THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL
DOMAINS WITH MAXWELL BOUNDARY CONDITIONS.

R. MEDINA

ABSTRACT. In this article we study the well-posedness of the Boltzmann equation near its
hydrodynamic limit on a bounded domain. We consider two types of domains, namely
C? domains with Maxwell boundary conditions where the accommodation coefficient is a
continuous space dependent function ¢ € [ig,1] for any ¢o € (0,1], or cylindrical domains
with diffusive reflection on the bases of the cylinder and specular reflection on the rest of the
boundary. Furthermore, we work with polynomial, stretched exponential and inverse gaussian
weights to construct the Cauchy theory near the equilibrium. We remark that all methods
are quantitative thus all the constants are constructive and tractable.
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1. INTRODUCTION

This paper investigates the well-posedness and long-time behavior of the Boltzmann equation
in the regime close to the hydrodynamic limit. We consider this problem in bounded spatial
domains equipped with Maxwell boundary conditions, and where we distinguish between two
types of geometries: general C? smooth domains and cylindrical domains.

We remark that we take an interest in cylindrical domains motivated by its physical applications,
the mathematical complexity of dealing with irregular domains, and as a first step towards more
complex settings in future works.

The strategy to achieve our results employs and extends the hypocoercivity techniques developed
in [6], as well as the stretching method introduced in [44]. In particular, we remark that during
this paper we craft a more delicate L? — L° theory than the one employed in [44] and more
recently [43], which allows us to achieve quantitative decay estimates towards equilibrium.
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1.1. Framework. We consider a small € > 0 and we study the following Boltzmann equation
(1.1) €0, F = —v-V,F+e'Q(F,F) inlU:=(0,+00) x QxR

where F' = F(7,y,v) is a density function representing particles which at time 7 € (0,00) are
located at position y € Q C R3 and moving with velocity v € R3.

The presence of the small parameter € > 0 in the equation reflects the fact that the system
is close to its hydrodynamic limit. For a detailed discussion of the physical interpretation and
the main mathematical results concerning this type of limit, we refer to [54].

The Boltzmann collision operator Q represents the collisions between particles inside €2, and
is given by the bilinear form

QG H) = % /R [ BIGE)H) + HE)GE) - Gl () = G H(r.)] dode..

where we have defined

vi=v—((v—ws)0)0, vl = v+ (v — i) - 0)o0,

with o € S?, and the collision kernel B = B(|v — v.|,0). We remark that B describes the type
of interaction particles exhibit and, during this paper, we will choose the so-called hard spheres
model by taking
B(|lv — vil,0) :=|(v—0s) - o]
We assume  to be a bounded domain such that |Q2|= 1, and we assume that there exists
§ € WH(R3 R) in such a way that Q = {y € R?, §(y) > 0}, and [§(y)| = dist(y, ) on a
neighborhood of the boundary. We then define the normal outward vector

R L)
m = 1) = )]

We further define the boundary set ¥ = 9Q x R? and we distinguish between the sets of outgoing
(34), incoming (X_), and grazing (X¢) velocities at the boundary by
Yy :={(y,v) €%, £ny-v >0}, and 3g:={(y,v)€ B, n, v=0}

Furthermore, we denote I" := (0, 00) x ¥ and accordingly 'y := (0,00) x 1. We define vF as
the trace function associated with F' over I' and vy4+ F' := 1 vF.
We then complement the Boltzmann equation (1.1) with the Mazwell boundary condition

(1.2) y-F(r,y,v) = Zv+ F(1,y,v) == (1 — 1(y)) L v+ F(1,9y,v) + (y) Dv+ F(1,y,0) onT_,

where we have defined the accommodation coefficient ¢ : 9Q — [0,1], the specular reflection
operator

for almost every y € Q.

v F(r,y,0) :=v+F(1,y,Vyv)  with Vv =v—2(n, - v)n,,
and the diffusive reflection operator

D4 F(r,y,0) = M(v)y4 F  where ~ F = /

R 7+F(T7 Y, U)(n(y) : U)+du

We have also defined the Mazwellian distributions
v]2

M =2mM,  with M= M(v) = (27) 32>,

and it is worth remarking that M= 1.

We present now the two types of geometric assumptions for our domain 2, and the respective
choice for the accommodation coefficient in each case.
(H1) Assume ©Q C R? is an open C? domain, and § € C%(R3,R) N W3>(R3,R). Moreover,
take ¢ € C'(09) and assume that there is (g € (0, 1] such that for every y € 92 there holds
uy) € [to,1].
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(H2) Assume Q = (=L, L) x Qq, for some L > 0 and where y C R? is the 2-dimensional ball
of radius R > 0 centered at the origin. In this case we also define

Ay = {—L} X Qo, Ag:= {L} X Qo, Az := (—L,L) x 0,

and A := A; U Ay U A3. Furthermore, we impose mized boundary conditions by taking
t = 1A,un,, i.€ purely diffusive boundary condition on the bases of the cylinder (A; UA3),
and specularity on the lateral surface (As).

Finally, we complement Equation (1.1)-(1.2) with the initial condition
(1.3) F(r=0,)=F in0O:=QxR?

for some function Fy satisfying (Fo)o := / Fydydv = 1.
o
1.2. Main result and discussion. In order to express our main result we need to introduce
the set of the so-called admissible weight functions given by:
e Polynomial weights: We consider w(v) = (1 4 |v|?)%/? with ¢ > ¢, for some explicit ¢* > 0
defined in Remark 1.2.
e Stretched exponential weights: We consider w(v) = e¢*I" with s € (0,2) and ¢ > 0.
e Inverse gaussian weights: We consider w(v) = e$I*” with ¢ € (0,1/2).
Moreover, for a given measure space (Z, %, i), a weight function p : Z — (0,00), and an
exponent p € [1,00], we define the weighted Lebesgue spaces Lg(Z ) associated to the norm

(1.4) H9||L£(Z) = HPQHLP(Z)-

In this framework we have the following result for the Boltzmann equation.

Theorem 1.1. Consider either Assumption (H1) or Assumption (H2) to hold, and et w be
an admissible weight function. There exists €9 > 0 such that for every € € (0,eq) there is
n(e) € (0,1), satisfying n(e) — 0 as e — 0, such that for every Fy € L°(O) satisfying

1Fo = Ml 0) < (n(€))?,

there exists a function F € L (U) unique global solution to the Boltzmann equation (1.1)-
(1.2)~(1.3) in the distributional sense. Furthermore, there is a constructive constant 0 > 0 such
that

|7 — MLz (0) < e ") vr = 0.

The precise sense of the solution given by Theorem 1.1 is constructed in Theorem 1.3, after
taking f = F — M, and performing the change of variables from Subsection 1.3.

We now briefly discuss the history of the progress on the study of the Boltzmann equation,
and we pay particular attention to boundary value problems. This has been an active field of
mathematical research since the groundbreaking works of L. Boltzmann in [7] and J.C. Maxwell
in [48].

We first mention the framework of renormalized solutions introduced by DiPerna and Lions
in [28] for any arbitrary data, and in this setting for bounded domains we cite the works by
S. Mischler in [51, 52], and we also refer to the results presented in the review paper of C.
Cercignani [19], and the references therein.

For other results concerning the Boltzmann equation (and variants), either on the torus or
on the whole space, we refer to [58, 39, 53, 38, 36, 40].

Regarding solely the long-time asymptotic behavior of (given) solutions we mention [26] by
L. Desvilletes and C. Villani, where they obtain relaxation to a Maxwellian global equilibrium
for positivity and regular enough solutions.
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On the existence of weak distributional solutions in bounded domains and their long-time
assymptotics, we have the pioneering paper by Y. Guo [42], where the boundary conditions
are either inflow, bounce-back, specular, or diffusive. It is worth mentioning though, that Guo
assumes the spatial domain to be convex and analytic, which are quite demanding hypothesis
in applications.

In the last decade there have been several studies with the objective of relaxing their geometrical
assumptions: we cite [9] where M. Briant studied a Boltzmann equations with diffusive reflexion
along a C' domain—we note that he also studies the problem for specular reflections but under
the extra assumption of having an analytical and convex boundary. We also refer to the work
of C. Kim and D. Lee in [45] for C* convex domains with specular reflections.

We also mention [21] where H. Chen and R. Duan consider a problem with mixed boundary
conditions. It is worth remarking that such mixed boundary conditions are similar in objective
as those of our Assumption (H2), however instead of a cylinder they consider a C! domain.

For results on the Boltzmann equation in irregular bounded domains we cite [1] by L. Arkeryd
and A. Heintz for a general conservative boundary condition, and, more particularly in the
setting of cylindrical domains, we further cite [46], where C. Kim and D. Lee construct weak
solutions for the Boltzmann equation complemented with specular boundary conditions.

Regarding the problem under Maxwell boundary conditions we have the result from M. Briant
and Y. Guo in [10], under the conditions of having an accommodation coefficient bounded below
by \/2/3, and for a C* bounded domain.

For Boltzmann equations with long-range interaction (no Grad’s cutofff assumption) we cite
the more recent paper [25] where D. Deng studies the problem within a C® bounded domain
and complemented with a Maxwell boundary condition and a fixed accommodation coefficient
v € (0,1).

Moreover, we also have the preprint from Y. Guo and F. Zhou [44], and their recently updated
version with J. Jung [43], where they study a Boltzmann equation near the hydrodynamic
limit, in a C2? domain, complemented with Maxwell boundary conditions with a constant
accommodation coefficient within [0,1]. They construct a perturbative well-posedness theory
for this problem and they also study its hydrodynamic limit.

The framework for our paper is motivated by, and therefore closely related to, the one
developed in [44, 43]. However, within the study of the Boltzmann equation, our result constitutes
a genuine generalization of theirs in several key aspects. First, we craft a more delicate L? — L™
theory than the one presented in [44, 43] for the linearized problem, allowing us to derive
explicit and constructive decay rates to the equilibrium, going beyond the boundedness results
previously obtained. Second, we also carry out the analysis in cylindrical domains, introducing
the presence of geometric irregularities to the obtention of the estimates, thereby generalizing
the stretching method from [44, 43] for the cylindrical setting. Third, even though we do not
achieve the full range of [0,1] for the accommodation coefficient in smooth domains, we allow
¢ to be a spatially dependent continuous function, and within cylindrical domains we further
have it to be discontinuous.

This last fact makes Theorem 1.1 also a generalization of [10], where we recall that the
accommodation coeflicient had an imposed lower bound of \/m It is also worth mentioning
that during the obtention of our main result we have extended, in Section 2, the results from [6]
by constructing hypocoercivity estimates in cylindrical domains satisfying Assumption (RH2).
Furthermore, we also provide well-posedness results for initial data with a wide range of decaying
tail at infinity, including polynomial.

Notably, we emphasize that, to the best of our knowledge, this is the first well-posedness
result for the Boltzmann equation in cylindrical domains with Maxwell boundary conditions
and a discontinuous accommodation coefficient ranging over the entire interval [0, 1].
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1.3. Transformation of the problem. To study the Boltzmann Equation (1.1)-(1.2)-(1.3),
we define the function F' such that

F(r,y,v) = F(r,y,v) = M(v),
and we make the changes of variables 7 = ¢%t, y = ex, so we introduce Q° := {71y, y € Q}
and O° = Q° x R3. Then we naturally define
f(t,z,v) == F(%*, ex,v),
so that f satisfies the linearized rescaled Boltzmann equation
(1.5) Of=—-v-Vof +€f+Q(f,f) inU®:=(0,400)x O,

where we have defined the linearized Boltzmann operator €f = Q(M, f) + Q(f, M). We
decompose now € f = Kf — vf, where, on the one hand, we have the non-local operator

Kf =16 = [ [ BIMEDF0) + M08 = M) S dod. = [ ko) f(w.)do,

RS
with the kernel function

2 R N (A e T 0 G NPT S Ul P 1 _ v
k= k(v,v.) := Sl — v, Tre F el slo=v =75 T —u — ugle T
7T

2

see for instance [20, Theorem 7.2.1] for a derivation of k, up to a conjugate change of scale. On
the other hand, we have

v=v(v) = / B M (v.)dodv,,
R3 JS2
and there are constants vy, ;1 > 0 such that
(1.6) vo < vp(v) < v(v) < vy (v),
where we define (v) := /1 + |v|2, and we refer to [38, Section 4] for a derivation of this.

Remark 1.2. Furthermore, also from [38, Section 4], we note that possible choices for these
constants are vy = 4m\/2/(em) and v; = 167. This motivates the definition of v, := vy /vy = 2/ 2em
and subsequently

519 + 8vy + \/1287TQ:OL0V* + (8vy — 310)?
2L0

if (H1) holds
(1.7) q =

5+ 16v, + \/9 + 160w, + 256v, (1 + 7€) + 25612
2
where the constant €o > 0 is such that w.Z < €.

if (H2) holds,

We translate now our framework towards this new setting. We recall that for any x € 0Q°
there holds y = ex € 99, thus we define 6° : Q° — R, 6°(x) := §(y), and we observe that there
holds almost everywhere

) ) 2|0 20°
(1.8) n(y) — _ vy (y) — _ vy (E‘T) — _ Vv [ (E‘T)] — _v (‘T) = TL(I) = ng,
Vyd(y)l [Vyd(ex)] Va[0(ex)]| |6 ()]
which is nothing but saying that the normal vector on a rescaled point of the boundary set 9Q2¢
coincides with the one of the corresponding point on the original boundary set 2.

We define then ¥¢ := 9Q° x R? and we define accordingly the sets
< i=A{(x,v) €%, £ny v >0}, X = {(z,v) € %, ny - v =0},
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and I'q := (0,00) x £5. We introduce the rescaled accommodation coefficient ¢ : 9Q° — [0, 1]
defined as ¢*(x) := t(ex). We have then that the associated boundary conditions for the rescaled
Boltzmann Equation (1.5) read

(1.9) V-f=Rv+f =10 =E5) v f+5Dvef onTl<,

by abusing notation on the fact that we will maintain unchanged the symbols of the boundary
reflection operators.

We translate now the geometrical assumptions (H1) and (H2) into the rescaled setting,.
(RH1) Q¢ C R? is an open C? domain, and 6° € C?(R3,R) U W3°°. Moreover, (* € C(9) and
such that for every x € 9Q°, 1*(x) € |19, 1] with ¢ € (0,1].
(RH2) QF = (L%, LF) x Qf, with L® := e~ 1L and Qf := e, i.e is the 2-dimensional ball of
radius e 'R centered at the origin. We also define
AT ={-L°} xQf, A5:={L°} xQf, A§:=(—L° L) x 995,
and A := Af U A5 U A35. Moreover, we take t* = 15:us.
Finally we complement Equation (1.5)-(1.9) with the initial condition
(1.10) ft=0,2,v) = fo(z,v) := Fy(ex,v) — M(v) in O%,

and we remark that due to the hypothesis on F we have that {(fo)o- = 0.

We state now an equivalent version of Theorem 1.1 in the rescaled setting, and this will be
the result we will prove during this paper.

Theorem 1.3. Consider either Assumption (RH1) or Assumption (RH2) to hold, and let w
be an admissible weight function. There exists eg > 0 such that for every e € (0,e0) there is
n(e) € (0,1), satisfying n(e) — 0 as € — 0, such that for every fo € L (OF) satisfying

I foll Lo (o) < (n(e))?,

there exists f € LZ°(U°), unique global solution to the linearized rescaled Boltzmann equation
(1.5)~(1.9)~(1.10). Furthermore, there is a constructive constant 0 > 0 such that

_ 2
I fillLes oy <€ ="t n(e) Yt > 0.

In order to explain the precise sense of the solutions given by Theorem 1.3 we introduce the
subset of admissible weight functions, that we will call strongly confining, as follows

(1.11) W = {w: R 5 R, w) =’ with ¢ € (1/4,1/2)}.
In consequence, we also define the space of weakly confining admissible weights by
(1.12) W, = {w:R> = R, wis an admissible weight function, with w ¢ 2, }.

We then remark that the proof of Theorem 1.3 is given by Theorem 7.1 for strongly confining
admissible weight functions and Theorem 8.1 for weakly confining ones.

1.4. Strategy for the proof of the main result. We explain in this subsection the main
ideas used for the proof of Theorem 1.3.

@ Hypocoercivity decay: We consider the problem
of = ZLf=—-v-V,f+%Cf inlU*
(1.13) v_f = Zvif on I'e.
Jt=o = fo in O°.
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On the one hand we observe that, for any nice enough functions G, H,¢ : R — R, the
Boltzmann collision operator classically satisfies

(1.14) Q(G,H>so=3// B(GLH' + H.G' — G.H — GH,) (p+ 9. — & — ).
R3 8 ]R3 ]R3 S2

where we have used the shorthands ¢ = ¢(v), ¢ = d(vs), ¢' = P(V'), ¢, = d(v)), and we recall
that v' and v, are given in Subsection 1.1. The interested reader can consult the derivation of
(1.14) in [20, Section 3.1].

In particular, if we set R® > v = (v, vs,v3), then (1.14) implies that choosing ¢ = ¢(v) to
be either 1, vy, v2,v3 or |v]|? there holds

(1.15) . (G, H)(v) p(v)dv = 0.

Therefore, (1.15) implies that for the previous choices of ¢ there holds
(1.16) /RS(%”f)(v) p(v)dv = 0.

We now take as a momentary framework the Hilbert space L?\A*I ,2(R3) endowed with the

scalar product
(0:01z, 0= [ g0 ) M7 @),
and its associated norm as defined in (1.4). We observe that [20, Theorem 7.2.4] implies that we
can set Dom(%') := L} ,_,,,(R?), that € is a closed operator on its domain, and (1.16) further
gives that
ker (¢) = span {M, vy M, vaM, v3M, [v|* M}.

This motivates the definition of IIf as the projection of f € Dom(%) onto ker(%) given by

Tmf— < Rdf(w)dw)/\/l+ </Rdwf(w)dw> oM+ </R |w|2\/(_)__3f(w)dw) '“'\2/%3/\4.

We also note that ¥ is self-adjoint on its domain and negative, so that its spectrum is included
in R_, and (1.16) holds true for any f € Dom(%). Furthermore, ¢ satisfies a microscopic
coercivity estimate, more precisely [3, Theorem 1.1] gives that there is ko > 0 such that for any
f € Dom(%) one has

1
(1.17) (=€ f e, e 2 mllf Ml | ey,

where f+ := f — IIf. Finally, we observe that for any polynomial function ¢ = ¢(v) : R® — R
of degree less or equal to 4, there holds M¢ € Dom(%), and using again [20, Theorem 7.2.4] we
deduce that there is a constant Cy > 0 such that

HCK(QSM)HL;AQ(RS) < Hq&MHLiAA/z(RS) < Cy.

Finally, we remark that the conservations laws (1.16) together with the fact that
12| L1 (rs)—2r(re) = 1,

imply that, at least formally, Equation (1.13) conserves mass, i.e for any solution f of Equation (1.13)
there holds (fi)o: = {fo)o- = 0 for every ¢t > 0.

Altogether, the previous analysis implies that % satisfies the structural assumptions made
on [6]. We thus define the weighted Hilbert space H := L?\A*I ,2(O%) equipped with the scalar
product

(9, )n ZZ/OQ(UC,U) h(x,v)M ™ (v)dvdz,
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and we observe that [6, Theorem 1.1] and [6, Theorem 5.1] imply that under Assumption (RH1)
we have that there is k > 0 such that any solution f of Equation (1.13) satisfies

(1.18) el < Ce™ " folle — VE>0,

for a constant C' > 0, independent of . We remark that the constant e~2 on the rate of the
exponential decay comes from the change of variables made in Subsection 1.3, see for instance
[14, Proposition A.1] for a similar result.

We then dedicate Section 2 to prove (1.18) under the geometrical Assumption (RH2). The
main goal is to obtain H? regularity estimates for the solutions of certain elliptic equations
introduced in [6, Section 2], for cylindrically shaped domains. It is worth remarking that this is
not straightforward because such gain of regularity, even though classical in smooth domains,
doesn’t necessarily hold for irregular domains, see for instance [37].

Once obtained these regularity estimates, the rest of the computations leading to (1.18) follow
as an exact repetition of the main ideas and computations from [6].

@ L? — L™ method for strongly confining weights: We remark that . = 7 + K, where we have
defined the free transport operator

(1.19) Th(t,z,v) := —v-Vih(t,z,v) —vv)h(t, z,v),

for any nice enough function h : 4 — R. We consider then a function G : U — R, and we
study the following perturbed evolution equation

of = Jf+Kf+G U
(1.20) y_f = Zvyif on I'e.
ft=o = fo in O°.

Our main interest is to provide weighted L?— L estimates for the solutions of Equation (1.20)
by employing the stretching method developed in [44], see also [43]. To do this we define the
free transport semigroup, classically generated by .7 (see for instance [55, Section 8]), as

(1.21) Sz (t)h(s,z,v) :== e "Wth(s,z — vt,v) for any s,t € Ry, and any (z,v) € O°.

Furthermore, for any sufficiently nice operator .4, and any o € [0, ¢], we define the convolution
operation

t t
(1.22) (Sg*,A)h(t,z,v) ::/ Sy(t—s)Ah(s,x,v)ds:/ e VW) Af (s, 2—(t—s)v,v)ds,

and in particular we will classically denote S * A := So x¢ A. We now remark that S will
satisfy two important properties.

e On the one hand, S# * K generates an integrability gain of the form L? — L in the sense
provided by Proposition 3.10 and Proposition 4.9, for the cases of smooth and cylindrical
domains respectively.

e On the other hand, and as described in (K2), weighted L* estimates on Sz * G generate
a gain of weight of »~1, which is crucial to control the Boltzmann collision operator Q (see
Lemma 7.2).

Exploiting this, the strategy for the L? — L> decay transfer will focus on the repeated use of
the Duhamel formula on the semigroup Sz for the solutions of Equation (1.20), and using the
stretching method we will use the effect of the parameter € on the domain to make small the
measure of the “set of singular trajectories”.

To explain how this works we first observe that the characteristics of Equation (1.20) are
given by

(1.23) X(s;t,x,v):=z—v(t—s) and V(s;t,z,v):=0v.
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Therefore, for any fixed particle with coordinates in i€, we can characterize the coordinates of
the last collision against the boundary of Q°. Indeed, let (to, o, vo) € U be the coordinates of
a particle, we define the time of collision along this trajectory (t;), the time of life of the particle
prior to such collision (¢;), and the position (z1) and velocity (v1) at the boundary during this
collision, as follows

tb(IOaUO) = mf{s > 07 X(—S,O,ZE,U) ¢ QE}’
t1(to,zo,v0) = to— ty(xo,v0),
(124) (to,xo, 0) = X(tl;t,x,v) ZLL'—’U(t—tl),

) { Vi, (Vo) during specular reflection,

to, To, U . - .
va(to, o, vo ug during diffuse reflection,

where v stands for an independent variable.

We then note that the smaller € is chosen, the flatter the boundary 02° becomes. In
particular, we observe that if the boundary is flat then any particle following the backwards
trajectories given by (1.24), doesn’t collide more than once against the boundary.

Therefore, the objective of the stretching method is to choose € small enough such that the
set of paths that collide more than once against the boundary is small in an appropriate sense.

This will be done for smooth domains in Section 3, mainly by following the arguments
presented in [44]. Afterwards during Section 4, and following a similar methodology, we will
generalize this technique for cylindrical domains.

It is worth remarking that such a generalization is not straightforward and requires a more
delicate control of the backwards trajectories due to the presence of irregularities at the boundary.
In particular, we will need to account for trajectories where the particle changes between the
boundary subsets Af U A5 and AS.

Finally, we emphasize that by combining in a very delicate way the L? hypocoercivity decay
and the L™ control given by the stretching method, we craft a L2 — L™ control that provides a
control on the long-time behavior for the solutions of Equation (1.20) in a weighted L> space.

® Proof of Theorem 1.3 for strongly confining weight functions: The a priori estimates obtained
by using the above L? — L> method are enough then to construct a well-posedness theory for
Equation (1.20). Using all these elements we will prove the well-posedness of Equation (1.5)-
(1.9)-(1.10) by using a Banach fixed point argument.

@ Proof of Theorem 1.8 for weakly confining weights: In order to obtain the well-posedness for
the linearized Boltzmann equation for weakly confining weights, we need to split the problem
into a system of equations.

Before doing this we need to define some operators. Consider a parameter § > 0, and define
the sets

ES = {(0,0.,0) e R¥x R x 82 [u] <671, 20 < v — .| <671, |cos(F)] < 1 — 26},
Bl = {(0,0.,0) € R3xR¥x % |v] <2071, 6 < |v—v.| <26 1, |cos(9)] <1 -4},

and the cut-off function x5 € C°(R? x R? x S?,R), such that 1gs < x5 < 1pgs. We define then
the operators

(1.25) Asf=K((1-xs)f) and Ksf=K(xsf),

and we remark that K = As + KCs.

This choice for the splitting of the operator K is taken from [38] and motivated by the
ideas developed in [10, Section 6]. Its main interest is to exploit [38, Lemma 4.12], providing
dissipative estimates on Aj.

Moreover, we remark that the nature of the operator K5 will make it enjoy nice boundedness
properties (see for instance Lemma 8.4).
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We then observe that if fi, fo are solutions of the system of equations

ofi = ThHAAH+QUf1+ fo, i+ fo) InlUf
(1.26) v-fi = Zvih on I'Y
fii=o = Jfo in O¢,
and
8tf2 = Zfz—l—lC(;fl in U
(1.27) V-f2 = Byife on I'Y

foi=0 = 0 in O,

respectively then, at least formally, f = f1 + f2 is a solution of Equation (1.5)-(1.9)-(1.10). We
proceed to use the stretching method as during Sections 3 and 4 to provide analogue a priori
estimates for these problems and we construct their solutions by following the ideas from [10,
Theorems 6.1 and 6.9].

1.5. Organisation of the paper. This paper is structured as follows.

In Section 2 we generalize the hypocoercivity theory developed in [6] to cylindrical domains,
and as a consequence we deduce a decay estimate for the solutions of Equation (1.13) in the
Hilbert space H.

During Section 3 we consider Assumption (RH1) to hold, and we use the stretching method
developed in [44] to obtain a L? — L™ type of decay estimate with strongly confining weights,
for the solutions of Equation (1.20).

In Section 4 we consider Assumption (RH2) to hold, and still working with strongly confining
weights, we generalize the ideas and methods from Section 3 to cylindrical domains.

We devote Section 5 to study the linearized version of Equation (1.26) with weakly confining
weight functions. We use the stretching method as during Sections 3 and 4, and the dissipative
properties of the operator A; to obtain weighted L°° decay estimates.

Section 6 then addresses the well-posedness of transport equations with non-local terms. The
focus is particularly in obtaining the well-posedness of Equation (1.20), the linearized version
of Equation (1.26), and Equation (1.27).

At last, we dedicate Sections 7 and 8 to prove Theorem 1.3 for strongly confining and weakly
confining weight functions respectively.

1.6. Notation. During this paper we consider uy to be the Lebesgue measure, and when it is
clear we will denote it as |-|= pr. We define do, as the Lebesgue measure on the boundary set
00°. A 3—dimensional ball of radius 7 > 0 will be denoted as B, and D := |B;|. Moreover, for
a point z € R® we denote its component as z; or z¢, with i € {1,2,3}. H¥(Z) is the Sobolev
space for L?(Z) functions with k > 0 weak derivatives in L?(Z). Furthermore, we define the
tensor product between two vector a,b € R? as a ® b := (a;bj)1<i j<3 € M3, the space of square
matrices of size 3. At last, or a,b > 0 we say that a < b when there is a constant ¢ > 0
such that a < ¢b, and throughout this paper we will denote as C, a constant that—unless said
otherwise—might change from one line to the other.

2. HYPOCOERCIVITY

We dedicate this section to prove the following hypocoercivity result.

Theorem 2.1. Consider either Assumption (RH1) or (RH2) to hold. There are constructive
constants k > 0 and C > 1 such that for any solution f of FEquation (1.13) there holds

(2.1) el < Ce ™ | follae Yt >0.
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Furthermore, there is a norm ||| equivalent to the usual norm of H uniformly in e, i.e there is
a constant ¢ > 0 independent of € such that

(2.2) cHIflle < 1< el fllaes

and a constant k* > 0 for which there holds
7[{* 2
(2:3) £ < e =St fll Ve o0.

Remark 2.2. Theorem 2.1 under the assumption (RH1) is nothing but [6, Theorem 1.1] and [6,
Theorem 5.1] up to the change of variables performed in Subsection 1.4. Therefore our proof
will focus on proving the hypocoercivity of Equation (1.13) under Assumption (RH2).

2.1. Poisson equation in the cylinder. Consider )¢ satisfying the geometrical Assumption
(RH2) and let & € L?(Q°). During this subsection we study the following Poisson equation
—Au = & inQF
2 —-a(x)ohu+alz)y = 0 on dNF,
where « is chosen satisfying one of the following conditions:
(Pl) either o = lA‘fUAg?
(P2) or we assume ((£)qe = 0, and we take oo = 0.

(2.4)

We consider then the functional spaces
Vi = HY(QF) and Vo= {u e H' (), (u)q: =0},
from where we define
Vo V1 if (P1) holds,
7 Ve if (P2) holds.
and we will dedicate the rest of this subsection to prove the following well-posedness and
regularity result.

Theorem 2.3. Let Q° be a cylindrical domain as defined in (RH2) and let either (P1) or
(P2) boundary conditions hold. For any & € L*(QF) there exists a unique variational solution
w € H2(QF) N Vj, to the Poisson Equation (2.4), i.e there holds

a(z)
2.5 Vuw(z) - Vou(z dx—i—/ —
23) [ V) Ve [ 0

Furthermore, there holds

w(x)v(z)do, = o &(z) v(z)dx Yv € V.

wllr2(0sy < Ce™2(|€] 2(0s),
for some constructive constant C > 0, independent of €.

Proof. We split the proof into three steps.

Step 1. (Existence and uniqueness of variational solutions) The analysis for this step is classical
and similar to the arguments from the Step 1 of the proof of [6, Theorem 2.2], so we will only
sketch it. We introduce the bilinear form
a(z)
= \Y \Y d — d
a(u,v) /5 u(z)Vo(z) x—|—/€m€ 2 a() u(x)v(z)do,,

and we observe that a is continuous in Vi x Vi. On the other hand, by using the Poincaré-
Wirtinger’s inequality (see for instance [6, Proposition 2.1]) together with classical scaling
arguments, we deduce that

(2.6) a(u,u) 2 52”“”?{1(95)7

The bilinear operator a is thus coercive and the Lax-Milgram theorem implies the existence and
uniqueness of a variational solution w € Vj, for the Poisson Equation (2.4) in the sense of (2.5).
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Furthermore, from the variational formulation (2.5) and the previous coercivity estimate (2.6),
we further deduce that

[wll ey S €72 lIEll 200
In particular, we classically deduce that there is a trace function w0 € L2(09QF) and there
holds

[w],0,- 22000) S €72 [1€]l L2 (02)-
This concludes the well-posedness of Equation (2.4).

Step 2. (Domain reflection) We consider now the extended domain € := (—2L¢, 2L¢) x Qf and
we define

A= {20} x Q5 A5:={2L°} x5, and  A§:= (—2L° 2L°) x 0.
Now for any x € R?, we write it as z = (21, %) el R x R? and for any function ¢ with domain in
Q¢ we define a new function gb with domain in Q¢ as follows
o(—x1 +2L%, %) if 21 € (—2L%,—L°)

(2.7) d(x) = { (a1, %) if 71 € (—LF, L)
o(—x1 —2L%,7) if 21 € (LF,2L°).

It is easy to check that, defined this way, @ is a variational solution of the extended Poisson
problem

(2.8) —Au = E in QF
' (2—a(z)ou+a(z)u = 0 ondNe.

As a consequence, repeating the arguments of Step 1, we deduce that @ satisfies the following
estimates

(2.9) 1000 ) S e 2oy amd 18], ooy S & 210 e

Step 3. (Regularity) Using the partition of unity (see for instance [8, Lemma 9.3]) we obtain the
existence of a collection of open balls of radius r > 0, (Bﬁ)jvzl C R3 covering 99°, and a family
of functions p; € C*°(R?,R) with j =0,..., N, such that

(i) 0<p; <1forevery j=0,...,N, and E;V:Ogj =1 on R3,

(ii) moreover, supp gg C RS\a(? and for every j = 1,..., N, there holds that o; € C2°(BY).
In particular, we choose 7 > 0 small enough such that the balls BJ covering A§ do not intersect
//\\‘i or //\g, and we call J the sets of such indexes plus 0, i.e

j:{je{l,...,N}‘UBjjAg

Then we classically have, see for instance [8, Theorem 9.26 Steps C; and Cs], that for every
j € J there holds wp; € H*(QF) and

(2.10) 1A@ej) 2 @) < C2IIE] 2 e

where C' > 0 is a constant independent of e. We deduce then that for every ¢ € C(R3) we
have

/ ~_VuVp = / ~__Va-Vyo; = Z </ - V(wey) -V —/ wVo; - Vgﬁ)
Uje s BINQE Uje s BENGE , BinG® BInQ®

s

S ([ ey - [ M@= [ aVens [ dan@Vee)
Bi maszs BinGe BIinoGE BinGE

jeTJ

BINki =10 B{mf\%:@}u{()}.
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where we have used that @o; € H2(F), @Vo; € H' () and we have performed an integration

by parts on the third line. We then compute
[ evi@e) nd| = | [ ov@) nel+| [ o) ni| < [ el
GIoE GIoE o0° GIoE

where we have used the boundary conditions on the second line. Then by using the Cauchy-
Schwartz inequality we have

/ - Vu-Vo < lellnemsy Z (||A(@Qj)”Lz(BimszAs) T IVD[ 2 pingey + ”{U\HL%BimaS/ﬁ))
UjeJBg‘ﬁQE jeT

a
YT Voj - ng

+

S ||SD||L2(R3)€72H§HL2((/2;)

where we have used (2.9) and (2.10) to obtain the second inequality. From the previous result
we deduce that @ € H*(Uje7BZ N Q) and
~ —211 7
||AU’HL2(U].€JB$QQAE) Se ||§HL2(§€)7

which implies in particular that w € H?(Q¢). Moreover, we remark that the above estimate
together with (2.9) implies that

lwllg2e) < N@l gz, pinas S 1€l 2gsy S € 2NEl L2 @),
(Ujes BING#) Q=)
and this concludes the proof. O

2.2. Lamé system in the cylinder. Consider Q° satisfying Assumption (RH2), and consider
= € L%(Q°). We dedicate this subsection to study the following Lamé system of elliptic equations

—div(V*U) = E inQF°
(2.11) U-n(z) = 0 ondQf
(2 = 5(x))[V°U -n(z) — (VU : n(z) @ n(z))n(z)] + c(x)U = 0 on IN°.

We consider the functional space

(2.12) w(QF) :={U € H'(Q°), U(x) - n(x) =0 on 90°},

and we will prove the following well-posedness and regularity result.

Theorem 2.4. Let Q° be a cylindrical domain as described in (RH2). For any Z € L*(QF)

there is a unique variational solution W € % (Q°) N H%(QF) to the Lamé system (2.11), i.e for
any V € % (0°) there holds

15

(2.13) VW (z) : V¥V (z)dz +/ _v@) W(z)-V(z)do, = / Z(z) - V(x)da.
Qe o0 2 — () Qe

Furthermore, there holds

(2.14) Wl 200y < Ce?|IEll 1200,

for some constructive constant C > 0, independent of €.

2.2.1. Preliminary inequalities. Before proving Theorem 2.4 we will prove some preliminary

results in order to provide the coercivity for Equation (2.11).

One of the main inequalities to study this problem will be Korn’s inequality, and we refer
to [30, Theorem 3.2, Chapter 3], [24] and [27] for more on the history and applications of this
type of inequality.

Lemma 2.5. Consider a vector-field U € H'(QF), the following statements hold.
(L1) (Poincaré’s inequality) If U(x) - n(xz) = 0 for almost every x € 92 we have that

52HUH%2(QE) S HVUH%Q(QE)'
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(L2) (Korn’s inequality) There is a constant C > 0, independent of e, for which there holds

2
LE

2—f

IVUIZ200y Sc VU720 + U

L2(09°)

Proof. The proof of Poincaré’s inequality given by (L1) is nothing but a repetition of the
compactness arguments used during the proof of [6, Lemma 2.7], and we deduce the dependence
on € by a standard scaling argument.

Moreover, the proof of the Korn inequality given in (L2) follows by using the exact same
arguments as during its proof in [6, Lemma 2.5], with a few extra considerations. First we
deduce the validity of [6, Lemma 2.3] for cylindrical domains by arguing as during [27, Section
5]. Secondly, we repeat the proof of [6, Lemma 2.4] by taking into account not to choose a point
in the singular set of the boundary of the cylinder and we follow the same ideas. O

2.2.2. Proof of Theorem 2.4. We divide the proof into two steps.

Step 1. (Existence and uniqueness of variational solutions) We consider the bilinear operator

AU (QF) x %(Q°) — R defined as

A(U,V):/KEVSU(:Z:):VSV(a:)dx+/ @) g Vi@)don.

o0s 2 — 1% (x)
We observe that A is continuous on % (Q°) x 7 (2¢) and (L1) and (L2) from Lemma 2.5 together
imply that A is also coercive. We then may apply the Lax-Milgram theorem and we get that for
every 2 € L?(QF) there is a unique variational solution W € % (Q°) of the Lamé system (2.11).
Furthermore, using the coercivity of the operator A and the weak formulation (2.13) we deduce
that

(2.15) Wz ey < Cre |2 p20)-
for some constant C7, > 0 independent of e.

Step 2. (Domain reflection and regularity) Following the same reflection method as for the
Poisson equation, we extend the functions component-wise as described in (2.7). We observe

that = € LQ(K/Z-E ) and that W is a variational solution of the problem

— div(V*W) Z inQf
(2.16) w- n(z) ) = 0 ondQe
(2 - &) [VW -n— (VW :n@n)n] + EW 0 on 00e.

Moreover, by arguing as in the Step 1 we have that
(2'17) ”W”Hl Q°) < € 2HE||L2(§?)'

Repeating the arguments from [6, Theorem 2.11, Steps 3 and 4] together with (2.17), we deduce
that for every small enough open set G C (=3L/2,3L/2) x QF there holds

HWHHz(Qsmg)SJ 572H§”L2(§s)-

We then choose a finite family of open sets (G;)}; with G; C (=3L¢/2,3L¢/2) x Qf and such

that Ujvzl G; D (—=Lf, Lf) x Q. Using then the above estimate we deduce that W € H?()F)
and there holds

Wz @2 < ||W|\H2(U§\’Zlgj) S 5_2||5HL2(§) < 367?12 L2 (00)-

This completes the proof. O
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2.3. Proof of Theorem 2.1. As discussed during Remark 2.2, Theorem 2.1 under hypothesis
(RH1) is nothing but [6, Theorem 1.1] and [6, Theorem 5.1]. Moreover, the existence of the
norm ||-||, and the fact that it is equivalent to ||-||3 uniformly in €, is obtained by arguing exactly
as during the proof of [6, Theorem 1.1], but we also refer to [14, Theorem A.1] together with
the comments and references on [14, Appendix A].

Finally, the proof of Theorem 2.1 under the assumptions (RH2) is mainly a repetition of the
proof of [6, Theorem 1.1] using instead the regularity results from Theorems 2.3 and 2.4. O

3. STRETCHING METHOD FOR STRONGLY CONFINING WEIGHTS IN SMOOTH DOMAINS

During this section we assume there to hold assumptions (RH1), and we study Equation (1.20).
We dedicate this section to prove the following result.

Proposition 3.1. Consider Assumption (RH1) to hold, w1 € 21 a strongly confining admissible
weight function, G : U* — R satisfying (Gi)o- = 0 for every t > 0, and let f be a solution of
Equation (1.20). There are constructive constants £1,0 > 0 such that for every e € (0,e1) there
holds

5.2 2
(3.1) 1fellLes (02) < Ce ot <|f0||Lg°1(O€) + Sl[lopt] e’ |GS|L:°1V1(O€)}> vt >0,
se|0,

for some constant C = C(e) > 0 such that C(g) — 0o as e — 0.

Remark 3.2. Throughout this paper (at least when working at the level of a priori estimates)
we will use the notation

(3.2) [ fell Lo 09y = lfellzos(02) + IV fell oo 22y
for any admissible weight function w, and we recall that L2°(X¢) := L (X%, w(v) dvdoy).

Remark 3.3. The computations leading to the proof of Proposition 3.1 use the stretching method
developed in [43] (see also the previous version [44]). Nonetheless, we point out that the
exponential decay obtained in Proposition 3.1 is actually an improvement of [43, Proposition
4.1]. This is done by using a more delicate way of combining the hypocoercivity exponential
decay from Theorem 2.1 and the weighted L> estimate obtained by using the stretching method.
Such type of way of combining norms is reminiscent of [13, Proposition 3.6], [17, Proposition
3.2], [50, Proposition 4.1], and [32, Proposition 7.2].

3.1. Auxiliary problem in finite time and backwards trajectories. Here and below,
during this section, we consider an arbitrary T > 0, we take G as defined in Subsection 1.4, and
we study the following evolution equation

Of = ZLf+G inls=(0,T)x 0"
(3.3) v-f = @yif  onTe = (0,T)x ¥
fi=o = fo in O°.

For any fixed (¢, x,v) € U5, we recall the backwards trajectories defined in (1.24), and we define
the singular set along the backwards trajectory

(3.4) Sy :={v e R? It [0,T], n(X(ty(,v),t,2,v)) v =0}

3.2. Stretching lemma. We have now the following lemma, which is mainly an application of
[43, Lemma 4.3].

Lemma 3.4. Assume (RH1) to hold. Let (t,xz,v) € [0,T] x 9Q° x {|v] < M, |ng - v| > n} for
some M,n > 0 and such that (z,v) € 5. There ezists eg = er(n, M,T) < nM 2T~ such
that for every e € (0,er(n, M,T)) there is at most one bounce against the boundary 0. along
the backwards trajectory.
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Remark 3.5. The proof of Lemma 3.4 follows mainly using the computations from [43, Lemma
4.3] in a very close way to that of [43, Lemmas 4.4 and 4.5], and we remark that the arguments
are, in a certain sense, local along trajectories.

3.3. Preliminary lemmas. We present now several results which will be useful during the rest
of this paper.

Lemma 3.6. Let h : U® — R, we consider w to be an admissible weight function, and we define
c(v) = eSI°l” for ¢ € (0,1/2). The following statements hold.
(K1) For every N > 0 there is m = m(N) > 1 such that

SOKR@W)] < = Al ey + Ko (s (0)h(0)])

where Ky, h :z/ km (v, v )h(vy)dvs and
R3

(3.5) km (v, v4) 1= Ck]-\'u*\Sml\v|§m1\v*7v\21/m (|U — U*| + |U — ’U*|_1) ,
for some constructive constant c, > 0. It is also worth remarking that k,, < Cx m, where
Ck = 3C;g.
(K2) For every vy € (0,1), every (t,z,v) € U, and every o € [0,t] there holds
V1

w(v)|Sg %4 h(t,z,v)] < ——e 2" sup |:eu28||h5||Loo (OE)} .
vy — V2 s€l0,4 wvt

where we remark that Sz *, h is in the sense of (1.22) taking A = Id,
(K3) Let 0 <r <s<t, xecQf uuv, €R3and consider a function X = X(t,s,r,z,u,v,) such
that
|det V., X (vi)| > Cols — 7|3,

for some constant Cy > 0. Then for any mi,ms > 0, and every o« > 0 there holds

t s
/ / / e vo(t=r) / w(u)|h(r, X, u)| dudrdv.ds < D*m3 mj ate " sup [e”OSHhSHLio(OE)}
0 J|v.|<my1 JO Ju|<mg s€[0,t]

+ Dm?mmg/2 w(ms) t2a73/200_1/2t267”°t sup [e”“SHhSHH(OE)} )
s€(0,t]
where we recall that D > 0 is the volume of the 3—dimensional ball of radius 1.
(K4) For every o > 0 there are M,n > 0 such that

Wt 2,0) [ (ne - 0) o du < a||ht|\Lgo(os>+/ Ih(t, 2, 0)|(n - w)du

R {Jul <M, [nz-ul>n}

Remark 3.7. It is worth emphasizing that the results from Lemma 3.6 are independent of the
geometry of the domain, so they hold under either Assumption (RH1) or Assumption (RH2).

Proof of Lemma 3.6. We proof each of the statements separately.
Proof of (K1). We observe that, using [41, Lemma 3], [35] or [20, Equation (2.17)], we have that

B 2 2 - _
(3.6) k(v,vs) = k(v,vs) exp <—% + %) with k(v vy) < crpk(v,vy),

for some constant ¢; > 0, and where we have defined

Lo 1 °)

Elv.00) = o=l o = v Hexp (g LR 2
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Furthermore, repeating the exact arguments used during the proof of [41, Lemma 3] we have
that for any ¢ € (0,1/2), the quadratic form

B e O P UL N
*

2 .= — —
8 Juv—uv? 8 4 4

+ ¢l = Cloaf?,

is definite negative. Thus there is b > 0 such that

- _1wl2 | Jval? b(Jud?>—v[?)? b ¢(v) 4
3.7 k(v, v, + U W Oy 2 ) 2 e, < 2
(3.7) /R3 (v,v.)e” 2 T exp(8 P— +8|v V| <) v S Toh

for some positive constant C; = C1(b). We remark now that the above estimate implies that

k(v,v e"qf +% $(v)
(38) k( ’ *) C(’U*)

thus setting A,, = {|Jvi| < m, [v| < m, |v. —v| > 1/m} for some m > 0 to be chosen later, we
compute

= (Jv = vul + o = 0 THe? < (Jv vl + o — 0] 7Y,

= _wi? esl? g(v _
COIKROI < alblizzon [ Fooge 5 S b0 v [ (o=l o= o slholdo.
< B9 +/ o (0, 0.)5 (0 [B(02)]dvs < |l (o) + K15 (@)h(0)])
~ 1+m L?O(OE) s m (U, Ux )S(Ux * * > N L?O(OE) m\|S

where we have used (3.6) on the first inequality, (3.8) to obtain the second, we have used (3.7)
and the definition of k,, on the third inequality, and we have chosen m = max(N¢iCi,1) on
the last line.

Proof of (K2): We compute

¢ ¢
/ Sa(t—s)h(s,z,v)w(v)ds| < sup |e"?*||hs|lp (@a)} / v(v)e V=8 —r2 s
0 s€[0,4] wr ! 0
S ﬂe—uzt sup [eugsHhS”Loo ((’)E)} .
v(v) — vy s€[0,] wvt

At last we remark that (1.6) implies that v(v)/(v(v) — v2) <11 /(vy — v2).

Proof of (K3): We split the integral on the LHS into I; + I where

t s
B [ [ e [ it ) Ddmdate ™ sup (g0
0 Jvi|<mi Js—a |u|<mo s€[0,t] ¢

and

t s—a
Iy ;:/ / / e*‘"’(t*r)/ w(u)|h(r, X, u)| dudrdv.ds.
0 Jvi|<mi JO [u|<mo

To control I we perform the change of variables X — z, and we remark that

|detV,, X (vs)| > Cols — r[* > Cpa® > 0,
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thus we compute

r 1/2
I, < Dm?/zmgﬂw(mg) t2evot sup e’ / / |h(r, X, u)|? dudwv,
0<r<s—a<s<t [ve|<ma J|u|<ma
r ) 1/2
< D Pm3 % mg) t2e V0! sup e’ / / h(r, z,u))* ——————dudx
- vz wm) 0<r<s—a<s<t reQe \u|gm2| ( ) |det Vo, X (vs)]
< Dm?/zmgﬂw(mg) t200_1/20473/2671j0t sup [€"0%||hs|p2(09] -

s€[0,t]
where we have used the Cauchy-Schwartz inequality in the first line.
Proof of (K4): We fix M,n > 0 to be defined later and we split
{ra-u> 0} = {Jul > M, ny-u> 0} U{Jul < M, |n,-ul < n} U{lul < M, |n,-ul > n}.

On the one hand, we compute
/ |h(t, z,u)||ng - uldu
{lu|>M, ng-u>0}

where o(M) — 0 as M — oo. Similarly, on the set {|u] < M, |n(x1) - u| < n} we compute

/ | (t, z,u)||ng - uldu n HhtHLgo((’)s)/ w™Hu)du
{lul<M, |ne-u|<n} lu|<M

0 MPD||hel| L 0¢)-

We take then M > 0 large enough such that o(M) < a/2 and we choose 7 = o/ (2M?> D). This
concludes the proof of (K4) and the proof of Lemma 3.6. O

IN

HgtHij’(OE)/ wHw)|ng - uldu
{lu|>M, ng-u>0}

< o(M) ||he|lLes 09,

IN

IN

Moreover, we also have the following lemma in the spirit of (K3).

Lemma 3.8. Let0 <r < s <t x €0, u,v, € R3 and consider a function X = X (t,s,r,z,u,vs)
such that

det V,, X (v.) = Cols — > + Cie,
for some constants Cy,Cy > 0. Then for any my, ma > 0, and every a > 0 there is a constructive
ev = ey (o, Co, C1) := |Cola3/(2|C1]) > 0 such that for every e € (0,ey) there holds

t s
/ / / e vo(t=r) / w(w)|h(r, X, u)| dudrdv.ds < D* m3m3 ate ! sup (€% hs | oo (0]
0 J|v.|<my1 JO Ju|<mg s€[0,t]

+ 21/2Dmf/2m3/2 w(mg) t2a™3/2|Co| 7121270 sup (€% |hs || 20 -
s€(0,t]

where we recall that D > 0 is the volume of the 3—dimensional ball of radius 1.

Remark 3.9. We also notice that Lemma 3.8 is independent of either geometrical Assumption
(RH1) or (RH2).

Proof of Lemma 8.8. The proof follows the main ideas of that of (K3), thus we only sketch it.
We split the integral on the LHS into I; + I5 as defined during the proof of (K3). To control Iy
we remark that if s —r > « and € € (0,ey), with e as defined above, there holds

C C C
|det V., X (v4)]> |Cola® — |Cy|e > %o&g + <|—20|043 — |Cl|5) > |—20|043.

The conclusion follows by repeating the arguments used on the proof of (K3). O
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3.4. Regularizing effect of K. We will now use the previous lemmas to prove the regularizing
character of the interplay between the free transport semigroup Sz and the operator K.

Proposition 3.10. Consider Assumption (RH1) to hold, wy € 201 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). For every A > 0 there is €3 = ea(\, T)

such that for every e € (0,e3) and every vy € (0,v9) we have that for every (t,z,v) € Us with

v & S, there holds

n(0)1S w0 KF (a0 S X+ s [ ol 09] + Ce ol o
s€|0,t

+ et sup [0 fllu] + C(1+ )™ sup |Gyl 00)]
s€[0,t] s€[0,t] “1v

for a constant C' = C(\) > 0, and any o € [0,t] such that x —v(t — o) € Q. Furthermore, there
holds C'(X) S AP for some constant p > 0.

Proof of Proposition 3.10. We fix (t,z,v) € U5 with v ¢ Sy, we set

3

¢
J:=wi(v)|Sz *o Kf(t,z,v)] = wi(v) / Sz (t—s)K f(s,z,v)ds

and we split the proof into four steps.

Step 1. (A first control on J) By using (K1) we deduce that for every Ny > 0 there is m1(N1) > 0
such that

1 — vos
(3.9) J< Fte ot sup [e 0 ||fs||L$ol(OE)] + Sg xg Ky (w1 (0)|f(t,2,0)]),
1 s€[0,t]

where we recall that K,,, has been defined in (K1). Moreover, for each s € [o,t] we denote
Ty :=y —v(t — 5), and for any constant g > 0 we define ko m, = 1{jn(z.)-v.|>a0}Fm, and the
modified non-local operator

(3.10) Kom,h(v) = /}R3 ko,m, (v, v )h(v,)dus.

We then have that S %o Km, (w1 (v)|f(t,2,v)]) = Jo + T where

t
TJo ::/ e_”(”)(t_s)/ ko.m, (v, v ) w1 (0| f (s, s, v4) |dvsds,
o R3

and
B t
J = / e v(@(t=9) / ko, (0, 00w (V)| f (8, 25, v )|dvads
0 [ve|<ma,|nag v <ao
t a0
< Ckml/ e fill s (os)ds/ dvf‘"/ dof
0 o —ao vk [<ma
< 20y Dmiagte™" sup [e”"SHfSHLm (@s)}
s€(0,t] “1
where we have used the change of variables v*" = [n(z5) - vi|n(zs) and vi = v, — vl to obtain

the second line together with (3.5). The above computations together with (3.9) give that

1

J< <— + 2CkDm‘11040) te” ! sup [e”“SHfSHLm o=y | + Jo-
M 5€[0,t] “1

We remark now that [41, Lemma 17] gives that X§ and S,  have Lebesgue measure zero.

Due to this fact, we may rewrite Jy being integrated over the set v, € R®\ S,.. This implies

that, since v ¢ S, and v, ¢ S,,, we may define (s1,z1,v1), with (z1,v) ¢ X5, as the point of
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the first bounce against the boundary through the backwards trajectory starting at (s, xs, v4),
and which is given by (1.24). In particular, we remark that x; = x5 — v.(s — s1).

Moreover, it is worth remarking that when s; < 0 we reach the initial time ¢ = 0 along
the backwards trajectory, on the contrary if s; > 0 then along the backwards trajectory we
reach the boundary at the time s — s;. Using the Duhamel formula we deduce then that
Jo < J1+ Js + T3 + T4, where we have defined

Jo= /teu(ts) /R3 ko ,m, (v, v4) w1 (vs) [Sz () fo(zs, v )| dvads,

Ty = /t o v(t—s) /}R3 ko,my (U, 02) w1 (1) [S7 *max(0,51) K (8, s, vi)| dvsds,
J3 = /t o v(t=9) /1133 ko,my (0, 02) W1 (Vi) |87 *max(0,s1) G(8, s, vs)| dvids,
3y = /fe—u(t—s) /RS Ko, (v, 02) @G5 1 (0,) [ £ (51, 21, v, )| dvsds,

and we will control now each term separately. Using the very definition of k,, given by (3.5)
together with (K2) we deduce that for every v, € (0,19) we have

Vlt —vat

e sup [e”2s||Gs||Loo L (09)] -
Vo — 12 s€(0,t] w1

Using now (K1) we deduce that for any Na > 0 there is ma(N2) > 0 such that

[eyOSHszLS"l(OE)} + jK7

J1+ 33 < CkDm%t67V°t||fo||Lm(os) + CkmzllD

t
J5 < Ckm%DFef”ot sup
2 s€[0,t]

where we have defined

35 = (Cy)*mima /t / /S e vo(t=m) / wi(u) |f(r,zs — (s — r)u, u)| dudrdv.ds,
* odgm fu<ma
and since
|detV,, (zs — (s — r)u)| = |[detV,, (z — (t — 8)vs — (s —7)u)| = |t — s|?
we can apply (K3) and it yields that for every a; > 0 there holds
K < C’,%DQmilméaltef"“t zl[lopt] €VDS||fs||Lg°1(OE)}

+ C2Dmy P my T Wy (mo)ag P i2e ot sup G AR
s€|0,t

Altogether we have obtained that

1 C.Dm?
J < <—+2ckDm;1a0+ el

+C?2D*mimia )te”“t sup {e”“s || 700 £:|
N, N, i 1Mo ] 1fsll e (09

s€[0,t
I/lt _
e vat sup [€V2S||Gs||L°° 71(05):|
Vo — 12 s€[0,1] wiv

+CkDm411t€7Vt||fo||Lgol (o) + CkDm;l

+C}3Dm}+3/2mé+3/2wl (m2)a;3/2t2e—uot sup [euostSHH] 3,
s€(0,t]
where there is only left to control the boundary term J4. We remark that

t
J4 < e 00 o (0,00 )wr (V)] £ (51, 21, v4 )| dwsds.

g
[ve|<ma, [n(zs) v | >0
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We recall that x5 — (s — s1)vs = 1, and since by definition (1, v.) € 3¢, the Maxwell boundary

condition applies thus f(s1,21,v«) = (1 — 15(21)) f(51, 21, Var Vx) + 15 (x1) A (vi) f(51,21). We
then have that 3, < 3% + 3P, where

¢
(3.11) 3° / / ko.m, (0, v.)e ™300 (0,)(1 = & (1)) | (51, 21, Vi, v4 )| dvids,
o JR3

t
(3.12) 37 = //3kO,ml(vuU*)eiyo(tisl)wl(v*)Ls(xl)'%(v*) f(SlafCl)‘dU*dS-
o JR

Step 2. (Control of 3°) For any small parameter «1 > 0 we define the non-local operator

KLmlh(v):/ k1 my (v, v)h(vy)doy,
R3

where ki m, (U, V«) = 1{jn(e1)v.|>a0.} K0,m, (U, x), and we also define

t
jOS - / / kl,m1 (vav*)eilj()(tiSl)wl(v*) |f(Sl,I1,Vx1’U*)|dU*dS.
o JR3

Proceeding then as during the Step 1 of this proof we have that

3° <38 + 20k Dmban ate ™ sup [ £l 0]
s€[0,t] “1

We remark now that | Vg, vi| = |vi|, [n(21) - Vi, vi] = In(x1) - v4|, and we recall that [41, Lemma
17] gives that the singular set S,, has Lebesgue measure zero. Therefore, we deduce that we
can integrate the expression of J5 on the set {|Vi,vi| < my, [n(21) - Vi, vi| > @91} \ Szy- We
can then apply Lemma 3.4 and that there is e} = eg(ap, M, T) such that for every ¢ € (0,¢3)
there is only one bounce against the backwards trajectory, hence applying the Duhamel formula
as before we have that 35 < 37 + J5 + J5, where

¢
W= // Kt my (0, 02)e 0001 (0,)[S 7 (s1) fo (w1, Vay v4) | do.ds,
o JR3
¢
35 = // E1m, (0, 0.)e 0300, (0,)]S 7 K f(s1, 21, Ve, vs)|dv,ds,
o JR3
t
35 = // E1om, (0, 02)e 70500 (0,)|S 7 * G(s1, 21, Ve, vs)|dveds,
o JR3

and we proceed to control each of these terms separately. First we remark that wy(Vy,v) = w1 (v),
and using (K2), we deduce that for every vo € (0,19) there holds

vt
3 +35 < CuDmite ™| follus 0o) + CuDmi—2—e™"" sup [e*|Gylli  (00)] -
Vo — V2 s€[0,t] wiv

Furthermore, to control J5 we use (K1) so that for every N3 > 0 there is m3(N3) > 0 satisfying

t
35 < CkDm‘f—ef”“t sup GVOSHfS”Lgo ((’)5):| + 32570,
N3 s€[0,t] !

where we have defined
t
T30 = / / Eo,m, (0, 0)e 70075 o s K (wi (0a)] £ (51, 21, Vi, v4)]) dvsds.
o JR3

To control then 3*29)0 we first use the expression of k,,, given by (3.5) and we have that

t S1
3“2970 < C,%mlmg,/ / / e vo(t=m) / w1 ()| f (1 = Vg, i) (51 — 7)), us ) |dusdrdo.ds.
0 0

[vs|<ma |us| <msz
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We then have the following lemma, by arguing as [44, Equations (2.141) and (2.142)].

Lemma 3.11. Assume |v.|< mq for some my > 0, and we define X(vy) := &1 — Vg, 0 (51 — 7).
There holds
det V,, (X(v.)) = (s —7)* + O(e).

We then deduce that Lemma 3.11 together with Lemma 3.8, imply that for every as > 0
there is €2 = ey (az2) > 0 such that for every € € (0, min(ed, e3)) there holds

350 < C',% D? m;l mé aste "t sup [GVOSHszLgol(@E)
s€[0,t]

+ 2120, (m3) OF Dmy ™2 my ™2 0P 42 et sup [l -
se(0,t

We conclude this step by putting together the estimates to control the specular reflection and
we obtain that

t
35 < (QCkDmilao)l + CkDleng + C£D2m411m§042t> e Vot sl[lp] [elIOS”szL?fI(OE)}
s€|0,t

_ vt _
+CrDmite 0t||f0||L$o (0% + CrDmj 1 vt sup |:€V25||G5||Lao 71(05)}
! Vo — 12 5€[0,t] wiv

2120, (m3) C3my P my P 0y PR e ot up, [€70% || fill3]
s€[0,t

for every v € (0,10).

Step 3. (Control of 3 ) From the very definition of 3 we first observe the following elementary
inequality

t
3 < [ Ko o) [ ) (1) - ) dudu.ds,
o JR3 R3

where we have used the fact that .#Zw; < 1. We then apply (K4) so that for every A\; > 0 there
are M;,n > 0 such that
P < AlckDm‘fte*”“t sup {e”“SHszLgol(os)} —|—3(]37
s€[0,t]

where we have defined
t
e ::/ / kml(v,v*)eﬂ’“(t*sl)/ |f(s1, 21, us)| (N, - us) 4 dusdods.
o JR3 |uw | <My, gy -ul>n

Arguing as during the first Duhamel decomposition of this proof we deduce that we may rewrite
the previous integral as being integrated over the set {|u.| < My, |ng, - us| > 0}t \ Si,, thus
we may apply Lemma 3.4 and we deduce that there is €3 = er(n, M1, T) such that for every
e € (0, min(ed, €2, 3)) there is only one bounce against the backwards trajectory. Hence applying

Duhamel’s principle as in the Step 2 we get that 3P < 3P 4+ 32 + 30 with

t
P = [ g [ IS faer )] (s, - ) dudunds,
o JR

[ux| <My, Rz ul>n

¢
P = / / K, (v, v, )e V0 (t=51) / [Sz x K f(s1,21, ux)| (Ngy - us)+dusdv,ds,
o JR3
[ts [SM1, Ry -ul>n
t
3P = / / Ko, (0, v, )P0 t=sD) / |Sg * G(s1, 1, us)| (Ng, - Us)4dusdvsds,
o JR3

[us| <My, Rz ul>n
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and we will control each of these terms separately. On the one hand, using again the form of
km, given by (3.5), and (K2), there holds

—vat

~ ~ _ 11 CLD2mA M .

3 39 < CuDPmdMite™ | fo 3, 00y + LTI vt s [0l 0]
Vo — 12 s€[0,4] 1

To analyze J we use (K1) so that for every Ny > 0 there is m4(Ny) > 0 for which there holds

t2C2D*miM¢
2Tk TP ot sup |:6VOS||f5||LZOI(OE):| + C,%mlm4M1 350,

P <
2 Ny s€[0,4]

where we have defined

t 51
350 = / / / / e_Vo(t—T) / w(u’)|f(7~, Ty — U*(Sl _ ’I”), U/)|duld7“du*dv*ds,
g I’U*‘Sml IU*ISMl 0 Iu/‘Sm4

Furthermore, we remark that
|det Vo, (1 — us(s1 — 7)) = |s1 — %,

thus using (K3) we have that for every ay > 0 there holds

3By < D mi MEmS aste" sup [ £z, 00|
s€[0,t] B
+ D2m:1)’M13/2mi/2 w1(my) a23/2 t2 e vot 51[1p] [ fsll#] -
s€|0,t

Putting together the above estimates controlling the diffusion term J” we have that

£2C2D2mi M

P < (Alckpm‘{t + v,

+ C,?D?’m‘llM{lmiaﬂ) e sup [euosnfs”Lz‘;(OE)}
s€[0,t]
11 CLD2mA M
ue—wt sup |:€U2S||GS||LOO 71(@5)}
Vg — V2 s€[0,t] iy

+C]%D2milmi+3/2M11+3/2w(m4)a;3/2t26—u0t Sl[lp] [euos ”sz’H] ,
s€|0,t

+C,D*mi Mite™ " fol e (02) +

for every v € (0,1p).

Step 4. (Choice of the parameters) Putting together the estimates from Steps 1, 2 and 3 we get
that for every 1o € (0,1p) there holds

IO (t+t) e it [eVOSHszLS‘i 09| + Cate™ | foll Lz (09
se|0,

+Ost?e" sup [ fulln] + Cate ™" sup, [ G lzz, 00

s€[0,t] s€lo,t
with
1 CrpDm$ 1
c, = —+ 2CkDm411(Oéo + a071) + ~h T + C,?DQm‘fméal + CkDm;l—
Nl N2 N3
02D2 4M4
+O2D*mAmias + M CpDm? + %411 + C2D3mAMAmiay,
Cy = CpDmi+ CyDm] + C,D*mi M},
Cy = 90,3Dm}+3/2m§+3/2w1 (mg)a1_3/2 + 2%/20, (m3)03m1+3/2mé+3/2a2_3/2
+C,3D2m411m411+3/2M11+3/2w1(m4)oe4_3/2,
Cy = —2— (CxDm? + CkDm? + CpD*m? M) .

vy — V2
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We then set
e Ny =9\~ ! and this fixes my, o ay = \9CED?*mim3)~",
e ap+ag1 = AN(18C,Dm})~1, e \1 = \9C,Dm{)~! fixing My,
e Ny = 9C,DmiA~! fixing mao, e Ny = 9CZD*miM{N~! and this fixes
e a1 = \N9C?D?*mim3) ™1, my,
e N3 =9C,DmiA~! and this fixes m3 o ay = \N9C?D3mimiM})~L.

This implies that C; < A, we then define C' = max(C2,C3,Cy) and we observe that, since
the constants that define C' come from (K1), (K3) and (K4), there is a constant p > 0 such that
C < AP, and we conclude by setting eo = min(e}, €3, €3). O

3.5. Pointwise estimate on the trajectories. We now use the regularization estimate given
by Proposition 3.10 to obtain a pointwise control on the solutions of Equation (3.3).

Proposition 3.12. Consider Assumption (RH1) to hold, w1 € 21 a strongly confining weight
function, and let f be a solution of Equation (3.3). For every A > 0 there is a constructive
ez = e3(\,T) > 0 such that for every e € (0,e3), every t € [0,T], and every va € (0,1p), we
have that for every (x,v) € O%, v ¢ Sy, (v) there holds

(3.13)

w1 (V)| f(t,z,0)] < [1 =10+ A1+t + %)) e sup, [€”°S||fs|\L;o1(@s)}+C(1+t)€7”°t|\f0|\Lgol(os)
se|0,t

+ Cte ! sup [ fllu] + C(1+ e sup |Gyl 00)]
s€[0,t] s€[0,t] w1y

for some constant C = C(\) > 0. Moreover, there is p > 0 such that C < AP,
Proof. We split the proof into four steps.

Step 1. (Duhamel decomposition) We denote the point (¢1,x1,v1) as the first collision through
the backwards trajectory as defined in (1.24), and we remark that we have z1 = = — v(t — t1).
We observe that if t; < 0, then along the backwards trajectory we reach the initial time ¢ = 0,
on the contrary if ¢; > 0 then along the backward trajectory we reach the boundary at the time
t — t1. Using Duhamel’s formula we get that

wi) f(t )] < e o (V)| fola, v)[+wi(0)|Sg %o K f(t,2,0)] +wi(v)|S7 *s G(t,2,0)]
+e T g (0) | f (B, 21, 0)]
= A+ I+ I+ Iy,
where we have defined 0 = max(0, ¢1) and we will control each of these terms separately. Using

then (K2) and Proposition 3.10 we have that for every A\; > 0 there is €} := e3(\1,T) > 0 such
that for every ¢ € (0,¢1) and every vo € (0,19) there is a constant C; = C;(\;) > 0 such that

S+ I+ Iy < A+ P)e ! 51[10pt] e”OSHszLﬁ(OE)} + (1 +Cit)e ™ fol Lz (09)
se|0,

FCe™ sup [0 fullad + (14 Co)(1+ e sup [0 Gullzx(0n)]
s€[0,t] s€[0,t] “iv
furthermore there are c¢1,p; > 0 such that C; < cl)\fm.
To control now the boundary term .#; we have that (z1,v) € X<, thus the Maxwell boundary

condition gives that f(t1,z1,v) = (1 — ¢ (21)) f(t1, 21, Ve, v) + 15 (21) A (v) f (11, 1), thus

I (1= 10) sup [e*| fillp on)] + 7,
s€[0,t] L
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where we have used that wy .# < 1 and we have defined .#P := e~ v (t—t1)

Fitran)|.

Step 2. (Control of the diffusive reflection) To control the diffusive boundary condition we first
use (K4) so that for every Ay > 0 there are M,n > 0 such that

IP < 20e™ sup [\ fillngs 00| + AP
s€(0,t]

where we have used that w; > 1 and we have defined
ﬂOD = e_”(”)(t_tl)/ wi(w)|f(t1, 21, w)|(n(x1) - u)du.
[ul <M, [n(z1)-ul>n

Arguing as during the Step 3 of the proof of Proposition 3.10 there is €3 := eg(n, M, T), given
by Lemma 3.4, such that for every € € (0, min(e}, %)) there holds that for every A3 > 0 there is
3 1= e3(A3,T), given by Propsotion 3.10, such that for every € € (0, min(e},%,¢3)) there holds
that for every vo € (0,19) there is a constant C3(A3) > 0 such that

IP < (A + DM*A3(t+ 1)) e " sup [eVOS||fS||L301(@E)} +(DM* + DM*C5t?) e follLes (02

s€(0,t]
+(DM* + DM*C5(1 + t)) M vt sup [e”zSHGSHLoo 71(05)} +DM*Cst?e™" sup [e”°|| fsllu]
L 1] s€(0,t] “iv s€[0,t]

furthermore there are ¢z, p > 0 such that C' < cg\; 7.

Step 3. (Choice of the parameters) Altogether we have obtained that
wi(W)|f(t,z,v)] < (1 —1g)e 0t sup] [el/os”fS”in(@s)} + (1 + t)eUOtHfOHLg"l(OE)

s€[0,t

+ (A4 A+ DMIN) (141 + £2)e ™" sup. [z, 00
sc|0,

+33t% 70 sup [e0%| fllu] + T (1 + D)™ sup [e]Gullie (0] -
s€[0,t] s€[0,t] wiv

with the constants
151

Jy = 14+C1+DM*+DM*C3, T3 = C1+DM*C3, and T3 = (1+ DM*") +C1+DM*Cs.

Vo — 2
We choose then A\; = Ao = \/3, A3 = \/(3DM*?), we take €3 = min(e},e3,¢3), we define
C(M\) = max (31, J2,J3) thus C(A) < AP, for some p > 0, and this concludes the proof. O

3.6. Weighted L> control for solutions of Equation (3.3). In this subsection we use
the estimate given by Proposition 3.12 to deduce a weighted L°° control on the solutions of
Equation (3.3).

Proposition 3.13. Consider Assumption (RH1) to hold, wy € 201 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). There is e4 = €4(T) > 0 such that
for every e € (0,e4) there holds

I fell s (02) < CAF+T)A+T+T?)Pe™"|| foll s 05 +C(A+T+T?)PTe ™" sup, (€0 fsll2]
se|0,

HOWAT+TP AT s (]Gl o0
s€[0,t wqv

for every t € [0,T], and some universal constants C,p > 0.
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Proof. We consider (t,z,v) € U5 such that v ¢ S, then Proposition 3.12 implies that for every
A > 0 there is 4 := e3(\,T') such that for every € € (0,e4) and every v € (0,19) there holds
(3.13).

We then remark that [42, Lemma 2, Item 4] and [42, Lemma 17] imply that X5 and S,
respectively have Lebesgue measure zero. Therefore we may take the L (R4) norm first and
then the L>°(2¢) norm on (3.13) and we obtain

Hft”Lgol(@a) < [1 —p+AN1+t+ t2)} e~ Vot Sl[lopt] [el’ostS”Lgi(@g)} +c (1—|—t)e—uot||f0”L3°1(oe)
seg|0,

et sup [0 fullnd + (14 e sup [ Gullixon)]
s€[0,t] s€[0,1] wiv

for every ¢ € [0,T] and some constant ¢ > 0 such that ¢ < CoA™P for some constants Cop,p > 0.
We then choose A = 19(2(1 + T + T?%))~!, we absorb the small contributions, and we conclude
by setting C' = 2Cy(2 — 19) "', and using the fact that ¢ < CoA~P. O

3.7. Proof of Proposition 3.1. We split the proof into two steps.
Step 1. (Choice of parameters and L* estimate) We choose T > 0 large enough such that
Ci(14T)(1+ T+ T?*Pe Tv0/2 <1,

where C; > 0 is given by Proposition 3.13, and we set e} = min(e4(T),1/2, \/vo/k*), where
e4(T) > 0 is given by Proposition 3.13 and we recall that * > 0 is given by Theorem 2.1.

We recall the hypocoercivity norm ||-|| given by Theorem 2.1 and the equivalency relation
(2.2). We now denote by S¢ the semigroup generated by the solutions of Equation (1.13), which
is given by Theorem 6.8 and Remark 6.9, and using the Duhamel formula we have that

ftzsf(t)fo—i—/th(t—s)Gsds Yt > 0.
0

Using the fact that {(G¢)o- = 0 for every ¢ > 0, the decay estimate (2.3), and the equivalency
relation (2.2), we then have that

_x 2 t e x 220 _ex 2 t _x 220
I£ell < e ="l fol +t/ e TIG [ ds < e fol +ct/ e |Gl ds,
0 0

where the constant ¢ > 0 is given by Theorem 2.1. Moreover, we observe that

1/2
(3.14) 161 % ([ a0) " 6lis, o S NG, 00
thus we deduce that there is a constant Cy > 0 such that
7[{* 2 _ —K* 2 K* 25
B15) Ml <ol + Cott e sup NG, 0]

where £* > 0 is given by Theorem 2.1. Putting together the estimate given by Proposition 3.13
and (3.15) we have that for every € € (0,¢1), every va € (0,19), and kg € (0, x*) there holds

— —n*2
Ifels 05y < CrA+T)A+T + TP follLes (05) + CLT* (1 + T +T)Pe™ = fo|

O T+ T2+ T sup [ 1Gelle=_,c00)]
s€[0,t wiv

FCLC T L+ T + T2 e/ o™t g [ Gl 0]
s€[0,t “1v

where we have used the fact that vg — k*(¢)? > 0 due to our choice of ¢}.
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We then set § = min(vg,x*)/8, v2 = €20 and ko = 0. We remark that these choices are
possible due to the fact that e < 1/2 and 6 < 14/2, thus €20 € (0,19) and to the fact that
0 € (0,k%).

Putting everything together we have that

_ 2 _ 2
(316) | f7llrz 0y < €™ Tl follzes o) + Cre ™= Tl foll

+e732Cpe % T sup [698 1G5l —1(05)}’
56[07T] o

and
_ 2 _ 2
(3.17) IfellLes 00y < Cre™ | fol L (09) + Cre™ || fol

— —fe 2
+e 3/2CT6 et sup |:698 SHGs”LOO 71(@5)} y
5€[0,] w1

for some constant Cp > 0 and where (3.17) holds for all ¢ € [0, T.
Step 2. (Decay estimate) We now set

2 2 2
Xi =" N il 00y, Yei=e™ Ifill, and @44, = sup {695 NGl 71(05)} :
! s€(to,t1] Ly

Translating (3.15) with ¢t = T', and (3.16) into this new notations we observe that
YT < 6_982T1/0 + 02 6_3/2T (I)O,T7 and XT < 6_0€2TX0 + CT€_982T1/0 + 6_3/2CT‘I)07T.
We define e; = min(el, (7)1 log2) so that ?*T — 1 < 1, and we introduce a constant 8 > 0
defined by
= 1 (6952T _ 1)

2CT
so that, due to our choice of £1, there holds SC7r < 1/2 and simultaneously

1
9= e %" T(1+ BCr) = 5 (1 + e—9€2T) <1, Ve>o.

We then have that
Zr=Yr+p8Xr < (1+ 5CT)€_0€2T(YO + BXo) + 5_3/2(ﬁCT + C2T)®o,r

(3.18)

IN

1
920 + g3/2 (5 + CQT) @ T,

where we have used the fact that SCr < 1/2 due to the choice of 5. On the other hand, using
(3.17) and again our choice of S we have that

3 1
(3.19) Zy < 56*952% +e73/2 <5 + OQT) oy  VtE[0,T).

Then for any ¢ € R there is n € N such that ¢ € [nT, (n +1)T') and iterating first (3.18) we have
n—1
1
~ nrz_ =3/2 ([ = _ _ k
Zy < V"Zp_,p+e (2 + C2T> Qi <I;)19 )

n—1
3 _ 1
< G0 Zo+e (5 - CzT> (; 0’“) oz
where we have used (3.19) on the second line. Using the previous estimate we deduce that

2 3 ~ 24
8 Wil 09 S 7 < 520+ € sup [ Gullx 0] V>0,
se|0,
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where

C =32 +O Zﬁk _eee L (Lop _ e Lior
B 2 1—9\2 " ) 1—e0=T \2" )¢

Finally, we observe that (2.2) and (3.14) imply together that
Zo S [ follzgs 09y + 1 folln S € 3/2||fo||Lg<>1(os),
Altogether, using the definition of 5 and ¥ we have that
e=3/2¢" e=3/2¢

0e2s
Hft||L°° (05) < gsTHfOHLoo (05)4‘( 92T 1) (1 — e,gszT) Szl[l()?t] [6 ||Gs||Lj°1V,1(05)

for some constant C’ > 0 independent of €. So we conclude by taking
573/20/
(6952T _ 1) (1 _ 67952T) ’

and remarking that C(e) — oo as e — 0. O

C(e) =

4. STRETCHING METHOD FOR STRONGLY CONFINING WEIGHTS IN CYLINDRICAL DOMAINS

Throughout this section we assume Assumption (RH2) to hold and we will prove the same
result as in Proposition 3.1 within this framework.

Proposition 4.1. Consider Assumption (RH2) to hold, wi € 201 a strongly confining weight
function, and let f be a solution of Equation (1.20). There are constructive constants €5,60 > 0
such that for every e € (0,¢e5) there holds

— 2S
(41)  |fillzg 00 < Ce 95t<|f0||Lw(0£)+ sup, [e” ||Gs||L:ow<oE>}> vt >0,

se[0,t
for some constant C' = C(e) > 0 such that C(g) — oo as e — 0.

We remark that the ideas developed during Section 3 do not immediately apply to cylindrical
domains due to the presence of irregularities at the boundary. However, we can still provide a
weighted L control for the solutions of Equation (1.20) by using a more delicate control on
the trajectories of particles within the cylinder.

To do this we will exploit the geometrical properties of the domain described in Assumption
(RH2), which will be expressed through a series of preliminary lemmas in the next subsection.
Furthermore, we remark that the rest of this section is structured as Section 3.

4.1. Preliminary lemmas. We present now the coordinates of multiple consecutive collisions
along the boundary set presenting specular reflections, A5. To be more precise, we consider
(to, o, v0) € U® and we define the sequence (tn,zn,vn), as long as it makes sense, of specular
collisions following the backwards trajectories as follows

tb(xN—l7VN—l) = 1nf{s >O; X(—S,O,,TN_l,’UN_l) ¢ QE},
tN(tnv—1,2N—1,0N-1) = tn—1—ty(TNn_1,0N-1),
(4.2)
sN(tN-1,ZN-1,VN-1) = N-1—Un-1(tN-1—tN),
UN(N—1,ZN-1,UN=1) = Vay(on-1).

It is worth remarking that, when we say that we define (ty,2n,vn) as long as it makes sense,
we mean that for every j € [1, N], there holds z; € AS.
During the rest of this section, we will be denoting the points z € R? as z = (21,22, 23)

and we define Z = (22, 2%). We then remark that, in particular, if € Q° then T € Q5, the
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2—dimensional ball of radius e 'R, and 2! € (—e 'L,e7'L). Moreover, we remark that if
x € A§ then

Ng =

B |(O 2 2%) = eRm1(0, 27, 2%).

Similarly, we explicitly have that the normal on the surface 9Q5 C R?, at the point T € 9Qf is
given by fig := eR '
We also define the set of non-smooth points of the boundary

S° := (A{ NA5) U (A5 NA3)
={z=(2",2%2°) e R? 2! = £L°, and (2°)* + (2%)® = e *R*},
and the set of singular velocities across multiple specular reflections through the backwards
trajectories
Wi = {v € R%; such that starting at (¢,r,v) there is N € N with ((¢;, a:j,vj))évzl
as defined in (4.2), with ¢; > 0 and z; € A§ for every j € [1, NJ,

(4.3)

and such that if (tny11,ZN41,0n+1) is the first collision against
the backwards trajectory starting at (tn,2n,vN),
given by (1.24) is such that tx41 > 0 and xy41 € 67}

In words, for any fixed ¢,z we have that v € W, ., when starting from the point (¢,z,v) there
are a certain number of consecutive purely specular collisions against A5 followed by a collision
against the singular set G.

We now prove a first result on the number of possible consecutive collisions through the
specular reflection on A§.

Lemma 4.2. For any fited M,T > 0 and any point (t,z,v) € [0,T] x (Q°UAS) x {|jv| < M}
there is a constant W = N(T,xz, M) such that there are not more than N consecutive specular

collisions against the boundary through the backwards trajectory starting from (t,x,v), given by
(4.2).

This result is an inmediate consequence of the following geometrical lemma.
Lemma 4.3. Consider a point (tg,zo,v0) € (0,T) x A§ x {|v] < M} such that n(xg) -v =7
for some constants n, M > 0. Assume the two points of collision against the boundary through
the backwards trajectories are (t1,x1,v1) € (0,T) x A§ x R3 and (t2,22,v2) € (0,T) x A§ x R3.
Thent —t; =t1 —te > T for some T =T (M,n) >0, |vo|= |v1|= |v2|, and

(4.4) Ngy - V1 = Ny - V2 = Ngy - Vg = 1).
Proof. We first observe that we elementary have that
[us|= Vs v2|= [v2]|= [Va,v1|= [V, vol= |vo]-

Moreover, there also holds
(4.5) |[vs]= [Vz,02|= [v2]= [Vz,01]= [Vz,00|= [vol,
where we have defined V> = @ — (nz - W)W, for any 2z € 92§ and w € R3.

We now denote now as A; the line perpendicular to 7z, passing through the point z;. We
also denote o := Z(ZTp,v9) € (0,7/2) and we remark that o # 7/2 due to the fact that there

are collisions through the backwards trajectories, and o = 7/2 would imply that ¥y is a tangent
velocity to the circumference in .

We then observe that, from the tangent theorem for the circle, the arc :Coacl =my—a=:0.
Moreover, using the same argument, we have that Z(A1,v9) = 8, thus Z(vg,z1) = a + 7/2.
We now bserve that from the very definition of the specular boundary conditions there holds
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x1 - v9 = —x1 - v1. This together with (4.5) implies that 7 — Z(vy,z1) = Z(vo, z1). We deduce

then that Z(v1,21) = «, and in particular that Z;75 = . The fact that Z(vo, o) = Z(v1,x1)

and (4.5) imply (4.4). Moreover, the fact that ToT1 = T172 imply that the ZoZ, = Z122.
This information together with (4.5) and the very definition of the trajectories imply that
t —ty = t1 — to. This concludes the proof. O

We present now some results regarding the singular sets in the framework of cylindrical
domains.

Lemma 4.4. Let x € Q° U A§, the set Sy, that we recall was defined in (3.4), has Lebesgue
measure zero.

Proof. We consider first z € QF and assume there is v € R? and ¢ > 0 such that 71 = v —tv € A§
with n,, - v = 0. However, we recall that n,, = (0,22, 23)/|Z1]|, therefore n,, - v = 23v? + 2303
has to be equal to zero. This then implies that nz L ©, and if we now go through the backwards
trajectories we observe that T1 + t0 ¢ Qf which is in contradiction with the fact that z € Q°.
We thus deduce that S, = () for any = € Q°.

Taking x € A5, we remark that S, has an explicit form and we immediately observe that it
has codimension 1 in R3, thus Lebesgue measure zero. O

Lemma 4.5. Consider some arbitrary M,T > 0 and a point (t,z) € [0,T] x (QUAS), the set
Wi N{v e RS |v|< M}\ S, has Lebesgue measure zero in R3.

Proof. This result is classical in the study of the ergodic properties of dynamical billiards, i.e
particles moving by the dynamics (1.23) and colliding against the boundary following specular
(also called elastic in the framework of billiards) reflections. We refer the interest reader towards
[23, 22, 56, 57, 11] and the references therein for more information in this kind of systems and
the current known results. However, even if it is a well accepted result within this field, we
weren’t able to find explicit references regarding the measure preservation of this flow, except in
some particular two dimensional cases (see for instance in the previous references). Therefore,
we provide now a sketch of a proof.

We define the Hamiltonian energy function H(v) := |[v]?/2 and the flow ®' generated by the
system

OH )i

(4.6) = —%(’U) = —u, 0= %(’U) =0,
complemented with the specular boundary reflection, that we recall is given by
(4.7) (z,v) = (x,Vv) for every x € A5, and v € R® such that n(z) - v > 0.

We will then prove that the flow ®! defined this way is measure preserving, that is for every
Borel set A C (2° U A§) x R? there holds

(4.8) pr(®H(A)) = pr(A) = pr(() 1 (4)),
for every t > 0, and where puy, is the Lebesgue measure in phase space dxdwv.

To do this, we remark first that during free flight, i.e between collisions with the boundary,
the flow ®! corresponds to a Hamiltonian flow, therefore Liouville’s theorem [2, Part 11, Chapter
3, Theorem 16.1] implies that this map is measure preserving with respect to pu;. We prove
then that the specular reflection map given by (4.7) is a measure preserving map.

To prove this we observe that

(4.9) a map 1 is measure preserving iff F(z,v)dadv = / F o ¢(z,v)dzdo,
A§xR3 AgxR3

for every integrable function F' € L1(A§ x R3).
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In particular, we remark that if ¢(z,v) = Vv, then (4.9) holds by using the change of
variables v +— V,v.

We have then proved that the flow ®! is measure preserving and the conclusion follows by
using this and the fact that ur (&) = 0. O

We provide now a control on the angle of reflections against the normal on A§ after a diffusive
collision. To do this, we introduce the vector field n : R3 — R? defined as n(z) = (0,22, 23) /||,
and we remark that n(z) = n, for every x € A§.

Lemma 4.6. Assume t > 0, z € A{ UAS, v € R3, such that (z,v) € X%, and |n(z) - v|> no
for some ng > 0. Consider (t1,x1,v1) the point of collision against the boundary through the
backwards trajectory starting at (t,x,v) given by (1.24), and assume x1 € A§.

For every n > 0 there is a constructive constant A > 0 such that if |n(z) - v|> n then
[n(z1) - v1|> A, uniformly in x.

Proof. This result is a consequence of elementary geometrical properties of the circumference,
therefore we will skip it. O

Finally, we present the following stretching lemmas for the cylindrical framework.

Lemma 4.7. Assume (RH2) to hold, and take (t,z,v) € [0,T] x A x {|v] < M, |n(z1)-v| > n}
for some M, T,n > 0, and where (z,v) € X5. There exists eg = es(n, M, T) := 2RM 2T
such that for every e € (0,eg) there is no more specular reflection along the backwards trajectory.

Proof. We consider the point (t1, 21, v1) as the point of collision against the boundary through
the backwards trajectory starting from (¢, x,v) and which is given by (1.24). If we assume that
r € A5, that means that 77 € 9QF and a1 € (—e 1L,e7'L). In particular, we remark that
this means that the time of the trajectory from z towards x1, t — 1, is equal to the time of the
backwards trajectory from = towards z; with velocity v, within Q.

We call now d := |7 — 71|, the length of the chord formed by the points Z and Z; within Q5.
We call then € the center point of the circumference 025, and we observe that the angle

L(Z07T) =7 —24(ng,0),
where we remark that the first one is interpreted as the angle between the segments & and

0Z1, and the second is interpreted as the angle between the two vectors Nz and .
Using then the law of cosines we elementary deduce that

? = 2R% % (1 —cos(£L(T,0,71))) = 2% 2 (1 — cos (1 — 2/ (g, 0)))

2
2R% 72 (1 + cos (2Z (i3, 0))) = 4R%e 2 |cos (£ (7z,0))|* > 49{25_2%

Therefore 5o
T—-T 7
t—tg = > ome 1L
' ol M2
and we conclude by remarking that if € € (0,eg), then ¢ — ¢; > T which is a contradiction with
the fact that, from its very definition 0 > ¢t —t; < T. O

Lemma 4.8. Assume (RH2) to hold, and (t,z,v) € [0,T] x (AJUAS) x {|v] < M, |n(x)-v| > n}
for some M, T,n >0, and where (x,v) € X5. There exists ep =ep(M,T) := 2LM T~ such
that for every e € (0,ep) there is no more diffussive reflection along the backwards trajectory.

Proof. We will follow the same ideas as those exposed during Lemma 4.7. We assume, without
loss of generality that x € A§, i.e 2! = —Le™L.

We denote (t1,x1,v1) as the point of collision against the boundary through the backwards
trajectory starting from (¢, z,v) and which is given by (1.24).



32 R. MEDINA

We recall now that for every z € A§ and w € R3 there holds that |V, w|= |w| and (V,w)! = w?.
Therefore, and because |n(x) - v| > 1, we deduce that if there is a diffusive reflection through
the backwards trajectory it has to be because the particle eventually arrives at A§, even after
several possible specular reflections against A§ of the form (4.2). Moreover, we also observe in an
elementary way that the trajectory that minimizes the time to arrive to A§ is when a1 = Le™!
and 2?3 = 2?2, 23 = 23.

Due to this analysis, if we assume that 2} = Le™!, 22 = 22, 23 = 23, and we prove that this
collision cannot happen in the time interval [0, T] then this will conclude the proof. Finally, we
just need to observe that, for every ¢ € (0,ep), there holds

2

|ot — 2] _ 2Le7!
t—t = > > T,
' ot — M

which concludes the proof. O

4.2. Regularizing effect of K. We extend in this subsection the regularizing effect generated
by the interplay between the free transport semigroup and the non-local operator K to the
cylindrical framework.

Proposition 4.9. Consider Assumption (RH2) to hold, w1 € 21 a strongly confining admissible
weight function and let f be a solution of Equation (3.3). For every A > 0 there is eg = eg(\, T)
such that for every e € (0,e6) and every va € (0,v9) we have that for every point (t,z,v) € U5
with v ¢ Sy UW,, there holds

(01 v K (20| S AL+ s [ ol 0] + Ot ol 00
s€[0,t

£ Oe sup [ fullud + O+ He™ sup [ Gl 0n)]
5€[0,1] s€[0,1] wiv

for a constant C = C(\) > 0 and any o € [0,T] such that x —v(t — s) € Q. Furthermore, there
holds C'(X) S AP for some constant p > 0.

Proof. We define

J:=wi1(v)|Sa *xo Kf(t,z,v)] = wi(v)

)

/t Sa(t—s)Kf(s,z,v)ds

and arguing as during the Step 1 of the proof of Proposition 3.10 we have that by using (K1)
we deduce that for every N; > 0 there is mq(N7) > 0 such that

(4.10) J < Nite—uot sup [euos”fS”Lfl(OE)] + Sg %5 Ky (w1 (0)|f(t, z,0)]),
1 s€[0,t]
where we recall that K,,, has been defined in (K1).

Using then Lemma 4.4 and Lemma 4.5 we deduce that we can take the previous integral
over the set R?\ (S, UW;_s..), therefore we can define (s1,z1,v1) as the point of the first
bounce against the boundary through the backwards trajectory starting at (s,zs,v.), with
(x1,v1) € X4, 1 ¢ &, and whose formulas are given by (1.24). In particular, we remark that
1 = x5 — ($ — $1)Vx.

For any ap > 0 we define now ko, = 1{|n(z1)-v.|>a0}Fm,, and the operator Ko, as in
(3.10). Repeating the arguments from the Step 1 of the proof of Proposition 3.10 we have that

1
J< <F + QCkDmilOéo) te™" sup (€| fsllLe (05 | + Jo,
1 s€[0,t]
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with

t
305 5 %0 Ko (06200 = [

[oa

e_u@)(t—s)/ Kom, (0, 02 )1 (V)| (5, s, 02 ) [dv,ds.
RS

Using the Duhamel formula and repeating one more time the arguments from the Step 1 of the
proof of the Proposition 3.10, we further deduce that for every Nao, ag > 0 there is mo(N2) > 0
such that for every vo € (0,10) there holds

C;gDm‘ll
No

1
J < (— +2C,Dmiag +

N + C,%D2m‘1lm‘21a1) te Vot sup |:6VOS||fS||L$OI (Os)]

s€[0,t]

I/lt e—Vzt

+ODmbte™" | foll iz, o) + Cr D [ 1Gulsz, o]

vy — V2 s€[0,t]

+CEDmMy PP m 20y (mo)ay Y2 2e 70t sup [e70%| £yl u] + T,
s€[0,t]

where we have defined

¢
Ja :/ 67”(”)(%5)/ ko,m, (0, v )wi (vi)| f (81, 21, v4)| dusds,
o foul<ma, (1) 0. > a0

Using the Maxwell boundary conditions yields

flsr,x1,00) = (1= 5 (1)) f (81,21, Vo, vs) + 05 (1) A (vi) f (51, 21),
thus we deduce that J4 < J° 4+ JP where % and JP are given by (3.11), (3.12) respectively.
Step 1. (Control of the diffusive term JP ) We observe first that, since .#w; < 1, there holds

t
3P < [ o (wo)e 0 [ 1) (o) ) dudods,
o JR3 R3

Using then (K4) we have that for every Ay > 0 there are M;,n > 0 such that

3P < MG Dmite ™ sup [\l 0] + ¥
s€0,t]

where we have used the properties of k,,, as exposed in (K1), and we have defined
(4.11)

¢
jé):/ / kml(v,v*)eﬂ’(’(t*sl)/ |f(s1, 21, us)| (n(x1) - ws )4 dusdu,ds.
o JR |t | <M, |1y | >0

Arguing now as during the Step 1 we deduce that we may rewrite the previous integral as being
integrated over the set {|u.| < M, |n(z1) - us| > n} \ (Sg; U Wy, z,). Using then Lemma 4.8
there is ef = ep(n, M1, T) such that for every ¢ € (0,&4) there is no more collision against the
diffusive boundary through the backwards trajectory starting at (s1,x1,u.). We then denote
(s2,x2,u2) as the point of collision against the boundary through the backwards trajectory
starting at (s1, 1, us), moreover we remark that (z2,u.) € X% and due to the previous choice
of € we also have that
o = 1 — ux(s1 — S2) € AS.

Then, for any 71 > 0 small, we define % = {|u.| < My, |ng, - us] > n,n(z1) - uel < m},
Us = {|u| < My, |ng, - us| >0, |[n(x1) - us|> m}, and we have that JP < IP + 32 with

t
P = [ e [ s u)] (ae) ) du.do.ds,
o JR U

no
|

¢
gD . / /3 km, (Uav*)efuo(tfm)/ |f(s1, 71, us)| (n(21) - us )y dudv,ds.
o JR %,
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In order to control JP we perform the change of variable up‘" = (n(x1) - us)n(z1) and its
1 par par

perpendicular direction u; = uy, — uyx such that u, = uy~ + u* , and we obtain that

t m
Me™" sup 6”°S||fs||L$‘;<0€>}/ / kml(v’v*)/ dui/ i dvds
s€[0,t] o JR3 [u <My —m

2771 tM§D2Ckm?€7VOt S'l[lp] |:6VOS||fS||L$OI(OE):| ,
s€(0

37

IN

IN

where we have used the bounds on k,,, as exposed during (K1).

Step 1.1. Using then the Duhamel decomposition and arguing as during the Step 3 of Proposition 3.10
and we deduce that for every N3, g > 0 there is mg(N3) > 0 such that there holds

12C2D*mA M}

iy < (AlckDm;*t + N
3

+ G M maat + 20 DGt ) e sup. [0l o
s€(0,t

11 CrD*mi Mt

+CkD2milelf€_V°t||fo||ng(os) + e™"*" sup {euzsnGsHL‘” 71((95)}
Vo — V2 s€[0,1] it
HCED mitm M s o PP e sup [0 flld + 33
se(0,t

for every vp € (0,10), and where we have defined

t
38 = [ [ o wwde ) [ s Vi) [ (0(1) ) dudods,
o R3 U>

Using then Lemma 4.6, we deduce that there is a constructive constant Ay = A;(n) > 0
such that |n(x2) - Vi, |> A; uniformly in 2. Applying then Lemma 4.7 we have that there is
g2 = eg(A1, My, T), such that for every e € (0, min(e,£2)) there is no more bounce against the
specular reflection. Therefore the Duhamel formula gives J5 < 3% s1t JL 52t 35)3 with

t
B, = / / Ko (0,0, )70 0=52) / 1S5 (52) fo w2, Vaytia)| (n(1) - 02 4 dutaclods,
R3 U
332 = / / my U 'U* _Uo(t o2 / |Sy*Kf(sz,xg,Vmu*)Hn(:El)-u*)+,du*dv*ds,
R%

J85 = / / kml(v,v*)e_”o(t_”)/ [Sg * G(sz2,x2, Ve, us)| (n(x1) - us) 4, dusdosds,
R3 U

and we will control each of these terms separately. We compute then in a similar way as during

the Step 3 of the proof of Proposition 3.10, and we have that, for every v» € (0,1), and every

Ny > 0, there is my4(Ny) > 0 such that

nCLD*miMit y

%6 ot sup [e 2S||GS||LOO _,(09)
Vo — 12 s€[0,1] w1

38143824385 < CuD*mi Mi'te™™"|| fol| Lex 04+

t2C2D?miM?* -
4+ TR LT oot gyp |:el’05||fs||L$° (@s)] + C’,%mlm4M1 45,2,07
Ny s€(0,t] !

where we have defined

520 / / / / el’o(t*T)/ w(u’)|f(r,gg2 —Vz2u*(51 —r),u’)|,
[va|<my J{|u.| <M1} /| <ma
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Arguing then exactly as during the proof of Lemma 3.11 and using Lemma 3.8 we have that for

every ay > 0 there is €} = ey () > 0 such that for every e € (0, min(e}, €2, 3)) there holds

D 3 3 3,3 —vot —vos
js,2,0 < D’ mjyMiymyaste”™ s1[1p] [6 0 ”fs”ij’l(OE)
se[0,t

DR M P o (ma) 042 7 sup [0 £l
s€[0,t

Putting together the above estimates controlling the diffusion term we have that

202 D2mi M

P < [ A\ CpDmit
_<1km1+ N

+ CZD3miM{miast + 2 tM3D*Cym3

t2C2D?*ms M}
+% + O,%DBm?Mfmioqt) o~ vot sup |:6UOS||fS||Lf,ol(OE)j|
4 s€0,t]
_ 1 CLD*miMM
+2CkD2mlllM{lte VOt”fO”LZ"l (09 + 2#6 vat sup |:6V28||GS||LOO *1(Os)i|
Vo — 12 s€[0,¢] w1y
+CZD?mimy M P w(mg)ay PP 2e 7t sup [e70%) £y |4]
s€[0,t]
+O,§D221/2m‘1*m}1+3/2M11+3/2w(m4)a;3/2tze_”°t sup €% fs %]
s€[0,t]

for every v € (0,1p).

Step 2. (Control of the specular term J°) We recall now 3 defined in (3.11) and we recall that
x1 € A5. Using then the fact that [Vy v = |vi], [n(z1) - Vo, ve] = In(x1) - vi|, and that we
integrate on the velocity set {|v.| < mq, [n(x1) - vi| > ap} we deduce that it is equivalent to
integrate on the set {|Vy,vi| < ma, [n(x1) - Vo, vi| = a0} N {Vp,vx € Sy} N {Vp,ve € Wi, a0},
by using that the sets Sy, and Wy, o, N {|vi|< m1} \ Sy, have Lebesgue measure zero, due to
Lemmas 4.4 and 4.5. We denote (s3,x2,v2) the first bounce against the boundary through the
backwards trajectory starting at (s1, 1, Ve, vs) given by (1.24) and we remark that

Ty =21 — Vo, Us(51 —52) € & and (22, Ve v.) € X7

We define then the sets

s {v* € R3, |v.| < ma, |n(xs) - va| > g and o € A5},
dp = {v* €R3, v <ma, [n(xs) - ve| > g and 29 € AT UAS},

so we have that J5 < 3§ + 3%, where

t
3§ = /67”(”)(“5)/ koml(U,U*)eﬂ’(”)(“sl)wl(v*)(l—Ls(xl))|f(31,x1,V11v*)|dv*ds,
0 s
t
3 = / e / Fo.my (0, 0)e ™" O~ (0,)(1 = i (21)) | (51,21, Vayvs)| dvds,
0 b

and we study each one separately.
By repeating the analysis performed on the Step 2 of the proof of the Proposition 3.10,
using Lemma 4.7 instead of Lemma 3.4, we deduce that there is e > 0 such that for every
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e € (0,min(e}, 2,8, £¢)) and every Ng, ag > 0 there is mg(Ng) > 0 such that there holds

t
33 < <CkDmilﬁ6 + O/fDQmilmé%t) e ! sup, [6”°S||fs||ng(05)}
se|0,

— nt
+CrDmite 0t||f0||L$o (0% + CkDm‘fil e 2t sup |:€V25||G5||Lao 71(05)}
! Vo — V2 5€[0,t] wiv

+2120, (mg) DCEmy P my P ag P 2ot sup, (67l
se(0,t

for every vo € (0,19). On the other hand, to control J7, we use again the Duhamel formula and
we have that 3, <39, 4+ 39, +Ip 5 + IP 4 with

t
3%,1 = / / Eo.m, (0, v.)e 5001 (0,) [S7 (51) fo(x1, Ve, v4)| dvsds,
0 Jap
t S1
3% 2 = / / ko m, (v, v*)e_”o(t_sl)wl(v*) / Sz (s1 —r)K f(r,z1, Ve, v )dr| dv.ds,
’ 0 Jaop max{0,s2}
t S1
3%, = / / Eo.m, (v, v, )e 0500w (v,) / Sz (s1 —r)G(r,x1, Ve, v )dr| dvsds,
’ 0 Jaop max{0,s2}

t
3%14 / / Eo.m, (0, v.)e 0500w (0,) [Sa (51 — 52) f (52, T2, Ve, v4)| dvsds.
0 Jarp

We observe then that the first three terms can be controlled by repeating the same computations
as during the Step 1 of the proof of the Proposition 3.10, using Lemma 4.7 instead of Lemma 3.4.
Therefore, there is €3 > 0 such that for every e € (0, min(e}, €2, €3, 8,£3)) and every Ng, a6 > 0
there is mg(Ng) > 0 such that there holds

t — vos
3 < <C;€Dmilﬁ + C,fDQm‘fmgagt) e " sup [e 0 ||f5||Lgol(Os):|
6 s€[0,t]

— vt
+CrDmite 0t||f0||L$o (0% + CrDmj 1 vt sup [e”?SHGSHLm 71(05)}
! Vo — V2 s€[0,t] wiv

+23/201 (mg) DCIm S 232 322wt sup 1l + 3 ..
s€[0,t

We proceed then to control the remaining term 3%74, and using the boundary conditions of
Equation (3.3) we first have that

t
3%14 < / / koyml(v,v*)e_”"(t_sl)/ |f(s2, 22, u")| (n(z2) - u') 4 du'dv.ds.
o Jap RS

Repeating then exactly the same computations performed during the Step 1 of this proof we

deduce that there are €8,el > 0 such that for every e € (0, min(e}, 2,3, e8,23,€8,¢7)), there

holds that for every Ag,ma, N7, Ng,ar,as > 0, there are constants mg(Ng), m7(N7) > 0 such



THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL DOMAINS. 37

that
1202 D2mA M

N + CED*miMimiaqt + 2n2 t M3 D?*Com’
7

Ipa < (Azckpm;*t +

| PCRDPmin}

N8 + Cngm%Mfmga8t> eil’ot sup |:eVOS||fSHL301 (Os)j|

s€(0,t]
v CrLD*m3 Mt
Ak Tt sup {GU”HGsHL“’ _,(09)
vy — Vg s€[0,4] “rr

e*l/zt

+2C, D*miMite™ " foll s (0e) + 2

Zm my)mi T2 | 912 D2 RO 22 et qup (6000 £y ]
s€[0,t]

for every vy € (O, vg). We then conclude this step by putting together the previous informations

and we have obtained that
vt
js < Oigefw)t sup |:€ 08 HfSHLoo (09) :|—|—20kDm1(1—|—DM1 )76*1/215 sup evstGSHLoo 1(05):|
s€[0,t] Vo — 2 s€[0,t] w1y

+20,Dmi (1 + DM )te™ " fol| Les (07) + C5t2e ™" sup, [ fsllad]
se(0,t

with

CY = CpDmi— N + CED*mimiast + C;CDm1 N + C2D*mimgast + \oCr Dmit

t2O2D2 4M t2O D2 4M4
—l—%—kOﬁng%Mfm‘%aﬁ—l—Zm th’DQC’kmi’—l—%—FOzng%Mfmgagt,
7 8
and
CQS = 21/2DC,§m1+3/2 Zwl m] 1+3/2 73/2 Zwl mJ 1+3/20¢;3/2 DMllJr?’/2

Step 3. (Choice of the parameters) Putting together the estimates obtained from Steps 1, 2 we
get that for every ¢ € (0, min(eg, e2,e3,¢2,¢3,€5,¢8)) and v € (0,19) there holds

1< Cy (t + t2) e Vot st[lp] |:€V05||f5||L301(05):| + Ozte*uotHfoHLgol(os)
se[0,t

+ Cate™" sup [e*||fulla] + Cate ™" sup [ [Gulli,00)]

s€[0,t] s€[0,t]
with
1 CrDm} t2CED*miM
Ci = = +2CDmiao + ’“N L G2 D*mimian + MGy Dt + —H—L
1 2 3
t2c2D2 4M4
+C2D*miM}miast + % + C2D*miMimiast + CY
4
and
Cy = 3C,Dmi+2C,Dmi(1+DM}),  C3=CY+CF,
Cg = 21/2DC,3m}+3/2 Zw mj)m 1+3/20¢;3/2 —i—DJWHB/2 Zw mj)m 1+3/20¢;3/2 ,
Cy = —— (3C,Dm? + 4C, D*miM}) .

vy — Vg
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We then set the constants in a similar way as in the Step 4 of the proof of the Proposition 3.10
so that C7 < A. We define C' = max(C3, C3,Cy4) and we observe that, since the constants that
define C come from (K1), (K3) and (K4), there is a constant p > 0 such that C' < A7P. We
conclude by setting e = min(eg, €2, €3, e¢, €8, €8, £8). 0

4.3. Estimate on the trajectories. In this subsection we use then the regularization property
given by Proposition 4.9 to proof a L estimate of the solutions of the equation following a
similar argument as during the proof of Proposition 3.12.

Proposition 4.10. Consider Assumption (RH2) to hold, wy € 201 a strongly confining admissible
weight function, and let f be a solution to Equation (3.3). For every t € [0,T] and every A > 0
there is e7 = e7 (N, T) > 0 such that for every e € (0,e7) and every v € (0,1vp), we have that for
every (z,v) € OF, with [v| <M for any arbitrary M > 0, and v ¢ Sy UW, ., there holds

(4.12)

a0 SN+ 2 s [ ol 09] + 04D ol 0
s€|0,t

+ Ct2e™! sup [ f|lu] + C(1+ e ™ sup "Gl 00)]
s€[0,t] s€[0,t] wiv

uniformly in M. Moreover, C = C(X) > 0 and there is p > 0 such that C < A7P.

Proof. Starting from (t, z,v), and since |v|< 9 then Lemma 4.2 implies that there are only two
possible scenarios to consider:

e (Case 1. There are only specular reflections through the backwards trajectories. In particular,
there is M = N(T,z,M) < oo, given by Lemma 4.2, such that there are no more than 91
consecutive specular reflections through the backwards trajectories.

e (Case 2. There is a reflection against the diffusive boundary subsets before 91 specular
reflections.

We treat now each case separately.

Case 1. (Purely specular reflection) We recall that there are at most 9t collisions against the
boundary through the specular reflection boundary condition starting at (¢,z,v), where I is
given by Lemma 4.2. Then the iterated Duhamel formula gives

t N
f(t, T, 1)) = e*l/(v)(t*t‘n)f(tm, Ton, Um) + / Z ]-thSStj71 (S)Sy(tj,1 — S)Kf(s, Tj—1, Ujfl)ds
0 j=1

t N
+/ D Licocty 1 ()97 (t1 = 5)G(s, @51, 05-1)ds,
(R

where we have set (to, o, v0) = (¢, z,v) and we have defined (¢;,z;,v;) as in (4.2) for j € [1,9].

We then define (¢,Z,v) as the point of collision with the boundary set A§ through the
backwards trajectory starting at (tm,zg,vm). From the fact that there have already been
N specular reflections we remark that ¢ < 0, and using one more time the Duhamel formula we
obtain

ftzv) = e VOt G o (tq) folaem, ve) + So % K f(te, zov, vm) + S % Gtor, Tor, v
+ N+1

+/ Z 1 <s<t; 1 (8)S7(tj—1 — 8)K f(s,zj-1,vj-1)ds
0 =

+ N
+/ D licosty 1 ()97 (t1 = 5)G(s, w51, 05-1)ds,
0 i
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where we have denoted tmy1 = 0. Using now the fact that (K2) and Proposition 4.9 are uniform
in (¢,z,v) €UT, v ¢ Sy UW,y 4, and the fact that

t N+1

/ Z 1y <o<t; (s)ds =t,
0 =

we deduce that, by arguing as during the proof of Proposition 3.12, there is e = e¢(\, T'), where
g6(A, T) is given by Proposition 4.9, such that for every ¢ € (0,¢1) there holds

r(O)lf(a,0)| < Mt + £)e™" sup. [ fsllass 00)] + Cs(1 + B foll s o)
s€|0,t

+Cst?e™" sup [ full2] + Cs(1 +t)e™" sup [eV”IIGSIILwas) 7
s€[0,t] s€[0,t] 1
for some constant Cs < A™P with p > 0. We conclude this case by emphasizing that e and the
constant Cg, are independent of 91 and 9t due to the above arguments.

Case 2. (Possible diffussive reflection) We assume without loss of generality that the diffusive
collision against the diffusive boundary through the backwards trajectory happens at the first
collision. Otherwise, we just repeat the Duhamel formulation through the specular reflections
like performed on the Step 1, until the diffusive reflection happens and then we proceed as
follows.

We denote (t1,x1,v1) the first collision through the backwards trajectory as given by (1.24),
and we remark that 21 = 2 — v(t — ¢1). Using then the Duhamel formula we obtain

lwr (V) f(t, z,0)] < wi(0)S2 () (|fo(z,v)]) + wi(v)|Se * K f(t,z,0)| + wi(v)|Ss * G(t, z,v)|
+e—u(v)(t—t1)w1 ('U)lf(tl,xlavﬂ
= f1+j2+j3+j4’

and we proceed as during the proof of Proposition 3.12. On the one hand, using (K2) and
Proposition 4.9 we have that for every A\; > 0 there is €2 = g4(\1,T) > 0 and a constant
Cy = C1 (M) > 0 such that for every € € (0,e2) and every vy € (0,14) there holds

I+ Jo+ Iy S Ni(t+17)e ! sup, [6””5||fs||m'f°1 9| + @+ Crt)e ™ [ fol Lz (02
se|0,

B sup [ Ll + (1 4+ Co)(1+ e sup [e2*Gullizon)]
s€(0,t] s€[0,t] wiv

furthermore, there are ¢1,p; > 0 such that C; < g A\

We then control the boundary term .%;, and since we have assumed the reflection at the
boundary to be diffusive, then using (K4) we have that for every Ao > 0 there are M, n > 0 such
that

Iy < e F (b wy,w)|(nay - w) s du < Age” ™" sup GUOSHszLgOl(OE)} +7,
R3 s€[0,t]

where we have used that wi.# < 1, and we have defined

IP = et |f(t1, z1,w)] (n(z1) - u)4du.

/{u|<M7 In(z1)-ul>n}
By arguing exactly as during the Step 1 of the proof Proposition 4.9 controlling the term 3%
defined in (4.11) we deduce that for any 7; there is 41 = A;1(m) > 0, such that there is
et = eg(A1, M, T) given by Lemma 4.7 such that for every ¢ € (0, min(e%,£32,%)) there holds



40 R. MEDINA

that for every Az, Ay > 0 there are €2 = g(A3,T) > 0, €5 = 6(\s,T) > 0 and constants
C3 = C5(A3) > 0, Cy = C3(\y) > 0, given by the application of Proposition 4.9, such that

wilf(t,2,0)] < (M + Ao + 20 M3D + A\gM*D + \M*D) (t+t2)e "0t sl(?ﬂ {e””sl\fslngol (oa}
se(0,

+(1+C+M*'D+CsM*D+ M*D + CyM*D) (1+ t)e™"| foll es o)
+ (C1 + C3M*D + C4M*D) 2" sup [€"%| fs|n]
s€[0,t]

+(14Cy + M*D + CsM*D + M*D + C4M*D) (141) —2—e ! sup [e”?SHGSHLm 1(05)} ,
W1U7

Vo — V2 s€[0,1]

furthermore, there are cs, cq,p3, pa > 0 such that Cs < e3A\;7* and Cy < ¢\, P*. We take then
A =X2=)\/5,m =\ (10M3D) and A3 = Ay = \/(5M*D), and we define

Cp=1+Cy+M'D+CsM*D + M*D + CyM*D,

thus there is p’ > 0 such that Cp <A77,
We set e7 = min(el,e2,e3, 2,62 %) and we conclude the proof by putting together the
estimates from both of the possible scenarios. O

4.4. Weighted L control for solutions of Equation (3.3). In this subsection we use the
estimate obtained in Proposition 4.10 to deduce a weighted L> control on the solutions of
Equation (3.3).

Proposition 4.11. Consider Assumption (RH2) to hold, wi € 201 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). There is eg = es(T) > 0 such that
for every e € (0,e9) there holds

1fell s 0¢) < C(1+T)(1+T+T2)p€_y°tHf0||Lgo1(os)+C(1+T+T2)pT2€_V°t Sl[lopt] [e”%[| fsll2]
se|0,

+CA+T+ TP+ D)™™ sup [ Gl o0
s€[0,t “rv

for every t € [0,T], and some universal constants C,p > 0.
Proof. We follow the proof of Proposition 3.13. Let 9t > 0 and consider a point
(t,z,v) € (0,T) x Q° x {veR3, |v] <M}

such that v ¢ S, UW, ,. Applying then Proposition 4.10 we have that for every A > 0 there is
eg = e7(A, T') such that for every ¢ € (0,e5) and every vo € (0,14) there holds (4.12) for some
constant C' > 0 such that C' < A™P for some p > 0.

Using now Lemmas 4.4 and 4.5 we have that the sets S; and W, , have Lebesgue measure
zero, moreover we recall that the grazing set £ also has Lebesgue measure zero. Therefore we
may take the L°(Bgy) norm in the previous inequality followed by the supremum in 9t due to
the fact that eg and the constants given by Proposition 4.10 do not depend on 90, and finally
taking the L2°(Q°) We conclude by choosing A = (2(1 +t +t?))~* and following the ideas from
the proof of Proposition 3.13. g

4.5. Proof of Proposition 4.1. The proof follows exactly the proof of Proposition 3.1 by using
Proposition 4.11 in the place of Proposition 3.13. O
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5. A PRIORI ESTIMATES FOR WEAKLY CONFINING WEIGHTS

We consider the function G : U — R, and during this section we study the following evolution
equation

O f1 = TfH+Asfi+G inlU*
(5.1) v-fi = Zy+hi on I'®
fiiz=0 = fo in ©°,

where we recall that the free transport operator .7 is given by (1.19) and As is defined in (1.25).
We dedicate this section to prove the following result.

Proposition 5.1. Consider either Assumption (RH1) or (RH2) to hold, wy € Wy a weakly
confining admissible weight function, and let f1 be a solution of Equation (5.1). There are
constructive constants €9, 80 > 0 such that for every € € (0,g9) and every § € (0,8¢) there holds

(52)  [fillie @ < Ce™ 2! I follLes (00) + sup |2 *[[GallL= (0 vt >0,
“0 0 s€[0.1 wov

for some universal constant C' > 0, independent of €.

Remark 5.2. The proof of Proposition 5.1 follows the arguments developed during Sections 3
and 4. We pay particular attention to polynomial weights in order to determine the validity of
the lower bounds ¢ on their degree, as defined in Remark 1.2.

5.1. Weighted L estimate in smooth domains. We prove the following long-time behavior
result under Assumption (RH1).

Proposition 5.3. We consider Assumption (RH1) to hold, wy € Wy a weakly confining
admissible weight function, and let f1 be a solution to Equation (5.1). There are constructive
constants 10 > 0 and 61 > 0 such that for every € € (0,e19) and every § € (0,81) there holds

(5-3) [ frel

¥ Yo ¢
Ly (6 S€ 2 (Ifolleos) + Csz%pﬂ e? IGSIL;;VAOE)D vt >0,

for some constant C > 0, independent €.

Proof. The proof follows the main ideas of Proposition 3.12, Proposition 3.13 and Proposition 3.1,
thus we only sketch it.
We define G = As f1 + G, we take an arbitrary T' > 0 to be defined later.

Step 1. Let (t,z,v) € U5 such that v ¢ S, (v), we denote (¢1,21,v1) the first collision through
the backwards trajectory starting at (¢, z,v) as defined in (1.24).

Using the Duhamel formula, together with (K3), and (K4), we have that for every A > 0
there are M,n > 0 such that

V1 —vat

wol f1(t,,v)] < 67U°t||fo|\L;<;)(Os)+ e sup {6V2S||Gs||L§)V71(OE)}

vy — V3 s€[0,t]

(1= 10)e ™" sup [e"0%|fu,d
s€0,t]

+ Cohe 70t sup [e”°5||f1,s|

12307 o 2000

regerenew [ alts, 0, 0) () - )
lu| <M, |n(z1)-ul>n
where we have defined wy = wp(v), 0 = max(0, 1), and €y > 0 is such that wo.# < €.
By arguing then as during the Step 2 of Proposition 3.12 we apply Lemma 3.4 and there
is €1y = er(n, M, T) such that for every € € (0,e1,) there is no bounce against the boundary
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through the backwards trajectory starting at (¢1,21,u), and given by (1.24). Therefore the
Duhamel formula together with (K2) gives that

/ |f1(tr, 21, u)|(n(z1) - u) pdu < e sup [€7°°]| 1.4l oo (0]
[u| <M, [n(@1)-u|>n s€[0,t]

+DM467U°t||f0HLg%(Os)+ sup |:6V25HGSHL:)V71(OE):| 67'/0@41)67”2“/ wo (u) |uldu,

V1 = Vo selo,t] |ux | <M

and we will provide a precise control on the last integral.
First, when wg is an admissible polynomial weight function as considered in Subsection 1.2,
then wp(v) = (v)? and we compute

27
/||<Mw0—1(u)|u|du = /||<M Q|u|du—/ // 1+ A sin(8)drdfda

r(l+7r%—1)
= 47r/0 (A5 122 dr 47r/0 (1+r2)—1+‘1/2d
47 _ 2\2—¢ /2} M 47

= q—4{ (1+77) 0 Sq—4
where we have used the spherical change of variables on the first line and we have used that
g > q; > 5 on the last line.

Second, when wy is a weakly confining admissible weight function, which is not a polynome,

we easily deduce that there is a constant C,,, > 1 such that

/ |<Mwal(u)|u|du < Clp-

Altogether we have obtained that for every € € (0,1,) there holds

wo(V)|fi(tsz,v)] < (1= 1o+ CoA)e ™! i [6U05||f1,s|\L3‘;,(@€)} + (1 +€DMYe™| fol|es (0¢)
s€[0,t

+

14+ ¢,C,. ) e "2t su [el’” C~¥s o . ] .
Vo — V2 ( 2Coo) se[opt] I HLwov*l(O )
with Cy, = 4m/(q—4) when wo(v) = ( )2, is a polynomial admissible weight function. Recalling
that G = Asf1 + G, choosing €19 = €1, and 12 = 19/2, and observing that, since S (v), and 256
are sets of zero Lebesgue measure as discussed on Proposition 3.12, we can take the L (O*)
norm on both sides of the estimate above and we deduce that

”fl,t”Lg%(Os) < (1—-w+ Q:o)\)e*vmf Sl[lp] [el/os“fLSHL%(@g)} +(1+ QtoDM‘l)e*vatHfOHL%(os)
s€|0,t

1% _vo s
w22 (14 €oCu) e ¥ s [e 90 Ml o]
Vo s€(0,t]

1% v v
+2—1 (14 ¢Cly,) e~ 2t sup [eTOSHGSHLoo 71(05)} ,

o s€[0,t] wov
and we proceed to use the dissipative properties of As and to fix the constants for each type of
weight function.
e Weak inverse gaussian weights: If wo(v) = eI’ with ¢ € (0,1/4], we recall that
Asfi = K((1 — xs5)f) as defined in (1.25), therefore arguing as during the proof of (K1) we
deduce that for every N > 0 there is 67 = m(N)~!, where m(N) is given by the Step 2 of the
proof of (K1) in Lemma 3.6, such that for every § € (0,4;) there holds

1
[As 15l e (0) < N”fLSHLg%(OE)-
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We then choose N = 8uvy (1 + €Cly,) /(voto), A = to/(4€0), and we obtain (5.3) for weak inverse
gaussian weights, in the time interval [0, T7.

e Stretched exponential weights: If wy(v) = e${")" with s € (0,2) and ¢ > 0, we observe
that [38, Lemma 4.12] implies that

(5-4) IAsfrsllize o0 < @owllf1s]

Lg%(@f)a

and, furthermore, that we may choose §7 > 0 such that for every & € (0,67) there holds
121 Lo
2V_0 (1 + QOC‘—UU) Wswo < Z
We obtain then (5.3) for stretched exponential weights, in the time interval [0, T], by choosing

A= LQ/(4€O).

e Polynomial weights: If wy = (v)?, with ¢ > ¢ as defined in (1.7), using again [38, Lemma
4.12], we obtain (5.4) with wsw, — 4/(¢g — 1) as 6 — 0. We observe then that since ¢ > ¢,
there holds

We may choose then §5 > 0 small enough such that for every § € (0,9?) there holds

%1 47
2— (1 + Cqu_—4) TW§,wo < alo,

Vo

for some a € (0,1). We obtain then (5.3) for polynomial weights, in the time interval [0,T], by
taking A = (1 — a)ep/2.

We conclude the proof by taking T' > 0 such that Ce 2T < 1/2, choosing 6; = 63 in the case
of weak inverse gaussian weight functions, d; = 67 in the case of stretched exponential weight
functions, and 6; = &3 in the case of polynomial weight functions, and extending the result for
all time by repeating the analysis from the Step 3 of the proof of Proposition 3.1 (in a much
simpler setting). O

5.2. Weighted L*> estimate in cylindrical domains. We will now prove a similar long-time
behavior result to the one on the previous section under Assumption (RH2).

Proposition 5.4. Consider Assumption (RH2) to hold, wy € Wy a weakly confining admissible
weight function, and let f1 be a solution to Equation (5.1). There are constructive constants
e11 > 0 and 62 > 0 such that for every e € (0,e11) and every 6 € (0,92) there holds

[[f1.el

_¥o vo g
L (0¢) <e 2t (HfO”LZ‘B(OE) + Csil[lopt] [e 2 ”GS'Lf(’wl(OE)D vt > 0,

for some constant C > 0, independent of €.

Proof. The proof is a repetition of the proof of Proposition 5.3, by using the stretching method
argument for cylindrical domains as during the proof of Proposition 4.10, Proposition 4.11 and
Proposition 4.1, thus we skip it. O

5.3. Proof of Proposition 5.1. We conclude Proposition 5.1 by choosing eg = €19 and §y = 61,
where €19,01 > 0 are given by Proposition 5.3, if Assumption (RH1) holds, or eg = 17 and
8o = b2, where e11, 2 > 0 are given by Proposition 5.4, under Assumption (RH2). O
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6. WELL-POSEDNESS OF TRANSPORT EQUATIONS WITH MAXWELL BOUNDARY CONDITIONS

Before studying well-posedness results for transport equations, we summarize the results
obtained during Section 3 and Section 4 for the solutions of Equation (1.20).

Proposition 6.1. Consider either Assumption (RH1) or (RH2) to hold, wi € 201 a strongly
confining admissible weight function, G : U* — R satisfying {(Gi)o- = 0 for every t > 0, and
let f be a solution of Equation (1.20). There are constructive constants 12,60 > 0 such that for
every € € (0,e12) there holds

a2 2
1 fellLes (05) < Ce ot <|f0||Lg°1(O€) + Sl[lopt] e |GS|LZ°1V1(O€)}> vt >0,
s€|0,

for some constant C' > 0, independent of .

Proof. The proof is immediate from Proposition 3.1 and Proposition 4.1. We remark that we
take €12 = e1 if Assumption (RH1)holds, where ¢; is given by Proposition 3.1, and €15 = ¢5 if
Assumption (RH2)holds, where ¢5 is given by Proposition 4.1. |

We dedicate then this section to prove the following well-posedness results.

Theorem 6.2. Assume either Assumption (RHI1) or (RH2) to hold, consider wq € Wi a
strongly confining admissible weight function, let fo € L (O%), and G € L, - (UF).

For every e € (0,e12), where we recall that 12 > 0 is given by Proposition 6.1, there is
f € L U°), with a trace function vf € L (I'%), unique solution to Equation (1.20) in the
distributional sense, i.e for any o € DU®) there holds

t
(6.1) f(t,-)go(t,-)d;vdv—/ FE o+ f(Op—v-Vaep —vo)+ Gededvds
os 0 Jos

fo() dxdv+/ /Evfga v)do,dv,

for every t > 0, and where we have defined the formal adjoint operator

(6.2) K*p(v) := / k(vi, v) o(vy) dvs.
R3
Furthermore, there holds the results from Proposition 6.1.

Theorem 6.3. Assume either Assumption (RH1) or (RH2) to hold, consider wy € 2y a weakly
confining admissible weight function, let fo € LZ; (O%), and G € L, . (UF).

For every ¢ € (0,e9) and every 6 € (0,0), where we recall that £9,50 > 0 are given by
Proposition 5.1, there is f1 € L (U°), with a trace function v f1 € L (I'°), unique solution to
Equation (5.1) in the distributional sense, i.e for any ¢ € D(UF) there holds

t
(6.3) fi(t, ) o(t, ) dedv — / fiA5 o+ f(Owp —v-Vep —vp) + Gededuds
o 0o Joe

fo( )(0, )dazdv + / /5 vf1 ¢ (ng - v)do,do,

for every t > 0, and where we have defined the formal adjoint operator

(6.4) A5 p(v) == (1 - Xa(v))/RS k(vx, v) () s,

where we recall that x5 is defined in Subsection 1.4. Furthermore, there holds the result from
Proposition 5.1.
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6.1. Extra a priori estimates. We provide now extra a priori estimates needed for the well-
posedness results of this section.
Proposition 6.4. There is k € R such that for every f solution of Equation (1.13) there holds
(6.5) 1 fellae < el follan,
for every t > 0.

Proof. This result is classical in the study of the Boltzmann equation thus we only sketch it.
We first observe that [20, Theorem 7.2.4] implies that

(6.6) [ KR][3 < Ck|[h]|#,

for some constant Cx > 0. Arguing then at a formal level, we have that if f is a solution of
Equation (1.13) there holds

1d
s LM = [ o Vapi K- v M
o= (o
1
< -3 [ e oM - [ M
2 Xe Oe

where we have used the Cauchy-Schwartz inequality and (6.6) to obtain the second line. We
conclude by using the fact that the Maxwell collision operator satisfies

(6.7) X L*(21; | - oM™ = LA(Z4 5 |ng - oM™

with norm less than 1 (see for instance [15, Lemma 2.2]), using the Gronwall lemma and setting
k=Cg —19 €R. ]

Moreover, we have now the following lemmas on the a priori estimates for the trace.

For a set S € {A§ U A5, A5, &}, where we recall that &° has been defined in (4.3), we
define §s as a smooth C? function coinciding, in a small neighborhood of S, with the distance
function to the compact set S. We remark that regularity of ds is justified since C is always
a smooth compact submanifold (or the union of disjoint compact submanifolds) of R® making
the distance function to such set a smooth function in a small neighborhood around it, see for
instance [33, 34, 47].

We define then the function
1 if Assumption (RH1) holds

ST sy
T+ (5]

and we observe that (s € C1(Q°) for any S € {A; U A5, A5, &°}. We have then the following
extra a priori estimate for the boundary term.

if Assumption (RH2) holds,

Proposition 6.5. Assume there to hold either Assumption (RH1) or Assumption (RH2). There
is k € R such that for every f solution of Equation (1.13) there holds

(6.8) /0 /E(st)Q (ng - v)? Cee () (V)2 M~ dudo,ds < e[ foll %, vt > 0.

Remark 6.6. We note that on cylindrical domains (i.e under Assumption (RH2)) the estimates
for the boundary are more degenerate than for smooth domains. The extra term (g, making at
all possible the control of the trace, serves to—in a sense—smooth out the normal vector when
approaching the singular set G°.



46 R. MEDINA

Proof of Proposition 6.5. We divide the proof in two steps. First we obtain (6.8) for smooth
domains, and after we repeat and adapt those computations for the setting of the cylinder.

Case 1. (Smooth domains—Assumption (RH1)) We recall that (g= = 1 under Assumption (RH1),
and that in this setting the normal vector is a C? vector field of R®. We then compute

1d _ _ _ _

55/ (f)’ M Ho) 2 (g -v) = [ fe(=v-Vafi+ Kfi —vfe) MTH o) (ng - )
(6.9) o* o*

2

for some constant C' > 0, and we remark that we have used that |(v)~2(n; -v) |< 1, the Cauchy-
Schwartz inequality, and (6.6) to obtain the second line, in the same spirit as during the proof
of Proposition 6.4.

Using integration by parts we now have that

— =5 [ o VDM e o))+ Clfule

- / L0 ValfMT e o) (o) Pdode < = | fEMT (g -0 0) " dvdo + Cl il

for some constant C' > 0, and we remark that we have used the regularity of the normal vector
to deduce the last line. We conclude the proof by putting everything together, integrating (6.9)
in time, and using (6.5).

Case 2. (Cylindrical domains—Assumption (RH2)) During this proof we write any element
x € R3 by its components as ¢ = (z1,22,23). We consider the vector fields ni,ns : R? —» R3
defined respectively by
(Il,0,0) (O,IQ,IEg)

e 'L e~ R
We then observe that each of them is smooth and we remark that ni(z) = n(z) for every
x € A5UAS and na(z) = n(z) for every € A§. Moreover, from their very definition there holds

ny(x1, o, x3) := and  no(x1,xe,x3) 1=

for any ¢ € {1,2}. We then compute

1d 2 A q=17,\—2
3o | M) ) (1(0) ) o
(6.10) = . fi(=v-Vaofi+ Kfi —vfi) M7 (v) 72 (s () (na(2) - v) doda
=5 [ DM g0 (ma(0) ) o + LAl

for some constant C' > 0, and we remark that we have used that |(v)~2(ni(z) - v) |< 1, that
Cag is uniformly bounded from its very definition, the Cauchy-Schwartz inequality, and (6.6) to
obtain the last line.

We then recall that by its very definition (as(x) = 0 for every x € A5. We then have that

= [0 VM ) @) (1 ) - 0) o
=- / FEM T, () (ng - v)* (0) 2dvdo, + [ fEMT (v Va(na(z) - v)) (v) " *dvda
ASUAS o*
[ MO 0 Ve () () - 0) dud

=" / FEMTIn, () (ng - 0)(v) "2 dvdoy + C| fell3,
ASUAS
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where we have simultaneously used the regularity and boundedness properties of (5: and ny,
and the fact that ny(x) = n(z) for every A U A§, and (3(x) = 0 for every = € AS.
We now observe that
Qs (@) = (e (x) Vo e ATUAS,
and integrating in time and arguing as during the Case 1 of this proof we deduce that there is
a constant x > 0 such that

¢
/ / fSQM_1CGE(x) (ng - v)2<v>_2dvdamds < e”tHfoH%.
0 Jasuag

Repeating this exact arguments but using (asuas () (n2(x) - v) instead of (as(w) (n1(x) - v) in
(6.10) we obtain that

t
/ FIMT e () (n - 0)? (0) "2 dvdads S €| fol -
0 JAj

We conclude this case by putting together the two last estimates. O

Furthermore, we provide a priori estimates for the solutions of Equation (1.20) in weighted
L spaces, when (G)o- # 0.

Proposition 6.7. Consider either Assumption (RH1) or (RH2) to hold, w1 € 201 a strongly
confining admissible weight function, G : U5 — R, and let [ be a solution of Equation (1.20).
For every e € (0,e12), where we recall that e12 > 0 is given by Proposition 6.1, there holds

.2
(6.11) 1fell s (05 < € (6 % foll Les o) + ||G|\ij>1u,l(us)) vt >0,
for some constant C > 0, independent of .

Proof. We emphasize that the only difference between Proposition 6.7 and Proposition 6.1

is the fact that G does not have total mass zero for all time. This implies that during the

proof we will not be able to apply the hypocoercivity decay (2.1) to G, and in its place we

will use Proposition 6.4. We then put the extra exponential growth in time given by (6.5) with

the constants outside and shifting our estimate to control instead ||G||p= (<), the proof of
wiv

Proposition 6.7 follows exactly that of Proposition 6.1, thus we skip it. O

6.2. Well-posedness of Equation (1.13) in a weighted L? framework. We define now the
boundary measures

d¢; == MY (n, -v)dvdo,, and dé& = MTY(n, - v)? (ee(z) (v) 2 dudoy,,

and we define the space of renormalizing functions C;wy*(R) as the space of C! piecewise
functions with finite limits at £oo, and such that s — (s)5’(s) is bounded in R.

We then prove the following well-posedness of Equation (1.13) in A in order to justify the
computations from Section 2.

Theorem 6.8. Assume there to hold either Assumption (RHI1) or Assumption (RH2) and
consider fo € H. There is f € C(Ry,H) with an associated trace function vf € L?(I'¢; déxdt),
unique global solution to Equation (1.13) in the distributional sense (see for instance (6.1)).

Remark 6.9. In particular, Theorem 6.8 implies the existence of a strongly continuous semigroup
Sg : H — H associated to the solutions of Equation (1.13).

Remark 6.10. We observe that, in the case of cylindrical domains (i.e under Assumption (RH2)),
the functional space where the trace function is well defined is more singular than in the case
of smooth domains. This is in particular reminiscent of our comments from Remark 6.6
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The problem of well-posedness for transport equations with non-local terms presenting boundary
conditions has been deeply addressed in the literature, see for instance [55, 4, 5, 29, 49, 51, 52, 18].
However, due to the lack of a precise reference, we provide a sketch of the proof for Theorem 6.8.

Proof of Theorem 6.8. We divide the proof into three steps.

Step 1. We consider a function f € L?(T'*;dtd¢; ), and we study the following evolution equation

of = Zf inlU*
(6.12) v—f = f on I'®
ft=o = fo in O°.

A direct application of [55, Proposition 8.16] gives the existence of f € C(R,,H), with a trace
vf € L*(T%;d&;dt), unique renormalized solution to Equation (6.12). Furthermore, there is a
constant k > 0 for which there holds the enegy estimate

t

t
613) i+ [ N L aeds < ol + [ I e g
for every t > 0.

Step 2. Using then again (6.7) and the energy estimate (6.13) in a Banach fixed point
argument in the same spirit as in the proof of [12, Proposition 3.3], we obtain the existence
of f € C(R4,H), with a trace function v f € L*(T'%; dé;1dt), unique renormalized solution of the
equation

Of = —v-Vof+Kf—-vf inlU;
v-f = aZvf onI'7 _
ft:0 = fO in 087

for any a € (0,1). We remark that this solution is in the sense that for every ¢ € D(U¢), and
every [ € C; there holds

w , %k

(6.14) BUIE, ) e, ) —/ B ()oK f + B(f) (Owp —v- Vap) —vB'(f) f
(o 0 JoO=

- / / VBN e v)e = [ Bo))e(0.),
0 B s

for every t € [0,T]. Furthermore, there holds the energy estimate

t
(6.15) [ frell# + (1 = ak)/o g fralfe (o2 sae) < €l follas

for any t € [0, 7]

Step 3. For a sequence «y, € (0, 1) such that a1, we consider the sequence (f;) obtained by
using the Step 2 as the solution to the modified Maxwell reflection boundary condition problem

8tfk = —v- fok + ka in L{TE«
(6.16) Y_fx = oxRByifk on X%
fei=0 = fo in O°.

Using the renormalized formulation (6.14) with the choices 8(s) = Bar(s) = M A s?, for any
M > 0 and as tests functions ¢, the ones considered during the proof of Proposition 6.5, we
may argue as during the proof of Proposition 6.5, and using the integral version of the Grénwall
lemma we additionally have that

[ g Sl

T
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From the above estimates, we deduce that, up to the extraction of a subsequence, there exist
f e L*(0,T;H) N L>(0,T;H) and f+ € L*(T5, 4 ; d€adt) such that

S = f weakly in L*(0,T;H)NL>®(0,T;H), ~+fe — f+ weakly in L*(T'g, 1;dédt).

Since (v)M € L?(R%), we have that L?(T%,; dé2dt) C LY (T%; (s: () (ng-v)dvdo,dt). Moreover,
from the very definition of the rescaled Maxwell boundary condition (1.9), we have that as a
map

Z: L' (2% Cs= (2) (ng - v)dvdoy) — LY ; (s (2) (ng - v)dvdoy),
has norm less than 1. Altogether this implies that (v fi) — Z(f+) weakly in L' (T'_; {g= () (n
v)dvdoy,).

Furthermore, from [55, Proposition 8.10], we have that v f;, — v f weakly in L2 _(T'%; dé2dt).
Using both convergences in the boundary condition y_ fi, = Z(v+ fx), we obtain v_ f = Z(v+ f).

We may thus pass to the limit in the weak formulation of Equation (6.16), obtained from the
Step 2, and we obtain that f € C([0,T];H) is a weak solution to Equation (1.13). Moreover,
passing to the limit in (6.15), we also have that (6.5) holds. This and the linearity give the
uniqueness of the solution to Equation (1.13), and repeating this argument in every time interval
we conclude the existence and uniqueness of a weak global solution. 0

6.3. Proof of Theorem 6.2. We split the proof into four steps.

Step 1. (Classicaf solutions to the transport equation with smooth coefficients) We consider now
Hyi,Hy,$ € CHU®), ho € CL(OF) and we study the following transport evolution equation

8th = ﬂh—kHl—l—Hg inZ/{E
(6.17) v-h = 9 on A
htzo = ho n OE.

We classically have (see for instance the proof of [55, Lemma 8.12] and the references therein)
that a solution to Equation (6.17) is given by the representation formula

t
(6.18)  h(t,z,v) = e " ihg(z,v) 1, <0 + / e VW) (H) 4+ Hy)(s,z,v)ds

max(0,t1)
+ e—y(’u)(t—tl)ﬁ(t17 T, ’U) 1t1 >0,

and, in a smooth framework, we further have that h also satisfies the weak formulation

©19) [ et // Vg — (v //Eww e - )4
:/EhOSD(Oa)'f‘/O Esﬁ@(”zv++//aﬂl+ﬂ2)

for every ¢ € D(UF) and t € R
Moreover, multiplying (6.18) by w1, taking the L>°(O¢) norm, and using (K2) with vo = 1/2,
we deduce the energy estimates

vy
(6.20) 17l Loe @y < lhollLes (02 + 19llee ey + [ Hill Lo @e) +2—[[Hallz @),
1 1 1 1 13} wiv

Step 2. (Solutions to the transport equation with L™ coefficients) We assume now Hy € L (U),
Hy € Ly, (U7), H € LF([T2) and hg € LZ;(O°). We take then the sequence of smooth
functions H}, Hy € CL{U?), H™ € CL(T'?) and h} € CL(O?) such that, as n — oo, there holds
HY — Hy  strongly in LY (U°), H} — Hy  strongly in L2 . (U°),

(6.21) H = §H strongly in L°° (<), hy = g0 strongly in LZ (O°).



50 R. MEDINA

From the analysis performed during the Step 1, there is A" unique solution to Equation (6.17)
associated with H]" for 1 = 1,2, ", and h{. Moreover, there holds the representation formula
(6.18), the weak formulation (6.19), and the energy estimate (6.20).

In particular, defining the trace using the representation formula (6.18) as detailed in [55,
Definition 8.1], we deduce from (6.20), the linearity of Equation (6.17), and the convergences
from (6.21) that h™ and yh" are Cauchy sequences in Lgy, (U°) and L, (I'?) respectively. Therefore,
there are functions h € L, (U°) and vh € L, (I'¢) such that, as n — oo, there holds

h™ — h  strongly in LS (0O°) and ~h"™ — vh  strongly in LY (I'2).

w1 w1

Moreover, passing to the limit in the weak formulation of Equation (6.17) associated with H}*
for i = 1,2, $H", and hy, we deduce that h, with the trace function «yh, is a weak solution of
Equation (6.17) associated with H; for i = 1,2, $), and hyg, satisfying the energy estimate

(6.22)  |[hllLgs we) + 7RllLgs 0oy < Mhollzes (09) + 9 2eg (o)
2
+ [ Hll e ey + QV_”H?”LOO W)
0 wyv

In particular, (6.22) and the linearity of Equation (6.17) imply the uniqueness of this solution.
Furthermore, we may pass to the limit in (6.18) a.e in (z,v) € O° such that h satisfies the
Duhamel formulation (6.18).

Step 3. We now set ¢° = 0, ¢ € L (0), a € (0,1), we recall that G € LY, ., (U7) and we
consider the recurrent sequence of solutions given by the following evolution equation
Gt = TP L KyF 4+ G imue
(6.23) yopRtt = a Ry pk on I't.
fiol = '(/JQ in O¢.

Indeed, we remark that if we assume that, for a certain k, ¥* € L (Uf), then (K1) implies
that Ky* € L (U*). Therefore Step 2 implies the existence of Y+ € L (U4?), with a trace
yyktt e L (%), unique weak solution of Equation (6.23) in the sense provided by the Step 2.

We take now A > 0 to be fixed later and, inspired by the recent series of papers [15, 16, 12],
we define the modified weight functions

wit = Wit (v) = A7) + (1= Eav))wn,

where £4(v) := £(|v|/A), for a function £ € C*(R4,R), such that 1j ;) < & < 1[g 5. Moreover,
we remark that there is a constant ¢4 > 0 such that

(6.24) cilwr <wit <caw.
Using now the representation formula given by the Step 2 for the solutions of Equation (6.23),
multiplying by wi!, using (K1) together with (6.24), and arguing as during the proof of (K2)
with vo = 19/2, we deduce that there is a constant Cy > 0 satisfying
(6.25)  [FT(t, 2, 0)|wit = e[| Lo, (0e) + t Coll" || L=, (0%
“1 “1
+ CO”GHL""A (o9t awf‘(v) |92”Y+¢k(t1, r1,)|.
Wl v

To bound the boundary term from (6.25) we remark that

By  (t,n,0)] < (1= ) [ L, (00) + Wi M ‘/3 YF (b1, w1, u) (ng - w) 4 du

IN

(1— LE)HwkHLfA(OE) + LEHwkHLZOA(os)wf/// /R’* (ng - u) 4 wit(u) " Ldu.
1 1 B
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On the one hand, we observe that from the very definition of w4 there holds
wfl/// =&a+ (1 —E)w A < 1.
On the other hand, we have that

1< /]RS (nz . u)+ W?('“)*ldu = %(u)(nz ~u)+ (§A + (1 _ éA)w//l)ﬁ du =04 A::O 1,

R3

where we have used the fact that {4 + (1 — §a)w# — 1 as A — oo and M =1
Using then that o € (0,1) and ©®4 — 1 as A — 00, we can choose A > 0 large enough such
that © 4 < 1/a, this implies that

a(l=4+1"04)=a(l+:5(04—1)) <aB4 <1,

where we have used the fact that ®4 > 1 for every A > 0 and (°(z) < 1 for almost every
x € 09°. Using then the linearity of Equation (6.23) and the previous analysis we have that

[t = [, (00 + I = ¥, 05y < (ECo + @) [9F = 71, (09,
1 1 1

These informations imply that, for a small time Ty > 0, ¢* and ¥ are Cauchy sequences in
the the Banach spaces L% (U7, ) and L2 (I'7, ). Therefore there are functions ¢ € L% (UF,)
1 1 1

and v € Lz"f (I'7, ) such that, as k — oo, there holds
¥ — ¢ strongly in Lf}? (Uz,) and yp* — y1p strongly in LZ‘;A( )

Moreover, using (6.24) and passing to the limit in the weak formulation associated with Equation (6.23)
we deduce that 1 solves the evolution equation

oYy = ITY+Kyp+G inlU°
(6.26) y_p = aPByy on I'®
1/’1&:0 = Q/JO in 057

in the time interval [0, Ty]. Repeating this argument in every time interval [nTp, (n 4+ 1)Tp] for
every n € N we deduce the existence of a global solution ¥. Furthermore, from the representation
formula associated with Equation (6.23), and the previous strong convergence result we have
that

t

(6.27)  (t,z,v) = e "Wy (x,v) 14, <o + / e VW) (s, 2, v) ds
max(0,t1)
t
+ / e W) G(s,2,0) ds + e V(8 21, 0) 1y, >0,
max(0,t1)

for every ¢t > 0 and for almost every (z,v) € O°.

We can then use the well-posedness from the Step 3 of the proof of Theorem 6.8 and
Remark 6.9 to justify the repetition of the hypocoercivity result from Theorem 2.1 applied to
Equation (6.26). We may thus repeat the computations leading to the conclusion of Proposition 6.7.
Therefore, there are €12,6 > 0, given by Proposition 6.1, such that for every € € (0,e12), there
holds the following energy estimate

g2
(6.28) [YellLes (02) + ¥t Lge (52) < Ce ot <||1/10|Lgol(05) + Sl[tpt]|G||Liul(us)> :
se|0,

for every ¢t > 0, and where C > 0 is an universal constant independent of €. Finally, it is worth
remarking that (6.28) is uniform in « from the fact that this estimate comes from Proposition 6.7.
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Step 4. We now take a sequence «y 1, with k € N, and we consider the sequence (fx)gen
obtained in Step 3 as the solution to the modified Maxwell reflection boundary condition problem

Ofr = TH+Kfr+G inU®
(6.29) V-fe = ar By [k on I'®
fri=0 = fo in O°.

Moreover, it is worth remarking that there holds the representation formula (6.27) for fy.
Using then the energy estimate (6.28) we obtain that f* and ~f* are bounded sequences in
L (U®) and L (I'°), therefore there is f € LZy (U°) and v f € L (I'°) such that, as k — oo,
there holds
¥ — f weakly-# in L (U%) and vf¥ =~ f weakly-* in L3 (T9).

We can thus pass to the limit in the weak formulation associated to Equation (6.29) and we
deduce that f, with its associated trace v f, solves Equation (1.20) in the sense of (6.1).
Furthermore, we remark that by taking the representation formula (6.27) for f*, multiplying
it by any arbitrary function g € L}nl (U°), where my := wl_l, we may pass to the limit as k — oo
and by density we deduce that f also satisfies the representation formula (6.27).
Finally, we conclude by remarking that the conclusion of Proposition 6.1 holds from the fact
that we have access to a Duhamel-type formulation and using Remark 6.9. 0

6.4. Proof of Theorem 6.3. The proof of Theorem 6.3 follows exactly the same arguments
used for the proof of Theorem 6.2, using Proposition 5.1 instead of Proposition 6.7. 0
7. PROOF OF THEOREM 1.3 FOR STRONGLY CONFINING WEIGHTS

We dedicate this section to prove a first part of Theorem 1.3.

Theorem 7.1. Consider either Assumption (RH1) or (RH2) to hold, and let wq € 271 a strongly
confining admissible weight function. For every e € (0,e12), where we recall that e13 > 0 is
given by Proposition 6.1, there is ni(e) € (0,1) satisfying ni(e) — 0 as e — 0, such that if
fo € L (O°) satisfies

I folles 02) < (m0(€))?,
there is a function f € L (UF) with an associated trace vf € L (I'°), unique solution to

the linearized rescaled Boltzmann Equation (1.5)-(1.9)-(1.10) in the distributional sense, i.e for
every test function ¢ € D(U) there holds

(7.1) f(t,) go(t,-)dvdx—/ fOp+v-Vep+ Ko —vp)+oQ(f, f)dvdads
Os o Jos=

t
+/ / vf ¢ (ne - v)dvdo, = Jo (0, -)dvdz,
0 € Oe
for every t > 0, and we recall that K* is defined in (6.2). Furthermore, there holds
_p.2
(7:2) 1felles (o) <€ 0tple) vt >o.

7.1. Estimate on the bilinear Boltzmann collision operator. Before studying the non-
linear Boltzmann equation we state the following control on the bilinear Boltzmann collision
operator.

Lemma 7.2. Let w be an admissible weight function, and let g,h € LZ°(OF). There holds
1R(g: WllL== _, (0%) < CollgllLe (o) 1Pl s (0%)-

for some constant Cg = Co(w) > 0.
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Remark 7.3. This type of estimate is classical in the study of the Boltzmann equation, see for
instance [38, 42, 20, 31]. Thus we do not prove it, the interested reader may find a prove in
either of the above references.

7.2. Proof of Theorem 7.1. We define the norm

25
(7= s [ fylluzg 00
s€[0,00)

where we recall that 8 > 0 is given by Proposition 6.1. We consider a A > 0 to be fixed later,
and we define the Banach space

Zy={g e LG U), [lglh < A},

equipped with the strong topology in LZy ().
We denote ¥, as the map that to g € Z; assigns f the solution of

oaf = Zf+Q(g.9) U
(7.3) v-f = &+, on I'S
ft=o = fo, in OF,

which is given by Theorem 6.2. Indeed, we observe that Theorem 6.2 holds by using Lemma 7.2
and the fact that g € Z;. We remark then that Proposition 6.1 implies that for every ¢ € (0, £12)
there is Cy = Cy(g) > 0 satisfying Cy(e) — oo as € — 0, such that

2
(£ < Collfollas o) + Co sup [ Q(gu 9) 1=, 00)]
(7.4) ! s€[0,1] w1

< Col follzgs 02y + CoCollgll?
where we have used Lemma 7.2 to obtain the second line and the constant Cg = Cg(w1) > 0 is

given by Lemma 7.2.
We then choose ni(e) = A(g) and

1 1
A=A(e) :==mi 1] —0.
(€)= min (co<a><1 +Cq) 1Co(e)Co’ ) =0
In particular, this choice of A together with (7.4) implies that f € 2, thus ¥, : Z; — Z;.
Furthermore, if we take g1,92 € Z; and denoting f; = ¥1(g;) for ¢ = 1,2, we have that
1 = f1 — fo is the weak solution of the evolution equation

o = LY+ Qg1 +92,01 —g2) InlU°
- = By on I't
wt:O = 0 in OE,

in the sense of Theorem 6.2. Using then Proposition 6.1 and Lemma 7.2 as before we have that

(W1 < CoCollgr + g2llillgr — g2ll1 < 2CoCoA[[g1 — g2]]1 < S([g1 — g2]]1-

N =

This implies that ¥, is a contraction in Zy, thus there is a unique fixed point f € Z; for this map.
We deduce that f is a weak solution of the nonlinear Boltzmann Equation (1.5)-(1.9)-(1.10) in
the sense of (7.1). Furthermore, (7.2) comes from the very fact that f € Z;. O

8. PROOF OF THEOREM 1.3 FOR WEAKLY CONFINING WEIGHTS

We dedicate this section to prove the remaining part of Theorem 1.3 on the well-posedness
of the Boltzmann equation for weakly confining admissible weight functions.
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Theorem 8.1. Consider either Assumption (RH1) or (RH2) to hold, and let wy € Wy a weakly
confining admissible weight function. Define furthermore €13 := min(eg,e12), where we recall
that €9 > 0 is given by Proposition 5.1 and €12 > 0 is given by Proposition 6.1.

For every € € (0,e13) there is n3(e) € (0,1) such that nd(c) — 0 as e — 0, such that for every
fo € L (O°) satisfying

I foll e (02) < (m6(€))?,

there is f € L (U°) with an associated trace vf € Ly (I'®), unique solution to the linearized
rescaled Boltzmann Equation (1.5)-(1.9)-(1.10) in the distribution sense, i.e for every test function

© € D(UF) there holds
t
(8.1) ft,-) p(t,)dvde —/ f (O +v-Vap + K —vp) + ¢ Q(f, ) dvdzds
os 0 Jo:

t
+// vf o (ng - v)dvdo, = fo (0, -)dvdz,
0 € o=

for every t > 0, and we recall that K* is defined in (6.2). Furthermore, there is 6 > 0 such that
there holds

_p.2
(8.2) 1fills ) < e n(e) W0,

Remark 8.2. The proof follows the main ideas of [10, Section 6].

8.1. Dissipative equation. Let h: U* — R, we study the following equation

afi = Th+Ash+Qfi+th fi+h) inlU
(8-3) v-fi = Zvih on I'®.
fii=0 = fo in O°.

We dedicate this subsection to prove the following well-posedness result.

Proposition 8.3. Consider either Assumption (RH1) or (RH2) to hold, let wy € Wy a weakly
confining admissible weight function, and let fo € L (O°) and such that

1follzee (05) < M

some n1 > 0 small enough. Assume furthermore that for every € € (0,e8) and § € (0,00) there
holds

2
(8.4) sup [#* Il ns 00| <.
s€[0,00)

where £9,09 > 0 are given by Proposition 5.1, and 6 € (0,10/2) is given by Proposition 6.1. For
every € € (0,e8) and 0 € (0,00) there is f1 € L (UF) with an associated trace v f1 € Ly (I'F),
unique solution to Equation (8.3) in the weak sense, i.e for any ¢ € D(U®) there holds

t
(8.5) fi(t, ) o(t, ) dedv — / fiA5 o+ f(Orp+v- Ve —v) deduds
(o 0 JO=

t t
— / Q(f1+h, f1+h) pdzdvds + / / vf1 (ng - v)doydv = Fo()p(0, - )dzdv,
0 JO= 0 e o=

for every t > 0, and where we recall that A} has been defined in (6.4). Furthermore, there holds
_ 02 2 2
(86)  Ilfrllis o) < Ce <||fo|Lgo0<oe> + sw [ sl 25,0 ) vt >0,
or some constant C > 0, independent of €.
f P

Proof. The proof is mainly a repetition of the arguments from the proof of Theorem 7.1, thus
we skip it. O
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8.2. Control on the operator Cs. We recall the definition of K5 given by (1.25) and from
[38, Section 4] we have the following control.

Lemma 8.4. Let w be an admissible weight function. For every § > 0 there holds

(8.7) I1Ks fll oo 02y < Csll f | Lo (02
for some constructive constant Cs > 0.

8.3. Residual linear equation. We consider g : U — R, and we study the following linear
evolution equation

(%fz = ffz—l—lC(;g in U*
(8.8) V-f2 = A4 f2 on I'"
foi=0 = 0 in O°,

where we recall that KCs is defined in (1.25). We define the projection operator

Pf(t,x,v) = M(v) f(t, z,u)du,
OE
and we dedicate this subsection to prove the following well-posedness and long-time behavior
result

Proposition 8.5. Consider either Assumption (RH1) or (RH2) to be satisfied, let g € LY (U°),
for some weakly confining admissible weight function wy € W.

For every strongly confining admissible weight function wy € Wy, every 6 > 0, and every
e € (0,e13), where we recall that e13 > 0 is given in Theorem 8.1, there is fo € L, (U°) unique
weak solution of Equation (8.8) in the sense of the Theorem 6.2.

Moreover, if 2(fa+ g) =0, and for every e € (0,e13) there holds

5.2
(89) Ig¢ll e (05) < Cge 0ty >0,

for some constant Cy > 0, and where 8 > 0 is given by Proposition 6.1, then there is a constant
C = C(e) > 0 satisfying C(e) — 0o as € — 0, such that

_ 2
(8.10) ||f2,tHL;o1(0s) < CCye e,
for every t > 0.

Proof. The proof follows the main ideas from [10, Proposition 6.8] by using Lemma 8.4, the
existence results from Theorem 6.2 and the decay estimate from Proposition 6.1, thus we skip
it. O

8.4. Proof of Theorem 8.1. We consider h € L (OF) such that that for every e € (0,€13)
and § € (0,dp) there holds

2
(8.11) sup [695 S||h5||L3%(oe) <,
s€[0,00)
where dyp > 0 is given by Proposition 5.1, 8 € (0,19/2) is given by Proposition 6.1, and 7, > 0
is given by Proposition 8.3. We define f; € L (U4°) as the solution of the evolution equation

ofi = Th+Afi+Q(fi+h fi+h) inU
(8.12) - = %v+fi, on I'"
fii=o = Jfo, in 07,
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which is given by Proposition 8.3. Moreover, we fix w; € 20; a strongly confining admissible
weight function, and we define f, € LZy (U°) as the solution of the evolution equation

Ofe = ZLfo+Ksfr mlU*
(8.13) ~v_ fa A+ fa on I'®
for=0 = 0 in ©°,
which is given by Proposition 8.5. We emphasize that, defined this way, fo depends of h.
We define the norm

25
lgllo = sup [e***llgsllzz 0r)]
s€[0,00)

and, for A € (0,7:) to be fixed later, we define the Banach space Zy := {g € L (U°), [[g]lo < A},
equipped with the strong topology in Ly (U4*), which makes Z a bounded, convex, closed subset
of L (U?). Furthermore, we denote W as the map that to h € Zy assigns fa as defined above.

We remark that f1 + f2 solves Equation (1.20) with G = Q(f1 + h, f1 + h), which together
with (1.15) implies that Z2(f; + f2) = 0. We set then the constant C,,, > 0 such that

l9llee we) < CullgllLes e,
and using (8.11), (8.10) and (8.6) we obtain that
[[fi]lo < C1 (”fOHij(’)(OE) + [[h]]?)) <C1L((mg)?+ %), and  [[fa]lo < CuyCaCy ((119)* + A7),

where Cq > 0 is given by (8.6) in Proposition 8.3, and Co = Cy(e) > 0, satisfying Ca(e) — oo
as € — 0, is given by (8.10) in Proposition 8.5.
We define 1) = A and

— 0
e—0

1 1 1 1
A= A(g) := min < n >

8Cw1 0102(8) ’ 601 ’ 80@037 1GC3CQ ’ 2 ’ 1
where Cgo > 0 is given by Lemma 7.2 and Cs > 0 is the constant given by Proposition 5.1.
This choices of parameters implies in particular that [[f1]] < A and [[f2]]o < A, thus f1, f2 € 2o,
therefore ¥ : Zy — Zj.

Furthermore, we consider h1, ha € Zy and we define f1, g1 € Zp as the solutions of Equation (8.12)
associated with hy and ho respectively. We also define fo = ¥(hy) and go = U(hg), i.e the
solutions of Equation (8.13) associated with f; and g1 respectively. We denote ¢ = f1 — g1,

1 := fo — g2, and we observe that ¢ and 1 are the weak solutions of

O = To+Aso+Q(fri+g1+hi+ha,0+hi —hy) inlU*

V- = Avio, on I'®
(bt:() = 07 in 067
and
oYy = LY+ Ksp inlU°
V- = Ay on I'®
1/)15:0 - 0 in OE,

respectively. On the one hand using Proposition 5.1 and Lemma 7.2 we have that

(8.14)  [[Bllo < C3Co][f1 + g1 + h1 + ho]lo[[¢ + h1 — ha]lo < %[M’]]O +4AC5Cg[[h1 — ha]lo

where we have used the triangular inequality and the definition of A to obtain the last inequality.
In particular, (8.14) and our very definition of A implies that

610 < $ACsCallhn — hallo < 5l — Ao

This implies that ¥ is a contraction in Zj, thus using the Banach fixed point theorem we
deduce that there is a unique fixed point fo € Zy for this map. Moreover, from the very definition



THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL DOMAINS. 57

of the map ¥ we deduce that f5 is a weak solution of Equation (8.13), and Proposition 8.3 further
gives the uniqueness of f1, weak solution of Equation (8.12) with h = fs.

Putting together the aforementioned weak formulations we deduce that f = f1 + fa is a weak
solution of the Boltzmann equation (1.5)-(1.9)-(1.10) in the sense of (8.1). Finally, (8.2) comes
from the very fact that f = f1 + fo with fi1, fo € Zy. This concludes the proof. ]
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