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Abstract
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convenient Lie groupoid as a generalization of this concept in finite di-
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1 Introduction

In finite dimension, the theory of Poisson groupoids was introduced by We-
instein in [Wei87] as a generalization of symplectic groupoids initially defined
in [CDWS8T7| and in parallel in [Zak90]. Poisson Lie groups and symplectic
groupoids arise naturally in the integration of arbitrary Poisson manifolds (cf.
[CDWRT| and [Kar87]). Weinstein noted that the Lie algebroid dual A*(G) of
a Poisson groupoid G has itself a Lie algebroid structure.

This infinitesimal structure was further developed in [MaXu94]. In this pa-
per, the authors have pointed out a parallel between Lie theory for Poisson Lie
groups and Poisson groupoids. There is a one to one correspondence between



Poisson Lie groups and Lie bialgebras for connected and simply connected Lie
groups. They introduced and studied a natural infinitesimal invariant for Pois-
son groupoids G which is a structure of Lie bialgebroid on its Lie algebroid A(G).

A generalization of Poisson manifold in the Banach setting was firstly pro-
posed in [OdRa03| and developed by A. Odzijewicz and his collaborators. In
parallel, the authors of this work proposed a generalization of such a structure to
the convenient setting called partial convenient Poisson manifold in [PeCal9l.
On the other hand, based on the notion of generalized Banach Poisson manifold,
A. B. Tumpach defined in [Tum20], a notion of Banach Lie-Poisson Lie group.
A comparison of all these generalizations can be found in [GRT23]. In this pa-
per, the interested reader can find many references on the topic.

In [OdSI16], A. Odzijewicz and A. Slizewska associated a Banach Lie groupoid
to W'-algebras. Such a notion of Banach Lie groupoid was developed in [BGJP19]
and produces a link with earlier research on some infinite-dimensional manifolds
associated with Banach algebras. Later, in [OJSI8], A. Odzijewicz, G. Jaki-
mowicz and A. Slizewska defined Sub-Poisson Groupoid again in the context of
W'-algebras and gave many examples in this framework.

The first purpose of this paper is to propose a context in which one can de-
fine a notion of Banach (eventually convenient) partial Poisson and sub-Poisson
groupoid as a a generalization of Weinstein’s arguments in finite dimension,
which recover the results in [OJS18]. Secondly, we show how the results of
[MaXu94] can be adapted to the infinite dimension setting.

This paper is self-contained and is organized as follows:

e Section 2 summarizes all the essential properties of a partial Poisson man-
ifold which are well known (cf. [CaPe23], Chap. 7) and some complements
which are needed in the other sections.

e Section 3 can be considered as a survey of all principal properties of Banach
Lie groups.

e Section 4 shows how Weinstein’s arguments used in [Wei87] can be adapted
to the infinite dimensional setting and which results are still true.

e Section 5 is devoted to the context in which the results of [MaXu94] can
be recovered.

e Section 6 contains essentially the construction of Sub-Poisson structures
on the cotangent bundle of a Lie groupoid.

e In section 7 the previous results are extended to an ascending sequence of
finite dimensional Poisson groupoids and is illustrated by some examples.



e Finally, in an Appendix, we summarize all properties needed to understand
the results on groupoids associated with W’-algebras which are exposed
in this paper.

2 Some Essential Properties of Partial Poisson
Manifolds

This section summarizes all the properties of a partial Poisson manifold which
will be used in the last section. Some of them can be found in [CaPe23|, or are
completed, but the others are new.

2.1 Relations in Linear Poisson and Symplectic Conve-
nient Spaces

2.1.1 Partial Linear Poisson Convenient Spaces

Let E be a convenient space. Denote by E’ its kinematic dual and by < . ,. >
the duality bracket.

Let E” be a vector subspace of E’ with its own convenient structure where the
inclusion of E> — E’ is bounded. The duality bracket < . ,. > between E’ and E
induces a bounded bilinear linear form on E” x E which is left non degenerated
and which will be also denoted by < . ,. > when no confusion is possible in the
context.

A subspace Y of any convenient space X will be call closed if it is ¢*°-closed
according to the terminology used in [KrMi97].

More generally, we systematically adopt notations and terminology used in
[KrMi97].

Definition 2.1. A partial linear Poisson structure on E is the data of

e a vector subspace B° of B/ with its own convenient structure and such that
the inclusion of E” in E' is bounded ;

e a bounded linear map P : E° — E such that
< wl,ng >= - < wg,Pwl >

for all wy and wy in E?.
We then say that (Eb,E,P) 18 a partial linear Poisson space.

If P is a partial linear Poisson structure on E, so is —P. When no confu-
sion is possible, if P is a fixed partial linear Poisson structure on E, we simply
denote by E~ the space E provided with the partial linear Poisson structure —P.



Moreover, if P is a convenient isomorphism, then the 2-form Qp € /\2 E/
defined by
Qp(u,v) =< P~ (u),v >

is a weak symplectic form on E if it is closed.

When E° = E’ then Qp is a linear strong symplectic form. In general, when
E* # E’, Qp is a linear symplectic form on E. Conversely, if Q is a weak
symplectic linear form on E and let E” the range of associated the linear operator
O :E = E. Then P = (Q°)~!: E” — E is a partial Poisson structure which is
a convenient isomorphism. This justifies the following terminology:

Definition 2.2. Let P : E* — E be a partial Poisson structure.
If P is a convenient isomorphism, we say that P is a partial linear symplectic
structure on E. When E* = E' we will simply say that P is linear symplectic.

If P is a partial linear symplectic structure, then — P is also of the same type.
Again, if no confusion is possible, we denote simply E~ this opposite structure.

Definition 2.3. For any subspace F of a convenient space E, the annihilator
of F is the subspace

F*:={a€E: VueF, < a,u>=0}
Definition 2.4. Let (Eb,]E,P) be a partial linear Poisson space.
1. Given a vector subspace A C E°, the vector space
AP ={weF : YacA <w,Pa>=0}

is called the orthogonal of A relative to P.
The space A is called isotropic if A C A+P.

2. If F is a convenient subspace of E (that is F is ¢ closed) we set
FO:={aecF: VueF, <au>=0}
The orthogonal F-7 of a convenient subspace F of E is the vector space
FLr = P(F°).

The space F is called coisotropic if FO is isotropic in E°.

Lemma 2.5.
1. The kernel of P is always contained in A*P for any subspace A of E.
2. If A is a vector subspace of E’, then ALP is always ¢ closed in E”.
3. If F is the ¢®-closure of a subspace F of E, we have F* = (F)°.
4. If F is a subspace of E, then both (F°)~# and F° contain ker P.



5. T is coisotropic if and only if
V(w1,wa) € (IFO)27 < wi, Pwy >=0.

6. If F1 C Fy and Fy is coisotropic, so is Fy.

Notations 2.6. From now on, in this section, for any (]Eb,E,P) be a partial
linear Poisson space, we set

Qp(a, B) =< a,PB > .

Note that since since the inclusion of E’ in E' is bounded, the dual bracket
< . ,. > in restriction to E°,E also bounded. Thus, since P is bounded, it
follows that Qp is a skew-symmetric bilinear form on E.

Proposition 2.7. Let (E",E, P) be a partial linear Poisson space such that P
1s an isomorphism. Consider the symplectic form Qp on E defined by

Qp(u,v) =< P~ (u),v > .
If F is any c*°-closed subspace of E, we have
F7 = {ucE,: Yo €F, Qp(u,v) = 0}.
Moreover, we have (IFJ-P)J'P =TF if F is closed.

Now, following the classical terminology (cf. [Wei88]), we have:
Definition 2.8. Let (Eb, E, P) be a partial linear symplectic space. A convenient
subspace F of E is called Lagrangian if P(F°) = TF.
We say that a Lagrangian space F is a split Lagrangian if F supplemented in E
by a Lagrangian space.

Note that in a partial symplectic structure, any Lagrangian space is also
coisotropic. However, any Lagrangian space is not supplemented in general.
Even more, the reader will find in [KaSw9§| an example of linear symplectic
Banach space in which any Lagrangian space is not supplemented.

Proposition 2.9. Let (E’,E, P) be a partial linear Poisson space. If F a con-
venient subspace of E, we have the following properties:

1. P((F%)1#) =F N P(E") and so F is coisotropic if and only if F+7 C F.
2. The following properties are equivalent:

(i) F is coisotropic ;

(ii) TN P(E") is coisotropic in E.



2.1.2 Linear Poisson (symplectic) relations

Definition 2.10. For i € {1,2}, let (E?,Ei,Pi) be a partial linear Poisson
space.

A bounded linear map ¢ : B1 — Eg is called a Poisson morphism (resp. an
anti-Poisson morphism ) if the adjoint ¢* of ¢ satisfies

{45*(1535) c K
P, = ¢oPiog” (resp. Pp=—¢oPiog"). "

Moreover, if each P; is partial symplectic and a Poisson morphism (resp. anti-
Poisson morphism), ¢ is then called a partial symplectic morphism (resp. par-
tial anti-symplectic morphism).

The product E; x Ey can be provided with two linear partial Poisson struc-
tures:

1. Py g E} x Ej — E; x Ey given by Pg, xk, = (P, P»)
2. Py gyt Ef X E, — E; x Ey given by Pg, xg, = (P1, —P»).

Note that if each P; is a partial (resp. strong) symplectic so are PEIX]E;

and PEIX]EQ_. For simplicity, we denote by Ef x EJ and Ef x E; this first and
second structure respectively.

Recalling that the graph E| of ¢ is
Gy =A{(u,d(u)), ueEq}.

we then have the following characterization of a Poisson morphism:

Proposition 2.11. A bounded linear map ¢ : B — Eo such that ¢* (Eg) C IE?
is a partial Poisson morphism (resp. anti-Poisson morphism) if and only if its
graph is coisotropic in Eq x ET (resp. Ef x Ey).

Moreover, if Py and Py are partial symplectic, ¢ is a partial symplectic or partial
anti-symplectic map, respectively, if and only if its graph is Lagrangian in 1 X
E] orin E™ x Eg respectively.

Proof. Note that since ¢ is bounded Gy, is closed (cf. [Baml16], 1.1)
* b
(2.1) {(¢"(a), ), a € E3}.
is ¢ closed (cf. [Baml@], 1.1).
For the partial Poisson structure PEle;, we have
* b
P, xey ((G9)?) = {(P(¢"(a), Po(a)), a € E3}.
IThis notation is classical. However, usually, in finite dimension in the classical papers on

symplectic groupoids or Poisson groupoids (cf. [Gui75], [CDWS8T7|, [AIDa90], [Wei88| among
many others) the graph of such a map is denoted Gy = {(¢(u),u) u € E1}.




Now, if ¢ is a Poisson morphism, we have P, = ¢ o P} o ¢* and so

Py 5, ((G)°) = {(Pro¢*(a),¢(PLo¢"())), o € E3}.

which is contained in Gg.

Conversely, if Py Ej ((G¢)O) is contained in G, this implies that P» = ¢po P o
o

Assume that P; and P, are partial symplectic if G4 is Lagrangian, then this
implies that ¢ is a Poisson morphism.

Conversely, assume that ¢ is partial symplectic, this means that P; and P» are
isomorphisms, so Py E is an isomorphism from Eg X EZ to E; x Es. Thus it
remains to show that

PIE_lle;(G¢>) C (Gy)’.

But we have

Pﬁlei (Gg) = {(P7*(u),—Py'od(u)), ueck}
= {(¢” (PQ_1 o ¢(u)) ,—Pytod(u)), uecE}.

which is included in (G4)°? from (2.1). =
More generally, following [Gui75|, [CDWST], [AIDa90] and [Wei8g], we in-
troduce the following notions:

Definition 2.12.

1. Any closed subspace R C Eq x Eo will be called a linear relation.
Given a linear relation R C E1 X Eo, we will say that R is a linear relation
from Eq to Eo and we will write R : E; — Es.
If E1 = Es, we simply say that R is a relation in E.

2. Let R : E1—Es and S : Es—E3 be two relations. The composition S o R
is the relation S o R : E;—E3 given by

SoR={(z,2) €Ky xEy : (2,y) € R and (y,z) € S for some y € Ea}.

In particular, the graph Gy of a bounded linear map ¢ : E; — Eg (which is
always a convenient subspace of E; x Ey) is a linear relation.
We will reserve the symbol — for a graph G4 and the symbol — will be used for
a general relation. Of course, if ¢ : E; — E5 and ¢ : E; — E3 are two bounded
linear map. The composition Gy 0 Gg is Gyos.

Now following Weinstein’s terminology ([Wei8§]|), according to Proposition

we introduce:
Definition 2.13.

1. A relation R : E1—Ey is called a Poisson relation, if R is coisotropic
according to the partial Poisson structure P]Elx]E;.



2. If for i € {1,2}, (B2, E;, P,) is partial symplectic, a relation R : Bq—Ey is
called a symplectic relation if R is lagrangian in By, XEj -

As in [Wei8§]|, we begin by the following result which is the version of Propo-
sition 1.3.2 in our context and whose proof used the same type of arguments

Theorem 2.14. Fori € {1,2}, let (E2,E;, P;) be a partial linear Poisson space
and R (resp. C) a coisotropic space of Bq x Eg (resp. Ea). Then

R(C)={y€Es : (z,y) € R for some x € C}.

18 a coisotropic space in Eo.
Moreover, if each Py and Py are partial symplectic and R and C' are Lagrangian,
so is R(C).

Corollary 2.15. Fori € {1,2,3}, let P; : B — E; be a partial linear Poisson
structure on E;. Given two Poisson relations S : E1—Es and T : Eo—E3, T oS
18 a Poisson relation from Ei—E3. Moreover, if each P; is partial symplectic
and S and T are Lagrangian, so is T o S.

Proof. See proof of Theorem 1.3.4 in [WeiS§|. m

2.2 Basic Properties of Partial Poisson Manifolds

All theses properties can be also found in [CaPe23].

2.2.1 Partial Poisson Manifolds

Let M be a convenient manifold modelled on the convenient space M. We
denote by pas : TM — M its kinematic tangent bundle and by p', : T'M — M
its kinematic cotangent bundle.

Consider a vector subbundle p* : T°M — M of p)y, : T'"M — M such that p’ :
T°M — M is a convenient bundle and the canonical injection ¢ : T°M — T'M
is a convenient bundle morphism. Such a bundle p® : T°M — M will be called
a weak subbundle of p)y, : T"M — M and its typical fibre is denoted M.

We denote by < . ,. > the canonical bilinear crossing between T'M and TM.
Since the inclusion ¢ of T°M in T’M is an injective bundle morphism, we have
an induced bilinear pairing < . ,. >* on T° M x T'M defined by

(a,u) »< a,u S=cioau>.

which is continuous and left non degenerate. In the following, since no confusion
is possible, this pairing will be also denoted < . ,. >.

According to [KrMi97], Definition 48.5, we introduce, for any open set U in
M, the set A(U) of smooth functions f € C°°(U) such that, for any k € N* and
any x in U, the derivative
d*f(x) € LF  (T.M,R) satisfies:

sym

(2.2) Y(ug, ... ,up) € (T M) d¥ f( . ua, ... up) € TOM.



Remark 2.16. In particular, the previous condition implies that, for any bounded
linear functional A on T2M, then u ~— A(d*f(u,usa,...,u)) is bounded on
bounded sets of T, M.

The sets {A(U) C C*°(U), U open in M} define a sub-sheaf 2, of the sheaf
C%e = {C>=(U), Uopen set in M} (cf. [CaPe23]). Of course, if T°M = T'M,
then Ay, = Cfg.

We then have the following properties of 2(U)) proved in [CaPe23]:
Proposition 2.17. Fiz any open set U in M.
1. The set A(U) is a subalgebra of C(U).

2. For each k € N, any local vector fields X1, ..., Xy onU and any f € A(U),
the map
x = dif(Xq,..., Xp)(x) belongs to A(U).

Then {2(U) C C*>°(U), U open set in M} defines a sub-sheaf Ay of the
sheaf
C%e = {C>®(U), U open in M} (cf. [CaPe23]). Of course, if T° M = T'M, then
Ay = CFF.

A morphism P : T°M — TM is called skew-symmetric if it satisfies the

relation
< fap(ﬂ) >=—-< 777P(f) >

for all sections & and n of T°M.
Given such a morphism P, for each open set U in M, on 2A(U) we define:

(2.3) {f,9}v = — <df,P(dg) >=<dg, P(df) > .
In these conditions, the relation defines a skew-symmetric bilinear map
{, Ju:2AU) xAU) = AU)
which satisfies the Leibniz identity

{fv gh}U = g{f7 h}P + h{f7g}U

(cf. [PeCald], 2.1).
In fact, the family of the bilinear maps { , }¢ defines a sheaf of brackets which
will be denoted {, }p

Definition 2.18. Let p* : T°M — M be a weak subbundle of py, : T'"M — M.

1. Any skew-symmetric morphism P : T°M — TM a is called an almost
Poisson anchor and { , }p an almost Poisson bracket.
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2. Given an almost Poisson anchor P : T°M — TM, we say that P is a
Poisson anchor if the associated bracket { , }p satisfies the Jacobi identity

{f g, htptp +{g,{h, f}rtr +{h,{f,9}p}r =0.

In this case, (TbM, TM,P,{, }p) 1s called a partial Poisson structure on
M.

As classically, given a partial Poisson structure (T"M ,TM,P{, } p), any
function f € A(U) is called a Hamiltonian and the associated vector field Xy =
P(df) is called a Hamiltonian vector field.

We then have {f,g} = X;(g) and also [Xy, X;] = Xf 4y (see [NST14]),
which is equivalent to

(2.4) P(d{f,g}) = [P(df), P(dg)]-

If (TbM, TM,P,{, }p) is a partial Poisson structure on M, then, for any
open set U, the space 2A(U) provided with the Poisson bracket { , }p has a
structure of Lie algebra, called classically a Lie-Poisson algebra and, according
to (2.4), the Poisson anchor P gives rise to a Lie algebra morphism from 21(U)
to the Lie algebra X(U) of smooth vector fields on U.

2.2.2 Poisson bracket associated to a convenient Lie algebroid

We recall some results of [CaPe23], Chap. 7 and, as in §[2.2.1] we consider the
set 2A(U).

Let 7 : A — M be a convenient vector bundle and 7’ : A" — M its associated
dual convenient bundle. We consider closed subbundle ¢® : T° A" — A’ of
qaT'A — A

Definition 2.19. Let U be an open set in M and denote by Ay (resp. Ay;) the
restriction of A (resp. A’ ) to U. A function ® € C*(A}) is called linear, if
the restriction of ® to each fibre A’ is a linear map into R E|

Let a be a section of Ay and denote by ®, : A’ — R the smooth map defined
by

(2.5) ®,(0) =< o,a0m (o) >.
It is clear that ®, is linear.

We denote by A(A};) the set of smooth functions on A}, which satisfy the

properties of ([2.2)).
According to [CaPe23]|, 6.3.3, we have:

2Since ® is smooth, its restriction to .4/, is linear and smooth, so must be bounded (cf.
[KrMi97]).
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(2.6)
T'A = {(o0,n,A) e TLA', n=d(for'), A=aon ac(Ay), f e C®U)}

for any small enough open set U around =x.

Each function of type ®, and f o’ are such that d®, and df o n’ belong
to the set ['(T"A};) of section of (1°.A};), for any section a of I'(A};), and any
function f of C*(U).

Let C"(AJ;) the set of smooth maps on A}, whose restriction to each fibre
A’ is constant. Such a function ¢ naturally defines a function @ on U such that
p=por
Therefore, we can identify the subalgebra {fon’, f € C®(U)} of C”(A};) with
C>=(U).

Now, it is clear that the set C”(Aj;) of functions F € C™(Aj;), whose
differential belongs to T'(T*Al;), has a structure of algebra. Note that from
, if F belongs to A(Aj,), this clearly implies that dF' must be a section of
T° A'. Since dF is a smooth section of T".A" and that T° A’ is closed convenient
subbundle of 7" A', it follows that dF is a smooth section of 7”4}, and so A(AJ;)
is contained in C”(A};). In fact, we have (cf. [CaPe23], Proposition 7.2):

Proposition 2.20. Let U be an open set which is a chart domain. The algebra
A(Ay) is equal to C’b(.A’U). This algebra is generated by functions of type f om,
and ®q, for any f € C°(U) and any a € T'(Ay).

‘We introduce:

Definition 2.21. Consider a partial Poisson structure (TbA', A P{.,.}p) on
A'. We say that P is a linear Poisson anchor, or that the Poisson bracket {.,.}p
is linear if, for any open set U and any linear function ®1 and ®5 in A(A})),
the Poisson bracket {®1, o} p is linear.

The following result is an adaptation of the classical result of equivalence
between algebroid structures on a finite dimensional anchored bundle and linear
Poisson structures on its dual (cf. [CaPe23], Theorem 7.1).

Theorem 2.22. Let P : T° A" — T A’ be a linear Poisson anchor on A'. Then
there exists a unique structure of convenient Lie algebroid (A,m, M, p,][.,.]p)
characterized in the following way, for any open set U in M :

(27) v(al, a2) el (-’4U)2 , (I)[ahaz]p = {(I)ﬂlaq)ﬂz}P
(2.8)  VfeC®U),VYacT (Ay), {®a, fom}pr =df(p(a))om..

where p(a) = Tn'(P(®,)).

Conversely, a structure of convenient Lie algebroid (A, m,M,p,|[.,.],) defines a
unique linear Poisson anchor P : T' A" — T A" which gives rise to a linear Pois-
son bracket {.,.}, on A(Ay), for any open set U in M, which is characterized
by relations and (@ Moreover, the unique structure of convenient Lie
algebroid (A, m, M, p,[.,.]p) associated to P is the original one.
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From Proposition and Theorem we obtain:

Corollary 2.23. Let (A, 7, M, p,|[.,.]p) be a convenient Lie algebroid and {.,.} p
the Poisson Lie bracket associated to this structure. Then (M,C” (A'),{.,.}p)
s a partial Poisson manifold.

2.2.3 Characteristic distribution and foliation

Given a partial Poisson structure (TbM ,TM, P), the family of vector spaces
D:={D, =P(T°M) C T,M, = € M}

is a distribution on M called the characteristic distribution.

In finite dimension, when T°M = T'M, it is well known that the characteristic
distribution gives rise to a Stefan-Sussman foliation and each leaf is a symplectic
immersed manifold.

In the convenient setting, it is not true in general and even in the Banach setting
(see Remark [2.2F)). However, we have the following sufficient conditions under
which such an analogous result is true (cf. [PeCal9]).

Theorem 2.24. Let (TbM, TM, P) be a partial Banach Poisson manifold such
that the kernel of P is supplemented in each fibre T2M of T° M and P(T°M) is
a closed distribution. Then we have the following:

1. D = P(T"M) is integrable and the foliation defined by D is an almost
symplectic foliation, i.e. on each leaf N of this foliation, we have a unique
non degenerate smooth skew symmetric bilinear form wy on TN such that
for any u and v in T, N, then wy(u,v) =< a, P(8) > for any o, 3 € T2 M
with P(a) = u and P(B) = v.

2. On each mazimal leaf N, let wyn be the natural weak symplectic form on
N. We denote by &, (V) the bubset of f € C>°(V) such that df belongs
to the range w’ (TV). Then the restriction fx to UNN of any f € E(U)
belongs to €, (U N N) and we have, for any f and g in E(U),

{f\N»g|N}P|N ={fn,9n}wn-

Remark 2.25.

1. In general, in the convenient setting, the characteristic distribution need
not be integrable. Even in the Banach setting, if the distribution D is not
closed, we think that the D is not integrable, but, unfortunately, we do
not have any example.

2. The Theorem [2:24] gives sufficient conditions for the integrability of the
characteristic distribution and, on each leaf IV of this foliation, the 2-form
wy is not closed a priori (as asserted in [PeCal9]). But, in fact, wy is
effectively closed. Indeed, according to Lemma [2.26] for any = € M, there
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exists an open set U around z such that, any o € T;M can be written o =
d, f for some local smooth function f : U — R. Thus, fori € {1, 2,3}, each
X; € T, N can be written X; = P(d,f;) for some f; locally defined around
z. Each Hamiltonian field is tangent to the characteristic foliation and the
tangent space of a leaf N at x is generated by the value at x of the set of
Hamiltonian field {X;, f € £(U)}. According to the Cartan’s formulae of
the exterior derivative in the expression of dwy (Xy,, X¢,, X¢,), the Jacobi
identity appears twice for the triple (fo, f1, f2). Since the Poisson bracket
{, }p satisfies the Jacobi identity, it follows that wy is closed.

3. When (T°M,TM, P) is a partial symplectic structure, even in the con-
venient setting, the characteristic distribution is TM and then the char-
acteristic foliation is reduced to one leaf that is M. So, the argument in
Point 2. is then valid and so M is a weak symplectic manifold.

2.2.4 Partial Lie Algebroids and Partial Poisson Manifolds

We refer to[CaPe23|, 3.18.4 for the notion of partial convenient Lie algebroid
and we will use the same notations. At first we have the fundamental result:
(cf. [CaPe23], Lemma 7.3).

Lemma 2.26. Let (T°M, M, P,{.,.}p) be a partial Poisson structure.
For each x € M, there exists an open neighbourhood U of x such that the vector
space B, (U) = {d..f, f € A(U)} is equal to the fibre T2 M.

Then we have (cf. [CaPe23], Proposition 7.3 and Corollary 7.2).

Proposition 2.27. Let (T°M,P,{.,.}p) be a partial Poisson structure. We
denote by Ps the sheaf of A(U)-modules generated by the set {df, f € A(U)}.

Then we have the following properties:

1. We can define a sheaf of almost brackets [.,.]p on the sheaf Pas by:

(2.9) [Oz,ﬁ]p :Lp(a)ﬁ—Lp(g)Oé—d<a,P(ﬁ) >

for any open set U in M and any sections o and 8 in B(U) where Lx is
the Lie derivative.
Moreover, [.,.|p satisfies:

(2.10) Y (f.9) € (AUV))*, [df,dg]p = d{f.g}p.

2. (B, [.,.]p) is a sheaf of Poisson-Lie algebras.
In particular, (TbM, p'}w, M, P, ‘BM) 18 a strong partial convenient Lie al-
gebroid and (TbM, M, P, ., .]p) is an pre-Lie algebroid that is P satisfies
P([e, Blp] = [P(c), P(B)] for all local sections o, B de T° M. Moreover, if
P is an injective morphism, then (T"M7 p?vf, M, P, ‘BM) 1s a Lie algebroid.
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Remark 2.28. In fact, Assertion (1) of Proposition [2.27] is also valid if we only
assume that P is an almost partial Poisson anchor. The proof of this assertion
only uses the fact that P is, in particular, an almost partial Poisson anchor
(cf. Proof of Proposition 7.3 in [CaPe23], p. 317). Note that, in this case, we
only have a well defined almost Poisson bracket {f,g}p =< dg, Pdf > on each
algebra 2(U) for any open set U in M.

2.2.5 Jacobi Identity and Schouten Condition

It is well known that, in finite dimension, if P : T*M — TM is an almost

Poisson anchor, then we have a skew symmetric contravariant tensor A of type
(2,0) on T*M defined by

(2.11) Ale, B8) =< B, Pa > .

Then P defines a Poisson structure on M if and only if the Schouten bracket
[A, A] vanishes identically on M (cf. [Lic77]). In fact, the property [A, A] =0 is
equivalent to the Jacobi identity of the bracket {.,.} p naturally associated to P.

Now consider an almost Poisson anchor P : T°M — T M.
On the one hand, as in finite dimension, one can associate to P a skew symmetric
contravariant tensor A of type (2,0) on T°M defined by

(2.12) A, B) =< B,Pa > .

On the other hand, on any open set U in M, and for any o; and o9 in PB(U),
the map
[P, P] : BU) x P(U) — X(U) given by

(2.13) [P7P](0'1,0'2):P([Ul,dg}p)—[PUl,PO’Q]

Then [P, P] is a tensor of type (2,1) with takes values in TM. On the other
hand, as in finite dimension, to P is associated a skew symmetric tensor A on
T° M of type (2,0) also defined by . Thus we can consider the tensor [A, A]
of type (3,0) on T° M defined by

(214) [A,A](O'17O'2,U3) =< 03,[P,P}(O’2,0'1),
for any o; € P(U) for i € {1,2,3}.

Definition 2.29. Let P : T°M — TM be an almost Poisson anchor and A
the associated contravariant tensor of type (3,0). Then 2[A,A] is called the
Schouten bracket of A.

Note that this Definition is justified in [CaPe23|, 7.2.2. Now, as in finite
dimension, we have (cf. [CaPe23], Theorem 7.2):

Theorem 2.30. Let P : T°M — TM be an almost Poisson anchor and A the
associated contravariant tensor of type (3,0). Then P defines a partial Poisson
structure on M if and only if [A,A] = 0.
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2.3 Partial Poisson Bialgebroid and its Associated Coho-
mology

In this section, we consider a partial Poisson manifold (M, 2y, {.,.}p). We
have seen that (7'M, p’,;, M, P,Bxr) is a strong partial Banach Lie algebroid
and (T",p?wh M, P, ']p) is an almost Lie algebroid (cf. Proposition (2)).

2.3.1 Partial Bialgebroid

According to [CaPe23], 3.18.6.4, let dp be the associated exterior differential
associated to the strong partial Lie algebroid (T’M, p?vn M, P, s)’SM). Then, if
X is a vector field defined on an open set U in M, according to [CaPe23],
Example 7.4, X can be considered as an element of \' T*(T”M), so we have:

(215) dpX(a, B) =LE < B, X > —Lj <a,X > — < [o, f]p, X >.

Therefore, as for finite dimensional Poisson manifolds ([Lic77]), we have (cf.
[CaPe23], Proposition 7.8):

Lemma 2.31. Let A be the Poisson tensor associated to P. Then with the
previous notations we have:

1. dPX = —LxA,'
2. dp[X,Y] = LxdpY — LydpX.

Remark 2.32. In finite dimension, recall that a Lie bi-algebroid is a pair of
Lie algebroids (A, m, M, p,[.,.]4) and (A, 7', M, p',[., Ja’) where 7’ : A" = M
is the dual bundle of 7 : A — M with the following compatibility condition

dy[X,Y]a = LxdyY — Lyd,- X,

for all sections X and Y of A and d, (resp. d,) is the exterior differential
associated to the Lie algebroid (A, w, M, p,[.,.]J4) (vesp. (A", @', M, p',[.,.]a)).
(cf. [MaXu94] ).

In particular, if M is provided with a Poisson structure defined by a bivector
A and a Poisson anchor P : T*M — M, then the pair (TM,pra, M,1d,[.,.])
and (T*M, pr«nr, P, [.,.]p) is a Lie bi-algebroid (cf. [MaXu94]. According to
our notations, in this finite dimensional context, the compatibility relation is
exactly Proposition 2.31] (2).

Unfortunately, in our infinite dimensional context, even if T°M = T'M, the
Poisson structure, in general, does not provide 7'M with a Lie algebroid struc-
ture.

Taking into account Proposition we propose the following generaliza-
tion of the notion of Lie bialgebroid in finite dimension:

Definition 2.33. Let (E,m, M,p,][.,.]r) be a Banach Lie algebroid. Let 7' :
E' — M be the dual bundle of E. Assume that there exists a weak Banach
subbundle ©° : E* — M with the following properties:
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e " CFE, "= 7T|’E,, and the inclusion v : B> — E' is a bundle morphism;

e there exists a pre-Lie algebroid structure (E°, w°, M, o°,[.,; ]E> on E” and
also a strong Lie algebroid structure on E°.

We denote by d, (resp. d») the exterior differential on E (resp. E°) associated

to these structures. We say that the pair (E, Eb) is a partial bialgebroid if, for
any open set U in M, we have:

b b
dp[X,Y]p = L5dyY — LY dp X,

for all sections X andY of Ey, considered as 1-forms on E°.

Examples 2.34.
1. Any finite dimensional bialgebroid (E, E’) is a partial bialgebroid.

2. From Proposition [2.31] to any partial Poisson manifold (M, Ay, {.,.}p)
is associated a partial bialgebroid (TM,T°M) (see also Theorem [3.26

Proof of Lemma Fix some open set U in M. All sections a and
of T'"M and vector fields X and Y considered in this proof are assumed to be
defined on U.

1. Using the expression of the Lie derivative of a 2-form, we get:
(2.16)
LxA(a, B) = — < 6,[P(), X] > + < o, [P(8), X] > —X(< 8, P(a) ).

On the other hand, using the exterior derivative of a 2-form on a partial strong
convenient Lie algebroid (cf. [CaPe23|, 3.18.6.3), we have

(2.17)  dpX(a,B) =P(a)(< ,X >) - PB)(< a, X >)— < [a, Blp, X > .
Using the value of [a, 8] p, we get:

dpX(a, ) =< B,[P(a),X] > — < o, [P(B), X] > +X(< B, P(c) >)
which ends the proof of (1).

2. From the value of a Lie derivative and (1), we have:

LxdpY(a, ) = X{dpY(e, )} —dpY(Lxa,B) —dpY(a, Lxp3)
= X{Y{< B,P(a) >}} - X{< Lya,P(B) >} + X{< Ly S, P(a) >}
-Y{< LxB,P(a) >}+ < LxLya,P(8) > — < Ly, P(Lxa) >
—Y{< B,P(an) >}+ < LyO&,P(Lx,B) >—-< LxLyﬁ,P(Oé) > .

By permutation of X and Y, we obtain the corresponding expression of Ly dpX .
By a direct calculation, we obtain easily that

(2.18)

LxdpY—LydpX = [X, Y]{< OL,P(B) > =< L[X7y]Ot,Pﬂ >+ < L[X,Y]ﬂ,P(Oé),

which is exactly dp[X,Y](a,5). =

3¢f. Proposition ﬂ
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2.3.2 Convenient Linear Partial Poisson Spaces

The concept of Banach-Lie Poisson space was introduced in [OdRa03|] and gen-
eralized in [Tum?20] or in [NST14], Example 2.10.

In this section, we propose a generalization of this concept to the convenient
setting.

Definition 2.35. Let g be a convenient space. Consider a convenient subspace
o of g’ so that the inclusion is bounded and P : T’ g:=gx g’ — Tg=g x g is
an injective almost Poisson anchor.

We say that (g,gb, P) is a convenient partial Lie-Poisson space if g is provided
with a Lie bracket [.,.]" such that, for all x € g,

(2.19) P(lov, B) (@) = [Pa, PB](x)
where a and 3 are considered as functions in A(g) := {f € C>(g),: d, f € {z} x g’}
We have the following characterization:

Proposition 2.36. Consider a convenient subspace g’ of g’ such that the in-
clusion is bounded and let P : T°g := gx g” — T'g = g X g be an almost Poisson
anchor. Then (g,gb, P) is a partial Lie-Poisson space if and only if P is a Lie
Poisson anchor.

Moreover, in this case, (Tg,Tbg) is a partial Lie bialgebroid.

Proof. Consider a convenient subspace g’ of g’ such that the inclusion is
bounded and let P : T°g — Tg be an almost Lie-Poisson anchor. We have
an almost Lie bracket on the set 2(g) := {f € C™(g), : dof € {z} x g* de-
fined by {f,g}p =< dg, Pdf >. Then if A is the skew symmetric contravariant
tensor of type (2,0) on T*g associated to P as defined in , the bracket
{., .} p satisfies the Jacobi identity if and only if the Schouten bracket vanishes:

[A,A] = 0 (cf. Theorem [2.30)). But, according to (2.13) and (2.14]), this condi-

tion is equivalent to

(2.20) P(d{f,g}) = [Pdf, Pdg]

for all f, g in 2A(g). This condition implies that,in particular, we have
(2.21) P([o, B]) = [Pa, PP

for all sections a, B of T”g. Since g° can be identified with the set
{fa € A(g) : Va € o, Yz e g, falz) =< a,x >}

then we have a Lie bracket on g” defined by

(2.22) [, 8" = d{fa, f5}-

Thus we have a structure on Lie algebra on g’ and the condition (2.22) is sat-
isfied.
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Conversely, assume that the assumptions of Definition [2.35| are satisfied.
Since P is injective, it follows that the almost Lie bracket on g” defined by
coincides with the given Lie bracket on g’. Thus the relation is
satisfied and so the Schouten bracket of P is zero, which ends the proof of the
first part.

Now under the assumption that (g, o, P) is a partial Lie-Poisson space the
last part is a direct consequence of Proposition ]

Example 2.37. Assume that g” = g/. According to [OdRa03], a Lie algebra g
is a Lie Poisson algebra if the set C°°(g) is provided with a Poisson Lie algebra
{.,.} such that considering its dual g’ as a subset of C*°((g), then {.,.} induces
a Lie bracket on g’. In fact, we have a natural bounded map P:gxg —gxg
such that {f,g} =< dg, P(df) > which is given by Pa(z) = —ad}, z where,
as classically, ad, © = —a o ad, (cf. next Example) which satisfies the Jacobi
identity (cf. [OdRa03]).

Example 2.38. Assume that (g, [.,.]) is a convenient Lie algebra. Then, to
each z € g, we have a bounded linear map ad, : g — g given by ad,(y) = [z, y].
This gives rise to a bounded H coadjoint action of g onto g/ in an evident way.
We also have a bounded coadjoint action

ad*:gxg — ¢

given by ad; o = —aoad, forall z € g and a € ¢'.

Consider a convenient subspace g” of g’ whose inclusion is bounded. If g’ denote
the dual of g°, we have the inclusions: g C g’ C g”’. Assume that the restriction
of the previous coadjoint action to g x g° takes values in g’ and is bounde
When there is no ambiguity, this action will still be denoted ad*.

When g¢” is a separating Lie algebra for g, for any = € g, then the map
Py(a(z)) = —ady(q)(x) is a well defined vector field on g which satisfies the
assumption of Deﬁnitionm Then, in the Banach setting, from [Tum20], The-
orem 3.14, (g, o, P) is a partial Lie-Poisson space in the sense of Definition m
Thus this definition can be considered as an adaptation of Definition 3.12 of
[Tum20].

In [Tum20], the reader will find other more particular and very interesting
examples in the Banach setting.

2.4 Poisson morphisms and Poisson maps
2.4.1 Poisson (resp. symplectic) relations

By analogy with the linear setting, in the context of convenient manifolds, a
relation R : M;—Ms is a closed weak submanifold of M; x M,. Any map
¢ : My x My will be also considered as the relation given by its graph G, =

4Note that this action is continuous for the associated bornological topology of E.
5This condition is automatically satisfied if g” is closed in g’.
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{(z,¢(x)),z € My}. If S: My—Ms3 is also a relation, then the relation So R :
M;— M3 is again defined by

(2.23) SoR={(z,2) € M1 x M3, : (z,y) € R, (y,2) € S, with y € Ms}.
The inverse of R is the relation R~ : My—>M; given by
R™' = {(y,x) € My x M such that (z,y) € R}.
As in [Wei88|, we introduce:

Definition 2.39. For i € {1,2}, let (T°M;,TM;, P;,{, }p,) be a Poisson
structure (resp. symplectic structure). A relation R : My—Ms is a Poisson
relation, if R is a closed weak submanifold of My x Ms which is coisotropic
for the partial Poisson structure (resp. Lagrangian for the partial symplectic
structure) My x My .

Unfortunately, the composition of two Poisson relations is not in general
a Poisson relation and even not a closed submanifold without some adequate
assumptions. In fact, if R : My—M> and S : My—M;3 are Poisson relations,
then the product R x S is a closed submanifold of My x My x My x M3 and if
p1,3 is the projection of M; x My x My x M3 onto M; x Mz then according to

(2.23)), we have:
SOR=p1’3(RX Sﬂ(Ml X Ao XMg))

where As is the diagonal of My x M.

This is why is introduced the following conditions under which S o R will be
a weak closed submanifold in M; x Mz (cf. [Wei88], Definition 1.3.7):

Definition 2.40.

1. A pair (N1, N3) of closed submanifolds of a convenient manifold M is
called a clean pair if N1 N Ny is a closed submanifold of M such that
T(Ny N No) = TN N TN}

2. Let R : My—Ms and S : My—DMs be relations. The pair of relations
(R, S) is called a clean pair if:

(i) If Ay denotes the diagonal in My x Ms, the intersection of the closed
submanifolds R x S and D = M; x As x M3 is a clean pair in
M1 X Mg X M2 X M3,’

(i) S o R is a closed submanifold of My x Ms and the restriction to
(RxS)ND of the projection of p1,3 : My X My X Mo x Mz — My x M3
is a submersion on S o R.

6This notion was firstly introduced by R. Bott in his book [Bot94].
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Remark 2.41. In [Wei88|, A. Weinstein introduced the notion of clean pair and
very clean pair for the finite dimensional context. Definition corresponds
to Weinstein’s notion of very clean pair. But since we will only need the as-
sumptions of this Definition we simply use the terminology ”clean pair” instead
of "very clean pair”.

Note that from [CaPe23], Remark 1.26, if a pair (R, S) of relations is such
that R x S and D are transverse, then the condition (2)(i) of Definition [2.40]
is satisfied, but, in general, the condition (2) (ii) is not satisfied. The following
Lemma gives examples of clean pair of relations:

Lemma 2.42. Consider a smooth ¢ : My — Msy. If p; : My x Ms — M; for
i € {2,3} is the canonical projection, let R : My—Mjz be a relation such that
the restriction of ps to R is a diffeomorphism onto M3 and ¢1(M;) C pa(R). If
we identify ¢ with the relation from My to My given by its graph, then (¢, R) is
a clean pair. In particular, if 1 is a submersion from Mz to My then (=1, ¢)
s a clean pair.

Proof. We consider the relation product

¢ X R = {(xa¢(x)7y27y3)v HARS Mlv (yQayS) € R}

From the assumptions, ¢ x S is a closed submanifold of M; x My x My x M;s
modelled on My x Mi3. If A, is the diagonal of My x Ms and D = M7 x Ay x M3,
then we have

(@x R)ND = {(z,0(x),¢(x),y), with (¢(z),y) € R}
= {(z,0(2), ¢(2),y), (z,y) € My x Ms}.

From the assumptions, it follows that (¢ x R) N D is a closed submanifold in
M1 X M2 X M2 X M3 modelled on M1 X Mg.
Now, for m = (z, ¢(z), #(x),y) € (¢ x R) N D, we have
(2.24)
)

Tn((¢ x R)yNnD
u,v, —v,w) € Ty My X Ty(g) Mo X Ty(zyMa x TyMy, with v = Tpp(u)}
¢

={(
=Ty (¢ x R) N Ty D.

Thus condition (2) (i) of Definition is satisfied.
On the other hand the relation (R o ¢) is
{(z,y) € My x M3 with (¢(z),y) € R}
which, from assumption, is equal to M; x Ms.
Moreover, for any m = (z, ¢(z), (), y) € (¢ x R) N D, according to (2.24)), we

obtain:

Tmp1,3(Tm((¢ X R) n D)) = TLMl X TyMg = T(z,y)(R ¢} d))
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Now, as pié(w,y) = {(z,¢(x), ¢(x),y)} which is reduced to a point in (¢ x

R) N D, this trivially implies that the condition (2) (ii) of Definition is

satisfied. Finally, if ¢ : M3 — My is a submersion, R = ¢! satisfies clearly the

assumptions required for R in Lemma [2:42] This implies the last Assertion. m
Now, for a clean pair of Poisson relations, we have:

Theorem 2.43. Let R : My—Msy and S : My—Ms be Poisson (resp. sym-
plectic) relations such that the pair (R, S) is clean. Then So R : M;—Ms is a
Poisson (resp. symplectic) relation.

Proof. We only consider the case of Poisson relation. The symplectic case uses
point by point the same type of argument.
Since the pair (R, .S) is clean, it follows that for (z,y) € R and (y,z) € S, the
tangent space of Rx SND at m = (z,y,y, ) is the intersection of T,, (R x S) and
T D. From Definition assumption (ii), T),p1 3 is a surjective map from
Tm(Rx S)NT,,D onto T, .S o R. But T(, .y(S o R) is exactly the composition
(T(z,)S) © (T(y,)R) of the linear Poisson relations T{, )R : Tp My—T, Mo and
T(z)S : TyMy—T. Ms. Thus, from Deﬁnition@and Corollary it follows
that S o R is a Poisson relation. m

Let R : M;—M; be a Poisson (resp. symplectic) relation between two
partial Poisson (resp. partial symplectic) manifolds. Given any coisotropic
(resp. Lagrangian) submanifold C' in M, following [Wei88|] (2.1), if {*} is the
trivial Poisson manifold reduced to a point with the zero Poisson structure, then
C' can be considered as a Poisson (resp. symplectic) relation C' : {*}—Mj; since
C' is coisotropic (resp. Lagrangian), C' can be identified with the graph of the
relation C' : {x}—M;. Thus we introduce:

Definition 2.44. Let R : My—M; be a relation and C a closed submanifold of
My. We will say that (R,C) is a clean pair if the pair of relations (R,C) is a
clean pair.

From now on, if (R,C) is a clean pair, we identify R(C) with RoC.
In this way, Theorem [2.43] has the following Corollary:

Corollary 2.45. Let R: My—Ms be a Poisson (resp. symplectic) relation be-
tween two partial Poisson (resp. partial symplectic) manifolds and a coisotropic
(resp. Lagrangian) weak closed submanifold C in M. If (R,C) is clean, then
R(C) is a coisotropic (resp. Lagrangian) submanifold of Ms.

2.4.2 Coisotropic Submanifolds

Fix a partial convenient Poisson manifold (TbM ,TM,P,{, } p). In this way,
for each x € M, P, : szM — T, M is a Poisson anchor.

Definition 2.46.

1. An ideal T in a Poisson Lie algebra € whose bracket is { , } is called
coisotropic if Z is closed under the bracket { , }.
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2. A closed submanifold N of J\4|Z] is called a coisotropic submanifold of M,
relative to P if T,N C T, M 1is a coisotropic subspace of T, M relatively to
P,.

We have the following characterization of a coisotropic weak closed subman-
ifold.

Proposition 2.47. Let N be a closed convenient submanifold of M. Then the
following properties are equivalent:

(a) N is coisotropic.

(b) For any open set U in M, the set In(U) of smooth functions of E(U)
which vanish on U N N s coisotropic in E(U).

(¢) For any open set U and any h € In(U), the Hamiltonian field X is
tangent to N.

Proof. At first, it is clear that the set Zy (U) is an ideal in £(U). For f € Zn(U)
flvnn = 0 then for each x € U, d,f belongs to (T,N)° € T.M. Now from
Lemma it follows that (T,N)® is generated by all the forms {d.f,f €
In(U)} for all z € U. According to Lemma [2.5] 5, the definition of { , }, and
(2:3), NNU is coisotropic if and only if {f,g}p =0 on N NU, which gives the
equivalence between (a) and (b).

The equivalence between (a) and (c¢) is a consequence of Proposition @ applied
at each point z € U according to the definition of X}, and Lemma [2.26] m

Definition 2.48. Consider two partial Poisson structures (T° M;, TM;, P;,{ , }p,)
fori € {1,2} A smooth map ¢ : M — M’ is called a Poisson morphism (resp.
anti-Poisson morphism ) if
* b b
1. . Vr € My, (T¢(z)¢) (T¢(I)M1) C Tle
where (T¢<x)¢>) is the adjoint of the tangent map Tp¢;

2. Ty : T My — TyyMs 15 a (linear) Poisson morphism (resp anti-Poisson
morphism) from (T;Ml,TIMl, (Pl)l.) to (T{;(I)M27T¢(w)M2’ (P2)¢(w)).
If, moreover, each P; is partial symplectic, a Poisson morphism (resp. anti-
Poisson morphism) is called a symplectic map (resp. anti-symplectic map ).
Note that the tangent map T,¢ : T, My — Ty Mz is a linear Poisson
morphism from (T;Ml7 T, My, (P1).) to (T(Z(z)MQ, Ty(z) M2, (P2) () means pre-
cisely that, for any x € M7, we have:
(2'25) (P2)¢>(:1:) = Ta:(b © (Pl)x o (Tm(b)*
As in the context of partial linear Poisson structure, for ¢ € {1,2}, let P; :

T’ M; — TM; be a Poisson anchor on a Banach manifold M;. Then we can
provide the product M; x M, with two Poisson anchors:

"N is a closed submanifold of M if it is a convenient manifold, the inclusion i of N into M
is smooth and 737 is injective with closed range for any x € N.
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1. Pyysar, - TP My x T° My — TM; x TM, given by Pas, xa, = (P, Po);

2. PJV11><M; : Tle X TbMQ — TM1 X TM2 given by PM1><M; — (P177P2)
which will be simply denoted M; x M .

Moreover, if each (T°M;, TM;, P;,{ , }p,) is a partial Poisson manifold on
M;, we obtain in this way two partial Poisson structures on M; x M5 associated
to these previous Poisson anchors. Moreover, if each (T"Mi7 TM;, P, {, }p,i) is
partial symplectic, so are the associated partial Poisson structures on My x Ms.

By application of Proposition 211} the graph of a smooth map ¢ : My x M»
is a closed submanifold of M; x My and from the definition of a coisotropic
submanifold, we obtain:

Proposition 2.49. Consider two partial Poisson structures (T"Mi, TM;, P, {, }pi)
for i € {1,2} and a smooth map ¢ : My — My such that (quﬁ)*(Tg(x)Mg) C

T2 M, for all x € M;.

Then ¢ is a Poisson morphism (resp. anti-Poisson morphism) if and only if the
graph of ¢ is a coisotropic submanifold of My x My (resp. My x Ms). Moreover,

if each partial Poisson structure is partial symplectic or partial anti-symplectic,
then such a map ¢ is partial symplectic (resp. partial anti symplectic) if and
only if the graph of ¢ is Lagrangian in My x My (resp. My x Ma).

2.4.3 Links between Poisson Morphisms and Poisson Maps

The notion of Poisson map is defined as follows:

Definition 2.50. Fori e {1,2}, let
{(&:U:), 4, }v,), for any open subset U; in M;}

be a Lie-Poisson algebras sheaf on M.

A map ¢ : My — Ms is a Poisson map if, for any open set U; in M; such that
o(Uy) C Us, the induced map ¢* : C*(Us) — C*°(Uy), defined by ¢*(f) := foo,
is such that

{ 9" (E(Uz)) < E(Uh)
V(f,9) € &(02)% {6*(f). 6% (9)kr, = ¢*({f.9}p)-

Proposition 2.51. Consider two partial Poisson structures (T"Mi, TM;, P, {, }pi)
fori e {1,2} and a convenient Poisson map ¢.

Then, for any x € M, we have (T;¢)(T(Z(w)M2) C T>M,; and the restriction of
Ty to T(;(x)Mg is a bounded map from T(;(x)MQ to Tng respectively endowed
with their own topology of convenient spaces.

Proof. Fix some x € M; and consider on open set Uy around ¢(z) in My such
that {dfa, fo € &} generates Tg(z)MQ. Let U; be an open set around z in
M, such that ¢*(E(Uz)) C £(Uy). Thus from the definition and properties of
E(U1), this implies that, for any fo € £(Us), the map T;(I)d)(dfg) belongs to
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T;Ml provided with its own convenient structure. This implies that, for any
bounded linear functional X on T2 M, AT} ,y?(df2)) is bounded for any f; such

that dy(,) f2 belongs to a bounded set of Tg(x)
{dg(@) f2, fo € E2}, it follows that T3 ,)¢ is a bounded linear map from T(Z(m)Mg

to T ng endowed with their own topologies of convenient spaces. B

M. Since Tg(x)Mg is generated by

Remark 2.52. Definition [2.50| of a Poisson map is quite different from the
definition given in [Tum20]. From Proposition the condition in the first
assumption is in Tumpach’s Definition but the second one (that is (2.25)) is not
imposed and cannot be satisfied. On the other hand, the definition of a Poisson
morphism (cf. Definition does not require that the restriction of T*¢ to
T;(I)Mg is a bounded map from T(Z x)M2 to Tanl endowed with their own
topology of convenient spaces. Note that both definitions of Poisson morphism
in [CaPe23|] and Definition are coherent.

The following result gives relations between convenient Poisson morphisms
and convenient Poisson maps (cf. Theorem 7.53 and Remark 7.54 in [CaPe23)]):

Theorem 2.53. Consider two partial Poisson structures (TbMi, TM;, P, {, }p,),
for i € {1,2}, such that T°M, is closed in T'M, and let ¢ : My — My be a
smooth map.

1. If ¢ is a convenient Poisson morphism, then ¢ is also a convenient Poisson
map.

2. Assume that the typical fibre Mb of T° My is dense in M/ (typical fiber of
T'M,), for the weak* topology.
Then if ¢ is a convenient Poisson map then ¢ is also a convenient Poisson
morphism.
In particular, if Py is partial symplectic or if T° My = T' My the previous
converse s true.

Sketch of the proof.

Point (i) Suppose that property (CPS) is satisfied. Since the problem is local,
and according to compatible charts as previously, we may assume that, for
i€ {1,2}, U; is a ¢> open set in Mj; such that TM; = U; x My, T°M; = U; x F;
and ¢ is a smooth map from U; — Us where

o Tp¢({z} x M) C {¢(z)} x Mo;
o T76({¢(x)} x Fa) C {x} x Fy.
Moreover, by assumption, F; is closed in Mj.

Since ¢*(f) = f o ¢, we have

dw(f © ¢) = dd)(m)f oT,¢ = T;¢ (d¢(:r)f) .
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Since f belongs to 2A(Us), the map d, f belongs to Tbeg. Thus, the previous
relation implies that d,(f o) belongs to T2 M; and is bounded since F; is closed

in Mj.
As in the proof of Proposition 2.17] 2., by induction, we can show that
d’;(f o QZS) (ula cee ,Uk)

is a summation of terms of type:

(2.26)  dlf (qus (u‘71> T2 (w’") Tl (uf’) N . (u”") )
where
e the set {o',...,0"} is a partition of the set {1,...,k};
e for o, one has:
— each o' is a disjoint union of v; strictly increasing sequence of length 4,
that is O’;» = ((83)17’ (s;)z) if vy; > 1;
— otherwise o is an empty set
e foralll1 <l <kandh+1=k, we have

V1+2V2+---+’L'l/i+-"+hl/h = k’ .
i+ttt = 17

e Ify; >1and o} = ((53-)1,...,(3§)i>,forje{l,...,y,»}, we set

’LLU; = ’U’(s;)p?u(s;)l)
T$¢> (uoi) = Tzl¢ (ucri) "'vT;Qb (UU;",A) );
Note that the term (2.26)) is completely defined by such a partition {o!,..., o"}
and the summation in the expression of d*(f o ¢) (uy,...,ux) is for all such
partitions.

For the end of the proof we need the following Lemma:

Lemma 2.54. Let ¢ be a smooth map from a ¢ open set U around 0 in
convenient space FE1 into a convenient space Fs.

Assume that there exists a convenient space Fy contained in E} with bounded
inclusion and a closed convenient subspace Fy of Ey. If the restriction of (Tp¢)*
to Fy is a bounded linear map from Fs to Fy for any x € U any ug, ..., u, € E1,
then ((TR¢) (., uz, - .., uy))" is a bounded linear map from Fy to Fy, for integer
n and x € U.
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According to this Lemma, we fix such a partition {o',...,0"}. Then 1

belongs to one and only one U;—O = ((S;O)l, cee (s;")zo) and since this sequence

is strictly increasing, we (530)1 = 1. The corresponding term is
I o'0 il . .
Tiog (u ; ) =Tlg (u(sz_o)l,...,u(séo)m).
After deleting Ugty, in this term we obtain the bounded linear map
J

b1 uy = T (uy, Ugio), - ’U(S_io)io)'

By application of Lemma|2.54} the restriction of (g/b:) to Iy is a bounded linear

map into F.
Associated to this partition, we consider again the corresponding term ([2.26]):

(2.27) d;(m)f(ms (u"l) T2 (u") L Tig (u") T (u"))

In this expression, all vectors T}, ¢ (u"l) JT2¢ (u"2) R (u"i) oo, Th <u"h)
belong to
Ty)M1 = Fa, which we denote by v1,...,v,. Among these vectors, we have

one and only one which is equal to a(ul) and we may assume that vy = a(ul)
Finally, after having deleted u; in (2.27)), we obtain a term of type

& (dg(x)f(.,w,...,...vh)).
which belongs to Fy from the construction of (¢1)*. But such a property is true
for any term of the decomposition of d¥(f o ¢)(.,us,...,uy) for any & € N and

any g, ...,uy in T, M;. This implies that d%(f o ¢)(.,uz,...,ux) belongs to
T, M; for any k € N and any us, ..., ux in T, M; and so the proof is completed,
according to Proposition 2.17]

The converse under assumption of Point (ii).
Note that the assumption of Point (ii) is equivalent to the assumption (M) N
M = {0} according to the Bipolar Theorem (cf. [Rud91], Theorems 3.7 and 3.12)
which is equivalent to the property that M’ separates points in M.

Fix some point z € M; and let U be an open set around ¢(z) in M, such that
set {dy(z) f, f € E(U)} is equal to T(Z(I)Mg (cf. Lemma . Since dg (. f) =
(Tyo)(df), and (T d) (T}, Ma) C Ty My, the set {d.(f 0 ¢)), f € E(U)} gener-

ates T;Ml. From the definition of the Poisson bracket from a Poisson anchor,
we have

(2.28) < da(g0 ), Tugpo Pro(Tg,)0)dfa(f 0 ¢)) >=<dy@)9, Pa(dg(a) [ >

for all f,g € E(U).
Then, for any fixed f € £(U) in relation (2.28) we obtain:

< d¢(w)g, T.poPyo (T(Z(I)(b)(dd,(w)f — Pgd(b(w)f >=0
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for any g € £(U). Since the set {dg()g,9 € E(U)} generates Ty(,yz° Mo, it
follows that Ty¢ 0 Pr o (T}, ¢)(dfz(f © ¢)) — Padg(ay f belongs to (Tg(m)Mg)a N
T, M> but by assumption, as we have seen previously, we have (T; Mo)*NTy M, =
{0} for all y € ¢(Mj), so the proof is completed.

Now, if P, P, is partial symplectic then Pj is an isomorphism 7° M, to TM this
necessary implies that (TbeQ)“ NTyM; = {0} for all y € M. The same is also
clear if T° My = T'M,. m

proof of Lemma [2.54. Fix some x € U. By assumption the result is true
for n = 1.

Assume that the result is true for all 1 < ¢ < n. Then according to the definition
of d¢ (cf. [KxMi97], 5.11), we have

. 1 e n—
Tréd(u, ug, ..., u,) = lim (t (Tw_,_tzgi) (ugy ... upn) — Ty 1¢(u2,...,un))> .

t—0

On the other hand, for any « € F5, we obtain

(Tro(ug, ...y up)) (@) =ao (Tyd(, ug, ... up)).
Now the map
(2.29) ts aoTrTh o( u,. .. up)

is a smooth map from E) to Ef.
Thus we have

d e n
%n:o (a o (TI_‘_thgi)(.,uQ, .. ,un))) =ao(Tré(,uug. .. uy)).

But the inclusion of Fy in Fs is bounded, Fj is closed in Ej and the map
(12.29)) takes values in F} from the inductive assumption. This implies that
ao (Tré(.,u,us...,uy)) belongs to Fy for any o € Fy. But the map o —
ao (Tre(.,u,uz...,uy)) is a bounded map from Fy to E{ which takes values
in Fi. Since F} is closed it follows that this map is a linear bounded map from
Fsto Fi. m

Remark 2.55.

1. In finite dimension, we have equivalence between Poisson map and Poisson
morphism. However, in the context of Theorem m (2), in general,
I\\/JIZ # M, and not dense in M, for its weak® topology and so the assertions
(1) and (2) are not equivalent.

For instance, it is always the case if M, =T’ My, My is reflexive, Mg =+
M/, and not dense in M} for its weak* topology, and ¢ is a surjective
submersion.

2. If a smooth map ¢ : M; — M, is a convenient Poisson morphism from
(Tle,TMl,Pl,{, }pl) to (T"MQ,TMQ,PQ,{, }P2), ¢ can be also a
Poisson map even if 7° M is not a closed subbundle of 77 M, (cf. Theo-

rem [£.50).
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2.4.4 Existence of a Partial Poisson Structure on the Source of a
Submersion onto a Partial Poisson Manifold

Given a surjective submersion on a partial Poisson manifold, we look for suf-
ficient conditions on the structure of the source for which this submersion is a
Poisson map. More precisely, we have:

Theorem 2.56. Consider a partial Poisson structure (Tle, My, P, {, }pl)
and ¢ : M1 — Ms a surjective submersion. Then we have

(i) My can be provided with a (unique) Lie-Poisson algebras sheaf
{(A(U2),{, }u,), Uz open set in Mz}

such that ¢ is a Poisson map if and only if the relation ¢~ 'o¢ is a Poisson
relation from My to M.

(ii) Assume that My is connected, and assume that (ker T$)? = (ker T'p)® N
T°M; is a closed convenient subbundle of T* M, ((ker T$)® is the the an-
nihilator of kerT'¢). Then there exists a unique partial Poisson structure
(T° My, TMy, Py, {, }p,) such that ¢ is Poisson morphism if and only if
the relation ¢~' o ¢ is a Poisson relation from My to M. In this case ¢
1s also a Poisson map.

(i4) If (T° My, TMy, P, { , }p,) is partial symplectic or if we have T°M; =
T' My, then there exists a unique partial Poisson structure (T" Mo, T My, Ps,{ , }p,)
such that ¢ is Poisson morphism if and only if the relation ¢~' o ¢ is a
Poisson relation from My to My and so, in this case , ¢ is also a Poisson
map.

Remark 2.57. Under the same assumptions of Theorem [2.:56, we obtain the
same conclusion in (i), (ii) and (iii) when ¢ is an anti-Poisson morphism if and
only if the graph of ¢~ o (—¢) is a Poisson relation.

Proof.
(i) Fix some open set Us in My. If Uy = ¢~ (Us), we consider the set

EUz) ={g € C*(M2) : ¢"(g9) € E(U1)}.

Clearly £(Us) has a structure of algebra. At first, we show that £(Us) can be
provided with a Lie-Poisson structure.
The Poisson bracket on M; x M is given by

{hlth}(Pl’Pf) = — < dyh1, Py(dihy) > + < dahy, Pi(d2ho) >

where dih and dsh are the partial differential of h relative to the first factor and
the second factor respectively.
Now, in M; x M, , the graph of the relation ¢! o ¢ : M;—M; is the set

G ={(z,y) € My x My : ¢(z) = ¢(y)}.
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Assume that G is a Poisson relation, which means that G is coisotropic in
M; x M; . By Proposition the ideal Z,(U; x Uy) is stable under the
Poisson bracket on M; x M; in restriction to U; x Uj.

For ¢ € {1,2}, to the function f; € £(Us) we associate g;(z,y) = fi(¢(z)) —
fi(¢(y)) on Uy x Uy . Thus g; vanishes on (Uy x Up) N G and the bracket the
{91792}(P1,P{) also vanishes on (U; x U;) NG and so

{91,92}(p1,p1—)($7y) = {fl 0o, fa o¢}(P17P17)(x) - {fl o, fa oq/)}(PhP;)(y> =0

for all x,y such that ¢(x) = ¢(y). Thus {f1 09, fa0 ¢}(P1,Pf) is constant on
each fibre of ¢. It follows that {f1 0 ¢, fa0 qS}(PhPl_) belongs to 2A(Uz) and only
depends only on f; and f;. Since ¢ is a submersion, in this way, we define a
Poisson bracket on A(Uz).

For the converse assume that ¢ is a partial Poisson map. We first show that the
graph of ¢ is coisotropic. Note hat at first, since ¢ is smooth, for any z € M,
the linear map Ty ¢ : T, My — T, M> must be bounded. Thus, if G4 denotes the
graph of ¢, its tangent space T ¢(2)Go = {(u, Top(u)),u € T M} is a closed
subspace of T, My x Tyy Mz and so Gy is a closed submanifold of My x M.
We must show that T(, 4(.))Gg is a coisotropic subspace of T, My X Ty, Ma
provided with the linear partial Poisson structure (T;M X Tg( x)Mg,Tle X
Loy Mz, (Pr)e X (=FP2)g(a))-

Indeed, we have an open set U around = € M; such that T2 M; (resp. T(Z(f)Mg)
is generated by {d.fi, fi € A(U1)} (vesp. {dy(m)f2, f2 € A(U2)}) where

QJ)(Ul) C Us. Therefore (T(z,¢(z))G¢)O = {(dz(fg o ¢)),d¢(z)f2), f2 € Ql(Ug)}
Since ¢ is a Poisson map, it follows that

<dy(f209¢), Prdy(g20¢) > — < dg(a)f2), Pa(dp(z)92) >
= {feod,g200}p —{f2,92}p, 00 =0.

Thus, from Lemma @ 5., T(z,4()) G is coisotropic.

But, (471, ¢) is clean pair from Lemma and so from Theorem the
graph of ¢ o ¢~ ! is coisotropic.

(ii) At the one hand, since Mj is connected and ¢ is a submersion, we have a
convenient space F such that M; is isomorphic to My x F. In particular, ker T'¢
is a subbundle of TM with typical fibre F. Let (ker T¢)® be the subbundle of
T’ M; which is the annihilator of ker T'¢. Of course, ker T'¢ is a the typical of
a convenient bundle isomorphic to Mj. We consider the pull-back ¢*(T"Ms)
over M;. Then T*¢ can be considered as a bundle morphism from ¢*(7"Ma)
to T"M;. Since ¢ is a submersion, for any = € M;, we must have ker T ¢ = {0}
and T;gb(T(;(z)MQ) = (kerT,¢)*. As T*¢ is a bundle morphism, this implies
that T*¢ is an isomorphism from ¢* (T’ Ms) to (ker T'¢)* and so we can identify
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(ker T¢)® and ¢*(T'Ms). Thus we have the following commutative diagram

o 170 &* (T' My) T,

~ 0,

M, My

(2.30) (ker T¢)

where g/b; is a smooth convenient bundle morphism such that the restriction aﬁix
to the fibre (¢*(1"Mz)), is an isomorphism onto T7 ) Mo.

We denote ¢o the inclusion of (ker T'¢)° into (ker T'¢)%.
Lemma 2.58.

(i) For anyy € Ms, the vector space Tbeg = 551 oy ((kerT9)2) if p(x) =y
does mot depend on such a choice of x and has a structure of convenient
space isomorphic to Mg.

(ii) The range T" My = & oo ((kerT9)°) has a structure of convenient weak
subbundle of T'My. In particular, (ker T¢)? is the pull-back of T° My over
¢.

Proof.

(i) Note that by construction, for each x € M, there exists an open set Uz in

My around ¢(z) such that (ker T'¢) is generated by {d.(f2 0 ¢), fo € A(Us)}.

Indeed the fibre (ker T'¢)%, is generated by the set {d.(f2 0 ¢), fa € C®(Us)}.
In particular, we can remark that

o~

Ve € C*(Uz), ¢* (dz(f209)) = dy(a) fo-

But, since the fibre T2 M, is generated by {d, f1, fi € 2(U1)}, their intersection

is generated by {d,(f20 @), fa € A(Ua)}.

Fix some y € M, and choose an open set Uy in My around y such that T;Mg
is generated by {d,f2, fo € C(Us)} and consider U; = ¢~!(Us). According
the the previous Remark, for each z € ¢~!(y) the fibre (ker T$)? is generated
by {du(f206), f2 € A(U)}.

Consider two points x1 # x2 such that y = ¢(x1) = ¢(x2). As ¢ is a submersion,
the convenient space M; is isomorphic to My x F and, for ¢ € {1,2}, we have
charts (V;, ®;) around z; in M; such that:

(2) (I)z(‘/z) :WXVCMQ x F and ‘I’(W) :WCMQ,

(3) Wopod; =g where ¢ is the first projection from My x F on My.
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It follows that T'®; is a bundle isomorphism from 7'My, to WxV xMsyxF
and T'¥ is an isomorphism from TMs |y to W x My and so ker Ty, is isomor-
phic to W x V x F. Now from (2) and(3), according to diagram , this
easily implies that we have an isomorphism ©; = T*®_ 1|VL- from (ker T(b)lavi to
W x V x M}, over ®;. Therefore, if we set 6 = @;1 o Py, then O = @51 00 isa
convenient isomorphism from (ker T(;S)“IVI to (ker T(;S)i’v2 such that, in restriction
to (ker T¢)(y, , we have

(4) Fo0=0.
Since the restriction of ¢* to each fibre is an isomorphism, according to (1), we
have

(5) O (dy, (f o)) = du,(f o ¢) which implies Point (i).

(ii) From Point (i), the set T°M, = U T; Ms is well defined and let
yEM>

Lo : T° My — T'M; be the inclusion.
Now, since by assumption, (ker T¢)? is a closed convenient subbundle of T M;
and the inclusion of T°M; in T'M; is a smooth convenient morphism, the in-
clusion of (ker T'¢)° into (ker T'¢)® is also a smooth convenient morphism. This
gives rise to an injective bounded map from each fibre (ker T'$)? into (ker T'$)2.
Thus we may consider that the typical fibre M3 of (ker T'¢) is contained in the
typical fibre M, of (ker T¢)* and the inclusion 7g is an injective bounded map.
Using the local context introduced in (2) and (3), without loss of generality, we
can assume that V; is simply connected and so (ker T'¢)°|V; is trivial. Thus we
have a trivialization ®? : (ker T$)°|V; — W x V x Mj; since ¢* o 1 is a smooth
convenient morphism from (ker T'¢)}, into T"My whose range is T > My we have
the following commutative diagrams:

D .
(2.31)  (kerTo)py, - W xV x M,
K o
T*® ! =
(ker T9)f,, ! L W x V x M)
V; i W xV;

S
s
X
=
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T*¢_1

2.32 ker T'¢)% . W xV x M/
Vi 2
& &
/ T*q)i_l T /
T MQlW l W x M2
v, o WXV,
\ l \
W L W

Since 55; o is an injective smooth convenient bundle morphism over ¢y,
, it follows that ¢* o LO((kerTgé)lOVi) = TbMQ‘W and, according to (4), this
range does not depend on the choice of such trivializations <I>E. Thus, we
can provide Tng‘W with a structure of trivial convenient bundle over W.

Indeed, let W;(z) = ®;'(W x {0}) the closed supplemented submanifold of
V;. Then the restriction of ¢ to W;(z) is a diffeomorphism onto W and so

750 @5 ) (&o o)1 TbM2|W — W x Mg C W x M}, is then a trivialization over
qo®io (Pwi(x) ' W = W.

Therefore, by merging Diagrams (2.31]) and (2.32), and using composition
of T*¥~! with 13, we obtain the following commutative diagram:

b .
(2.33) (ker To)fy,. - W xV x M,
Q &
“plo, —
T° My — 22 l W x M
Vi 2 W xV,
\ l \
W Y w
In particular, we have
(2 34) U = qod;o (¢|W(w))/:1 on W
' T*Ulow, = (¢xi)o®o(d o)™t onT Moy

By merging Diagrams (2.31)) and (2.32)), and using composition with o, we
see that ¢* o ¢y is a smooth morphism bundle from (ker Td))?vi to T M5 over ¢

such that .
T*U 1 o (¢* 019) = (¢ x Id o 7g) 0 .
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According to this relation, since TbM?IW = ¢ o to((ker TQS)?VL_) in T' Mo

and T*¥~! is a smooth isomorphism, it follows that the following diagram is
commutative

PP .
(2.35) (ker T9)Py, : W xV x M,
w W\
T' Moy v l W x M,
v; - W x 7V,
\ l \
W Ll W

and so that the restriction of T*W =1 to T° My is a trivialization.
In fact, by merging diagrams (2.33)) for ¢ € {1,2}, we obtain
(2.36) (ker T(b)‘ov1

@b

P*oLo

¢*oLg T*U oy

(ker T$)fy, L T° My ———— W x M}

Vi
/ \
v [ W o v

w

where ©° = (®%)~! o @ is a smooth isomorphism over § = ®;* o ®;. Tt follows
that such a trivialization of TbM2|W does not depend on the choice of the triv-
ialization of (ker T'¢)? around any point x in the fibre over y € W.

Note that we have ©° = © o 4.
Consider two charts (W/, ¥!) around some y € Ms for i € {1,2}. Fix some
x € My such that ¢(x) = y. By same arguments as in (1), (2) and (3), we can

find a chart (V/, ®}) around z in M; such that, after shrinking W; if necessary,
we have

(1) Wl(y) =9'(y) =0 € My and P(x) = (0,0) € My x F;

34



(2)) W (W)) =W, C My and ®}(V}) =W, x V;
(3") Wiogo (@)t = q where g is the first projection of My x F on M.

We again assume that V; and W/ are simply connected. Since (ker T¢)° is
a convenient bundle, it follows that we have the trivialization

(@})" : (ker Tg)fy,, — W, x V; x Mb,

Then the composition (®)? o [(®})?]~! in restriction to (W, N W4) x (V3 N
V) x M, is a diffeomorphism of type

(Z,z,a) = (z,1z(2), Az(a)),

where Z — Il (resp. T — Ajz) is a field over Wll QW; of local diffeomorphisms

of IF over Vll N V; (resp. automorphisms of M5). As in the upper situation,
we have an analog commutative diagrams as ) and by superposition of
these diagrams and using the transition map (5’) we obtain a transition map
for Tng‘W and TbM2|W/ which show that T° M, is a convenient subbundle of

—1
T'M,. Now, by construction, we have (ker T¢)% := {(z,¢*, (a)), a € T°M,

which ends the proof of Point (ii). m

End of the proof of Theorem Point(ii)

At first, from the proof of Point (i) of Lemmathe fiber T° My = B,,(Uz)
for all y € M. Now, since (ker T¢)? is the pull-back of T'Ms, this implies
that T ¢ = 55:;1 According to notations in the proof of Lemma we have
=0, o®y, 50 TO=Td;' o TP, and so T*0 = T*®, o T*®;' = ©~L. From
diagram , (4) and since ©” = O o 10, it follows that for any a € Tbeg,
if y = ¢(z1) = ¢(x2) then T} d(a) = 6° o T;,¢(a) = ©~ 1. Therefore, for any
o€ T??M , if PP denotes the restriction of P; to (ker T'¢)" we have

() 0 T, = (PY)a, 00" 0 T ¢ = (P{)s, o T*07" 0 T 6.
But Ty,¢ = T6 0T, ¢. Thus, for any o € Ty M>, we have
Loy 0 (PY)ay 0 Ty, $(@) = (Tyy ¢ 0 TO) 0 (P)a, 0 Ty, ().

By setting (P), = T¢ o P o &zl o1y, we get a partial Poisson structure
(T° My, TMy, Py, {, }p,).

(ili) If (7° My, TMy, Pr,{, }p,) is partial symplectic, this means that P is
an isomorphism and so we have a smooth non-degenerate 2-form Qp on T'M;
defined by Qp(u,v) :=< P~!(u),v >. Since ) is non degenerate, for all z € M,
the orthogonal (ker Tp¢)" = {u € T, My, Vv € ker Typ Qp(u,v) = 0} defines a
convenient subbundle (ker T'¢)* of TM; and so (ker T¢)? = P~ ((ker Tg)™) is

a convenient subbundle of 7°M;. Then we can apply (ii).

If T°M, = T' My, then (ker T¢)° = (ker T¢)? is a convenient subbundle of
T° M, and so we also can apply (ii). m
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2.4.5 Dual Pairs

We end this section by a generalization of the notion of dual pairs introduced
in [CaWe99].

Definition 2.59. Consider a partial symplectic manifold (TbM7 TM, P) and,
fori e {1,2}, a Poisson map ¢; from M to the partial Poisson manifold
(T°M;, TM;, P;). We say that (¢1,$2) is a dual pair if, for any x € M, we have
ker Ty = (ker Tpp2) -7 and ker Ty o = (ker Ty )7

Proposition 2.60. Consider a partial symplectic manifold (TbM, TM,P,{, }p),
For i € {1,2}, let ¢; be a Poisson map from (TbM,TM,P,{, }p) to the
partial Poisson manifold (T"Mi,TMi,Pi,{ , }pi) such that (¢1,¢2) is a dual
pair. Then, for each open set U; in M; and any f; in the Poisson-Lie algebra
(AU, {+ }v.) we have {¢7f1,d5f2}p =0 on ¢7 (Ur) N 65 (Ua).

Proof. In the one hand, under our assumptions, from the proof of Theo-
rem|[2.56} (ii), we have TbM = U B, (U;) where B, (U;) = {d, f, y € A:;(U;)}.

yeEM;
On the other hand the characteristic foliation is reduced to M, so by Re-

mark [2.25] (2) and (3), we have a weak symplectic form w such that w(u,v) =<
P~ t(u),v > for all u and vin T, M and all z € M. On the other hand, for any
a € Tgi;M, we have an open set U around z in M and a smooth map f: U — R
such that o = d,f and since P : T"M — TM is an isomorphism, we have

we(u,v) = we(Xy,, Xp,) = do{ fu, fo}p if P71 (u) = dyf, and P71 (v) = d, fo.
Thus, according to Proposition we have

(ker Tp9) " = {P({dwf), f € AU) : Vv € ker Typ¢;, < dpf,v >=0}.
But since ¢; is a Poisson map, this implies that if f; belongs to 2A(U;) then &7 f;
belongs to &; (¢Z—_1 (U;)) and then each d,, (¢} f;) belongs to (ker T,¢;)° for i # j
and = € ¢7 1 (U1) N ¢ ' (Uz) and then if (41, do) is a dual pair, if follows that
{61f1. 052} p =00 ¢ (U) Ny (U2). m
Remark 2.61. The conclusion of Proposition is also true when (¢1, —¢@2)
or (—¢1, ¢2) is a dual pair.

3 Partial Poisson (resp. Symplectic) Convenient
Lie Groups

This section contains a survey of definitions and properties of a convenient Lie
group which are either contained in [CaPe23| or are an adaptation of results on
Banach Lie groups contained in [Tum20] (see also [GRT23]).

3.1 Preliminaries and Notations

Definition 3.1. A convenient Lie group G is a convenient manifold endowed
with a group structure for which the multiplication m : G X G — G and the
inversion i: G — G are smooth mappings.
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The unit element of the group G will be denoted e and the inverse of an

element g by g~ 1.

For g € G, Ly : x — g.x is the left translation and Ry : x — x.g is the right
translation.

The tangent bundle to G will be the kinematic tangent bundle T'G and the
vector fields, smooth sections of this bundle, are the kinematic vector fields
whose set is denoted X(G).

Definition 3.2. A vector field X on G is said to be left invariant if
VgeG, (L), X=X
where (Ly), X =TLyoX oLg1.

Since (Lg), [X,Y] = [(Lg), X, (Lg), Y], the set of all left invariant vector
fields on G forms a Lie subalgebra of X(G) denoted g.

Definition 3.3. g is called the Lie algebra of the Lie group G.

g is in bijective correspondence with the tangent space T.g via the linear
isomorphism
g — T.G
X = X,

So T.G becomes a Lie algebra for the bracket still denoted |[.,.] and defined by
[Xev Ye] = [X’ Y]e

Proposition 3.4. Let ¢ : G — H be a smooth homomorphism of Lie groups.
Then Ty : g — b is a Lie algebra homomorphism.

Definition 3.5. Let (G,.) be a Lie group with Lie algebra g. A l-parameter
subgroup of G is a smooth Lie group homomorphism o : (R,+) — (G,.).

So a l-parameter subgroup of G is a smooth curve « in G such that

{ V(s,t) €R? a(s+t) =al(s).alt)
a(0)=e ’

Proposition 3.6. Let a : R — G be a smooth curve where o (0) = e and let
X € g. We denote X the left invariant vector field such that X, = X. Then
the following assertions are equivalent:

0
1. « is a 1-parameter subgroup of G and X = En a(t);
t=0

2. « is an integral curve of the left invariant vector field X ;

3. FIX(t,x) = z.a(t) is the unique global flow of the vector field X .
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Definition 3.7. Let G be a Lie group with Lie algebra g. We say that G admits
an exponential map if there exists a smooth mapping exp : g — G such that
t — exp(tX) is the unique 1-parameter subgroup with tangent vector X at 0.

As in the Banach framework, we have the following properties:
(ExpC1) exp(0) =¢;
(ExpC2) Tpexp =1dy

. d
where (ExpC2) is a consequence of | exp (tX) = X.
t=0

Unfortunately, for a kinematic vector field, integral curves need not exist
locallyﬂ so the existence of such a map is not guaranteed.

Let G be a convenient Lie group with Lie algebra g.

Definition 3.8. For any g € G, we define the conjugation or inner automor-
phism
conj,: G — G
r — g.x.g_l.
Definition 3.9. The adjoint representation is the mapping

Ad: G — GL (g)
g +— T (conjg).

The adjoint representation of the Lie algebra g is the map ad = T, Ad.
We then have:

(3.1) V(X,Y)€g?ad(X)Y = [X,Y].

3.1.1 Coadjoint Action on a Convenient Subspace of a Dual and
1-cocycle

For this section, we refer to [Tum20], 2.5. But for the sake of completeness, we
recall this classical context.

Let G be a convenient Lie group and ® : G — Aff(E) a representation into
the affine group of a vector space E. As Aff(E) is a semi-direct product of the
linear group GL(V') and the translation group on E identified with E, ® can be
written as a pair (¢, ©) where ¢ : G — GL(E) and © : G — E. Since ® is a
group morphism it follows that ¢ is a group morphism and © satisfies

(3-2) ©(gh) = ©(g) + ¢(9) (©(h))

for all g and h in G. In this case, © is called 1-cocyle on G relative to ¢.

8cf. [KrMi97], 32.12.
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The derivative T.® is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (T,¢$,7.0) where Tp¢ and T,0
gives rise to a Lie algebra morphism d¢ from g to gl(E) and dO from g to E
respectively which satisfy the relation

(3-3) dO([z,y]) = do(x) (dO(y)) — de(y) (dO(x))

for all z and y in g. In this case, dO is called 1-cocyle on g relative to d¢.

In particular, consider a Lie group G and a bi-invariant subbunbdle 7°G of
TG. If we denote by g” the fibre Tg G, then g’ is invariant by the coadjoint action
G on T'G (formally, same proof as in Proposition 5.6 in [Tum?20]).

Proposition 3.10. Under the previous assumptions, a map X : g — /\2 o is
called a 1-cocycle relative to the coadjoint action of g onto g° if, we have the
following properties:

(1) there exists p : g X §° — g such that A\(z)(c, B) =< a,p(x)(B) >, for all
zegando,fing’;

(2) for all x,y in g and o, B in g°, we have:
(3.4) Mz, y]) = adP (A(y)) — ad > (A(x)).

Then, in the Banach setting, from [Tum20], Theorem 3.14, (g,gb,P) is a
partial Lie-Poisson space in the sense of Definition 2:35] Thus this Definition
can be considered as an adaptation of Definition 3.12 in [Tum?20].

3.1.2 Partial Bialgebras

The notion of Lie bialgebra in finite dimensiorﬂ appears as a particular case
of Lie bialgebroid (see [MaXu94] for instance). A generalization to the Banach
setting can be found in [Tum20|. In the next paragraph, we will propose the
following natural adaptation which we call partial bialgebra.

Definition 3.11. Let (g, [.,.]) be a convenient Lie algebra and g’ be a convenient
subspace of g’ where the inclusion g° — g is bounded. We will say that (g,gb)
is a partial Lie bialgebra if:

(1) the restriction of the coadjoint action to g x g° takes values in g° and is

bounded;

(2) there exists a Lie algebra bracket [.,.]> on g® such that the dual map of
[,.]" : ¢° x g” = ¢ restricts to a 1-cocycle \ : g — /\2 g” relative to the
coadjoint action of g onto g’.

Remark 3.12. According to [Tum20], Remark 7.3, by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

35 <[l [, B >= <y, [ad} o, B > + < y,|a,ad; 5] >
' — <, [ady o, B > — < z,[a,ad, af]’ > .

9cf. [Kos04].
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3.2 Bi-invariant Partial Poisson (resp. symplectic) Struc-
tures

We begin by fixing some notations.

As in the Banach setting used in [Tum20], on a convenient Lie group G the left
(resp. right) translation L, (resp. R,) gives rise to a left (resp. right) smooth
action of G on T'G given by (L,)*(a) = a o TL, (resp. Rj(a) = aoTR,) and
also a smooth action denoted L;* (resp. I;*) on the bidual 7"G.

The smooth adjoint action Ady = Ly o R;—1 of G on its Lie algebra g induces
on the dual g’ a smooth coadjoint action Ad; =Ljo R;,l and a smooth action
AdS =Ly o Ry*,.

According to the context of Banach Poisson Lie groups exposed in [Tum?20],
we introduce:

Definition 3.13. Given a convenient Lie group G, a partial Poisson (resp.
symplectic) structure (TbG7 TG, P, {, } p) 18 called a bi-invariant partial Poisson
(resp. symplectic) structure if we have:

(BiT) T°G is bi-invariant that is L}(T},G) = T;G and R;(T;,G) = T;G for all
g,h, € G.

(BiP) P is bi-invariant that is Py o L; = TL;I o Pyp and Py o R = TR;1 o Prg
for all g, h, € G.

Under theses conditions, we say that (T"G,TG,P,{, }p) 18 a convenient
partial Poisson (resp. symplectic) Lie group.

Remark 3.14. When 7°G is bi-invariant, if we set g’ := T°G, then the map
(TL)* : T°G — G x ¢° (resp. (R)* : T°G — G x g’ ) given by TL*(g,a) =
(9, L;(c)) (resp. TR*(g, ) = (g, R;())) is a convenient bundle isomorphism

As we have already seen, to P is associated a partial Poisson tensor A defined
by A(a, 8) =< «, P(B) >. Therefore, if P is bi-invariant, we have:

(3.6) Agn(a, B) = An(Lia, L B) + Ag(Rfa, R, B).

Notations 3.15.
We will denote by T M the convenient dual bundle of T"M. Since the restric-
tion to TG C T;'G of the adjoint L**g to TG is TLy. However for the for the
sake of clarity, as in [Tum2(], for any A € /\k TG we set
(L;*A)gh(al, “ee ,Ozk) = Ah(L;al, ceey L;ak)
and for analog reason we also set
(Ry*Mng(an, ... ax) == Ap(Ryan, ..., Ryag).
Since we have
Ady =TRy-10TLgy (resp. Adg—x =TLy-1 0oTRy)
we set

Adg* Ay = R o LA, (resp. Ad* A = L7%, o RI*A.).
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In this way, the relation (3.6 can be written:
(3.7) Agn = Ly Ap + BT Ay
The following result generalizes some essential results on Banach Poisson Lie
groups proved in [Tum20]:

Proposition 3.16. Let G be a convenient Lie group and (TbG,TG,P,{ , }p)
any partial Poisson structure on G. The following assertions are equivalent:

(1) (T"G7 TG, P,{, }p) is a convenient partial Poisson (resp. symplectic) Lie
group.

(2) The multiplication m : G x G — G is a Poisson (resp. partial symplectic)
map when G x G is provided with the partial Poisson (resp. symplectic)
structure product.

(8) For the Poisson structure G X G X G~ on G X G X G, the graph G, of the
multiplication is coisotropic (resp. Lagrangian)

(4) T°G is a bi-invariant subbundle of T'G and the partial Poisson tensor A
associated to P satisfies, for all g, h € G,

(38) Agh = LZ*Ah and Ahg = R;*Ah

Remark 3.17. Note that Proposition (2) implies that the Definition 5.3
of a Banach Poisson Lie group in [Tum20] is coherent with our Definition
in the Banach setting.

Proof. We only look for the partial Poisson situation. For the partial symplectic
framework, the same argument works too.

(1)@(2)@ In the one hand, for the partial Poisson structure on G x G, we have
TghG x G = T;G x TPG. If (X4, X3) € Tgbh (G x G), then we have:

(3.9) Tigmym(Xg, Xn) = TLy(Xp) + TRi(X,).

The bi-invariance of 7°G means that, for any a € TEG and a0 TRy, € TghG
then o o T}, Ly belongs to TgG. It follows that the relation (i for all g,h € G
and X,, X, € T;hG x G, is equivalent to (BiT). On the other hand, let (¢, )

be a smooth function around (g,h) € G x G. We denote by X?¢ and X¥ the
Hamitonian vector fields associated to ¢ and 1 respectively. Then, for the
partial product Poisson P x P, the Hamiltonian field of (¢,%) is (X%, X¥).
Then according to , we must have

Tigmm(X?, XY) =T, Ly(X?) + T,Rp(XY).

10This proof is an adaptation of the proof of Proposition 5.4 in [Tum20].
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Now by definition of the product Poisson structure on G x G, we must have:
(3.10)

(PxP)(de,dv) (g, h) = X0 = T, Ly(X?)+TyRi(X¥) = TLy(Py(de))+T Ry (Py(di))

(9:h) =
m is a Poisson morphism if and only if
Ty mym(X ) = Ty Ly(X) + Ty Rn(X¥)
which ends the proof of the announced equivalence.

The equivalence (2)<>(3) is a consequence of Proposition [2.49]

For the equivalence (1)<>(4), we have only to prove the equivalence between
(BiP) and the Relation (3.8]) which is an easy consequence of the definition of
A from P by using (3.7). =

3.3 Multiplicative Admissible 2-form and Lie Bialgebra

In this section, we fix a bi-invariant convenient subbundle 7°G of TG and we
set g = T°G C ¢’. The convenient dual of g’ will be denoted g”’.

3.3.1 Multiplicative admissible 2-forms

According to [CaPe23], Definition 7.12, for k > 2, an admissible section A €

/\k TG is a section for which there exists a skew-symmetric morphism P :
(T°G)*~' — TG such that

Aag, ..., ar) = a1 (P(ag, ..., ax))

for all (a1, ,...,a1) € (T”G)*.

For the sake of simplicity, such a section will be called an admissible k-form.
Note that the partial Poisson tensor A associated a partial Poisson anchor
P :T°G — TG is an 2-admissible form.

According to Property (3.8)), as in finite dimension for the notion of multi-
plicative tensor (cf. for example [Dri83], [LuWe90], [Marl98| and [Kos04]), we
introduce:

Definition 3.18. An admissible k-form A is called multiplicative if it satisfies:
(3.11) Agn = Ly Ap + Ry A
for all (g,h) € G2.
Remark 3.19.
1. If A is multiplicative, for h = g = e, from the relation we obtain
Ae = 2A, and so A, = 0.
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2. If A, = 0, for any v € T, G, choose any vector field on G such that X (e) = v.
Since we have (cf. [CaPe23|, Chap. 7)

(3.12)
k

LxA(on, ..., ax)(e) = def{A(on, ..., a1) }(X)=Y_ Ac(aa, ..., Lxai, ..., ax)
i=1

it follows that LxA(aq,...,ar)(e) = de (Alag,...,ax)) (X) and so only

depends on the 1-jet of A at point e and the value X (e). Thus, as in finite

dimension, the differential dA. is intrinsically defined.

As in finite dimension, (cf. [Dri83]), we have the following properties:
Proposition 3.20. Given any admissible k-form A, we associate to A two
bounded fields

k k
Ap GH/\gb' andAR:G%/\gb’
defined, for all g,h € G, by (AL)g = L;’ilAg and (AR)g = R;’LAQ. We then
have the following equivalences:
(i) A is multiplicative.
(i) Ap satisfies for all g,h € G:
(AL)gn = (ML), + Ady=1(AL)
(iii) Ag satisfies for all g, h € G:
(ARr),, = Ady"(AR)), + (AR),.
Remark 3.21. In finite dimension, when the Lie group G is connected, the
following properties:

(iv) Ac = 0 and LxA are left invariant whenever X is a left invariant vector
field.

(v) Ae =0and LxA are right invariant whenever X is a right invariant vector
field.

are equivalent to properties (i), (i) and (iii) (cf. [Dri83] and [Kos95]).
Properties (iv) or (v) are equivalent to any of Properties (i), (ii) and (iii) in this
Proposition for connected convenient lie group with an exponential maps for
which G is generated by the range of the exponential map, which is in particular
the case for connected and simply connected Banach Lie groups. Unfortunately,
in the general case for convenient Lie groups, such properties are not true since
the previous assumption is not satisfied.

Proof. According to Notations for all (g, h) € G2, we have

(AL)gn — (ML), = Ady=i(AL), = L ihgn — LitiAp — Lyt o Ryt o LES,A,
= L1 (Agn — Ly"An — R*A,)

which implies the equivalence between (i) and (ii).
A formally comparable calculus shows the equivalence between (i) and (iii). m
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3.3.2 1-cocycles and Lie Bialgebras
For this paragraph, we refer to [Tum20], 2.5 and 4.1. For the sake of complete-

ness, we adapt these results to the convenient context.

Let G be a convenient Lie group and ® : G — Aff(E) a representation into
the Affine group of a vector space E. As Aff(E) is a semi-direct product of the
linear group GL(V) and the translation group on E identified with E, ® can be
written as a pair (¢, ) where ¢ : G — GL(E) and © : G — E. Since ® is a
group morphism it follows that ¢ is a group morphism and © satisfies

(3.13) ©(gh) = ©(9) + ¢(9) (6(R))

for all g and h in G. In this case, © is called 1-cocyle on G relative to ¢.

The derivative T, ® is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (7,®,7.0) where Tc¢ and T,0
gives rise to a Lie algebra morphism d¢ from g to gl(E) and dO from g to E
respectively which satisfies the relation

(3.14) dO([z,y]) = do(x) (dO(y)) — dé(y) (dO(x))
for all x and y in g. In this case, dO is called 1-cocyle on g relative to d¢.

Example 3.22. Consider a Lie group G and a bi-invariant subbundle 7°G of
TG. If we denote by g° the fibre T7°G. Then g’ is invariant by the coadjoint
action G on T'G (formally, same proof as in [Tum20], Proposition 5.6). Let A
be an admissible multiplicative 2-form and Ar : G — /\2 o° given by

(Ar)g = RzilAg

for all g € G.
Then Ag is a 1-cocycle on G with respect to the coadjoint action Ad** on the
vector space A\” g’ that is

(3.15) (Ar)gn = (Ar)g + Ad™ (9)(AR)n

for all g,h in G (Formally again, the proof is the same as for Proposition 5.7
Assertion (2) in [Tum20]). Therefore, we have

(3.16) TeAr([z,y]) = ady”" (TeAr(y)) — ady" (TeAr(x))
which means exactly:

TAr([z,y))(e, ) = TeAgr(y)(ad; a, B) + TeAr(y)(o, ad;, B)

(3.17) ~T.Ag(2)(ad} o, B) — T.Ag(z)(a, ad; B).
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This example justifies the following context and Definition.

Consider a convenient Lie algebra (g,[.,.]), a convenient subspace g’ of g’
whose inclusion is bounded and the coadjoint action in restriction to g x g
which takes values in g° and is bounded.

For any bounded map bilinear map A € /\2 o we say that A is admissible
(cf. [CaPe23|, Definition 7.12) if there exists a map P := A” : " — g given by
A’(a) = A(.,a). Note that this map is a bounded linear map. Given such an
admissible A we can define a natural coadjoint action on /\2 g’ defined by:

(3.18) ad®? A(a, 8) = A(ad’ o, B) + A(a, ad’: B)

for all A € \® g’

Definition 3.23. Under the previous assumptions, a map \ : g — /\2 o is
called a 1-cocycle relative to the coadjoint action of g onto /\2 o if, for all
reganda,Bing,

(i) there exists p: g x g” — g such that A\(z)(, B) =< a, p(z)(B) >;

(i) we have the following relation:

(3.19) M, y)) = ad?P (A(y)) — ad?? (A(x)).

Note that the relation implies that the map \(x) = T.Ag(x) is a 1-
cocycle relative to the coadjoint action of g onto /\2 g

The notion of Lie bialgebra in finite dimensionE appears as a particular case
of Lie bialgebroid (see [MaXu94] for instance). A generalization to the Banach
setting can be found in [Tum20]. We propose the following natural adaptation:

Definition 3.24. Let (g, ].,.]) be a convenient Lie algebra and g’ be a convenient
space of g whose inclusion is bounded. We will say that (g,g°) is a partial Lie
bialgebra if:

(i) the restriction coadjoint action to g x g° takes values in g° and is bounded;

i1) there exists a Lie algebra bracket [.,.]° on ¢’ such that the dual map o
ji) th sts a Lie algebra bracket [.,.]" > such that the dual
[.,.]" : ¢° x g® = g restricts to a 1-cocycle \ : g — /\2 g” relative to the
coadjoint action of g onto g’.

Remark 3.25. According to [Tum20], Remark 7.3, by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

<[X,Y], [, B >= <Y, [ad% o, 8] > + < Y, [a,adk (] >

(3:20) — < X, [ad} @, B > — < X, [, ady B > .

11See [Kos04].
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3.3.3 Lie Bialgebra Associated to a Multiplicative 2-form

The following result gives a link between admissible multiplicative 2-forms on a
Lie group G and 1-cocycles:

Theorem 3.26. Let A be an admissible multiplicative 2-form and the associated
skew-symmetic morphism P : T°G — T'G. Assume that P, is injective. Then
[o, Blp = deA(a, B) defines an almost bracket on ¢° which is a Lie bracket if and
only if (TbG,TG,P,{ , }p) is a convenient partial Poisson Lie group. In this
case, (TG,TbG) is a partial Poisson partial bialgebroid and d.A is a 1-cocycle
on g relative to the ad™ action on \* g°.

Proof. At first, recall that the bi-invariance of 7°G implies that 7°G = G x g’
via right or left translation on G.

In the one hand, from the right invariance of T°G, the map P : G x g° — TG
where (Pr)g := P o R, is well defined.

On the other hand, from the definition of Ag from A (cf. Proposition 7 we
have

(ARr)g(a, B) =< o, (Pr) g >

for all o, 8 € g°.
We will need the following result:

Lemma 3.27. Under the assumptions of Theorem for any g € G, we
have: P, =0 and

d(Aa, B)) (Xe) = TeAr(a, B)(Xe) =< o, T Pr(Xe)(B) >

for any local sections a, B of TebG around e and any X, € T.G.

Proof of Lemma Fix some neighbourhood V of g in G. For all h € V

we have
Ap(e, B) = (Ar) (R} 1o, Ry 1 B) =< R} 1, (PR)n(B) >.
Since Ag is a map from G to /\2 g”, it follows that we have:

(3.21)
d(Ma, B) (Xg) = <Tha(Xy),(Pr)g(B) > + < o, Ty Pr(X,)(B)
+ < o, Pr(T,6(Xy)) >

where &(h) = Ry-1a(h) and B(h) = Rp,-18(h), for all h € V.

But we have A (o, ) =< a,P.f >= 0, for all & and 3 in g’. According
to section this implies that (g°)~7 = {0} and so P.(8) belongs to
P.(g")*Pe = 0. Since P, is injective, it follows that P.(3) = 0 for all B € g’.
Thus from (3.21)), since we have (Pg). = P. we obtain:

(3.22) d(Aa, B)) (Xg) =< a, Ty Pr(X,)(B) > .
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In particular, for g = e, we have (Pg). = P. = 0 and so we get:
(3.23) d(A(a, B)) (Xe) =< a,TePR(Xe)(B) > .

But we can note that since (Ag). = = 0, the second member of (3.23) is
nothing but that T,Ag(a, 8)(X.), Wthh ends the proof of Lemma [3.27, m

Let A(G) := {¢ € C>(G), dy¢ € T)G}. Then g’ can be identified with the
set

{$a € A(G), dale) =0, dy¢o = R} 1c,>, Va € g’, Vg € G}.

Since P is an almost Poisson anchor, we have an almost Lie Poisson bracket
{¢, ¥} p on A(G) given by

{(ZS”(/J}P =< dl/J,P(d@ >

which is Poisson bracket if and only if P is a Poisson anchor (cf Proposition
and Remark |2

Now, from Remark .28 {¢,¢}p induces a an almost Lie bracket [o, 3]p
d{qﬁa, ¢p} on g” which satisfies the Jacobi 1dent1ty

From the definition of Ar as a map from G to /\ > it follows that T.A is map
from g to /\2 g°. Therefore, the almost bracket on g satisfies the relations:

[, Blp = d{¢a, P} = dgA(Ry-1ct, Ry 1 ) = TeAr(, B).
Lemma implies that [a, 8]p = d.A(a, B).

Now, if P is a Poisson anchor, this implies that the bracket on 2 satisfies the
Jacobi identity and from Proposition [2.27] the almost bracket [.,.]p also satisfies
the Jacobi identity since P is injective by assumption. Therefore, the almost
Lie bracket induced on g also satisfies the Jacobi identity.

Conversely, is the almost bracket on g satisfies the Jacobi identity.
At first note that from Remark [2.28] we have an almost Lie bracket [.,.]p on
T°g which satisfies:

For any function ¢1, ¢2, ¢3 in A, we set:

Jp(91, p2,83) = {d1{d2, 1} p}p +{d2{03, d1}p}p +{d3{01, 02} P}p.

Note that, for any g € G and any ¢; there exists a; € g° such that dg¢i = Rya
for i € {1,2,3}.
With all these properties we have sucessively:

dg{do, 01}p = dgA(do2,dos)
= dgA(RZOé27 RZOZ;;)
= dcAg(az, a3)
= [012, 053]13.

So we obtain

dg {P1{02, 01} p}P) = deAr(0n, [o2, a3]p) = [a1[a2, as]p|p.
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It follows that dgJp(¢1, P2, ¢3) is the Jacobi expression of the bracket on o’ for
(a1, @2, a3). Therefore

ngP(¢17¢2a¢3) =0

for all g € G and ¢1, ¢2, ¢3 in A. By the way, Jp must be must be constant and
this value does not depend on the choice (¢1, @2, ¢3) in particular of their values
at g. Thus Jp must be identically zero, which ends the announced equivalence.

Now if P is a Poisson anchor, from Proposition (TG,TG) is a partial
Poisson partial bialgebroid.
It remains to show that d.A is a 1-cocycle on g relative to the ad™ action on
N g
From Lemma we have

[, Blp = de A, B) = T Ag(c, B).

The last assertion is then a direct consequence of Example [3.22] m

3.3.4 Partial Bialgebras and Manin triples

In [Tum20], the reader can find a definition of a Manin triple in the Banach
setting and the link with 1-cocycles and bialgebras. We can note that, in this
context, a Manin triple is a triple of Banach Lie algebras (g, g+, g—) such that
g =9+ g and gy and g_ are in non degenerated-duality. Such a context
is also true for the notion of Banach bialgebra used in [Tum20] and we have a
kind of equivalence between both notions.

Unfortunately, in our setting of partial Poisson manifold, for the associated
notion of partial bialgebra, we have a very weak notion of duality between g
and g since the bounded linear form g x g” is only non degenerate on the
first argument but it is in general degenerate on the second one. It could be
possible to define a notion of ” partial” Manin triple, but we have no very original
examples in opposition of the rich context exposed in [Tum20].

3.4 On Direct Limits of (partial) Banach Poisson-Lie Groups

Any Banach Poisson-Lie group in the sense of [Tum20] is in particular a par-
tial (convenient) Poisson-Lie group. In [Tum20], the author points out many
interesting examples of Banach Poisson-Lie group and so they are also partial
convenient Poisson-Lie groups. We do not list here all these examples. Inter-
ested readers can directly consult this paper.

In this paragraph, direct limits of ascending sequences of (partial) Banach
Poisson Lie groups will give examples of convenient Poisson-Lie groups which
are not Banach Poisson-Lie groups.
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3.4.1 Direct Limits of some Ascending Sequences of Banach (Par-
tial) Poisson-Lie Groups

At first, we need to recall some results on Direct limit of ascending sequences
of Banach Poisson manifolds and Banach Lie groups. For more details see
[CaPe23], 7.6 and 5.8.

Let (M, A(M;),{.,.}pr,);cn be a sequence of partial Poisson Banach man-
ifolds where pE . T°M; — M, is a Banach subbundle of pfm :T*M; — M;
and P; : T° M; — TM; is the associated Poisson anchor. We denote by M; the
Banach space on which M; is modelled, and by F; the model of the typical fibre
of the subbundle p? : T°M; — M, and we assume that F; is a Banach subspace
of the dual M} of M;. For any i € N, we denote by "' : M; — M;,; the
inclusion map.

Definition 3.28. The sequence (M;,A(M;),{.,.}p,);cn is called a direct se-
quence of partial Poisson manifolds if

(DSpPM1) (M;), oy is an ascending sequence of Banach C*-manifolds, where
M; is modelled on the Banach space M; such that M; is a supplemented
Banach subspace of M1 and such that M; is a closed submanifold of
Miiq;

(DSpPM2) for each i € N, the map
e (T M, TM P { s b)) = (TP My d T, P (o b, )

1s a Poisson map;

(DSpPM3) around each x € M, there exists an ascending sequence of charts
(Ui, ¢i);en such that we have the following commutative diagram:

e gitl

TbUi <i TbUiJrl

L

U; Uit

i1
€i

Remark 3.29.

1. Since (Mi,siﬂ)ieN is an ascending sequence of Banach manifolds, we
may assume that M; is a Banach subspace of M;; 1. By abuse of notation,
we continue to denote by 52“ the natural inclusion of M; in M;;; and
(eith)* : M, — M the adjoint operator. Note that (c/"')* is surjective.
Since F; is the typical fibre of 7° M;, we must have (52“)*(1&»“) =T, and
each IF; is a Banach subspace of M.

2. In fact, (DSpPM2) implies Pii1psy,, = B
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At first, we have:

Proposition 3.30. Let (M;, A(M;),{.,.}p,);cy be a direct sequence of partial
Poisson Banach manifolds and let M be the direct limit of the sequence (M;)
We then have:

i€EN”

1. ppr - TM — M is a convenient bundle which is the kinematic bundle of
M.

2. Py T'"M — M and p* : T°M — M are locally trivial convenient bundles
over M. Moreover p)y, : T'M — M 1is the kinematic cotangent bundle of
M.

3. There exists a canonical bundle morphism P : T°M — TM whose typical
fibre @Fl if F; is the typical fibre of T°M; characterized, for x; € M;, by

(3.24) P(x;, &) = P(ai, ime>i (&) = limick (Pe(wi, &)

Moreover, P is skew-symmetric, relatively to the canonical dual pairing
between T'M and TM in restriction to T° M x TM.

Finally we have:

Theorem 3.31. Let (M;,A(M;), {., .} p,);cn be a direct sequence of partial Pois-
son Banach manifolds and M = hg(Ml)

There exists a weak subbundle p° : T°M — M of py, : T'M — M and a skew-
symmetric morphism P : T°M — TM such that (M,Ap(M),{.,.}p) is a partial
Poisson manifold with the following characterization:

If e; : M; — M is the canonical injection then €; is a Poisson morphism from

(M;, A(M;),{.,.}p,) to (M, A(M),{.,.}p) for alli € N, and we have
Ap (M) = lim2(M;)

{+3p = lm{. Jp.

Therefore (T"M7 M,P{., .}p) is not a priori a partial Poisson manifold
since its Poisson bracket is defined only on the sheaf of subalgebras Ap (M) =
hﬂ%l(Mz) of sheaf Ajs of smooth functions associated to the convenient bundle

T’ M. However:

Lemma 3.32. Let (U, ®;),oy be an ascending sequence of charts. Set U =
@Ui,@ = @@. Then, for any smooth function f:U — M, if f; = fiu,, then
f = lim f;.

Proof. Recall that if M; is modelled on the Banach space M;, we may assume
that M, is a supplemented subspace of M;;; and let M = limM; which is a
convenient space. Without loss of generality, we may assumeﬁnat U; is a ¢*°-
open set of M;.Then from [CaPe23|, Lemma 5.2, we must have f = hglfZ ]
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It follows that (TbM M, P {.,.} p) is really a partial Poisson manifold.

We will apply these results to the following context of Banach (partial)
Poisson-Lie groups.
Note that the direct limit of an ascending sequence of Banach manifolds can
be can been as a non Hausdorff manifold. But an ascending sequence of finite
dimensional manifolds is always a Haussdorff manifold ([Glo03]).
However for an ascending sequence

G1C"'CGiCGi+1C"'

where G; is a Banach Lie subgroup of G;;1, the associated sequence of Lie
algebras
g1 C--C g CPiy1 Cov

is a strong ascending sequence of closed Banach spaces and so the direct limit
g= @gi is a Hausdorff locally convex space and so a Hausdorff convenient
space. Since Cf differentiability implies convenient smoothness, by [Dahlll,
Theorem 4.11, we obtain:

Theorem 3.33. Consider an ascending sequence Gy C -+- C G; C Gj11 C - -+ of
Banach Lie groups such that G; is a Banach Lie subgroup of G;11. Assume that,
for each i € N, there exists a norm ||.||; on g; such that ||[X,Y]||: < ||X|: |Y||s
and the norm of the morphism eﬁ'H D @i — Git1 canonically associated to the
inclusion E?Ll of G; in Giy1 is at most 1.

Then G = @Gi is a convenient Lie group whose Lie algebra is g. Moreover,
exXpg 1= ligﬂexpci s a convenient local diffeomorphism on a c¢*-open set of 0.

Note that this result is especially true for sequences of finite dimensional Lie
groups (cf. [GIo03]).

In a more general context, as Corollary of Theorem we have the fol-
lowing result (cf. [CaPe23], 5.8):

Corollary 3.34. Let (E,)nen be an ascending sequence of Banach spaces such
that E,, is a supplemented Banach subspace of E, 1.

Then E = U E, is an LB-space and L(E) = |J L(E,) is also an LB-space,
neN neN
where L(E,,) is the Banach space of continuous linear operators of E,,. More-

over, GL(E) = U GL(E,) has a structure of convenient Lie group modelled
neN
on L(E), where GL(E,,) is the Banach Lie group of linear continuous automor-

phisms of E,,.
3.4.2 Ascending Sequences of Banach (Partial) Poisson-Lie Groups

We have seen that any Banach Poisson-Lie group is in particular a Banach par-
tial Poisson-Lie group, so we only consider sequences of Banach partial Poisson-
Lie groups. Thus naturally, an ascending sequence of Banach (partial) Poisson
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Lie groups (TbGZ—, G;, Pi)i cn Is an ascending sequence of Banach (partial) Pois-
son manifolds.

Theorem 3.35. Consider an ascending sequence of Banach (partial) Poisson
Lie groups {(T°Gy, Gy, P;)}Yien. Assume that the ascending sequence of groups
(Gi);en satisfies the assumption of Theorem .

Then the direct limit G = ligGi can be endowed in fact with a (partial) Poisson-
Lie group structure.

Proof. It remains to show that the partial Poisson manifold (TbG, G,P) is a
(partial) Poisson Lie group.

In complement to the conclusion of Theorem we have the following
results:

Assume that g = limg;. By using classical results on direct limits and maps
and their differentials, we have the following relations and results :

The left (resp. right) translation L, (resp. Ry) is L, = lim Ly, (resp.
Ry =limR,,) and analog result for Ady on G.

Since any x € g can be written z = hﬂxl with x; € g;, one has ad, = @adzi
and ad;lglad;.

If we set g” = T?G, we have ¢° = @g& (cf. [CaPe23] p. 351).
The bi-invariance of each T”G, implies the bi-invariance of T°G.

From Remark 2., the bi-invariance or each P; implies the bi-invariance
of P.

This completes the proof for direct limits of sequences of partial Banach
Poisson-Lie groups. m

3.4.3 Some Examples of Convenient Partial Poisson Lie Groups

Example 3.36. Structure of Poisson-Lie group on U(n).

We first recall how to build a structure of Poisson-Lie group on U(n) := U(n, C).
Let u(n) (cf. [TquO})E the Lie algebra of the unitary group U(n), that is the
space of skew-symmetric matrices and b(n) the Lie algebra of the Borel group
B(n) := B(n,C), that is the space of upper triangular matrices with real coef-
ficient on diagonal. Then the Lie algebra of the group GL(n,C) is gl(n) of all
complex matrices and the Iwasawa decomposition gives rise to the decomposi-
tion

gl(n) =u(n) @ b(n).

12This situation is a particular case of a more general context exposed in [Kos04] or [LuWe90]
for instance.
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Consider the non degenerate symmetric bilinear continuous map (.,.) given by
(A, B) = STr(AB)

where ITr(AB) denotes the imaginary part of the trace of the matrix AB.
Then (u(n),b(n)) is a bialgebra to which is associated a canonical Poisson Lie
structure on U(n). More precisely, in this finite dimensional situation, b(n)) is
isomorphic to the Lie algebra u(n)*. From the decomposition gl(n) = u(n)®b(n)
we denote by py (resp. p2) the canonical projection of gl(n) on u(n) (resp. b(n)
the associated multiplicative Poisson tensor A% : U(n) — A b(n)lﬂ is character-
ized by (cf. [LuWe90])

(3.25) (A})g(ar, a0) = STr (p2(Ady-1a1)p1 (Ady-1a2))

The corresponding multiplicative 2-form on U(n) iﬂ
(A")g(en; 2) = B™ (AR )g (a1, a2)

and the Poisson anchor P, : T*U(n) — TU(n) is the map

(g, @) = (A")g (., ).

Example 3.37. A convenient Poisson-Lie group.

We have a canonical embedding from U(n) into U(n + 1) and associated, canon-
ical embedding from u(n) (resp. b(n))) in u(n+1) (resp. b(n+1)) (cf. proof of
Proposition . Consider the Poisson anchor P, (resp. P,11) Poisson anchor
P :T*U(n) — TU(n) (resp. Ppy1: T *U(n+1) — TU(n + 1)) as previously
defined. Tt is clear for the previous construction that {(T°U(n),U(n), P,)}nen
is an ascending sequence of finite dimensional Poisson-Lie groups whose direct
limit is U(oco) and which is so provided with a convenient Poisson-Lie group
structure (7T*U(c0), U(c0), P ) which is not a Banach Poisson Lie group.
Note that if f and g are smooth maps on U(co) and if g € U(co) then g belongs
to some U(n) and {f,g}pr._(9) = {f,g}p,(g9) which does not depends of the
integer n such that g belongs to U(n).

Example 3.38. A partial Banach Poisson-Lie group which is not a Banach Poisson-
Lie group.

We consider the context of [TuGo23].

Let H be a separable complex Hilbert space provided with an Hilbert basis
(1));ez- We consider the group U(#H) of skew-hermitian bounded operators
and we denote by u(#) its Lie algebra and u;(#) the the Lie subalgebra of
trace class of elements of u(?#). We also consider the Lie algebra of algebra of
upper triangular trace-class operators :

b (H) :={ac Ll(’H ;1 ali) € spand{ |j),j < i} and (i|afi) € R, Vi € Z}

13b(n) being identified with u(n)*.
14For notations, see Example
15¢f. Appendix
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Then the bilinear map

u(H)x b (H) — R
(A,B) — STr(AB)

is a duality pairing between u(#) and bj (#) (cf. [TuGo23], Proposition 10).
By the way, it can be considered as a subspace of the dual u*(#).

On the other hand, the map @ : Ly (H) — u*(H) given by ®(a)(z) = STr(ax).
Then the kernel on ® is uy () and we obtain a continuous injective linear map
from Ly (H)/u1(H) into u*(H) which is the predual u,(H) of u(#) is preserved
by the coadjoint action of U(H). Moreover ® (b} (#)) is a proper dense subspace
of Ly(H)/ui(H (cf. [TuGo23], Proposition 13).

The Lie-Poisson structure on U(#) is built from the decomposition

La(H) = ua(H) @ b (H)

where uy(H) = u(H) N Ly(H) and b3 (H) is the Lie algebra of Hilbert-Schmidt
upper triangular operators with real coefficients on the diagonal. Then we
have a Banach Poisson-Lie structure on U(?) defined in the following way (cf.
[TuGo23], Theorem 14):

T°U(H) = Ugeu(u Bg-1u«(H) which the predual bundle of TU(H)

the Poisson structure is defined by A : U(H) = A u.(H) ['6| given by

(3.26) (AR)g([oa], [or2]) = STr (p2(Adg-101)p1(Adg-1 (p2(e2)))

where [oy] = ®(ay) € Li(H)/ui(H) = u.(H) for | = 1,2. We denote by Py the
associated Poisson anchor.

Now, considering H provided with a fixed Hilbert basis ( [i)),.,, for each
n € N, we have a canonical embedding of U(n) in U(H) which is a closed
Banach Lie subgroup. By the way, b(n) this gives rise to an embedding of
Banach space of b(n) in b3 () which identified with embedding. Note that
®(a) belongs to u*(n) and so the class [a] is reduced to «. Moreover, in one
hand, according to the relations (9) and (10) in [TuGo23|, u(n) and b(n) are
invariant by conjugation by a unitary operator. In the other hand, according to
and @ and the previous identifications, A% is the restriction of A%
to b(n). We denote by Py : T*U(H) — TU(H) the Poisson anchor associated
to A%, it follows that P, is nothing but the restriction of Py to T*U(n) and so
(T*U(n),U(H), Pr)7+y(n))) is a Banach partial Poisson-Lie group which
is not a Banach Poisson-Lie group.

Remark 3.39.

1. As in finite dimension, we can define the notion of convenient partial
Poisson-Lie group as follows:
let (T°GG, P) be a Poisson Lie group. A closed supplemented subgroup H

16¢f. Proposition
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of G will be called a convenient partial Poison-Lie subgroup of G if there
exists a convenient partial Poisson Lie group (TbH, H, Q) on H such that
T°H is a closed supplemented subbundle of 7°G whose typical fibre b”
is a Lie subalgebra of g°. By the way, (T*U(n),U(n), Py) is a Banach
Lie-Poisson subgroup of T,U(H), U(H, Py).

2. From Example and Example it follows easilly that U(co) can
be considered as a subset of U(#), the inclusion is a continuous smooth
injective map and U(oco) is dense in U(#H). It is a convenient weak sub-
manifold of U(#) but it is not a convenient partial Poisson Lie subgroup

of U(H).

4 Convenient Poisson-Lie Groupoids

In this section, we recall the definition of a topological groupoid and some gen-
eralization, from [BGJP19], of these definitions to convenient Lie groupoids and
associated Lie algebroids, in particular in the Banach setting. The reader will
find the definition of partial Poisson-Lie groupoid and symplectic Lie groupoid
and also their principal properties in the last paragraph.

4.1 Topological Groupoids

Definition 4.1. A topological groupoid G = M is a pair (G, M) of topological
spaces such that G may not be Hausdorff but M is Hausdorff, with the following
structure maps:

(TGrl) two surjective open continuous mapss: G — M andt : G — M called
source and target maps, respectively;m

(TGr2) a continuous map m : G — G, where G? := {(g9,h) € GxG |s(g) =
t(h)} is provided with the induced topology from the product topology on
G X G, called multiplication denoted m(g, h) = gh and satisfying an asso-
ciativity relation in the sense that the product (gh)k is defined if and only
if g(hk) is defined and in this case we must have (gh)k = g(hk);

(TGr3) a continuous embedding 1 : M — G called identity section which sat-
isfies gl, = g for all g € s~Y(x), and 1,9 = g for all g € t~1(x) (what in
particular implies so1l =1idy =to1);

(TGr4) a homeomorphism i : G — G, denoted i(g) = g~' called inversion,
which satisfies gg~' = Lie) g g = 15y (what in particular implies
soi=t, toi=s).

The space M is called the base of the groupoid, and G is called the total space
of the groupoid.

1"Each point g € G can be seen as an arrow g : s(g) — t(g) which joins s(g) to t(g).
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For any (z,y) € M?, we denote G(x, —) :=s"1(z), G(—,y) ==t 1(y), and

G(z,y) ={g€G|slg) ==, t(g) =y} =G(z,—)NG(—,y).
The isotropy group at = € M is the set
G(x)={9€Glslg) =z=1(9)} =0G(x,z) G
and the orbit of x € M is the set
Ga={t(g)| g €s ()} = t(G(x,~)) C M.

For any g € G, if s(g) = = and t(g) = y, we define its corresponding left
translation
Lg :g(77$) %g(fay% htha

and similarly its right translation
Rg : g(lL’, 7) - g(ya 7)3 h hg

Each of these maps L, and R, is a homeomorphism.

The topological groupoid G = M is called s-connected if its s-fibres G(x, —)
are connected for all x € M, and s-simply connected if all its s-fibres are con-
nected and simply connected.

The topological groupoid is called transitive if the map (s,t) : G — M x M
is surjective.

A topological morphism between topological groupoids G = M and H = N
is given by a pair of continuous maps ® : G — H and ¢ : M — N which are
compatible with the structure maps, that is:

e Vg e G, ¢(s(g) =s(®(g), ¢(t(g)) =t(P(g)) and ®(g~ ') = d(g)~;
e V(g.9) €GP, ®(gg) = (9)2(g);
e Vre M, (I)(]_m) = 1¢(x)-

Note that ¢ is uniquely determined by ® and therefore a morphism between the
groupoids G = M and H == N is given only by a continuous map ® : G — H
which satisfies the above compatibility conditions.

A subgroupoid of G = M is a groupoid H = N such that H C G and the
inclusion ¢ : H — G is a topological morphism of groupoids. A subgroupoid
H = N of G = M is called a wide subgroupoid if N = M.

4.2 Convenient Lie groupoids

Asin [BGJP19], for a Banach-Lie algebroid, the definition of a n.n.H. convenient
Lie groupoid requires the following analogue basic facts whose proof requires
adapted arguments.

Proposition 4.2. Let G = M be a topological groupoid satisfying the following
conditions:
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(i) G is a n.n.H convenient manifold and M is a Hausdorff convenient man-
ifold;

(ii) the map s: G — M is a submersion;
(i1i) the map i: G — G is a smooth diffeomorphism.
Then t is also a submersion and so, for any x € M, each fibre G(x,—) and

G(—,x) are n.n.H. convenient submanifolds of G and G(x,—) is Hausdorff if
and only if G(—, x) is Hausdorff. Moreover we also have:

1. the topological space G® is a n.n.H. convenient submanifold of G X G;

2. the map 1 : M — G is smooth and 1(M) is a convenient submanifold of
g.

Moreover, if G is a Hausdorff manifold, then, for each x € M, each fibre G(x, —)
and G(—, x) are Hausdorff submanifolds of G and G is a Hausdorff submani-
fold of G X G.

Proof. At first, since from (ii), s is a submersion (cf. [CaPe23], Definition 1.13)
and, from (iiil), i is a diffeomorphism, it follows that t = s o i, is a submersion
(cf. [CaPe23], Proposition 1.15). Therefore, from [CaPe23], Theorem 1.14, the
fibres G(z, —) and G(—, x) are split n.n.H. convenient immersed submanifolds of
G, for any © € M. Now assume that G(z, —) is Hausdorff. We have G(—,z) =
i(G(x,—)). Since i is a diffeomorphism of G this implies that G(—,z) is also
Hausdorff. The same argument can be applied for the converse.

Consider the map (s,t) : G x G — M x M. If D denotes the diagonal in M x
M, we have G = (s,t)~!(D). Therefore, again from [CaPe23|, Theorem 1.14,
G?) is a n.n.H. convenient submanifold of G x G since s and t are submersions.
Note that if G is Hausdorff so are G(z,—) and G(—, ) for all z € M and the
same is true for G2,

The proof of the last part is formally the same as in [BGJP19], Proposition 3.1.
]

Definition 4.3. A n.n.H. convenient Lie groupoid is a topological groupoid
G = M satisfying the following conditions:

(CLGrl1) G is a n.n.H. convenient manifold and M is a Hausdorff convenient
manifold;

(CLGr2) the map s: G — M is a submersion;
(CLGr3) the map i: G — G is smooth;
(CLGr4) the multiplication m : G2 — G is smooth.

A convenient Lie groupoid G = M is called split if, for every (z,y) € M2, the
set G(x,y) is a submanifold of G.

A convenient Lie morphism between the convenient Lie groupoids G = M and
H = N is a topological morphism ® : G — H which is a smooth map.

When G is modelled on a Banach space (resp. Fréchet space), G is called a
Banach-Lie groupoid (resp. Fréchet-Lie groupoid).
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4.3 Examples of Convenient Lie Groupoids

We will adapt to the convenient context some classical examples about finite-
dimensional Lie groupoids (cf. [BGIJP19)]).

4.3.1 Convenient Lie Groups

Any convenient Lie group G is a convenient Lie groupoid: the set of arrows G is
the set G and the set of objects M is reduced to the singleton {1}, where 1 € G
is the unit element.

4.3.2 Convenient Lie Pair Groupoid

Given a convenient manifold M, let G := M x M and let s and t be the
Cartesian projections of M x M on the first and the second factor, respec-
tively. The multiplication map m and the inverse i are respectively defined
as m((z,y),(y,2)) = (x,z) and i(z,y) = (y,x) and so they are smooth. Fi-
nally, the map 1 : x — (z,x) is also smooth. We then obtain a convenient-Lie
groupoid M x M = M.

4.3.3 General Linear Banach-Lie Groupoids

Let 7 : A — M be a Banach vector bundle. The general linear Banach groupoid
GL(A) = M is the Banach groupoid such that GL(A) is the set of linear iso-
morphisms ¢ : A, — A, between each pair of fibres (A, Ay). The source map
and the target map are obvious and the multiplication is the composition of
linear isomorphisms and 1, = Id 4, .

4.3.4 Disjoint Union of n.n.H. Convenient Lie groupoids

Let {Gx = M) }acL be a family of n.n.H. convenient-Lie groupoids. We denote

G := || Gx and M := || M,. Since we consider here disjoint unions, the
AEL AEL
structure of the n.n.H. convenient-Lie groupoid G = M is clearly defined by the

collection of structure maps for each particular Gy = M, for \ € L.
For example, if we consider a finite sequence of convenient bundles A; — M;,
for i € {1,...,n}, then we have the natural structure of a n.n.H. convenient-Lie

groupoid ﬂ GL(A;) = |z| M;.

i=1 1=1
More generally, given any convenient-Lie n.n.H. groupoid ¢ = M, if M =

| ] M, is a partition of M into open G-invariant submanifolds, then the cor-
A€EL
responding groupoids Gy = M, obtained by restriction are n.n.H. Banach-Lie

groupoids and G = M is the disjoint union of the family {Gx = M)} reL-
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4.3.5 Action of a Convenient Lie Group

GxM — M

(g:2) = gu
convenient manifold, is associated a convenient Lie groupoid G =% M defined in
the following way:

e G:=M x G,

To each smooth action of a convenient Lie group on a

e s(z,9) :=z and t(z,9) := A(g,z) = g.x;
o if y = g then m((y, h), (z,9)) := (z, hg);

o i(x,9):= (g.x,97");
o1, = (x’ 1)'

The smoothness of the action clearly implies the smoothness of all these
previous maps.

It is easily seen that for any xg,yo € M one has

G(x0,%0) = {wo} x {9 € G| g.70 = yo},

and in particular the isotropy group at xg is
G(zo) = {zo} x G(x0)

where G(zg) :={g9 € G | g.xo = zo}.

It is worth pointing out that the above groupoid needs not split. To obtain
a specific example, let X’ be any real Banach space with a closed linear subspace
Xy which has no supplement in X, e.g. the space of all bounded sequences of real
numbers X' = £ (R) with its subspace Xy = ¢( consisting of the sequences which
converge to 0 (cf. [CaPe23], Example 1.2 ). Then the abelian Banach-Lie group
G = (X,+) acts smoothly transitively on the Banach manifold M = X\Xj
by A(g,x + Xp) == g+ + & for all g,z € X. If we define the groupoid
G := M x G = M as above, then the isotropy group at the point Xy € M, that

is,

G(Xo) ={X} x A Cg

is not a submanifold of G = M x X since A} is not a supplemented subspace of
X.

4.3.6 The Gauge Groupoid of a Banach Principal Bundle

A Banach principal bundle is a locally trivial fibration 7 : P — M over a con-
nected Banach manifold whose typical fibre is a Banach-Lie group G. We then
have a right action of G on P whose corresponding quotient P/G is canonically
diffeomorphic to M. We get a right diagonal action of G on P x P in an evident
way. The gauge groupoid is the set of orbits of this action, that is, the quotient
G := (P x P)/G provided with the quotient topology. The source (resp. target)
of the equivalence class of (v,u) is w(u) (resp. w(v)) (cf. [Marl0g]).
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4.3.7 Fundamental Groupoid of a Banach Manifold

Recall that to any connected topological space M is associated its corresponding
fundamental topological groupoid TI(M) = M where II(M) is the set of homo-
topy classes of paths with fixed end points with source map (resp. target map)
the origin (resp. the end) of a class of paths, where the composition is the con-
catenation of paths whenever it is defined and the inverse is the opposite class.
When M is a connected Banach manifold, then each source fibre is a universal
covering of M. In particular, such a fibre is a Banach manifold. Moreover, it is
also a principal bundle over M with structural group 71 (M). Then the gauge
groupoid of this principal bundle can be identified with II(M) and so we get a
structure of n.n.H. Banach-Lie groupoid on II(M).

4.4 Additional Properties of Banach-Lie Groupoids

We recall below some properties of a Banach-Lie groupoid (cf. [BGJP19], The-
orem 3.3).

Theorem 4.4. Let G = M be a n.n.H. (pure) Banach-Lie groupoid and define
t, as the restriction of t to G(z, —).
For any x € M, the following assertions hold.

1. For allz € M and any y € G.x the set G(x,y) is a closed submanifold of
G. In particular, the isotropy group G(x) is a Banach-Lie group and its
Lie algebra is isomorphic to ker Ty s Nker Ty t.

2. For any x € M for which G(z,y) is a Banach submanifold of G, for all
y € G.x = t.(G(x,—)), then the orbit G.x is a pure Banach manifold
whose inclusion map G.x — M 1is smooth.

3. Under the assumption of (2), t, : G(x,—) — G.x is a Banach principal
G(x)-bundle.

Remark 4.5. Note that the assumptions in (2) are satisfied for all (z,y) € M?
as soon as G = M is split.

Sketch of the proof. To prove 1., we consider the distribution
Ay =kerTysNkerT,t for all g € G(z,—),

and we get a Banach subbundle of A C TG(z,—) which is integrable. Thus,
frorﬂ [CaPe23], Theorem 8.1, there exists a partition of G(x,—) into closed
immersed n.n.H. Banach manifolds and each one is modelled on the Banach
space Aq, .

Moreover, since A, = ker Tyt,, the maximal leaf through g € G(z, —) is a con-
nected component of t~1(t(g)) and so is a closed subset of the Banach manifold

18This theorem was proved in the context of (Hausdorff) Banach manifolds but all the
arguments used in the proof of this result are based on local charts, so the theorem also holds
for n.n.H. Banach manifolds.
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G(z,—). In particular, the isotropy group G(t(g)) is a union of such leaves and
so is a closed immersed n.n.H. Banach manifold. Since each point in G(t(g))
is closed, thus it follows from [Bou67] that G(t(g)) is in fact Hausdorff. This
implies that G(t(g)) has the structure of a Banach-Lie group.

For the proof of 2., we consider the map

U: Gxz,—)/G(x) — Gz
9-G(x) = t(g).

It is easy to prove that W is bijective. We can show that, under the assump-
tion that G(z,y) is a Banach submanifold of G, for all y € G.x, the quotient
set G(x,—)/G(x) has the structure of a smooth manifold for which the map
U: G(x,—)/G(x) — M is smooth (cf. proof of Theorem 3.3 in [BGJP19]).

The last Point 3. is a consequence of [BGJP19], Lemma 2.5. ®

Unfortunately, the properties of a Banach-Lie groupoid described in Theo-
rem [£.4) are not true in general for a convenient Lie groupoid even when it is
split. The essential reason is that we have no general theorem of existence of a
local flow for a vector field in the convenient setting. We will show that, under
some strong assumptions on projective or direct limits of Banach-Lie groupoids,
such properties will be valid.

4.5 Convenient Lie Algebroid Associated to a Convenient
Lie Groupoid

In the same way as in the context of Banach-Lie groupoid, to a convenient Lie
groupoid is associated a natural convenient Lie algebroid on M. Now we briefly
recall its construction.

Denote by T°G the vertical bundle associated to the submersion s : G — M
and by I'l (G) the vector space of right invariant vector fields. I' (G) can be
provided with the Lie bracket of vector fields as a Lie subalgebra of the Lie
algebra of vertical vector fields. The tangent map T't induces a morphism of Lie
algebras from I', (G) to the Lie algebra I'(M) of vector fields on M. We consider
the pull-back AG — M by 1: M — G of the convenient bundle T75G — 1(M)
which can be considered as the restriction of TG to 1(M ) identified with M C G.
Note that since M is Hausdorff it follows that AG is a Hausdorff convenient
bundle.

On the one hand, we have a canonical convenient bundle morphism 1, :
AG — T5G from the bundle AG — M to the bundle T5G — 1(M) which is an
isomorphism in restriction to each fibre. On the other hand, if I'p;(7T°G) is the
vector space of smooth sections of TG — 1(M), then Tit gives rise to an iso-
morphism from I"y; (T°G) onto I'l, (G) which is also a morphism of Lie algebras.
Now, the morphism 1, gives rise to a Lie bracket on the vector space T'(AG)
of smooth sections of AG — M, which will be denoted by [.,.]. Finally, by

composition, we obtain an isomorphism of Lie algebras between I'y;(T°G) and
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', (). Now, AG is provided with the anchor p = Tt|y;. From the property
of Lie bracket of vector fields on G, it follows that the Lie bracket [.,.] on AG
is localizable by using the same arguments as in the proof of [BGJP19], Theo-
rem 4.19. Moreover, since this Lie bracket of vector of kinematic vector fields
only depends on the 1-jets of such vector fields, it follows that (AG, M, p,|[.,.])

is a convenient Lie algebroid (cf. [CaPe23], Definition 3.78).

In a dual way, we can consider the vertical bundle TG associated to the
submersion t and the Lie algebra I'! (G of left invariant vector fields. Then the

mv

tangent map T's induces a morphism of Lie algebras from I't  (G) to the Lie
algebra X(M) of vector fields on M. As previously, we consider the restriction
AG of TG to 1(M) identified with M. If p’ := T's|y; is then an anchor for AG

and the isomorphism between 'y (G*) and T, (G) provides the set of sections
of AG with a Lie bracket denoted [, |; so we get a convenient Lie algebroid
(AG,M,p,[, ]). Since Ti transforms a right invariant vector field into a left
invariant vector field, this map induces an isomorphism of Lie algebroid from

(AG, M, p.[,]) to (AG,M,p.[, ]).

4.6 Partial Poisson Convenient Groupoids

Consider a Banach Lie groupoid G = M. The mutiplication m is a map from
G®@ to G. Since G? is a closed submanifold of G x G it follows that the graph
Gm of m is a closed submanifold of G x G x G.

Definition 4.6.

1. A groupoid G = M is called a partial Poisson Banach-Lie groupoid if there
exists a partial Poisson structure associated to some P : TG — TG such
that for the Poisson structure G X G X G~ on G X G X G, the submanifold
Gm 18 coisotropic.

2. A groupoid G = M is called a partial symplectic (resp. strong symplectic)
Banach-Lie groupoid if there exists an isomorphism P from T°G to TG
(resp. T'G to TG) such that for the associated Poisson structure G x
Gt x G~ on G x G x G, the submanifold Gy, is Lagrangian.

For a partial Poisson Lie convenient groupoid, we have the following prop-
erties. In fact, the properties of a partial symplectic Banach-Lie groupoid are
stronger than the context of partial Poisson convenient Lie groupoid. For this
reason, we will give these results in another theorem.

Theorem 4.7. Let G = M be a partial Poisson Banach-Lie groupoid. Then
we have the following properties:

(i) The submanifold M is coisotropic in G.

(i) The inversion in G is an anti-Poisson morphism.
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(i1i) There exists a unique Lie Poisson algebras sheaf on M such that s (resp. t)
is a Poisson morphism (resp. anti-Poisson morphism). Moreover ifT°G =
T'G or if (T"Q,TQ,P) s partial symplectic, then there exists a unique
partial Poisson structure on M such s (resp. t) is a Poisson morphism
(resp. anti-Poisson morphism).

Proof. The proof of this theorem is an adaptation of the proof of Theorem
4.2.3 of [Wei88] to our context.
1. (i) Note that, according to axiom (TGr3) in Definition M is the set

{z € G, such that yx =y for some y € G)}.

Let C be the diagonal Ag of G2 and R : G>—G whose graph is

{(yz,y,2), (y,2) € G x G}.

Then R(C) = {z € G such that (y,y,z) € R for some (y,y) € Ag}
which is M according to the previous characterization.
In the one hand, Idg is a Poisson morphism, so its graph Ag is coisotropic in
G~ x GT. On the other hand, since G, is coisotropic in GT x Gt x G, it
follows that R, whose graph is G!, is also coisotropic in G~ x GT x G*. Thus
by Corollary R(C) = M will be coisotropic in G if we show that (R, C)
is a clean pair.

According Definition and Definition if Ag= denotes the diagonal
of G2, we must show at first that (Ag x R)N(Agz x G) is a closed submanifold of
(G?)xG? x G whose tangent bundle is the intersection (TAg x TR)N(TAgz xTG).
But we have:

(Ag x R)N (Ag2 x G) ={(y,v,y,y,x) € C x Rsuch that yr = y}

which is the range of the embedding of G in G? x G2 x G

Jry—= Wy v, y,8y)).

Now the tangent space of this submanifold at a point (y,y,y,y, ) is the range
T,j. To show that this space is exactly

)Ag X TR) n (T(y )AgQ X Tg)

we have only to show that T, , , RN (T(y,y)Ag x T,G) is a set of type
{(u,u,v) : veT,G, v="Tys(u)}

At first, any vector in T, , R N (T(y,y)Ag x T:G) is of type (u,u,v) for
u € T,G and v € T,,G. Let z(¢) and y(t) be two smooth curves in G defined on
] — &,e[ such that z(0) = z,y(0) =y, ©(0) = v, ¥(0) = uw and (yz)(0) = u. Since
y(0)x(0) = y(0), this implies that 2(0) belongs to M. We can write

x(t) = t(Ly(t)—l (yz(t)).
Thus we obtain:
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v=2(0) = Tyt(u).

d d
Since %(y(t))t:o = a(y(t)x(t))tzo, the last condition 2. (ii) of Definition [2.40
is clear. This ends the proof of (i).

(ii) Once more, the graph of the inversion is of type R(C) where R : G—+G xG
whose graph is {(gh,g,h), : g,h € G} and C = M since

R(C) ={(g,h) € G x G such that (x,g,h) € R for some z € M}.

Now, M is coisotropic in G* and R is coisotropic in Gt x G~ x G~. Thus if the
pair (R, C) is clean, then R(C) is coisotropic in G~ x G~ which is equivalent to
say that R(C), that is the graph of i, is coisotropic in GT x G and so i is an
anti-Poisson morphism.

The intersection (M x R) N (Ag x G?) is the set
{(z,z,9,h) € M x R}
which is the range of the embedding of M x G? into G2 x G2
j:(z,g,h) = (x,2,9,h).
The same type of argument used in the proof of point (i) permits to show that
T(M x R)N (Ag x G*) =T(M x R)NT(Ag x G%)

and is left to the reader. Finally, the last condition 2. (ii) of Definition is
clear and so the proof (ii) is complete.

(iii) We have s(g) = s(¢’) if and only if, there exists h € G ¢’ = hg (for
instance h = g~'¢’). So the graph of s o s~! can be written R(C) with R :
G x G—G whose graph is {(h, g, gh), (h,g) € G*} and C = G. Indeed, we have

sos ' ={(g,9") € G* such that ¢’ = gh for some h € g}.

Since g is coisotropic in Gt and R is coisotropic GT x GT x G, if the pair
(R,C) is clean the R(C) is coisotropic in G* x G~ and so s o s™! is a Poisson
relation. The result follows from Theorem Now the proof of the property
of cleanliness of (R, C) is elementary and is left to the reader. Since t = soi and
i is an anti-Poisson morphism, it follows that t is an anti-Poisson morphism. m

Remark 4.8. In the context of Theorem it TG =T'G or if (Tbg, TG, P)is
partial symplectic, the unique partial Poisson structure on M such s (resp. t) is
a Poisson morphism (resp. anti-Poisson morphism) is such that the Lie-Poisson
algebras sheaf on M built in Point (i) is exactly the Poisson Lie algebras sheaf
associated to this partial Poisson structure on Ms. However even if the partial
Poisson structure on G is symplectic the unique induced Poisson structure on
M is not in general symplectic even in finite dimension (cf. [AIDa90]).
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Now, for a partial symplectic Lie convenient groupoid, we have the following
properties:

Theorem 4.9. Let G =% M be a partial symplectic convenient Lie groupoid.
Then we have:

(i) The submanifold M is Lagrangian in G.
(i) The inversion in G is an anti-symplectic map.

(14i) There exists a unique strong Poisson structure on M such that's (resp. t)
is a Poisson morphism (resp. anti-Poisson morphism).

(iv) There exists a weak symplectic 2-form w such that &’ : TG — T'G whose
range is T° M and w:’TbM = P.

(v) For each g € G, each vector space T,G(s(g),—) and TyG(—,t(g)) are or-
thogonal symplectic subspaces of the symplectic space (T4G,w).

(vi) If, moreover, G = M is a split Banach-Lie groupoid, w induces a weak
symplectic form on each orbit of G in M.

Following [BGJP19], 6.2 a convenientcLie groupoid G = M is called tran-
sitive if the map (s,t) : G — M x M is a surjective submersion. In this case,
the action of G on M has only one orbit reduced to M. Thus by application of
Theorem we obtain:

Corollary 4.10. Let G == M be a transitive partial symplectic Banach-Lie
groupoid. Then the weak symplectic 2-form w on G induces a weak symplectic
form on M.

Remark 4.11. Consider a partial symplectic Banach-Lie groupoid ¢ = M.
The 2-form induced by w on T4G(s(g), —) (resp. T,G(—,t(g)) is not symplectic
since the intersection of these two tangent spaces is isomorphic to the Lie algebra
of the isotropic group of s under the assumptions of Theorem 44 In this
context, this is true if and only if the isotropy group of s(g) is reduced to
the identity. Moreover, the partial Poisson structure on M cannot be weak
symplectic in general from from Point (vi).

Note that from Point (i) and (iii) in Theorem Proposition and
Remark we obtain:

Corollary 4.12. Let G = M be a partial symplectic Banach-Lie groupoid. For
any open set U in M, let (Ep(U),{ , }u) be the Poisson Lie algebra on U
associated to the partial Poisson structure on M and { , }p the Poisson bracket
on G associated to the partial symplectic structure on G. Then any pair (f1, f2)
in Ep(U) are in involution, that is {f1, f2}v = 0.

Proof of Theorem The proof of Point (i) is formally the same as in
Theorem 4.7} (i) but under the assumption that Gy, is Lagrangian. Since, in this
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case, Ag is also Lagrangian in G~ x GT, we use here the second part of Corollary
In fact, in this case, the Lie-Poisson algebras sheaf on M5 is exactly the
sheaf obtained from the partial Poisson structure on M (cf. Remark [4.8)).
Point (ii) and (iii) are exactly the result of point (ii) and (iii) of Theorem |4.7]
Point (iv) is a consequence of Theorem applied to the characteristic foliation
whose leaves are the connected components of G.
For Point (v), we will adapt the proof of Theorem 3.6 of [Marl05]. According
to Point (iv), we have a weak symplectic form w on G such that: w(w,w’) =<
P~Hw),w’ > for any w,w’ in T,G and any g € G. In this way, on GT x G xG~,
the partial symplectic structure is an isomorphism P? from (7°G)% to (T'G)?
given by

P?’(wl, w1, ’LU3) = (P(w1)7 P(’wg), —P(wg)) .

3

Thus, we also have a weak symplectic form w? on (G)? associated to P? given

by

(4'1())3((7“”17 w2, w3)7 (w/h w/27 wg)) = w(wh wll) + w(w% w/2) - W(wi’n wé)
(4.2)

For each g € G, we set A; = G(s(g),—) and By = G(—,t(g)) the fibre of s
and t respectively.
Fix some k € G. For any (g,h) € G®, we set k = gh. Then we have and
Ry (Ap) = A and Ly(B,) = By. Now, for u € TyA, and v € T Ay, if wq and
ws belongs to TG, the vectors (0, u,w;) and (0, v, ws) belongs to T(g,h’k)g3 and
are tangent to the graph Gy, of m if and only if

(4.3) wi = TRy (u) and we = TLy(v).

Now by assumption, Gy, is Lagrangian in G x GT x G~. Thus, according
to Proposition the definition of a Lagrangian manifold, the relations (4.1)
and (4.3)), we must have:

w(u,0) +w(0,v) — w(TR4(u), TLy(v) =0,

for all u € TyA, and v € Ty By,. Since TRy, (ThAp) = T Ak and TLy(TyB,) =
Ty By, this implies that

TyBy, = (Tx Ar)*" and Ty Ay = (TiBy) 7

according to Proposition which ends the proof of Point (v).

(vi) If, moreover, G = M is split, for each € M, from Theorem[4.4] G(xz, —)
is a closed split submanifold of G. For any g € G(x,—), let Hy be a supplement
of T,G(z,—) N TyG(—,x) in T,G(—,z). Then from Point (v) of Theorem
and Point (ii) of Proposition w induces on H, a symplectic form. Since
we have a canonical isomorphism from TG (z,—)/TG(x) to TG.x (cf Proof of
Point (iii) of Theorem 3.3 in [BGJP19]), by using the same arguments as in the
proof of Proposition 2.4.5 in [PeCal9|, we obtain a symplectic form & on T'G.z.
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This means that the set of connected components of the orbit of G is exactly
the characteristic foliation of the partial Poisson structure on M. Since this
partial Poisson structure is strong, form Point (iii) of Theorem, it follows that
the almost symplectic form on each orbit is closed (cf. Theorem [2.24]). m

5 Banach Bialgebroids and Banach-Lie Groupoids

This section is devoted to the generalization to the convenient setting of results
contained in [MaXu94].

5.1 Properties of the Partial Conormal Bundle of a Coisotropic
Manifold

Let (T"M,TM,P,{, }p) be a partial Poisson manifold. If C' is a closed sub-
manifold of M, we denote by T4, M (resp. T, M) the restriction of T'M (resp.
T°M) to C that is the pull-back of T'M (resp. T° M) over the inclusion of C' in
M.

Definition 5.1.
(1) The conormal N(C') is the subbundle of T, M defined by:

NYC)={(z,n) € TLM = Yu € T,C, < nyu >=0}.
(2) The partial conormal N°(C) of T2 M defined by:
NUC) = {(x,n) € TAM : Yu € T,C, < n,u >=0}.

Remark 5.2. It is clear that N'*(C) is a subbundle of T/, M, but in general,
N?(C) will not be a bundle over C.

Now, for each open set U in M, from Proposition the sheaf of brackets
[, ]p provides each module T'(T' My) with a structure of Lie algebra.

Theorem 5.3. Let C' be a coisotropic submanifold of M.

(1) The partial conormal N°(C) is exactly (TC)*. If T"M = T'M or if P
is partial symplectic and C is Lagrangian, then N°(C) is a subbundle of
T°M.

(2) If N°(C) is a closed sub-bundle of T3, M, it can be provided with a Lie
algebroid structure whose anchor is the restriction of P to N°(C).

Proof.

(1) From the definition we have (T, M)*7: = P,((T,M)°) and so we have
NO(M) = (TM)*. At first assume that 7°M = T'M then N*(C) = N°(CO)
and so is a subbundle of 7M. Assume now that P is partial symplectic. Since
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C is Lagrangian for each z € C we have P,(NJ(C)) = T,C. Thus N°(C) =
P~1(TC) and since P is an isomorphism, it follows that N°(C) is a subbundle
of T&M.
(2) Let Pc be the restriction of P to N°(C). Since C is coisotropic, we have
already seen that P(NY(C)) € TC and so Pg takes values in TC. We must
firstly show that the bracket defined in restricted to sections of N9(C)
takes values in AN°(C). Fix some open set U in M. Using the relation Lyw =
dw(X, )+ d(w(X)) and the definition of [, |p, for any a and 3 in I'(T” M) we
have

[a, 8] = df(Pa, ) —da(PB, ) —df(Pa, ) —d < o, P > .
It follows that for X € T(C'NU) and any section a and 3 of N°(C) over CNU
we have < a, P8 >= 0 on C NU and so we obtain [a, ](X) = dB(Pa, X) —
da(Pg,X). But since Pa and X are tangent to C so is the bracket [Pa, X]
then we get dB(Pa, X) = 0. By same arguments we also have da(Pg,X) = 0.
Thus [, B] belongs to N°(C). Since the Jacobiator of [, |p is zero on sections
of T° M and the restriction of [, |p to section of NO(C) takes values in N°(C),
this Jacobiator is also zero on sections of A°(C). Finally the Leibniz rule on
['(T° My) implies the Leibniz rule in restriction to T(N(C' NU)). =m

5.2 The partial Dual Lie Algebroid of the Lie Algebroid
of a Banach Lie-Poisson Groupoid

Let (AG, M, p,[, ]) be the Lie algebroid associated to a groupoid G = M. We
denote by AG" — M the dual bundle of AG — M. We have the following
properties:

Theorem 5.4. Assume that G = M is a convenient Lie-Poisson groupoid such
that partial conormal N°(M) is a split convenient subbundle of T@g. Then we
have

(1) If T°G = T'G the previous assumption is always true and then NO(M) =
N®(M) is canonically isomorphic to the dual AG' — M of the Lie alge-
broid AG — M.

(2) The inclusion of N°(M) in the conormal bundle N*(M) is a bundle mor-
phism.

(3) N°(M) can be provided with a Lie algebroid structure whose anchor is the
restriction of P to NO(M).

Corollary 5.5. If a Banach Lie groupoid G = M satisfies one of the following
assumptions:

(i) G = M is a Lie-Poisson groupoid such that T°G = T'G;
(i) The kernel of P in restriction to M is a split subbundle of Th,G and its

range is Ty G;
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(i5i) G = M is a partial symplectic Lie groupoid;

then N°(M) is a split subbundle of T°G.
If we identify AG' with N“(M) then N°O(M) is a weak subbundle of AG® which
has a structure of convenient Lie algebroid.

Remark 5.6. According to the decomposition (5.1), if G is an Hilbert groupoid,
or if T'M is finite dimenisonal or finite codimensional, the assumptions of The-
orem [5.4] are also satisfied.

Under the assumptions of Theorem if we identify AG" with N%(M)
then AO(M) is a weak subbundle of AG” which has a structure of Banach Lie
algebroid. So we introduce:

Definition 5.7. Assume that G = M is a Banach Lie-Poisson groupoid such
that partial conormal N°(M) is a split Banach subbundle of T3,G. Then N°(M)

18 called the partial dual of AG and is denoted AG’.

Proof of Theorem [5.4] .
(1) Assume that 7°G = T'G. Then N°(M) = N'*(M). At first sinces: G — M,
is a submersion, as M is considered as a submanifold of G, it follows that

(5.1) TG = T5,G ® TM = AG & TM.

If p3; : TmG — TG® is the associated projection, we obtain an isomorphism
}7/3‘\\4 : TG® — TG/TM. This implies that T},G is isomorphic to 174,65 & T'M.
Thus N%(M) can be identified with to T%,G® and is a split subbundle of 7°G.
Since AG = T},G®, therefore, N°(M) can be identified with AG'.

(2) For simplicity, assume that M is connected and we use the context of
the previous arguments.

Let G® the typical fibre of Th;G® and M the typical model of M. Then, for
each © € M, there exists a chart (U,v) of z in G such that ¥(U) = U; x Uy C
M x G*®. In this way, we get a trivialization:

T/’ll}_l : T/QU — (U]_ X Ug) X (M/ (&) (GS)/) .

In this chart, we have (T"¢) ™! (N*(M)y) = Uy x Uy x (G®)". Without loss of
generality we may assume that U; and U; are simply connected. Now, since
NO(M) is a closed subbundle of T°G, there exists a local trivialization ¥ of
T°Gy such that U(T°Gy) = Uy x Uy x G? if G’ is the typical fibre of T°Gy.
On the other hand, since N°(M) is a closed subbundle of T%,G, if we identify
G® with TG, we have a decomposition G* = N* @ H where N” is the typical
fibre of N°(M). Thus we may assume that W(7°Gy) = (U; x Us) x (N° @ H).
But since we have N°(M) = N(M) N T},;G, we must have N’ = (G%)' N G’.
Thus, in these local coordinates associated to these trivializations, the inclusion
of NO(M)y into N(M)y is the map

(¥,1,0) = (y,71,0).
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Now consider another chart (U’, ') around = and another trivialization ¥/ (T°Gy) =
U] x U x G” with the same properties and decompositions. Since N°(M) (resp.
N@(M)) is a split subbundle of T7°G (resp. T'G), the transition maps ¥’ o &1
(resp. (T"¢')~! o (T"%)) preserves the vector space (G%)' NG’ (resp. (G®)'),
which ends the proof of (2).

Point (3) is a direct application of Theorem (2). m

Proof of Corollary [5.5. This corollary is a direct consequence of Theorem
(1), Theorem[5.3] (1) and Theorem [5.4]if we show that under the assumption

(i) (ii) or (iii) , N°(M) is a split subbundle of T3,G.

1. Note that according to the proof of Point (1) of Theorem un-
der assumption (i), N°(M) = N%(M) and so it is closed split subbundle of
13,6 = Ty, G.

2. Under the assumption (ii), we denote by K°M the kernel of P in re-
striction to T}QQM and H'M a a complementary of KM in TR/[Q. We denote
by Py the restriction of P to H’M. Since P is surjective, it follows that
Py : H’M — TyG is an isomorphism. Taking in account the decomposition
, we set H'M = P;'(TM) and K°M = P;'(AG). By construction, for
any a € KOM (resp. a € H'M), we have < a,u >= 0, for all u € TM (resp.
u € AG)). Note that NO(M) = K°M & H°M and so N°(M) is a split subbun-
dle of T°G.

3. Under assumption (iii), M is a particular case of the context of assumption
(ii). m

We are now in situation to prove the following result which generalizes a
result in finite dimension for Poisson Lie groupoids (cf. [MaXu94]):

Theorem 5.8. Let G = M be a Banach Lie-Poisson groupoid such that partial
conormal NO(M) is a split Banach subbundle of T};G. Then (AG,AG) is a
partial bialgebroid.

Proof. Since T°G has a partial Poisson structure, from Proposition [2.31} for
any open set U in G, we have:

(5.2) dp[X,Y] = LxdpY — LydpX

for all vector fields X and Y on U considered as 1-forms on T7G.

On the other hand, we have seen in the proof of Theorem 2., for each open
set U in G that the restriction of [.,.]p to AGy s takes values in AGy .
According to and Proposition Point 1, if X is a section of AGynns
it follows that dpX in restriction to AG};,, is a 2-form on AG);,,. Finally
from and Proposition Point 2, it follows that the restriction of each
member of to AG2 s induces a 2-form on AGY, -, which satisfies relation
(5.2). This ends the proof according to the definition of a partial bialgebroid.
(]
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Remark 5.9. All these previous results are not true in general in the convenient
setting. The essential reason is that even if F is a split convenient subspace of a
convenient space E then if E = F & G, then the canonical projection of G onto
E/F is not a convenient isomorphism in general.

In particular, F* is not isomorphic to the annihilator of G and so N*(M)
cannot be identified with AG'.
Thus the whole proof of Theorem does not work. However, in the convenient
setting, if 7°G = T'G and P = T"G — TG is a convenient bundle isomorphism,
that means that it is a strong symplectic convenient groupoid, so the typical
fibre G of G is reflexive and, in particular, AG is isomorphic to AG’. In fact, we
also can show that (AG,.AG’) is a partial bialgebroid (formally analog proof as
Theorem . Note that we will see that Theorem is true for direct limit of
finite dimensional Poisson groupoids.

6 Sub-Poisson Groupoid Structures

In this section, we propose a context which is a generalization of classical results
in finite dimension to the convenient setting. These concepts are illustrated by
[OJSTS].

6.1 Partial Symplectic Poisson Structure on the Cotan-
gent Bundle of a Convenient Lie Groupoid

Let G = M be a convenient Lie groupoid. As in finite dimension, the conormal
N9(M) is the subbundle of T},G defined by:

NM) = {(z,n) € Ty;G, such that <n,u>=0, Yue€ T, M}.
It is clearly a closed subbundle of 7/M. From the decomposition (5.1)), we have
(6.1) Ty G =N (M) & (AG)”

where (AG)® is the annihilator of AG. Then N%(M) is then isomorphic to the
dual bundle of AG. we will call N*(M) the dual bundle of AG and will be
denoted AG’. Note that the typical fibre of AG’ is isomorphic to M® and so to
G’ and the typical fibre of AG® is isomorphic to G* and also M’. As in finite
dimension, we have:

Theorem 6.1. Let G = M be a convenient Lie groupoid. Then we have
1. T'G = AG’ has a groupoid structure.

2. T'G = AG' has a canonical partial symplectic groupoid and so (AG, AG")
s a partial Lie bialgebroid.

Proof. For this proof we need local charts in this context. For simplicity, we
assume that M is connected. Let G the typical fibre of T%,;G and M the typical
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model of M. Note that since s and tp are diffeomorphisms on U; and V;
respectively on their range, it follows F :=tg o sgl is a diffeomorphism from
Uy to Vy. Therefore G is also the typical fibre of TF,G. Fix some yg € M.
There is a chart (V, ) of yo € G with domain simply connected and such that
(V) =V x Vo C M x G and 9¥(yp) = (0,0). In this way 1 is a pair (¢1,2)
and we set 9;(y) = 9; for i € {1,2} and so %; : V — V; is a smooth map.

If T*+ denotes the adjoint of T, we get a trivialization

(T') ™ T'Gy — Vi x Va x (M x G)'.

But we have
MxG) =M*xG*=G" x M

where E* denotes the annihilator of any closed subspace E of M x G.
If we set Vi = ¢~ 1(V1 x {0}), then (Vi, (¥1)}v;) is a chart around z € M and,
in this chart, we have:

(") (AGf,) = i x G

(T"@/J)il(Ag”/l) =V x M’

~ On the one hand, for any £ € T"M,y, (T"¢)~"(€) can, be written a a pair

(&1,&) with & : V — G’ and & : V — M?/ are smooth maps.

Since t : G — M is a submersion, around any go € G, we have a chart (V, V)
with simply connected domain and such that

TWV) =V x VL CcMxG

and ¥(go) = 0. Again U is a pair (¥1,W,). If Vi = ¥7'(V; x {0)}) and
Vo = U1({0} x V3, the expression of t|), in the associated local coordinates is
the map (7,9) — ¥.

Assume the t(gg) = yo. After shrinking the domains V and V, if necessary,
and by composing with a local diffeomorphism in M which fixes 0 € M and a
diffeomorphism of G which fixes 0 € G, we can choose these charts (V) and
(V, W) such that V; = V4. In the associated coordinates, if § = v (t(g)) and
g2 = Uy(g), the expression of t is still the map (7,g2) — § where § : V — M
and go : V — G are smooth maps.

At the level of the tangent bundle of G, according to the previous notations,
if we have a trivialization

TV : TV — (Vi x M) x (V2 x G)
and the following commutative diagram

TQW & (‘71 X M) X (172 X G)
(6.2) JTt lprvl



with TV ((g,Y)) = ((g,?l),(gg,}_/g)) and TV o Tt ((g,Y)) = (,Y1)) where
y:V — V; and Y7 : V — M are smooth maps.

Now, s is also a submersion and so we have an analogue argument of chart
(U, ¢) of zg = s(go) such that ®(U) = U; x Uy C M x G and a chart (U, ®)
around g € G such that ®(U) = U; x Uy and with the same properties of the
pairs (V,4) and (V, ¥). As we have seen (modulo the choice of a bissection B),
there exists a diffeomorphism F : U; — V4 such that F((yo) = xo.

_ On the one hand, for any &, (T"p)~1(€) can be written as a pair (£1, &) with
511V1—>G/ and§2:V1—>M’.

On the other hand, if 1, — G is the unit map for TG = M and will
be identified as a submanifold of G, then each Z € T, G can be written in a
unique way as Z = (a,X) where X € T, M and a € AG,. Then the unit map
1:AG' — T'G is defined by

<1(),(a,X) >=<&a>

According to the previous notations, it follows that in local coordinates 1
is the identity of V; x M'. It follows that 15; — 7”G is an embedding and so
I(Ag’) is the subbundle of T);G which is the annihilator of T'M.

Without loss of generality, under the previous context, we may assume that
Vi =Vi Cc Mand V5 =V, C G. By the way and T),G := TGy = (Vi x Vo
M x G) and Tt|p,g = prv,. In particular each Z € Ty G is a pair (Z1, Z2)
where Z, : V — M and Z5 : V — G are smooth maps. Moreover, according to
diagram , Tt = py, .

In a dual way, we have T},G = Vi x Vo x G’ x M and and in particular:
(6.3) (AG,) = Vi x M’ and AGly, = Vi x G'.

Therefore, for any g = (y,g2) € V any § € T,V can be written as a pair
(£1,&) € {(y,92)} x G' x {(y,92)} x M’ where £ is a smooth map from V to
G’ and & a smooth map from V to M.

Also, for any ¢ € Ty, G , its components on AG |y, is defined by its values on
any section a of AG y,.

On the other hand, for a section b of AGy,, that is b: Vi — G, then TRy(b)
belongs to T's~!(s(g)) and, for any section a of AG|y,, then a — T't(a) is a sec-
tion of ker T't|yy, and so T'Ly(a — p(a)) belongs to Tt~ (t(g)). Moreover, the
maps ((b,g) — TRy(b) and (a,g) — TLy(a — T't(a)) are locally smooth in the
convenient setting (one can use smooth curves).

According to previous arguments, as in finite dimension, the source and the
target 5,t : T'G = AG’ are well defined in the following way:

(6.4) ~
<8(&),a > (g9) =< & TLy(a—pla)) > and < t(§),b>=< & ,TRy(b) >,

73



for all € € Tég7 a € AGg(y) and b € AGy(y).

We must show that and § and t are submersions. We first show that t is a
submersion.
In fact, in the previous context, if £ belongs to Tg’g, then ¢ is a pair (&1, &2) where
&1 is a smooth map from V to G’ and & a smooth map from V to M’. But we
have < £(€),b >=< £, TR, (b) =< &, TR,(b) > and since TR,(b) belongs to G
and & belongs to M/ = G*. Tt follows that t takes values in G/ = Ag’g which is

smooth since for any smooth curve v : R — V; the map ¢ — RZ(v(t) (E(v(t) is a

smooth section v*(T"t ! (M)) = R x M Note that, for any n € AG{(g), if we set
&= (R;l)*n, then t(£§) = n and so t is surjective. Therefore, t is a submersion.

Let i : G — G be the inversion in G. Then T1i is the inversion for the Lie
groupoid structure TG = T'M. The adjoint i := i* := T"i is a diffeomorphism of
T1G. Since io Ly = Ry it follows easily that Ry = L7 oi, and from the definition

of 8, it is easy to see that s = to1iand the proof is left as an exercise to the
reader. From Proposition M, it follows that s is a submersion.

As in finite dimension, the multiplication m on 7"G is given by
<fon, XeY >=<X >+ <Y >

if t(¢) = S(n). Note that from Proposition we know that the set of such
pairs (€,7) is a submanifold (77G)® of T'G x T'G. If s(g) = t(h), on the
one hand, the bilinear map T4G X ThG — Tm(g,h)G: (X,Y) = X +Y is a
bounded surjective map. On the other hand, the graph of this bilinear map
TyG X ThG — Tm(g,h)G: (X,Y) — X +Y can be considered a a relation from
T,G x T1,G to Tm(g, h)G. From the surjectivity of the multiplication 7m in TG
and the definition of the multiplication m in 7'G, it follows that the graph of
m in 7'G is Ann(Grm). The associativity of Tm implies the associativity of
m.

Finally, under the previous local context (even in the convenient setting), from
its definition, it is easy to see that the map ({n) — & e i is a smooth map from
(T"G)® to T'G which ends the proof.

Remark 6.2. T'G = AG’ is a VB-groupoid dual of VB-groupoid TG = T M.

2. Let w be the canonical 2-form on T'G. Therefore, for any (£, g) € T'G,
any X € T(¢ 51"G can be written as a pair (v,v") where v belongs to T,G and
v" in T'G. We then have:

(6.5) Wie, (X, Y) =<w',v>— <o w>,
if X = (v,9') and Y = (w,w’). Let T°(T'G) be the range of w’ : T(T'G) —
T'(T'G). Thus, P := (")~ : T*(T'G) — T(T'G) is an isomorphism.

It follows that P is a Poisson anchor and so TG = N%(M) is partial sym-
plectic groupoid.
Finally, Proposition implies that (AG,AG") is a partial Lie bialgebroid. m
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6.2 Sub-Poisson Structure on a Subgroupoid of the Cotan-
gent Bundle of a Lie Groupoid

In the Banach setting used in [OJS18], the authors introduce a notion of sub-
Poisson structure (p. 29). The following definition is an adaptation of the pre-
vious one:

Definition 6.3. A convenient Lie groupoid G = M has a sub-Poisson groupoid
structure if there exists a Poisson anchor P : T°G — TG such that T°G can be
provided with a convenient subgroupoid structure T°G = AG® of T'G = AG'
where AG® is a weak subbundle of AG' and there exists a bundle morphism
P®: AG® — TM such that the following diagram is commutative:

(6.6) TG L =~ TG

-

AG" L TM

and P is a groupoid morphism over P’.
We have the following characterization:

Proposition 6.4. Consider a convenient Lie groupoid G = M provided with a
Poisson anchor P : T°G — TG. Assume that the partial conormal set N°(M) is
a closed sub-bundle of T]t(/[g, and, if P* denotes the restriction of P to N°(M),
the following diagram is commutative.

(6.7) 6 —L > TG

gTbg\uETbg Ts\uTt
b

NOM) = TM

Then the convenient Lie groupoid G = M is a sub-Poisson groupoid if and only
if G = M has a partial Poisson structure.

Corollary 6.5. Under any of the assumptions of Corollary[5.5, any Lie groupoid
18 a sub-Poisson groupoid if and only if it is a partial Poisson groupoid.

Remark 6.6. We can consider Proposition as some kind of generalization of
a classical characterization of Poisson groupoid (cf. [MaXu94], Proposition 8.1).
From Proposition [6.4] a sub-Poisson groupoid has a partial Poisson structure.
In particular, all examples of partial Poisson -Lie groupoids given in section
[ 44 are sub-Poisson Lie groupoids. But, a priori, the converse is not true in
general without the assumption that A°(M) is a closed sub-bundle of T%,G.
Unfortunately we have no example of partial Poisson-Lie groupoid for which
NO(M) is not a closed sub-bundle of T3,G.
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Proof of Proposition [6.4
Assume that TG = AG’ is a sub-Poisson Lie groupoid. Since P is a groupoid
morphism, it satisfies the condition

(6.8) Pom(,n) = Tm(P(¢), P(n))-
for all (&,1) € T°G?). Now, since we have
< (&n,—m(& 7)), (X, Y, Tm(X,Y) >=0

for all (&,7m) € T(I’g’h)g@) and (X,Y) € T(g)h)g@), the same is true for all (¢,7)
and (¢',n) in T(bg,h)g(Z) as T°G = AG’ is a sub-groupoid of T'G = AG’. By ap-
plication of this relation to the first member of , it follows that 7'G = AG’

is a partial Poisson groupoid. On the other hand, AG’ is a subgroupoid of AG’
(in particular NO(M) = AG’ is a closed subbundle of 7%,G) and so P’ must

be the restriction of P to AG” and the Diagram 1' is then the same as the
diagram (6.7)).

Conversely, assume that G = M has a partial Poisson structure. In the one
hand, since the graph of m is coisotropic, this implies that the restriction m”
of m to Tgb, h)g@) takes values in T"g, and its graph is a closed submanifold of
{T°G}3. Tt follows that the projection of the graph of m’ onto T°G is smooth
which means that m® is smooth. Note that the property of coisotropy of the
graph means

< (&P(U)a—P(f'U)f'ﬂ?/a—fl .77/ >=0

for all (¢,n) and (¢/,7) in (T°G)?). But, for any g € G, the Annihilator of
T°G is zero. Since m is surjective, it follows that This implies that P(¢ ) =
(P(§) + P(n)) and so P satisfies the relation (6.8).

On the other hand, as M is coisotropic and N°(M) is a closed sub-bundle of
T%,G, from Theorem NO(M) has a structure of Lie algebroid whose anchor
is precisely P°. In fact, it is a subalgebroid of AG’ (cf. Proof of Theorem |5.3).
Now, from Diagram , we have Pb(ElTbg>(€) =Tto P(&) for all £ € T°G.
Recall that, for any & € TG, we have t(¢)(R(£)) = t(€) which belongs to
(Ag)i(g). Therefore, E(ORS’;)_I = ldag; for all g € G. This implies that

g *\—1 _

tig o (Bg) ™ =1ldyg
and it follows easily that E‘Tbg is a submersion. The same arguments can be
applied to S|p»g. Finally, T°G = AG’ is a subgroupoid of T'G = AG' As P
satisfies the relation as we have seen in the first part of the proof, it follows
that P is a groupoid morphism, which ends the proof. m
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6.3 The Cotangent Bundle of a Lie group as Lie Groupoid
6.3.1 Some Preliminaries

If G is a Lie group, we have a natural right (resp. left) action on its cotangent
bundle TG given by the map (g, (h,§)) — (gh, T Ly(§) (resp. (g, (h,§)) —
(gh, TXRp(€)) and so a coadjoint action G on T'G.

This gives rise to an isomorphism R (resp. L) from g’ x G (resp. G x g) to
T'G, defined by R(g,§) = (84(£),9) (resp. L(g,€) = (9,t4(€)) , which respects
the submersion S (resp. f), that is the following diagrams are commutative:

(6.9) g xGLETG ¢ xG-L>T0G
i / / i
g Idg g g Idg g

Note that arguments used in the context of finite dimension in [AGMM90],
2.3, also true in the convenient setting (see also [KrMi97] for such a context)
for regular convenient Lie groups. Thus, from now on, we assume that G is
provided with an exponential map for instance, G is a regular convenient Lie
group. We have a coadjoint action of G on g’, characterized by g — Ady (). As

L is an isomorphism from TG to G x g/, we can provide T'G with a semi-direct
product given by:
(9,8)-(hyn) == (gh, Adj,-1(n) + £).

The coadjoint action of G on g’ induces a smooth action of the Lie algebra g on
g’ in the following way: any X € g gives rise to a vector field X* on g’ whose
value at £ € g’ is characterized by

(6.10) (XEY) = (6, [X,Y]) = adi (Y)
for any ¥ € g. Thus, for any £ € g’ we can define a linear 2 form we on g by
(6.11) oe(X,Y) = (£, [X,Y]) = adk (V).

The kernel of o¢ is the set of vectors X such that <X§, Y)=0,foral Y € g.
Thus, this kernel is the Lie algebra g¢ of the stabilizer G¢ of the coadjoint action
at £ Let O = {Ady4(€), g € G} be the coadjoint orbit through £. Unfortu-
nately, in general, O¢ does not have a convenient manifold structure. Even if
G is a Banach Lie group, O¢ does not have a Banach manifold structure. It is
true if g¢ is a supplemented Banach subalgebra of g. Of course, it is always true
in the Hilbert setting for a finite dimensional Lie group G. In particular, in this
last case, o is a symplectic form in restriction to each orbit O¢ and defines a
Poisson structure on g’ which is the famous Kostant-Kirolov-Souriau Poisson
structure on g’. We will see in the next section a generalization of such a result
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in the Banach setting.

As in [AGMMO90], we consider the map k" : TG — g (resp. x! : TG — g)
defined by x = T, Ry-1 (resp. /—@lg =T,Ly-1). Note that these maps are 1-forms
with values in g and note that they satisfy the Maurer-Cartan equations:

1 1
dr" + inr AK" =0 (resp. dr' — inl A KL= 0).

Note that " (resp. k') is right invariant (resp. left invariant). In fact, we
have k! = s and k" = t.

We consider the following diagram:

G

T(T'G) ™~ TG

T‘-T’G\L l‘frc

T/G ﬂ_% G
Under these notations, we have:

R=sxmn (resp. L =7 xt);
5y = (k) ™")* (resp. t4 = ((ry)~")").

Let A be the Liouville form on T'G. Then the canonical symplectic form
on T'G is w = —d\. To show that T’G has a structure of partial symplectic
groupoid, if pry (resp. pra) is the projection of TG x T'G on the 1% factor
(resp. 28¢ factor), from Remark we have to show that

(6.12) priw + prjw = m*w

Since w = —dJ, it is sufficient to show the relation (6.12]) for A.
Given £ € T;G (resp. n € T;G)) and = € T¢(T'G) (resp. © € T¢(T'G)), we have:

T'G(E) e T,G (resp. T'G(©) € T}, G).

Now, from the expression of the multiplication on the tangent space of a
groupoid, we have T(, »ym(Z,Z3) = Z; + Z which gives rise to the following:

m?gﬂh)A(El, EQ) = )\g(El) + )\h(EQ)

This implies that TG has a partial symplectic structure defined by the Poisson

anchor P = (w*)™': T°(T'G) := w*(T(T'G)) — T(T'G).

6.3.2 Properties of the Cotangent Bundle of a Lie Group as Lie
Groupoid

We consider the structure of partial symplectic groupoid on TG = ¢’ as de-
scribed in the previous section.
Essentially, by application of Theorem [£.9] we have:

78



Theorem 6.7. Let G be a reqular convenient Lie group. Its cotangent bundle
T'G has a structure of partial symplectic Lie groupoid over its dual Lie algebra
g and we have:

(1)
(2)
(3)

(4)

(5)

(6)

g’ considered as the zero section of T'G is Lagrangian in T'G.
The inversion in T'G is an anti-symplectic map.

Let w the canonical symplectic 2-form on T'G and the associated partial
Poisson structure P : T°(T'G) := w’(G) — TG. In fact, T'G = ¢ has a
sub-Poisson groupoid structure. In particular, T"(T'G) = ¢/ x g° is
a Lie groupoid (cf. left vertical part of Diagram )

For each g € G, each vector space Ty(5~(g)) and Ty(t~'(g)) are orthag-
onal symplectic subspaces of the linear symplectic space (Ty(T'G),w).

There exists a unique Poisson anchor Py = TsoPoTs =TtoPo Tt
on g such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism). More precisely, if o is the induced 2 form on g’ by w we have:

(a) o is the Poisson bivector associated to Py .

(b) For each coadjoint orbit O¢ in g, for any § € O, then o¢ is exactly
the form defined by relation and its kernel g¢ is a closed Lie
subalgebra of g.

If G is a Banach Lie group such that ker o¢ is split in g, for all§ € ¢,
we have:

(c) for any & € ¢, the group of isotropy Ge of & under the coadjoint
action is a Lie subgroup of G whose Lie algebra is ge.

(d) Each orbit O¢ is a split submanifold of ¢ which is diffeomorphic to
the homogeneous space G/Gg.

(e) w induces a weak symplectic form on each orbit O¢.

(f) The pair (s,—t) is a dual pair (cf. Definition .

Remark 6.8.

1.

Theorem can be considered as a generalization to the Banach setting
of a classical result in finite dimension for the groupoid structure of the
cotangent bundle of a finite dimensional Lie group G and the link with the
Kostant-Kirilov-Souriau Poisson structure on the dual of the Lie algebra
of G (see for instance [Marl05], 1).

In general, in the convenient setting, the last Assertion (6) of Theorem (6.7
is not true without these complementary assumptions. However, in §
we exhibit a context in which this result is true without these additional
assumptions.
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Proof.

Assertions (1) and (2) are direct applications of Theorem [4.9

Assertion(3) will be a consequence of Proposition if we show that the dia-
gram is commutative in this context.

Since R is an isomorphism, A = ﬁi)\ is the Liouville 1-form on g’ x G and
so MX,¢) = (¢, X). Therefore, w = R*w is the canonical symplectic form on
g’ x G and so if X1 = (1, X7) and X2 = (172, X2) belong to Trg’ x T,G) we have

W(X1, X2) = (1, (X2)e) — (2, (X1)e) + (€, [X1, Xo])
where (X;)e € g is such that T, R, ((X;)e) = X; for i € {1,2}.
Thus, for X =X = (1, X)) € Teg’ x T,G), we have:
(6.13)  (@)°((X) = (iln+Eoady,),—X) € T'(g' x G) =g x g" x TG,

where i is the canonical inclusion of g into g” and we set g” = i(g). This implies
that the range of (@) is (g’ x g°) x T'G. Thus T°(T'G) := w’(T(T'G)) is equal to
T*R((g' x g°) x T'G) and so is a closed subbundle of T"(T'G). If P := ((w)b)_l

and P = ((w)b)_1 the following diagram is commutative:

T°(T'G) TR g xg” xT'G
X‘ {)
LT T(T'G) po= g xg xTG
(614) lpg’xsb
Ts Idﬂ/xgb
o xg o xg P s
a ~2,
g/ X g/ T l g/ X g/
g’'Xg

where s = T.L : TG — g. Note by same arguments, that we have also the
diagram

Tb(T/G) T L g x gb < T'G
X) R
T o O pa— g o % TG
(6.15) J{pﬂ’wb
Tt a,
g xg gl x g’ Por Xt
& ﬁg/
g/ X g/ T ; g/ X g/
g’ Xg
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Now, note that it is clear that A'°(G) is nothing but else than g’ x g°. By
superposing the Diagrams and the vertical right face of this new
diagram implies that its left vertical face gives rise to the Diagram [A-4] in this
context. Therefore, the assumptions of Proposition [6.4] which ends the proof of
Assertion (iii).

Assertion (4) is a direct application of Theorem [4.9| Point(iv).

For Assertion (5), the existence, unicity and the expression of Py is an ap-
plication of Theorem |4.9} (iii).

From now on, until the end of the proof of Assertion(5), we identify > and g .

Now, we are in the context of Theorem with A = T’G, provided with
the Lie bracket of vector fields and the anchor being the identity. Therefore,

according to [CaPe23|, relation (7.19), for X = (n, X) € T(bé g)(T’G), we have:

(6.16) P(n,X)=(n+¢&oadx,—X) = (n+ady §,—X)

Since g’ x ¢’ is identified with g’ x g’ x {0}, so Py is a map from g’ x g to
g’ x g’ which is given by

(6.17) (Py)e(X) = adiyé
In the one hand, from (6.13), the 2-form wgy induced by w on g’ is given by
(wg/)f(X7 Y) = ad}€7Y> = <£a [X7 Y]> = Uf(va)
(cf. (6.11])). On the other hand, we have
w’g(X, Y) = (Py(X),Y).

Since (Py ({¢} x 9))° = {X € g: (adi&,Y) =0,V € g} then (Py ({€} x g))" =
{X € g:ady€& =0} = kerog. Since is the pullback of a closed 2-form is also
closed, it follows that o is closed and thus, its kernel g¢ is a Lie algebra. This
ends the proof of Assertion (5).

For the proof of Assertion (6), we assume that G is a Banach Lie group and
for all £ € g’ the Lie algebra ge is split. Then the proof is an application of
Theorem (v). Nevertheless, we will give a complete proof in this context
in order to show the link between the Lie groupoid approach and the coadjoint
action. Under the previous assumptions, it follows that the Lie algebra of the
group of isotropy is G¢ of £ under the coadjoint action is g¢ and so a Banach
Lie subgroup of G. This implies that the orbit O¢ is a Banach submanifold
of G since its tangent space at £ (and so at every point of O¢) is isomorphic
to g/g¢ and so is supplemented. Therefore, O is a submanifold of g’ and is
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diffeomorphic to G/G¢ (cf. [BGJP19], Example 3.5 or [Belt06]).

Finally according to Definition the pair (s, —t) is a dual pair. m
Remark 6.9.

1. ¢’ x g® is the Lie algebroid of the Lie groupoid 7°(7’G) and the anchor
is Py. Thus when G is a Banach Lie group, the assumption ”g¢ is split”
is equivalent to ker Py is split at £&. Therefore, under the assumptions of
Assertion (6), if G is connected, there is identity between coadjoint orbits
and orbits of the Lie algebroid g’ x g” on g’.

2. In general, in the convenient setting, the last Assertion (6) of Theorem|[6.7]
is not true without these complementary assumptions. However, we exhib
in § [7.2] a context in which this result is true without these additional
assumptions

7 Ascending Sequences of Finite Dimensional
Banach (Partial) Poisson-Lie Groupoids and
Examples

This section proposes an adaptation of some previous results to ascending se-
quences of partial Banach Poisson Lie groupoids with some examples.

7.1 Ascending Sequences of Banach (partial) Poisson-Lie
Groupoids

Asin § and for the same reasons, we only consider sequences of Banach
partial Poisson Lie groupoids. Thus, naturally, an ascending sequence of Banach
Poisson Lie groupoids {(1°G;,Gi, Pi)}ien is an ascending sequence of Banach
(partial) Poisson manifolds (cf. Definition [3.28)) where

e cach G; = M, is a finite dimensional Lie groupoid ;

o (M;),cy is an ascending sequence of manifolds;

e each G, is provided with source and target maps s;, t;, inverse i;, multi-
plications m; and unity maps 1;;

e for each i, any of these maps at level ¢ is the restriction of the correspond-
ing map at level 7 + 1.

At first, recall the following results of ascending sequences of finite dimen-
sional Lie groupoids:

Proposition 7.1. Let (G; = M;),y
Banach-Lie groupoids. Then we have:

be a direct sequence of finite dimensional

(1) G = liﬂgi and M = hﬂMZ are Hausdor[f convenient manifolds.
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(2)1= lim1; is a smooth injective closed immersion from M = lim M; into
g:

(3) s =lims; (resp. t = limt;) is a submersion from G on to M;

(4) m= @mi is a smooth map from the convenient manifold G = @ggm
to G;

(5)i= hgllz is a smooth diffeomorphism of G.

In fact, we obtain a natural structure of convenient groupoid G = M which
is called the direct limit Lie groupoid of the ascending sequence of
(Gi = M;);cn- Its Lie algebroid is the direct limit of the sequence (AG;, My, pi, [, |:)
of Banach Lie algebroids.

€N

Remark 7.2. Since G (resp. M) is a direct limit of finite dimensional manifolds,
it follows that the typical model of G (resp.M) is isomorphic to R* which is a
convenient reflexive vector space (cf. [KuMcK89)).

Theorem 7.3. Let (G; = M;); .y be an ascending sequence of finite dimensional
Lie groupoids and G = M its direct limit Lie groupoid (cf. Proposition .
Then, for each © = @xz € M, we have:

(1) The isotropy group G(x) is a convenient Lie group which is the direct limit

of the sequence of isotropy groups (Gi(x:)),cn-

(2) The orbit G.x is a closed immersed convenient submanifold of M which is

the direct limit of the sequence of orbits ((G;).w:),cy-

(3) The restriction ty := t|gu,—) : G(x,—) — M is a G(x) principal bundle
which is the projective limit of the sequence of principal bundles (t;)z, :
Gi(xi, =) — M,.

(4) The associated convenient Lie algebroid (AG, M, p,|[ , ]) is split and, for
any x € M, its orbit G.x is a closed immersed submanifold of M whose
connected components are orbits of the Banach-Lie algebroid AG.

(5) AG = @AQ’{ is the dual of AG and (AG, AG') is a partial bialgebroid.

By application of Theorem [3.31]in the one hand, and application of Theo-
rem [7.3] to Theorem on the other hand, we obtain:

Corollary 7.4. Let (G; = M;),cy
sional Poisson (resp. symplectic) Lie groupoids and (Tbg,Tg, P) be the associ-
ated partial convenient direct limit manifold defined in Proposition[3.30. Then
in each case, T°G = T'G and in the symplectic case, G is a (strong) symplectic
|E| groupoid. Moreover all the Assertions of Theorm (resp. Therore
are true and in particular the last one without anymore assumptions.

be an ascending sequence of finite dimen-

198ince the symplectic form w on G is the direct limit of w; and as each wz is an isomorphism
so the direct limit of these operators is an isomorphism.

83



7.2 Examples

1. Consider (G; = M;);en be an ascending sequence of finite dimensional
Poisson Lie groupoids. Then the associated sequence (T*G; = AG™) jen Of
cotangent groupoids. It is also an ascending sequence of finite dimensional
symplectic Lie groupoids. If G = @gh then we have T'G = @T*gi and
AG' = @Ag;‘ and we have a structure of (strong) symplectic convenient
Lie groupoid 7'G = AG'.

2. Let (G;);cy be an ascending sequence of finite dimensional Lie groups.
Then the sequence of cotangent bundles (17G;),. is also an ascending
sequence of finite dimensional bundles, each one having a structure of
symplectic Lie groupoid (cf. Theorem or [Marl05], 1). If G = limG; is
also a convenient Lie group provided with an exponential map (cf. Theo-

rem , then TG = @T*gi is the cotangent bundle of G (cf. Propo-

sition [3.30). It follows that 7'G has also a structure of convenient Lie
groupoid on g’ x g (cf. Theorem . Note that the adjoint action of

G on g’ is the direct limit of the action of G; over g; and so O¢ through

& = lim¢; is limO; and so is a split convenient submanifold of G. It follows

that all assertions of Theorem [6.7] are true, in particular, the last ones

without any more assumptions.

For a more precise example, take G,, = GL(n, C). The following description
refers to [Babl10)].

Using the left translation on GL(n,C), the tangent space T'GL(n,C) is
isomorphic to GL(n, C) x gl(n, C) via the right action of GL(n,C). By the
duality bracket (A4, B) — Tr(AB), we can identify gl*(n,C) with gl(n,C)
and so the cotangent bundle of GL(n,C) is isomorphic to GL(c0) x gl(co).
Via the duality bracket (A4, B) — Tr(AB), we can identify T'GL(n, C) with
GL(n,C) x gl(n, C). Therefore, the coadjoint orbit of GL(n, C) on gl*(n, C)
can be identified with the adjoint orbit of GL(n, C) on gl(n,C). Of course,
the canonical symplectic form on T*(GL(n,C) x gl(n,C)) gies rise to a
symplectic groupoid structure on GL(n,C) x gl(n, C) = gl(n, C) x gl(n, C).
In particular, all the assertions of the theorem, even the last one, is true
without any more assumptions.

On the one hand, each A € gl(n,C) can be considered as a linear map on
C™ and let J4 be its normal Jordan form. Then we have A = gJag~! for
some g € GL(n,C). So the adjoint orbit O4 of A is equal to O;,. Thus
any adjoint orbit is parametrized by all Jordan matrices.

On the one hand, the Kirilov-Kostant-Souriau symplectic form on O4 is
defined in the following way (cf. [Babl0]):

(71) O'A(Xl,Xg) = Tr(glgAg) = —Tr(gggAl)

84



where, for ¢ € {1,2}, X, is a vector tangent to a curve on [0,¢[ of type
A;(t) = gi(t)JAgfl(t) given by:

d . d
—  gi(t), Ai=—
dt\t:og ®) dt |t=0

Ai(b).

It follows that the Lie algebra GL(oo,C) = displaystyle|J,cy GL(nC) is

gl(o0,C) = U gl(nC). Therefore, for A and B in gl(co,C), the product
neN
is well defined since we have an integer n such that A and B belongs to

the same gl(n,C) (via the successive inclusions ¢, of gl(nC) into gl(nC)
and so the bilinear form

Tr(AB) := Tr,(AB)

is well defined if Tr,, is the bilinear operator trace in gl(nC). This gives rise
to an operator of duality between gl(co,C) and gl*(co,C) which is com-
patible with the previous inclusion ¢,, and so is compatible with the direct
limit. For analogue reasons, the adjoint actions are compatible with the
inclusions of GL(nC) into GL(nC) and ¢,, and so any coadjoint orbit can be
identified with an adjoint orbit which implies that the same result is true
for the direct limits. Thus the coadjoint orbits are parametrized by the
union of all Jordan matrices of any finite dimension. Since each such or-
bit is contained in some gl(n, C), the Kirillov-Kostant-Sauriau symplectic
form is also given by the formulae (|7.1)).

A Bounded Operators on a Hilbert Separable
Complex Space and Von Neuman Algebras

Von Neumann algebras were originally introduced by John von Neumann. For
a complete exposition on Von Neumann algebras, see Dixmier’s book [Dix69).

A.1 Basic preliminaries

The following results on the space of bounded operators on a complex separable
Hilbert space are classical but, for the sake of completeness, we refer to the
concise and complete notes [Houl3] or also [Dix69].

A.1.1 Basic Properties of Bounded Operators on a Separable Com-
plex Hilbert Space

Let H be a separable complex Hilbert space. We denote by ( | ) its inner
product and || || its associated norm. Let Lo(#) be the Lie algebra Banach
space of bounded linear operators on H provided with the classical norm ||A||e =
SUp||4<1 and the Lie bracket of commutateur [A, B] = AB — BA where AB
means the composition A o B.
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We will enumerate some classical properties of bounded operators.

The adjoint of A € Loo(H) is denoted A*;

A € Loo(H) is called self-adjoint if A = A*;

p € Loo(H) is called a projection if p? = p = p*;

A € Loo(H) is called positive if (Ax|z) > 0 for all € H; in this case, A is
self-adjoint;

for A, B € Loo(H) we say that A > B if A — B is positive;

u € L(H) is an isometry if vu* = 1d;

u € L(H) is unitary if wu* = uw*u = 1d;

u € L(H) is a partial isometry if u*u is a projection.

Lemma A.1. If u is a partial isometry then so is u*. The subspace u*H is
then closed and called the initial domain of u, the subspace uH is also closed
and called thefinal domain of u.

If A is positive then A = A*; it has a square root B := Az ie. an operator
B such that B? = A.
For any A € L(H), we set |A| = (A*A)z.

Lemma A.2. For any A € L(H), there exists a partial isometry u such that
A = u|A|, and that u is unique subject to the condition that its initial domain is
(ker A)L. The final domain of this u is AH = (ker A*)L. Such a decomposition
1s called the polar decomposition of A.

A.1.2 Some Classical Banach Sets of Bounded operators

The trace of a positive operator is

TrA:= Z(en|Aen>

where (e,,) is an orthonormal basis of H. This value does not depend on the
choice of the orthonormal basis.

The set Ly(H) of Hilbert-Schmidt operators is the subspace of Lo (H) of op-
erators A such that |||y := (Tr(AA*))2 < cc. It is a Banach Lie algebra with
the norm || ||2 and the Lie bracket of commutator. It is an ideal of Lo (H).

For any A € Lo (H), the square root of (AA*) is a well defined bounded
operator and so the set Ly (H) of trace-class operators is the subspace of operators
A in Lo (H) such that

I|A]]1 == Tr(AA*)? < 0o

It is a Lie algebra for the norm || ||; and with the Lie bracket of commutator
Note that we have | Tr A| < ||A]|; and so La(H) < Li(H).
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For any 1 < p < 00, let L,(H) the subspace of A € Lo () such that

1

4]l = (Tr(44")% )"
It is a Lie algebra for the norm || ||, and the Lie bracket of commutator.
We have the following classical properties:

e for 1 < p<2<q< oo, wehave
(A1) Li(H) = Ly(H) — La(H) = Ly(H) = Loo(H).

Note that L,(#) is dense in Lo(#) and a closed subspace of Lo (7) but is not
supplemented.

e The bilinear map (A, B) — Tr(AB) defines
a strong dualitym pairing between Lo (H) with itself;

a weak duality pairing between L;(#) and Lo (#) and, by the way, Lo ()
can be identified with the dual of Ly (H);

1 1
a strong duality pairing between L,(#) and L, (H) if ’ + p =1, and so the
dual of L,(#) can be identified with L,(#) and conversely.

A.2 Finite Rank and Compact Operators

In this paragraph, the orthonormal basis (e,) for H is fixed. Let La,(#H) be
the set of operators A € Lo (#H) whose range is finite dimensional. On the
other hand, A € Lo (H) is called compact if the image of the closure of the
unit ball in H is relatively compact. We denote by L (H) the set of compact
operators on H. The following results on the space Lx () are classical but for
the sake of completeness, we refer to the concise and complete notes of Bourbaki.

e Ly (H) is the closure of Ly (H) in Lo (H) relative to the norm || |||co. In
particular, L () is closed in Lo (H).

o Lx(#H) is an ideal in the algebra Loo(#H). In particular, Lx(H) is a Lie
subalgebra of Ly, (H).

o Ly(H) C Lx(H).

20 A non degenerate bounded bilinear (z,y) < z,y > between convenient spaces E and [ is
called a weak pairing. Such a paring is called strong if the map z —< z, > (resp. y —< ,y >)
is a convenient isomorphism from E (resp. F) to the dual of F (resp. of E).
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o Li(H) = (Lx(H)) and (Li(H))" = Los(H).
Remark A.3. Consider the map ® : £>°(N) — Lo (H) given by:

D(\,)(z) = Z Mn{zlen)en.
n=1
Then we have:

O~ (Lan(H)) = coo(N), that is the set of finite complex sequences;

O~ L(Lk(H)) = co(N), that is the set of complex sequences which converge
to 0.

Moreover in each previous situation ® is an isometry.
It is well known that, for 1 < p < 2 < g < 0o, we have:

Y (N) < (P(N) — £2(N) = £9(N) = ¢o(N) < (*°(N)

where each inclusion is continuous. On the other hand, coo(N) C ¢}(N) is a
convenient space as a direct limit of ascending sequence of finite dimensional
Banach spaces, say £(n) of finite sequences defined on {1,...,n} (cf. proof
of Proposition . Moreover, coo(N) is dense in ¢1(N) and its inclusion is
continuous according to its convenient topology.

As in Remark [A73] we have a comparable situation for the previous spaces
of bounded operators:

Proposition A.4. The set Lg,(H) has a structure of convenient space which
is dense in Li(H) and the inclusion is continuous according to the convenient
topology on Lan(H) and the Banach structure on Li(H). In particular, for 1 <
p <2< q< oo, we have the chain of continuous inclusions:

(A2) Lan(H) = Li(H) = Ly(H) = La(H) = Lg(H) — L (H) — Lo (H),
forl<p<2<q<oo, and @~ (Ly(H)) = £*(N), for any 1 <k < oo

Proof. Let H, be the vector subspace of H generated by {ey,...,e,}. We
consider the canonical inclusion ¢y, : H,, < Hpt1. If L(H,,) is the Banach space
of continuous endomorphisms of H,,, we have an evident inclusion (£ : L(#,,) —
L(Hn41). By the way, the sequence {L(H,), (5} ,en is an ascending sequence of
Banach spaces and so its direct limit ligL(Hn) = U L(H,) is contained in a
neN
convenient subspace of Ly (#). Since L(#,,) is a Banach subspace, each inclusion
tE of L(H,,) into L;(H) is continuous and so is the inclusion hguﬁ of liml (Hy)
in Ly(H) (cf. [CaPe23], 5.4).
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Note that Liml(H,) = U,cyL(Hn) is also contained in Lgn(H). Consider
A € Lgy(H). Then the Kernel K of A is finite codimensional and its range R =
A(F) is finite dimensional. Therefore, thee exists n € N such that K +H,, = H
and R C H,. Thus the restriction A, of A to H,, belongs to L(H,). Now, for
any m > n, the restriction A, to H,, also belongs to L(#,,) and the restriction
of A, to H, is A,. It follows easily that A = ligAn and, finally, we have

liml (Hyn) = Lyin(#), which ends the proof of the first part.

Relation (A.2]) is then a direct consequence of the previous result and (A.1)).
Finally, the last part is a consequence of Remark and the definition of each
Banach space Lg(H) for 1 <k <oco. ®

A.3 Von Neuman Algebra and Groupoid
A.3.1 Definition of a Von Neumann Algebra

We begin by some recalls on some usual topologies on Lo, (H).
(1) The norm topology defined norm || ||so-

(2) The strong operator topology. A basis of neighbourhoods of A € Lo (H)
for this topology is

V(A,x1...,2n,6) :={B : ||B—Azi||lc <&, Vi=1,...,n}.

(3) The weak operator topology. A basis of neighbourhood of A € Lo (H) for
this topology is

V(A,x1. o @0, My ey Mny€) = {B : (B —Axi|mi)| <e, Vi=1,...,n}.

(4) The weak topology is the topology of pointwise convergence on H in the
”weak topology” on H according to the inner product.

We have the following order between these topologies
{weak operator toplology} < {strong operator toplology} < {norm toplology}.

Definition A.5. A *-subalgebra unital MM |E| which is closed for the topology of
weak operator topology of Lo (M) is called a Von Neuman algebra.

Remark A.6. For any Banach space E, a predual of E is a Banach space E, such
that (E,)’ is isomorphic to E. In general, when a predual exists, it is not unique.
We say that E, is a strong unique predual if E, C E’. S. Sakai (cf. [Sak71]) has
shown that there exists an equivalence between weak closed *-subalgebras 9
of L(H) and C*-algebras 9 of L(H) which having a strong unique predual 90i,.
For instance, L1(H) (resp. (Lx(#)) is the predual of Lo (H) (resp. Li(H)).

21This means that 90 is stable by adjoint operation and contains the identity.
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Examples A.7.
1. Any finite dimensional *-subalgebra of L., (#) which contains Id.
2. Loo(H).

3. The algebra of essentially bounded measurable function on ([0, 1], dx)

A.4 Groupoid Associated to a Von Neumann Algebra
For this paragraph, we refer to [OdSI16].

Let 9 be a von Neumann algebra. We denote by £(9) the set of projections
of M and by U(IM) the set of partial isometries of U (M), that is,

LON):={peM, : p=p*>=p*} and UON) :={ueM, : v'u=1=uu*}.
L(9M) is an ordered set by p < g < pg = p. In fact L(9N) is a lattice E

For € 9M, we consider its polar decomposition = u|x|. In fact, since
|z| = (z*2)2, then |z| belongs to MT := {z € M, : 2* =z > 0} and u € U(IM)
and so s(|z|) := u*u belongs to L(9M). Note that t(|z*|) = uu* also belongs to
L(ON).

We denote by G(pMp) the group of invertible elements of the Von Neuman
subalgebra pMp of M and U(pMp) the group of invertible elements of pMip.
Note that for p = Id one has p9ip = 91, so the corresponding groups are simply
denoted G(9) and U (M) respectively.

Note that for any = € 9, |x| belongs to pPM where p = s(|z|) := u*u. By
the way, we consider the set

G(M) = {x €M, : [z € Mp, p=s(|z])}.

The following theorem summarizes some essential results proved in [OJSTS],
2:

Theorem A.S8.

1. G(OM) has a canonical structure of groupoid over L(IM) where, according
to polar decompositions, we have:
(i) the identity section 1 : L(I) — G(IM) is the inclusion;
(ii) the source s and the target t from G(IM) to L(OM) are given by
s(z) = u*u and t(x) = uu*;
(#i) the multiplication m(xz,y) is the multiplication in the algebra M if
s(z) = t(y);

22 A partially ordered set (L, <) is called a lattice if each two-element subset {a,b} C L has
a least upper bound, denoted by a V b and greatest lower bound, denoted by a A b.
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[iv) the inverse i: G(IM) — G(M) is defined by i(x) = |z| " u* if the polar
decomposition of x is u|x|.

2. The set of partial isometries U(IM) is a wide subgroupoid U(MM) = L(IN).

A.5 Orbits of Von Neumann Algebra Groupoids

For this paragraph, we again refer to [OJS18].

Given a Von Neumann algebra 91, recall that two projections p,p’ € M
are called Murray-von Neumann equivalent and denoted p ~ p’ if there exists
u € M such that p = vu* and p’ = v*u. Fix some py € L(M) and set

’CPO = {p € ’C(Dﬁ) P pO} and gpo (E)ﬁ) =t! (ﬁpo (f)ﬁ) ns™! ('Cpo(m))

Then G, (M) = L, (M) is a subgroupoid of G(M = L(M). If p ~ po, then we
have G,(9M) = L,(M) and Gy, (M) = Ly, (M) coincide. From Theorem {4.4fand
[OJST8] on the other hand, we have the following illustration of Theore in
this context:

Theorem A.9.

1. Each G,y (M) =2 L, (M) is open and closed in the groupoid G(IM) =
L(OM).

2. The Banach Lie groupoid G(IM) = L(IM) is a disjoint union of Banach Lie
groupotds Gp, (M) = L, (M), po € LIM). In particular, each set Ly, (M)
is an orbit of the groupoid G(9M) = L(IN).

3. If Py = (sig,, @) (po) then Py — L,y (M) is a principal bundle with Lie
group Gog = t‘_PlO(po).

To be more clear with the link between proofs in [OJSIg| and direct appli-
cations of Theorem [£4] we end this section with the interpretations of these
results in terms of the Von Neumann algebra context according to [OJS18] re-
sults in section 1.

For fixed pg € L(9M), Py is an open set of Mpy. Gy is the group G(poMpg) of
invertible elements of the Von Neumann subalgebra po9ipy,. We have a natural
free right action of Gy on pyMpy which gives rise to a Gy principal bundle
Py — Py/Go and (Py X Py) — (Py x Py)/Go which are isomorphic to Py —
Ly (). In particular, £, (9N) (resp. Gp,(M)) is isomorphic to Py/Go (resp.
(Pox Py)/Gop). In fact, we have the following diagram of groupoid isomorphisms
([OJS1g], Proposition 1.4)

(Po x Py)/Go —— Gp, (M

.

Py /Gy Ly, (M
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A.6 Lie Poisson Structures on Von Neumann Algebra Groupoids

A von Neumann algebra also called a W*-algebra is a C*-algebra 9t which has a
Banach predual space M., i.e. M = (M,)*. Denote by L(M) the lattice of pro-
jections p on M such that p = p* = p?. IfU(IM) is the set of all partial isometries
win M (ie. w*u € L(IM)) for any = € M such that x = z* let s(z) be the small-
est projection in £(9M) such that s(x)z = z. Let M := {z € M : z*z > 0};
we then have a polar decomposition & = u|x| where u belongs to U(9) and
|z] € MT. One has s(|z*|) = uu* and s(|z|) = u*u. In fact, for any x € M, we
have |z| € pMp, where p = s(|z]).
We consider the set G(9M) = {z € M : |z invertible in pMip}. From the previ-
ous notations, we have well defined maps s : G(9) — L(M) and t : G(M) —
L(9N) respctively given by

s(z) = vw*u and t(x) = wu*. By the way we have a groupoid structure
GM=L(M)(for such a complete description and results see [OdSIL6]).
For fixed py € L(9M) we set Py = s~ (pg). Then Py is an open set of Mpy. Thus
the tangent bundle TPy is isomorphic to Py x IMpy and its cotangent bundle
T* Py is isomorphic to Py X po9t*. Consider the predual (Mipg). = poM. of
(Mpo)* = peIM* and so the bundle Py x poP. is a weak Banach subbundle of
Py X pot* which defines a weak Banach subbundle T, Py of T*F,. We denote
by ¢ : T, Py — T* Py the inclusion morphism.
Now according to [OJS18], Proposition 5.2 and Remark 5.1, if w denotes the
canonical symplectic form on T* Py then wy = t*w is a weak symplectic form
on T, Py. More precisely, if we identify T, Py with Py X pg9. and T* Py with
Py x poIN*, then T(T, Py) = (Py x po9MN.) x (Mpo x poM.) and the range of w?
is then

T’ (T, Py) = (Pyxpo, ) x (MpoxpoIM,) C (Poxpod,)x (Mpox (Mpo)*) = T* (T2 Py).

Finally the weak symplectic form w defines a Lie Poisson structure on the alge-
bra A(T.Py)) associated to T* (T, Py). In particular, P := (wj)~" is a a Poisson
anchor.

On the other hand, we have the pair groupoid T, Py X Tx Py = TPy and a
Poisson anchor

P x P :T°(T,Py x T,Py) — T(T, Py x T, P,)
In [OJS1§], p. 40, it is proved:

Proposition A.10. The groupoid TPy x T.Py = T.Py has a sub-Poisson
groupoid structure associated to the following commutative diagram of groupoid
morphisms:

(A.3) T*(T. Py x T, Py) ~25 T(T, Py x T.P)

I !

T"(T.P)) —— > T(T. D)
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In fact, the reader will find in [OJSI8] an exact sequence of sub-Poisson
groupoids.

A.7 Fredholm Groupoid Associated to the Von Neumann
Algebra 9 = L, (H)

In this section, we consider the Von Neumann algebra 9 = Loo(H) and all re-
sults stated from [QJS1§], 6.3.

At first, recall that the Banach predual (Loo(#H))s is L1(#) and the pairing
between Ly (H) and Lo, (H) is given by:

(A, B) := Tr(AB)

The set L(Loo(H)) of orthogonal projections is isomorphic to L£(H) and the
associated set G(Loo(H)) is

{A€Llx(H), : Im A=TImA}

By the way, the groupoid G(Loo(H)) =% L(Loo(H)) can be identified with the
groupoid GH) = L(H) where s(A) = (ker A)* and t(A) = ImA.

Let Ln(H) be the set of projections of rank N and we set
Lin(H) = |J L (M) and Gn(H) = ™" (Lan(H)) Nt~ (Lan(H)).
N=1

Then Ggn(H) = Lin(H))) is the groupoid of finite rank operators

On the other hand, consider the groupoid Goo(H) = Loo(H))) of infinitely
dimensional range partially invertible operators. We have an involution
1: L(H) = L(H) defined by L (p) :=p* :=1—p for p € L(H).

Then L is an automorphism of L(H) and L o L= Id ).

We consider the subgroupoid Grred(H) = Lrred(H)))) of Goo(H) = Lo (H)))
defined in the following way:

if LFred(H) =1 (Lfln(H)) then gFred (H) = S_l(‘cFred(H)) n t_l(‘cFred(H))

Now, as previously, for any fixed py € L(H), we can consider Pfred :=
s 1(po) N Gred(H). To Py is associated a weak Banach subbundle T*POF red of
T*Pfred whose fibers are the predual of fibers of TPf™!. Then by same argu-
ments as in the proof of Proposition we have:

Proposition A.11. The groupoid T*POFrecj X T*POFred = T,,kPOFred has a sub-
Poisson groupoid structure associated to the following commutative diagram of
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groupoid morphisms:

(A.4) T(T, Pired x T, PFred) 222 (1, pired T, pfred)
Tb (T* Pgred) % T(T* Pgred)
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