THE NEUMANN PROBLEM FOR THE FRACTIONAL LAPLACIAN:
OPTIMAL REGULARITY VIA THE MELLIN TRANSFORM
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ABSTRACT. We establish the optimal regularity of solutions to the Neumann problem for the fractional
Laplacian, (—A)°u = h in Q, with the external condition N®u = 0 in Q°. For this, a key point is to
establish a 1D Liouville theorem for functions with growth, which we prove by using complex analysis
and the Mellin transform.

More precisely, we prove a “meta-theorem” relating the classification of 1D solutions to general linear
homogeneous equations of the type Lu = 0 in (0, 00) to the (complex) roots of an explicit meromorphic
function f(z) that depends on L. In case of the fractional Laplacian with Neumann conditions, we

show that all solutions are C?*** when s < 1/2, and CH et when s > 1/2.
Moreover, quite surprisingly, we prove that even in 1D there exist highly oscillating solutions of the
type u(x) = z® cos(blog z) for x > 0, with a > 0 and b > 0 that depend on s, and a < 2s for s ~ 1.

1. INTRODUCTION

Nonlocal equations on domains have attracted great interest in the PDE community in the last two
decades, especially since the first works of Caffarelli and Silvestre on this topic; see [6l 9, [5, 8, 14 32,
20, 21, (7, [33), 2, 25], 11, 1T, 12} 27, 22] 18] and the references therein.

Most of these works concern nonlocal Dirichlet problems, in which we have an equation like (—A)%u = f
in Q C R” together with an exterior condition v = 0 in 2. On the one hand, thanks to a number
of important developments in the last years, the regularity for this kind of problems is very well
understood; see in particular [32, 20} 21, 33, [1} 1T, 34].

On the other hand, much less is known about nonlocal Neumann problems of the type
(-A)u = h in Q,
[ Ze mw (L)
where

Nou(z) = cms/ ulz) — u(y) dy, x € Q°.

Q |z —y[rtes

This problem arises when minimizing the energy functional

Cn,s ) (
= da: dy — / hu,
//QCXQC)C |z — |n+2S

and it also has a very natural probabilistic interpretation, as well as a corresponding integration by
parts formula; see [12, [I4] for more details.

The behavior and smoothness of solutions to (1.1) near the boundary is very far from understood.
The only known regularity result for this problem was obtained in [4], and states that solutions are
Holder continuous (namely, Cmax{0.2s=1}+a fo1 some o > 0) up to the boundary.
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Unfortunately, this is still very far from the optimal regularity of solutions, and does not answer the
following key questions:
(i) Are solutions classical, i.e. C*T%, up to the boundary?
(ii) Are solutions C* up to the boundary and satisfy O,u =0 on Q7
(iii) What is the optimal regularity of solutions?

The goal of this paper is to answer all of these questions. As we will see, a key difficulty is to understand
solutions of ([1.1)) in dimension n = 1. As explained in detail below, we classify all 1D solutions by
using complex analysis and the Mellin transform.

1.1. Main result. Our first main result is the following, which provides for the first time a higher
order regularity estimate for solutions to (|1.1J).

Theorem 1.1. Let Q C R be a CY' domain, and u be the solution of (1.1]) satisfying fQu =0.
Then, there exists o € (0, %), depending only on s, such that, if h € C*(Q):

)

D=

ue Cstateq) with [ < C|lh|

_ . _ if s
CS+%+Q(Q) = Cmm{a-ﬁ»%—s,o}(ﬂ) f

v
Ko

Moreover, when 2s + « > 1 (in particular when s > %), we have O,u = 0 on 0. The constant C
depends only on n, s, and 2.

As we will see, this regularity result is optimal in the sense that solutions are in general not C2%+3
for s < %, and they are not C**! for s > % Moreover, they are not 531 for s close to 0, and not
C?+ for s close to 1 (for any a > 0). We refer to for a more detailed version of this
result, where the optimal regularity exponent is identified precisely.

Notice that our result entails, in particular, that solutions of ([1.1)) are always more regular than those
of the Dirichlet problem for the fractional Laplacian (see [32, 33]), since the latter ones are in general
not better than C?.

In order to understand the optimal regularity of solutions, a useful rule of thumb is that one expects
solutions to be smooth in tangential directions, while the optimal regularity is determined by the
corresponding 1D problem, say for @ = (0,00). Moreover, after a contradiction and compactness
argument, one expects the behavior of solutions near x = 0 to be dictated by the nontrivial solutions
to the 1D problem with f = 0. This leads to the following question:

e Can one characterize all solutions to
(=A)°u = 0 in  (0,00),
Now = 0 in (—00,0),

satisfying the growth condition |u(z)| < C(1+ |z|7) ¢

(1.2)

This turns out to be an extremely delicate issue, and resolving this difficulty will be, in our approach,
one of the key steps in this context.

Remark 1.2. Notice that this type of questions arises as well in the study of nonlocal Dirichlet
problems, i.e. with u = 0 in (—00,0). However, in that case one can use the extension property of
(—A)?® and transform the question into a local PDE problem with a local boundary condition; see [18,
Theorem 1.10.16]. This is impossible here, since the boundary condition is purely nonlocal, so there
is no hope to use local PDE techniques as in [33], 18].
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1.2. 1D Liouville theorems and the Mellin transform. As said above, none of the known meth-
ods to classify global solutions to elliptic equations works for (1.2]).

Since the condition A*u = 0 determines the values of u for x < 0 in terms of the values of u for z > 0,
equation (1.2 can be reformulated in terms of a single nonlocal operator L in the half-line (0, c0), i.e.

Lu=0 in (0,00).

We refer to (5.2))-(5.3) for the definition of the operator L. Moreover, since both (—A)* and N* are
homogeneous operators of order 2s, then so is L, in the sense that

[Lu(A\)](z) = \**[Lu](A\z) Yz > 0.
In particular, for any 5 < 2s we have
L(z”) = f(B)a"%, (1.3)
where f(8) = L(2°)|,—1 € R.
We can actually compute explicitly

B I'(B + 1) sin(7s) sin(m(8—s)) T(2s—p)T(B+1)
1(8) = I'(B—2s+1)sin(m(8 — 2s)) ( sin(rs) + I'(2s) > '

Rephrasing the problem stated in ([1.2)), the natural question that arises here is then:

(1.4)

e If L is a linear and homogeneous operator in (0,00), it is true that all solutions to Lu = 0 in
(0,00) (with appropriate growth at infinity) must necessarily be homogeneous?

If we could answer this general question positively, the classification of solutions to (|1.2]) would reduce
to finding the zeros of f(f3).

Our first classification result, which addresses this question, can be stated as follows:

Theorem 1.3. Let s € (0,1), € > 0, and L be the operator associated to (1.2)), given by (5.2)-(5.3)).

Then, any distributional solution of Lu = 0 in (0,00) satisfying |u(z)| < C(1 + |2|*7¢) must be a
linear combination of =%, where By, € C are the complex zeros of f(B3) in the strip {0 < Re(B3) < 2s}.

The definition of distributional solutions is somewhat delicate and depends on the test function space;

see [Section 2 for more details.

A surprising fact about this result is that it allows for oscillatory solutions of the type

a+ib

u(z) == = z%cos(blog x).

As we will see, the function f in ((1.4) does have complex zeros, and so equation ((1.2)) possesses
oscillatory solutions of the above type. In particular, not all solutions are homogeneous (hence, the
answer to the question above is in the negative).

This is quite remarkable and unexpected, since the equation (—A)%u = 0 satisfies a maximum principle
and a Harnack inequality. Moreover, this property stands in stark contrast to the nonlocal Dirichlet
problem.

Note that operator L has no special properties that we can use, beyond linearity and homogeneity. In
fact, the question whether all solutions to Lu = 0 in (0,00) must be homogeneous is a very natural
and fundamental one, arising in connection with many different classes of differential operators L. To
emphasize this point, we actually prove a general version of [Theorem 1.3 that applies to any linear

and homogeneous operator L (see|Theorem 2.5 and the discussion in|Section 2|) and essentially reduces
the classification of solutions to finding the complex zeros of the corresponding function f(f3).
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Our proof of heavily relies on the Mellin transform, which is a multiplicative version of
the Fourier transform'| and is often used in number theory. It is given as

Muw(z) == /000 ¥ hw(z) da.

Notice that M is not well defined for functions with polynomial growth at infinity, in the same way
as the Fourier transform is not defined for functions with exponential growth. Still if u is a solution
to Lu = 0, then by the self-adjointness of L and by (2.1), at least formally, we should have

0= M[Lu|(z) = /Oo * Lu(z) dz
oo ‘ . (1.5)
_ /0 L Yu(z) do = f(z— 1) / 1250y d = f(x — DM(= — 25).

0
This implies that M|u](z — 2s) must be a sum of delta functions supported at the zeros of f(z —1).
Since, at least formally, M[w](z) = d(z —«) if and only if w(x) = =, and sinceﬂ f(B)=f(2s—1-p),
this yields the desired result.
Of course this argument is far from being correct, and one of the contributions of the present work
is to develop the right setting in order to define the Mellin transform in a distributional way, for

functions that grow polynomially at infinity. This requires careful choices of function spaces and the
use of some fine results from complex analysis such as the Paley-Wiener theorem.

Theorem 1.3 is stated for functions with growth controlled by |z|?*7¢, so that equation (1.2 makes
sense. Still, in our proof of we actually need a similar result for functions with growth

of the type |z|?**, and this will require much more work. Indeed, we first need to introduce a
generalized notion of solution to (1.2), and then establish an alternative version of the classification

result for the combined action of two homogeneous operators. We refer to
for the corresponding classification result of solutions to (1.2]) and to [Theorem 2.10| for a general

classification result.

1.3. The zeros of f. The use of the Mellin transform and above allow us to reduce the
problem of classifying 1D solutions to the problem of understanding the complex zeros of the function
f in (1.4)). Unfortunately, this turns out to be very delicate too.

In case s = % the equation f(5) = 0 is equivalent to
sin(27B) = 2w f.
This is a transcendental equation, with infinitely many zeros with Re(3) > 0, the smallest one being

6 =1.193292... + 10.4406488...
Using fine properties of Gamma functions, we are able to prove the following:
Proposition 1.4. Let f be given by (1.4). Then,

(i) If s < 5, then f has no zeros in the strip {0 < Re(B) < 2s + a}, for some small a > 0.
Moreover, it has at least one zero in the strip {2s < Re(8) < 2s + 1}.

L Actually, we have Mw(z)](z) = Flw(e *)](—iz) for all z € C.
2This follows from (1.3) and (1.5).
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(i) If s > %, then f has no zeros in the strip {2s—1 < Re(8) < s+ 5 +a}, for some small o > 0.
Moreover, it has at least one zero in the strip {s + % < Re(f) < s+1}.

Remark 1.5. In other words, for any s € (0,1), we may denote by By the real part of the smallest
zero of f satisfying Re(3) > max{0,2s — 1}. Then, [Proposition 1.4 yields that By > min{2s, s + %}

This turns out to be optimal, as we prove that By < s + % for s ~ 0 and By < 2s for s ~ 1 (see

Remark 5.3)).

By the classification result in the value of By determines the optimal regularity of
solutions to (I.1)). In fact, solutions are in general not better than C'5o.

Remark 1.6. Note that f has a (trivial) zero at 3 = 2s — 1, whenever s > 1. This reflects the fact
that (—=A)*|z|**7! = 0 in R\ {0} is the fundamental solution. Since |z|?*~! is only a distributional
solution, but not a weak solution, it does not determine the boundary regularity of solutions to ([1.1)).

1.4. Higher regularity in domains of R"”. All the results described so far deal with the classification
of 1D solutions for ([1.2). As was mentioned before, by passing from 1D to general domains Q2 C R",

we can establish higher regularity estimates for solutions to (|1.1)) to obtain [Theorem 1.1} Actually,
in this paper we also show the optimal reqularity of solutions in general domains up to the optimal

exponent By.

Theorem 1.7. Let Q C R be a CY' domain and u be the solution of (1.1) satisfying fQ u=0.
Then, for any € € (0, By — s) such that By — ¢ & {1,2s}, and any h € X, it holds

weC®(Q)  with  |lullpsy—cm < Cllhx,
where the constant C depends only on n, s, and Q, the value By is as in[Remark 1.5, and
CPBo=2s=2(()) if Bo — e > 2s,
X =19 25— Boteroo :
dg L>(Q) if By —e < 2s.
Moreover, if By —e > 1, then d,u = 0 on 0S.

This result yields the optimal boundary regularity of solutions to the nonlocal Neumann problem
for all s € (0,1) and provides a Schauder-type theory for . Together with [Proposition 1.4] it
immediately implies and altogether these results yield a complete understanding of the
key questions (i)-(ii)-(iii).

In fact, the answers to these key questions are:

(i) On the one hand, if s < %, all solutions are classical, i.e. C***®, up to the boundary. On the

other hand, if s > %, all solutions are C5t3+2 up to the boundary.
(ii) If s > 1, all solutions are C* up to the boundary and satisfy d,u =0 on ON.

(iii) The optimal regularity exponent is given by By from|Remark 1.5. Moreover, the above answers

. . . ) 1 .
are optimal, in the sense that solutions are not necessarily C°T2T* when s is close to 0, and
not necessarily C*T® when s is close to 1.

As was mentioned before, the key ingredient to prove is the classification of solutions in
1D. However, we still need to pass from 1D to general domains 2 C R™. This turns out to be quite
delicate and also requires several new ideas.



6 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

The general strategy is to prove a pointwise boundary estimate by contradiction and compactness,
relying ultimately on the 1D Liouville theorem (see [Theorem 6.14] and [Theorem 6.18]). However, two
important difficulties arise.

e On the one hand, when the order of the estimate is greater than one, we need to subtract a
linear term from the equation. In case Q = {z,, > 0} is a half-space, this term is needed to
account for solutions of the form b-x with b, = 0 that only depend on the tangential directions
z’. In general domains 2 C R™, we need to understand very precisely what is exactly the right
function to subtract, and prove that its fractional Laplacian (—A)® is well behaved near the
boundary (see for more details.).

e On the other hand, when the order of the estimate is greater than 2s we need to develop a
theory of generalized solutions to in unbounded domains and with polynomial growth at
infinity. It turns out that the contradiction and compactness argument is much more delicate
in this case, since it seems no longer possible to reformulate in terms of a single operator
L in (0,00). Still, one can develop such a theory, separately, for the two operators (—A)* and
N3, and deduce regularity from a 1D classification result for the combined action of these two

operators on functions that grow like |z|?*T% (see [Theorem 5.8)).

1.5. Outline. This article is structured as follows. In we present and discuss our Liouville
theorems that hold for general homogeneous operators in R (see [Theorem 2.5 and [Theorem 2.10]).
provides several preliminary facts about the distributional Mellin transform, while [Section 4
is dedicated to the proofs of these results. In we apply our new 1D Liouville theorems
to the nonlocal Neumann problem and establish as well as [Proposition 1.4l Finally,
in we prove the higher regularity for the nonlocal Neumann problem and show our main
results [ITheorem 1.1] and [Theorem 1.7
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ship FL.190100081.

2. LIOUVILLE THEOREMS FOR HOMOGENEOUS OPERATORS IN 1D VIA THE MELLIN TRANSFORM

The goal of this section is to present two classification results of solutions to homogeneous linear

equations in 1D that hold true in a very general setting, namely and [I'heorem 2.10

These ”"meta-theorems* relate the classification of 1D solutions to the complex roots of an explicit
meromorphic function f.

As explained before, these results are crucial for our proof of the optimal regularity of the nonlocal

Neumann problem (1.1)), since they yield [Theorem 1.3| (and also Theorem 5.4 and [Theorem 5.8)). Due
to their wide applicability, we believe such classification results to be of general interest, and introduce

them here in a rather general framework.
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2.1. A Liouville theorem for operators acting on (0,00). Let L be a linear operator acting on
functions u : (0,00) — C that satisfies, for some s > 0 and a function f: C — C,

L(z")(x) = f(B)2" > VB €C, Va € (0,00). (2.1)
Given d € NU {0} and a,b € R we introduce the space

Ci4(0,00) 1= { € C1te(0,00) ¢l 0.0y < -
where we denote
_: . . 1A (R) a
lellce 0,000 = mf{c >0: VEe{0,....d}: |o®)(z)] < Oz, Vo € (0,1],
¢® (@) < C27, Vo € (1,00]}.

We observe that, when di < ds, a1 < ag, and by < by, we have that ng by (0,00) C ch

a1,b1

(0,00).

We assume that there exist d, a, b such that, for any ¢ € Cgb(O, 00), the map = — Lp(z) is continuous
and, for some oy € [0,2s) and a9 € [0,25 — ay),

x4 for x € (0,1),

|Lo(z)| < C {m—zsm ) / |Lo(x)|dz < Cr~27%¢ Ve € (0,1), Vr >0, (2.2)

for x € [1,00
Moreover, we assume that L is self-adjoint in the sense that
[ee] e}
| s@iLe@ s = [ Ly@eta)d. (23)
0 0

for any ¢ € C’ib(O7 o0) and g(x) = 2771, where Re(B) € (1,25 — ).

Remark 2.1. The first assumption in (2.2)) might look a bit complicated, but it is very natural. In
fact, for L being the regional fractional Laplacian, i.e.

Luz) = ¢, /0 " () — u())|z — o) dy,

it holds true with a; = ay = 0, when ¢ € C§,,5,(0,00). However, when L is the regional operator
associated to the nonlocal Neumann problem (5.2)-(5.3) we need to take a; € (max{0,2s — 1},2s)

and ag € [0,max{2s,1}) (see|[Lemma 5.19)).

The self-adjointness in (2.3]) is only satisfied under additional assumptions on the growth of ¢ at zero
in order to rule out the appearance of boundary terms. For both the regional fractional Laplacian and
the Neumann operator, it is enough to take ¢ € C§71+25(0, 00).

Definition 2.2. We say that u : (0,00) — C with
lu(z)| < C(1+x)*7° V€ (0,00)
for some € > 0 is a (distributional) solution to
Lu=0 in (0,00)

if for every ¢ € C’ib(O, 00) it holds

/000 u(z)Lp(x)dz = 0. (2.4)
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Remark 2.3. The integral in (2.4)) converges absolutely by the same arguments as in the proof of
[18, Lemma 2.2.11]. Indeed, the convergence of the integral at zero is immediate from the growth of u
and boundedness of |Ly(z)|. For the convergence at infinity we use the second property in with
some ¢’ < ¢:

2k+1

| @lizewiae < ey 20 [ ppwiar <y e <
! k=0 2 k=0

By an analogous reasoning, we see that both integrals in (2.3]) converge absolutely.

Definition 2.4. Let M > 1. We say that a meromorphic function f : C — C is M-admissible if it
satisfies the following properties:

e There are only finitely many zeros of f in the strip Sy := {z € C: |Re(z)| < M}.
e For any sequence (z,) C Sy with |Im(z,)| — oo, it holds that

lim inf | f(z,)[ > 0.

Our goal is to prove the following Liouville-type theorem

Theorem 2.5. Let L be as before, satisfying (2.1), (2.2)), and (2.3) for some d,a,b, and assume that
f is M -admissible for some M > max{3 + 2s,2 + 4s}. Let u be a distributional solution to

Lu=0 1n (0,00)
with test-function space C’g}b(O, o0) and such that for some ¢ € (0,2s) and C' > 0,
lu(x)| < C(1+ )7 Vo € (0,00). (2.5)
Then, there are coefficients ag; € C such that

1

k(B)—
u(x) = Z Z ag,z’(log z)', (2.6)

BE{f=0}NSzs— =0

where k(B) denotes the multiplicity of 3.

Remark 2.6. In applications, we will consider operators L acting on functions u : (0,00) — R. We
will assume that L is homogeneous of order 2s for some s € (0,1) in the following sense:
For any function v and A > 0, it holds

[Lu(A)](z) = N2 [Lu](A\x) Yz > 0. (2.7)

Then, we can extend L to operate on functions u : (0,00) — C by writing u(x) = uy(x) + iuz(z) and
setting Lu(x) = Luy(x) + iLug(x). In this setting, (2.7) remains valid for u : (0,00) — C, and we
have, for any S8 € C,

L(a”)(z) = 2"~ > L(z")(1),
ie. holds true with f(3) = L(z%)(1).

Remark 2.7. Note that we did not assume s € (0,1). In applications to operators of fractional
Laplacian type with s € (0, 1), one can treat functions with growth of order 2s+ k —e by differentiating
the equation k times (which leads to an operator of order 2s' = 2s + k). An alternative approach is
discussed in
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Example 2.8 (Dirichlet problem for the fractional Laplacian). Our [Theorem 2.5| entails, as a partic-

ular case, the well-known Liouville theorem for

{(—A)Su =0  in (0,00),

u=0 in (—o0,0).

Note that the proof is completely different from previous ones since it does not rely on the Caffarelli-
Silvestre extension. To prove it, we observe that we can equivalently rewrite, for = € (0, 00),

o 0
(—A)*u(z) = cs/o (u(z) — u(y))|z —y| 172 dy + u(x)cs/ z — y[ 12 dy

— 00

= (—A)g, u(z) + u(x)a;_%% =: Lu(x),

1
where (—A)j, denotes the regional fractional Laplacian in (0,00) and ¢; = 45311:((it§)) 7~2. Note that

F(8) = L")(1) = (=A%, [)(1) + 5=
0

— (—A)P (@ )P(1) — e, / 11—y 2 dy +
= (—A)(z)P(1)

I'(B+1)  sin(x(8—s))
(B —2s+1)sin(m(8 — 2s))’

Cs
2s

and therefore
f(8)=0, Be(-252s) & pe{s—15s}
Since u is bounded at zero, it follows from that

u(x) = a(xq)®.

In a similar way, it is possible to reprove the Liouville theorem for the regional fractional Laplacian

from [I6] by using [Theorem 2.5

2.2. A Liouville theorem for two operators acting on R. In comparison to the previous subsec-
tion, where we introduced an abstract Liouville theorem for a single homogeneous operator L acting
on functions f : (0,00) — C, the goal of the current subsection is to present an extension of
to pairs of operators acting on functions f : R — C. This theorem will be useful in our
application to the nonlocal Neumann problem, whenever we want to classify solutions that grow like
x%5%¢ as  — +o0, since in this case it is no longer possible to find a suitable regional operator L that
is well-defined for such functions.

Let L, N be linear operators acting on functions u : R — C that satisfy for some s > 0 and functions
fr+, fr,— [N+, fN,— for any g € C:

L(a)(x) = fre (BT, La)(@) = fr-(B)e7 Vo € (0,00),
N@2) (@) = fus(B2” >, N@°)@) = fv_(B)2® >  Vae(-00,0).
Moreover, given d € NU {0} and a,b € R, we define the space

Ccctl,b(R) = {(P S Cﬁl)c(R) : (P‘(O,oo)a 90(_')‘(0700) S Cg,b(oa OO)} )

(2.8)
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endowed with the norm
H@HC;{Z,(R) = H@HCib(O,oo) + ”30(_')"0117(0,00)'

Additionally, given k € N, we define
Ci’l]f(]R) = {cp € Cib(]R) : / p(z)dr = / to(—x)dz =0 Vje€{0,..., k— 1}} ,
0 0
and we also set C’i’g (R) := C’ib(R).

We assume that there exist d, a, b, and k& € NU{0} such that, for any ¢ € C’jf (R), the maps = — Lp(x)
and z — Np(z) are continuous and, for some «; € [0,2s) and ay € [0,2s — a1),

|z, for z € (0,1),
No(— )’ <C
INp(—z)| + |Lo(z)| < {‘m‘2sk+a2, for z € [1, 00),

- (2.9)
/ INp(z)|dz + / |Lo(z)| dz < Cr=27% ve € (0,1), Vr>0.
Moreover, we assume that the pair (L, V) is self-adjoint in the sense that
00 00 0
| site@s = [ L)@@ ot [ Note @) dz,
0 0 —00
0 - 0 (2.10)
| s@Ne@ = [ Lt Y@@+ [ Ntz (o) da
for any ¢ € C’j’{f(ﬂ%) and g(z) = |z|°~1, where Re(B) € (a1,2s + k — az).
Definition 2.9. We say that u : R — C with
lu(z)| < C( +|z))*TF< vz e R
for some € > 0 and k € NU {0} is a (distributional) solution to
Lu £0 in(0,00),
Nu £0 in (—00,0),
if for every ¢ € C’jf (R) it holds
0 oo
/ u(z)Np(z) dx+/ uw(z)Lo(x)dz = 0. (2.11)
—00 0

We can now state our Liouville theorem for the combined action of two operators:

Theorem 2.10. Let L, N be as before, satisfying (2.8), (2.9), and (2.10) for some d,a,b,k, and

assume that f1 := fL*fN’}I;fL”fN’* and fo = It N’};{L” Nt are M-admissible for some M >

max{3 + 2s,2 + 4s, 2k + %, k+2s+2}. Let u be a distributional solution to

Lu %0 in (0,00),
Nu Zo0 in (—00,0),

with test-function space Cj;{j(o, o0) and such that, for some ¢ € (0,2s) and C > 0,
lu(z)| < C(1+ |z|)?T* vz eR. (2.12)
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Then, there exist coefficients agl), a(ﬂlg,Ay), A§-2) € C such that

k1(8)-1 ka(B)—1
1 2
u(z) = Z Z a(ﬁ}rﬁ (logz)! + Z Z a(ﬁgazﬁ log )"

Be{f1=0}NS254p— (=0 Be{f2=0}NS254p— (=0 (2 13)

= (1) = (2) |

1) 2s+j 2)_2s+j

) Lnesi<od; T Y Lpeelcon A7 221,

=0 =0

where k1(5), ka(B) denote the multiplicities of 3 with respect to f1, fa.

3. THE DISTRIBUTIONAL MELLIN TRANSFORM

In this section we collect several elementary results about the Mellin transform. In particular, we
make sense of the Mellin transform applied to functions with polynomial growth by introducing a
distributional variant of the Mellin transform.

Given a complex valued function u : (0,00) — C, we define the Mellin transform of u at z € C to be

M{u](z) = /Ooo 2 tu(z) de, (3.1)

whenever the integral is absolutely convergent. Moreover, given a complex function ¢ : C — C, we
define the c-inverse Mellin transform of ¢ at = € (0,00) to be

1

oo
— / x TP (c+iz) dz, c€R,
—00

M o)) = 5

whenever the (line) integral is well-defined. We will also denote M~! : M;/g, i.e. the case ¢ = 1 is
the default definition of the inverse Mellin transform, since it gives rise to a natural Plancherel identity
(see (3.4)). Note that the freedom to choose ¢ € R is important for instance in the Mellin inversion

theorem, which we state below.

Lemma 3.1 (Mellin inversion theorem). Let u be continuous and assume that Mu|(z) exists whenever

Re(z) € (a,b) for some a,b € R.
Then, for every c € (a,b),

1

M Mal)(w) = 5

/00 2 Mu)(c +iz) dz = u(z) Vo € (0,00). (3.2)

) < b} for some a,b € R, and |u(z)] < C(1+|z])~2
the function

Moreover, if u is holomorphic in {z € C:a < R
in {z € C:a < Re(z) < b}, then for any c €

e(z
b)
M / Py (e 4 iz) dz (3.3)

(a,
1
"o

satisfies MM 1u]] = u in (0, 00).

For references of these two results, we refer to [28, p.341-343], [30, p.80], and [29] Theorem 11.1.1].
The proof makes use of well-known inversion formulas for the Fourier / Laplace transform.
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3.1. Properties of the inverse Mellin transform. Given M, m > 0, let us denote by Sy, = {z €
C : |Re(z)| < M} the vertical strip of radius M and introduce the following function space
Xt = {¢:C— C | ¢ holomorphic in Sp;, 3C > 0:]¢(2)] < C(L+[z])™™ Vz € Su}.
We will prove that the inverse Mellin transform M™1[¢] is well-defined, whenever ¢ € Xy, for M > %
and m > 2. Obviously, for M’ < M and m’ < m we have that
XM,m C XM’,m’-

Moreover, by possibly choosing M and m larger, respectively, we gain decay properties of M~1[¢] at
zero, at infinity, and regularity of M~1[@], respectively (see |[Lemma 3.3).

Before we prove this result, we need to recall the Paley-Wiener theorem (see [37, Chapter 4, Theorem
2.1, Theorem 3.1]).

Here and below we use the following definition of the Fourier transform:

Firie = [ Tt ey de, Ff)@) = / e (e de.

o 2w
Lemma 3.2 (Paley-Wiener theorem). Let M > 0.

(i) Let f be holomorphic in {z € C : |Im(z)| < M} and assume that |f(2)] < c1(1 + |z])~2 for
every z € C such that |Im(z)| < M. Then, for all M’ € (0,M) and & € R,

IFUE)] < cpe™ .
(ii) Let f and F[f] be such that, for all x, £ € R,
f@)] <es(L+]z) and  |FIfE)] < eze M
Then f is the restriction to R of a function f that is holomorphic in {z € C : |Im(2)| < M}.

The following result is a direct application of the Paley-Wiener theorem.

Lemma 3.3. Let c € R, ¢ € Xy, for some M > |c| and m > 2. Then,

M 6)(a) = 5o F [o (e + ) (g o).

Moreover, for every M’ € (0, M) there exists C > 0 such that

M'~2]c| Va € (0,1]
-1 <(C x , ’ T
M [e]()] < {x_M el vz e [1,00).

In addition, for any k € N such that k + 2 < m, there exists C' > 0 such that

Wok=2d gy e (0,1]
—1 (k) <C x , ’ T
(M o)™ ()] < {x_M —k+2el g e (1, 00).

Proof. By the definitions of M_! and F we immediately verify the first claim:

M) (x) = ix_c /_O; e_iZ1°g(x)¢ (c+iz)dz = %x_c}" [ (c+ )] (log x).

2T

Since ¢ is holomorphic in Sy and satisfies [¢(2)] < C(1 + [z])~ -2 for any z € Sy, we deduce that
#(2) = ¢ (¢ +iz) is holomorphic and satisfies |¢(z)| < (1 +|2)72
eC:

{zeC:|Re(c+iz)] <M} ={z€C:Im(z) € (—M—i—c,M—i—c)}.
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Since (—(M —|¢c|), M —|c|) C (=M + ¢, M + ¢), we can apply [Lemma 3.2(i) with M’ := M — |c| and

deduce that

Flg|(z) < Ce Ml yM' € (0,M —|c|), VzeR.
Thus,
~ ’ —cpM’ Vo € (O 1]
M—l < Oz ¢|F 1 <C—C—M|10gx|<cx & , s Ly
M 6)(@)] < Ca~\Fld]log )] < Cace S TR
which yields the second claim.

To prove the third claim, we let k£ € N, assume k + 2 < m and observe

M) @) = o [ ] @) s

T o

| oo kel '
= — (—c—j—iz)z " kp(2)dz
2 J_ o 1
7=0
1 00 k—1
_ _— .—c—k —izlog(x) PR .
—27T3: /_Ooe g H( c—j—iz)¢p(c+iz) dz
7=0
1 k—1
. —e—k . .
=57 F H)(—c—y—z-)qS(c—i—z-) (log ).
]:

We define

and observe that ¢ is holomorphic.
In addition, using that m > k + 2 we find that, for all z € {z € C: |Im(2)| < M — |c|},

k-1
9(z)] < C|[] (e =i —izn)| A+ =)™ < CA+]) ™ <O+ [2) 72
§=0

Hence, by [Lemma 3.2[i),
Flol(z) < Ce ™™=l M € (0,M — |e|), Yz €R.
Thus,

(M [8) P (@)] < Ca* | F[](loga)| < Camc ke M'Iloarl < 0{

as desired.

kg M Vx € (0,1],
z= k=M yr e [1,00),

0

The previous lemma implies that M~1[¢] (as well as its derivatives) satisfies polynomial decay at zero
and at infinity whenever ¢ € Xys,,. Moreover, by taking M > 0 (and m > 0) large, the order of the

polynomial decay of M~1[¢] (and its derivatives) can be made arbitrarily large.

We also point out that the choice of the parameter ¢ € R in the definition of the inverse Mellin

transform is not important, whenever ¢ € Xy ,,. More precisely:
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Corollary 3.4. Let c € R, ¢ € Xy, for some M > max{|c|,2|c| — 1} and m > 2. Then,

Proof. The proof relies on the application of the Mellin inversion theorem (3.2)) and (3.3)):
Mgl = MMM [9]]] = M~ [9].

In order to justify application of (3.2]) to M ![¢] in the first step, we use that this function is continuous

and that M[M![¢]](z) exists for Re(z) = § by The application of (3.3]) to ¢ is justified

by the definition of X}/ ,, and since M > c. O

3.2. Definition of a distributional Mellin transform. The main purpose of is that
it motivates the following definition of the Mellin transform for functions « which might not satisfy
I3 |2*~tu(x)| dz < oo for some (or any) z € C

0 Y :

Definition 3.5. Given M > % and m > 2, we define
M) = € 2h0.09) | [T o) M fele)de < o0 0 € A}
0

Moreover, for any u € M™[X),,] we define Miu] : X Mm — R as follows

(Mlul, 6) == /0  w(@M (] () da

Remark 3.6. As a a consequence of the Plancherel formula, we point out that, whenever u is such
that fooo |27~ tu(z)|dz < oo for any z € C, then, for any ¢ € Xps,y, with M > % and m > 2,

(M), 6) = /OOO w(@) M6 (x) dz = /_Z M]u] <; + iz> ¢ (; + iz) dz. (3.4)

Hence, M coincides with the original definition of the Mellin transform up to a shift, whenever u is
nice enough.

Remark 3.7. As a direct consequence of we deduce that, for any a,b > 0,
{1 € Liel0,00) | Ju(@)] < C(lal ™ + |2) ¥z € (0,00)} € M [Xas], (3.5)

whenever M > max{a, b} and m > 2.

With the help of [Definition 3.5/ we can give a rigorous meaning to M [] for a € C and prove:
Lemma 3.8. Let o € C. Then,

Mz¥)(2) = 8(z — (@ + 1))
in the following sense: For any ¢ € Xagm with M > max{2|Re(a)| + 2,|Re(a)| + 1} and m > 2,
(M[a°],6) = éla +1).

Moreover, for anyl € N,

(M[z°(log(2))], ¢) = (=1)'¢" (a + 1)
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Proof. Let ¢ € Xpr,. Recall that by and the assumption on M, we have that, for any
¢ € R with max{|c|,2|c| — 3} < M,

M gl(x) = M [@](x) VY € (0, 00).
First, we take ¢; < Re(a) 4 1 with max{|c1],2|c1| — 1} < M and deduce by Fubini’s theorem that
1 1 (S) 1 )
/ M ¢)(z)dz = — </ AT dac) ¢(c1 +iz)dz
0 21 J—oo \Jo

__1 & o(c1 +i2)
T oan ) (e ti2) — (a+ 1)

1 c1+i00
By,
210 Joy—ioo 2 — (@ +1)

dz

Analogously, taking ¢z > Re(a) + 1 with max{|ca|,2|co| — 1} < M, we have that
/ xa/\/lcgl [0](z)de = — (/ e dx> ¢(ca +iz)dz
1 21 J o \1
1o o(c2 +i2)
21 oo (cati2) — (a+ 1)

1 co+100
_ L / o) g
270 Joy—ioo 2 — (@ +1)

dz

Let now R > 0. By the Cauchy integral formula applied to the contour
YR = [CQ — 1R, co + iR] U [CQ +iR,c1 + iR] U [61 + iR, c1 — iR] U [Cl — 1R, co — iR],

¢(a+1)—21m/mz_qz$:_1)dz.

we obtain that

Hence, taking the limit R — oo, and observing that the contribution from the horizontal parts of yr
goes to zero by the decay of ¢ € Xy ,,, we deduce

e’} 1 e’}
AML = 2 Mol (z) dx 2 Mol (z) da
| e e e = [ et do s [ oM ol
1 ca+100 ¢(Z) 1 c1+100 ¢(Z)

- GO N P %) qi— pla+1).
270 Joy—ioo 2 — (@ +1) 270 Joy—ino 2 — (4 1) o )

To prove the second claim, note that for any [ € N

1 1\l 00 _1\l+1
/0 2% (log(x))! dz = M if Re(a) > —1, /1 z%(log(x))! do = ((1i)a)l+l!1 if Re(a) < —1.

Thus, by similar arguments as before, we find that, when ¢; < Re(a) + 1 and ¢; > Re(a) + 1,

1 N 3 B (_1)1“ c1+100 ¢(Z)
/0 x (log(x))l/\/lql [@](x)dx = — /Cl_ioo = (a+ ) dz,

271
[ e tontey Mt an = GO [ 0O,
1 cC

20 Jey—ino 12— (@ + 1)L T
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Cauchy’s integral formula (or rather Cauchy’s differentiation formula) applied to the contour vg yields

! z
#V(a+1) = omi /m [z — (z(+)1)]l+1 dz,

and therefore we deduce that
| o)) M o) a) do
0

e () (D1 e ()
=S L e e o B

= (-1)'¢D(a+1). O

2 —100 1—100

3.3. A fundamental lemma of the calculus of variations. The following result can be regarded
as a version of the fundamental lemma of the calculus of variations in the spaces M~ Xyr )" and
M X ). Tt allows us to deduce that a function u € M~ X, is zero by analyzing its distribu-
tional Mellin transform.

Lemma 3.9. Let M > %, m > 2, and u € M7 Xnrm)'. If for any ¢ € Xagm it holds
<M[u}7¢> =0,
then u =0 a.e. in (0,00).

Proof. Let n € C2°(0,00). First, we claim that M[n] € Xps,,. To prove it, we observe that M[n] is
well-defined in the classical sense and

M) = [ @t e = [ e = [ n(ener o = 2w )] -iz).

—00 —00

Since n € C2°(0,00), we have that = — n(e*) € C°(R). Hence, a variant of the Paley-Wiener-
Schwartz theorem (see e.g. [31, Chapter IX.3, p.16]) implies that for any N € N there exists C' > 0
such that, for all z € C,

27| F " [n(e))(=2)| = |Fln(e)](2)] < C(1+ |2)~ Ve ML, (3.6)
In particular, for all z € Sy,
IMn)(2)] = 27| F " [n(e)](~iz)| < Ce“M (14 |2)) .
Moreover, since n(e’) € C°(R), we infer from that, for all z € R and a > 0,
F (@) < CL+ )™ and  [n(e?)] < Coe™ .

Accordingly, we can apply [Lemma 3.2{(ii) with f := F~1[n(e’)] and deduce that F~1[n(e’)] is holomor-
phic in {z € C: |Im(z)| < a} for any a > 0.
In particular, M[n] is holomorphic in Sj;. Hence, we have shown that M[n] € Xir ., as claimed.

This allows us to apply the assumption of the lemma with ¢ = M|n|, and conclude that

0 = (M[u), M) = /0 " u(e) MO M) () da = /0 " u(@n(z) da.

In the last inequality we used the Mellin inversion theorem (see (3.2])), which is applicable since
n € CX(0,00) and M[n|(z) exists in the classical sense for any z € C. Since n € C°(0,00) was
arbitrary, we deduce that « = 0 almost everywhere, and the proof is complete. U
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3.4. The Mellin transform on R. In this subsection we introduce the Mellin transform for functions
u : R — C (generalizing the setting in (3.1]), which was for functions u : (0,00) — C) and establish

several basic properties which will be useful in the proof of

Given a complex valued function u : R — C we define the Mellin transform of u at z € C to be
M{u](z) := (M[u] " (2), M[u] " (2))
oo 0
= Ml J6) M=l 1) = ([ utwyan, [ o tuwas) e
0

—00

whenever the integral is absolutely convergent. Moreover, given two complex functions (¢1, ¢2) : C —
C?, we define the c-inverse Mellin transform of (¢1,#2) at x € R to be

M1, ¢a)(x) == M1 (2) 1w, (2) + M o) (—2) 1r_ ().

It is immediate from the definition, that the Mellin inversion theorem [Lemma 3.1|remains valid for this
extended definition of the Mellin transform and its inverse. Therefore also straightforward variants
of [Lemma 3.3| and [Corollary 3.4] are available, simply by applying the previous theorems to both
components separately.

4. A NEW LIOUVILLE THEOREM VIA THE MELLIN TRANSFORM

The goal of this section is to present a rigorous proof of [[Theorem 2.5|and [Theorem 2.10| with the help
of the distributional Mellin transform.

4.1. Proof of [Theorem 2.5, We deduce from that, for every M > max{1+b,1+a+d}
and m > d + 2,

M X m] € CL4(0, 00). (4.1)

The following result is a consequence of (2.1)) and the self-adjointness of L.

Lemma 4.1. Let L be as in|Theorem 2.5 Let also M > max{l +b,1+a+d}, m > d+ 2, and
¢ € XM,m-

Then, for every z € C with Re(z) € (a1, 2s — aa) we have that

MILMH@)](2) = f(z = (= — 2s). (4.2)
Proof. By we have M~1[¢] € Cib(O, 00) for every ¢ € Xy . Hence, implies that

MILM[8)](z) = /0 T LM ) () da
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is well-defined for every z € C with Re(z) € (a1,2s — ap). For any such z, we compute, using that L

is self-adjoint (recall (2.3))) and satisfies (2.1)),
MM (D)) = [ @ LM o)) @) do

- /O T L@ ) @M @) da

- (4.3)
—fe=1) [ oM ) do
0
= f(z = YMIM[g])(z — 25)
= f(z—1)o(z — 2s).
In the last step, we used the Mellin inversion theorem (see (3.3)), which is applicable to ¢ € X1, by
definition of the space X . O

Lemma 4.2. Let L be as in|Theorem 2.5. Assume that |u(z)| < C(1+x)?5=¢ for some € € (0,1) and

that, in the distributional sense,
Lu=0 1n (0,00).
Then, for any M > max{1+b,1+a+d}, m>d+2, c€ (1,25 — a2), and ¢ € Xp1m,

0= [T u@M: ol ~ 2501 ~ Dl(w) do.

Proof. By ([4.1)) we have that M~![¢] € Cib(O, o0) for any ¢ € Xps . Hence, recalling (2.2), we know
that M~1[¢] is a valid test function for the equation Lu = 0. As a result,

0= [ uo) LM o)) (o) d, (14)
0
and the integral on the right-hand side converges absolutely by Moreover, we recall that
MM D)) = [ LM o)) @) o

is well-defined for every z € C with Re(z) € (a1,2s — a2) by (2.2). Hence, we can apply the Mellin
inversion theorem (see (3.2))) and deduce

LM [9]) = MZUMILM T [9])]] Ve € (a1,25 — az).

Moreover, since by the definition of M_ ! only the values of M[L(M™1[¢])](2) for z € C with Re(z) €
(a1,2s — ) contribute to the inverse Mellin transform, we can apply to deduce

LM = M (- = 1)p(- — 25)] Ve € (ar,25 — az). (4.5)
Finally, by combining and ,
0= [T u@LM o)) de = [T u@ M - Do~ 29)](0) do
0 0
This implies the desired result. O

The following result is a reformulation of We will apply only in this reformu-

lated version.
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Lemma 4.3. Let L,u be as in|Theorem 2.5 Then, for any M > max{l +b,1 + a + d,2 + 2s},
m>d+2, and ¢ € Xy such that z — (2 +2s)/f(z 4+ 25 — 1) € Xppm,

= Ooua: -1 x)dx.
0—/0 ()M [](x) d

Proof. We apply with ¢(z) = (2 + 2s)/f(z + 2s — 1) and obtain
0= [T u@MC - o~ 29 do = [T )M ol ds
0 0

for any ¢ € (a1,2s — ap). Since also ¢ € Xy, by assumption, we are allowed to take ¢ = % due to
Corollary 3.4f even if % ¢ (a1,2s — ). Note that the resulting integral converges absolutely due to
the growth assumption on u and This concludes the proof. O

Before we prove we need the following result, which yields the existence of functions in
Xr,m with prescribed values (and prescribed derivatives up to a finite order). We believe that the
result is standard, but we did not find it in the literature, so provide a proof in order for our argument
to be exhaustive and self-contained. The proof is inspired by [36, Theorem 15.13].

Lemma 4.4. Let M, m > 0 and let Fy C Sy be a finite set. For every € Fy let k(8) € NU{0} and
ag; € C for any 1 € {0,...,k(B)} be given.

Then, there exists 1 € Xnrm such that
WO(8) = Agy VB € Fo, L€ {0,... k(B)}.

Proof. We define
n(z) = e~/ H (z — B)MBOIHT,
BeFo
We observe that 7 has a zero of order k() +1 at each § € Fy and vanishes faster than any polynomial
in Spr. We claim that for each 3 € Fjy we can find a function Pg of the form
k(B)+1

Ps(z)= Y cpulz—p)" (4.6)
I=1
such that 7Pz has the following power series expansion in some disc centered at [3:
(= = ")

n(z)Pg(z) = A@o + Ag,l (Z — ,3) SR Aﬁ’k(ﬁ)W 4+ ..., (4.7)

To prove the existence of Pg, let 8 € Fy. For simplicity, let us assume that 5 = 0 and write k(8) = k
and Ag; = A;. Then, for some coefficients n; € C with n; # 0, and ¢; € C, we find that

k+1 k+2 4. kfll

n(z) =mz - P)=ciz t 4z 2+ ez Pz

In this setting, (4.7) becomes equivalent to finding ¢; such that

+ 12z

n(z)P(z) = (c1zk +epF T b gz + Ck+1)(m + m2z + 7732:2 +...)
k

éA0+Alz+-.-+Ak%+....

However, by comparing the coefficients of the two expressions, we can solve the resulting equations
successively for c¢xy1, ¢k, ..., 2, c1, which yields the existence of P as in ({4.6[)-(4.7).
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Let us observe that, by construction, for any g € Fy and o € Fy \ {5},

(nPa)P(B) =0 VI €{0,....k(B)}.

Indeed, this follows immediately from the fact that n has a zero of order k() + 1 at 3, while P, is
holomorphic in a neighborhood of 3. In particular, by the construction of P,, also the function nP,
is holomorphic in a neighborhood of 5.

Now, we define

Y(z) =n(2) Y Ps(2). (4.8)

We deduce from (&7) and (&38) that »()(8) = Ag; for any 8 € Fy and I € {0, ...,k(B)}. Moreover, by
construction, the function v is holomorphic in Sy, and decays exponentially since the Pg are bounded

away from (. Altogether, we deduce that ¢ € Xy, as desired. a
We are now in a position to prove

Proof of [Theorem 2.5, Let M > max{1+b,1+ a+ d} + 2s and m > d + 2. We denote
Fyi={8€C: f(8) =0, |Re(8)| < M},

and recall that we assumed that Fy only contains finitely many elements.

Given 8 € Fp, we also denote by k(8) € N the order of the zero of f at 5. We define

k(B)—1
(@) i=u(@) = Y Y cgaal(log(x)),
BEFy 1=0
where the constants cg; € R will be chosen later.
Let also M > 2(M +1) + 2. Given g € X371 m» We define
k(8)—1 0
z—1=-08)¢"W(B+1
v = 00— W0(2) Y 150y Y BT
BEFy =0

where Wg € A3z, , is such that, for all g € Fy,
Yp(B+1)=1
and, for all § € Fpand l € {1,...,k(B) — 1},
v (s+1)=0.
Moreover, given 8 € Fp, the function Yg € XMH,m is such that, for all a € Fy,
To(a+1)=dap Yac R, T{(a+1)=0 VIe{0,....k(B) 1}
Such functions ¥o and Yz do exist by

Note that 1 is constructed in such a way that
YO(B+1)=0 VB € Fy, 1€{0,....k(B) -1},
i.e. 1 has a zero of order k() at all points 8 + 1 with 8 € Fy.

Moreover, since we assumed that there are only finitely many zeros in Sys, and also that g(- + 1) is
analytic around any [ € Fp, the function ¢ (- + 2s)/f(- + 2s — 1) must be holomorphic in Sy;_os.
Moreover it has sufficient decay in Sy in order to satisfy (- 4+ 2s)/f(- +2s — 1) € Xy 4, for some
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M' > max{l + b,1 + a + d}, since we assumed that f does not vanish as |Im(z)| — oo within Sy;.
Also, by construction we have ¢ € X/, so we are able to apply with .
Moreover, note that by application of
Mz (log(x))'], 9) = (=1)'¢V (B +1) VL€ {0, k(8) — 1},
where we used that M > max{2|Re(B)| + 3, |Re(8)| + 1} for all 5 € Fy.
Then, by applied with 1) we obtain

- - k)
/O v(m)/\/l_l[g](x)dxz/o WM g)(z) dz — 3 Z cs.1(M(z” (log())1], 9)
BEFy 1=0
. k(B)—1
— [Tu@M g = vl@de = Y (=103 + 1)
0 BEF, 1=0
k(B)—-1 (1) 0
-y ¥ g(f'“)/o u(@) M [T ()050)( 1 - B)] (x) d
BeFy 1=0
k()1
=3 > (=1 (B+1)
BEFy 1=0
kB)-1 ) oo
-y ¥ g(fﬁl) {/0 (@M @) Ta()( 1= 8)'] (@) dx—cw(—l)’l!}.
BEFy 1=0

Hence, if we choose

S u@MT [ W ()T (- — 1 - B)] (z) dz
b= ! ’

we deduce that, for every 5 € Fy and [ € {0,...,k(5) — 1},
| oM @) ar =0 Vo € Xy

Since by (2.5) and it holds v € M™X M1, ) implies v = 0, and thus we conclude
k(B)-1

Z Z cg 2 (log(z))".

BeEFy 1=0
By (2.5)), we can discard all summands 3 € Fy with Re(8) ¢ [0,2s — €] and conclude the proof. O

4.2. Proof of [Theorem 2.10. The goal of this subsection is to prove the Liouville theorem for
operators acting on functions u : R — C. The proof is largely analogous to that of

Given k € N, we define the spaces
Xipm ={0 € Xum:0(j+1)=0 Vj€{0,....k—1}},  Xip,, = Xarm.

In analogy to (4.1) we deduce from applied to our definition of the Mellin transform from
Subsection 3.4| that, whenever k € NU{0}, M > max{1 +b,1+a+d,2k+ 3}, and m > d +2,

MTUXE < XL, € CHR). (4.9)
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This property follows immediately from (4.1)), using also the definition of M and which
yield that for any j € {0,...,k — 1},

/ T M) (x) da = (M), 6) = 6 + 1).

0

First, we establish the following counterpart of

Lemma 4.5. Let L be as in|Theorem 2.10| and k € NU{0}. Let also M > max{1+b,14+a+d,2k+3},
m>d+2, and (¢1,¢2) € Xﬁm X X]’\}’m.

Then, for every z € C with Re(z) € (a1,2s + k — ag),

MILM b1, )] (2) = fr(z = 1)oi(z — 25) + fv (2 — Dpa(z — 25),
M[N(M 7 p1,02))]7(2) = fv— (2 — Dpa(z — 28) + fr._(z — )1 (2 — 2s).

Proof. By and we have that
ML o1, 0] () = [ a2 LM o)1, + M (=) () da

(4.10)

0
MIN (M1, d2])]™(2) =/ X IN(MT 1] lr, + M [do(—)]1r_)(2) do

—0o0

are well-defined for every z € C with Re(2) € (a1,2s + k — ag).

Then, using and ,
MILM g1, ¢2))]* (2) = /OOO 2T LM o] IR, + M7 ga(—)]1r_)(2) do

o) 0
- /0 L )M @) e+ [ Ni @M oa(—)) @) do

0

= frL+(z=1) /Ooo 27T IM T o] () da + fv (2 — 1)/ w7 TIM T 6o ()] (2) da

= iz~ Dnlz — 25) + v (= — 1ol — 25), :

where we used the Mellin inversion theorem in the last step. An analogous proof yields the result for

M[N(M o1, ¢a])] ™. O

The following two lemmas are analogs of [Lemma 4.2] and [Lemma 4.3 Again, the proofs goes in a
similar way as before, using

Lemma 4.6. Let L be as in|Theorem 2.10] and k € NU{0}. Assume that |u(z)| < C(1+ x)*tF=< for

some € € (0,1) and that in the distributional sense

Lu o in (0,00),
Nu Zo in (—00,0).

Then, for any M > max{1+b,1+a+d,2k+ 3}, m >d+2, c € (1,25 +k — a2), and (¢1,$2) €
g X XRp s it holds

0— /0°° w(@) (M pi (- —28) fr (- — 1) + ¢o(- — 28) fn (- — 1)](2)) da
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0
T / u() (M1 — 28) fr— (- — 1) + ol — 28) v (- — D] (x)) d.

—00

Proof. Due to ([£.9), we have that M~1[¢y, ¢o] is a valid test function for the equation of u whenever
o1, 02 € Xﬂk/lm. Therefore, we see that

0

0= [T M s @ e+ [ a@N Mo, g w)

—00

and the integrals on the right-hand side both converge absolutely by (2.9)) (see also [Remark 2.3)).
Then, by and the Mellin inversion theorem, arguing exactly as in the proof of
we deduce that, for any ¢ € (ay,2s + k — ag),

LMY 1, ¢2]) = MIHMILM by, go)) 7] = MO fr 4 (- = Do (- = 28) + (- = Dol — 29)],
N(M o1, 62]) = MHMIN(M b1, $2D)] 7] = M - (- = Dol = 28) + (- = D (- — 29)];
A combination of the two previous equations on display concludes the proof. O

Lemma 4.7. Let L,u,k, f be as in |Theorem 2.10. Then, for any M > max{l +b,1+ a + d,2k +

+2 +2
%,k’+25+2}, m>d+2, and ¢ € Xy such thatz%%eéff/l ZH%GX}\}M,

,m’

= ooua: -1 x)dx.
0—/0 ()M [](x) d

Proof. Let us choose ¢2(z) = %gbl(z), which is a valid test function by assumption. We

observe that in that case, by for any ¢ € X ]@m we have that

0= /OO u(@)MZ [fi(- = (- — 2s)](x) dz,
0

where f; = fL,+fN,}I\7{L,7fN,+'

Then, the desired result follows by choosing ¢1(z) := ¥(z + 2s)/f(z + 2s — 1) in the same way as in
using also that, by assumption,

balz) = fr—(z+2s—-1) b1(2) = fro—(z+2s—1) (z+ 2s) Yz +2s)
2 fn_(z+2s—1)"" INn_(z4+2s—1) filz+25—1)  fa(z+2s—1
Now, we are in a position to give a proof of

Proof of[Theorem 2.10. As in the proof of |Theorem 2.5, we take M > max{1+b,1+a+d,2k+ %, k+
25+ 2} +2s and m > d + 2. Then, letting M > 2(M +1) + %, we pick g € Ay and our goal is to
define ¥ € Xy, such that

) €Xfm. O

+1,m

Y2+ 2s) ) e U(z + 2s)
Pi(z):= filz+2s—1) Pa(z):= fa(z+2s—1)

are holomorphic in Sy;_os and satisfy Py(j + 1) = P2(j + 1) = 0 whenever j € {0,...,k — 1}.
In analogy to the proof of we define

Fo:={BeC: fi(B)=0 or f2(B)=0, |Re(B)| <M},

Foo = {6:]+28 |f1(ﬂ)|+|f2(ﬁ)| < 00, je{l,...,k}}\F(),
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and set
KB)-1 )
= Z T Z 1 +1
P(z) :=g(z) — Vp(z) 5(2) (2 B)l‘g (B+1) |
BGFOUFOO =0 *

where we denote by k(f) the maximum of the multiplicities of S with respect to fi and fo, whenever
B € Fy, and we set k() = 1 whenever € F.

Then, we let Wy € X537, ,, be such that

Uo(B+1)=1 VBeFyUFy, WV @B+1)=0Vie{l,... ,k(B)—1} VB€ R,
and for any 3 € Fp the function Ty € A3; +1,m 18 such that

Ts(a+1)=bap Va€ RUFx,  TP(a+1)=0 VI {0,...,k(8) — 1} Vae F.
Such functions ¥y and Y3 do exist by Note that 1) is constructed in such a way that
OB+1)=0 VBe RUFy, 1€{0,....k(8)—1},

and, in particular, P; and P, satisfy all the aforementioned properties so that we can apply
with ¢. From here, the proof goes in the exact same way as the proof of choosing

k(B)-1

vie)=u(@) = Y Y epaa(log(a))!

BEF)UFs =0
where the constants cg; € R will be chosen as in the proof of so that we can deduce

/000 v(x) Mgl (z) dz = 0.

Since g € X3, ,,, Was arbitrary, we deduce v = 0 by and conclude the proof. O

5. 1D LIOUVILLE THEOREMS FOR THE NONLOCAL NEUMANN PROBLEM

The goal of this section is to prove a 1D Liouville theorem for the nonlocal Neumann problem

{(—A)%u =0 in (0,00),

5.1
(000w =0 in (—00,0). (5-1)

In [4], it was already proved that solutions which do not grow faster than ¢2~!'*¢ at infinity are
constant, in case s € (%, 1). With the help of |Theorem 2.5, we can finally give a complete classification
of all solutions to the nonlocal Neumann problem in 1D.

Since we are ultimately interested in the optimal regularity of solutions to the nonlocal Neumann
problem, it will be sufficient to classify solutions that do not grow faster than ¢2**+1=¢ at infinity. Note
that our proof distinguishes between solutions that do not grow faster than ¢?*~¢ at infinity and those
that do.

In case u(t) < t2°7¢ at infinity we work with weak solutions to ([5.1)) (in the sense of [Definition 6.1])
and we rewrite (5.1]) in terms of a regional problem on (0, c0). Indeed, we recall from [4, Proposition
A 3] that u is also a weak solution to

Lu=0 1in (0,00),
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where -
Lu(w) = pv. [ (ula) = ) K, (a.1) do (5:2)
and
Cs I(s+ l) 1
KR+($7y) :71%+kﬂ{+($,y), 6824857277- 2,

|Z|2s

‘517'1‘ z]1+25\y+ Z’1+2S dz.

kR+(x7y) = 2365/
0

By the homogeneity of the kernel, i.e. Kg, (Az,\y) = A\"172*Kg, (z,y), it follows immediately that

L is homogeneous of order 2s in the sense of , and we will use [Theorem 2.5|to classify all such
solutions.

In order to apply [Theorem 2.5[ we have to determine the corresponding function f (see (2.1))). This

is achieved in the following result, which we will prove in the next subsection.

Lemma 5.1. Let L be as above. It holds for g € C:

_ TB4D sn(B-s) oL+ i (TEs—ALB+ 1)\
T8 = 5 25+ D sn(n (B —25)) 254 T(l— 2> T ( (1 + 2s) >
_ I'(B + 1) sin(7s) (sin(w(ﬁ —9)) N I'(2s — B)I'(B+ 1)>
['(B —2s+ 1)sin(n(5 — 2s)) sin(7s) I'(2s) ‘

The main work is to locate the zeros of the function f. The corresponding result is given in
and its proof will also be postponed to
We denote by

By :=inf{Re(B) : f(8) =0, Re(B) >0, B+#2s—1} (5.4)

the real part of the first (non-trivial) zero of f. In particular, by [Proposition 1.4 it holds By €
(23,23—1—%) if s < % and By € (3—1—%,34—1) if s > %

It is of some interest to locate the zeros of f at a higher level of precision. Although this is in general
very complicated, the following two remarks provide exact information about the zeros of f for s = %,

as well as s (0 and s 1.
Remark 5.2. In case s = %, the identity f(8) = 0 is equivalent to
sin(27 ) = 273,

which is known to have the solution § = 0 and no further solution in {8 € C : Re(8) € [0,1]}.
However, there are further solutions outside this strip (in fact, there are infinitely many of them). The
one with smallest real part is given by § = 1.193292... + i0.4406488. . ., see [24].

Remark 5.3. We observe that (see also (5.9))) finding the nontrivial zeros of f is equivalent to finding
the nontrivial zeros of

F(s, ) := (25 — B)sin(n(s — B)) —

sin(rs)I'(2s+1—-B)T'(B+ 1)
I'(2s) ‘

Then, there exist 71,72 > 0 sufficiently small such that, for all s € [1 —n1,1] and s € [0, 72], there
exist f1(s), B2(s) € C satisfying

F(s,B1(s)) =0= F(s, Ba2(s))-
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Moreover, it holds

Bi(s) =2+iy/2(1—s)—3(1—s)+o(l—s) ass—1, Ba(s) =3s+o(s) ass—0.
We provide the proof of this remark at the end of
We can show the following Liouville theorem in case u does not grow faster than ¢t2*~¢ at infinity.

Theorem 5.4. Let u be a weak solution to

(=A)gu =0 in (0,00),
M%,oo)u =0 in (—00,0)

in the sense of |Definition 6.4 with u(0) =0 and
()] < C(1 4 o)min{Bos2s}—

(5.5)

for some C' >0 and € > 0. Then,
u=0 1n[0,00).
In addition, in case u grows faster than ¢?* at infinity, we first need to give a proper meaning to (5.1))
since weak solutions to are not defined anymore.
Definition 5.5 (Distributional solutions with faster growth). We say that u satisfying
lu(z)] < C(1+|z))*T17° vz eR
for some € > 0 is a distributional solution with faster growth to

{(—A)iu 20 in (0,00),

NS 1 . (5'6)
(0,00t =0 in(=00,0),

if, for any 1 € C°(R) with [°n(x)dz = [°__n(z)dz =0, it holds that

0 0o
| @@tz + [ u@) (At dz =0

—00

Clearly, both operators (—A)% and N; %7 ) are homogeneous of order 2s. In case u solves (5.1]) in the
sense of [Definition 5.5 we will use to classify all such solutions.

It turns out that the characterizing functions f; and fs are the same (or closely related) to the function

f from as pointed out in the following result.
Lemma 5.6. Let L = (—A)} and N = ./\/'(50 00)" Then, it holds for B € C:

I'(1+2s)

hB)=50B). LB =555, mrE+D

f(B).

We will provide the proof in the next subsection. As a direct consequence of [Proposition 1.4] we get
the following result.

Corollary 5.7. Let fi1, fo be as above. Then, the following hold true:
(i) {f1=0} ={f =0},

(ii) {f2 =0} ={f =0},
(iil) [f1(25)] = | f2(2s)| = o0.
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Proof. The first claim is trivial since f; = f. To prove the second and third claims it suffices to
observe that f(/3) has a pole of order two at 8 = 2s+ j for any j € NU{0} and therefore in particular
| f2(2s)] = | f1(2s)] = oc. O

Therefore, we are able to show the following Liouville theorem for distributional solutions of ((5.1))
with faster growth.

Theorem 5.8. Let u € M {2s—1.0}+e

e (R) be a distributional solution with faster growth to

{(—A)Su
i, u

u(z)| < C(1 + z)Bo—e

0 in (0,00),
0 in (—o0,0),

= 1l=

with u(0) = 0 and

for some C' >0 and € > 0. Then,
u=0 mR.

|2s—1 CZsflJrE

1o °(R), which we can also do in the

Here, we can rule out u = |z since we assume u €

application.

5.1. Determining the Mellin symbols. The goal of this subsection is to prove and
and also to establish some basic properties of the function f (and therefore also of f;
and fs).

Proof of[Lemma 5.1} Since L is homogeneous of order 2s, by [Remark 2.6 we have f(3) = L(z%)(1).

Moreover,

[%S) [%S) 0 |x—z\_1_28|y—z|_1_25
k dy = cs i dz ) d
/0 R, (z,y)dy =c /0 (/OO fO |z — z|~1-25dz Z) Y

_ 0 fooo |Z_y|—1—2s dy B 0 e B x_QS
= c4 1T T — .o dz=cs |z — z| dz = ¢, .
coo T — 212 [ |z — 2| 7125 dz o 2s

(5.7)

We denote, for all 5 € C,
I'(2s - B)I(B+1)

Cy = P+ At = , 5.8
and compute:
L) = (~D)3, o) + [ @ =y e, (o) dy
0
— (A (B wf—2 _ % as < 8 —1-2s —1-2s
= ( A)R+ (") + cs 2scs z v’ (z +vy) dy | (x + 2) dz.
0 0
We recall from [16, equation (2.8)] that
0 PB+1)  sn(mB-s)

(=), (#%)(1) = (—AY(@)?(1) -, /

—00

—1-2s _ -
=y Y = S S T sin(r (3 —25)) 25"
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We point out that

2863/ 228 (/ yP(z4y) 7% dy) (1+2)"172dz

0 0
_ > Bt A AN —1-2s
—2505/0 z (/0 <z> (1+2) dy | (1+ 2) dz

= 2365/ 2B </ 8 (1 +t)_1_23 dy> (1 +z)*1*2s dz
0 0

= 23056‘5.
Altogether, we have proved
F9) = La)(0) = ey o= 250,
_ DB+ sin(m@(B-s) o, Ts+3) <r<2s — AL(B + 1))2
(B —2s+1)sin(m(8 — 2s)) I'(1-s) I'(1+ 2s) ’

as desired.

Let us now derive the second formula for f. First, observe that we can write
I'(58 + 1) sin(7ws) sin(7 (8 — s))

['(B —2s+ 1)sin(mw (5 — 2s)) sin(7s)

2R3 5) 1T(2s = B)*T(8 + 1) sin((8 — 25)0(8 — 25 + 1)>.

f(B) =

=

INORE) (1 + 2s)2sin(7s)

By elementary transformations of the Gamma-function, namely using in the first step that I'(1 +

2s) = 2sI'(2s) and T'(s + 3) = 4%7r1/21;%3), and in the second step that I'(1 — s) = eyentrs and
I'(2s—p3) = _F(,B—25+1);rin(7r(6—2s))’ we obtain
g2 P(5H3) 1 D(2s — BT (8 +1)sin(n(8 — 2))0(5 — 25+ 1)
I'(1-—s) (1 + 2s)2sin(7s)
B 1 ['(2s — B)’T(B + 1)sin(r(8 —2s))T'(B—2s+1)  T'(2s—B)I(B+1)
T'(s)I'(1—s) ['(2s) sin(ms) N ['(2s) ’
whence we deduce the desired formula for f. O

Proof of[Lemma 5.6, We recall from [16] equation (2.8)] that

e T(B+1) sin(r(8-s)
fL,Jr(ﬂ) - (_A) (l’+)(1) - F(B — 925+ 1) Sin(ﬂ'(ﬁ _ 25))

Thus we compute

0
fr-(B) = (AP @)(1) = —c, / WP 11—y dy = —eiC,

fr (B) = N, (22)(~1) = —cs /0 VIl + g2 dy = —esCp,

where C3 was defined in (5.8)).
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Moreover, we note that
B ~ 1-2 ¢
—1— S
Fre(B) = N2, @)D = [ 1y By = 5
0

Therefore, we get as desired,

fraB)In-B) = fr.-(B)ns(B) _ T(B+1) sin(x(B—s))

= — 2s¢,C% =
i = fn-(B) - T(B—2s+1)sin(n(B — 2s)) 2s¢sC5 = 1(B),
- fN,—(ﬁ) — (25 -1 _ F(l + 28)

In order to apply we also need the following result:

Lemma 5.9. f is meromorphic. Moreover, for any M > 0 there are only finitely many zeros of f in
the strip Syr = {z € C: |Re(2)| < M}, and for any sequence (z,) C M with |Im(z,)| — oo it holds
that

liminf |f(z,)| > 0.

n—oo

The same properties hold for f1 and fo.

Proof. It is easy to see from the definition that f is meromorphic. To prove the other results, we
heavily rely on an asymptotic analysis. First, since the only poles of the Gamma-function occur at
the non-positive integers, and since the Gamma-function has no zeros, for the prefactor of f we see
that, for all § € C,
I'(B + 1) sin(7s)
(B —2s+ 1)sin(w(8 — 2s))
Hence, we see that, for all § € C with 8 ¢ 2s — N (and, in fact, 5 = 2s — 1 is still a solution of the

equivalences below):
sin(mw(s — 3 2s = B)I'(B+1
£5) 0. ST =) T(2s = AI(+1)
sin(ms) I'(2s)

- sin(m (B — s)) sin(m(8 — 23))F(23) (B +1)
sin(rms)m r(B—2s+1)
Indeed, it is easy to see that the property (5.9) holds true for 0. Let us now pcik M > 0 and
)

8 =
investigate solutions to (5.10)) inside the strip Sy = {z € C : |Re(z)| < M}. By Stirling’s formula
(see [19, equation (8.328)]) it holds

lim [D(x + iy)] exp(rlyl/2)|y|>~* = V2. (5.11)

ly|—o0

=0 pe2s—N.

(5.9)

(5.10)

As a result, writing § = a + ib with a,b € R,

rB+1) 2
— | < |[b|** b . 12
| <0 s bl o (5.12)
Moreover, by the definition of the complex sine function, one can immediately read off that
C~ exp(rlyl) < [sin(r(z +iy)| < Cexp(alyl) for lyl > 1, (5.13)

and therefore

sin(m (8 — s)) sin(m (8 — 25))I'(2s)

sin(ms)m

C(s)™" exp(2n|b]) <

< C(s)exp(2n|b|) for |b] > 1. (5.14)
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Hence, the asymptotic behavior of the two functions in (5.12)) and (5.14)) does not match for large
imaginary part |b|. Thus, since meromorphic functions can only have finitely many solutions in any
bounded domain in C, can only have finitely many solutions inside Sjs. This means that there
are only finitely many zeros of f inside Sy;.

Using the identity I'(2s — 8) = 7[['(8 — 2s + 1) sin(7(2s — 3))] 7!, we can rewrite
_ (5 +1) P, LB+ 1)sin(a(s - 5)
J(B) = —sin(ms) (r(ﬁ — 25+ 1)sin(r(8 — 23))> T(B — 25+ 1)sin(r(B — 25))°
By (5.12) and (5.13]) the first summand vanishes as |b| — oo, while the second summand behaves

like |b|** as |b] — oo. In particular, for any sequence (z,) C Sy with |Im(z,)| — oo, it holds
that liminf,, . |f(2,)| > 0, as desired. O

5.2. Finding the zeros of f. The goal of this subsection is to prove |Proposition 1.4l Moreover, at
the very end of this subsection we will give a proof of

Let us recall from (5.9) that finding the nontrivial zeros 5 ¢ {0,2s—1} is equivalent to finding complex
non-trivial zeros 5 € {Re() > 0} of

['(2s —2)T(2+1) sin(m(s— z))

I'(2s) sin(7s) (5.15)

9(z) =

5.2.1. Some classical results from complex analysis. In the forthcoming [Lemma 5.10[ and [Lemma 5.11|
we present some versions of classical results in complex analysis which will be used in our framework.
We begin with a restatement of the folk wisdom that if the image of the boundary of a region under
a holomorphic function does not wind around the origin, then the function has no zeros inside the
region. The precise statement that we need is as follows:

Lemma 5.10. Let QQ C C be a bounded, open, simply connected set, with OS2 of Lipschitz class.
Suppose that g is a holomorphic function in a neighborhood of Q.

If g has no zeros on 02 and the curve g(0S?) can be decomposed into a finite number of closed
curves C1,...,Cn, such that C; N C; is a finite number of points for all i # j, and each C; is
homotopic to a constant curve in the punctured complex plane C\ {0}, then f has no zeros in §Q.

Proof. On the one hand, the winding number of g(9€2) coincides with the sum of the winding numbers
of the components C;. On the other hand, the homotopy invariance of the winding number yields that
the winding number of each component C; is null.

All in all, the winding number of g(9€2) is null and the desired result thus follows from the argument
principle. (|

Lemma 5.11. Let Q C C be a bounded, open, simply connected set, with 02 of Lipschitz class.
Suppose that g is a holomorphic function in a neighborhood of Q. Assume also that

Im(g(z)) > min {0, ¢; — ca| Re(g(2))|} for every z € 99, (5.16)
for some c1, ca > 0.

Then, g(z) # 0 for every z € Q, unless g vanishes identically.

Proof. Let us first suppose that, for every z € 052,
Im(g(z)) > €+ min {0, c; — c2| Re(g(2))|} for every z € 99, (5.17)

for some € > 0.
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We consider the closed curve 9€) and we claim that
¢ has no zeros on 2. (5.18)
Indeed, by contradiction, if g(z9) = 0 for some zy € Jf2, we use to see that
0 =1Im(g(z0)) > €+ min {0, c1 — c2| Re(g(20))|} = € + min {0,¢;1} =,

which is impossible and proves (5.18§)).

Then, (5.18]) allows us to employ [Lemma 5.10f indeed, by (5.17)), the curve g(92) does not encircle

the origin and therefore we obtain that g has no zeros in §2, proving the desired claim in this setting.

Let us now suppose that holds true. We pick € > 0 and let g := g + ie. Now, condition
is fulfilled by g. and we thereby know that g. has no zeros in 2. We need to show that g has no zeros
in Q too and, for this purpose, we argue by contradiction, supposing that g(z9) = 0 for some zy € €,
without g vanishing identically.

By the analyticity of g, we have that zg is isolated and therefore there exists p > 0 small enough such
that g has no zeros on the circle C, centered at zy and of radius p. As a result, by the argument
principle and the dominated convergence theorem,

/ / /
1< f{ 9 g —tim L9 g i %) g,
c, 9(2) —0.Jc, ge(2) —0.Jc, ge(2)

which is a contradiction. O

5.2.2. Four preparatory lemmas. Following are the applications of [Lemma 5.10{and [Lemma 5.11| (com-
bined with suitable contour integration arguments) to some cases of interest. We first state all these
consequences as separate results and then we present their proofs. At the end of this subsection, we
explain how these results imply [Proposition 1.4}

Lemma 5.12. Let g be as in (5.15)). Assume that s € (%, 1). Then, there exists M > 0 sufficiently
large (possibly in dependence of s) such that g has no zeros in the complex region

1
{zG(C s.t. Rez € <23—1,5—|—2> and Im z € [O,M]}. (5.19)

Lemma 5.13. Let g be as in (5.15)). Assume that s € (0, %) Then, there exists M > 0 sufficiently
large (possibly in dependence of s) such that g has no zeros in the complex region

{z € C s.t. Rez € (0,2s) and Imz € [0, M]}. (5.20)

Lemma 5.14. Let g be as in (5.15). Assume that s € (%, 1). Then, there exists M > 0 sufficiently
large (possibly in dependence of s) such that g has at least one zero in the complex region

1
{z € C s.t. Rez e <s+2,s+1> and Im z € [O,M}}. (5.21)

Lemma 5.15. Let g be as in (5.15). Assume that s € (0, %) Then, there exists M > 0 sufficiently
large (possibly in dependence of s) such that g has at least one zero in the complex region

1
{zE(C s.t. Rez € <23,25+2> and Im z € [O,M]}.

We now proceed with the proofs of the above results.
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Proof of[Lemma 5.13. First of all, we rule out the possibility of real zeros. For this, we use the
digamma function

(5.22)

and note that, when x € (23 —1,5+ %), hence 7(s — z) € (— ),
, ~ T'@s—2)T(x+1)  T(2s—a)I"(x+1)  mcos(nm(s —x))
gla) = - T(25) * T(25) T T Sin(ms)
L2 _F:U()QI;)@ +1) (V(xz+1) —¥((2s—2)) +
S I'2s—z)T(x+1)
- I'(2s)

w0l
I3

meos(m(s — x))

sin(7s)

((x + 1) = 1p(2s — x)).

Also, the digamma function is monotonically increasing for positive real numbers and therefore,
since £ + 1 > 2s — x > 0, we have that ¢)(x + 1) > ¢)(2s — x). We have thereby found that ¢'(x) > 0
for all z € (25 —1,s+ %), leading to

gl@) > g(2s — 1) = 0,

as desired.

Let now €2 be the region in and note that g is holomorphic in a neighborhood of 2. We claim
Im(g( )) > min {0,1 — |Re(g(z))|} for every z € 0. (5.23)

For this, we decompose 02 into L1 U Ly U L3 U Ly, Wlth

1
L= {z €Cs.t. Rez € (23—1,3+2) and Imz:{O}}7
1
Ly := {ze(Cs.t. Rezzs—l—i and Im z € [O,M]}»

1
L3 := {ZE(Cs.t. Rez € <251,s+2> andImz:M},

and Ly:={z€Cst. Rez=2s—1and Imz € [0, M]}.
The proof of (5.23)) will be performed by showing that Im(g(z)) > min {0,1—|Re(g(z))|} for every z €

Lj, for all j € {1,...,4}. To this end, consider first z € Ly C R. In this case, g is real-valued and
therefore the claim is obvious.

Let now z € Ly. Then, z = s + 5 + iy, with y € [0, M]. We observe that, for all w € C,

(@) = T(w (5.24)

and, as a consequence,

1 1

P<3—2—iy>f‘<s+2+iy+1>

1 1 1 1

:(s+2+iy>( +zy>I‘<s—2—zy>F(s—2+iy>

o o 1 < L.
s°—y —Z+228y r s—f—i—zy r s—i—i—zy

1 2
_ (2
—<3 -y —4+22$y> ‘F(s——i—zy)
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Accordingly,

. . . 2
" <F — w)rfsz s 1)> -l (;(255) ol (0:29)

For this reason,

o . 1 ; — Im F(s—%—iy)F(s—l—%—i—z’y—i—l) o sin(ﬂ(%—i—iy))
L <g( +2+y>)—1 < I'(2s) )+I ( sin(7s) ) (5.26)

ZOHm((th)_O,

sin(ms)

which implies (5.23)), as desired.

We now focus on the case z € L, that is z = x +iM with z € (23 - 1,5+ %) We use an integration
by parts to point out that, if 7 > 0,

+0c0 )
D(r+iM) = / M ot gy
0

1 Iood
= 1i T —(tFMYe~t gt
EiM oo /1 e
TEIM
1 . . 1 1
_ li =7 e R —=
£l oo [] ¢ < j) ¢’
J : J ,
1/3 1/3
1 “+o0o ) +0o0 )
:l:'LM 0 0

On this account, for all b > a > 0,

sup |I'(7 £iM)]
T€a,b]

1 Lo too 1 . foo Cus (5.27)
< — b/ e dt+b/ t"te dt+/ t%e” dt+/ tletat| < =22,
M| Jo 1 0 1 M
for some Cpp > 0.
Thus, we deduce from ((5.27)) that
I'2s —x—:M)T M+ 1
i sup ‘(s x—iM)T(z+1 —1—)':0.
M—+o00 x€(2s—1,s+%) F(2S)
As a result,
) sin(m(s —x —iM))
glx +iM) = — Sin(rs) + par ()
5.28
—sin(n(s — z)) cosh(w M) + icos(m(s — z)) sinh(7 M) (5:28)
sin(ms)

with SUD,e (251,61 1) |ear(x)| as small as we wish, provided that M is large enough.
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Now, we distinguish two cases. First, if x € [s + %, s+ %), we deduce from ([5.28) that
|Re(g(x +iM))| + Im(g(x + iM))
sin(m(x — s)) cosh(m M) N cos(m(z — s)) sinh(w M)
sin(7s) sin(rs)
S /2 cosh(m M)
2sin(7s)
> 1,
as long as M is sufficiently large, which implies (5.23]) in this case.
If instead z € (23 —1,s+ %), we observe that for some ¢ > 0
nf cos(m(s — x)) sinh(w M) _ wf cos 0 sinh (7w M)

we(25—1,5+1) sin(7s) oe(—,(1-s)r) sin(ms)

— 2|pm ()]

+0 = 2[pn ()]

> cgsinh(mM).

Hence, one infers from ([5.28)) that
Im(g(x 4+ iM)) > cssinh(n M) — |upr(x)| > 0,
for M large enough, which gives (/5.23)) in this case too, as desired.

We now take care of Ly. To this end, it is useful to observe that, for all xg, x, y > 0,

the phase of Lle+iy) belongs to [0, 77(:1c—a:0)] (5.29)
[(zo + iy) 2
and thus
r .
Tm (W) > 0, (5.30)
(o + 1y)

as long as = € [zg, o + 2].

To check this, we recall the digamma function’s series representation
z—1
v Z k+1)k+2)

where v is the Euler-Mascheroni constant.

In particular, when z > 0 and y > 0,

—+00
143y Y
Im I —_ 31
Yz +iy)) Zm( k‘—|—:n—i—zy)) kzo(k—l—x)2+y2 (5:31)
and therefore

Im(¢p(x +iy)) > 0. (5.32)

Moreover (see e.g. [38, Example 7, page 136]), for all ¢ > 0,

T coth mt)
Z k-Q + t?

Also, since sinh(nt) > t,

d <7rcoth(7rt) 1) 1 2
T2

dt 2 2 2 2sinh®(rt) —
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mweoth(mt) 1 ) meoth(mt) 1 T
sup|{ ———— | =lm | ——— — — | = —.
>0 2 2t t——+o00 2 2t 2

From these observations and (5.31)) we arrive at

) =Xy 7 coth(my)
Im(¢(x + Zy)) < Z k2 + 2 - 2
k=0 y

and therefore

< (5.33)

1z
20 — 27
Now, given y > 0, for all z € [zg, 29+2], we consider a continuous phase ¥(z) € R such that I'(z+iy) =
o(z) € where o(x) := |I'(x + iy)|. Taking the derivative in z, it follows that
F/ . /
(z+iy) _ ¢(x) it ()
Iz +iy)  o(x)
and then, considering the imaginary part of this identity,

(x4 iy) . 7T

/ = I _— = I —

¥ (z) = Im <F($ ) m(Y(x + iy)) € [O, 2} ,
thanks to (5:22). (532). and (533).

Therefore,

)~ dfao) € [0, 720,

2
showing (5.29)) and, as a byproduct, (5.30)).
Now, to deal with L4, we take z = 2s — 1 + iy with y € [0, M] and we see that, using (5.24)),

(1 —iy)(2s +iy)  sin(r(l —s—iy))

9=) = I'(2s) sin(7s)
IT(1 +dy) |2 T(2s + iy) _ sin(ms) cosh(my) + i cos(ms) sinh(my)
(1 +4y)T(2s) sin(7s) '

Therefore,

Im(g(2)) > Im <|I‘(1 + iy)|? I'(2s + z'y)) _ I +iy)P (I‘(2s —|—.z'y)> ‘

(1 +4y)T'(2s) I'(2s) I'(1+iy)

This and yield that Im(g(z)) > 0 and this completes the proof of .
The desired result now follows from ({5.23) and [Lemma 5.11} O

Proof of[Lemma 5.13, First of all, we rule out the possibility of real zeros. We observe that, when = €
(0,2s), and thus 7(s — z) € (—ws,7s),
r2s—x)r'(x+1)
(z) = 1) — (25 —
/(@) P o+ 1) - vis - a)) +
S r2s—x)'(x+1)
- I'(2s)
Since x+1 > 2s—x, the monotonicity of the digamma function yields that ¢’(z) > 0 for all z € (0, 2s),
therefore

meos(m(s — x))

sin(7s)
meos(m(s — x))

(w(x +1)—(2s — x)) +

sin(7s)

g(x) > g(0) =0,
as desired.
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Let now €2 be as in . Our goal is to show that
Im(g(z)) > min {0,1 — |Re(g(2))|} for every z € 9. (5.34)
Indeed, this, in combination with gives the desired result in
To prove , we decompose 9f2 into Ly U Lo U L3 U Ly, with
Ly :={z€Cst. Reze (0,2s) and Imz = {0}},
Ly :={2€Cs.t. Rez=2sand Imz € [0, M]},
Ls:={z€Cst. Reze (0,25) and Imz = M},
and Ly:={z€Cst. Rez=0and Imz € [0, M]}.
and we prove the statement in in each segment L; for j € {1,...,4}.
If z € Ly, then g(z) is real and therefore the inequality in is obvious.
If z € Ly, we write z = 2s + iy, with [0, M] and consequently, recalling ,
[(—iy)T(2s + 1 + iy) N sin(7(s + iy))
I'(2s) sin(7s)
AT +iy))*T(2s 4 1 + iy)
yI'(2s) T'(1 + iy)

By (5.29)), the phase of % belongs to [0, 7s].

9(2s +iy) =
(5.35)

inh
+ cosh(my) + Z,cos(ws) sinh(7y)

sin(7s)

. A A o .
After a rotation, we find that the phase of ‘L2514 %) ' which coincides with the phase of - L4y |7 (25 +14iy)

T'(1+4y) yI'(2s) I'(1+4y) ’

belongs to [%, 5+ 775] C [0, 7.

For this reason,

. . 2 .
I (2 IT(1+iy)|°T(2s —|— 1+ zy)) >0
yI'(2s) T(1 + iy)
and therefore -
Tm (g(2s +iy)) > 0+ cos(ms) sinh(my) - (5.36)

sin(7s)
which yields ([5.34)) in this case.

We now deal with the case in which z € Lz, namely z = x + iM with x € (0,2s). In this framework,
I'2s—az—iM)I'(x+14+iM) sin(n(s —z —iM))

I'(2s) B sin(7s)
—sin(n(s — x)) cosh(w M) + i cos(m(s — x)) sinh(7 M)

= Sin(rs) + pm (),

9(z) =

where, by virtue of (5.27), sup,¢(,2s) [#ar ()| can be made arbitrarily small as long as we choose M
sufficiently large.

For this reason,
tu (g(2)) 2 T IDIREM _) »

as long as M is large enough, and ([5.34)) follows.
We now suppose that z € Ly, that is z = iy with y € [0, M]. In this setting,

I'(2s —iy)T(1 +iy) sin(w(s —iy))

9(2) = I'(2s) ~ sin(ws)

cos(ms) sinh(7w M)
sin(7s)

= lpa ()] >0,
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(2 )21+
_ st ipPTtiy) oo

i cos(ms) sinh(my)
['(2s) (25 + iy) '

sin(ms)

Hence, since Im (g&ﬁ%) > 0 thanks to (5.30]), we conclude that

cos(ms) sinh(7y) >0

Tm(g(2)) sin(7s)

The proof of (5.34) is thereby complete. O

Proof of[Lemma 5.1 The boundary of the region in (5.21)) can be decomposed into the four segments
1
Ly := {z € Cst. Rez e (s+ §,s+ 1) and Imz = {0}},
Ly:={z€Cst. Rez=s+1and Imz € [0, M]},

1
L3y := {ZE(CS.t. Rez € <8+2,s+1) andlmz:M},

1
and Ly = {ze(Cs.t. Rez:s+2and1mz€[0,M]}.

Since g has a pole in 2s it is convenient to perform a contour integration for the argument principle in
which L, is replaced by L} which is obtained by picking a conveniently small € > 0 and by replacing
the small interval [2s — €, 2s + €] with an upper semicircle of radius € and centered at 2s. The gist will
be that

the image under the map f of L] U Ly U Lg U Ly encircles the origin, (5.37)
i.e., it is homotopic in C\ {0} to a curve with nonzero winding number; from this, the desired result
will follow from the argument principle.

The details are as follows. We first consider z € L. If z € (s + %, 2s — 6) U(2s+¢€,s+ 1), we have
that
I'2s—x)T'(z+1) sin(n(s—x))

I'(2s) sin(ms)

g(w) =

which is real-valued and such that

T(s— T 3
g<s+;>: (s=2) ($+2)+ Lo

Moreover,

[(s)T(s+2)
(1-9)T(2s)
We also see that g approaches +o00 when x tends to 2s from the left, and it approaches —oco when «
tends to 2s from the right.

g(s+1)=— < 0.

Furthermore, without loss of generality, we can suppose that g(x) # 0 for all z € (s + %,23 — e) U
(2s + €, + 1), otherwise the claim in [Lemma 5.14] would be true (actually, with a real zero).

These observations entail that
g (s + %, 2s — e) is a segment in the strictly positive reals
with an endpoints on the extreme right
and g (2s 4+ €,s+ 1) is a segment in the strictly negative reals (5:38)

with an endpoints on the extreme left.
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Let us now analyze the behavior of g(z) when z travels on the small upper semicircle of radius e
centered at 2s. In this case, since |g(2s)| = 400, we know that the norm of g(z) is very large for
small e. Also, for w close to 0 we know that I'(w) = L + O(1) and therefore, if § € [Ce,m — Ce|
and C' > 0 is large enough,

, —eet? s ee’)  sin(n(s 4 ee?
Im(g(2s + €€”’)) = Im <F( )FF((QQS;_ e (si(n(jr—s) ))>
B e T (25 +1)
= (—er@s)

while, when 6 € [0,Ce) U (m — Ce, 7]

+ O(l)) > 0,

Ao

)

‘Re(g(2s + eew))‘ = ‘Re (—ewi_“(éz)m + O(l)> ‘ >
for some ¢ > 0.
On this account,
the image under g of the small upper semicircle of radius € centered at 2s
connects the two remote endpoints of the disjoint, real intervals in (5.39)
by a large curve which, away from a neighborhood of these endpoints '

which is separated from the origin, lies in the upper halfplane.

We now analyze the image of Lo under the map g. For this, we point out that, when y € [0, M],

g(s +1+iy)
I(s—1—iy)D(s+2+iy) sin(r(1l+1iy))
I'(2s) sin(ms)

(s+1+iy)(s+iy)(s — 1+iy) [[(s — L +iy)]* _sinh(my)

I'(2s) sin(7s)
[s(s* =3y —1) —ay(1 + y* = 3s*)][T(s — 1 +iy)]*  sinh(my)

I'(2s) ! sin(ms)

As a result, since the Gamma-function has no zeros,

s(s?2 = 3y? — 1) |T(s — 1 +iy)|?
I'(2s)

Re(g(s +1+1y)) = < 0. (5.40)

Moreover,

y(1+ 9% —3s2)|T(s — 1 +iy)|? _ sinh(my)
I'(2s) sin(ms)

and in particular Im(g(s + 1+ 4iM)) < 0 for large M. This observation and ([5.40) give that
g(L2) is confined in the left halfplane

and has an endpoint in the third quadrant.

Im(g(s +1+iy)) = —

(5.41)

In addition, when M is large, by means of (/5.28) we see that

g(Ls) is a small perturbation of a circle of large radius

5.42
traveling through the fourth quadrant. ( )
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Moreover, in light of (5.26)), we have that g(L4) lies in the upper halfplane. This observation, (/5.38)),
(5.39), (5.41)), and (5.42)) give the desired claim in ([5.37)). O

Proof of[Lemma 5.15 We pick € > 0 conveniently small and we will prove that g has at least one zero

m

1
{z €Cst. |z—2s] >¢ Rez e (25,23 + 2) and Im z € [O,M]} . (5.43)
We write the boundary of the region in (5.43)) as the union of the four segments and a circle, namely

1
L, = {ZE(CS.t. Rez € <28+6,23+2> and Imz:{O}},
1
Ly = {z €Cs.t. Rez =25+ 3 and Im z € [O,M]},

1
Lg:= {z € Cs.t. Rez € <2s,23+ 2) and Imz = M} ,
Ly:={2€Cs.t. Rez=2sand Imz € [¢, M|}
and Ly := {zE(CS.t. z=2s+ee and 6 € [O,g}},
where the direction of travel is here disregarded for the sake of simplicity, since we focus on the
topological curve.
Indeed, the result will follow from the argument principle once we show that
the image under the map g of Ly U Ly U L3 U Ly U Ls encircles the origin. (5.44)
With this in mind, we observe that g(2s + ¢) diverges to +oo as € approaches 0 from the right, hence
we can suppose that € is small enough such that g(2s + €) > 0.

Consequently, we may assume that g(z) > 0 for all z € [25 + €,2s + %] (otherwise g would have a real
zero along this interval and the claim of [Lemma 5.15( would have been proven), and therefore

g(L1) is a segment contained in the strictly positive reals. (5.45)

Now, to study the image of Lo, we take y € [0, M] and notice that
1 I(—3—iy) T (2543 +1iy) | s +3+i
o251t piy) = L2 D@45 +iy)  sin(r(s+5+iy))
2 I'(2s) sin(7s)
4 ‘F (% + Zy) }2 I (25 + % + Zy) cos(ms) cosh(my)

ST A e G ray) T smms) b))

o I'(2s+3+iy)
Now, in view of (5.29)), we know that the phase of ()

- 40 (3 +iy)|° T (25 + 3 +iy) -
(4y2+1)T(2s) T (2 +1iy) -

belongs to [0, s7]. It follows that

and thus
1
Im (g <25 + 3 + Zy)) < 0 —sinh(7y) < 0.

From this, we conclude that
g(Lo) lies in the lower halfplane. (5.46)
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Regarding the analysis along L3, we point out that, when x € (25, 2s + %), we have that
sin(m(x — s)) > min{sin(7ws), cos(ws)} =: ¢cs >0
and therefore, by (5.28)), if M is large enough,

¢s cosh(mM)

Re(g(z +iM)) = 2sin(7s)

and, as a result,

g(L3) is confined in the right halfplane, (5.47)

and, in fact, towards the extreme right for large M.

We now note that, if y € [e, M],

I'(—iy)T'(2s+ 1 +1dy) sin(m(s +iy))

9(2s +iy) = I'(2s) sin(s)
_ T —iyT(2s+1+iy)  cosh(my)sin(mrs) + isinh(my) cos(ms)
a iy I'(2s) " sin(7s) (5.48)

iDL +iy)PT(2s + 1+ iy)

_sinh(7y) cos(ms)
yT'(1+iy) I'(2s) '

h
+ cosh(ry) + sin(ms)

We now recall (5.29) and we deduce that the phase of % belongs to [0, 7s].

i|0(1+iy) |2 T(2s+1+iy)
y T (143y) T'(2s)

il0(1 +iy) |2 T(2s + dy)
! < y (1 +iy) O(2s) ) .

This and (5.48) yield that Im (g(2s + iy)) > 0 and therefore

As a result, the phase of

belongs to [g, s+ g], entailing that

g(L4) lies in the upper halfplane. (5.49)

We now remark that, when 6 € [0, g], expanding the Gamma-function near the origin we see that,
for small e,

D(—ee®®)T(25s + 1 + )  sin(nm(s + ee’?))
I'(2s) sin(7s)
1 ['(25+1) + el’(2s + 1)
B <eei9 7) ['(2s)
I'2s+1) AT(2s+1) TI'(2s+1)
€l (2s) eif r2s)  T(2s)

g(2s + eew) =

+ 14 O(e)

+ 14 O(e).

T I'(2s+1)
’2 eI'(2s)
up to a constant horizontal translation that is independent of € and an additional small perturbation

of order e.

The proof of (5.44) is thus completed, thanks to the latter observation, ((5.45)), (5.46)), (5.47)), and ([5.49)).
U

As 6 varies in [0 ], this describes a quarter of circle of large radius in the upper halfplane,
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5.2.3. Proof of [Proposition 1.4 First, we point out a strengthening of [Lemma 5.12| and |[Lemma 5.13}

Corollary 5.16. Let g be as in (5.15)). Assume that s € (%, 1). Then, there exist M > 0 sufficiently
large and € > 0 sufficiently small (possibly in dependence of s) such that g has no zeros in the complex
TEGION

1
{z €C s.t. Rez € <2s —1,s+ 5 +e|l and Imz € [O,M]} . (5.50)
Corollary 5.17. Let g be as in (5.15). Assume that s € (0, %) Then, there exist M > 0 sufficiently
large and € > 0 sufficiently small (possibly in dependence of s) such that g has no zeros in the complex
Tegion
{z€C s.t. Rez€ (0,25 +¢] and Imz € [0, M]}. (5.51)

Proof of [Corollary 5.16. We let M be as in[Lemma 5.12] We argue for a contradiction and we suppose
that for all e € (0,1) there exists z. in the region described by (5.50) with g(z¢) = 0.

By [Lemma 5.12| we know that Rez. € [s + %, s+ % + 6] and therefore, up to a subsequence, z. —
s+ 5 + iy, as € — 0, for some y, € [0, M], and g (s + % +iy.) = 0.

This, together with (5.25) and ([5.26), yields that y, = 0. But this is impossible, since

1 _F(s—l)F(s+§) 1
g <S+ 2> B %(23) “ sin(7s) >0 =

Proof of [Corollary 5.17. This is similar to the proof of In this case, the limit procedure
gives the existence of some y, € [0, M] such that g(2s + iy,) = 0.

In view of (5.36)), we see that y, = 0. Then, recalling (5.35)), 0 = |g(2s)| = +o00, which is absurd. O

We need one more result in order to conclude the proof of [Proposition 1.4}

Lemma 5.18. Let s € (0,1) and g be as in (5.15)). Then, there exists M > 0 such that g(8) # 0 for
all B € (0,254 3) x (=M, M)".

Proof. Note that, for all z € C with z = x + iy, z > 0 and y € R,
1
Pty <T(), s +ig) > (- 1)
The first property is an obvious consequence from the definition of the Gamma-function:

T+ iy)| < / Lot dgp — / 1o~ 4t = [(z),

0 0
while the second property can be proved as follows:
2 sin(a + ig)] = |67 — e 3 6] - ||

= elvl|1 — el = i1 — e Wl||1 + e W] > elvl — 1.
Writing 8 = a + ¢b we thus have the lower bound
[sin(7(8 —s))| o exp(x|b]) —1

|sin(ws)]  —  2sin(7ws)
Moreover, using that I'(2s — 3) = F@%}ﬁ*ﬁ% we have for a € (0,2s + %),
I'(2 1-3)r 1
P25 — A3+ 1) = LEsHL=BTE+ DI 10+ o)[T@s+1 — a)|[pl L.

25 — 3| ce[0,2s+1]
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Since A; = MAXc (0 264 1] IT'(1+ ¢)| < 0o, and Ag := max 1 II'(2s + 1 — a)| < oo we have

a€l0,2s+
| sin(7 (5 — s))|
I'2s —pg)r )| < —/——7F7——,
D(2s = N5 +1)] < 7 20
as long as |b| is large enough, uniformly in a. This proves the desired result. O

Now, we are in a position to prove |Proposition 1.4}

Proof of |Proposition 1.4 In case s = %, the claim follows immediately from [Remark 5.2

In case s € (0, %), the first claim follows from |Corollary 5.17| and |Lemma 5.18| by choosing M large
enough. The second claim follows from |Lemma 5.15, In case s € (%, 1), the first claim follows
from [Corollary 5.16] and [Lemma 5.18| by choosing M large enough. The second claim follows from

[Lemma 5.741 O

5.2.4. Proof of[Remark 5.3 First, we give a proof of the asymptotic expansion as s — 1 in[Remark 5.3

Proof of the expansion as s — 1. Given A € C, we write o := 1 — s and
Boni=2+iV20 + Mo (5.52)
and, for small ¢ > 0 (and A in a bounded region),
F(1—o0,0,x)
sin(m(1 — o))
(2—20 — Bop)sin(m(l —0 —B51)) T3 —20—Pox)T(Bor +1)

G(o,N) =
sin(mwo) a I'2—20)
(£iv20 + \\/o + 20) sin(n(1 £ ivV20 + \\/T + 7))
sin(7o)

(1 FivV20 — Ao —20)T(3 £iv20 + \\/0)
a I'(2 - 20)

(5.53)

We observe that
sin(7(1 4 iv20 + Mo + o)) = —sin(n(£iv20 + \Wo + o))
= —7(+ivV20 + \Wo + o) + 0(c®/?)
and accordingly
(£iv20 + Mo + 20) sin(n(1 £ iv/20 + Ao + o))
sin(7o)
—m(+iv/20 + Mo + 20)(+iv20 + Ao + o + O(c%/?))
o + O(03) (5.54)
—m(£ivV2 4+ X+ 2/0)(£iV2 + A+ o + O(0))
7+ O(0?)
= A2 F2iV2A+2 -3V (A £iv2) + O(0).

Furthermore,

T(1FivV20 — Mo —20) = T(1)+ V(1) (FivV20 — \Wo — 20) + O(0)
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= 1+(£iv20 + A\/o) + O(0),
where v is the Euler-Mascheroni constant, and
T(3+iV20 +A\o) = T(3)+I'(3)(+ivV20 + \Wo) + O(0)
= 2+ (3—27)(£iV20 + A\/o) + O(0).
This gives that
[(1F iv20 — Mo —20) (3 +iv20 + A\/o)
- (1 +y(+iV20 + \Wa) + 0(0)) (2 + (3= 29)(£iV20 + A\VT) + 0(0))
=2+ 3iV20 + 3\/o + O(0)

and therefore

(1 Fiv20 — Mo —20)T(3+iV20 4+ A\/o) 2+ 3iv20 4+ 3\/o + O(0)
I'(2-20) B 1+ 0(0)

=2+ 3ivV20 + 3\/o + O(0)

Hence, recalling and , we conclude that
G(o,\) = —A2 F2iV2A 1 2 — 3\/E<)\ + Z\/§> . (2 + 3iv20 + 3Aﬁ) +0(0)

= F6iv20 F 2ivV2\ — A2 — 6A/0.

Consequently, if
H(7,)\) == G(7%,\) = F6iv27 F 2ivV2)\ — A2 — 67X,
we have that H(0,0) = 0 and 9y H(0,0) = F2iv/2 # 0.
This gives that, for small 7, we can find a unique A(7) with A(0) = 0 satisfying
H(r,M(7)) =
By implicit derivation, we also see that
0= 0, H(0,0) + O\H(0,0)X(0) = F6iv/2 T 2iv/2X(0),
yielding that X' (0) = —3 and therefore
A7) = =31+ O(7?).

As a result, for small 7 > 0,

F(l - 7—27 67'2,)\(7'))
sin(w(1 — 72))

0=H(r,\(1)) = G(r%, A(7)) =

and so, writing s = 1 — 72,

0=F(1- T2?672,)\(T)) = F(Saﬁl—s,)\(\/ﬁ))'
This and (5.52)) imply that
0= F(1-72 B2 = (s 2+ i\/2(1 — ) + A( 1—5\/1—3)
( 2+iv/2(1—5) —3(1—s)+O((1 - )3/2)),

as desired. O
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Finally, we present the proof of the asymptotic expansion as s — 0 in

Proof of the expansion as s — 0. Let A € C belong to a bounded region and

_ F(s,As) (2= N)sin(m(1 —A)s)  sin(ms)['(14 (2 — N)s) (1 + As)
Gls,A) = 252 2s a sT'(1 + 2s)

Note that, for small s > 0,

Gl 3 — 2-N(r(1=N)+0(s%)) (m+0(s*)T(L+ (2= N)s)D(1+Xs)
(s:4) = 2 T(1+ 2s)

_ 7r(2—)\2)(1 N o)

As a result, we have that G(0,3) = 0 and 0,G(0,3) = 37” # 0. Therefore, for small s > 0, we can
find A(s) such that A(0) = 3 and G(s, A(s)) = 0.

Consequently, for small s,

(5.55)

F(s, 3s+0(s))
252
and thus F(s, 3s+ o(s)) = 0. O

0==G(s,\(5)) =G(s,3+0(1)) =

5.3. A 1D Liouville theorem. The goal of this subsection is to prove i.e. we restrict
ourselves to solutions that grow slower than ¢2°~¢ at infinity for some & > 0.

It remains to verify several important properties of the operator L. We recall that, by [4, Proposition
2.1],

(1+ frog (==l ) [} o — g =2, if min{lal, lyl} < |o -y,

. o o (5.56)
min{]a, [y[} 1%, if min{lz[, [y} > |z —yl.

kr, (2,y) < C{

Lemma 5.19. Let ¢ € 0371”3(0, o). Then x +— Lo(x) is continuous and for some C' > 0:

14 x!72s, for z € (0,2],

|Lp(a)| < C(1 + | loga]) {(1 Fa) B forpe (2,00).

In particular, L satisfies (2.2) for any a; € (max{0,2s — 1},2s) and as = 0.

Proof. We skip the proof of the continuity and refer instead to [I8, Lemma 2.2.6]. The proof goes
in the same way in our setting. We split the proof of the second claim into several parts. First, we
consider x € (0,2] and observe that, by the symmetry of the first summand in Kr_ (x,y),

Cs

Lo(z) = /B (2¢(x) = p(z +h) — p(z = h))[A| "1 "> dh
z/2

+ cs/ (p(x) — (x4 h))kr, (z,z + h)dh
B,/

e, / (0(x) — p(y) Kz, (z,y) dy
(Ovoo)\Bz/Z(x)

=1+ 1+ I3.
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For Iy, we compute

L < C||D2g0||Loo(073)/B || 17252 dh < C2?7 %,
z/2

For I, we use that |kg, (2,2 + h)| < Cz~'72% in the domain of integration and therefore

I, < CHWHLOO(M)/ 7 17%%|pldh < Cx' 72,

Bz/2

For I3 we estimate
z/2
b < CIV0ln [ o~ ol (o.0) dy
0

2 00
+C\|V¢||Loo(o,2)/3 p ’xy|KR+($vy)dy+2H¢||L°°(O,oo)/2 Kg, (z,y)dy

/2
<o [ (1o (5257)])
2 o]
log i dy—l—C/ lz—y[ 7% (14
|z —yl 2

+C |z —y| 7 <1+
3x/2

< C(1 42725 (1 + |log z|).

Altogether, we have shown
|Lo(z)] < C(1+ |logz|)(1 4+ 2'7%) vz € (0,1).

Next, we consider x > 1. In that case, we split
Cs 1-9s
Lota) = 5 [ (26(@) = pla + 1) = pla = m)IBI =2
1
+ cs / (o(x) — o(z + h))kr, (z,2 + h)dh
By

e, / o(2)Kz, (2,y)dy — ¢, / o) Kz, (z,9) dy
(0,00)\B1 () (0,00)\B1(x)
=L +1+ I3+ 1.

For I} and I, by the same arguments as before,

o]
I
o8 <|x —y

45

JJ)

B+ 1y £ OID%pl(omtansy [ A7 b+ OVl ooty [ a7 bl d
B Bi (5.57)

S C.Z'_l_QS (1 + x—l—Zs) )

For I3, using the upper bound for kg, and splitting the integral, we see that

I3 < C(1+ x)‘”s/ Kg, (z,y)dy

(0,00)\B1 ()
z/2
< C(l _‘_1:)—1—25/ ’l’ _ y|—1—25 (1 + log < ’y‘ )') dy
0 |z —y|
z—1
+ C(l + x)—l—Qs/ |$ _ y|—1—2$ + !y|_1_25 dy

x/2




46 SERENA DIPIERRO, XAVIER ROS-OTON, ENRICO VALDINOCI, AND MARVIN WEIDNER

2s
FO(La) 7 [ oy Ry

z+1
+ (1 42)7 172 lo =1 d
#\Jz Y

o0
|z —y| 7% (1 +
2z

<O +2)"172(1 + | log z)).

For I, we have by analogous arguments

L<C (1+y) "2 Kg, (z,y)dy < C(1+2)7' (1 4 |log ).
(0,00)\B1(z)

Altogether, we have shown
|Lo(x)] < C(1+ |logz])(1 +2)" 172 Vo € (1,00).

and the proof of the second claim is complete. The proof of the third claim follows immediately by
integration of the first claim. O

Finally, we prove that L is self-adjoint in the sense of ([2.3)).
Lemma 5.20. It holds

/0 o) L) da = /0 Lo(x)p(x) d

for any g(x) = 2P~1 with b := Re(B) € (0,2s) and p € C? (0,00) such that

le@(2)| < C2? Vz e (0,1), i €{0,1,2}, o) < Cz™ 172 vae[l,00).
In particular, L satisfies (2.3)) for any ¢ € 02271+25(0, 00).

Proof. Let e € (0,1). Then,
/ " g(@) Lp(z) dx = / / (9(2) — 9(0)) (0(x) — p(y) Kn, (,y) dydz
€ ((0,e)x(0,¢))°
—/ 9(1’)/ (o(x) — o(y))Kr, (z,y)dy dx
0 £
- / L(x)p(x) dz + /0 o) / (9(2) — 9(y)) K, (2.3) dy da

_ /Eg(fU) /00(90(33) — (P(y))KRJr(ZC,y) dy dz.
0 €

By the dominated convergence theorem (note that the integrals converge absolutely by [Lemma 5.19
respectively (2.2) and |[Remark 2.3)),

| s@re@ar— [Cg@ie@ar [ La@ga)ar— [ L@et) do
15 1>
We claim that, under our assumptions on g and ¢,

/D g(x)/ (p(z) — o(y))Kr, (z,y) dydz — 0, /D w(w)/ (9(z) = 9(y))Kr, (z,y) dydz — 0.
To prove it, let us observe that, by (5.56)), for any x € (0,¢) and a < 2s,

1 (')
/ 2 — y|'Kr, (z,y)dy < C(e — 2)" % + C|log z|(1 + &%), / y"Kg (z,y)dy < C|logz|.
€ 1
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Hence, estimating

(5.58)

o 9@l — ]+ Coupcon I @z — 9P,y (&,1],
o) S"(y)'<{|go<:c>|+|go<y>|, y € [1,00),

we obtain
€ o
[ o) [ teta) = el K, e dy s
€
€ 1 € 1
<C’/ :Ub/ x—leRJr(:U,y)dyda:—l—C/ xb_l/ |x—y|2KR+(:p,y)dydx
0 € 0 €
€ o0 € o
+C/ xb+1/ KR+(:c,y)dydx+C/ l‘b_l/ y_1_2SKR+(x,y)dydx
1
<c/ (e — o)1 + [log z|(1 + £=2%)] dr

+C/ b1|log:c|d1:+0/ (2% 4+ 1)|log z| dz

< CeP2725(1 + |loge|) + Ceb|loge| + Ceb(e? + 1)|loge| — 0,

where we used that —b; < 2s in order for the last integral in the second estimate to converge, and
b > 0 in the third estimate. By interchanging the roles of g, ¢, we obtain

‘/Osso(x) /:0(9(95) —9(y)Kr, (7,y) dydx‘

3
SC/ z2ab 2/ |z — y|Kgr, (2, y)dydx+0/ 2(1 4 2°73) / |z — y°Kr, (z,y) dydx
0

€
+C/ 22z~ 1/ KR+xydy+C'/ / blKR+xy)dy
0

< CeP2725(1 + |loge|) + Ce®(1 + e273)|loge| + Ce3(eP~1 4 1) | log e| — 0. O

Our next goal is to prove that w is also a distributional solution to this equation in the sense of
Definition 2.2} Our proof follows [4, p.46]. The only difference comes from the fact that test functions
in [Definition 2.2| do not need to have compact support.

Lemma 5.21. Let L be as above and u be a weak solution to
Lu=0 1n (0,00)
with Neumann condition on {0} in the sense of [Definition 6.1 such that
u(z)| < C(L+a)*~*
for some C' > 0 and € € (0,2s). Then, u is also a distributional solution in the sense of

with, test-function space C3 1, 5,(0,00).

Proof. Let ¢ € C2([0,00)) and observe that, by the symmetry of K, for any € € (0,1) we have that

/0 u@)Lep(e)do = [[ iz E — o) K, (z.y) du dy

"2 // E(u(x) —u(®)(p(z) — () Kr, (z,y) dzdy,
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where
Lep(x) = / (p(2) — o(9) Kr, (x.) dy,
(0,00)\Be ()
D. = {(2.y) € (0,00) x (0,00) : |z — y| > e}

Since D. — (0,00) x (0,00), and since ¢ € C2([0, 00)) is a valid test function for the weak formulation
of the equation for u, we get

/00 u(z)Lep(z)dzr — 0 ase — 0. (5.59)
0

In addition, by repeating the proof of with L replaced by L., we obtain

142172, for x € (0,2],

L. <C(1+|1
| QD($)| >~ ( + | Og$|) {(1 +x)_1_28 fOI' xr € (2700)7

for some constant C' > 0 independent of ¢.

Hence,

/OOO ()| Leg(@)] dz < 0/02(1 +Nog2)(1 + £1-2%) de
+ 0/200 271+ |logz|)(1 + ) 172 dz < C < oo,
and therefore by dominated convergence,
/000 u(z)Lep(z)de — /000 u(z)Lp(z) de.
Then, by combining this observation with (5.59)), we deduce that for any ¢ € C2([0,00)) it holds

/0 " () Lop(x) dz = 0. (5.60)

In order to deduce that u is a distributional solution, it remains to prove that (5.60) holds true for
any ¢ € 022’1 425(0,00). This can be achieved by an approximation argument. We will show a slightly

stronger result, namely that we can even take Cal 425(0,00) as our test-function space. Indeed, let
@€ Cg,1+25(07 o) and ¢y, € C2([0,00)) be such that 1, := ¢ — ¢ — 0 locally uniformly such that

supp(¢r) C [0,k + 1], or=¢ in [0,K] ok — ¢l oz

0,142s

Set 1 = pr — ¢. Then, for any R > 2, z € (0, R), and k € N large enough, we find that

| Lpp ()] < 2||¢k||Loo(o,oo)/k K, (z,y)dy < C/k o —y| 7 (1 + |log z]) dy < C(1 + [loga|)k™2".

Moreover, by [Lemma 5.19] for all x € (R, c0) we have that
|Lp(x)| < C(1+ [loga|)(1 + ) 7172,
Therefore, using also the growth of w:
o R oo
/ u(z) Ly () d < Ck23R235/ (1 + |logz|) dz + C/ (1+ |logz)(1 +z) ¢ dx
0 0 R

<C BR* 5 L CR 3.
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Since R > 2 was arbitrary, this estimate immediately implies that

| w@a@ e - [ u@Low

which yields ([5.60)) also for ¢ € CO,1+25 (0,00). The proof is complete. O

We are now in a position to apply and to deduce as well as

Proof of[Theorem 5. By combining the results of this section (namely [Lemma 5.19] [Lemma 5.20]
[Cemma 5.21], [Lemma 5.1] and [Lemma 5.9)) we can apply the Liouville theorem in [Theorem 2.5|to u, L,
choosing as a test-function space ¢ € 02271+28(0,oo), ie. d =2,a=2,and b =1+ 2s. Since by
[Proposition 1.4] the only zeros of f in [0, By) x iR are given by 5 € {0,2s — 1} (there are no zeros /3
with Re(8) € (0,2s — 1) due to [4, Theorem 5.1]), it follows that, for some A, B € R,

u(z) = A+ Bz* L

We know by [4, Lemma 5.9] that u is continuous at 0, and therefore it must be A = 0. Note that this
result holds true for any s € (0,1). Moreover, if s < 1/2 we must also have B = 0 by the same reason.

It remains to prove that B = 0 in case s > 1/2. Let us assume that B > 0. Since u is also a weak
solution, we can proceed as in [4, Proof of Corollary 5.8], take a test function n € C2°(—o0, 1] with
7' < 0and 7 # 0, and use that = — 22571 is strictly increasing in (0, c0), finding that

0= / / 25 1 23 1)(17( ) ’I’](y))KR+ (l" y) e dy
= // ($2sfl _ y2s*1)(77($) — U(y))KR+ (z,y)dzdy
0,00)2N{z<y}

+ B// 2251 yQSfl)(n(x) _ U(y))KR+ (z,y)dzdy < 0,
0,00) 2m{m>y}

which is a contradiction. Hence, necessarily B = 0 and the proof is complete. (|

Proof of[Theorem 1.3 As before, we combine [Lemma 5.19 [Lemma 5.20} [Lemma 5.1} and [Lemma 5.9
and apply the Liouville theorem in to u, L. O

5.4. A 1D Liouville theorem with faster growth at infinity. The goal of this subsection is to
prove [Theorem 5.8 with faster growth, i.e. we allow solutions to grow faster than #>* at infinity.

The proof goes in the exact same way as for in the previous subsection, but using
Theorem 2.10instead of[Theorem 2.5 Still, it suffices to establish analogs of[Lemma 5.19] [Cemma 5.20}

and [Lemma 5.21]for L = (—A)% and N = NO (0,00)"

Lemma 5.22. Let ¢ € Cg,’§+28(R). Then z — (—A)%p(x) and x — Nﬁﬁp(m) are continuous and for
some C' > 0:

14 2172, for z € (0,2],

N,00) (=) + [(=A)gp(2)| < C {(1 +x)7FF forx € (2,00).

In particular, the pair (L, N) satisfies (2.9) for any aq € (max{0,2s — 1},2s) and ay = 0.
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Proof. The claim for x < 2 is standard and can be established as in Hence, we skip the
proof. Let us now take x > 2 and compute

(Al < € [ [2p() = oo +1) = ol — WA

B
1 Clo()| / T~y dy 4 C
Bl(.’L')C

=1L+ I, + Is.
For I; we recall the estimate from (5.57)) and for Iy we simply recall the growth of ¢ to deduce
L+ 1, < Cx=37%,

/ e(y)z —y| T dy
Bi(x)¢

To estimate I3, we recall that [, ¢(y) dy = 0 and deduce from the growth assumption on ¢ that

/ ©(y) dy
Bi(z)

¢ min{1, |y| =5 }y| min{|z — y|, [2|} 22 dy + Ca 122732,
Bl(.’L')C

I3<C + Cp 12

/ o) (Jz — 7172 — |2 17%) dy
Bl(x)C

Hence, it remains to estimate the first summand in the previous estimate. To do so, we split the
integration domain into several parts. First, we have

/ min{1, [y =32}y min{|z — g, |} 2 dy
(—o00,z/2)U(2z,00)

< CxHS/ min{1, [y[ =" *}|y|dy < Ca™27%.
R
Next, we observe that

/ min{1, [y =32}y min{|z — g, ||}~ dy
(z/2,2—1)U(z+1,2z)

< Cgp~ 2%

/ min{|z — yl, |2} dy < Ca~ 2%,
(z/2,2—1)U(z+1,2z)

which yields the desired estimate for [(—A)gp(x)|. Note that the proof of the estimate for |./\/'(%7oo)g0(x)|

is completely analogous to the estimates of I, I3, with the sole two differences that we integrate only
over (0,00) \ Bi(z) and that we use fooo o(y)dy = 0. ]

Lemma 5.23. It holds

00 o] 0
| s@Eage@ s = [k @) det [ N otz @) de

0 [e’s) 0
/ 9N ooy o) d = /O (—A)a(91r ) ()p(x) d + / N ooy (912 ) (@)p(x) da

—0oQ
for any g(x) = |z|?~1 with b = Re(B) € (0,1 + 25) and ¢ € 022”§+28(0,oo). In particular, the pair
(L, N) satisfies (2.10) for any ¢ € C§7’§+28(0, 00).

Proof. The proof is similar to the one of [Lemma 5.20L We let € € (0, 3) and compute

[Tomaiear = [ (g1 @) - gte )6 e vl dyde
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—c ) T = ) — x— |12 T
S/Ogm/g (@) — o))z — y| 72 dyd

= [T Rk )@@ dr + [ Ny (a1, )(@pla) da
o f " o(a) / " 91z, (1) — glg, ()lz — g dy da
—eo [t @) [ ote) o)~y dyda
0 5

0 [e%)
o [ o) [ ohe, @) - gl o)l -yl dyda,

—&

By the dominated convergence theorem (note that the integrals converge absolutely by [Lemma 5.22)),
o0 oo
| @t s [ g@)(-)pla)
€ 0

|kt @ ds - /0 (AN (91r, ) (@)p(z) d,

0
Ny ooy (915,) (@) () da / NGy o) (912, ) (@) () da.

Moreover, under our assumptions on g and ¢,

/ Cg(@) / () — py)le — g2 dyde — 0,

0 £

/ () / (9(2) — 9())|z —y| "2 dydz — 0,
0 5

0 0
/ o) / (g1r, (2) — g1r. ()| — o]~ dy dz = 0,

—€

which can be proved in an analogous way as [Lemma 5.20] The second claim of the lemma follows in
a similar way. O

Lemma 5.24. Let u be a distributional solution with faster growth to (5.6)) with u(0) = 0 in the sense
of [Definition 5.9 such that

lu(z)] < C(1+x)Po—e
for some C' >0 and € > 0. Then, u is also a distributional solution in the sense of [Definition 2.9 for
(L,N) = ((—A)x, (SO,oo)) with test-function space 022,’§+25(R)'

Proof. The proof goes by an approximation argument exactly as in the proof of [Lemma 5.21| (after
(5.60))), using also [Lemma 5.22| and the fact that By — e < 1 + 2s due to [Proposition 1.4| O

We are now in a position to prove [I'heorem 5.8

Proof of [Theorem 5.8 By [Lemma 5.24] we deduce that u is a distributional solution in the sense of
|Deﬁniti0n 2.9| with (L, N) = ((—A)]f{,/\/(%’oo ). Additionally, we recall |Lemma 5.22| and |Lemma 5.23|7
as well as[Lemma 5.6] [Corollary 5.7, and which allows us to apply the Liouville theorem
in [Theorem 2.10| to w with (L, N), choosing as a test-function space ¢ € 022?} 4os(R).  Since, by
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[Proposition 1.4} the only zeros of fi, fo in [0, By) x iR are given by 5 € {0,2s — 1}, and since fi, f2
have poles at 3 = 2s by it follows that, for some A, B € R,

u(z) = A+ Br*™1 vz > 0.

max{2s—1,0}+¢

Since v € C),, (R) by assumption, we deduce that A = B = 0. Moreover, u(z) = 0 for
all x < 0, since
oo
_ _ —1-2 _ csu(x)
0= Ng, u(z) = u(z) <cs/0 lz — de> = sl O

6. BOUNDARY REGULARITY FOR THE NONLOCAL NEUMANN PROBLEM

The goal of this section is to prove the optimal boundary regularity for the Neumann problem, namely
[Theorem 1.1 and [Theorem 1.7] This section is structured as follows: In[Subsection 6.1} we analyze the
corrector terms that are needed to prove regularity results of order larger that one. In
we prove regularity results that hold true outside the solution domain, and in we
collect several lemmas that will be used in the proofs of boundary expansions. and
provide auxiliary lemmas that are needed in order to treat unbounded source terms in
Finally, [Subsection 6.6} [Subsection 6.7 and [Subsection 6.8] [Subsection 6.9] respectively,
provide expansions and regularity results of order less than 2s and bigger than 2s, respectively, and
allow us to prove our main results in [Subsection 6.10}

Given a connected open set {2 C R", we define the regional operator, corresponding to the nonlocal
Neumann problem in 2, as

Lau(w) 1= pv. | (u(e) = ul) Kale.s) .

where Kgq is given by

C _QF T+s
KQ(xay) = % + kQ(l’,y), Cn,s *= 4°sm 2 F(2 )7
vyl (=) o)
L ( ) / |33' _ z’—n—Qs‘y _ Z|—’I’L—28 dz cQ :
X = C X .
Q\T, Y n,s . fQ ‘Z — U}‘_n_QS dw ) Y

Moreover, as in [4] we introduce the corresponding bilinear form

Bau.) = [ [ (u@) = uw)(0(o) = o) Kale.y) dyda,
and denote by Hg (§2) the space of functions
Hi(Q) := {we H Q) | [Jwllm, ) = lwllz2@) + Blu,u) < oo}

We let H 1o(§2) be the space of functions u € L2 () for which the following localized energy is finite
for any ball B C Q:

/ / lu(x) — u(y)|* Ko (z,y) dy dz < co.
anB JonB

Weak solutions are defined in the same way as in [4]:



THE NEUMANN PROBLEM FOR THE FRACTIONAL LAPLACIAN 53

Definition 6.1. Let 2 C R" be a Lipschitz domain and B C R" be a ball. We say that u € H joc is a
weak supersolution to Lou = f in BN with Neumann conditions on 9Q N B for some f € (Hg(Q))',
if, for any nonnegative function n € Hx(B) with n=01in Q\ B,

Bao(u,n) > fndx.
BNQ

We say that u is a weak subsolution in 2 N B, if the previous estimate holds true with > replaced by
<. We say that u is a weak solution in QN B if it is a weak supersolution and a weak subsolution. We
sat that u is a weak (super/sub)-solution if the previous definitions hold true for all balls B C R™.

Moreover, we define weak solutions to the nonlocal Neumann problem as follows.

Definition 6.2. Let 2 C R™ be a Lipschitz domain and B C R™ be a ball. We say that u € V*(Q[R")
is a weak solution to

(=A)uw = f inQNB,
Nsu =0 inB\Q
where f € H*(Q) if for all n € H*(R™) with n = 0 in B¢ it holds

gatwn) =50 [ (@) @) 0@) a7 ayde = [ f@ne) g

The space V¥(Q|R™) is defined as the space of all functions u € L?(Q) such that £q(u,u) < oco.

Finally, we give a meaning to the nonlocal Neumann problem in possibly unbounded domains in case

the solution grows too fast at infinity. This definition will be used in our proof of
Definition 6.3. Let Q C R™ with 9Q € C%!. Let u € CEOSCJF‘Z(Q) and suppose that
lu(x)] < C(1+ |z)>T1° Vo e R
for some ¢ € (0,1).
We say that
(—A)*u 20 inQ,

{J\/{xn>0}u 20 in Q°,

if, for any R > 2,
{(—A)S(uﬂBRxx) = Ep(z) +cp in BN
Ng(ulpg)(x) = Fr(z) +dr in Brjpp\Q

for some constants cg,dr € R and functions Eg : B, N — R and Fg : Bg/y \ © — R such that
Er — 0 and Fi — 0 locally uniformly in  and in R™ \ Q, respectively.

6.1. First order correction. In order to prove that solutions possess C® regularity by a blow-up
procedure, we will need to rule out linear functions of the form b-x with b € R™ and b-e,, = 0 in the

Liouville theorem (see [Theorem 6.15)). This will be achieved by subtracting variants of b -z that are
adapted to the geometry of the domain (2.

Let s € (0,1) and 992 € C1@ for some a € (0,1] and with 0 € 9Q and v(0) = e,,. Let ® : R® — R"
be a Ch* diffeomorphism with ®(0) = 0 and D®(0) = I and such that ®({x, > 0} N By) = QN By.
Moreover, we can choose ® in such a way that (z,)+ = do(®(z)) and that it is C*° in the interior
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of QN By. Moreover, we can extend the function ® in a bounded, smooth way in Q \ Bj, so that
P, € CH(Q) N CRo().

In addition, we can extend the diffeomorphism ® to {x,, < 0} in such a way that ®({z, < 0}NBy/3) =
Byjo \ Q and doe(®(y)) = (yn)- for all y € {y, < 0} N Byya.

Let b € R™ with b, = b-e, = 0 and define P,(z) = b-®~!(z) for z € Q. Note that, by the construction
of ®, one has that e, = D®(z)T Vdq(®(x)) and therefore D®(z)e,, = Vdq(®(x)) = v(®(x)).

By taking inverses, we get that D®~!(®(z))v(®(x)) = en, and thus, since b, = 0,
O,Py(z) =b- (D& (z) - v(x)) =0 forx € dQN By. (6.2)

Moreover, by the extension of ®, we can assume that (6.2) holds true on the whole boundary 0f2, and
we can assume that P is bounded in R™ \ (B; U Q). Finally, note that P,(0) = 0 by construction.

We have the following result:

Lemma 6.4. Let 9Q € CY® for some a € (0,1] and Py, be as above for some b € R™ with b- e, = 0.
Then, for any x € QN Byyy,

|[LaPy(z)| < CJbl (1 + [log(da(2))| + da(x) 7 + |2|*(1 + da(x)' ™ + |logda(2)])) . (6.3)

where C' > 0 only depends on n, s, o, and the CY® norm of Q.

Proof. First of all, note that it suffices to prove the result in case |b| = 1. The general case can then
be immediately deduced by scaling. Let us define, for any y € €€,

-1
)= ([lv-s72as) [ Al (64)
We observe that N3P, = 0 in Q¢ and hence
LQPb(ZE) = (—A)SPb(l‘) VY € €,
so it remains to estimate the fractional Laplacian applied to Py in order to prove the claim (6.3).
Note that P, € C1*(Q2). Therefore, for all z € €,

/ (Po(x) = Py(y))|z —y| "> dy = /(Pb(x) — Py(y) + (x — y)VPy(2))|z — y| "> dy
L Q
N / (z = y)VPy(z)le —y| ™" > dy
Q
= /Q(Pb(x) — Py(y) + (z — y)VPy(z))|z —y| " 2 dy

~n=2s+2)7 [ (VA - TR -y,

where we used the divergence theorem together with the identity
Vylo =y = (n = 25 + 2) (¢ —y)lz — y| "7,
as well as 0, P, (y) = VPy(y) - v(y) = 0 for all y € 992 by (6.2).
Since P, € CH*(Q), we can estimate
|Py(z) — Py(y) + (x — y)VPy(x)| + |[VPy(z) — VP (y)||z — y| < Clz —y|*™ Va,y € Q.
Moreover, given y € By, (y)/2(2), since P, € Cpy () we see that
|Py(x) = Py(y) + (z = y)VPy(2)| < Ol —y|>.
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As a consequence of these observations,

[ (B = Bt — o> dy]

<C ’l‘ o y|—n—2s+2 dy+C |$ _ y|—n—25+1+a dy +C |l‘ _ y|—(n—1)—25+1+a dy
Bag () (@) NB g (2) () oQ
—2 —2

< Cdg* e (x) + C.

It remains to estimate the integral over 2°. To do so, let us define for y € By 5 \ €2 the projection of

y to 0 by g € 99 (if the projection is not unique, we replace B; /5 by a smaller ball and proceed in
the same way). It thereby follows that, for all z € Q,

/ (Py) — Po(@) |z — g2 dy
B1/2\Q

-/ » ([ = putaly =2z} ([ 1yl dw)l o~y 2 dy

= / (/ b [Z - ‘P’l(@)} |B(y) — B(2)| "] det DB(2)| dz>
{yn<0}NBy,2 \/{zn>0}NB1

</Q [2(y) — w7 dw) R |z — @(y)| 7" det D (y)| dy

Since ® is a C1 diffeomorphism, we observe that
|det D®(2)| =1+ O(|2]%), |det D®(y)| =1+ O(|y|*) Yz € {2z, 20} N By, Yy € {yn <0} N Byjs.
Furthermore, for all y € {y, <0} N By/y and z € {2, > 0} N By,

Oy — 2| < |@(y) — @(2)| < Cly —=l. (6.5)

Also, for all y € {y, < 0} N By s,

W= (f o) —uiaw) "< </{wnzo}nBl [B(y) — @w)| "> dw> _1

-1
co(f )
{wn>0}NBy

< Clyn)® = Cd (B(y)).
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‘We now observe that

_Zn+23_ o 2)|n 2s
9 (y) — B(2)] 2 — |y — o] = =2~ [2) = B

ly — 2"+ B (y) — D(z) "2
|®(y)—2(2)]
= n+2s ¢ n+2s / Tl dr
‘y - z’ |CI)<y) - (I)(Z)’ ly—z|

[y = 221+ [0(y) - @)
< ¢ ’y _ Z‘”+2S’(I>(y) o (I)(Z)‘”"’ZS Hy - Z‘ - ’(P(y) - (I)(Z)H

<Cly—=27""% (ly — 2" + [y|"),
(6.6)
where we used and
lly — 2| = [®(y) — 2(2)|| < |®(y) — ®(2) — (2 —y)DP(y)| + [(y — 2) DP(0) — (y — 2) DP(y)|

N N (6.7)
< Cly— 2"+ Cly — 2||y|*.

Moreover, for any y € By 3\ {yn < 0} we know that ®(y) — ®(y) is a multiple of v(®(y)) and therefore,
by (6.2), we have b- [D®~1(®(y)) - (®(y) — ®(y))] = 0. This gives that

by =2 (@) =1b- 7 (2(y)) —b- 2T (R(y)) — b [DDTH(R(y)) - (2(y) — D(W))]|
< ClP(y) — B(y)" < Cdg™ (2 (y)).

(6.8)

As a result,

[ ) - B@) -y
B1/3\02

= / (/ b-[z—ylly— 27" dz) W (y)lz — (y)| " ?*| det DB(y)| dy
{yngo}mBl/Q {Zn>0}ﬁBl
+C (/ {1z = yl(|z — y|* + |y|*) + dgT*(@(y)) } ly — 2[ "> dz)
{yn<0}NBy /9 {zn>0}NB;
&S (D (y))|x — (y)| 7" **| det DR (y)| dy
—1
w AL e - Pl - ( [y dw) & — g2 dy
Bi,2\Q |[JQ\By Q

=11+ 1+ Is.

For I let us observe that a cancellation is happening within the integral in z, making it bounded from
above, uniformly in y. Hence, transforming back from the half-space to €2,

L<c / W (y)le — ®(y)|~"%| det DO (y)| dy
{yn<0}NBy /2

<C de(2(y)) |z — @(y)| 7" > det DP(y)| dy
{ynSO}QBl/Q

=C A (y)|z —y| "> dy
Q°NBy

< O(1+ |logda(z))).
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For Iy, we transform back from the half-space to € and use (6.5)), finding that
p<C [ [ sl ds ) d @) - o) det DOy dy

{yn<0}NBy /5 {zn>0}NB1

e[ ( [ s dz) 103 (B()) | — B(y)] | det DE(y)] dy

e [ el e | de @)l - o) det Dby dy

< C/ (1+d5E 7 (@(y)))das (B(y)) [ — @(y)| ™| det D (y)| dy

{yn<0}NBy /2

+ C/ (1+ dge ™ (D(9)))[D(y) |* e (P (y)) |2 — D(y)| ™| det D (y)| dy

{yn<0}NB1 /2

e A (@)l — 9(9) "> det DOy dy
{ynSO}nBl/Z

=C (1+d5E 2 (y)dese (y) |z — y| 7" > dy
Q°NB,
+C (1+d5> ()| *des (y) | — y| 7"~ dy
QcﬁBl/Q
+C Ay ()| —y| 7 dy

< C(1+ [logda(x)| + dg ™ () + |z[*dg > (x) + [2[*(1 + [log da(x)])).

For I3, we recall that |P,(2)| + |P»(7)| < C and we conclude that

-1
e[ A wedra ( / |y—w|—”—28dw) =y dy
B1/2\Q Q\Bl (9]

<C g (y)|e — y| 7" > dy
B1/2\Q

< O(1 + [logda(z))).

Altogether, we have shown that

< C(1+ [logda(z)]) + Clz|*(dg**(x) + 1 + | log da(x)]).

[ ) - B@)e -y
B1/2\Q

Next, we perform the same change of variable as before and apply with y := y and z := &~ !(z).
In this way, keeping in mind (6.7]) and , we arrive at

[ ) - Bl -yl ay
B1/2\

-/ b (27 @0) — 07 (@)] o — @(y)| | det D(y)| dy
{yn<0}NB1 /2
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IN

/ boly— @' (@)] Jy— @ \@) "2 dy
{yn<0}NB1 /9

v (= 7 @y~ @7 @1+ 51") + () ly — 07 )2 dy
{ynSD}OB1/2
=:J1 + Jo.

Note that J; is bounded from above, uniformly in z € By /4, since a cancellation takes place. Thus, it
remains to estimate Js. To this end, after an elementary computation we see that

Jy O+ (@71 (@))n) 272 + 1@ (@)[* (@ (2)n) % + | 1og(® ! (2))n) - )
< C(1+d52 (x) + |z|*(dy % (z) + 1 + |log do(z)])).

Hence,

/ (Pu(z) — Byly))l — 4|~ dy
B12\Q

< C(1+ [logda(x)]) + Cdg > (2) + Cla|*(dg ** () + 1 + [log da(2)])-

Finally, given y € Bf/2\Q, we recall (6.4) and the fact that |Py(z)| < Cmin{|z|,1} < C for any z € Q.
As a consequence,

Py(y)| < CdZ(y) /Q y— 22 d < C.

Accordingly, since x € QN By y,

[ @-nwl-d ey <c [ -y e
The proof of (6.3)) is thereby complete. g

In order to show that solutions to the nonlocal Neumann problem possess regularity of order 2s+¢ > 1
for some € > 0 (for certain values of s), we need to prove that LoP, € C¢. To establish this, we need

to improve the L estimate in

To do so, we observe that if 1 + « > 2s, then we can always construct P, in such a way that

| Al ay =0 (6.9)
by adding a bump function £ € C°°(R") with supp(x) C Q\ By to P, that is normalized such that
| sl 2oy == [ Al dy,

Remark 6.5. Note that if 1 + a > 2s, then

/QPb(y)\yl‘”‘Qs dy’ < 0.

Indeed, recalling and using that | det D®(y)| = 1+ O(|y|), we have that

/ Pb(y)\y!”%dy=/ (b-y)\yl"zsder/ O(ly|~"*F1*) dy.
QNBy {ynZO}ﬁBl {ynZO}ﬂB1

Then, the first integral is finite due to a cancellation and the second integral is finite since 1+« > 2s.
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Remark 6.6. Note that the space P := {P, : b € {b, = 0}} is a subspace of L*(B;) for any r € (0, 1].
To see this, if b = e; in we consider bump functions k., while if b =", \;e; € R™ we define the
corresponding bump function by 1= ), Aje;.

In this way, the definitions

@) b- o 1(z), T € By NQ,
Pb xTr) = -1 B
(fQ|x—z]*”*25 dz) Jo (b-q)kl(z)+/€b(z))|x—z|*"*25 dz, @€ B\

are compatible with the properties and (6.4), giving that Py, yp, = APy, + P, in By 4 for any
A € R and by, by € R". This makes P indeed a linear subspace of L?(B,).

The following result contains the C* estimate for LqPj.

Lemma 6.7. Let 9Q € C1“ for some a € (0,1] and P, be as above for some b € R™ with b-e, =0
and satisfying . Assume that 1 +a > 2s+ ¢ for some e € (0,1).

Then, for any x € QN Byy and v = do(z)/2,

1+a—2s _e 14+a—2s —e
[LQPb]CS(BT(:p)) < C’b| (1 +r 1lta + |.CU‘ Ita P ) s (610)

where C' > 0 only depends on n, s, o, e, and the CH* norm of €.

Proof. As in the proof of we restrict ourselves to the case |b| = 1 and define P, in Q€ by
the expression in (6.4)), so that LoPy(z) = (—A)*Py(z) for any z € Q. Moreover, for y € B\ Q
we denote the projection of y to 92 by y € 99 (if the projection is not unique, we replace By, by a
smaller ball and proceed in the same way).

The proof is split into several steps.

Step 1: First, we claim that when § = % € (0, 1] we have that, for any y € By 5 \ €,

|Po(y) — Po(y)] < Cdgs(y)lyl°- (6.11)

To see this, note that, by the construction of P, in Q°,

~1
Py(y) = ( / ry—z|“8dz) LB -R@ly e e, 61
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Hence, it remains to estimate the first summand in the previous identity. Using , we obtain for
some p > 0 to be chosen later, that

’/ Py(z o)y — 2" 28dz’
‘/ Py(2) — Py(9))|7 — 2|72 dz — /Pb )z 7" 25dz‘
+ / (Pu(2) = Bo@))(ly = 17" = | = 21 *) d3
‘/ Py(z) — Py(9)|ly — 2|7 2Sdz—/Pb )z 7" 2Sdz‘
(6.13)
/ (Pu(z) — Pu@))(ly — 17" — [y — ol >) ¢
Q\B,(9)
s [ we) - AE) (- ) af
QN By (y)
H [ e - By - )
QNB,()
=5L+ 1+ 13+ Iy
To estimate I, we recall from [16, Lemma 4.1] that
[(— A)QPb]CH-a 25(Q) = C||Pb||cl+a Q) (6.14)

where (—A)g, denotes the regional fractional Laplacian.
Therefore, since P,(0) = 0,

I < Cl(=A)LPy(5) — (A P,(0)] < C|g[tHa2s < C(d5Fo % (y) + Jy|To2).

To estimate I, we observe that |j—z| < doc(y)+|y—z| < 2|y— 2| for any z € Q and that P, € C%(Q),
which leads to

I, < Cly -1 (Py(2) — Py(7)) min{|y — 2|, |7 — 2|} " 271 dz
Q\B,(9)

<Cdaely) [ = ally ol e < Clae0)
By (7

To estimate I3, we first recall that 9, P,(y) = 0. hence, VP, (y) = 7(y), where 7(y) is tangential to 92
at . Hence, using that |Py(2) — Py(y) — VPy(7) - (7 — 2)| < Clyg — 2|**, we deduce

| [ ) - Bl

‘/ — 772)|yiz| n— 2sdz‘+c/ 7Z|—n—23+1+adz
QNB,( QNB,(y

< C’/ |y ‘ n—2s+1 dz‘ +C‘/ |g_ Z‘fnf2s+1 dz
QNB, (1)N{(g—2)-7(5)=0} Bp(@\(Q@{(7-2)-7(y)>0})

+ Clera*?S 7
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where we used that

/ 7@ (- g — 22 dz =0,
B, (9)N{(y—=2)-7(y)>0}

due to a cancellation in the integral.

Since 9Q € C1?, for small enough ¢ one has that
Bi(9) N {(§ — =) - 7(y) 2 0} NQ < O™

Therefore, by the coarea formula,

/ gz <o [TenERIBG N (- 2) 1) 2 0} Nl
QNB,(7)N{(7—2)-7(y)=0} 0

< C/ t—25+o¢ dt < Cp1+oz—23
0

where we used that 1+ a > 2s for the integral to converge.

It follows from these observations that

I < Cp1+a—2s.

It remains to consider I, which goes by analogous arguments. In this situation we see that

Ll (R - RE -
QNB,(Y)

’/ (y—2)y—=2"" QSdz)—i—C/ |y 2T g — 2T Ay = Iy + Lo
QnB (y)

QNB,(

For I4, since ¥ is the projection of y, one finds that
[ty a0
B, ()

Therefore, using again the coarea formula and the fact that |y — 2| < |y — z|,

| n—2s+1 dz Z‘fn723+1 dz

1y —

I < \ / +0] /
QN B, (1) (7-2)7(3)>0} By i\ @ (—2)-7(3)20})

< Cp1+a72s‘
For I4 9, since |y — z| > |y — z|, we see that

1472 < C ‘g o z‘—n—25+1+a dz < C,Ol+a_28.
QNB,(7)

By combining the estimates for Iy, I, I3, 141, [42 with (6.12)) and (6.13)), we conclude that

IRu(0) = Pa)] < Cii )| [ () = Pl — =72

<Cd1+a 2s )+C|y|1+a 25+CdQC( ) 25+Cp1+a—23_
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Let us now choose p =d 1J”"( ) (this choice minimizes the right-hand side in the previous display).

Then, we obtain , as desired.
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Step 2: Let us now write P, = Pb(l) + Pb(Q), where we let Pb(l) € Cb%(By) N L>®(R") be such that
Pb(l) =P, in , i.e. Pb(l) is a O extension of P, from By N to By. Then, it is well-known (see [18,
Lemma 2.2.6]) that
1
[(=A)* PP eem ) < C.

It remains to prove
(=A) PP e 5oy < C (1 b g |x\57“_5> . (6.15)
To check this, we pick z1, 22 € B,(z) and observe that, since Pb(z) =0 in €,
(8PP ) = (8PP < | [ (PP~ B @oler oy
+| / (BP(2) = BP ) (e — ol — s —y ) dy|

< Clzy — m’s/ﬂ P2 () min{|zy — yl, |za — |} 772 dy.
Also, since Pb(z) is bounded and z1,x2 € By /4, we have that

/B |Pb(2)(y)| min{|z1 — y|, |z —y|} " F = dy < C.

1/2
Now we recall (6.11)) and, since Py(y) = Pb(l)(g]) and (9,,Pb(1)(§) = 0, we deduce that, for all y € By 5\,
2 _ 1 — s «
PP )] < 1P(y) = B@)|+ 1B () = Po(@)| < Cdi()lyl® + Cdizt (v).

Therefore, using that do(z1) + do(z2) < 4r and |z1| + |z2| < |z| + r, and recalling also [18, Lemma
B.2.4],

By)o

<C A5 (y) minf |2y — yl, |zo — y[} "2 dy
B2\
+C d?fc (y) min{|z1 — y|, |z2 — y|}—7Z—2s—5+5 dy
By 5\Q
+C (|| + 7«)6/ 02 (y) min{|z1 — g, [o2 — y[} 2 dy
B2\

< C + Crl+o¢—2s—a + CT(S_E + C‘l”é’r’_a.
All in all, we have shown that
(=2 PP (1) = (=8 PP (w2)| < Clay = " (147727 49072 4 o2

which implies (6.15)), yielding the desired result. O
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6.2. Regularity outside the solution domain. The following result shows that the regularity of

solutions is transferred to the exterior of the solution domain through the nonlocal Neumann condition.

Lemma 6.8. Let s € (0,1) and Q C R" be such that 9 € CY%, for some o > 0, with 0 € 9. Let
xo € Biys \ Q, p = dae(w0)/4, and u be such that
Nou=0 in B,(xo).
Let xf € 09 with |zg — xf| = da(xo), and assume that, for some v,~" € (0,1] and C1,Cs € (0, +0),
[uly) = (@) < Cily —ag” Yy € Bing, (6.16)
u(y) — u(zp)| < Caly — xp|" Vy € By(xo).

Then, it holds
Wl e (By(wo)) < C((C1+ [[ull Looqrm,))p” 7 + Ch),
where C' > 0 depends only on n,s,vy,~ .

Note that variations of the previous result also hold for v > 1 by subtracting the functions P, from

We do not investigate higher order extensions of since they are not needed

for our main result.

Proof. We denote

W(x) = / |z —y| "2 dy > Cdo?(x) > Cp 2%, x € By \ . (6.17)
Q
Moreover, we set v(x) = u(z) — u(z), and observe that
=20 in B,(zo),
[o(y)] < (Cr + Clloll e @)y — 5" ¥y €, (6.18)
lo(y)] < Caly — x| Vy € By(zo)-

Let us now consider x,% € B,(x¢). Then, (6.18) implies
(W (x)v(z) — W(z)v(z)| < C/Q w()l|lz — g7 — |z — y| 2| dy
< Clo—al [ o) (o — 1> 12—y ) dy

< C(C1L A [[vll @\ myy)) |2 — T /Q ly — 2y (o =y "2 |z —y ) dy

Next, using that |x — xf|7 < |z — 0| + 4p < 5p and dg-(z) > p (and similarly for z), one sees that
I < C(C1+ [[vl g \B)) |7 — T <|x — ]’ /Q o —y| 7" dy + /Q |z —y| 2T qy
o =gl [ o —sl "2y [ oyl ay)
Q Q
_ w1y (=25 261~ —25— 144/ 25147/ -,
< C(C1 + vl e\ |z — 7 (|$ — x|V (dg2 (@) + dg2 @) +dge” T T () + dge” Y (m))

< C(Cy A+ [[oll o )l — 2[5,

where we also used that v/ <1 < 1+ 2s by assumption and that |z — Z| < 2p.
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Therefore, one concludes that
W (2)o(z) = W (@)o(@)| < Clz — 2| (Ch + [[v]|Loo@m))p > 7. (6.19)

Moreover, we observe that

W(z) -~ W(@)| < C /Q =572 — |z — y| "] dy

< C|x _ x|7/ (‘x i y’fnf2sf'y + ’«’E . y|fn72sf'y) dy (6.20)
Q

< Clo = 2/(dg?" ™ (@) + g (2)) < Cla — #1p™> 7.
Combining and with the second estimate in (6.18) and (6.17)), we finally obtain
[v(2) = v(@)| < [W ()W (z)o(e) = W(@)v(@)] + [v(@)|[W (2)[ W (z) - W(z)]
< Cla —2["(p**(Cr + [[v]l oo (@) )p~ 777 + Col — 2109~ 77)
< Clo =2 ((C + [[ull L@ s))p” 7 + Ca).

In the last step, we also used that ||v||zec(\B,) < 2| £oc(0\B,)- This implies the desired result, using
that v(z) — v(Z) = u(x) — u(z). O

6.3. Expansions involving first order corrections. In order to prove regularity estimates by
blowup, we need to prove two auxiliary results involving the first order corrections P, from
The first one is reminiscent of [I, Lemma 4.3], and the second one is a refinement of several
estimates in [IL Proof of Proposition 4.1]. See also [35, Lemmata 2.14 and 2.15].

Here we denote €2, := QN B, Also, we let [u]cv(p,) := |[ul|L=(q,) when v =0, i.e. in that case we
only take into account information inside €2 in an L* sense.

Lemma 6.9. Lety € [0, min{1,2s}] and 9Q € CY* for some a € (0,1] with oo > . Let u € C7(By4).
Let B > 0 such that 8+ v > 1.

Assume that for any p € |0, %] there exists b, € {b- e, = 0} such that, for some co > 0,

[u—Py,)cnp,) < cop’,

where Py, is as in|Subsection 6.1 satisfying (6.4), and also mn case y > 0.

Then there exists by € {b- e, = 0} such that, for any p € (0, i],
[u— Pyy)cn(n,) < Ceop”,
where C' > 0 depends only on n, B, v, and the C** norm of (.
Proof. We set P, := P,,. We have that, for any p € (0, 1l
[Py = Paplovs,) < [P —ulcns,) + [u— Poylovs,) < co(l+27)p". (6.21)

We also recall that 0 € 99, (®~(x)),, = da(z), that Py(z) = b- &~ () for x € Q, C B,, and that
[dalc,) = Cp'~7. Thus, we deduce from (6.5 and (6.21]) that
|bp - b2p‘ < C‘bp - b2p‘f0—1+7[dﬂ]m(ﬂp) = C‘bp - b2p‘ﬂ_1+7[q)_1(')n]m(3,,) (6.22)
= Cp_l_‘_’y[Pp - PQP]CV(QP) < CCOT'8+’Y_1.
Moreover, a similar argument gives that

b1/4] < ClP1yalcve, ) < Clu— Pryalens, ) + Clulers, ) < oo (6.23)
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Therefore, since 4+ — 1 > 0, the limit by := lim,\ o b, exists.

Accordingly, by (6.22)),

o0 o0
[bo — b < Z |ba—jp — ba—i—1,] < Cco Z(Q‘jp)ﬁJW_l < CcppP 11,
j:O j=0
Next, we observe that, for any z,y € Q1,,
(@7 ey < Cp (6.24)

Indeed, when v = 0, this fact follows immediately from (6.5)) and when v > 0 from the following
computation, using that ® € C%!:

@7} () = @7 (y)| < Clz —y| < Cle —y"p' . (6.25)
From (§6.24]) we deduce that, for b = (bg — b,)/|bo — bp|,
[Py — Polevis,) < 1bo — bpl[Polev(s,)

1 1 (6.26)
< Clbo = bp| [ Jev(a,) + 100 — bpl[Bolcv(B,\) < Clbo — bplp™ .

Now we prove that [Py]cv(s,\q) < Cp'=7. To see this, we recall that v < min{1,2s}. Hence, by (6.11)),
we see that, for any y € B, \ Q and § € 0Q with |y — 7| = da<(y),

Py(y) = Po(@)| < Cly — > [y]' 7= < Cly — g"p™ 7 wia,
Moreover, using that =1 € C%1(Q2), we see that, when y € Q,,
1Po(y) — Bo(9)| < Cly — ] < Cly — gl
Hence, (applied with 4" = 1) implies that

2s
[Pl < Clp' ™7 +p» 7 15e) < Op 7, (6.27)
where we used that 2s — v+ 1 — lisa >1—n.

These observations give that
[u— Polcvn,) < [u—Plovs,) + [Py — Polevs,) < cop” + Cp'7bo — by| < Ceop”,
as desired. ]

Lemma 6.10. Let v € [0,min{1,2s}] and 0Q € CY* for some a € (0,1] with o > 7. Let u €
C7(By4). Let B> 0 such that 8+~ > 1.

Assume that for any p € (0, %] there exists b, € {b- e, = 0} such that, for some function 0 : (0, i] —
(0,00) with 8(p) /oo, as p \y 0 we have that
[u— Py, lcvs,) < 0(p)p”,

where Pbp is as in [Subsection 0.1| satisfying (6.4)), and also m case vy > 0.
Then, for any R > 1 with Rr < i and any K € N we have that
[u — Py, ]cv(Bg,)
rB6(r)
[br|
o(r)
for C > 0 depending only on n, 3,7, and the C** norm of Q, where C(K) = Zf; g(2-i=3)2-(B+r=1)

< CR%,

< CO) O™ + [uler(p, ) + C(K)) + C27F Y,
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Note that the second statement proves that |b.|0(r)~! — 0, as » — 0, and that the modulus of
convergence does not depend on |b,|.

Proof. By the same arguments as in (6.22]), and using that 6 is non-increasing, we have
b, — bay| < ce(r)rﬁﬂﬂ.

1.
Iterating this inequality, we get for any N € N, as long as 2V < i
’ N-1 ‘
br - b2Nr| < Z |b2ir — b2i+1r| < C Z 0(227,)(2z7‘)5+7,1
= i=0

N1 (6.28)
< CO(r 5+’Y 1 Z 0 22 (B+r-1) < co(r)(2N ),Bﬂ—l_
1=0

We also remark that [@fl]cw(gp) < Op'~7, thanks to (6.25)). Hence, by (6.5)) and (6.27)), arguing in
the same way as in the proof of (6.26]), one deduces from (6.28)) that, for all R > 1 with Rr < %,

[PRT - PT]CW(BRT) < CH(T)(RT)ﬂ
Thus,

[u— Plevsg,) _ = Prrlovsg) | [Prr— Prloisg,) _ 0Rr)(Rr)” 0(r)(Rr)”
rB0(r) - r89(r) + 70(r) < 30 C B6(r) < cRP.

This proves the first claim. The second clalm follows by choosing for any r > 0 a number N € N such
that 2Vr € [£, 1] and deducing from (6.28) that, for any K € N,

|b b2N7’| Cz

0(273) = :
< (JZ (9(r) )(2*1)/”’**1 +C > (@) = C(K)O(r) T+ C27 KD,
=1 i=K+1

2N 1 )
2N—l,r,)ﬁ+’)/—1

Moreover, by the same argument as in (6.23)) we have, for any p € [%, %],
bl < COB™Y) + Clulev (s, )

and therefore
bl _ [, | [~ by,

o) = 0(r)  00r)

as claimed. O

< C(0(87Y) + [ulon (s, ) + CK))0(r) ™ + 27 KD,

6.4. Treating unbounded source terms. Let us recall that in [4] boundary regularity was only
established for weak solutions to the nonlocal Neumann problem Lou = f when f € L4(f2) for some
q > 5-. However, when applied to Lq, the functions P, from in general do not produce
source terms that are in L9(2), but which rather explode at the boundary like d1 25 (see
and [Lemma 6.7). Therefore, we need to adapt several auxiliary results from [4] to such general family
of source terms.

In this subsection we present an auxiliary result which is reminiscent of [27, Lemma 3.1] and prove an
Hpg-bound for weak solutions to nonlocal Neumann problems with source terms exhibiting singular
boundary behavior.
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Given Q C R", R > 0, and zg € Q, let us write Qg(zo) := Q2N Br(zo).

Lemma 6.11. Let Q C R"™ be a bounded Lipschitz domain. Let s € (0,1), R > 0, xg € £, and
d¢, °f € L*(Q) for some e € (0, s].

Then, for any v € H*(Q) with v =0 in Q\ Qgr(xo),
/ |foldz < CR2YE||dg £l oo (o)) [0) s ()
Qr(zo)
where C' > 0 only depends on n, s,e and the Lipschitz norm of 2.

Proof. First, let us assume that dg(xg) < 2R. Then,

. v
/ |fo[dz < CRE||dg,° fll e (@p (o)) || 55
QR(m()) QR(:EO) Ll(QR(IEO)) (6 29)
Dtey g5— v
< CR>"\|dg; e fll Lo @nao)) || 55 )
Qr(zo) | L2(Qp (z0))

where we used that dg,(5,) < min{2R,dq(z)} in Qg(z¢) and Holder’s inequality together with the
fact that |Qg(zo)| < R™.

Next, we observe that for any = € Qg(xg) we can find y, € Q such that Br(y,) C Q\ Br(zo) and for
any y € Br(yz) it holds |z — y| > dg () (7). Thus, we have

—n—2s n j—n—2s —2s
/BR(yI) |z —y| dy > cR dQR(wo)(x) > chR(mO)(:c).

Consequently, since v = 0 in Bgr(yz),

<c / |v<rc>!2</ kc—y!‘"”%y) dx
d Qp(zo) Br(yz)

<cf [ jola) = om)Ple - ol dyde < el
Qr(z0) Y Br(yz)
A combination of the previous estimate and ([6.29) yields the claim.
In case dg(xg) > 2R we have that Br(xg) = Qr(xo). Accordingly, by testing the weak formulation for

v with v itself, following similar arguments as in (6.29)), and using the fractional Poincaré-Wirtinger
inequality, we conclude that

2
(Y

?ZR(ZL“O)

L2(Qr(x0))

/Q . |fol dz < CRET74)1de fll oo (@n (o) 1| 22(Br (o)) < CR2 e e Fll oo (@ (o)) [V o (B (o)) -
R\Z0
This proves the claim also in the second case, and the proof is complete. O

In order to get the boundary regularity of order C™*{25:1}~¢ the only difference compared to the proof
in [4] will be a version of [4, Lemma 6.1] for functions with growth |u(z)| < Mo(1 + |=|**~¢). This
follows by using a Caccioppoli inequality involving tail terms. Since we also want to treat source terms
f that explode at the boundary, we need to make some further adaptations to the proof, compared to
[4, Lemma 6.1].
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Lemma 6.12. Let Q2 C R" be a Lipschitz domain and Lq be as before. Let d¢, ©f € L>(2) for some
€ (0,s]. Assume that u € Hg(Q2) is a weak solution to

Lou=f 1in Q.
Assume also that, for some e € (0,2s) and My > 0,
lu(x)| < Mo(1 + |=|**7%) Va € R™.
Then, for any 0 < r < R and any xg € €1,

(4] (Br(2o)) < C ([ldy * 1l oo (@ (ao)) + Mo)
where C' > 0 depends only on n, s, zg,e,r, R, and the Lipschitz norm of §2.

Proof. Let ¢ € C(Bpgr(zp)) with 0 < ¢ < 1 and ¢ = 1 in B,(zg). Then, by testing the weak
formulation with n = u@? and using the symmetry of Kq, we obtain that

5 | rutde = [ [ (u@) — u)u(e)e @) Kae.g) dyds
s ) ) - w0 )+ ) KaG ) dyds
of — )@ (#(2) — () Kol ) dyde
Q2r(20) J Q2r(z0)

+ / (u() - u(y))u(@)o*(@) Ka(z, y) dy do
Q\Bar(x0) JQRr(x0)

= Il -+ IQ + 13.
Note that, by [20, Lemma 3.2],

L > 2/ / (pu(z) — pu(y))*Ka(z,y) dy dz
Qar (o) Y Q2r(x0)

- wAz t) = ? x €.
2/(221?,(360) /Q2R(£Co) ( )((‘0( ) SO(y)) KQ( ,y) dyd

Therefore, by Holder’s inequality,

1
henzgh-c [ [ @) - o) Koy dyds
Q2r(z0) /Q2r (20

c[ub Fr e (om(eo)) — OM /QzR(Io /QQR . |z — y[*Ka(z,y) dy

[V am(eny) — M /Q (o da@) )L logda (@) da
2 €T

=z c[uso]?{K(QzR(xo)) N CMg’

where ¢ > 0 is independent of r, R, but C > 0 depends on 7, R. In the second to last step, we used
the same arguments as in the estimates of || and |J| from the proof of [4, Lemma 6.1].

For I3, using [4, equation (6.5)] we see that

- u(z)|p?(x u x x
I3 > /Q\BQR(xO)! (@)le™( )(/QR(xO) () Kal 7y)dy> d
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—C’MOQ/ / Ko(z,y)dy | dx
Q\Bar (o) Qr(z0)

> —CMg/ Mogdal@)l 4> gz
O\Ban(zo) (1 +1]2])

Finally, by an application of [Lemma 6.11{ with v := up and Q := Q N Byr(zp) we obtain that

/qus02 dx S/Q\fusﬁ|d$ < CR2YE)|dg 8 fl| Lo (0 (o)) [UP) S ()

Y

By combining the aforementioned estimates, we conclude the proof. (|

6.5. A boundary Holder estimate for equations with unbounded source terms. In this
subsection we prove a Holder regularity estimate that covers source terms with a singular boundary
behavior. This can be achieved by an adaptation of the arguments in [4].

Lemma 6.13. Let Q C R™ be a bounded Lipschitz domain. Let s € (0,1) and u be a weak solution of
Lou=f in QN Bgr(zo) = Qr(zo)

with Neumann conditions on 02N Br(xg) for some R > 0 and xo € §2, and d¢, ©f € L>°(82) for some
e € (0,s].

Then, there exist o € (0,1) and C > 0 such that
[u e (@ o (wo)) < CR™ ([[ull oo + RTENdG  fllLos @ (ao))) »

where a, C' depend only on n, s,q, e, and the Lipschitz norm of Q in Br(zo).

Proof. We prove the result by mimicking the procedure in [4]. Since large parts of the proof remain
completely the same we only explain the main differences. The proof is split into several steps.

Step 1: First, we prove that any weak solution v to

Lov < fv in €,
v >0 in{

with Neumann conditions on 092, where [|d¢, © f|| () < 1, satisfies the estimate
[l oo () < Cllvll 20, (6.30)

where C' > 0 depends only on n, s, ¢, (2, as a counterpart of [4, Lemma 3.1].

B_
To prove it, let us consider § > 2, k € N, and u;, = min{u, k}, and define v = u} 1u € Hi (), as in
[]. Following [4, equations (3.2) and (3.3)], we have

Bq(v,v) < ,B/Qf(:v)v2(x) dz.

By Hardy’s inequality (see [10) [15] 23]), which is applicable to v € H?*(Q2) (i.e. without compact
support in ) since *5° < %, we estimate

/Qf(UU)UQ(x) dz < dez_EfHLoo(Q)Hv/d%“%2(9) < C””H?{s—s(n)-
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Note that, for any ¢ € (0,1),

() — v(y)|? 2
s—e() < C// x —y|**dydx
i @xx{le—yl<s) 1T — YT ==l

+C | Ju(z)? / | —y| T dy) dz
Q O\Bs(z)
< O6% o] (g + CO72 0|72
and therefore, combining the previous three inequalities on display, we deduce that
Ba(v,v) < C8*[v]3(q) + CA(L+ 52 [vl[sq)-

Since [v]?,.,,y < Ba(v,v), we obtain, by choosing § := (205)_*
Hs ()

son2
Bq(v,v) < CB=|[v][12(0)-
By the Sobolev inequality, this yields exactly the same estimate as [4, equation (3.7)], and from here
the proof goes in the exact same way as in [4].
Step 2: Second, we prove that any weak solution v to

Lov =|f] in QN Bg(xo),
v =0 in Q\ Qgr(xo)

with Neumann conditions on 992 N Bg(xg) for some xy € Q and R > 0 satisfies

0] Lo (@ (o)) < CRZEN S Fll Lo (@n(20)) (6.31)

where C' > 0 depends only on n, s, ¢, and the Lipschitz norm of 92N Byg(zg), which is the counterpart
of the main estimate in [4, Lemma 3.3].

Furthermore, by the same arguments as in [4] (in particular, using (6.30))), we obtain that

9] oo @ (zo)) < CR™ 210l L2( (o)) + CRETENAS £l oo (@ (o) -

Hence, it remains to prove that
[0l L2 @n(z0)) < CR2ZTTENdE fll Lo (@ (a0))- (6.32)
Then, by testing the weak formulation for v with v itself, and applying we obtain

[0)3s() < CB(v,0) = C o fv < CRETE|dS ™ fll oo (o)) V] () -
RrR\Z0
From here, the estimate in (6.32) follows after dividing by [v] s () and applying the Poincaré-Wirtinger
inequality to v.

Step 3: Note that in Step 2 we have already established the boundedness of weak solutions. Moreover,
by following the arguments in [4, Section 4] we immediately obtain the desired Holder regularity
estimate.

To be precise, there are only two changes need to be made: firstly, in [4, Proof of Theorem 4.7], instead
of [4, Lemma 3.3] we here employ , secondly, in [4, Proof of Theorem 4.1}, we replace everywhere

R || fllLa@p(ao)) Y BETENAG S fll oo (@ (o)) - O
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6.6. An expansion at boundary points of order less than 2s. The goal of this subsection is
to prove an expansion of solutions to the nonlocal Neumann problem of order less than 2s. This is
the main auxiliary result in our proof of the boundary regularity estimate of the same order. By
Theorem 5.4, such an expansion can only hold true if the order does not exceed By (see and
Proposition 1.4]). In case By > 2s, we can also prove expansions of higher order. Since its proof requires

several highly non-trivial modifications, we will treat that case separately (see [Theorem 6.18)).

Theorem 6.14. Let s € (0,1) and ¢ € (0, min{2s, By} — s) be such that min{2s, By} —e # 1, and let
a € [max{0,min{2s, Bo} —¢ — 1},1). Let Q C R™ be a C** domain with 0 € 9 and v(0) = e,.

Let u € Hig(2) be a weak solution in the sense of|Definition 6.1| to

with Neumann conditions on 0Q N By y and d?;_mm{%’BoHaf € L>°(Q2N By a).
Then, there exist C >0, and b € R™ with b- e, = 0 such that, for any v € QN By 4,

[u(x) — u(0) — Liming2s,By}—e>130 - > (a)]
mind{2s —e 2s—min{2s,B
< Cla|™ 2501 (]| poo(any + ldgy P e anp, )

where By is as in (5.4) and ® is as in|Subsection 6.1}

Moreover, C > 0 depends only on n, s, e, «, and the CY® norm of Q,

Let us first prove a Liouville theorem of order min{2s, By} — ¢ in the half-space. Its proof follows

immediately from

Theorem 6.15. Let u be a weak solution to

(=A)Yuw =0 n{x, >0},
fon>0}u =0 n{x, <0}

with
[u(@)] < C(1L+ [P0} =2
for some C >0 and e € (0,2s), where By is as in (5.4). Then,
u=a+b- .
for some a € R and V' € R™ with b, = 0.
Proof. The proof goes exactly as in [4, Theorem 5.1], only replacing the 1D Liouville theorem from [4]
by [Theorem 5.4f of this paper. The restriction s € ( %, 1) can be dropped without any further change

in the proof, since in [4] it only came from the 1D Liouville theorem. In fact, by [4, Proposition 5.10]
we have that

n—1
u(z) = wo(zn) + Z Wi (Tn)T;
i=1
for some functions wg, w1, ..., w,—1, depending only on z,. Moreover, by [4, Lemma 5.11, Proof of
Theorem 5.1] the function w; are weak solutions to (5.5) and have the same growth as u. Therefore,
we can apply to deduce the desired result. O

We are now in a position to give the proof of
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Proof of [Theorem 6.1 In case min{2s, By} —e < 1, the proof goes exactly as in [4, Proposition 6.2],
but using [Theorem 6.15, [Lemma 6.12} and [Lemma 6.13] instead of [4, Theorem 5.1}, [4, Lemma 6.1],
and [4, Theorem 4.1], respectively. Let us therefore explain only the case min{2s, By} —¢ > 1. In
particular, we can assume from now on that s > %

Step 1: We now use [4, Proposition 3.2] and [Lemma 6.13| In this way, we see that u is bounded and

we can assume that ||ul|peorn) + Hdésfmin{?s’BoHafHLoo(Q) <1.

Accordingly, it suffices to show that
lu(z) — u(0) —b- @7} (z)] < Clz[™™2Bo} == vz € QN By . (6.33

)
Let us assume by contradiction that (6.33]) does not hold true. In that case there are sequences (£2)
as in the statement of the lemma with corresponding diffeomorphisms (@), as well as (ux) C Hx (),

(fi) with dy "™ 9P 5 e Loo(Qy), such that

2s—min{2s,Bp }+
g || Loo rry + 1 d, {25,B0} “fill e @unBy ) < 1 (6.34)

and
Lo, ur = fi, in QN Bl/2
in the weak sense with Neumann conditions on 92 N By /.

Moreover, there are (zj) C 2, and Cy, — 400, such that

—up(0) = b- D | oo —ui(0)—=b-d; !
sup llur — u(0) v L (@unB,) . |ug(2r) — ur(0) e ()]

in . > . > O,
be{b,=0} 7‘6[0,%] ’xk ’m1n{2S,Bo}—6 be{b, =0} ‘xk ‘mln{Qs,Bo}—e

For any k € N and r € (0, 1] we consider the L?(€), N B,) projections of ux(-) — ux(0) over the space
Prr = 1{b- CIJEI(-) : b € {b, = 0}} and denote them by P ,. Moreover, we will extend P, in a
bounded way outside Q4 N By, as in In this way, we see that

Juk — ug(0) = Prrllr2uns,) < llue — ug(0) — Pllr2ouns,) VP € Pryr,

/ (ur(x) —up(0) — Pyp(x))P(x)de =0 VP € P,
QrNBy

It follows from [Lemma 6.9 that the function

O(r) :=sup sup p~ MBI 0y — 0y (0) — Pl opnm,)
keN pelr, 4]

satisfies
O(r) /S +oo as 1 \0,
and therefore there exist subsequences (k;) C N and r; \, 0 with r; € (0, 3] such that

|k, — wk; (0) = Pr; sl Lo (0 B,
: J min{;ST]B }—a( K ]) > 1 Vj €N.
e(rj)rj o 2
Step 2: Next, we introduce the blow-up sequence
ug. (15;2) — ug, (0) — Py, . (r;x
k](] ) kj( ) kj7rj(j ) ]€N7

Uj (z) = Tr_nin{QS’Bo}*E‘g(rj) ’
J
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and observe that, for all j € N,
1 -1
v;(0) =0, ||”j||Loo(Qijl) > > /(~2 . vj(z)r; P(rjz)de =0 VP € Py, (6.35)
i B1

where Qj =7r1Q .
J J

Moreover, we claim that

105l e (@, < CRMHESEI=2 VR € [1,r71 /4], (6.36)

and
sl o s 6.37
0(r,) —0 asj— oo (6.37)

Both of these claims follow from|Lemma 6.10} applied with u := uy;—uy,(0). Note that the assumptions
of [Lemma 6.10| are satisfied, since, by the definition of 6(r) and by (6.34)), for any r < i we have that

l[ur; = un; (0) = P ry ”L""(ijﬂBr) < O(r)rmind2s.Bot—e

||ukj — Uk, (0)||L°°(ijr‘|Bl/4) <2
Hence, (6.37)) follows immediately by the second claim in [Lemma 6.10}, since the bound is independent
of kj. The growth of v; from (6.36)) follows from the first claim of [Lemma 6.10} which yields
l|uk; — uk; (0) = Py rll Lo (. nB,, .
07l ) = it ) {2 o),
’ T TO0(ry)

Finally, observe that v; satisfies

Lovj=f; inQNB-, (6.38)
with Neumann conditions on 6Qj N Br;1 /20 where
) 25— min{2s,Bo}-+e (25— min{2s,Bo}-+e
filz) =~ fi(rjz) — = (L, P ;) (rjz).

0(r;) 0(r;)
By applying [Lemma 6.13|to w; := vj1p,,, we deduce that there exists v € (0, s) such that, for any
Re[l,r;'/8],
Wilew@,npr) < Wiler@,nsn) 639
- 6.39
— 2s5—1 2s—1 :
<CR 7(‘|wj”Loo(Qj) + RHde fjHLOO(QijQR) + RHde Tail;(vj; 4R, ')HLoo(Qij2R))7

where

Tailj(v;; 4R, x) == /

vj(y)Kq, (z,y) dy.
Q;\Bsr

By the same computation as in [4] Lemma 5.9], and using the growth (6.36)) (and the fact that min{2s, By} —
€ < 2s), we obtain that, for any « € Q; N Bag,

[ Taily (03 4R, 2)| < CRY(U+ g @))), 142 Taily (a3 4R, ) oy, < COR)
for some constant C'(R) > 0, depending on R.

In addition, we notice that dg (x) = 7"]-_1de (rjz). Also, since s > , there exists § € (0,¢) such that
2s—1—0 > 0.
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Consequently, using also [Lemma 6.4, we have, when R < r;1/8,
a J

T25—min{2s,Bo}+e o min{2s,Bp}+e+1

J 25—1 . - __J 2s5—1
9(7“]) ||dQ] (LQijj,Tj)(r] )HLOO(Q]»F]B2R) - H(TJ) ”dQJ (LQijjvrj)||L°°(anBZTjR)

—min{2s,Bo}+e+1

< Ol | Pty (L oy |+ a2 o |-l 2 + og doy ) oy,
—min{2s,Bo}+e+1
< Clbg,ry |~ ) (gt + ey 0+ g+ |- W Lo (2,0 Bar, )
—min{2s,Bg}+e+1+a —min{2s,Bo }+2s+&—§
< C(R)lbe | — <ol
where we used that 1 + a > min{2s, By} —¢.
Furthermore, by and since £ < min{2s, By} — 1,
2s—min{2s,Bo}+e — min{2s,B0}+5+1
J 25—1 A ) _J 2s5—1
a(r;) ”de fj(ry‘)HLoo(QijgR) = 0(r;) Hde fjHLoo(QijerR)

— 2s—min{2s,B € _
< CR(r) ™ P ey < COR)r) ™
As a result, recalling (6.37)),
1 + ‘bk‘j,’f"j|

In particular, the above norm is uniformly bounded.

We also point out that

sl ey < N0l ey < 1
due to ((6.34).
Thus, by combining the previous estimates with (6.36) and (6.39)), we deduce that

14 |bi. .
1t | ’“’) <C(R).
0(r;)
Hence, by Arzela-Ascoli’s theorem, the sequence (v;); converges locally uniformly in {z, > 0}, up to

a subsequence, to some v € C?;c({xn > 0}), for any " € (0,7). Moreover, by (6.36) and (6.40]), we

can apply [Lemma 6.12to deduce that for any R < r;'/8 it holds
J

Wil (@0 < COR) + CARNAE ™ Fill oo 0,08, < C(R)-

o3l n @y < O (14

Hence, the sequence (v;) is also uniformly bounded in H K,loc(ﬁj), and therefore it also holds v €
HK,loc({xn Z 0})
Moreover, by the uniform convergence and ([6.35)), we also have

1
v(0) =0, ]l oo ({wn>0ynB1) = > / v(z)(b-z)de =0 Vbe {b, =0}. (6.41)
{$n>0}ﬂB1

The latter property holds true since for any P; = b- @;1 € P; with b, = 0, it holds r;le(rjx) —b-x
locally uniformly since P;(0) = 0, VP;(0) = b, and P; is uniformly bounded in C'@.
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Step 3: Let us now pass to the limit in the equation for v;. Since v; satisfies (6.38) in the weak sense
with Neumann conditions on 9€; N B -1 /20 it also satisfies the equation in the distributional sense,
J

namely
1 3 00
/ ijandx = 2[ findx Vn e Cg (BT_—1/2). (6.42)
Q, Q, i

This can be proved in the same way as in [4, Proof of equation (6.9)] (using [4, equations (6.4) and
(6.5)]), and there are no differences due to the faster growth of v; in (6.36) (see also [Lemma 5.21)).

Now we note that, for any n € Hx (R") supported in Bg for some R > 1, it holds that
r 2s—1 ¢ B
/| Finde < ORI Flum o = O

thanks to [Lemma 6.11| and (6.40).

Hence, using that ]le — 1z, >0y and KQ]- — K{,>0) a.e., we can apply Vitali’s convergence theorem
as in [4, Step 3, Proposition 6.2] and deduce that

/ vl soyndr =0 Vn e CZ(R™).
{zn>0}

Furthermore, as in [4, Step 3, Proposition 6.2], we can prove that v is a weak solution to
Lz, >pv =0 in {z, > 0}
with Neumann conditions on {z,, = 0}.
In addition, we have that [|v|[ze(p,) < C(1+ Rwin{2s,Bo}=€) for any R > 1.
Step 4: Hence, we can apply the Liouville theorem in and deduce that
vz)=a+b-zx

for some a € R and b € R™ with b, = 0. Since v(0) = 0 by (6.41]) we deduce that a = 0. Moreover, by
the third property in (6.41)), we have

0—/ v(x)b-xdx—/ (b-z)?dz,
{z,>0}NB; {z,>0}NB;

which implies that also b = 0, and therefore v = 0. This is a contradiction with the second property

in (6.41)). Hence, we have shown (/6.33)), as desired. O
6.7. Regularity of order less than 2s. In this subsection we prove our main result in case By < 2s:
Theorem 6.16. Let s € (0,1), ¢ € (0,min{2s, By} — s), o € [max{0, min{2s, By} —e — 1},1), and
Q C R" be a bounded CH* domain. Let u € Hy () be a weak solution to
(=A)u =f inQ,
QU =0 mR"\Q,
where désimin{%’BoHsf € L>(Q).

Then, there exists C' > 0, depending only on n, s,e,«, and 2, such that
2s—min{2s,Bo}+
[[ul| gmin2s, 50} < (@) < C (HUHL2(Q) gy o EfHLoo(Q)) :

Remark 6.17. We stress that if min{2s, By} —e < 1, our result allows for a = 0, i.e. it suffices to
have 99 € C*.
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Proof of [Theorem 6.16, In case min{2s, By} — ¢ < 1 the proof follows from [Theorem 6.14] (up to

a rescaling, rotation, and translation) in exact the same way as [4, Theorem 1.1] follows from [4]
Proposition 6.2].

Hence, we can assume from now on that min{2s, By} — e > 1, which implies in particular that s > %
Furthermore, up to a normalization, we can assume that

ull oo () + gy ™ PHE £l o) < 1 (6.43)

We note that, since Nju = 0 in R™ \ Q (see [4, Proposition A.3]), we have that, for all z € R\ €,

—1
</ |z —y| 7" dy) / u(y)lz —y| " dy
Q Q

We assume that 0 € 92, v(0) = e,, and that there exists a C1 diffeomorphism ® as in (6.2]). We
claim that for any zo € Qg := QN By g with || = do(wo) =: 7 there exists b € {b, = 0} with
|b] < C such that

lu(z)| < < ullpoo (o) < 1. (6.44)

['U/ — U(O) - Pb]crmin{Zs,Bo}fs(Br/2(x0)) S C, (645)

where C' > 0 depends only on n, s, e, and the C1® norm of Q, and P, is as in [Subsection 6.1} i.e. in
particular P, = b- ®~ ! in Q.

We suppose for a moment that (6.45)) and we use it to complete the proof of the desired result. To
this end, we point out that, as a consequence of ((6.45)),

[u]Cmin{Qs,BO}—E(BT/2($O)) § C + [Pb]cmin{zs,Bo}—s(Br/2($0)) S C(l + |b|) S Ca

where we used that [b] < C. From here, applying the previous arguments again, up to a rotation,
translation, and rescaling, we obtain that there exists p > 0, depending only on €2, such that, for any
rg € Q with dQ(afjo) < 2p,

[u]cmi“{Qs’BO}_s(BdQ(zO)/Q(xO)) S C (646)

For zp € Q with dg(z¢) > 2p we use that, by interior regularity estimates for the fractional Laplacian
(see e.g. [, Lemma 6.4]),

(W] cmint2s.B0) < (B, .\ (o)) < C(P) (1l oo (B, 2oy + N1+ - |)7"72SU||L1(R71) + 1l oo (B, (20)) )
(Bag(ag)/2(20))

and, since we already know from [Lemma 6.13[that u € C7(Q) for some 7 € (0, s), we deduce from [4,
Lemma 6.3] and (6.43]) that
(i < OO+ RY) VR 1.

Therefore, (6.46) holds true for all g €  (with C' > 0 depending also on p). From here, the desired
result follows by [18, Lemma A.1.4].

It remains to prove (6.45). To do so, let us apply the interior regularity estimate for the fractional
Laplacian (see e.g. [4, Lemma 6.4]) to the function

() = u(z) — u(0) — By(x),
where b € {b, = 0} is the vector from [Theorem 6.14] which solves

(—A)*v =f—LqoP, inQ,
U =0 in R"\ Q,
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and conclude that

—min{2s,B
[U]Cmin{Qs,Bo}—E(BT/Z(IO)) < Crf min{2s, 0}||U‘|Loo(327./3(x0))

+ CT2S_min{25’BO}+E||| . —750|_n_2sv||Ll(R“\BQT/g(xo)) (6.47)

+ CrZsfmin{Zs,Bo}JrE||f||Loo(B2T/3(IO)) + Cr257min{23,Bo}+sHLQPbHLOO(BZTB(mO))'

Also, for any = € By, /3(wo) we have that dg(z) > § and accordingly

%
PN fll oo (Bay 5(20)) < ClldafllLee (o) < C.

We now observe that is applicable here, since By, /3(z0) C Q2r C /4. Besides, given

T € By, /3(w0), we point out that [x] < 2r and § < do(x)2r. Also, we know that 1+a > min{2s, By} —e.
Hence, using again that |b| < C' (thanks to [Theorem 6.14]and (6.43))), we find that, for any ¢’ € (0,¢),

p2e—min{2s.Bokte| 1o p | L>(Bay/3(x0))
< COpetl-min{2s,Bo} Hd?zs_lLQPbHL°°(Bzr/3(x0))
< Cp=ttmmine Bl g1 (1 4 [log da 4 dg ™ + | - 1dly )| 1o By, g w0))
< OpFttmmin{2aBod || g2t 4 21 g 4] 1) | Lo By, o)

< CrQs—min{Qs,Bo}-i—s + CrQs—min{2s,Bo}+6—a’ +Cr min{2s,Bo }+e+1+a <C,

as desired.

It remains to estimate the growth of v. To do so, we observe that, by Theorem 6.14| (which is applicable
by [4, Proposition A.3]) and (6.43]),

min{2s,Bo}—¢
< 1/4- .
lv(z)] < Clx| Vo € Q)4 (6.48)
In particular,

rsfmin{2s,Bo}Hv’

’LM(BQT/S(IO)) < rsfmin{Qs,Bo}Hv’

We claim that
lu(z)| < C|z|™i{2sBod=2 vy e R (6.49)

To see this, note that by (6.48) and (6.43), and since |P,| < C|b] < C in Q by construction (see

Subsection 6.1)), we have that (6.49)) holds true for z € Q. For z € R™ \ Q, the claim follows by the
same reasoning as in (6.44)), using that NP, = 0 in R™ \ by construction.

Therefore, using that |z — xg| > % in B, \ By /3(wo) and |z — zo| > % in R™\ By, we deduce

—mi B, —n—
2o min{2 B | g 720 g )

< CT,ZSfmin{Zs,Bo}Jrs‘B?r \ B2T/3<x0)’TfanSTmin{Zs,Bo}fs

+ Cr25—min{2$,B0}+a/ ‘x|—n—2s|x’min{2s,B0}—a dr < C.
R"\Ba,

Plugging the previous estimates into (6.47), we deduce (6.45)), as desired. O
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6.8. An expansion at boundary points of order larger than 2s. Throughout this subsection
we assume that By > 2s and we prove an expansion of the solutions to the nonlocal Neumann
problem of order larger than 2s, thereby complementing the result in Let us recall
from [Proposition 1.4 that By < 2s + 3 when s € (0, 1] and By < s + 1 when s € [5,1). In particular,
for every s € (0,1),

By<s+1<2. (6.50)

The proof in this higher regularity regime is significantly more involved since the blow-up argument
leads to functions that grow too fast for the nonlocal operators to be evaluated in a classical sense.
We solve this problem by a two-step procedure. First, we take incremental quotients of the blow-up
sequence in the tangential directions (which exhibit slower growth at infinity) and pass them to the
limit to deduce that the blow-up limit must be a 1D function, depending only on the normal direction.
Using this information, in a second step we justify that the blow-up limit is a solution to the 1D
nonlocal Neumann problem in the sense of which allows us to conclude the proof by an

application of

Theorem 6.18. Let s € (0,1), 5 € (0,min{1,2s}), and v € (s,1] be such that B+~ € (2s, By) and
B+~ # 1. Additionally, when B+~ > 1 we assume that v < 2s.

Let Q C R™ be a bounded C1 domain with 0 € 9Q and v(0) = ey,.
Let u be a weak solution in the sense of [Definition 6.9 to

(—A)SU = f mn Q N 31/2,
5’& =0 m B1/2 \Q,

and f € CPI=25(Q N By ja).
Then, there exist C > 0, and b € R™ with b- e, =0, such that it holds for any r € (0, %],

[u—u(0) — Ligiys11 Polor(s,) < CrP (HUHLOO(R") +llullev, ) + Hf||cﬂ+w—2s(m31/2)) ;

where By is as in (5.4)) and P, is as in|Subsection 6.1| satisfying and (6.4]) in Q°.

Moreover, C > 0 depends only on n, s, 3,7, and the C* norm of €.

Note that, differently than [Theorem 6.14] here we prove an expansion inside and outside ) at the
same time. However, we also assume implicitly that v € C7(B;). We will verify this assumption by

an application of

Before we prove we need to state the following three technical lemmas. The first one
says that classical solutions and weak solutions to Ly, ~oyu = 0 coincide in case they possess sufficient
regularity up to the boundary. The second one shows that if v is a solution to the nonlocal Neumann
problem in the half-space up to a constant, then its tangential increments are strong solutions. Finally,
the third one is reminiscent of [4, Lemma 5.11] and reduces an n-dimensional Neumann problem in
the half-space to a 1D problem if the solution is 1D.

Lemma 6.19. Let Q C R" be such that 0) € CY¢ for some ¢ > 0 and let B C R™ be compact. Let
ue CEFE(QNB)NCY(QNB) for some e >0 and v € (s, 1] be such that

lo
ull oo @nBr) < C(1+ R)*™° VR >1, (6.51)
[u]c2ste(B, (20)) < Cret Vog € QN B, r = min{do(zo)/2,1}. (6.52)
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Let f € L>®(2N B). Then, u is a classical solution to
Lou=f inQNB

if and only if it is a weak solution to Lou = f in QN B with Neumann boundary conditions on 00N B

in the sense of [Definition 6.1,

Proof. We claim that there exists § > 0 such that, for any R > 1,
|Lou(z)| < Cdg' ™ (x) Ve QnB. (6.53)

This follows by refining the computation in [4, equation (6.4)]. Indeed, for z € QN B and r =
min{dqg(x)/2,1} we have that

|LQ'LL((IZ)‘ < C[ ]CQS+5( Br(z)) —|—/

() — u(y)l ke, y) dy + / u(z) — u(y) | Kalz, y) dy
By ()

N\ Br(z)
=11+ I+ Is.

To estimate I, we observe that if y € B,.(z) then ko(z,y) < Cdy" **(z) and accordingly

I < C[U]CW(BT(QC))T_QS—W.

For I3, we remark that

in{d d
Kq(z,y) <C <1 + log_ <m1n{ 2(z). Q(y)}>> lz —y| ™" Va,y € Q. (6.54)
Hence, recalling (6.51)),

I < / lu(z) — u(y)| Kalz, y) dy
(@2NB1(x))\Br(z)

+C lu(z)|Ka(z,y)dy + C Kq(z,y)dy
Q\Bi () Q\Bi ()

< Clulow @ (@) log(r)r~ 2% 4 C'log(r) (1 + |u(z)|).

As a result, using (6.52]), we get
Lau@)| < C([uloasse(p, ey + il (8, (1 + 1082+ + (1 + [log(r) (L + [u(2)]))
< C(R)(r* ' + (1 + [log(r)|)r—217),
thereby proving (6.53) (since 7 > max{2s — 1,0}), as claimed.

Let us now take n € C2°(B). Then, proceeding as in [4, equation (6.20)], i.e. integrating over
domains {(z,y) € @ x Q: |z —y| > e} and using again (6.51) to deduce an estimate analogous to [4,
equation (6.21)], after sending € \, 0 we obtain that

[ n@rau@as = [ [ (@) = n)ate) - u(w) Kale.y) dyda. (6.55)
Moreover, both integrals converge absolutely, owing to (6.53|). Since v > s, we also have that u €
Hi (2N B) for any compact set B C R™. Indeed, by (6.54]), we deduce that
[ [ ) - ut)iate. ) dy s
oNB JoNB

Cn—2s min{dq(z), do(x
< Clutugorm | /Q I <1+log_( feobry ! ”)) dydz < C(B) < oo,
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Thus, if u is a classical solution, then it is also weak solution in the sense of since
u € Hg (2N B) and the double integral in equals to meB nf dz by assumption. Furthermore, if
u is a weak solution, then the left-hand side in equals to fﬂﬁ pNfdz, and therefore the desired
result follows by density. (|

Lemma 6.20. Let u € C25 ¥ ({z, > 0}) for some & > 0 be a solution to
(=APu=0 in{z, >0},
in the sense of [Definition 6.3 with
[l e () < CU+R*72, lullpse(sy < C(L+ R VR > 2, (6.56)
where h € By and u™ = u(- + h) — u(-).
Then, u'™ is a classical solution to

(=A)»u™ =0 in {z, > (hn)_}.

Proof. Let h € By. By assumption, u" € C25t({z,, > 0}) N L3 (R") and therefore (—A)*u(z) is
well-defined for any = € {x,, > (h,)_}.

Moreover, for any R >4 and x € Brjp N {zn > 0},
(=A)*(ulpg)(x) = Er(x) + cr Vo € {xn > (hn)-},
where Er — 0 as R — oo locally uniformly in {z,, > (h,)_} and cgr € R.

Hence,

(~8)uM (a)

(—A)* (M 1p,) (@) + (~A)* (M1 ) ()
(—A)*((ulpy) M) () = (~A)*(u(- + h) 1Y) )(2) + (~A)* (P 1pg )(z)  (6.57)
I (2) + I (@) + I ().

In particular, one finds that If? = ((—A)3(ulg,))™ = Egl) — 0 as R — oo locally uniformly in
x € {xy > (hn)-}
Additionally, by the growth assumption on (") in (6.56)), for any = € Bp /2 we have that

)?
)?

e |<c/ |z — |"2de<0/ WS dy < CR =0 as R — oo,

Consequently, IF* — 0 locally uniformly in {z, > 0}.

To deal with ', we observe that supp(]lgg) C BRynl \ Br_js, and thus, using also the growth
assumption on u from (6.56), we deduce that, when x € Br/s N {zn > (hn)-},

[Ii(z)| < C u(y + h)||lz —y[ "> dy
Brin|\Br—|n|

< C|Bryjn \ B[R R < C|h|R"'R"*" < CIA|R™° =0 as R — oo,
yielding that If* — 0 locally uniformly in {z, > (h,)_}.
As a result, we deduce that (—A)*u™ =0 in {z, > (h,)_}, as desired. O



THE NEUMANN PROBLEM FOR THE FRACTIONAL LAPLACIAN 81

Lemma 6.21. Let € > 0 and u be a solution to
N so1t 20 in{z, <0}
in the sense of [Definition 6.3, with
[l (Bange,son < CA+ Rl i @ange,>-ta) p < CO+ R)* T2 VR > 2,
where h € By, and u™ = u(- + h) — u(-).
Then, '™ is a solution to
fxn>o}u(h) = Lip,201 fn i {xn < —(hn)+},

where
hn
fn(z) = —cms/o /R 71(u(:c +h)—uy)|z+h-— y]_"_% dy/ dyp.

Proof. In case h, = 0 the proof goes exactly as in using crucially that the property
hyn, = 0 keeps the integration domain {z,, > 0} invariant under the shift z — x + h.

In case h,, < 0, we compute, in analogy to (6.57)),
Mooy t™ (@) = Ny sy (@) P)(@) = Ny sy (ul + W) 10) () + Ny, s (0P L) ()
= Ifx) + IR (x) + [F(2).

The quantities in I_QR, L f satisfy the exact same bounds since the L°°-bound for u from the assumption
holds in {z,, > —(hy)—}, but the integration takes place only over Bf, N {y, > 0}.

In contrast, for I f%, we have that
If{(z) = Ny, w0y (ulp) ) (@)
= (N{s:cn>0} (UILBR))(h) (z) (6.58)

hn
s [ e+ 1) = s )l + =yl dy dy,

and the desired result follows by sending R — co. U

Lemma 6.22. Let u be a solution to
{(—A)su 20 in {zs, > 0},
Ngpsoyu =0 in {a, < 0}
in the sense of [Definition 6.3, satisfying for some € > 0,
lull ey < CO+ RFHE, u® ey < CL+ R YR>1,  (659)
[u]c2ste(B, (20)) < C(R)rc™! Vzg € QN Bgr, r=min{|(zo)n|/2,1}. (6.60)
Moreover, assume that there exists a function U : R — R such that u(x) = U(xzy) for any x € R™.
Then, for any n € C°(R) with ffoo n(t)dt = [pn(t)dt =0,

00 0
/0(—A)Sn(t)U(t)dt+/_ Ny ooynMU(t) dt = 0.
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Proof. We deduce from that, for h = te,,
(=APu™ =0 in {z, >t_}.
Since u™ (z) = U®(z,,), we deduce from [I8, Lemma B.1.5] that
(=AU =0 in (t_,00).
Let now R > 2 and x € (0, %) Then, as in (6.57)), we compute that, for any t € (—z, o),

()5 (ULp)) ) (2) = (~A)2((ULp,) W) (2)

= I () + I3 () + (- A)RUO (@) = Y () + I3 (), .
where If’t and Ig’t are as in and satisfy, for any [¢| < 1,
1LY (@) < CIt|R™®,  |I3%'(x)] < CR™. (6.62)
Hence, given any M > 1, whenever z € (0, M) and R > 2M we have that
(=8)r(Ulpg)(x) = Er(x) + cr, (6.63)
where cg = —(=A)§(Ulp,)(M) € R, and by (6.62),
(M —z]
Br(z)=— > (L"(z+k) + I3 (x+k))
k=0

— (MM e M — )+ P M~ 2])) 50 as R — o,
uniformly for 2 € (0, M). Analogously, we show that for z € (—M,0), as long as R > 2M,
Nv,oo)(ULBg) () = Fr(z) + dg, (6.64)
where dp = —J\/(SO’OO)(U]IBR)(—M) € R and Fr(x) — 0 as R — oo, uniformly for z € (=M, 0).
This result follows by application of observing that
Nipsoyet™ = fo in {a, < =14},

where, since u is one-dimensional,
hn
) = =eus [ [ (a0 = utw)le b=y dy,

— Y (Uen+ 1) — Ul) /

Rn

» |z + te, — y]_"_QS dy/ dyp,

hn
= ~Ciere [ U+ 0) = Ulg)len + ~ gl 2 dyy = CiFi(a),
0
as well as
Nipogyu® (@) = ns /0 (UO @) — UO () /R

for some C7 = C(n,s) > 0.
This yields that

‘LE - y‘—n—2s dy, dy, = ClN(s()po)U(t) (xn)

n—1

./\/’(SOOO)U(t) = Ft in (—OO, —t+)
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Then, redoing the computation in (6.61)) for j\/‘(s0 00) and the computation in (6.58)), we observe that
the term F} cancels, namely
Ny UL (@) = Ny ooy (UL 5)) () = F(2)

= I, (@) + I (@) + N ooy U (@) = Ff (@) = Y (2) + I (2) + (F — Ff) (),

where
hn
FR(z) = 0175/ (U(xp +1) — (Ulp)(yn))|zn +t — yn| 72 dy,, — Fi(z) as R — oo,
0

uniformly in (—M,0).
From here, (6.64)) follows in the same way as (6.63]).
Thus, (6.63) and (6.64) yield that

(—ARU L0 in (0,00),
Nip ooyl 20 in (—o0,0).

To conclude the proof, we multiply (6.63|) and (6.64) by 1 as in the statement of the theorem, with
supp(n) C (=M, M), integrate them over (0,00) and (—o0,0), respectively, and add up the resulting
identities.

Then, observing that cg [;° n(z) dz = dg ffoo n(x)dz = 0, we obtain, for all R > 2M,

00 0
| 8@V @1s, @) et [ N @)U @)Ly (@) do
0

- /0 @) (AU ) () da + | 0@ NGy U ) da

[e') 0
- / n(2)Ep(z) dz + / n(z) Fr(x) da,
0

—0oQ0

As a technical observation, we note that in the first equality here above we applied the nonlocal
integration by parts formula (see [I12], Lemma 3.3]), whose proof can easily be extended to the function
n and Ulg,, using that (—A)5(Ulg,) € L}, ([0, R/2]) and /\/(So,oo)(UﬂBR) € L} ([-R/2,0]) as a
consequence of .

Next, we use the fact that n € C°(R) and [Lemma 5.22| to check the assumptions of the dominated
convergence theorem, taking the limit R — oo on both sides, and obtain the desired result. O

Proof of [Theorem 6.18 We restrict ourselves to proving the result in case 8 + v > 1, since this is
the most difficult case. The case S+ v < 1 goes in the same way, but the functions P, do not need
to be subtracted, which simplifies some of the arguments. In particular, in this case the analogs of
ILemma 6.10| and [Lemma 6.9) do not require the assumption y < 2s and they can be found in [IJ.

Step 1: We assume that [[ul[ 00 ®n) + lullcv (B, ) + HfHC[-H-'y—Qs(QmBI/Q) < 1. Hence, it suffices to show
[u—u(0) — Pylow(p,) < CrP Vr e (0,1/4). (6.65)

Let us assume by contradiction that (6.65) does not hold true. In that case there are sequences (£2)
as in the statement of the lemma, as well as (uz) C V*(Q)[R™), and (f) C CPH7725(Q N By ), such
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that
[kl Loo @y + l[urllc (B, o) + [1frllcstr-2s@unm, ) <1 (6.66)
and
{(_A)Suk = fr in QN By,
NG, Uk =0 in By \
in the weak sense.

Moreover, one can find Cy — 400 such that

ettt r:}é%}[w ug(0) — Pylev(s,) = Ck

where we denote by Pf the function from [Subsection 6.1| with respect to € satisfying (6.4) in R™\
and .

Note that the space Py, := {PF : b € {b, = 0}} is a linear subspace of L?(B,), thanks to [Remark 6.6
Then, for any k € N and r € (0, 1] we consider the L?(B,) projections of u(-) — uj(0) over the space.

We denote these projections by Py, and extend them to By, in the same way as in
such that is applicable.

Thus, in analogy to the proof of [Theorem 6.18 we have
lue = uk(0) = Pryrllz2s,) < llue — uk(0) = Pllz2s,) VP € Py,

/ (up(z) — uk(0) — Py p(x))P(z)dz =0 VP € Py,

r

and it follows from [Lemma 6.9] that the function

0(r) :=sup sup p~"lu — uk(0) — Prylo(s,)
keN pelr, ]

satisfies
O(r) /1 +oo as 1 \0.
As a result, there exist subsequences (k;) C N and r; \, 0 with 7; € (0, §] such that
[ur; = uk; (0) = Prjrilovs,) 1

> - VjeN.
rf@(rj) 2

Step 2: Next, we introduce the blow-up sequence

ug, (rjx) —up, (0) — Py, r; (152)

vj(@) = , JEN,
r0(r)
and observe that, for all j € N,
1 _
5O =0, [uleve > 5 /B o3 (@) P(rye) dz = 0 VP € Py . (6.67)
1

We denote Qj = rj_lﬂkj. We claim that

(vl (Br) < CRY, [0l Lo (B < CRPTY VR € [1,751/4], (6.68)
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and

—0 asj— oo (6.69)

As in the proof of [Theorem 6.14] both of these claims follow from [L applied with u :=
ug; — ug,(0). Note that the assumptions of [Lemma 6.10) m are satisfied, since by the definition of 6(r)

and by - for any r < 4 one has that
[ukj — Uk; (0) - ij,rj]CW(Br) < H(T)Tﬂv [ukj — Uk, (0>]CW(B1/4) <L
The second claim in (6.68) follows from the first claim in (6.68|), which also yields [|v;||peo(p,) < C.

Next, we observe that v; satisfies in the weak sense

(=A)*v; =f; inQ;NB, -

/2
s (6.70)
Nﬁjvj =0 in Brj—l/2 \ Qj,
where
T?s—ﬂ—v s B—
f. =1 fr.g)— 2 Lq. P .
fj(x) 9(’]"]) f](r]$) 9(7“]) ( Q kjﬂ‘J)( :I")

Furthermore, 1 +s— 3 —v > 14 s — By > 0, due to (6.50). Hence, by recalling [Lemma 6.7| (applied
with @ = 1, which yields 1+0‘ 25 = 1—s), and employing also and , we have that, for any
p >0,

[fj]cﬁﬂ—?s(nijrjR) [LﬂjPk]-,r]-]cﬂﬂ—?s(ﬂjnBrij{dezrjp})

filoser-20@,nBantag, 20 0(r)) + o(r;)
_ |bk~,r~| —s s—B—
< 00) ™+ O (1 (Rrg) ()7 77) (6:71)
J
1+ [bg, »
< C(R)(1 + p%—ﬁﬂ)w — 0.
J

Besides, we claim that v; is actually a strong solution to the equation in (6.70)). To prove it, we observe
that, by [4, Proposition A.3],

Lijj = fj in Qj N Br;1/2

with Neumann conditions on dQ; N B -1 ,,, and then we apply [Lemma 6.19} since Lg v; = (—A)%v;.
J r; /2 Q; %7 J

Due to (6.68]), it remains to verify (6.52)), namely that there exists 6 > 0 such that, for any R €
[2,7“]-_1/2] and zg € Bg N {z, > 0},

[vj]czsw(Bpj(zO))SC(R)pj_l, where  p = min{dg (:1;0)/4 1}, (6.72)

as long as j is large enough.

To check (6.72), it is useful to use the assumption |ujl[feomn)y < 1 in and infer that, for
x| > 7t /4,

vj(2)] < Cr;P770(r)) ™t < Claf .
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We also recall (6.68) and (6.71]). In this way, for any r € (0, 1], since v < 1,
lv; = v (@)l (B, (0)) < 7 [Vl (By(a0)) < CT7 03] B2y < C(R)T
and therefore (using (6.68]) with |z| < rj_l /4),

1+|.|B+7

v; — vj(z0)
’ . _x0|ﬂ+v

| - —xo| P

vj — vj(o)
|- =0l

L2%(Ba, (20)°)

ve|
)

L2°(B1(x0)\Bzp, (zo Lo (B (20)°)

1
< C(R)/ =B dr 4 C < C(R)(1+ p17P).
2p;

Thanks to these observations, the desired result in ((6.72)) can now be deduced by an application of the
interior C#*7 estimate from [II, Proposition 3.9] for solutions with finite tails of order 4+ € (2s,2s+1)
with v; — vj(x), which yields

v; — vj(20)

—B—
[Uj]Cl”V(Bpj(mo)) < ij 'VHU]' — Uj($0)||LOO(B2pj(mO)) +C ’ . _x0|5+’Y

Lo (B (20)%)
+ Clfjlesta-22(By,, (@0)

<CR)(p;" +1+p77777),

as claimed in (6.72)), since =3 > —1 and 2s — § — v > —1 (we can now find § > 0 small enough by
interpolation, since 8 + vy > 2s).

Step 3: In this section, we send 7 — oo and deduce an equation for the limit. Clearly, by Arzela-
Ascoli’s theorem, (6.68) implies that there exists v € €} (R") N Cﬁfj‘;({xn > 0}) such that v; — v
locally uniformly, and from (6.67)), (6.68), and (6.72), we see that

1
v(0) =0, lvllcv(By) = X / v(x)(b-x)de =0 Vbe {b, =0}, (6.73)
By
VR >1: HUHLOO(BR) < CRﬁ+’Y, [’U]C"Y(BR) < CRﬁ, (6.74)
Vo<1:  [loastsmunfenzpp < C(R)P (6.75)

We stress that, to prove the third property in (6.73]), we used that all function P, with respect to
{z,, > 0} are of the form b - z for some b € {b,, = 0}.

Moreover, by (6.68)), (6.71]), and (6.72]), we can pass the equation in (6.70) to the limit as j — oo and

conclude that

s 1 1
{(—A) v =0 in {z, > 0}, (6.76)

1 .
Nf$n>0}v =0 in {z, <0}.
We remark that the first condition passes to the limit by application of [I, Lemma 3.5]. The Neumann

condition can be passed to the limit by mimicking the proof of [1I, Lemma 3.5] in a straightforward
fashion, using (6.68) (note that it is even easier since N, (e is not singular).

Step 4: The goal of this step is to prove that
v(x) =w(z,) +b-x (6.77)

>0}

for some function w : R — R and b € R” with b, = 0. To prove it we take increments of v (z) =

v(x + h) — v(z) in tangential directions h € By /g with h, = 0. Clearly, by (6.75)), (6.74)), and Hélder
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interpolation we have for any R > 1 and p < 1, since v < 1,
W™ enmr S CR% W™)eeess(manganzpn < CR)P, (6.78)
o™l oo () < ClAI W] () < OR’. (6.79)

Now we recall (6.74) (using that 8+ v < By < 2s + 1 due to (6.50)) and (6.79)) (using that 5 < 2s).
This allows us to apply [Lemma 6.21| and obtain that v is a solution to

Nipsoyo™ =0 in {z, < 0}. (6.80)
Additionally, by (6.78)), (6.79), and (6.74)), we can apply [Lemma 6.20| and also deduce that
(=A™ =0 in {z, >0} (6.81)

in the classical sense.
In particular, we have that v(" is a strong solution to
Lz »opv™ =0 in {z, > 0}. (6.82)

Using (6.78) and (6.79), we can apply [Lemma 6.19) and get that v(® is also a weak solution to ([6.82)
with Neumann boundary condition on {z, = 0} in the sense of [Definition 6.1

Also, since v®) grows slower than 2=, we can apply the Liouville theorem in [Theorem 5.4 to see
that there exist a® € R and (™ € R™ with b%h) = 0 such that

oM (z) =a®™ + o™ .z in {z, > 0}.
Since v also grows sub-linearly, as a consequence of 8 < 1, we deduce that 5" = 0. Since h € B;
with h,, = 0 was arbitrary, this implies (6.77)), as claimed.

Step 5: In this step, we conclude the proof by applying [Theorem 5.8 to w(x) := v(x) —b-z. It follows
from (6.77)) that w(x) = w(x,), i.e. w is one-dimensional.

Moreover, since x — b - x solves (6.76]), we find that w solves (in the sense of [Definition 6.3))
(—APw =0 in {2, >0},
Niz,>03w 20 in {z, < 0}.

Then, owing to (6.74]), , and (6.79)), we can apply [Lemma 6.22 and deduce that, for any n €
C°(R) with f?oo n(z)de = [z n(z)dz =0,

oo 0
/0 (—A)gn(z)w(z)dz + /_oo/\/(sgjoo)n(az)w(x) dz = 0.

Hence, we conclude that w — w(0) is a distributional solution with faster growth in the sense of

Definition 5.50 Thus, due to (6.74), we can apply [Theorem 5.8 and deduce that w — w(0) = 0.
Therefore, we have shown that v(x) = a + b -z for some a € R. Since v(0) = 0 by (6.73)), it must be

a=0.
As a result, it follows from the third property in (6.73)) that

0:/ v(m)(b'x)dx:/ (b-z)%dz,
B1 Bl
which implies that b = 0.

Consequently, v = 0 in By, which contradicts the second property in (6.73). In this way, we obtain
(6.65)), and the proof is complete. O
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6.9. Regularity of order larger than 2s. In this subsection, we prove the optimal regularity of

solutions to the nonlocal Neumann problem in case By > 2s.

Theorem 6.23. Let s € (0,1), € > 0 be such that By —e¢ # 1 and By —e > 2s. Let Q C R" be a
bounded C*' domain. Let u € Hyx(Q) be a weak solution to

(=A)’u =f inQ,
qu =0 mR"\Q,
where f € CBo=e=25(Q)).
Then, there exists C' > 0, depending only on n, s, e, and ), such that

lullomo-e@y < C (el 2y + I lomo-c2eey ) -

Proof of [Theorem 6.23 Up to a normalization and using ((6.44]), we can suppose that
l[ull oo ®ny + [ floBo-c-2s () < 1. (6.83)

We also assume that 0 € 89 1/ ) = ey, and that there exists a C1! diffeomorphism @ as in

satisfying (6.9) and ( in Q°.

We claim that, for any xo € Ql/g = QN Byg with |zo| = da(z¢) =: 7, there exists b € {b, = 0} such
that

[Wovpy,y <C0 = = u(0) = Ligpysiy Polost(s, (o)) < C(1+Ch), (6.84)

for any 8 € (0,min{2s,1}) and 7 € (s, 1] such that f+~v < By —¢ and S+~ # 1, with v < 2s in case
B+vy>1

Here, C' > 0 depends only on n, s, ¢, 3,7, and the C! norm of Q, and P, is as in [Subsection 6.1
We also claim that, if zo € By g\ Q with 2] = do(w0) =: r, and also 8+~ < 1, then
Womm<C % = w0l (s, e < CL+ CO) (6:5)

Let us suppose for a moment that the above claims hold true. In this case, denoting QF := {z € R" :
dist(z, Q) < k}, we deduce that

[u]CW(W) < CYl = {

by the exact same arguments as in the proof of [Theorem 6.10]

Let us first explain how 6) implies the desired result. Clearly, in case s € [2, 1), since By < s+ 1
and since By — e > 23, we can choose f = s — & € (0,min{1,2s}) for some & € (g,s), and v =
By—¢e— € (s,1) such that §+ v = By — ¢.

Therefore, since [u] gy < C by [Theorem 6.16 and v < min{1, 2s} = 1, recalling [4, Lemma 6.3] one

finds that is applicable, and accordingly [u] @y < < (1.

Thus, the implication (6.86|) yields the desired result in that case. Note that this choice of £ is always
possible since By — ¢ > 2s yields that e < Bj —2s <1 — s < s.

(1+Cl)7
(1+Cy), ifg+~<1

[ulcses ©)

=¢ (6.86)
[U]CB-M(W) <C .

In case s € (i, %), we observe that By < 2s + % < 4s. Hence, we can take v = 2s — & for some
£€(0,e)and f=By—ec—y<4s—e—25+E& <2s—c+¢& < 2s <min{2s,1}. Then, we clearly have

7 € (s, min{1, 2s}). Moreover, by [Theorem 6.16, we have [u]¢, gy < C1. Since v < 2s, [4, Lemma 6.3]
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verifies the assumptions of which gives that [“]Cv(m) < (4. Thus, (6.86) implies the

desired result, since 5 +v = By — e.

Finally, in case s € (0, %], we need to iterate (6.86]) several times. Let us observe that by

it holds By — e < 2s + % < 1, which is why we will never apply (6.86) with 8+~ > 1, v > 1,
or § > 1, and we are therefore allowed to choose v > 2s.

Hence, we define ko := min{k € N: (2s — &)k < By — ¢} for some € € (0, s) to be chosen later, and set
Vi == Yi—1 + Bi-1, Bi =25 — €, Y :=2s—¢&, i€{l,...,ko}.

Note that since 79 < 2s, by the same arguments as in the previous case we have [u], @73) <

Hence, we can iterate kg — 1 times the implication (6.86)) and, after a scaling argument, infer that

[U]C(%—é)ko (W) S C.

Let us now choose & such that (2s — &)kg = By — ¢, concluding the proof also in this case.

It remains to prove (6.84) and (6.85)), which we will explain now in detail. First, by assumption, we
have that

[ulev (s, ) < C-
We also remark that the function v(z) = u(z) —u(0) — 15~ 1y P (z) satisfies v(0) = 0 Hence, recalling
that v < 1, we are in a position to apply [Theorem 6.18 and deduce that, for any p € (0, %),
ol (B,) < p7[Vlev(n,) < Cpp° < Cp7H. (6.87)
We stress that (6.87)) allows us to apply in case § 4+ v < 1 and deduce the second claim

(6.85).

To prove the claim in (6.84]), we observe that the estimate remains true for p > 1 due to (6.83)),
and therefore, since |z — zo| > & in By, \ By, 3(w0) and |z — xo| > ‘%' in R™\ By, we have that

|—B0+€

Il - =0 V| oo @7\ By, 5 (20)) < C- (6.88)

Next, let us observe that

(—APv =f—1genyLoPy=f inQ,
Sv =0 in R™\ Q.

Moreover, by
[f]CBO**QS(BT/Q(xO)) <1+ 11 (Crl—s—(Bo—a—Qs) + C‘xo‘l_sr_(B0_€_28)> <C. (6.89)

Here, we used that By — e — 2s < 1 — s due to [Proposition 1.4/ and that |z¢| = r by construction, as
well as |b| < C, which follows from [Theorem 6.18] (6.83)), and the construction of the function P,.

Thus, using the interior regularity estimate with growth from [I, Proposition 3.9], it follows from

(6.88]) and (6.89) (in analogy to the proof of (6.47)) that
[Vlco—<(B, 320 < CT P N0ll o0 (By, o)) + Clll - =20 70| oo (Rn\ By, 120
+ C’rQs_B0+£[f]CBO*E*QS(Bzr/g(IO))
<C.
This implies (6.84)) and allows us to complete the proof. O
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6.10. Proof of main regularity results.

Proof of [Theorem 1.1 and[Theorem 1.7} To prove the regularity estimate for u in [Theorem 1.7 we
combine [Theorem 6.16| and [Theorem 6.23| with (6.32). To deduce the regularity result in [Theorem 1.1]
we use [Proposition 1.4 Finally, the property d,u = 0, whenever By — ¢ > 1, follows immediately
from the expansions [Theorem 6.14] and [Theorem 6.18] using that b- ®~1(0) = 0 = 9, (b- ®~1)(0), by

construction (see [Subsection 6.1)). O
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