation: it parametrizes length n co-
herent sheaves M on X equipped with a global framing, i.e., an isomorphism
t: T(X,M) = k™ This interpretation generalizes to arbitrary quasi-projective
schemes X. The scheme C,,(X) is a smooth cover of the Artin stack Coh, (X), the
moduli space of length n coherent sheaves on X.
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1.2. The Bosonic and Fermionic Spaces. There is a natural support map
p2: Cp(X) — Sym"™ X (see [FR24]), obtained by taking the simultaneous eigen-
values of the commuting matrices. The fibers of this map allow for non-trivial
Jordan structures, meaning that “quantum states” (eigenspaces) can fuse together
to form generalized eigenspaces. In this sense, we consider C,(X) as a Bosonic
quantization of Sym"™ X.

To complement this, we introduce a Fermionic partner. Let T,, be the subgroup
of diagonal matrices in GL,,. The symmetric group S,, acts on GL, /T, via the
Weyl group identification N(T,,)/T,, ~ S,. We define S, (X) as the quotient of
X™ x GL, /T, by the diagonal action of S,:

S, (X) = X" x5 GL,, /T,,.
The space S,(X) also maps to Sym™ X. The fibers of p;: S,(X) — Sym" X

parametrize direct sum decompositions of £” into one-dimensional subspaces cor-
responding to the points in the support. Here, the quantum states are forced to
remain distinct (the eigenspaces are not allowed to fuse together); hence S, (X) is
Fermionic.

There is a natural map o: S, (X) — C,(X). It takes as input an ordered
tuple of points (z;) on X and an ordered direct-sum decomposition @;_, L; = k"
(parametrized by GL,/T,), and produces a framed finite sheaf by endowing L;
with the structure of a skyscraper sheaf at z;.

1.3. Main Results. The central result of this paper is that the Bosonic and
Fermionic spaces are cohomologically equivalent.

Theorem 1.1. Suppose we are in either of the following situations:

e k is of characteristic zero, or
o X s locally homogeneous, i.e., any local ring R at a closed point of X
admits a non-negative grading.

Then the map o: Sp(X) = Cp(X) induces isomorphisms
Hét(Cn(X), Ql) = Hgt(Sn(X)7 QZ)
for all i.

We conjecture that the assumptions on X or k can be removed (see Conjec-
ture . For the rest of this paper, we always assume we are in the situation
stated in Theorem unless specified otherwise. Note that the assumption on X
automatically holds when X is smooth.

This result validates the Weil restriction heuristics: we may think of k < M, (k)
as a non-commutative version of a separable degree n “field extension”. Let’s
pretend that .S, is the Galois group of this field extension, and that there exists a
Galois closure M;(k) of the extension k < M, (k). Then from the classical theory
of Weil restrictions, we expect

Cp(X) = X" x5 “Spec M, (k).

On the other hand, the cohomology groups H*(GL,,/T,,) form the regular S,, repre-
sentation, except that it’s graded in some non-trivial way (see Theorem [3.3)). Thus,
Theorem implies that cohomologically, C,(X) behaves as X™ x>~ GL,,/T,,
aligning with the expectation that H*(GL,/T),) serves as the cohomological model
for the “Galois closure” of “Spec M, (k)" — Speck.
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The construction of S, (X) allows for explicit computation of its cohomology
using combinatorial methods involving symmetric functions. We define the Poincare
polynomial P, (M) = >, dim H*(M)(—u)’. Let ¢n(q) = [T}, (1 — ¢*).

Theorem 1.2. The Poincare polynomial of Cy,(X) is given by
Py(Cn(X)) = ¢n(u?)spyz2(chy (X)),
where ch, (X™) is the graded S,-character on the cohomology of X™ (Definition
, and sp,2 is the principal specialization of symmetric polynomials f(x1,x2,...)
FLu?ut, ).

Furthermore, we can package these polynomials into a generating series which
admits a beautiful infinite product formula in terms of the Betti zeta function
CB(t) = Y07 o Pu(Sym” X)t™, which itself admits a product factorization by a
celebrated formula of Macdonald [Mac62b], see Theorem
Theorem 1.3. We have the following product formula (note that P,(Coh, (X)) =
% by Equation )

1+ > Py(Coh, (X))t" = [ ¢} ().
=0

n=1
Finally, we establish a variant of our main result in the Hermitian setting when
X is defined over R. Let HC,,(X) be the space of commuting Hermitian matrices
satisfying the equations of X, and HS,(X) = X(R)" x%» U,,/UT,,.

Theorem 1.4. The natural map og: HS,(X) — HC,(X) induces an isomor-
phism on rational cohomology.

1.4. Context and Related Works. The map o is GL,-equivariant. Taking the
stacky GL,, quotient relates our construction to the moduli stack of coherent sheaves
Coh,, (X) (it can be seen that S, (X)/GL,, is isomorphic to Sym" (X x BG,,)):

Sym"™(X x BG,,) £ Coh, (X)
BGL,

Thus, we obtain two related spectral sequences computing the equivariant coho-
mology of S, (X) and C,,(X):

HY(BGL,,, HP(C\,(X))) === HPT7(Coh, (X))

e e

HY(BGL,, HP(S,(X))) == H"*(Sym"(X x BG,)).

The fact that the rational cohomology of Coh, (X) agrees with Sym"(X x BG,,)
is classically known in the case of a smooth curve X (see, e.g., Heinloth [Heil2]).

Our result also implies a strong equivariant formality for the GL, action on
Cr(X). The derived direct image of the constant sheaf along w: Coh,,(X) — BGL,,
splits as a direct sum of shifted constant sheaves (Corollary . Consequently
the Leray spectral sequences for the equivariant cohomology collapse at the second
page, and we obtain the formula for the Poincare polynomial of the stack:

(1) Pu(Cohy (X)) = Pu(BGLy,)Py(Cp (X)) = $p,2 (chy (X™)).
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Matrix points recover, as special cases, several classical examples of commuting
varieties: C,(AY) is the variety of commuting N tuples in gl,, C,,(GY) is the
variety of commuting N tuples in GL,,, HC,,(A") is the real variety of commuting
N tuples in u,, and, less obviously but not hard to check, that HC, ((S*)") is the
real variety of commuting N tuples in U,,, where S' = SpecR[z,y]/(2? + y* — 1).
Our results thus give the Poincaré polynomials of these real varieties, in line with
the results of [RS19] in type A.

Matrix points on more general varieties have been explored by earlier works of
Chien-Hao Liu and Shing-Tung Yau in the context of D-branes in string theory
[LY10]. The moduli space C,(X) (as representation space rep, (R)) is also seen
in the works of Lieven Le Bruyn and Jens Hemelaer [Le 12} HB16|. However,
to the authors’ knowledge, the rational cohomology of the space C,(X) has not
been computed before. In fact, even the simple question of determining the Betti
numbers of the space of n-by-n matrices avoiding several eigenvalues was likely
open, but can be computed using our combinatorial formula (Theorem [1.2)) applied
to the space Al — {ay, as,...,a,}.

1.5. Acknowledgements. We are grateful to Dima Arinkin, Jordan Ellenberg,
Laurentiu Maxim, Joshua Mundinger, and Yiyu Wang for helpful discussions. We
are especially indebted to Tasuki Kinjo for providing the proof of Proposition [2.8
which establishes our result in arbitrary characteristic.

1.6. Outline. In Section [2] we analyze the geometry of the map o relatively over
Sym™ X and prove Theorem Section [3| develops the necessary combinatorial
tools involving graded characters and symmetric functions, leading to the proofs
of Theorem [[.2] and Theorem [[3l Section @ discusses the Hermitian variant and
proves Theorem

2. THE PROOF

In this section, following a suggestion by Dima Arinkin, we prove our main
theorem by analyzing the map o: S,(X) — C,(X) relatively over the symmetric
product Sym"™ X. We assume that we are in the situation where either k is of
characteristic zero, or that any local ring R at a closed point of X is non-negatively
graded.

2.1. The Relative Picture. Let p;: S, (X) — Sym” X and py: Cp,(X) — Sym"™ X
denote the respective natural morphisms. The map o commutes with these projec-
tions. We aim to show that ¢ induces an isomorphism on the derived direct images
of the constant sheaf.

Theorem 2.1. Under the assumptions of Theorem the map o induces an
isomorphism o*: Rp2.Q, = Rp1.Q, in the derived category D?(Sym" X).

The heart of our proof is the computation of the stalk of Rp,.Q, using base
change for the morphism Coh,(X) — Sym™ X. Theorem follows immediately
from the sheaf theoretic statement by taking cohomology.

2.2. Analysis of the Fibers. Let D) be a geometric point on Sym” X correspond-
ing to a zero-cycle A\i[z1] + -+ + Am[Tm], where A = (A1,..., A\y,) is a partition of
n. Let Sy = Sy, X --- x Sy, C Sy be the corresponding Young subgroup.
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Lemma 2.2. The fiber p; *(Dy) of S, (X) — Sym™ X is isomorphic to the quotient
(GL,,/T,)/Sx.

The description of the fiber of C,,(X) — Sym™ X is more involved. Let R; be
the local ring of X at x; with maximal ideal m;. Define Nily, ,, to be the variety
underlying Cy, (R;/m;*). This space parametrizes length \; modules supported at
x; with a framing.

Lemma 2.3. The fiber p; ' (D)) is isomorphic to the associated bundle

QL,, xITi GL; (H Nilxim> .
=1

Proof. A point in p, '(D)) corresponds to a framed sheaf (M, 1) whose support is
given by Dj. Such a sheaf decomposes as M = @ M;, where M; is supported at
x; and has length A;. The framing ¢ induces a decomposition k" = @V, where
V; = T'(M;). The space of such modules M; with a fixed basis of V; is parametrized
by Nily, z,. The group Gy = [], GL(V;) ~ [], GL», acts on the choice of basis
of V; inside k™. The fiber is thus the quotient of GL, x [, Nily, », by the action
of Gy, where G acts on GL,, by right multiplication (via the standard inclusion
G»x C GL,) and on [[Nily, ., diagonally. O

2.3. Computation of stalks. Let z be a closed point on Sym”™ X, we show here
that the stalks of Rp1.Q, and Rp2.Q, at z can be identified with the cohomology
of the fibers. Note that this is not automatic since neither p; nor ps is proper.

Proposition 2.4 (Stalk of Rpl*@e). Let z be a closed point on Sym"™ X. Let
S,,(X). denote the fiber p; ' (). The base change morphism (Rp1:Q,): — H*(Sn(X):)
is an isomorphism.

Proof. Let §n(X) denote the product X™ x GL,,/T,,, and p; denote the composition
of the projection S,,(X) — X™ and the finite quotient X™ — Sym" X. We have
the following commutative diagram

Sp(X) —— X

I |

S, (X) -2 Sym" X

The complex Rﬁl*Q£ carries an S,-action via the S, quotient map p, such that
(Rp1.Q,). = (Rﬁl*Qé)f" for every closed point z on Sym™ X. It now suffices to
show that (Rp1.Q,). = H* (P5 *(2)), which follows from proper base change for the
morphism X™ — Sym™ X and projection formula for §n(X ) — X" O

Computation of the stalk of Rpg*@é is a more difficult question, we decompose
the morphism po as a composite of the quotient morphism ¢: Cy,(X) — Coh,,(X)
and the Jordan-Holder morphism JH: Coh,(X) — Sym" X. Let z be a closed
point on Sym” X, let C,,(X). be the preimage p,'(z) and let Coh, (X). be the
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preimage JH™*(z). We have the following commutative diagrams:

Ch(X), —“— Co(X)  Cohp(X), —s Cohy,(X)

o | [
Coh,(X), —— Coh,,(X) {z} —— Sym" X

First, we note that base change holds in the first diagram for the constant sheaf on
Cr(X), which is the content of the following lemma.

Lemma 2.5 (Base change for stacky quotient). Let X and Y be G-varieties and
1Y — X a morphism of G-varieties with g: Y/G — X/G the associated map
on stacks. Let ¢: X — X/G and ¢':' Y — Y/G be the quotient maps. Then base
change morphism g*Rq.Q, — qu@z is an isomorphism in D2(Y/G).

Proof sketch. This follows from the universal case where X = pt. O

Thus i*Rq*@e — qu@z is an isomorphism. To compute the stalk RpQ*@z at z, it
suffices to show base change works in the second diagram for Rg.Q, on Coh,(X).
This is achieved by approximating the morphism JH by proper morphisms. To
be precise, recall that in [Kin24] it was shown that base change for constructible

sheaves holds for a class of morphisms called approzimately proper (AP) morphisms.
Definition 2.6. Define a class AP of morphisms between finite type Artin stacks
to be the minimal one satisfying the following conditions:
(AP1) All proper morphisms represented by Deligne—Mumford stacks are in AP.
(AP2) AP is closed under composition.
(AP3) Being in AP can be checked étale locally on the target.
(AP4) Let f : X — ) be a morphism and 3 be a non-empty finite type Artin
stack. Assume that the composition
x3mxly
is in AP. Then f is in AP.
(AP5) Let f: X — 2) be a morphism. Assume that for each integer n, there exists
a vector bundle &, over X and an open subset U,, C &, with codimg, ((&, \
Un)|z) > n for each x € X such that the composition
Up =& XL
is in AP. Then f is in AP.

A morphism contained in AP is called approximately proper.

Theorem 2.7 (Proposition 2.2 of [Kin24]). In the following Cartesian square of
finite type Artin stacks, let f: X — ) be a morphism in AP. Let F be an object in
DT (X), then the base change morphism g* Rf«F — Rf.g'*F is an isomorphism.

TxgX L X
b
T%E@

The following proposition has been kindly communicated to us by Tasuki Kinjo.

Proposition 2.8. The morphism JH: Coh, (X) — Sym" X is in AP.
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Proof. For each positive integer m, let V,,, — Coh,,(X) be the vector bundle pa-
rameterizing a length n sheaf Z on X along with a morphism O% — Z. The
quot scheme Quotx(O%,n) is an open substack of V,, parameterizing surjective
morphisms O% — Z. We make two observations:
(1) The morphism Quotx (O%,n) — Sym"(X) is proper.
(2) The codimension of the complement of Quoty (O%,n) in V,, grows to in-
finity as m — oo.

Observation (1) can be seen by compactifying X, and making use of properness
of Quot x (O%,n) for projective X. For observation (2), notice that the GL,,-cover
of V,, is Cp(X) x (A™)™ where the factor (A™)™ record m sections to the length
n finite sheaf, and GL,, acts diagonally. Let W,, C (A™)™ be the determinantal
variety parameterizing a non-spanning m-tuple of vectors in A™, the dimension of
W, equals (m+1)(n—1) (for m large enough). The GLj,-cover of the complement
Vin \ Quot x (0%, n) is Cp, (X)) x W, hence its codimension in C), (X)) x (A™)™ grows
to infinity as m — oo.

Thus by AP1 and AP5 we see that JH is in AP. O

To conclude the discussion, we can now compute the stalk of Rps.Q "

Proposition 2.9 (Stalk of Rp».Q,). Let z be a closed point on Sym" X. Let
C(X). denote the fiber p;* (). The base change morphism (Rp2:.Q,): — H*(Crn(X)2)
is an isomorphism.

2.4. Local Contractibility and Proof of Theorem Another key input for
the proof is the contractibility of the local factors Nily, ;.

Conjecture 2.10. If R is an Artinian local algebra over k, the underlying variety
of Cr(R) has trivial ¢-adic cohomology.

This conjecture holds under the assumptions of Theorem

Theorem 2.11. Let R be an Artinian local algebra over k. The underlying variety
of Cn(R) has trivial (-adic cohomology if either k has characteristic zero or R is
non-negatively graded.

Proof. If R is non-negatively graded, the grading induces a G,,-action on R. This
action extends to Cy, (R), contracting it to the “center point” (the trivial representa-
tion where all generators act by zero). Hence, C),(R) has trivial f-adic cohomology.

If k£ has characteristic zero, we use Geometric Invariant Theory. The GL,, action
on Cp(R) has a unique closed orbit (the trivial representation). By a result of
Neeman [Nee85|, there exists an equivariant deformation retraction of the complex
points of C,,(R) onto this closed point. Hence C,,(R) has trivial cohomology. O

Proof of Theorem[2.1. By Theorem the local factors Nily, ,, all have trivial
cohomology. Thus the cohomology of p; ~ (D)) is captured by the semi-simple locus
Z C py H(Dy), which is isomorphic to GL,,/ []; GLy,.

The map o restricted to the fiber pl_l(D)\) maps surjectively onto this semi-
simple locus Z. Specifically, o induces a map between GL,-homogeneous spaces:

o (GLy/Tn)/Sx — GLy/ [ [ GLa,-
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This map is a fibration. The typical fiber is isomorphic to

K3 3 3
The spaces GL,,,/N(T,,) are known to have trivial rational cohomology (see The-
orem |3.3). Therefore, the Leray spectral sequence for the fibration induced by o
degenerates, and o* induces an isomorphism H*(py ' (Dy)) = H*(p;*(Dy)).
By the base change theorems Propositions and [2.9} the stalks of Rp1.Q,
and Rp2.Q, are canonically identified with cohomology of fibers of py, p2. Thus we
conclude 0*: Rp2.Q, = Rp1.Q, is an isomorphism. O

2.5. Equivariant Formality. As a consequence of the main theorem, we obtain
the strong equivariant formality mentioned in the introduction.

Corollary 2.12 (Strong equivariant formality). Let m: Coh, (X) — BGL,, denote
the canonical morphism. We have Rm,.Q, ~ @, H'(Cn(X))2Q,[—i] in DY(BGL,).

Proof. Let 7’ denote the canonical morphism S, (X)/GL,, — BGL,,. By Theorem
o” induces an isomorphism R7.Q, = Rm,Q ,- 1t suffices to show the result for
.

Let S,(X) = X" x GLy, /Ty, and 7 8,(X)/GLy, — BGL,. Since Rr,Q, is the
Sp-invariant part of Rﬂ@w it is a direct summand. It suffices to prove that Rﬁ;@z
splits.

Note that §n(X)/GLn = X"x BT,,. The map 7’ factors as X" x BT,, — BT,, —
BGL,,. The first map is a trivial fibration. The second map BT,, — BGL,, factors
as BT, — GL,\B, — BGL,, where B, is the flag variety. The map BT, —
GL,\B,, is an affine space bundle (the stacky quotient of GL, /T, — B,), hence
acyclic for the constant sheaf. The map GL,\B,, — BGL,, is a smooth projective
morphism between Artin stacks with affine diagonal. By the decomposition theorem
for Artin stacks (see [Sunl2]), the derived direct image splits as a direct sum of
shifted cohomology sheaves. Thus R7,Q, splits. O

3. COMBINATORICS

This section is dedicated to the character theoretic computation of the cohomolo-
gies of the convoluted product S, (X) = X" x*» GL,,/T,. To do so, we develop
necessary language to talk about the S,, characters showing up in the cohomology
of H*(X™) via a power structure on the generating series of graded S,, represen-
tations (as n varies). Meanwhile, we observed that the graded S, characters on
the cohomology of GL,,/T,, can be packaged nicely using principal specializations,
this description behaves especially well with power structure, allowing us to derive
a compact formula for the cohomology of S, (X), and an infinite product formula
for its generating series as n varies.

Since the technicalities of étale cohomology is irrelevant in this section, we use
Q to denote the char 0 coefficient field of cohomologies, and use H* to mean either
singular or étale cohomology depending on the context.

Notation.

An an integer partition A = (A; > A2 > ... A,,) of n.
L(A) or |A| the length of a partition
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Sn the permutation group on n letters

S\ C Sy Young subgroup Sy, x Sy, X --- x Sy, of S,

SymPoly the ring of symmetric polynomials with rational coeffi-
cients in infinitely many variables x1, xs, 3, ...

E5 Schur basis of SymPoly

By, hy complete homogeneous polynomials h,,, and complete ho-
mogeneous basis hy = hy, hy, - -+ hy,, in SymPoly

Dy D power-sum symmetric polynomials p, = ), x}, and py =

Hi Px;- .
Pn(9); 9(q) on(q) = (¢:0)n = [[i=1(1 = @), 6(q) = Pc(q)

(V, W) the Hall inner product of two S,, representations (V, W) =
dim(V @ W)»

B, Px the complete flag variety, and the partial flag variety asso-
ciated with a partition A

P, (M) the Poincare polynomial Y, dim H*(M)(—u)" of a space
M.

3.1. Graded characters and cohomology of flag varieties.

Definition 3.1 (Frobenius character). The Frobenius character map is a ring iso-
morphism

ch: @ Repg(Sy) — SymPoly
n=0

from the ring of representations of S,, under the induction product, to the ring of
symmetric polynomials over Q.

Under ch, the Specht module V) corresponding to a partition A F n is sent to
the Schur function sy. Using the p-basis of SymPoly, the Frobenius character of an
S, representation V has the following expression

ch(V) = % Z tr(o)pe

og€eSy

where p, is the power sum symmetric function associated with the cycle type of .
More generally, if V = @;°,V; is a graded S,-representation over Q, we define
its graded character ch,, as an alternating series

o0

ch, (V) = ch(V;)(—u)’
i=0
where u is a formal variable.
Definition 3.2 (Hall inner product). There exists an inner product (—, —) on the

ring of symmetric polynomials SymPoly where Schur functions sy serves as an or-
thonormal basis (while py are orthogonal basis). This inner product is compatible
with the inner product (U, V)g, of S,-representations under the Frobenius charac-
ter map. We can extend (—, —) bilinearly to graded characters

(=, —): SymPoly[[u]] x SymPoly[[u]] — Q[[u]]

where the formal variable u is treated as a scalar for the inner product.
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Convention: For simplicity, when .S,, acts on the cohomology groups of a space
Y, we write ch,(Y) for ch,(H*(Y)).

The cohomology ring of GL,,/T,, is isomorphic to the cohomology ring of the
flag variety B, since GL,, /T, — B, is an affine space bundle. The free S,, action on
GL,,/T,, induces an S,, action on its cohomology ring. The following presentation
is due to Borel [Borb3]:

H*(GL,/T,) = H(B,) = Q[z1,22,...,z,]/(e1,€2,...,€n), Sp permutes z;’s

In Garsia-Procesi [GP92], the graded S,, characters for the cohomology of Springer
fibers were computed. In particular we obtain a convenient formula for the graded
Sy characters on a flag variety.

Theorem 3.3 (Graded character of the flag variety). Let ¢,(q) = [/, (1 — ¢*),
let sp,(f) = f(1,q, q?,...) denote the principal specialization of a symmetric poly-
nomial f. We have

chy(Bn) = ) dn(u?)sp,2(s1)x

Abn
Remark 3.1. In the above theorem, setting u = 1 recovers the decomposition of the
regular representation Q[S,] into Specht modules.
Corollary 3.4. Let V be a graded S,,-rep, we have
(chy(Bn),V) = én(u?)sp,z (chy (V).
Consequently, for a topological space X, we have
(2) Py(Sn(X)) = dn(u?)sp,z2(chy (X™))

To compute the number of F,-points on S, (X), we need to consider the S,
character on H*(X™) along with an endomorphism F (the arithmetic Frobenius
over IF,). This motivates the following enhancement of Definition

Definition 3.5 (F-enhanced Frobenius character). Let V be a graded S, rep-
resentation V. = @,., Vi over Q, along with a graded endomorphism F which
commutes with the action of S,,. We call such V a graded S,,-rep enhanced by F.
The F-enhanced Frobenius character of V to is defined as

. 1
chpu(V) =D _(-u)' > —tx(Fo|Vi)p
i>0 €S,
where p, is the power sum symmetric function associated with the cycle type of o.
Note that tr(Fo) only depends on the cycle type of o due to the commutativity of
F and S,,, thus the inner sum is essentially over the conjugacy classes of o.

Remark 3.2. When F = id, chp,(V) = ch, (V) reduces to the graded character
defined in Definition B.11

Remark 3.3. Let F' = F;+ F,, be the Jordan decomposition of F' on V', where Fj is
the semi-simple part. We clearly have tr(Fo|V;) = tr(Fso|V;). Hence for practical
purposes we may always assume F' is semi-simple when computing chp (V).

Lemma 3.6. Let V a graded S, -rep enhanced by Fy, and W a graded S, -rep
enhanced by Fy. The tensor product V@ W is naturally bi-graded, and enhanced
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by an endomorphism F = F; ® Fy. Thus F naturally acts on the bi-graded vector
space (V @ W) as well. We have

> (—un) (—ua)? tx(F|(V; © Wj)S) = (chr u, (V) ehpy u, (W)

i,7>0
where the inner product on the right hand side is the Hall inner product extended
bi-linearly to graded characters.

Proof. As both sides of the equality are additive for short exact sequences in V' and
W (respectively), it suffices to prove it in the case when V and W are irreducible
S,.-reps, and both Fy and Fy act as scalars (upon base change to Q). In which case
the equality can be checked directly using the definition of chp,. (I

Let X be a variety over Fy, the cohomology groups H*(X") form a graded S,
representation with a commuting arithmetic Frobenius endomorphism F' commut-
ing with S,,. Same for the space GL,,/T,,. The number of F, points on the quotient
Spn(X) is determined by the alternating trace of F on its cohomologies, which can
be computed using the previous lemma.

Corollary 3.7. The number of F, points on S,(X) equals
|GLn(Fg)| - spg-1 (chp,1 (X™))

Proof. By Lemmaand the Behrend trace formula (trace formula for cohomology
groups on smooth varieties), we have

Su(X)(Fy) = ¢ (chp (X™), chp1 (GL,/T,))

= q”2¢n(q*1)qu71 (chp1(X™))
= |GLn(Fg)| - spg-1(chp1(X™))

where the second equality follows from the same calculation as in Corollary[3.4 O

3.2. Generating Series and Zeta function. So far we have not used the (in-
duction product) ring structure on SymPoly, for what follows the ring structure
becomes essential. Let (V| F) be a fixed graded vector space with a graded endo-
morphism F. By abuse of notation, we denote the natural endomorphism F®" on
V@n still by F. We equip the signed S,, representation on V®" as the left S,
action satisfying:

(2])( v QU ) _ (_1)deg(vi)deg(vj)(_ v @, )

for (ij) € S, a transposition, and v;, v; homogeneous. By [Mac62a], such an action
exists uniquely. (There is a direct albeit more technical definition in [Mac62a],
which shows that it is clearly well-defined, but the current form is enough to give
an algorithm to compute the action on any pure tensor.)

We now compute the generating series of F-enhanced characters of V",

Lemma 3.8. Let (V,F) be a graded vector space with a graded endomorphism,
let A CV be a homogeneous eigen-basis of the semi-simple part of F on V, and
x: A — Q be the corresponding eigen-values.

Let o € S, be a permutation whose cycle type corresponds to a partition (in ex-

ponential form) X = (191292 ...n% ). Let tr,(Fo|V®") = 3 tr(Fo|(VE™);)(—u)’
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be the graded trace of Fo on V&™. We have

tro(Fo[Ve™) =[] (Z (—1)deel@y! d"g("‘)x(a)i> .

i>1 \a€A

Proof. As mentioned earlier, we may assume F = Fj is already semi-simple. Thus
V@™ has a homogeneous basis {Q);-, a; | for a; € A}. Note that under this basis,
the matrix for F'o is monomial, meaning that there’s only one non-zero entry for
each row and each column. Thus the only contribution to trace comes from basis
vectors @), o satisfying

a; = a, ;) for all 4.

In other words, if ¢ is decomposed into r cycles of lengths A1, Aa, ..., A, the set
{ai}i-; will only have 7 distinct elements {8;}}_;, and we may compute

Fo (®1 041‘) — (_1)25:10\;‘—1) deg(8;) g (®1 0%‘)

I8

= [L(~0)Pi D des@y (g, (® ai)

j=1
and we get

try (FolVE™) = Z H (A'—l)deg(ﬁj)x(ﬁj)/\j(_U)M deg(B;)
B, BreA j=1

H Z deg )X(ﬁ)/\ju)\j deg(B)

Jj=1pBeA
= H Z 1)des(8)y(B)iyides®) | 0
i \BeA

Theorem 3.9. We have (by passing to Q)

o [
(3) > chp (VEt =] (1 +> hnX"t”>
X n=1

n>0

Vil

where V, = @izo Vix s the graded generalized eigenspace associated with the eigen-
value x of F, and [V} = >~ o(—w)*dim V; .. The exponentiation on the right hand
side simply means: B

oo [Vl oo (=1)" dim V;
(1 +> hnx"t”) =11 (1 +y hnx"(uit)”>
n=1

Q n=1

Proof. Keeping notations the same as in the previous lemma, let o) denote any
permutation of cycle type A, and recalling that zy = [],~; i%a,! for A = 191292 .
and

exp Z%t" :1+Zhnt",

n>1 n>1
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we have
Z chp, (VO™ = Ztru(F0A|V®|)\‘)&th
n>0 A Z)\
a; @
= Z H (Z deg(a) ideg(a)x(a)iti> D; :
ai,az,->0i>1 \aeA ) Q!
a
= HZ (pz Z deg(a) ideg(a)X(a)iti> Jal
i>1a>0 acA
= exp sz Z deg(a ideg(a)X(a)iti
i>1 acA
udes(a ipi
= exp Z deg(a)zpl o )X( )'t
acA i>1
(71)dcg(o<)
= H 14 Z B ( deg(a) (a))™t"
acA n>1
which is equivalent to what we want. O

Definition 3.10 (The groupoid generating series Zx (t)). Let X be a quasi-projective
variety over a finite field of size ¢. Recall that the general linear group GL,, (F,)
acts on the set of rational points C),(X)(F,). We define Zx(t) to be the groupoid
generating series

)(F,)
HZI|GL |

Fy)l
We arrive at a new combinatorial proof of the following result.

Theorem 3.11 ([Hua23]). When X is a smooth curve over a finite field of size q,
the groupoid generating series Zx (t) has an infinite product formula

t>=H<X(q

Proof. Note that by our main result Theorem [1.1|C),(X) and S, (X) have the same
cohomology. In the case when X is a smooth curve, Cy,(X) is a smooth variety of
dimension n?, thus by trace formula we have C,,(X)(F,) = S,(X)(F,). Now we
can evaluate Zx (t) using Corollary

1+ z::l Sé(LXEI(FF =1+ Zqu (chp 1 (X™)t"

n q n=1

= Squl ZChF,l(Xn)tn

n>0
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By Theorem and the fact that sp -1 is a ring homomorphism, we can further
evaluate (where V =@, H" (X))

o0 [VX]
SPy-1 Z chp(X™")t" | = Hqu_1 (1 + Z hnxnt”>
n>0 X n=1
1 N
~THI (=)

X >0
=TI ¢xta
i>1
where the second equality follows from the sum-product formula for generating
series of h, (x, are the polynomial variables in SymPoly)

oo

. 1
> " =] 1ot

n>0 n=1

and the third equality follows from the product formula of the Weil zeta function

CX(t):H( 1 >[Vx]. -

1 — xqt

3.3. Betti Zeta function. Finally we prove a generating series for Poincare series
of C,(X) using similar computations as above. To fully demonstrate the paral-
lelism, let us also define the Betti analog of the zeta function.

Definition 3.12 (Betti analog of zeta function). Let X be a variety over an alge-
braically closed field, we define its Betti zeta function (£ (¢) to be the generating
series of Poincare series of Sym™ X

(R(t) =) Pu(Sym" X)t"

n=0

The following Betti analog of Weil conjecture was proved by I. G. Macdonald in
1962.

Theorem 3.13 (|[Mac62b]). Let X be a variety over an algebraically closed field,
let Py(X) =3 ;50 dim HY(X)(—u)® be the Poincare polynomial of X. We have

B 1 Pu(X) 1 (_1)i dimHi(X)
t)=| —— = -
¢x(®) (1—t> g(l—wt)

Parallel to Theorem [3.11] we have the following Betti version.

Theorem 3.14. We have the following product formula

oo 1 (—1)*dim H*(X) o] B, o
(4) 1+ Pu(Cohn(X))t" =] (m) =[[ &™)
=0

n=1 >0
Proof. The Poincare polynomial of C,,(X) equals that of S,,(X), thus P,(C, (X)) =
dn(u?)sp,z2(ch, (X™)) by Equation . Furthermore, the degeneration result Corol-
lary implies that P,(Coh, (X)) = P,(C,(X))P,(BGL,). Thus P,(Coh, (X))
simply equals to sp,,2(ch,(X™)).
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Now an application of Theorem (for F = id), and the same computation as
in Theorem [B.11] shows

00 1 (—1)*dim H*(X) oo ‘
1+ Z SPy2 (chy, (X™)t" = H (1—qut> = H B (u?'t)
i=0

n=1 i>0
where the last equality follows from Macdonald’s formula (Theorem [3.13]). O
Corollary 3.15. When X is connected, the Betti numbers of Cp,(X) stabilizes as

n — oo

lim P, (Cp(X)) = ¢(u? ) lim(t — 1) HgB (u?'t)

n—oo

Proof. The stability of P,(C,(X))/¢n(u?) follows from representation stability of
H*(X"™) and H*(GL,/T,). The residue at t = 1 of Equation creates a tele-
scoping series, hence the corollary. a

4. A HERMITIAN VARIANT

We conclude by presenting a Hermitian version of our main result, demonstrating
the robustness of the Boson-Fermion duality phenomenon we observe. Let X =
Spec R be an affine variety over the field of real numbers R.

The variety C,,(X)(C) is equipped with an involution (—)', sending commuting
complex matrices to their conjugate transposes. Canonically, (—) takes a homo-

yt
morphism ¢: R — M, (C) to the composite R LA M, (C) il M, (C). (Thus we
may take X to be a general variety defined over R.)

Definition 4.1. The space of Hermitian points HC,,(X) C C,(X)(C) is the fixed
locus of the involution (—).

In other words, HC,,(X) is the set of commuting Hermitian matrices satisfying
the defining equations of X. Since the spectrum of Hermitian matrices consists of
real numbers, the support map restricts to HCp,(X) — Sym"™ (X (R)).

We define the corresponding Fermionic space using the unitary group U,, and
its subgroup of diagonal unitary matrices UT,,.

Definition 4.2. The Hermitian Fermionic space is HS,(X) = X(R)"xg, U, /UT,.

Analogous to the map o, we have a morphism oy : HS,(X) — HC,(X) over
Sym" (X (R)). This map takes a tuple of real points and a decomposition into or-
thogonal lines (parametrized by U,,/UT,,) and constructs the corresponding semisim-
ple Hermitian operator.

Remark 4.1. The spaces HS,,(X) and HC,,(X) are in fact real Galois twists of the
original S, (X) and C,(X). On S,(X) we twist the complex conjugation by the
inverse transpose operation on the factor GL,, /T, and on C,(X) we twist by the

transpose operation. Note that the orginal ¢ is invariant under these involutions,
hence o : HS,(X) = HC,(X) is the Galois twist of o.

Theorem 4.3 (Theorem([T.4). Letpy: HS,(X) — Sym" X(R) and ps: HC,,(X) —
Sym" X (R) denote the canonical projections, we have a sheaf theoretic isomorphism
0§t Rp2.Q =~ Rp1,.Q. In particular, og induces isomorphism between the rational
cohomology of HC\,(X) and HS,(X).
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Proof. We analyze the map op fiberwise over Sym”(X(R)). A well-known result
in linear algebra states that commuting Hermitian matrices are simultaneously
diagonalizable by a unitary transformation. This implies:
(1) The map oy is surjective.
(2) All finite sheaves appearing in HC,,(X) are semisimple (they have no nilpo-
tent parts).
(3) The following maps in the diagram are all proper maps

HS,(X) ik HC,(X)

Sym™ X (R)

Let D € Sym" (X (R)) correspond to a partition A - n. The fiber of HC,,(X) —
Sym" (X (R)) above D consists of matrices unitarily equivalent to a fixed diagonal
matrix with eigenvalues determined by D. This fiber is a single orbit under the
unitary group U,. The stabilizer is the product of unitary groups corresponding to
the eigenspaces, [[, Ux,. Thus, the fiber is isomorphic to the homogeneous space
Un/ 11, Ua,-

The fiber of HS,,(X) — Sym" (X (R)) above D is isomorphic to (U, /UT))/Sx.

The map oy restricts to a surjective map on the fibers:

om: (Un/UT,)/Sx — Un/ [ Ux..

This is a fibration. The fibers are isomorphic to (I, Uy,) /N(I],; UT),). Similar
to the complex case, the spaces U,,/N(UT,,) have trivial rational cohomology.
Therefore, oy induces an isomorphism on the cohomology of the fibers. By proper
base change theorem, fiberwise cohomology isomorphism implies isomorphism of
stalks (Rp2.Q)p — (Rp1+Q)p, thus we obtain the sheaf theoretic isomorphism. [J
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