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1 Introduction

In finite dimension, the theory of Poisson groupoids was introduced by We-
instein in [Wei87] as a generalization of symplectic groupoids initially defined
in [CDW87] and in parallel in [Zak90]. Poisson Lie groups and symplectic
groupoids arise naturally in the integration of arbitrary Poisson manifolds (cf.
[CDW87] and [Kar87]). Weinstein noted that the Lie algebroid dual A∗(G) of
a Poisson groupoid G has itself a Lie algebroid structure.
This infinitesimal structure was further developed in [MaXu94]. In this pa-
per, the authors have pointed out a parallel between Lie theory for Poisson Lie
groups and Poisson groupoids. There is a one to one correspondence between
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Poisson Lie groups and Lie bialgebras for connected and simply connected Lie
groups. They introduced and studied a natural infinitesimal invariant for Pois-
son groupoidsG which is a structure of Lie bialgebroid on its Lie algebroid A(G).

A generalization of Poisson manifold in the Banach setting was firstly pro-
posed in [OdRa03] and developed by A. Odzijewicz and his collaborators. In
parallel, the authors of this work proposed a generalization of such a structure to
the convenient setting called partial convenient Poisson manifold in [PeCa19].
On the other hand, based on the notion of generalized Banach Poisson manifold,
A. B. Tumpach defined in [Tum20], a notion of Banach Lie-Poisson Lie group.
A comparison of all these generalizations can be found in [GRT23]. In this pa-
per, the interested reader can find many references on the topic.

In [OdSl16], A. Odzijewicz and A. Sliżewska associated a Banach Lie groupoid
toW ′-algebras. Such a notion of Banach Lie groupoid was developed in [BGJP19]
and produces a link with earlier research on some infinite-dimensional manifolds
associated with Banach algebras. Later, in [OJS18], A. Odzijewicz, G. Jaki-
mowicz and A. Sliżewska defined Sub-Poisson Groupoid again in the context of
W ′-algebras and gave many examples in this framework.

The first purpose of this paper is to propose a context in which one can de-
fine a notion of Banach (eventually convenient) partial Poisson and sub-Poisson
groupoid as a a generalization of Weinstein’s arguments in finite dimension,
which recover the results in [OJS18]. Secondly, we show how the results of
[MaXu94] can be adapted to the infinite dimension setting.

This paper is self-contained and is organized as follows:

• Section 2 summarizes all the essential properties of a partial Poisson man-
ifold which are well known (cf. [CaPe23], Chap. 7) and some complements
which are needed in the other sections.

• Section 3 can be considered as a survey of all principal properties of Banach
Lie groups.

• Section 4 shows howWeinstein’s arguments used in [Wei87] can be adapted
to the infinite dimensional setting and which results are still true.

• Section 5 is devoted to the context in which the results of [MaXu94] can
be recovered.

• Section 6 contains essentially the construction of Sub-Poisson structures
on the cotangent bundle of a Lie groupoid.

• In section 7 the previous results are extended to an ascending sequence of
finite dimensional Poisson groupoids and is illustrated by some examples.
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• Finally, in an Appendix, we summarize all properties needed to understand
the results on groupoids associated with W ′-algebras which are exposed
in this paper.

2 Some Essential Properties of Partial Poisson
Manifolds

This section summarizes all the properties of a partial Poisson manifold which
will be used in the last section. Some of them can be found in [CaPe23], or are
completed, but the others are new.

2.1 Relations in Linear Poisson and Symplectic Conve-
nient Spaces

2.1.1 Partial Linear Poisson Convenient Spaces

Let E be a convenient space. Denote by E′ its kinematic dual and by < . , . >
the duality bracket.
Let E♭ be a vector subspace of E′ with its own convenient structure where the
inclusion of E♭ → E′ is bounded. The duality bracket < . , . > between E′ and E
induces a bounded bilinear linear form on E♭ × E which is left non degenerated
and which will be also denoted by < . , . > when no confusion is possible in the
context.

A subspace Y of any convenient space X will be call closed if it is c∞-closed
according to the terminology used in [KrMi97].

More generally, we systematically adopt notations and terminology used in
[KrMi97].

Definition 2.1. A partial linear Poisson structure on E is the data of

• a vector subspace E♭ of E′ with its own convenient structure and such that
the inclusion of E♭ in E′ is bounded ;

• a bounded linear map P : E♭ → E such that

< ω1, Pω2 >= − < ω2, Pω1 >

for all ω1 and ω2 in E♭.
We then say that

(
E♭,E, P

)
is a partial linear Poisson space.

If P is a partial linear Poisson structure on E, so is −P . When no confu-
sion is possible, if P is a fixed partial linear Poisson structure on E, we simply
denote by E− the space E provided with the partial linear Poisson structure −P .
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Moreover, if P is a convenient isomorphism, then the 2-form ΩP ∈
∧2 E′

defined by
ΩP (u, v) =< P−1(u), v >

is a weak symplectic form on E if it is closed.
When E♭ = E′ then ΩP is a linear strong symplectic form. In general, when
E♭ ̸= E′, ΩP is a linear symplectic form on E. Conversely, if Ω is a weak
symplectic linear form on E and let E♭ the range of associated the linear operator
Ω♭ : E→ E′. Then P = (Ω♭)−1 : E♭ → E is a partial Poisson structure which is
a convenient isomorphism. This justifies the following terminology:

Definition 2.2. Let P : E♭ → E be a partial Poisson structure.
If P is a convenient isomorphism, we say that P is a partial linear symplectic
structure on E. When E♭ = E′ we will simply say that P is linear symplectic.

If P is a partial linear symplectic structure, then −P is also of the same type.
Again, if no confusion is possible, we denote simply E− this opposite structure.

Definition 2.3. For any subspace F of a convenient space E, the annihilator
of F is the subspace

Fa := {α ∈ E′ : ∀u ∈ F, < α, u >= 0}.

Definition 2.4. Let (E♭,E, P ) be a partial linear Poisson space.

1. Given a vector subspace A ⊂ E♭, the vector space

A⊥P := {ω ∈ E♭ : ∀α ∈ A < ω,Pα >= 0}

is called the orthogonal of A relative to P .
The space A is called isotropic if A ⊂ A⊥P .

2. If F is a convenient subspace of E (that is F is c∞ closed) we set

F0 := {α ∈ E♭ : ∀ u ∈ F, < α, u >= 0}.

The orthogonal F⊥P of a convenient subspace F of E is the vector space

F⊥P = P (F0).

The space F is called coisotropic if F0 is isotropic in E♭.

Lemma 2.5.

1. The kernel of P is always contained in A⊥P for any subspace A of E♭.

2. If A is a vector subspace of E♭, then A⊥P is always c∞ closed in E♭.

3. If F is the c∞-closure of a subspace F of E, we have F0 = (F)0.

4. If F is a subspace of E, then both (F0)⊥P and F0 contain kerP .
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5. F is coisotropic if and only if

∀ (ω1, ω2) ∈
(
F0

)2
, < ω1, Pω2 >= 0.

6. If F1 ⊂ F2 and F1 is coisotropic, so is F2.

Notations 2.6. From now on, in this section, for any
(
E♭,E, P

)
be a partial

linear Poisson space, we set

ΩP (α, β) :=< α,Pβ > .

Note that since since the inclusion of E♭ in E′ is bounded, the dual bracket
< . , . > in restriction to E♭,E also bounded. Thus, since P is bounded, it
follows that ΩP is a skew-symmetric bilinear form on E♭.

Proposition 2.7. Let (E♭,E, P ) be a partial linear Poisson space such that P
is an isomorphism. Consider the symplectic form ΩP on E defined by

ΩP (u, v) =< P−1(u), v > .

If F is any c∞-closed subspace of E, we have

F⊥P = {u ∈ E, : ∀v ∈ F, ΩP (u, v) = 0}.

Moreover, we have
(
F⊥P

)⊥P
= F if F is closed.

Now, following the classical terminology (cf. [Wei88]), we have:

Definition 2.8. Let (E♭,E, P ) be a partial linear symplectic space. A convenient
subspace F of E is called Lagrangian if P (F0) = F.
We say that a Lagrangian space F is a split Lagrangian if F supplemented in E
by a Lagrangian space.

Note that in a partial symplectic structure, any Lagrangian space is also
coisotropic. However, any Lagrangian space is not supplemented in general.
Even more, the reader will find in [KaSw98] an example of linear symplectic
Banach space in which any Lagrangian space is not supplemented.

Proposition 2.9. Let (E♭,E, P ) be a partial linear Poisson space. If F a con-
venient subspace of E, we have the following properties:

1. P
(
(F0)⊥P

)
= F ∩ P (E♭) and so F is coisotropic if and only if F⊥P ⊂ F.

2. The following properties are equivalent:

(i) F is coisotropic ;

(ii) F ∩ P (E♭) is coisotropic in E.
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2.1.2 Linear Poisson (symplectic) relations

Definition 2.10. For i ∈ {1, 2}, let
(
E♭i ,Ei, Pi

)
be a partial linear Poisson

space.
A bounded linear map ϕ : E1 → E2 is called a Poisson morphism (resp. an
anti-Poisson morphism) if the adjoint ϕ∗ of ϕ satisfies{

ϕ∗(E♭2) ⊂ E♭1
P2 = ϕ ◦ P1 ◦ ϕ∗ (resp. P2 = −ϕ ◦ P1 ◦ ϕ∗).

.

Moreover, if each Pi is partial symplectic and a Poisson morphism (resp. anti-
Poisson morphism), ϕ is then called a partial symplectic morphism (resp. par-
tial anti-symplectic morphism).

The product E1 ×E2 can be provided with two linear partial Poisson struc-
tures:

1. PE1×E+
2
: E♭1 × E♭2 → E1 × E2 given by PE1×E2

= (P1, P2)

2. PE1×E−
2
: E♭1 × E♭2 → E1 × E2 given by PE1×E2

= (P1,−P2).

Note that if each Pi is a partial (resp. strong) symplectic so are PE1×E+
2

and PE1×E−
2
. For simplicity, we denote by E+

1 × E+
2 and E+

1 × E−
2 this first and

second structure respectively.

Recalling that the graph 1 of ϕ is

Gϕ = {(u, ϕ(u)) , u ∈ E1}.

we then have the following characterization of a Poisson morphism:

Proposition 2.11. A bounded linear map ϕ : E1 → E2 such that ϕ∗
(
E♭2

)
⊂ E♭1

is a partial Poisson morphism (resp. anti-Poisson morphism) if and only if its
graph is coisotropic in E1 × E−

1 (resp. E−
1 × E2).

Moreover, if P1 and P2 are partial symplectic, ϕ is a partial symplectic or partial
anti-symplectic map, respectively, if and only if its graph is Lagrangian in E1 ×
E−
1 or in E− × E2 respectively.

Proof. Note that since ϕ is bounded Gϕ is closed (cf. [Bam16], 1.1)

{(ϕ∗(α),−α) , α ∈ E♭2}.(2.1)

is c∞ closed (cf. [Bam16], 1.1).
For the partial Poisson structure PE1×E−

2
, we have

PE1×E−
2

(
(Gϕ)

0
)
= {(P1(ϕ

∗(α), P2(α)) , α ∈ E♭2}.

1This notation is classical. However, usually, in finite dimension in the classical papers on
symplectic groupoids or Poisson groupoids (cf. [Gui75], [CDW87], [AlDa90], [Wei88] among
many others) the graph of such a map is denoted Gϕ = {(ϕ(u), u) u ∈ E1}.
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Now, if ϕ is a Poisson morphism, we have P2 = ϕ ◦ P1 ◦ ϕ∗ and so

PE1×E2

(
(Gϕ)

0
)
= {(P1 ◦ ϕ∗(α), ϕ(P1 ◦ ϕ∗(α))) , α ∈ E♭2}.

which is contained in Gϕ.
Conversely, if PE1×E−

2

(
(Gϕ)

0
)
is contained in Gϕ, this implies that P2 = ϕ◦P1 ◦

ϕ∗.
Assume that P1 and P2 are partial symplectic if Gϕ is Lagrangian, then this
implies that ϕ is a Poisson morphism.
Conversely, assume that ϕ is partial symplectic, this means that P1 and P2 are
isomorphisms, so PE1×E−

2
is an isomorphism from E♭1 × E♭2 to E1 × E2. Thus it

remains to show that
P−1

E1×E−
2

(Gϕ) ⊂ (Gϕ)
0.

But we have

P−1

E1×E−
2

(Gϕ) = {(P−1
1 (u),−P−1

2 ◦ ϕ(u)), u ∈ E1}
= {(ϕ∗

(
P−1
2 ◦ ϕ(u)

)
,−P−1

2 ◦ ϕ(u)), u ∈ E1}.

which is included in (Gϕ)
0 from (2.1).

More generally, following [Gui75], [CDW87], [AlDa90] and [Wei88], we in-
troduce the following notions:

Definition 2.12.

1. Any closed subspace R ⊂ E1 × E2 will be called a linear relation.
Given a linear relation R ⊂ E1×E2, we will say that R is a linear relation
from E1 to E2 and we will write R : E1 _ E2.
If E1 = E2, we simply say that R is a relation in E.

2. Let R : E1_E2 and S : E2_E3 be two relations. The composition S ◦ R
is the relation S ◦R : E1_E3 given by

S ◦R = {(x, z) ∈ E1 × E2 : (x, y) ∈ R and (y, z) ∈ S for some y ∈ E2}.

In particular, the graph Gϕ of a bounded linear map ϕ : E1 → E2 (which is
always a convenient subspace of E1 × E2) is a linear relation.
We will reserve the symbol→ for a graph Gϕ and the symbol _ will be used for
a general relation. Of course, if ϕ : E1 → E2 and ψ : E2 → E3 are two bounded
linear map. The composition Gψ ◦Gϕ is Gψ◦ϕ.

Now following Weinstein’s terminology ([Wei88]), according to Proposition
2.11, we introduce:

Definition 2.13.

1. A relation R : E1_E2 is called a Poisson relation, if R is coisotropic
according to the partial Poisson structure PE1×E−

2
.
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2. If for i ∈ {1, 2}, (E♭i ,Ei, Pi) is partial symplectic, a relation R : E1_E2 is
called a symplectic relation if R is lagrangian in PE1×E−

2
.

As in [Wei88], we begin by the following result which is the version of Propo-
sition 1.3.2 in our context and whose proof used the same type of arguments

Theorem 2.14. For i ∈ {1, 2}, let (E♭i ,Ei, Pi) be a partial linear Poisson space
and R (resp. C) a coisotropic space of E1 × E2 (resp. E2). Then

R(C) = {y ∈ E2 : (x, y) ∈ R for some x ∈ C}.

is a coisotropic space in E2.
Moreover, if each P1 and P2 are partial symplectic and R and C are Lagrangian,
so is R(C).

Corollary 2.15. For i ∈ {1, 2, 3}, let Pi : E♭i → Ei be a partial linear Poisson
structure on Ei. Given two Poisson relations S : E1_E2 and T : E2_E3, T ◦S
is a Poisson relation from E1_E3. Moreover, if each Pi is partial symplectic
and S and T are Lagrangian, so is T ◦ S.

Proof. See proof of Theorem 1.3.4 in [Wei88].

2.2 Basic Properties of Partial Poisson Manifolds

All theses properties can be also found in [CaPe23].

2.2.1 Partial Poisson Manifolds

Let M be a convenient manifold modelled on the convenient space M. We
denote by pM : TM →M its kinematic tangent bundle and by p′M : T ′M →M
its kinematic cotangent bundle.
Consider a vector subbundle p♭ : T ♭M → M of p′M : T ′M → M such that p♭ :
T ♭M → M is a convenient bundle and the canonical injection ι : T ♭M → T ′M
is a convenient bundle morphism. Such a bundle p♭ : T ♭M → M will be called
a weak subbundle of p′M : T ′M →M and its typical fibre is denoted M♭.
We denote by < . , . > the canonical bilinear crossing between T ′M and TM .
Since the inclusion ι of T ♭M in T ′M is an injective bundle morphism, we have
an induced bilinear pairing < . , . >♭ on T ♭M × TM defined by

(α, u) 7→< α, u >♭=< ι ◦ α, u > .

which is continuous and left non degenerate. In the following, since no confusion
is possible, this pairing will be also denoted < . , . >.

According to [KrMi97], Definition 48.5, we introduce, for any open set U in
M , the set A(U) of smooth functions f ∈ C∞(U) such that, for any k ∈ N⋆ and
any x in U , the derivative
dkf(x) ∈ Lksym(TxM,R) satisfies:

(2.2) ∀(u2, . . . , uk) ∈ (TxM)k−1, dkxf(., u2, . . . , uk) ∈ T ♭xM.
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Remark 2.16. In particular, the previous condition implies that, for any bounded
linear functional λ on T ♭xM , then u 7→ λ(dkxf(u, u2, . . . , uk)) is bounded on
bounded sets of TxM .

The sets {A(U) ⊂ C∞(U), U open in M} define a sub-sheaf AM of the sheaf
C∞
M = {C∞(U), Uopen set in M} (cf. [CaPe23]). Of course, if T ♭M = T ′M ,

then AM = C∞
M .

We then have the following properties of A(U)) proved in [CaPe23]:

Proposition 2.17. Fix any open set U in M .

1. The set A(U) is a subalgebra of C∞(U).

2. For each k ∈ N, any local vector fields X1, . . . , Xk on U and any f ∈ A(U),
the map
x 7→ dkf(X1, . . . , Xk)(x) belongs to A(U).

Then {A(U) ⊂ C∞(U), U open set in M} defines a sub-sheaf AM of the
sheaf
C∞
M = {C∞(U), U open in M} (cf. [CaPe23]). Of course, if T ♭M = T ′M , then

AM = C∞
M .

A morphism P : T ♭M → TM is called skew-symmetric if it satisfies the
relation

< ξ, P (η) >= − < η, P (ξ) >

for all sections ξ and η of T ♭M .
Given such a morphism P , for each open set U in M , on A(U) we define:

(2.3) {f, g}U = − < df, P (dg) >=< dg, P (df) > .

In these conditions, the relation (2.3) defines a skew-symmetric bilinear map

{ , }U : A(U)× A(U)→ A(U)

which satisfies the Leibniz identity

{f, gh}U = g{f, h}P + h{f, g}U

(cf. [PeCa19], 2.1).
In fact, the family of the bilinear maps { , }U defines a sheaf of brackets which
will be denoted { , }P

Definition 2.18. Let p♭ : T ♭M →M be a weak subbundle of p′M : T ′M →M .

1. Any skew-symmetric morphism P : T ♭M → TM a is called an almost
Poisson anchor and { , }P an almost Poisson bracket.
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2. Given an almost Poisson anchor P : T ♭M → TM , we say that P is a
Poisson anchor if the associated bracket { , }P satisfies the Jacobi identity

{f, {g, h}P }P + {g, {h, f}P }P + {h, {f, g}P }P = 0.

In this case,
(
T ♭M,TM,P, { , }P

)
is called a partial Poisson structure on

M .

As classically, given a partial Poisson structure
(
T ♭M,TM,P, { , }P

)
, any

function f ∈ A(U) is called a Hamiltonian and the associated vector field Xf =
P (df) is called a Hamiltonian vector field.

We then have {f, g} = Xf (g) and also [Xf , Xg] = X{f,g} (see [NST14]),
which is equivalent to

(2.4) P (d{f, g}) = [P (df), P (dg)].

If
(
T ♭M,TM,P, { , }P

)
is a partial Poisson structure on M , then, for any

open set U , the space A(U) provided with the Poisson bracket { , }P has a
structure of Lie algebra, called classically a Lie-Poisson algebra and, according
to (2.4), the Poisson anchor P gives rise to a Lie algebra morphism from A(U)
to the Lie algebra X(U) of smooth vector fields on U .

2.2.2 Poisson bracket associated to a convenient Lie algebroid

We recall some results of [CaPe23], Chap. 7 and, as in § 2.2.1, we consider the
set A(U).

Let π : A →M be a convenient vector bundle and π′ : A′ →M its associated
dual convenient bundle. We consider closed subbundle q♭ : T ♭A′ → A′ of
qA′ : T ′A′ → A′.

Definition 2.19. Let U be an open set in M and denote by AU (resp. A′
U ) the

restriction of A (resp. A′ ) to U . A function Φ ∈ C∞(A′
U ) is called linear, if

the restriction of Φ to each fibre A′
x is a linear map into R 2.

Let a be a section of AU and denote by Φa : A′ → R the smooth map defined
by

(2.5) Φa(σ) =< σ, a ◦ π∗(σ) > .

It is clear that Φa is linear.

We denote by A(A′
U ) the set of smooth functions on A′

U which satisfy the
properties of (2.2).

According to [CaPe23], 6.3.3, we have:

2Since Φ is smooth, its restriction to A′
x is linear and smooth, so must be bounded (cf.

[KrMi97]).
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(2.6)
T ♭σA′ = {(σ, η,A) ∈ T ′

σA′, η = d(f ◦ π′), A = a ◦ π′ a ∈ Γ(AU ), f ∈ C∞(U)}

for any small enough open set U around x.
Each function of type Φa and f ◦ π′ are such that dΦa and df ◦ π′ belong

to the set Γ(T ♭A′
U ) of section of (T ♭A′

U ), for any section a of Γ(A′
U ), and any

function f of C∞(U).
Let C♭(A′

U ) the set of smooth maps on A′
U whose restriction to each fibre

A′
x is constant. Such a function φ naturally defines a function φ̄ on U such that

φ = φ̄ ◦ π′.
Therefore, we can identify the subalgebra {f ◦ π′, f ∈ C∞(U)} of C♭(A′

U ) with
C∞(U).

Now, it is clear that the set C♭(A′
U ) of functions F ∈ C∞(A′

U ), whose
differential belongs to Γ(T ♭A′

U ), has a structure of algebra. Note that from
(2.2), if F belongs to A(A′

U ), this clearly implies that dF must be a section of
T ♭A′. Since dF is a smooth section of T ′A′ and that T ♭A′ is closed convenient
subbundle of T ′A′, it follows that dF is a smooth section of T ♭A′

U and so A(A′
U )

is contained in C♭(A′
U ). In fact, we have (cf. [CaPe23], Proposition 7.2):

Proposition 2.20. Let U be an open set which is a chart domain. The algebra
A(A′

U ) is equal to C
♭(A′

U ). This algebra is generated by functions of type f ◦π∗
and Φa, for any f ∈ C∞(U) and any a ∈ Γ(AU ).

We introduce:

Definition 2.21. Consider a partial Poisson structure
(
T ♭A′,A′, P, {., .}P

)
on

A′. We say that P is a linear Poisson anchor, or that the Poisson bracket {., .}P
is linear if, for any open set U and any linear function Φ1 and Φ2 in A(A′

U ),
the Poisson bracket {Φ1,Φ2}P is linear.

The following result is an adaptation of the classical result of equivalence
between algebroid structures on a finite dimensional anchored bundle and linear
Poisson structures on its dual (cf. [CaPe23], Theorem 7.1).

Theorem 2.22. Let P : T ♭A′ → TA′ be a linear Poisson anchor on A′. Then
there exists a unique structure of convenient Lie algebroid (A, π,M, ρ, [., .]P )
characterized in the following way, for any open set U in M :

∀ (a1, a2) ∈ Γ (AU )2 , Φ[a1,a2]P = {Φa1
,Φa2

}P(2.7)

∀f ∈ C∞(U), ∀a ∈ Γ (AU ) , {Φa, f ◦ π∗}P = df(ρ(a)) ◦ π∗.(2.8)

where ρ(a) = Tπ′(P (Φa)).
Conversely, a structure of convenient Lie algebroid (A, π,M, ρ, [., .]ρ) defines a
unique linear Poisson anchor P : T ′A′ → TA′ which gives rise to a linear Pois-
son bracket {., .}ρ on A(A′

U ), for any open set U in M , which is characterized
by relations (2.7) and (2.8). Moreover, the unique structure of convenient Lie
algebroid (A, π,M, ρ, [., .]P ) associated to P is the original one.
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From Proposition 2.20 and Theorem 2.22, we obtain:

Corollary 2.23. Let (A, π,M, ρ, [., .]P ) be a convenient Lie algebroid and {., .}P
the Poisson Lie bracket associated to this structure. Then

(
M,C♭ (A′) , {., .}P

)
is a partial Poisson manifold.

2.2.3 Characteristic distribution and foliation

Given a partial Poisson structure
(
T ♭M,TM,P

)
, the family of vector spaces

D := {Dx = P (T ♭xM) ⊂ TxM, x ∈M}

is a distribution on M called the characteristic distribution.
In finite dimension, when T ♭M = T ′M , it is well known that the characteristic
distribution gives rise to a Stefan-Sussman foliation and each leaf is a symplectic
immersed manifold.
In the convenient setting, it is not true in general and even in the Banach setting
(see Remark 2.25). However, we have the following sufficient conditions under
which such an analogous result is true (cf. [PeCa19]).

Theorem 2.24. Let
(
T ♭M,TM,P

)
be a partial Banach Poisson manifold such

that the kernel of P is supplemented in each fibre T ♭xM of T ♭M and P (T ♭M) is
a closed distribution. Then we have the following:

1. D = P (T ♭M) is integrable and the foliation defined by D is an almost
symplectic foliation, i.e. on each leaf N of this foliation, we have a unique
non degenerate smooth skew symmetric bilinear form ωN on TN such that
for any u and v in TxN , then ωN (u, v) =< α,P (β) > for any α, β ∈ T ♭xM
with P (α) = u and P (β) = v.

2. On each maximal leaf N , let ωN be the natural weak symplectic form on
N . We denote by EωN

(V ) the bubset of f ∈ C∞(V ) such that df belongs
to the range ω♭N (TV ). Then the restriction fN to U ∩N of any f ∈ E(U)
belongs to EωN

(U ∩N) and we have, for any f and g in E(U),

{f|N , g|N}P |N = {fN , gN}ωN
.

Remark 2.25.

1. In general, in the convenient setting, the characteristic distribution need
not be integrable. Even in the Banach setting, if the distribution D is not
closed, we think that the D is not integrable, but, unfortunately, we do
not have any example.

2. The Theorem 2.24 gives sufficient conditions for the integrability of the
characteristic distribution and, on each leaf N of this foliation, the 2-form
ωN is not closed a priori (as asserted in [PeCa19]). But, in fact, ωN is
effectively closed. Indeed, according to Lemma 2.26, for any x ∈M , there
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exists an open set U around x such that, any σ ∈ T ♭xM can be written σ =
dxf for some local smooth function f : U → R. Thus, for i ∈ {1, 2, 3}, each
Xi ∈ TxN can be written Xi = P (dxfi) for some fi locally defined around
x. Each Hamiltonian field is tangent to the characteristic foliation and the
tangent space of a leaf N at x is generated by the value at x of the set of
Hamiltonian field {Xf , f ∈ E(U)}. According to the Cartan’s formulae of
the exterior derivative in the expression of dωN (Xf0 , Xf1 , Xf2), the Jacobi
identity appears twice for the triple (f0, f1, f2). Since the Poisson bracket
{ , }P satisfies the Jacobi identity, it follows that ωN is closed.

3. When (T ♭M,TM,P ) is a partial symplectic structure, even in the con-
venient setting, the characteristic distribution is TM and then the char-
acteristic foliation is reduced to one leaf that is M . So, the argument in
Point 2. is then valid and so M is a weak symplectic manifold.

2.2.4 Partial Lie Algebroids and Partial Poisson Manifolds

We refer to[CaPe23], 3.18.4 for the notion of partial convenient Lie algebroid
and we will use the same notations. At first we have the fundamental result:
(cf. [CaPe23], Lemma 7.3).

Lemma 2.26. Let (T ♭M,M,P, {., .}P ) be a partial Poisson structure.
For each x ∈M , there exists an open neighbourhood U of x such that the vector
space Px(U) = {dxf, f ∈ A(U)} is equal to the fibre T ♭xM .

Then we have (cf. [CaPe23], Proposition 7.3 and Corollary 7.2).

Proposition 2.27. Let (T ♭M,P, {., .}P ) be a partial Poisson structure. We
denote by PM the sheaf of A(U)-modules generated by the set {df, f ∈ A(U)}.
Then we have the following properties:

1. We can define a sheaf of almost brackets [., .]P on the sheaf PM by:

(2.9) [α, β]P = LP (α)β − LP (β)α− d < α, P (β) >

for any open set U in M and any sections α and β in P(U) where LX is
the Lie derivative.
Moreover, [., .]P satisfies:

(2.10) ∀ (f, g) ∈ (A(U))
2
, [df, dg]P = d{f, g}P .

2. (PM , [., .]P ) is a sheaf of Poisson-Lie algebras.
In particular,

(
T ♭M,p♭M ,M, P,PM

)
is a strong partial convenient Lie al-

gebroid and
(
T ♭M,M,P, [., .]P

)
is an pre-Lie algebroid that is P satisfies

P ([α, β]P ] = [P (α), P (β)] for all local sections α, β de T ♭M . Moreover, if
P is an injective morphism, then

(
T ♭M,p♭M ,M, P,PM

)
is a Lie algebroid.
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Remark 2.28. In fact, Assertion (1) of Proposition 2.27, is also valid if we only
assume that P is an almost partial Poisson anchor. The proof of this assertion
only uses the fact that P is, in particular, an almost partial Poisson anchor
(cf. Proof of Proposition 7.3 in [CaPe23], p. 317). Note that, in this case, we
only have a well defined almost Poisson bracket {f, g}P =< dg, Pdf > on each
algebra A(U) for any open set U in M .

2.2.5 Jacobi Identity and Schouten Condition

It is well known that, in finite dimension, if P : T ∗M → TM is an almost
Poisson anchor, then we have a skew symmetric contravariant tensor Λ of type
(2, 0) on T ∗M defined by

Λ(α, β) =< β,Pα > .(2.11)

Then P defines a Poisson structure onM if and only if the Schouten bracket
[Λ,Λ] vanishes identically on M (cf. [Lic77]). In fact, the property [Λ,Λ] = 0 is
equivalent to the Jacobi identity of the bracket {., .}P naturally associated to P .

Now consider an almost Poisson anchor P : T ♭M → TM .
On the one hand, as in finite dimension, one can associate to P a skew symmetric
contravariant tensor Λ of type (2, 0) on T ♭M defined by

Λ(α, β) =< β,Pα > .(2.12)

On the other hand, on any open set U in M , and for any σ1 and σ2 in P(U),
the map
[P, P ] : P(U)×P(U)→ X(U) given by

(2.13) [P, P ](σ1, σ2) = P ([σ1, σ2]P )− [Pσ1, Pσ2]

Then [P, P ] is a tensor of type (2, 1) with takes values in TM . On the other
hand, as in finite dimension, to P is associated a skew symmetric tensor Λ on
T ♭M of type (2, 0) also defined by (2.12). Thus we can consider the tensor [Λ,Λ]
of type (3, 0) on T ♭M defined by

[Λ,Λ](σ1, σ2, σ3) =< σ3, [P, P ](σ2, σ1),(2.14)

for any σi ∈ P(U) for i ∈ {1, 2, 3}.

Definition 2.29. Let P : T ♭M → TM be an almost Poisson anchor and Λ
the associated contravariant tensor of type (3, 0). Then 2[Λ,Λ] is called the
Schouten bracket of Λ.

Note that this Definition is justified in [CaPe23], 7.2.2. Now, as in finite
dimension, we have (cf. [CaPe23], Theorem 7.2):

Theorem 2.30. Let P : T ♭M → TM be an almost Poisson anchor and Λ the
associated contravariant tensor of type (3, 0). Then P defines a partial Poisson
structure on M if and only if [Λ,Λ] = 0.
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2.3 Partial Poisson Bialgebroid and its Associated Coho-
mology

In this section, we consider a partial Poisson manifold (M,AM , {., .}P ). We
have seen that (T ′M,p♭M ,M, P,PM ) is a strong partial Banach Lie algebroid
and

(
T ♭, p♭M ,M, P, [·, ·]P

)
is an almost Lie algebroid (cf. Proposition 2.27, (2)).

2.3.1 Partial Bialgebroid

According to [CaPe23], 3.18.6.4, let dP be the associated exterior differential
associated to the strong partial Lie algebroid

(
T ′M,p♭M ,M, P,PM

)
. Then, if

X is a vector field defined on an open set U in M , according to [CaPe23],

Example 7.4, X can be considered as an element of
∧1

Γ∗(T ♭M), so we have:

dPX(α, β) = LPα < β,X > −LPβ < α,X > − < [α, β]P , X > .(2.15)

Therefore, as for finite dimensional Poisson manifolds ([Lic77]), we have (cf.
[CaPe23], Proposition 7.8):

Lemma 2.31. Let Λ be the Poisson tensor associated to P . Then with the
previous notations we have:

1. dPX = −LXΛ;

2. dP [X,Y ] = LXdPY − LY dPX.

Remark 2.32. In finite dimension, recall that a Lie bi-algebroid is a pair of
Lie algebroids (A, π,M, ρ, [., .]A) and (A′, π′,M, ρ′, [., .]A′) where π′ : A′ → M
is the dual bundle of π : A →M with the following compatibility condition

dρ′ [X,Y ]A = LXdρ′Y − LY dρ∗X,

for all sections X and Y of A and dρ (resp. dρ′) is the exterior differential
associated to the Lie algebroid (A, π,M, ρ, [., .]A) (resp. (A′, π′,M, ρ′, [., .]A′)).
(cf. [MaXu94] ).
In particular, if M is provided with a Poisson structure defined by a bivector
Λ and a Poisson anchor P : T ∗M → M , then the pair (TM, pTM ,M, Id, [., .])
and (T ∗M,pT∗M , P, [., .]P ) is a Lie bi-algebroid (cf. [MaXu94]. According to
our notations, in this finite dimensional context, the compatibility relation is
exactly Proposition 2.31 (2).
Unfortunately, in our infinite dimensional context, even if T ♭M = T ′M , the
Poisson structure, in general, does not provide T ′M with a Lie algebroid struc-
ture.

Taking into account Proposition 2.31, we propose the following generaliza-
tion of the notion of Lie bialgebroid in finite dimension:

Definition 2.33. Let (E, π,M, ρ, [., .]E) be a Banach Lie algebroid. Let π′ :
E′ → M be the dual bundle of E. Assume that there exists a weak Banach
subbundle π♭ : E♭ →M with the following properties:
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• E♭ ⊂ E′, π♭ = π′
|E♭ and the inclusion ι : E♭ → E′ is a bundle morphism;

• there exists a pre-Lie algebroid structure (E♭, π♭,M, ρ♭, [., ; ]E♭)3 on E♭ and
also a strong Lie algebroid structure on E♭.

We denote by dρ (resp. dρ♭) the exterior differential on E (resp. E♭) associated

to these structures. We say that the pair (E,E♭) is a partial bialgebroid if, for
any open set U in M , we have:

dρ♭ [X,Y ]E = Lρ
♭

X dρ♭Y − L
ρ♭

Y dρ♭X,

for all sections X and Y of EU , considered as 1-forms on E♭.

Examples 2.34.

1. Any finite dimensional bialgebroid (E,E′) is a partial bialgebroid.

2. From Proposition 2.31, to any partial Poisson manifold (M,AM , {., .}P )
is associated a partial bialgebroid

(
TM, T ♭M

)
(see also Theorem 3.26).

Proof of Lemma 2.31. Fix some open set U in M . All sections α and β
of T ′M and vector fields X and Y considered in this proof are assumed to be
defined on U .

1. Using the expression of the Lie derivative of a 2-form, we get:
(2.16)

LXΛ(α, β) = − < β, [P (α), X] > + < α, [P (β), X] > −X(< β,P (α) >).

On the other hand, using the exterior derivative of a 2-form on a partial strong
convenient Lie algebroid (cf. [CaPe23], 3.18.6.3), we have

(2.17) dPX(α, β) = P (α)(< β,X >)− P (β)(< α,X >)− < [α, β]P , X > .

Using the value of [α, β]P , we get:

dPX(α, β) =< β, [P (α), X] > − < α, [P (β), X] > +X(< β,P (α) >)

which ends the proof of (1).

2. From the value of a Lie derivative and (1), we have:

LXdPY (α, β) = X{dPY (α, β)} − dPY (LXα, β)− dPY (α,LXβ)
= X{Y {< β,P (α) >}} −X{< LY α, P (β) >}+X{< LY β, P (α) >}
−Y {< LXβ, P (α) >}+ < LXLY α, P (β) > − < LY β, P (LXα) >
−Y {< β,P (LXα) >}+ < LY α, P (LXβ) > − < LXLY β, P (α) > .

By permutation of X and Y , we obtain the corresponding expression of LY dPX.
By a direct calculation, we obtain easily that
(2.18)
LXdPY−LY dPX = [X,Y ]{< α,P (β) > − < L[X,Y ]α, Pβ > + < L[X,Y ]β, P (α),

which is exactly dP [X,Y ](α, β).

3cf. Proposition 2.27.

17



2.3.2 Convenient Linear Partial Poisson Spaces

The concept of Banach-Lie Poisson space was introduced in [OdRa03] and gen-
eralized in [Tum20] or in [NST14], Example 2.10.
In this section, we propose a generalization of this concept to the convenient
setting.

Definition 2.35. Let g be a convenient space. Consider a convenient subspace
g♭ of g′ so that the inclusion is bounded and P : T ♭g := g× g♭ → Tg = g× g is
an injective almost Poisson anchor.
We say that

(
g, g♭, P

)
is a convenient partial Lie-Poisson space if g♭ is provided

with a Lie bracket [., .]♭ such that, for all x ∈ g,

(2.19) P ([α, β]♭)(x) = [Pα, Pβ](x)

where α and β are considered as functions in A(g) :=
{
f ∈ C∞(g), : dxf ∈ {x} × g♭

}
.

We have the following characterization:

Proposition 2.36. Consider a convenient subspace g♭ of g′ such that the in-
clusion is bounded and let P : T ♭g := g× g♭ → Tg = g× g be an almost Poisson
anchor. Then

(
g, g♭, P

)
is a partial Lie-Poisson space if and only if P is a Lie

Poisson anchor.
Moreover, in this case,

(
Tg, T ♭g

)
is a partial Lie bialgebroid.

Proof. Consider a convenient subspace g♭ of g′ such that the inclusion is
bounded and let P : T ♭g → Tg be an almost Lie-Poisson anchor. We have
an almost Lie bracket on the set A(g) := {f ∈ C∞(g), : dxf ∈ {x} × g♭ de-
fined by {f, g}P =< dg, Pdf >. Then if Λ is the skew symmetric contravariant
tensor of type (2, 0) on T ♭g associated to P as defined in (2.12), the bracket
{., .}P satisfies the Jacobi identity if and only if the Schouten bracket vanishes:
[Λ,Λ] = 0 (cf. Theorem 2.30). But, according to (2.13) and (2.14), this condi-
tion is equivalent to

(2.20) P (d{f, g}) = [Pdf, Pdg]

for all f, g in A(g). This condition implies that,in particular, we have

(2.21) P ([α, β]) = [Pα, Pβ]

for all sections α, β of T ♭g. Since g♭ can be identified with the set{
fα ∈ A(g) : ∀α ∈ g♭, ∀x ∈ g, fα(x) =< α, x >

}
then we have a Lie bracket on g♭ defined by

(2.22) [α, β]♭ = d{fα, fβ}.

Thus we have a structure on Lie algebra on g♭ and the condition (2.22) is sat-
isfied.
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Conversely, assume that the assumptions of Definition 2.35 are satisfied.
Since P is injective, it follows that the almost Lie bracket on g♭ defined by
(2.21) coincides with the given Lie bracket on g♭. Thus the relation (2.20) is
satisfied and so the Schouten bracket of P is zero, which ends the proof of the
first part.

Now under the assumption that
(
g, g♭, P

)
is a partial Lie-Poisson space the

last part is a direct consequence of Proposition 2.31.

Example 2.37. Assume that g♭ = g′. According to [OdRa03], a Lie algebra g
is a Lie Poisson algebra if the set C∞(g) is provided with a Poisson Lie algebra
{., .} such that considering its dual g′ as a subset of C∞((g), then {., .} induces
a Lie bracket on g′. In fact, we have a natural bounded map P : g× g′ → g× g
such that {f, g} =< dg, P (df) > which is given by Pα(x) = − ad∗α x where,
as classically, ad∗α x = −α ◦ adx (cf. next Example) which satisfies the Jacobi
identity (cf. [OdRa03]).

Example 2.38. Assume that (g, [., .]) is a convenient Lie algebra. Then, to
each x ∈ g, we have a bounded linear map adx : g→ g given by adx(y) = [x, y].
This gives rise to a bounded 4 coadjoint action of g onto g′ in an evident way.
We also have a bounded coadjoint action

ad∗ : g× g′ → g′

given by ad∗x α = −α ◦ adx for all x ∈ g and α ∈ g′.
Consider a convenient subspace g♭ of g′ whose inclusion is bounded. If g♭′ denote
the dual of g♭, we have the inclusions: g ⊂ g′′ ⊂ g♭′. Assume that the restriction
of the previous coadjoint action to g × g♭ takes values in g♭ and is bounded5.
When there is no ambiguity, this action will still be denoted ad∗.
When g♭ is a separating Lie algebra for g, for any x ∈ g, then the map
Px(α(x)) = − adα(x)(x) is a well defined vector field on g which satisfies the
assumption of Definition 2.35. Then, in the Banach setting, from [Tum20], The-
orem 3.14, (g, g♭, P ) is a partial Lie-Poisson space in the sense of Definition 2.35.
Thus this definition can be considered as an adaptation of Definition 3.12 of
[Tum20].

In [Tum20], the reader will find other more particular and very interesting
examples in the Banach setting.

2.4 Poisson morphisms and Poisson maps

2.4.1 Poisson (resp. symplectic) relations

By analogy with the linear setting, in the context of convenient manifolds, a
relation R : M1_M2 is a closed weak submanifold of M1 × M2. Any map
ϕ : M1 ×M2 will be also considered as the relation given by its graph Gϕ =

4Note that this action is continuous for the associated bornological topology of E.
5This condition is automatically satisfied if g♭ is closed in g′.
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{(x, ϕ(x)) , x ∈M1}. If S : M2_M3 is also a relation, then the relation S ◦R :
M1_M3 is again defined by

S ◦R = {(x, z) ∈M1 ×M3, : (x, y) ∈ R, (y, z) ∈ S, with y ∈M2}.(2.23)

The inverse of R is the relation R−1 :M2_M1 given by

R−1 = {(y, x) ∈M2 ×M1 such that (x, y) ∈ R}.

As in [Wei88], we introduce:

Definition 2.39. For i ∈ {1, 2}, let
(
T ♭Mi, TMi, Pi, { , }Pi

)
be a Poisson

structure (resp. symplectic structure). A relation R : M1_M2 is a Poisson
relation, if R is a closed weak submanifold of M1 × M2 which is coisotropic
for the partial Poisson structure (resp. Lagrangian for the partial symplectic
structure) M1 ×M−

2 .

Unfortunately, the composition of two Poisson relations is not in general
a Poisson relation and even not a closed submanifold without some adequate
assumptions. In fact, if R : M1_M2 and S : M2_M3 are Poisson relations,
then the product R× S is a closed submanifold of M1 ×M2 ×M2 ×M3 and if
p1,3 is the projection of M1 ×M2 ×M2 ×M3 onto M1 ×M3 then according to
(2.23), we have:

S ◦R = p1,3(R× S ∩ (M1 ×∆2 ×M3))

where ∆2 is the diagonal of M2 ×M2.

This is why is introduced the following conditions under which S ◦R will be
a weak closed submanifold in M1 ×M3 (cf. [Wei88], Definition 1.3.7):

Definition 2.40.

1. A pair (N1, N2) of closed submanifolds of a convenient manifold M is
called a clean pair if N1 ∩ N2 is a closed submanifold of M such that
T (N1 ∩N2) = TN1 ∩ TN2

6.

2. Let R : M1_M2 and S : M2_M3 be relations. The pair of relations
(R,S) is called a clean pair if:

(i) If ∆2 denotes the diagonal in M2×M2, the intersection of the closed
submanifolds R × S and D = M1 × ∆2 × M3 is a clean pair in
M1 ×M2 ×M2 ×M3;

(ii) S ◦ R is a closed submanifold of M1 × M3 and the restriction to
(R×S)∩D of the projection of p1,3 :M1×M2×M2×M3 →M1×M3

is a submersion on S ◦R.
6This notion was firstly introduced by R. Bott in his book [Bot94].
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Remark 2.41. In [Wei88], A. Weinstein introduced the notion of clean pair and
very clean pair for the finite dimensional context. Definition 2.40 corresponds
to Weinstein’s notion of very clean pair. But since we will only need the as-
sumptions of this Definition we simply use the terminology ”clean pair” instead
of ”very clean pair”.

Note that from [CaPe23], Remark 1.26, if a pair (R,S) of relations is such
that R × S and D are transverse, then the condition (2)(i) of Definition 2.40
is satisfied, but, in general, the condition (2) (ii) is not satisfied. The following
Lemma gives examples of clean pair of relations:

Lemma 2.42. Consider a smooth ϕ : M1 → M2. If pi : M2 ×M3 → Mi for
i ∈ {2, 3} is the canonical projection, let R : M2_M3 be a relation such that
the restriction of p3 to R is a diffeomorphism onto M3 and ϕ1(M1) ⊂ p2(R). If
we identify ϕ with the relation from M1 to M2 given by its graph, then (ϕ,R) is
a clean pair. In particular, if ψ is a submersion from M3 to M2 then (ψ−1, ϕ)
is a clean pair.

Proof. We consider the relation product

ϕ×R = {(x, ϕ(x), y2, y3), x ∈M1, (y2, y3) ∈ R} .

From the assumptions, ϕ × S is a closed submanifold of M1 ×M2 ×M2 ×M3

modelled on M1×M3. If ∆2 is the diagonal ofM2×M2 and D =M1×∆2×M3,
then we have

(ϕ×R) ∩D = {(x, ϕ(x), ϕ(x), y),with (ϕ(x), y) ∈ R}
= {(x, ϕ(x), ϕ(x), y), (x, y) ∈M1 ×M3}.

From the assumptions, it follows that (ϕ × R) ∩ D is a closed submanifold in
M1 ×M2 ×M2 ×M3 modelled on M1 ×M3.

Now, for m = (x, ϕ(x), ϕ(x), y) ∈ (ϕ×R) ∩D, we have
(2.24)
Tm((ϕ×R) ∩D)

= {(u, v,−v, w) ∈ TxM1 × Tϕ(x)M2 × Tϕ(x)M2 × TyM2, with v = Txϕ(u)}
= Tm(ϕ×R) ∩ TmD.

Thus condition (2) (i) of Definition 2.40 is satisfied.

On the other hand the relation (R ◦ ϕ) is

{(x, y) ∈M1 ×M3 with (ϕ(x), y) ∈ R}

which, from assumption, is equal to M1 ×M3.
Moreover, for any m = (x, ϕ(x), ϕ(x), y) ∈ (ϕ×R) ∩D, according to (2.24), we
obtain:

Tmp1,3(Tm((ϕ×R) ∩D)) = TxM1 × TyM3 = T(x,y)(R ◦ ϕ).
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Now, as p−1
1,3(x, y) = {(x, ϕ(x), ϕ(x), y)} which is reduced to a point in (ϕ ×

R) ∩ D, this trivially implies that the condition (2) (ii) of Definition 2.40 is
satisfied. Finally, if ψ :M3 →M2 is a submersion, R = ψ−1 satisfies clearly the
assumptions required for R in Lemma 2.42. This implies the last Assertion.

Now, for a clean pair of Poisson relations, we have:

Theorem 2.43. Let R : M1_M2 and S : M2_M3 be Poisson (resp. sym-
plectic) relations such that the pair (R,S) is clean. Then S ◦ R : M1_M3 is a
Poisson (resp. symplectic) relation.

Proof. We only consider the case of Poisson relation. The symplectic case uses
point by point the same type of argument.
Since the pair (R,S) is clean, it follows that for (x, y) ∈ R and (y, z) ∈ S, the
tangent space of R×S∩D atm = (x, y, y, z) is the intersection of Tm(R×S) and
TmD. From Definition 2.40, assumption (ii), Tmp1,3 is a surjective map from
Tm(R×S)∩TmD onto T(x,z)S ◦R. But T(x,z)(S ◦R) is exactly the composition
(T(x,y)S) ◦ (T(y,z)R) of the linear Poisson relations T(x,y)R : TxM1_TyM2 and
T(x,y)S : TyM2_TzM3. Thus, from Definition 2.39 and Corollary 2.15, it follows
that S ◦R is a Poisson relation.

Let R : M1_M2 be a Poisson (resp. symplectic) relation between two
partial Poisson (resp. partial symplectic) manifolds. Given any coisotropic
(resp. Lagrangian) submanifold C in M1, following [Wei88] (2.1), if {∗} is the
trivial Poisson manifold reduced to a point with the zero Poisson structure, then
C can be considered as a Poisson (resp. symplectic) relation C : {∗}_M1; since
C is coisotropic (resp. Lagrangian), C can be identified with the graph of the
relation C : {∗}_M1. Thus we introduce:

Definition 2.44. Let R :M2_M1 be a relation and C a closed submanifold of
M2. We will say that (R,C) is a clean pair if the pair of relations (R,C) is a
clean pair.

From now on, if (R,C) is a clean pair, we identify R(C) with R ◦C.
In this way, Theorem 2.43 has the following Corollary:

Corollary 2.45. Let R : M1_M2 be a Poisson (resp. symplectic) relation be-
tween two partial Poisson (resp. partial symplectic) manifolds and a coisotropic
(resp. Lagrangian) weak closed submanifold C in M1. If (R,C) is clean, then
R(C) is a coisotropic (resp. Lagrangian) submanifold of M2.

2.4.2 Coisotropic Submanifolds

Fix a partial convenient Poisson manifold
(
T ♭M,TM,P, { , }P

)
. In this way,

for each x ∈M , Px : T ♭xM → TxM is a Poisson anchor.

Definition 2.46.

1. An ideal I in a Poisson Lie algebra E whose bracket is { , } is called
coisotropic if I is closed under the bracket { , }.
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2. A closed submanifold N of M7 is called a coisotropic submanifold of M ,
relative to P if TxN ⊂ TxM is a coisotropic subspace of TxM relatively to
Px.

We have the following characterization of a coisotropic weak closed subman-
ifold.

Proposition 2.47. Let N be a closed convenient submanifold of M . Then the
following properties are equivalent:

(a) N is coisotropic.

(b) For any open set U in M , the set IN (U) of smooth functions of E(U)
which vanish on U ∩N is coisotropic in E(U).

(c) For any open set U and any h ∈ IN (U), the Hamiltonian field Xh is
tangent to N .

Proof. At first, it is clear that the set IN (U) is an ideal in E(U). For f ∈ IN (U)
f|U∩N ≡ 0 then for each x ∈ U , dxf belongs to (TxN)0 ∈ T ′

xM . Now from
Lemma 2.26 it follows that (TxN)0 is generated by all the forms {dxf, f ∈
IN (U)} for all x ∈ U . According to Lemma 2.5, 5, the definition of { , }p and
(2.3), N ∩ U is coisotropic if and only if {f, g}P = 0 on N ∩ U , which gives the
equivalence between (a) and (b).
The equivalence between (a) and (c) is a consequence of Proposition 2.9 applied
at each point x ∈ U according to the definition of Xh and Lemma 2.26.

Definition 2.48. Consider two partial Poisson structures (T ♭Mi, TMi, Pi, { , }Pi
)

for i ∈ {1, 2} A smooth map ϕ : M → M ′ is called a Poisson morphism (resp.
anti-Poisson morphism) if

1. ∀x ∈M1,
(
Tϕ(x)ϕ

)∗
(T ♭ϕ(x)M1) ⊂ T ♭xM1

where
(
Tϕ(x)ϕ

)∗
is the adjoint of the tangent map Txϕ;

2. Txϕ : TxM1 → Tϕ(x)M2 is a (linear) Poisson morphism (resp anti-Poisson

morphism) from
(
T ♭xM1, TxM1, (P1)x

)
to

(
T ′
ϕ(x)M2, Tϕ(x)M2, (P2)ϕ(x)

)
.

If, moreover, each Pi is partial symplectic, a Poisson morphism (resp. anti-
Poisson morphism) is called a symplectic map (resp. anti-symplectic map).

Note that the tangent map Txϕ : TxM1 → Tϕ(x)M2 is a linear Poisson

morphism from (T ♭xM1, TxM1, (P1)x) to (T
♭
ϕ(x)M2, Tϕ(x)M2, (P2)ϕ(x)) means pre-

cisely that, for any x ∈M1, we have:

(P2)ϕ(x) = Txϕ ◦ (P1)x ◦ (Txϕ)∗.(2.25)

As in the context of partial linear Poisson structure, for i ∈ {1, 2}, let Pi :

T ♭Mi → TMi be a Poisson anchor on a Banach manifold Mi. Then we can
provide the product M1 ×M2 with two Poisson anchors:

7N is a closed submanifold of M if it is a convenient manifold, the inclusion i of N into M
is smooth and Txi is injective with closed range for any x ∈ N .
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1. PM1×M2 : T ♭M1 × T ♭M2 → TM1 × TM2 given by PM1×M2 = (P1, P2);

2. PM1×M−
2

: T ♭M1 × T ♭M2 → TM1 × TM2 given by PM1×M−
2

= (P1,−P2)

which will be simply denoted M1 ×M−
2 .

Moreover, if each (T ♭Mi, TMi, Pi, { , }Pi
) is a partial Poisson manifold on

Mi, we obtain in this way two partial Poisson structures onM1×M2 associated
to these previous Poisson anchors. Moreover, if each

(
T ♭Mi, TMi, Pi, { , }Pi

)
is

partial symplectic, so are the associated partial Poisson structures on M1×M2.
By application of Proposition 2.11, the graph of a smooth map ϕ :M1×M2

is a closed submanifold of M1 × M2 and from the definition of a coisotropic
submanifold, we obtain:

Proposition 2.49. Consider two partial Poisson structures
(
T ♭Mi, TMi, Pi, { , }Pi

)
for i ∈ {1, 2} and a smooth map ϕ : M1 → M2 such that (Txϕ)

∗(T ♭ϕ(x)M2) ⊂
T ♭xM1 for all x ∈M1.
Then ϕ is a Poisson morphism (resp. anti-Poisson morphism) if and only if the
graph of ϕ is a coisotropic submanifold of M1×M−

2 (resp. M1×M2). Moreover,
if each partial Poisson structure is partial symplectic or partial anti-symplectic,
then such a map ϕ is partial symplectic (resp. partial anti symplectic) if and
only if the graph of ϕ is Lagrangian in M1 ×M−

2 (resp. M1 ×M2).

2.4.3 Links between Poisson Morphisms and Poisson Maps

The notion of Poisson map is defined as follows:

Definition 2.50. For i ∈ {1, 2}, let

{(Ei(Ui), { , }Ui), for any open subset Ui in Mi}

be a Lie-Poisson algebras sheaf on Mi.
A map ϕ : M1 → M2 is a Poisson map if, for any open set Ui in Mi such that
ϕ(U1) ⊂ U2, the induced map ϕ∗ : C∞(U2)→ C∞(U1), defined by ϕ∗(f) := f ◦ϕ,
is such that{

ϕ∗ (E(U2)) ⊂ E(U1)
∀(f, g) ∈ E2(U2)

2, {ϕ∗(f), ϕ∗(g)}P1
= ϕ∗({f, g}P2

).

Proposition 2.51. Consider two partial Poisson structures
(
T ♭Mi, TMi, Pi, { , }Pi

)
for i ∈ {1, 2} and a convenient Poisson map ϕ.
Then, for any x ∈M1, we have (T ∗

xϕ)(T
♭
ϕ(x)M2) ⊂ T ♭xM1 and the restriction of

T ∗
xϕ to T ♭ϕ(x)M2 is a bounded map from T ♭ϕ(x)M2 to T ♭xM1 respectively endowed

with their own topology of convenient spaces.

Proof. Fix some x ∈M1 and consider on open set U2 around ϕ(x) in M2 such
that {df2, f2 ∈ E2} generates T ♭ϕ(x)M2. Let U1 be an open set around x in

M1 such that ϕ∗(E(U2)) ⊂ E(U1). Thus from the definition and properties of
E(U1), this implies that, for any f2 ∈ E(U2), the map T ∗

ϕ(x)ϕ(df2) belongs to
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T ♭xM1 provided with its own convenient structure. This implies that, for any
bounded linear functional λ on T ♭xM1, λ(T

∗
ϕ(x)ϕ(df2)) is bounded for any f2 such

that dϕ(x)f2 belongs to a bounded set of T ♭ϕ(x)M2. Since T
♭
ϕ(x)M2 is generated by

{dϕ(x)f2, f2 ∈ E2}, it follows that T ∗
ϕ(x)ϕ is a bounded linear map from T ♭ϕ(x)M2

to T ♭xM1 endowed with their own topologies of convenient spaces.

Remark 2.52. Definition 2.50 of a Poisson map is quite different from the
definition given in [Tum20]. From Proposition 2.51, the condition in the first
assumption is in Tumpach’s Definition but the second one (that is (2.25)) is not
imposed and cannot be satisfied. On the other hand, the definition of a Poisson
morphism (cf. Definition 2.48) does not require that the restriction of T ∗

xϕ to
T ♭ϕ(x)M2 is a bounded map from T ♭ϕ(x)M2 to T ♭xM1 endowed with their own
topology of convenient spaces. Note that both definitions of Poisson morphism
in [CaPe23] and Definition 2.48 are coherent.

The following result gives relations between convenient Poisson morphisms
and convenient Poisson maps (cf. Theorem 7.53 and Remark 7.54 in [CaPe23]):

Theorem 2.53. Consider two partial Poisson structures
(
T ♭Mi, TMi, Pi, { , }Pi

)
,

for i ∈ {1, 2}, such that T ♭M1 is closed in T ′M1 and let ϕ : M1 → M2 be a
smooth map.

1. If ϕ is a convenient Poisson morphism, then ϕ is also a convenient Poisson
map.

2. Assume that the typical fibre M♭
2 of T ♭M2 is dense in M′ (typical fiber of

T ′M2), for the weak∗ topology.
Then if ϕ is a convenient Poisson map then ϕ is also a convenient Poisson
morphism.
In particular, if P2 is partial symplectic or if T ♭M2 = T ′M2 the previous
converse is true.

Sketch of the proof.
Point (i) Suppose that property (CPS) is satisfied. Since the problem is local,
and according to compatible charts as previously, we may assume that, for
i ∈ {1, 2}, Ui is a c∞ open set in Mi such that TMi = Ui×Mi, T

♭Mi = Ui×Fi
and ϕ is a smooth map from U1 → U2 where

• Txϕ ({x} ×M1) ⊂ {ϕ(x)} ×M2;

• T ∗
xϕ ({ϕ(x)} × F2) ⊂ {x} × F1.

Moreover, by assumption, F1 is closed in M′
1.

Since ϕ∗(f) = f ◦ ϕ, we have

dx(f ◦ ϕ) = dϕ(x)f ◦ Txϕ = T ∗
xϕ

(
dϕ(x)f

)
.
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Since f belongs to A(U2), the map dxf belongs to T ♭yM2. Thus, the previous

relation implies that dx(f ◦ϕ) belongs to T ♭xM1 and is bounded since F1 is closed
in M′

1.
As in the proof of Proposition 2.17, 2., by induction, we can show that

dkx(f ◦ ϕ) (u1, . . . , uk)

is a summation of terms of type:

(2.26) dlϕ(x)f
(
Txϕ

(
uσ

1
)
, T 2
xϕ

(
uσ

2
)
, . . . , T ixϕ

(
uσ

i
)
, . . . , Thx ϕ

(
uσ

h
)
,
)

where

• the set {σ1, . . . , σh} is a partition of the set {1, . . . , k};

• for σi, one has:

– each σi is a disjoint union of νi strictly increasing sequence of length i,

that is σij :=
( (
sij
)
1
, . . . ,

(
sij
)
i

)
if νi ≥ 1;

– otherwise σi is an empty set

• for all 1 ≤ l ≤ k and h+ l = k, we have{
ν1 + 2ν2 + · · ·+ iνi + · · ·+ hνh = k

ν1 + · · ·+ νi + · · ·+ νh = l
;

• If νi ≥ 1 and σij =
( (
sij
)
1
, . . . ,

(
sij
)
i

)
, for j ∈ {1, . . . , νi}, we set

uσi
j

=
(
u(sij)1 , . . . , u(sij)i

)
T ixϕ

(
uσ

i
)

=
(
T ixϕ

(
uσi

1

)
. . . , T ixϕ

(
uσi

νi

))
;

Note that the term (2.26) is completely defined by such a partition {σ1, . . . , σh}
and the summation in the expression of dkx(f ◦ ϕ) (u1, . . . , uk) is for all such
partitions.
For the end of the proof we need the following Lemma:

Lemma 2.54. Let ϕ be a smooth map from a c∞ open set U around 0 in
convenient space E1 into a convenient space E2.
Assume that there exists a convenient space F2 contained in E′

2 with bounded
inclusion and a closed convenient subspace F1 of E′

1. If the restriction of (Txϕ)
∗

to F2 is a bounded linear map from F2 to F1 for any x ∈ U any u2, . . . , un ∈ E1,
then ((Tnx ϕ)(., u2, . . . , un))

∗
is a bounded linear map from F2 to F1, for integer

n and x ∈ U .
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According to this Lemma, we fix such a partition {σ1, . . . , σh}. Then 1
belongs to one and only one σi0j := ((si0j )1, . . . , (s

i0
j )i0) and since this sequence

is strictly increasing, we (si0j )1 = 1. The corresponding term is

T i0x ϕ
(
uσ

i0
j

)
= T lxϕ

(
u
(s

i0
j )1

, . . . , u
(s

i0
j )i0

)
.

After deleting u(slj)1 in this term we obtain the bounded linear map

ϕ̂1 : u1 7→ T i0x ϕ(u1, u(si0j )2
, . . . , u

(s
i0
j )i0

).

By application of Lemma 2.54, the restriction of
(
ϕ̂1

)∗
to F2 is a bounded linear

map into F1.
Associated to this partition, we consider again the corresponding term (2.26):

(2.27) dlϕ(x)f
(
Txϕ

(
uσ

1
)
, T 2
xϕ

(
uσ

2
)
, . . . , T ixϕ

(
uσ

i
)
, . . . , Thx ϕ

(
uσ

h
))

.

In this expression, all vectors Txϕ
(
uσ

1
)
, T 2
xϕ

(
uσ

2
)
, . . . , T ixϕ

(
uσ

i
)
, . . . , Thx ϕ

(
uσ

h
)

belong to
Tϕ(x)M1 ≡ F2, which we denote by v1, . . . , vh. Among these vectors, we have

one and only one which is equal to ϕ̂1(u1) and we may assume that v1 = ϕ̂1(u1).
Finally, after having deleted u1 in (2.27), we obtain a term of type

ϕ̂1
∗(
dlϕ(x)f (., v2, . . . , . . . vh)

)
.

which belongs to F1 from the construction of (ϕ1)
∗. But such a property is true

for any term of the decomposition of dkx(f ◦ ϕ)(., u2, . . . , uk) for any k ∈ N and
any u2, . . . , uk in TxM1. This implies that dkx(f ◦ ϕ)(., u2, . . . , uk) belongs to
TxM1 for any k ∈ N and any u2, . . . , uk in TxM1 and so the proof is completed,
according to Proposition 2.17.

The converse under assumption of Point (ii).
Note that the assumption of Point (ii) is equivalent to the assumption (M♭)ann∩
M = {0} according to the Bipolar Theorem (cf. [Rud91], Theorems 3.7 and 3.12)
which is equivalent to the property that M♭ separates points in M.

Fix some point x ∈M1 and let U be an open set around ϕ(x) inM2 such that
set {dϕ(x)f, f ∈ E(U)} is equal to T ♭ϕ(x)M2 (cf. Lemma 2.26). Since dx(ϕ∗f) =

(T ∗
xϕ)(df), and (T ∗

xϕ)(T
♭
ϕ(x)M2) ⊂ T ♭xM1, the set {dx(f ◦ ϕ)), f ∈ E(U)} gener-

ates T ♭xM1. From the definition of the Poisson bracket from a Poisson anchor,
we have

(2.28) < dx(g ◦ ϕ), Txϕ ◦ P1 ◦ (T ∗
ϕ(x)ϕ)(dfx(f ◦ ϕ)) >=< dϕ(x)g, P2(dϕ(x)f >

for all f, g ∈ E(U).
Then, for any fixed f ∈ E(U) in relation (2.28, we obtain:

< dϕ(x)g, Txϕ ◦ P1 ◦ (T ∗
ϕ(x)ϕ)(dϕ(x)f − P2dϕ(x)f >= 0
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for any g ∈ E(U). Since the set {dϕ(x)g, g ∈ E(U)} generates Tϕ(x)x
♭M2, it

follows that Txϕ ◦ P1 ◦ (T ∗
ϕ(x)ϕ)(dfx(f ◦ ϕ))− P2dϕ(x)f belongs to (T ♭ϕ(x)M2)

a ∩
TyM2 but by assumption, as we have seen previously, we have (T ♭yM2)

a∩TyM2 =
{0} for all y ∈ ϕ(M1), so the proof is completed.
Now, if P2 P2 is partial symplectic then P2 is an isomorphism T ♭M2 to TM this
necessary implies that (T ♭yM2)

a ∩ TyM2 = {0} for all y ∈M2. The same is also

clear if T ♭M2 = T ′M2.
proof of Lemma 2.54. Fix some x ∈ U . By assumption the result is true
for n = 1.
Assume that the result is true for all 1 ≤ i < n. Then according to the definition
of dnxϕ (cf. [KrMi97], 5.11), we have

Tnx ϕ(u, u2, . . . , un) = lim
t→0

(
1

t

(
Tn−1
x+tuϕ (u2, . . . , un)− Tn−1

x ϕ (u2, . . . , un)
))

.

On the other hand, for any α ∈ F2, we obtain

(Tnx ϕ(., u2, . . . , un))
∗(α) = α ◦ (Tnx ϕ(., u2, . . . , un)).

Now the map

(2.29) t 7→ α ◦ Tn−1
x+tuϕ(., u2, . . . , un)

is a smooth map from E′
2 to E′

1.
Thus we have

d

dt |t=0

(
α ◦

(
Tn−1
x+tuϕ(., u2, . . . , un)

))
= α ◦ (Tnx ϕ(., u, u2 . . . , un)) .

But the inclusion of F2 in E2 is bounded, F1 is closed in E′
1 and the map

(2.29) takes values in F1 from the inductive assumption. This implies that
α ◦ (Tnx ϕ(., u, u2 . . . , un)) belongs to F1 for any α ∈ F2. But the map α 7→
α ◦ (Tnx ϕ(., u, u2 . . . , un)) is a bounded map from F2 to E′

1 which takes values
in F1. Since F1 is closed it follows that this map is a linear bounded map from
F2 to F1.

Remark 2.55.

1. In finite dimension, we have equivalence between Poisson map and Poisson
morphism. However, in the context of Theorem 2.53, (2), in general,
M♭

2 ̸= M′
2 and not dense in M′

2 for its weak
∗ topology and so the assertions

(1) and (2) are not equivalent.
For instance, it is always the case if T ♭M1 = T ′M1, M2 is reflexive, M♭

2 ̸=
M′

2 and not dense in M′
2 for its weak∗ topology, and ϕ is a surjective

submersion.

2. If a smooth map ϕ : M1 → M2 is a convenient Poisson morphism from(
T ♭M1, TM1, P1, { , }P1

)
to

(
T ♭M2, TM2, P2, { , }P2

)
, ϕ can be also a

Poisson map even if T ♭M1 is not a closed subbundle of T ′M1 (cf. Theo-
rem 2.56).
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2.4.4 Existence of a Partial Poisson Structure on the Source of a
Submersion onto a Partial Poisson Manifold

Given a surjective submersion on a partial Poisson manifold, we look for suf-
ficient conditions on the structure of the source for which this submersion is a
Poisson map. More precisely, we have:

Theorem 2.56. Consider a partial Poisson structure
(
T ♭M1, TM1, P1, { , }P1

)
and ϕ :M1 →M2 a surjective submersion. Then we have

(i) M2 can be provided with a (unique) Lie-Poisson algebras sheaf

{(A(U2), { , }U2
), U2 open set in M2}

such that ϕ is a Poisson map if and only if the relation ϕ−1◦ϕ is a Poisson
relation from M1 to M1.

(ii) Assume that M1 is connected, and assume that (kerTϕ)0 = (kerTϕ)a ∩
T ♭M1 is a closed convenient subbundle of T ♭M1 ((kerTϕ)a is the the an-
nihilator of kerTϕ). Then there exists a unique partial Poisson structure
(T ♭M2, TM2, P2, { , }P2

) such that ϕ is Poisson morphism if and only if
the relation ϕ−1 ◦ ϕ is a Poisson relation from M1 to M1. In this case ϕ
is also a Poisson map.

(iii) If (T ♭M1, TM1, P1, { , }P1
) is partial symplectic or if we have T ♭M1 =

T ′M1, then there exists a unique partial Poisson structure (T ♭M2, TM2, P2, { , }P2
)

such that ϕ is Poisson morphism if and only if the relation ϕ−1 ◦ ϕ is a
Poisson relation from M1 to M1 and so, in this case , ϕ is also a Poisson
map.

Remark 2.57. Under the same assumptions of Theorem 2.56, we obtain the
same conclusion in (i), (ii) and (iii) when ϕ is an anti-Poisson morphism if and
only if the graph of ϕ−1 ◦ (−ϕ) is a Poisson relation.

Proof.
(i) Fix some open set U2 in M2. If U1 = ϕ−1(U2), we consider the set

E(U2) = {g ∈ C∞(M2) : ϕ
∗(g) ∈ E(U1)}.

Clearly E(U2) has a structure of algebra. At first, we show that E(U2) can be
provided with a Lie-Poisson structure.
The Poisson bracket on M1 ×M−

1 is given by

{h1, h2}(P1,P
−
1 ) = − < d1h1, P1(d1h2) > + < d2h1, P1(d2h2) >

where d1h and d2h are the partial differential of h relative to the first factor and
the second factor respectively.
Now, in M1 ×M−

1 , the graph of the relation ϕ−1 ◦ ϕ :M1_M1 is the set

G = {(x, y) ∈M1 ×M−
1 : ϕ(x) = ϕ(y)}.
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Assume that G is a Poisson relation, which means that G is coisotropic in
M1 × M−

1 . By Proposition 2.47, the ideal Ig(U1 × U1) is stable under the
Poisson bracket on M1 ×M−

1 in restriction to U1 × U1.
For i ∈ {1, 2}, to the function fi ∈ E(U2) we associate gi(x, y) = fi(ϕ(x)) −
fi(ϕ(y)) on U1 × U−

1 . Thus gi vanishes on (U1 × U1) ∩ G and the bracket the
{g1, g2}(P1,P

−
1 ) also vanishes on (U1 × U1) ∩G and so

{g1, g2}(P1,P
−
1 )(x, y) = {f1 ◦ ϕ, f2 ◦ ϕ}(P1,P

−
1 )(x)− {f1 ◦ ϕ, f2 ◦ ϕ}(P1,P

−
1 )(y) = 0

for all x, y such that ϕ(x) = ϕ(y). Thus {f1 ◦ ϕ, f2 ◦ ϕ}(P1,P
−
1 ) is constant on

each fibre of ϕ. It follows that {f1 ◦ ϕ, f2 ◦ ϕ}(P1,P
−
1 ) belongs to A(U2) and only

depends only on f1 and f2. Since ϕ is a submersion, in this way, we define a
Poisson bracket on A(U2).
For the converse assume that ϕ is a partial Poisson map. We first show that the
graph of ϕ is coisotropic. Note hat at first, since ϕ is smooth, for any x ∈ M ,
the linear map Txϕ : TxM1 → TxM2 must be bounded. Thus, if Gϕ denotes the
graph of ϕ, its tangent space T(x,ϕ(x)Gϕ = {(u, Txϕ(u)), u ∈ TxM1} is a closed
subspace of TxM1 × Tϕ(x)M2 and so Gϕ is a closed submanifold of M1 ×M2.
We must show that T(x,ϕ(x))Gϕ is a coisotropic subspace of TxM1 × Tϕ(x)M2

provided with the linear partial Poisson structure (T ♭xM × T ♭ϕ(x)M2, TxM1 ×
Tϕ(x)M2, (P1)x × (−P2)ϕ(x)).

Indeed, we have an open set U around x ∈M1 such that T ♭xM1 (resp. T ♭ϕ(x)M2)

is generated by {dxf1, f1 ∈ A(U1)} (resp. {dϕ(x)f2, f2 ∈ A(U2)}) where
ϕ(U1) ⊂ U2. Therefore (T(x,ϕ(x))Gϕ)

0 = {(dx(f2 ◦ ϕ)), dϕ(x)f2), f2 ∈ A(U2)}.
Since ϕ is a Poisson map, it follows that

< dx(f2 ◦ ϕ), P1dx(g2 ◦ ϕ) > − < dϕ(x)f2), P2(dϕ(x)g2) >
= {f2 ◦ ϕ, g2 ◦ ϕ}P1

− {f2, g2}P2
◦ ϕ = 0.

Thus, from Lemma 2.5, 5., T(x,ϕ(x))Gϕ is coisotropic.

But, (ϕ−1, ϕ) is clean pair from Lemma 2.42, and so from Theorem 2.43 the
graph of ϕ ◦ ϕ−1 is coisotropic.

(ii) At the one hand, sinceM1 is connected and ϕ is a submersion, we have a
convenient space F such that M1 is isomorphic to M2×F. In particular, kerTϕ
is a subbundle of TM with typical fibre F. Let (kerTϕ)a be the subbundle of
T ′M1 which is the annihilator of kerTϕ. Of course, kerTϕ is a the typical of
a convenient bundle isomorphic to M′

2. We consider the pull-back ϕ∗(T ′M2)
over M1. Then T ∗ϕ can be considered as a bundle morphism from ϕ∗(T ′M2)
to T ′M1. Since ϕ is a submersion, for any x ∈M1, we must have kerT ∗

xϕ = {0}
and T ∗

xϕ(T
′
ϕ(x)M2) = (kerTxϕ)

a. As T ∗ϕ is a bundle morphism, this implies

that T ∗ϕ is an isomorphism from ϕ∗(T ′M2) to (kerTϕ)a and so we can identify
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(kerTϕ)a and ϕ∗(T ′M2). Thus we have the following commutative diagram

(2.30) (kerTϕ)a

&&

ϕ∗(T ′M2)
T∗ϕ

��

ϕ̂∗
// T ′M2

��
M1

ϕ // M2

where ϕ̂∗ is a smooth convenient bundle morphism such that the restriction ϕ̂∗x
to the fibre (ϕ∗(T ′M2))x is an isomorphism onto T ′

ϕ(x)M2.

We denote ι0 the inclusion of (kerTϕ)0 into (kerTϕ)a.

Lemma 2.58.

(i) For any y ∈ M2, the vector space T ♭yM2 = ϕ̂∗ ◦ ι0
(
(kerTϕ)0x

)
if ϕ(x) = y

does not depend on such a choice of x and has a structure of convenient
space isomorphic to M♭

2.

(ii) The range T ♭M2 = ϕ̂∗ ◦ ι0
(
(kerTϕ)0

)
has a structure of convenient weak

subbundle of T ′M2. In particular, (kerTϕ)0 is the pull-back of T ♭M2 over
ϕ.

Proof.
(i) Note that by construction, for each x ∈ M1, there exists an open set U2 in
M2 around ϕ(x) such that (kerTϕ)0x is generated by {dx(f2 ◦ ϕ), f2 ∈ A(U2)}.
Indeed the fibre (kerTϕ)ax, is generated by the set {dx(f2 ◦ ϕ), f2 ∈ C∞(U2)}.

In particular, we can remark that

∀f2 ∈ C∞(U2), ϕ̂∗ (dx(f2 ◦ ϕ)) = dϕ(x)f2.

But, since the fibre T ♭xM1 is generated by {dxf1, f1 ∈ A(U1)}, their intersection
is generated by {dx(f2 ◦ ϕ), f2 ∈ A(U2)}.
Fix some y ∈ M2 and choose an open set U2 in M2 around y such that T ′

yM2

is generated by {dyf2, f2 ∈ C∞(U2)} and consider U1 = ϕ−1(U2). According
the the previous Remark, for each x ∈ ϕ−1(y) the fibre (kerTϕ)0x is generated
by {dx(f2 ◦ ϕ), f2 ∈ A(U2)}.
Consider two points x1 ̸= x2 such that y = ϕ(x1) = ϕ(x2). As ϕ is a submersion,
the convenient space M1 is isomorphic to M2 × F and, for i ∈ {1, 2}, we have
charts (Vi,Φi) around xi in M1 such that:

(1) Φi(xi) = (0, 0) ∈M2 × F;

(2) Φi(Vi) =W × V ⊂M2 × F and Ψ(W ) =W ⊂M2;

(3) Ψ ◦ ϕ ◦ Φ−1
i = q where q is the first projection from M2 × F on M2.
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It follows that TΦi is a bundle isomorphism from TM1|Vi
toW ×V ×M2×F

and TΨ is an isomorphism from TM2|W to W ×M2 and so kerTϕ|Vi
is isomor-

phic to W × V × F. Now from (2) and(3), according to diagram (2.30), this
easily implies that we have an isomorphism Θi = T ∗Φ−1

i |Vi
from (kerTϕ)a|Vi

to

W ×V ×M′
2 over Φi. Therefore, if we set θ = Φ−1

2 ◦Φ1, then Θ = Θ−1
2 ◦Θ1 is a

convenient isomorphism from (kerTϕ)a|V1
to (kerTϕ)a|V2

such that, in restriction

to (kerTϕ)a|V1
, we have

(4) ϕ̂∗ ◦Θ = ϕ̂∗.

Since the restriction of ϕ̂∗ to each fibre is an isomorphism, according to (1), we
have

(5) Θ (dx1
(f ◦ ϕ)) = dx2

(f ◦ ϕ) which implies Point (i).

(ii) From Point (i), the set T ♭M2 =
⋃
y∈M2

T ♭yM2 is well defined and let

ι2 : T ♭M2 → T ′M2 be the inclusion.
Now, since by assumption, (kerTϕ)0 is a closed convenient subbundle of T ♭M1

and the inclusion of T ♭M1 in T ′M1 is a smooth convenient morphism, the in-
clusion of (kerTϕ)0 into (kerTϕ)a is also a smooth convenient morphism. This
gives rise to an injective bounded map from each fibre (kerTϕ)0x into (kerTϕ)ax.
Thus we may consider that the typical fibre M♭

2 of (kerTϕ)0 is contained in the
typical fibre M′

2 of (kerTϕ)a and the inclusion ι0 is an injective bounded map.
Using the local context introduced in (2) and (3), without loss of generality, we
can assume that Vi is simply connected and so (kerTϕ)0|Vi is trivial. Thus we
have a trivialization Φ♭i : (kerTϕ)

0|Vi →W × V ×M♭
2; since ϕ̂

∗ ◦ ι0 is a smooth
convenient morphism from (kerTϕ)0Vi

into T ′M2 whose range is T ♭M2 we have
the following commutative diagrams:

(2.31) (kerTϕ)0|Vi

Φ♭
i //

��

ι0

&&

W × V ×M♭
2

ι0

''

��

(kerTϕ)a|Vi

T∗Φ−1
i //

��

W × V ×M′
2

��

Vi
Φi //

Id

''

W × V i
Id

((
Vi

Φi // W × V i
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(2.32) (kerTϕ)a|Vi

T∗Φ−1
//

��

ϕ̂∗

%%

W × V ×M′
2

q×Id

&&

��

T ′M2|W
T∗Φ−1

i //

��

W ×M′
2

��

Vi
Φi //

ϕ

&&

W × V i
q

''
W

Ψ // W

Since ϕ̂∗ ◦ ι0 is an injective smooth convenient bundle morphism over ϕ|Vi

, it follows that ϕ̂∗ ◦ ι0((kerTϕ)0|Vi
) = T ♭M2|W and, according to (4), this

range does not depend on the choice of such trivializations Φ♭i . Thus, we
can provide T ♭M2|W with a structure of trivial convenient bundle over W .

Indeed, let Wi(x) = Φ−1
i (W × {0}) the closed supplemented submanifold of

Vi. Then the restriction of ϕ to Wi(x) is a diffeomorphism onto W and so

ι0 ◦Φ♭i ◦ (ϕ̂∗ ◦ ι0)−1 : T ♭M2|W →W ×M♭
2 ⊂W ×M′

2 is then a trivialization over

q ◦ Φi ◦ (ϕ|Wi(x))
−1 :W →W .

Therefore, by merging Diagrams (2.31) and (2.32), and using composition
of T ∗Ψ−1 with ι2, we obtain the following commutative diagram:

(2.33) (kerTϕ)0|Vi

Φ♭
i //

��

ϕ̂∗◦ι0

%%

W × V ×M♭
2

q×ι0

&&

��

T ♭M2|W
T∗Ψ−1◦ι2 //

��

W ×M♭
2

��

Vi
Φi //

ϕ

&&

W × V i
q

''
W

Ψ // W

In particular, we have

(2.34)

{
Ψ = q ◦ Φi ◦ (ϕ|W (x))

−1 on W

T ∗Ψ−1 ◦ ι2 = (q × ι0) ◦ Φ♭i ◦ (ϕ̂∗ ◦ ι0)−1 on T ♭M2|W

By merging Diagrams (2.31) and (2.32), and using composition with ι2, we

see that ϕ̂∗ ◦ ι0 is a smooth morphism bundle from (kerTϕ)0|Vi
to T ′M2 over ϕ

such that
T ∗Ψ−1 ◦ (ϕ̂∗ ◦ ι0) = (q × Id ◦ ι0) ◦ Φ♭i .
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According to this relation, since T ♭M2|W = ϕ̂∗ ◦ ι0((kerTϕ)0|Vi
) in T ′M2

and T ∗Ψ−1 is a smooth isomorphism, it follows that the following diagram is
commutative

(2.35) (kerTϕ)0|Vi

Φ♭
i //

��

ϕ̂∗◦ι0

%%

W × V ×M♭
2

q×ι0

&&

��

T ′M2|W
T∗Ψ−1

//

��

W ×M′
2

��

Vi
Φi //

ϕ

&&

W × V i
q

''
W

Ψ // W

and so that the restriction of T ∗Ψ−1 to T ♭M2|W is a trivialization.
In fact, by merging diagrams (2.33) for i ∈ {1, 2}, we obtain

(2.36) (kerTϕ)0|V1

Θ♭

xx

ϕ̂∗◦ι0

%%

��

(kerTϕ)0|V2

ϕ̂∗◦ι0 //

��

T ♭M2|W
T∗Ψ−1◦ι2 //

��

W ×M♭
2

��

V1

θ

ww

ϕ

&&
V2

ϕ // W
Ψ // W

where Θ♭ = (Φ♭2)
−1 ◦Φ♭1 is a smooth isomorphism over θ = Φ−1

2 ◦Φ1. It follows
that such a trivialization of T ♭M2|W does not depend on the choice of the triv-
ialization of (kerTϕ)0 around any point x in the fibre over y ∈W .

Note that we have Θ♭ = Θ ◦ ι0.

Consider two charts (W ′
i ,Ψ

′
i) around some y ∈ M2 for i ∈ {1, 2}. Fix some

x ∈ M1 such that ϕ(x) = y. By same arguments as in (1), (2) and (3), we can
find a chart (V ′

i ,Φ
′
i) around x in M1 such that, after shrinking Wi if necessary,

we have

(1’) Ψ′
i(y) = Ψ′(y) = 0 ∈M2 and Φ′

i(x) = (0, 0) ∈M2 × F;
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(2’) Ψi(W
′
i ) =W

′
i ⊂M2 and Φ′

i(V
′
i ) =W

′
i × V

′
i;

(3’) Ψ′
i ◦ ϕ ◦ (Φ′

i)
−1 = q where q is the first projection of M2 × F on M2.

We again assume that V ′
i and W ′

i are simply connected. Since (kerTϕ)0 is
a convenient bundle, it follows that we have the trivialization

(Φ′
i)
♭
: (kerTϕ)0|V ′

i
→W

′
i × V

′
i ×M♭

2.

Then the composition (Φ′
2)
♭ ◦ [(Φ′

1)
♭]−1 in restriction to (W

′
1 ∩ W

′
2) × (V

′
1 ∩

V
′
2)×M♭

2 is a diffeomorphism of type

(x̄, z̄, ᾱ) 7→ (x̄,Πx̄(z̄), Ax̄(ᾱ)),

where x̄ 7→ Πx̄ (resp. x̄ 7→ Ax̄) is a field over W
′
1 ∩W

′
2 of local diffeomorphisms

of F over V
′
1 ∩ V

′
2 (resp. automorphisms of M♭

2). As in the upper situation,
we have an analog commutative diagrams as (2.33 ) and by superposition of
these diagrams and using the transition map (5’) we obtain a transition map
for T ♭M2|W and T ♭M2|W ′ which show that T ♭M2 is a convenient subbundle of

T ′M2. Now, by construction, we have (kerTϕ)0x := {(x, ϕ̂∗
−1

x (α)), α ∈ T ♭M2

which ends the proof of Point (ii).
End of the proof of Theorem 2.56, Point(ii)

At first, from the proof of Point (i) of Lemma 2.58 the fiber T ♭M2 = Py(U2)
for all y ∈ M2. Now, since (kerTϕ)0 is the pull-back of T ′M2, this implies

that T ∗
xϕ = ϕ̂∗

−1

x . According to notations in the proof of Lemma 2.58 we have
θ = Φ−1

2 ◦ Φ1, so Tθ = TΦ−1
2 ◦ TΦ1 and so T ∗θ = T ∗Φ1 ◦ T ∗Φ−1

2 = Θ−1. From
diagram (2.36), (4) and since Θ♭ = Θ ◦ ι0, it follows that for any α ∈ T ♭yM2,

if y = ϕ(x1) = ϕ(x2) then T ∗
x1
ϕ(α) = Θ♭ ◦ T ∗

x2
ϕ(α) = Θ−1. Therefore, for any

α ∈ T ♭yM , if P 0
1 denotes the restriction of P1 to (kerTϕ)0 we have

(P 0
1 )x2

◦ T ∗
x1
ϕ = (P 0

1 )x1
◦Θ♭ ◦ T ∗

x1
ϕ = (P 0

1 )x1
◦ T ∗θ−1 ◦ T ∗

x1
ϕ.

But Tx2
ϕ = Tθ ◦ Tx1

ϕ. Thus, for any α ∈ TyM2, we have

Tx2
ϕ ◦ (P 0

1 )x2
◦ T ∗

x1
ϕ(α) = (Tx1

ϕ ◦ Tθ) ◦ (P 0
1 )x1

◦ T ∗
x1
ϕ(α).

By setting (P2)y = Tϕ ◦ P1 ◦ ϕ̂∗
−1

x ◦ ι0, we get a partial Poisson structure
(T ♭M2, TM2, P2, { , }P2

).
(iii) If

(
T ♭M1, TM1, P1, { , }P1

)
is partial symplectic, this means that P is

an isomorphism and so we have a smooth non-degenerate 2-form ΩP on TM1

defined by ΩP (u, v) :=< P−1(u), v >. Since Ω is non degenerate, for all x ∈M1,

the orthogonal (kerTxϕ)
⊥
= {u ∈ TxM1, ∀v ∈ kerTxϕ ΩP (u, v) = 0} defines a

convenient subbundle (kerTϕ)⊥ of TM1 and so (kerTϕ)0 = P−1
(
(kerTϕ)⊥

)
is

a convenient subbundle of T ♭M1. Then we can apply (ii).

If T ♭M1 = T ′M1, then (kerTϕ)0 = (kerTϕ)a is a convenient subbundle of
T ♭M1 and so we also can apply (ii).
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2.4.5 Dual Pairs

We end this section by a generalization of the notion of dual pairs introduced
in [CaWe99].

Definition 2.59. Consider a partial symplectic manifold
(
T ♭M,TM,P

)
and,

for i ∈ {1, 2}, a Poisson map ϕi from M to the partial Poisson manifold
(T ♭Mi, TMi, Pi). We say that (ϕ1, ϕ2) is a dual pair if, for any x ∈M , we have
kerTxϕ1 = (kerTxϕ2)

⊥P and kerTxϕ2 = (kerTxϕ1)
⊥P .

Proposition 2.60. Consider a partial symplectic manifold
(
T ♭M,TM,P, { , }p

)
.

For i ∈ {1, 2}, let ϕi be a Poisson map from
(
T ♭M,TM,P, { , }P

)
to the

partial Poisson manifold
(
T ♭Mi, TMi, Pi, { , }Pi

)
such that (ϕ1, ϕ2) is a dual

pair. Then, for each open set Ui in Mi and any fi in the Poisson-Lie algebra
(A(Ui), { , }Ui

) we have {ϕ∗1f1, ϕ∗2f2}P = 0 on ϕ−1
1 (U1) ∩ ϕ−1

2 (U2).

Proof. In the one hand, under our assumptions, from the proof of Theo-

rem 2.56, (ii), we have T ♭Mi =
⋃
y∈Mi

Py(Ui) where Py(Ui) = {dyf, y ∈ Ai(Ui)}.

On the other hand, the characteristic foliation is reduced to M , so by Re-
mark 2.25, (2) and (3), we have a weak symplectic form ω such that ω(u, v) =<
P−1(u), v > for all u and v in TxM and all x ∈M . On the other hand, for any
α ∈ T ♭xM , we have an open set U around x in M and a smooth map f : U → R
such that α = dxf and since P : T ♭M → TM is an isomorphism, we have
ωx(u, v) = ωx(Xfu , Xfv ) = dx{fu, fv}P if P−1(u) = dxfu and P−1(v) = dxfv.
Thus, according to Proposition 2.7, we have

(kerTxϕi)
⊥P = {P ({dxf), f ∈ A(U) : ∀v ∈ kerTxϕi, < dxf, v >= 0}.

But since ϕi is a Poisson map, this implies that if fi belongs to A(Ui) then ϕ
∗
i fi

belongs to Ei
(
ϕ−1
i (Ui)

)
and then each dx (ϕ

∗
i fi) belongs to (kerTxϕj)

0 for i ̸= j

and x ∈ ϕ−1
1 (U1) ∩ ϕ−1

2 (U2) and then if (ϕ1, ϕ2) is a dual pair, if follows that
{ϕ∗1f1, ϕ∗2f2}P = 0 on ϕ−1

1 (U1) ∩ ϕ−1
2 (U2).

Remark 2.61. The conclusion of Proposition 2.60 is also true when (ϕ1,−ϕ2)
or (−ϕ1, ϕ2) is a dual pair.

3 Partial Poisson (resp. Symplectic) Convenient
Lie Groups

This section contains a survey of definitions and properties of a convenient Lie
group which are either contained in [CaPe23] or are an adaptation of results on
Banach Lie groups contained in [Tum20] (see also [GRT23]).

3.1 Preliminaries and Notations

Definition 3.1. A convenient Lie group G is a convenient manifold endowed
with a group structure for which the multiplication m : G × G → G and the
inversion i : G→ G are smooth mappings.
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The unit element of the group G will be denoted e and the inverse of an
element g by g−1.
For g ∈ G, Lg : x 7→ g.x is the left translation and Rg : x 7→ x.g is the right
translation.

The tangent bundle to G will be the kinematic tangent bundle TG and the
vector fields, smooth sections of this bundle, are the kinematic vector fields
whose set is denoted X(G).

Definition 3.2. A vector field X on G is said to be left invariant if

∀g ∈ G, (Lg)∗X = X

where (Lg)∗X = TLg ◦X ◦ Lg−1 .

Since (Lg)∗ [X,Y ] =
[
(Lg)∗X, (Lg)∗ Y

]
, the set of all left invariant vector

fields on G forms a Lie subalgebra of X(G) denoted g.

Definition 3.3. g is called the Lie algebra of the Lie group G.

g is in bijective correspondence with the tangent space Teg via the linear
isomorphism

g → TeG
X 7→ Xe

So TeG becomes a Lie algebra for the bracket still denoted [., .] and defined by

[Xe, Ye] = [X,Y ]e

Proposition 3.4. Let φ : G→ H be a smooth homomorphism of Lie groups.
Then Teφ : g→ h is a Lie algebra homomorphism.

Definition 3.5. Let (G, .) be a Lie group with Lie algebra g. A 1-parameter
subgroup of G is a smooth Lie group homomorphism α : (R,+)→ (G, .) .

So a 1-parameter subgroup of G is a smooth curve α in G such that{
∀ (s, t) ∈ R2, α (s+ t) = α (s) .α (t)

α (0) = e
.

Proposition 3.6. Let α : R → G be a smooth curve where α (0) = e and let
X ∈ g. We denote X̂ the left invariant vector field such that X̂e = X. Then
the following assertions are equivalent:

1. α is a 1-parameter subgroup of G and X =
∂

∂t

∣∣∣∣
t=0

α (t);

2. α is an integral curve of the left invariant vector field X̂;

3. FlX̂(t, x) = x.α(t) is the unique global flow of the vector field X̂.
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Definition 3.7. Let G be a Lie group with Lie algebra g. We say that G admits
an exponential map if there exists a smooth mapping exp : g → G such that
t 7→ exp(tX) is the unique 1-parameter subgroup with tangent vector X at 0.

As in the Banach framework, we have the following properties:

(ExpC1) exp (0) = e;

(ExpC2) T0 exp = Idg

where (ExpC2) is a consequence of
d

dt

∣∣∣∣
t=0

exp (tX) = X.

Unfortunately, for a kinematic vector field, integral curves need not exist
locally8, so the existence of such a map is not guaranteed.

Let G be a convenient Lie group with Lie algebra g.

Definition 3.8. For any g ∈ G, we define the conjugation or inner automor-
phism

conjg : G → G
x 7−→ g.x.g−1.

Definition 3.9. The adjoint representation is the mapping

Ad : G → GL (g)
g 7−→ Te

(
conjg

)
.

The adjoint representation of the Lie algebra g is the map ad = TeAd.
We then have:

(3.1) ∀ (X,Y ) ∈ g2, ad (X)Y = [X,Y ] .

3.1.1 Coadjoint Action on a Convenient Subspace of a Dual and
1-cocycle

For this section, we refer to [Tum20], 2.5. But for the sake of completeness, we
recall this classical context.

Let G be a convenient Lie group and Φ : G → Aff(E) a representation into
the affine group of a vector space E. As Aff(E) is a semi-direct product of the
linear group GL(V ) and the translation group on E identified with E, Φ can be
written as a pair (ϕ,Θ) where ϕ : G → GL(E) and Θ : G → E. Since Φ is a
group morphism it follows that ϕ is a group morphism and Θ satisfies

(3.2) Θ(gh) = Θ(g) + ϕ(g) (Θ(h))

for all g and h in G. In this case, Θ is called 1-cocyle on G relative to ϕ.

8cf. [KrMi97], 32.12.
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The derivative TeΦ is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (Teϕ, TeΘ) where Teϕ and TeΘ
gives rise to a Lie algebra morphism dϕ from g to gl(E) and dΘ from g to E
respectively which satisfy the relation

(3.3) dΘ([x, y]) = dϕ(x) (dΘ(y))− dϕ(y) (dΘ(x))

for all x and y in g. In this case, dΘ is called 1-cocyle on g relative to dϕ.

In particular, consider a Lie group G and a bi-invariant subbunbdle T ♭G of
TG. If we denote by g♭ the fibre T ♭eG, then g♭ is invariant by the coadjoint action
G on T ′G (formally, same proof as in Proposition 5.6 in [Tum20]).

Proposition 3.10. Under the previous assumptions, a map λ : g →
∧2

g♭ is
called a 1-cocycle relative to the coadjoint action of g onto g♭ if, we have the
following properties:

(1) there exists p : g × g♭ → g such that λ(x)(α, β) =< α, p(x)(β) >, for all
x ∈ g and α, β in g♭;

(2) for all x, y in g and α, β in g♭, we have:

(3.4) λ([x, y]) = ad(2,0)x (λ(y))− ad(2,0)y (λ(x)).

Then, in the Banach setting, from [Tum20], Theorem 3.14,
(
g, g♭, P

)
is a

partial Lie-Poisson space in the sense of Definition 2.35. Thus this Definition
can be considered as an adaptation of Definition 3.12 in [Tum20].

3.1.2 Partial Bialgebras

The notion of Lie bialgebra in finite dimension9 appears as a particular case
of Lie bialgebroid (see [MaXu94] for instance). A generalization to the Banach
setting can be found in [Tum20]. In the next paragraph, we will propose the
following natural adaptation which we call partial bialgebra.

Definition 3.11. Let (g, [., .]) be a convenient Lie algebra and g♭ be a convenient
subspace of g′ where the inclusion g♭ → g′ is bounded. We will say that

(
g, g♭

)
is a partial Lie bialgebra if:

(1) the restriction of the coadjoint action to g × g♭ takes values in g♭ and is
bounded;

(2) there exists a Lie algebra bracket [., .]♭ on g♭ such that the dual map of

[., .]♭ : g♭ × g♭ → g♭ restricts to a 1-cocycle λ : g →
∧2

g♭′ relative to the
coadjoint action of g onto g♭.

Remark 3.12. According to [Tum20], Remark 7.3, by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

(3.5)
< [x, y], [α, β]♭ >= < y, [ad∗x α, β]

♭ > + < y, [α, ad∗x β]
♭ >

− < x, [ad∗y α, β]
♭ > − < x, [α, ady aβ]

♭ > .
9cf. [Kos04].
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3.2 Bi-invariant Partial Poisson (resp. symplectic) Struc-
tures

We begin by fixing some notations.
As in the Banach setting used in [Tum20], on a convenient Lie group G the left
(resp. right) translation Lg (resp. Rg) gives rise to a left (resp. right) smooth
action of G on T ′G given by (Lg)

∗(α) = α ◦ TLg (resp. R∗
g(α) = α ◦ TRg) and

also a smooth action denoted L∗∗
g (resp. R∗∗

g ) on the bidual T ′′G.
The smooth adjoint action Adg = Lg ◦ Rg−1 of G on its Lie algebra g induces
on the dual g′ a smooth coadjoint action Ad∗g = L∗

g ◦R∗
g−1 and a smooth action

Ad∗∗g = L∗∗
g ◦R∗∗

g−1 .

According to the context of Banach Poisson Lie groups exposed in [Tum20],
we introduce:

Definition 3.13. Given a convenient Lie group G, a partial Poisson (resp.
symplectic) structure

(
T ♭G, TG, P, { , }P

)
is called a bi-invariant partial Poisson

(resp. symplectic) structure if we have:

(BiT) T ♭G is bi-invariant that is L∗
g(T

♭
ghG) = T ♭hG and R∗

g(T
♭
hgG) = T ♭hG for all

g, h,∈ G.

(BiP) P is bi-invariant that is Ph ◦L∗
g = TL−1

g ◦Pgh and Ph ◦R∗
g = TR−1

g ◦Phg
for all g, h,∈ G.

Under theses conditions, we say that
(
T ♭G, TG, P, { , }P

)
is a convenient

partial Poisson (resp. symplectic) Lie group.

Remark 3.14. When T ♭G is bi-invariant, if we set g♭ := T ♭eG, then the map
(TL)∗ : T ♭G → G × g♭ (resp. (R)∗ : T ♭G → G × g♭ ) given by TL∗(g, α) =
(g, L∗

g(α)) (resp. TR
∗(g, α) = (g,R∗

g(α))) is a convenient bundle isomorphism

As we have already seen, to P is associated a partial Poisson tensor Λ defined
by Λ(α, β) =< α,P (β) >. Therefore, if P is bi-invariant, we have:

(3.6) Λgh(α, β) = Λh(L
∗
gα,L

∗
gβ) + Λg(R

∗
hα,R

∗
hβ).

Notations 3.15.
We will denote by T ♭′M the convenient dual bundle of T ♭M . Since the restric-
tion to ThG ⊂ T ′′

hG of the adjoint L∗∗g to ThG is TLg. However for the for the

sake of clarity, as in [Tum20], for any Λ ∈
∧k

T ♭′G we set
(L∗∗

g Λ)gh(α1, . . . , αk) := Λh(L
∗
gα1, . . . , L

∗
gαk)

and for analog reason we also set
(R∗∗

g Λ)hg(α1, . . . , αk) := Λh(R
∗
gα1, . . . , R

∗
gαk).

Since we have
Adg = TRg−1 ◦ TLg (resp. Adg−1 = TLg−1 ◦ TRg)

we set
Ad∗∗g Λe = R∗∗

g−1 ◦ L∗∗
g Λe (resp. Ad∗∗g−1Λe = L∗∗

g−1 ◦R∗∗
g Λe).
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In this way, the relation (3.6) can be written:

(3.7) Λgh = L∗∗
g Λh +R∗∗

h Λg.

The following result generalizes some essential results on Banach Poisson Lie

groups proved in [Tum20]:

Proposition 3.16. Let G be a convenient Lie group and
(
T ♭G, TG, P, { , }P

)
any partial Poisson structure on G. The following assertions are equivalent:

(1)
(
T ♭G, TG, P, { , }P

)
is a convenient partial Poisson (resp. symplectic) Lie

group.

(2) The multiplication m : G× G→ G is a Poisson (resp. partial symplectic)
map when G × G is provided with the partial Poisson (resp. symplectic)
structure product.

(3) For the Poisson structure G × G × G− on G × G × G, the graph Gm of the
multiplication is coisotropic (resp. Lagrangian)

(4) T ♭G is a bi-invariant subbundle of T ′G and the partial Poisson tensor Λ
associated to P satisfies, for all g, h ∈ G,

(3.8) Λgh = L∗∗
g Λh and Λhg = R∗∗

g Λh.

Remark 3.17. Note that Proposition 3.16, (2) implies that the Definition 5.3
of a Banach Poisson Lie group in [Tum20] is coherent with our Definition 3.13
in the Banach setting.

Proof. We only look for the partial Poisson situation. For the partial symplectic
framework, the same argument works too.
(1)⇔(2)10 In the one hand, for the partial Poisson structure on G×G, we have
T ♭ghG× G = T ♭gG× T ♭hG. If (Xg, Xh) ∈ T ♭gh (G× G), then we have:

(3.9) T(g,h)m(Xg, Xh) = TLg(Xh) + TRh(Xg).

The bi-invariance of T ♭G means that, for any α ∈ T ♭hG and α ◦ TgRh ∈ T ♭ghG
then α ◦ ThLg belongs to T ♭gG. It follows that the relation (3.9), for all g, h ∈ G

and Xg, Xh ∈ T ♭ghG × G, is equivalent to (BiT). On the other hand, let (ϕ, ψ)

be a smooth function around (g, h) ∈ G × G. We denote by Xϕ and Xψ the
Hamitonian vector fields associated to ϕ and ψ respectively. Then, for the
partial product Poisson P × P , the Hamiltonian field of (ϕ, ψ) is (Xϕ, Xψ).
Then according to (3.9), we must have

T(g,h)m(Xϕ, Xψ) = ThLg(X
ϕ) + TgRh(X

ψ).

10This proof is an adaptation of the proof of Proposition 5.4 in [Tum20].
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Now by definition of the product Poisson structure on G× G, we must have:
(3.10)

(P×P )(dϕ, dψ)(g, h) = X
(ϕ,ψ)
(g,h) = ThLg(X

ψ)+TgRh(X
ψ) = TLp(Ph(dϕ))+TRh(Pg(dψ))

m is a Poisson morphism if and only if

T(g,h)m(X(ϕ,ψ)) = ThLg(X
ϕ) + TgRh(X

ψ)

which ends the proof of the announced equivalence.

The equivalence (2)⇔(3) is a consequence of Proposition 2.49.

For the equivalence (1)⇔(4), we have only to prove the equivalence between
(BiP) and the Relation (3.8) which is an easy consequence of the definition of
Λ from P by using (3.7).

3.3 Multiplicative Admissible 2-form and Lie Bialgebra

In this section, we fix a bi-invariant convenient subbundle T ♭G of T ′G and we
set g♭ = T ♭eG ⊂ g′. The convenient dual of g♭ will be denoted g♭′.

3.3.1 Multiplicative admissible 2-forms

According to [CaPe23], Definition 7.12, for k ≥ 2, an admissible section Λ ∈∧k
T ♭′G is a section for which there exists a skew-symmetric morphism P :

(T ♭G)k−1 → TG such that

Λ(α1, . . . , αk) = α1(P (α2, . . . , αk))

for all (α1, α2, . . . , αk) ∈ (T ♭′G)k.
For the sake of simplicity, such a section will be called an admissible k-form.
Note that the partial Poisson tensor Λ associated a partial Poisson anchor
P : T ♭G→ TG is an 2-admissible form.

According to Property (3.8), as in finite dimension for the notion of multi-
plicative tensor (cf. for example [Dri83], [LuWe90], [Marl98] and [Kos04]), we
introduce:

Definition 3.18. An admissible k-form Λ is called multiplicative if it satisfies:

(3.11) Λgh = L∗∗
g Λh +R∗∗

h Λg

for all (g, h) ∈ G2.

Remark 3.19.

1. If Λ is multiplicative, for h = g = e, from the relation (3.11) we obtain
Λe = 2Λe and so Λe = 0.
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2. If Λe = 0, for any v ∈ TeG, choose any vector field on G such thatX(e) = v.
Since we have (cf. [CaPe23], Chap. 7)
(3.12)

LXΛ(α1, . . . , αk)(e) = de{Λ(α1, . . . , αk)}(X)−
k∑
i=1

Λe(α1, . . . , LXαi, . . . , αk)

it follows that LXΛ(α1, . . . , αk)(e) = de (Λ(α1, . . . , αk)) (X) and so only
depends on the 1-jet of Λ at point e and the value X(e). Thus, as in finite
dimension, the differential dΛe is intrinsically defined.

As in finite dimension, (cf. [Dri83]), we have the following properties:

Proposition 3.20. Given any admissible k-form Λ, we associate to Λ two
bounded fields

ΛL : G→
k∧
g♭′ and ΛR : G→

k∧
g♭′

defined, for all g, h ∈ G, by (ΛL)g = L∗∗
g−1Λg and (ΛR)g = R∗∗

g−1Λg. We then
have the following equivalences:

(i) Λ is multiplicative.

(ii) ΛL satisfies for all g, h ∈ G:

(ΛL)gh = (ΛL)h +Ad∗∗h−1(ΛL)g.

(iii) ΛR satisfies for all g, h ∈ G:

(ΛR)gh = Ad∗∗g (ΛR)h + (ΛR)g.

Remark 3.21. In finite dimension, when the Lie group G is connected, the
following properties:

(iv) Λe = 0 and LXΛ are left invariant whenever X is a left invariant vector
field.

(v) Λe = 0 and LXΛ are right invariant whenever X is a right invariant vector
field.

are equivalent to properties (i), (ii) and (iii) (cf. [Dri83] and [Kos95]).
Properties (iv) or (v) are equivalent to any of Properties (i), (ii) and (iii) in this
Proposition for connected convenient lie group with an exponential maps for
which G is generated by the range of the exponential map, which is in particular
the case for connected and simply connected Banach Lie groups. Unfortunately,
in the general case for convenient Lie groups, such properties are not true since
the previous assumption is not satisfied.

Proof. According to Notations 3.15, for all (g, h) ∈ G2, we have

(ΛL)gh − (ΛL)h −Ad∗∗h−1(ΛL)g = L∗∗
(gh)−1Λgh − L∗∗

h−1Λh − L∗∗
h−1 ◦R∗∗

h ◦ L∗∗
g−1Λg

= L∗∗
(gh)−1

(
Λgh − L∗∗

g Λh −R∗∗
h Λg

)
which implies the equivalence between (i) and (ii).
A formally comparable calculus shows the equivalence between (i) and (iii).
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3.3.2 1-cocycles and Lie Bialgebras

For this paragraph, we refer to [Tum20], 2.5 and 4.1. For the sake of complete-
ness, we adapt these results to the convenient context.

Let G be a convenient Lie group and Φ : G → Aff(E) a representation into
the Affine group of a vector space E. As Aff(E) is a semi-direct product of the
linear group GL(V ) and the translation group on E identified with E, Φ can be
written as a pair (ϕ,Θ) where ϕ : G → GL(E) and Θ : G → E. Since Φ is a
group morphism it follows that ϕ is a group morphism and Θ satisfies

(3.13) Θ(gh) = Θ(g) + ϕ(g) (Θ(h))

for all g and h in G. In this case, Θ is called 1-cocyle on G relative to ϕ.

The derivative TeΦ is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (TeΦ, TeΘ) where Teϕ and TeΘ
gives rise to a Lie algebra morphism dϕ from g to gl(E) and dΘ from g to E
respectively which satisfies the relation

(3.14) dΘ([x, y]) = dϕ(x) (dΘ(y))− dϕ(y) (dΘ(x))

for all x and y in g. In this case, dΘ is called 1-cocyle on g relative to dϕ.

Example 3.22. Consider a Lie group G and a bi-invariant subbundle T ♭G of
TG. If we denote by g♭ the fibre T ♭eG. Then g♭ is invariant by the coadjoint
action G on T ′G (formally, same proof as in [Tum20], Proposition 5.6). Let Λ

be an admissible multiplicative 2-form and ΛR : G→
∧2

g♭ given by

(ΛR)g = R∗∗
g−1Λg

for all g ∈ G.
Then ΛR is a 1-cocycle on G with respect to the coadjoint action Ad∗∗ on the
vector space

∧2
g♭ that is

(3.15) (ΛR)gh = (ΛR)g +Ad∗∗(g)(ΛR)h

for all g, h in G (Formally again, the proof is the same as for Proposition 5.7
Assertion (2) in [Tum20]). Therefore, we have

(3.16) TeΛR([x, y]) = ad∗∗x (TeΛR(y))− ad∗∗y (TeΛR(x))

which means exactly:

(3.17)
TeΛR([x, y])(α, β) = TeΛR(y)(ad

∗
x α, β) + TeΛR(y)(α, ad

∗
x β)

−TeΛR(x)(ad∗y α, β)− TeΛR(x)(α, ad
∗
y β).
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This example justifies the following context and Definition.
‘

Consider a convenient Lie algebra (g, [., .]), a convenient subspace g♭ of g′

whose inclusion is bounded and the coadjoint action in restriction to g × g♭

which takes values in g♭ and is bounded.

For any bounded map bilinear map Λ ∈
∧2

g♭ we say that Λ is admissible
(cf. [CaPe23], Definition 7.12) if there exists a map P := Λ♭ : g♭ → g given by
Λ♭(α) = Λ(., α). Note that this map is a bounded linear map. Given such an

admissible Λ we can define a natural coadjoint action on
∧2

g♭′ defined by:

(3.18) ad(2,0)x Λ(α, β) = Λ(ad∗x α, β) + Λ(α, ad∗x β)

for all Λ ∈
∧2

g♭′.

Definition 3.23. Under the previous assumptions, a map λ : g →
∧2

g♭ is

called a 1-cocycle relative to the coadjoint action of g onto
∧2

g♭′ if, for all
x ∈ g and α, β in g♭,

(i) there exists p : g× g♭ → g such that λ(x)(α, β) =< α, p(x)(β) >;

(ii) we have the following relation:

(3.19) λ([x, y]) = ad(2,0)x (λ(y))− ad(2,0)y (λ(x)).

Note that the relation (3.17) implies that the map λ(x) = TeΛR(x) is a 1-

cocycle relative to the coadjoint action of g onto
∧2

g♭′.

The notion of Lie bialgebra in finite dimension11 appears as a particular case
of Lie bialgebroid (see [MaXu94] for instance). A generalization to the Banach
setting can be found in [Tum20]. We propose the following natural adaptation:

Definition 3.24. Let (g, [., .]) be a convenient Lie algebra and g♭ be a convenient
space of g′ whose inclusion is bounded. We will say that (g, g♭) is a partial Lie
bialgebra if:

(i) the restriction coadjoint action to g×g♭ takes values in g♭ and is bounded;

(ii) there exists a Lie algebra bracket [., .]♭ on g♭ such that the dual map of

[., .]♭ : g♭ × g♭ → g♭ restricts to a 1-cocycle λ : g →
∧2

g♭′ relative to the
coadjoint action of g onto g♭.

Remark 3.25. According to [Tum20], Remark 7.3, by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

(3.20)
< [X,Y ], [α, β]♭ >= < Y, [ad∗X α, β]

♭ > + < Y, [α, ad∗X β]
♭ >

− < X, [ad∗Y α, β]
♭ > − < X, [α, adY β]

♭ > .
11See [Kos04].
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3.3.3 Lie Bialgebra Associated to a Multiplicative 2-form

The following result gives a link between admissible multiplicative 2-forms on a
Lie group G and 1-cocycles:

Theorem 3.26. Let Λ be an admissible multiplicative 2-form and the associated
skew-symmetic morphism P : T ♭G → TG. Assume that Pe is injective. Then
[α, β]P = deΛ(α, β) defines an almost bracket on g♭ which is a Lie bracket if and
only if

(
T ♭G, TG, P, { , }P

)
is a convenient partial Poisson Lie group. In this

case,
(
TG, T ♭G

)
is a partial Poisson partial bialgebroid and deΛ is a 1-cocycle

on g relative to the ad∗∗ action on
∧2

g♭.

Proof. At first, recall that the bi-invariance of T ♭G implies that T ♭G ≡ G× g♭

via right or left translation on G.
In the one hand, from the right invariance of T ♭G, the map PR : G× g♭ → TG
where (PR)g := P ◦Rg−1 is well defined.
On the other hand, from the definition of ΛR from Λ (cf. Proposition 3.20), we
have

(ΛR)g(α, β) =< α, (PR)gβ >

for all α, β ∈ g♭.
We will need the following result:

Lemma 3.27. Under the assumptions of Theorem 3.26, for any g ∈ G, we
have: Pe ≡ 0 and

d (Λ(α, β)) (Xe) = TeΛR(α, β)(Xe) =< α, TePR(Xe)(β) >

for any local sections α, β of T ♭eG around e and any Xe ∈ TeG.

Proof of Lemma 3.27. Fix some neighbourhood V of g in G. For all h ∈ V
we have

Λh(α, β) = (ΛR)(R
∗
h−1α,R∗

h−1β) =< R∗
h−1α, (PR)h(β) >.

Since ΛR is a map from G to
∧2

g♭, it follows that we have:

(3.21)
d (Λ(α, β)) (Xg) = < Tgα̃(Xg), (PR)g(β) > + < α, TgPR(Xg)(β)

+ < α,PR(Tgβ̃(Xg)) >

where α̃(h) = Rh−1α(h) and β̃(h) = Rh−1β(h), for all h ∈ V .
But we have Λe(α, β) =< α,Peβ >= 0, for all α and β in g♭. According
to section 2.1.1, this implies that (g♭)⊥Pe = {0} and so Pe(β) belongs to
Pe(g

♭)⊥Pe = 0. Since Pe is injective, it follows that Pe(β) = 0 for all β ∈ g♭.
Thus from (3.21), since we have (PR)e = Pe we obtain:

(3.22) d (Λ(α, β)) (Xg) =< α, TgPR(Xg)(β) > .
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In particular, for g = e, we have (PR)e = Pe = 0 and so we get:

(3.23) d (Λ(α, β)) (Xe) =< α, TePR(Xe)(β) > .

But we can note that since (ΛR)e = Λe = 0, the second member of (3.23) is
nothing but that TeΛR(α, β)(Xe), which ends the proof of Lemma 3.27.

Let A(G) := {ϕ ∈ C∞(G), dgϕ ∈ T ♭gG}. Then g♭ can be identified with the
set

{ϕα ∈ A(G), ϕα(e) = 0, dgϕα = R∗
g−1α,>, ∀α ∈ g♭, ∀g ∈ G}.

Since P is an almost Poisson anchor, we have an almost Lie Poisson bracket
{ϕ, ψ}P on A(G) given by

{ϕ, ψ}P =< dψ, P (dϕ) >

which is Poisson bracket if and only if P is a Poisson anchor (cf Proposition 2.27
and Remark 2.28).
Now, from Remark 2.28, {ϕ, ψ}P induces a an almost Lie bracket [α, β]P =
d{ϕα, ϕβ} on g♭ which satisfies the Jacobi identity.

From the definition of ΛR as a map from G to
∧2

g♭ it follows that TeΛ is map

from g to
∧2

g♭. Therefore, the almost bracket on g satisfies the relations:

[α, β]P = d{ϕα, ϕβ} = dgΛ(R
∗
g−1α,R∗

g−1β) = TeΛR(α, β).

Lemma 3.27 implies that [α, β]P = deΛ(α, β).
Now, if P is a Poisson anchor, this implies that the bracket on A satisfies the
Jacobi identity and from Proposition 2.27 the almost bracket [., .]P also satisfies
the Jacobi identity since P is injective by assumption. Therefore, the almost
Lie bracket induced on g also satisfies the Jacobi identity.

Conversely, is the almost bracket on g satisfies the Jacobi identity.
At first note that from Remark 2.28, we have an almost Lie bracket [., .]P on
T ♭g which satisfies:

[dϕ, dψ]P = dΛ(dϕ, dψ).

For any function ϕ1, ϕ2, ϕ3 in A, we set:

JP (ϕ1, ϕ2, ϕ3) = {ϕ1{ϕ2, ϕ1}P }P + {ϕ2{ϕ3, ϕ1}P }P + {ϕ3{ϕ1, ϕ2}P }P .

Note that, for any g ∈ G and any ϕi there exists αi ∈ g♭ such that dgϕi = R∗
gαi

for i ∈ {1, 2, 3}.
With all these properties we have sucessively:

dg{ϕ2, ϕ1}P = dgΛ(dϕ2, dϕ3)
= dgΛ(R

∗
gα2, R

∗
gα3)

= deΛR(α2, α3)
= [α2, α3]P .

So we obtain

dg ({ϕ1{ϕ2, ϕ1}P }P ) = deΛR(α1, [α2, α3]P ) = [α1[α2, α3]P ]P .
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It follows that dgJP (ϕ1, ϕ2, ϕ3) is the Jacobi expression of the bracket on g♭ for
(α1, α2, α3). Therefore

dgJP (ϕ1, ϕ2, ϕ3) = 0

for all g ∈ G and ϕ1, ϕ2, ϕ3 in A. By the way, JP must be must be constant and
this value does not depend on the choice (ϕ1, ϕ2, ϕ3) in particular of their values
at g. Thus JP must be identically zero, which ends the announced equivalence.

Now if P is a Poisson anchor, from Proposition 2.31, (TG, T ♭G) is a partial
Poisson partial bialgebroid.
It remains to show that deΛ is a 1-cocycle on g relative to the ad∗∗ action on∧2

g♭.
From Lemma 3.27, we have

[α, β]P = deΛ(α, β) = TeΛR(α, β).

The last assertion is then a direct consequence of Example 3.22.

3.3.4 Partial Bialgebras and Manin triples

In [Tum20], the reader can find a definition of a Manin triple in the Banach
setting and the link with 1-cocycles and bialgebras. We can note that, in this
context, a Manin triple is a triple of Banach Lie algebras (g, g+, g−) such that
g = g+ ⊕ g− and g+ and g− are in non degenerated-duality. Such a context
is also true for the notion of Banach bialgebra used in [Tum20] and we have a
kind of equivalence between both notions.
Unfortunately, in our setting of partial Poisson manifold, for the associated
notion of partial bialgebra, we have a very weak notion of duality between g
and g♭ since the bounded linear form g × g♭ is only non degenerate on the
first argument but it is in general degenerate on the second one. It could be
possible to define a notion of ”partial” Manin triple, but we have no very original
examples in opposition of the rich context exposed in [Tum20].

3.4 On Direct Limits of (partial) Banach Poisson-Lie Groups

Any Banach Poisson-Lie group in the sense of [Tum20] is in particular a par-
tial (convenient) Poisson-Lie group. In [Tum20], the author points out many
interesting examples of Banach Poisson-Lie group and so they are also partial
convenient Poisson-Lie groups. We do not list here all these examples. Inter-
ested readers can directly consult this paper.

In this paragraph, direct limits of ascending sequences of (partial) Banach
Poisson Lie groups will give examples of convenient Poisson-Lie groups which
are not Banach Poisson-Lie groups.
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3.4.1 Direct Limits of some Ascending Sequences of Banach (Par-
tial) Poisson-Lie Groups

At first, we need to recall some results on Direct limit of ascending sequences
of Banach Poisson manifolds and Banach Lie groups. For more details see
[CaPe23], 7.6 and 5.8.

Let (Mi,A(Mi), {., .}Pi
)i∈N be a sequence of partial Poisson Banach man-

ifolds where p♭i : T ♭Mi → Mi is a Banach subbundle of p∗Mi
: T ∗Mi → Mi

and Pi : T
♭Mi → TMi is the associated Poisson anchor. We denote by Mi the

Banach space on which Mi is modelled, and by Fi the model of the typical fibre
of the subbundle p♭i : T

♭Mi →Mi and we assume that Fi is a Banach subspace
of the dual M∗

i of Mi. For any i ∈ N, we denote by εi+1
i : Mi → Mi+1 the

inclusion map.

Definition 3.28. The sequence (Mi,A(Mi), {., .}Pi
)i∈N is called a direct se-

quence of partial Poisson manifolds if

(DSpPM1) (Mi)i∈N is an ascending sequence of Banach C∞-manifolds, where
Mi is modelled on the Banach space Mi such that Mi is a supplemented
Banach subspace of Mi+1 and such that Mi is a closed submanifold of
Mi+1;

(DSpPM2) for each i ∈ N, the map

εi+1
i :

(
T ♭Mi, TMi, Pi, { , , }Pi

)
→

(
T ♭Mi,+1TMi+1, Pi+1i, { , , }Pi+1

)
is a Poisson map;

(DSpPM3) around each x ∈ M , there exists an ascending sequence of charts
(Ui, ϕi)i∈N such that we have the following commutative diagram:

T ♭Ui

��

T ♭Ui+1

��

T∗εi+1
ioo

Ui
εi+1
i

// Ui+1

Remark 3.29.

1. Since
(
Mi, ε

i+1
i

)
i∈N is an ascending sequence of Banach manifolds, we

may assume that Mi is a Banach subspace of Mi+1. By abuse of notation,
we continue to denote by εi+1

i the natural inclusion of Mi in Mi+1 and
(εi+1
i )∗ : M∗

i+1 →M∗
i the adjoint operator. Note that (εi+1

i )∗ is surjective.

Since Fi is the typical fibre of T ♭Mi, we must have (εi+1
i )∗(Fi+1) = Fi and

each Fi is a Banach subspace of M′
I .

2. In fact, (DSpPM2) implies Pi+1|T ♭MI
= Pi.
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At first, we have:

Proposition 3.30. Let (Mi,A(Mi), {., .}Pi
)i∈N be a direct sequence of partial

Poisson Banach manifolds and let M be the direct limit of the sequence (Mi)i∈N.
We then have:

1. pM : TM → M is a convenient bundle which is the kinematic bundle of
M .

2. p′M : T ′M →M and p♭ : T ♭M →M are locally trivial convenient bundles
over M . Moreover p′M : T ′M → M is the kinematic cotangent bundle of
M .

3. There exists a canonical bundle morphism P : T ♭M → TM whose typical
fibre lim←−Fi if Fi is the typical fibre of T ♭Mi characterized, for xi ∈Mi, by

(3.24) P (xi, ξ) = P (xi, lim←−k≥i(ξk)) = lim−→i≤k(Pk(xi, ξk)).

Moreover, P is skew-symmetric, relatively to the canonical dual pairing
between T ′M and TM in restriction to T ♭M × TM .

Finally we have:

Theorem 3.31. Let (Mi,A(Mi), {., .}Pi
)i∈N be a direct sequence of partial Pois-

son Banach manifolds and M = lim−→(Mi).

There exists a weak subbundle p♭ : T ♭M → M of p′M : T ′M → M and a skew-
symmetric morphism P : T ♭M → TM such that (M,AP (M), {., .}P ) is a partial
Poisson manifold with the following characterization:
If εi : Mi → M is the canonical injection then εi is a Poisson morphism from
(Mi,A(Mi), {., .}Pi) to (M,A(M), {., .}P ) for all i ∈ N, and we have

AP (M) = lim−→A(Mi)

{., .}P = lim−→{., .}Pi .

Therefore
(
T ♭M,M,P, {., .}P

)
is not a priori a partial Poisson manifold

since its Poisson bracket is defined only on the sheaf of subalgebras AP (M) =
lim−→A(Mi) of sheaf AM of smooth functions associated to the convenient bundle

T ♭M . However:

Lemma 3.32. Let (Ui,Φi)i∈N be an ascending sequence of charts. Set U =
lim−→Ui,Φ = lim−→Φ. Then, for any smooth function f : U →M , if fi = f|Ui

, then
f = lim−→fi.

Proof. Recall that if Mi is modelled on the Banach space Mi, we may assume
that Mi is a supplemented subspace of Mi+1 and let M = lim−→Mi which is a
convenient space. Without loss of generality, we may assume that Ui is a c∞-
open set of Mi.Then from [CaPe23], Lemma 5.2, we must have f = lim−→fi.
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It follows that
(
T ♭M,M,P, {., .}P

)
is really a partial Poisson manifold.

We will apply these results to the following context of Banach (partial)
Poisson-Lie groups.
Note that the direct limit of an ascending sequence of Banach manifolds can
be can been as a non Hausdorff manifold. But an ascending sequence of finite
dimensional manifolds is always a Haussdorff manifold ([Glo03]).
However for an ascending sequence

G1 ⊂ · · · ⊂ Gi ⊂ Gi+1 ⊂ · · ·

where Gi is a Banach Lie subgroup of Gi+1, the associated sequence of Lie
algebras

g1 ⊂ · · · ⊂ gi ⊂ gi+1 ⊂ · · ·

is a strong ascending sequence of closed Banach spaces and so the direct limit
g = lim−→gi is a Hausdorff locally convex space and so a Hausdorff convenient

space. Since CωK differentiability implies convenient smoothness, by [Dah11],
Theorem 4.11, we obtain:

Theorem 3.33. Consider an ascending sequence G1 ⊂ · · · ⊂ Gi ⊂ Gi+1 ⊂ · · · of
Banach Lie groups such that Gi is a Banach Lie subgroup of Gi+1. Assume that,
for each i ∈ N, there exists a norm ||.||i on gi such that ||[X,Y ]||i ≤ ||X||i ||Y ||i
and the norm of the morphism ϵi+1

i : gi → gi+1 canonically associated to the
inclusion εi+1

i of Gi in Gi+1 is at most 1.
Then G = lim−→Gi is a convenient Lie group whose Lie algebra is g. Moreover,
expG := lim−→ expGi

is a convenient local diffeomorphism on a c∞-open set of 0.

Note that this result is especially true for sequences of finite dimensional Lie
groups (cf. [Glo03]).

In a more general context, as Corollary of Theorem 3.33, we have the fol-
lowing result (cf. [CaPe23], 5.8):

Corollary 3.34. Let (En)n∈N be an ascending sequence of Banach spaces such
that En is a supplemented Banach subspace of En+1.
Then E =

⋃
n∈N

En is an LB-space and L(E) =
⋃
n∈N
L(En) is also an LB-space,

where L(En) is the Banach space of continuous linear operators of En. More-
over, GL(E) =

⋃
n∈N
GL(En) has a structure of convenient Lie group modelled

on L(E), where GL(En) is the Banach Lie group of linear continuous automor-
phisms of En.

3.4.2 Ascending Sequences of Banach (Partial) Poisson-Lie Groups

We have seen that any Banach Poisson-Lie group is in particular a Banach par-
tial Poisson-Lie group, so we only consider sequences of Banach partial Poisson-
Lie groups. Thus naturally, an ascending sequence of Banach (partial) Poisson
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Lie groups
(
T ♭Gi,Gi, Pi

)
i∈N is an ascending sequence of Banach (partial) Pois-

son manifolds.

Theorem 3.35. Consider an ascending sequence of Banach (partial) Poisson
Lie groups {(T ♭Gi,Gi, Pi)}i∈N. Assume that the ascending sequence of groups
(Gi)i∈N satisfies the assumption of Theorem 3.33.
Then the direct limit G = lim−→Gi can be endowed in fact with a (partial) Poisson-
Lie group structure.

Proof. It remains to show that the partial Poisson manifold
(
T ♭G,G, P

)
is a

(partial) Poisson Lie group.
In complement to the conclusion of Theorem 3.33, we have the following

results:

Assume that g = lim−→gi. By using classical results on direct limits and maps
and their differentials, we have the following relations and results :

The left (resp. right) translation Lg (resp. Rg) is Lg = lim−→Lgi (resp.

Rg = lim−→Rgi) and analog result for Adg on G.

Since any x ∈ g can be written x = lim−→xi with xi ∈ gi, one has adx = lim−→adxi

and ad∗xlim←−ad
∗
xi
.

If we set g♭ = T ♭eG, we have g♭ = lim←−g
♭
i (cf. [CaPe23] p. 351).

The bi-invariance of each T ♭Gi implies the bi-invariance of T ♭G.

From Remark 3.29 2., the bi-invariance or each Pi implies the bi-invariance
of P .

This completes the proof for direct limits of sequences of partial Banach
Poisson-Lie groups.

3.4.3 Some Examples of Convenient Partial Poisson Lie Groups

Example 3.36. Structure of Poisson-Lie group on U(n).
We first recall how to build a structure of Poisson-Lie group on U(n) := U(n,C).
Let u(n) (cf.[Tum20])12 the Lie algebra of the unitary group U(n), that is the
space of skew-symmetric matrices and b(n) the Lie algebra of the Borel group
B(n) := B(n,C), that is the space of upper triangular matrices with real coef-
ficient on diagonal. Then the Lie algebra of the group GL(n,C) is gl(n) of all
complex matrices and the Iwasawa decomposition gives rise to the decomposi-
tion

gl(n) = u(n)⊕ b(n).

12This situation is a particular case of a more general context exposed in [Kos04] or [LuWe90]
for instance.
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Consider the non degenerate symmetric bilinear continuous map ⟨., .⟩ given by

⟨A,B⟩ = ℑTr(AB)

where ℑTr(AB) denotes the imaginary part of the trace of the matrix AB.
Then (u(n), b(n)) is a bialgebra to which is associated a canonical Poisson Lie
structure on U(n). More precisely, in this finite dimensional situation, b(n)) is
isomorphic to the Lie algebra u(n)∗. From the decomposition gl(n) = u(n)⊕b(n)
we denote by p1 (resp. p2) the canonical projection of gl(n) on u(n) (resp. b(n)
the associated multiplicative Poisson tensor ΛnR : U(n)→

∧
b(n)13 is character-

ized by (cf. [LuWe90])

(3.25) (ΛnR)g(α1, α2) := ℑTr
(
p2(Adg−1α1)p1(Adg−1α2)

)
The corresponding multiplicative 2-form on U(n) is14

(Λn)g(α1, α2) = R∗∗(ΛnR)g(α1, α2)

and the Poisson anchor Pn : T ∗U(n)→ TU(n) is the map

(g, α) 7→ (Λn)g(., α).

Example 3.37. A convenient Poisson-Lie group.
We have a canonical embedding from U(n) into U(n+1) and associated, canon-
ical embedding from u(n) (resp. b(n))) in u(n+1) (resp. b(n+1)) (cf. proof of
Proposition A.4). Consider the Poisson anchor Pn (resp. Pn+1) Poisson anchor
P : T ∗U(n) → TU(n) (resp. Pn+1 : T ∗ U(n + 1) → TU(n + 1)) as previously
defined. It is clear for the previous construction that {(T ♭U(n),U(n), Pn)}n∈N
is an ascending sequence of finite dimensional Poisson-Lie groups whose direct
limit is U(∞) and which is so provided with a convenient Poisson-Lie group
structure (T ∗U(∞),U(∞), P∞) which is not a Banach Poisson Lie group.
Note that if f and g are smooth maps on U(∞) and if g ∈ U(∞) then g belongs
to some U(n) and {f, g}P∞(g) = {f, g}Pn(g) which does not depends of the
integer n such that g belongs to U(n).

Example 3.38. A partial Banach Poisson-Lie group which is not a Banach Poisson-
Lie group.
We consider the context of [TuGo23].
Let H be a separable complex Hilbert space provided with an Hilbert basis
( |i⟩)i∈Z. We consider the group U(H) of skew-hermitian bounded operators
and we denote by u(H) its Lie algebra and u1(H) the the Lie subalgebra of
trace class of elements of u(H). We also consider the Lie algebra of algebra of
upper triangular trace-class operators :

b+1 (H) := {α ∈ L1(H)15 : : α|i⟩ ∈ span{ |j⟩, j ≤ i} and ⟨i|α|i⟩ ∈ R, ∀i ∈ Z}
13b(n) being identified with u(n)∗.
14For notations, see Example 3.22.
15cf. Appendix A.
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Then the bilinear map

u(H)× b+1 (H) → R
(A,B) → ℑTr(AB)

is a duality pairing between u(H) and b+1 (H) (cf. [TuGo23], Proposition 10).
By the way, it can be considered as a subspace of the dual u∗(H).
On the other hand, the map Φ : L1(H) → u∗(H) given by Φ(a)(x) = ℑTr(ax).
Then the kernel on Φ is u1(H) and we obtain a continuous injective linear map
from L1(H)/u1(H) into u∗(H) which is the predual u∗(H) of u(H) is preserved
by the coadjoint action of U(H). Moreover Φ(b+1 (H)) is a proper dense subspace
of L1(H)/u1(H (cf. [TuGo23], Proposition 13).

The Lie-Poisson structure on U(H) is built from the decomposition

L2(H) = u2(H)⊕ b+2 (H)

where u2(H) = u(H) ∩ L2(H) and b+2 (H) is the Lie algebra of Hilbert-Schmidt
upper triangular operators with real coefficients on the diagonal. Then we
have a Banach Poisson-Lie structure on U(H) defined in the following way (cf.
[TuGo23], Theorem 14):

T ♭U(H) =
⋃
g∈U(HRg−1u∗(H) which the predual bundle of TU(H)

the Poisson structure is defined by ΛR : U(H)→
∧2

u∗(H) 16 given by

(3.26) (ΛH
R )g([α1], [α2]) = ℑTr

(
p2(Adg−1α1)p1(Adg−1(p2(α2))

)
where [αl] = Φ(αl) ∈ L1(H)/u1(H) ≡ u∗(H) for l = 1, 2. We denote by PH the
associated Poisson anchor.

Now, considering H provided with a fixed Hilbert basis ( |i⟩)i∈Z, for each
n ∈ N, we have a canonical embedding of U(n) in U(H) which is a closed
Banach Lie subgroup. By the way, b(n) this gives rise to an embedding of
Banach space of b(n) in b+2 (H) which identified with embedding. Note that
Φ(α) belongs to u∗(n) and so the class [α] is reduced to α. Moreover, in one
hand, according to the relations (9) and (10) in [TuGo23], u(n) and b(n) are
invariant by conjugation by a unitary operator. In the other hand, according to
(3.25) and (3.26) and the previous identifications, ΛnR is the restriction of ΛH

R

to b(n). We denote by PH : T ∗U(H) → TU(H) the Poisson anchor associated
to ΛH

R , it follows that Pn is nothing but the restriction of PH to T ∗U(n) and so
(T ∗U(n),U(H), PH)|T∗U(n))) is a Banach partial Poisson-Lie group which
is not a Banach Poisson-Lie group.

Remark 3.39.

1. As in finite dimension, we can define the notion of convenient partial
Poisson-Lie group as follows:
let (T ♭GG, P ) be a Poisson Lie group. A closed supplemented subgroup H

16cf. Proposition 3.20.
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of G will be called a convenient partial Poison-Lie subgroup of G if there
exists a convenient partial Poisson Lie group

(
T ♭H,H, Q

)
on H such that

T ♭H is a closed supplemented subbundle of T ♭G whose typical fibre h♭

is a Lie subalgebra of g♭. By the way, (T ∗U(n),U(n), PH) is a Banach
Lie-Poisson subgroup of T∗U(H),U(H, PH).

2. From Example 3.37 and Example 3.38, it follows easilly that U(∞) can
be considered as a subset of U(H), the inclusion is a continuous smooth
injective map and U(∞) is dense in U(H). It is a convenient weak sub-
manifold of U(H) but it is not a convenient partial Poisson Lie subgroup
of U(H).

4 Convenient Poisson-Lie Groupoids

In this section, we recall the definition of a topological groupoid and some gen-
eralization, from [BGJP19], of these definitions to convenient Lie groupoids and
associated Lie algebroids, in particular in the Banach setting. The reader will
find the definition of partial Poisson-Lie groupoid and symplectic Lie groupoid
and also their principal properties in the last paragraph.

4.1 Topological Groupoids

Definition 4.1. A topological groupoid G ⇒ M is a pair (G,M) of topological
spaces such that G may not be Hausdorff but M is Hausdorff, with the following
structure maps:

(TGr1) two surjective open continuous maps s : G →M and t : G →M called
source and target maps, respectively; 17

(TGr2) a continuous map m : G(2) → G, where G(2) := {(g, h) ∈ G×G | s(g) =
t(h)} is provided with the induced topology from the product topology on
G ×G, called multiplication denoted m(g, h) = gh and satisfying an asso-
ciativity relation in the sense that the product (gh)k is defined if and only
if g(hk) is defined and in this case we must have (gh)k = g(hk);

(TGr3) a continuous embedding 1 : M → G called identity section which sat-
isfies g1x = g for all g ∈ s−1(x), and 1xg = g for all g ∈ t−1(x) (what in
particular implies s ◦ 1 = idM = t ◦ 1);

(TGr4) a homeomorphism i : G → G, denoted i(g) = g−1 called inversion,
which satisfies gg−1 = 1t(g), g−1g = 1s(g) (what in particular implies
s ◦ i = t, t ◦ i = s).

The space M is called the base of the groupoid, and G is called the total space
of the groupoid.

17Each point g ∈ G can be seen as an arrow g : s(g) → t(g) which joins s(g) to t(g).
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For any (x, y) ∈M2, we denote G(x,−) := s−1(x), G(−, y) := t−1(y), and

G(x, y) := {g ∈ G | s(g) = x, t(g) = y} = G(x,−) ∩ G(−, y).

The isotropy group at x ∈M is the set

G(x) = {g ∈ G | s(g) = x = t(g)} = G(x, x) ⊆ G

and the orbit of x ∈M is the set

G.x = {t(g) | g ∈ s−1(x)} = t(G(x,−)) ⊆M.

For any g ∈ G, if s(g) = x and t(g) = y, we define its corresponding left
translation

Lg : G(−, x)→ G(−, y), h 7→ gh,

and similarly its right translation

Rg : G(x,−)→ G(y,−), h 7→ hg.

Each of these maps Lg and Rg is a homeomorphism.
The topological groupoid G ⇒M is called s-connected if its s-fibres G(x,−)

are connected for all x ∈ M , and s-simply connected if all its s-fibres are con-
nected and simply connected.

The topological groupoid is called transitive if the map (s, t) : G →M ×M
is surjective.

A topological morphism between topological groupoids G ⇒ M and H ⇒ N
is given by a pair of continuous maps Φ : G → H and ϕ : M → N which are
compatible with the structure maps, that is:

• ∀g ∈ G, ϕ(s(g)) = s(Φ(g)), ϕ(t(g)) = t(Φ(g)) and Φ(g−1) = Φ(g)−1;

• ∀(g, g′) ∈ G(2), Φ(gg′) = Φ(g)Φ(g′);

• ∀x ∈M, Φ(1x) = 1ϕ(x).

Note that ϕ is uniquely determined by Φ and therefore a morphism between the
groupoids G ⇒ M and H ⇒ N is given only by a continuous map Φ : G → H
which satisfies the above compatibility conditions.

A subgroupoid of G ⇒ M is a groupoid H ⇒ N such that H ⊂ G and the
inclusion ι : H → G is a topological morphism of groupoids. A subgroupoid
H⇒ N of G ⇒M is called a wide subgroupoid if N =M .

4.2 Convenient Lie groupoids

As in [BGJP19], for a Banach-Lie algebroid, the definition of a n.n.H. convenient
Lie groupoid requires the following analogue basic facts whose proof requires
adapted arguments.

Proposition 4.2. Let G ⇒M be a topological groupoid satisfying the following
conditions:
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(i) G is a n.n.H convenient manifold and M is a Hausdorff convenient man-
ifold;

(ii) the map s : G →M is a submersion;

(iii) the map i : G → G is a smooth diffeomorphism.

Then t is also a submersion and so, for any x ∈ M , each fibre G(x,−) and
G(−, x) are n.n.H. convenient submanifolds of G and G(x,−) is Hausdorff if
and only if G(−, x) is Hausdorff. Moreover we also have:

1. the topological space G(2) is a n.n.H. convenient submanifold of G × G;

2. the map 1 : M → G is smooth and 1(M) is a convenient submanifold of
G.

Moreover, if G is a Hausdorff manifold, then, for each x ∈M , each fibre G(x,−)
and G(−, x) are Hausdorff submanifolds of G and G(2) is a Hausdorff submani-
fold of G × G.
Proof. At first, since from (ii), s is a submersion (cf. [CaPe23], Definition 1.13)
and, from (iii), i is a diffeomorphism, it follows that t = s ◦ i, is a submersion
(cf. [CaPe23], Proposition 1.15). Therefore, from [CaPe23], Theorem 1.14, the
fibres G(x,−) and G(−, x) are split n.n.H. convenient immersed submanifolds of
G, for any x ∈ M . Now assume that G(x,−) is Hausdorff. We have G(−, x) =
i(G(x,−)). Since i is a diffeomorphism of G this implies that G(−, x) is also
Hausdorff. The same argument can be applied for the converse.

Consider the map (s, t) : G×G →M×M . If D denotes the diagonal inM×
M , we have G(2) = (s, t)−1(D). Therefore, again from [CaPe23], Theorem 1.14,
G(2) is a n.n.H. convenient submanifold of G × G since s and t are submersions.
Note that if G is Hausdorff so are G(x,−) and G(−, x) for all x ∈ M and the
same is true for G(2).
The proof of the last part is formally the same as in [BGJP19], Proposition 3.1.

Definition 4.3. A n.n.H. convenient Lie groupoid is a topological groupoid
G ⇒M satisfying the following conditions:

(CLGr1) G is a n.n.H. convenient manifold and M is a Hausdorff convenient
manifold;

(CLGr2) the map s : G →M is a submersion;

(CLGr3) the map i : G → G is smooth;

(CLGr4) the multiplication m : G2 → G is smooth.

A convenient Lie groupoid G ⇒ M is called split if, for every (x, y) ∈ M2, the
set G(x, y) is a submanifold of G.
A convenient Lie morphism between the convenient Lie groupoids G ⇒ M and
H⇒ N is a topological morphism Φ : G → H which is a smooth map.

When G is modelled on a Banach space (resp. Fréchet space), G is called a
Banach-Lie groupoid (resp. Fréchet-Lie groupoid).
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4.3 Examples of Convenient Lie Groupoids

We will adapt to the convenient context some classical examples about finite-
dimensional Lie groupoids (cf. [BGJP19]).

4.3.1 Convenient Lie Groups

Any convenient Lie group G is a convenient Lie groupoid: the set of arrows G is
the set G and the set of objects M is reduced to the singleton {1}, where 1 ∈ G
is the unit element.

4.3.2 Convenient Lie Pair Groupoid

Given a convenient manifold M , let G := M × M and let s and t be the
Cartesian projections of M × M on the first and the second factor, respec-
tively. The multiplication map m and the inverse i are respectively defined
as m((x, y), (y, z)) = (x, z) and i(x, y) = (y, x) and so they are smooth. Fi-
nally, the map 1 : x 7→ (x, x) is also smooth. We then obtain a convenient-Lie
groupoid M ×M ⇒M .

4.3.3 General Linear Banach-Lie Groupoids

Let π : A →M be a Banach vector bundle. The general linear Banach groupoid
GL(A) ⇒ M is the Banach groupoid such that GL(A) is the set of linear iso-
morphisms g : Ax → Ay between each pair of fibres (Ax,Ay). The source map
and the target map are obvious and the multiplication is the composition of
linear isomorphisms and 1x = IdAx

.

4.3.4 Disjoint Union of n.n.H. Convenient Lie groupoids

Let {Gλ ⇒Mλ}λ∈L be a family of n.n.H. convenient-Lie groupoids. We denote
G :=

⊔
λ∈L

Gλ and M :=
⊔
λ∈L

Mλ. Since we consider here disjoint unions, the

structure of the n.n.H. convenient-Lie groupoid G ⇒M is clearly defined by the
collection of structure maps for each particular Gλ ⇒Mλ for λ ∈ L.
For example, if we consider a finite sequence of convenient bundles Ai → Mi,
for i ∈ {1, . . . , n}, then we have the natural structure of a n.n.H. convenient-Lie

groupoid
n⊔
i=1

GL(Ai) ⇒
n⊔
i=1

Mi.

More generally, given any convenient-Lie n.n.H. groupoid G ⇒ M , if M =⊔
λ∈L

Mλ is a partition of M into open G-invariant submanifolds, then the cor-

responding groupoids Gλ ⇒ Mλ obtained by restriction are n.n.H. Banach-Lie
groupoids and G ⇒M is the disjoint union of the family {Gλ ⇒Mλ}λ∈L.
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4.3.5 Action of a Convenient Lie Group

To each smooth action
A : G×M → M

(g, x) 7→ g.x
of a convenient Lie group on a

convenient manifold, is associated a convenient Lie groupoid G ⇒M defined in
the following way:

• G :=M ×G;

• s(x, g) := x and t(x, g) := A(g, x) = g.x;

• if y = g.x then m((y, h), (x, g)) := (x, hg);

• i(x, g) := (g.x, g−1);

• 1x = (x,1).

The smoothness of the action clearly implies the smoothness of all these
previous maps.

It is easily seen that for any x0, y0 ∈M one has

G(x0, y0) = {x0} × {g ∈ G | g.x0 = y0},

and in particular the isotropy group at x0 is

G(x0) = {x0} ×G(x0)

where G(x0) := {g ∈ G | g.x0 = x0}.
It is worth pointing out that the above groupoid needs not split. To obtain

a specific example, let X be any real Banach space with a closed linear subspace
X0 which has no supplement in X , e.g. the space of all bounded sequences of real
numbers X = ℓ∞ (R) with its subspace X0 = c0 consisting of the sequences which
converge to 0 (cf. [CaPe23], Example 1.2 ). Then the abelian Banach-Lie group
G = (X ,+) acts smoothly transitively on the Banach manifold M = X\X0

by A(g, x + X0) := g + x + X0 for all g, x ∈ X . If we define the groupoid
G :=M ×G⇒M as above, then the isotropy group at the point X0 ∈M , that
is,

G(X0) = {X0} × X0 ⊆ G
is not a submanifold of G =M ×X since X0 is not a supplemented subspace of
X .

4.3.6 The Gauge Groupoid of a Banach Principal Bundle

A Banach principal bundle is a locally trivial fibration π : P → M over a con-
nected Banach manifold whose typical fibre is a Banach-Lie group G. We then
have a right action of G on P whose corresponding quotient P/G is canonically
diffeomorphic toM . We get a right diagonal action of G on P ×P in an evident
way. The gauge groupoid is the set of orbits of this action, that is, the quotient
G := (P ×P )/G provided with the quotient topology. The source (resp. target)
of the equivalence class of (v, u) is π(u) (resp. π(v)) (cf. [Marl08]).
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4.3.7 Fundamental Groupoid of a Banach Manifold

Recall that to any connected topological spaceM is associated its corresponding
fundamental topological groupoid Π(M) ⇒ M where Π(M) is the set of homo-
topy classes of paths with fixed end points with source map (resp. target map)
the origin (resp. the end) of a class of paths, where the composition is the con-
catenation of paths whenever it is defined and the inverse is the opposite class.
When M is a connected Banach manifold, then each source fibre is a universal
covering of M . In particular, such a fibre is a Banach manifold. Moreover, it is
also a principal bundle over M with structural group π1(M). Then the gauge
groupoid of this principal bundle can be identified with Π(M) and so we get a
structure of n.n.H. Banach-Lie groupoid on Π(M).

4.4 Additional Properties of Banach-Lie Groupoids

We recall below some properties of a Banach-Lie groupoid (cf. [BGJP19], The-
orem 3.3).

Theorem 4.4. Let G ⇒M be a n.n.H. (pure) Banach-Lie groupoid and define
tx as the restriction of t to G(x,−).
For any x ∈M , the following assertions hold.

1. For all x ∈ M and any y ∈ G.x the set G(x, y) is a closed submanifold of
G. In particular, the isotropy group G(x) is a Banach-Lie group and its
Lie algebra is isomorphic to kerT1xs ∩ kerT1xt.

2. For any x ∈ M for which G(x, y) is a Banach submanifold of G, for all
y ∈ G.x = tx(G(x,−)), then the orbit G.x is a pure Banach manifold
whose inclusion map G.x ↪→M is smooth.

3. Under the assumption of (2), tx : G(x,−) → G.x is a Banach principal
G(x)-bundle.

Remark 4.5. Note that the assumptions in (2) are satisfied for all (x, y) ∈M2

as soon as G ⇒M is split.

Sketch of the proof. To prove 1., we consider the distribution

∆g = kerTgs ∩ kerTgt for all g ∈ G(x,−),

and we get a Banach subbundle of ∆ ⊆ TG(x,−) which is integrable. Thus,
from18 [CaPe23], Theorem 8.1, there exists a partition of G(x,−) into closed
immersed n.n.H. Banach manifolds and each one is modelled on the Banach
space ∆1x

.
Moreover, since ∆g = kerTgtx, the maximal leaf through g ∈ G(x,−) is a con-
nected component of t−1(t(g)) and so is a closed subset of the Banach manifold

18This theorem was proved in the context of (Hausdorff) Banach manifolds but all the
arguments used in the proof of this result are based on local charts, so the theorem also holds
for n.n.H. Banach manifolds.
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G(x,−). In particular, the isotropy group G(t(g)) is a union of such leaves and
so is a closed immersed n.n.H. Banach manifold. Since each point in G(t(g))
is closed, thus it follows from [Bou67] that G(t(g)) is in fact Hausdorff. This
implies that G(t(g)) has the structure of a Banach-Lie group.

For the proof of 2., we consider the map

Ψ: G(x,−)/G(x) → G.x
g · G(x) 7→ t(g).

It is easy to prove that Ψ is bijective. We can show that, under the assump-
tion that G(x, y) is a Banach submanifold of G, for all y ∈ G.x, the quotient
set G(x,−)/G(x) has the structure of a smooth manifold for which the map
Ψ: G(x,−)/G(x)→M is smooth (cf. proof of Theorem 3.3 in [BGJP19]).

The last Point 3. is a consequence of [BGJP19], Lemma 2.5.
Unfortunately, the properties of a Banach-Lie groupoid described in Theo-

rem 4.4 are not true in general for a convenient Lie groupoid even when it is
split. The essential reason is that we have no general theorem of existence of a
local flow for a vector field in the convenient setting. We will show that, under
some strong assumptions on projective or direct limits of Banach-Lie groupoids,
such properties will be valid.

4.5 Convenient Lie Algebroid Associated to a Convenient
Lie Groupoid

In the same way as in the context of Banach-Lie groupoid, to a convenient Lie
groupoid is associated a natural convenient Lie algebroid on M . Now we briefly
recall its construction.
Denote by T sG the vertical bundle associated to the submersion s : G → M
and by Γrinv(G) the vector space of right invariant vector fields. Γrinv(G) can be
provided with the Lie bracket of vector fields as a Lie subalgebra of the Lie
algebra of vertical vector fields. The tangent map T t induces a morphism of Lie
algebras from Γrinv(G) to the Lie algebra Γ(M) of vector fields onM . We consider
the pull-back AG → M by 1 : M → G of the convenient bundle T sG → 1(M)
which can be considered as the restriction of T sG to 1(M) identified withM ⊂ G.
Note that since M is Hausdorff it follows that AG is a Hausdorff convenient
bundle.

On the one hand, we have a canonical convenient bundle morphism 1∗ :
AG → T sG from the bundle AG → M to the bundle T sG → 1(M) which is an
isomorphism in restriction to each fibre. On the other hand, if ΓM (T sG) is the
vector space of smooth sections of T sG → 1(M), then T1t gives rise to an iso-
morphism from ΓM (T sG) onto Γrinv(G) which is also a morphism of Lie algebras.
Now, the morphism 1∗ gives rise to a Lie bracket on the vector space Γ(AG)
of smooth sections of AG → M , which will be denoted by [., .]. Finally, by
composition, we obtain an isomorphism of Lie algebras between ΓM (T sG) and
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Γrinv(G). Now, AG is provided with the anchor ρ = T t|M . From the property
of Lie bracket of vector fields on G, it follows that the Lie bracket [., .] on AG
is localizable by using the same arguments as in the proof of [BGJP19], Theo-
rem 4.19. Moreover, since this Lie bracket of vector of kinematic vector fields
only depends on the 1-jets of such vector fields, it follows that (AG,M, ρ, [., .])
is a convenient Lie algebroid (cf. [CaPe23], Definition 3.78).

In a dual way, we can consider the vertical bundle T tG associated to the
submersion t and the Lie algebra Γlinv(G of left invariant vector fields. Then the
tangent map T s induces a morphism of Lie algebras from Γlinv(G) to the Lie
algebra X(M) of vector fields on M . As previously, we consider the restriction
AG of T sG to 1(M) identified with M . If ρ′ := T s|M is then an anchor for AG
and the isomorphism between Γ1(Gt) and Γlinv(G) provides the set of sections

of AG with a Lie bracket denoted [ , ]; so we get a convenient Lie algebroid
(AG,M, ρ, [ , ]). Since T i transforms a right invariant vector field into a left
invariant vector field, this map induces an isomorphism of Lie algebroid from
(AG,M, ρ, [ , ]) to (AG,M, ρ, [ , ]).

4.6 Partial Poisson Convenient Groupoids

Consider a Banach Lie groupoid G ⇒ M . The mutiplication m is a map from
G(2) to G. Since G(2) is a closed submanifold of G × G it follows that the graph
Gm of m is a closed submanifold of G × G × G.

Definition 4.6.

1. A groupoid G ⇒M is called a partial Poisson Banach-Lie groupoid if there
exists a partial Poisson structure associated to some P : T ♭G → TG such
that for the Poisson structure G × G × G− on G × G × G, the submanifold
Gm is coisotropic.

2. A groupoid G ⇒M is called a partial symplectic (resp. strong symplectic)
Banach-Lie groupoid if there exists an isomorphism P from T ♭G to TG
(resp. T ′G to TG) such that for the associated Poisson structure G+ ×
G+ × G− on G × G × G, the submanifold Gm is Lagrangian.

For a partial Poisson Lie convenient groupoid, we have the following prop-
erties. In fact, the properties of a partial symplectic Banach-Lie groupoid are
stronger than the context of partial Poisson convenient Lie groupoid. For this
reason, we will give these results in another theorem.

Theorem 4.7. Let G ⇒ M be a partial Poisson Banach-Lie groupoid. Then
we have the following properties:

(i) The submanifold M is coisotropic in G.

(ii) The inversion in G is an anti-Poisson morphism.
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(iii) There exists a unique Lie Poisson algebras sheaf onM such that s (resp. t)
is a Poisson morphism (resp. anti-Poisson morphism). Moreover if T ♭G =
T ′G or if

(
T ♭G, TG, P

)
is partial symplectic, then there exists a unique

partial Poisson structure on M such s (resp. t) is a Poisson morphism
(resp. anti-Poisson morphism).

Proof. The proof of this theorem is an adaptation of the proof of Theorem
4.2.3 of [Wei88] to our context.
1. (i) Note that, according to axiom (TGr3) in Definition 4.1, M is the set

{x ∈ G, such that yx = y for some y ∈ G)}.

Let C be the diagonal ∆G of G2 and R : G2_G whose graph is
{(yx, y, x), (y, x) ∈ G × G}.
Then R(C) = {x ∈ G such that (y, y, x) ∈ R for some (y, y) ∈ ∆G}

which is M according to the previous characterization.
In the one hand, IdG is a Poisson morphism, so its graph ∆G is coisotropic in
G− × G+. On the other hand, since Gm is coisotropic in G+ × G+ × G−, it
follows that R, whose graph is G−1

m , is also coisotropic in G− × G+ × G+. Thus
by Corollary 2.45, R(C) = M will be coisotropic in G+ if we show that (R,C)
is a clean pair.

According Definition 2.40 and Definition 2.44, if ∆G2 denotes the diagonal
of G2, we must show at first that (∆G×R)∩(∆G2×G) is a closed submanifold of
(G2)×G2×G whose tangent bundle is the intersection (T∆G×TR)∩(T∆G2×TG).
But we have:

(∆G ×R) ∩ (∆G2 × G) = {(y, y, y, y, x) ∈ C ×R such that yx = y}

which is the range of the embedding of G in G2 × G2 × G

j : y 7→ (y, y, y, y, s(y)).

Now the tangent space of this submanifold at a point (y, y, y, y, x) is the range
Tyj. To show that this space is exactly

(T(y,y,y,y,x)∆G × TR) ∩ (T(y,y,y,y,x)∆G2 × TG)

we have only to show that T(y,y,x)R ∩ (T (y, y)∆G × TxG) is a set of type

{(u, u, v) : u ∈ TyG, v = Tys(u)}.

At first, any vector in T(y,y,x)R ∩ (T (y, y)∆G × TxG) is of type (u, u, v) for
u ∈ TyG and v ∈ TxG. Let x(t) and y(t) be two smooth curves in G defined on
]− ε, ε[ such that x(0) = x, y(0) = y, ẋ(0) = v, ẏ(0) = u and (ẏx)(0) = u. Since
y(0)x(0) = y(0), this implies that x(0) belongs to M . We can write

x(t) = t(Ly(t)−1(yx(t)).
Thus we obtain:
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v = ẋ(0) = Tyt(u).

Since
d

dt
(y(t))t=0 =

d

dt
(y(t)x(t))t=0, the last condition 2. (ii) of Definition 2.40

is clear. This ends the proof of (i).

(ii) Once more, the graph of the inversion is of type R(C) where R : G_G×G
whose graph is {(gh, g, h), : g, h ∈ G} and C =M since

R(C) = {(g, h) ∈ G × G such that (x, g, h) ∈ R for some x ∈M}.

Now, M is coisotropic in G+ and R is coisotropic in G+×G−×G−. Thus if the
pair (R,C) is clean, then R(C) is coisotropic in G−×G− which is equivalent to
say that R(C), that is the graph of i, is coisotropic in G+ × G+ and so i is an
anti-Poisson morphism.

The intersection (M ×R) ∩ (∆G × G2) is the set

{(x, x, g, h) ∈M ×R}

which is the range of the embedding of M × G2 into G2 × G2

j : (x, g, h) 7→ (x, x, g, h).

The same type of argument used in the proof of point (i) permits to show that

T (M ×R) ∩ (∆G × G2) = T (M ×R) ∩ T (∆G × G2)

and is left to the reader. Finally, the last condition 2. (ii) of Definition 2.40 is
clear and so the proof (ii) is complete.

(iii) We have s(g) = s(g′) if and only if, there exists h ∈ G g′ = hg (for
instance h = g−1g′). So the graph of s ◦ s−1 can be written R(C) with R :
G × G_G whose graph is {(h, g, gh), (h, g) ∈ G2} and C = G. Indeed, we have

s ◦ s−1 = {(g, g′) ∈ G2 such that g′ = gh for some h ∈ g}.

Since g is coisotropic in G+ and R is coisotropic G+ × G+ × G−, if the pair
(R,C) is clean the R(C) is coisotropic in G+ × G− and so s ◦ s−1 is a Poisson
relation. The result follows from Theorem 2.56. Now the proof of the property
of cleanliness of (R,C) is elementary and is left to the reader. Since t = s◦ i and
i is an anti-Poisson morphism, it follows that t is an anti-Poisson morphism.

Remark 4.8. In the context of Theorem 4.7, if T ♭G = T ′G or if (T ♭G, TG, P ) is
partial symplectic, the unique partial Poisson structure onM such s (resp. t) is
a Poisson morphism (resp. anti-Poisson morphism) is such that the Lie-Poisson
algebras sheaf on M built in Point (i) is exactly the Poisson Lie algebras sheaf
associated to this partial Poisson structure on M2. However even if the partial
Poisson structure on G is symplectic the unique induced Poisson structure on
M is not in general symplectic even in finite dimension (cf. [AlDa90]).
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Now, for a partial symplectic Lie convenient groupoid, we have the following
properties:

Theorem 4.9. Let G ⇒ M be a partial symplectic convenient Lie groupoid.
Then we have:

(i) The submanifold M is Lagrangian in G.

(ii) The inversion in G is an anti-symplectic map.

(iii) There exists a unique strong Poisson structure on M such that s (resp. t)
is a Poisson morphism (resp. anti-Poisson morphism).

(iv) There exists a weak symplectic 2-form ω such that ω♭ : TG → T ′G whose
range is T ♭M and ω♭|T ♭M

= P .

(v) For each g ∈ G, each vector space TgG(s(g),−) and TgG(−, t(g)) are or-
thogonal symplectic subspaces of the symplectic space (TgG, ω).

(vi) If, moreover, G ⇒ M is a split Banach-Lie groupoid, ω induces a weak
symplectic form on each orbit of G in M .

Following [BGJP19], 6.2 a convenientcLie groupoid G ⇒ M is called tran-
sitive if the map (s, t) : G → M ×M is a surjective submersion. In this case,
the action of G on M has only one orbit reduced to M . Thus by application of
Theorem 4.9, we obtain:

Corollary 4.10. Let G ⇒ M be a transitive partial symplectic Banach-Lie
groupoid. Then the weak symplectic 2-form ω on G induces a weak symplectic
form on M .

Remark 4.11. Consider a partial symplectic Banach-Lie groupoid G ⇒ M .
The 2-form induced by ω on TgG(s(g),−) (resp. TgG(−, t(g)) is not symplectic
since the intersection of these two tangent spaces is isomorphic to the Lie algebra
of the isotropic group of s under the assumptions of Theorem 4.4. In this
context, this is true if and only if the isotropy group of s(g) is reduced to
the identity. Moreover, the partial Poisson structure on M cannot be weak
symplectic in general from from Point (vi).

Note that from Point (i) and (iii) in Theorem 4.9, Proposition 2.60 and
Remark 2.61, we obtain:

Corollary 4.12. Let G ⇒M be a partial symplectic Banach-Lie groupoid. For
any open set U in M , let (EM (U), { , }U ) be the Poisson Lie algebra on U
associated to the partial Poisson structure on M and { , }P the Poisson bracket
on G associated to the partial symplectic structure on G. Then any pair (f1, f2)
in EM (U) are in involution, that is {f1, f2}U = 0.

Proof of Theorem 4.9. The proof of Point (i) is formally the same as in
Theorem 4.7, (i) but under the assumption that Gm is Lagrangian. Since, in this
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case, ∆G is also Lagrangian in G−×G+, we use here the second part of Corollary
2.45. In fact, in this case, the Lie-Poisson algebras sheaf on M2 is exactly the
sheaf obtained from the partial Poisson structure on M (cf. Remark 4.8).
Point (ii) and (iii) are exactly the result of point (ii) and (iii) of Theorem 4.7.
Point (iv) is a consequence of Theorem 2.24 applied to the characteristic foliation
whose leaves are the connected components of G.
For Point (v), we will adapt the proof of Theorem 3.6 of [Marl05]. According
to Point (iv), we have a weak symplectic form ω on G such that: ω(w,w′) =<
P−1(w), w′ > for any w,w′ in TgG and any g ∈ G. In this way, on G+×G+×G−,
the partial symplectic structure is an isomorphism P 3 from (T ♭G)3 to (TG)3
given by

P 3(w1, w1, w3) = (P (w1), P (w2),−P (w3)) .

Thus, we also have a weak symplectic form ω3 on (G)3 associated to P 3 given
by

ω3((w1, w2, w3), (w
′
1, w

′
2, w

′
3)) = ω(w1, w

′
1) + ω(w2, w

′
2)− ω(w3, w

′
3).(4.1)

(4.2)

For each g ∈ G, we set Ag = G(s(g),−) and Bg = G(−, t(g)) the fibre of s
and t respectively.
Fix some k ∈ G. For any (g, h) ∈ G(2), we set k = gh. Then we have and
Rh(Ah) = Ak and Lg(Bg) = Bk. Now, for u ∈ TgAg and v ∈ ThAh, if w1 and
w2 belongs to TkG, the vectors (0, u, w1) and (0, v, w2) belongs to T(g,h,k)G3 and
are tangent to the graph Gm of m if and only if

w1 = TRh(u) and w2 = TLg(v).(4.3)

Now by assumption, Gm is Lagrangian in G+ × G+ × G−. Thus, according
to Proposition 2.7, the definition of a Lagrangian manifold, the relations (4.1)
and (4.3), we must have:

ω(u, 0) + ω(0, v)− ω(TRh(u), TLg(v) = 0,

for all u ∈ TgAg and v ∈ ThBh. Since TRh(ThAh) = TkAk and TLg(TgBg) =
TkBk, this implies that

TkBk = (TkAk)
⊥P and TkAk = (TkBk)

⊥P

according to Proposition 2.7 which ends the proof of Point (v).

(vi) If, moreover, G ⇒M is split, for each x ∈M , from Theorem 4.4, G(x,−)
is a closed split submanifold of G. For any g ∈ G(x,−), let Hg be a supplement
of TgG(x,−) ∩ TgG(−, x) in TgG(−, x). Then from Point (v) of Theorem 4.9
and Point (ii) of Proposition 2.7, ω induces on Hg a symplectic form. Since
we have a canonical isomorphism from TG(x,−)/TG(x) to TG.x (cf Proof of
Point (iii) of Theorem 3.3 in [BGJP19]), by using the same arguments as in the
proof of Proposition 2.4.5 in [PeCa19], we obtain a symplectic form ω̃ on TG.x.
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This means that the set of connected components of the orbit of G is exactly
the characteristic foliation of the partial Poisson structure on M . Since this
partial Poisson structure is strong, form Point (iii) of Theorem, it follows that
the almost symplectic form on each orbit is closed (cf. Theorem 2.24 ).

5 Banach Bialgebroids and Banach-Lie Groupoids

This section is devoted to the generalization to the convenient setting of results
contained in [MaXu94].

5.1 Properties of the Partial Conormal Bundle of a Coisotropic
Manifold

Let (T ′M,TM,P, { , }P ) be a partial Poisson manifold. If C is a closed sub-
manifold of M , we denote by T ′

CM (resp. T ♭CM) the restriction of T ′M (resp.
T ♭M) to C that is the pull-back of T ′M (resp. T ♭M) over the inclusion of C in
M .

Definition 5.1.

(1) The conormal N a(C) is the subbundle of T ′
CM defined by:

N a(C) = {(x, η) ∈ T ′
CM : ∀u ∈ TxC, < η, u >= 0}.

(2) The partial conormal N 0(C) of T ♭CM defined by:

N 0(C) = {(x, η) ∈ T ♭CM : ∀u ∈ TxC, < η, u >= 0}.

Remark 5.2. It is clear that N a(C) is a subbundle of T ′
CM , but in general,

N 0(C) will not be a bundle over C.

Now, for each open set U in M , from Proposition 2.27, the sheaf of brackets
[ , ]P provides each module Γ(T ′MU ) with a structure of Lie algebra.

Theorem 5.3. Let C be a coisotropic submanifold of M .

(1) The partial conormal N 0(C) is exactly (TC)⊥. If T ♭M = T ′M or if P
is partial symplectic and C is Lagrangian, then N 0(C) is a subbundle of
T ♭M .

(2) If N 0(C) is a closed sub-bundle of T ♭CM , it can be provided with a Lie
algebroid structure whose anchor is the restriction of P to N 0(C).

Proof.
(1) From the definition 2.4 we have (TxM)⊥Px = Px((TxM)0) and so we have
N 0(M) = (TM)⊥. At first assume that T ♭M = T ′M then N a(C) = N 0(C)
and so is a subbundle of T ′M . Assume now that P is partial symplectic. Since
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C is Lagrangian for each x ∈ C we have Px(N 0
x (C)) = TxC. Thus N 0(C) =

P−1(TC) and since P is an isomorphism, it follows that N 0(C) is a subbundle
of T ♭CM .
(2) Let PC be the restriction of P to N 0(C). Since C is coisotropic, we have
already seen that P (N 0(C)) ⊂ TC and so PC takes values in TC. We must
firstly show that the bracket defined in (2.9) restricted to sections of N 0(C)
takes values in N 0(C). Fix some open set U in M . Using the relation LXω =
dω(X, ) + d(ω(X)) and the definition of [ , ]P , for any α and β in Γ(T ♭MU ) we
have

[α, β] = dβ(Pα, )− dα(Pβ, )− dβ(Pα, )− d < α, Pβ > .

It follows that for X ∈ T (C ∩U) and any section α and β of N 0(C) over C ∩U
we have < α,Pβ >≡ 0 on C ∩ U and so we obtain [α, β](X) = dβ(Pα,X) −
dα(Pβ,X). But since Pα and X are tangent to C so is the bracket [Pα,X]
then we get dβ(Pα,X) = 0. By same arguments we also have dα(Pβ,X) = 0.
Thus [α, β] belongs to N 0(C). Since the Jacobiator of [ , ]P is zero on sections
of T ♭M and the restriction of [ , ]P to section of N 0(C) takes values in N 0(C),
this Jacobiator is also zero on sections of N 0(C). Finally the Leibniz rule on
Γ(T ♭MU ) implies the Leibniz rule in restriction to Γ(N 0(C ∩ U)).

5.2 The partial Dual Lie Algebroid of the Lie Algebroid
of a Banach Lie-Poisson Groupoid

Let (AG,M, ρ, [ , ]) be the Lie algebroid associated to a groupoid G ⇒ M . We
denote by AG′ → M the dual bundle of AG → M . We have the following
properties:

Theorem 5.4. Assume that G ⇒M is a convenient Lie-Poisson groupoid such
that partial conormal N 0(M) is a split convenient subbundle of T ♭MG. Then we
have

(1) If T ♭G = T ′G the previous assumption is always true and then N0(M) =
N a(M) is canonically isomorphic to the dual AG′ → M of the Lie alge-
broid AG →M .

(2) The inclusion of N 0(M) in the conormal bundle N a(M) is a bundle mor-
phism.

(3) N 0(M) can be provided with a Lie algebroid structure whose anchor is the
restriction of P to N 0(M).

Corollary 5.5. If a Banach Lie groupoid G ⇒M satisfies one of the following
assumptions:

(i) G ⇒M is a Lie-Poisson groupoid such that T ♭G = T ′G;

(ii) The kernel of P in restriction to M is a split subbundle of T ♭MG and its
range is TMG;
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(iii) G ⇒M is a partial symplectic Lie groupoid;

then N 0(M) is a split subbundle of T ♭G.
If we identify AG′ with N a(M) then N 0(M) is a weak subbundle of AG♭ which
has a structure of convenient Lie algebroid.

Remark 5.6. According to the decomposition (5.1), if G is an Hilbert groupoid,
or if TM is finite dimenisonal or finite codimensional, the assumptions of The-
orem 5.4 are also satisfied.

Under the assumptions of Theorem 5.4, if we identify AG′ with N a(M)

then N 0(M) is a weak subbundle of AG♭ which has a structure of Banach Lie
algebroid. So we introduce:

Definition 5.7. Assume that G ⇒M is a Banach Lie-Poisson groupoid such
that partial conormal N 0(M) is a split Banach subbundle of T ♭MG. Then N 0(M)

is called the partial dual of AG and is denoted AG♭.

Proof of Theorem 5.4 .
(1) Assume that T ♭G = T ′G. Then N 0(M) = N a(M). At first since s : G →M ,
is a submersion, as M is considered as a submanifold of G, it follows that

(5.1) TMG = T s
MG ⊕ TM = AG ⊕ TM.

If psM : TMG → TGs is the associated projection, we obtain an isomorphism

p̂sM : TGs → TMG/TM . This implies that T ′
MG is isomorphic to T ′

MGs ⊕ T ′M .
Thus N a(M) can be identified with to T ′

MGs and is a split subbundle of T ♭G.
Since AG ≡ T ′

MGs, therefore, N 0(M) can be identified with AG′.

(2) For simplicity, assume that M is connected and we use the context of
the previous arguments.

Let Gs the typical fibre of TMGs and M the typical model of M . Then, for
each x ∈ M , there exists a chart (U,ψ) of x in G such that ψ(U) = Ū1 × Ū2 ⊂
M×Gs. In this way, we get a trivialization:

T ′ψ−1 : T ′GU → (Ū1 × Ū2)× (M′ ⊕ (Gs)′) .

In this chart, we have (T ′ψ)−1
(
N a(M)|U

)
= Ū1 × Ū2 × (Gs)′. Without loss of

generality we may assume that Ū1 and Ū2 are simply connected. Now, since
N 0(M) is a closed subbundle of T ♭G, there exists a local trivialization Ψ of
T ♭GU such that Ψ(T ♭GU ) = Ū1 × Ū2 × G♭ if G♭ is the typical fibre of T ♭GU .
On the other hand, since N 0(M) is a closed subbundle of T ♭MG, if we identify
G♭ with T ♭xG, we have a decomposition G♭ = N♭ ⊕ H where N♭ is the typical
fibre of N 0(M). Thus we may assume that Ψ(T ♭GU ) = (Ū1 × Ū2) × (N♭ ⊕ H).
But since we have N 0(M) = N a(M) ∩ T ′

MG, we must have N♭ = (Gs)′ ∩ G♭.
Thus, in these local coordinates associated to these trivializations, the inclusion
of N 0(M)|U into N a(M)|U is the map

(y, η, 0) 7→ (y, η, 0).
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Now consider another chart (U ′, ψ′) around x and another trivialization Ψ′(T ♭GU ) =
Ū ′
1× Ū ′

2×G♭ with the same properties and decompositions. Since N 0(M) (resp.
N a(M)) is a split subbundle of T ♭G (resp. T ′G), the transition maps Ψ′ ◦Ψ−1

(resp. (T ′ψ′)−1 ◦ (T ′ψ)) preserves the vector space (Gs)′ ∩ G♭ (resp. (Gs)′),
which ends the proof of (2).
Point (3) is a direct application of Theorem 5.3 (2).
Proof of Corollary 5.5. This corollary is a direct consequence of Theorem
4.9, (1), Theorem 5.3 (1) and Theorem 5.4 if we show that under the assumption
(i) (ii) or (iii) , N 0(M) is a split subbundle of T ♭MG.

1. Note that according to the proof of Point (1) of Theorem 5.4, un-
der assumption (i), N 0(M) = N a(M) and so it is closed split subbundle of
T ♭MG = T ′

MG.

2. Under the assumption (ii), we denote by K♭M the kernel of P in re-
striction to T ♭MGM and H♭M a a complementary of K♭M in T ♭MG. We denote
by PH the restriction of P to H♭M . Since P is surjective, it follows that
PH : H♭M → TMG is an isomorphism. Taking in account the decomposition
(5.1), we set H0M = P−1

H (TM) and K0M = P−1
H (AG). By construction, for

any α ∈ K0M (resp. α ∈ H0M), we have < α, u >= 0, for all u ∈ TM (resp.
u ∈ AG)). Note that N 0(M) = K♭M ⊕H0M and so N 0(M) is a split subbun-
dle of T ♭G.

3. Under assumption (iii),M is a particular case of the context of assumption
(ii).

We are now in situation to prove the following result which generalizes a
result in finite dimension for Poisson Lie groupoids (cf. [MaXu94]):

Theorem 5.8. Let G ⇒M be a Banach Lie-Poisson groupoid such that partial
conormal N 0(M) is a split Banach subbundle of T ′

MG. Then (AG,AG♭) is a
partial bialgebroid.

Proof. Since T ♭G has a partial Poisson structure, from Proposition 2.31, for
any open set U in G, we have:

(5.2) dP [X,Y ] = LXdPY − LY dPX

for all vector fields X and Y on U considered as 1-forms on T ♭G.
On the other hand, we have seen in the proof of Theorem 5.3, 2., for each open
set U in G that the restriction of [., .]P to AG♭U∩M takes values in AG♭U∩M .
According to (2.16) and Proposition 2.31 Point 1, if X is a section of AGU∩M
it follows that dPX in restriction to AG♭U∩M is a 2-form on AG♭U∩M . Finally
from (2.18) and Proposition 2.31 Point 2, it follows that the restriction of each

member of (5.2) to AG♭U∩M induces a 2-form on AG♭U∩M which satisfies relation
(5.2). This ends the proof according to the definition of a partial bialgebroid.
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Remark 5.9. All these previous results are not true in general in the convenient
setting. The essential reason is that even if F is a split convenient subspace of a
convenient space E then if E = F⊕G, then the canonical projection of G onto
E/F is not a convenient isomorphism in general.

In particular, F∗ is not isomorphic to the annihilator of G and so N a(M)
cannot be identified with AG′.
Thus the whole proof of Theorem 5.4 does not work. However, in the convenient
setting, if T ♭G = T ′G and P = T ♭G → TG is a convenient bundle isomorphism,
that means that it is a strong symplectic convenient groupoid, so the typical
fibre G of G is reflexive and, in particular, AG is isomorphic to AG′. In fact, we
also can show that (AG,AG′) is a partial bialgebroid (formally analog proof as
Theorem 5.8). Note that we will see that Theorem 5.4 is true for direct limit of
finite dimensional Poisson groupoids.

6 Sub-Poisson Groupoid Structures

In this section, we propose a context which is a generalization of classical results
in finite dimension to the convenient setting. These concepts are illustrated by
[OJS18].

6.1 Partial Symplectic Poisson Structure on the Cotan-
gent Bundle of a Convenient Lie Groupoid

Let G ⇒M be a convenient Lie groupoid. As in finite dimension, the conormal
N a(M) is the subbundle of T ′

MG defined by:

N a(M) = {(x, η) ∈ T ′
MG, such that < η, u >= 0, ∀u ∈ TxM}.

It is clearly a closed subbundle of T ′M . From the decomposition (5.1), we have

(6.1) T ′
MG = N a(M)⊕ (AG)a

where (AG)a is the annihilator of AG. Then N a(M) is then isomorphic to the
dual bundle of AG. we will call N a(M) the dual bundle of AG and will be
denoted AG′. Note that the typical fibre of AG′ is isomorphic to Ma and so to
G′ and the typical fibre of AGa is isomorphic to Ga and also M′. As in finite
dimension, we have:

Theorem 6.1. Let G ⇒M be a convenient Lie groupoid. Then we have

1. T ′G ⇒ AG′ has a groupoid structure.

2. T ′G ⇒ AG′ has a canonical partial symplectic groupoid and so (AG,AG′)
is a partial Lie bialgebroid.

Proof. For this proof we need local charts in this context. For simplicity, we
assume that M is connected. Let G the typical fibre of T s

MG and M the typical
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model of M . Note that since sB and tB are diffeomorphisms on U1 and V1
respectively on their range, it follows FB := tB ◦ s−1

B is a diffeomorphism from
U1 to V1. Therefore G is also the typical fibre of T t

MG. Fix some y0 ∈ M .
There is a chart (V, ψ) of y0 ∈ G with domain simply connected and such that
ψ(V ) = V̄1 × V̄2 ⊂ M × G and ψ(y0) = (0, 0). In this way ψ is a pair (ψ1, ψ2)
and we set ψi(y) = ȳi for i ∈ {1, 2} and so ȳi : V → V̄i is a smooth map.
If T ∗ψ denotes the adjoint of Tψ, we get a trivialization

(T ′ψ)−1 : T ′G|V → V̄1 × V̄2 × (M×G)′.

But we have
(M×G)′ = Mα ×Ga ≡ G′ ×M′

where Ea denotes the annihilator of any closed subspace E of M×G.
If we set V1 = ψ−1(V̄1 × {0}), then (V1, (ψ1)|V1

) is a chart around z ∈ M and,
in this chart, we have:

(T ′ψ)−1(AGa|V1
) = V̄1 ×G′,

(T ′ψ)−1(AG′|V1
) = V̄1 ×M′

On the one hand, for any ξ ∈ T ′M|V , (T
′ψ)−1(ξ) can, be written a a pair

(ξ̄1, ξ̄2) with ξ̄1 : V → G′ and ξ̄2 : V →Ma′ are smooth maps.

Since t : G →M is a submersion, around any g0 ∈ G, we have a chart (V,Ψ)
with simply connected domain and such that

Ψ(V) = V̄1 × V̄2 ⊂M×G

and Ψ(g0) = 0. Again Ψ is a pair (Ψ1,Ψ2). If V1 = Ψ−1(V̄1 × {0)}) and
V2 = Ψ−1({0} × V̄2, the expression of t|V in the associated local coordinates is
the map (ȳ, ḡ) 7→ ȳ.

Assume the t(g0) = y0. After shrinking the domains V and V , if necessary,
and by composing with a local diffeomorphism in M which fixes 0 ∈ M and a
diffeomorphism of G which fixes 0 ∈ G, we can choose these charts (V, ψ) and
(V,Ψ) such that V̄1 = V̄1. In the associated coordinates, if ȳ = ψ1(t(g)) and
ḡ2 = Ψ2(g), the expression of t is still the map (ȳ, ḡ2) 7→ ȳ where ȳ : V → M
and ḡ2 : V → G are smooth maps.

At the level of the tangent bundle of G, according to the previous notations,
if we have a trivialization

TΨ : TV → (V̄1 ×M)× (V̄2 ×G)

and the following commutative diagram

(6.2)

TG|V (V̄1 ×M)× (V̄2 ×G)

TM|V V̄1 ×M

TΨ

T t prV1

Tψ|TV
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with TΨ((g, Y )) =
(
(ȳ, Ȳ1), (ḡ2, Ȳ2)

)
and TΨ ◦ T t ((g, Y )) = (ȳ, Ȳ1)) where

ȳ : V → V1 and Ȳ1 : V →M are smooth maps.

Now, s is also a submersion and so we have an analogue argument of chart
(U, ϕ) of x0 = s(g0) such that Φ(U) = Ū1 × Ū2 ⊂ M × G and a chart (U ,Φ)
around g ∈ G such that Φ(U) = Ū1 × Ū2 and with the same properties of the
pairs (V, ψ) and (V,Ψ). As we have seen (modulo the choice of a bissection B),
there exists a diffeomorphism F : U1 → V1 such that F ((y0) = x0.

On the one hand, for any ξ, (T ′ψ)−1(ξ) can be written as a pair (ξ̄1, ξ̄2) with
ξ̄1 : V1 → G′ and ξ̄2 : V1 →M′.

On the other hand, if 1M → G is the unit map for TG ⇒ M and will
be identified as a submanifold of G, then each Z ∈ TxG can be written in a
unique way as Z = (a,X) where X ∈ TxM and a ∈ AGx. Then the unit map
1̃ : AG′ → T ′G is defined by

< 1̃(ξ), (a,X) >=< ξ, a >

According to the previous notations, it follows that in local coordinates 1̃
is the identity of V̄1 ×M′. It follows that 1M → T ′G is an embedding and so
1̃(AG′) is the subbundle of TMG which is the annihilator of TM .

Without loss of generality, under the previous context, we may assume that
V1 = V̄1 ⊂ M and V2 = V̄2 ⊂ G. By the way and TVG := TG|V = (V1 × V2 ×
M × G) and T t|TVG = prV1

. In particular each Z ∈ TV G is a pair (Z1, Z2)
where Z1 : V → M and Z2 : V → G are smooth maps. Moreover, according to
diagram (6.2), T t = pV1 .

In a dual way, we have T ′
VG = V1 × V2 ×G′ ×M′ and and in particular:

(6.3) (AGa|V1
) = V̄1 ×M′ and AG′|V1

= V̄1 ×G′.

Therefore, for any g = (y, g2) ∈ V any ξ ∈ T ′
gV can be written as a pair

(ξ1, ξ2) ∈ {(y, g2)} × G′ × {(y, g2)} ×M′ where ξ1 is a smooth map from V to
G′ and ξ2 a smooth map from V to M′.

Also, for any ξ ∈ T ′
U1
G , its components on AG|U1

is defined by its values on
any section a of AG|U1

.

On the other hand, for a section b of AG|V1
, that is b : V1 → G, then TRg(b)

belongs to T s−1(s(g)) and, for any section a of AG|U1
, then a− T t(a) is a sec-

tion of kerT t|U1
and so TLg(a − ρ(a)) belongs to T t−1(t(g)). Moreover, the

maps ((b, g) 7→ TRg(b) and (a, g) 7→ TLg(a − T t(a)) are locally smooth in the
convenient setting (one can use smooth curves).

According to previous arguments, as in finite dimension, the source and the
target s̃, t̃ : T ′G ⇒ AG′ are well defined in the following way:

(6.4)
< s̃(ξ), a > (g) =< ξ, TLg(a− ρ(a)) > and < t̃(ξ), b >=< ξ, TRg(b) >,
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for all ξ ∈ T ′
gG, a ∈ AGs(g) and b ∈ AGt(g).

We must show that and s̃ and t̃ are submersions. We first show that t̃ is a
submersion.
In fact, in the previous context, if ξ belongs to T ′

gG, then ξ is a pair (ξ1, ξ2) where
ξ1 is a smooth map from V to G′ and ξ2 a smooth map from V to M′. But we
have < t̃(ξ), b >=< ξ, TRg(b) =< ξ1, TRg(b) > and since TRg(b) belongs to G
and ξ2 belongs to M′ = Ga. It follows that t̃ takes values in G′ ≡ AG′g which is
smooth since for any smooth curve γ : R→ V1 the map t 7→ R∗

g(γ(t)(ξ(γ(t) is a

smooth section γ∗(T ′t−1(M)) ≡ R×M′ Note that, for any η ∈ AG′t(g), if we set
ξ = (R−1

g )∗η, then t̃(ξ) = η and so t̃ is surjective. Therefore, t̃ is a submersion.

Let i : G → G be the inversion in G. Then T i is the inversion for the Lie
groupoid structure TG ⇒ TM . The adjoint ĩ := i∗ := T ′i is a diffeomorphism of
T ′G. Since i◦Lg = Rg it follows easily that R∗

g = L∗
g ◦ ĩ, and from the definition

of s̃, it is easy to see that s̃ = t̃ ◦ ĩ and the proof is left as an exercise to the
reader. From Proposition 4.2, it follows that s̃ is a submersion.

As in finite dimension, the multiplication m̃ on T ′G is given by

< ξ • η,X • Y >:=< ξ,X > + < η, Y >

if t̃(ξ) = s̃(η). Note that from Proposition 4.2, we know that the set of such
pairs (ξ, η) is a submanifold (T ′G)(2) of T ′G × T ′G. If s(g) = t(h), on the
one hand, the bilinear map TgG × ThG → Tm(g, h)G: (X,Y ) 7→ X + Y is a
bounded surjective map. On the other hand, the graph of this bilinear map
TgG × ThG → Tm(g, h)G: (X,Y ) 7→ X + Y can be considered a a relation from
TgG ×ThG to Tm(g, h)G. From the surjectivity of the multiplication Tm in T ′G
and the definition of the multiplication m̃ in T ′G, it follows that the graph of
m̃ in T ′G is Ann(GTm). The associativity of Tm implies the associativity of
m̃.
Finally, under the previous local context (even in the convenient setting), from
its definition, it is easy to see that the map (ξη) 7→ ξ • η is a smooth map from
(T ′G)(2) to T ′G which ends the proof.

Remark 6.2. T ′G ⇒ AG′ is a VB-groupoid dual of VB-groupoid TG ⇒ TM .

2. Let ω be the canonical 2-form on T ′G. Therefore, for any (ξ, g) ∈ T ′G,
any X ∈ T(ξ,g)T ′G can be written as a pair (v, v′) where v belongs to TgG and
v′ in T ′G. We then have:

(6.5) ω(ξ,g)(X,Y ) =< w′, v > − < v′, w >,

if X = (v, v′) and Y = (w,w′). Let T ♭(T ′G) be the range of ω♭ : T (T ′G) →
T ′(T ′G). Thus, P := (ω♭)−1 : T ♭(T ′G)→ T (T ′G) is an isomorphism.

It follows that P is a Poisson anchor and so T ′G ⇒ N a(M) is partial sym-
plectic groupoid.
Finally, Proposition 2.31 implies that (AG,AG′) is a partial Lie bialgebroid.
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6.2 Sub-Poisson Structure on a Subgroupoid of the Cotan-
gent Bundle of a Lie Groupoid

In the Banach setting used in [OJS18], the authors introduce a notion of sub-
Poisson structure (p. 29). The following definition is an adaptation of the pre-
vious one:

Definition 6.3. A convenient Lie groupoid G ⇒M has a sub-Poisson groupoid
structure if there exists a Poisson anchor P : T ♭G → TG such that T ♭G can be
provided with a convenient subgroupoid structure T ♭G ⇒ AG♭ of T ′G ⇒ AG′
where AG♭ is a weak subbundle of AG′ and there exists a bundle morphism
P ♭ : AG♭ → TM such that the following diagram is commutative:

(6.6) T ♭G

�� ��

P // TG

�� ��
AG♭ P ♭

// TM

and P is a groupoid morphism over P ♭.

We have the following characterization:

Proposition 6.4. Consider a convenient Lie groupoid G ⇒M provided with a
Poisson anchor P : T ♭G → TG. Assume that the partial conormal set N 0(M) is
a closed sub-bundle of T ♭MG, and, if P ♭ denotes the restriction of P to N 0(M),
the following diagram is commutative.

(6.7) T ♭G

s̃
T♭G
��

t̃|T♭G
��

P // TG

T s

��
T t

��
N 0(M)

P ♭
// TM

Then the convenient Lie groupoid G ⇒M is a sub-Poisson groupoid if and only
if G ⇒M has a partial Poisson structure.

Corollary 6.5. Under any of the assumptions of Corollary 5.5, any Lie groupoid
is a sub-Poisson groupoid if and only if it is a partial Poisson groupoid.

Remark 6.6. We can consider Proposition 6.4 as some kind of generalization of
a classical characterization of Poisson groupoid (cf. [MaXu94], Proposition 8.1).
From Proposition 6.4, a sub-Poisson groupoid has a partial Poisson structure.
In particular, all examples of partial Poisson -Lie groupoids given in section
4.4 are sub-Poisson Lie groupoids. But, a priori, the converse is not true in
general without the assumption that N 0(M) is a closed sub-bundle of T ♭MG.
Unfortunately we have no example of partial Poisson-Lie groupoid for which
N 0(M) is not a closed sub-bundle of T ♭MG.
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Proof of Proposition 6.4.
Assume that TG ⇒ AG′ is a sub-Poisson Lie groupoid. Since P is a groupoid

morphism, it satisfies the condition

(6.8) P ◦ m̃(ξ, η) = Tm(P (ξ), P (η)).

for all (ξ, η) ∈ T ♭G(2). Now, since we have

< (ξ, η,−m̃(ξ, η)), (X,Y, Tm(X,Y ) >= 0

for all (ξ, η) ∈ T ♭(g,h)G
(2) and (X,Y ) ∈ T(g,h)G(2), the same is true for all (ξ, η)

and (ξ′, η′) in T ♭(g,h)G
(2) as T ♭G ⇒ AG♭ is a sub-groupoid of T ′G ⇒ AG′. By ap-

plication of this relation to the first member of (6.8), it follows that T ′G ⇒ AG′

is a partial Poisson groupoid. On the other hand, AG♭ is a subgroupoid of AG′
(in particular N 0(M) = AG♭ is a closed subbundle of T ♭MG) and so P ♭ must

be the restriction of P to AG♭ and the Diagram (A.4) is then the same as the
diagram (6.7).

Conversely, assume that G ⇒M has a partial Poisson structure. In the one
hand, since the graph of m is coisotropic, this implies that the restriction m̃♭

of m̃ to T ♭g,h)G
(2) takes values in T ♭G, and its graph is a closed submanifold of

{T ♭G}3. It follows that the projection of the graph of m̃♭ onto T ♭G is smooth
which means that m̃♭ is smooth. Note that the property of coisotropy of the
graph means

< (ξ, P (η),−P (ξ • η), ξ′, η′,−ξ′ • η′ >= 0

for all (ξ, η) and (ξ′, η′) in (T ♭G)(2). But, for any g ∈ G, the Annihilator of
T ♭G is zero. Since m̃ is surjective, it follows that This implies that P (ξ • η) =
(P (ξ) + P (η)) and so P satisfies the relation (6.8).

On the other hand, asM is coisotropic and N 0(M) is a closed sub-bundle of
T ♭MG, from Theorem 5.3, N 0(M) has a structure of Lie algebroid whose anchor
is precisely P ♭. In fact, it is a subalgebroid of AG′ (cf. Proof of Theorem 5.3).
Now, from Diagram (6.7), we have P ♭(t̃|T ♭G)(ξ) = T t ◦ P (ξ) for all ξ ∈ T ♭G.
Recall that, for any ξ ∈ T ′

gG, we have t̃(ξ)(R∗
g(ξ)) = t̃(ξ) which belongs to

(AG)′t(g). Therefore, t̃(◦R∗
g)

−1 = IdAG′
t(g)

for all g ∈ G. This implies that

t̃|T ♭G ◦ (R∗
g)

−1 = IdAG♭
t(g)

and it follows easily that t̃|T ♭G is a submersion. The same arguments can be

applied to s̃|T ♭G . Finally, T ♭G ⇒ AG♭ is a subgroupoid of T ′G ⇒ AG′ As P
satisfies the relation (6.8) as we have seen in the first part of the proof, it follows
that P is a groupoid morphism, which ends the proof.
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6.3 The Cotangent Bundle of a Lie group as Lie Groupoid

6.3.1 Some Preliminaries

If G is a Lie group, we have a natural right (resp. left) action on its cotangent
bundle T ′G given by the map (g, (h, ξ)) 7→ (gh, T ∗

e Lg(ξ) (resp. (g, (h, ξ)) 7→
(gh, T ∗

eRh(ξ)) and so a coadjoint action G on T ′G.

This gives rise to an isomorphism R̃ (resp. L̃) from g′ ×G (resp. G× g′) to

T ′G, defined by R̃(g, ξ) = (s̃g(ξ), g) (resp. L̃(g, ξ) = (g, t̃g(ξ)) , which respects

the submersion s̃ (resp. t̃), that is the following diagrams are commutative:

(6.9) g′ × G

��

R̃ // T ′G

s̃

��
g′

Idg′
// g′

g′ × G

��

L̃ // T ′G

t̃
��

g′
Idg′

// g′

Note that arguments used in the context of finite dimension in [AGMM90],
2.3, also true in the convenient setting (see also [KrMi97] for such a context)
for regular convenient Lie groups. Thus, from now on, we assume that G is
provided with an exponential map for instance, G is a regular convenient Lie
group. We have a coadjoint action of G on g′, characterized by g 7→ Ad∗g(ξ). As

L̃ is an isomorphism from T ′G to G× g′, we can provide T ′G with a semi-direct
product given by:

(g, ξ).(h, η) := (gh,Ad∗h−1(η) + ξ).

The coadjoint action of G on g′ induces a smooth action of the Lie algebra g on
g′ in the following way: any X ∈ g gives rise to a vector field X♯ on g′ whose
value at ξ ∈ g′ is characterized by

(6.10) ⟨X♯
ξ , Y ⟩ := ⟨ξ, [X,Y ]⟩ = ad∗X(Y )

for any Y ∈ g. Thus, for any ξ ∈ g′ we can define a linear 2 form ωξ on g by

(6.11) σξ(X,Y ) = ⟨ξ, [X,Y ]⟩ = ad∗X(Y ).

The kernel of σξ is the set of vectors X such that ⟨X♯
ξ , Y ⟩ = 0, for all Y ∈ g.

Thus, this kernel is the Lie algebra gξ of the stabilizer Gξ of the coadjoint action
at ξ. Let Oξ = {Adg(ξ), g ∈ G} be the coadjoint orbit through ξ. Unfortu-
nately, in general, Oξ does not have a convenient manifold structure. Even if
G is a Banach Lie group, Oξ does not have a Banach manifold structure. It is
true if gξ is a supplemented Banach subalgebra of g. Of course, it is always true
in the Hilbert setting for a finite dimensional Lie group G. In particular, in this
last case, σ is a symplectic form in restriction to each orbit Oξ and defines a
Poisson structure on g′ which is the famous Kostant-Kirolov-Souriau Poisson
structure on g′. We will see in the next section a generalization of such a result
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in the Banach setting.

As in [AGMM90], we consider the map κr : TG → g (resp. κl : TG → g)
defined by κrg = TeRg−1 (resp. κlg = TeLg−1). Note that these maps are 1-forms
with values in g and note that they satisfy the Maurer-Cartan equations:

dκr +
1

2
κr ∧ κr = 0 (resp. dκl − 1

2
κl ∧ κl = 0).

Note that κr (resp. κl) is right invariant (resp. left invariant). In fact, we
have κl = s and κr = t.

We consider the following diagram:

T (T ′G)

πT ′G

��

TπG // TG

πG

��
T ′G

π
// G

Under these notations, we have:
R̃ = s× π (resp. L̃ = π × t);
s̃g = ((κlg)

−1)∗ (resp. t̃g = ((κrg)
−1)∗).

Let λ be the Liouville form on T ′G. Then the canonical symplectic form
on T ′G is ω = −dλ. To show that T ′G has a structure of partial symplectic
groupoid, if pr1 (resp. pr2) is the projection of T ′G × T ′G on the 1st factor
(resp. 2nd factor), from Remark 3.19 we have to show that

(6.12) pr∗1ω + pr∗2ω = m∗ω

Since ω = −dλ, it is sufficient to show the relation (6.12) for λ.
Given ξ ∈ T ′

gG (resp. η ∈ T ′
hG)) and Ξ ∈ Tξ(T ′G) (resp. Θ ∈ Tξ(T ′G)), we have:

T ′G(Ξ) ∈ T ′
gG (resp. T ′G(Θ) ∈ T ′

hG).

Now, from the expression of the multiplication on the tangent space of a
groupoid, we have T(g,h)m̃(Ξ,Ξ2) = Ξ1 + Ξ2 which gives rise to the following:

m̃∗
(g,h)λ(Ξ1,Ξ2) = λg(Ξ1) + λh(Ξ2).

This implies that T ′G has a partial symplectic structure defined by the Poisson
anchor P = (ω♭)−1 : T ♭(T ′G) := ω♭(T (T ′G))→ T (T ′G).

6.3.2 Properties of the Cotangent Bundle of a Lie Group as Lie
Groupoid

We consider the structure of partial symplectic groupoid on T ′G ⇒ g′ as de-
scribed in the previous section.

Essentially, by application of Theorem 4.9, we have:
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Theorem 6.7. Let G be a regular convenient Lie group. Its cotangent bundle
T ′G has a structure of partial symplectic Lie groupoid over its dual Lie algebra
g′ and we have:

(1) g′ considered as the zero section of T ′G is Lagrangian in T ′G.

(2) The inversion in T ′G is an anti-symplectic map.

(3) Let ω the canonical symplectic 2-form on T ′G and the associated partial
Poisson structure P : T ♭(T ′G) := ω♭(G) → TG. In fact, T ′G ⇒ g′ has a
sub-Poisson groupoid structure. In particular, T ♭(T ′G) ⇒ g′ × g♭ is
a Lie groupoid (cf. left vertical part of Diagram (6.7)).

(4) For each g ∈ G, each vector space Tg(s̃
−1(g)) and Tg(t̃

−1(g)) are orthog-
onal symplectic subspaces of the linear symplectic space (Tg(T

′G), ω).

(5) There exists a unique Poisson anchor Pg′ = T s ◦ P ◦ T s̃ = T t ◦ P ◦ T t̃
on g such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism). More precisely, if σ is the induced 2 form on g′ by ω we have:

(a) σ is the Poisson bivector associated to Pg′ .

(b) For each coadjoint orbit Oξ in g′, for any ξ ∈ O, then σξ is exactly
the form defined by relation (6.11) and its kernel gξ is a closed Lie
subalgebra of g.

(6) If G is a Banach Lie group such that kerσξ is split in g, for all ξ ∈ g′,
we have:

(c) for any ξ ∈ g′, the group of isotropy Gξ of ξ under the coadjoint
action is a Lie subgroup of G whose Lie algebra is gξ.

(d) Each orbit Oξ is a split submanifold of g′ which is diffeomorphic to
the homogeneous space G/Gξ.

(e) ω induces a weak symplectic form on each orbit Oξ.
(f) The pair (s,−t) is a dual pair (cf. Definition 2.59).

Remark 6.8.

1. Theorem 6.7 can be considered as a generalization to the Banach setting
of a classical result in finite dimension for the groupoid structure of the
cotangent bundle of a finite dimensional Lie group G and the link with the
Kostant-Kirilov-Souriau Poisson structure on the dual of the Lie algebra
of G (see for instance [Marl05], 1).

2. In general, in the convenient setting, the last Assertion (6) of Theorem 6.7
is not true without these complementary assumptions. However, in § 7.2,
we exhibit a context in which this result is true without these additional
assumptions.
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Proof.
Assertions (1) and (2) are direct applications of Theorem 4.9.
Assertion(3) will be a consequence of Proposition 6.4 if we show that the dia-
gram (6.7) is commutative in this context.

Since R̃ is an isomorphism, λ = R̃∗λ is the Liouville 1-form on g′ × G and
so λ(X, ξ) = ⟨ξ,X⟩. Therefore, ω = R̃∗ω is the canonical symplectic form on
g′×G and so if X1 = (η1, X1) and X2 = (η2, X2) belong to Tξg

′× TgG) we have

ω(X1,X2) = ⟨η1, (X2)e⟩ − ⟨η2, (X1)e⟩+ ⟨ξ, [X1, X2]⟩

where (Xi)e ∈ g is such that TeRg((Xi)e) = Xi for i ∈ {1, 2}.
Thus, for X = X = (η,X)) ∈ Tξg′ × TgG), we have:

(6.13) (ω)♭((X) = (i(η + ξ ◦ adXe
),−X) ∈ T ′(g′ ×G) = g′ × g′′ × T ′G,

where i is the canonical inclusion of g into g′′ and we set g♭ = i(g). This implies
that the range of (ω)♭ is (g′×g♭)×T ′G. Thus T ♭(T ′G) := ω♭(T (T ′G)) is equal to

T ∗R̃((g′× g♭)× T ′G) and so is a closed subbundle of T ′(T ′G). If P̄ :=
(
(ω)♭

)−1

and P =
(
(ω)♭

)−1
the following diagram is commutative:

(6.14)

T ♭(T ′G) g′ × g♭ × T ′G

T (T ′G) g′ × g′ × TG

g′ × g♭ g′ × g♭

g′ × g′ g′ × g′

T∗R̃

P

T s̃|T♭(T ′G)

P

p
g′×g♭

TR̃

pg′×s
Id

g′×g♭

Pg′ Pg′

T s

Idg′×g′

where s = TeL : TG → g. Note by same arguments, that we have also the
diagram

(6.15)

T ♭(T ′G) g′ × g♭ × T ′G

T (T ′G) g′ × g′ × TG

g′ × g♭ g′ × g♭

g′ × g′ g′ × g′

T∗L̃

P

T t̃|T♭(T ′G)

P

p
g′×g♭

TL̃

pg′×t
Id

g′×g♭

Pg′ Pg′

T t

Idg′×g′
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Now, note that it is clear that N 0(G) is nothing but else than g′ × g♭. By
superposing the Diagrams (6.14) and (6.15) the vertical right face of this new
diagram implies that its left vertical face gives rise to the Diagram A.4 in this
context. Therefore, the assumptions of Proposition 6.4, which ends the proof of
Assertion (iii).

Assertion (4) is a direct application of Theorem 4.9 Point(iv).

For Assertion (5), the existence, unicity and the expression of Pg′ is an ap-
plication of Theorem 4.9, (iii).

From now on, until the end of the proof of Assertion(5), we identify g♭ and g .

Now, we are in the context of Theorem 2.22 with A = T ′G, provided with
the Lie bracket of vector fields and the anchor being the identity. Therefore,
according to [CaPe23], relation (7.19), for X = (η,X) ∈ T ♭(ξ,g)(T

′G), we have:

(6.16) P (η,X) = (η + ξ ◦ adX ,−X) = (η + ad∗X ξ,−X)

Since g′ × g′ is identified with g′ × g′ × {0}, so Pg′ is a map from g′ × g to
g′ × g′ which is given by

(6.17) (Pg′)ξ(X) = ad∗Xξ

In the one hand, from (6.13), the 2-form ωg′ induced by ω on g′ is given by

(ωg′)ξ(X,Y ) = ad∗Xξ, Y ⟩ = ⟨ξ, [X,Y ]⟩ = σξ(X,Y )

(cf. (6.11)). On the other hand, we have

ω′
g(X,Y ) = ⟨Pg′(X), Y ⟩.

Since (Pg′({ξ} × g))
0
= {X ∈ g : ⟨ad∗Xξ, Y ⟩ = 0 , ∀Y ∈ g} then (Pg′({ξ} × g))

0
=

{X ∈ g : ad∗Xξ = 0} = kerσξ. Since is the pullback of a closed 2-form is also
closed, it follows that σ is closed and thus, its kernel gξ is a Lie algebra. This
ends the proof of Assertion (5).

For the proof of Assertion (6), we assume that G is a Banach Lie group and
for all ξ ∈ g′ the Lie algebra gξ is split. Then the proof is an application of
Theorem 4.9, (v). Nevertheless, we will give a complete proof in this context
in order to show the link between the Lie groupoid approach and the coadjoint
action. Under the previous assumptions, it follows that the Lie algebra of the
group of isotropy is Gξ of ξ under the coadjoint action is gξ and so a Banach
Lie subgroup of G. This implies that the orbit Oξ is a Banach submanifold
of G since its tangent space at ξ (and so at every point of Oξ) is isomorphic
to g/gξ and so is supplemented. Therefore, Oξ is a submanifold of g′ and is
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diffeomorphic to G/Gξ (cf. [BGJP19], Example 3.5 or [Belt06]).

Finally according to Definition 2.59, the pair (s,−t) is a dual pair.

Remark 6.9.

1. g′ × g♭ is the Lie algebroid of the Lie groupoid T ♭(T ′G) and the anchor
is Pg′ . Thus when G is a Banach Lie group, the assumption ”gξ is split”
is equivalent to kerPg′ is split at ξ. Therefore, under the assumptions of
Assertion (6), if G is connected, there is identity between coadjoint orbits
and orbits of the Lie algebroid g′ × g♭ on g′.

2. In general, in the convenient setting, the last Assertion (6) of Theorem 6.7
is not true without these complementary assumptions. However, we exhib
in § 7.2 a context in which this result is true without these additional
assumptions

7 Ascending Sequences of Finite Dimensional
Banach (Partial) Poisson-Lie Groupoids and
Examples

This section proposes an adaptation of some previous results to ascending se-
quences of partial Banach Poisson Lie groupoids with some examples.

7.1 Ascending Sequences of Banach (partial) Poisson-Lie
Groupoids

As in § 3.4.1 and for the same reasons, we only consider sequences of Banach
partial Poisson Lie groupoids. Thus, naturally, an ascending sequence of Banach
Poisson Lie groupoids {(T ♭Gi,Gi, Pi)}i∈N is an ascending sequence of Banach
(partial) Poisson manifolds (cf. Definition 3.28) where
• each Gi ⇒Mi is a finite dimensional Lie groupoid ;
• (Mi)i∈N is an ascending sequence of manifolds;
• each Gi is provided with source and target maps si, ti, inverse ii, multi-

plications mi and unity maps 1i;
• for each i, any of these maps at level i is the restriction of the correspond-

ing map at level i+ 1.

At first, recall the following results of ascending sequences of finite dimen-
sional Lie groupoids:

Proposition 7.1. Let (Gi ⇒Mi)i∈N be a direct sequence of finite dimensional
Banach-Lie groupoids. Then we have:

(1) G = lim−→Gi and M = lim−→Mi are Hausdorff convenient manifolds.
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(2) 1 = lim−→1i is a smooth injective closed immersion from M = lim−→Mi into
G;

(3) s = lim−→si (resp. t = lim−→ti) is a submersion from G on to M ;

(4) m = lim−→mi is a smooth map from the convenient manifold G(2) = lim−→G
(2)
i

to G;

(5) i = lim−→ii is a smooth diffeomorphism of G.

In fact, we obtain a natural structure of convenient groupoid G ⇒ M which
is called the direct limit Lie groupoid of the ascending sequence of
(Gi ⇒Mi)i∈N. Its Lie algebroid is the direct limit of the sequence (AGi,Mi, ρi, [ , ]i)i∈N
of Banach Lie algebroids.

Remark 7.2. Since G (resp. M) is a direct limit of finite dimensional manifolds,
it follows that the typical model of G (resp.M) is isomorphic to R∞ which is a
convenient reflexive vector space (cf. [KuMcK89]).

Theorem 7.3. Let (Gi ⇒Mi)i∈N be an ascending sequence of finite dimensional
Lie groupoids and G ⇒ M its direct limit Lie groupoid (cf. Proposition 7.1).
Then, for each x = lim←−xi ∈M , we have:

(1) The isotropy group G(x) is a convenient Lie group which is the direct limit
of the sequence of isotropy groups (Gi(xi))i∈N.

(2) The orbit G.x is a closed immersed convenient submanifold of M which is
the direct limit of the sequence of orbits ((Gi).xi)i∈N.

(3) The restriction tx := t|G(x,−) : G(x,−) → M is a G(x) principal bundle
which is the projective limit of the sequence of principal bundles (ti)xi

:
Gi(xi,−)→Mi.

(4) The associated convenient Lie algebroid (AG,M, ρ, [ , ]) is split and, for
any x ∈ M , its orbit G.x is a closed immersed submanifold of M whose
connected components are orbits of the Banach-Lie algebroid AG.

(5) AG′ = lim−→AG
∗
i is the dual of AG and (AG,AG′) is a partial bialgebroid.

By application of Theorem 3.31 in the one hand, and application of Theo-
rem 7.3 to Theorem 2.24, on the other hand, we obtain:

Corollary 7.4. Let (Gi ⇒Mi)i∈N be an ascending sequence of finite dimen-

sional Poisson (resp. symplectic) Lie groupoids and
(
T ♭G, TG, P

)
be the associ-

ated partial convenient direct limit manifold defined in Proposition 3.30. Then
in each case, T ♭G = T ′G and in the symplectic case, G is a (strong) symplectic
19 groupoid. Moreover all the Assertions of Theorm 4.7 (resp. Therorem4.9)
are true and in particular the last one without anymore assumptions.

19Since the symplectic form ω on G is the direct limit of ωi and as each ω♭
i is an isomorphism

so the direct limit of these operators is an isomorphism.
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7.2 Examples

1. Consider (Gi ⇒ Mi)i∈N be an ascending sequence of finite dimensional
Poisson Lie groupoids. Then the associated sequence (T ∗Gi ⇒ AG∗)i∈N of
cotangent groupoids. It is also an ascending sequence of finite dimensional
symplectic Lie groupoids. If G = lim−→Gi, then we have T ′G = lim−→T

∗Gi and
AG′ = lim−→AG

∗
i and we have a structure of (strong) symplectic convenient

Lie groupoid T ′G ⇒ AG′.

2. Let (Gi)i∈N be an ascending sequence of finite dimensional Lie groups.
Then the sequence of cotangent bundles (T ′Gi)i∈N is also an ascending
sequence of finite dimensional bundles, each one having a structure of
symplectic Lie groupoid (cf. Theorem 6.7 or [Marl05], 1). If G = lim−→Gi is

also a convenient Lie group provided with an exponential map (cf. Theo-
rem 3.33), then T ′G = lim−→T

∗Gi is the cotangent bundle of G (cf. Propo-

sition 3.30). It follows that T ′G has also a structure of convenient Lie
groupoid on g′ × g♭ (cf. Theorem 6.7). Note that the adjoint action of
G on g′ is the direct limit of the action of Gi over g′i and so Oξ through
ξ = lim−→ξi is lim−→Oξ and so is a split convenient submanifold of G. It follows
that all assertions of Theorem 6.7 are true, in particular, the last ones
without any more assumptions.

For a more precise example, take Gn = GL(n,C). The following description
refers to [Bab10].
Using the left translation on GL(n,C), the tangent space TGL(n,C) is
isomorphic to GL(n,C)× gl(n,C) via the right action of GL(n,C). By the
duality bracket (A,B) 7→ Tr(AB), we can identify gl∗(n,C) with gl(n,C)
and so the cotangent bundle of GL(n,C) is isomorphic to GL(∞)× gl(∞).
Via the duality bracket (A,B) 7→ Tr(AB), we can identify T ′GL(n,C) with
GL(n,C)×gl(n,C). Therefore, the coadjoint orbit of GL(n,C) on gl∗(n,C)
can be identified with the adjoint orbit of GL(n,C) on gl(n,C). Of course,
the canonical symplectic form on T ∗(GL(n,C) × gl(n,C)) gies rise to a
symplectic groupoid structure on GL(n,C)×gl(n,C) ⇒ gl(n,C)×gl(n,C).
In particular, all the assertions of the theorem, even the last one, is true
without any more assumptions.

On the one hand, each A ∈ gl(n,C) can be considered as a linear map on
Cn and let JA be its normal Jordan form. Then we have A = gJAg

−1 for
some g ∈ GL(n,C). So the adjoint orbit OA of A is equal to OJA . Thus
any adjoint orbit is parametrized by all Jordan matrices.

On the one hand, the Kirilov-Kostant-Souriau symplectic form on OA is
defined in the following way (cf. [Bab10]):

(7.1) σA(X1, X2) = Tr(ġ1gȦ2) = −Tr(ġ2gȦ1)
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where, for i ∈ {1, 2}, Xi is a vector tangent to a curve on [0, ε[ of type
Ai(t) = gi(t)JAg

−1
i (t) given by:

gi(0) = g, ġi :=
d

dt |t=0
gi(t), Ȧi :=

d

dt |t=0
Ai(t).

It follows that the Lie algebra GL(∞,C) = displaystyle
⋃
n∈N GL(nC) is

gl(∞,C) =
⋃
n∈N

gl(nC). Therefore, for A and B in gl(∞,C), the product

is well defined since we have an integer n such that A and B belongs to
the same gl(n,C) (via the successive inclusions ιn of gl(nC) into gl(nC)
and so the bilinear form

Tr(AB) := Trn(AB)

is well defined if Trn is the bilinear operator trace in gl(nC). This gives rise
to an operator of duality between gl(∞,C) and gl∗(∞,C) which is com-
patible with the previous inclusion ιn and so is compatible with the direct
limit. For analogue reasons, the adjoint actions are compatible with the
inclusions of GL(nC) into GL(nC) and ιn and so any coadjoint orbit can be
identified with an adjoint orbit which implies that the same result is true
for the direct limits. Thus the coadjoint orbits are parametrized by the
union of all Jordan matrices of any finite dimension. Since each such or-
bit is contained in some gl(n,C), the Kirillov-Kostant-Sauriau symplectic
form is also given by the formulae (7.1).

A Bounded Operators on a Hilbert Separable
Complex Space and Von Neuman Algebras

Von Neumann algebras were originally introduced by John von Neumann. For
a complete exposition on Von Neumann algebras, see Dixmier’s book [Dix69].

A.1 Basic preliminaries

The following results on the space of bounded operators on a complex separable
Hilbert space are classical but, for the sake of completeness, we refer to the
concise and complete notes [Hou13] or also [Dix69].

A.1.1 Basic Properties of Bounded Operators on a Separable Com-
plex Hilbert Space

Let H be a separable complex Hilbert space. We denote by ⟨ | ⟩ its inner
product and || || its associated norm. Let L∞(H) be the Lie algebra Banach
space of bounded linear operators onH provided with the classical norm ||A||∞ =
sup||x||≤1 and the Lie bracket of commutateur [A,B] = AB − BA where AB
means the composition A ◦B.
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We will enumerate some classical properties of bounded operators.
The adjoint of A ∈ L∞(H) is denoted A∗;
A ∈ L∞(H) is called self-adjoint if A = A∗;
p ∈ L∞(H) is called a projection if p2 = p = p∗;
A ∈ L∞(H) is called positive if ⟨Ax|x⟩ ≥ 0 for all x ∈ H; in this case, A is

self-adjoint;
for A,B ∈ L∞(H) we say that A ≥ B if A−B is positive;
u ∈ L(H) is an isometry if uu∗ = Id;
u ∈ L(H) is unitary if uu∗ = u∗u = Id;
u ∈ L(H) is a partial isometry if u∗u is a projection.

Lemma A.1. If u is a partial isometry then so is u∗. The subspace u∗H is
then closed and called the initial domain of u, the subspace uH is also closed
and called thefinal domain of u.

If A is positive then A = A∗; it has a square root B := A
1
2 i.e. an operator

B such that B2 = A.
For any A ∈ L(H), we set |A| = (A∗A)

1
2 .

Lemma A.2. For any A ∈ L(H), there exists a partial isometry u such that
A = u|A|, and that u is unique subject to the condition that its initial domain is
(kerA)⊥. The final domain of this u is AH = (kerA∗)⊥. Such a decomposition
is called the polar decomposition of A.

A.1.2 Some Classical Banach Sets of Bounded operators

The trace of a positive operator is

TrA :=

∞∑
n

⟨en|Aen⟩

where (en) is an orthonormal basis of H. This value does not depend on the
choice of the orthonormal basis.

The set L2(H) of Hilbert-Schmidt operators is the subspace of L∞(H) of op-
erators A such that ||A||2 := (Tr(AA∗))

1
2 <∞. It is a Banach Lie algebra with

the norm || ||2 and the Lie bracket of commutator. It is an ideal of L∞(H).

For any A ∈ L∞(H), the square root of (AA∗) is a well defined bounded
operator and so the set L1(H) of trace-class operators is the subspace of operators
A in L∞(H) such that

||A||1 := Tr(AA∗)
1
2 <∞

It is a Lie algebra for the norm || ||1 and with the Lie bracket of commutator
Note that we have |TrA| ≤ ||A||1 and so L2(H) ↪→ L1(H).
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For any 1 < p <∞, let Lp(H) the subspace of A ∈ L∞(H) such that

||A||p :=
(
Tr(AA∗)

p
2

) 1
p

It is a Lie algebra for the norm || ||p and the Lie bracket of commutator.

We have the following classical properties:

• for 1 < p < 2 < q <∞, we have

(A.1) L1(H) ↪→ Lp(H) ↪→ L2(H) ↪→ Lq(H) ↪→ L∞(H).

Note that Lp(H) is dense in L2(H) and a closed subspace of L∞(H) but is not
supplemented.

• The bilinear map (A,B) 7→ Tr(AB) defines
a strong duality20 pairing between L2(H) with itself;

a weak duality pairing between L1(H) and L∞(H) and, by the way, L∞(H)
can be identified with the dual of L1(H);

a strong duality pairing between Lp(H) and Lq(H) if
1

p
+

1

q
= 1, and so the

dual of Lp(H) can be identified with Lq(H) and conversely.

A.2 Finite Rank and Compact Operators

In this paragraph, the orthonormal basis (en) for H is fixed. Let Lfin(H) be
the set of operators A ∈ L∞(H) whose range is finite dimensional. On the
other hand, A ∈ L∞(H) is called compact if the image of the closure of the
unit ball in H is relatively compact. We denote by LK(H) the set of compact
operators on H. The following results on the space LK(H) are classical but for
the sake of completeness, we refer to the concise and complete notes of Bourbaki.

• LK(H) is the closure of Lfin(H) in L∞(H) relative to the norm || ∥|∞. In
particular, LK(H) is closed in L∞(H).

• LK(H) is an ideal in the algebra L∞(H). In particular, LK(H) is a Lie
subalgebra of L∞(H).

• L2(H) ⊂ LK(H).

20A non degenerate bounded bilinear (x, y) 7→< x, y > between convenient spaces E and F is
called a weak pairing. Such a paring is called strong if the map x 7→< x, > (resp. y 7→< , y >)
is a convenient isomorphism from E (resp. F) to the dual of F (resp. of E).
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• L1(H) = (LK(H))′ and (L1(H))′ = L∞(H).

Remark A.3. Consider the map Φ : ℓ∞(N)→ L∞(H) given by:

Φ(λn)(x) =

∞∑
n=1

λn⟨x|en⟩en.

Then we have:

Φ−1(Lfin(H)) = c00(N), that is the set of finite complex sequences;

Φ−1(LK(H)) = c0(N), that is the set of complex sequences which converge
to 0.

Moreover in each previous situation Φ is an isometry.
It is well known that, for 1 < p < 2 < q <∞, we have:

ℓ1(N) ↪→ ℓp(N) ↪→ ℓ2(N) ↪→ ℓq(N) ↪→ c0(N) ↪→ ℓ∞(N)

where each inclusion is continuous. On the other hand, c00(N) ⊂ ℓ1(N) is a
convenient space as a direct limit of ascending sequence of finite dimensional
Banach spaces, say ℓ(n) of finite sequences defined on {1, . . . , n} (cf. proof
of Proposition A.4). Moreover, c00(N) is dense in ℓ1(N) and its inclusion is
continuous according to its convenient topology.

As in Remark A.3, we have a comparable situation for the previous spaces
of bounded operators:

Proposition A.4. The set Lfin(H) has a structure of convenient space which
is dense in L1(H) and the inclusion is continuous according to the convenient
topology on Lfin(H) and the Banach structure on L1(H). In particular, for 1 <
p < 2 < q <∞, we have the chain of continuous inclusions:

(A.2) Lfin(H) ↪→ L1(H) ↪→ Lp(H) ↪→ L2(H) ↪→ Lq(H) ↪→ LK(H) ↪→ L∞(H),

for 1 < p < 2 < q <∞, and Φ−1(Lk(H)) = ℓk(N), for any 1 ≤ k ≤ ∞

Proof. Let Hn be the vector subspace of H generated by {e1, . . . , en}. We
consider the canonical inclusion ιn : Hn ↪→ Hn+1. If L(Hn) is the Banach space
of continuous endomorphisms of Hn, we have an evident inclusion ιLn : L(Hn) ↪→
L(Hn+1). By the way, the sequence {L(Hn), ιLn}n∈N is an ascending sequence of

Banach spaces and so its direct limit lim−→L(Hn) =
⋃
n∈N

L(Hn) is contained in a

convenient subspace of L1(H). Since L(Hn) is a Banach subspace, each inclusion
ιLn of L(Hn) into L1(H) is continuous and so is the inclusion lim−→ι

L
n of lim−→L(Hn)

in L1(H) (cf. [CaPe23], 5.4).
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Note that lim−→L(Hn) =
⋃
n∈N L(Hn) is also contained in Lfin(H). Consider

A ∈ Lfin(H). Then the Kernel K of A is finite codimensional and its range R =
A(E) is finite dimensional. Therefore, thee exists n ∈ N such that K +Hn = H
and R ⊂ Hn. Thus the restriction An of A to Hn belongs to L(Hn). Now, for
any m ≥ n, the restriction Am to Hm also belongs to L(Hn) and the restriction
of Am to Hn is An. It follows easily that A = lim−→An and, finally, we have

lim−→L(Hn) = Lfin(H), which ends the proof of the first part.

Relation (A.2 ) is then a direct consequence of the previous result and (A.1).
Finally, the last part is a consequence of Remark A.3 and the definition of each
Banach space Lk(H) for 1 ≤ k ≤ ∞.

A.3 Von Neuman Algebra and Groupoid

A.3.1 Definition of a Von Neumann Algebra

We begin by some recalls on some usual topologies on L∞(H).

(1) The norm topology defined norm || ||∞.

(2) The strong operator topology. A basis of neighbourhoods of A ∈ L∞(H)
for this topology is

V (A, x1 . . . , xn, ε) := {B : ||B −Axi||∞ < ε, ∀i = 1, . . . , n}.

(3) The weak operator topology. A basis of neighbourhood of A ∈ L∞(H) for
this topology is

V (A, x1 . . . , xn, η1, . . . , ηn, ε) := {B : |⟨B −Axi|ηi⟩| < ε, ∀i = 1, . . . , n}.

(4) The weak topology is the topology of pointwise convergence on H in the
”weak topology” on H according to the inner product.

We have the following order between these topologies

{weak operator toplology} < {strong operator toplology} < {norm toplology}.

Definition A.5. A *-subalgebra unital M 21 which is closed for the topology of
weak operator topology of L∞(H) is called a Von Neuman algebra.

Remark A.6. For any Banach space E, a predual of E is a Banach space E∗ such
that (E∗)

′ is isomorphic to E. In general, when a predual exists, it is not unique.
We say that E∗ is a strong unique predual if E∗ ⊂ E′. S. Sakai (cf. [Sak71]) has
shown that there exists an equivalence between weak closed *-subalgebras M
of L(H) and C∗-algebras M of L(H) which having a strong unique predual M∗.
For instance, L1(H) (resp. (LK(H)) is the predual of L∞(H) (resp. L1(H)).

21This means that M is stable by adjoint operation and contains the identity.
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Examples A.7.

1. Any finite dimensional *-subalgebra of L∞(H) which contains Id.

2. L∞(H).

3. The algebra of essentially bounded measurable function on ([0, 1], dx)

A.4 Groupoid Associated to a Von Neumann Algebra

For this paragraph, we refer to [OdSl16].

Let M be a von Neumann algebra. We denote by L(M) the set of projections
of M and by U(M) the set of partial isometries of U(M), that is,

L(M) := {p ∈M, : p = p2 = p∗} and U(M) := {u ∈M, : u∗u = 1 = uu∗}.

L(M) is an ordered set by p ≤ q ⇔ pq = p. In fact L(M) is a lattice 22.

For x ∈ M, we consider its polar decomposition x = u|x|. In fact, since

|x| = (x∗x)
1
2 , then |x| belongs to M+ := {x ∈M, : x∗ = x > 0} and u ∈ U(M)

and so s(|x|) := u∗u belongs to L(M). Note that t(|x∗|) = uu∗ also belongs to
L(M).

We denote by G(pMp) the group of invertible elements of the Von Neuman
subalgebra pMp of M and U(pMp) the group of invertible elements of pMp.
Note that for p = Id one has pMp = M, so the corresponding groups are simply
denoted G(M) and U(M) respectively.

Note that for any x ∈ M, |x| belongs to pM where p = s(|x|) := u∗u. By
the way, we consider the set

G(M) := {x ∈M, : |x| ∈Mp, p = s(|x|)}.

The following theorem summarizes some essential results proved in [OJS18],
2:

Theorem A.8.

1. G(M) has a canonical structure of groupoid over L(M) where, according
to polar decompositions, we have:

(i) the identity section 1 : L(M)→ G(M) is the inclusion;

(ii) the source s and the target t from G(M) to L(M) are given by

s(x) = u∗u and t(x) = uu∗;

(iii) the multiplication m(x, y) is the multiplication in the algebra M if
s(x) = t(y);

22A partially ordered set (L,≤) is called a lattice if each two-element subset {a, b} ⊆ L has
a least upper bound, denoted by a ∨ b and greatest lower bound, denoted by a ∧ b.
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[iv) the inverse i : G(M)→ G(M) is defined by i(x) = |x|−1u∗ if the polar
decomposition of x is u|x|.

2. The set of partial isometries U(M) is a wide subgroupoid U(M) ⇒ L(M).

A.5 Orbits of Von Neumann Algebra Groupoids

For this paragraph, we again refer to [OJS18].
Given a Von Neumann algebra M, recall that two projections p, p′ ∈ M

are called Murray-von Neumann equivalent and denoted p ∼ p′ if there exists
u ∈M such that p = uu∗ and p′ = u∗u. Fix some p0 ∈ L(M) and set

Lp0 := {p ∈ L(M) : p ∼ p0} and Gp0(M) := t−1 (Lp0(M) ∩ s−1 (Lp0(M))

Then Gp0(M) ⇒ Lp0(M) is a subgroupoid of G(M ⇒ L(M). If p ∼ p0, then we
have Gp(M) ⇒ Lp(M) and Gp0(M) ⇒ Lp0(M) coincide. From Theorem 4.4 and
[OJS18] on the other hand, we have the following illustration of Theorem 4.4 in
this context:

Theorem A.9.

1. Each Gp0(M) ⇒ Lp0(M) is open and closed in the groupoid G(M) ⇒
L(M).

2. The Banach Lie groupoid G(M) ⇒ L(M) is a disjoint union of Banach Lie
groupoids Gp0(M) ⇒ Lp0(M), p0 ∈ LM). In particular, each set Lp0(M)
is an orbit of the groupoid G(M) ⇒ L(M).

3. If P0 = (s|Gp0
(M))

−1(p0) then P0 → Lp0(M) is a principal bundle with Lie

group G0 = t−1
|P0

(p0).

To be more clear with the link between proofs in [OJS18] and direct appli-
cations of Theorem 4.4, we end this section with the interpretations of these
results in terms of the Von Neumann algebra context according to [OJS18] re-
sults in section 1.

For fixed p0 ∈ L(M), P0 is an open set of Mp0. G0 is the group G(p0Mp0) of
invertible elements of the Von Neumann subalgebra p0Mp0. We have a natural
free right action of G0 on p0Mp0 which gives rise to a G0 principal bundle
P0 → P0/G0 and (P0 × P0) → (P0 × P0)/G0 which are isomorphic to P0 →
Lp0(M). In particular, Lp0(M) (resp. Gp0(M)) is isomorphic to P0/G0 (resp.
(P0×P0)/G0). In fact, we have the following diagram of groupoid isomorphisms
([OJS18], Proposition 1.4)

(P0 × P0)/G0
//

�� ��

Gp0(M)

�� ��
P0/G0

// Lp0(M)
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A.6 Lie Poisson Structures on Von Neumann Algebra Groupoids

A von Neumann algebra also called aW ∗-algebra is a C∗-algebra M which has a
Banach predual space M∗, i.e. M = (M∗)

∗. Denote by L(M) the lattice of pro-
jections p onM such that p = p∗ = p2. If U(M) is the set of all partial isometries
u in M (i.e. u∗u ∈ L(M)) for any x ∈M such that x = x∗ let s(x) be the small-
est projection in L(M) such that s(x)x = x. Let M+ := {x ∈ M : x∗x > 0};
we then have a polar decomposition x = u|x| where u belongs to U(M) and
|x| ∈M+. One has s(|x∗|) = uu∗ and s(|x|) = u∗u. In fact, for any x ∈M, we
have |x| ∈ pMp, where p = s(|x|).
We consider the set G(M) = {x ∈M : |x| invertible in pMp}. From the previ-
ous notations, we have well defined maps s : G(M) → L(M) and t : G(M) →
L(M) respctively given by

s(x) = u∗u and t(x) = uu∗. By the way we have a groupoid structure
GM⇒L(M)(for such a complete description and results see [OdSl16]).
For fixed p0 ∈ L(M) we set P0 = s−1(p0). Then P0 is an open set of Mp0. Thus
the tangent bundle TP0 is isomorphic to P0 ×Mp0 and its cotangent bundle
T ∗P0 is isomorphic to P0 × p0M∗. Consider the predual (Mp0)∗ = p0M∗ of
(Mp0)

∗ = p0M
∗ and so the bundle P0 × p0M∗ is a weak Banach subbundle of

P0 × p0M∗ which defines a weak Banach subbundle T∗P0 of T ∗P0. We denote
by ι : T∗P0 → T ∗P0 the inclusion morphism.
Now according to [OJS18], Proposition 5.2 and Remark 5.1, if ω denotes the
canonical symplectic form on T ∗P0 then ω0 = ι∗ω is a weak symplectic form
on T∗P0. More precisely, if we identify T∗P0 with P0 × p0M∗ and T ∗P0 with
P0 × p0M∗, then T (T∗P0) ≡ (P0 × p0M∗)× (Mp0 × p0M∗) and the range of ω♭0
is then

T ♭(T∗P0) ≡ (P0×p0M∗)×(Mp0×p0M∗) ⊂ (P0×p0M∗)×(Mp0×(Mp0)
∗) ≡ T ∗(T∗P0).

Finally the weak symplectic form ω defines a Lie Poisson structure on the alge-
bra A(T∗P0)) associated to T ♭(T∗P0). In particular, P := (ω♭0)

−1 is a a Poisson
anchor.

On the other hand, we have the pair groupoid T∗P0 × T∗P0 ⇒ T∗P0 and a
Poisson anchor

P×P : T ♭(T∗P0 × T∗P0)→ T (T∗P0 × T∗P0)

In [OJS18], p. 40, it is proved:

Proposition A.10. The groupoid T∗P0 × T∗P0 ⇒ T∗P0 has a sub-Poisson
groupoid structure associated to the following commutative diagram of groupoid
morphisms:

(A.3) T ♭(T∗P0 × T∗P0)

�� ��

P×P // T (T∗P0 × T∗P0)

�� ��
T ♭(T∗P0)

P // T (T∗P0)

92



In fact, the reader will find in [OJS18] an exact sequence of sub-Poisson
groupoids.

A.7 Fredholm Groupoid Associated to the Von Neumann
Algebra M = L∞(H)

In this section, we consider the Von Neumann algebra M = L∞(H) and all re-
sults stated from [OJS18], 6.3.

At first, recall that the Banach predual (L∞(H))∗ is L1(H) and the pairing
between L1(H) and L∞(H) is given by:

⟨A,B⟩ := Tr(AB)

The set L(L∞(H)) of orthogonal projections is isomorphic to L(H) and the
associated set G(L∞(H)) is

{A ∈ L∞(H), : Im A = ImA}

By the way, the groupoid G(L∞(H)) ⇒ L(L∞(H)) can be identified with the
groupoid GH) ⇒ L(H) where s(A) = (kerA)⊥ and t(A) = ImA.

Let LN (H) be the set of projections of rank N and we set

Lfin(H) =
∞⋃
N=1

LN (H) and Gfin(H) = s−1(Lfin(H)) ∩ t−1(Lfin(H)).

Then Gfin(H) ⇒ Lfin(H))) is the groupoid of finite rank operators

On the other hand, consider the groupoid G∞(H) ⇒ L∞(H))) of infinitely
dimensional range partially invertible operators. We have an involution
⊥: L(H)→ L(H) defined by ⊥ (p) := p⊥ := 1− p for p ∈ L(H).

Then ⊥ is an automorphism of L(H) and ⊥ ◦ ⊥= IdL(H).

We consider the subgroupoid GFred(H) ⇒ LFred(H)))) of G∞(H) ⇒ L∞(H)))
defined in the following way:

if LFred(H) :=⊥ (Lfin(H)) then GFred(H) = s−1(LFred(H)) ∩ t−1(LFred(H))
Now, as previously, for any fixed p0 ∈ L(H), we can consider P Fred

0 :=
s−1(p0) ∩ GFred(H). To P0 is associated a weak Banach subbundle T∗P

Fred
0 of

T ∗P Fred
0 whose fibers are the predual of fibers of TP Fred

0 . Then by same argu-
ments as in the proof of Proposition A.10 we have:

Proposition A.11. The groupoid T∗P
Fred
0 × T∗P

Fred
0 ⇒ T∗P

Fred
0 has a sub-

Poisson groupoid structure associated to the following commutative diagram of
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groupoid morphisms:

(A.4) T ♭(T∗P
Fred
0 × T∗P Fred

0 )

�� ��

P×P // T (T∗P Fred
0 × T∗P Fred

0 )

�� ��
T ♭(T∗P

Fred
0 )

P // T (T∗P Fred
0 )
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[Glo03] H. Glöckner, Direct limits of Lie groups and manifolds. J. Math.
Kyoto Univ. (JMKYAZ) 43-1 (2003) 1–26.
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son structures related to W ⋆-algebras. Journal of Geometry and
Physics, 12 ,(2018) 385–423.

[OdRa03] A. Odzijewicz, T. S. Ratiu, Banach Lie-Poisson spaces and reduc-
tion. Comm. Math. Phys. 243 (2003), no. 1, 1–54.
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