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Abstract. In this article we study the well-posedness of the Boltzmann equation near its
hydrodynamic limit on a bounded domain. We consider two types of domains, namely
C2 domains with Maxwell boundary conditions where the accommodation coefficient is a
continuous space dependent function ι ∈ [ι0, 1] for any ι0 ∈ (0, 1], or cylindrical domains
with diffusive reflection on the bases of the cylinder and specular reflection on the rest of the
boundary. Furthermore, we work with polynomial, stretched exponential and inverse gaussian
weights to construct the Cauchy theory near the equilibrium. We remark that all methods
are quantitative thus all the constants are constructive and tractable.
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1. Introduction

This paper investigates the well-posedness and long-time behavior of the Boltzmann equation
in the regime close to the hydrodynamic limit. We consider this problem in bounded spatial
domains equipped with Maxwell boundary conditions, and where we distinguish between two
types of geometries: general C2 smooth domains and cylindrical domains.

We remark that we take an interest in cylindrical domains motivated by its physical applications,
the mathematical complexity of dealing with irregular domains, and as a first step towards more
complex settings in future works.

The strategy to achieve our results employs and extends the hypocoercivity techniques developed
in [6], as well as the stretching method introduced in [44]. In particular, we remark that during
this paper we craft a more delicate L2 − L∞ theory than the one employed in [44] and more
recently [43], which allows us to achieve quantitative decay estimates towards equilibrium.
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1.1. Framework. We consider a small ε > 0 and we study the following Boltzmann equation

(1.1) ε∂τF = −v · ∇yF + ε−1Q(F, F ) in U := (0,+∞) × Ω × R
3,

where F = F (τ, y, v) is a density function representing particles which at time τ ∈ (0,∞) are
located at position y ∈ Ω ⊂ R3 and moving with velocity v ∈ R3.

The presence of the small parameter ε > 0 in the equation reflects the fact that the system
is close to its hydrodynamic limit. For a detailed discussion of the physical interpretation and
the main mathematical results concerning this type of limit, we refer to [54].

The Boltzmann collision operator Q represents the collisions between particles inside Ω, and
is given by the bilinear form

Q(G,H) :=
1

2

∫

R3

∫

S2

B [G(v′∗)H(v′) +H(v′∗)G(v′) −G(v∗)H(v) −G(v)H(v∗)] dσdv∗,

where we have defined

v′ := v − ((v − v∗) · σ)σ, v′∗ := v∗ + ((v − v∗) · σ)σ,

with σ ∈ S2, and the collision kernel B = B(|v − v∗|, σ). We remark that B describes the type
of interaction particles exhibit and, during this paper, we will choose the so-called hard spheres
model by taking

B(|v − v∗|, σ) := |(v − v∗) · σ|.
We assume Ω to be a bounded domain such that |Ω|= 1, and we assume that there exists

δ ∈ W 1,∞(R3,R) in such a way that Ω = {y ∈ R
3, δ(y) > 0}, and |δ(y)| = dist(y, ∂Ω) on a

neighborhood of the boundary. We then define the normal outward vector

ny = n(y) := − ∇δ(y)

|∇δ(y)| for almost every y ∈ Ω̄.

We further define the boundary set Σ = ∂Ω×Rd and we distinguish between the sets of outgoing
(Σ+), incoming (Σ−), and grazing (Σ0) velocities at the boundary by

Σ± := {(y, v) ∈ Σ, ±ny · v > 0}, and Σ0 := {(y, v) ∈ Σ, ny · v = 0}.
Furthermore, we denote Γ := (0,∞) × Σ and accordingly Γ± := (0,∞) × Σ±. We define γF as
the trace function associated with F over Γ and γ±F := 1Γ±γF .

We then complement the Boltzmann equation (1.1) with the Maxwell boundary condition

(1.2) γ−F (τ, y, v) = Rγ+F (τ, y, v) := (1 − ι(y))S γ+F (τ, y, v) + ι(y)Dγ+F (τ, y, v) on Γ−,

where we have defined the accommodation coefficient ι : ∂Ω → [0, 1], the specular reflection
operator

S γ+F (τ, y, v) := γ+F (τ, y,Vyv) with Vyv = v − 2(ny · v)ny ,

and the diffusive reflection operator

Dγ+F (τ, y, v) := M (v)γ̃+F where γ̃+F =

∫

Rd

γ+F (τ, y, u)(n(y) · u)+du.

We have also defined the Maxwellian distributions

M :=
√

2πM, with M = M(v) := (2π)−3/2e−
|v|2

2 ,

and it is worth remarking that M̃ = 1.

We present now the two types of geometric assumptions for our domain Ω, and the respective
choice for the accommodation coefficient in each case.

(H1) Assume Ω ⊂ R3 is an open C2 domain, and δ ∈ C2(R3,R) ∩W 3,∞(R3,R). Moreover,
take ι ∈ C(∂Ω) and assume that there is ι0 ∈ (0, 1] such that for every y ∈ ∂Ω there holds
ι(y) ∈ [ι0, 1].
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(H2) Assume Ω = (−L,L) × Ω0, for some L > 0 and where Ω0 ⊂ R2 is the 2-dimensional ball
of radius R > 0 centered at the origin. In this case we also define

Λ1 := {−L} × Ω0, Λ2 := {L} × Ω0, Λ3 := (−L,L) × ∂Ω0,

and Λ := Λ1 ∪ Λ2 ∪ Λ3. Furthermore, we impose mixed boundary conditions by taking
ι = 1Λ1∪Λ2 , i.e purely diffusive boundary condition on the bases of the cylinder (Λ1∪Λ2),
and specularity on the lateral surface (Λ3).

Finally, we complement Equation (1.1)-(1.2) with the initial condition

(1.3) F (τ = 0, ·) = F0 in O := Ω × R
3,

for some function F0 satisfying 〈〈F0〉〉O :=

∫

O

F0 dydv = 1.

1.2. Main result and discussion. In order to express our main result we need to introduce
the set of the so-called admissible weight functions given by:

• Polynomial weights: We consider ω(v) = (1 + |v|2)q/2 with q > q⋆ι , for some explicit q⋆ι > 0
defined in Remark 1.2.

• Stretched exponential weights: We consider ω(v) = eζ|v|
s

with s ∈ (0, 2) and ζ > 0.

• Inverse gaussian weights: We consider ω(v) = eζ|v|
2

with ζ ∈ (0, 1/2).

Moreover, for a given measure space (Z,Z , µ), a weight function ρ : Z → (0,∞), and an
exponent p ∈ [1,∞], we define the weighted Lebesgue spaces Lp

ρ(Z) associated to the norm

(1.4) ‖g‖Lp
ρ(Z) = ‖ρg‖Lp(Z).

In this framework we have the following result for the Boltzmann equation.

Theorem 1.1. Consider either Assumption (H1) or Assumption (H2) to hold, and et ω be
an admissible weight function. There exists ε0 > 0 such that for every ε ∈ (0, ε0) there is
η(ε) ∈ (0, 1), satisfying η(ε) → 0 as ε→ 0, such that for every F0 ∈ L∞

ω (O) satisfying

‖F0 −M‖L∞
ω (O) ≤ (η(ε))2,

there exists a function F ∈ L∞
ω (U) unique global solution to the Boltzmann equation (1.1)–

(1.2)–(1.3) in the distributional sense. Furthermore, there is a constructive constant θ > 0 such
that

‖Fτ −M‖L∞
ω (O) ≤ e−θτ η(ε) ∀τ ≥ 0.

The precise sense of the solution given by Theorem 1.1 is constructed in Theorem 1.3, after
taking f = F −M, and performing the change of variables from Subsection 1.3.

We now briefly discuss the history of the progress on the study of the Boltzmann equation,
and we pay particular attention to boundary value problems. This has been an active field of
mathematical research since the groundbreaking works of L. Boltzmann in [7] and J.C. Maxwell
in [48].

We first mention the framework of renormalized solutions introduced by DiPerna and Lions
in [28] for any arbitrary data, and in this setting for bounded domains we cite the works by
S. Mischler in [51, 52], and we also refer to the results presented in the review paper of C.
Cercignani [19], and the references therein.

For other results concerning the Boltzmann equation (and variants), either on the torus or
on the whole space, we refer to [58, 39, 53, 38, 36, 40].

Regarding solely the long-time asymptotic behavior of (given) solutions we mention [26] by
L. Desvilletes and C. Villani, where they obtain relaxation to a Maxwellian global equilibrium
for positivity and regular enough solutions.
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On the existence of weak distributional solutions in bounded domains and their long-time
assymptotics, we have the pioneering paper by Y. Guo [42], where the boundary conditions
are either inflow, bounce-back, specular, or diffusive. It is worth mentioning though, that Guo
assumes the spatial domain to be convex and analytic, which are quite demanding hypothesis
in applications.

In the last decade there have been several studies with the objective of relaxing their geometrical
assumptions: we cite [9] where M. Briant studied a Boltzmann equations with diffusive reflexion
along a C1 domain—we note that he also studies the problem for specular reflections but under
the extra assumption of having an analytical and convex boundary. We also refer to the work
of C. Kim and D. Lee in [45] for C3 convex domains with specular reflections.

We also mention [21] where H. Chen and R. Duan consider a problem with mixed boundary
conditions. It is worth remarking that such mixed boundary conditions are similar in objective
as those of our Assumption (H2), however instead of a cylinder they consider a C1 domain.

For results on the Boltzmann equation in irregular bounded domains we cite [1] by L. Arkeryd
and A. Heintz for a general conservative boundary condition, and, more particularly in the
setting of cylindrical domains, we further cite [46], where C. Kim and D. Lee construct weak
solutions for the Boltzmann equation complemented with specular boundary conditions.

Regarding the problem under Maxwell boundary conditions we have the result from M. Briant
and Y. Guo in [10], under the conditions of having an accommodation coefficient bounded below

by
√

2/3, and for a C1 bounded domain.
For Boltzmann equations with long-range interaction (no Grad’s cutofff assumption) we cite

the more recent paper [25] where D. Deng studies the problem within a C3 bounded domain
and complemented with a Maxwell boundary condition and a fixed accommodation coefficient
ι ∈ (0, 1].

Moreover, we also have the preprint from Y. Guo and F. Zhou [44], and their recently updated
version with J. Jung [43], where they study a Boltzmann equation near the hydrodynamic
limit, in a C2 domain, complemented with Maxwell boundary conditions with a constant
accommodation coefficient within [0, 1]. They construct a perturbative well-posedness theory
for this problem and they also study its hydrodynamic limit.

The framework for our paper is motivated by, and therefore closely related to, the one
developed in [44, 43]. However, within the study of the Boltzmann equation, our result constitutes
a genuine generalization of theirs in several key aspects. First, we craft a more delicate L2−L∞

theory than the one presented in [44, 43] for the linearized problem, allowing us to derive
explicit and constructive decay rates to the equilibrium, going beyond the boundedness results
previously obtained. Second, we also carry out the analysis in cylindrical domains, introducing
the presence of geometric irregularities to the obtention of the estimates, thereby generalizing
the stretching method from [44, 43] for the cylindrical setting. Third, even though we do not
achieve the full range of [0, 1] for the accommodation coefficient in smooth domains, we allow
ι to be a spatially dependent continuous function, and within cylindrical domains we further
have it to be discontinuous.

This last fact makes Theorem 1.1 also a generalization of [10], where we recall that the

accommodation coefficient had an imposed lower bound of
√

2/3. It is also worth mentioning
that during the obtention of our main result we have extended, in Section 2, the results from [6]
by constructing hypocoercivity estimates in cylindrical domains satisfying Assumption (RH2).
Furthermore, we also provide well-posedness results for initial data with a wide range of decaying
tail at infinity, including polynomial.

Notably, we emphasize that, to the best of our knowledge, this is the first well-posedness
result for the Boltzmann equation in cylindrical domains with Maxwell boundary conditions
and a discontinuous accommodation coefficient ranging over the entire interval [0, 1].
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1.3. Transformation of the problem. To study the Boltzmann Equation (1.1)-(1.2)-(1.3),
we define the function F̄ such that

F̄ (τ, y, v) = F (τ, y, v) −M(v),

and we make the changes of variables τ = ε2t, y = εx, so we introduce Ωε := {ε−1y, y ∈ Ω}
and Oε = Ωε × R3. Then we naturally define

f(t, x, v) := F̄ (ε2t, εx, v),

so that f satisfies the linearized rescaled Boltzmann equation

(1.5) ∂tf = −v · ∇xf + C f + Q(f, f) in Uε := (0,+∞) ×Oε,

where we have defined the linearized Boltzmann operator C f := Q(M, f) + Q(f,M). We
decompose now C f = Kf − νf , where, on the one hand, we have the non-local operator

Kf = Kf(·, v) :=

∫

R3

∫

S2

B [M(v′∗)f(v′) + M(v′)f(v′∗) −M(v)f(v∗)] dσdv∗ =

∫

R3

k(v, v∗)f(v∗)dv∗,

with the kernel function

k = k(v, v∗) :=

√
2

π
|v − v∗|−1e

− 1
8

(|v∗|2−|v|2)2

|v−v∗|2
− 1

8 |v−v∗|
2−

|v|2

4 +
|v∗|2

4 − 1

2
|v − v∗|e−

|v|2

2 ,

see for instance [20, Theorem 7.2.1] for a derivation of k, up to a conjugate change of scale. On
the other hand, we have

ν = ν(v) :=

∫

R3

∫

S2

BM(v∗)dσdv∗,

and there are constants ν0, ν1 > 0 such that

(1.6) ν0 ≤ ν0〈v〉 ≤ ν(v) ≤ ν1〈v〉,
where we define 〈v〉 :=

√
1 + |v|2, and we refer to [38, Section 4] for a derivation of this.

Remark 1.2. Furthermore, also from [38, Section 4], we note that possible choices for these

constants are ν0 = 4π
√

2/(eπ) and ν1 = 16π. This motivates the definition of ν∗ := ν1/ν0 = 2
√

2eπ
and subsequently

(1.7) q⋆ι =





5ι0 + 8ν∗ +
√

128πC0ι0ν∗ + (8ν∗ − 3ι0)2

2ι0
if (H1) holds

5 + 16ν∗ +
√

9 + 160ν∗ + 256ν∗ (1 + πC0) + 256ν2∗
2

if (H2) holds,

where the constant C0 > 0 is such that ωM ≤ C0.

We translate now our framework towards this new setting. We recall that for any x ∈ ∂Ωε

there holds y = εx ∈ ∂Ω, thus we define δε : Ωε → R, δε(x) := δ(y), and we observe that there
holds almost everywhere

(1.8) n(y) = − ∇yδ(y)

|∇yδ(y)| = − ∇yδ(εx)

|∇yδ(εx)| = − ∇x[δ(εx)]

|∇x[δ(εx)]| = −∇xδ
ε(x)

|∇δε(x)| =: n(x) = nx,

which is nothing but saying that the normal vector on a rescaled point of the boundary set ∂Ωε

coincides with the one of the corresponding point on the original boundary set ∂Ω.

We define then Σε := ∂Ωε × R3 and we define accordingly the sets

Σε
± := {(x, v) ∈ Σε, ±nx · v > 0}, Σε

0 := {(x, v) ∈ Σε, nx · v = 0},
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and Γε
± := (0,∞) × Σε

±. We introduce the rescaled accommodation coefficient ιε : ∂Ωε → [0, 1]
defined as ιε(x) := ι(εx). We have then that the associated boundary conditions for the rescaled
Boltzmann Equation (1.5) read

(1.9) γ−f = Rγ+f = (1 − ιε)S γ+f + ιεDγ+f on Γε
−,

by abusing notation on the fact that we will maintain unchanged the symbols of the boundary
reflection operators.

We translate now the geometrical assumptions (H1) and (H2) into the rescaled setting.

(RH1) Ωε ⊂ R3 is an open C2 domain, and δε ∈ C2(R3,R) ∪W 3,∞. Moreover, ιε ∈ C(∂Ω) and
such that for every x ∈ ∂Ωε, ιε(x) ∈ [ι0, 1] with ι0 ∈ (0, 1].

(RH2) Ωε = (−Lε, Lε) × Ωε
0, with Lε := ε−1L and Ωε

0 := ε−1Ω0, i.e is the 2-dimensional ball of
radius ε−1R centered at the origin. We also define

Λε
1 := {−Lε} × Ωε

0, Λε
2 := {Lε} × Ωε

0, Λε
3 := (−Lε, Lε) × ∂Ωε

0,

and Λε := Λε
1 ∪ Λε

2 ∪ Λε
3. Moreover, we take ιε = 1Λε

1∪Λε
2
.

Finally we complement Equation (1.5)-(1.9) with the initial condition

(1.10) f(t = 0, x, v) = f0(x, v) := F0(εx, v) −M(v) in Oε,

and we remark that due to the hypothesis on F0 we have that 〈〈f0〉〉Oε = 0.

We state now an equivalent version of Theorem 1.1 in the rescaled setting, and this will be
the result we will prove during this paper.

Theorem 1.3. Consider either Assumption (RH1) or Assumption (RH2) to hold, and let ω
be an admissible weight function. There exists ε0 > 0 such that for every ε ∈ (0, ε0) there is
η(ε) ∈ (0, 1), satisfying η(ε) → 0 as ε→ 0, such that for every f0 ∈ L∞

ω (Oε) satisfying

‖f0‖L∞
ω (Oε) ≤ (η(ε))2,

there exists f ∈ L∞
ω (Uε), unique global solution to the linearized rescaled Boltzmann equation

(1.5)–(1.9)–(1.10). Furthermore, there is a constructive constant θ > 0 such that

‖ft‖L∞
ω (O) ≤ e−θε2t η(ε) ∀t ≥ 0.

In order to explain the precise sense of the solutions given by Theorem 1.3 we introduce the
subset of admissible weight functions, that we will call strongly confining, as follows

(1.11) W1 = {ω : R3 → R, ω(v) = eζ|v|
2

, with ζ ∈ (1/4, 1/2)}.
In consequence, we also define the space of weakly confining admissible weights by

(1.12) W0 = {ω : R3 → R, ω is an admissible weight function, with ω /∈ W1}.
We then remark that the proof of Theorem 1.3 is given by Theorem 7.1 for strongly confining
admissible weight functions and Theorem 8.1 for weakly confining ones.

1.4. Strategy for the proof of the main result. We explain in this subsection the main
ideas used for the proof of Theorem 1.3.

① Hypocoercivity decay: We consider the problem

(1.13)





∂tf = L f := −v · ∇xf + C f in Uε

γ−f = Rγ+f on Γε
−

ft=0 = f0 in Oε.
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On the one hand we observe that, for any nice enough functions G,H,ϕ : R3 → R, the
Boltzmann collision operator classically satisfies

(1.14)

∫

R3

Q(G,H)ϕ =
1

8

∫

R3

∫

R3

∫

S2

B (G′
∗H

′ +H ′
∗G

′ −G∗H −GH∗) (ϕ+ ϕ∗ − ϕ′ − ϕ′
∗) ,

where we have used the shorthands φ = φ(v), φ∗ = φ(v∗), φ′ = φ(v′), φ′∗ = φ(v′∗), and we recall
that v′ and v′∗ are given in Subsection 1.1. The interested reader can consult the derivation of
(1.14) in [20, Section 3.1].

In particular, if we set R3 ∋ v = (v1, v2, v3), then (1.14) implies that choosing ϕ = ϕ(v) to
be either 1, v1, v2, v3 or |v|2 there holds

(1.15)

∫

R3

Q(G,H)(v)ϕ(v) dv = 0.

Therefore, (1.15) implies that for the previous choices of ϕ there holds

(1.16)

∫

R3

(C f)(v)ϕ(v) dv = 0.

We now take as a momentary framework the Hilbert space L2
M−1/2(R3) endowed with the

scalar product

〈g, h〉L2

M−1/2
(R3) :=

∫

R3

g(v)h(v)M−1(v) dv,

and its associated norm as defined in (1.4). We observe that [20, Theorem 7.2.4] implies that we
can set Dom(C ) := L2

M−1/2(R3), that C is a closed operator on its domain, and (1.16) further
gives that

ker (C ) = span {M, v1M, v2M, v3M, |v|2M}.
This motivates the definition of Πf as the projection of f ∈ Dom(C ) onto ker(C ) given by

Πf =

(∫

Rd

f(w) dw

)
M +

(∫

Rd

wf(w) dw

)
· vM +

(∫

Rd

|w|2 − 3√
6

f(w) dw

) |v|2 − 3√
6

M.

We also note that C is self-adjoint on its domain and negative, so that its spectrum is included
in R−, and (1.16) holds true for any f ∈ Dom(C ). Furthermore, C satisfies a microscopic
coercivity estimate, more precisely [3, Theorem 1.1] gives that there is κ0 > 0 such that for any
f ∈ Dom(C ) one has

(1.17) 〈−C f, f 〉L2

M−1/2
(R3) ≥ κ0‖f⊥‖2L2

M−1/2
(R3),

where f⊥ := f − Πf . Finally, we observe that for any polynomial function φ = φ(v) : R3 → R

of degree less or equal to 4, there holds Mφ ∈ Dom(C ), and using again [20, Theorem 7.2.4] we
deduce that there is a constant Cφ > 0 such that

∥∥C (φM)
∥∥
L2

M−1/2
(R3)

≤
∥∥φM

∥∥
L2

M−1/2
(R3)

≤ Cφ.

Finally, we remark that the conservations laws (1.16) together with the fact that

‖R‖L1(Γε
+)→L1(Γε

−) = 1,

imply that, at least formally, Equation (1.13) conserves mass, i.e for any solution f of Equation (1.13)
there holds 〈〈ft〉〉Oε = 〈〈f0〉〉Oε = 0 for every t ≥ 0.

Altogether, the previous analysis implies that C satisfies the structural assumptions made
on [6]. We thus define the weighted Hilbert space H := L2

M−1/2(Oε) equipped with the scalar
product

〈g, h〉H :=

∫

O

g(x, v)h(x, v)M−1(v)dvdx,
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and we observe that [6, Theorem 1.1] and [6, Theorem 5.1] imply that under Assumption (RH1)
we have that there is κ > 0 such that any solution f of Equation (1.13) satisfies

(1.18) ‖ft‖H ≤ Ceκε
−2t‖f0‖H ∀t ≥ 0,

for a constant C > 0, independent of ε. We remark that the constant ε−2 on the rate of the
exponential decay comes from the change of variables made in Subsection 1.3, see for instance
[14, Proposition A.1] for a similar result.

We then dedicate Section 2 to prove (1.18) under the geometrical Assumption (RH2). The
main goal is to obtain H2 regularity estimates for the solutions of certain elliptic equations
introduced in [6, Section 2], for cylindrically shaped domains. It is worth remarking that this is
not straightforward because such gain of regularity, even though classical in smooth domains,
doesn’t necessarily hold for irregular domains, see for instance [37].

Once obtained these regularity estimates, the rest of the computations leading to (1.18) follow
as an exact repetition of the main ideas and computations from [6].

② L2−L∞ method for strongly confining weights: We remark that L = T +K, where we have
defined the free transport operator

(1.19) T h(t, x, v) := −v · ∇xh(t, x, v) − ν(v)h(t, x, v),

for any nice enough function h : Uε → R. We consider then a function G : Uε → R, and we
study the following perturbed evolution equation

(1.20)





∂tf = T f +Kf +G in Uε

γ−f = Rγ+f on Γε
−

ft=0 = f0 in Oε.

Our main interest is to provide weighted L2−L∞ estimates for the solutions of Equation (1.20)
by employing the stretching method developed in [44], see also [43]. To do this we define the
free transport semigroup, classically generated by T (see for instance [55, Section 8]), as

(1.21) ST (t)h(s, x, v) := e−ν(v)th(s, x− vt, v) for any s, t ∈ R+, and any (x, v) ∈ Oε.

Furthermore, for any sufficiently nice operator A, and any σ ∈ [0, t], we define the convolution
operation

(1.22) (ST ∗σA)h(t, x, v) :=

∫ t

σ

ST (t−s)Ah(s, x, v)ds =

∫ t

σ

e−ν(v)(t−s)Af(s, x−(t−s)v, v)ds,

and in particular we will classically denote ST ∗ A := ST ∗0 A. We now remark that ST will
satisfy two important properties.

• On the one hand, ST ∗K generates an integrability gain of the form L2 → L∞ in the sense
provided by Proposition 3.10 and Proposition 4.9, for the cases of smooth and cylindrical
domains respectively.

• On the other hand, and as described in (K2), weighted L∞ estimates on ST ∗ G generate
a gain of weight of ν−1, which is crucial to control the Boltzmann collision operator Q (see
Lemma 7.2).

Exploiting this, the strategy for the L2 −L∞ decay transfer will focus on the repeated use of
the Duhamel formula on the semigroup ST for the solutions of Equation (1.20), and using the
stretching method we will use the effect of the parameter ε on the domain to make small the
measure of the “set of singular trajectories”.

To explain how this works we first observe that the characteristics of Equation (1.20) are
given by

(1.23) X(s; t, x, v) := x− v(t− s) and V (s; t, x, v) := v.
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Therefore, for any fixed particle with coordinates in Uε, we can characterize the coordinates of
the last collision against the boundary of Ωε. Indeed, let (t0, x0, v0) ∈ Uε be the coordinates of
a particle, we define the time of collision along this trajectory (tb), the time of life of the particle
prior to such collision (t1), and the position (x1) and velocity (v1) at the boundary during this
collision, as follows

(1.24)

tb(x0, v0) = inf{s > 0; X(−s, 0, x, v) /∈ Ωε},
t1(t0, x0, v0) = t0 − tb(x0, v0),
x1(t0, x0, v0) = X(t1; t, x, v) = x− v(t− t1),

v1(t0, x0, v0) =

{
Vx1(v0) during specular reflection,
v∗0 during diffuse reflection,

where v∗0 stands for an independent variable.
We then note that the smaller ε is chosen, the flatter the boundary ∂Ωε becomes. In

particular, we observe that if the boundary is flat then any particle following the backwards
trajectories given by (1.24), doesn’t collide more than once against the boundary.

Therefore, the objective of the stretching method is to choose ε small enough such that the
set of paths that collide more than once against the boundary is small in an appropriate sense.

This will be done for smooth domains in Section 3, mainly by following the arguments
presented in [44]. Afterwards during Section 4, and following a similar methodology, we will
generalize this technique for cylindrical domains.

It is worth remarking that such a generalization is not straightforward and requires a more
delicate control of the backwards trajectories due to the presence of irregularities at the boundary.
In particular, we will need to account for trajectories where the particle changes between the
boundary subsets Λε

1 ∪ Λε
2 and Λε

3.
Finally, we emphasize that by combining in a very delicate way the L2 hypocoercivity decay

and the L∞ control given by the stretching method, we craft a L2 −L∞ control that provides a
control on the long-time behavior for the solutions of Equation (1.20) in a weighted L∞ space.

③ Proof of Theorem 1.3 for strongly confining weight functions: The a priori estimates obtained
by using the above L2 − L∞ method are enough then to construct a well-posedness theory for
Equation (1.20). Using all these elements we will prove the well-posedness of Equation (1.5)-
(1.9)-(1.10) by using a Banach fixed point argument.

④ Proof of Theorem 1.3 for weakly confining weights: In order to obtain the well-posedness for
the linearized Boltzmann equation for weakly confining weights, we need to split the problem
into a system of equations.

Before doing this we need to define some operators. Consider a parameter δ > 0, and define
the sets

Eδ
1 = {(v, v∗, θ) ∈ R

3 × R
3 × S

2; |v| ≤ δ−1, 2δ ≤ |v − v∗| ≤ δ−1, |cos(θ)| ≤ 1 − 2δ},
Eδ

2 = {(v, v∗, θ) ∈ R
3 × R

3 × S
2; |v| ≤ 2δ−1, δ ≤ |v − v∗| ≤ 2δ−1, |cos(θ)| ≤ 1 − δ},

and the cut-off function χδ ∈ C∞
c (R3 ×R3 × S2,R), such that 1Eδ

1
≤ χδ ≤ 1Eδ

2
. We define then

the operators

(1.25) Aδf = K((1 − χδ)f) and Kδf = K(χδf),

and we remark that K = Aδ + Kδ.
This choice for the splitting of the operator K is taken from [38] and motivated by the

ideas developed in [10, Section 6]. Its main interest is to exploit [38, Lemma 4.12], providing
dissipative estimates on Aδ.

Moreover, we remark that the nature of the operator Kδ will make it enjoy nice boundedness
properties (see for instance Lemma 8.4).
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We then observe that if f1, f2 are solutions of the system of equations

(1.26)





∂tf1 = T f1 + Aδf1 + Q(f1 + f2, f1 + f2) in Uε

γ−f1 = Rγ+f1 on Γε
−

f1,t=0 = f0 in Oε,

and

(1.27)





∂tf2 = L f2 + Kδf1 in Uε

γ−f2 = Rγ+f2 on Γε
−

f2,t=0 = 0 in Oε,

respectively then, at least formally, f = f1 + f2 is a solution of Equation (1.5)-(1.9)-(1.10). We
proceed to use the stretching method as during Sections 3 and 4 to provide analogue a priori
estimates for these problems and we construct their solutions by following the ideas from [10,
Theorems 6.1 and 6.9].

1.5. Organisation of the paper. This paper is structured as follows.
In Section 2 we generalize the hypocoercivity theory developed in [6] to cylindrical domains,

and as a consequence we deduce a decay estimate for the solutions of Equation (1.13) in the
Hilbert space H.

During Section 3 we consider Assumption (RH1) to hold, and we use the stretching method
developed in [44] to obtain a L2 − L∞ type of decay estimate with strongly confining weights,
for the solutions of Equation (1.20).

In Section 4 we consider Assumption (RH2) to hold, and still working with strongly confining
weights, we generalize the ideas and methods from Section 3 to cylindrical domains.

We devote Section 5 to study the linearized version of Equation (1.26) with weakly confining
weight functions. We use the stretching method as during Sections 3 and 4, and the dissipative
properties of the operator Aδ to obtain weighted L∞ decay estimates.

Section 6 then addresses the well-posedness of transport equations with non-local terms. The
focus is particularly in obtaining the well-posedness of Equation (1.20), the linearized version
of Equation (1.26), and Equation (1.27).

At last, we dedicate Sections 7 and 8 to prove Theorem 1.3 for strongly confining and weakly
confining weight functions respectively.

1.6. Notation. During this paper we consider µL to be the Lebesgue measure, and when it is
clear we will denote it as |·|= µL. We define dσx as the Lebesgue measure on the boundary set
∂Ωε. A 3−dimensional ball of radius r > 0 will be denoted as Br and D := |B1|. Moreover, for
a point z ∈ R3 we denote its component as zi or zi, with i ∈ {1, 2, 3}. Hk(Z) is the Sobolev
space for L2(Z) functions with k > 0 weak derivatives in L2(Z). Furthermore, we define the
tensor product between two vector a, b ∈ R3 as a⊗ b := (aibj)1≤i,j≤3 ∈ M3, the space of square
matrices of size 3. At last, or a, b > 0 we say that a . b when there is a constant c > 0
such that a ≤ cb, and throughout this paper we will denote as C, a constant that—unless said
otherwise—might change from one line to the other.

2. Hypocoercivity

We dedicate this section to prove the following hypocoercivity result.

Theorem 2.1. Consider either Assumption (RH1) or (RH2) to hold. There are constructive
constants κ > 0 and C ≥ 1 such that for any solution f of Equation (1.13) there holds

(2.1) ‖ft‖H ≤ Ce−κε2t‖f0‖H ∀t ≥ 0.
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Furthermore, there is a norm |||·||| equivalent to the usual norm of H uniformly in ε, i.e there is
a constant c > 0 independent of ε such that

(2.2) c−1‖f‖H ≤ |||f ||| ≤ c‖f‖H,
and a constant κ⋆ > 0 for which there holds

(2.3) |||ft||| ≤ e−κ⋆ε2t|||f0||| ∀t ≥ 0.

Remark 2.2. Theorem 2.1 under the assumption (RH1) is nothing but [6, Theorem 1.1] and [6,
Theorem 5.1] up to the change of variables performed in Subsection 1.4. Therefore our proof
will focus on proving the hypocoercivity of Equation (1.13) under Assumption (RH2).

2.1. Poisson equation in the cylinder. Consider Ωε satisfying the geometrical Assumption
(RH2) and let ξ ∈ L2(Ωε). During this subsection we study the following Poisson equation

(2.4)

{
−∆u = ξ in Ωε

(2 − α(x))∂nu+ α(x)u = 0 on ∂Ωε,

where α is chosen satisfying one of the following conditions:

(P1) either α = 1Λε
1∪Λε

2
,

(P2) or we assume 〈〈ξ〉〉Ωε = 0, and we take α ≡ 0.

We consider then the functional spaces

V1 := H1(Ωε) and V2 :=
{
u ∈ H1(Ωε), 〈〈u〉〉Ωε = 0

}
,

from where we define

Vk :=

{
V1 if (P1) holds,
V2 if (P2) holds.

and we will dedicate the rest of this subsection to prove the following well-posedness and
regularity result.

Theorem 2.3. Let Ωε be a cylindrical domain as defined in (RH2) and let either (P1) or
(P2) boundary conditions hold. For any ξ ∈ L2(Ωε) there exists a unique variational solution
w ∈ H2(Ωε) ∩ Vk to the Poisson Equation (2.4), i.e there holds

(2.5)

∫

Ωε

∇w(x) · ∇v(x) dx +

∫

∂Ωε

α(x)

2 − α(x)
w(x)v(x) dσx =

∫

Ωε

ξ(x) v(x)dx ∀v ∈ Vk.

Furthermore, there holds

‖w‖H2(Ωε) ≤ Cε−2‖ξ‖L2(Ωε),

for some constructive constant C > 0, independent of ε.

Proof. We split the proof into three steps.

Step 1. (Existence and uniqueness of variational solutions) The analysis for this step is classical
and similar to the arguments from the Step 1 of the proof of [6, Theorem 2.2], so we will only
sketch it. We introduce the bilinear form

a(u, v) :=

∫

Ωε

∇u(x)∇v(x)dx +

∫

∂Ωε

α(x)

2 − α(x)
u(x)v(x)dσx,

and we observe that a is continuous in Vk × Vk. On the other hand, by using the Poincaré-
Wirtinger’s inequality (see for instance [6, Proposition 2.1]) together with classical scaling
arguments, we deduce that

(2.6) a(u, u) & ε2‖u‖2H1(Ωε),

The bilinear operator a is thus coercive and the Lax-Milgram theorem implies the existence and
uniqueness of a variational solution w ∈ Vk for the Poisson Equation (2.4) in the sense of (2.5).
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Furthermore, from the variational formulation (2.5) and the previous coercivity estimate (2.6),
we further deduce that

‖w‖H1(Ωε) . ε−2‖ξ‖L2(Ωε).

In particular, we classically deduce that there is a trace function w|∂Ωε
∈ L2(∂Ωε) and there

holds

‖w|∂Ωε
‖L2(∂Ωε) . ε−2‖ξ‖L2(Ωε).

This concludes the well-posedness of Equation (2.4).

Step 2. (Domain reflection) We consider now the extended domain Ω̂ε := (−2Lε, 2Lε)×Ωε
0 and

we define

Λ̂ε
1 := {−2Lε} × Ωε

0, Λ̂ε
2 := {2Lε} × Ωε

0, and Λ̂ε
3 := (−2Lε, 2Lε) × ∂Ωε

0.

Now for any x ∈ R3, we write it as x = (x1, x̄) ∈ R×R2 and for any function φ with domain in

Ωε we define a new function φ̂ with domain in Ω̂ε as follows

(2.7) φ̂(x) =





φ(−x1 + 2Lε, x̄) if x1 ∈ (−2Lε,−Lε)
φ(x1, x̄) if x1 ∈ (−Lε, Lε)
φ(−x1 − 2Lε, x̄) if x1 ∈ (Lε, 2Lε).

It is easy to check that, defined this way, ŵ is a variational solution of the extended Poisson
problem

(2.8)

{
−∆û = ξ̂ in Ω̂ε

(2 − α̂(x))∂nû+ α̂(x)û = 0 on ∂Ω̂ε.

As a consequence, repeating the arguments of Step 1, we deduce that ŵ satisfies the following
estimates

(2.9) ‖ŵ‖
H1(Ω̂ε)

. ε−2‖ξ̂‖
L2(Ω̂ε)

and ‖ŵ|∂Ωε
‖L2(∂Ω̂ε) . ε−2‖ξ‖L2(Ω̂ε).

Step 3. (Regularity) Using the partition of unity (see for instance [8, Lemma 9.3]) we obtain the

existence of a collection of open balls of radius r > 0, (Bj
r)Nj=1 ⊂ R3 covering ∂Ω̂ε, and a family

of functions ̺j ∈ C∞(R3,R) with j = 0, . . . , N , such that

(i) 0 ≤ ̺j ≤ 1 for every j = 0, . . . , N , and
∑N

j=0 ̺j = 1 on R3,

(ii) moreover, supp ̺0 ⊂ R
3\∂Ω̂ε and for every j = 1, . . . , N , there holds that ̺j ∈ C∞

c (Bj
r).

In particular, we choose r > 0 small enough such that the balls Bj
r covering Λε

3 do not intersect

Λ̂ε
1 or Λ̂ε

2, and we call J the sets of such indexes plus 0, i.e

J =
{
j ∈ {1, . . . , N}

∣∣∣
⋃
Bj

r ⊃ Λε
3

∣∣∣Bj
r ∩ Λ̂ε

1 = ∅
∣∣∣Bj

r ∩ Λ̂ε
2 = ∅

}
∪ {0}.

Then we classically have, see for instance [8, Theorem 9.26 Steps C1 and C2], that for every

j ∈ J there holds ŵ̺j ∈ H2(Ω̂ε) and

(2.10) ‖∆(ŵ̺j)‖H2(Ω̂ε)≤ Ĉε−2‖ξ̂‖L2(Ω̂ε),

where Ĉ > 0 is a constant independent of ε. We deduce then that for every ϕ ∈ C∞
c (R3) we

have
∫

∪j∈JBj
r∩Ω̂ε

∇ŵ·∇ϕ =

∫

∪j∈JBj
r∩Ω̂ε

∇ŵ·∇ϕ̺j =
∑

j∈J

(∫

Bj
r∩Ω̂ε

∇(ŵ̺j) · ∇ϕ−
∫

Bj
r∩Ω̂ε

ŵ∇̺j · ∇ϕ
)

=
∑

j∈J

(∫

Bj
r∩∂Ω̂ε

ϕ∇(ŵ̺j) · nx −
∫

Bj
r∩Ω̂ε

∆(ŵ̺j)ϕ−
∫

Bj
r∩∂Ω̂ε

ŵϕ∇̺j · nx +

∫

Bj
r∩Ω̂ε

div(ŵ∇̺j)ϕ
)
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where we have used that ŵ̺j ∈ H2(Ω̂ε), ŵ∇̺j ∈ H1(Ω̂ε) and we have performed an integration
by parts on the third line. We then compute∣∣∣∣
∫

∂Ω̂ε

ϕ∇(ŵ̺j) · nx

∣∣∣∣ =

∣∣∣∣
∫

∂Ω̂ε

ϕ∇(ŵ) · nx̺j

∣∣∣∣+
∣∣∣∣
∫

∂Ω̂ε

ϕ∇(̺j) · nxŵ

∣∣∣∣ ≤
∫

∂Ω̂ε

|ϕŵ|
∣∣∣∣

α

2 − α
̺j + ∇̺j · nx

∣∣∣∣
where we have used the boundary conditions on the second line. Then by using the Cauchy-
Schwartz inequality we have∫

∪j∈JBj
r∩Ω̂ε

∇ŵ · ∇ϕ . ‖ϕ‖L2(R3)

∑

j∈J

(
‖∆(ŵ̺j)‖L2(Bj

r∩Ω̂ε) + ‖∇ŵ‖L2(Bj
r∩Ω̂ε) + ‖ŵ‖L2(Bj

r∩∂Ω̂ε)

)

. ‖ϕ‖L2(R3)ε
−2‖ξ̂‖L2(Ω̂ε)

where we have used (2.9) and (2.10) to obtain the second inequality. From the previous result

we deduce that ŵ ∈ H2(∪j∈JB
j
r ∩ Ω̂ε) and

‖∆ŵ‖L2(∪j∈J Bj
r∩Ω̂ε) . ε−2‖ξ̂‖L2(Ω̂ε),

which implies in particular that w ∈ H2(Ωε). Moreover, we remark that the above estimate
together with (2.9) implies that

‖w‖H2(Ωε) ≤ ‖ŵ‖H2(∪j∈JBj
r∩Ω̂ε) . ε−2‖ξ̂‖L2(Ω̂ε) . ε−2‖ξ‖L2(Ωε),

and this concludes the proof. �

2.2. Lamé system in the cylinder. Consider Ωε satisfying Assumption (RH2), and consider
Ξ ∈ L2(Ωε). We dedicate this subsection to study the following Lamé system of elliptic equations

(2.11)





− div(∇sU) = Ξ in Ωε

U · n(x) = 0 on ∂Ωε

(2 − ιε(x))[∇sU · n(x) − (∇sU : n(x) ⊗ n(x))n(x)] + ιε(x)U = 0 on ∂Ωε.

We consider the functional space

(2.12) U (Ωε) := {U ∈ H1(Ωε), U(x) · n(x) = 0 on ∂Ωε},
and we will prove the following well-posedness and regularity result.

Theorem 2.4. Let Ωε be a cylindrical domain as described in (RH2). For any Ξ ∈ L2(Ωε)
there is a unique variational solution W ∈ U (Ωε) ∩H2(Ωε) to the Lamé system (2.11), i.e for
any V ∈ U (Ωε) there holds

(2.13)

∫

Ωε

∇sW (x) : ∇sV (x)dx +

∫

∂Ωε

ιε(x)

2 − ιε(x)
W (x) · V (x)dσx =

∫

Ωε

Ξ(x) · V (x)dx.

Furthermore, there holds

(2.14) ‖W‖H2(Ωε) ≤ Cε−2‖Ξ‖L2(Ωε),

for some constructive constant C > 0, independent of ε.

2.2.1. Preliminary inequalities. Before proving Theorem 2.4 we will prove some preliminary
results in order to provide the coercivity for Equation (2.11).

One of the main inequalities to study this problem will be Korn’s inequality, and we refer
to [30, Theorem 3.2, Chapter 3], [24] and [27] for more on the history and applications of this
type of inequality.

Lemma 2.5. Consider a vector-field U ∈ H1(Ωε), the following statements hold.

(L1) (Poincaré’s inequality) If U(x) · n(x) = 0 for almost every x ∈ ∂Ωε we have that

ε2‖U‖2L2(Ωε) . ‖∇U‖2L2(Ωε).
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(L2) (Korn’s inequality) There is a constant C > 0, independent of ε, for which there holds

‖∇U‖2L2(Ωε) .C ‖∇sU‖2L2(Ωε) +

∥∥∥∥∥

√
ιε

2 − ιε
U

∥∥∥∥∥

2

L2(∂Ωε)

.

Proof. The proof of Poincaré’s inequality given by (L1) is nothing but a repetition of the
compactness arguments used during the proof of [6, Lemma 2.7], and we deduce the dependence
on ε by a standard scaling argument.

Moreover, the proof of the Korn inequality given in (L2) follows by using the exact same
arguments as during its proof in [6, Lemma 2.5], with a few extra considerations. First we
deduce the validity of [6, Lemma 2.3] for cylindrical domains by arguing as during [27, Section
5]. Secondly, we repeat the proof of [6, Lemma 2.4] by taking into account not to choose a point
in the singular set of the boundary of the cylinder and we follow the same ideas. �

2.2.2. Proof of Theorem 2.4. We divide the proof into two steps.

Step 1. (Existence and uniqueness of variational solutions) We consider the bilinear operator
A : U (Ωε) × U (Ωε) → R defined as

A(U, V ) =

∫

Ωε

∇sU(x) : ∇sV (x)dx +

∫

∂Ωε

ιε(x)

2 − ιε(x)
U(x) · V (x)dσx.

We observe that A is continuous on U (Ωε)×U (Ωε) and (L1) and (L2) from Lemma 2.5 together
imply that A is also coercive. We then may apply the Lax-Milgram theorem and we get that for
every Ξ ∈ L2(Ωε) there is a unique variational solution W ∈ U (Ωε) of the Lamé system (2.11).
Furthermore, using the coercivity of the operator A and the weak formulation (2.13) we deduce
that

(2.15) ‖W‖H1(Ωε) ≤ CL ε
−2‖Ξ‖L2(Ωε).

for some constant CL > 0 independent of ε.

Step 2. (Domain reflection and regularity) Following the same reflection method as for the
Poisson equation, we extend the functions component-wise as described in (2.7). We observe

that Ξ̂ ∈ L2(Ω̂ε) and that Ŵ is a variational solution of the problem

(2.16)





− div(∇sŴ ) = Ξ̂ in Ω̂ε

Ŵ · n(x) = 0 on ∂Ω̂ε
(
2 − ι̂ε

)
[∇sŴ · n− (∇sŴ : n⊗ n)n] + ι̂ε Ŵ = 0 on ∂Ω̂ε.

Moreover, by arguing as in the Step 1 we have that

(2.17) ‖Ŵ‖
H1(Ω̂ε)

. ε−2‖Ξ‖
L2(Ω̂ε)

.

Repeating the arguments from [6, Theorem 2.11, Steps 3 and 4] together with (2.17), we deduce
that for every small enough open set G ⊂ (−3Lε/2, 3Lε/2) × Ωε

0 there holds

‖Ŵ‖H2(Ω̂ε∩G). ε−2‖ξ̂‖L2(Ω̂ε).

We then choose a finite family of open sets (Gj)
N
j=1 with Gj ⊂ (−3Lε/2, 3Lε/2) × Ωε

0 and such

that
⋃N

j=1 Gj ⊃ (−Lε, Lε) × Ω0. Using then the above estimate we deduce that W ∈ H2(Ωε)
and there holds

‖W‖H2(Ωε) ≤ ‖Ŵ‖H2(
⋃

N
j=1 Gj)

. ε−2‖Ξ̂‖
L2(Ω̂ε)

≤ 3ε−2‖Ξ‖L2(Ωε).

This completes the proof. �
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2.3. Proof of Theorem 2.1. As discussed during Remark 2.2, Theorem 2.1 under hypothesis
(RH1) is nothing but [6, Theorem 1.1] and [6, Theorem 5.1]. Moreover, the existence of the
norm |||·|||, and the fact that it is equivalent to ‖·‖H uniformly in ε, is obtained by arguing exactly
as during the proof of [6, Theorem 1.1], but we also refer to [14, Theorem A.1] together with
the comments and references on [14, Appendix A].

Finally, the proof of Theorem 2.1 under the assumptions (RH2) is mainly a repetition of the
proof of [6, Theorem 1.1] using instead the regularity results from Theorems 2.3 and 2.4. �

3. Stretching method for strongly confining weights in smooth domains

During this section we assume there to hold assumptions (RH1), and we study Equation (1.20).
We dedicate this section to prove the following result.

Proposition 3.1. Consider Assumption (RH1) to hold, ω1 ∈ W1 a strongly confining admissible
weight function, G : Uε → R satisfying 〈〈Gt〉〉Oε = 0 for every t ≥ 0, and let f be a solution of
Equation (1.20). There are constructive constants ε1, θ > 0 such that for every ε ∈ (0, ε1) there
holds

(3.1) ‖ft‖L∞
ω1

(Ōε) ≤ Ce−θε2t

(
‖f0‖L∞

ω1
(Oε) + sup

s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

])
∀t ≥ 0,

for some constant C = C(ε) > 0 such that C(ε) → ∞ as ε→ 0.

Remark 3.2. Throughout this paper (at least when working at the level of a priori estimates)
we will use the notation

(3.2) ‖ft‖L∞
ω (Ōε) := ‖ft‖L∞

ω (Oε) + ‖γft‖L∞
ω (Σε),

for any admissible weight function ω, and we recall that L∞
ω (Σε) := L∞(Σε, ω(v) dvdσx).

Remark 3.3. The computations leading to the proof of Proposition 3.1 use the stretching method
developed in [43] (see also the previous version [44]). Nonetheless, we point out that the
exponential decay obtained in Proposition 3.1 is actually an improvement of [43, Proposition
4.1]. This is done by using a more delicate way of combining the hypocoercivity exponential
decay from Theorem 2.1 and the weighted L∞ estimate obtained by using the stretching method.
Such type of way of combining norms is reminiscent of [13, Proposition 3.6], [17, Proposition
3.2], [50, Proposition 4.1], and [32, Proposition 7.2].

3.1. Auxiliary problem in finite time and backwards trajectories. Here and below,
during this section, we consider an arbitrary T > 0, we take G as defined in Subsection 1.4, and
we study the following evolution equation

(3.3)





∂tf = L f +G in Uε
T := (0, T ) ×Oε

γ−f = Rγ+f on Γε
−,T := (0, T ) × Σε

−

ft=0 = f0 in Oε.

For any fixed (t, x, v) ∈ Uε
T , we recall the backwards trajectories defined in (1.24), and we define

the singular set along the backwards trajectory

(3.4) Sx := {v ∈ R
3; ∃ t ∈ [0, T ], n(X(tb(x, v), t, x, v)) · v = 0}.

3.2. Stretching lemma. We have now the following lemma, which is mainly an application of
[43, Lemma 4.3].

Lemma 3.4. Assume (RH1) to hold. Let (t, x, v) ∈ [0, T ] × ∂Ωε × {|v| ≤ M, |nx · v| > η} for
some M, η > 0 and such that (x, v) ∈ Σε

+. There exists εR = εR(η,M, T ) . ηM−2T−1 such
that for every ε ∈ (0, εR(η,M, T )) there is at most one bounce against the boundary ∂Ωε along
the backwards trajectory.
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Remark 3.5. The proof of Lemma 3.4 follows mainly using the computations from [43, Lemma
4.3] in a very close way to that of [43, Lemmas 4.4 and 4.5], and we remark that the arguments
are, in a certain sense, local along trajectories.

3.3. Preliminary lemmas. We present now several results which will be useful during the rest
of this paper.

Lemma 3.6. Let h : Uε → R, we consider ω to be an admissible weight function, and we define

ς(v) = eζ|v|
2

for ζ ∈ (0, 1/2). The following statements hold.

(K1) For every N > 0 there is m = m(N) ≥ 1 such that

ς(v)|Kh(v)| ≤ 1

N
‖h‖L∞

ς (R3) +Km (|ς(v)h(v)|)

where Kmh :=

∫

R3

km(v, v∗)h(v∗)dv∗ and

(3.5) km(v, v∗) := ck1|v∗|≤m1|v|≤m1|v∗−v|≥1/m

(
|v − v∗| + |v − v∗|−1

)
,

for some constructive constant ck > 0. It is also worth remarking that km ≤ Ckm, where
Ck = 3ck.

(K2) For every ν2 ∈ (0, ν0), every (t, x, v) ∈ Uε, and every σ ∈ [0, t] there holds

ω(v) |ST ∗σ h(t, x, v)| ≤ ν1
ν0 − ν2

e−ν2t sup
s∈[0,t]

[
eν2s‖hs‖L∞

ων−1(O
ε)

]
.

where we remark that ST ∗σ h is in the sense of (1.22) taking A = Id,
(K3) Let 0 ≤ r ≤ s ≤ t, x ∈ Ωε, u, v∗ ∈ R3 and consider a function X = X (t, s, r, x, u, v∗) such

that

|det∇v∗X (v∗)| ≥ C0|s− r|3,
for some constant C0 > 0. Then for any m1,m2 > 0, and every α > 0 there holds

∫ t

0

∫

|v∗|≤m1

∫ s

0

e−ν0(t−r)

∫

|u|≤m2

ω(u)|h(r,X , u)| dudrdv∗ds ≤ D2m3
1m

3
2 α t e

−ν0t sup
s∈[0,t]

[
eν0s‖hs‖L∞

ω (Oε)

]

+Dm
3/2
1 m

3/2
2 ω(m2) t2α−3/2C

−1/2
0 t2e−ν0t sup

s∈[0,t]

[
eν0s‖hs‖L2(Oε)

]
.

where we recall that D > 0 is the volume of the 3−dimensional ball of radius 1.
(K4) For every α > 0 there are M, η > 0 such that

∫

R3

|h(t, x, u)|(nx · u)+du ≤ α‖ht‖L∞
ω (Oε) +

∫

{|u|≤M, |nx·u|>η}

|h(t, x, u)|(nx · u)du

Remark 3.7. It is worth emphasizing that the results from Lemma 3.6 are independent of the
geometry of the domain, so they hold under either Assumption (RH1) or Assumption (RH2).

Proof of Lemma 3.6. We proof each of the statements separately.

Proof of (K1). We observe that, using [41, Lemma 3], [35] or [20, Equation (2.17)], we have that

(3.6) k(v, v∗) = k̃(v, v∗) exp

(
−|v|2

4
+

|v∗|2
4

)
with k̃(v, v∗) ≤ ckk̄(v, v∗),

for some constant ck > 0, and where we have defined

k̄(v, v∗) = (|v − v∗| + |v − v∗|−1) exp

(
−1

8

(|v∗|2 − |v|2)2

|v − v∗|2
− 1

8
|v − v∗|2

)
.
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Furthermore, repeating the exact arguments used during the proof of [41, Lemma 3] we have
that for any ζ ∈ (0, 1/2), the quadratic form

Q := −1

8

(|v∗|2 − |v|2)2

|v − v∗|2
− 1

8
|v − v∗|2 −

|v|2
4

+
|v∗|2

4
+ ζ|v|2 − ζ|v∗|2,

is definite negative. Thus there is b > 0 such that

(3.7)

∫

R3

k̄(v, v∗)e−
|v|2

4 + |v∗|2

4 exp

(
b

8

(|v∗|2 − |v|2)2

|v − v∗|2
+
b

8
|v − v∗|2

)
ς(v)

ς(v∗)
dv∗ ≤ C1

1 + |v| ,

for some positive constant C1 = C1(b). We remark now that the above estimate implies that

(3.8) k̄(v, v∗)e−
|v|2

4 + |v∗|2

4
ς(v)

ς(v∗)
= (|v − v∗| + |v − v∗|−1)eQ ≤ (|v − v∗| + |v − v∗|−1),

thus setting Am = {|v∗| ≤ m, |v| ≤ m, |v∗ − v| ≥ 1/m} for some m > 0 to be chosen later, we
compute

ς(v)|Kh(v)| ≤ ck‖h‖L∞
ς (Oε)

∫

Ac
m

k̄(v, v∗)e−
|v|2

4 +
|v∗|2

4
ς(v)

ς(v∗)
dv∗ + ck

∫

Am

(|v − u| + |v − u|−1)ς(v∗)|h(v∗)|dv∗

≤ ckC1

1 +m
‖h‖L∞

ς (Oε) +

∫

R3

km(v, v∗)ς(v∗)|h(v∗)|dv∗ ≤ 1

N
‖h‖L∞

ς (Oε) +Km(|ς(v)h(v)|)

where we have used (3.6) on the first inequality, (3.8) to obtain the second, we have used (3.7)
and the definition of km on the third inequality, and we have chosen m = max(NckC1, 1) on
the last line.

Proof of (K2): We compute

∣∣∣∣
∫ t

0

ST (t− s)h(s, x, v)ω(v)ds

∣∣∣∣ ≤ sup
s∈[0,t]

[
eν2s‖hs‖L∞

ων−1(O
ε)

] ∫ t

0

ν(v)e−ν(v)(t−s)−ν2 sds

≤ ν(v)

ν(v) − ν2
e−ν2 t sup

s∈[0,t]

[
eν2s‖hs‖L∞

ων−1(O
ε)

]
.

At last we remark that (1.6) implies that ν(v)/(ν(v) − ν2) ≤ ν1/(ν0 − ν2).

Proof of (K3): We split the integral on the LHS into I1 + I2 where

I1 :=

∫ t

0

∫

|v∗|≤m1

∫ s

s−α

e−ν0(t−r)

∫

|u|≤m2

ω(u)|h(r,X , u)|≤ D2m3
1m

3
2 α t e

−ν0t sup
s∈[0,t]

[
eν0s‖gs‖L∞

ω (Oε)

]
,

and

I2 :=

∫ t

0

∫

|v∗|≤m1

∫ s−α

0

e−ν0(t−r)

∫

|u|≤m2

ω(u)|h(r,X , u)| dudrdv∗ds.

To control I2 we perform the change of variables X → x, and we remark that

|det∇v∗X (v∗)| ≥ C0|s− r|3 > C0α
3 > 0,
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thus we compute

I2 ≤ Dm
3/2
1 m

3/2
2 ω(m2) t2e−ν0t sup

0≤r≤s−α<s≤t


eν0r

(∫

|v∗|≤m1

∫

|u|≤m2

|h(r,X , u)|2 dudv∗

)1/2



≤ Dm
3/2
1 m

3/2
2 ω(m2) t2e−ν0t sup

0≤r≤s−α<s≤t


eν0r

(∫

x∈Ωε

∫

|u|≤m2

|h(r, x, u)|2 1

|det∇v∗X(v∗)|dudx

)1/2



≤ Dm
3/2
1 m

3/2
2 ω(m2) t2C

−1/2
0 α−3/2e−ν0t sup

s∈[0,t]

[
eν0s‖hs‖L2(Oε)

]
.

where we have used the Cauchy-Schwartz inequality in the first line.

Proof of (K4): We fix M, η > 0 to be defined later and we split

{nx · u > 0} = {|u| > M, nx · u > 0} ∪ {|u| ≤M, |nx · u| < η} ∪ {|u| ≤M, |nx · u| ≥ η}.
On the one hand, we compute∫

{|u|>M, nx·u>0}

|h(t, x, u)||nx · u|du ≤ ‖gt‖L∞
ω (Oε)

∫

{|u|>M, nx·u>0}

ω−1(u)|nx · u|du

≤ o(M) ‖ht‖L∞
ω (Oε),

where o(M) → 0 as M → ∞. Similarly, on the set {|u| ≤M, |n(x1) · u| < η} we compute
∫

{|u|≤M, |nx·u|<η}

|h(t, x, u)||nx · u|du ≤ η ‖ht‖L∞
ω (Oε)

∫

|u|≤M

ω−1(u)du

≤ ηM3D‖ht‖L∞
ω (Oε).

We take then M > 0 large enough such that o(M) ≤ α/2 and we choose η = α/(2M3D). This
concludes the proof of (K4) and the proof of Lemma 3.6. �

Moreover, we also have the following lemma in the spirit of (K3).

Lemma 3.8. Let 0 ≤ r ≤ s ≤ t, x ∈ Ωε, u, v∗ ∈ R3 and consider a function X = X (t, s, r, x, u, v∗)
such that

det∇v∗X (v∗) = C0|s− r|3 + C1ε,

for some constants C0, C1 > 0. Then for anym1,m2 > 0, and every α > 0 there is a constructive
εU = εU (α,C0, C1) := |C0|α3/(2|C1|) > 0 such that for every ε ∈ (0, εU ) there holds

∫ t

0

∫

|v∗|≤m1

∫ s

0

e−ν0(t−r)

∫

|u|≤m2

ω(u)|h(r,X , u)| dudrdv∗ds ≤ D2m3
1m

3
2 α t e

−ν0t sup
s∈[0,t]

[
eν0s‖hs‖L∞

ω (Oε)

]

+ 21/2Dm
3/2
1 m

3/2
2 ω(m2) t2α−3/2|C0|−1/2t2e−ν0t sup

s∈[0,t]

[
eν0s‖hs‖L2(Oε)

]
.

where we recall that D > 0 is the volume of the 3−dimensional ball of radius 1.

Remark 3.9. We also notice that Lemma 3.8 is independent of either geometrical Assumption
(RH1) or (RH2).

Proof of Lemma 3.8. The proof follows the main ideas of that of (K3), thus we only sketch it.
We split the integral on the LHS into I1 + I2 as defined during the proof of (K3). To control I2
we remark that if s− r ≥ α and ε ∈ (0, εU ), with εU as defined above, there holds

|det∇v∗X (v∗)|≥ |C0|α3 − |C1|ε ≥
|C0|

2
α3 +

( |C0|
2
α3 − |C1|ε

)
>

|C0|
2
α3.

The conclusion follows by repeating the arguments used on the proof of (K3). �
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3.4. Regularizing effect of K. We will now use the previous lemmas to prove the regularizing
character of the interplay between the free transport semigroup ST and the operator K.

Proposition 3.10. Consider Assumption (RH1) to hold, ω1 ∈ W1 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). For every λ > 0 there is ε2 = ε2(λ, T )
such that for every ε ∈ (0, ε3) and every ν2 ∈ (0, ν0) we have that for every (t, x, v) ∈ Uε

T with
v /∈ Sx there holds

ω1(v)|ST ∗σ Kf(t, x, v)| ≤ λ(t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ Cte−ν0t‖f0‖L∞

ω1
(Oε)

+ Ct2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] + C(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for a constant C = C(λ) > 0, and any σ ∈ [0, t] such that x− v(t−σ) ∈ Ω̄ε. Furthermore, there
holds C(λ) . λ−p for some constant p > 0.

Proof of Proposition 3.10. We fix (t, x, v) ∈ Uε
T with v /∈ Sx, we set

I := ω1(v)|ST ∗σ Kf(t, x, v)| = ω1(v)

∣∣∣∣
∫ t

σ

ST (t− s)Kf(s, x, v)ds

∣∣∣∣ ,

and we split the proof into four steps.

Step 1. (A first control on I) By using (K1) we deduce that for everyN1 > 0 there is m1(N1) > 0
such that

(3.9) I ≤ 1

N1
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ ST ∗σ Km1 (ω1(v)|f(t, x, v)|) ,

where we recall that Km1 has been defined in (K1). Moreover, for each s ∈ [σ, t] we denote
xs := y − v(t − s), and for any constant α0 > 0 we define k0,m1 = 1{|n(xs)·v∗|≥α0}km1 and the
modified non-local operator

(3.10) K0,m1h(v) =

∫

R3

k0,m1(v, v∗)h(v∗)dv∗.

We then have that ST ∗σ Km1 (ω1(v)|f(t, x, v)|) = I0 + Ĩ where

I0 :=

∫ t

σ

e−ν(v)(t−s)

∫

R3

k0,m1(v, v∗)ω1(v∗)|f(s, xs, v∗)|dv∗ds,

and

Ĩ :=

∫ t

0

e−ν(v)(t−s)

∫

|v∗|≤m1,|nxs ·v∗|≤α0

km1(v, v∗)ω1(v)|f(s, xs, v∗)|dv∗ds

≤ Ckm1

∫ t

0

e−ν0(t−s)‖fs‖L∞
ω1

(Oε)ds

∫ α0

−α0

dvpar∗

∫

|v⊥
∗ |≤m1

dv⊥∗

≤ 2CkDm
4
1α0te

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

where we have used the change of variables vpar∗ = [n(xs) ·v∗]n(xs) and v⊥∗ = v∗−vpar∗ to obtain
the second line together with (3.5). The above computations together with (3.9) give that

I ≤
(

1

N1
+ 2CkDm

4
1α0

)
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ I0.

We remark now that [41, Lemma 17] gives that Σε
0 and Sxs have Lebesgue measure zero.

Due to this fact, we may rewrite I0 being integrated over the set v∗ ∈ R3 \ Sxs . This implies
that, since v /∈ Sx and v∗ /∈ Sxs , we may define (s1, x1, v1), with (x1, v) /∈ Σε

0, as the point of
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the first bounce against the boundary through the backwards trajectory starting at (s, xs, v∗),
and which is given by (1.24). In particular, we remark that x1 = xs − v∗(s− s1).

Moreover, it is worth remarking that when s1 ≤ 0 we reach the initial time t = 0 along
the backwards trajectory, on the contrary if s1 > 0 then along the backwards trajectory we
reach the boundary at the time s − s1. Using the Duhamel formula we deduce then that
I0 ≤ I1 + I2 + I3 + I4, where we have defined

I1 :=

∫ t

σ

e−ν(t−s)

∫

R3

k0,m1(v, v∗)ω1(v∗) |ST (s)f0(xs, v∗)| dv∗ds,

I2 :=

∫ t

σ

e−ν(t−s)

∫

R3

k0,m1(v, v∗)ω1(v∗)
∣∣ST ∗max(0,s1) Kf(s, xs, v∗)

∣∣ dv∗ds,

I3 :=

∫ t

σ

e−ν(t−s)

∫

R3

k0,m1(v, v∗)ω1(v∗)
∣∣ST ∗max(0,s1) G(s, xs, v∗)

∣∣ dv∗ds,

I4 :=

∫ t

σ

e−ν(t−s)

∫

R3

k0,m1(v, v∗) e−ν(v∗)(s−s1) ω1(v∗) |f(s1, x1, v∗)| dv∗ds,

and we will control now each term separately. Using the very definition of km1 given by (3.5)
together with (K2) we deduce that for every ν2 ∈ (0, ν0) we have

I1 + I3 ≤ CkDm
4
1te

−ν0t‖f0‖L∞
ω1

(Oε) + Ckm
4
1D

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
.

Using now (K1) we deduce that for any N2 > 0 there is m2(N2) > 0 such that

I2 ≤ Ckm
4
1D

t

N2
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ IK ,

where we have defined

IK := (Ck)2m1m2

∫ t

0

∫

|v∗|≤m1

∫ s

0

e−ν0(t−r)

∫

|u|≤m2

ω1(u) |f(r, xs − (s− r)u, u)| dudrdv∗ds,

and since

|det∇v∗(xs − (s− r)u)| = |det∇v∗(x− (t− s)v∗ − (s− r)u)| = |t− s|3

we can apply (K3) and it yields that for every α1 > 0 there holds

IK ≤ C2
kD

2m4
1m

4
2α1te

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+ C2
kDm

1+3/2
1 m

1+3/2
2 ω1(m2)α

−3/2
1 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] .

Altogether we have obtained that

I ≤
(

1

N1
+ 2CkDm

4
1α0 +

CkDm
4
1

N2
+ C2

kD
2m4

1m
4
2α1

)
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkDm
4
1te

−νt‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C2
kDm

1+3/2
1 m

1+3/2
2 ω1(m2)α

−3/2
1 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + I4,

where there is only left to control the boundary term I4. We remark that

I4 ≤
∫ t

σ

∫

|v∗|≤m1, |n(xs)·v∗|≥α0

e−ν0(t−s1)k0,m1(v, v∗)ω1(v∗)|f(s1, x1, v∗)| dv∗ds.
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We recall that xs−(s−s1)v∗ = x1, and since by definition (x1, v∗) ∈ Σε
−, the Maxwell boundary

condition applies thus f(s1, x1, v∗) = (1 − ιε(x1))f(s1, x1,Vx1v∗) + ιε(x1)M (v∗)f̃(s1, x1). We
then have that I4 ≤ IS + ID, where

IS :=

∫ t

σ

∫

R3

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗)(1 − ιε(x1)) |f(s1, x1,Vx1v∗)| dv∗ds,(3.11)

ID :=

∫ t

σ

∫

R3

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗)ιε(x1)M (v∗)
∣∣∣f̃(s1, x1)

∣∣∣ dv∗ds.(3.12)

Step 2. (Control of IS) For any small parameter α0,1 > 0 we define the non-local operator

K1,m1h(v) =

∫

R3

k1,m1(v, v∗)h(v∗)dv∗,

where k1,m1(v, v∗) = 1{|n(x1)·v∗|≥α0,1}k0,m1(v, v∗), and we also define

IS0 =

∫ t

σ

∫

R3

k1,m1(v, v∗)e−ν0(t−s1)ω1(v∗) |f(s1, x1,Vx1v∗)| dv∗ds.

Proceeding then as during the Step 1 of this proof we have that

IS ≤ IS0 + 2CkDm
4
1α0,1te

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
,

We remark now that |Vx1v∗| = |v∗|, |n(x1) · Vx1v∗| = |n(x1) · v∗|, and we recall that [41, Lemma
17] gives that the singular set Sx1 has Lebesgue measure zero. Therefore, we deduce that we
can integrate the expression of IS0 on the set {|Vx1v∗| ≤ m1, |n(x1) · Vx1v∗| ≥ α0,1} \ Sx1 . We
can then apply Lemma 3.4 and that there is ε12 = εR(α0,M, T ) such that for every ε ∈ (0, ε12)
there is only one bounce against the backwards trajectory, hence applying the Duhamel formula
as before we have that IS0 ≤ IS1 + IS2 + IS3 , where

IS1 :=

∫ t

σ

∫

R3

k1,m1(v, v∗)e−ν0(t−s1)ω1(v∗)|ST (s1)f0(x1,Vx1v∗)|dv∗ds,

IS2 :=

∫ t

σ

∫

R3

k1,m1(v, v∗)e−ν0(t−s1)ω1(v∗)|ST ∗Kf(s1, x1,Vx1v∗)|dv∗ds,

IS3 :=

∫ t

σ

∫

R3

k1,m1(v, v∗)e−ν0(t−s1)ω1(v∗)|ST ∗G(s1, x1,Vx1v∗)|dv∗ds,

and we proceed to control each of these terms separately. First we remark that ω1(Vx1v) = ω1(v),
and using (K2), we deduce that for every ν2 ∈ (0, ν0) there holds

IS1 + IS3 ≤ CkDm
4
1te

−ν0t‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
.

Furthermore, to control IS2 we use (K1) so that for every N3 > 0 there is m3(N3) > 0 satisfying

IS2 ≤ CkDm
4
1

t

N3
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ IS2,0,

where we have defined

IS2,0 =

∫ t

σ

∫

R3

k0,m1(v, v∗)e−ν0(t−s1) ST ∗Km3 (ω1(v∗)|f(s1, x1,Vx1v∗)|) dv∗ds.

To control then IS2,0 we first use the expression of km1 given by (3.5) and we have that

IS2,0 ≤ C2
km1m3

∫ t

0

∫

|v∗|≤m1

∫ s1

0

e−ν0(t−r)

∫

|u∗|≤m3

ω1(u∗)|f(x1 − (Vx1v∗)(s1 − r)), u∗)|du∗drdv∗ds.
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We then have the following lemma, by arguing as [44, Equations (2.141) and (2.142)].

Lemma 3.11. Assume |v∗|≤ m1 for some m1 > 0, and we define X (v∗) := x1 −Vx1v∗(s1 − r).
There holds

det∇v∗(X (v∗)) = (s− r)3 + O(ε).

We then deduce that Lemma 3.11 together with Lemma 3.8, imply that for every α2 > 0
there is ε22 = εU (α2) > 0 such that for every ε ∈ (0, min(ε12, ε

2
2)) there holds

IS2,0 ≤ C2
k D

2m4
1m

4
3 α2 t e

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+ 21/2ω1(m3)C2
k Dm

1+3/2
1 m

1+3/2
3 α

−3/2
2 t2 e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] .

We conclude this step by putting together the estimates to control the specular reflection and
we obtain that

IS ≤
(

2CkDm
4
1α0,1 + CkDm

4
1

t

N3
+ C2

kD
2m4

1m
4
3α2t

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkDm
4
1te

−ν0t‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+21/2ω1(m3)C2
km

1+3/2
1 m

1+3/2
3 α

−3/2
2 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] ,

for every ν2 ∈ (0, ν0).

Step 3. (Control of ID) From the very definition of ID we first observe the following elementary
inequality

ID ≤
∫ t

σ

∫

R3

k0,m1(v, v∗)e−ν0(t−s1)

∫

R3

|f(s1, x1, u∗)| (n(x1) · u∗)+ du∗dv∗ds,

where we have used the fact that Mω1 ≤ 1. We then apply (K4) so that for every λ1 > 0 there
are M1, η > 0 such that

ID ≤ λ1CkDm
4
1te

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ ID0

where we have defined

ID0 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

|u∗|≤M1, |nx1 ·u|>η

|f(s1, x1, u∗)| (nx1 · u∗)+ du∗dv∗ds.

Arguing as during the first Duhamel decomposition of this proof we deduce that we may rewrite
the previous integral as being integrated over the set {|u∗| ≤ M1, |nx1 · u∗| ≥ η} \ Sx1 , thus
we may apply Lemma 3.4 and we deduce that there is ε32 = εR(η,M1, T ) such that for every
ε ∈ (0,min(ε12, ε

2
2, ε

3
2)) there is only one bounce against the backwards trajectory. Hence applying

Duhamel’s principle as in the Step 2 we get that ID0 ≤ ID1 + ID2 + ID3 , with

ID1 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

|u∗|≤M1, |nx1 ·u|>η

|ST (s1)f0(x1, u∗)| (nx1 · u∗)+du∗dv∗ds,

ID2 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

|u∗|≤M1, |nx1 ·u|>η

|ST ∗Kf(s1, x1, u∗)| (nx1 · u∗)+du∗dv∗ds,

ID3 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

|u∗|≤M1, |nx1 ·u|>η

|ST ∗G(s1, x1, u∗)| (nx1 · u∗)+du∗dv∗ds,
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and we will control each of these terms separately. On the one hand, using again the form of
km1 given by (3.5), and (K2), there holds

ID1 + ID3 ≤ CkD
2m4

1M
4
1 te

−ν0t‖f0‖L∞
ω1

(Oε) +
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
.

To analyze ID2 we use (K1) so that for every N4 > 0 there is m4(N4) > 0 for which there holds

ID2 ≤ t2C2
kD

2m4
1M

4
1

N4
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ C2

km1m4M1 I
D
2,0,

where we have defined

ID2,0 =

∫ t

σ

∫

|v∗|≤m1

∫

|u∗|≤M1

∫ s1

0

e−ν0(t−r)

∫

|u′|≤m4

ω(u′)|f(r, x1−u∗(s1− r), u′)|du′drdu∗dv∗ds.

Furthermore, we remark that

|det∇u∗(x1 − u∗(s1 − r))| = |s1 − r|3,
thus using (K3) we have that for every α4 > 0 there holds

ID2,0 ≤ D3m3
1M

3
1 m

3
4 α4 t e

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+D2m3
1M

3/2
1 m

3/2
4 ω1(m4)α

−3/2
4 t2 e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] .

Putting together the above estimates controlling the diffusion term ID we have that

ID ≤
(
λ1CkDm

4
1t+

t2C2
kD

2m4
1M

4
1

N4
+ C2

kD
3m4

1M
4
1m

4
4α4t

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkD
2m4

1M
4
1 te

−ν0t‖f0‖L∞
ω1

(Oε) +
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C2
kD

2m4
1m

1+3/2
4 M

1+3/2
1 ω(m4)α

−3/2
4 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] ,

for every ν2 ∈ (0, ν0).

Step 4. (Choice of the parameters) Putting together the estimates from Steps 1, 2 and 3 we get
that for every ν2 ∈ (0, ν0) there holds

I ≤ C1

(
t+ t2

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ C2te

−ν0t‖f0‖L∞
ω1

(Oε)

+ C3t
2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + C4te
−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

with

C1 =
1

N1
+ 2CkDm

4
1(α0 + α0,1) +

CkDm
4
1

N2
+ C2

kD
2m4

1m
4
2α1 + CkDm

4
1

1

N3

+C2
kD

2m4
1m

4
3α2 + λ1CkDm

4
1 +

C2
kD

2m4
1M

4
1

N4
+ C2

kD
3m4

1M
4
1m

4
4α4,

C2 = CkDm
4
1 + CkDm

4
1 + CkD

2m4
1M

4
1 ,

C3 = 9C2
kDm

1+3/2
1 m

1+3/2
2 ω1(m2)α

−3/2
1 + 23/2ω1(m3)C2

km
1+3/2
1 m

1+3/2
3 α

−3/2
2

+C2
kD

2m4
1m

1+3/2
4 M

1+3/2
1 ω1(m4)α

−3/2
4 ,

C4 =
ν1

ν0 − ν2

(
CkDm

4
1 + CkDm

4
1 + CkD

2m4
1M

4
1

)
.
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We then set

• N1 = 9λ−1 and this fixes m1,
• α0 + α0,1 = λ(18CkDm

4
1)−1,

• N2 = 9CkDm
4
1λ

−1 fixing m2,
• α1 = λ(9C2

kD
2m4

1m
4
2)−1,

• N3 = 9CkDm
4
1λ

−1 and this fixes m3

• α2 = λ(9C2
kD

2m4
1m

4
3)−1,

• λ1 = λ(9CkDm
4
1)−1 fixing M1,

• N4 = 9C2
kD

2m4
1M

4
1λ

−1 and this fixes
m4,

• α4 = λ(9C2
kD

3m4
1m

4
4M

4
1 )−1.

This implies that C1 ≤ λ, we then define C = max(C2, C3, C4) and we observe that, since
the constants that define C come from (K1), (K3) and (K4), there is a constant p > 0 such that
C . λ−p, and we conclude by setting ε2 = min(ε12, ε

2
2, ε

3
2). �

3.5. Pointwise estimate on the trajectories. We now use the regularization estimate given
by Proposition 3.10 to obtain a pointwise control on the solutions of Equation (3.3).

Proposition 3.12. Consider Assumption (RH1) to hold, ω1 ∈ W1 a strongly confining weight
function, and let f be a solution of Equation (3.3). For every λ > 0 there is a constructive
ε3 = ε3(λ, T ) ≥ 0 such that for every ε ∈ (0, ε3), every t ∈ [0, T ], and every ν2 ∈ (0, ν0), we
have that for every (x, v) ∈ Oε, v /∈ Sx(v) there holds

(3.13)

ω1(v)|f(t, x, v)| ≤
[
1 − ι0 + λ(1 + t+ t2)

]
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Ōε)

]
+C(1+t)e−ν0t‖f0‖L∞

ω1
(Oε)

+ Ct2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] + C(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for some constant C = C(λ) > 0. Moreover, there is p > 0 such that C . λ−p.

Proof. We split the proof into four steps.

Step 1. (Duhamel decomposition) We denote the point (t1, x1, v1) as the first collision through
the backwards trajectory as defined in (1.24), and we remark that we have x1 = x − v(t − t1).
We observe that if t1 ≤ 0, then along the backwards trajectory we reach the initial time t = 0,
on the contrary if t1 > 0 then along the backward trajectory we reach the boundary at the time
t− t1. Using Duhamel’s formula we get that

|ω1(v)f(t, x, v)| ≤ e−ν(v)tω1(v)|f0(x, v)|+ω1(v)|ST ∗σ Kf(t, x, v)| + ω1(v)|ST ∗σ G(t, x, v)|
+e−ν(v)(t−t1)ω1(v)|f(t1, x1, v)|

=: I1 + I2 + I3 + I4,

where we have defined σ = max(0, t1) and we will control each of these terms separately. Using
then (K2) and Proposition 3.10 we have that for every λ1 > 0 there is ε13 := ε2(λ1, T ) > 0 such
that for every ε ∈ (0, ε13) and every ν2 ∈ (0, ν0) there is a constant C1 = C1(λ1) > 0 such that

I1 + I2 + I3 ≤ λ1(t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ (1 + C1t)e

−ν0t‖f0‖L∞
ω1

(Oε)

+C1t
2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + (1 + C1)(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν−1(O
ε)

]
,

furthermore there are c1, p1 > 0 such that C1 ≤ c1λ
−p1

1 .
To control now the boundary term I4 we have that (x1, v) ∈ Σε

−, thus the Maxwell boundary

condition gives that f(t1, x1, v) = (1 − ιε(x1))f(t1, x1,Vx1v) + ιε(x1)M (v)f̃ (t1, x1), thus

I4 ≤ (1 − ι0) sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Ōε)

]
+ I

D,



THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL DOMAINS. 25

where we have used that ω1 M ≤ 1 and we have defined I D := e−ν(v)(t−t1)
∣∣∣f̃(t1, x1)

∣∣∣.

Step 2. (Control of the diffusive reflection) To control the diffusive boundary condition we first
use (K4) so that for every λ2 > 0 there are M, η > 0 such that

I
D ≤ λ2e

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ I

D
0 ,

where we have used that ω1 ≥ 1 and we have defined

I
D
0 := e−ν(v)(t−t1)

∫

|u|≤M, |n(x1)·u|>η

ω1(u)|f(t1, x1, u)|(n(x1) · u)du.

Arguing as during the Step 3 of the proof of Proposition 3.10 there is ε23 := εR(η,M, T ), given
by Lemma 3.4, such that for every ε ∈ (0,min(ε13, ε

2
3)) there holds that for every λ3 > 0 there is

ε33 := ε3(λ3, T ), given by Propsotion 3.10, such that for every ε ∈ (0,min(ε13, ε
2
3, ε

3
3)) there holds

that for every ν2 ∈ (0, ν0) there is a constant C3(λ3) > 0 such that

I
D ≤

(
λ2 +DM4λ3(t+ t2)

)
e−ν0t sup

s∈(0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+
(
DM4 +DM4C3t

2
)
e−ν0t‖f0‖L∞

ω1
(Oε)

+
(
DM4 +DM4C3(1 + t)

) ν1
ν1 − ν0

e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
+DM4C3t

2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] ,

furthermore there are c3, p > 0 such that C ≤ c3λ
−p
3 .

Step 3. (Choice of the parameters) Altogether we have obtained that

ω1(v)|f(t, x, v)| ≤ (1 − ι0)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Ōε)

]
+ I1(1 + t)eν0t‖f0‖L∞

ω1
(Oε)

+
(
λ1 + λ2 +DM4λ3

)
(1 + t+ t2)e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Ōε)

]

+I2t
2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + I3(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

with the constants

I1 = 1+C1+DM
4+DM4C3, I2 = C1+DM4C3, and I3 =

(
1 +DM4

) ν1
ν0 − ν2

+C1+DM4C3.

We choose then λ1 = λ2 = λ/3, λ3 = λ/(3DM4), we take ε3 = min(ε13, ε
2
3, ε

3
3), we define

C(λ) = max (I1, I2, I3) thus C(λ) . λ−p, for some p > 0, and this concludes the proof. �

3.6. Weighted L∞ control for solutions of Equation (3.3). In this subsection we use
the estimate given by Proposition 3.12 to deduce a weighted L∞ control on the solutions of
Equation (3.3).

Proposition 3.13. Consider Assumption (RH1) to hold, ω1 ∈ W1 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). There is ε4 = ε4(T ) > 0 such that
for every ε ∈ (0, ε4) there holds

‖ft‖L∞
ω1

(Ōε) ≤ C(1+T )(1+T+T 2)pe−ν0t‖f0‖L∞
ω1

(Oε)+C(1+T+T 2)pT 2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H]

+ C(1 + T + T 2)p(1 + T )e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
.

for every t ∈ [0, T ], and some universal constants C, p > 0.
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Proof. We consider (t, x, v) ∈ Uε
T such that v /∈ Sx, then Proposition 3.12 implies that for every

λ > 0 there is ε4 := ε3(λ, T ) such that for every ε ∈ (0, ε4) and every ν2 ∈ (0, ν0) there holds
(3.13).

We then remark that [42, Lemma 2, Item 4] and [42, Lemma 17] imply that Σε
0 and Sx

respectively have Lebesgue measure zero. Therefore we may take the L∞(Rd) norm first and
then the L∞(Ω̄ε) norm on (3.13) and we obtain

‖ft‖L∞
ω1

(Ōε) ≤
[
1 − ι0 + λ(1 + t+ t2)

]
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Ōε)

]
+c (1+ t)e−ν0t‖f0‖L∞

ω1
(Oε)

+ c t2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] + c (1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for every t ∈ [0, T ] and some constant c > 0 such that c ≤ C0λ
−p for some constants C0, p > 0.

We then choose λ = ι0(2(1 + T + T 2))−1, we absorb the small contributions, and we conclude
by setting C = 2C0(2 − ι0)−1, and using the fact that c ≤ C0λ

−p. �

3.7. Proof of Proposition 3.1. We split the proof into two steps.

Step 1. (Choice of parameters and L2 estimate) We choose T > 0 large enough such that

C1(1 + T )(1 + T + T 2)pe−Tν0/2 ≤ 1,

where C1 > 0 is given by Proposition 3.13, and we set ε11 = min(ε4(T ), 1/2,
√
ν0/κ⋆), where

ε4(T ) > 0 is given by Proposition 3.13 and we recall that κ⋆ > 0 is given by Theorem 2.1.
We recall the hypocoercivity norm |||·||| given by Theorem 2.1 and the equivalency relation

(2.2). We now denote by SL the semigroup generated by the solutions of Equation (1.13), which
is given by Theorem 6.8 and Remark 6.9, and using the Duhamel formula we have that

ft = SL (t)f0 +

∫ t

0

SL (t− s)Gs ds ∀t ≥ 0.

Using the fact that 〈〈Gt〉〉Oε = 0 for every t ≥ 0, the decay estimate (2.3), and the equivalency
relation (2.2), we then have that

|||ft||| ≤ e−κ⋆ε2t|||f0||| + t

∫ t

0

e−κ⋆ε2(t−s)|||Gs||| ds ≤ e−κ⋆ε2t|||f0||| + ct

∫ t

0

e−κ⋆ε2(t−s)‖Gs‖H ds,

where the constant c > 0 is given by Theorem 2.1. Moreover, we observe that

(3.14) ‖G‖H .

(∫

Oε

dx

)1/2

‖G‖L∞
ω1ν

−1(O
ε) . ε−3/2‖G‖L∞

ω1ν
−1(O

ε),

thus we deduce that there is a constant C2 > 0 such that

(3.15) |||ft||| ≤ e−κ⋆ε2t|||f0||| + C2 t
2 ε−3/2 e−κ⋆ε2t sup

s∈[0,t]

[
eκ

⋆ε2s‖Gs‖L∞
ω1ν

−1(O
ε)

]
,

where κ⋆ > 0 is given by Theorem 2.1. Putting together the estimate given by Proposition 3.13
and (3.15) we have that for every ε ∈ (0, ε11), every ν2 ∈ (0, ν0), and κ0 ∈ (0, κ⋆) there holds

‖ft‖L∞
ω1

(Ōε) ≤ C1(1 + T )(1 + T + T 2)pe−ν0t‖f0‖L∞
ω1

(Oε) + C1T
2(1 + T + T 2)pe−κ⋆ε2t|||f0|||

+C1(1 + T + T 2)p(1 + T )e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C1C4 T
4(1 + T + T 2)p ε−3/2 e−κ0ε

2t sup
s∈[0,t]

[
eκ0ε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

]
,

where we have used the fact that ν0 − κ⋆(ε)2 ≥ 0 due to our choice of ε11.



THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL DOMAINS. 27

We then set θ = min(ν0, κ
⋆)/8, ν2 = ε2θ and κ0 = θ. We remark that these choices are

possible due to the fact that ε ≤ 1/2 and θ ≤ ν0/2, thus ε2θ ∈ (0, ν0) and to the fact that
θ ∈ (0, κ⋆).

Putting everything together we have that

(3.16) ‖fT‖L∞
ω1

(Ōε) ≤ e−2θε2T ‖f0‖L∞
ω1

(Oε) + CT e
−2θε2T |||f0|||

+ ε−3/2CT e
−θε2T sup

s∈[0,T ]

[
eθε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

]
,

and

(3.17) ‖ft‖L∞
ω1

(Ōε) ≤ CT e
−2θε2t‖f0‖L∞

ω1
(Oε) + CT e

−2θε2t|||f0|||

+ ε−3/2CT e
−θε2t sup

s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

]
,

for some constant CT > 0 and where (3.17) holds for all t ∈ [0, T ].

Step 2. (Decay estimate) We now set

Xt := eθε
2t‖ft‖L∞

ω1
(Ōε), Yt := eθε

2t|||ft|||, and Φt0,t1 := sup
s∈[t0,t1]

[
eθε

2s‖Gs‖L∞
ω1ν−1(O

ε)

]
.

Translating (3.15) with t = T , and (3.16) into this new notations we observe that

YT ≤ e−θε2TY0 + C2 ε
−3/2T Φ0,T , and XT ≤ e−θε2TX0 + CT e

−θε2TY0 + ε−3/2CTΦ0,T .

We define ε1 = min(ε11, (θT )−1 log 2) so that eθε
2T − 1 ≤ 1, and we introduce a constant β > 0

defined by

β =
1

2CT

(
eθε

2T − 1
)
,

so that, due to our choice of ε1, there holds βCT ≤ 1/2 and simultaneously

ϑ := e−θε2T (1 + βCT ) =
1

2

(
1 + e−θε2T

)
< 1, ∀ε > 0.

We then have that

ZT := YT + βXT ≤ (1 + βCT )e−θε2T (Y0 + βX0) + ε−3/2(βCT + C2T )Φ0,T

≤ ϑZ0 + ε−3/2

(
1

2
+ C2T

)
Φ0,T ,(3.18)

where we have used the fact that βCT ≤ 1/2 due to the choice of β. On the other hand, using
(3.17) and again our choice of β we have that

(3.19) Zt ≤
3

2
e−θε2tZ0 + ε−3/2

(
1

2
+ C2T

)
Φ0,t ∀t ∈ [0, T ].

Then for any t̄ ∈ R there is n ∈ N such that t̄ ∈ [nT, (n+ 1)T ) and iterating first (3.18) we have

Zt̄ ≤ ϑnZt̄−nT + ε−3/2

(
1

2
+ C2T

)
Φt̄−nT,t̄

(
n−1∑

k=0

ϑk

)

≤ 3

2
ϑnZ0 + ε−3/2

(
1

2
+ C2T

)(n−1∑

k=0

ϑk

)
Φ0,t̄

where we have used (3.19) on the second line. Using the previous estimate we deduce that

β eθε
2t‖ft‖L∞

ω1
(Ōε) ≤ Zt ≤

3

2
Z0 + C̃ sup

s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

]
∀t > 0,
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where

C̃ = ε−3/2

(
1

2
+ C2T

)( ∞∑

k=0

ϑk

)
= ε−3/2 1

1 − ϑ

(
1

2
+ C2T

)
=

ε−3/2

1 − e−θε2T

(
1

2
+ C2T

)
.

Finally, we observe that (2.2) and (3.14) imply together that

Z0 . ‖f0‖L∞
ω1

(Oε) + ‖f0‖H . ε−3/2‖f0‖L∞
ω1

(Oε),

Altogether, using the definition of β and ϑ we have that

eθε
2t‖ft‖L∞

ω1
(Ōε) ≤

ε−3/2C′

eθε2T − 1
‖f0‖L∞

ω1
(Oε)+

ε−3/2C′

(
eθε2T − 1

) (
1 − e−θε2T

) sup
s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν−1(O

ε)

]
,

for some constant C′ > 0 independent of ε. So we conclude by taking

C(ε) =
ε−3/2C′

(
eθε2T − 1

) (
1 − e−θε2T

) ,

and remarking that C(ε) → ∞ as ε→ 0. �

4. Stretching method for strongly confining weights in cylindrical domains

Throughout this section we assume Assumption (RH2) to hold and we will prove the same
result as in Proposition 3.1 within this framework.

Proposition 4.1. Consider Assumption (RH2) to hold, ω1 ∈ W1 a strongly confining weight
function, and let f be a solution of Equation (1.20). There are constructive constants ε5, θ > 0
such that for every ε ∈ (0, ε5) there holds

(4.1) ‖ft‖L∞
ω1

(Ōε) ≤ C e−θε2t

(
‖f0‖L∞

ω1
(Oε) + sup

s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν−1(O

ε)

])
∀t ≥ 0,

for some constant C = C(ε) > 0 such that C(ε) → ∞ as ε→ 0.

We remark that the ideas developed during Section 3 do not immediately apply to cylindrical
domains due to the presence of irregularities at the boundary. However, we can still provide a
weighted L∞ control for the solutions of Equation (1.20) by using a more delicate control on
the trajectories of particles within the cylinder.

To do this we will exploit the geometrical properties of the domain described in Assumption
(RH2), which will be expressed through a series of preliminary lemmas in the next subsection.
Furthermore, we remark that the rest of this section is structured as Section 3.

4.1. Preliminary lemmas. We present now the coordinates of multiple consecutive collisions
along the boundary set presenting specular reflections, Λε

3. To be more precise, we consider
(t0, x0, v0) ∈ Uε and we define the sequence (tN , xN , vN ), as long as it makes sense, of specular
collisions following the backwards trajectories as follows

(4.2)

tb(xN−1, VN−1) = inf{s > 0; X(−s, 0, xN−1, vN−1) /∈ Ωε},
tN (tN−1, xN−1, vN−1) = tN−1 − tb(xN−1, vN−1),
xN (tN−1, xN−1, vN−1) = xN−1 − vN−1(tN−1 − tN ),
vN (N−1, xN−1, vN−1) = VxN (vN−1).

It is worth remarking that, when we say that we define (tN , xN , vN ) as long as it makes sense,
we mean that for every j ∈ J1, NK, there holds xj ∈ Λε

3.
During the rest of this section, we will be denoting the points z ∈ R3 as z = (z1, z2, z3)

and we define ẑ = (z2, z3). We then remark that, in particular, if x ∈ Ωε then x̂ ∈ Ωε
0, the
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2−dimensional ball of radius ε−1R, and x1 ∈ (−ε−1L, ε−1L). Moreover, we remark that if
x ∈ Λε

3 then

nx =
1

|x̂| (0, x
2, x3) = εR−1(0, x2, x3).

Similarly, we explicitly have that the normal on the surface ∂Ωε
0 ⊂ R

2, at the point x̂ ∈ ∂Ωε
0 is

given by n̂x̂ := εR−1x̂
We also define the set of non-smooth points of the boundary

(4.3)
Sε := (Λε

1 ∩ Λε
3) ∪ (Λε

2 ∩ Λε
3)

=
{
x = (x1, x2, x3) ∈ R

3, x1 = ±Lε, and (x2)2 + (x3)2 = ε−2R2
}
,

and the set of singular velocities across multiple specular reflections through the backwards
trajectories

Wt,x := {v ∈ R
3; such that starting at (t, x, v) there is N ∈ N with ((tj , xj , vj))

N
j=1

as defined in (4.2), with tj > 0 and xj ∈ Λε
3 for every j ∈ J1, NK,

and such that if (tN+1, xN+1, vN+1) is the first collision against

the backwards trajectory starting at (tN , xN , vN ),

given by (1.24) is such that tN+1 > 0 and xN+1 ∈ Sε}.
In words, for any fixed t, x we have that v ∈ Wt,x, when starting from the point (t, x, v) there
are a certain number of consecutive purely specular collisions against Λε

3 followed by a collision
against the singular set S.

We now prove a first result on the number of possible consecutive collisions through the
specular reflection on Λε

3.

Lemma 4.2. For any fixed M,T > 0 and any point (t, x, v) ∈ [0, T ] × (Ωε ∪ Λε
3) × {|v| ≤ M}

there is a constant N = N(T, x,M) such that there are not more than N consecutive specular
collisions against the boundary through the backwards trajectory starting from (t, x, v), given by
(4.2).

This result is an inmediate consequence of the following geometrical lemma.

Lemma 4.3. Consider a point (t0, x0, v0) ∈ (0, T ) × Λε
3 × {|v| ≤ M} such that n(x0) · v = η

for some constants η,M > 0. Assume the two points of collision against the boundary through
the backwards trajectories are (t1, x1, v1) ∈ (0, T ) × Λε

3 × R3 and (t2, x2, v2) ∈ (0, T ) × Λε
3 × R3.

Then t− t1 = t1 − t2 ≥ T for some T = T (M, η) > 0, |v0|= |v1|= |v2|, and
(4.4) nx1 · v1 = nx2 · v2 = nx0 · v0 = η.

Proof. We first observe that we elementary have that

|v3|= |Vx3v2|= |v2|= |Vx2v1|= |Vx1v0|= |v0|.
Moreover, there also holds

(4.5) |v̂3|= |V̂x̂3
v̂2|= |v̂2|= |V̂x̂2

v̂1|= |V̂x̂1
v̂0|= |v̂0|,

where we have defined V̂ẑŵ = ŵ − (n̂ẑ · ŵ)ŵ, for any z ∈ ∂Ωε
0 and w ∈ R3.

We now denote now as Aj the line perpendicular to n̂x̂j
passing through the point x̂j . We

also denote α := ∠(x̂0, v0) ∈ (0, π/2) and we remark that α 6= π/2 due to the fact that there
are collisions through the backwards trajectories, and α = π/2 would imply that v̂0 is a tangent
velocity to the circumference in x̂0.

We then observe that, from the tangent theorem for the circle, the arc
⌢
x̂0x̂1 = π2−α =: β.

Moreover, using the same argument, we have that ∠(A1, v0) = β, thus ∠(v0, x1) = α + π/2.
We now bserve that from the very definition of the specular boundary conditions there holds
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x1 · v0 = −x1 · v1. This together with (4.5) implies that π − ∠(v1, x1) = ∠(v0, x1). We deduce

then that ∠(v1, x1) = α, and in particular that
⌢
x̂1x̂2 = β. The fact that ∠(v0, x0) = ∠(v1, x1)

and (4.5) imply (4.4). Moreover, the fact that
⌢
x̂0x̂1 =

⌢
x̂1x̂2 imply that the x̂0x̂1 = x̂1x̂2.

This information together with (4.5) and the very definition of the trajectories imply that
t− t1 = t1 − t2. This concludes the proof. �

We present now some results regarding the singular sets in the framework of cylindrical
domains.

Lemma 4.4. Let x ∈ Ωε ∪ Λε
3, the set Sx, that we recall was defined in (3.4), has Lebesgue

measure zero.

Proof. We consider first x ∈ Ωε and assume there is v ∈ Rd and t > 0 such that x1 = x−tv ∈ Λε
3

with nx1 · v = 0. However, we recall that nx1 = (0, x21, x
3
1)/|x̂1|, therefore nx1 · v = x21v

2 + x31v
3

has to be equal to zero. This then implies that n̂x̂ ⊥ v̂, and if we now go through the backwards
trajectories we observe that x̂1 + tv̂ /∈ Ωε

0 which is in contradiction with the fact that x ∈ Ωε.
We thus deduce that Sx = ∅ for any x ∈ Ωε.

Taking x ∈ Λε
3, we remark that Sx has an explicit form and we immediately observe that it

has codimension 1 in R3, thus Lebesgue measure zero. �

Lemma 4.5. Consider some arbitrary M,T > 0 and a point (t, x) ∈ [0, T ] × (Ω ∪ Λε
3), the set

Wt,x ∩ {v ∈ R3, |v|≤M} \ Sx has Lebesgue measure zero in R3.

Proof. This result is classical in the study of the ergodic properties of dynamical billiards, i.e
particles moving by the dynamics (1.23) and colliding against the boundary following specular
(also called elastic in the framework of billiards) reflections. We refer the interest reader towards
[23, 22, 56, 57, 11] and the references therein for more information in this kind of systems and
the current known results. However, even if it is a well accepted result within this field, we
weren’t able to find explicit references regarding the measure preservation of this flow, except in
some particular two dimensional cases (see for instance in the previous references). Therefore,
we provide now a sketch of a proof.

We define the Hamiltonian energy function H(v) := |v|2/2 and the flow Φt generated by the
system

(4.6) ẋ = −∂H
∂v

(v) = −v, v̇ =
∂H

∂x
(v) = 0,

complemented with the specular boundary reflection, that we recall is given by

(4.7) (x, v) = (x,Vxv) for every x ∈ Λε
3, and v ∈ R

3 such that n(x) · v > 0.

We will then prove that the flow Φt defined this way is measure preserving, that is for every
Borel set A ⊂ (Ωε ∪ Λ̄ε

3) × R3 there holds

(4.8) µL(Φt(A)) = µL(A) = µL((Φt)−1(A)),

for every t ≥ 0, and where µL is the Lebesgue measure in phase space dxdv.
To do this, we remark first that during free flight, i.e between collisions with the boundary,

the flow Φt corresponds to a Hamiltonian flow, therefore Liouville’s theorem [2, Part II, Chapter
3, Theorem 16.1] implies that this map is measure preserving with respect to µL. We prove
then that the specular reflection map given by (4.7) is a measure preserving map.

To prove this we observe that

(4.9) a map ψ is measure preserving iff

∫

Λε
3×R3

F (x, v)dxdv =

∫

Λε
3×R3

F ◦ ψ(x, v)dxdv,

for every integrable function F ∈ L1(Λε
3 × R3).



THE BOLTZMANN EQUATION ON SMOOTH AND CYLINDRICAL DOMAINS. 31

In particular, we remark that if ψ(x, v) = Vxv, then (4.9) holds by using the change of
variables v 7→ Vxv.

We have then proved that the flow Φt is measure preserving and the conclusion follows by
using this and the fact that µL(S) = 0. �

We provide now a control on the angle of reflections against the normal on Λε
3 after a diffusive

collision. To do this, we introduce the vector field n : R3 → R3 defined as n(x) = (0, x2, x3)/|x̂|,
and we remark that n(x) = nx for every x ∈ Λε

3.

Lemma 4.6. Assume t > 0, x ∈ Λε
1 ∪ Λε

2, v ∈ R3, such that (x, v) ∈ Σε
+, and |n(x) · v|> η0

for some η0 > 0. Consider (t1, x1, v1) the point of collision against the boundary through the
backwards trajectory starting at (t, x, v) given by (1.24), and assume x1 ∈ Λε

3.
For every η > 0 there is a constructive constant A > 0 such that if |n(x) · v|> η then

|n(x1) · v1|≥ A, uniformly in x.

Proof. This result is a consequence of elementary geometrical properties of the circumference,
therefore we will skip it. �

Finally, we present the following stretching lemmas for the cylindrical framework.

Lemma 4.7. Assume (RH2) to hold, and take (t, x, v) ∈ [0, T ]×Λε
3×{|v| ≤M, |n(x1) · v| > η}

for some M,T, η > 0, and where (x, v) ∈ Σε
+. There exists εS = εS(η,M, T ) := 2RM−2T−1η

such that for every ε ∈ (0, εS) there is no more specular reflection along the backwards trajectory.

Proof. We consider the point (t1, x1, v1) as the point of collision against the boundary through
the backwards trajectory starting from (t, x, v) and which is given by (1.24). If we assume that
x ∈ Λε

3, that means that x̂1 ∈ ∂Ωε
0 and x11 ∈ (−ε−1L, ε−1L). In particular, we remark that

this means that the time of the trajectory from x towards x1, t− t1, is equal to the time of the
backwards trajectory from x̂ towards x̂1 with velocity v̂, within Ωε

0.
We call now d := |x̂− x̂1|, the length of the chord formed by the points x̂ and x̂1 within Ω̄ε

0.
We call then O the center point of the circumference ∂Ωε

0, and we observe that the angle

∠(x̂Ox̂1) = π − 2∠(n̂x̂, v̂),

where we remark that the first one is interpreted as the angle between the segments x̂O and
Ox̂1, and the second is interpreted as the angle between the two vectors n̂x̂ and v̂.

Using then the law of cosines we elementary deduce that

d2 = 2R2ε−2 (1 − cos (∠(x̂,O, x̂1))) = 2R2ε−2 (1 − cos (π − 2∠ (n̂x̂, v̂)))

= 2R2ε−2 (1 + cos (2∠ (n̂x̂, v̂))) = 4R2ε−2 |cos (∠ (n̂x̂, v̂))|2 ≥ 4R2ε−2 η
2

M2

Therefore

t− t1 =
|x̂− x̂1|

|v| ≥ 2Rε−1 η

M2
,

and we conclude by remarking that if ε ∈ (0, εS), then t− t1 > T which is a contradiction with
the fact that, from its very definition 0 ≥ t− t1 ≤ T . �

Lemma 4.8. Assume (RH2) to hold, and (t, x, v) ∈ [0, T ]× (Λε
1∪Λε

2)×{|v| ≤M, |n(x) ·v| > η}
for some M,T, η > 0, and where (x, v) ∈ Σε

+. There exists εD = εD(M,T ) := 2LM−1T−1 such
that for every ε ∈ (0, εD) there is no more diffussive reflection along the backwards trajectory.

Proof. We will follow the same ideas as those exposed during Lemma 4.7. We assume, without
loss of generality that x ∈ Λε

1, i.e x1 = −Lε−1.
We denote (t1, x1, v1) as the point of collision against the boundary through the backwards

trajectory starting from (t, x, v) and which is given by (1.24).
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We recall now that for every z ∈ Λε
3 and w ∈ R3 there holds that |Vzw|= |w| and (Vzw)1 = w1.

Therefore, and because |n(x) · v| > η, we deduce that if there is a diffusive reflection through
the backwards trajectory it has to be because the particle eventually arrives at Λε

2, even after
several possible specular reflections against Λε

3 of the form (4.2). Moreover, we also observe in an
elementary way that the trajectory that minimizes the time to arrive to Λε

2 is when x11 = Lε−1

and x21 = x2, x31 = x3.
Due to this analysis, if we assume that x11 = Lε−1, x21 = x2, x31 = x3, and we prove that this

collision cannot happen in the time interval [0, T ] then this will conclude the proof. Finally, we
just need to observe that, for every ε ∈ (0, εD), there holds

t− t1 =
|x1 − x11|

|v1| ≥ 2Lε−1

M
> T,

which concludes the proof. �

4.2. Regularizing effect of K. We extend in this subsection the regularizing effect generated
by the interplay between the free transport semigroup and the non-local operator K to the
cylindrical framework.

Proposition 4.9. Consider Assumption (RH2) to hold, ω1 ∈ W1 a strongly confining admissible
weight function and let f be a solution of Equation (3.3). For every λ > 0 there is ε6 = ε6(λ, T )
such that for every ε ∈ (0, ε6) and every ν2 ∈ (0, ν0) we have that for every point (t, x, v) ∈ Uε

T

with v /∈ Sx ∪Wx there holds

ω1(v)|ST ∗σ Kf(t, x, v)| ≤ λ(t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ Cte−ν0t‖f0‖L∞

ω1
(Oε)

+ Ct2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] + C(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for a constant C = C(λ) > 0 and any σ ∈ [0, T ] such that x− v(t− s) ∈ Ω̄ε. Furthermore, there
holds C(λ) . λ−p for some constant p > 0.

Proof. We define

I := ω1(v)|ST ∗σ Kf(t, x, v)| = ω1(v)

∣∣∣∣
∫ t

σ

ST (t− s)Kf(s, x, v)ds

∣∣∣∣ ,

and arguing as during the Step 1 of the proof of Proposition 3.10 we have that by using (K1)
we deduce that for every N1 > 0 there is m1(N1) > 0 such that

I ≤ 1

N1
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ ST ∗σ Km1 (ω1(v)|f(t, x, v)|) ,(4.10)

where we recall that Km1 has been defined in (K1).
Using then Lemma 4.4 and Lemma 4.5 we deduce that we can take the previous integral

over the set R3 \ (Sxs ∪Wt−s,xs), therefore we can define (s1, x1, v1) as the point of the first
bounce against the boundary through the backwards trajectory starting at (s, xs, v∗), with
(x1, v1) ∈ Σ+, x1 /∈ S, and whose formulas are given by (1.24). In particular, we remark that
x1 = xs − (s− s1)v∗.

For any α0 > 0 we define now k0,m1 = 1{|n(x1)·v∗|≥α0}km1 , and the operator K0,m1 as in
(3.10). Repeating the arguments from the Step 1 of the proof of Proposition 3.10 we have that

I ≤
(

1

N1
+ 2CkDm

4
1α0

)
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ I0,
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with

I0 := ST ∗σ K0,m1 (ω1(v)|f(t, x, v)|) =

∫ t

σ

e−ν(v)(t−s)

∫

R3

k0,m1(v, v∗)ω1(v∗)|f(s, xs, v∗)|dv∗ds.

Using the Duhamel formula and repeating one more time the arguments from the Step 1 of the
proof of the Proposition 3.10, we further deduce that for every N2, α2 > 0 there is m2(N2) > 0
such that for every ν2 ∈ (0, ν0) there holds

I ≤
(

1

N1
+ 2CkDm

4
1α0 +

CkDm
4
1

N2
+ C2

kD
2m4

1m
4
2α1

)
te−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkDm
4
1te

−νt‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C2
kDm

1+3/2
1 m

1+3/2
2 ω1(m2)α

−3/2
1 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + I4,

where we have defined

I4 =

∫ t

σ

e−ν(v)(t−s)

∫

|v∗|≤m1, |n(x1)·v∗|≥α0

k0,m1(v, v∗)ω1(v∗)|f(s1, x1, v∗)| dv∗ds,

Using the Maxwell boundary conditions yields

f(s1, x1, v∗) = (1 − ιε(x1))f(s1, x1,Vx1v∗) + ιε(x1)M (v∗)f̃(s1, x1),

thus we deduce that I4 ≤ IS + ID where IS and ID are given by (3.11), (3.12) respectively.

Step 1. (Control of the diffusive term ID) We observe first that, since Mω1 ≤ 1, there holds

ID ≤
∫ t

σ

∫

R3

k0,m1(v, v∗)e−ν0(t−s1)

∫

R3

|f(s1, x1, u∗)| (n(x1) · u∗)+ du∗dv∗ds,

Using then (K4) we have that for every λ1 > 0 there are M1, η > 0 such that

ID ≤ λ1CkDm
4
1te

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ ID0

where we have used the properties of km1 as exposed in (K1), and we have defined
(4.11)

ID0 =

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

|u∗|≤M1, |nx1 ·u∗|>η

|f(s1, x1, u∗)| (n(x1) · u∗)+ du∗dv∗ds.

Arguing now as during the Step 1 we deduce that we may rewrite the previous integral as being
integrated over the set {|u∗| ≤ M1, |n(x1) · u∗| > η} \ (Sx1 ∪Wt1,x1). Using then Lemma 4.8
there is ε16 = εD(η,M1, T ) such that for every ε ∈ (0, ε16) there is no more collision against the
diffusive boundary through the backwards trajectory starting at (s1, x1, u∗). We then denote
(s2, x2, u2) as the point of collision against the boundary through the backwards trajectory
starting at (s1, x1, u∗), moreover we remark that (x2, u∗) ∈ Σε

− and due to the previous choice
of ε we also have that

x2 = x1 − u∗(s1 − s2) ∈ Λε
3.

Then, for any η1 > 0 small, we define U1 = {|u∗| ≤ M1, |nx1 · u∗| > η, |n(x1) · u∗|≤ η1},
U2 = {|u∗| ≤M1, |nx1 · u∗| > η, |n(x1) · u∗|> η1}, and we have that ID0 ≤ ID1 + ID2 with

ID1 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

U1

|f(s1, x1, u∗)| (n(x1) · u∗)+ du∗dv∗ds,

ID2 :=

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s1)

∫

U1

|f(s1, x1, u∗)| (n(x1) · u∗)+ du∗dv∗ds.
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In order to control ID1 we perform the change of variable upar∗ = (n(x1) · u∗)n(x1) and its
perpendicular direction u⊥∗ = u∗ − upar∗ such that u∗ = upar∗ + u⊥∗ , and we obtain that

ID1 ≤ M1e
−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

] ∫ t

σ

∫

R3

km1(v, v∗)

∫

|u⊥
∗ |≤M1

du⊥∗

∫ η1

−η1

dupar∗ dv∗ds

≤ 2η1 tM
3
1D

2Ckm
3
1e

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
,

where we have used the bounds on km1 as exposed during (K1).

Step 1.1. Using then the Duhamel decomposition and arguing as during the Step 3 of Proposition 3.10
and we deduce that for every N3, α3 > 0 there is m3(N3) > 0 such that there holds

ID0 ≤
(
λ1CkDm

4
1t+

t2C2
kD

2m4
1M

4
1

N3
+ C2

kD
3m4

1M
4
1m

4
3α3t+ 2η1 tM

3
1D

2Ckm
3
1

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkD
2m4

1M
4
1 te

−ν0t‖f0‖L∞
ω1

(Oε) +
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C2
kD

2m4
1m

1+3/2
4 M

1+3/2
1 ω(m3)α

−3/2
3 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + IDS

for every ν2 ∈ (0, ν0), and where we have defined

IDS =

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s2)

∫

U2

|f(s2, x2,Vx2u∗)| (n(x1) · u∗)+ du∗dv∗ds.

Using then Lemma 4.6, we deduce that there is a constructive constant A1 = A1(η) > 0
such that |n(x2) · Vx2 |≥ A1 uniformly in x. Applying then Lemma 4.7 we have that there is
ε26 = εS(A1,M1, T ), such that for every ε ∈ (0,min(ε16, ε

2
6)) there is no more bounce against the

specular reflection. Therefore the Duhamel formula gives IDS ≤ IDS,1 + IDS,2 + IDS,3 with

IDS,1 =

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s2)

∫

U2

|ST (s2)f0(x2,Vx2u∗)| (n(x1) · u∗)+, du∗dv∗ds,

IDS,2 =

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s2)

∫

U2

|ST ∗Kf(s2, x2,Vx2u∗)| (n(x1) · u∗)+, du∗dv∗ds,

IDS,3 =

∫ t

σ

∫

R3

km1(v, v∗)e−ν0(t−s2)

∫

U2

|ST ∗G(s2, x2,Vx2u∗)| (n(x1) · u∗)+, du∗dv∗ds,

and we will control each of these terms separately. We compute then in a similar way as during
the Step 3 of the proof of Proposition 3.10, and we have that, for every ν2 ∈ (0, ν0), and every
N4 > 0, there is m4(N4) > 0 such that

IDS,1+IDS,2+IDS,3 ≤ CkD
2m4

1M
4
1 te

−ν0t‖f0‖L∞
ω1

(Oε)+
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν−1(O
ε)

]

+
t2C2

kD
2m4

1M
4
1

N4
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ C2

km1m4M1 I
D
S,2,0,

where we have defined

IDS,2,0 =

∫ t

σ

∫

|v∗|≤m1

∫

{|u∗|≤M1}

∫ s2

0

eν0(t−r)

∫

|u′|≤m4

ω(u′)|f(r, x2 − Vx2u∗(s1 − r), u′)|.
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Arguing then exactly as during the proof of Lemma 3.11 and using Lemma 3.8 we have that for
every α4 > 0 there is ε36 = εU (α4) > 0 such that for every ε ∈ (0,min(ε16, ε

2
6, ε

3
6)) there holds

IDS,2,0 ≤ D3m3
1M

3
1 m

3
4 α4 t e

−ν0t sup
s∈[0,t]

[
e−ν0s‖fs‖L∞

ω1
(Oε)

]

+D221/2m3
1M

3/2
1 m

3/2
4 ω1(m4)α

−3/2
4 t2 e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] .

Putting together the above estimates controlling the diffusion term we have that

ID ≤
(
λ1CkDm

4
1t+

t2C2
kD

2m4
1M

4
1

N3
+ C2

kD
3m4

1M
4
1m

4
3α3t+ 2η1 tM

3
1D

2Ckm
3
1

+
t2C2

kD
2m4

1M
4
1

N4
+ C2

kD
3m4

1M
4
1m

4
4α4t

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+2CkD
2m4

1M
4
1 te

−ν0t‖f0‖L∞
ω1

(Oε) + 2
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+C2
kD

2m4
1m

1+3/2
3 M

1+3/2
1 ω(m3)α

−3/2
3 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H]

+C2
kD

221/2m4
1m

1+3/2
4 M

1+3/2
1 ω(m4)α

−3/2
4 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H]

for every ν2 ∈ (0, ν0).

Step 2. (Control of the specular term IS) We recall now IS defined in (3.11) and we recall that
x1 ∈ Λε

3. Using then the fact that |Vx1v∗| = |v∗|, |n(x1) · Vx1v∗| = |n(x1) · v∗|, and that we
integrate on the velocity set {|v∗| ≤ m1, |n(x1) · v∗| ≥ α0} we deduce that it is equivalent to
integrate on the set {|Vx1v∗| ≤ m1, |n(x1) · Vx1v∗| ≥ α0} ∩ {Vx1v∗ /∈ Sx1} ∩ {Vx1v∗ /∈ Wt1,x1},
by using that the sets Sx1 and Wt1,x1 ∩ {|v∗|≤ m1} \ Sx1 have Lebesgue measure zero, due to
Lemmas 4.4 and 4.5. We denote (s2, x2, v2) the first bounce against the boundary through the
backwards trajectory starting at (s1, x1,Vx1v∗) given by (1.24) and we remark that

x2 = x1 − Vx1v∗(s1 − s2) /∈ S and (x2,Vx1v∗) ∈ Σε
+.

We define then the sets

AS := {v∗ ∈ R
3, |v∗| ≤ m1, |n(xs) · v∗| ≥ α0 and x2 ∈ Λε

3},
AD := {v∗ ∈ R

3, |v∗| ≤ m1, |n(xs) · v∗| ≥ α0 and x2 ∈ Λε
1 ∪ Λε

2},

so we have that IS ≤ ISS + ISD, where

ISS =

∫ t

0

e−ν(v)(t−s)

∫

AS

k0,m1(v, v∗)e−ν(v)(s−s1)ω1(v∗)(1 − ιε(x1)) |f(s1, x1,Vx1v∗)| dv∗ds,

ISD =

∫ t

0

e−ν(v)(t−s)

∫

AD

k0,m1(v, v∗)e−ν(v)(s−s1)ω1(v∗)(1 − ιε(x1)) |f(s1, x1,Vx1v∗)| dv∗ds,

and we study each one separately.
By repeating the analysis performed on the Step 2 of the proof of the Proposition 3.10,

using Lemma 4.7 instead of Lemma 3.4, we deduce that there is ε46 > 0 such that for every
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ε ∈ (0,min(ε16, ε
2
6, ε

3
6, ε

4
6)) and every N6, α6 > 0 there is m6(N6) > 0 such that there holds

ISS ≤
(
CkDm

4
1

t

N6
+ C2

kD
2m4

1m
4
6α6t

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkDm
4
1te

−ν0t‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+21/2ω1(m6)DC2
km

1+3/2
1 m

1+3/2
6 α

−3/2
6 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] ,

for every ν2 ∈ (0, ν0). On the other hand, to control ISD we use again the Duhamel formula and
we have that ISD ≤ ISD,1 + ISD,2 + ISD,3 + ISD,4 with

ISD,1 =

∫ t

0

∫

AD

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗) |ST (s1)f0(x1,Vx1v∗)| dv∗ds,

ISD,2 =

∫ t

0

∫

AD

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗)

∣∣∣∣∣

∫ s1

max{0,s2}

ST (s1 − r)Kf(r, x1,Vx1v∗)dr

∣∣∣∣∣ dv∗ds,

ISD,3 =

∫ t

0

∫

AD

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗)

∣∣∣∣∣

∫ s1

max{0,s2}

ST (s1 − r)G(r, x1,Vx1v∗)dr

∣∣∣∣∣ dv∗ds,

ISD,4 =

∫ t

0

∫

AD

k0,m1(v, v∗)e−ν0(t−s1)ω1(v∗) |ST (s1 − s2)f(s2, x2,Vx1v∗)| dv∗ds.

We observe then that the first three terms can be controlled by repeating the same computations
as during the Step 1 of the proof of the Proposition 3.10, using Lemma 4.7 instead of Lemma 3.4.
Therefore, there is ε56 > 0 such that for every ε ∈ (0,min(ε16, ε

2
6, ε

3
6, ε

4
6, ε

5
6)) and every N6, α6 > 0

there is m6(N6) > 0 such that there holds

ISD ≤
(
CkDm

4
1

t

N6
+ C2

kD
2m4

1m
4
6α6t

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+CkDm
4
1te

−ν0t‖f0‖L∞
ω1

(Oε) + CkDm
4
1

ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+23/2ω1(m6)DC2
km

1+3/2
1 m

1+3/2
6 α

−3/2
6 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + ISD,4.

We proceed then to control the remaining term ISD,4, and using the boundary conditions of

Equation (3.3) we first have that

ISD,4 ≤
∫ t

0

∫

AD

k0,m1(v, v∗)e−ν0(t−s1)

∫

R3

|f(s2, x2, u
′)| (n(x2) · u′)+ du′dv∗ds.

Repeating then exactly the same computations performed during the Step 1 of this proof we
deduce that there are ε66, ε

7
6 > 0 such that for every ε ∈ (0,min(ε16, ε

2
6, ε

3
6, ε

4
6, ε

5
4, ε

6
6, ε

7
6)), there

holds that for every λ2, η2, N7, N8, α7, α8 > 0, there are constants m6(N6),m7(N7) > 0 such
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that

ISD,4 ≤
(
λ2CkDm

4
1t+

t2C2
kD

2m4
1M

4
1

N7
+ C2

kD
3m4

1M
4
1m

4
7α7t+ 2η2 tM
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1D

2Ckm
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kD
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kD
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4
1m

4
8α8t
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e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞
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(Oε)

]

+2CkD
2m4

1M
4
1 te
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(Oε) + 2
ν1CkD

2m4
1M

4
1 t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+




8∑

j=7

ω1(mj)m
1+3/2
j α

−3/2
j


 21/2D2M

1+3/2
1 C2

km
1+3/2
1 t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] ,

for every ν2 ∈ (0, ν0). We then conclude this step by putting together the previous informations
and we have obtained that

IS ≤ CS
1 e

−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+2CkDm

4
1(1+DM4

1 )
ν1t

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]

+ 2CkDm
4
1(1 +DM4

1 )te−ν0t‖f0‖L∞
ω1

(Oε) + CS
2 t

2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] ,

with

CS
1 = CkDm

4
1

t

N6
+ C2

kD
2m4

1m
4
6α6t+ CkDm

4
1

t

N6
+ C2

kD
2m4

1m
4
6α6t+ λ2CkDm

4
1t

+
t2C2

kD
2m4

1M
4
1
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+C2

kD
3m4

1M
4
1m
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7α7t+2η2 tM
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1D

2Ckm
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2m4
1M

4
1

N8
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kD
3m4

1M
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8α8t,

and
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2 = 21/2DC2

km
1+3/2
1






6∑

j=5

ω1(mj)m
1+3/2
j α

−3/2
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
+


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j=7

ω1(mj)m
1+3/2
j α

−3/2
j


DM

1+3/2
1


 .

Step 3. (Choice of the parameters) Putting together the estimates obtained from Steps 1, 2 we
get that for every ε ∈ (0,min(ε16, ε

2
6, ε

3
6, ε

4
6, ε

5
4, ε

6
6, ε

7
6)) and ν2 ∈ (0, ν0) there holds

I ≤ C1

(
t+ t2

)
e−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ C2te
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(Oε)
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2e−ν0t sup
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[eν0s‖fs‖H] + C4te
−ν2t sup

s∈[0,t]
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eν2s‖Gs‖L∞

ω1ν
−1(O
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,

with
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1
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+ 2CkDm
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)
.
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We then set the constants in a similar way as in the Step 4 of the proof of the Proposition 3.10
so that C1 ≤ λ. We define C = max(C2, C3, C4) and we observe that, since the constants that
define C come from (K1), (K3) and (K4), there is a constant p > 0 such that C . λ−p. We
conclude by setting ε6 = min(ε16, ε

2
6, ε

3
6, ε

4
6, ε

5
6, ε

6
6, ε

7
6). �

4.3. Estimate on the trajectories. In this subsection we use then the regularization property
given by Proposition 4.9 to proof a L∞ estimate of the solutions of the equation following a
similar argument as during the proof of Proposition 3.12.

Proposition 4.10. Consider Assumption (RH2) to hold, ω1 ∈ W1 a strongly confining admissible
weight function, and let f be a solution to Equation (3.3). For every t ∈ [0, T ] and every λ > 0
there is ε7 = ε7(λ, T ) > 0 such that for every ε ∈ (0, ε7) and every ν2 ∈ (0, ν0), we have that for
every (x, v) ∈ Oε, with |v| ≤ M for any arbitrary M > 0, and v /∈ Sx ∪Wt,x there holds

(4.12)

ω1(v)|f(t, x, v)| ≤ λ(1 + t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ C(1 + t)e−ν0t‖f0‖L∞

ω1
(Oε)

+ Ct2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H] + C(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

uniformly in M. Moreover, C = C(λ) > 0 and there is p > 0 such that C . λ−p.

Proof. Starting from (t, x, v), and since |v|≤ M then Lemma 4.2 implies that there are only two
possible scenarios to consider:
• Case 1. There are only specular reflections through the backwards trajectories. In particular,

there is N = N(T, x,M) < ∞, given by Lemma 4.2, such that there are no more than N

consecutive specular reflections through the backwards trajectories.
• Case 2. There is a reflection against the diffusive boundary subsets before N specular

reflections.
We treat now each case separately.

Case 1. (Purely specular reflection) We recall that there are at most N collisions against the
boundary through the specular reflection boundary condition starting at (t, x, v), where N is
given by Lemma 4.2. Then the iterated Duhamel formula gives

f(t, x, v) = e−ν(v)(t−tN)f(tN, xN, vN) +

∫ t

0

N∑

j=1

1tj≤s≤tj−1 (s)ST (tj−1 − s)Kf(s, xj−1, vj−1)ds

+

∫ t

0

N∑

j=1

1tj≤s≤tj−1(s)ST (tj−1 − s)G(s, xj−1, vj−1)ds,

where we have set (t0, x0, v0) = (t, x, v) and we have defined (tj , xj , vj) as in (4.2) for j ∈ J1,NK.
We then define (t̄, x̄, v̄) as the point of collision with the boundary set Λε

3 through the
backwards trajectory starting at (tN, xN, vN). From the fact that there have already been
N specular reflections we remark that t̄ < 0, and using one more time the Duhamel formula we
obtain

f(t, x, v) = e−ν(v)(t−tN)ST (tN)f0(xN, vN) + ST ∗Kf(tN, xN, vN) + ST ∗G(tN, xN, vN)

+

∫ t

0

N+1∑

j=1

1tj≤s≤tj−1(s)ST (tj−1 − s)Kf(s, xj−1, vj−1)ds

+

∫ t

0

N∑

j=1

1tj≤s≤tj−1(s)ST (tj−1 − s)G(s, xj−1, vj−1)ds,
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where we have denoted tN+1 = 0. Using now the fact that (K2) and Proposition 4.9 are uniform
in (t, x, v) ∈ Uε

T , v /∈ Sx ∪Wt,x, and the fact that

∫ t

0

N+1∑

j=1

1tj≤s≤tj−1 (s) ds = t,

we deduce that, by arguing as during the proof of Proposition 3.12, there is ε17 = ε6(λ, T ), where
ε6(λ, T ) is given by Proposition 4.9, such that for every ε ∈ (0, ε17) there holds

ω1(v)|f(t, x, v)| ≤ λ(t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ CS(1 + t)e−ν0t‖f0‖L∞

ω1
(Oε)

+ CSt
2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + CS(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for some constant CS . λ−p with p > 0. We conclude this case by emphasizing that ε17 and the
constant CS , are independent of N and M due to the above arguments.

Case 2. (Possible diffussive reflection) We assume without loss of generality that the diffusive
collision against the diffusive boundary through the backwards trajectory happens at the first
collision. Otherwise, we just repeat the Duhamel formulation through the specular reflections
like performed on the Step 1, until the diffusive reflection happens and then we proceed as
follows.

We denote (t1, x1, v1) the first collision through the backwards trajectory as given by (1.24),
and we remark that x1 = x− v(t− t1). Using then the Duhamel formula we obtain

|ω1(v)f(t, x, v)| ≤ ω1(v)ST (t) (|f0(x, v)|) + ω1(v)|ST ∗Kf(t, x, v)| + ω1(v)|ST ∗G(t, x, v)|
+e−ν(v)(t−t1)ω1(v)|f(t1, x1, v)|

=: I1 + I2 + I3 + I4,

and we proceed as during the proof of Proposition 3.12. On the one hand, using (K2) and
Proposition 4.9 we have that for every λ1 > 0 there is ε27 = ε6(λ1, T ) > 0 and a constant
C1 = C1(λ1) > 0 such that for every ε ∈ (0, ε27) and every ν2 ∈ (0, ν0) there holds

I1 + I2 + I3 ≤ λ1(t+ t2)e−ν0t sup
s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ (1 + C1t)e

−ν0t‖f0‖L∞
ω1

(Oε)

+ C1t
2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H] + (1 + C1)(1 + t)e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

furthermore, there are c1, p1 > 0 such that C1 ≤ c1λ
−p1

1 .
We then control the boundary term I4, and since we have assumed the reflection at the

boundary to be diffusive, then using (K4) we have that for every λ2 > 0 there are M, η > 0 such
that

I4 ≤ e−ν(v)(t−t1)

∫

R3

|f(t1, x1, u)|(nx1 · u)+du ≤ λ2e
−ν0t sup

s∈[0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]
+ I

D
0 ,

where we have used that ω1M ≤ 1, and we have defined

I
D
0 := e−ν(v)(t−t1)

∫

{|u|≤M, |n(x1)·u|>η}

|f(t1, x1, u)| (n(x1) · u)+du.

By arguing exactly as during the Step 1 of the proof Proposition 4.9 controlling the term ID0
defined in (4.11) we deduce that for any η1 there is A1 = A1(η1) > 0, such that there is
ε47 = εS(A1,M, T ) given by Lemma 4.7 such that for every ε ∈ (0,min(ε27, ε

3
7, ε

4
7)) there holds
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that for every λ3, λ4 > 0 there are ε57 = ε6(λ3, T ) > 0, ε67 = ε6(λ4, T ) > 0 and constants
C3 = C3(λ3) > 0, C4 = C3(λ4) > 0, given by the application of Proposition 4.9, such that

ω1|f(t, x, v)| ≤
(
λ1 + λ2 + 2η1M

3D + λ3M
4D + λ4M

4D
)

(t+t2)e−ν0t sup
s∈(0,t]

[
eν0s‖fs‖L∞

ω1
(Oε)

]

+
(
1 + C1 +M4D + C3M

4D +M4D + C4M
4D
)

(1 + t)e−ν0t‖f0‖L∞
ω1

(Oε)

+
(
C1 + C3M

4D + C4M
4D
)
t2e−ν0t sup

s∈[0,t]

[eν0s‖fs‖H]

+
(
1 + C1 +M4D + C3M

4D +M4D + C4M
4D
)

(1+t)
ν1

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

furthermore, there are c3, c4, p3, p4 > 0 such that C3 ≤ c3λ
−p3

4 and C4 ≤ c4λ
−p4

4 . We take then
λ1 = λ2 = λ/5, η1 = λ/(10M3D) and λ3 = λ4 = λ/(5M4D), and we define

CD = 1 + C1 +M4D + C3M
4D +M4D + C4M

4D,

thus there is p′ > 0 such that CD . λ−p′

.
We set ε7 = min(ε17, ε

2
7, ε

3
7, ε

4
7, ε

5
7, ε

6
7) and we conclude the proof by putting together the

estimates from both of the possible scenarios. �

4.4. Weighted L∞ control for solutions of Equation (3.3). In this subsection we use the
estimate obtained in Proposition 4.10 to deduce a weighted L∞ control on the solutions of
Equation (3.3).

Proposition 4.11. Consider Assumption (RH2) to hold, ω1 ∈ W1 a strongly confining admissible
weight function, and let f be a solution of Equation (3.3). There is ε8 = ε8(T ) > 0 such that
for every ε ∈ (0, ε9) there holds

‖ft‖L∞
ω1

(Ōε) ≤ C(1+T )(1+T+T 2)pe−ν0t‖f0‖L∞
ω1

(Oε)+C(1+T+T 2)pT 2e−ν0t sup
s∈[0,t]

[eν0s‖fs‖H]

+ C(1 + T + T 2)p(1 + T )e−ν2t sup
s∈[0,t]

[
eν2s‖Gs‖L∞

ω1ν
−1(O

ε)

]
,

for every t ∈ [0, T ], and some universal constants C, p > 0.

Proof. We follow the proof of Proposition 3.13. Let M > 0 and consider a point

(t, x, v) ∈ (0, T ) × Ωε × {v ∈ R
3, |v| ≤ M}

such that v /∈ Sx ∪Wt,x. Applying then Proposition 4.10 we have that for every λ > 0 there is
ε8 = ε7(λ, T ) such that for every ε ∈ (0, ε8) and every ν2 ∈ (0, ν0) there holds (4.12) for some
constant C > 0 such that C . λ−p for some p > 0.

Using now Lemmas 4.4 and 4.5 we have that the sets Sx and Wt,x have Lebesgue measure
zero, moreover we recall that the grazing set Σε

0 also has Lebesgue measure zero. Therefore we
may take the L∞

v (BM) norm in the previous inequality followed by the supremum in M due to
the fact that ε8 and the constants given by Proposition 4.10 do not depend on M, and finally
taking the L∞

x (Ω̄ε) We conclude by choosing λ = (2(1 + t+ t2))−1 and following the ideas from
the proof of Proposition 3.13. �

4.5. Proof of Proposition 4.1. The proof follows exactly the proof of Proposition 3.1 by using
Proposition 4.11 in the place of Proposition 3.13. �
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5. A priori estimates for weakly confining weights

We consider the function G : Uε → R, and during this section we study the following evolution
equation

(5.1)





∂tf1 = T f1 + Aδf1 + G in Uε

γ−f1 = Rγ+f1 on Γε
−

f1,t=0 = f0 in Oε,

where we recall that the free transport operator T is given by (1.19) and Aδ is defined in (1.25).
We dedicate this section to prove the following result.

Proposition 5.1. Consider either Assumption (RH1) or (RH2) to hold, ω0 ∈ W0 a weakly
confining admissible weight function, and let f1 be a solution of Equation (5.1). There are
constructive constants ε9, δ0 > 0 such that for every ε ∈ (0, ε9) and every δ ∈ (0, δ0) there holds

(5.2) ‖f1,t‖L∞
ω0

(Ōε) ≤ Ce−
ν0
2 t

(
‖f0‖L∞

ω0
(Oε) + sup

s∈[0,t]

[
e

ν0
2 s‖Gs‖L∞

ω0ν
−1(O

ε)

])
∀t ≥ 0,

for some universal constant C > 0, independent of ε.

Remark 5.2. The proof of Proposition 5.1 follows the arguments developed during Sections 3
and 4. We pay particular attention to polynomial weights in order to determine the validity of
the lower bounds q⋆ι on their degree, as defined in Remark 1.2.

5.1. Weighted L∞ estimate in smooth domains. We prove the following long-time behavior
result under Assumption (RH1).

Proposition 5.3. We consider Assumption (RH1) to hold, ω0 ∈ W0 a weakly confining
admissible weight function, and let f1 be a solution to Equation (5.1). There are constructive
constants ε10 > 0 and δ1 > 0 such that for every ε ∈ (0, ε10) and every δ ∈ (0, δ1) there holds

(5.3) ‖f1,t‖L∞
ω0

(Ōε) ≤ e−
ν0
2 t

(
‖f0‖L∞

ω0
(Oε) + C sup

s∈[0,t]

[
e

ν0
2 s‖Gs‖L∞

ω0ν
−1(O

ε)

])
∀t ≥ 0,

for some constant C > 0, independent ε.

Proof. The proof follows the main ideas of Proposition 3.12, Proposition 3.13 and Proposition 3.1,
thus we only sketch it.

We define G̃ = Aδf1 +G, we take an arbitrary T > 0 to be defined later.

Step 1. Let (t, x, v) ∈ Uε
T such that v /∈ Sx(v), we denote (t1, x1, v1) the first collision through

the backwards trajectory starting at (t, x, v) as defined in (1.24).
Using the Duhamel formula, together with (K3), and (K4), we have that for every λ > 0

there are M, η > 0 such that

ω0|f1(t, x, v)| ≤ e−ν0t‖f0‖L∞
ω0

(Oε) +
ν1

ν0 − ν2
e−ν2t sup

s∈[0,t]

[
eν2s‖G̃s‖L∞

ω0ν
−1(O

ε)

]

+(1 − ι0)e−ν0t sup
s∈[0,t]

[
eν0s‖f1,s‖L∞

ω0
(Ōε)

]
+ C0λe

−ν0t sup
s∈[0,t]

[
eν0s‖f1,s‖L∞

ω0
(Oε)

]

+C0e
−ν(v)(t−t1)

∫

|u|≤M, |n(x1)·u|>η

|f1(t1, x1, u)|(n(x1) · u)+du,

where we have defined ω0 = ω0(v), σ = max(0, t1), and C0 > 0 is such that ω0M ≤ C0.
By arguing then as during the Step 2 of Proposition 3.12 we apply Lemma 3.4 and there

is ε110 = εR(η,M, T ) such that for every ε ∈ (0, ε110) there is no bounce against the boundary
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through the backwards trajectory starting at (t1, x1, u), and given by (1.24). Therefore the
Duhamel formula together with (K2) gives that
∫

|u|≤M, |n(x1)·u|>η

|f1(t1, x1, u)|(n(x1) · u)+du ≤ λe−ν0t sup
s∈[0,t]

[
eν0s‖f1,s‖L∞

ω (Oε)

]

+DM4e−ν0t‖f0‖L∞
ω0

(Oε)+
ν1

ν1 − ν0
sup

s∈[0,t]

[
eν2s‖G̃s‖L∞

ω0ν−1(O
ε)

]
e−ν0(t−t1)e−ν2t1

∫

|u∗|≤M

ω−1
0 (u)|u|du,

and we will provide a precise control on the last integral.
First, when ω0 is an admissible polynomial weight function as considered in Subsection 1.2,

then ω0(v) = 〈v〉q and we compute
∫

|u∗|≤M

ω−1
0 (u)|u|du =

∫

|u∗|≤M

〈u〉−q|u|du =

∫ 2π

0

∫ π

0

∫ M

0

r3

(1 + r2)q/2
sin(β)drdβdα

= 4π

∫ M

0

r(1 + r2 − 1)

(1 + r2)q/2
dr ≤ 4π

∫ M

0

r

(1 + r2)−1+q/2
dr

≤ 4π

q − 4

[
−(1 + r2)2−q/2

]M
0

≤ 4π

q − 4

where we have used the spherical change of variables on the first line and we have used that
q > q⋆ι ≥ 5 on the last line.

Second, when ω0 is a weakly confining admissible weight function, which is not a polynome,
we easily deduce that there is a constant Cω0 > 1 such that

∫

|u∗|≤M

ω−1
0 (u)|u|du ≤ Cω0 .

Altogether we have obtained that for every ε ∈ (0, ε110) there holds

ω0(v)|f1(t, x, v)| ≤ (1 − ι0 + C0λ)e−ν0t sup
s∈[0,t]

[
eν0s‖f1,s‖L∞

ω0
(Ōε)

]
+ (1 + C0DM

4)e−ν0t‖f0‖L∞
ω0

(Oε)

+
ν1

ν0 − ν2
(1 + C0Cω0) e−ν2t sup

s∈[0,t]

[
eν2s‖G̃s‖L∞

ω0ν
−1(O

ε)

]
.

with Cω0 = 4π/(q−4) when ω0(v) = 〈v〉q, is a polynomial admissible weight function. Recalling

that G̃ = Aδf1 +G, choosing ε10 = ε110 and ν2 = ν0/2, and observing that, since Sx(v), and Σε
0

are sets of zero Lebesgue measure as discussed on Proposition 3.12, we can take the L∞(Ōε)
norm on both sides of the estimate above and we deduce that

‖f1,t‖L∞
ω0

(Oε) ≤ (1 − ι0 + C0λ)e−ν0t sup
s∈[0,t]

[
eν0s‖f1,s‖L∞

ω0
(Ōε)

]
+ (1 + C0DM

4)e−ν0t‖f0‖L∞
ω0

(Oε)

+2
ν1
ν0

(1 + C0Cω0) e−
ν0
2 t sup

s∈[0,t]

[
e

ν0
2 s‖Aδf1,s‖L∞

ω0ν−1(O
ε)

]

+2
ν1
ν0

(1 + C0Cω0) e−
ν0
2 t sup

s∈[0,t]

[
e

ν0
2 s‖Gs‖L∞

ω0ν−1(O
ε)

]
,

and we proceed to use the dissipative properties of Aδ and to fix the constants for each type of
weight function.

• Weak inverse gaussian weights: If ω0(v) = eζ|v|
2

, with ζ ∈ (0, 1/4], we recall that
Aδf1 = K((1 − χδ)f) as defined in (1.25), therefore arguing as during the proof of (K1) we
deduce that for every N > 0 there is δ11 = m(N)−1, where m(N) is given by the Step 2 of the
proof of (K1) in Lemma 3.6, such that for every δ ∈ (0, δ11) there holds

‖Aδf1,s‖L∞
ω0

(Oε) ≤
1

N
‖f1,s‖L∞

ω0
(Oε).
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We then choose N = 8ν1 (1 + C0Cω0) /(ν0ι0), λ = ι0/(4C0), and we obtain (5.3) for weak inverse
gaussian weights, in the time interval [0, T ].

• Stretched exponential weights: If ω0(v) = eζ〈v〉
s

, with s ∈ (0, 2) and ζ > 0, we observe
that [38, Lemma 4.12] implies that

(5.4) ‖Aδf1,s‖L∞
ω0ν

−1(O
ε) ≤ ̟δ,ω0‖f1,s‖L∞

ω0
(Oε),

and, furthermore, that we may choose δ21 > 0 such that for every δ ∈ (0, δ21) there holds

2
ν1
ν0

(1 + C0Cω0)̟δ,ω0 ≤ ι0
4
.

We obtain then (5.3) for stretched exponential weights, in the time interval [0, T ], by choosing
λ = ι0/(4C0).

• Polynomial weights: If ω0 = 〈v〉q, with q > q⋆ι as defined in (1.7), using again [38, Lemma
4.12], we obtain (5.4) with ̟δ,ω0 → 4/(q − 1) as δ → 0. We observe then that since q > q⋆ι ,
there holds

2
ν1
ν0

(
1 +

4π

q − 4
C0

)
4

q − 1
< ι0.

We may choose then δ31 > 0 small enough such that for every δ ∈ (0, δ31) there holds

2
ν1
ν0

(
1 + Cω0

4π

q − 4

)
̟δ,ω0 ≤ αι0,

for some α ∈ (0, 1). We obtain then (5.3) for polynomial weights, in the time interval [0, T ], by
taking λ = (1 − α)ι0/2.

We conclude the proof by taking T > 0 such that Ce−
ν0
2 T ≤ 1/2, choosing δ1 = δ11 in the case

of weak inverse gaussian weight functions, δ1 = δ21 in the case of stretched exponential weight
functions, and δ1 = δ31 in the case of polynomial weight functions, and extending the result for
all time by repeating the analysis from the Step 3 of the proof of Proposition 3.1 (in a much
simpler setting). �

5.2. Weighted L∞ estimate in cylindrical domains. We will now prove a similar long-time
behavior result to the one on the previous section under Assumption (RH2).

Proposition 5.4. Consider Assumption (RH2) to hold, ω0 ∈ W0 a weakly confining admissible
weight function, and let f1 be a solution to Equation (5.1). There are constructive constants
ε11 > 0 and δ2 > 0 such that for every ε ∈ (0, ε11) and every δ ∈ (0, δ2) there holds

‖f1,t‖L∞
ω0

(Ōε) ≤ e−
ν0
2 t

(
‖f0‖L∞

ω0
(Oε) + C sup

s∈[0,t]

[
e

ν0
2 s‖Gs‖L∞

ω0ν
−1(O

ε)

])
∀t ≥ 0,

for some constant C > 0, independent of ε.

Proof. The proof is a repetition of the proof of Proposition 5.3, by using the stretching method
argument for cylindrical domains as during the proof of Proposition 4.10, Proposition 4.11 and
Proposition 4.1, thus we skip it. �

5.3. Proof of Proposition 5.1. We conclude Proposition 5.1 by choosing ε9 = ε10 and δ0 = δ1,
where ε10, δ1 > 0 are given by Proposition 5.3, if Assumption (RH1) holds, or ε9 = ε11 and
δ0 = δ2, where ε11, δ2 > 0 are given by Proposition 5.4, under Assumption (RH2). �
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6. Well-posedness of transport equations with Maxwell boundary conditions

Before studying well-posedness results for transport equations, we summarize the results
obtained during Section 3 and Section 4 for the solutions of Equation (1.20).

Proposition 6.1. Consider either Assumption (RH1) or (RH2) to hold, ω1 ∈ W1 a strongly
confining admissible weight function, G : Uε → R satisfying 〈〈Gt〉〉Oε = 0 for every t ≥ 0, and
let f be a solution of Equation (1.20). There are constructive constants ε12, θ > 0 such that for
every ε ∈ (0, ε12) there holds

‖ft‖L∞
ω1

(Oε) ≤ Ce−θε2t

(
‖f0‖L∞

ω1
(Oε) + sup

s∈[0,t]

[
eθε

2s‖Gs‖L∞
ω1ν

−1(O
ε)

])
∀t ≥ 0,

for some constant C > 0, independent of ε.

Proof. The proof is immediate from Proposition 3.1 and Proposition 4.1. We remark that we
take ε12 = ε1 if Assumption (RH1)holds, where ε1 is given by Proposition 3.1, and ε12 = ε5 if
Assumption (RH2)holds, where ε5 is given by Proposition 4.1. �

We dedicate then this section to prove the following well-posedness results.

Theorem 6.2. Assume either Assumption (RH1) or (RH2) to hold, consider ω1 ∈ W1 a
strongly confining admissible weight function, let f0 ∈ L∞

ω1
(Oε), and G ∈ L∞

ω1ν−1(Uε).

For every ε ∈ (0, ε12), where we recall that ε12 > 0 is given by Proposition 6.1, there is
f ∈ L∞

ω1
(Uε), with a trace function γf ∈ L∞

ω1
(Γε), unique solution to Equation (1.20) in the

distributional sense, i.e for any ϕ ∈ D(Ūε) there holds

(6.1)

∫

Oε

f(t, ·)ϕ(t, ·) dxdv −
∫ t

0

∫

Oε

f K∗ϕ+ f (∂tϕ− v · ∇xϕ− ν ϕ) + Gϕdxdvds

=

∫

Oε

f0(·)ϕ(0, ·)dxdv +

∫ t

0

∫

Σε

γf ϕ (nx · v)dσxdv,

for every t ≥ 0, and where we have defined the formal adjoint operator

(6.2) K∗ϕ(v) :=

∫

R3

k(v∗, v)ϕ(v∗) dv∗.

Furthermore, there holds the results from Proposition 6.1.

Theorem 6.3. Assume either Assumption (RH1) or (RH2) to hold, consider ω0 ∈ W0 a weakly
confining admissible weight function, let f0 ∈ L∞

ω0
(Oε), and G ∈ L∞

ω0ν−1(Uε).

For every ε ∈ (0, ε9) and every δ ∈ (0, δ0), where we recall that ε9, δ0 > 0 are given by
Proposition 5.1, there is f1 ∈ L∞

ω0
(Uε), with a trace function γf1 ∈ L∞

ω0
(Γε), unique solution to

Equation (5.1) in the distributional sense, i.e for any ϕ ∈ D(Ūε) there holds

(6.3)

∫

Oε

f1(t, ·)ϕ(t, ·) dxdv −
∫ t

0

∫

Oε

f1 A∗
δ ϕ+ f (∂tϕ− v · ∇xϕ− ν ϕ) +Gϕdxdvds

=

∫

Oε

f0(·)ϕ(0, ·)dxdv +

∫ t

0

∫

Σε

γf1 ϕ (nx · v)dσxdv,

for every t ≥ 0, and where we have defined the formal adjoint operator

(6.4) A∗
δ ϕ(v) := (1 − χδ(v))

∫

R3

k(v∗, v)ϕ(v∗) dv∗,

where we recall that χδ is defined in Subsection 1.4. Furthermore, there holds the result from
Proposition 5.1.
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6.1. Extra a priori estimates. We provide now extra a priori estimates needed for the well-
posedness results of this section.

Proposition 6.4. There is κ ∈ R such that for every f solution of Equation (1.13) there holds

(6.5) ‖ft‖H ≤ eκt‖f0‖H,
for every t ≥ 0.

Proof. This result is classical in the study of the Boltzmann equation thus we only sketch it.
We first observe that [20, Theorem 7.2.4] implies that

(6.6) ‖Kh‖H ≤ CK‖h‖H,
for some constant CK > 0. Arguing then at a formal level, we have that if f is a solution of
Equation (1.13) there holds

1

2

d

dt

∫

Oε

f2
t M−1 =

∫

Oε

ft (−v · ∇xft +Kft − νft)M−1

≤ −1

2

∫

Σε

γf2
t (nx · v)M−1 + (CK − ν0)

∫

Oε

f2
t M−1,

where we have used the Cauchy-Schwartz inequality and (6.6) to obtain the second line. We
conclude by using the fact that the Maxwell collision operator satisfies

(6.7) R : L2(Σ+; |nx · v|M−1) → L2(Σ+; |nx · v|M−1)

with norm less than 1 (see for instance [15, Lemma 2.2]), using the Grönwall lemma and setting
κ = CK − ν0 ∈ R. �

Moreover, we have now the following lemmas on the a priori estimates for the trace.
For a set S ∈ {Λ̄ε

1 ∪ Λ̄ε
2, Λ̄ε

3, S
ε}, where we recall that Sε has been defined in (4.3), we

define δS as a smooth C2 function coinciding, in a small neighborhood of S, with the distance
function to the compact set S. We remark that regularity of δS is justified since C is always
a smooth compact submanifold (or the union of disjoint compact submanifolds) of R3 making
the distance function to such set a smooth function in a small neighborhood around it, see for
instance [33, 34, 47].

We define then the function

ζS(x) :=





1 if Assumption (RH1) holds

(δS(x))2

1 + (δS(x))2
if Assumption (RH2) holds,

and we observe that ζS ∈ C1(Ω̄ε) for any S ∈ {Λ̄ε
1 ∪ Λ̄ε

2, Λ̄ε
3, S

ε}. We have then the following
extra a priori estimate for the boundary term.

Proposition 6.5. Assume there to hold either Assumption (RH1) or Assumption (RH2). There
is κ ∈ R such that for every f solution of Equation (1.13) there holds

(6.8)

∫ t

0

∫

Σε

(γfs)
2 (nx · v)2 ζSε(x) 〈v〉−2 M−1 dvdσxds ≤ eκt‖f0‖H, ∀t ≥ 0.

Remark 6.6. We note that on cylindrical domains (i.e under Assumption (RH2)) the estimates
for the boundary are more degenerate than for smooth domains. The extra term ζSε , making at
all possible the control of the trace, serves to—in a sense—smooth out the normal vector when
approaching the singular set Sε.
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Proof of Proposition 6.5. We divide the proof in two steps. First we obtain (6.8) for smooth
domains, and after we repeat and adapt those computations for the setting of the cylinder.

Case 1. (Smooth domains—Assumption (RH1)) We recall that ζSε ≡ 1 under Assumption (RH1),
and that in this setting the normal vector is a C2 vector field of R3. We then compute

(6.9)

1

2

d

dt

∫

Oε

(ft)
2M−1〈v〉−2(nx · v) =

∫

Oε

ft (−v · ∇xft +Kft − νft)M−1〈v〉−2(nx · v)

= −1

2

∫

Oε

v · ∇x(f2
t )M−1(nx · v)〈v〉−2 + C‖ft‖2H,

for some constant C > 0, and we remark that we have used that |〈v〉−2(nx ·v) |≤ 1, the Cauchy-
Schwartz inequality, and (6.6) to obtain the second line, in the same spirit as during the proof
of Proposition 6.4.

Using integration by parts we now have that

−
∫

Oε

v · ∇x(f2
t )M−1(nx · v)〈v〉−2dvdx ≤ −

∫

Σε

f2
t M−1(nx · v)2〈v〉−2dvdσx + C‖ft‖2H,

for some constant C > 0, and we remark that we have used the regularity of the normal vector
to deduce the last line. We conclude the proof by putting everything together, integrating (6.9)
in time, and using (6.5).

Case 2. (Cylindrical domains—Assumption (RH2)) During this proof we write any element
x ∈ R3 by its components as x = (x1, x2, x3). We consider the vector fields n1, n2 : R3 → R3

defined respectively by

n1(x1, x2, x3) :=
(x1, 0, 0)

ε−1L
and n2(x1, x2, x3) :=

(0, x2, x3)

ε−1R
.

We then observe that each of them is smooth and we remark that n1(x) = n(x) for every
x ∈ Λε

1∪Λε
2 and n2(x) = n(x) for every x ∈ Λε

3. Moreover, from their very definition there holds

|ni(x)|≤ 1 ∀x ∈ Ω̄ε,

for any i ∈ {1, 2}. We then compute

(6.10)

1

2

d

dt

∫

Oε

(ft)
2M−1〈v〉−2 ζΛε

3
(x) (n1(x) · v) dvdx

=

∫

Oε

ft (−v · ∇xft +Kft − νft)M−1〈v〉−2 ζΛε
3
(x) (n1(x) · v) dvdx

= − 1

2

∫

Oε

v · ∇x(f2
t )M−1〈v〉−2 ζΛε

3
(x) (n1(x) · v) dvdx + C‖ft‖2H,

for some constant C > 0, and we remark that we have used that |〈v〉−2(n1(x) · v) |≤ 1, that
ζΛε

3
is uniformly bounded from its very definition, the Cauchy-Schwartz inequality, and (6.6) to

obtain the last line.
We then recall that by its very definition ζΛε

3
(x) = 0 for every x ∈ Λε

3. We then have that

−
∫

Oε

v · ∇x(f2
t )M−1〈v〉−2 ζΛ3(x) (n1(x) · v) dvdx

= −
∫

Λε
1∪Λε

2

f2
t M−1ζΛ3 (x) (nx · v)2〈v〉−2dvdσx +

∫

Oε

f2
t M−1 (v · ∇x(n1(x) · v)) 〈v〉−2dvdx

+

∫

Oε

f2
t M−1〈v〉−2 (v · ∇xζΛ3(x)) (n1(x) · v) dvdx

≤−
∫

Λε
1∪Λε

2

f2
t M−1ζΛ3 (x) (nx · v)2〈v〉−2dvdσx + C‖ft‖2H,
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where we have simultaneously used the regularity and boundedness properties of ζΛε
3

and n1,
and the fact that n1(x) = n(x) for every Λε

1 ∪ Λε
2, and ζ3(x) = 0 for every x ∈ Λε

3.
We now observe that

ζΛ3 (x) = ζSε(x) ∀x ∈ Λε
1 ∪ Λε

2,

and integrating in time and arguing as during the Case 1 of this proof we deduce that there is
a constant κ > 0 such that

∫ t

0

∫

Λε
1∪Λε

2

f2
sM−1ζSε(x) (nx · v)2〈v〉−2dvdσxds . eκt‖f0‖2H.

Repeating this exact arguments but using ζΛε
1∪Λε

2
(x) (n2(x) · v) instead of ζΛε

3
(x) (n1(x) · v) in

(6.10) we obtain that
∫ t

0

∫

Λε
3

f2
sM−1ζSε(x) (nx · v)2〈v〉−2dvdσxds . eκt‖f0‖2H.

We conclude this case by putting together the two last estimates. �

Furthermore, we provide a priori estimates for the solutions of Equation (1.20) in weighted
L∞ spaces, when 〈〈G〉〉Oε 6= 0.

Proposition 6.7. Consider either Assumption (RH1) or (RH2) to hold, ω1 ∈ W1 a strongly
confining admissible weight function, G : Uε → R, and let f be a solution of Equation (1.20).
For every ε ∈ (0, ε12), where we recall that ε12 > 0 is given by Proposition 6.1, there holds

(6.11) ‖ft‖L∞
ω1

(Oε) ≤ C
(
e−θε2t‖f0‖L∞

ω1
(Oε) + ‖G‖L∞

ω1ν
−1(U

ε)

)
∀t ≥ 0,

for some constant C > 0, independent of ε.

Proof. We emphasize that the only difference between Proposition 6.7 and Proposition 6.1
is the fact that G does not have total mass zero for all time. This implies that during the
proof we will not be able to apply the hypocoercivity decay (2.1) to G, and in its place we
will use Proposition 6.4. We then put the extra exponential growth in time given by (6.5) with
the constants outside and shifting our estimate to control instead ‖G‖L∞

ω1ν
−1(U

ε), the proof of

Proposition 6.7 follows exactly that of Proposition 6.1, thus we skip it. �

6.2. Well-posedness of Equation (1.13) in a weighted L2 framework. We define now the
boundary measures

dξ1 := M−1(nx · v)dvdσx, and dξ2 := M−1(nx · v)2 ζSε(x) 〈v〉−2 dvdσx,

and we define the space of renormalizing functions C1
pw,∗(R) as the space of C1 piecewise

functions with finite limits at ±∞, and such that s 7→ 〈s〉β′(s) is bounded in R.
We then prove the following well-posedness of Equation (1.13) in H in order to justify the

computations from Section 2.

Theorem 6.8. Assume there to hold either Assumption (RH1) or Assumption (RH2) and
consider f0 ∈ H. There is f ∈ C(R+,H) with an associated trace function γf ∈ L2(Γε; dξ2dt),
unique global solution to Equation (1.13) in the distributional sense (see for instance (6.1)).

Remark 6.9. In particular, Theorem 6.8 implies the existence of a strongly continuous semigroup
SL : H → H associated to the solutions of Equation (1.13).

Remark 6.10. We observe that, in the case of cylindrical domains (i.e under Assumption (RH2)),
the functional space where the trace function is well defined is more singular than in the case
of smooth domains. This is in particular reminiscent of our comments from Remark 6.6
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The problem of well-posedness for transport equations with non-local terms presenting boundary
conditions has been deeply addressed in the literature, see for instance [55, 4, 5, 29, 49, 51, 52, 18].
However, due to the lack of a precise reference, we provide a sketch of the proof for Theorem 6.8.

Proof of Theorem 6.8. We divide the proof into three steps.

Step 1. We consider a function f ∈ L2(Γε; dtdξ1), and we study the following evolution equation

(6.12)





∂tf = L f in Uε

γ−f = f on Γε
−

ft=0 = f0 in Oε.

A direct application of [55, Proposition 8.16] gives the existence of f ∈ C(R+,H), with a trace
γf ∈ L2(Γε; dξ1dt), unique renormalized solution to Equation (6.12). Furthermore, there is a
constant κ > 0 for which there holds the enegy estimate

(6.13) ‖ft‖2H +

∫ t

0

e2κ(t−s)‖γ+fs‖2L2(Σε
+;dξ1)

ds ≤ e2κt‖f0‖2H +

∫ t

0

e2κ(t−s)‖fs‖2L2(Σε
−;dξ1)

ds,

for every t ≥ 0.

Step 2. Using then again (6.7) and the energy estimate (6.13) in a Banach fixed point
argument in the same spirit as in the proof of [12, Proposition 3.3], we obtain the existence
of f ∈ C(R+,H), with a trace function γf ∈ L2(Γε

T ; dξ1dt), unique renormalized solution of the
equation 




∂tf = −v · ∇xf +Kf − νf in Uε
T

γ−f = αRγ+f on Γε
T,−

ft=0 = f0 in Oε,

for any α ∈ (0, 1). We remark that this solution is in the sense that for every φ ∈ D(Ūε), and
every β ∈ C1

pw,∗ there holds

(6.14)

∫

Oε

β(f)(t, ·)ϕ(t, ·) −
∫ t

0

∫

Oε

β′(f)ϕKf + β(f) (∂tϕ− v · ∇xϕ) − νβ′(f)f

−
∫ t

0

∫

Σε

γ+β(f)ϕ (nx · v)+ =

∫

Oε

β(f0)(·)ϕ(0, ·),

for every t ∈ [0, T ]. Furthermore, there holds the energy estimate

(6.15) ‖fkt‖H + (1 − αk)

∫ t

0

e2κ(t−s)‖γ+fks‖2L2(Σε
+;dξ1)

≤ eκt‖f0‖H,

for any t ∈ [0, T ]

Step 3. For a sequence αk ∈ (0, 1) such that αk ր 1, we consider the sequence (fk) obtained by
using the Step 2 as the solution to the modified Maxwell reflection boundary condition problem

(6.16)





∂tfk = −v · ∇xfk + L fk in Uε
T

γ−fk = αk Rγ+fk on Σε
T,−

fk,t=0 = f0 in Oε.

Using the renormalized formulation (6.14) with the choices β(s) = βM (s) = M ∧ s2, for any
M > 0 and as tests functions ϕ, the ones considered during the proof of Proposition 6.5, we
may argue as during the proof of Proposition 6.5, and using the integral version of the Grönwall
lemma we additionally have that

∫

Γε
T

(γfk)2dξ2 dt . ‖f0‖2HeκT .
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From the above estimates, we deduce that, up to the extraction of a subsequence, there exist
f ∈ L2(0, T ;H) ∩ L∞(0, T ;H) and f± ∈ L2(Γε

T,±; dξ2dt) such that

fk ⇀ f weakly in L2(0, T ;H) ∩ L∞(0, T ;H), γ±fk ⇀ f± weakly in L2(Γε
T,±; dξ2dt).

Since 〈v〉M ∈ L2(Rd), we have that L2(Γε
T ; dξ2dt) ⊂ L1(Γε

T ; ζSε(x) (nx·v)dvdσxdt). Moreover,
from the very definition of the rescaled Maxwell boundary condition (1.9), we have that as a
map

R : L1(Σε
+; ζSε(x) (nx · v)dvdσx) → L1(Σε

−; ζSε(x) (nx · v)dvdσx),

has norm less than 1. Altogether this implies that R(γ+fk) ⇀ R(f+) weakly in L1(Γ−; ζSε(x) (nx·
v)dvdσx).

Furthermore, from [55, Proposition 8.10], we have that γfk ⇀ γf weakly in L2
loc(Γ

ε
T ; dξ2dt).

Using both convergences in the boundary condition γ−fk = R(γ+fk), we obtain γ−f = R(γ+f).
We may thus pass to the limit in the weak formulation of Equation (6.16), obtained from the

Step 2, and we obtain that f ∈ C([0, T ];H) is a weak solution to Equation (1.13). Moreover,
passing to the limit in (6.15), we also have that (6.5) holds. This and the linearity give the
uniqueness of the solution to Equation (1.13), and repeating this argument in every time interval
we conclude the existence and uniqueness of a weak global solution. �

6.3. Proof of Theorem 6.2. We split the proof into four steps.

Step 1. (Classical solutions to the transport equation with smooth coefficients) We consider now
H1, H2,H ∈ C1

c (Ūε), h0 ∈ C1
c (Oε) and we study the following transport evolution equation

(6.17)





∂th = T h+H1 +H2 in Uε

γ−h = H on Λε
−

ht=0 = h0 in Oε.

We classically have (see for instance the proof of [55, Lemma 8.12] and the references therein)
that a solution to Equation (6.17) is given by the representation formula

(6.18) h(t, x, v) = e−ν(v)th0(x, v)1t1≤0 +

∫ t

max(0,t1)

e−ν(v)(t−s) (H1 +H2)(s, x, v) ds

+ e−ν(v)(t−t1)H(t1, x1, v)1t1>0,

and, in a smooth framework, we further have that h also satisfies the weak formulation

(6.19)

∫

Oε

ht ϕ(t, ·) −
∫ t

0

∫

Oε

h (v · ∇xϕ− ν(v)ϕ) +

∫ t

0

∫

Σε
+

γ+hϕ (nx · v)+

=

∫

Oε

h0 ϕ(0, ·) +

∫ t

0

∫

Σε
−

Hϕ (nx · v)+ +

∫ t

0

∫

Oε

(H1 +H2)ϕ.

for every ϕ ∈ D(Ūε) and t ∈ R+.
Moreover, multiplying (6.18) by ω1, taking the L∞(Oε) norm, and using (K2) with ν2 = ν0/2,

we deduce the energy estimates

(6.20) ‖h‖L∞
ω1

(Ūε) ≤ ‖h0‖L∞
ω1

(Oε) + ‖H‖L∞
ω1

(Γε
−) + ‖H1‖L∞

ω1
(Uε) + 2

ν1
ν0

‖H2‖L∞
ω1ν−1(U

ε),

Step 2. (Solutions to the transport equation with L∞ coefficients) We assume nowH1 ∈ L∞
ω1

(Uε),
H2 ∈ L∞

ω1ν−1(Uε), H ∈ L∞
ω1

(Γε
−) and h0 ∈ L∞

ω1
(Oε). We take then the sequence of smooth

functions Hn
1 , H

n
2 ∈ C1

c (Ūε), Hn ∈ C1
c (Γε) and hn0 ∈ C1

c (Oε) such that, as n→ ∞, there holds

(6.21)
Hn

1 → H1 strongly in L∞
ω1

(Uε), Hn
2 → H2 strongly in L∞

ω1ν−1(Uε),

Hn → H strongly in L∞
ω1

(Γε
−), hn0 → g0 strongly in L∞

ω1
(Oε).
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From the analysis performed during the Step 1, there is hn unique solution to Equation (6.17)
associated with Hn

i for i = 1, 2, Hn, and hn0 . Moreover, there holds the representation formula
(6.18), the weak formulation (6.19), and the energy estimate (6.20).

In particular, defining the trace using the representation formula (6.18) as detailed in [55,
Definition 8.1], we deduce from (6.20), the linearity of Equation (6.17), and the convergences
from (6.21) that hn and γhn are Cauchy sequences in L∞

ω1
(Uε) and L∞

ω1
(Γε) respectively. Therefore,

there are functions h ∈ L∞
ω1

(Uε) and γh ∈ L∞
ω1

(Γε) such that, as n→ ∞, there holds

hn → h strongly in L∞
ω1

(Oε) and γhn → γh strongly in L∞
ω1

(Γε
−).

Moreover, passing to the limit in the weak formulation of Equation (6.17) associated with Hn
i

for i = 1, 2, Hn, and hn0 , we deduce that h, with the trace function γh, is a weak solution of
Equation (6.17) associated with Hi for i = 1, 2, H, and h0, satisfying the energy estimate

(6.22) ‖h‖L∞
ω1

(Uε) + ‖γh‖L∞
ω1

(Γε) ≤ ‖h0‖L∞
ω1

(Oε) + ‖H‖L∞
ω1

(Γε
−)

+ ‖H1‖L∞
ω1

(Uε) + 2
ν1
ν0

‖H2‖L∞
ω1ν

−1(U
ε).

In particular, (6.22) and the linearity of Equation (6.17) imply the uniqueness of this solution.
Furthermore, we may pass to the limit in (6.18) a.e in (x, v) ∈ Oε such that h satisfies the

Duhamel formulation (6.18).

Step 3. We now set ψ0 = 0, ψ0 ∈ L∞
ω1

(Oε), α ∈ (0, 1), we recall that G ∈ L∞
ω1ν−1(Uε) and we

consider the recurrent sequence of solutions given by the following evolution equation

(6.23)





∂tψ
k+1 = T ψk+1 +Kψk +G in Uε

γ−ψ
k+1 = αRγ+ψ

k on Γε
−

ψk+1
t=0 = ψ0 in Oε.

Indeed, we remark that if we assume that, for a certain k, ψk ∈ L∞
ω1

(Uε), then (K1) implies

that Kψk ∈ L∞
ω1

(Uε). Therefore Step 2 implies the existence of ψk+1 ∈ L∞
ω1

(Uε), with a trace

γψk+1 ∈ L∞
ω1

(Γε), unique weak solution of Equation (6.23) in the sense provided by the Step 2.
We take now A > 0 to be fixed later and, inspired by the recent series of papers [15, 16, 12],

we define the modified weight functions

ωA
1 = ωA

1 (v) := M
−1ξA(v) + (1 − ξA(v))ω1,

where ξA(v) := ξ(|v|/A), for a function ξ ∈ C2(R+,R), such that 1[0,1] ≤ ξ ≤ 1[0,2]. Moreover,
we remark that there is a constant cA > 0 such that

(6.24) c−1
A ω1 ≤ ωA

1 ≤ cAω.

Using now the representation formula given by the Step 2 for the solutions of Equation (6.23),
multiplying by ωA

1 , using (K1) together with (6.24), and arguing as during the proof of (K2)
with ν2 = ν0/2, we deduce that there is a constant C0 > 0 satisfying

(6.25) |ψk+1(t, x, v)|ωA
1 = e−ν0t‖ψ0‖L∞

ωA
1

(Oε) + t C0‖ψk‖L∞

ωA
1

(Oε)

+ C0‖G‖L∞

ωA
1

ν−1
(Oε) + αωA

1 (v) |Rγ+ψ
k(t1, x1, v)|.

To bound the boundary term from (6.25) we remark that

|Rγ+ψ
k(t1, x1, v)| ≤ (1 − ιε)‖ψk‖L∞

ωA
1

(Oε) + ιεωA
1 M

∣∣∣∣
∫

R3

γ+ψ
k(t1, x1, u) (nx · u)+ du

∣∣∣∣

≤ (1 − ιε)‖ψk‖L∞

ωA
1

(Oε) + ιε‖ψk‖L∞

ωA
1

(Oε)ω
A
1 M

∫

R3

(nx · u)+ ω
A
1 (u)−1du.
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On the one hand, we observe that from the very definition of ωA there holds

ωA
1 M = ξA + (1 − ξA)ω1M ≤ 1.

On the other hand, we have that

1 ≤
∫

R3

(nx · u)+ ω
A
1 (u)−1du =

∫

R3

M (u)(nx · u)+ (ξA + (1 − ξA)ωM )
−1

du := ΘA −→
A→∞

1,

where we have used the fact that ξA + (1 − ξA)ωM → 1 as A→ ∞ and M̃ = 1.
Using then that α ∈ (0, 1) and ΘA → 1 as A → ∞, we can choose A > 0 large enough such

that ΘA < 1/α, this implies that

α (1 − ιε + ιεΘA) = α (1 + ιε(ΘA − 1)) ≤ αΘA < 1,

where we have used the fact that ΘA ≥ 1 for every A > 0 and ιε(x) ≤ 1 for almost every
x ∈ ∂Ωε. Using then the linearity of Equation (6.23) and the previous analysis we have that

‖ψk+1 − ψk‖L∞

ωA
1

(Oε) + ‖γψk+1 − γψk‖L∞

ωA
1

(Oε) ≤ (t C0 + αΘA) ‖ψk − ψk−1‖L∞

ωA
1

(Oε),

These informations imply that, for a small time T0 > 0, ψk and γψk are Cauchy sequences in
the the Banach spaces L∞

ωA
1

(Uε
T0

) and L∞
ωA

1
(Γε

T0
). Therefore there are functions ψ ∈ L∞

ωA
1

(Uε
T0

)

and γψ ∈ L∞
ωA

1
(Γε

T0
) such that, as k → ∞, there holds

ψk → ψ strongly in L∞
ωA

1
(Uε

T0
) and γψk → γψ strongly in L∞

ωA
1

(Γε
T0

).

Moreover, using (6.24) and passing to the limit in the weak formulation associated with Equation (6.23)
we deduce that ψ solves the evolution equation

(6.26)





∂tψ = T ψ +Kψ +G in Uε

γ−ψ = αRγ+ψ on Γε
−

ψt=0 = ψ0 in Oε,

in the time interval [0, T0]. Repeating this argument in every time interval [nT0, (n+ 1)T0] for
every n ∈ N we deduce the existence of a global solution ψ. Furthermore, from the representation
formula associated with Equation (6.23), and the previous strong convergence result we have
that

(6.27) ψ(t, x, v) = e−ν(v)tψ0(x, v)1t1≤0 +

∫ t

max(0,t1)

e−ν(v)(t−s)Kψ(s, x, v) ds

+

∫ t

max(0,t1)

e−ν(v)(t−s)G(s, x, v) ds+ e−ν(v)(t−t1)γψ(t1, x1, v)1t1>0,

for every t ≥ 0 and for almost every (x, v) ∈ Oε.
We can then use the well-posedness from the Step 3 of the proof of Theorem 6.8 and

Remark 6.9 to justify the repetition of the hypocoercivity result from Theorem 2.1 applied to
Equation (6.26). We may thus repeat the computations leading to the conclusion of Proposition 6.7.
Therefore, there are ε12, θ > 0, given by Proposition 6.1, such that for every ε ∈ (0, ε12), there
holds the following energy estimate

(6.28) ‖ψt‖L∞
ω1

(Oε) + ‖γψt‖L∞
ω1

(Σε) ≤ Ce−θε2t

(
‖ψ0‖L∞

ω1
(Oε) + sup

s∈[0,t]

‖G‖L∞
ω1ν

−1(U
ε)

)
,

for every t ≥ 0, and where C > 0 is an universal constant independent of ε. Finally, it is worth
remarking that (6.28) is uniform in α from the fact that this estimate comes from Proposition 6.7.
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Step 4. We now take a sequence αk ր 1, with k ∈ N, and we consider the sequence (fk)k∈N

obtained in Step 3 as the solution to the modified Maxwell reflection boundary condition problem

(6.29)





∂tfk = T fk +Kfk +G in Uε

γ−fk = αk Rγ+fk on Γε
−

fk,t=0 = f0 in Oε.

Moreover, it is worth remarking that there holds the representation formula (6.27) for fk.
Using then the energy estimate (6.28) we obtain that fk and γfk are bounded sequences in

L∞
ω1

(Uε) and L∞
ω1

(Γε), therefore there is f ∈ L∞
ω1

(Uε) and γf ∈ L∞
ω1

(Γε) such that, as k → ∞,
there holds

fk ⇀ f weakly-∗ in L∞
ω1

(Uε) and γfk ⇀ γf weakly-∗ in L∞
ω1

(Γε).

We can thus pass to the limit in the weak formulation associated to Equation (6.29) and we
deduce that f , with its associated trace γf , solves Equation (1.20) in the sense of (6.1).

Furthermore, we remark that by taking the representation formula (6.27) for fk, multiplying
it by any arbitrary function g ∈ L1

m1
(Uε), where m1 := ω−1

1 , we may pass to the limit as k → ∞
and by density we deduce that f also satisfies the representation formula (6.27).

Finally, we conclude by remarking that the conclusion of Proposition 6.1 holds from the fact
that we have access to a Duhamel-type formulation and using Remark 6.9. �

6.4. Proof of Theorem 6.3. The proof of Theorem 6.3 follows exactly the same arguments
used for the proof of Theorem 6.2, using Proposition 5.1 instead of Proposition 6.7. �

7. Proof of Theorem 1.3 for strongly confining weights

We dedicate this section to prove a first part of Theorem 1.3.

Theorem 7.1. Consider either Assumption (RH1) or (RH2) to hold, and let ω1 ∈ W1 a strongly
confining admissible weight function. For every ε ∈ (0, ε12), where we recall that ε12 > 0 is
given by Proposition 6.1, there is η10(ε) ∈ (0, 1) satisfying η10(ε) → 0 as ε → 0, such that if
f0 ∈ L∞

ω1
(Oε) satisfies

‖f0‖L∞
ω1

(Oε) ≤ (η10(ε))2,

there is a function f ∈ L∞
ω1

(Uε) with an associated trace γf ∈ L∞
ω1

(Γε), unique solution to
the linearized rescaled Boltzmann Equation (1.5)-(1.9)-(1.10) in the distributional sense, i.e for
every test function ϕ ∈ D(Ūε) there holds

(7.1)

∫

Oε

f(t, ·)ϕ(t, ·)dvdx −
∫ t

0

∫

Oε

f (∂tϕ+ v · ∇xϕ+K∗ϕ− νϕ) + ϕQ(f, f) dvdxds

+

∫ t

0

∫

Σε

γf ϕ (nx · v)dvdσx =

∫

Oε

f0 ϕ(0, ·)dvdx,

for every t ≥ 0, and we recall that K∗ is defined in (6.2). Furthermore, there holds

(7.2) ‖ft‖L∞
ω1

(O) ≤ e−θε2t η10(ε) ∀t ≥ 0.

7.1. Estimate on the bilinear Boltzmann collision operator. Before studying the non-
linear Boltzmann equation we state the following control on the bilinear Boltzmann collision
operator.

Lemma 7.2. Let ω be an admissible weight function, and let g, h ∈ L∞
ω (Oε). There holds

‖Q(g, h)‖L∞
ων−1(O

ε) ≤ CQ‖g‖L∞
ω (Oε)‖h‖L∞

ω (Oε).

for some constant CQ = CQ(ω) > 0.
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Remark 7.3. This type of estimate is classical in the study of the Boltzmann equation, see for
instance [38, 42, 20, 31]. Thus we do not prove it, the interested reader may find a prove in
either of the above references.

7.2. Proof of Theorem 7.1. We define the norm

[[f ]]1 := sup
s∈[0,∞)

[
eθε

2s‖fs‖L∞
ω1

(Oε)

]
,

where we recall that θ > 0 is given by Proposition 6.1. We consider a λ > 0 to be fixed later,
and we define the Banach space

Z1 := {g ∈ L∞
ω1

(Uε), [[g]]1 ≤ λ},
equipped with the strong topology in L∞

ω1
(Uε).

We denote Ψ1 as the map that to g ∈ Z1 assigns f the solution of

(7.3)





∂tf = L f + Q(g, g) in Uε

γ−f = Rγ+f, on Γε
−

ft=0 = f0, in Oε,

which is given by Theorem 6.2. Indeed, we observe that Theorem 6.2 holds by using Lemma 7.2
and the fact that g ∈ Z1. We remark then that Proposition 6.1 implies that for every ε ∈ (0, ε12)
there is C0 = C0(ε) > 0 satisfying C0(ε) → ∞ as ε→ 0, such that

(7.4)
[[f ]]1 ≤ C0‖f0‖L∞

ω1
(Oε) + C0 sup

s∈[0,t]

[
eθε

2s‖Q(gs, gs)‖L∞
ω1ν

−1(O
ε)

]

≤ C0‖f0‖L∞
ω1

(Oε) + C0CQ[[g]]21

where we have used Lemma 7.2 to obtain the second line and the constant CQ = CQ(ω1) > 0 is
given by Lemma 7.2.

We then choose η10(ε) = λ(ε) and

λ = λ(ε) := min

(
1

C0(ε)(1 + CQ)
,

1

4C0(ε)CQ
, 1

)
−→
ε→0

0.

In particular, this choice of λ together with (7.4) implies that f ∈ Z1, thus Ψ1 : Z1 → Z1.
Furthermore, if we take g1, g2 ∈ Z1 and denoting fi = Ψ1(gi) for i = 1, 2, we have that

ψ = f1 − f2 is the weak solution of the evolution equation




∂tψ = L ψ + Q(g1 + g2, g1 − g2) in Uε

γ−ψ = Rγ+ψ on Γε
−

ψt=0 = 0 in Oε,

in the sense of Theorem 6.2. Using then Proposition 6.1 and Lemma 7.2 as before we have that

[[ψ]]1 ≤ C0CQ[[g1 + g2]]1[[g1 − g2]]1 ≤ 2C0CQλ[[g1 − g2]]1 ≤ 1

2
[[g1 − g2]]1.

This implies that Ψ1 is a contraction in Z1, thus there is a unique fixed point f ∈ Z1 for this map.
We deduce that f is a weak solution of the nonlinear Boltzmann Equation (1.5)-(1.9)-(1.10) in
the sense of (7.1). Furthermore, (7.2) comes from the very fact that f ∈ Z1. �

8. Proof of Theorem 1.3 for weakly confining weights

We dedicate this section to prove the remaining part of Theorem 1.3 on the well-posedness
of the Boltzmann equation for weakly confining admissible weight functions.
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Theorem 8.1. Consider either Assumption (RH1) or (RH2) to hold, and let ω0 ∈ W0 a weakly
confining admissible weight function. Define furthermore ε13 := min(ε9, ε12), where we recall
that ε9 > 0 is given by Proposition 5.1 and ε12 > 0 is given by Proposition 6.1.

For every ε ∈ (0, ε13) there is η00(ε) ∈ (0, 1) such that η00(ε) → 0 as ε→ 0, such that for every
f0 ∈ L∞

ω0
(Oε) satisfying

‖f0‖L∞
ω0

(Oε) ≤ (η00(ε))2,

there is f ∈ L∞
ω0

(Uε) with an associated trace γf ∈ L∞
ω0

(Γε), unique solution to the linearized
rescaled Boltzmann Equation (1.5)-(1.9)-(1.10) in the distribution sense, i.e for every test function
ϕ ∈ D(Ūε) there holds

(8.1)

∫

Oε

f(t, ·)ϕ(t, ·)dvdx −
∫ t

0

∫

Oε

f (∂tϕ+ v · ∇xϕ+K∗ϕ− νϕ) + ϕQ(f, f) dvdxds

+

∫ t

0

∫

Σε

γf ϕ (nx · v)dvdσx =

∫

Oε

f0 ϕ(0, ·)dvdx,

for every t ≥ 0, and we recall that K∗ is defined in (6.2). Furthermore, there is θ > 0 such that
there holds

(8.2) ‖ft‖L∞
ω0

(Oε) ≤ e−θε2t η00(ε) ∀t ≥ 0,

Remark 8.2. The proof follows the main ideas of [10, Section 6].

8.1. Dissipative equation. Let h : Uε → R, we study the following equation

(8.3)





∂tf1 = T f1 + Aδf1 + Q(f1 + h, f1 + h) in Uε

γ−f1 = Rγ+f1 on Γε
−

f1,t=0 = f0 in Oε.

We dedicate this subsection to prove the following well-posedness result.

Proposition 8.3. Consider either Assumption (RH1) or (RH2) to hold, let ω0 ∈ W0 a weakly
confining admissible weight function, and let f0 ∈ L∞

ω0
(Oε) and such that

‖f0‖L∞
ω0

(Oε) ≤ η1,

some η1 > 0 small enough. Assume furthermore that for every ε ∈ (0, ε8) and δ ∈ (0, δ0) there
holds

(8.4) sup
s∈[0,∞)

[
eθε

2s‖hs‖L∞
ω0

(Oε)

]
≤ η1,

where ε9, δ0 > 0 are given by Proposition 5.1, and θ ∈ (0, ν0/2) is given by Proposition 6.1. For
every ε ∈ (0, ε8) and δ ∈ (0, δ0) there is f1 ∈ L∞

ω0
(Uε) with an associated trace γf1 ∈ L∞

ω0
(Γε),

unique solution to Equation (8.3) in the weak sense, i.e for any ϕ ∈ D(Ūε) there holds

(8.5)

∫

Oε

f1(t, ·)ϕ(t, ·) dxdv −
∫ t

0

∫

Oε

f1 A∗
δ ϕ+ f (∂tϕ+ v · ∇xϕ− ν ϕ) dxdvds

−
∫ t

0

∫

Oε

Q(f1 + h, f1 + h)ϕdxdvds +

∫ t

0

∫

Σε

γf1 ϕ (nx · v)dσxdv =

∫

Oε

f0(·)ϕ(0, ·)dxdv,

for every t ≥ 0, and where we recall that A∗
δ has been defined in (6.4). Furthermore, there holds

(8.6) ‖f1,t‖L∞
ω0

(Oε) ≤ Ce−θε2t

(
‖f0‖L∞

ω0
(Oε) + sup

s∈[0,∞)

[
eθε

2s‖hs‖L∞
ω0

(Oε)

]2
)

∀t ≥ 0,

for some constant C > 0, independent of ε.

Proof. The proof is mainly a repetition of the arguments from the proof of Theorem 7.1, thus
we skip it. �
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8.2. Control on the operator Kδ. We recall the definition of Kδ given by (1.25) and from
[38, Section 4] we have the following control.

Lemma 8.4. Let ω be an admissible weight function. For every δ > 0 there holds

(8.7) ‖Kδf‖L∞
ς (Oε) ≤ Cδ‖f‖L∞(Oε),

for some constructive constant Cδ > 0.

8.3. Residual linear equation. We consider g : Uε → R, and we study the following linear
evolution equation

(8.8)





∂tf2 = L f2 + Kδg in Uε

γ−f2 = Rγ+f2 on Γε
−

f2,t=0 = 0 in Oε,

where we recall that Kδ is defined in (1.25). We define the projection operator

Pf(t, x, v) := M(v)

∫

Oε

f(t, x, u)du,

and we dedicate this subsection to prove the following well-posedness and long-time behavior
result

Proposition 8.5. Consider either Assumption (RH1) or (RH2) to be satisfied, let g ∈ L∞
ω0

(Uε),
for some weakly confining admissible weight function ω0 ∈ W0.

For every strongly confining admissible weight function ω1 ∈ W1, every δ > 0, and every
ε ∈ (0, ε13), where we recall that ε13 > 0 is given in Theorem 8.1, there is f2 ∈ L∞

ω1
(Uε) unique

weak solution of Equation (8.8) in the sense of the Theorem 6.2.
Moreover, if P(f2 + g) = 0, and for every ε ∈ (0, ε13) there holds

(8.9) ‖gt‖L∞
ω0

(Oε) ≤ Cg e
−θε2t ∀t ≥ 0,

for some constant Cg > 0, and where θ > 0 is given by Proposition 6.1, then there is a constant
C = C(ε) > 0 satisfying C(ε) → ∞ as ε→ 0, such that

(8.10) ‖f2,t‖L∞
ω1

(Oε) ≤ CCge
−θε2t,

for every t ≥ 0.

Proof. The proof follows the main ideas from [10, Proposition 6.8] by using Lemma 8.4, the
existence results from Theorem 6.2 and the decay estimate from Proposition 6.1, thus we skip
it. �

8.4. Proof of Theorem 8.1. We consider h ∈ L∞
ω0

(Oε) such that that for every ε ∈ (0, ε13)
and δ ∈ (0, δ0) there holds

(8.11) sup
s∈[0,∞)

[
eθε

2s‖hs‖L∞
ω0

(Oε)

]
≤ η1,

where δ0 > 0 is given by Proposition 5.1, θ ∈ (0, ν0/2) is given by Proposition 6.1, and η1 > 0
is given by Proposition 8.3. We define f1 ∈ L∞

ω0
(Uε) as the solution of the evolution equation

(8.12)





∂tf1 = T f1 + Aδf1 + Q(f1 + h, f1 + h) in Uε

γ−f1 = Rγ+f1, on Γε
−

f1,t=0 = f0, in Oε,
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which is given by Proposition 8.3. Moreover, we fix ω1 ∈ W1 a strongly confining admissible
weight function, and we define f2 ∈ L∞

ω1
(Uε) as the solution of the evolution equation

(8.13)





∂tf2 = L f2 + Kδf1 in Uε

γ−f2 = Rγ+f2 on Γε
−

f2,t=0 = 0 in Oε,

which is given by Proposition 8.5. We emphasize that, defined this way, f2 depends of h.
We define the norm

[[g]]0 := sup
s∈[0,∞)

[
eθε

2s‖gs‖L∞
ω0

(Oε)

]
,

and, for λ ∈ (0, η1) to be fixed later, we define the Banach space Z0 := {g ∈ L∞
ω0

(Uε), [[g]]0 ≤ λ},
equipped with the strong topology in L∞

ω0
(Uε), which makes Z0 a bounded, convex, closed subset

of L∞
ω0

(Uε). Furthermore, we denote Ψ as the map that to h ∈ Z0 assigns f2 as defined above.
We remark that f1 + f2 solves Equation (1.20) with G = Q(f1 + h, f1 + h), which together

with (1.15) implies that P(f1 + f2) = 0. We set then the constant Cω1 > 0 such that

‖g‖L∞
ω0

(Uε) ≤ Cω1‖g‖L∞
ω1

(Uε),

and using (8.11), (8.10) and (8.6) we obtain that

[[f1]]0 ≤ C1

(
‖f0‖L∞

ω0
(Oε) + [[h]]20

)
≤ C1

(
(η00)2 + λ2

)
, and [[f2]]0 ≤ Cω1C2C1

(
(η00)2 + λ2

)
,

where C1 > 0 is given by (8.6) in Proposition 8.3, and C2 = C2(ε) > 0, satisfying C2(ε) → ∞
as ε→ 0, is given by (8.10) in Proposition 8.5.

We define η00 = λ and

λ = λ(ε) := min

(
1

8Cω1C1C2(ε)
,

1

6C1
,

1

8CQC3
,

1

16C3CQ
,
η1
2
, 1

)
−→
ε→0

0

where CQ > 0 is given by Lemma 7.2 and C3 > 0 is the constant given by Proposition 5.1.
This choices of parameters implies in particular that [[f1]] ≤ λ and [[f2]]0 ≤ λ, thus f1, f2 ∈ Z0,
therefore Ψ : Z0 → Z0.

Furthermore, we consider h1, h2 ∈ Z0 and we define f1, g1 ∈ Z0 as the solutions of Equation (8.12)
associated with h1 and h2 respectively. We also define f2 = Ψ(h1) and g2 = Ψ(h2), i.e the
solutions of Equation (8.13) associated with f1 and g1 respectively. We denote φ = f1 − g1,
ψ := f2 − g2, and we observe that φ and ψ are the weak solutions of




∂tφ = T φ+ Aδφ+ Q(f1 + g1 + h1 + h2, φ+ h1 − h2) in Uε

γ−φ = Rγ+φ, on Γε
−

φt=0 = 0, in Oε,

and 



∂tψ = Lψ + Kδφ in Uε

γ−ψ = Rγ+ψ on Γε
−

ψt=0 = 0 in Oε,

respectively. On the one hand using Proposition 5.1 and Lemma 7.2 we have that

(8.14) [[φ]]0 ≤ C3CQ[[f1 + g1 + h1 + h2]]0[[φ + h1 − h2]]0 ≤ 1

2
[[φ]]0 + 4λC3CQ[[h1 − h2]]0

where we have used the triangular inequality and the definition of λ to obtain the last inequality.
In particular, (8.14) and our very definition of λ implies that

[[φ]]0 ≤ 8λC3CQ[[h1 − h2]]0 ≤ 1

2
[[h1 − h2]]0.

This implies that Ψ is a contraction in Z0, thus using the Banach fixed point theorem we
deduce that there is a unique fixed point f2 ∈ Z0 for this map. Moreover, from the very definition
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of the map Ψ we deduce that f2 is a weak solution of Equation (8.13), and Proposition 8.3 further
gives the uniqueness of f1, weak solution of Equation (8.12) with h = f2.

Putting together the aforementioned weak formulations we deduce that f = f1 + f2 is a weak
solution of the Boltzmann equation (1.5)-(1.9)-(1.10) in the sense of (8.1). Finally, (8.2) comes
from the very fact that f = f1 + f2 with f1, f2 ∈ Z0. This concludes the proof. �
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