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Abstract. We establish the optimal regularity of solutions to the Neumann problem for the fractional
Laplacian, (−∆)su = h in Ω, with the external condition N su = 0 in Ωc. For this, a key point is to
establish a 1D Liouville theorem for functions with growth, which we prove by using complex analysis
and the Mellin transform.

More precisely, we prove a “meta-theorem” relating the classification of 1D solutions to general linear
homogeneous equations of the type Lu = 0 in (0,∞) to the (complex) roots of an explicit meromorphic
function f(z) that depends on L. In case of the fractional Laplacian with Neumann conditions, we

show that all solutions are C2s+α when s ≤ 1/2, and Cs+ 1
2
+α when s ≥ 1/2.

Moreover, quite surprisingly, we prove that even in 1D there exist highly oscillating solutions of the
type u(x) = xa cos(b log x) for x > 0, with a > 0 and b > 0 that depend on s, and a < 2s for s ∼ 1.

1. Introduction

Nonlocal equations on domains have attracted great interest in the PDE community in the last two
decades, especially since the first works of Caffarelli and Silvestre on this topic; see [6, 9, 5, 8, 14, 32,
20, 21, 7, 33, 2, 25, 1, 11, 12, 27, 22, 18] and the references therein.

Most of these works concern nonlocal Dirichlet problems, in which we have an equation like (−∆)su = f
in Ω ⊂ Rn together with an exterior condition u = 0 in Ωc. On the one hand, thanks to a number
of important developments in the last years, the regularity for this kind of problems is very well
understood; see in particular [32, 20, 21, 33, 1, 11, 34].

On the other hand, much less is known about nonlocal Neumann problems of the type{
(−∆)su = h in Ω,

N su = 0 in Ωc,
(1.1)

where

N su(x) = cn,s

∫
Ω

u(x)− u(y)

|x− y|n+2s
dy, x ∈ Ωc.

This problem arises when minimizing the energy functional

E(u) = cn,s
4

∫ ∫
(Ωc×Ωc)c

∣∣u(x)− u(y)
∣∣2

|x− y|n+2s
dx dy −

∫
Ω
hu,

and it also has a very natural probabilistic interpretation, as well as a corresponding integration by
parts formula; see [12, 14] for more details.

The behavior and smoothness of solutions to (1.1) near the boundary is very far from understood.
The only known regularity result for this problem was obtained in [4], and states that solutions are

Hölder continuous (namely, Cmax{0,2s−1}+α for some α > 0) up to the boundary.
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Unfortunately, this is still very far from the optimal regularity of solutions, and does not answer the
following key questions:

(i) Are solutions classical, i.e. C2s+α, up to the boundary?

(ii) Are solutions C1 up to the boundary and satisfy ∂νu = 0 on ∂Ω?

(iii) What is the optimal regularity of solutions?

The goal of this paper is to answer all of these questions. As we will see, a key difficulty is to understand
solutions of (1.1) in dimension n = 1. As explained in detail below, we classify all 1D solutions by
using complex analysis and the Mellin transform.

1.1. Main result. Our first main result is the following, which provides for the first time a higher
order regularity estimate for solutions to (1.1).

Theorem 1.1. Let Ω ⊂ Rn be a C1,1 domain, and u be the solution of (1.1) satisfying
∫
Ω u = 0.

Then, there exists α ∈ (0, 12), depending only on s, such that, if h ∈ Cα(Ω):

u ∈ C2s+α(Ω) with ∥u∥C2s+α(Ω) ≤ C∥h∥Cα(Ω) if s ≤ 1
2 ,

u ∈ Cs+
1
2
+α(Ω) with ∥u∥

Cs+1
2+α(Ω)

≤ C∥h∥
Cmin{α+1

2−s,0}(Ω)
if s ≥ 1

2 .

Moreover, when 2s + α > 1 (in particular when s ≥ 1
2), we have ∂νu = 0 on ∂Ω. The constant C

depends only on n, s, and Ω.

As we will see, this regularity result is optimal in the sense that solutions are in general not C2s+ 1
2

for s ≤ 1
2 , and they are not Cs+1 for s ≥ 1

2 . Moreover, they are not Cs+
1
2
+α for s close to 0, and not

C2s+α for s close to 1 (for any α ≥ 0). We refer to Theorem 1.7 for a more detailed version of this
result, where the optimal regularity exponent is identified precisely.

Notice that our result entails, in particular, that solutions of (1.1) are always more regular than those
of the Dirichlet problem for the fractional Laplacian (see [32, 33]), since the latter ones are in general
not better than Cs.

In order to understand the optimal regularity of solutions, a useful rule of thumb is that one expects
solutions to be smooth in tangential directions, while the optimal regularity is determined by the
corresponding 1D problem, say for Ω = (0,∞). Moreover, after a contradiction and compactness
argument, one expects the behavior of solutions near x = 0 to be dictated by the nontrivial solutions
to the 1D problem with f ≡ 0. This leads to the following question:

• Can one characterize all solutions to

(−∆)su = 0 in (0,∞),
N su = 0 in (−∞, 0),

(1.2)

satisfying the growth condition |u(x)| ≤ C(1 + |x|γ) ?

This turns out to be an extremely delicate issue, and resolving this difficulty will be, in our approach,
one of the key steps in this context.

Remark 1.2. Notice that this type of questions arises as well in the study of nonlocal Dirichlet
problems, i.e. with u = 0 in (−∞, 0). However, in that case one can use the extension property of
(−∆)s and transform the question into a local PDE problem with a local boundary condition; see [18,
Theorem 1.10.16]. This is impossible here, since the boundary condition is purely nonlocal, so there
is no hope to use local PDE techniques as in [33, 18].
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1.2. 1D Liouville theorems and the Mellin transform. As said above, none of the known meth-
ods to classify global solutions to elliptic equations works for (1.2).

Since the condition N su = 0 determines the values of u for x < 0 in terms of the values of u for x > 0,
equation (1.2) can be reformulated in terms of a single nonlocal operator L in the half-line (0,∞), i.e.

Lu = 0 in (0,∞).

We refer to (5.2)-(5.3) for the definition of the operator L. Moreover, since both (−∆)s and N s are
homogeneous operators of order 2s, then so is L, in the sense that

[Lu(λ·)](x) = λ2s[Lu](λx) ∀x > 0.

In particular, for any β < 2s we have

L(xβ) = f(β)xβ−2s, (1.3)

where f(β) = L(xβ)|x=1 ∈ R.
We can actually compute explicitly

f(β) =
Γ(β + 1) sin(πs)

Γ(β − 2s+ 1) sin(π(β − 2s))

(
sin(π(β − s))

sin(πs)
+

Γ(2s− β)Γ(β + 1)

Γ(2s)

)
. (1.4)

Rephrasing the problem stated in (1.2), the natural question that arises here is then:

• If L is a linear and homogeneous operator in (0,∞), it is true that all solutions to Lu = 0 in
(0,∞) (with appropriate growth at infinity) must necessarily be homogeneous?

If we could answer this general question positively, the classification of solutions to (1.2) would reduce
to finding the zeros of f(β).

Our first classification result, which addresses this question, can be stated as follows:

Theorem 1.3. Let s ∈ (0, 1), ε > 0, and L be the operator associated to (1.2), given by (5.2)-(5.3).

Then, any distributional solution of Lu = 0 in (0,∞) satisfying |u(x)| ≤ C(1 + |x|2s−ε) must be a
linear combination of xβk , where βk ∈ C are the complex zeros of f(β) in the strip {0 < Re(β) < 2s}.

The definition of distributional solutions is somewhat delicate and depends on the test function space;
see Section 2 for more details.

A surprising fact about this result is that it allows for oscillatory solutions of the type

u(x) = xa+ib = xa cos(b log x).

As we will see, the function f in (1.4) does have complex zeros, and so equation (1.2) possesses
oscillatory solutions of the above type. In particular, not all solutions are homogeneous (hence, the
answer to the question above is in the negative).

This is quite remarkable and unexpected, since the equation (−∆)su = 0 satisfies a maximum principle
and a Harnack inequality. Moreover, this property stands in stark contrast to the nonlocal Dirichlet
problem.

Note that operator L has no special properties that we can use, beyond linearity and homogeneity. In
fact, the question whether all solutions to Lu = 0 in (0,∞) must be homogeneous is a very natural
and fundamental one, arising in connection with many different classes of differential operators L. To
emphasize this point, we actually prove a general version of Theorem 1.3 that applies to any linear
and homogeneous operator L (see Theorem 2.5 and the discussion in Section 2) and essentially reduces
the classification of solutions to finding the complex zeros of the corresponding function f(β).
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Our proof of Theorem 1.3 heavily relies on the Mellin transform, which is a multiplicative version of
the Fourier transform1 and is often used in number theory. It is given as

Mw(z) :=

∫ ∞

0
xz−1w(x) dx.

Notice that M is not well defined for functions with polynomial growth at infinity, in the same way
as the Fourier transform is not defined for functions with exponential growth. Still if u is a solution
to Lu = 0, then by the self-adjointness of L and by (2.1), at least formally, we should have

0 = M[Lu](z) =

∫ ∞

0
xz−1Lu(x) dx

=

∫ ∞

0
L(xz−1)u(x) dx = f(z − 1)

∫ ∞

0
xz−1−2su(x) dx = f(z − 1)M[u](z − 2s).

(1.5)

This implies that M[u](z − 2s) must be a sum of delta functions supported at the zeros of f(z − 1).

Since, at least formally, M[w](z) = δ(z−α) if and only if w(x) = x−α, and since2 f(β) = f(2s−1−β),
this yields the desired result.

Of course this argument is far from being correct, and one of the contributions of the present work
is to develop the right setting in order to define the Mellin transform in a distributional way, for
functions that grow polynomially at infinity. This requires careful choices of function spaces and the
use of some fine results from complex analysis such as the Paley-Wiener theorem.

Theorem 1.3 is stated for functions with growth controlled by |x|2s−ε, so that equation (1.2) makes
sense. Still, in our proof of Theorem 1.1 we actually need a similar result for functions with growth
of the type |x|2s+α, and this will require much more work. Indeed, we first need to introduce a
generalized notion of solution to (1.2), and then establish an alternative version of the classification
result Theorem 1.3 for the combined action of two homogeneous operators. We refer to Theorem 5.8
for the corresponding classification result of solutions to (1.2) and to Theorem 2.10 for a general
classification result.

1.3. The zeros of f . The use of the Mellin transform and Theorem 1.3 above allow us to reduce the
problem of classifying 1D solutions to the problem of understanding the complex zeros of the function
f in (1.4). Unfortunately, this turns out to be very delicate too.

In case s = 1
2 the equation f(β) = 0 is equivalent to

sin(2πβ) = 2πβ.

This is a transcendental equation, with infinitely many zeros with Re(β) > 0, the smallest one being

β = 1.193292...± i 0.4406488...

Using fine properties of Gamma functions, we are able to prove the following:

Proposition 1.4. Let f be given by (1.4). Then,

(i) If s ≤ 1
2 , then f has no zeros in the strip {0 < Re(β) < 2s+ α}, for some small α > 0.

Moreover, it has at least one zero in the strip {2s < Re(β) < 2s+ 1
2}.

1Actually, we have M[w(x)](z) = F [w(e−x)](−iz) for all z ∈ C.
2This follows from (1.3) and (1.5).
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(ii) If s ≥ 1
2 , then f has no zeros in the strip {2s− 1 < Re(β) < s+ 1

2 +α}, for some small α > 0.

Moreover, it has at least one zero in the strip {s+ 1
2 < Re(β) < s+ 1}.

Remark 1.5. In other words, for any s ∈ (0, 1), we may denote by B0 the real part of the smallest
zero of f satisfying Re(β) > max{0, 2s− 1}. Then, Proposition 1.4 yields that B0 > min{2s, s+ 1

2}.

This turns out to be optimal, as we prove that B0 < s + 1
2 for s ∼ 0 and B0 < 2s for s ∼ 1 (see

Remark 5.3).

By the classification result in Theorem 1.3, the value of B0 determines the optimal regularity of
solutions to (1.1). In fact, solutions are in general not better than CB0 .

Remark 1.6. Note that f has a (trivial) zero at β = 2s − 1, whenever s ≥ 1
2 . This reflects the fact

that (−∆)s|x|2s−1 = 0 in R \ {0} is the fundamental solution. Since |x|2s−1 is only a distributional
solution, but not a weak solution, it does not determine the boundary regularity of solutions to (1.1).

1.4. Higher regularity in domains of Rn. All the results described so far deal with the classification
of 1D solutions for (1.2). As was mentioned before, by passing from 1D to general domains Ω ⊂ Rn,
we can establish higher regularity estimates for solutions to (1.1) to obtain Theorem 1.1. Actually,
in this paper we also show the optimal regularity of solutions in general domains up to the optimal
exponent B0.

Theorem 1.7. Let Ω ⊂ Rn be a C1,1 domain and u be the solution of (1.1) satisfying
∫
Ω u = 0.

Then, for any ε ∈ (0, B0 − s) such that B0 − ε ̸∈ {1, 2s}, and any h ∈ X , it holds

u ∈ CB0−ε(Ω) with ∥u∥CB0−ε(Ω) ≤ C∥h∥X ,

where the constant C depends only on n, s, and Ω, the value B0 is as in Remark 1.5, and

X =

{
CB0−2s−ε(Ω) if B0 − ε > 2s,

d2s−B0+ε
Ω L∞(Ω) if B0 − ε < 2s.

Moreover, if B0 − ε > 1, then ∂νu = 0 on ∂Ω.

This result yields the optimal boundary regularity of solutions to the nonlocal Neumann problem (1.1)
for all s ∈ (0, 1) and provides a Schauder-type theory for (1.1). Together with Proposition 1.4 it
immediately implies Theorem 1.1 and altogether these results yield a complete understanding of the
key questions (i)-(ii)-(iii).

In fact, the answers to these key questions are:

(i) On the one hand, if s ≤ 1
2 , all solutions are classical, i.e. C2s+α, up to the boundary. On the

other hand, if s > 1
2 , all solutions are Cs+

1
2
+α up to the boundary.

(ii) If s ≥ 1
2 , all solutions are C1 up to the boundary and satisfy ∂νu = 0 on ∂Ω.

(iii) The optimal regularity exponent is given by B0 from Remark 1.5. Moreover, the above answers

are optimal, in the sense that solutions are not necessarily Cs+
1
2
+α when s is close to 0, and

not necessarily C2s+α when s is close to 1.

As was mentioned before, the key ingredient to prove Theorem 1.7 is the classification of solutions in
1D. However, we still need to pass from 1D to general domains Ω ⊂ Rn. This turns out to be quite
delicate and also requires several new ideas.
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The general strategy is to prove a pointwise boundary estimate by contradiction and compactness,
relying ultimately on the 1D Liouville theorem (see Theorem 6.14 and Theorem 6.18). However, two
important difficulties arise.

• On the one hand, when the order of the estimate is greater than one, we need to subtract a
linear term from the equation. In case Ω = {xn > 0} is a half-space, this term is needed to
account for solutions of the form b ·x with bn = 0 that only depend on the tangential directions
x′. In general domains Ω ⊂ Rn, we need to understand very precisely what is exactly the right
function to subtract, and prove that its fractional Laplacian (−∆)s is well behaved near the
boundary (see Subsection 6.1 for more details.).

• On the other hand, when the order of the estimate is greater than 2s we need to develop a
theory of generalized solutions to (1.1) in unbounded domains and with polynomial growth at
infinity. It turns out that the contradiction and compactness argument is much more delicate
in this case, since it seems no longer possible to reformulate (1.1) in terms of a single operator
L in (0,∞). Still, one can develop such a theory, separately, for the two operators (−∆)s and
N s, and deduce regularity from a 1D classification result for the combined action of these two
operators on functions that grow like |x|2s+α (see Theorem 5.8).

1.5. Outline. This article is structured as follows. In Section 2, we present and discuss our Liouville
theorems that hold for general homogeneous operators in R (see Theorem 2.5 and Theorem 2.10).
Section 3 provides several preliminary facts about the distributional Mellin transform, while Section 4
is dedicated to the proofs of these results. In Section 5, we apply our new 1D Liouville theorems
to the nonlocal Neumann problem and establish Theorem 1.3, as well as Proposition 1.4. Finally,
in Section 6, we prove the higher regularity for the nonlocal Neumann problem and show our main
results Theorem 1.1 and Theorem 1.7.

1.6. Acknowledgments. XR and MW were supported by the European Research Council under
the Grant Agreement No. 101123223 (SSNSD), and by AEI project PID2024-156429NB-I00 (Spain).
XR was also supported by the AEI–DFG project PCI2024-155066-2 (Spain–Germany), the AEI grant
RED2024-153842-T (Spain), and by the Spanish State Research Agency through the Maŕıa de Maeztu
Program for Centers and Units of Excellence in R&D (CEX2020-001084-M). MW was also supported
by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Ex-
cellence Strategy - EXC-2047/1 - 390685813 and through the CRC 1720. SD was supported the
Australian Future Fellowship FT230100333. EV was supported by the Australian Laureate Fellow-
ship FL190100081.

2. Liouville theorems for homogeneous operators in 1D via the Mellin transform

The goal of this section is to present two classification results of solutions to homogeneous linear
equations in 1D that hold true in a very general setting, namely Theorem 2.5 and Theorem 2.10.
These ”meta-theorems“ relate the classification of 1D solutions to the complex roots of an explicit
meromorphic function f .

As explained before, these results are crucial for our proof of the optimal regularity of the nonlocal
Neumann problem (1.1), since they yield Theorem 1.3 (and also Theorem 5.4 and Theorem 5.8). Due
to their wide applicability, we believe such classification results to be of general interest, and introduce
them here in a rather general framework.
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2.1. A Liouville theorem for operators acting on (0,∞). Let L be a linear operator acting on
functions u : (0,∞) → C that satisfies, for some s > 0 and a function f : C → C,

L(xβ)(x) = f(β)xβ−2s ∀β ∈ C, ∀x ∈ (0,∞). (2.1)

Given d ∈ N ∪ {0} and a, b ∈ R we introduce the space

Cda,b(0,∞) :=
{
φ ∈ Cdloc(0,∞) : ∥φ∥Cd

a,b(0,∞) <∞
}
,

where we denote

∥φ∥Cd
a,b(0,∞) = inf

{
C > 0 : ∀k ∈ {0, . . . , d} : |φ(k)(x)| ≤ Cxa, ∀x ∈ (0, 1],

|φ(k)(x)| ≤ Cx−b, ∀x ∈ (1,∞]
}
.

We observe that, when d1 ≤ d2, a1 ≤ a2, and b1 ≤ b2, we have that Cd2a2,b2(0,∞) ⊂ Cd1a1,b1(0,∞).

We assume that there exist d, a, b such that, for any φ ∈ Cda,b(0,∞), the map x 7→ Lφ(x) is continuous

and, for some α1 ∈ [0, 2s) and α2 ∈ [0, 2s− α1),

|Lφ(x)| ≤ C

{
x−α1 , for x ∈ (0, 1),

x−2s+α2 , for x ∈ [1,∞),
,

∫ ∞

r
|Lφ(x)| dx ≤ Cr−2s+ε ∀ε ∈ (0, 1), ∀r > 0, (2.2)

Moreover, we assume that L is self-adjoint in the sense that∫ ∞

0
g(x)Lφ(x) dx =

∫ ∞

0
Lg(x)φ(x) dx, (2.3)

for any φ ∈ Cda,b(0,∞) and g(x) = xβ−1, where Re(β) ∈ (α1, 2s− α2).

Remark 2.1. The first assumption in (2.2) might look a bit complicated, but it is very natural. In
fact, for L being the regional fractional Laplacian, i.e.

Lu(x) = cs

∫ ∞

0
(u(x)− u(y))|x− y|−1−2s dy,

it holds true with α1 = α2 = 0, when φ ∈ C2
0,1+2s(0,∞). However, when L is the regional operator

associated to the nonlocal Neumann problem (5.2)-(5.3) we need to take α1 ∈ (max{0, 2s − 1}, 2s)
and α2 ∈ [0,max{2s, 1}) (see Lemma 5.19).
The self-adjointness in (2.3) is only satisfied under additional assumptions on the growth of φ at zero
in order to rule out the appearance of boundary terms. For both the regional fractional Laplacian and
the Neumann operator, it is enough to take φ ∈ C2

2,1+2s(0,∞).

Definition 2.2. We say that u : (0,∞) → C with

|u(x)| ≤ C(1 + x)2s−ε ∀x ∈ (0,∞)

for some ε > 0 is a (distributional) solution to

Lu = 0 in (0,∞)

if for every φ ∈ Cda,b(0,∞) it holds ∫ ∞

0
u(x)Lφ(x) dx = 0. (2.4)
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Remark 2.3. The integral in (2.4) converges absolutely by the same arguments as in the proof of
[18, Lemma 2.2.11]. Indeed, the convergence of the integral at zero is immediate from the growth of u
and boundedness of |Lφ(x)|. For the convergence at infinity we use the second property in (2.2) with
some ε′ < ε: ∫ ∞

1
|u(x)||Lφ(x)|dx ≤ C

∞∑
k=0

2k(2s−ε)
∫ 2k+1

2k
|Lφ(x)| dx ≤ C

∞∑
k=0

2k(ε
′−ε) ≤ C.

By an analogous reasoning, we see that both integrals in (2.3) converge absolutely.

Definition 2.4. Let M > 1. We say that a meromorphic function f : C → C is M -admissible if it
satisfies the following properties:

• There are only finitely many zeros of f in the strip SM := {z ∈ C : |Re(z)| < M}.
• For any sequence (zn) ⊂ SM with | Im(zn)| → ∞, it holds that

lim inf
n→∞

|f(zn)| > 0.

Our goal is to prove the following Liouville-type theorem

Theorem 2.5. Let L be as before, satisfying (2.1), (2.2), and (2.3) for some d, a, b, and assume that
f is M -admissible for some M > max{3 + 2s, 2 + 4s}. Let u be a distributional solution to

Lu = 0 in (0,∞)

with test-function space Cda,b(0,∞) and such that for some ε ∈ (0, 2s) and C > 0,

|u(x)| ≤ C(1 + x)2s−ε ∀x ∈ (0,∞). (2.5)

Then, there are coefficients aβ,l ∈ C such that

u(x) =
∑

β∈{f=0}∩S2s−ε

k(β)−1∑
l=0

aβ,lx
β(log x)l, (2.6)

where k(β) denotes the multiplicity of β.

Remark 2.6. In applications, we will consider operators L acting on functions u : (0,∞) → R. We
will assume that L is homogeneous of order 2s for some s ∈ (0, 1) in the following sense:
For any function u and λ > 0, it holds

[Lu(λ·)](x) = λ2s[Lu](λx) ∀x > 0. (2.7)

Then, we can extend L to operate on functions u : (0,∞) → C by writing u(x) = u1(x) + iu2(x) and
setting Lu(x) = Lu1(x) + iLu2(x). In this setting, (2.7) remains valid for u : (0,∞) → C, and we
have, for any β ∈ C,

L(xβ)(x) = xβ−2sL(xβ)(1),

i.e. (2.1) holds true with f(β) = L(xβ)(1).

Remark 2.7. Note that we did not assume s ∈ (0, 1). In applications to operators of fractional
Laplacian type with s ∈ (0, 1), one can treat functions with growth of order 2s+k−ε by differentiating
the equation k times (which leads to an operator of order 2s′ = 2s + k). An alternative approach is
discussed in Subsection 2.2
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Example 2.8 (Dirichlet problem for the fractional Laplacian). Our Theorem 2.5 entails, as a partic-
ular case, the well-known Liouville theorem for{

(−∆)su = 0 in (0,∞),

u = 0 in (−∞, 0).

Note that the proof is completely different from previous ones since it does not rely on the Caffarelli-
Silvestre extension. To prove it, we observe that we can equivalently rewrite, for x ∈ (0,∞),

(−∆)su(x) = cs

∫ ∞

0
(u(x)− u(y))|x− y|−1−2s dy + u(x)cs

∫ 0

−∞
|x− y|−1−2s dy

= (−∆)sR+
u(x) + u(x)x−2s cs

2s
=: Lu(x),

where (−∆)sR+
denotes the regional fractional Laplacian in (0,∞) and cs = 4ss

Γ(s+ 1
2
)

Γ(1−s) π
− 1

2 . Note that

f(β) = L(xβ)(1) = (−∆)sR+
[xβ](1) +

cn,s
2s

= (−∆)s(x+)
β(1)− cs

∫ 0

−∞
|1− y|−1−2s dy +

cs
2s

= (−∆)s(x+)
β(1)

=
Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
,

and therefore

f(β) = 0, β ∈ (−2s, 2s) ⇔ β ∈ {s− 1, s}.

Since u is bounded at zero, it follows from Theorem 2.5 that

u(x) = a(x+)
s.

In a similar way, it is possible to reprove the Liouville theorem for the regional fractional Laplacian
from [16] by using Theorem 2.5.

2.2. A Liouville theorem for two operators acting on R. In comparison to the previous subsec-
tion, where we introduced an abstract Liouville theorem for a single homogeneous operator L acting
on functions f : (0,∞) → C, the goal of the current subsection is to present an extension of The-
orem 2.5 to pairs of operators acting on functions f : R → C. This theorem will be useful in our
application to the nonlocal Neumann problem, whenever we want to classify solutions that grow like
x2s+ε as x→ +∞, since in this case it is no longer possible to find a suitable regional operator L that
is well-defined for such functions.

Let L,N be linear operators acting on functions u : R → C that satisfy for some s > 0 and functions
fL,+, fL,−, fN,+, fN,− for any β ∈ C:

L(xβ+)(x) = fL,+(β)x
β−2s
+ , L(xβ−)(x) = fL,−(β)x

β−2s
+ ∀x ∈ (0,∞),

N(xβ+)(x) = fN,+(β)x
β−2s
− , N(xβ−)(x) = fN,−(β)x

β−2s
− ∀x ∈ (−∞, 0).

(2.8)

Moreover, given d ∈ N ∪ {0} and a, b ∈ R, we define the space

Cda,b(R) :=
{
φ ∈ Cdloc(R) : φ|(0,∞), φ(−·)|(0,∞) ∈ Cda,b(0,∞)

}
,
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endowed with the norm

∥φ∥Cd
a,b(R)

:= ∥φ∥Cd
a,b(0,∞) + ∥φ(−·)∥Cd

a,b(0,∞).

Additionally, given k ∈ N, we define

Cd,ka,b (R) :=
{
φ ∈ Cda,b(R) :

∫ ∞

0
xjφ(x) dx =

∫ ∞

0
xjφ(−x) dx = 0 ∀j ∈ {0, . . . , k − 1}

}
,

and we also set Cd,0a,b (R) := Cda,b(R).

We assume that there exist d, a, b, and k ∈ N∪{0} such that, for any φ ∈ Cd,ka,b (R), the maps x 7→ Lφ(x)

and x 7→ Nφ(x) are continuous and, for some α1 ∈ [0, 2s) and α2 ∈ [0, 2s− α1),

|Nφ(−x)|+ |Lφ(x)| ≤ C

{
|x|−α1 , for x ∈ (0, 1),

|x|−2s−k+α2 , for x ∈ [1,∞),∫ −r

−∞
|Nφ(x)| dx+

∫ ∞

r
|Lφ(x)| dx ≤ Cr−2s−k+ε ∀ε ∈ (0, 1), ∀r > 0.

(2.9)

Moreover, we assume that the pair (L,N) is self-adjoint in the sense that∫ ∞

0
g(x)Lφ(x) dx =

∫ ∞

0
L(g1R+)(x)φ(x) dx+

∫ 0

−∞
N(g1R+)(x)φ(x) dx,∫ 0

−∞
g(x)Nφ(x) dx =

∫ ∞

0
L(g1R−)(x)φ(x) dx+

∫ 0

−∞
N(g1R−)(x)φ(x) dx

(2.10)

for any φ ∈ Cd,ka,b (R) and g(x) = |x|β−1, where Re(β) ∈ (α1, 2s+ k − α2).

Definition 2.9. We say that u : R → C with

|u(x)| ≤ C(1 + |x|)2s+k−ε ∀x ∈ R
for some ε > 0 and k ∈ N ∪ {0} is a (distributional) solution to{

Lu
k
= 0 in (0,∞),

Nu
k
= 0 in (−∞, 0),

if for every φ ∈ Cd,ka,b (R) it holds∫ 0

−∞
u(x)Nφ(x) dx+

∫ ∞

0
u(x)Lφ(x) dx = 0. (2.11)

We can now state our Liouville theorem for the combined action of two operators:

Theorem 2.10. Let L,N be as before, satisfying (2.8), (2.9), and (2.10) for some d, a, b, k, and

assume that f1 :=
fL,+fN,−−fL,−fN,+

fN,−
and f2 :=

fL,+fN,−−fL,−fN,+

fL,−
are M -admissible for some M >

max{3 + 2s, 2 + 4s, 2k + 3
2 , k + 2s+ 2}. Let u be a distributional solution to{

Lu
k
= 0 in (0,∞),

Nu
k
= 0 in (−∞, 0),

with test-function space Cd,ka,b (0,∞) and such that, for some ε ∈ (0, 2s) and C > 0,

|u(x)| ≤ C(1 + |x|)2s+k−ε ∀x ∈ R. (2.12)
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Then, there exist coefficients a
(1)
β,l , a

(1)
β,l , A

(1)
j , A

(2)
j ∈ C such that

u(x) =
∑

β∈{f1=0}∩S2s+k−ε

k1(β)−1∑
l=0

a
(1)
β,lx

β(log x)l +
∑

β∈{f2=0}∩S2s+k−ε

k2(β)−1∑
l=0

a
(2)
β,lx

β(log x)l

+
k−1∑
j=0

1{|f1(2s+j)|<∞}A
(1)
j x2s+j +

k−1∑
j=0

1{|f2(2s+j)|<∞}A
(2)
j x2s+j ,

(2.13)

where k1(β), k2(β) denote the multiplicities of β with respect to f1, f2.

3. The distributional Mellin transform

In this section we collect several elementary results about the Mellin transform. In particular, we
make sense of the Mellin transform applied to functions with polynomial growth by introducing a
distributional variant of the Mellin transform.

Given a complex valued function u : (0,∞) → C, we define the Mellin transform of u at z ∈ C to be

M[u](z) =

∫ ∞

0
xz−1u(x) dx, (3.1)

whenever the integral is absolutely convergent. Moreover, given a complex function ϕ : C → C, we
define the c-inverse Mellin transform of ϕ at x ∈ (0,∞) to be

M−1
c [ϕ](x) =

1

2π

∫ ∞

−∞
x−c−izϕ (c+ iz) dz, c ∈ R,

whenever the (line) integral is well-defined. We will also denote M−1 := M−1
1/2, i.e. the case c = 1

2 is

the default definition of the inverse Mellin transform, since it gives rise to a natural Plancherel identity
(see (3.4)). Note that the freedom to choose c ∈ R is important for instance in the Mellin inversion
theorem, which we state below.

Lemma 3.1 (Mellin inversion theorem). Let u be continuous and assume that M[u](z) exists whenever
Re(z) ∈ (a, b) for some a, b ∈ R.
Then, for every c ∈ (a, b),

M−1
c [M[u]](x) :=

1

2π

∫ ∞

−∞
x−c−izM[u](c+ iz) dz = u(x) ∀x ∈ (0,∞). (3.2)

Moreover, if u is holomorphic in {z ∈ C : a < Re(z) < b} for some a, b ∈ R, and |u(z)| ≤ C(1+ |z|)−2

in {z ∈ C : a < Re(z) < b}, then for any c ∈ (a, b) the function

M−1
c [u](x) =

1

2π

∫ ∞

−∞
x−c−izu(c+ iz) dz (3.3)

satisfies M[M−1
c [u]] = u in (0,∞).

For references of these two results, we refer to [28, p.341-343], [30, p.80], and [29, Theorem 11.1.1].
The proof makes use of well-known inversion formulas for the Fourier / Laplace transform.
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3.1. Properties of the inverse Mellin transform. Given M,m > 0, let us denote by SM = {z ∈
C : |Re(z)| < M} the vertical strip of radius M and introduce the following function space

XM,m :=
{
ϕ : C → C | ϕ holomorphic in SM , ∃C > 0 : |ϕ(z)| ≤ C(1 + |z|)−m ∀z ∈ SM

}
.

We will prove that the inverse Mellin transform M−1[ϕ] is well-defined, whenever ϕ ∈ XM,m forM > 1
2

and m ≥ 2. Obviously, for M ′ ≤M and m′ ≤ m we have that

XM,m ⊂ XM ′,m′ .

Moreover, by possibly choosing M and m larger, respectively, we gain decay properties of M−1[ϕ] at
zero, at infinity, and regularity of M−1[ϕ], respectively (see Lemma 3.3).

Before we prove this result, we need to recall the Paley-Wiener theorem (see [37, Chapter 4, Theorem
2.1, Theorem 3.1]).

Here and below we use the following definition of the Fourier transform:

F [f ](ξ) :=

∫ ∞

−∞
e−ixξf(x) dx, F−1[f ](x) :=

1

2π

∫ ∞

−∞
eixξf(ξ) dξ.

Lemma 3.2 (Paley-Wiener theorem). Let M > 0.

(i) Let f be holomorphic in {z ∈ C : | Im(z)| < M} and assume that |f(z)| ≤ c1(1 + |z|)−2 for
every z ∈ C such that | Im(z)| < M . Then, for all M ′ ∈ (0,M) and ξ ∈ R,

|F [f ](ξ)| ≤ c2e
−M ′|ξ|.

(ii) Let f and F [f ] be such that, for all x, ξ ∈ R,

|f(x)| ≤ c3(1 + |x|)−2 and |F [f ](ξ)| ≤ c3e
−M |ξ|.

Then f is the restriction to R of a function f that is holomorphic in {z ∈ C : | Im(z)| < M}.

The following result is a direct application of the Paley-Wiener theorem.

Lemma 3.3. Let c ∈ R, ϕ ∈ XM,m for some M > |c| and m ≥ 2. Then,

M−1
c [ϕ](x) =

1

2π
x−cF [ϕ (c+ i·)] (log x).

Moreover, for every M ′ ∈ (0,M) there exists C > 0 such that

|M−1
c [ϕ](x)| ≤ C

{
xM

′−2|c|, ∀x ∈ (0, 1],

x−M
′+2|c|, ∀x ∈ [1,∞).

In addition, for any k ∈ N such that k + 2 ≤ m, there exists C > 0 such that

|(M−1
c [ϕ])(k)(x)| ≤ C

{
xM

′−k−2|c|, ∀x ∈ (0, 1],

x−M
′−k+2|c|, ∀x ∈ [1,∞).

Proof. By the definitions of M−1
c and F we immediately verify the first claim:

M−1
c [ϕ](x) =

1

2π
x−c

∫ ∞

−∞
e−iz log(x)ϕ (c+ iz) dz =

1

2π
x−cF [ϕ (c+ i·)] (log x).

Since ϕ is holomorphic in SM and satisfies |ϕ(z)| ≤ C(1 + |z|)−2 for any z ∈ SM , we deduce that

ϕ̃(z) = ϕ (c+ iz) is holomorphic and satisfies |ϕ̃(z)| ≤ C(1 + |z|)−2 in

{z ∈ C : |Re (c+ iz)| < M} = {z ∈ C : Im(z) ∈ (−M + c,M + c)} .
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Since (−(M − |c|),M − |c|) ⊂ (−M + c,M + c), we can apply Lemma 3.2(i) with M ′ :=M − |c| and
deduce that

F [ϕ̃](x) ≤ Ce−M
′|x| ∀M ′ ∈ (0,M − |c|) , ∀x ∈ R.

Thus,

|M−1
c [ϕ](x)| ≤ Cx−c|F [ϕ̃](log x)| ≤ Cx−ce−M

′| log x| ≤ C

{
x−cxM

′ ∀x ∈ (0, 1],

x−cx−M
′ ∀x ∈ [1,∞),

which yields the second claim.

To prove the third claim, we let k ∈ N, assume k + 2 ≤ m and observe

(M−1
c [ϕ])(k)(x) =

1

2π

∫ ∞

−∞

[
x−c−iz

](k)
(x)ϕ(z) dz

=
1

2π

∫ ∞

−∞

k−1∏
j=0

(−c− j − iz)x−c−iz−kϕ(z) dz

=
1

2π
x−c−k

∫ ∞

−∞
e−iz log(x)

k−1∏
j=0

(−c− j − iz)ϕ (c+ iz) dz

=
1

2π
x−c−kF

k−1∏
j=0

(−c− j − i·)ϕ (c+ i·)

 (log x).

We define

ϕ̄(z) :=

k−1∏
j=0

(−c− j − iz)ϕ (c+ iz)

and observe that ϕ̄ is holomorphic.

In addition, using that m ≥ k + 2 we find that, for all z ∈ {z ∈ C : | Im(z)| < M − |c|},

|ϕ̄(z)| ≤ C

∣∣∣∣∣∣
k−1∏
j=0

(−c− j − iz)

∣∣∣∣∣∣ (1 + |z|)−m ≤ C(1 + |z|)k−m ≤ C(1 + |z|)−2.

Hence, by Lemma 3.2(i),

F [ϕ̄](x) ≤ Ce−M
′|x| ∀M ′ ∈ (0,M − |c|) , ∀x ∈ R.

Thus,

|(M−1
c [ϕ])(k)(x)| ≤ Cx−c−k|F [ϕ̃](log x)| ≤ Cx−c−ke−M

′| log x| ≤ C

{
x−c−kxM

′ ∀x ∈ (0, 1],

x−c−kx−M
′ ∀x ∈ [1,∞),

as desired. □

The previous lemma implies that M−1[ϕ] (as well as its derivatives) satisfies polynomial decay at zero
and at infinity whenever ϕ ∈ XM,m. Moreover, by taking M > 0 (and m > 0) large, the order of the
polynomial decay of M−1[ϕ] (and its derivatives) can be made arbitrarily large.

We also point out that the choice of the parameter c ∈ R in the definition of the inverse Mellin
transform is not important, whenever ϕ ∈ XM,m. More precisely:
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Corollary 3.4. Let c ∈ R, ϕ ∈ XM,m for some M > max{|c|, 2|c| − 1
2} and m ≥ 2. Then,

M−1
c [ϕ] = M−1[ϕ].

Proof. The proof relies on the application of the Mellin inversion theorem (3.2) and (3.3):

M−1
c [ϕ] = M−1[M[M−1

c [ϕ]]] = M−1[ϕ].

In order to justify application of (3.2) toM−1
c [ϕ] in the first step, we use that this function is continuous

and that M[M−1
c [ϕ]](z) exists for Re(z) = 1

2 by Lemma 3.3. The application of (3.3) to ϕ is justified
by the definition of XM,m and since M > c. □

3.2. Definition of a distributional Mellin transform. The main purpose of Lemma 3.3 is that
it motivates the following definition of the Mellin transform for functions u which might not satisfy∫∞
0 |xz−1u(x)| dx <∞ for some (or any) z ∈ C.

Definition 3.5. Given M > 1
2 and m ≥ 2, we define

M−1[XM,m]
′ =

{
u ∈ L1

loc(0,∞)
∣∣∣ ∫ ∞

0
u(x)M−1[ϕ](x) dx <∞ ∀ϕ ∈ XM,m

}
.

Moreover, for any u ∈ M−1[XM,m]
′ we define M̃[u] : XM,m → R as follows

⟨M̃[u], ϕ⟩ :=
∫ ∞

0
u(x)M−1[ϕ](x) dx.

Remark 3.6. As a a consequence of the Plancherel formula, we point out that, whenever u is such
that

∫∞
0 |xz−1u(x)| dx <∞ for any z ∈ C, then, for any ϕ ∈ XM,m with M > 1

2 and m ≥ 2,

⟨M̃[u], ϕ⟩ =
∫ ∞

0
u(x)M−1[ϕ](x) dx =

∫ ∞

−∞
M[u]

(
1

2
+ iz

)
ϕ

(
1

2
+ iz

)
dz. (3.4)

Hence, M̃ coincides with the original definition of the Mellin transform up to a shift, whenever u is
nice enough.

Remark 3.7. As a direct consequence of Lemma 3.3 we deduce that, for any a, b > 0,{
u ∈ L1

loc(0,∞)
∣∣ |u(x)| ≤ C(|x|−a + |x|b) ∀x ∈ (0,∞)

}
⊂ M−1[XM,m]

′, (3.5)

whenever M > max{a, b} and m ≥ 2.

With the help of Definition 3.5 we can give a rigorous meaning to M̃[xα] for α ∈ C and prove:

Lemma 3.8. Let α ∈ C. Then,

M̃[xα](z) = δ(z − (α+ 1))

in the following sense: For any ϕ ∈ XM,m with M > max{2|Re(α)|+ 3
2 , |Re(α)|+ 1} and m ≥ 2,

⟨M̃[xα], ϕ⟩ = ϕ(α+ 1).

Moreover, for any l ∈ N,

⟨M̃[xα(log(x))l], ϕ⟩ = (−1)lϕ(l)(α+ 1).
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Proof. Let ϕ ∈ XM,m. Recall that by Corollary 3.4 and the assumption on M , we have that, for any

c ∈ R with max{|c|, 2|c| − 1
2} < M ,

M−1[ϕ](x) = M−1
c [ϕ](x) ∀x ∈ (0,∞).

First, we take c1 < Re(α) + 1 with max{|c1|, 2|c1| − 1
2} < M and deduce by Fubini’s theorem that∫ 1

0
xαM−1

c1 [ϕ](x) dx =
1

2π

∫ ∞

−∞

(∫ 1

0
xα−c1−iz dx

)
ϕ(c1 + iz) dz

= − 1

2π

∫ ∞

−∞

ϕ(c1 + iz)

(c1 + iz)− (α+ 1)
dz

= − 1

2πi

∫ c1+i∞

c1−i∞

ϕ(z)

z − (α+ 1)
dz.

Analogously, taking c2 > Re(α) + 1 with max{|c2|, 2|c2| − 1
2} < M , we have that∫ ∞

1
xαM−1

c2 [ϕ](x) dx =
1

2π

∫ ∞

−∞

(∫ ∞

1
xα−c2−iz dx

)
ϕ(c2 + iz) dz

=
1

2π

∫ ∞

−∞

ϕ(c2 + iz)

(c2 + iz)− (α+ 1)
dz

=
1

2πi

∫ c2+i∞

c2−i∞

ϕ(z)

z − (α+ 1)
dz.

Let now R > 0. By the Cauchy integral formula applied to the contour

γR := [c2 − iR, c2 + iR] ∪ [c2 + iR, c1 + iR] ∪ [c1 + iR, c1 − iR] ∪ [c1 − iR, c2 − iR],

we obtain that

ϕ(α+ 1) =
1

2πi

∫
γR

ϕ(z)

z − (α+ 1)
dz.

Hence, taking the limit R → ∞, and observing that the contribution from the horizontal parts of γR
goes to zero by the decay of ϕ ∈ XM,m, we deduce∫ ∞

0
xαM−1[ϕ](x) dx =

∫ 1

0
xαM−1

c1 [ϕ](x) dx+

∫ ∞

1
xαM−1

c2 [ϕ](x) dx

=
1

2πi

∫ c2+i∞

c2−i∞

ϕ(z)

z − (α+ 1)
dz − 1

2πi

∫ c1+i∞

c1−i∞

ϕ(z)

z − (α+ 1)
dz = ϕ(α+ 1).

To prove the second claim, note that for any l ∈ N∫ 1

0
xa(log(x))l dx =

(−1)ll!

(1 + a)l+1
if Re(a) > −1,

∫ ∞

1
xa(log(x))l dx =

(−1)l+1l!

(1 + a)l+1
if Re(a) < −1.

Thus, by similar arguments as before, we find that, when c1 < Re(α) + 1 and c2 > Re(α) + 1,∫ 1

0
xα(log(x))lM−1

c1 [ϕ](x) dx = −(−1)ll!

2πi

∫ c1+i∞

c1−i∞

ϕ(z)

[z − (α+ 1)]l+1
dz,∫ ∞

1
xα(log(x))lM−1

c2 [ϕ](x) dx =
(−1)ll!

2πi

∫ c2+i∞

c2−i∞

ϕ(z)

[z − (α+ 1)]l+1
dz.
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Cauchy’s integral formula (or rather Cauchy’s differentiation formula) applied to the contour γR yields

ϕ(l)(α+ 1) =
l!

2πi

∫
γR

ϕ(z)

[z − (α+ 1)]l+1
dz,

and therefore we deduce that∫ ∞

0
xα(log(x))lM−1[ϕ](x) dx

=
(−1)ll!

2πi

∫ c2+i∞

c2−i∞

ϕ(z)

[z − (α+ 1)]l+1
dz − (−1)ll!

2πi

∫ c1+i∞

c1−i∞

ϕ(z)

[z − (α+ 1)]l+1
dz

= (−1)lϕ(l)(α+ 1). □

3.3. A fundamental lemma of the calculus of variations. The following result can be regarded
as a version of the fundamental lemma of the calculus of variations in the spaces M−1[XM,m]

′ and
M−1[XM,m]. It allows us to deduce that a function u ∈ M−1[XM,m]

′ is zero by analyzing its distribu-
tional Mellin transform.

Lemma 3.9. Let M > 1
2 , m ≥ 2, and u ∈ M−1[XM,m]

′. If for any ϕ ∈ XM,m it holds

⟨M̃[u], ϕ⟩ = 0,

then u = 0 a.e. in (0,∞).

Proof. Let η ∈ C∞
c (0,∞). First, we claim that M[η] ∈ XM,m. To prove it, we observe that M[η] is

well-defined in the classical sense and

M[η](z) =

∫ ∞

0
η(x)xz−1 dx =

∫ ∞

−∞
η(ex)exz dx =

∫ ∞

−∞
η(ex)exz dx = 2πF−1[η(e·)](−iz).

Since η ∈ C∞
c (0,∞), we have that x 7→ η(ex) ∈ C∞

c (R). Hence, a variant of the Paley-Wiener-
Schwartz theorem (see e.g. [31, Chapter IX.3, p.16]) implies that for any N ∈ N there exists C > 0
such that, for all z ∈ C,

2π|F−1[η(e·)](−z)| = |F [η(e·)](z)| ≤ C(1 + |z|)−NeC| Im(z)|. (3.6)

In particular, for all z ∈ SM ,

|M[η](z)| = 2π|F−1[η(e·)](−iz)| ≤ CeCM (1 + |z|)−N .

Moreover, since η(e·) ∈ C∞
c (R), we infer from (3.6) that, for all z ∈ R and a > 0,

|F−1[η(e·)](z)| ≤ C(1 + |z|)−2 and |η(ez)| ≤ Cae
−a|z|.

Accordingly, we can apply Lemma 3.2(ii) with f := F−1[η(e·)] and deduce that F−1[η(e·)] is holomor-
phic in {z ∈ C : | Im(z)| < a} for any a > 0.

In particular, M[η] is holomorphic in SM . Hence, we have shown that M[η] ∈ XM,m, as claimed.

This allows us to apply the assumption of the lemma with ϕ = M[η], and conclude that

0 = ⟨M̃[u],M[η]⟩ =
∫ ∞

0
u(x)M−1[M[η]](x) dx =

∫ ∞

0
u(x)η(x) dx.

In the last inequality we used the Mellin inversion theorem (see (3.2)), which is applicable since
η ∈ C∞

c (0,∞) and M[η](z) exists in the classical sense for any z ∈ C. Since η ∈ C∞
c (0,∞) was

arbitrary, we deduce that u = 0 almost everywhere, and the proof is complete. □
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3.4. The Mellin transform on R. In this subsection we introduce the Mellin transform for functions
u : R → C (generalizing the setting in (3.1), which was for functions u : (0,∞) → C) and establish
several basic properties which will be useful in the proof of Theorem 2.10.

Given a complex valued function u : R → C we define the Mellin transform of u at z ∈ C to be

M[u](z) := (M[u]+(z),M[u]−(z))

:= (M[u|R+ ](z),M[u(−·)|R− ](z)) =

(∫ ∞

0
xz−1u(x) dx,

∫ 0

−∞
xz−1
− u(x) dx

)
∈ C2,

whenever the integral is absolutely convergent. Moreover, given two complex functions (ϕ1, ϕ2) : C →
C2, we define the c-inverse Mellin transform of (ϕ1, ϕ2) at x ∈ R to be

M−1
c [ϕ1, ϕ2](x) := M−1

c [ϕ1](x)1R+(x) +M−1
c [ϕ2](−x)1R−(x).

It is immediate from the definition, that the Mellin inversion theorem Lemma 3.1 remains valid for this
extended definition of the Mellin transform and its inverse. Therefore also straightforward variants
of Lemma 3.3 and Corollary 3.4 are available, simply by applying the previous theorems to both
components separately.

4. A new Liouville theorem via the Mellin transform

The goal of this section is to present a rigorous proof of Theorem 2.5 and Theorem 2.10 with the help
of the distributional Mellin transform.

4.1. Proof of Theorem 2.5. We deduce from Lemma 3.3 that, for every M > max{1+ b, 1+ a+ d}
and m ≥ d+ 2,

M−1[XM,m] ⊂ Cda,b(0,∞). (4.1)

The following result is a consequence of (2.1) and the self-adjointness of L.

Lemma 4.1. Let L be as in Theorem 2.5. Let also M > max{1 + b, 1 + a + d}, m ≥ d + 2, and
ϕ ∈ XM,m.

Then, for every z ∈ C with Re(z) ∈ (α1, 2s− α2) we have that

M[L(M−1[ϕ])](z) = f(z − 1)ϕ(z − 2s). (4.2)

Proof. By (4.1) we have M−1[ϕ] ∈ Cda,b(0,∞) for every ϕ ∈ XM,m. Hence, (2.2) implies that

M[L(M−1[ϕ])](z) =

∫ ∞

0
xz−1L(M−1[ϕ])(x) dx



18 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

is well-defined for every z ∈ C with Re(z) ∈ (α1, 2s− α2). For any such z, we compute, using that L
is self-adjoint (recall (2.3)) and satisfies (2.1),

M[L(M−1[ϕ])](z) =

∫ ∞

0
xz−1L(M−1[ϕ])(x) dx

=

∫ ∞

0
L(xz−1)(x)M−1[ϕ](x) dx

= f(z − 1)

∫ ∞

0
xz−2s−1M−1[ϕ](x) dx

= f(z − 1)M[M−1[ϕ]](z − 2s)

= f(z − 1)ϕ(z − 2s).

(4.3)

In the last step, we used the Mellin inversion theorem (see (3.3)), which is applicable to ϕ ∈ XM,m by
definition of the space XM,m. □

Lemma 4.2. Let L be as in Theorem 2.5. Assume that |u(x)| ≤ C(1+x)2s−ε for some ε ∈ (0, 1) and
that, in the distributional sense,

Lu = 0 in (0,∞).

Then, for any M > max{1 + b, 1 + a+ d}, m ≥ d+ 2, c ∈ (α1, 2s− α2), and ϕ ∈ XM,m,

0 =

∫ ∞

0
u(x)M−1

c [ϕ(· − 2s)f(· − 1)](x) dx.

Proof. By (4.1) we have that M−1[ϕ] ∈ Cda,b(0,∞) for any ϕ ∈ XM,m. Hence, recalling (2.2), we know

that M−1[ϕ] is a valid test function for the equation Lu = 0. As a result,

0 =

∫ ∞

0
u(x)L(M−1[ϕ])(x) dx, (4.4)

and the integral on the right-hand side converges absolutely by Remark 2.3. Moreover, we recall that

M[L(M−1[ϕ])](z) =

∫ ∞

0
xz−1L(M−1[ϕ])(x) dx

is well-defined for every z ∈ C with Re(z) ∈ (α1, 2s − α2) by (2.2). Hence, we can apply the Mellin
inversion theorem (see (3.2)) and deduce

L(M−1[ϕ]) = M−1
c [M[L(M−1[ϕ])]] ∀c ∈ (α1, 2s− α2).

Moreover, since by the definition of M−1
c only the values of M[L(M−1[ϕ])](z) for z ∈ C with Re(z) ∈

(α1, 2s− α2) contribute to the inverse Mellin transform, we can apply Lemma 4.1 to deduce

L(M−1[ϕ]) = M−1
c [f(· − 1)ϕ(· − 2s)] ∀c ∈ (α1, 2s− α2). (4.5)

Finally, by combining (4.4) and (4.5),

0 =

∫ ∞

0
u(x)L(M−1[ϕ])(x) dx =

∫ ∞

0
u(x)M−1

c [f(· − 1)ϕ(· − 2s)](x) dx.

This implies the desired result. □

The following result is a reformulation of Lemma 4.2. We will apply Lemma 4.2 only in this reformu-
lated version.
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Lemma 4.3. Let L, u be as in Theorem 2.5. Then, for any M > max{1 + b, 1 + a + d, 2 + 2s},
m ≥ d+ 2, and ψ ∈ XM,m such that z 7→ ψ(z + 2s)/f(z + 2s− 1) ∈ XM,m,

0 =

∫ ∞

0
u(x)M−1[ψ](x) dx.

Proof. We apply Lemma 4.2 with ϕ(z) = ψ(z + 2s)/f(z + 2s− 1) and obtain

0 =

∫ ∞

0
u(x)M−1

c [f(· − 1)ϕ(· − 2s)] dx =

∫ ∞

0
u(x)M−1

c [ψ] dx

for any c ∈ (α1, 2s − α2). Since also ψ ∈ XM,m by assumption, we are allowed to take c = 1
2 due to

Corollary 3.4, even if 1
2 ̸∈ (α1, 2s − α2). Note that the resulting integral converges absolutely due to

the growth assumption on u and Lemma 3.3. This concludes the proof. □

Before we prove Theorem 2.5 we need the following result, which yields the existence of functions in
XM,m with prescribed values (and prescribed derivatives up to a finite order). We believe that the
result is standard, but we did not find it in the literature, so provide a proof in order for our argument
to be exhaustive and self-contained. The proof is inspired by [36, Theorem 15.13].

Lemma 4.4. Let M,m > 0 and let F0 ⊂ SM be a finite set. For every β ∈ F0 let k(β) ∈ N∪ {0} and
aβ,l ∈ C for any l ∈ {0, . . . , k(β)} be given.

Then, there exists ψ ∈ XM,m such that

ψ(l)(β) = Aβ,l ∀β ∈ F0, l ∈ {0, . . . , k(β)}.

Proof. We define

η(z) := e−(z/i)2
∏
β∈F0

(z − β)k(β)+1.

We observe that η has a zero of order k(β)+1 at each β ∈ F0 and vanishes faster than any polynomial
in SM . We claim that for each β ∈ F0 we can find a function Pβ of the form

Pβ(z) =

k(β)+1∑
l=1

cβ,l(z − β)−l (4.6)

such that ηPβ has the following power series expansion in some disc centered at β:

η(z)Pβ(z) = Aβ,0 +Aβ,1(z − β) + · · ·+Aβ,k(β)
(z − β)k(β)

k(β)!
+ . . . . (4.7)

To prove the existence of Pβ, let β ∈ F0. For simplicity, let us assume that β = 0 and write k(β) = k
and Aβ,l = Al. Then, for some coefficients ηj ∈ C with η1 ̸= 0, and cj ∈ C, we find that

η(z) = η1z
k+1 + η2z

k+2 + . . . , P (z) = c1z
−1 + c2z

−2 + · · ·+ ckz
−k + ck+1z

−k−1.

In this setting, (4.7) becomes equivalent to finding cl such that

η(z)P (z) = (c1z
k + c2z

k−1 + · · ·+ ckz + ck+1)(η1 + η2z + η3z
2 + . . . )

!
= A0 +A1z + · · ·+Ak

zk

k!
+ . . . .

However, by comparing the coefficients of the two expressions, we can solve the resulting equations
successively for ck+1, ck, . . . , c2, c1, which yields the existence of P as in (4.6)-(4.7).
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Let us observe that, by construction, for any β ∈ F0 and α ∈ F0 \ {β},

(ηPα)
(l)(β) = 0 ∀l ∈ {0, . . . , k(β)}.

Indeed, this follows immediately from the fact that η has a zero of order k(β) + 1 at β, while Pα is
holomorphic in a neighborhood of β. In particular, by the construction of Pα, also the function ηPα
is holomorphic in a neighborhood of β.

Now, we define

ψ(z) = η(z)
∑
β∈F0

Pβ(z). (4.8)

We deduce from (4.7) and (4.8) that ψ(l)(β) = Aβ,l for any β ∈ F0 and l ∈ {0, . . . , k(β)}. Moreover, by
construction, the function ψ is holomorphic in SM , and decays exponentially since the Pβ are bounded
away from β. Altogether, we deduce that ψ ∈ XM,m, as desired. □

We are now in a position to prove Theorem 2.5.

Proof of Theorem 2.5. Let M > max{1 + b, 1 + a+ d}+ 2s and m ≥ d+ 2. We denote

F0 := {β ∈ C : f(β) = 0, |Re(β)| < M},
and recall that we assumed that F0 only contains finitely many elements.

Given β ∈ F0, we also denote by k(β) ∈ N the order of the zero of f at β. We define

v(x) := u(x)−
∑
β∈F0

k(β)−1∑
l=0

cβ,lx
β(log(x))l,

where the constants cβ,l ∈ R will be chosen later.

Let also M > 2(M + 1) + 3
2 . Given g ∈ XM+1,m, we define

ψ(z) := g(z)−Ψ0(z)
∑
β∈F0

Υβ(z)

k(β)−1∑
l=0

(z − 1− β)lg(l)(β + 1)

l!

 ,

where Ψ0 ∈ XM+1,m is such that, for all β ∈ F0,

Ψ0(β + 1) = 1

and, for all β ∈ F0 and l ∈ {1, . . . , k(β)− 1},

Ψ
(l)
0 (β + 1) = 0.

Moreover, given β ∈ F0, the function Υβ ∈ XM+1,m is such that, for all α ∈ F0,

Υβ(α+ 1) = δα,β ∀α ∈ F0, Υ
(l)
β (α+ 1) = 0 ∀l ∈ {0, . . . , k(β)− 1}.

Such functions Ψ0 and Υβ do exist by Lemma 4.4.

Note that ψ is constructed in such a way that

ψ(l)(β + 1) = 0 ∀β ∈ F0, l ∈ {0, . . . , k(β)− 1},
i.e. ψ has a zero of order k(β) at all points β + 1 with β ∈ F0.

Moreover, since we assumed that there are only finitely many zeros in SM , and also that g(· + 1) is
analytic around any β ∈ F0, the function ψ(· + 2s)/f(· + 2s − 1) must be holomorphic in SM−2s.
Moreover it has sufficient decay in SM−2s in order to satisfy ψ(·+2s)/f(·+2s− 1) ∈ XM ′,m for some
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M ′ > max{1 + b, 1 + a + d}, since we assumed that f does not vanish as | Im(z)| → ∞ within SM .
Also, by construction we have ψ ∈ XM,m, so we are able to apply Lemma 4.3 with ψ.

Moreover, note that by application of Lemma 3.8,

⟨M̃[xβ(log(x))l], g⟩ = (−1)lg(l)(β + 1) ∀l ∈ {0, . . . , k(β)− 1},

where we used that M > max{2|Re(β)|+ 3
2 , |Re(β)|+ 1} for all β ∈ F0.

Then, by Lemma 4.3 applied with ψ we obtain∫ ∞

0
v(x)M−1[g](x) dx =

∫ ∞

0
u(x)M−1[g](x) dx−

∑
β∈F0

k(β)−1∑
l=0

cβ,l⟨M̃[xβ(log(x))l], g⟩

=

∫ ∞

0
u(x)M−1[g − ψ](x) dx−

∑
β∈F0

k(β)−1∑
l=0

cβ,l(−1)lg(l)(β + 1)

=
∑
β∈F0

k(β)−1∑
l=0

g(l)(β + 1)

l!

∫ ∞

0
u(x)M−1

[
Ψ0(·)Υβ(·)(· − 1− β)l

]
(x) dx

−
∑
β∈F0

k(β)−1∑
l=0

cβ,l(−1)lg(l)(β + 1)

=
∑
β∈F0

k(β)−1∑
l=0

g(l)(β + 1)

l!

{∫ ∞

0
u(x)M−1

[
Ψ0(·)Υβ(·)(· − 1− β)l

]
(x) dx− cβ,l(−1)ll!

}
.

Hence, if we choose

cβ,l :=

∫∞
0 u(x)M−1

[
Ψ0(·)Υβ(·)(· − 1− β)l

]
(x) dx

(−1)ll!
,

we deduce that, for every β ∈ F0 and l ∈ {0, . . . , k(β)− 1},∫ ∞

0
v(x)M−1[g](x) dx = 0 ∀g ∈ XM+1,m.

Since by (2.5) and (3.5) it holds u ∈ M−1[XM+1,m]
′, Lemma 3.9 implies v = 0, and thus we conclude

u(x) =
∑
β∈F0

k(β)−1∑
l=0

cβ,lx
β(log(x))l.

By (2.5), we can discard all summands β ∈ F0 with Re(β) ̸∈ [0, 2s− ε] and conclude the proof. □

4.2. Proof of Theorem 2.10. The goal of this subsection is to prove the Liouville theorem for
operators acting on functions u : R → C. The proof is largely analogous to that of Theorem 2.5.

Given k ∈ N, we define the spaces

X k
M,m :=

{
ϕ ∈ XM,m : ϕ(j + 1) = 0 ∀j ∈ {0, . . . , k − 1}

}
, X 0

M,m := XM,m.

In analogy to (4.1) we deduce from Lemma 3.3 applied to our definition of the Mellin transform from
Subsection 3.4 that, whenever k ∈ N ∪ {0}, M > max{1 + b, 1 + a+ d, 2k + 3

2}, and m ≥ d+ 2,

M−1[X k
M,m ×X k

M,m] ⊂ Cd,ka,b (R). (4.9)
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This property follows immediately from (4.1), using also the definition of M̃ and Lemma 3.8, which
yield that for any j ∈ {0, . . . , k − 1},∫ ∞

0
xjM−1[ϕ](x) dx = ⟨M̃[xj ], ϕ⟩ = ϕ(j + 1).

First, we establish the following counterpart of Lemma 4.1.

Lemma 4.5. Let L be as in Theorem 2.10 and k ∈ N∪{0}. Let also M > max{1+b, 1+a+d, 2k+ 3
2},

m ≥ d+ 2, and (ϕ1, ϕ2) ∈ X k
M,m ×X k

M,m.

Then, for every z ∈ C with Re(z) ∈ (α1, 2s+ k − α2),

M[L(M−1[ϕ1, ϕ2])]
+(z) = fL,+(z − 1)ϕ1(z − 2s) + fN,+(z − 1)ϕ2(z − 2s),

M[N(M−1[ϕ1, ϕ2])]
−(z) = fN,−(z − 1)ϕ2(z − 2s) + fL,−(z − 1)ϕ1(z − 2s).

(4.10)

Proof. By (4.9) and (2.9) we have that

M[L(M−1[ϕ1, ϕ2])]
+(z) =

∫ ∞

0
xz−1
+ L(M−1[ϕ1]1R+ +M−1[ϕ2(−·)]1R−)(x) dx

M[N(M−1[ϕ1, ϕ2])]
−(z) =

∫ 0

−∞
xz−1
− N(M−1[ϕ1]1R+ +M−1[ϕ2(−·)]1R−)(x) dx

are well-defined for every z ∈ C with Re(z) ∈ (α1, 2s+ k − α2).

Then, using (2.10) and (2.8),

M[L(M−1[ϕ1, ϕ2])]
+(z) =

∫ ∞

0
xz−1
+ L(M−1[ϕ1]1R+ +M−1[ϕ2(−·)]1R−)(x) dx

=

∫ ∞

0
L(xz−1

+ )(x)M−1[ϕ1](x) dx+

∫ 0

−∞
N(xz−1

+ )(x)M−1[ϕ2(−·)](x) dx

= fL,+(z − 1)

∫ ∞

0
xz−2s−1
+ M−1[ϕ1](x) dx+ fN,+(z − 1)

∫ 0

−∞
xz−2s−1M−1[ϕ2(−·)](x) dx

= fL,+(z − 1)ϕ1(z − 2s) + fN,+(z − 1)ϕ2(z − 2s),

where we used the Mellin inversion theorem in the last step. An analogous proof yields the result for
M[N(M−1[ϕ1, ϕ2])]

−. □

The following two lemmas are analogs of Lemma 4.2 and Lemma 4.3. Again, the proofs goes in a
similar way as before, using Lemma 4.5.

Lemma 4.6. Let L be as in Theorem 2.10 and k ∈ N∪{0}. Assume that |u(x)| ≤ C(1+x)2s+k−ε for
some ε ∈ (0, 1) and that in the distributional sense{

Lu
k
= 0 in (0,∞),

Nu
k
= 0 in (−∞, 0).

Then, for any M > max{1 + b, 1 + a + d, 2k + 3
2}, m ≥ d + 2, c ∈ (α1, 2s + k − α2), and (ϕ1, ϕ2) ∈

X k
M,m ×X k

M,m, it holds

0 =

∫ ∞

0
u(x)

(
M−1

c [ϕ1(· − 2s)fL,+(· − 1) + ϕ2(· − 2s)fN,+(· − 1)](x)
)
dx
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+

∫ 0

−∞
u(x)

(
M−1

c [ϕ1(· − 2s)fL,−(· − 1) + ϕ2(· − 2s)fN,−(· − 1)](x)
)
dx.

Proof. Due to (4.9), we have that M−1[ϕ1, ϕ2] is a valid test function for the equation of u whenever
ϕ1, ϕ2 ∈ X k

M,m. Therefore, we see that

0 =

∫ ∞

0
u(x)L(M−1[ϕ1, ϕ2])(x) dx+

∫ 0

−∞
u(x)N(M−1[ϕ1, ϕ2])(x) dx,

and the integrals on the right-hand side both converge absolutely by (2.9) (see also Remark 2.3).
Then, by Lemma 4.5 and the Mellin inversion theorem, arguing exactly as in the proof of Lemma 4.2,
we deduce that, for any c ∈ (α1, 2s+ k − α2),

L(M−1[ϕ1, ϕ2]) = M−1
c [M[L(M−1[ϕ1, ϕ2])]

+] = M−1
c [fL,+(· − 1)ϕ1(· − 2s) + fN,+(· − 1)ϕ2(· − 2s)],

N(M−1[ϕ1, ϕ2]) = M−1
c [M[N(M−1[ϕ1, ϕ2])]

−] = M−1
c [fN,−(· − 1)ϕ2(· − 2s) + fL,−(· − 1)ϕ1(· − 2s)].

A combination of the two previous equations on display concludes the proof. □

Lemma 4.7. Let L, u, k, f be as in Theorem 2.10. Then, for any M > max{1 + b, 1 + a + d, 2k +
3
2 , k + 2s+ 2}, m ≥ d+ 2, and ψ ∈ XM,m such that z 7→ ψ(z+2s)

f1(z+2s−1) ∈ X k
M,m, z 7→

ψ(z+2s)
f2(z+2s−1) ∈ X k

M,m,

0 =

∫ ∞

0
u(x)M−1[ψ](x) dx.

Proof. Let us choose ϕ2(z) =
fL,−(z+2s−1)
fN,−(z+2s−1)ϕ1(z), which is a valid test function by assumption. We

observe that in that case, by Lemma 4.6, for any ϕ1 ∈ X k
M,m we have that

0 =

∫ ∞

0
u(x)M−1

c [f1(· − 1)ϕ1(· − 2s)](x) dx,

where f1 =
fL,+fN,−−fL,−fN,+

fN,−
.

Then, the desired result follows by choosing ϕ1(z) := ψ(z + 2s)/f(z + 2s − 1) in the same way as in
Lemma 4.3, using also that, by assumption,

ϕ2(z) =
fL,−(z + 2s− 1)

fN,−(z + 2s− 1)
ϕ1(z) =

fL,−(z + 2s− 1)

fN,−(z + 2s− 1)

ψ(z + 2s)

f1(z + 2s− 1)
=

ψ(z + 2s)

f2(z + 2s− 1)
∈ X k

M,m. □

Now, we are in a position to give a proof of Theorem 2.10.

Proof of Theorem 2.10. As in the proof of Theorem 2.5, we take M > max{1+ b, 1+a+d, 2k+ 3
2 , k+

2s+2}+2s and m ≥ d+2. Then, letting M > 2(M +1)+ 3
2 , we pick g ∈ XM+1,m and our goal is to

define ψ ∈ XM,m such that

P1(z) :=
ψ(z + 2s)

f1(z + 2s− 1)
, P2(z) :=

ψ(z + 2s)

f2(z + 2s− 1)

are holomorphic in SM−2s and satisfy P1(j + 1) = P2(j + 1) = 0 whenever j ∈ {0, . . . , k − 1}.
In analogy to the proof of Theorem 2.5, we define

F0 := {β ∈ C : f1(β) = 0 or f2(β) = 0, |Re(β)| < M},
F∞ := {β = j + 2s : |f1(β)|+ |f2(β)| <∞, j ∈ {1, . . . , k}} \ F0,



24 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

and set

ψ(z) := g(z)−Ψ0(z)
∑

β∈F0∪F∞

Υβ(z)

k(β)−1∑
l=0

(z − 1− β)lg(l)(β + 1)

l!

 ,

where we denote by k(β) the maximum of the multiplicities of β with respect to f1 and f2, whenever
β ∈ F0, and we set k(β) = 1 whenever β ∈ F∞.

Then, we let Ψ0 ∈ XM+1,m be such that

Ψ0(β + 1) = 1 ∀β ∈ F0 ∪ F∞, Ψ
(l)
0 (β + 1) = 0 ∀l ∈ {1, . . . , k(β)− 1} ∀β ∈ F0,

and for any β ∈ F0 the function Υβ ∈ XM+1,m is such that

Υβ(α+ 1) = δα,β ∀α ∈ F0 ∪ F∞, Υ
(l)
β (α+ 1) = 0 ∀l ∈ {0, . . . , k(β)− 1} ∀α ∈ F0.

Such functions Ψ0 and Υβ do exist by Lemma 4.4. Note that ψ is constructed in such a way that

ψ(l)(β + 1) = 0 ∀β ∈ F0 ∪ F∞, l ∈ {0, . . . , k(β)− 1},

and, in particular, P1 and P2 satisfy all the aforementioned properties so that we can apply Lemma 4.7
with ψ. From here, the proof goes in the exact same way as the proof of Theorem 2.5, choosing

v(x) := u(x)−
∑

β∈F0∪F∞

k(β)−1∑
l=0

cβ,lx
β(log(x))l,

where the constants cβ,l ∈ R will be chosen as in the proof of Theorem 2.5 so that we can deduce∫ ∞

0
v(x)M−1[g](x) dx = 0.

Since g ∈ XM+1,m was arbitrary, we deduce v = 0 by Lemma 3.9 and conclude the proof. □

5. 1D Liouville theorems for the nonlocal Neumann problem

The goal of this section is to prove a 1D Liouville theorem for the nonlocal Neumann problem{
(−∆)sRu = 0 in (0,∞),

N s
(0,∞)u = 0 in (−∞, 0).

(5.1)

In [4], it was already proved that solutions which do not grow faster than t2s−1+ε at infinity are
constant, in case s ∈ (12 , 1). With the help of Theorem 2.5, we can finally give a complete classification
of all solutions to the nonlocal Neumann problem in 1D.

Since we are ultimately interested in the optimal regularity of solutions to the nonlocal Neumann
problem, it will be sufficient to classify solutions that do not grow faster than t2s+1−ε at infinity. Note
that our proof distinguishes between solutions that do not grow faster than t2s−ε at infinity and those
that do.

In case u(t) ≲ t2s−ε at infinity we work with weak solutions to (5.1) (in the sense of Definition 6.1)
and we rewrite (5.1) in terms of a regional problem on (0,∞). Indeed, we recall from [4, Proposition
A.3] that u is also a weak solution to

Lu = 0 in (0,∞),
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where

Lu(x) = p.v.

∫ ∞

0
(u(x)− u(y))KR+(x, y) dy, (5.2)

and

KR+(x, y) =
cs

|x− y|1+2s
+ kR+(x, y), cs = 4ss

Γ(s+ 1
2)

Γ(1− s)
π−

1
2 ,

kR+(x, y) = 2scs

∫ ∞

0

|z|2s

|x+ z|1+2s|y + z|1+2s
dz.

(5.3)

By the homogeneity of the kernel, i.e. KR+(λx, λy) = λ−1−2sKR+(x, y), it follows immediately that
L is homogeneous of order 2s in the sense of (2.7), and we will use Theorem 2.5 to classify all such
solutions.

In order to apply Theorem 2.5, we have to determine the corresponding function f (see (2.1)). This
is achieved in the following result, which we will prove in the next subsection.

Lemma 5.1. Let L be as above. It holds for β ∈ C:

f(β) =
Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
− 2s24s

Γ(s+ 1
2)

Γ(1− s)
π−

1
2

(
Γ(2s− β)Γ(β + 1)

Γ(1 + 2s)

)2

=
Γ(β + 1) sin(πs)

Γ(β − 2s+ 1) sin(π(β − 2s))

(
sin(π(β − s))

sin(πs)
+

Γ(2s− β)Γ(β + 1)

Γ(2s)

)
.

The main work is to locate the zeros of the function f . The corresponding result is given in Proposi-
tion 1.4 and its proof will also be postponed to Subsection 5.2.

We denote by

B0 := inf{Re(β) : f(β) = 0, Re(β) > 0, β ̸= 2s− 1} (5.4)

the real part of the first (non-trivial) zero of f . In particular, by Proposition 1.4, it holds B0 ∈
(2s, 2s+ 1

2) if s ≤
1
2 and B0 ∈ (s+ 1

2 , s+ 1) if s ≥ 1
2 .

It is of some interest to locate the zeros of f at a higher level of precision. Although this is in general
very complicated, the following two remarks provide exact information about the zeros of f for s = 1

2 ,
as well as s↘ 0 and s↗ 1.

Remark 5.2. In case s = 1
2 , the identity f(β) = 0 is equivalent to

sin(2πβ) = 2πβ,

which is known to have the solution β = 0 and no further solution in {β ∈ C : Re(β) ∈ [0, 1]}.
However, there are further solutions outside this strip (in fact, there are infinitely many of them). The
one with smallest real part is given by β = 1.193292 . . .+ i0.4406488 . . ., see [24].

Remark 5.3. We observe that (see also (5.9)) finding the nontrivial zeros of f is equivalent to finding
the nontrivial zeros of

F (s, β) := (2s− β) sin(π(s− β))− sin(πs)Γ(2s+ 1− β) Γ(β + 1)

Γ(2s)
.

Then, there exist η1, η2 > 0 sufficiently small such that, for all s ∈ [1 − η1, 1] and s ∈ [0, η2], there
exist β1(s), β2(s) ∈ C satisfying

F (s, β1(s)) = 0 = F (s, β2(s)).
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Moreover, it holds

β1(s) = 2± i
√
2(1− s)− 3(1− s) + o(1− s) as s→ 1, β2(s) = 3s+ o(s) as s→ 0.

We provide the proof of this remark at the end of Subsection 5.2.

We can show the following Liouville theorem in case u does not grow faster than t2s−ε at infinity.

Theorem 5.4. Let u be a weak solution to{
(−∆)sRu = 0 in (0,∞),

N s
(0,∞)u = 0 in (−∞, 0)

(5.5)

in the sense of Definition 6.2 with u(0) = 0 and

|u(x)| ≤ C(1 + x)min{B0,2s}−ε

for some C > 0 and ε > 0. Then,

u = 0 in [0,∞).

In addition, in case u grows faster than t2s at infinity, we first need to give a proper meaning to (5.1)
since weak solutions to (5.1) are not defined anymore.

Definition 5.5 (Distributional solutions with faster growth). We say that u satisfying

|u(x)| ≤ C(1 + |x|)2s+1−ε ∀x ∈ R

for some ε > 0 is a distributional solution with faster growth to{
(−∆)sRu

1
= 0 in (0,∞),

N s
(0,∞)u

1
= 0 in (−∞, 0),

(5.6)

if, for any η ∈ C∞
c (R) with

∫∞
0 η(x) dx =

∫ 0
−∞ η(x) dx = 0, it holds that∫ 0

−∞
u(x)N s

(0,∞)η(x) dx+

∫ ∞

0
u(x)(−∆)sRη(x) dx = 0.

Clearly, both operators (−∆)sR and N s
(0,∞) are homogeneous of order 2s. In case u solves (5.1) in the

sense of Definition 5.5 we will use Theorem 2.10 to classify all such solutions.

It turns out that the characterizing functions f1 and f2 are the same (or closely related) to the function
f from Lemma 5.1, as pointed out in the following result.

Lemma 5.6. Let L = (−∆)sR and N = N s
(0,∞). Then, it holds for β ∈ C:

f1(β) = f(β), f2(β) = − Γ(1 + 2s)

2sΓ(2s− β)Γ(β + 1)
f(β).

We will provide the proof in the next subsection. As a direct consequence of Proposition 1.4 we get
the following result.

Corollary 5.7. Let f1, f2 be as above. Then, the following hold true:

(i) {f1 = 0} = {f = 0},
(ii) {f2 = 0} = {f = 0},
(iii) |f1(2s)| = |f2(2s)| = ∞.
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Proof. The first claim is trivial since f1 = f . To prove the second and third claims it suffices to
observe that f(β) has a pole of order two at β = 2s+ j for any j ∈ N∪{0} and therefore in particular
|f2(2s)| = |f1(2s)| = ∞. □

Therefore, we are able to show the following Liouville theorem for distributional solutions of (5.1)
with faster growth.

Theorem 5.8. Let u ∈ C
max{2s−1,0}+ε
loc (R) be a distributional solution with faster growth to{

(−∆)su
1
= 0 in (0,∞),

N s
R+
u

1
= 0 in (−∞, 0),

with u(0) = 0 and

|u(x)| ≤ C(1 + x)B0−ε

for some C > 0 and ε > 0. Then,

u = 0 in R.

Here, we can rule out u = |x|2s−1 since we assume u ∈ C2s−1+ε
loc (R), which we can also do in the

application.

5.1. Determining the Mellin symbols. The goal of this subsection is to prove Lemma 5.1 and
Lemma 5.6, and also to establish some basic properties of the function f (and therefore also of f1
and f2).

Proof of Lemma 5.1. Since L is homogeneous of order 2s, by Remark 2.6 we have f(β) = L(xβ)(1).
Moreover,∫ ∞

0
kR+(x, y) dy = cs

∫ ∞

0

(∫ 0

−∞

|x− z|−1−2s|y − z|−1−2s∫∞
0 |z − z̄|−1−2s dz̄

dz

)
dy

= cs

∫ 0

−∞

∫∞
0 |z − y|−1−2s dy

|x− z|1+2s
∫∞
0 |z − z̄|−1−2s dz̄

dz = cs

∫ 0

−∞
|x− z|−1−2s dz = cs

x−2s

2s
.

(5.7)

We denote, for all β ∈ C,

Cβ :=

∫ ∞

0
tβ(1 + t)−1−2s dt =

Γ(2s− β)Γ(β + 1)

Γ(1 + 2s)
, (5.8)

and compute:

L(xβ) = (−∆)sR+
(xβ) +

∫ ∞

0
(xβ − yβ)kR+(x, y) dy

= (−∆)sR+
(xβ) + cs

xβ−2s

2s
− 2scs

∫ ∞

0
z2s
(∫ ∞

0
yβ(z + y)−1−2s dy

)
(x+ z)−1−2s dz.

We recall from [16, equation (2.8)] that

(−∆)sR+
(xβ)(1) = (−∆)s(x+)

β(1)− cs

∫ 0

−∞
|1− y|−1−2s dy =

Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
− cs

2s
.
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We point out that

2scs

∫ ∞

0
z2s
(∫ ∞

0
yβ(z + y)−1−2s dy

)
(1 + z)−1−2s dz

= 2scs

∫ ∞

0
zβ−1

(∫ ∞

0

(y
z

)β (
1 +

y

z

)−1−2s
dy

)
(1 + z)−1−2s dz

= 2scs

∫ ∞

0
zβ
(∫ ∞

0
tβ (1 + t)−1−2s dy

)
(1 + z)−1−2s dz

= 2scsC
2
β.

Altogether, we have proved

f(β) = L(xβ)(1) =
Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
− 2scsC

2
β

=
Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
− 2s24s

Γ(s+ 1
2)

Γ(1− s)
π−

1
2

(
Γ(2s− β)Γ(β + 1)

Γ(1 + 2s)

)2

,

as desired.

Let us now derive the second formula for f . First, observe that we can write

f(β) =
Γ(β + 1) sin(πs)

Γ(β − 2s+ 1) sin(π(β − 2s))

(
sin(π(β − s))

sin(πs)

− 2s24s
Γ(s+ 1

2)

Γ(1− s)
π−

1
2
Γ(2s− β)2Γ(β + 1) sin(π(β − 2s))Γ(β − 2s+ 1)

Γ(1 + 2s)2 sin(πs)

)
.

By elementary transformations of the Gamma-function, namely using in the first step that Γ(1 +

2s) = 2sΓ(2s) and Γ(s + 1
2) = 2

4sπ
1/2 Γ(2s)

Γ(s) , and in the second step that Γ(1 − s) = π
Γ(s) sin(πs) and

Γ(2s− β) = − π
Γ(β−2s+1) sin(π(β−2s)) , we obtain

−2s24s
Γ(s+ 1

2)

Γ(1− s)
π−

1
2
Γ(2s− β)2Γ(β + 1) sin(π(β − 2s))Γ(β − 2s+ 1)

Γ(1 + 2s)2 sin(πs)

= − 1

Γ(s)Γ(1− s)

Γ(2s− β)2Γ(β + 1) sin(π(β − 2s))Γ(β − 2s+ 1)

Γ(2s) sin(πs)
=

Γ(2s− β)Γ(β + 1)

Γ(2s)
,

whence we deduce the desired formula for f . □

Proof of Lemma 5.6. We recall from [16, equation (2.8)] that

fL,+(β) = (−∆)s(xβ+)(1) =
Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
.

Thus we compute

fL,−(β) = (−∆)s(xβ−)(1) = −cs
∫ 0

−∞
yβ−|1− y|−1−2s dy = −csCβ,

fN,+(β) = N s
R+

(xβ+)(−1) = −cs
∫ ∞

0
yβ|1 + y|−1−2s dy = −csCβ,

where Cβ was defined in (5.8).
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Moreover, we note that

fN,−(β) = N s
R+

(xβ−)(−1) = cs

∫ ∞

0
|1 + y|−1−2s dy =

cs
2s
.

Therefore, we get as desired,

f1(β) =
fL,+(β)fN,−(β)− fL,−(β)fN,+(β)

fN,−(β)
=

Γ(β + 1)

Γ(β − 2s+ 1)

sin(π(β − s))

sin(π(β − 2s))
− 2scsC

2
β = f(β),

f2(β) =
fN,−(β)

fL,−(β)
f1(β) = −(2sCβ)

−1f(β) = − Γ(1 + 2s)

2sΓ(2s− β)Γ(β + 1)
f(β). □

In order to apply Theorem 2.5, we also need the following result:

Lemma 5.9. f is meromorphic. Moreover, for any M > 0 there are only finitely many zeros of f in
the strip SM = {z ∈ C : |Re(z)| < M}, and for any sequence (zn) ⊂ M with | Im(zn)| → ∞ it holds
that

lim inf
n→∞

|f(zn)| > 0.

The same properties hold for f1 and f2.

Proof. It is easy to see from the definition that f is meromorphic. To prove the other results, we
heavily rely on an asymptotic analysis. First, since the only poles of the Gamma-function occur at
the non-positive integers, and since the Gamma-function has no zeros, for the prefactor of f we see
that, for all β ∈ C,

Γ(β + 1) sin(πs)

Γ(β − 2s+ 1) sin(π(β − 2s))
= 0 ⇔ β ∈ 2s− N.

Hence, we see that, for all β ∈ C with β ̸∈ 2s − N (and, in fact, β = 2s − 1 is still a solution of the
equivalences below):

f(β) = 0 ⇔ sin(π(s− β))

sin(πs)
=

Γ(2s− β)Γ(β + 1)

Γ(2s)
(5.9)

⇔ sin(π(β − s)) sin(π(β − 2s))Γ(2s)

sin(πs)π
=

Γ(β + 1)

Γ(β − 2s+ 1)
. (5.10)

Indeed, it is easy to see that the property (5.9) holds true for β = 0. Let us now pcik M > 0 and
investigate solutions to (5.10) inside the strip SM = {z ∈ C : |Re(z)| < M}. By Stirling’s formula
(see [19, equation (8.328)]) it holds

lim
|y|→∞

|Γ(x+ iy)| exp(π|y|/2)|y|
1
2
−x =

√
2π. (5.11)

As a result, writing β = a+ ib with a, b ∈ R,∣∣∣∣ Γ(β + 1)

Γ(β + 1− 2s)

∣∣∣∣ ≍ |b|2s as |b| → ∞. (5.12)

Moreover, by the definition of the complex sine function, one can immediately read off that

C−1 exp(π|y|) ≤ | sin(π(x+ iy))| ≤ C exp(π|y|) for |y| ≥ 1, (5.13)

and therefore

C(s)−1 exp(2π|b|) ≤
∣∣∣∣sin(π(β − s)) sin(π(β − 2s))Γ(2s)

sin(πs)π

∣∣∣∣ ≤ C(s) exp(2π|b|) for |b| ≥ 1. (5.14)
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Hence, the asymptotic behavior of the two functions in (5.12) and (5.14) does not match for large
imaginary part |b|. Thus, since meromorphic functions can only have finitely many solutions in any
bounded domain in C, (5.10) can only have finitely many solutions inside SM . This means that there
are only finitely many zeros of f inside SM .

Using the identity Γ(2s− β) = π[Γ(β − 2s+ 1) sin(π(2s− β))]−1, we can rewrite

f(β) = − sin(πs)π

(
Γ(β + 1)

Γ(β − 2s+ 1) sin(π(β − 2s))

)2

+
Γ(β + 1) sin(π(β − s))

Γ(β − 2s+ 1) sin(π(β − 2s))
.

By (5.12) and (5.13) the first summand vanishes as |b| → ∞, while the second summand behaves
like |b|2s as |b| → ∞. In particular, for any sequence (zn) ⊂ SM with | Im(zn)| → ∞, it holds
that lim infn→∞ |f(zn)| > 0, as desired. □

5.2. Finding the zeros of f . The goal of this subsection is to prove Proposition 1.4. Moreover, at
the very end of this subsection we will give a proof of Remark 5.3.

Let us recall from (5.9) that finding the nontrivial zeros β ̸∈ {0, 2s−1} is equivalent to finding complex
non-trivial zeros β ∈ {Re(β) > 0} of

g(z) :=
Γ(2s− z) Γ(z + 1)

Γ(2s)
− sin(π(s− z))

sin(πs)
. (5.15)

5.2.1. Some classical results from complex analysis. In the forthcoming Lemma 5.10 and Lemma 5.11
we present some versions of classical results in complex analysis which will be used in our framework.
We begin with a restatement of the folk wisdom that if the image of the boundary of a region under
a holomorphic function does not wind around the origin, then the function has no zeros inside the
region. The precise statement that we need is as follows:

Lemma 5.10. Let Ω ⊂ C be a bounded, open, simply connected set, with ∂Ω of Lipschitz class.

Suppose that g is a holomorphic function in a neighborhood of Ω.

If g has no zeros on ∂Ω and the curve g(∂Ω) can be decomposed into a finite number of closed
curves C1, . . . , CN , such that Ci ∩ Cj is a finite number of points for all i ̸= j, and each Ci is
homotopic to a constant curve in the punctured complex plane C \ {0}, then f has no zeros in Ω.

Proof. On the one hand, the winding number of g(∂Ω) coincides with the sum of the winding numbers
of the components Ci. On the other hand, the homotopy invariance of the winding number yields that
the winding number of each component Ci is null.

All in all, the winding number of g(∂Ω) is null and the desired result thus follows from the argument
principle. □

Lemma 5.11. Let Ω ⊂ C be a bounded, open, simply connected set, with ∂Ω of Lipschitz class.

Suppose that g is a holomorphic function in a neighborhood of Ω. Assume also that

Im(g(z)) ≥ min
{
0, c1 − c2|Re(g(z))|

}
for every z ∈ ∂Ω, (5.16)

for some c1, c2 > 0.

Then, g(z) ̸= 0 for every z ∈ Ω, unless g vanishes identically.

Proof. Let us first suppose that, for every z ∈ ∂Ω,

Im(g(z)) ≥ ϵ+min
{
0, c1 − c2|Re(g(z))|

}
for every z ∈ ∂Ω, (5.17)

for some ϵ > 0.
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We consider the closed curve ∂Ω and we claim that

g has no zeros on ∂Ω. (5.18)

Indeed, by contradiction, if g(z0) = 0 for some z0 ∈ ∂Ω, we use (5.17) to see that

0 = Im(g(z0)) ≥ ϵ+min
{
0, c1 − c2|Re(g(z0))|

}
= ϵ+min

{
0, c1

}
= ϵ,

which is impossible and proves (5.18).

Then, (5.18) allows us to employ Lemma 5.10: indeed, by (5.17), the curve g(∂Ω) does not encircle
the origin and therefore we obtain that g has no zeros in Ω, proving the desired claim in this setting.

Let us now suppose that (5.16) holds true. We pick ϵ > 0 and let gϵ := g + iϵ. Now, condition (5.17)
is fulfilled by gϵ and we thereby know that gϵ has no zeros in Ω. We need to show that g has no zeros
in Ω too and, for this purpose, we argue by contradiction, supposing that g(z0) = 0 for some z0 ∈ Ω,
without g vanishing identically.

By the analyticity of g, we have that z0 is isolated and therefore there exists ρ > 0 small enough such
that g has no zeros on the circle Cρ centered at z0 and of radius ρ. As a result, by the argument
principle and the dominated convergence theorem,

1 ≤
∮
Cρ

g′(z)

g(z)
dz = lim

ϵ→0

∮
Cρ

g′(z)

gϵ(z)
dz = lim

ϵ→0

∮
Cρ

g′ϵ(z)

gϵ(z)
dz = 0,

which is a contradiction. □

5.2.2. Four preparatory lemmas. Following are the applications of Lemma 5.10 and Lemma 5.11 (com-
bined with suitable contour integration arguments) to some cases of interest. We first state all these
consequences as separate results and then we present their proofs. At the end of this subsection, we
explain how these results imply Proposition 1.4.

Lemma 5.12. Let g be as in (5.15). Assume that s ∈
(
1
2 , 1
)
. Then, there exists M > 0 sufficiently

large (possibly in dependence of s) such that g has no zeros in the complex region{
z ∈ C s.t. Re z ∈

(
2s− 1, s+

1

2

)
and Im z ∈ [0,M ]

}
. (5.19)

Lemma 5.13. Let g be as in (5.15). Assume that s ∈
(
0, 12
)
. Then, there exists M > 0 sufficiently

large (possibly in dependence of s) such that g has no zeros in the complex region

{z ∈ C s.t. Re z ∈ (0, 2s) and Im z ∈ [0,M ]} . (5.20)

Lemma 5.14. Let g be as in (5.15). Assume that s ∈
(
1
2 , 1
)
. Then, there exists M > 0 sufficiently

large (possibly in dependence of s) such that g has at least one zero in the complex region{
z ∈ C s.t. Re z ∈

(
s+

1

2
, s+ 1

)
and Im z ∈ [0,M ]

}
. (5.21)

Lemma 5.15. Let g be as in (5.15). Assume that s ∈
(
0, 12
)
. Then, there exists M > 0 sufficiently

large (possibly in dependence of s) such that g has at least one zero in the complex region{
z ∈ C s.t. Re z ∈

(
2s, 2s+

1

2

)
and Im z ∈ [0,M ]

}
.

We now proceed with the proofs of the above results.
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Proof of Lemma 5.12. First of all, we rule out the possibility of real zeros. For this, we use the
digamma function

ψ(z) :=
Γ′(z)

Γ(z)
(5.22)

and note that, when x ∈
(
2s− 1, s+ 1

2

)
, hence π(s− x) ∈

(
−π

2 ,
π
2

)
,

g′(x) = −Γ′(2s− x) Γ(x+ 1)

Γ(2s)
+

Γ(2s− x) Γ′(x+ 1)

Γ(2s)
+
π cos(π(s− x))

sin(πs)

=
Γ(2s− x) Γ(x+ 1)

Γ(2s)

(
ψ(x+ 1)− ψ(2s− x)

)
+
π cos(π(s− x))

sin(πs)

≥ Γ(2s− x) Γ(x+ 1)

Γ(2s)

(
ψ(x+ 1)− ψ(2s− x)

)
.

Also, the digamma function is monotonically increasing for positive real numbers and therefore,
since x+ 1 > 2s− x > 0, we have that ψ(x+ 1) > ψ(2s− x). We have thereby found that g′(x) > 0
for all x ∈

(
2s− 1, s+ 1

2

)
, leading to

g(x) > g(2s− 1) = 0,

as desired.

Let now Ω be the region in (5.19) and note that g is holomorphic in a neighborhood of Ω. We claim

Im(g(z)) ≥ min
{
0, 1− |Re(g(z))|

}
for every z ∈ ∂Ω. (5.23)

For this, we decompose ∂Ω into L1 ∪ L2 ∪ L3 ∪ L4, with

L1 :=

{
z ∈ C s.t. Re z ∈

(
2s− 1, s+

1

2

)
and Im z = {0}

}
,

L2 :=

{
z ∈ C s.t. Re z = s+

1

2
and Im z ∈ [0,M ]

}
,

L3 :=

{
z ∈ C s.t. Re z ∈

(
2s− 1, s+

1

2

)
and Im z =M

}
,

and L4 := {z ∈ C s.t. Re z = 2s− 1 and Im z ∈ [0,M ]} .
The proof of (5.23) will be performed by showing that Im(g(z)) ≥ min

{
0, 1−|Re(g(z))|

}
for every z ∈

Lj , for all j ∈ {1, . . . , 4}. To this end, consider first z ∈ L1 ⊆ R. In this case, g is real-valued and
therefore the claim is obvious.

Let now z ∈ L2. Then, z = s+ 1
2 + iy, with y ∈ [0,M ]. We observe that, for all w ∈ C,

Γ(w) = Γ(w) (5.24)

and, as a consequence,

Γ

(
s− 1

2
− iy

)
Γ

(
s+

1

2
+ iy + 1

)
=

(
s+

1

2
+ iy

)(
s− 1

2
+ iy

)
Γ

(
s− 1

2
− iy

)
Γ

(
s− 1

2
+ iy

)
=

(
s2 − y2 − 1

4
+ 2isy

)
Γ

(
s− 1

2
+ iy

)
Γ

(
s− 1

2
+ iy

)
=

(
s2 − y2 − 1

4
+ 2isy

) ∣∣∣∣Γ(s− 1

2
+ iy

)∣∣∣∣2 .
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Accordingly,

Im

(
Γ
(
s− 1

2 − iy
)
Γ
(
s+ 1

2 + iy + 1
)

Γ(2s)

)
=

2sy
∣∣Γ (s− 1

2 + iy
)∣∣2

Γ(2s)
≥ 0. (5.25)

For this reason,

Im

(
g

(
s+

1

2
+ iy

))
= Im

(
Γ
(
s− 1

2 − iy
)
Γ
(
s+ 1

2 + iy + 1
)

Γ(2s)

)
+ Im

(
sin
(
π
(
1
2 + iy

))
sin(πs)

)

≥ 0 + Im

(
cosh(πy)

sin(πs)

)
= 0,

(5.26)

which implies (5.23), as desired.

We now focus on the case z ∈ L3, that is z = x+ iM with x ∈
(
2s− 1, s+ 1

2

)
. We use an integration

by parts to point out that, if τ > 0,

Γ(τ ± iM) =

∫ +∞

0
tτ−1±iMe−t dt

=
1

±iM
lim

j→+∞

∫ j

1/j
tτ
d

dt
(t±iM )e−t dt

=
1

±iM
lim

j→+∞

[
jτ±iMe−j −

(
1

j

)τ±iM
e
− 1

j

−τ
∫ j

1/j
tτ−1±iMe−t dt+

∫ j

1/j
tτ±iMe−t dt

]

= − 1

±iM

[
τ

∫ +∞

0
tτ−1±iMe−t dt−

∫ +∞

0
tτ±iMe−t dt

]
.

On this account, for all b > a > 0,

sup
τ∈[a,b]

|Γ(τ ± iM)|

≤ 1

M

[
b

∫ 1

0
ta−1 dt+ b

∫ +∞

1
tb−1e−t dt+

∫ 1

0
tae−t dt+

∫ +∞

1
tbe−t dt

]
≤
Ca,b
M

,
(5.27)

for some Ca,b > 0.

Thus, we deduce from (5.27) that

lim
M→+∞

sup
x∈(2s−1,s+ 1

2)

∣∣∣∣Γ(2s− x− iM) Γ(x+ iM + 1)

Γ(2s)

∣∣∣∣ = 0.

As a result,

g(x+ iM) = −sin(π(s− x− iM))

sin(πs)
+ µM (x)

=
− sin(π(s− x)) cosh(πM) + i cos(π(s− x)) sinh(πM)

sin(πs)
+ µM (x),

(5.28)

with supx∈(2s−1,s+ 1
2)

|µM (x)| as small as we wish, provided that M is large enough.
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Now, we distinguish two cases. First, if x ∈
[
s+ 1

4 , s+
1
2

)
, we deduce from (5.28) that

|Re(g(x+ iM))|+ Im(g(x+ iM))

≥ sin(π(x− s)) cosh(πM)

sin(πs)
+

cos(π(x− s)) sinh(πM)

sin(πs)
− 2|µM (x)|

≥
√
2 cosh(πM)

2 sin(πs)
+ 0− 2|µM (x)|

≥ 1,

as long as M is sufficiently large, which implies (5.23) in this case.

If instead x ∈
(
2s− 1, s+ 1

4

)
, we observe that for some cs > 0

inf
x∈(2s−1,s+ 1

4)

cos(π(s− x)) sinh(πM)

sin(πs)
= inf

θ∈(−π
4
,(1−s)π)

cos θ sinh(πM)

sin(πs)
≥ cs sinh(πM).

Hence, one infers from (5.28) that

Im(g(x+ iM)) ≥ cs sinh(πM)− |µM (x)| ≥ 0,

for M large enough, which gives (5.23) in this case too, as desired.

We now take care of L4. To this end, it is useful to observe that, for all x0, x, y > 0,

the phase of
Γ(x+ iy)

Γ(x0 + iy)
belongs to

[
0,
π(x− x0)

2

]
(5.29)

and thus

Im

(
Γ(x+ iy)

Γ(x0 + iy)

)
≥ 0, (5.30)

as long as x ∈ [x0, x0 + 2].

To check this, we recall the digamma function’s series representation

ψ(z) = −γ +
+∞∑
k=0

z − 1

(k + 1)(k + z)
,

where γ is the Euler-Mascheroni constant.

In particular, when x > 0 and y > 0,

Im(ψ(x+ iy)) =

+∞∑
k=0

Im

(
x− 1 + iy

(k + 1)(k + x+ iy)

)
=

+∞∑
k=0

y

(k + x)2 + y2
(5.31)

and therefore

Im(ψ(x+ iy)) > 0. (5.32)

Moreover (see e.g. [38, Example 7, page 136]), for all t > 0,

π coth(πt)

2
− 1

2t
=

+∞∑
k=1

t

k2 + t2

Also, since sinh(πt) ≥ πt,

d

dt

(
π coth(πt)

2
− 1

2t

)
=

1

2t2
− π2

2 sinh2(πt)
≥ 0
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and therefore

sup
t>0

(
π coth(πt)

2
− 1

2t

)
= lim

t→+∞

(
π coth(πt)

2
− 1

2t

)
=
π

2
.

From these observations and (5.31) we arrive at

Im(ψ(x+ iy)) ≤
+∞∑
k=0

y

k2 + y2
=
π coth(πy)

2
− 1

2y
≤ π

2
. (5.33)

Now, given y > 0, for all x ∈ [x0, x0+2], we consider a continuous phase ϑ(x) ∈ R such that Γ(x+iy) =

ϱ(x) eiϑ(x), where ϱ(x) := |Γ(x+ iy)|. Taking the derivative in x, it follows that

Γ′(x+ iy)

Γ(x+ iy)
=
ϱ′(x)

ϱ(x)
+ iϑ′(x)

and then, considering the imaginary part of this identity,

ϑ′(x) = Im

(
Γ′(x+ iy)

Γ(x+ iy)

)
= Im(ψ(x+ iy)) ∈

[
0,
π

2

]
,

thanks to (5.22), (5.32), and (5.33).

Therefore,

ϑ(x)− ϑ(x0) ∈
[
0,
π(x− x0)

2

]
,

showing (5.29) and, as a byproduct, (5.30).

Now, to deal with L4, we take z = 2s− 1 + iy with y ∈ [0,M ] and we see that, using (5.24),

g(z) =
Γ(1− iy) Γ(2s+ iy)

Γ(2s)
− sin(π(1− s− iy))

sin(πs)

=
|Γ(1 + iy)|2 Γ(2s+ iy)

Γ(1 + iy)Γ(2s)
− sin(πs) cosh(πy) + i cos(πs) sinh(πy)

sin(πs)
.

Therefore,

Im(g(z)) ≥ Im

(
|Γ(1 + iy)|2 Γ(2s+ iy)

Γ(1 + iy)Γ(2s)

)
=

|Γ(1 + iy)|2

Γ(2s)
Im

(
Γ(2s+ iy)

Γ(1 + iy)

)
.

This and (5.30) yield that Im(g(z)) ≥ 0 and this completes the proof of (5.23).

The desired result now follows from (5.23) and Lemma 5.11. □

Proof of Lemma 5.13. First of all, we rule out the possibility of real zeros. We observe that, when x ∈
(0, 2s), and thus π(s− x) ∈ (−πs, πs),

g′(x) =
Γ(2s− x) Γ(x+ 1)

Γ(2s)

(
ψ(x+ 1)− ψ(2s− x)

)
+
π cos(π(s− x))

sin(πs)

≥ Γ(2s− x) Γ(x+ 1)

Γ(2s)

(
ψ(x+ 1)− ψ(2s− x)

)
+
π cos(π(s− x))

sin(πs)
.

Since x+1 > 2s−x, the monotonicity of the digamma function yields that g′(x) > 0 for all x ∈ (0, 2s),
therefore

g(x) > g(0) = 0,

as desired.
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Let now Ω be as in (5.20). Our goal is to show that

Im(g(z)) ≥ min
{
0, 1− |Re(g(z))|

}
for every z ∈ ∂Ω. (5.34)

Indeed, this, in combination with Lemma 5.11, gives the desired result in Lemma 5.13.

To prove (5.34), we decompose ∂Ω into L1 ∪ L2 ∪ L3 ∪ L4, with

L1 := {z ∈ C s.t. Re z ∈ (0, 2s) and Im z = {0}} ,
L2 := {z ∈ C s.t. Re z = 2s and Im z ∈ [0,M ]} ,
L3 := {z ∈ C s.t. Re z ∈ (0, 2s) and Im z =M} ,

and L4 := {z ∈ C s.t. Re z = 0 and Im z ∈ [0,M ]} .
and we prove the statement in (5.34) in each segment Lj for j ∈ {1, . . . , 4}.
If z ∈ L1, then g(z) is real and therefore the inequality in (5.34) is obvious.

If z ∈ L2, we write z = 2s+ iy, with [0,M ] and consequently, recalling (5.24),

g(2s+ iy) =
Γ(−iy) Γ(2s+ 1 + iy)

Γ(2s)
+

sin(π(s+ iy))

sin(πs)

=
i |Γ(1 + iy)|2 Γ(2s+ 1 + iy)

yΓ(2s) Γ(1 + iy)
+ cosh(πy) + i

cos(πs) sinh(πy)

sin(πs)
.

(5.35)

By (5.29), the phase of Γ(2s+1+iy)
Γ(1+iy) belongs to [0, πs].

After a rotation, we find that the phase of iΓ(2s+1+iy)
Γ(1+iy) , which coincides with the phase of i |Γ(1+iy)|

2 Γ(2s+1+iy)
yΓ(2s) Γ(1+iy) ,

belongs to
[
π
2 ,

π
2 + πs

]
⊆ [0, π].

For this reason,

Im

(
i |Γ(1 + iy)|2 Γ(2s+ 1 + iy)

yΓ(2s) Γ(1 + iy)

)
≥ 0

and therefore

Im
(
g(2s+ iy)

)
≥ 0 +

cos(πs) sinh(πy)

sin(πs)
≥ 0, (5.36)

which yields (5.34) in this case.

We now deal with the case in which z ∈ L3, namely z = x+ iM with x ∈ (0, 2s). In this framework,

g(z) =
Γ(2s− x− iM) Γ(x+ 1 + iM)

Γ(2s)
− sin(π(s− x− iM))

sin(πs)

=
− sin(π(s− x)) cosh(πM) + i cos(π(s− x)) sinh(πM)

sin(πs)
+ µM (x),

where, by virtue of (5.27), supx∈(0,2s) |µM (x)| can be made arbitrarily small as long as we choose M
sufficiently large.

For this reason,

Im
(
g(z)

)
≥ cos(π(s− x)) sinh(πM)

sin(πs)
− |µM (x)| ≥ cos(πs) sinh(πM)

sin(πs)
− |µM (x)| > 0,

as long as M is large enough, and (5.34) follows.

We now suppose that z ∈ L4, that is z = iy with y ∈ [0,M ]. In this setting,

g(z) =
Γ(2s− iy) Γ(1 + iy)

Γ(2s)
− sin(π(s− iy))

sin(πs)
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=
|Γ(2s+ iy)|2 Γ(1 + iy)

Γ(2s) Γ(2s+ iy)
− cosh(πy) +

i cos(πs) sinh(πy)

sin(πs)
.

Hence, since Im
(

Γ(1+iy)
Γ(2s+iy)

)
≥ 0 thanks to (5.30), we conclude that

Im(g(z)) ≥ cos(πs) sinh(πy)

sin(πs)
≥ 0.

The proof of (5.34) is thereby complete. □

Proof of Lemma 5.14. The boundary of the region in (5.21) can be decomposed into the four segments

L1 :=

{
z ∈ C s.t. Re z ∈

(
s+

1

2
, s+ 1

)
and Im z = {0}

}
,

L2 := {z ∈ C s.t. Re z = s+ 1 and Im z ∈ [0,M ]} ,

L3 :=

{
z ∈ C s.t. Re z ∈

(
s+

1

2
, s+ 1

)
and Im z =M

}
,

and L4 :=

{
z ∈ C s.t. Re z = s+

1

2
and Im z ∈ [0,M ]

}
.

Since g has a pole in 2s it is convenient to perform a contour integration for the argument principle in
which L1 is replaced by L′

1 which is obtained by picking a conveniently small ϵ > 0 and by replacing
the small interval [2s− ϵ, 2s+ ϵ] with an upper semicircle of radius ϵ and centered at 2s. The gist will
be that

the image under the map f of L′
1 ∪ L2 ∪ L3 ∪ L4 encircles the origin, (5.37)

i.e., it is homotopic in C \ {0} to a curve with nonzero winding number; from this, the desired result
will follow from the argument principle.

The details are as follows. We first consider z ∈ L′
1. If x ∈

(
s+ 1

2 , 2s− ϵ
)
∪ (2s+ ϵ, s+ 1), we have

that

g(x) =
Γ(2s− x) Γ(x+ 1)

Γ(2s)
− sin(π(s− x))

sin(πs)
,

which is real-valued and such that

g

(
s+

1

2

)
=

Γ
(
s− 1

2

)
Γ
(
s+ 3

2

)
Γ(2s)

+
1

sin(πs)
> 0.

Moreover,

g(s+ 1) = −Γ(s) Γ(s+ 2)

(1− s)Γ(2s)
< 0.

We also see that g approaches +∞ when x tends to 2s from the left, and it approaches −∞ when x
tends to 2s from the right.

Furthermore, without loss of generality, we can suppose that g(x) ̸= 0 for all x ∈
(
s+ 1

2 , 2s− ϵ
)
∪

(2s+ ϵ, s+ 1), otherwise the claim in Lemma 5.14 would be true (actually, with a real zero).

These observations entail that

g
(
s+ 1

2 , 2s− ϵ
)
is a segment in the strictly positive reals

with an endpoints on the extreme right

and g (2s+ ϵ, s+ 1) is a segment in the strictly negative reals

with an endpoints on the extreme left.

(5.38)
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Let us now analyze the behavior of g(z) when z travels on the small upper semicircle of radius ϵ
centered at 2s. In this case, since |g(2s)| = +∞, we know that the norm of g(z) is very large for
small ϵ. Also, for w close to 0 we know that Γ(w) = 1

w + O(1) and therefore, if θ ∈ [Cϵ, π − Cϵ]
and C > 0 is large enough,

Im(g(2s+ ϵeiθ)) = Im

(
Γ(−ϵeiθ) Γ(2s+ 1 + ϵeiθ)

Γ(2s)
+

sin(π(s+ ϵeiθ))

sin(πs)

)
= Im

(
−e

−iθ Γ(2s+ 1)

ϵΓ(2s)
+O(1)

)
> 0,

while, when θ ∈ [0, Cϵ) ∪ (π − Cϵ, π]∣∣∣Re(g(2s+ ϵeiθ))
∣∣∣ = ∣∣∣∣Re(−e−iθ Γ(2s+ 1)

ϵΓ(2s)
+O(1)

)∣∣∣∣ ≥ c

ϵ
,

for some c > 0.

On this account,

the image under g of the small upper semicircle of radius ϵ centered at 2s

connects the two remote endpoints of the disjoint, real intervals in (5.38)

by a large curve which, away from a neighborhood of these endpoints

which is separated from the origin, lies in the upper halfplane.

(5.39)

We now analyze the image of L2 under the map g. For this, we point out that, when y ∈ [0,M ],

g(s+ 1 + iy)

=
Γ(s− 1− iy) Γ(s+ 2 + iy)

Γ(2s)
+

sin(π(1 + iy))

sin(πs)

=
(s+ 1 + iy)(s+ iy)(s− 1 + iy) |Γ(s− 1 + iy)|2

Γ(2s)
− i

sinh(πy)

sin(πs)

=
[s(s2 − 3y2 − 1)− iy(1 + y2 − 3s2)] |Γ(s− 1 + iy)|2

Γ(2s)
− i

sinh(πy)

sin(πs)
.

As a result, since the Gamma-function has no zeros,

Re(g(s+ 1 + iy)) =
s(s2 − 3y2 − 1) |Γ(s− 1 + iy)|2

Γ(2s)
< 0. (5.40)

Moreover,

Im(g(s+ 1 + iy)) = −y(1 + y2 − 3s2) |Γ(s− 1 + iy)|2

Γ(2s)
− sinh(πy)

sin(πs)

and in particular Im(g(s+ 1 + iM)) < 0 for large M . This observation and (5.40) give that

g(L2) is confined in the left halfplane

and has an endpoint in the third quadrant.
(5.41)

In addition, when M is large, by means of (5.28) we see that

g(L3) is a small perturbation of a circle of large radius

traveling through the fourth quadrant.
(5.42)
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Moreover, in light of (5.26), we have that g(L4) lies in the upper halfplane. This observation, (5.38),
(5.39), (5.41), and (5.42) give the desired claim in (5.37). □

Proof of Lemma 5.15. We pick ϵ > 0 conveniently small and we will prove that g has at least one zero
in {

z ∈ C s.t. |z − 2s| > ϵ, Re z ∈
(
2s, 2s+

1

2

)
and Im z ∈ [0,M ]

}
. (5.43)

We write the boundary of the region in (5.43) as the union of the four segments and a circle, namely

L1 :=

{
z ∈ C s.t. Re z ∈

(
2s+ ϵ, 2s+

1

2

)
and Im z = {0}

}
,

L2 :=

{
z ∈ C s.t. Re z = 2s+

1

2
and Im z ∈ [0,M ]

}
,

L3 :=

{
z ∈ C s.t. Re z ∈

(
2s, 2s+

1

2

)
and Im z =M

}
,

L4 := {z ∈ C s.t. Re z = 2s and Im z ∈ [ϵ,M ]}

and L5 :=
{
z ∈ C s.t. z = 2s+ ϵeiθ and θ ∈

[
0,
π

2

]}
,

where the direction of travel is here disregarded for the sake of simplicity, since we focus on the
topological curve.

Indeed, the result will follow from the argument principle once we show that

the image under the map g of L1 ∪ L2 ∪ L3 ∪ L4 ∪ L5 encircles the origin. (5.44)

With this in mind, we observe that g(2s+ ϵ) diverges to +∞ as ϵ approaches 0 from the right, hence
we can suppose that ϵ is small enough such that g(2s+ ϵ) > 0.

Consequently, we may assume that g(x) > 0 for all x ∈
[
2s+ ϵ, 2s+ 1

2

]
(otherwise g would have a real

zero along this interval and the claim of Lemma 5.15 would have been proven), and therefore

g(L1) is a segment contained in the strictly positive reals. (5.45)

Now, to study the image of L2, we take y ∈ [0,M ] and notice that

g

(
2s+

1

2
+ iy

)
=

Γ
(
−1

2 − iy
)
Γ
(
2s+ 3

2 + iy
)

Γ(2s)
+

sin
(
π
(
s+ 1

2 + iy
))

sin(πs)

= −
4
∣∣Γ (32 + iy

)∣∣2 Γ
(
2s+ 3

2 + iy
)

(4y2 + 1)Γ(2s) Γ
(
3
2 + iy

) +
cos(πs) cosh(πy)

sin(πs)
− i sinh(πy).

Now, in view of (5.29), we know that the phase of
Γ(2s+ 3

2
+iy)

Γ( 3
2
+iy)

belongs to [0, sπ]. It follows that

Im

(
4
∣∣Γ (32 + iy

)∣∣2 Γ
(
2s+ 3

2 + iy
)

(4y2 + 1)Γ(2s) Γ
(
3
2 + iy

) )
≥ 0

and thus

Im

(
g

(
2s+

1

2
+ iy

))
≤ 0− sinh(πy) ≤ 0.

From this, we conclude that

g(L2) lies in the lower halfplane. (5.46)
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Regarding the analysis along L3, we point out that, when x ∈
(
2s, 2s+ 1

2

)
, we have that

sin(π(x− s)) ≥ min{sin(πs), cos(πs)} =: cs > 0

and therefore, by (5.28), if M is large enough,

Re(g(x+ iM)) ≥ cs cosh(πM)

2 sin(πs)

and, as a result,

g(L3) is confined in the right halfplane, (5.47)

and, in fact, towards the extreme right for large M .

We now note that, if y ∈ [ϵ,M ],

g(2s+ iy) =
Γ(−iy) Γ(2s+ 1 + iy)

Γ(2s)
+

sin(π(s+ iy))

sin(πs)

= −Γ(1− iy) Γ(2s+ 1 + iy)

iy Γ(2s)
+

cosh(πy) sin(πs) + i sinh(πy) cos(πs)

sin(πs)

=
i|Γ(1 + iy)|2 Γ(2s+ 1 + iy)

y Γ(1 + iy) Γ(2s)
+ cosh(πy) + i

sinh(πy) cos(πs)

sin(πs)
.

(5.48)

We now recall (5.29) and we deduce that the phase of Γ(2s+1+iy)
Γ(1+iy) belongs to [0, πs].

As a result, the phase of i|Γ(1+iy)|
2 Γ(2s+1+iy)

y Γ(1+iy) Γ(2s) belongs to
[
π
2 , πs+

π
2

]
, entailing that

Im

(
i|Γ(1 + iy)|2 Γ(2s+ iy)

y Γ(1 + iy) Γ(2s)

)
> 0.

This and (5.48) yield that Im
(
g(2s+ iy)

)
> 0 and therefore

g(L4) lies in the upper halfplane. (5.49)

We now remark that, when θ ∈
[
0, π2

]
, expanding the Gamma-function near the origin we see that,

for small ϵ,

g(2s+ ϵeiθ) =
Γ(−ϵeiθ) Γ(2s+ 1 + ϵeiθ)

Γ(2s)
+

sin(π(s+ ϵeiθ))

sin(πs)

= −
(

1

ϵeiθ
+ γ

)
Γ(2s+ 1) + ϵΓ′(2s+ 1)eiθ

Γ(2s)
+ 1 +O(ϵ)

= −Γ(2s+ 1)

ϵΓ(2s) eiθ
+
γΓ(2s+ 1)

Γ(2s)
− Γ′(2s+ 1)

Γ(2s)
+ 1 +O(ϵ).

As θ varies in
[
0, π2

]
, this describes a quarter of circle of large radius Γ(2s+1)

ϵΓ(2s) in the upper halfplane,

up to a constant horizontal translation that is independent of ϵ and an additional small perturbation
of order ϵ.

The proof of (5.44) is thus completed, thanks to the latter observation, (5.45), (5.46), (5.47), and (5.49).
□
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5.2.3. Proof of Proposition 1.4. First, we point out a strengthening of Lemma 5.12 and Lemma 5.13:

Corollary 5.16. Let g be as in (5.15). Assume that s ∈
(
1
2 , 1
)
. Then, there exist M > 0 sufficiently

large and ϵ > 0 sufficiently small (possibly in dependence of s) such that g has no zeros in the complex
region {

z ∈ C s.t. Re z ∈
(
2s− 1, s+

1

2
+ ϵ

]
and Im z ∈ [0,M ]

}
. (5.50)

Corollary 5.17. Let g be as in (5.15). Assume that s ∈
(
0, 12
)
. Then, there exist M > 0 sufficiently

large and ϵ > 0 sufficiently small (possibly in dependence of s) such that g has no zeros in the complex
region

{z ∈ C s.t. Re z ∈ (0, 2s+ ϵ] and Im z ∈ [0,M ]} . (5.51)

Proof of Corollary 5.16. We letM be as in Lemma 5.12. We argue for a contradiction and we suppose
that for all ϵ ∈ (0, 1) there exists zϵ in the region described by (5.50) with g(zϵ) = 0.

By Lemma 5.12 we know that Re zϵ ∈
[
s+ 1

2 , s+
1
2 + ϵ

]
and therefore, up to a subsequence, zϵ →

s+ 1
2 + iy⋆ as ϵ→ 0, for some y⋆ ∈ [0,M ], and g

(
s+ 1

2 + iy⋆
)
= 0.

This, together with (5.25) and (5.26), yields that y⋆ = 0. But this is impossible, since

g

(
s+

1

2

)
=

Γ
(
s− 1

2

)
Γ
(
s+ 3

2

)
Γ(2s)

+
1

sin(πs)
> 0. □

Proof of Corollary 5.17. This is similar to the proof of Corollary 5.16. In this case, the limit procedure
gives the existence of some y⋆ ∈ [0,M ] such that g(2s+ iy⋆) = 0.

In view of (5.36), we see that y⋆ = 0. Then, recalling (5.35), 0 = |g(2s)| = +∞, which is absurd. □

We need one more result in order to conclude the proof of Proposition 1.4.

Lemma 5.18. Let s ∈ (0, 1) and g be as in (5.15). Then, there exists M > 0 such that g(β) ̸= 0 for
all β ∈ (0, 2s+ 1

2)× (−M,M)c.

Proof. Note that, for all z ∈ C with z = x+ iy, x > 0 and y ∈ R,

|Γ(x+ iy)| ≤ Γ(x), | sin(x+ iy)| ≥ 1

2
(e|y| − 1).

The first property is an obvious consequence from the definition of the Gamma-function:

|Γ(x+ iy)| ≤
∫ ∞

0
|tx+iy−1|e−t dt =

∫ ∞

0
tx−1e−t dt = Γ(x),

while the second property can be proved as follows:

2| sin(x+ iy)| = |eix−y − e−ix+y| ≥ ||eix−y| − |e−ix+y||

= e|y||1− e−2|y|| = e|y||1− e−|y|||1 + e−|y|| ≥ e|y| − 1.

Writing β = a+ ib we thus have the lower bound

| sin(π(β − s))|
| sin(πs)|

≥ exp(π|b|)− 1

2 sin(πs)
.

Moreover, using that Γ(2s− β) = Γ(2s+1−β)
2s−β , we have for a ∈ (0, 2s+ 1

2),

|Γ(2s− β)Γ(β + 1)| = |Γ(2s+ 1− β)Γ(β + 1)|
|2s− β|

≤ max
c∈[0,2s+ 1

2
]
|Γ(1 + c)||Γ(2s+ 1− a)||b|−1.
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Since A1 := maxc∈[0,2s+ 1
2
] |Γ(1 + c)| <∞, and A2 := maxa∈[0,2s+ 1

2
] |Γ(2s+ 1− a)| <∞ we have

|Γ(2s− β)Γ(β + 1)| < | sin(π(β − s))|
| sin(πs)|

,

as long as |b| is large enough, uniformly in a. This proves the desired result. □

Now, we are in a position to prove Proposition 1.4.

Proof of Proposition 1.4. In case s = 1
2 , the claim follows immediately from Remark 5.2.

In case s ∈ (0, 12), the first claim follows from Corollary 5.17 and Lemma 5.18 by choosing M large

enough. The second claim follows from Lemma 5.15. In case s ∈ (12 , 1), the first claim follows
from Corollary 5.16 and Lemma 5.18 by choosing M large enough. The second claim follows from
Lemma 5.14. □

5.2.4. Proof of Remark 5.3. First, we give a proof of the asymptotic expansion as s→ 1 in Remark 5.3.

Proof of the expansion as s→ 1. Given λ ∈ C, we write σ := 1− s and

βσ,λ := 2± i
√
2σ + λ

√
σ (5.52)

and, for small σ > 0 (and λ in a bounded region),

G(σ, λ) :=
F (1− σ, βσ,λ)

sin(π(1− σ))

=
(2− 2σ − βσ,λ) sin(π(1− σ − βσ,λ))

sin(πσ)
−

Γ(3− 2σ − βσ,λ) Γ(βσ,λ + 1)

Γ(2− 2σ)

=
(±i

√
2σ + λ

√
σ + 2σ) sin(π(1± i

√
2σ + λ

√
σ + σ))

sin(πσ)

− Γ(1∓ i
√
2σ − λ

√
σ − 2σ) Γ(3± i

√
2σ + λ

√
σ)

Γ(2− 2σ)
.

(5.53)

We observe that

sin(π(1± i
√
2σ + λ

√
σ + σ)) = − sin(π(±i

√
2σ + λ

√
σ + σ))

= −π(±i
√
2σ + λ

√
σ + σ) +O(σ3/2)

and accordingly

(±i
√
2σ + λ

√
σ + 2σ) sin(π(1± i

√
2σ + λ

√
σ + σ))

sin(πσ)

=
−π(±i

√
2σ + λ

√
σ + 2σ)(±i

√
2σ + λ

√
σ + σ +O(σ3/2))

πσ +O(σ3)

=
−π(±i

√
2 + λ+ 2

√
σ)(±i

√
2 + λ+

√
σ +O(σ))

π +O(σ2)

= −λ2 ∓ 2i
√
2λ+ 2− 3

√
σ
(
λ± i

√
2
)
+O(σ).

(5.54)

Furthermore,

Γ(1∓ i
√
2σ − λ

√
σ − 2σ) = Γ(1) + Γ′(1)(∓i

√
2σ − λ

√
σ − 2σ) +O(σ)
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= 1 + γ(±i
√
2σ + λ

√
σ) +O(σ),

where γ is the Euler-Mascheroni constant, and

Γ(3± i
√
2σ + λ

√
σ) = Γ(3) + Γ′(3)(±i

√
2σ + λ

√
σ) +O(σ)

= 2 + (3− 2γ)(±i
√
2σ + λ

√
σ) +O(σ).

This gives that

Γ(1∓ i
√
2σ − λ

√
σ − 2σ) Γ(3± i

√
2σ + λ

√
σ)

=
(
1 + γ(±i

√
2σ + λ

√
σ) +O(σ)

)(
2 + (3− 2γ)(±i

√
2σ + λ

√
σ) +O(σ)

)
= 2± 3i

√
2σ + 3λ

√
σ +O(σ)

and therefore

Γ(1∓ i
√
2σ − λ

√
σ − 2σ) Γ(3± i

√
2σ + λ

√
σ)

Γ(2− 2σ)
=

2± 3i
√
2σ + 3λ

√
σ +O(σ)

1 +O(σ)

= 2± 3i
√
2σ + 3λ

√
σ +O(σ)

Hence, recalling (5.53) and (5.54), we conclude that

G(σ, λ) = −λ2 ∓ 2i
√
2λ+ 2− 3

√
σ
(
λ± i

√
2
)
−
(
2± 3i

√
2σ + 3λ

√
σ
)
+O(σ)

= ∓6i
√
2σ ∓ 2i

√
2λ− λ2 − 6λ

√
σ.

Consequently, if

H(τ, λ) := G(τ2, λ) = ∓6i
√
2τ ∓ 2i

√
2λ− λ2 − 6τλ,

we have that H(0, 0) = 0 and ∂λH(0, 0) = ∓2i
√
2 ̸= 0.

This gives that, for small τ , we can find a unique λ(τ) with λ(0) = 0 satisfying

H(τ, λ(τ)) = 0.

By implicit derivation, we also see that

0 = ∂τH(0, 0) + ∂λH(0, 0)λ′(0) = ∓6i
√
2∓ 2i

√
2λ′(0),

yielding that λ′(0) = −3 and therefore

λ(τ) = −3τ +O(τ2).

As a result, for small τ > 0,

0 = H(τ, λ(τ)) = G(τ2, λ(τ)) =
F (1− τ2, βτ2,λ(τ))

sin(π(1− τ2))

and so, writing s = 1− τ2,

0 = F (1− τ2, βτ2,λ(τ)) = F (s, β1−s,λ(
√
1−s)).

This and (5.52) imply that

0 = F (1− τ2, βτ2,λ(τ)) = F
(
s, 2± i

√
2(1− s) + λ(

√
1− s)

√
1− s

)
= F

(
s, 2± i

√
2(1− s)− 3(1− s) +O((1− s)3/2)

)
,

as desired. □
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Finally, we present the proof of the asymptotic expansion as s→ 0 in Remark 5.3.

Proof of the expansion as s→ 0. Let λ ∈ C belong to a bounded region and

G(s, λ) :=
F (s, λs)

2s2
=

(2− λ) sin(π(1− λ)s)

2s
− sin(πs)Γ(1 + (2− λ)s) Γ(1 + λs)

sΓ(1 + 2s)
.

Note that, for small s > 0,

G(s, λ) =
(2− λ)

(
π(1− λ) +O(s2)

)
2

−
(
π +O(s2)

)
Γ(1 + (2− λ)s) Γ(1 + λs)

Γ(1 + 2s)

=
π(2− λ)(1− λ)

2
− π +O(s).

(5.55)

As a result, we have that G(0, 3) = 0 and ∂λG(0, 3) = 3π
2 ̸= 0. Therefore, for small s > 0, we can

find λ(s) such that λ(0) = 3 and G(s, λ(s)) = 0.

Consequently, for small s,

0 = G(s, λ(s)) = G(s, 3 + o(1)) =
F (s, 3s+ o(s))

2s2

and thus F (s, 3s+ o(s)) = 0. □

5.3. A 1D Liouville theorem. The goal of this subsection is to prove Theorem 5.4, i.e. we restrict
ourselves to solutions that grow slower than t2s−ε at infinity for some ε > 0.

It remains to verify several important properties of the operator L. We recall that, by [4, Proposition
2.1],

kR+(x, y) ≤ C

{(
1 +

∣∣∣log (min{|x|,|y|}
|x−y|

)∣∣∣) |x− y|−1−2s, if min{|x|, |y|} ≤ |x− y|,
min{|x|, |y|}−1−2s, if min{|x|, |y|} ≥ |x− y|.

(5.56)

Lemma 5.19. Let φ ∈ C2
0,1+2s(0,∞). Then x 7→ Lφ(x) is continuous and for some C > 0:

|Lφ(x)| ≤ C(1 + | log x|)

{
1 + x1−2s, for x ∈ (0, 2],

(1 + x)−1−2s for x ∈ (2,∞).

In particular, L satisfies (2.2) for any α1 ∈ (max{0, 2s− 1}, 2s) and α2 = 0.

Proof. We skip the proof of the continuity and refer instead to [18, Lemma 2.2.6]. The proof goes
in the same way in our setting. We split the proof of the second claim into several parts. First, we
consider x ∈ (0, 2] and observe that, by the symmetry of the first summand in KR+(x, y),

Lφ(x) =
cs
2

∫
Bx/2

(2φ(x)− φ(x+ h)− φ(x− h))|h|−1−2s dh

+ cs

∫
Bx/2

(φ(x)− φ(x+ h))kR+(x, x+ h) dh

+ cs

∫
(0,∞)\Bx/2(x)

(φ(x)− φ(y))KR+(x, y) dy

= I1 + I2 + I3.
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For I1, we compute

I1 ≤ C∥D2φ∥L∞(0,3)

∫
Bx/2

|h|−1−2s+2 dh ≤ Cx2−2s.

For I2, we use that |kR+(x, x+ h)| ≤ Cx−1−2s in the domain of integration and therefore

I2 ≤ C∥∇φ∥L∞(0,3)

∫
Bx/2

x−1−2s|h| dh ≤ Cx1−2s.

For I3 we estimate

I3 ≤ C∥∇ϕ∥L∞(0,1)

∫ x/2

0
|x− y|KR+(x, y) dy

+ C∥∇ϕ∥L∞(0,2)

∫ 2

3x/2
|x− y|KR+(x, y) dy + 2∥ϕ∥L∞(0,∞)

∫ ∞

2
KR+(x, y) dy

≤ C

∫ x/2

0
|x− y|−2s

(
1 +

∣∣∣∣log( |y|
|x− y|

)∣∣∣∣) dy

+ C

∫ 2

3x/2
|x− y|−2s

(
1 +

∣∣∣∣log( |x|
|x− y|

)∣∣∣∣) dy + C

∫ ∞

2
|x− y|−1−2s

(
1 +

∣∣∣∣log( |x|
|x− y|

)∣∣∣∣) dy

≤ C(1 + x1−2s)(1 + | log x|).

Altogether, we have shown

|Lφ(x)| ≤ C(1 + | log x|)(1 + x1−2s) ∀x ∈ (0, 1).

Next, we consider x > 1. In that case, we split

Lφ(x) =
cs
2

∫
B1

(2φ(x)− φ(x+ h)− φ(x− h))|h|−1−2s dh

+ cs

∫
B1

(φ(x)− φ(x+ h))kR+(x, x+ h) dh

+ cs

∫
(0,∞)\B1(x)

φ(x)KR+(x, y) dy − cs

∫
(0,∞)\B1(x)

φ(y)KR+(x, y) dy

= I1 + I2 + I3 + I4.

For I1 and I2, by the same arguments as before,

I1 + I2 ≤ C∥D2φ∥L∞(x−1,x+1)

∫
B1

|h|−1−2s+2 dh+ C∥∇φ∥L∞(x−1,x+1)

∫
B1

x−1−2s|h| dh

≤ Cx−1−2s
(
1 + x−1−2s

)
.

(5.57)

For I3, using the upper bound for kR+ and splitting the integral, we see that

I3 ≤ C(1 + x)−1−2s

∫
(0,∞)\B1(x)

KR+(x, y) dy

≤ C(1 + x)−1−2s

∫ x/2

0
|x− y|−1−2s

(
1 +

∣∣∣∣log( |y|
|x− y|

)∣∣∣∣) dy

+ C(1 + x)−1−2s

∫ x−1

x/2
|x− y|−1−2s + |y|−1−2s dy
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+ C(1 + x)−1−2s

∫ 2s

x+1
|x− y|−1−2s + |y|−1−2s dy

+ (1 + x)−1−2s

∫ ∞

2x
|x− y|−1−2s

(
1 +

∣∣∣∣log( |x|
|x− y|

)∣∣∣∣) dy

≤ C(1 + x)−1−2s(1 + | log x|).
For I4, we have by analogous arguments

I4 ≤ C

∫
(0,∞)\B1(x)

(1 + y)−1−2sKR+(x, y) dy ≤ C(1 + x)−1−2s(1 + | log x|).

Altogether, we have shown

|Lφ(x)| ≤ C(1 + | log x|)(1 + x)−1−2s ∀x ∈ (1,∞).

and the proof of the second claim is complete. The proof of the third claim follows immediately by
integration of the first claim. □

Finally, we prove that L is self-adjoint in the sense of (2.3).

Lemma 5.20. It holds ∫ ∞

0
g(x)Lφ(x) dx =

∫ ∞

0
Lg(x)φ(x) dx

for any g(x) = xβ−1 with b := Re(β) ∈ (0, 2s) and φ ∈ C2
loc(0,∞) such that

|φ(i)(x)| ≤ Cx2 ∀x ∈ (0, 1), i ∈ {0, 1, 2}, |φ(x)| ≤ Cx−1−2s ∀x ∈ [1,∞).

In particular, L satisfies (2.3) for any φ ∈ C2
2,1+2s(0,∞).

Proof. Let ε ∈ (0, 12). Then,∫ ∞

ε
g(x)Lφ(x) dx =

∫∫
((0,ε)×(0,ε))c

(g(x)− g(y))(φ(x)− φ(y))KR+(x, y) dy dx

−
∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))KR+(x, y) dy dx

=

∫ ∞

ε
Lg(x)φ(x) dx+

∫ ε

0
φ(x)

∫ ∞

ε
(g(x)− g(y))KR+(x, y) dy dx

−
∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))KR+(x, y) dy dx.

By the dominated convergence theorem (note that the integrals converge absolutely by Lemma 5.19,
respectively (2.2) and Remark 2.3),∫ ∞

ε
g(x)Lφ(x) dx→

∫ ∞

0
g(x)Lφ(x) dx,

∫ ∞

ε
Lg(x)φ(x) dx→

∫ ∞

0
Lg(x)φ(x) dx.

We claim that, under our assumptions on g and φ,∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))KR+(x, y) dy dx→ 0,

∫ ε

0
φ(x)

∫ ∞

ε
(g(x)− g(y))KR+(x, y) dy dx→ 0.

To prove it, let us observe that, by (5.56), for any x ∈ (0, ε) and a < 2s,∫ 1

ε
|x− y|iKR+(x, y) dy ≤ C(ε− x)i−2s + C| log x|(1 + εi−2s),

∫ ∞

1
yaKR+(x, y) dy ≤ C| log x|.
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Hence, estimating

|φ(x)− φ(y)| ≤

{
|φ′(x)||x− y|+ C supz∈[x,1] |φ′′(x)||x− y|2, y ∈ (ε, 1],

|φ(x)|+ |φ(y)|, y ∈ [1,∞),
(5.58)

we obtain∣∣∣ ∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))KR+(x, y) dy dx

∣∣∣
≤ C

∫ ε

0
xb
∫ 1

ε
|x− y|KR+(x, y) dy dx+ C

∫ ε

0
xb−1

∫ 1

ε
|x− y|2KR+(x, y) dy dx

+ C

∫ ε

0
xb+1

∫ ∞

1
KR+(x, y) dy dx+ C

∫ ε

0
xb−1

∫ ∞

1
y−1−2sKR+(x, y) dy dx

≤ C

∫ ε

0
xb[(ε− x)1−2s + | log x|(1 + ε1−2s)] dx

+ C

∫ ε

0
xb−1| log x| dx+ C

∫ ε

0
xb−1(x2 + 1)| log x| dx

≤ Cεb+2−2s(1 + | log ε|) + Cεb| log ε|+ Cεb(ε2 + 1)| log ε| → 0,

where we used that −b1 < 2s in order for the last integral in the second estimate to converge, and
b > 0 in the third estimate. By interchanging the roles of g, φ, we obtain∣∣∣ ∫ ε

0
φ(x)

∫ ∞

ε
(g(x)− g(y))KR+(x, y) dy dx

∣∣∣
≤ C

∫ ε

0
x2xb−2

∫ 1

ε
|x− y|KR+(x, y) dy dx+ C

∫ ε

0
x2(1 + xb−3)

∫ 1

ε
|x− y|2KR+(x, y) dy dx

+ C

∫ ε

0
x2xb−1

∫ ∞

1
KR+(x, y) dy + C

∫ ε

0
x2
∫ ∞

1
yb−1KR+(x, y) dy

≤ Cεb+2−2s(1 + | log ε|) + Cε3(1 + εb−3)| log ε|+ Cε3(εb−1 + 1)| log ε| → 0. □

Our next goal is to prove that u is also a distributional solution to this equation in the sense of
Definition 2.2. Our proof follows [4, p.46]. The only difference comes from the fact that test functions
in Definition 2.2 do not need to have compact support.

Lemma 5.21. Let L be as above and u be a weak solution to

Lu = 0 in (0,∞)

with Neumann condition on {0} in the sense of Definition 6.1 such that

|u(x)| ≤ C(1 + x)2s−ε

for some C > 0 and ε ∈ (0, 2s). Then, u is also a distributional solution in the sense of Definition 2.2
with test-function space C2

2,1+2s(0,∞).

Proof. Let φ ∈ C2
c ([0,∞)) and observe that, by the symmetry of KR+ , for any ε ∈ (0, 1) we have that∫ ∞

0
u(x)Lεφ(x) dx =

∫∫
Dε

u(x)(φ(x)− φ(y))KR+(x, y) dx dy

=
1

2

∫∫
Dε

(u(x)− u(y))(φ(x)− φ(y))KR+(x, y) dx dy,
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where

Lεφ(x) =

∫
(0,∞)\Bε(x)

(φ(x)− φ(y))KR+(x, y) dy,

Dε = {(x, y) ∈ (0,∞)× (0,∞) : |x− y| > ε}.

Since Dε → (0,∞)× (0,∞), and since φ ∈ C2
c ([0,∞)) is a valid test function for the weak formulation

of the equation for u, we get ∫ ∞

0
u(x)Lεφ(x) dx→ 0 as ε→ 0. (5.59)

In addition, by repeating the proof of Lemma 5.19 with L replaced by Lε, we obtain

|Lεφ(x)| ≤ C(1 + | log x|)

{
1 + x1−2s, for x ∈ (0, 2],

(1 + x)−1−2s for x ∈ (2,∞),

for some constant C > 0 independent of ε.

Hence, ∫ ∞

0
|u(x)||Lεφ(x)| dx ≤ C

∫ 2

0
(1 + | log x|)(1 + x1−2s) dx

+ C

∫ ∞

2
x2s−ε(1 + | log x|)(1 + x)−1−2s dx ≤ C <∞,

and therefore by dominated convergence,∫ ∞

0
u(x)Lεφ(x) dx→

∫ ∞

0
u(x)Lφ(x) dx.

Then, by combining this observation with (5.59), we deduce that for any φ ∈ C2
c ([0,∞)) it holds∫ ∞

0
u(x)Lφ(x) dx = 0. (5.60)

In order to deduce that u is a distributional solution, it remains to prove that (5.60) holds true for
any φ ∈ C2

2,1+2s(0,∞). This can be achieved by an approximation argument. We will show a slightly

stronger result, namely that we can even take C2
0,1+2s(0,∞) as our test-function space. Indeed, let

φ ∈ C2
0,1+2s(0,∞) and φk ∈ C2

c ([0,∞)) be such that ψk := φk − φ→ 0 locally uniformly such that

supp(φk) ⊂ [0, k + 1], φk = φ in [0, k] ∥φk − φ∥C2
0,1+2s(0,∞) ≤ C.

Set ψk = φk − φ. Then, for any R ≥ 2, x ∈ (0, R), and k ∈ N large enough, we find that

|Lψk(x)| ≤ 2∥ψk∥L∞(0,∞)

∫ ∞

k
KR+(x, y) dy ≤ C

∫ ∞

k
|x− y|−1−2s(1 + | log x|) dy ≤ C(1 + | log x|)k−2s.

Moreover, by Lemma 5.19, for all x ∈ (R,∞) we have that

|Lφ(x)| ≤ C(1 + | log x|)(1 + x)−1−2s.

Therefore, using also the growth of u:∫ ∞

0
u(x)Lψk(x) dx ≤ Ck−2sR2s−ε

∫ R

0
(1 + | log x|) dx+ C

∫ ∞

R
(1 + | log x|)(1 + x)−1−ε dx

≤ C−2sR2s− ε
2 + CR− ε

2 .
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Since R ≥ 2 was arbitrary, this estimate immediately implies that∫ ∞

0
u(x)Lφk(x) dx→

∫ ∞

0
u(x)Lφ(x) dx,

which yields (5.60) also for φ ∈ C2
0,1+2s(0,∞). The proof is complete. □

We are now in a position to apply Theorem 2.5 and to deduce Theorem 5.4, as well as Theorem 1.3.

Proof of Theorem 5.4. By combining the results of this section (namely Lemma 5.19, Lemma 5.20,
Lemma 5.21, Lemma 5.1, and Lemma 5.9) we can apply the Liouville theorem in Theorem 2.5 to u, L,
choosing as a test-function space φ ∈ C2

2,1+2s(0,∞), i.e. d = 2, a = 2, and b = 1 + 2s. Since by

Proposition 1.4 the only zeros of f in [0, B0) × iR are given by β ∈ {0, 2s − 1} (there are no zeros β
with Re(β) ∈ (0, 2s− 1) due to [4, Theorem 5.1]), it follows that, for some A,B ∈ R,

u(x) = A+Bx2s−1.

We know by [4, Lemma 5.9] that u is continuous at 0, and therefore it must be A = 0. Note that this
result holds true for any s ∈ (0, 1). Moreover, if s ≤ 1/2 we must also have B = 0 by the same reason.

It remains to prove that B = 0 in case s > 1/2. Let us assume that B > 0. Since u is also a weak
solution, we can proceed as in [4, Proof of Corollary 5.8], take a test function η ∈ C∞

c (−∞, 1] with
η′ ≤ 0 and η ̸≡ 0, and use that x 7→ x2s−1 is strictly increasing in (0,∞), finding that

0 = B

∫ ∞

0

∫ ∞

0
(x2s−1 − y2s−1)(η(x)− η(y))KR+(x, y) dx dy

= B

∫∫
(0,∞)2∩{x<y}

(x2s−1 − y2s−1)(η(x)− η(y))KR+(x, y) dx dy

+B

∫∫
(0,∞)2∩{x≥y}

(x2s−1 − y2s−1)(η(x)− η(y))KR+(x, y) dx dy < 0,

which is a contradiction. Hence, necessarily B = 0 and the proof is complete. □

Proof of Theorem 1.3. As before, we combine Lemma 5.19, Lemma 5.20, Lemma 5.1, and Lemma 5.9
and apply the Liouville theorem in Theorem 2.5 to u, L. □

5.4. A 1D Liouville theorem with faster growth at infinity. The goal of this subsection is to
prove Theorem 5.8 with faster growth, i.e. we allow solutions to grow faster than t2s at infinity.

The proof goes in the exact same way as for Theorem 5.4 in the previous subsection, but using
Theorem 2.10 instead of Theorem 2.5. Still, it suffices to establish analogs of Lemma 5.19, Lemma 5.20,
and Lemma 5.21 for L = (−∆)sR and N = N s

(0,∞).

Lemma 5.22. Let φ ∈ C2,1
0,3+2s(R). Then x 7→ (−∆)sφ(x) and x 7→ N s

R+
φ(x) are continuous and for

some C > 0:

|N s
(0,∞)φ(−x)|+ |(−∆)sRφ(x)| ≤ C

{
1 + x1−2s, for x ∈ (0, 2],

(1 + x)−2−2s for x ∈ (2,∞).

In particular, the pair (L,N) satisfies (2.9) for any α1 ∈ (max{0, 2s− 1}, 2s) and α2 = 0.
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Proof. The claim for x ≤ 2 is standard and can be established as in Lemma 5.19. Hence, we skip the
proof. Let us now take x > 2 and compute

|(−∆)sRφ(x)| ≤ C

∫
B1

|2φ(x)− φ(x+ h)− φ(x− h)||h|−1−2s dh

+ C|φ(x)|
∫
B1(x)c

|x− y|−1−2s dy + C

∣∣∣∣∣
∫
B1(x)c

φ(y)|x− y|−1−2s dy

∣∣∣∣∣
= I1 + I2 + I3.

For I1 we recall the estimate from (5.57) and for I2 we simply recall the growth of φ to deduce

I1 + I2 ≤ Cx−3−2s.

To estimate I3, we recall that
∫
R φ(y) dy = 0 and deduce from the growth assumption on φ that

I3 ≤ C

∣∣∣∣∣
∫
B1(x)c

φ(y)
(
|x− y|−1−2s − |x|−1−2s

)
dy

∣∣∣∣∣+ Cx−1−2s

∣∣∣∣∣
∫
B1(x)

φ(y) dy

∣∣∣∣∣
≤ C

∫
B1(x)c

min{1, |y|−3−2s}|y|min{|x− y|, |x|}−2−2s dy + Cx−1−2sx−3−2s.

Hence, it remains to estimate the first summand in the previous estimate. To do so, we split the
integration domain into several parts. First, we have∫

(−∞,x/2)∪(2x,∞)
min{1, |y|−3−2s}|y|min{|x− y|, |x|}−2−2s dy

≤ Cx−2−2s

∫
R
min{1, |y|−3−2s}|y| dy ≤ Cx−2−2s.

Next, we observe that∫
(x/2,x−1)∪(x+1,2x)

min{1, |y|−3−2s}|y|min{|x− y|, |x|}−2−2s dy

≤ Cx−2−2s

∫
(x/2,x−1)∪(x+1,2x)

min{|x− y|, |x|}−2−2s dy ≤ Cx−2−2s,

which yields the desired estimate for |(−∆)sRφ(x)|. Note that the proof of the estimate for |N s
(0,∞)φ(x)|

is completely analogous to the estimates of I2, I3, with the sole two differences that we integrate only
over (0,∞) \B1(x) and that we use

∫∞
0 φ(y) dy = 0. □

Lemma 5.23. It holds∫ ∞

0
g(x)(−∆)sRφ(x) dx =

∫ ∞

0
(−∆)sR(g1R+)(x)φ(x) dx+

∫ 0

−∞
N s

(0,∞)(g1R+)(x)φ(x) dx,∫ 0

−∞
g(x)N s

(0,∞)φ(x) dx =

∫ ∞

0
(−∆)sR(g1R−)(x)φ(x) dx+

∫ 0

−∞
N s

(0,∞)(g1R−)(x)φ(x) dx

for any g(x) = |x|β−1 with b = Re(β) ∈ (0, 1 + 2s) and φ ∈ C2,1
2,3+2s(0,∞). In particular, the pair

(L,N) satisfies (2.10) for any φ ∈ C2,1
2,3+2s(0,∞).

Proof. The proof is similar to the one of Lemma 5.20. We let ε ∈ (0, 12) and compute∫ ∞

ε
g(x)(−∆)sRφ(x) dx =

cs
2

∫∫
((−ε,ε)×(−ε,ε))c

(g1R+(x)− g1R+(y))(φ(x)− φ(y))|x− y|−1−2s dy dx
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− cs

∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))|x− y|−1−2s dy dx

=

∫ ∞

ε
(−∆)sR(g1R+)(x)φ(x) dx+

∫ −ε

−∞
N s

(0,∞)(g1R+)(x)φ(x) dx

+ cs

∫ ε

0
φ(x)

∫ ∞

ε
(g1R+(x)− g1R+(y))|x− y|−1−2s dy dx

− cs

∫ ε

0
g1R+(x)

∫ ∞

ε
(φ(x)− φ(y))|x− y|−1−2s dy dx

+ cs

∫ 0

−ε
φ(x)

∫ ∞

ε
(g1R+(x)− g1R+(y))|x− y|−1−2s dy dx.

By the dominated convergence theorem (note that the integrals converge absolutely by Lemma 5.22),∫ ∞

ε
g(x)(−∆)sRφ(x) dx→

∫ ∞

0
g(x)(−∆)sRφ(x) dx,∫ ∞

ε
(−∆)sR(g1R+)(x)φ(x) dx→

∫ ∞

0
(−∆)sR(g1R+)(x)φ(x) dx,∫ −ε

−∞
N s

(0,∞)(g1R+)(x)φ(x) dx→
∫ 0

−∞
N s

(0,∞)(g1R+)(x)φ(x) dx.

Moreover, under our assumptions on g and φ,∫ ε

0
g(x)

∫ ∞

ε
(φ(x)− φ(y))|x− y|−1−2s dy dx→ 0,∫ ε

0
φ(x)

∫ ∞

ε
(g(x)− g(y))|x− y|−1−2s dy dx→ 0,∫ 0

−ε
φ(x)

∫ ∞

ε
(g1R+(x)− g1R+(y))|x− y|−1−2s dy dx→ 0,

which can be proved in an analogous way as Lemma 5.20. The second claim of the lemma follows in
a similar way. □

Lemma 5.24. Let u be a distributional solution with faster growth to (5.6) with u(0) = 0 in the sense
of Definition 5.5 such that

|u(x)| ≤ C(1 + x)B0−ε

for some C > 0 and ε > 0. Then, u is also a distributional solution in the sense of Definition 2.9 for
(L,N) = ((−∆)sR,N s

(0,∞)) with test-function space C2,1
2,3+2s(R).

Proof. The proof goes by an approximation argument exactly as in the proof of Lemma 5.21 (after
(5.60)), using also Lemma 5.22 and the fact that B0 − ε < 1 + 2s due to Proposition 1.4. □

We are now in a position to prove Theorem 5.8.

Proof of Theorem 5.8. By Lemma 5.24 we deduce that u is a distributional solution in the sense of
Definition 2.9 with (L,N) = ((−∆)sR,N s

(0,∞)). Additionally, we recall Lemma 5.22 and Lemma 5.23,

as well as Lemma 5.6, Corollary 5.7, and Lemma 5.9, which allows us to apply the Liouville theorem
in Theorem 2.10 to u with (L,N), choosing as a test-function space φ ∈ C2,1

2,3+2s(R). Since, by
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Proposition 1.4, the only zeros of f1, f2 in [0, B0) × iR are given by β ∈ {0, 2s − 1}, and since f1, f2
have poles at β = 2s by Corollary 5.7, it follows that, for some A,B ∈ R,

u(x) = A+Bx2s−1 ∀x > 0.

Since u ∈ C
max{2s−1,0}+ε
loc (R) by assumption, we deduce that A = B = 0. Moreover, u(x) = 0 for

all x < 0, since

0 = N s
R+
u(x) = u(x)

(
cs

∫ ∞

0
|x− y|−1−2s dy

)
=
cs
2s

u(x)

|x|2s
. □

6. Boundary regularity for the nonlocal Neumann problem

The goal of this section is to prove the optimal boundary regularity for the Neumann problem, namely
Theorem 1.1 and Theorem 1.7. This section is structured as follows: In Subsection 6.1, we analyze the
corrector terms that are needed to prove regularity results of order larger that one. In Subsection 6.2,
we prove regularity results that hold true outside the solution domain, and in Subsection 6.3 we
collect several lemmas that will be used in the proofs of boundary expansions. Subsection 6.4 and
Subsection 6.5 provide auxiliary lemmas that are needed in order to treat unbounded source terms in
Theorem 1.7. Finally, Subsection 6.6, Subsection 6.7 and Subsection 6.8, Subsection 6.9, respectively,
provide expansions and regularity results of order less than 2s and bigger than 2s, respectively, and
allow us to prove our main results in Subsection 6.10.

Given a connected open set Ω ⊂ Rn, we define the regional operator, corresponding to the nonlocal
Neumann problem in Ω, as

LΩu(x) := p.v.

∫
Ω
(u(x)− u(y))KΩ(x, y) dy,

where KΩ is given by

KΩ(x, y) :=
cn,s

|x− y|n+2s
+ kΩ(x, y), cn,s := 4ssπ−

n
2
Γ
(
n
2 + s

)
Γ(1− s)

,

kΩ(x, y) := cn,s

∫
Ωc

|x− z|−n−2s|y − z|−n−2s dz∫
Ω |z − w|−n−2s dw

, x, y ∈ Ω.

(6.1)

Moreover, as in [4] we introduce the corresponding bilinear form

BΩ(u, v) :=

∫
Ω

∫
Ω
(u(x)− u(y))(v(x)− v(y))KΩ(x, y) dy dx,

and denote by HK(Ω) the space of functions

HK(Ω) :=
{
w ∈ Hs(Ω)

∣∣ ∥w∥HK(Ω) := ∥w∥L2(Ω) +B(u, u) <∞
}
.

We let HK,loc(Ω) be the space of functions u ∈ L2
loc(Ω) for which the following localized energy is finite

for any ball B ⊂ Ω: ∫
Ω∩B

∫
Ω∩B

|u(x)− u(y)|2KΩ(x, y) dy dx <∞.

Weak solutions are defined in the same way as in [4]:
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Definition 6.1. Let Ω ⊂ Rn be a Lipschitz domain and B ⊂ Rn be a ball. We say that u ∈ HK,loc is a
weak supersolution to LΩu = f in B∩Ω with Neumann conditions on ∂Ω∩B for some f ∈ (HK(Ω))′,
if, for any nonnegative function η ∈ HK(B) with η ≡ 0 in Ω \B,

BΩ(u, η) ≥
∫
B∩Ω

fη dx.

We say that u is a weak subsolution in Ω ∩B, if the previous estimate holds true with ≥ replaced by
≤. We say that u is a weak solution in Ω∩B if it is a weak supersolution and a weak subsolution. We
sat that u is a weak (super/sub)-solution if the previous definitions hold true for all balls B ⊂ Rn.

Moreover, we define weak solutions to the nonlocal Neumann problem as follows.

Definition 6.2. Let Ω ⊂ Rn be a Lipschitz domain and B ⊂ Rn be a ball. We say that u ∈ V s(Ω|Rn)
is a weak solution to {

(−∆)su = f in Ω ∩B,
N s

Ωu = 0 in B \ Ω

where f ∈ Hs(Ω)′ if for all η ∈ Hs(Rn) with η ≡ 0 in Bc it holds

EΩ(u, η) :=
cn,s
2

∫∫
(Ωc×Ωc)c

(u(x)− u(y))(η(x)− η(y))|x− y|−n−2s dy dx =

∫
Ω
f(x)η(x) dx.

The space V s(Ω|Rn) is defined as the space of all functions u ∈ L2(Ω) such that EΩ(u, u) <∞.

Finally, we give a meaning to the nonlocal Neumann problem in possibly unbounded domains in case
the solution grows too fast at infinity. This definition will be used in our proof of Theorem 6.18.

Definition 6.3. Let Ω ⊂ Rn with ∂Ω ∈ C0,1. Let u ∈ C2s+ε
loc (Ω) and suppose that

|u(x)| ≤ C(1 + |x|)2s+1−ε ∀x ∈ Rn

for some ε ∈ (0, 1).

We say that {
(−∆)su

1
= 0 in Ω,

N{xn>0}u
1
= 0 in Ωc,

if, for any R ≥ 2, {
(−∆)s(u1BR

)(x) = ER(x) + cR in BR/2 ∩ Ω,

N s
Ω(u1BR

)(x) = FR(x) + dR in BR/2 \ Ω

for some constants cR, dR ∈ R and functions ER : BR/2 ∩ Ω → R and FR : BR/2 \ Ω → R such that

ER → 0 and FR → 0 locally uniformly in Ω and in Rn \ Ω, respectively.

6.1. First order correction. In order to prove that solutions possess C1,α regularity by a blow-up
procedure, we will need to rule out linear functions of the form b · x with b ∈ Rn and b · en = 0 in the
Liouville theorem (see Theorem 6.15). This will be achieved by subtracting variants of b · x that are
adapted to the geometry of the domain Ω.

Let s ∈ (0, 1) and ∂Ω ∈ C1,α for some α ∈ (0, 1] and with 0 ∈ ∂Ω and ν(0) = en. Let Φ : Rn → Rn
be a C1,α diffeomorphism with Φ(0) = 0 and DΦ(0) = I and such that Φ({xn > 0} ∩ B1) = Ω ∩ B1.
Moreover, we can choose Φ in such a way that (xn)+ = dΩ(Φ(x)) and that it is C∞ in the interior
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of Ω ∩ B1. Moreover, we can extend the function Φ in a bounded, smooth way in Ω \ B1, so that
Pb ∈ C1,α(Ω) ∩ C∞

loc(Ω).

In addition, we can extend the diffeomorphism Φ to {xn < 0} in such a way that Φ({xn ≤ 0}∩B1/2) =
B1/2 \ Ω and dΩc(Φ(y)) = (yn)− for all y ∈ {yn ≤ 0} ∩B1/2.

Let b ∈ Rn with bn = b ·en = 0 and define Pb(x) = b ·Φ−1(x) for x ∈ Ω. Note that, by the construction
of Φ, one has that en = DΦ(x)T∇dΩ(Φ(x)) and therefore DΦ(x)en = ∇dΩ(Φ(x)) = ν(Φ(x)).

By taking inverses, we get that DΦ−1(Φ(x))ν(Φ(x)) = en, and thus, since bn = 0,

∂νPb(x) = b · (DΦ−1(x) · ν(x)) = 0 for x ∈ ∂Ω ∩B1. (6.2)

Moreover, by the extension of Φ, we can assume that (6.2) holds true on the whole boundary ∂Ω, and
we can assume that Pb is bounded in Rn \ (B1 ∪ Ω). Finally, note that Pb(0) = 0 by construction.

We have the following result:

Lemma 6.4. Let ∂Ω ∈ C1,α for some α ∈ (0, 1] and Pb be as above for some b ∈ Rn with b · en = 0.
Then, for any x ∈ Ω ∩B1/4,

|LΩPb(x)| ≤ C|b|
(
1 + | log(dΩ(x))|+ dΩ(x)

1+α−2s + |x|α(1 + dΩ(x)
1−2s + | log dΩ(x)|)

)
, (6.3)

where C > 0 only depends on n, s, α, and the C1,α norm of Ω.

Proof. First of all, note that it suffices to prove the result in case |b| = 1. The general case can then
be immediately deduced by scaling. Let us define, for any y ∈ Ωc,

Pb(y) :=

(∫
Ω
|y − z|−n−2s dz

)−1 ∫
Ω
Pb(z)|y − z|−n−2s dz. (6.4)

We observe that N s
ΩPb = 0 in Ωc and hence

LΩPb(x) = (−∆)sPb(x) ∀x ∈ Ω,

so it remains to estimate the fractional Laplacian applied to Pb in order to prove the claim (6.3).

Note that Pb ∈ C1,α(Ω). Therefore, for all x ∈ Ω,∫
Ω
(Pb(x)− Pb(y))|x− y|−n−2s dy =

∫
Ω
(Pb(x)− Pb(y) + (x− y)∇Pb(x))|x− y|−n−2s dy

−
∫
Ω
(x− y)∇Pb(x)|x− y|−n−2s dy

=

∫
Ω
(Pb(x)− Pb(y) + (x− y)∇Pb(x))|x− y|−n−2s dy

− (n− 2s+ 2)−1

∫
∂Ω

(∇Pb(x)−∇Pb(y))ν(y)|x− y|−n−2s+2 dy,

where we used the divergence theorem together with the identity

∇y|x− y|−n−2s+2 = (n− 2s+ 2)(x− y)|x− y|−n−2s,

as well as ∂νPb(y) = ∇Pb(y) · ν(y) = 0 for all y ∈ ∂Ω by (6.2).

Since Pb ∈ C1,α(Ω), we can estimate

|Pb(x)− Pb(y) + (x− y)∇Pb(x)|+ |∇Pb(x)−∇Pb(y)||x− y| ≤ C|x− y|1+α ∀x, y ∈ Ω.

Moreover, given y ∈ BdΩ(x)/2(x), since Pb ∈ C∞
loc(Ω) we see that

|Pb(x)− Pb(y) + (x− y)∇Pb(x)| ≤ C|x− y|2.
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As a consequence of these observations,∣∣∣∣∫
Ω
(Pb(x)− Pb(y))|x− y|−n−2s dy

∣∣∣∣
≤ C

∫
B dΩ(x)

2

(x)
|x− y|−n−2s+2 dy + C

∫
Ω\B dΩ(x)

2

(x)
|x− y|−n−2s+1+α dy + C

∫
∂Ω
|x− y|−(n−1)−2s+1+α dy

≤ Cd−2s+1+α
Ω (x) + C.

It remains to estimate the integral over Ωc. To do so, let us define for y ∈ B1/2 \ Ω the projection of
y to ∂Ω by ȳ ∈ ∂Ω (if the projection is not unique, we replace B1/2 by a smaller ball and proceed in
the same way). It thereby follows that, for all x ∈ Ω,∫

B1/2\Ω
(Pb(y)− Pb(ȳ))|x− y|−n−2s dy

=

∫
B1/2\Ω

(∫
Ω
(Pb(z)− Pb(ȳ))|y − z|−n−2s dz

)(∫
Ω
|y − w|−n−2s dw

)−1

|x− y|−n−2s dy

=

∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

b ·
[
z − Φ−1(Φ(y))

]
|Φ(y)− Φ(z)|−n−2s| detDΦ(z)| dz

)
(∫

Ω
|Φ(y)− w|−n−2s dw

)−1

|x− Φ(y)|−n−2s| detDΦ(y)| dy

+

∫
B1/2\Ω

(∫
Ω\B1

(Pb(z)− Pb(ȳ))|y − z|−n−2s dz

)(∫
Ω
|y − w|−n−2s dw

)−1

|x− y|−n−2s dy.

Since Φ is a C1,α diffeomorphism, we observe that

| detDΦ(z)| = 1 +O(|z|α), |detDΦ(y)| = 1 +O(|y|α) ∀z ∈ {zn ≥ 0} ∩B1, ∀y ∈ {yn ≤ 0} ∩B1/2.

Furthermore, for all y ∈ {yn ≤ 0} ∩B1/2 and z ∈ {zn ≥ 0} ∩B1,

C−1|y − z| ≤ |Φ(y)− Φ(z)| ≤ C|y − z|. (6.5)

Also, for all y ∈ {yn ≤ 0} ∩B1/2,

W (y) :=

(∫
Ω
|Φ(y)− w|−n−2s dw

)−1

≤ C

(∫
{wn≥0}∩B1

|Φ(y)− Φ(w)|−n−2s dw

)−1

≤ C

(∫
{wn≥0}∩B1

|y − w|−n−2s dw

)−1

≤ C(yn)
2s
− = Cd2sΩ (Φ(y)).
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We now observe that∣∣|Φ(y)− Φ(z)|−n−2s − |y − z|−n−2s
∣∣ = ||y − z|n+2s − |Φ(y)− Φ(z)|n+2s|

|y − z|n+2s|Φ(y)− Φ(z)|n+2s

≤ C

|y − z|n+2s|Φ(y)− Φ(z)|n+2s

∣∣∣∣∣
∫ |Φ(y)−Φ(z)|

|y−z|
τn+2s−1 dτ

∣∣∣∣∣
≤ C

|y − z|n+2s−1 + |Φ(y)− Φ(z)|n+2s−1

|y − z|n+2s|Φ(y)− Φ(z)|n+2s
||y − z| − |Φ(y)− Φ(z)||

≤ C|y − z|−n−2s (|y − z|α + |y|α) ,
(6.6)

where we used (6.5) and

||y − z| − |Φ(y)− Φ(z)|| ≤ |Φ(y)− Φ(z)− (z − y)DΦ(y)|+ |(y − z)DΦ(0)− (y − z)DΦ(y)|
≤ C|y − z|1+α + C|y − z||y|α.

(6.7)

Moreover, for any y ∈ B1/2\{yn ≤ 0} we know that Φ(y)−Φ(y) is a multiple of ν(Φ(y)) and therefore,

by (6.2), we have b · [DΦ−1(Φ(y)) · (Φ(y)− Φ(y))] = 0. This gives that

|b · [y − Φ−1(Φ(y))]| = |b · Φ−1(Φ(y))− b · Φ−1(Φ(y))− b · [DΦ−1(Φ(y)) · (Φ(y)− Φ(y))]|

≤ C|Φ(y)− Φ(y)|1+α ≤ Cd1+αΩ (Φ(y)).
(6.8)

As a result,∣∣∣∣∣
∫
B1/2\Ω

(Pb(y)− Pb(ȳ))|x− y|−n−2s dy

∣∣∣∣∣
≤

∣∣∣∣∣
∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

b · [z − y] |y − z|−n−2s dz

)
W (y)|x− Φ(y)|−n−2s| detDΦ(y)| dy

∣∣∣∣∣
+ C

∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

{
|z − y|(|z − y|α + |y|α) + d1+αΩ (Φ(y))

}
|y − z|−n−2s dz

)
d2sΩ (Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

+

∫
B1/2\Ω

∣∣∣∣∣
∫
Ω\B1

(Pb(z)− Pb(ȳ))|y − z|−n−2s dz

∣∣∣∣∣
(∫

Ω
|y − w|−n−2s dw

)−1

|x− y|−n−2s dy

=: I1 + I2 + I3.

For I1 let us observe that a cancellation is happening within the integral in z, making it bounded from
above, uniformly in y. Hence, transforming back from the half-space to Ω,

I1 ≤ C

∫
{yn≤0}∩B1/2

W (y)|x− Φ(y)|−n−2s| detDΦ(y)| dy

≤ C

∫
{yn≤0}∩B1/2

d2sΩc(Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

= C

∫
Ωc∩B1/2

d2sΩc(y)|x− y|−n−2s dy

≤ C(1 + | log dΩ(x)|).
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For I2, we transform back from the half-space to Ω and use (6.5), finding that

I2 ≤ C

∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

|y − z|−n−2s+1+α dz

)
d2sΩc(Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

+ C

∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

|y − z|−n−2s+1 dz

)
|y|αd2sΩc(Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

+ C

∫
{yn≤0}∩B1/2

(∫
{zn>0}∩B1

|y − z|−n−2s dz

)
d1+α+2s
Ωc (Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

≤ C

∫
{yn≤0}∩B1/2

(1 + d1+α−2s
Ωc (Φ(y)))dΩc(Φ(y))2s|x− Φ(y)|−n−2s| detDΦ(y)| dy

+ C

∫
{yn≤0}∩B1/2

(1 + d1−2s
Ωc (Φ(y)))|Φ(y)|αd2sΩc(Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

+ C

∫
{yn≤0}∩B1/2

d1+αΩc (Φ(y))|x− Φ(y)|−n−2s| detDΦ(y)| dy

= C

∫
Ωc∩B1/2

(1 + d1+α−2s
Ωc (y))d2sΩc(y)|x− y|−n−2s dy

+ C

∫
Ωc∩B1/2

(1 + d1−2s
Ωc (y))|y|αd2sΩc(y)|x− y|−n−2s dy

+ C

∫
Ωc∩B1/2

d1+αΩc (y)|x− y|−n−2s dy

≤ C(1 + | log dΩ(x)|+ d1+α−2s
Ω (x) + |x|αd1−2s

Ω (x) + |x|α(1 + | log dΩ(x)|)).

For I3, we recall that |Pb(z)|+ |Pb(y)| ≤ C and we conclude that

I3 ≤
∫
B1/2\Ω

∣∣∣∣∣
∫
Ω\B1

|y − z|−n−2s dz

∣∣∣∣∣
(∫

Ω
|y − w|−n−2s dw

)−1

|x− y|−n−2s dy

≤ C

∫
B1/2\Ω

d2sΩc(y)|x− y|−n−2s dy

≤ C(1 + | log dΩ(x)|).

Altogether, we have shown that∣∣∣∣∣
∫
B1/2\Ω

(Pb(y)− Pb(ȳ))|x− y|−n−2s dy

∣∣∣∣∣ ≤ C(1 + | log dΩ(x)|) + C|x|α(d1−2s
Ω (x) + 1 + | log dΩ(x)|).

Next, we perform the same change of variable as before and apply (6.6) with y := y and z := Φ−1(x).
In this way, keeping in mind (6.7) and (6.8), we arrive at∣∣∣∣∣

∫
B1/2\Ω

(Pb(ȳ)− Pb(x))|x− y|−n−2s dy

∣∣∣∣∣
=

∫
{yn≤0}∩B1/2

b ·
[
Φ−1(Φ(y))− Φ−1(x)

]
|x− Φ(y)|−n−2s| detDΦ(y)| dy



58 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

≤

∣∣∣∣∣
∫
{yn≤0}∩B1/2

b ·
[
y − Φ−1(x)

]
|y − Φ−1(x)|−n−2s dy

∣∣∣∣∣
+ C

∫
{yn≤0}∩B1/2

{
|y − Φ−1(x)|(|y − Φ−1(x)|α + |y|α) + (yn)

1+α
−
}
|y − Φ−1(x)|−n−2s dy

=: J1 + J2.

Note that J1 is bounded from above, uniformly in x ∈ B1/4, since a cancellation takes place. Thus, it
remains to estimate J2. To this end, after an elementary computation we see that

J2 ≤ C(1 + ((Φ−1(x))n)
1+α−2s
− + |Φ−1(x)|α((Φ−1(x))n)

1−2s
− + | log(Φ−1(x))n)−|)

≤ C(1 + d1+α−2s
Ω (x) + |x|α(d1−2s

Ω (x) + 1 + | log dΩ(x)|)).

Hence, ∣∣∣∣∣
∫
B1/2\Ω

(Pb(x)− Pb(y))|x− y|−n−2s dy

∣∣∣∣∣
≤ C(1 + | log dΩ(x)|) + Cd1−2s+α

Ω (x) + C|x|α(d1−2s
Ω (x) + 1 + | log dΩ(x)|).

Finally, given y ∈ Bc
1/2 \Ω, we recall (6.4) and the fact that |Pb(z)| ≤ Cmin{|z|, 1} ≤ C for any z ∈ Ω.

As a consequence,

|Pb(y)| ≤ Cd2sΩc(y)

∫
Ω
|y − z|−n−2s dz ≤ C.

Accordingly, since x ∈ Ω ∩B1/4,∣∣∣∣∣
∫
Bc

1/2
\Ω
(Pb(x)− Pb(y))|x− y|−n−2s dy

∣∣∣∣∣ ≤ C

∫
Bc

1/2
\Ω

|x− y|−n−2s dy ≤ C.

The proof of (6.3) is thereby complete. □

In order to show that solutions to the nonlocal Neumann problem possess regularity of order 2s+ε > 1
for some ε > 0 (for certain values of s), we need to prove that LΩPb ∈ Cε. To establish this, we need
to improve the L∞ estimate in Lemma 6.4.

To do so, we observe that if 1 + α > 2s, then we can always construct Pb in such a way that∫
Ω
Pb(y)|y|−n−2s dy = 0 (6.9)

by adding a bump function κ ∈ C∞(Rn) with supp(κ) ⊂ Ω \B1/2 to Pb that is normalized such that∫
Rn

κ(y)|y|−n−2s dy = −
∫
Ω
Pb(y)|y|−n−2s dy.

Remark 6.5. Note that if 1 + α > 2s, then∣∣∣∣∫
Ω
Pb(y)|y|−n−2s dy

∣∣∣∣ <∞.

Indeed, recalling (6.6) and using that | detDΦ(y)| = 1 +O(|y|α), we have that∫
Ω∩B1

Pb(y)|y|−n−2s dy =

∫
{yn≥0}∩B1

(b · y)|y|−n−2s dy +

∫
{yn≥0}∩B1

O(|y|−n−2s+1+α) dy.

Then, the first integral is finite due to a cancellation and the second integral is finite since 1+α > 2s.
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Remark 6.6. Note that the space P := {Pb : b ∈ {bn = 0}} is a subspace of L2(Br) for any r ∈ (0, 14 ].
To see this, if b = ei in (6.9) we consider bump functions κei , while if b =

∑
i λiei ∈ Rn we define the

corresponding bump function by κb :=
∑

i λiei.

In this way, the definitions

Pb(x) =

b · Φ
−1(x), x ∈ B1/4 ∩ Ω,( ∫

Ω |x− z|−n−2s dz
)−1 ∫

Ω

(
b · Φ−1

k (z) + κb(z)
)
|x− z|−n−2s dz, x ∈ B1/4 \ Ω

are compatible with the properties (6.9) and (6.4), giving that Pλb1+b2 = λPb1 + Pb2 in B1/4 for any

λ ∈ R and b1, b2 ∈ Rn. This makes P indeed a linear subspace of L2(Br).

The following result contains the Cε estimate for LΩPb.

Lemma 6.7. Let ∂Ω ∈ C1,α for some α ∈ (0, 1] and Pb be as above for some b ∈ Rn with b · en = 0
and satisfying (6.9). Assume that 1 + α ≥ 2s+ ε for some ε ∈ (0, 1).

Then, for any x ∈ Ω ∩B1/4 and r = dΩ(x)/2,

[LΩPb]Cε(Br(x)) ≤ C|b|
(
1 + r

1+α−2s
1+α

−ε + |x|
1+α−2s

1+α r−ε
)
, (6.10)

where C > 0 only depends on n, s, α, ε, and the C1,α norm of Ω.

Proof. As in the proof of Lemma 6.4 we restrict ourselves to the case |b| = 1 and define Pb in Ωc by
the expression in (6.4), so that LΩPb(x) = (−∆)sPb(x) for any x ∈ Ω. Moreover, for y ∈ B1/2 \ Ω
we denote the projection of y to ∂Ω by ȳ ∈ ∂Ω (if the projection is not unique, we replace B1/2 by a
smaller ball and proceed in the same way).

The proof is split into several steps.

Step 1: First, we claim that when δ = 1+α−2s
1+α ∈ (0, 1] we have that, for any y ∈ B1/2 \ Ω,

|Pb(y)− Pb(ȳ)| ≤ Cd2sΩc(y)|y|δ. (6.11)

To see this, note that, by the construction of Pb in Ωc,

Pb(y) =

(∫
Ω
|y − z|−n−2s dz

)−1 ∫
Ω
(Pb(z)− Pb(ȳ))|y − z|−n−2s dz + Pb(ȳ). (6.12)
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Hence, it remains to estimate the first summand in the previous identity. Using (6.9), we obtain for
some ρ > 0 to be chosen later, that∣∣∣ ∫

Ω
(Pb(z)− Pb(ȳ))|y − z|−n−2s dz

∣∣∣
≤
∣∣∣ ∫

Ω
(Pb(z)− Pb(ȳ))|ȳ − z|−n−2s dz −

∫
Ω
Pb(z)|z|−n−2s dz

∣∣∣
+
∣∣∣ ∫

Ω
(Pb(z)− Pb(ȳ))

(
|y − z|−n−2s − |ȳ − z|−n−2s

)
dz
∣∣∣

≤
∣∣∣ ∫

Ω
(Pb(z)− Pb(ȳ))|ȳ − z|−n−2s dz −

∫
Ω
Pb(z)|z|−n−2s dz

∣∣∣
+
∣∣∣ ∫

Ω\Bρ(ȳ)
(Pb(z)− Pb(ȳ))

(
|y − z|−n−2s − |ȳ − z|−n−2s

)
dz
∣∣∣

+
∣∣∣ ∫

Ω∩Bρ(ȳ)
(Pb(z)− Pb(ȳ))

(
|ȳ − z|−n−2s

)
dz
∣∣∣

+
∣∣∣ ∫

Ω∩Bρ(ȳ)
(Pb(z)− Pb(ȳ))

(
|y − z|−n−2s

)
dz
∣∣∣

= I1 + I2 + I3 + I4.

(6.13)

To estimate I1, we recall from [16, Lemma 4.1] that

[(−∆)sΩPb]C1+α−2s(Ω) ≤ C∥Pb∥C1+α(Ω), (6.14)

where (−∆)sΩ denotes the regional fractional Laplacian.

Therefore, since Pb(0) = 0,

I1 ≤ C|(−∆)sΩPb(ȳ)− (−∆)sΩPb(0)| ≤ C|ȳ|1+α−2s ≤ C(d1+α−2s
Ωc (y) + |y|1+α−2s).

To estimate I2, we observe that |ȳ−z| ≤ dΩc(y)+|y−z| ≤ 2|y−z| for any z ∈ Ω and that Pb ∈ C0,1(Ω),
which leads to

I2 ≤ C|y − ȳ|
∫
Ω\Bρ(ȳ)

(Pb(z)− Pb(ȳ))min{|y − z|, |ȳ − z|}−n−2s−1 dz

≤ CdΩc(y)

∫
Ω\Bρ(ȳ)

|z − ȳ||ȳ − z|−n−2s−1 dz ≤ CdΩc(y)ρ−2s.

To estimate I3, we first recall that ∂νPb(ȳ) = 0. hence, ∇Pb(ȳ) = τ(ȳ), where τ(ȳ) is tangential to ∂Ω
at ȳ. Hence, using that |Pb(z)− Pb(ȳ)−∇Pb(ȳ) · (ȳ − z)| ≤ C|ȳ − z|1+α, we deduce

I3 =
∣∣∣ ∫

Ω∩Bρ(ȳ)
(Pb(ȳ)− Pb(z))|ȳ − z|−n−2s dz

∣∣∣
≤
∣∣∣ ∫

Ω∩Bρ(ȳ)
τ(ȳ) · (ȳ − z)|ȳ − z|−n−2s dz

∣∣∣+ C

∫
Ω∩Bρ(ȳ)

|ȳ − z|−n−2s+1+α dz

≤ C
∣∣∣ ∫

Ω∩Bρ(ȳ)∩{(ȳ−z)·τ(ȳ)≥0}
|ȳ − z|−n−2s+1 dz

∣∣∣+ C
∣∣∣ ∫

Bρ(ȳ)\(Ω∩{(ȳ−z)·τ(ȳ)≥0})
|ȳ − z|−n−2s+1 dz

∣∣∣
+ Cρ1+α−2s,
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where we used that ∫
Bρ(ȳ)∩{(ȳ−z)·τ(ȳ)≥0}

τ(ȳ) · (ȳ − z)|ȳ − z|−n−2s dz = 0,

due to a cancellation in the integral.

Since ∂Ω ∈ C1,α, for small enough t one has that

|Bt(ȳ) ∩ {(ȳ − z) · τ(ȳ) ≥ 0} ∩ Ω| ≤ Ctn+α.

Therefore, by the coarea formula,∣∣∣ ∫
Ω∩Bρ(ȳ)∩{(ȳ−z)·τ(ȳ)≥0}

|ȳ − z|−n−2s+1 dz
∣∣∣ ≤ C

∫ ρ

0
t−n−2s+1|Bt(ȳ) ∩ {(ȳ − z) · τ(ȳ) ≥ 0} ∩ Ω| dt

≤ C

∫ ρ

0
t−2s+α dt ≤ Cρ1+α−2s,

where we used that 1 + α > 2s for the integral to converge.

It follows from these observations that

I3 ≤ Cρ1+α−2s.

It remains to consider I4, which goes by analogous arguments. In this situation we see that

I4 ≤
∣∣∣ ∫

Ω∩Bρ(ȳ)
(Pb(ȳ)− Pb(z))|y − z|−n−2s dz

∣∣∣
≤
∣∣∣ ∫

Ω∩Bρ(ȳ)
τ(ȳ) · (ȳ − z)|y − z|−n−2s dz

∣∣∣+ C

∫
Ω∩Bρ(ȳ)

|y − z|−n−2s|ȳ − z|1+α dz =: I4,1 + I4,2.

For I4,1, since ȳ is the projection of y, one finds that∫
Bρ(ȳ)

τ(ȳ) · (ȳ − z)|y − z|−n−2s dz = 0.

Therefore, using again the coarea formula and the fact that |ȳ − z| ≤ |y − z|,

I4,1 ≤
∣∣∣ ∫

Ω∩Bρ(ȳ)∩{(ȳ−z)·τ(ȳ)≥0}
|ȳ − z|−n−2s+1 dz

∣∣∣+ C
∣∣∣ ∫

Bρ(ȳ)\(Ω∩{(ȳ−z)·τ(ȳ)≥0})
|ȳ − z|−n−2s+1 dz

∣∣∣
≤ Cρ1+α−2s.

For I4,2, since |y − z| ≥ |ȳ − z|, we see that

I4,2 ≤ C

∫
Ω∩Bρ(ȳ)

|ȳ − z|−n−2s+1+α dz ≤ Cρ1+α−2s.

By combining the estimates for I1, I2, I3, I4,1, I4,2 with (6.12) and (6.13), we conclude that

|Pb(y)− Pb(ȳ)| ≤ Cd2sΩc(y)
∣∣∣ ∫

Ω
(Pb(z)− Pb(ȳ))|y − z|−n−2s dz

∣∣∣
≤ Cd1+α−2s

Ωc (y) + C|y|1+α−2s + CdΩc(y)ρ−2s + Cρ1+α−2s.

Let us now choose ρ = d
1

1+α

Ωc (y) (this choice minimizes the right-hand side in the previous display).
Then, we obtain (6.11), as desired.
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Step 2: Let us now write Pb = P
(1)
b + P

(2)
b , where we let P

(1)
b ∈ C1,α(B1) ∩ L∞(Rn) be such that

P
(1)
b = Pb in Ω, i.e. P

(1)
b is a C1,α extension of Pb from B1 ∩Ω to B1. Then, it is well-known (see [18,

Lemma 2.2.6]) that

[(−∆)sP
(1)
b ]Cε(Br(x)) ≤ C.

It remains to prove

[(−∆)sP
(2)
b ]Cε(Br(x)) ≤ C

(
1 + rδ−ε + |x|δr−ε

)
. (6.15)

To check this, we pick x1, x2 ∈ Br(x) and observe that, since P
(2)
b ≡ 0 in Ω,

|(−∆)sP
(2)
b (x1)− (−∆)sP

(2)
b (x2)| ≤

∣∣∣ ∫
Rn

(P
(2)
b (x1)− P

(2)
b (x2))|x1 − y|−n−2s dy

∣∣∣
+
∣∣∣ ∫

Rn

(P
(2)
b (x2)− P

(2)
b (y))

(
|x1 − y|−n−2s − |x2 − y|−n−2s

)
dy
∣∣∣

≤ C|x1 − x2|ε
∫
Ωc

|P (2)
b (y)|min{|x1 − y|, |x2 − y|}−n−2s−ε dy.

Also, since P
(2)
b is bounded and x1, x2 ∈ B1/4, we have that∫

Bc
1/2

\Ω
|P (2)
b (y)|min{|x1 − y|, |x2 − y|}−n−2s−ε dy ≤ C.

Now we recall (6.11) and, since Pb(ȳ) = P
(1)
b (ȳ) and ∂νP

(1)
b (ȳ) = 0, we deduce that, for all y ∈ B1/2\Ω,

|P (2)
b (y)| ≤ |Pb(y)− Pb(ȳ)|+ |P (1)

b (y)− Pb(ȳ)| ≤ Cd2sΩc(y)|y|δ + Cd1+αΩc (y).

Therefore, using that dΩ(x1) + dΩ(x2) ≤ 4r and |x1| + |x2| ≤ |x| + r, and recalling also [18, Lemma
B.2.4], ∫

B1/2\Ω
|P (2)
b (y)|min{|x1 − y|, |x2 − y|}−n−2s−ε dy

≤ C

∫
B1/2\Ω

d1+αΩc (y)min{|x1 − y|, |x2 − y|}−n−2s−ε dy

+ C

∫
B1/2\Ω

d2sΩc(y)min{|x1 − y|, |x2 − y|}−n−2s−ε+δ dy

+ C(|x|+ r)δ
∫
B1/2\Ω

d2sΩc(y)min{|x1 − y|, |x2 − y|}−n−2s−ε dy

≤ C + Cr1+α−2s−ε + Crδ−ε + C|x|δr−ε.

All in all, we have shown that

|(−∆)sP
(2)
b (x1)− (−∆)sP

(2)
b (x2)| ≤ C|x1 − x2|ε

(
1 + r1+α−2s−ε + rδ−ε + |x|δr−ε

)
,

which implies (6.15), yielding the desired result. □
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6.2. Regularity outside the solution domain. The following result shows that the regularity of
solutions is transferred to the exterior of the solution domain through the nonlocal Neumann condition.

Lemma 6.8. Let s ∈ (0, 1) and Ω ⊂ Rn be such that ∂Ω ∈ C1,α, for some α > 0, with 0 ∈ ∂Ω. Let
x0 ∈ B1/2 \ Ω, ρ = dΩc(x0)/4, and u be such that

N s
Ωu = 0 in Bρ(x0).

Let x∗0 ∈ ∂Ω with |x0 − x∗0| = dΩ(x0), and assume that, for some γ, γ′ ∈ (0, 1] and C1, C2 ∈ (0,+∞),

|u(y)− u(x∗0)| ≤ C1|y − x∗0|γ
′ ∀y ∈ B1 ∩ Ω,

|u(y)− u(x∗0)| ≤ C2|y − x∗0|γ ∀y ∈ Bρ(x0).
(6.16)

Then, it holds

[u]Cγ(Bρ(x0)) ≤ C
(
(C1 + ∥u∥L∞(Ω\B1))ρ

γ′−γ + C2

)
,

where C > 0 depends only on n, s, γ, γ′.

Note that variations of the previous result also hold for γ > 1 by subtracting the functions Pb from
Subsection 6.1. We do not investigate higher order extensions of Lemma 6.8, since they are not needed
for our main result.

Proof. We denote

W (x) :=

∫
Ω
|x− y|−n−2s dy ≥ Cd−2s

Ωc (x) ≥ Cρ−2s, x ∈ B1 \ Ω. (6.17)

Moreover, we set v(x) = u(x)− u(x∗0), and observe that

N s
Ωv = 0 in Bρ(x0),

|v(y)| ≤ (C1 + C∥v∥L∞(Ω\B1))|y − x∗0|γ
′ ∀y ∈ Ω,

|v(y)| ≤ C2|y − x∗0|γ ∀y ∈ Bρ(x0).

(6.18)

Let us now consider x, x̄ ∈ Bρ(x0). Then, (6.18) implies

|W (x)v(x)−W (x̄)v(x̄)| ≤ C

∫
Ω
|v(y)|

∣∣|x− y|−n−2s − |x̄− y|−n−2s
∣∣ dy

≤ C|x− x̄|
∫
Ω
|v(y)|

(
|x− y|−n−2s−1 + |x̄− y|−n−2s−1

)
dy

≤ C(C1 + ∥v∥L∞(Ω\B1))|x− x̄|
∫
Ω
|y − x∗0|γ

′(|x− y|−n−2s−1 + |x̄− y|−n−2s−1
)
dy

=: I.

Next, using that |x− x∗0|γ ≤ |x− x0|+ 4ρ ≤ 5ρ and dΩc(x) ≥ ρ (and similarly for x̄), one sees that

I ≤ C(C1 + ∥v∥L∞(Ω\B1))|x− x̄|
(
|x− x∗0|γ

′
∫
Ω
|x− y|−n−2s−1 dy +

∫
Ω
|x− y|−n−2s−1+γ′ dy

+ |x̄− x∗0|γ
′
∫
Ω
|x̄− y|−n−2s−1 dy +

∫
Ω
|x̄− y|−n−2s−1+γ′ dy

)
≤ C(C1 + ∥v∥L∞(Ω\B1))|x− x̄|

(
|x− x∗0|γ

′
(d−2s−1

Ωc (x) + d−2s−1
Ωc (x̄)) + d−2s−1+γ′

Ωc (x) + d−2s−1+γ′

Ωc (x̄)
)

≤ C(C1 + ∥v∥L∞(Ω\B1))|x− x̄|γρ−2s+γ′−γ ,

where we also used that γ′ ≤ 1 < 1 + 2s by assumption and that |x− x̄| ≤ 2ρ.
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Therefore, one concludes that

|W (x)v(x)−W (x̄)v(x̄)| ≤ C|x− x̄|γ(C1 + ∥v∥L∞(Ω\B1))ρ
−2s+γ′−γ . (6.19)

Moreover, we observe that

|W (x)−W (x̄)| ≤ C

∫
Ω

∣∣|x− y|−n−2s − |x̄− y|−n−2s
∣∣ dy

≤ C|x− x̄|γ
∫
Ω

(
|x− y|−n−2s−γ + |x̄− y|−n−2s−γ) dy

≤ C|x− x̄|γ(d−2s−γ
Ωc (x) + d−2s−γ

Ωc (x̄)) ≤ C|x− x̄|γρ−2s−γ .

(6.20)

Combining (6.19) and (6.20) with the second estimate in (6.18) and (6.17), we finally obtain

|v(x)− v(x̄)| ≤ |W (x)|−1|W (x)v(x)−W (x̄)v(x̄)|+ |v(x̄)||W (x)|−1|W (x)−W (x̄)|

≤ C|x− x̄|γ
(
ρ2s(C1 + ∥v∥L∞(Ω\B1))ρ

−2s+γ′−γ + C2|x̄− x∗0|γρ2sρ−2s−γ)
≤ C|x− x̄|γ((C1 + ∥u∥L∞(Ω\B1))ρ

γ′−γ + C2).

In the last step, we also used that ∥v∥L∞(Ω\B1) ≤ 2∥u∥L∞(Ω\B1). This implies the desired result, using
that v(x)− v(x̄) = u(x)− u(x̄). □

6.3. Expansions involving first order corrections. In order to prove regularity estimates by
blowup, we need to prove two auxiliary results involving the first order corrections Pb from Subsec-
tion 6.1. The first one is reminiscent of [1, Lemma 4.3], and the second one is a refinement of several
estimates in [1, Proof of Proposition 4.1]. See also [35, Lemmata 2.14 and 2.15].

Here we denote Ωρ := Ω ∩ Bρ, Also, we let [u]Cγ(Bρ) := ∥u∥L∞(Ωρ) when γ = 0, i.e. in that case we
only take into account information inside Ω in an L∞ sense.

Lemma 6.9. Let γ ∈ [0,min{1, 2s}] and ∂Ω ∈ C1,α for some α ∈ (0, 1] with α ≥ γ. Let u ∈ Cγ(B1/4).
Let β > 0 such that β + γ > 1.

Assume that for any ρ ∈ [0, 14 ] there exists bρ ∈ {b · en = 0} such that, for some c0 > 0,

[u− Pbρ ]Cγ(Bρ) ≤ c0ρ
β,

where Pbρ is as in Subsection 6.1 satisfying (6.4), and also (6.9) in case γ > 0.

Then there exists b0 ∈ {b · en = 0} such that, for any ρ ∈ (0, 14 ],

[u− Pb0 ]Cγ(Bρ) ≤ Cc0ρ
β,

where C > 0 depends only on n, β, γ, and the C1,α norm of Ω.

Proof. We set Pρ := Pbρ . We have that, for any ρ ∈ (0, 14 ],

[Pρ − P2ρ]Cγ(Bρ) ≤ [Pρ − u]Cγ(Bρ) + [u− P2ρ]Cγ(B2ρ) ≤ c0(1 + 2β)ρβ. (6.21)

We also recall that 0 ∈ ∂Ω, (Φ−1(x))n = dΩ(x), that Pb(x) = b · Φ−1(x) for x ∈ Ωρ ⊂ Bρ, and that
[dΩ]Cγ(Ωρ) ≥ Cρ1−γ . Thus, we deduce from (6.5) and (6.21) that

|bρ − b2ρ| ≤ C|bρ − b2ρ|ρ−1+γ [dΩ]Cγ(Ωρ) = C|bρ − b2ρ|ρ−1+γ [Φ−1(·)n]Cγ(Bρ)

= Cρ−1+γ [Pρ − P2ρ]Cγ(Ωρ) ≤ Cc0r
β+γ−1.

(6.22)

Moreover, a similar argument gives that

|b1/4| ≤ C[P1/4]Cγ(Ω1/4) ≤ C[u− P1/4]Cγ(B1/4) + C[u]Cγ(B1/4) <∞. (6.23)
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Therefore, since β + γ − 1 > 0, the limit b0 := limρ↘0 bρ exists.

Accordingly, by (6.22),

|b0 − bρ| ≤
∞∑
j=0

|b2−jρ − b2−j−1ρ| ≤ Cc0

∞∑
j=0

(2−jρ)β+γ−1 ≤ Cc0ρ
β+γ−1.

Next, we observe that, for any x, y ∈ Ωρ,

[Φ−1]Cγ(Ωρ) ≤ Cρ1−γ (6.24)

Indeed, when γ = 0, this fact follows immediately from (6.5) and when γ > 0 from the following
computation, using that Φ ∈ C0,1:

|Φ−1(x)− Φ−1(y)| ≤ C|x− y| ≤ C|x− y|γρ1−γ . (6.25)

From (6.24) we deduce that, for b = (b0 − bρ)/|b0 − bρ|,
[Pρ − P0]Cγ(Bρ) ≤ |b0 − bρ|[Pb]Cγ(Bρ)

≤ C|b0 − bρ|[Φ−1]Cγ(Ωρ) + |b0 − bρ|[Pb]Cγ(Bρ\Ω) ≤ C|b0 − bρ|ρ1−γ .
(6.26)

Now we prove that [Pb]Cγ(Bρ\Ω) ≤ Cρ1−γ . To see this, we recall that γ ≤ min{1, 2s}. Hence, by (6.11),
we see that, for any y ∈ Bρ \ Ω and ȳ ∈ ∂Ω with |y − ȳ| = dΩc(y),

|Pb(y)− Pb(ȳ)| ≤ C|y − ȳ|2s|y|1−
2s

1+α ≤ C|y − ȳ|γρ2s−γ+1− 2s
1+α .

Moreover, using that Φ−1 ∈ C0,1(Ω), we see that, when y ∈ Ωρ,

|Pb(y)− Pb(ȳ)| ≤ C|y − ȳ| ≤ C|y − ȳ|.

Hence, Lemma 6.8 (applied with γ′ = 1) implies that

[Pb]Cγ(Bρ\Ω) ≤ C(ρ1−γ + ρ2s−γ+1− 2s
1+α ) ≤ Cρ1−γ , (6.27)

where we used that 2s− γ + 1− 2s
1+α > 1− γ.

These observations give that

[u− P0]Cγ(Bρ) ≤ [u− Pρ]Cγ(Bρ) + [Pρ − P0]Cγ(Bρ) ≤ c0ρ
β + Cρ1−γ |b0 − bρ| ≤ Cc0ρ

β,

as desired. □

Lemma 6.10. Let γ ∈ [0,min{1, 2s}] and ∂Ω ∈ C1,α for some α ∈ (0, 1] with α ≥ γ. Let u ∈
Cγ(B1/4). Let β > 0 such that β + γ > 1.

Assume that for any ρ ∈ (0, 14 ] there exists bρ ∈ {b · en = 0} such that, for some function θ : (0, 14 ] →
(0,∞) with θ(ρ) ↗ ∞, as ρ↘ 0 we have that

[u− Pbρ ]Cγ(Bρ) ≤ θ(ρ)ρβ,

where Pbρ is as in Subsection 6.1 satisfying (6.4), and also (6.9) in case γ > 0.

Then, for any R ≥ 1 with Rr ≤ 1
4 and any K ∈ N we have that

[u− Pbr ]Cγ(BRr)

rβθ(r)
≤ CRβ,

|br|
θ(r)

≤ Cθ(r)−1(θ(8−1) + [u]Cγ(B1/4) + C(K)) + C2−K(β+γ−1),

for C > 0 depending only on n, β, γ, and the C1,α norm of Ω, where C(K) =
∑K

i=1 θ(2
−i−3)2−i(β+γ−1).
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Note that the second statement proves that |br|θ(r)−1 → 0, as r → 0, and that the modulus of
convergence does not depend on |br|.

Proof. By the same arguments as in (6.22), and using that θ is non-increasing, we have

|br − b2r| ≤ Cθ(r)rβ+γ−1.

Iterating this inequality, we get for any N ∈ N, as long as 2Nr ≤ 1
4 :

|br − b2Nr| ≤
N−1∑
i=0

|b2ir − b2i+1r| ≤ C
N−1∑
i=0

θ(2ir)(2ir)β+γ−1

≤ Cθ(r)rβ+γ−1
N−1∑
i=0

θ(2ir)

θ(r)
2i(β+γ−1) ≤ Cθ(r)(2Nr)β+γ−1.

(6.28)

We also remark that [Φ−1]Cγ(Ωρ) ≤ Cρ1−γ , thanks to (6.25). Hence, by (6.5) and (6.27), arguing in

the same way as in the proof of (6.26), one deduces from (6.28) that, for all R ≥ 1 with Rr ≤ 1
4 ,

[PRr − Pr]Cγ(BRr) ≤ Cθ(r)(Rr)β.

Thus,

[u− Pr]Cγ(BRr)

rβθ(r)
≤

[u− PRr]Cγ(BRr)

rβθ(r)
+

[PRr − Pr]Cγ(BRr)

rβθ(r)
≤ θ(Rr)(Rr)β

rβθ(r)
+ C

θ(r)(Rr)β

rβθ(r)
≤ cRβ.

This proves the first claim. The second claim follows by choosing for any r > 0 a number N ∈ N such
that 2Nr ∈ [18 ,

1
4 ] and deducing from (6.28) that, for any K ∈ N,

|br − b2Nr|
θ(r)

≤ C

N∑
i=1

θ(2N−ir)

θ(r)
(2N−ir)β+γ−1

≤ C
K∑
i=1

θ(2−i−3)

θ(r)
(2−i)β+γ−1 + C

∞∑
i=K+1

(2−i)β−1 =: C(K)θ(r)−1 + C2−K(β+γ−1).

Moreover, by the same argument as in (6.23) we have, for any ρ ∈ [18 ,
1
4 ],

|bρ| ≤ Cθ(8−1) + C[u]Cγ(B1/4),

and therefore

|br|
θ(r)

≤ |b2Nr|
θ(r)

+
|br − b2Nr|

θ(r)
≤ C

(
θ(8−1) + [u]Cγ(B1/4) + C(K)

)
θ(r)−1 + C2−K(β+γ−1),

as claimed. □

6.4. Treating unbounded source terms. Let us recall that in [4] boundary regularity was only
established for weak solutions to the nonlocal Neumann problem LΩu = f when f ∈ Lq(Ω) for some
q > n

2s . However, when applied to LΩ, the functions Pb from Subsection 6.1 in general do not produce

source terms that are in Lq(Ω), but which rather explode at the boundary like d1−2s
Ω (see Lemma 6.4

and Lemma 6.7). Therefore, we need to adapt several auxiliary results from [4] to such general family
of source terms.

In this subsection we present an auxiliary result which is reminiscent of [27, Lemma 3.1] and prove an
HK-bound for weak solutions to nonlocal Neumann problems with source terms exhibiting singular
boundary behavior.
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Given Ω ⊂ Rn, R > 0, and x0 ∈ Ω, let us write ΩR(x0) := Ω ∩BR(x0).

Lemma 6.11. Let Ω ⊂ Rn be a bounded Lipschitz domain. Let s ∈ (0, 1), R > 0, x0 ∈ Ω, and
ds−εΩ f ∈ L∞(Ω) for some ε ∈ (0, s].

Then, for any v ∈ Hs(Ω) with v = 0 in Ω \ ΩR(x0),∫
ΩR(x0)

|fv| dx ≤ CR
n
2
+ε∥ds−εΩ f∥L∞(ΩR(x0))[v]Hs(Ω),

where C > 0 only depends on n, s, ε and the Lipschitz norm of Ω.

Proof. First, let us assume that dΩ(x0) ≤ 2R. Then,∫
ΩR(x0)

|fv| dx ≤ CRε∥ds−εΩ f∥L∞(ΩR(x0))

∥∥∥∥∥ v

dsΩR(x0)

∥∥∥∥∥
L1(ΩR(x0))

≤ CR
n
2
+ε∥ds−εΩ f∥L∞(ΩR(x0))

∥∥∥∥∥ v

dsΩR(x0)

∥∥∥∥∥
L2(ΩR(x0))

,

(6.29)

where we used that dΩR(x0) ≤ min{2R, dΩ(x)} in ΩR(x0) and Hölder’s inequality together with the
fact that |ΩR(x0)| ≍ Rn.

Next, we observe that for any x ∈ ΩR(x0) we can find yx ∈ Ω such that BR(yx) ⊂ Ω \BR(x0) and for
any y ∈ BR(yx) it holds |x− y| ≥ dΩR(x0)(x). Thus, we have∫

BR(yx)
|x− y|−n−2s dy ≥ cRnd−n−2s

ΩR(x0)
(x) ≥ cd−2s

ΩR(x0)
(x).

Consequently, since v = 0 in BR(yx),∥∥∥∥∥ v

dsΩR(x0)

∥∥∥∥∥
2

L2(ΩR(x0))

≤ c

∫
ΩR(x0)

|v(x)|2
(∫

BR(yx)
|x− y|−n−2s dy

)
dx

≤ c

∫
ΩR(x0)

∫
BR(yx)

|v(x)− v(y)|2|x− y|−n−2s dy dx ≤ c[v]2Hs(Ω).

A combination of the previous estimate and (6.29) yields the claim.

In case dΩ(x0) > 2R we have that BR(x0) = ΩR(x0). Accordingly, by testing the weak formulation for
v with v itself, following similar arguments as in (6.29), and using the fractional Poincaré-Wirtinger
inequality, we conclude that∫

ΩR(x0)
|fv|dx ≤ CR

n
2
+ε−s∥ds−εΩ f∥L∞(ΩR(x0))∥v∥L2(BR(x0)) ≤ CR

n
2
+ε∥ds−εΩ f∥L∞(ΩR(x0))[v]Hs(BR(x0)).

This proves the claim also in the second case, and the proof is complete. □

In order to get the boundary regularity of order Cmin{2s,1}−ε, the only difference compared to the proof
in [4] will be a version of [4, Lemma 6.1] for functions with growth |u(x)| ≤ M0(1 + |x|2s−ε). This
follows by using a Caccioppoli inequality involving tail terms. Since we also want to treat source terms
f that explode at the boundary, we need to make some further adaptations to the proof, compared to
[4, Lemma 6.1].
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Lemma 6.12. Let Ω ⊂ Rn be a Lipschitz domain and LΩ be as before. Let ds−εΩ f ∈ L∞(Ω) for some
ε ∈ (0, s]. Assume that u ∈ HK(Ω) is a weak solution to

LΩu = f in Ω.

Assume also that, for some ε ∈ (0, 2s) and M0 > 0,

|u(x)| ≤M0(1 + |x|2s−ε) ∀x ∈ Rn.

Then, for any 0 < r < R and any x0 ∈ Ω,

[u]HK(Br(x0)) ≤ C
(
∥ds−εΩ f∥L∞(ΩR(x0)) +M0

)
,

where C > 0 depends only on n, s, x0, ε, r, R, and the Lipschitz norm of Ω.

Proof. Let φ ∈ C∞
c (BR(x0)) with 0 ≤ φ ≤ 1 and φ ≡ 1 in Br(x0). Then, by testing the weak

formulation with η = uφ2 and using the symmetry of KΩ, we obtain that

1

2

∫
Ω
fuφ2 dx =

∫
Ω

∫
Ω
(u(x)− u(y))u(x)φ2(x)KΩ(x, y) dy dx

=
1

2

∫
Ω2R(x0)

∫
Ω2R(x0)

(u(x)− u(y))2(φ2(x) + φ2(y))KΩ(x, y) dy dx

+

∫
Ω2R(x0)

∫
Ω2R(x0)

(u(x)− u(y))u(x)(φ2(x)− φ2(y))KΩ(x, y) dy dx

+

∫
Ω\B2R(x0)

∫
ΩR(x0)

(u(x)− u(y))u(x)φ2(x)KΩ(x, y) dy dx

= I1 + I2 + I3.

Note that, by [26, Lemma 3.2],

I1 ≥
1

2

∫
Ω2R(x0)

∫
Ω2R(x0)

(φu(x)− φu(y))2KΩ(x, y) dy dx

− 2

∫
Ω2R(x0)

∫
Ω2R(x0)

u2(x)(φ(x)− φ(y))2KΩ(x, y) dy dx.

Therefore, by Hölder’s inequality,

I1 + I2 ≥
1

2
I1 − C

∫
Ω2R(x0)

∫
Ω2R(x0)

u2(x)(φ(x)− φ(y))2KΩ(x, y) dy dx

≥ c[uφ]2HK(Ω2R(x0))
− CM2

0

∫
Ω2R(x0)

∫
Ω2R(x0)

|x− y|2KΩ(x, y) dy

≥ c[uφ]2HK(Ω2R(x0))
− CM2

0

∫
Ω2R(x0)

(1 + dΩ(x)
1−2s)(1 + | log dΩ(x)|) dx

≥ c[uφ]2HK(Ω2R(x0))
− CM2

0 ,

where c > 0 is independent of r,R, but C > 0 depends on r,R. In the second to last step, we used
the same arguments as in the estimates of |I| and |J | from the proof of [4, Lemma 6.1].

For I3, using [4, equation (6.5)] we see that

I3 ≥ −
∫
Ω\B2R(x0)

|u(x)|φ2(x)

(∫
ΩR(x0)

u(y)KΩ(x, y) dy

)
dx
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≥ −CM2
0

∫
Ω\B2R(x0)

(∫
ΩR(x0)

KΩ(x, y) dy

)
dx

≥ −CM2
0

∫
Ω\B2R(x0)

| log dΩ(x)|
(1 + |x|)n+2s

dx ≥ −CM2
0 .

Finally, by an application of Lemma 6.11 with v := uφ and Ω := Ω ∩B2R(x0) we obtain that∫
Ω
fuφ2 dx ≤

∫
Ω
|fuφ|dx ≤ CR

n
2
+ε∥ds−εΩ f∥L∞(Ω2R(x0))[uφ]Hs(Ω2R(x0)).

By combining the aforementioned estimates, we conclude the proof. □

6.5. A boundary Hölder estimate for equations with unbounded source terms. In this
subsection we prove a Hölder regularity estimate that covers source terms with a singular boundary
behavior. This can be achieved by an adaptation of the arguments in [4].

Lemma 6.13. Let Ω ⊂ Rn be a bounded Lipschitz domain. Let s ∈ (0, 1) and u be a weak solution of

LΩu = f in Ω ∩BR(x0) =: ΩR(x0)

with Neumann conditions on ∂Ω∩BR(x0) for some R > 0 and x0 ∈ Ω, and ds−εΩ f ∈ L∞(Ω) for some
ε ∈ (0, s].

Then, there exist α ∈ (0, 1) and C > 0 such that

[u]Cα(ΩR/2(x0)) ≤ CR−α (∥u∥L∞(Ω) +Rs+ε∥ds−εΩ f∥L∞(ΩR(x0))

)
,

where α,C depend only on n, s, q, ε, and the Lipschitz norm of Ω in BR(x0).

Proof. We prove the result by mimicking the procedure in [4]. Since large parts of the proof remain
completely the same we only explain the main differences. The proof is split into several steps.

Step 1: First, we prove that any weak solution v to{
LΩv ≤ fv in Ω,

v ≥ 0 in Ω

with Neumann conditions on ∂Ω, where ∥ds−εΩ f∥L∞(Ω) ≤ 1, satisfies the estimate

∥v∥L∞(Ω) ≤ C∥v∥L2(Ω), (6.30)

where C > 0 depends only on n, s, ε,Ω, as a counterpart of [4, Lemma 3.1].

To prove it, let us consider β ≥ 2, k ∈ N, and uk = min{u, k}, and define v = u
β
2
−1

k u ∈ HK(Ω), as in
[4]. Following [4, equations (3.2) and (3.3)], we have

BΩ(v, v) ≤ β

∫
Ω
f(x)v2(x) dx.

By Hardy’s inequality (see [10, 15, 23]), which is applicable to v ∈ Hs(Ω) (i.e. without compact
support in Ω) since s−ε

2 < 1
2 , we estimate∫

Ω
f(x)v2(x) dx ≤ ∥ds−εΩ f∥L∞(Ω)∥v/d

s−ε
2 ∥2L2(Ω) ≤ C∥v∥2Hs−ε(Ω).
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Note that, for any δ ∈ (0, 1),

[v]2Hs−ε(Ω) ≤ C

∫∫
(Ω×Ω)×{|x−y|≤δ}

|v(x)− v(y)|2

|x− y|n+2s
|x− y|2ε dy dx

+ C

∫
Ω
|v(x)|2

(∫
Ω\Bδ(x)

|x− y|−n−2s+2ε dy

)
dx

≤ Cδ2ε[v]2Hs(Ω) + Cδ−2(s−ε)∥v∥2L2(Ω),

and therefore, combining the previous three inequalities on display, we deduce that

BΩ(v, v) ≤ Cβδ2ε[v]2Hs(Ω) + Cβ(1 + δ−2(s−ε))∥v∥2L2(Ω).

Since [v]2Hs(Ω) ≤ BΩ(v, v), we obtain, by choosing δ := (2Cβ)−
1
2ε ,

BΩ(v, v) ≤ Cβ
s
ε ∥v∥2L2(Ω).

By the Sobolev inequality, this yields exactly the same estimate as [4, equation (3.7)], and from here
the proof goes in the exact same way as in [4].

Step 2: Second, we prove that any weak solution v to{
LΩv = |f | in Ω ∩BR(x0),
v = 0 in Ω \ ΩR(x0)

with Neumann conditions on ∂Ω ∩BR(x0) for some x0 ∈ Ω and R > 0 satisfies

∥v∥L∞(ΩR(x0)) ≤ CRs+ε∥ds−εΩ f∥L∞(ΩR(x0)), (6.31)

where C > 0 depends only on n, s, ε, and the Lipschitz norm of ∂Ω∩B2R(x0), which is the counterpart
of the main estimate in [4, Lemma 3.3].

Furthermore, by the same arguments as in [4] (in particular, using (6.30)), we obtain that

∥v∥L∞(ΩR(x0)) ≤ CR−n
2 ∥v∥L2(ΩR(x0)) + CRs+ε∥ds−εΩ f∥L∞(ΩR(x0)).

Hence, it remains to prove that

∥v∥L2(ΩR(x0)) ≤ cR
n
2
+s+ε∥ds−εΩ f∥L∞(ΩR(x0)). (6.32)

Then, by testing the weak formulation for v with v itself, and applying Lemma 6.11, we obtain

[v]2Hs(Ω) ≤ CB(v, v) = C

∫
ΩR(x0)

fv ≤ CR
n
2
+ε∥ds−εΩ f∥L∞(ΩR(x0))[v]Hs(Ω).

From here, the estimate in (6.32) follows after dividing by [v]Hs(Ω) and applying the Poincaré-Wirtinger
inequality to v.

Step 3: Note that in Step 2 we have already established the boundedness of weak solutions. Moreover,
by following the arguments in [4, Section 4] we immediately obtain the desired Hölder regularity
estimate.
To be precise, there are only two changes need to be made: firstly, in [4, Proof of Theorem 4.7], instead
of [4, Lemma 3.3] we here employ (6.31), secondly, in [4, Proof of Theorem 4.1], we replace everywhere

R
2s−n

q ∥f∥Lq(ΩR(x0)) by R
s+ε∥ds−εΩ f∥L∞(ΩR(x0)). □
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6.6. An expansion at boundary points of order less than 2s. The goal of this subsection is
to prove an expansion of solutions to the nonlocal Neumann problem of order less than 2s. This is
the main auxiliary result in our proof of the boundary regularity estimate of the same order. By
Theorem 5.4, such an expansion can only hold true if the order does not exceed B0 (see (5.4) and
Proposition 1.4). In case B0 > 2s, we can also prove expansions of higher order. Since its proof requires
several highly non-trivial modifications, we will treat that case separately (see Theorem 6.18).

Theorem 6.14. Let s ∈ (0, 1) and ε ∈ (0,min{2s,B0} − s) be such that min{2s,B0} − ε ̸= 1, and let
α ∈ [max{0,min{2s,B0} − ε− 1}, 1). Let Ω ⊂ Rn be a C1,α domain with 0 ∈ ∂Ω and ν(0) = en.

Let u ∈ HK(Ω) be a weak solution in the sense of Definition 6.1 to

LΩu = f in Ω ∩B1/2

with Neumann conditions on ∂Ω ∩B1/2 and d
2s−min{2s,B0}+ε
Ω f ∈ L∞(Ω ∩B1/2).

Then, there exist C > 0, and b ∈ Rn with b · en = 0 such that, for any x ∈ Ω ∩B1/4,

|u(x)− u(0)− 1{min{2s,B0}−ε>1}b · Φ−1(x)|

≤ C|x|min{2s,B0}−ε
(
∥u∥L∞(Rn) + ∥d2s−min{2s,B0}+ε

Ω f∥L∞(Ω∩B1/2)

)
,

where B0 is as in (5.4) and Φ is as in Subsection 6.1.

Moreover, C > 0 depends only on n, s, ε, α, and the C1,α norm of Ω,

Let us first prove a Liouville theorem of order min{2s,B0} − ε in the half-space. Its proof follows
immediately from Theorem 5.4.

Theorem 6.15. Let u be a weak solution to{
(−∆)su = 0 in {xn > 0},
N s

{xn>0}u = 0 in {xn ≤ 0}

with

|u(x)| ≤ C(1 + |x|)min{B0,2s}−ε

for some C > 0 and ε ∈ (0, 2s), where B0 is as in (5.4). Then,

u = a+ b · x.

for some a ∈ R and b′ ∈ Rn with bn = 0.

Proof. The proof goes exactly as in [4, Theorem 5.1], only replacing the 1D Liouville theorem from [4]
by Theorem 5.4 of this paper. The restriction s ∈ (12 , 1) can be dropped without any further change
in the proof, since in [4] it only came from the 1D Liouville theorem. In fact, by [4, Proposition 5.10]
we have that

u(x) = w0(xn) +

n−1∑
i=1

wi(xn)xi

for some functions w0, w1, . . . , wn−1, depending only on xn. Moreover, by [4, Lemma 5.11, Proof of
Theorem 5.1] the function wi are weak solutions to (5.5) and have the same growth as u. Therefore,
we can apply Theorem 5.4 to deduce the desired result. □

We are now in a position to give the proof of Theorem 6.14.
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Proof of Theorem 6.14. In case min{2s,B0} − ε < 1, the proof goes exactly as in [4, Proposition 6.2],
but using Theorem 6.15, Lemma 6.12, and Lemma 6.13 instead of [4, Theorem 5.1], [4, Lemma 6.1],
and [4, Theorem 4.1], respectively. Let us therefore explain only the case min{2s,B0} − ε > 1. In
particular, we can assume from now on that s > 1

2 .

Step 1: We now use [4, Proposition 3.2] and Lemma 6.13. In this way, we see that u is bounded and

we can assume that ∥u∥L∞(Rn) + ∥d2s−min{2s,B0}+ε
Ω f∥L∞(Ω) ≤ 1.

Accordingly, it suffices to show that

|u(x)− u(0)− b · Φ−1(x)| ≤ C|x|min{2s,B0}−ε ∀x ∈ Ω ∩B1/4. (6.33)

Let us assume by contradiction that (6.33) does not hold true. In that case there are sequences (Ωk)
as in the statement of the lemma with corresponding diffeomorphisms (Φk), as well as (uk) ⊂ HK(Ωk),

(fk) with d
2s−min{2s,B0}+ε
Ωk

fk ∈ L∞(Ωk), such that

∥uk∥L∞(Rn) + ∥d2s−min{2s,B0}+ε
Ωk

fk∥L∞(Ωk∩B1/2) ≤ 1, (6.34)

and

LΩk
uk = fk in Ωk ∩B1/2

in the weak sense with Neumann conditions on ∂Ωk ∩B1/2.

Moreover, there are (xk) ⊂ Ωk, and Ck → +∞, such that

inf
b∈{bn=0}

sup
r∈[0, 1

4
]

∥uk − uk(0)− b · Φ−1
k ∥L∞(Ωk∩Br)

|xk|min{2s,B0}−ε
≥ inf

b∈{bn=0}

|uk(xk)− uk(0)− b · Φ−1
k (xk)|

|xk|min{2s,B0}−ε
≥ Ck.

For any k ∈ N and r ∈ (0, 14 ] we consider the L2(Ωk ∩ Br) projections of uk(·)− uk(0) over the space

Pk,r := {b · Φ−1
k (·) : b ∈ {bn = 0}} and denote them by Pk,r. Moreover, we will extend Pk,r in a

bounded way outside Ωk ∩B1, as in Subsection 6.1. In this way, we see that

∥uk − uk(0)− Pk,r∥L2(Ωk∩Br) ≤ ∥uk − uk(0)− P∥L2(Ωk∩Br) ∀P ∈ Pk,r,∫
Ωk∩Br

(uk(x)− uk(0)− Pk,r(x))P (x) dx = 0 ∀P ∈ Pk,r.

It follows from Lemma 6.9 that the function

θ(r) := sup
k∈N

sup
ρ∈[r, 1

4
]

ρ−min{2s,B0}+ε∥uk − uk(0)− Pk,ρ∥L∞(Ωk∩Bρ)

satisfies

θ(r) ↗ +∞ as r ↘ 0,

and therefore there exist subsequences (kj) ⊂ N and rj ↘ 0 with rj ∈ (0, 18 ] such that

∥ukj − ukj (0)− Pkj ,rj∥L∞(Ωkj
∩Brj )

θ(rj)r
min{2s,B0}−ε
j

≥ 1

2
∀j ∈ N.

Step 2: Next, we introduce the blow-up sequence

vj(x) =
ukj (rjx)− ukj (0)− Pkj ,rj (rjx)

r
min{2s,B0}−ε
j θ(rj)

, j ∈ N,
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and observe that, for all j ∈ N,

vj(0) = 0, ∥vj∥L∞(Ω̃j∩B1)
≥ 1

2
,

∫
Ω̃j∩B1

vj(x)r
−1
j P (rjx) dx = 0 ∀P ∈ Pkj ,rj , (6.35)

where Ω̃j = r−1
j

Ωkj .

Moreover, we claim that

∥vj∥L∞(Ω̃j∩BR) ≤ CRmin{2s,B0}−ε ∀R ∈ [1, r−1
j /4], (6.36)

and

|bkj ,rj |
θ(rj)

→ 0 as j → ∞. (6.37)

Both of these claims follow from Lemma 6.10, applied with u := ukj−ukj (0). Note that the assumptions

of Lemma 6.10 are satisfied, since, by the definition of θ(r) and by (6.34), for any r ≤ 1
4 we have that

∥ukj − ukj (0)− Pkj ,rj∥L∞(Ωkj
∩Br) ≤ θ(r)rmin{2s,B0}−ε, ∥ukj − ukj (0)∥L∞(Ωkj

∩B1/4) ≤ 2.

Hence, (6.37) follows immediately by the second claim in Lemma 6.10, since the bound is independent
of kj . The growth of vj from (6.36) follows from the first claim of Lemma 6.10, which yields

∥vj∥L∞(Ω̃j∩BR) =
∥ukj − ukj (0)− Pkj ,r∥L∞(Ωkj

∩Brj )

r
min{2s,B0}−ε
j θ(rj)

≤ CRmin{2s,B0}−ε.

Finally, observe that vj satisfies

LΩ̃j
vj = f̃j in Ω̃j ∩Br−1

j /2 (6.38)

with Neumann conditions on ∂Ω̃j ∩Br−1
j /2, where

f̃j(x) =
r
2s−min{2s,B0}+ε
j

θ(rj)
fj(rjx)−

r
2s−min{2s,B0}+ε
j

θ(rj)
(LΩjPkj ,rj )(rjx).

By applying Lemma 6.13 to wj := vj1B4R
, we deduce that there exists γ ∈ (0, s) such that, for any

R ∈ [1, r−1
j /8],

[vj ]Cγ(Ω̃j∩BR) ≤ [wj ]Cγ(Ω̃j∩BR)

≤ CR−γ
(
∥wj∥L∞(Ω̃j)

+R∥d2s−1
Ω̃j

f̃j∥L∞(Ω̃j∩B2R) +R∥d2s−1
Ω̃j

Tailj(vj ; 4R, ·)∥L∞(Ω̃j∩B2R)

)
,

(6.39)

where

Tailj(vj ; 4R, x) :=

∫
Ω̃j\B4R

vj(y)KΩ̃j
(x, y) dy.

By the same computation as in [4, Lemma 5.9], and using the growth (6.36) (and the fact that min{2s,B0}−
ε < 2s), we obtain that, for any x ∈ Ω̃j ∩B2R,

|Tailj(vj ; 4R, x)| ≤ C(R)(1 + | log dΩ̃j
(x)|), ∥d2s−1

Ω̃j
Tailj(vj ; 4R, ·)∥L∞(Ω̃j∩B2R) ≤ C(R)

for some constant C(R) > 0, depending on R.

In addition, we notice that dΩ̃j
(x) = r−1

j dΩj (rjx). Also, since s > 1
2 , there exists δ ∈ (0, ε) such that

2s− 1− δ > 0.



74 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

Consequently, using also Lemma 6.4, we have, when R ≤ r−1
j /8,

r
2s−min{2s,B0}+ε
j

θ(rj)
∥d2s−1

Ω̃j
(LΩjPkj ,rj )(rj ·)∥L∞(Ω̃j∩B2R) =

r
−min{2s,B0}+ε+1
j

θ(rj)
∥d2s−1

Ωj
(LΩjPkj ,rj )∥L∞(Ωj∩B2rjR

)

≤ C|bkj ,rj |
r
−min{2s,B0}+ε+1
j

θ(rj)
∥d2s−1

Ωj
(1 + | log dΩj |+ d1+α−2s

Ωj
+ | · |α(d1−2s

Ωj
+ | log dΩj |))∥L∞(Ωj∩B2rjR

)

≤ C|bkj ,rj |
r
−min{2s,B0}+ε+1
j

θ(rj)
∥(d2s−1

Ωj
+ d2s−1−δ

Ωj
+ dαΩj

+ | · |α)∥L∞(Ωj∩B2rjR
)

≤ C(R)|bkj ,rj |
r
−min{2s,B0}+ε+1+α
j + r

−min{2s,B0}+2s+ε−δ
j

θ(rj)
≤ C(R)

|bkj ,rj |
θ(rj)

,

where we used that 1 + α ≥ min{2s,B0} − ε.

Furthermore, by (6.34) and since ε < min{2s,B0} − 1,

r
2s−min{2s,B0}+ε
j

θ(rj)
∥d2s−1

Ω̃j
fj(rj ·)∥L∞(Ω̃j∩B2R) =

r
−min{2s,B0}+ε+1
j

θ(rj)
∥d2s−1

Ωj
fj∥L∞(Ωj∩B2rjR

)

≤ C(R)θ(rj)
−1∥d2s−min{2s,B0}+ε

Ωj
fj∥L∞(Ωj∩B2rjR

) ≤ C(R)θ(rj)
−1.

As a result, recalling (6.37),

∥d2s−1
Ω̃j

f̃j∥L∞(Ω̃j∩B2R) ≤ C(R)

(
1 + |bkj ,rj |
θ(rj)

)
→ 0 as j → ∞. (6.40)

In particular, the above norm is uniformly bounded.

We also point out that

∥wj∥L∞(Ω̃j)
≤ ∥vj∥L∞(Ω̃j)

≤ 1,

due to (6.34).

Thus, by combining the previous estimates with (6.36) and (6.39), we deduce that

∥vj∥Cγ(Ω̃j∩BR) ≤ C(R)

(
1 +

1 + |bkj ,rj |
θ(rj)

)
≤ C(R).

Hence, by Arzelà-Ascoli’s theorem, the sequence (vj)j converges locally uniformly in {xn ≥ 0}, up to

a subsequence, to some v ∈ Cγ
′

loc({xn ≥ 0}), for any γ′ ∈ (0, γ). Moreover, by (6.36) and (6.40), we

can apply Lemma 6.12 to deduce that for any R ≤ r−1
j /8 it holds

[vj ]Hs(Ω̃j∩BR) ≤ C(R) + C(R)∥d2s−1
Ω̃j

f̃j∥L∞(Ω̃j∩B2R) ≤ C(R).

Hence, the sequence (vj) is also uniformly bounded in HK,loc(Ω̃j), and therefore it also holds v ∈
HK,loc({xn ≥ 0}).
Moreover, by the uniform convergence and (6.35), we also have

v(0) = 0, ∥v∥L∞({xn≥0}∩B1) ≥
1

2
,

∫
{xn>0}∩B1

v(x)(b · x) dx = 0 ∀b ∈ {bn = 0}. (6.41)

The latter property holds true since for any Pj = b ·Φ−1
j ∈ Pj with bn = 0, it holds r−1

j Pj(rjx) → b ·x
locally uniformly since Pj(0) = 0, ∇Pj(0) = b, and Pj is uniformly bounded in C1,α.
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Step 3: Let us now pass to the limit in the equation for vj . Since vj satisfies (6.38) in the weak sense

with Neumann conditions on ∂Ω̃j ∩ Br−1
j /2, it also satisfies the equation in the distributional sense,

namely ∫
Ω̃j

vjLΩ̃j
η dx =

1

2

∫
Ω̃j

f̃jη dx ∀η ∈ C∞
c (Br−1

j /2). (6.42)

This can be proved in the same way as in [4, Proof of equation (6.9)] (using [4, equations (6.4) and
(6.5)]), and there are no differences due to the faster growth of vj in (6.36) (see also Lemma 5.21).

Now we note that, for any η ∈ HK(Rn) supported in BR for some R ≥ 1, it holds that∫
Ω̃j

f̃jη dx ≤ C(η,R)∥d2s−1
Ω̃j

f̃j∥L∞(Ω̃j∩B2R) → 0,

thanks to Lemma 6.11 and (6.40).

Hence, using that 1Ω̃j
→ 1{xn>0} and KΩ̃j

→ K{xn>0} a.e., we can apply Vitali’s convergence theorem

as in [4, Step 3, Proposition 6.2] and deduce that∫
{xn>0}

vL{xn>0}η dx = 0 ∀η ∈ C∞
c (Rn).

Furthermore, as in [4, Step 3, Proposition 6.2], we can prove that v is a weak solution to

L{xn>0}v = 0 in {xn > 0}
with Neumann conditions on {xn = 0}.
In addition, we have that ∥v∥L∞(BR) ≤ C(1 +Rmin{2s,B0}−ε) for any R ≥ 1.

Step 4: Hence, we can apply the Liouville theorem in Theorem 6.15 and deduce that

v(x) = a+ b · x
for some a ∈ R and b ∈ Rn with bn = 0. Since v(0) = 0 by (6.41) we deduce that a = 0. Moreover, by
the third property in (6.41), we have

0 =

∫
{xn>0}∩B1

v(x)b · x dx =

∫
{xn>0}∩B1

(b · x)2 dx,

which implies that also b = 0, and therefore v = 0. This is a contradiction with the second property
in (6.41). Hence, we have shown (6.33), as desired. □

6.7. Regularity of order less than 2s. In this subsection we prove our main result in case B0 < 2s:

Theorem 6.16. Let s ∈ (0, 1), ε ∈ (0,min{2s,B0} − s), α ∈ [max{0,min{2s,B0} − ε − 1}, 1), and
Ω ⊂ Rn be a bounded C1,α domain. Let u ∈ HK(Ω) be a weak solution to{

(−∆)su = f in Ω,

N s
Ωu = 0 in Rn \ Ω,

where d
2s−min{2s,B0}+ε
Ω f ∈ L∞(Ω).

Then, there exists C > 0, depending only on n, s, ε, α, and Ω, such that

∥u∥Cmin{2s,B0}−ε(Ω) ≤ C
(
∥u∥L2(Ω) + ∥d2s−min{2s,B0}+ε

Ω f∥L∞(Ω)

)
.

Remark 6.17. We stress that if min{2s,B0} − ε < 1, our result allows for α = 0, i.e. it suffices to
have ∂Ω ∈ C1.



76 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

Proof of Theorem 6.16. In case min{2s,B0} − ε < 1 the proof follows from Theorem 6.14 (up to
a rescaling, rotation, and translation) in exact the same way as [4, Theorem 1.1] follows from [4,
Proposition 6.2].

Hence, we can assume from now on that min{2s,B0} − ε ≥ 1, which implies in particular that s > 1
2 .

Furthermore, up to a normalization, we can assume that

∥u∥L∞(Ω) + ∥d2s−min{2s,B0}+ε
Ω f∥L∞(Ω) ≤ 1. (6.43)

We note that, since N s
Ωu = 0 in Rn \ Ω (see [4, Proposition A.3]), we have that, for all x ∈ Rn \ Ω,

|u(x)| ≤

∣∣∣∣∣
(∫

Ω
|x− y|−n−2s dy

)−1 ∫
Ω
u(y)|x− y|−n−2s dy

∣∣∣∣∣ ≤ ∥u∥L∞(Ω) ≤ 1. (6.44)

We assume that 0 ∈ ∂Ω, ν(0) = en, and that there exists a C1,α diffeomorphism Φ as in (6.2). We
claim that for any x0 ∈ Ω1/8 := Ω ∩ B1/8 with |x0| = dΩ(x0) =: r there exists b ∈ {bn = 0} with
|b| ≤ C such that

[u− u(0)− Pb]Cmin{2s,B0}−ε(Br/2(x0))
≤ C, (6.45)

where C > 0 depends only on n, s, ε, and the C1,α norm of Ω, and Pb is as in Subsection 6.1, i.e. in
particular Pb = b · Φ−1 in Ω1.

We suppose for a moment that (6.45) and we use it to complete the proof of the desired result. To
this end, we point out that, as a consequence of (6.45),

[u]Cmin{2s,B0}−ε(Br/2(x0))
≤ C + [Pb]Cmin{2s,B0}−ε(Br/2(x0))

≤ C(1 + |b|) ≤ C,

where we used that |b| ≤ C. From here, applying the previous arguments again, up to a rotation,
translation, and rescaling, we obtain that there exists ρ > 0, depending only on Ω, such that, for any
x0 ∈ Ω with dΩ(x0) ≤ 2ρ,

[u]Cmin{2s,B0}−ε(BdΩ(x0)/2
(x0))

≤ C. (6.46)

For x0 ∈ Ω with dΩ(x0) > 2ρ we use that, by interior regularity estimates for the fractional Laplacian
(see e.g. [4, Lemma 6.4]),

[u]Cmin{2s,B0}−ε(BdΩ(x0)/2
(x0))

≤ C(ρ)
(
∥u∥L∞(Bρ(x0)) + ∥(1 + | · |)−n−2su∥L1(Rn) + ∥f∥L∞(Bρ(x0))

)
,

and, since we already know from Lemma 6.13 that u ∈ Cγ(Ω) for some γ ∈ (0, s), we deduce from [4,
Lemma 6.3] and (6.43) that

∥u∥L∞(BR) ≤ C(1 +Rγ) ∀R ≥ 1.

Therefore, (6.46) holds true for all x0 ∈ Ω (with C > 0 depending also on ρ). From here, the desired
result follows by [18, Lemma A.1.4].

It remains to prove (6.45). To do so, let us apply the interior regularity estimate for the fractional
Laplacian (see e.g. [4, Lemma 6.4]) to the function

v(x) := u(x)− u(0)− Pb(x),

where b ∈ {bn = 0} is the vector from Theorem 6.14, which solves{
(−∆)sv = f − LΩPb in Ω,

N s
Ωv = 0 in Rn \ Ω,
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and conclude that

[v]Cmin{2s,B0}−ε(Br/2(x0))
≤ Crε−min{2s,B0}∥v∥L∞(B2r/3(x0))

+ Cr2s−min{2s,B0}+ε∥| · −x0|−n−2sv∥L1(Rn\B2r/3(x0))

+ Cr2s−min{2s,B0}+ε∥f∥L∞(B2r/3(x0)) + Cr2s−min{2s,B0}+ε∥LΩPb∥L∞(B2r/3(x0)).

(6.47)

Also, for any x ∈ B2r/3(x0) we have that dΩ(x) ≥ r
3 and accordingly

rε∥f∥L∞(B2r/3(x0)) ≤ C∥dεΩf∥L∞(Ω) ≤ C.

We now observe that Lemma 6.4 is applicable here, since B2r/3(x0) ⊂ Ω2r ⊂ Ω1/4. Besides, given
x ∈ B2r/3(x0), we point out that |x| ≤ 2r and r

3 ≤ dΩ(x)2r. Also, we know that 1+α ≥ min{2s,B0}−ε.
Hence, using again that |b| ≤ C (thanks to Theorem 6.14 and (6.43)), we find that, for any ε′ ∈ (0, ε),

r2s−min{2s,B0}+ε∥LΩPb∥L∞(B2r/3(x0))

≤ Crε+1−min{2s,B0}∥d2s−1
Ω LΩPb∥L∞(B2r/3(x0))

≤ Crε+1−min{2s,B0}∥d2s−1
Ω (1 + | log dΩ|+ d1+α−2s

Ω + | · |αd1−2s
Ω )∥L∞(B2r/3(x0))

≤ Crε+1−min{2s,B0}∥d2s−1
Ω + d2s−1−ε′

Ω + dαΩ + | · |α)∥L∞(B2r/3(x0))

≤ Cr2s−min{2s,B0}+ε + Cr2s−min{2s,B0}+ε−ε′ + Cr−min{2s,B0}+ε+1+α ≤ C,

as desired.

It remains to estimate the growth of v. To do so, we observe that, by Theorem 6.14 (which is applicable
by [4, Proposition A.3]) and (6.43),

|v(x)| ≤ C|x|min{2s,B0}−ε ∀x ∈ Ω1/4. (6.48)

In particular,

rε−min{2s,B0}∥v∥L∞(B2r/3(x0)) ≤ rε−min{2s,B0}∥v∥L∞(Ω2r) ≤ C.

We claim that

|v(x)| ≤ C|x|min{2s,B0}−ε ∀x ∈ Rn. (6.49)

To see this, note that by (6.48) and (6.43), and since |Pb| ≤ C|b| ≤ C in Ω by construction (see
Subsection 6.1), we have that (6.49) holds true for x ∈ Ω. For x ∈ Rn \ Ω, the claim follows by the
same reasoning as in (6.44), using that N s

ΩPb = 0 in Rn \ Ω by construction.

Therefore, using that |x− x0| ≥ 2r
3 in B2r \B2r/3(x0) and |x− x0| ≥ |x|

3 in Rn \B2r, we deduce

r2s−min{2s,B0}+ε∥| · −x0|−n−2sv∥L1(Rn\B2r/3(x0))

≤ Cr2s−min{2s,B0}+ε|B2r \B2r/3(x0)|r−n−2srmin{2s,B0}−ε

+ Cr2s−min{2s,B0}+ε
∫
Rn\B2r

|x|−n−2s|x|min{2s,B0}−ε dx ≤ C.

Plugging the previous estimates into (6.47), we deduce (6.45), as desired. □
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6.8. An expansion at boundary points of order larger than 2s. Throughout this subsection
we assume that B0 > 2s and we prove an expansion of the solutions to the nonlocal Neumann
problem of order larger than 2s, thereby complementing the result in Theorem 6.14. Let us recall
from Proposition 1.4 that B0 < 2s+ 1

2 when s ∈ (0, 12 ] and B0 < s+ 1 when s ∈ [12 , 1). In particular,
for every s ∈ (0, 1),

B0 < s+ 1 < 2. (6.50)

The proof in this higher regularity regime is significantly more involved since the blow-up argument
leads to functions that grow too fast for the nonlocal operators to be evaluated in a classical sense.
We solve this problem by a two-step procedure. First, we take incremental quotients of the blow-up
sequence in the tangential directions (which exhibit slower growth at infinity) and pass them to the
limit to deduce that the blow-up limit must be a 1D function, depending only on the normal direction.
Using this information, in a second step we justify that the blow-up limit is a solution to the 1D
nonlocal Neumann problem in the sense of Definition 5.5, which allows us to conclude the proof by an
application of Theorem 5.8.

Theorem 6.18. Let s ∈ (0, 1), β ∈ (0,min{1, 2s}), and γ ∈ (s, 1] be such that β + γ ∈ (2s,B0) and
β + γ ̸= 1. Additionally, when β + γ > 1 we assume that γ ≤ 2s.

Let Ω ⊂ Rn be a bounded C1,1 domain with 0 ∈ ∂Ω and ν(0) = en.

Let u be a weak solution in the sense of Definition 6.2 to{
(−∆)su = f in Ω ∩B1/2,

N s
Ωu = 0 in B1/2 \ Ω,

and f ∈ Cβ+γ−2s(Ω ∩B1/2).

Then, there exist C > 0, and b ∈ Rn with b · en = 0, such that it holds for any r ∈ (0, 14 ],

[u− u(0)− 1{β+γ>1}Pb]Cγ(Br) ≤ Crβ
(
∥u∥L∞(Rn) + ∥u∥Cγ(B1/2) + ∥f∥Cβ+γ−2s(Ω∩B1/2)

)
,

where B0 is as in (5.4) and Pb is as in Subsection 6.1 satisfying (6.9) and (6.4) in Ωc.

Moreover, C > 0 depends only on n, s, β, γ, and the C1,1 norm of Ω.

Note that, differently than Theorem 6.14, here we prove an expansion inside and outside Ω at the
same time. However, we also assume implicitly that u ∈ Cγ(B1). We will verify this assumption by
an application of Lemma 6.8.

Before we prove Theorem 6.18, we need to state the following three technical lemmas. The first one
says that classical solutions and weak solutions to L{xn>0}u = 0 coincide in case they possess sufficient
regularity up to the boundary. The second one shows that if u is a solution to the nonlocal Neumann
problem in the half-space up to a constant, then its tangential increments are strong solutions. Finally,
the third one is reminiscent of [4, Lemma 5.11] and reduces an n-dimensional Neumann problem in
the half-space to a 1D problem if the solution is 1D.

Lemma 6.19. Let Ω ⊂ Rn be such that ∂Ω ∈ C1,ε for some ε > 0 and let B ⊂ Rn be compact. Let
u ∈ C2s+ε

loc (Ω ∩B) ∩ Cγ(Ω̄ ∩B) for some ε > 0 and γ ∈ (s, 1] be such that

∥u∥L∞(Ω∩BR) ≤ C(1 +R)2s−ε ∀R ≥ 1, (6.51)

[u]C2s+ε(Br(x0)) ≤ Crε−1 ∀x0 ∈ Ω ∩B, r = min{dΩ(x0)/2, 1}. (6.52)
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Let f ∈ L∞(Ω ∩B). Then, u is a classical solution to

LΩu = f in Ω ∩B
if and only if it is a weak solution to LΩu = f in Ω∩B with Neumann boundary conditions on ∂Ω∩B
in the sense of Definition 6.1.

Proof. We claim that there exists δ > 0 such that, for any R > 1,

|LΩu(x)| ≤ Cd−1+δ
Ω (x) ∀x ∈ Ω ∩B. (6.53)

This follows by refining the computation in [4, equation (6.4)]. Indeed, for x ∈ Ω ∩ B and r =
min{dΩ(x)/2, 1} we have that

|LΩu(x)| ≤ C[u]C2s+ε(Br(x)) +

∫
Br(x)

|u(x)− u(y)|kΩ(x, y) dy +
∫
Ω\Br(x)

|u(x)− u(y)|KΩ(x, y) dy

=: I1 + I2 + I3.

To estimate I2, we observe that if y ∈ Br(x) then kΩ(x, y) ≤ Cd−n−2s
Ω (x) and accordingly

I2 ≤ C[u]Cγ(Br(x))r
−2s+γ .

For I3, we remark that

KΩ(x, y) ≤ C

(
1 + log−

(
min{dΩ(x), dΩ(y)}

|x− y|

))
|x− y|−n−2s ∀x, y ∈ Ω. (6.54)

Hence, recalling (6.51),

I3 ≤
∫
(Ω∩B1(x))\Br(x)

|u(x)− u(y)|KΩ(x, y) dy

+ C

∫
Ω\B1(x)

|u(x)|KΩ(x, y) dy + C

∫
Ω\B1(x)

KΩ(x, y) dy

≤ C[u]Cγ(Ω∩B1(x))
log(r)r−2s+γ + C log(r)(1 + |u(x)|).

As a result, using (6.52), we get

|LΩu(x)| ≤ C
(
[u]C2s+ε(Br(x)) + [u]Cγ(B1(x))(1 + | log(r)|)r−2s+γ + (1 + | log(r)|)(1 + |u(x)|)

)
≤ C(R)

(
rε−1 + (1 + | log(r)|)r−2s+γ

)
,

thereby proving (6.53) (since γ > max{2s− 1, 0}), as claimed.

Let us now take η ∈ C∞
c (B). Then, proceeding as in [4, equation (6.20)], i.e. integrating over

domains {(x, y) ∈ Ω× Ω : |x− y| ≥ ε} and using again (6.51) to deduce an estimate analogous to [4,
equation (6.21)], after sending ε↘ 0 we obtain that∫

Ω
η(x)LΩu(x) dx =

∫
Ω

∫
Ω
(η(x)− η(y))(u(x)− u(y))KΩ(x, y) dy dx. (6.55)

Moreover, both integrals converge absolutely, owing to (6.53). Since γ > s, we also have that u ∈
HK(Ω ∩B) for any compact set B ⊂ Rn. Indeed, by (6.54), we deduce that∫

Ω∩B

∫
Ω∩B

|u(x)− u(y)|KΩ(x, y) dy dx

≤ C[u]2Cγ(Ω∩B)

∫
Ω∩B

∫
Ω∩B

|x− y|−n−2s+2γ

(
1 + log−

(
min{dΩ(x), dΩ(x)}

|x− y|

))
dy dx ≤ C(B) <∞.
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Thus, if u is a classical solution, then it is also weak solution in the sense of Definition 6.1, since
u ∈ HK(Ω∩B) and the double integral in (6.55) equals to

∫
Ω∩B ηf dx by assumption. Furthermore, if

u is a weak solution, then the left-hand side in (6.55) equals to
∫
Ω∩B ηf dx, and therefore the desired

result follows by density. □

Lemma 6.20. Let u ∈ C2s+ε
loc ({xn > 0}) for some ε > 0 be a solution to

(−∆)su
1
= 0 in {xn > 0},

in the sense of Definition 6.3 with

∥u(h)∥L∞(BR) ≤ C(1 +R)2s−ε, ∥u∥L∞(BR) ≤ C(1 +R)2s+1−ε ∀R ≥ 2, (6.56)

where h ∈ B1 and u(h) = u(·+ h)− u(·).
Then, u(h) is a classical solution to

(−∆)su(h) = 0 in {xn > (hn)−}.

Proof. Let h ∈ B1. By assumption, u(h) ∈ C2s+ε
loc ({xn > 0}) ∩ L1

2s(Rn) and therefore (−∆)su(h)(x) is
well-defined for any x ∈ {xn > (hn)−}.
Moreover, for any R > 4 and x ∈ BR/2 ∩ {xn > 0},

(−∆)s(u1BR
)(x) = ER(x) + cR ∀x ∈ {xn > (hn)−},

where ER → 0 as R→ ∞ locally uniformly in {xn > (hn)−} and cR ∈ R.
Hence,

(−∆)su(h)(x) = (−∆)s(u(h)1BR
)(x) + (−∆)s(u(h)1Bc

R
)(x)

= (−∆)s((u1BR
)(h))(x)− (−∆)s(u(·+ h)1

(h)
BR

)(x) + (−∆)s(u(h)1Bc
R
)(x)

=: IR1 (x) + IR2 (x) + IR3 (x).

(6.57)

In particular, one finds that IR1 = ((−∆)s(u1BR
))(h) = E

(h)
R → 0 as R → ∞ locally uniformly in

x ∈ {xn > (hn)−}.
Additionally, by the growth assumption on u(h) in (6.56), for any x ∈ BR/2 we have that

|IR3 (x)| ≤ C

∫
Bc

R

|u(h)(y)||x− y|−n−2s dy ≤ C

∫
Bc

R

|y|−n−ε dy ≤ CR−ε → 0 as R→ ∞.

Consequently, IR3 → 0 locally uniformly in {xn > 0}.

To deal with IR2 , we observe that supp(1
(h)
BR

) ⊂ BR+|h| \ BR−|h|, and thus, using also the growth

assumption on u from (6.56), we deduce that, when x ∈ BR/2 ∩ {xn > (hn)−},

|IR2 (x)| ≤ C

∫
BR+|h|\BR−|h|

|u(y + h)||x− y|−n−2s dy

≤ C|BR+|h| \BR−|h||R2s+1−εR−n−2s ≤ C|h|Rn−1R1−ε−n ≤ C|h|R−ε → 0 as R→ ∞,

yielding that IR3 → 0 locally uniformly in {xn > (hn)−}.
As a result, we deduce that (−∆)su(h) = 0 in {xn > (hn)−}, as desired. □
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Lemma 6.21. Let ε > 0 and u be a solution to

N s
{xn>0}u

1
= 0 in {xn < 0}

in the sense of Definition 6.3, with

∥u(h)∥L∞(BR∩{xn>0}) ≤ C(1 +R)2s−ε, ∥u∥L∞(BR∩{xn>−(hn)−}) ≤ C(1 +R)2s+1−ε ∀R ≥ 2,

where h ∈ B1, and u
(h) = u(·+ h)− u(·).

Then, u(h) is a solution to

N s
{xn>0}u

(h) = 1{hn ̸=0}fh in {xn < −(hn)+},

where

fh(x) = −cn,s
∫ hn

0

∫
Rn−1

(u(x+ h)− u(y))|x+ h− y|−n−2s dy′ dyn.

Proof. In case hn = 0 the proof goes exactly as in Lemma 6.20, using crucially that the property
hn = 0 keeps the integration domain {xn > 0} invariant under the shift x 7→ x+ h.

In case hn < 0, we compute, in analogy to (6.57),

N s
{xn>0}u

(h)(x) = N s
{xn>0}((u1BR

)(h))(x)−N s
{xn>0}(u(·+ h)1

(h)
BR

)(x) +N s
{xn>0}(u

(h)
1Bc

R
)(x)

=: ĪR1 (x) + ĪR2 (x) + ĪR3 (x).

The quantities in ĪR2 , Ī
R
3 satisfy the exact same bounds since the L∞-bound for u from the assumption

holds in {xn > −(hn)−}, but the integration takes place only over Bc
R ∩ {yn > 0}.

In contrast, for ĪR1 , we have that

ĪR1 (x) = N s
{xn>0}((u1BR

)(h))(x)

= (N s
{xn>0}(u1BR

))(h)(x)

+ cn,s

∫ hn

0

∫
Rn−1

(u(x+ h)− (u1BR
)(y))|x+ h− y|−n−2s dy′ dyn,

(6.58)

and the desired result follows by sending R→ ∞. □

Lemma 6.22. Let u be a solution to{
(−∆)su

1
= 0 in {xn > 0},

N{xn>0}u
1
= 0 in {xn < 0}

in the sense of Definition 6.3, satisfying for some ε > 0,

∥u∥L∞(BR) ≤ C(1 +R)2s+1−ε, ∥u(h)∥L∞(BR) ≤ C(1 +R)2s−ε ∀R ≥ 1, (6.59)

[u]C2s+ε(Br(x0)) ≤ C(R)rε−1 ∀x0 ∈ Ω ∩BR, r = min{|(x0)n|/2, 1}. (6.60)

Moreover, assume that there exists a function U : R → R such that u(x) = U(xn) for any x ∈ Rn.

Then, for any η ∈ C∞
c (R) with

∫ 0
−∞ η(t) dt =

∫
R η(t) dt = 0,∫ ∞

0
(−∆)sη(t)U(t) dt+

∫ 0

−∞
N s

(0,∞)η(t)U(t) dt = 0.



82 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

Proof. We deduce from Lemma 6.20 that, for h = ten,

(−∆)su(h) = 0 in {xn > t−}.

Since u(h)(x) = U (t)(xn), we deduce from [18, Lemma B.1.5] that

(−∆)sRU
(t) = 0 in (t−,∞).

Let now R > 2 and x ∈ (0, R2 ). Then, as in (6.57), we compute that, for any t ∈ (−x,∞),

((−∆)sR(U1BR
))(t)(x) = (−∆)sR((U1BR

)(t))(x)

= IR,t2 (x) + IR,t3 (x) + (−∆)sRU
(t)(x) = IR,t2 (x) + IR,t3 (x),

(6.61)

where IR,t2 and IR,t3 are as in (6.57) and satisfy, for any |t| < 1,

|IR,t2 (x)| ≤ C|t|R−ε, |IR,t3 (x)| ≤ CR−ε. (6.62)

Hence, given any M ≥ 1, whenever x ∈ (0,M) and R ≥ 2M we have that

(−∆)sR(U1BR
)(x) = ER(x) + cR, (6.63)

where cR = −(−∆)sR(U1BR
)(M) ∈ R, and by (6.62),

ER(x) := −
⌊M−x⌋∑
k=0

(
IR,12 (x+ k) + IR,13 (x+ k)

)
−
(
I
R,M−x−⌊M−x⌋
2 (x+ ⌊M − x⌋) + I

R,M−x−⌊M−x⌋
3 (x+ ⌊M − x⌋)

)
→ 0 as R→ ∞,

uniformly for x ∈ (0,M). Analogously, we show that for x ∈ (−M, 0), as long as R ≥ 2M ,

N s
(0,∞)(U1BR

)(x) = FR(x) + dR, (6.64)

where dR = −N s
(0,∞)(U1BR

)(−M) ∈ R and FR(x) → 0 as R→ ∞, uniformly for x ∈ (−M, 0).

This result follows by application of Lemma 6.21, observing that

N s
{xn>0}u

(h) = fh in {xn < −t+},

where, since u is one-dimensional,

fh(x) = −cn,s
∫ hn

0

∫
Rn−1

(u(x+ h)− u(y))|x+ h− y|−n−2s dy′ dyn

= −cn,s
∫ hn

0
(U(xn + t)− U(yn))

∫
Rn−1

|x+ ten − y|−n−2s dy′ dyn

= −C1c1,s

∫ hn

0
(U(xn + t)− U(yn))|xn + t− yn|−1−2s dyn =: C1Ft(xn),

as well as

N s
{xn>0}u

(h)(x) = cn,s

∫ ∞

0
(U (t)(xn)− U (t)(yn))

∫
Rn−1

|x− y|−n−2s dy′ dyn = C1N s
(0,∞)U

(t)(xn)

for some C1 = C(n, s) > 0.

This yields that

N s
(0,∞)U

(t) = Ft in (−∞,−t+).
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Then, redoing the computation in (6.61) for N s
(0,∞) and the computation in (6.58), we observe that

the term Ft cancels, namely

(N s
(0,∞)(U1BR

))(t)(x) = N s
(0,∞)((U1BR

)(t))(x)− FRt (x)

= IR,t2 (x) + IR,t3 (x) +N s
(0,∞)U

(t)(x)− FRt (x) = IR,t2 (x) + IR,t3 (x) + (Ft − FRt )(x),

where

FRt (x) = c1,s

∫ hn

0
(U(xn + t)− (U1BR

)(yn))|xn + t− yn|−1−2s dyn → Ft(x) as R→ ∞,

uniformly in (−M, 0).

From here, (6.64) follows in the same way as (6.63).

Thus, (6.63) and (6.64) yield that {
(−∆)sRU

1
= 0 in (0,∞),

N s
(0,∞)U

1
= 0 in (−∞, 0).

To conclude the proof, we multiply (6.63) and (6.64) by η as in the statement of the theorem, with
supp(η) ⊂ (−M,M), integrate them over (0,∞) and (−∞, 0), respectively, and add up the resulting
identities.

Then, observing that cR
∫∞
0 η(x) dx = dR

∫ 0
−∞ η(x) dx = 0, we obtain, for all R > 2M ,∫ ∞

0
(−∆)sRη(x)U(x)1BR

(x) dx+

∫ 0

−∞
N s

(0,∞)η(x)U(x)1BR
(x) dx

=

∫ ∞

0
η(x)(−∆)sR(U1BR

)(x) dx+

∫ 0

−∞
η(x)N s

(0,∞)(U1BR
)(x) dx

=

∫ ∞

0
η(x)ER(x) dx+

∫ 0

−∞
η(x)FR(x) dx,

As a technical observation, we note that in the first equality here above we applied the nonlocal
integration by parts formula (see [12, Lemma 3.3]), whose proof can easily be extended to the function
η and U1BR

, using that (−∆)sR(U1BR
) ∈ L1

loc([0, R/2]) and N s
(0,∞)(U1BR

) ∈ L1
loc([−R/2, 0]) as a

consequence of (6.60).

Next, we use the fact that η ∈ C∞
c (R) and Lemma 5.22 to check the assumptions of the dominated

convergence theorem, taking the limit R→ ∞ on both sides, and obtain the desired result. □

Proof of Theorem 6.18. We restrict ourselves to proving the result in case β + γ > 1, since this is
the most difficult case. The case β + γ < 1 goes in the same way, but the functions Pb do not need
to be subtracted, which simplifies some of the arguments. In particular, in this case the analogs of
Lemma 6.10 and Lemma 6.9 do not require the assumption γ ≤ 2s and they can be found in [1].

Step 1: We assume that ∥u∥L∞(Rn)+∥u∥Cγ(B1/2)+∥f∥Cβ+γ−2s(Ω∩B1/2)
≤ 1. Hence, it suffices to show

[u− u(0)− Pb]Cγ(Br) ≤ Crβ ∀r ∈ (0, 1/4]. (6.65)

Let us assume by contradiction that (6.65) does not hold true. In that case there are sequences (Ωk)
as in the statement of the lemma, as well as (uk) ⊂ V s(Ωk|Rn), and (fk) ⊂ Cβ+γ−2s(Ω ∩ B1/2), such
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that

∥uk∥L∞(Rn) + ∥uk∥Cγ(B1/2) + ∥fk∥Cβ+γ−2s(Ωk∩B1/2)
≤ 1 (6.66)

and {
(−∆)suk = fk in Ωk ∩B1/2,

N s
Ωk
uk = 0 in B1/2 \ Ωk

in the weak sense.

Moreover, one can find Ck → +∞ such that

inf
b∈{bn=0}

sup
r∈[0, 1

4
]

[uk − uk(0)− P kb ]Cγ(Br) ≥ Ck,

where we denote by P kb the function from Subsection 6.1 with respect to Ωk satisfying (6.4) in Rn \Ωk
and (6.9).

Note that the space Pk,r := {P kb : b ∈ {bn = 0}} is a linear subspace of L2(Br), thanks to Remark 6.6.

Then, for any k ∈ N and r ∈ (0, 14 ] we consider the L2(Br) projections of uk(·)− uk(0) over the space.
We denote these projections by Pk,r and extend them to Bc

r, in the same way as in Subsection 6.1,
such that Lemma 6.7 is applicable.

Thus, in analogy to the proof of Theorem 6.18 we have

∥uk − uk(0)− Pk,r∥L2(Br) ≤ ∥uk − uk(0)− P∥L2(Br) ∀P ∈ Pk,r,∫
Br

(uk(x)− uk(0)− Pk,r(x))P (x) dx = 0 ∀P ∈ Pk,r,

and it follows from Lemma 6.9 that the function

θ(r) := sup
k∈N

sup
ρ∈[r, 1

4
]

ρ−β[uk − uk(0)− Pk,ρ]Cγ(Bρ)

satisfies

θ(r) ↗ +∞ as r ↘ 0.

As a result, there exist subsequences (kj) ⊂ N and rj ↘ 0 with rj ∈ (0, 18 ] such that

[ukj − ukj (0)− Pkj ,rj ]Cγ(Brj )

rβj θ(rj)
≥ 1

2
∀j ∈ N.

Step 2: Next, we introduce the blow-up sequence

vj(x) :=
ukj (rjx)− ukj (0)− Pkj ,rj (rjx)

rβ+γj θ(rj)
, j ∈ N,

and observe that, for all j ∈ N,

vj(0) = 0, [vj ]Cγ(B1) ≥
1

2
,

∫
B1

vj(x)r
−1
j P (rjx) dx = 0 ∀P ∈ Pkj ,rj . (6.67)

We denote Ω̃j = r−1
j

Ωkj . We claim that

[vj ]Cγ(BR) ≤ CRβ, ∥vj∥L∞(BR) ≤ CRβ+γ ∀R ∈ [1, r−1
j /4], (6.68)
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and

|bkj ,rj |
θ(rj)

→ 0 as j → ∞. (6.69)

As in the proof of Theorem 6.14, both of these claims follow from Lemma 6.10, applied with u :=
ukj − ukj (0). Note that the assumptions of Lemma 6.10 are satisfied, since by the definition of θ(r)

and by (6.66), for any r ≤ 1
4 one has that

[ukj − ukj (0)− Pkj ,rj ]Cγ(Br) ≤ θ(r)rβ, [ukj − ukj (0)]Cγ(B1/4) ≤ 1.

The second claim in (6.68) follows from the first claim in (6.68), which also yields ∥vj∥L∞(B1) ≤ C.

Next, we observe that vj satisfies in the weak sense(−∆)svj = f̃j in Ω̃j ∩Br−1
j /2,

N s
Ω̃j
vj = 0 in Br−1

j /2 \ Ω̃j ,
(6.70)

where

f̃j(x) =
r2s−β−γj

θ(rj)
fj(rjx)−

r2s−β−γj

θ(rj)
(LΩjPkj ,rj )(rjx).

Furthermore, 1 + s− β − γ > 1 + s−B0 > 0, due to (6.50). Hence, by recalling Lemma 6.7 (applied
with α = 1, which yields 1+α−2s

1+α = 1− s), and employing also (6.69) and (6.66), we have that, for any
ρ > 0,

[f̃j ]Cβ+γ−2s(Ω̃j∩BR∩{dΩ̃j
≥ρ}) ≤

[fj ]Cβ+γ−2s(Ωj∩BrjR
)

θ(rj)
+

[LΩjPkj ,rj ]Cβ+γ−2s(Ωj∩BrjR
∩{dΩj

≥rjρ})

θ(rj)

≤ θ(rj)
−1 + C

|bkj ,rj |
θ(rj)

(
1 + (Rrj)

1−s(rjρ)
2s−β−γ

)
≤ C(R)(1 + ρ2s−β−γ)

1 + |bkj ,rj |
θ(rj)

→ 0.

(6.71)

Besides, we claim that vj is actually a strong solution to the equation in (6.70). To prove it, we observe
that, by [4, Proposition A.3],

LΩ̃j
vj = f̃j in Ω̃j ∩Br−1

j /2

with Neumann conditions on ∂Ω̃j ∩Br−1
j /2, and then we apply Lemma 6.19, since LΩ̃j

vj = (−∆)svj .

Due to (6.68), it remains to verify (6.52), namely that there exists δ > 0 such that, for any R ∈
[2, r−1

j /2] and x0 ∈ BR ∩ {xn > 0},

[vj ]C2s+δ(Bρj (x0))
≤ C(R)ρδ−1

j , where ρ = min{dΩ̃j
(x0)/4, 1}, (6.72)

as long as j is large enough.

To check (6.72), it is useful to use the assumption ∥uj∥L∞(Rn) ≤ 1 in (6.66) and infer that, for

|x| ≥ r−1
j /4,

|vj(x)| ≤ Cr−β−γj θ(rj)
−1 ≤ C|x|β+γ .
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We also recall (6.68) and (6.71). In this way, for any r ∈ (0, 1], since γ ≤ 1,

∥vj − vj(x0)∥L∞(Br(x0)) ≤ Crγ [vj ]Cγ(Br(x0)) ≤ Crγ [vj ]Cγ(B2R) ≤ C(R)rγ

and therefore (using (6.68) with |x| ≤ r−1
j /4),∥∥∥∥vj − vj(x0)

| · −x0|β+γ

∥∥∥∥
L∞(B2ρj

(x0)c)

≤
∥∥∥∥vj − vj(x0)

| · −x0|β+γ

∥∥∥∥
L∞(B1(x0)\B2ρj

(x0))

+ C

∥∥∥∥1 + | · |β+γ

| · −x0|β+γ

∥∥∥∥
L∞(B1(x0)c)

≤ C(R)

∫ 1

2ρj

rγ−(β+γ) dr + C ≤ C(R)(1 + ρ1−βj ).

Thanks to these observations, the desired result in (6.72) can now be deduced by an application of the
interior Cβ+γ estimate from [1, Proposition 3.9] for solutions with finite tails of order β+γ ∈ (2s, 2s+1)
with vj − vj(x0), which yields

[vj ]Cβ+γ(Bρj (x0))
≤ Cρ−β−γj ∥vj − vj(x0)∥L∞(B2ρj

(x0)) + C

∥∥∥∥vj − vj(x0)

| · −x0|β+γ

∥∥∥∥
L∞(B2ρj

(x0)c)

+ C[f̃j ]Cβ+γ−2s(B2ρj
(x0))

≤ C(R)(ρ−βj + 1 + ρ2s−β−γj ),

as claimed in (6.72), since −β > −1 and 2s − β − γ > −1 (we can now find δ > 0 small enough by
interpolation, since β + γ > 2s).

Step 3: In this section, we send j → ∞ and deduce an equation for the limit. Clearly, by Arzelà-
Ascoli’s theorem, (6.68) implies that there exists v ∈ Cγloc(R

n) ∩ C2s+δ
loc ({xn > 0}) such that vj → v

locally uniformly, and from (6.67), (6.68), and (6.72), we see that

v(0) = 0, ∥v∥Cγ(B1) ≥
1

2
,

∫
B1

v(x)(b · x) dx = 0 ∀b ∈ {bn = 0}, (6.73)

∀R ≥ 1 : ∥v∥L∞(BR) ≤ CRβ+γ , [v]Cγ(BR) ≤ CRβ, (6.74)

∀ρ ≤ 1 : [v]C2s+δ(BR∩{xn≥ρ}) ≤ C(R)ρδ−1, (6.75)

We stress that, to prove the third property in (6.73), we used that all function Pb with respect to
{xn > 0} are of the form b · x for some b ∈ {bn = 0}.
Moreover, by (6.68), (6.71), and (6.72), we can pass the equation in (6.70) to the limit as j → ∞ and
conclude that {

(−∆)sv
1
= 0 in {xn > 0},

N s
{xn>0}v

1
= 0 in {xn < 0}.

(6.76)

We remark that the first condition passes to the limit by application of [1, Lemma 3.5]. The Neumann
condition can be passed to the limit by mimicking the proof of [1, Lemma 3.5] in a straightforward
fashion, using (6.68) (note that it is even easier since N s

{xn>0} is not singular).

Step 4: The goal of this step is to prove that

v(x) = w(xn) + b · x (6.77)

for some function w : R → R and b ∈ Rn with bn = 0. To prove it we take increments of v(h)(x) =
v(x+ h)− v(x) in tangential directions h ∈ B1/8 with hn = 0. Clearly, by (6.75), (6.74), and Hölder
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interpolation we have for any R ≥ 1 and ρ ≤ 1, since γ ≤ 1,

[v(h)]Cγ(BR) ≤ CRβ, [v(h)]C2s+δ(BR∩{xn≥ρ}) ≤ C(R)ρδ−1, (6.78)

∥v(h)∥L∞(BR) ≤ C|h|γ [v]Cγ(BR) ≤ CRβ. (6.79)

Now we recall (6.74) (using that β + γ < B0 < 2s+ 1 due to (6.50)) and (6.79) (using that β < 2s).

This allows us to apply Lemma 6.21 and obtain that v(h) is a solution to

N s
{xn>0}v

(h) = 0 in {xn < 0}. (6.80)

Additionally, by (6.78), (6.79), and (6.74), we can apply Lemma 6.20 and also deduce that

(−∆)sv(h) = 0 in {xn > 0} (6.81)

in the classical sense.

In particular, we have that v(h) is a strong solution to

L{xn>0}v
(h) = 0 in {xn > 0}. (6.82)

Using (6.78) and (6.79), we can apply Lemma 6.19 and get that v(h) is also a weak solution to (6.82)
with Neumann boundary condition on {xn = 0} in the sense of Definition 6.1.

Also, since v(h) grows slower than t2s−ε, we can apply the Liouville theorem in Theorem 5.4 to see

that there exist a(h) ∈ R and b(h) ∈ Rn with b
(h)
n = 0 such that

v(h)(x) = a(h) + b(h) · x in {xn > 0}.

Since v(h) also grows sub-linearly, as a consequence of β < 1, we deduce that b(h) ≡ 0. Since h ∈ B1

with hn = 0 was arbitrary, this implies (6.77), as claimed.

Step 5: In this step, we conclude the proof by applying Theorem 5.8 to w(x) := v(x)−b ·x. It follows
from (6.77) that w(x) = w(xn), i.e. w is one-dimensional.

Moreover, since x 7→ b · x solves (6.76), we find that w solves (in the sense of Definition 6.3){
(−∆)sw

1
= 0 in {xn > 0},

N{xn>0}w
1
= 0 in {xn < 0}.

Then, owing to (6.74), (6.75), and (6.79), we can apply Lemma 6.22 and deduce that, for any η ∈
C∞
c (R) with

∫ 0
−∞ η(x) dx =

∫
R η(x) dx = 0,∫ ∞

0
(−∆)sRη(x)w(x) dx+

∫ 0

−∞
N s

(0,∞)η(x)w(x) dx = 0.

Hence, we conclude that w − w(0) is a distributional solution with faster growth in the sense of
Definition 5.5. Thus, due to (6.74), we can apply Theorem 5.8 and deduce that w − w(0) = 0.
Therefore, we have shown that v(x) = a+ b · x for some a ∈ R. Since v(0) = 0 by (6.73), it must be
a = 0.

As a result, it follows from the third property in (6.73) that

0 =

∫
B1

v(x)(b · x) dx =

∫
B1

(b · x)2 dx,

which implies that b = 0.

Consequently, v ≡ 0 in B1, which contradicts the second property in (6.73). In this way, we obtain
(6.65), and the proof is complete. □
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6.9. Regularity of order larger than 2s. In this subsection, we prove the optimal regularity of
solutions to the nonlocal Neumann problem in case B0 > 2s.

Theorem 6.23. Let s ∈ (0, 1), ε > 0 be such that B0 − ε ̸= 1 and B0 − ε > 2s. Let Ω ⊂ Rn be a
bounded C1,1 domain. Let u ∈ HK(Ω) be a weak solution to{

(−∆)su = f in Ω,

N s
Ωu = 0 in Rn \ Ω,

where f ∈ CB0−ε−2s(Ω).

Then, there exists C > 0, depending only on n, s, ε, and Ω, such that

∥u∥CB0−ε(Ω) ≤ C
(
∥u∥L2(Ω) + ∥f∥CB0−ε−2s(Ω)

)
.

Proof of Theorem 6.23. Up to a normalization and using (6.44), we can suppose that

∥u∥L∞(Rn) + ∥f∥CB0−ε−2s(Ω) ≤ 1. (6.83)

We also assume that 0 ∈ ∂Ω, ν(0) = en, and that there exists a C1,1 diffeomorphism Φ as in Subsec-
tion 6.1 satisfying (6.9) and (6.2) in Ωc.

We claim that, for any x0 ∈ Ω1/8 := Ω ∩B1/8 with |x0| = dΩ(x0) =: r, there exists b ∈ {bn = 0} such
that

[u]Cγ(B1/2) ≤ C1 ⇒ [u− u(0)− 1{β+γ>1}Pb]Cβ+γ(Br/2(x0))
≤ C(1 + C1), (6.84)

for any β ∈ (0,min{2s, 1}) and γ ∈ (s, 1] such that β + γ ≤ B0 − ε and β + γ ̸= 1, with γ ≤ 2s in case
β + γ > 1.

Here, C > 0 depends only on n, s, ε, β, γ, and the C1,1 norm of Ω, and Pb is as in Subsection 6.1.

We also claim that, if x0 ∈ B1/8 \ Ω with |x0| = dΩ(x0) =: r, and also β + γ ≤ 1, then

[u]Cγ(B1/2) ≤ C1 ⇒ [u− u(0)]Cβ+γ(Br/2(x0))
≤ C(1 + C1). (6.85)

Let us suppose for a moment that the above claims hold true. In this case, denoting Ωκ := {x ∈ Rn :
dist(x,Ω) ≤ κ}, we deduce that

[u]
Cγ(Ω1/2)

≤ C1 ⇒

{
[u]Cβ+γ(Ω) ≤ C(1 + C1),

[u]
Cβ+γ(Ω1/8)

≤ C(1 + C1), if β + γ ≤ 1
(6.86)

by the exact same arguments as in the proof of Theorem 6.16.

Let us first explain how (6.86) implies the desired result. Clearly, in case s ∈ [12 , 1), since B0 < s+ 1
and since B0 − ε > 2s, we can choose β = s − ε̄ ∈ (0,min{1, 2s}) for some ε̄ ∈ (ε, s), and γ =
B0 − ε− β ∈ (s, 1) such that β + γ = B0 − ε.

Therefore, since [u]Cγ(Ω) ≤ C by Theorem 6.16 and γ < min{1, 2s} = 1, recalling [4, Lemma 6.3] one

finds that Lemma 6.8 is applicable, and accordingly [u]
Cγ(Ω1/2)

≤ C1.

Thus, the implication (6.86) yields the desired result in that case. Note that this choice of ε̄ is always
possible since B0 − ε > 2s yields that ε < B0 − 2s < 1− s ≤ s.

In case s ∈ (14 ,
1
2), we observe that B0 < 2s + 1

2 < 4s. Hence, we can take γ = 2s − ε̄ for some
ε̄ ∈ (0, ε) and β = B0 − ε− γ < 4s− ε− 2s+ ε̄ < 2s− ε+ ε̄ < 2s ≤ min{2s, 1}. Then, we clearly have
γ ∈ (s,min{1, 2s}). Moreover, by Theorem 6.16, we have [u]Cγ(Ω) ≤ C1. Since γ < 2s, [4, Lemma 6.3]
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verifies the assumptions of Lemma 6.8, which gives that [u]Cγ(Ω1/2)
≤ C1. Thus, (6.86) implies the

desired result, since β + γ = B0 − ε.

Finally, in case s ∈ (0, 14 ], we need to iterate (6.86) several times. Let us observe that by Proposi-

tion 1.4, it holds B0 − ε < 2s+ 1
2 < 1, which is why we will never apply (6.86) with β + γ > 1, γ > 1,

or β > 1, and we are therefore allowed to choose γ > 2s.

Hence, we define k0 := min{k ∈ N : (2s− ε̄)k ≤ B0 − ε} for some ε̄ ∈ (0, s) to be chosen later, and set

γi := γi−1 + βi−1, βi := 2s− ε̄, γ0 := 2s− ε̄, i ∈ {1, . . . , k0}.

Note that since γ0 < 2s, by the same arguments as in the previous case we have [u]Cγ0 (Ω1/2)
≤ C.

Hence, we can iterate k0 − 1 times the implication (6.86) and, after a scaling argument, infer that

[u]
C(2s−ε̄)k0 (Ω1/2)

≤ C.

Let us now choose ε̄ such that (2s− ε̄)k0 = B0 − ε, concluding the proof also in this case.

It remains to prove (6.84) and (6.85), which we will explain now in detail. First, by assumption, we
have that

[u]Cγ(B1/2) ≤ C.

We also remark that the function v(x) = u(x)−u(0)−1{β+γ>1}Pb(x) satisfies v(0) = 0 Hence, recalling

that γ ≤ 1, we are in a position to apply Theorem 6.18 and deduce that, for any ρ ∈ (0, 14),

∥v∥L∞(Bρ) ≤ ργ [v]Cγ(Bρ) ≤ Cργρβ ≤ Cρβ+γ . (6.87)

We stress that (6.87) allows us to apply Lemma 6.8 in case β + γ ≤ 1 and deduce the second claim
(6.85).

To prove the claim in (6.84), we observe that the estimate (6.87) remains true for ρ ≥ 1
4 due to (6.83),

and therefore, since |x− x0| ≥ 2r
3 in B2r \B2r/3(x0) and |x− x0| ≥ |x|

3 in Rn \B2r, we have that

∥| · −x0|−B0+εv∥L∞(Rn\B2r/3(x0)) ≤ C. (6.88)

Next, let us observe that {
(−∆)sv = f − 1{β+γ>1}LΩPb =: f̃ in Ω,

N s
Ωv = 0 in Rn \ Ω.

Moreover, by Lemma 6.7,

[f̃ ]CB0−ε−2s(Br/2(x0))
≤ 1 + 1{β+γ>1}

(
Cr1−s−(B0−ε−2s) + C|x0|1−sr−(B0−ε−2s)

)
≤ C. (6.89)

Here, we used that B0 − ε − 2s < 1 − s due to Proposition 1.4 and that |x0| = r by construction, as
well as |b| ≤ C, which follows from Theorem 6.18, (6.83), and the construction of the function Pb.

Thus, using the interior regularity estimate with growth from [1, Proposition 3.9], it follows from
(6.88) and (6.89) (in analogy to the proof of (6.47)) that

[v]CB0−ε(Br/2(x0))
≤ Crε−B0∥v∥L∞(B2r/3(x0)) + C∥| · −x0|−B0+εv∥L∞(Rn\B2r/3(x0))

+ Cr2s−B0+ε[f̃ ]CB0−ε−2s(B2r/3(x0))

≤ C.

This implies (6.84) and allows us to complete the proof. □
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6.10. Proof of main regularity results.

Proof of Theorem 1.1 and Theorem 1.7. To prove the regularity estimate for u in Theorem 1.7, we
combine Theorem 6.16 and Theorem 6.23 with (6.32). To deduce the regularity result in Theorem 1.1,
we use Proposition 1.4. Finally, the property ∂νu = 0, whenever B0 − ε > 1, follows immediately
from the expansions Theorem 6.14 and Theorem 6.18, using that b · Φ−1(0) = 0 = ∂ν(b · Φ−1)(0), by
construction (see Subsection 6.1). □
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