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Abstract

In this paper, we investigate positive radial solutions to double-power nonlinear stationary Schrédinger
equations in three space dimensions. It is now known that the non-uniqueness of H'-positive solutions can
occur in three dimensions when the frequency is sufficiently small. Under suitable conditions, in addition
to the ground state solution (whose L norm vanishes as the frequency tends to zero), there exists another
positive solution that minimizes a different constrained variational problem, with an L°° norm diverging
as the frequency tends to zero (see Theorem 1.4). We classify all positive solutions with small frequency
into two categories: the ground state and the Aubin—Talenti type solution. As a consequence, we establish
the multiplicity of positive solutions. Finally, we also examine the non-degeneracy and Morse index of each

positive solution.
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1 Introduction

In this paper, we consider positive solutions to the following double-power nonlinear stationary Schrédinger
equations
—Au+wu— |uP " u— u)F Pu=0 in R4, (1.1)

where d > 3,w > 0, 2*:%and1<p<2*71.
Solutions to (1.1) correspond to standing wave solutions (t,z) = e**u,(x) to the following Schrédinger
equations:

W0+ AP+ [Y[P T + [ 2 =0  inR xR (1.2)

The standing waves play an important role in the global dynamics of (1.2) (see [2, 3, 4, 17, 20, 38] and references
therein).

It is known that for any vy € H*(R?), there exists a unique solution v to (1.2) in C'(Iypax; H*(RY)) with
Y|t=0 = o, where In.x C R denotes the maximal existence interval. Moreover, the solution ¢ satisfies the

following conservation laws of the mass and the energy in this order:

[v@)llLz = l[ollzz,  E@()) =EWo)  forall t € Lnax. (1.3)
Here
1 1 1 1 .
E(u) = §||VU||%2 - m”“”zﬂﬂ - 27”“”%2*- (1.4)

If in addition v |;—g = 1o € L?(R%, |z|? dx), then the solution 1 belongs to C'(Iyax; L2(R?), |z|? dx)) and satisfies

the so-called virial identity:

[ JaPlote o) do= [ (o un(a) de -+ttt [ o Vio(a)ilo do
R4 R4 R4

o (1.5)
+ 8/ / K" dt” dat’ for any t € Ihax,
o Jo
where
dip—1) .
K(u) = [|Vul72 — mllﬂlliﬁl — llullZ.- (1.6)

Recently, equation (1.1) has been studied intensively (see [1, 5, 6, 7, 17, 30, 40, 44, 46, 47] and references
therein). In this paper, we focus on positive solutions to (1.1). From the result of Gidas, Ni and Nirenberg [24],
positive solutions to (1.1) are automatically radially symmetric and monotone decreasing in || > 0. Moreover,
Wei and Wu [47] showed that when d = 3, 1 < p < 3 and the frequency w > 0 is sufficiently small, equation
(1.1) has two distinct positive solutions, implying the non-uniqueness of positive solutions. One of the positive
solutions is the ground state and the other one is obtained by a certain minimization problem (see (1.10) and
(1.16) below). This result coincides with the numerical computation by Dévila, del Pino and I. Guerra [18].

Our aim is to study the multiplicity, the non-degeneracy and the Morse index of positive solutions to (1.1).



Recall that the ground state @, is a minimizer of the action functional S, defined on the Nehari manifold
{ue H' RN\ {0}: N,(u) =0}
with

1 w 1 1 1 *
Su(u) = §||VU||2L2 + 5”“”%2 - m”“”zﬂfﬂ - 2?”“”%2*,

Noo(u) = (S0, (w),u) = | Vull7z + wllullF2 = [lul 75 = l[ullFr,
where S/, denotes the Frechét derivative of S,,. More precisely, if we consider the following minimization problem
mg, = inf {S,(u): w € H'(RY)\ {0}, NV,(u) =0}, (1.7)

then the ground state Q,, satisfies S,,(Q.,) = m,, and M, (Q,) = 0. Note that by a standard argument, Q,, can

be taken a positive radial ground state.

Remark 1.1. Although several definitions of the ground state can be found in the literature, the one adopted

above appears to be the most suitable in this paper.

We can verify that if the ground state Q,, exists, then it minimizes S,, over all non-trivial H'-solutions to
(1.1), that is, S, (Q.) < S.(u) for all non-trivial solutions u € H*(R?) to (1.1). We now recall the results

concerning the existence and non-existence of the ground state:

Theorem 1.1 ([5, 47,48]). (i) Letd>4 and 1 <p<2*—1ord=3 and3 <p <2*—1. For anyw > 0,

a ground state Q, exists.

(ii) Letd =3 and 1 < p < 3. There exists w. > 0 such that the ground state Q,, exists for any w € (0,w.) and

does not exist for any w € (we, 00). Finally, when w = w,, a ground state Q,,, exists for 1 < p < 3 (p # 3).

Part (i) of Theorem 1.1 was proved by Zhang and Zou [48, Theorem 1.1] while part (ii) was proved inde-
pendently by [5, Theorem 1.1] and [47, Theorem 1.2.].

Remark 1.2. (i) In the case of d =3, p =3 and w = w,, the existence of the ground state is still unknown.

We refer to Remark 3.1 of [47] for further discussion.

(i) It is known that the limit of the ground state under a certain rescaling is the Aubin-Talenti function

jz/?

W(z) = (1 + d(d—2)> o : (1.8)

which solves

—AW =W?¥"!  in R4 (1.9)
A main reason why the case d = 3 is different from d > 4 arises from the integrability of the Aubin-Talenti
function. We can easily check that W € L?(R%) when d > 5 but W ¢ L?(R%) when d = 3,4 1. These are

the so-called “resonance” when d = 3,4 (see [5] and [47] for the existence and non-existence of the ground

state in the case of d =3 and 1 < p < 3 in detail).

"When d = 4, W € L?+¢(R?) for any € > 0.



Next, we pay our attention to a positive solution which is different from the ground state and characterized

by the following minimization problem:
Epin(m) :=1inf {E(u): u € P(m)}, (1.10)

where m > 0,

S(m) = {ue H'(RY: [lul|7. = m}

and

P(m) == {u e S(m): K(u) =0} = {uec H'RY: ||ul|i. =m, K(u) = 0}.

We can easily verify that for each m > 0, P(m) # (). Since this kind of the minimization problem is closely
related to the global dynamics of solutions to the evolution equations (1.2), it is often used as well as my,, (see
[30, 33, 44, 46] and references therein). Here, we note that for the L2-constrained minimization problem as
(1.10), the L2-critical exponent 2, = 1+ 4/d plays an important role. To explain this, let us consider the

following single power nonlinear Schrédinger equations:

i0p) + Ay + [P =0 in R x RY, (1.11)
where d > 1 and 1 < p < 2* — 1. Equation (1.11) is invariant under the scaling:

Ua(t, x) == e%’\w(e”t, ) (A eR), (1.12)

which preserves the L?-norm when 2, = 1+ 4/d. Thus, the exponent 2, = 1+ 4/d is referred to as “L2-
critical” or “mass critical”. The L2-critical exponent 2, = 1+4/d is also known as the threshold for the orbital

stability /instability of standing waves of (1.11). The corresponding stationary equation is
—Au+wu — [ufPtu =0 in R9, (1.13)

whose unique positive solution can be written as U, (-) = w'/®=DUT(y/w-), where Ut solves (1.13) with w = 1.
We refer to [10] for the existence and to [35] for the uniqueness. Cazenave and P. L. Lions [16] proved that in
the L2-subcritical case 1 < p < 1+4/d, U' minimizes the corresponding energy under the L?-norm constrained,
that is,

ENUT) =inf {&T(u): u e S(|UT|32)}, (1.14)

where

T 1 2 1 p+1

El(u) = §||VU||L2 - mHUHLPH'

Using the variational characterization (1.14) and the concentration-compactness method, Cazenave and P. L.
Lions [16] showed that the standing wave e®®UT is orbitally stable. 2 On the other hand, in the L2-supercritical
case 1 +4/d < p < 2* — 1, the situation becomes different. Let us explain briefly. For each u € H'(R?) and
A € R, we put

Thu(-) == e u(e®) (A ER). (1.15)

2Roughly speaking, we say that the standing wave is orbitally stable if we take the initial data sufficiently close to the standing

wave, then the corresponding solution stays close to its orbit. Otherwise, we say that the standing wave is orbitally unstable.



Then, we can easily find that ||T\UT||2 = ||UT| 2, while infyeg ET(TAUT) = —o0, that is, the energy £ is not
bounded from below on the manifold S(||U||2,) when 1+ 4/d < p < 2* — 1. Therefore, (1.14) does not hold
in the L2-supercritical case 1 +4/d < p < 2* — 1. In addition, Berestycki and Cazenave [11] proved that the
standing wave e**UT is orbitally unstable. This explains that the L2-critical exponent p = 1 + 4/d plays a key
role in the L2-constrained minimization problem.

Now, let us return to our equations (1.1) again. We now summarize the result for the L?-critical and

supercritical cases. Soave [44] obtained the following (see also [39, Theorem 1,3]):

Theorem 1.2 (Theorem 1.1 and Proposition 1.5 of Soave [44]). (i) Letd >3 and 1+4/d < p < 2*—1. For
each m > 0, Epin(m) > 0 and there exists a minimizer for Epin(m), which is a positive solution to (1.1)

with the frequency w = w(m) for some w(m) > 0.
(i) Let d >3 and p=1+4/d. For each m € (0, |UT||2,), the same conclusion as in (i) holds.

Next, we turn our attention to the L2-subcritical case 1 < p < 1+ 4/d. In fact, the situation becomes more
complex and the functional £|g,, has a second critical point. To explain this more precisely, we prepare several
notations. Jeanjean [29] introduced the following fiber maps to study the general L2-constrained minimization

problem:
2)

£(p—1)A
e ez
U(u, \) := E(Thu) = *HVUHQL? - ﬁIIUIIﬁL -

We can easily verify that K(u) = 2% (u, \) ’A o and P(m) can be rewritten by

P(m):{ueS( ): ‘fl‘f ,)\)|A_0:0}.

Note that d(p —1)/2 < 2 when 1 < p < 14 4/d, so that the graph of ¥(u, ) may have local maximum and
minimum points if m = ||lu||2, > 0 is sufficiently small (see [44, Lemma 4.1]). Taking this into consideration,

we decompose P(m) into the disjoint union P(m) = P, (m) U Py(m) U P_(m), where

dv d>U
Pi(m) = {u € S(m): —(u,\)| =0, (u, ) > 0}
d =0 dx? =0
d? p—1 2
—{w e Py 21vuls > TEIE R + 2l |
dv d>U
Po(m) := {u € Sim): —(u, \) =0, (u, \) = 0}
dA A=0 dN? A=0
d*(p—1)2 . .
—{ue Py 207l = SEE gt + 2l |
dv d*v
P_(m) := {uES(m) —( =0, (u, A) <O}
N |h=o Vi o

d*(p—1)2 .
. 2 +1 * 2
= {u - P(m) 2HquL2 < WHU”%Iy}»l + 2 ||UHL2* .

We put
Enin,+(m) = inf {E(u): w € PL(m)}. (1.16)

Then, Soave [44], Jeanjean and Lu [30], Wei and Wu [46] obtained the following:



Theorem 1.3 ([30, 44, 46]). Letd >3 and 1 <p < 1+4/d.

(i) There exists m, > 0 such that for each m € (0,m,), Emin,—(m) is positive and has a minimizer which is

a positive solution to (1.1) with w = w_(m) for some w_(m) > 0.

(i) There exists myy > 0 such that for each m € (0, M),
Emin(m) = Emin7+(m) < O

In particular, Emin(m) has a minimizer, which is a positive solution to (1.1) with w = w4 (m) for some

wy(m) > 0.
Remark 1.3. It follows from Theorem 1.3 that Enin,—(m) > 0 > Epin(m).

Part (i) of Theorem 1.3 was proved by Jeanjean and Lu [30, Theorem 1.6] in the case of d > 4 and by Wei and
Wu [46, Theorem 1.4] in the case of d = 3 and Part (ii) was proved by Soave [44, Theorem 1.1 and Proposition
1.5 ]. In what follows, we denote the minimizers for Ewyin(m) and Eyin,— (m) by Ry ) and Ry, (m),— which are
solutions to (1.1) with w = w(m) and w = w_(m), respectively. > Wei and Wu [47] investigated the case where

d = 3 and m > 0 is sufficiently small. The following theorem summarizes their results:

Theorem 1.4 (Theorem 1.2 (3) of Wei and Wu [47]). (i) Let d =3, 1 +4/d < p < 3 and w(m) > 0 be the

number given in Theorem 1.2 and 1.3 (i). Then, we have lim, o w(m) = 0 and limp, o || Rym)|lL~ = co.

(i) Let d = 3,1 <p < 1+4/d and w_(m) > 0 be the number given in Theorem 1.8 (ii). Then, we have

lim,, 0 w—(m) = 0 and limy, o || Ry_ (m),~ || = 0.
Remark 1.4. (i) Let Qum) denote the ground state to (1.1) when w = w(m). We find that Ry (m) # Qu(m)
for sufficiently smallm >0 and 1 +4/d < p < 2* — 1. Indeed,
lim sup ||Qw(m) ||L°° < 00, lim ||Rw(m) ||L°° = oQ.
m—0 m—0

Hence, the uniqueness of positive solution to (1.1) fails for sufficiently small w > 0. Similarly, the non-

uniqueness also occurs when 1 < p < 1+4/d.

(ii) Contrary to the case where d = 3 and 1 +4/d < p < 3, in [1, Proposition C.1], it is shown that (1.1)

admits a unique positive solution for any w > 0 when 3 < d <6 and ﬁ <p<2¥-—1.

2 Main results

In this section, we state our main results. One of our aim is to classify all positive solutions to (1.1) for
sufficiently small w > 0 when d = 3. Let {u1,} and {us.} be two families of positive solutions to (1.1) in
H(RY) satisfying limsup,,_, ||u1.4||n=~ < oo and lim,, ¢ ||uz . ||n=~ = oo, respectively. We shall show that when

d =3, u1,, must be the ground state @), while ug,, be the minimizer R,, of Eui,(m) when 1+ % <p<3and

3When we would like to stress the dependence on the frequency w, we denote just by R, and Ry, —.



the minimizer R,, _ of Enyin,— when1 <p <14 % for sufficiently small w > 0. As a result, we can verify (1.1)
has exactly two positive solutions.
The second our aim is to study the non-degeneracy and the Morse index of positive solutions to (1.1) for

sufficiently small w > 0. Here, we recall that u,, is non-degenerate in H' (R?) if the linearized equation

rad
Ly+2z=0 in R9,
has no non-trivial solution in H} ,(R%), where

Lo+ =—-A4w—pul™ — (2" - Du? 2.

w

The Morse index of the solution u,, is defined by
max{dimH: H is a subspace of H'(RY) satisfying (L, +h,h) <0 for all h € H \ {0}}

The study of the non-degeneracy and the Morse index of solutions to (1.1) becomes important in the analysis of
the dynamics of solutions to (1.2). In fact, for each m > 0, if the energy & of an initial data 1 with [|¢g[|2. = m
is less than Epi,(m), then the corresponding solution ¢ to (1.2) blows up or scatters forward in time (see e.g.
[2, 3, 33, 44]). On the other hand, when the energy of initial data is equal to or slightly greater than the ground
state energy, the dynamics of solutions becomes more complicated. To study this case, the non-degeneracy and
the Morse index are needed. We refer to [4, 19, 42] for more details. This is one of our main motivations for the
present paper. We note that non-degeneracy of the solution to (1.1) is also key to apply the Lyapunov-Schmidt
reduction method (see e.g. [8, 21, 43] and references therein).

We obtain the following classification result of H'-positive solutions to (1.1):
Theorem 2.1. Let d = 3.

(i) Let 7/3 < p < 3. There exists w1 > 0 such that for any w € (0,w1), (1.1) has ezactly two positive solutions
in HY(R?) up to spatial translations; one is the ground state Q. and the other is the minimizer R, of

Epnin(m) for some m > 0.

(ii) Let 1 < p < 7/3. There exists wy > 0 such that for any w € (0,ws), (1.1) has ezxactly two positive solutions
in H'(R?) up to spatial translations; one is the ground state Q,, and the other is the minimizer Ry, (m),—

of Emin(m) for some m > 0.

To prove Theorem 2.1, we consider two types of families of positive solutions {u .} and {uz .} to (1.1) in
H(RY) satisfying limsup,,_,o |1, ||n= < oo and limg,_0 ||ugw|| L= = 0o, respectively.

Concerning the family of positive solutions {u; , }, we shall show the following:

Theorem 2.2. Letd =3 and 1 < p < 2* — 1. Let {u1,} be a family of positive solutions to (1.1) satisfying

limsup,, ¢ [[t1 L < oo. Putting

(2.1)

<
=
€
|
&
=
L
<
—_
€
—~
EI
Nl

we have

Uy — UT strongly in H*(R?) as w — 0.



Theorem 2.3. Letd=3 and 1 <p < 2" —1.

(i) There exists ws > 0 with the following properties: let {u1,,} denote a family of positive solutions to (1.1)
satisfying imsup,,_,¢ ||u1,w|lLe < 00. Then the solution is unique for all w € (0,ws), namely, if there
exists another family of positive solutions {v1 4} to (1.1) in H*(R?) satisfying limsup,,_,q [|[v1.0| L= < o0,

then uy o = v1,, for all w € (0,ws).
(i1) There exists wy > 0 such that for any w € (0,ws), the Morse index of u1 ., equals 1.

Remark 2.1. (i) The main difficulty for the proof of Theorem 2.2 is to obtain a boundedness of H* norm
of {tu1w}. For example, when Q, is the ground state, one can easily obtain a uniform boundedness of
{1Qullz:} from the fact that Q. is a minimizer for m,. However, since we consider a general positive
solution to (1.1), we cannot employ a variational argument like the ground state. To overcome this
difficulty, we consider another rescaling different from (2.1) (see (3.5) below). and employ a kind of

Pohozaev identity of a limit equation.
(i1) It follows from Theorem 2.3 (i) that w1, = Q. for sufficiently small w > 0.

(iii) We do not assert the novelty of Theorem 2.3 (i) and (ii). These assertions can be derived by rather standard
arguments, specifically from [4, Proposition 2.0.4] in the case of Theorem 2.8 (i) and [41, Lemma 2.5] in
the case of Theorem 2.8 (ii). Nevertheless, we include them here in order to enable a direct comparison

with the corresponding results for ua,, (see Theorem 2.5 (ii) and (i) below).

Next, we study a family of positive solutions {ug,} to (1.1) in H'(R?) satisfying lim, o ||ug.w|/z= = oc.

Concerning this, we obtain the following:

Theorem 2.4. Let d = 3 and 1 < p < 3. Let {us} be a family of positive solutions to (1.1) in H'(R?)

satisfying limy, 0 ||u2 || Lee = 00. Putting

2

My = lugwllpoe, — Tow(-) = My guz (M, S22, (2.2)
we have
U — W strongly in H' N LY(RY) (¢ > 245) asw — 0, (2.3)

where W is the Aubin-Talenti function defined by (1.8).
Theorem 2.5. Letd=3 and 1 <p < 3.

(i) There exists ws > 0 with the following properties: let {ua,} denote a family of positive solutions to (1.1)
satisfying im0 ||ug,w||Le = 00. Then the solution is unique for all w € (0,ws), namely, if there exists
another family of positive solutions {va,} to (1.1) in HY(RY) satisfying lim, o ||vew|z~ = 0o, then

Uz = Vo, for allw € (0,ws).
(i1) There exists wg > 0 such that when 1 < p < 3, the solution ug,, is non-degenerate for all w € (0,ws).

(iii Let d =3 and 1+ % < p < 3, there exists wy > 0 such that for all w € (0,wr), the Morse index of us

equals 2.



Remark 2.2. (i) As in Theorem 2.5 (i), we also meet a difficulty to obtain a boundedness of H' norm of
{Uz,}. Following [22, 84, 47], which is originated in [9], we prove a pointwise estimate of Us ,,, which is

a key role to obtain the boundedness.

(ii) For the proof of Theorem 2.5 (i), we follow the arguments in [1] and [7] (see also [28]). In [1], we
established the uniqueness and non-degeneracy of the ground state @, of (1.1) when d > 5 and w > 0
is sufficiently large. The restriction d > 5 was required there in order to ensure that the Aubin—Talenti
function W belongs to L?(R?). Subsequently, Akahori and Murata [7] extended the result of [1], proving
the non-degeneracy of the ground state Q,, of (1.1) when d =3 and 3 < p < 2* — 1 for sufficiently large
w > 0. However, the proof in [7] essentially relies on the condition p > 3 and does not apply, at least
directly, when d = 3 and 1 < p < 3, so that additional ingredients are required. In the present work, we

employ the pointwise estimate of U2, mentioned in Remark 2.2 (i).

(iii) It follows from Theorem 2.5 (ii), lim,, ,ow(m) = 0 and lim, ,ow_(m) = 0 that Uy ) = Rum) in
the L?-critical and supercritical case 1 +4/d < p < 3 and U2, w(m) = R (m),— in the L2-subcritical case

1< p<144/d for sufficiently small m > 0.

(iv) When d =3 and 1+ 5 < p < 3, it follows from the uniqueness result (Theorem 2.5 (ii)) that us g(m) =
Ry (m)- Hence, by the variational characterization (1.10), the Morse index of us,, is either 1 or 2 (see
Lemma 10.3). Therefore, it remains to show that the Morse index of ua,, is not equal to 1. To this end,
we invoke the abstract theory of Grillakis, Shatah, and Strauss [27], which provides sufficient conditions
for the stability and instability of the standing wave solution e*“tu,, under certain assumptions. One of
these assumptions is that the Morse index of u,, equals 1. In fact, applying the result of [27], we obtain a
contradiction if we assume that the Morse index of u, equals 1. This line of reasoning appears to be new

in the study of the Morse index of solutions to nonlinear elliptic equations.

l<p<?

Wl

<p<3

U1,w Qw

U2,w Rw_,f Rw

We shall prove Theorem 2.5 by the blowup analysis. Note that g, defined by (2.2) satisfies
—Alig g, + Qg iz — Bl , — U3, =0, 2,0 Lo = U2, (0) =1, (2.4)
where

Qg 1= wM; 4 Bo.w = Mg:ﬁ. (2.5)

2,w?

Since Uz, is radially symmetric, (2.4) can be written by the following:

_ﬂg,w - %a/&w + O‘Q,wﬁlw - 52,0.7512)7“, - ﬁg’w =0 on (0, OO),
(2.6)
U2, (0) =1, uy ,(0) = 0.
It follows from the definition of (2.5) and lim,_,o M, = oo that
L}zli% gy = il—% B2, = 0. (2.7)

10



From this, we can find that the limit equation of (2.4) is (1.9) which the Aubin-Talenti function (1.8) satisfies.
However, as in Theorem 2.2, we also face a difficulty obtaining the boundedness of the H' norm of {us} to
prove the convergence (2.3). Following [22, 34, 47], which is originated in [9], we prove a pointwise estimate of
Uz, (see (4.1) below), which is a key role in obtaining the boundedness.

Contrary to the solution UT to (1.13) with w = 1, the Aubin-Talenti function is degenerate. Thus, we cannot
obtain the uniqueness result (Theorem 2.5 (i)) directly. In [1], in order to get over the difficulty, we employed

the Pohozaev identity, that is, the solution ug,, to (2.4) satisfy the following:

~ 5—p ~ +1
ozz,w||u2,w||%2 = m527w|‘u27w||2p+1- (2.8)

In [1], we considered the case of d > 5, so that W € L%(R?). From this and (2.3), we can take a limit of w in
(2.8) directly and showed that

o B2 _ 2041 W
w0z A—(d—=2)(p—1) [WIETL

when d > 5. This relation between as ., and 32, plays an important role for the proof of the uniqueness in
[1]. However, when we consider three dimensional case, we see that W ¢ L?(R3). Thus, the relation between
o, and P2, becomes different. For this reason, the uniqueness result cannot be obtained directly in the case
d = 3. Moreover, we note that W ¢ LPT}(R?) when 1 < p < 2. Thus, the situation becomes more complex in
the case of d=3 and 1 < p < 2.

Coles and Gustafson [17] obtained the uniqueness of the ground state @, to (1.1) if w > 0 is sufficiently
large when d = 3 and 3 < p < 2* — 1. They used the resolvent expansion by Jensen and Kato [31]. As Coles

and Gustafson [17] did, we use the resolvent expansion and show the following:

" 12 1
Pa, — m(p+1) when 2 < p < 3, (2.9)

lim p+1
w—0 \/m (5 —p)||W||Lp+1
ol w 2
i PoelloBenel 2 210
w—0 m \/g

See Proposition 5.1 (i) and (ii) below. Since W ¢ LP(R3) for 1 < p < 2, it appears natural from (2.3) and

(2.8) that p = 2 serves as the threshold for the relation between ag,, and Bs,. Using (2.9), (2.10) and the
pointwise estimate of us ., (see (4.1) below, we show the uniqueness and non-degeneracy of us ,, for sufficiently
large w > 0.

Next, we pay our attention to the case of 1 < p < 2. As we mentioned above, since W ¢ LPT1(R?) when
1 < p <2, the situation becomes more complex.

Let {w,} be a sequence in (0, c0) with lim,,_, o w, = 0. We see that there exists a constant 6y > 0 such that

lim Bi’if;"zﬁo when 1 < p < 2.
n—oo P)
a2,wn

See Lemmas 5.15 and 5.18 below. We remark that the limit 8y > 0 depends on the sequence {w,} at this stage.

However, we can find that gy is a universal constant. To prove this, we consider the following rescaling:

_1 1
U2, (8) = Qg 2 Usw, (1), s=ad,r

11



Then, we see that Uz, satisfies the following:

2/\ A~
7d U2, w, N gdUZ,wn ~ 52,&4)” ~p

ds2 s ds - U2,w, — 3%;7 2,Wn a2,wn,ag,wn =0 in (07 OO)
a2,wn
For any finite interval I C (0, c0), we have
lim s, (5) = Usy,00($) uniformly in I,
n—oo
where Uy, o is a solution to
d*U  2dU
—— ———+U-06U" =0 in (0 2.11
I U4 in (0, o0) (211)

satisfying
lim sUpg, o0 (s) = V3.
s—0

See Proposition 5.19 below. It is known that the equation (2.11) has infinitely many singular solutions (see [32,
Theorem 1]). However, we can obtain a uniqueness of the singular solution Uy, . Indeed, putting %, (s) =

SU2 4 (s). we find that Ta,, satisfies

d*uy = P dpp —4.5 .
15— U + Bruwsl, 8 Uy, + o s Uy, =0 in (0, 00),

Ug,,(s) >0 in (0, 00),

T (0) =0,  2e(0) = L lime e Taw(s) = 0.

1
Then, we can prove that for any finite interval I in (0, 00), one has lim,,_,o 0]~ U, (s) = To(s) for s € I, where

To(s) satisfies

ddzf20 — T + s 7POh =0 on (0, 0), (2.12)
%(0) =0, lim 00 Vo(s) =0
and
T0(0) = V3077, =

See Lemmas 5.21 and 5.23 below. Concerning (2.12), the following result is obtained by Genoud [23] and
Toland [45]

Proposition 2.1 (Genoud [23] and Toland [45]). Let 1 < p < 2.
(i) The equation (2.12) has a unique positive solution V.
(i) The positive solution V to the equation (2.12) is non-degenerate.

See Toland [45, Page 262] for the proof of Proposition 2.1 (i) and Genoud [23, Proposition 2.1] for Proposition
1

2.1 (ii), respectively. It follows from (2.13) and Theorem 2.1 that we obtain V(0) = /30F ", that is, 6y =

3_172;1\/7’_1(0), which implies that 6y does not depend on the sequence {w,} and is a universal constant. As a

result, we can show the following:

lim Bif; =37 "7 VP 10) whenl<p<2. (2.14)
w—0 5
2w

12



Using (2.14) and Proposition 2.1 (ii), we can prove Theorem 2.5 (i) when 1 < p < 2. We remark that Wei and
Wu [46, Proposition 4.2] have already obtained a result concerning a relation between ay ,, and 32 ,,. However,
to prove the uniqueness, we need the exact values of the limits as in (2.9), (2.10) and (2.14).

Using the argument in the proof of Theorem 2.4, we can show the non-existence of positive solution to (1.1)

for sufficiently large w > 0.

Theorem 2.6. Let d =3 and 1 < p < 3. There exists wg > 0 such that the equation (1.1) does not have any

positive solution in H'(R3) for w € (wg,o0).

The rest of this paper is organized as follows: The proofs of Theorems 2.2 and 2.3 are presented in Section
3. We prove the convergence result to the Aubin-Talenti function (Theorem 2.4) in Section 4. We study the
relation between the coefficients as ., and Ba,, (see (2.5) for the definition of the coefficients) in Section 5. Using
the result obtained in Section 5, we give proofs of the uniqueness and non-degeneracy of ug,, (Theorem 2.5 (i)
and (ii)) in Section 6 and Section 7, respectively. We also give the proof of Theorem 2.1 in Section 6. In Section
8, we show the uniqueness of the minimizer R,,(,,) for each m > 0. From the uniqueness of the minimizer R ),
we obtain a regularity of R, in Section 9. In Section 10, we shall study the Morse index of R, ) and give
a proof of Theorem 2.5 (iii). We give the proof of Theorem 2.6 in Appendix A. In Appendix B, we obtain a
boundedness of the L> norm of solutions to some elliptic equations, which is needed in Section 8. In Apendix
C, we list a table of symbols and their descriptions used in this papers.

In what follows, we will always fix d = 3 unless otherwise noted. Furthermore, we consider only the real-

valued functions.

2.1 Notation

(i) We use the symbol (-, -)z2 to denote the inner product in L?(R?), namely, if f, g € L?>(R3), then

(f, 9)r> = /R3 f(x)g(z) dx.

We also use the same symbol to denote the pairing between H*(R?) and H~*(R?), namely if f € H'(R3)
and g € H~1(R?), then
(o) = [ (D@ g(o) e

(ii) Throughout the paper, C' denotes a positive constant, that does not depend on the parameters, unless

otherwise noted and may change from line to line.

(iii) For given positive quantities a and b, the notation a < b means the inequality a < Cb for some positive

constant C'. We also use the notation a ~ b when ¢ < b and b < a.

3 Proofs of Theorems 2.2 and 2.3

This section focuses on the family of solutions {uj,} satisfying limsup,,_,q |[|u1,w|lLe < co. We will prove

Theorems 2.2 and 2.3.
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3.1 Relation between L*°-norm of u;, and w

In this subsection, we shall study the relation between the L°-norm of the solution u; ., and w. Put My, =
|10 Lo and

o = wa’U(prl). (3.1)
We shall show the following:

Proposition 3.1. Let1 < p < 5 and {u1,,} be a family of positive solutions to (1.1) satisfying limsup,,_,o M1 ., <
oco. We have

o1~ 1 as w — 0.
We prove Proposition 3.1, we need several preparations. First, we obtain an upper bound of oy :

Lemma 3.2. Let 1 <p <5 and uy, € H'(R?) be a positive solution to (1.1). We obtain

5—p
ag .y < ——. 3.2
b2+ 1) (32)

Proof. Multiplying (1.1) by wu; ,, and integrating the resulting equation, we have

IVurwlfe + wllurwlze = lurwlfis + lusel e (3-3)
From the Pohozaev identity of (1.1), we obtain
1 3 3 11 1
IVl + Sl ol =~ + 5 ol (3.4)
It follows from (3.3), (3.4) and M, = ||u1,w||L~ that
5—0p 5—0p _
2 _ p+1 p—1 2
wllug g = — | ullfrn < M7 ||u1w
lurolfs = 5oy Imelzits < 5oy Mbs Tl
leading to (3.2). O
To obtain a lower bound of ay,,, we consider the following rescaling:
- -1 -t
ul,w(') = Ml,wulaw(Ml,w ) (35)
Then, we see that Uy ,, satisfies
— Ay + o101, — Uy, — MPPAY, =0, G1,,(0) = |G|~ = 1. (3.6)

Recalling that it follows from the result of Gidas, Ni and Nirenberg [24] that @y, is radially symmetric and
decreasing in r = |z|. Thus, there exists some function v7,, on [0,00) such that 7, (r) = U1, (z) for r = |z|.
By abuse of notation, we identify vy ., by 41 ,,. Since %, is radially symmetric with 1 ,(0) = ||tU1,u]/L~ =1,

(3.6) can be transformed to the following ordinary differential equations:

o~ 2~ = ~p 5—p~5
UL T U +owlw — Uy — Ml,w Ut,w = 0 on (Oa OO),

(3.7)
al,w(o) =1, all,w(o) =0,
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where the prime mark denotes the differentiation with respect to r. Here, we remark that throughout this
section, we always assume that limsup,,_,q M1 ., < 400.

We shall show that liminf,,_,g a1, > 0. Suppose to the contrary that there exists a sequence {w,} C (0, 00)
with lim, 0o wy, = 0 such that lim, o @1, = 0. Then, there exist a subsequence of {w,} (we still denote
by the same symbol) and M ¢ € [0,00) such that lim,_,o, M7, = Mio. We introduce the following “limit”
equation:

-~ 25 5
*%0*7“10 1 M1o U10—O on (0, 00),

(3.8)
Go(0) =1, 0(0) = 0.

Concerning the solution to (3.8), we shall show the following:
Lemma 3.3. Let 1 < p <5 and Uy o be the unique solution to (3.8). Then, U1 o must change the sign on [0, 00).

Proof. We shall prove this lemma by contradiction. Suppose to the contrary that @y o(r) > 0 for any r > 0. It
follows from the equation in (3.8) that

rﬁamfwmm+M%ﬁa»¥@>a (3.9)

Thus, Uy,0(r) is monotone decreasing in 7 > 0 and has a limit ¢ 0 > 0, ¢1,0 = lim,_,o Uz,0(r). We define an

energy Fq o by

(@ o(r)? @y h(r) 5_p U5 ()
E = 5 3 M p 5
1,0(r) 5+ P + My

From (3.8) and (3.9), we can easily verify that

Ei,o(r) = all,o(T)A/{ (r) +U1 o( ) ( )+M5o Ul o(r )All,o(r) = _g(a/l,o(r))2 <0.

This together with the initial conditions in (3.8) implies that

E < FE10(0 ! Migp
1,0(r) < E10(0) = Pl + 6

< 0.

Thus, we see that o and U}  are bounded in r > 0.
It follows from the boundedness of u} o(r), £1,0 = lim;, o U1,0(r) and (3.8) that
— lim @y 5(r) =075 + ML(JE?,O(Z 0).

r—00

Since @y o(r) is bounded, we have ¢1 o = 0. Then, from (3.9), the monotonicity and positivity of @ ¢ , we obtain

T T 3
i o(r) = [ @ (o) + MG o(s)s? ds > g(r) [ o7 ds = D

This implies that

1 1 ! =N o r r2\’
(2md ) =t > 5= (5)
Thus, integrating the above from 0 to r, we have by the initial condition @ ¢(0) = 1 that

—(p—1 ~—(p—1 ~—(p—1
ul’(()p )(r) ul,ép )(7") _ ul,((Jp )(0) > f _ g — ﬁ >0 (3.10)
p—1 p—1 p—1 6 6 6 ' '
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From (3.10), we conclude that

1
R 6 =1 5
Uro(r) < () e,

p—1
This together with the condition p < 5 implies that

/0 7“2@?’%1(7") dr —|—/0 r?4 o(r) dr < oo (3.11)

Observe from the equation of (3.8) that

/
o o MPGP o Ly 3 . MyGP
(2<ua,o<r>>2 L) + TR (0) ) @0 = ) + R (),
(3.12)
Integrating (3.12) from 0 to r, we have
rd s MyoP 1 (" 5 .
5( 1o(r)? + musz)l(r) + T’Tgu?,o(T) + 5/0 5] o(s))* ds
3.13
3 r . Mfap r ( )
25p ) 26
=—— [ su (s)ds—ki/ Uy o(s) ds.
p+1 ), 1,0 2y 1,0
This yields that
r R 6 r _— 5 r o
/0 s° (U ()% ds < m/o s2ul g (s) dS+M1,0p/O s°09 o (s) ds
Letting r — oo, we have by (3.11) that
/ s%(U ()% ds < oc. (3.14)
0
Thus, it follows from (3.11) and (3.14) that
/O 2 { (@ () + W54 (s) + 8 o(s) } ds < oo (3.15)
We see from (3.15) that there exists a sequence {r,,} with lim,,_,, 7, = co such that
ri((ﬂ’lyo(rn))2 + (ﬂl,o(rn))p'H + (ﬂlyo(rn))ﬁ) -0 as n — oo. (3.16)

Indeed, if not, there exist Cy > 0 and r¢ > 0 such that
(@ 0(r)* + (@o(r)P* + (10(r)°) 2 Co - (r € (ro,00)).
This implies that

| {@ o+ artie s ato@ ) ds= [ (@) + i) o) ds= o [ s lds =
0

T0 To

which contradicts (3.15). Thus, (3.16) holds. Substituting r = r,, in (3.13) and letting n go to infinity, we see
from (3.16) that

3 [o'e) 5—p

L o wds= S [ eartisas+ M0l [T aae (g4 (3.17)
3/, s°(uy o(s))"ds = P s*uy o (s)ds > ), 87Uy o(s) ds. .
On the other hand, from the equation in (3.8), we have

(r¥an,0(r)ay o(r) + 12 ' (r) + My oPr?as o(r) = r?(@ o(r)*.
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Integrating the above equality from 0 to r, one has

T ‘s s
rgal,o(r)all’o(r) + / 82@11’131(8) ds + Migp/ s2ﬁ?’0(s) ds = / 52@'1}0(8))2 ds. (3.18)
0 0 0

_3 __3_
It follows from (3.16) that there exists a constant Cgq > 0 such that @) o(ry,)| < Carn * and Uy o(rn) < Carn ™"
This together with the condition p < 5 implies that lim, e 7211,0(rn )] (rn) = 0. Thus, substituting r = r,

in (3.18) and letting n go to infinity, we obtain
/ (@, o(s)) ds = / LA (s)ds + MIgP / 228 o(s) ds. (3.19)
0 0 0
From (3.17), (3.19) and p < 5, we obtain
(oo}
/ st (s) ds = 0,
o :
which contradicts the positivity of @y o(r). This completes the proof. O
We are now in a position to prove Proposition 3.1.

Proof of Proposition 3.1. By Lemma 3.2, it suffices to show that liminf,,_,o a1, > 0. Suppose to the contrary

that there exists a sequence {w,} in (0,00) with lim,_, . w, = 0 such that

g Otien = 0

From the assumptions limsup,,_,q ||41,w]/z~ < 0o and Mi , = [Ju1 | L=, it follows that up to a subsequence,
we may assume that the sequence {M; ,, } has a limit Mo, i.e. limy, oo M1, = Mio. Observe from the

equation in (3.7) that
—1%) 4, (1) = / (@ o, (8) + M7 P () — 1, Wi, )5 ds. (3.20)
0

It follows from %1, (0) = ||U1,w,

Lo = 1 for all n € N that

14+ MY P+ G1un)
: .

s
2, (1) < (14 MR + awn)/ s - ¢
0

Thus, by the assumption limsup,, ., M; ., < oo and (3.2), there exists a constant C; > 0 independent of
n € N, such that

|1, (r)] < Cor

This together with the equation in (3.7) yields that
~I! |a/1,wn (’r)‘ ~ ~p 5—p |~5
sup (U7 g, (r)] < 2sup === 4 sup a1, |10, (r)| +sup [uy, (r)] +sup My, fuy,, (r)] < o0
neN neN r neN neN neN
for any r > 0. Then, by the Ascoli-Arzela theorem, there exists a subsequence of {1, } (we denote it by the

same symbol) and a function vy € C*(]0, 00)) such that for any bounded interval I in [0, 00), we have
U1 0, () = vo(r), ay , (1) = vp(r) uniformly in 7 € I.
In addition, taking the limit of (3.20), we see from lim,,_,o 1, = 0 that vy satisfies

) = [ () + Mg (s)s% ds
0
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for any r € I. Then, vy satisfies (3.8). It follows from the uniqueness of the solution that v = Uy o.
Note that %1, is positive and converges to ¢ uniformly on I as n tends to infinity. However, U1 o changes

sign (see Lemma 3.3), leading to a contradiction. Thus, we see that liminf, .o oy, > 0. O

3.2 Conclusion

In this subsection, we complete the proofs of Theorems 2.2 and 2.3. To prove Theorem 2.2, we will obtain a

boundedness of {||t1 | g1 }. First, we shall show the following:

Lemma 3.4. Let 1 < p <5 and Uy, be the positive solution to (3.7). There exist C,, > 0 such that
U0 (r), @), (r)] < Cyexp { %r] for all v > 0. (3.21)

Proof. Since uy ,(r) <0 (r > 0) and lim,, 1 ,,(r) = 0, there exists R, > 0 such that

. 2 ~ . o
Y, (r) = —;Uﬁ,w(r) + iy w(r) = 8%, (r) — My P37, (r)
e e . TN
> (1w — U?,wl (r) — Miwpufw(r))ulyw(r) > —;’w Uy w(r) for all r > R,,.

This yields that

a1 = a1, =N =N
0, (e o (—37« + a12w> ul,w) =eV 2 7 (—u’{w + OQT’wuLw(r» < 0.

a1, w
Thus, we see that eV 72 7 (—& + 4/ 0”2’“’) U1, is decreasing on [R,,, 00), which implies that

] w

eV TEET (—87.4- a;’w)ﬂl,w(r)ge 3 R (—ar+ O‘;’“>a1,w(Rw) = C, (3.22)

Since w1 ,(r) < 0, we have by (3.22) that

2 o, =N =N ~ [,
S VT A, ()| = T, (r) < Cue VT

)

~ 2
c, :C’wmax{ ,1},
a0

we find that (3.21) holds. O

ﬂ1,4;,; (T) S 6w
a1 w

Thus, putting

Next, following [22, 34, 47], which are originated in [9], we prove the following pointwise estimate of Uy .-

Lemma 3.5. Let 1 < p < 5 and Uy, be the positive solution to (3.7). There exists w11 > 0 such that for

w € (0,w1,1), we have

N

Ut,w(r) < (1 + MT2>7 for allr >0, (3.23)

3

where

N = —1, + 1+ M 7. (3.24)
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Remark 3.1. We see from (3.2) that

N (G )
“ T 2(p+1)

for any w > 0.

Proof of Lemma 3.5. We put f1,(s) = a1,,s — P — Mf’;ps‘r’ for s > 0. Then, the equation in (3.7) can be

written as:
a/
W= =2+ fro(lw). (3.25)
Putting
uy,(r)
\Ill’w(’]“) = T"I/,Z:f (7’)7 (326)

we have by (3.25) that

o’ (7’) o _alll,wraiw + all,w (aiw + 37”@%’“}@/1@) . 3a§,wa/1,w - fl,w (alaw)ra?,w + 37’5]’?,&) (all,w)Q
1w - -

’I"Zagw TQQ/;?,W
(3.27)
_ 3H17w(7’)
where
3 ~ ~
Hy (1) = 10 )2 o2 oy, - T )l
With a little bit of effort, we see from (3.25) and fi ., (s) = aq,,5 — sP — Mi;pss that
Hi,w (T) = 3T2 (aé,w)Q + 2T3a/1,wa/1/,w + zral,wa/l,w + 7"2 (all,w)2 + T2a1,wa/1/,w
P31 WU o f1 (W) TP 1w (U
_ TQal wf]_ w(al w) _ 1, 1, fl, ( 1, ) _ 1, f17 ( 1, ) (328)
k) ) k) 3 3
r3UL LT, e
= D oy, - (5 - P,
By (3.2), U1,,(0) = ||u1,u||L~ = 1 and p > 1, one has
~p—1 2(5 _p)
40[1’w — (5 _p)ul,w (0) < pT — (5 — p) <0 (329)

for any w > 0. By uj ,(r) <0, lim, 00 U1,w(r) = 0 (see Lemma 3.4), (3.28) and (3.29), there exists r1, > 0

such that
>0 (O<T<T1,w)7
H{,w(r) =0 (T:TI,UJ)7
<0 (7"1’“, < 7’).

In addition, since the functions uy ,, fﬂ’l,w decay exponentially (see Lemma 3.4), we have lim, o, H1 () =0
for each w > 0. These together with H; ,,(0) = 0 imply that H; ,,(r) > 0 for all » > 0. It follows from (3.27)
that Wy ,(r) > 0 for all » > 0. This together with the I'Hopital rule, u; .,(0) = 1 and u} ,(0) = 0 yields that

() )
Uy (r) > Uy (0) = lim —<22 — Jim — L~ (0
Lo(r) > 0w (0) = liny o oy = I T v srar, e )
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~

Do) _ G (0). Then, it follows from (3.25) that

r

u 1
Wy (r) > 1y, (0) = —fl’”(“;“’(o)) = —fl":;)( ) _ e forallr >0, (3.30)

Using the I’Hopital rule again, we have lim,._(

where 1, is the positive number defined by (3.24). We put

Nl

Z1,,(r) == (1 + ’VITMTQ)—

We can easily verify that

_3 _3
Ziw(r) = (1 + 'YlTwrz) : , Z{,w(r) = —%3"” (1 + 717’wr2) p= _Mw g3 (r)r.
Thus, we have by (3.30) and (3.26), that

Z{,w (T) 2 Uy w(r) ~—2

= =MWl <2V, (r)r=—-2=3

(B2 =250 =5 T — @A)

Integrating the above inequality from 0 to r, we have by U ,(0) = Z1,(0) = 1 that

Zia(r) = 1= Z75(r) = 21 2(0) <y, (r) — a5 (0) = uy g (r) — 1.

1w 1w
This yields that uy .,(r) < Z (r) for all » > 0. This concludes the proof. O

The following result gives a decay estimate of the positive solution u; , to (3.6) that is better than the one

given by Lemma 3.4:

Lemma 3.6. Let 1 < p < 5. There exists Cy > 0, which does not depend on w > 0, and a sufficiently small

wi,2 > 0 such that for w € (0,w1,2) and positive solution U ., to (3.6), we obtain

u(@) < Cola| Vexp(- Y a) (v e B, (3:31)

Proof of Lemma 3.6. From (3.23) and liminf, .o o, > 0 (see Proposition 3.1), there exist w; 2 and Ry > 0,

which are independent of w > 0, such that for w € (0,w; 2), we have

~Aiiy g+ T2, <0 (2] > Ro).

For such Ry > 0, by (3.2), we can take a constant Cy > 0 sufficiently large, which does not depend on w > 0,
such that

w -3 1,0
U1,w(7) < (1 + Ll:’; Rg) * < CoRy'exp (- v 21’ RO) (|| = Ro).

Observe that Y, (z) := Co|z| ! exp(—Y5|z|) satisfies —AY,,+222Y,, = 0. Then, it follows from the maximum
principle that

i,0(2) < Yo(2) = Colal Hexp(—Y 2 al)  (Je] 2 Ro), (3:32)

Taking Cy > 0 sufficiently large, if necessary, we have by (3.23) that

1
~ w -2 _ a1w
(@) < (14 220?) 7 < Colo M exp(-Y5 2 al)  (Ja] < Ro). (3.33)
Thus, from (3.32) and (3.33), we conclude that (3.31) holds. O
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Now, we are in a position to estimate H'-norm of Ut -

Lemma 3.7. Let1 < p < 5 and {u1,,} be a family of positive solutions to (1.1) satisfying limsup,,_,q ||u1,w| L~ <
00. We have limsup,,_, ||t1,w|| g1 < 400, where Uy, is defined by (3.5).
Proof. We see from Lemmas 3.5 and 3.6 that
lim sup ||t || pe < +00 (3.34)
w—0

for any ¢ > 1. Multiplying (3.6) by @1, and integrating the resulting equation, one has

~ ~ ~ +1 5—pi~
IV |72 + arwllinwlZe = G lFri + My il g

This together with the assumption lim sup,,_,o M1, < oo (recall that M; o, = ||u1,w| L) and (3.34) implies that
timsup {|| Vi1 o2 + a1, [1ullfe } < limsup { [awlfrh + Ml } S 1.
w—0 w—0
Since a4, ~ 1 as w — 0 (see Proposition 3.1), we obtain the desired result. O
We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Note that

p—1

Uy (1) = My (M 2 r). (3.35)

Since U7 () = w_ﬁul’w(—w_%-) and oy o = wa’;p (see (2.1) and (3.1)), we have by (3.35) that

p—1 1

- 1 _1 1 ~ 1,21 5T~ 1
U1 (r) =W P Tug (W™ 2r) = w P T My Gl w(W 2 M G r) = ay 5 e (g ST).

Since g, ~ 1 as w — 0, we see from Lemma 3.7 that
lim sup ||t || g < +o0.
w—0

Since limsup,, o ||[U1.w || g1 < 00, there exist a subsequence of {@1 ., } and uy o, € H*(R?) such that lim,, 0 1 ., =

U1 oo weakly in H'(R?). In addition, by Proposition 3.1, we obtain

1
U1,,(0) = w_ﬁMl’w = (lefp)_ﬁ =a; 7t 21 for any sufficiently small w > 0,

W ~

where the implicit constant does not depend on w > 0. This yields that uj « # 0.
Observe that u; (, satisfies

5-p
~ ~ ~p =10 —
—AUy g + Uy — Uy, —wP Uy, = 0.

Then, we see that the weak limit u; o is a positive solution to (1.13) with w = 1. From the uniqueness of the
positive radial solution to (1.13), we have u; oo = Ut. In addition, since limy, 0 U1, = U100 = Ut strongly in
L4(R3) for 2 < ¢ < 6 by the radial compactness (see e.g. Berestycki and P. L. Lions [10, Lemma A.2]) and the
family {u;,} is bounded in H'(R?), we have

1 5-p 1
‘117,—:+1 +wr-t ||U1,w||%6 - HUTHZZ:H = ||UT||%11

.l = Nl

This together with lim,,_,0 U1, = 1,00 = Ut weakly in H'(R?) implies that lim,,_,o Ul = Uloo = UT strongly

in H'(R3). Thus, we see that Theorem 2.2 holds. O
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Proof of Theorem 2.3. We can show Theorem 2.3 (i) by using the similar argument of [4, Proposition 2.0.4]. In

addition, we can prove Theorem 2.3 (ii) as in the proof of Lemma 2.3 of [41]. O

4 Convergence to the Aubin-Talenti function

In what follows, we consider only the family of positive solutions to (1.1) satisfying condition lim,,_,q ||u2 .|| = cc.
Thus, when no confusion arises, we denote usa ,, @2 «, f2,., simply by u,,, a,, B, respectively.
This section is devoted to the proof of Theorem 2.4. Let {u,} be a family of positive solutions to (1.1)

satisfying lim, ¢ ||uw| e = 0co0. We define
My = |lue | Lo, U () = Mg u, (M;2).
Then, we see that for each w > 0, 4, satisfies (2.4). We can obtain the following decay estimate of ,:

Lemma 4.1. Let 1 < p < 3 and U, be a positive solution to (2.4). There exists a sufficiently small wy > 0 such
that for w € (0,w1), we have
—1
Uy (r) < (1 + %’73) ’ for all v > 0, (4.1)
where

Vw = —Qw + Bw +1 (42)

We can prove Lemma 4.1 by a similar argument to the proof of Lemma 3.5. Thus, we omit the proof. Next,
we claim the following identity holds:
Lemma 4.2. Let 1 < p < 3 and @, be a positive solution to (2.4). Then, the identity (2.8) holds, that is,
5-p

awHﬂw”%Q = Wﬁw“aw“gt}—l (43)

Proof. Multiplying (2.4) by @, and integrating the resulting equation, we have
IVa[Ze + aullin e = Bullullfs + e (4.4)

From the Pohozaev identity of (2.4), we obtain

1. 3 3 oo 1
Vil + Gl = S Bulli s + 5 (45)

From (4.4) and (4.5), we see that (2.8) holds. O
From Lemmas 4.1 and 4.2, we can obtain a uniform boundedness of {||Vuy,||2}:

Lemma 4.3. Let 1 < p < 3 and U, be a positive solution to (2.4). Then, the following hold:

(1)

limsup /o || |72 < oo (4.6)
w—0
(i)
limsup B, ||aw |25 = 0, (4.7)
w—0
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(iii)

lim sup ||V L2 < +o0.
w—0

Proof. (i) We divide the proof of (i) into 2 steps.
(Step 1). Define

p+3 ~p1

L, =1inf{ R>0: 0P

(r<a, (relR, oo))} . (4.8)

Since u,, is decreasing in 7 > 0 and lim,_, 4, (r) = 0, we see that

> ay, r €0, L),
p+ 3 ~p—1
2+ ) et () = r=Lu,
< ay, r € (Ly,00).
We claim that
6 3
JaoL, < Lﬁ;). (4.9)

p—

If L, = 0, then (4.9) is trivial. Thus, we may assume that L, > 0. By the definition of L,,, we have

%ﬂwﬂﬁfl(r) > a,, for r < Ly, so that a,, B, (1, ()~ @1 < 2(1;;_31)- Thus, we obtain

60/65(7") - O‘waw(r) > ﬂwﬂﬁ(r) (1 — awﬂgl(ﬂw(r))*(l’*l)) > ﬂwﬂﬁ(r) <1 . 2({;‘:—31))
(4.10)

R 1 =P
=507 1) WUl ().

Then, from (2.4), (4.10), the monotonicity and positivity of @, one has
T d r _
—r2l (r) = —/ —(s%U'(s)) ds = —/ (520" (s) + 257/ (s)) ds
o ds 0
= [ SR s) + T - i) ds
0

p—1 "y ~p
> 2(p+1)/0 s*Buub (s)ds

(p_]‘) P (r 7-82 s
2@+1>“%‘)A I

v

-1
= 50T P
6(p+1)

for r < L,,. This implies that

(B = o= (i)

for r < L. Integrating from 0 to r, we obtain

(@)D (@)D p-1
p—1 p—1 ~12(p+1)

It follows from the initial condition % ,,(0) =1 (see (2.4)) that

2 p—1 2
w T YAEEEY wxo = Ta7_ 1N
Aor” = 1) 12(p+1)

(@u(r) ) p—1

2
wl ™.
p—1 _12(p+1)'8
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for r < L,,. From this, we conclude that

1

. 12(p + 1))”‘1 i1 2

oy (SEEDYH
(p—1)?

for r < L,,. From this inequality and the definition of L, we have

2p+1) o \TT P+ 1\ e
w - wLw é AN U_;p pr .
( p13 el (L) p

Thus, we see that (4.9) holds.
(Step 2). We finish the proof of (i). We put

' (r))? Uy (r))PH! Uy (1))8 Uy (1))2
By = G g BV | G G0

Then, it follows from (2.4) that

B (r) = g, (ryug (r) + Bl (r)ag, (r) + ug, (), (r) — owtie (r)ig,(r) = *%(%(T))z <0.

This together with lim,_, @, (r) = 0, we have
~

E(r) > liminf E(r) = lim inf M >0 (r>0).

T—00 r—00

Using E(r) > 0, %Bwﬂg_l(r) < a, for r > L, (4.1) and (4.9), we obtain

(i, (r))? (U (r)? 5 ()P (i (r))°

B

2 - 2 p+1 6
(ﬂw(r))Q 2 ~ 2 ~ 2
> 0, T o ((r)? — ol (1)
p—1

A (1 (r)? = Cog (U (r)).

_1
for r > max{L,, a2}, where C is a constant independent of w. Since lim,,_,o ap, = 0, we have

— p—1 . - p—1 -
L0 2 2 { P 0@ - Cablin)?} = P @)

Putting
_ p-1
"o2p+3)

we have by (4.11) that
0 < (@, (r))? = Cpare(Tio(r))* = (@ (r) + (Cpow) 2l () (W, (r) — (Cpor) 2T (1))
for » > max{L,, a;%}. This together with @, (r) < 0 and %, (r) > 0 implies that
U, (r) + (Cpons) F i (r) < 0

1
for r > max{Ly, o > }. Tt follows that

1 ! 1 T
(e(cp%)wﬁw(r)> = (@) 2@ (1) + (Cpew,) 2T (1)) < 0
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1
for r > max{L,, a, ?}. Thus, we obtain
1 1 -3 1
ﬂw (7") < e—(Cpaw) 2 re(Cpaw) 2 max{ L., }aw (max{Lw, an 3 })

We see from (4.1), (4.9) and (4.12) that

1
2

3 1
() § et (14 Zma{ a3} ) S Vage @)

for r > max{L,, a;%}. Using lim sup,,_,¢ Ly, /ae < +00, (4.1) and (4.13), we obtain

max{Lw,a;%} 00
lul2s < / @2 ()2 dr + / , @ dr
0

max{ L., 2}
_1
max{L,,a, 2} oo 1
< / 22 dr + / e 2Cra) 22 gy
0 max{Lw,a;j}
1 1 _1
Smax{Ly, 0w} +aw? S o’
Thus, we find that (4.6) holds.
(ii) From the definition of oy, (see (2.5)), we see that
lim a, = 0.
w—0
It follows from (4.6) and (4.14) that
lim sup av, ||, [|32 = 0.
w—0
(4.15) together with (4.3) yields that
limsup B, [T |51, = 0.
w—0
Thus, we see that (4.7) holds.

(iii) Observe from (4.1) that

lim sup ||ty || ps < +o0.
w—0

By (4.4), (4.7) and (4.16), we obtain that
limsup | Vit |32 < timsup { Al |55h + 75 | < .
w—0 w—0

This completes the proof.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Here, in order to prove Theorem 2.4, we recall the following compactness result by Brezis and Lieb [14].

Lemma 4.4 (Brezis and Lieb [14]). Let {u,} be a bounded sequence in H*(R®) such that
nh_)rr;o un () = u(x) almost all x € R3

for some function uw € HY(R3). Then, for any 2 <r <6, up to some subsequence,
im (e~ e~ ulle — [l } =0,

Jim {[[Vun|Z2 = IV (un = w)l[E — [Vulf:} = 0.
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We are now in a position to prove Theorem 2.4.

Proof of Theorem 2.4. Let {wy,} be any sequence in (0,4o00) satisfying lim, ., w, = 0. By the boundedness

of ||V, |2, (see Lemma 4.3 (iii)), ||tw, ||z = 1, the VVIQO(? estimate, and Schauder’s estimate (see e.g. [25,

Theorems 6.2 and 8.17]), we verify that there exists o, € H 1(R3) such that, passing to some subsequence,

lim U, = s weakly in H'(R?), and strongly in C2_(R?).

n—oo

In addition, we see from (2.4), (2.7) and (4.17) that @ is a solution to

—Aligo — 5, =0  in R3,

From (4.17) and uy,, (0) = ||tw, ||L~ =1, one has 1 = lim,,_, o0 Uy, (0) = U (0). Thus, U, satisfies

> 5 i3
—AUs =12, in R?,

0 (0) = 1.

(4.17)

Then, by the results in [15, Corollary 8.2], we infer that u., = W, where W is the Aubin-Talenti function

defined by (1.8). We put
A 2 6 ; 1 o 1,6
(W) = VWi = Wiz, E(w) = 5l Vull> = gllullze.
It is easy to verify that N#(W) = 0. Note that W also satisfies |VW |2, = o|W |2, where
o= 1nf{uvu||§2: u e H'(R®) with ||ul|e = 1} .

By N (W) =0 and |[VW |2, = o||W |26, we sce that |[W]Ss = o> and

1 1 1 1 s
EXW) = 3I9W I3 — £ IWI5e = SIWGe = 5ot
This together with (4.17), tie = W and (4.1) yields that
lim ([, 3o = [WGe = 0.
Observe from (2.4) that for each n € N, we have N, (i, ) = 0, where
No(u) = | Vullfe + aullulfe — Bollull 7t — llulge.

It follows from N, (i, ) = 0, (2.7), (4.20), (4.6) and (4.7) that

« 3
2

o, I + 2, I }=

N 1,
lim Ei(uwn) = lim { g”uwnngﬁ - 9 2

n—oo n—oo

Wl =

Similarly, we can verify that

lim N (i, ) = lm { —aw, [T, |72 + Bu, [[tw, |55 }=0.
n—oo n—oo
Using the MR699419 lemma (see Lemma 4.4), we have
N (i, ) = N, = W) = NHW) = 0a(1),

gi(awn) - 5¢(awn - W) - EI(W) = On(l)'
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)



Putting (4.22), (4.23) and N#(W) = 0 together, we obtain
0= lim N, —W) = lim {||V(@s, = W)[i: — [, -~ Wi }.
Furthermore, we see from (4.25) that
ta L@, —a
& (U, = W) = SV (U, = too)lz2 + 0n(1).

Now, we find from (4.24), (4.21) and (4.19) that

EN i, — W) = EH(U,) = EHW) + 0,(1) =

Tt follows from (4.26) and (4.27) that
T [V (@, — )2 0.
In addition, we see from (4.1) and (4.28) that

Jim ([, =Wllea =0 (¢>3).

(4.25)

(4.26)

(4.27)

(4.28)

Since {wy,} is arbitrary sequence in (0, c0) satisfying lim,,_,cc w, = 0, we have obtained the desired result. O

5 Relation between o, and [,

In this section, in order to prove Theorem 2.5 (i), we shall study the relation between «,, and 5, (see (2.5) for

the definitions of a,, and fB,). More precisely, we shall show the following:
Proposition 5.1. Let o, and B, be the number given by (2.5). We have the followings:

(i) Let 2 <p < 3.
. B 127(p + 1)
lim = ST
w20 yaw  (5—=p) W

where W is the Aubin-Talenti function defined by (1.8).

(i) Let p = 2.
iy Bellogaw| _ 2
w—0 /Oy o \/§
(i) Let 1 <p < 2.
. Bw _p—1 -1
Jmy o =37 V0,

w

where V is the unique positive solution to

Vs — U + §17PyP = Q, on (0, 00),

v5(0) = 0, limg_, o, v(s) = 0.
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Remark 5.1. (i) Observe that

w ¢ LPTLI(R3) when 1 < p <2,
€ LPTH(R3) when p > 2.

Therefore, it is natural that the situation becomes different at p = 2.

(ii) Note that Wei and Wu [46] already showed the following:

\/BTLWNI when 2 < p < 3,
7B“|\1/‘;%%‘ ~1 when p = 2,
g“;pwl when 1 < p < 2.
o

See [46, Proposition 4.2] in detail. However, in order to prove Theorem 2.5 (i), we need to show that the
limits (5.1)—~(5.3) exists.

(i1i) The existence, the uniqueness and non-degeneracy of the positive solution to (5.4) are obtained by Tolland

and Genoud.

5.1 Upper and lower bound of u,

To prove Proposition 5.8, we obtain the following lower bound of the solution ,,:

Lemma 5.2 (Lower estimate of ). Let 1 <p <3 and Y, (r) := \fe—ﬁw . Then, for any Ry > 0, one has
~ az,u(RO)
o(r) > Y, llr> Ro. 5.5
U (r) — Yw(RO) (r) fOT’ a r 0 ( )
Proof. Clearly, we have
~ az,u(}z())
Ry) = Y., (Ro).
Uw( 0) Yw(RO) w( 0)
Observe that Y, satisfies
-AY, +a,Y, =0 in R?\ {0}. (5.6)
In addition, it follows from (2.4) that
— Ay, + ay,tiy, = Bl +u, > 0. (5.7)
Then, we see from (5.6), (5.7) and the maximal principle that (5.5) holds. O

Remark 5.2. Observe from Theorem 2.4 that for any R > 0, we see that

lim @, (r) = W(r) uniformly in B(0, R),

w—0

Thus, there exist Ro > 0 and wy > 0 such that for 0 < w < wy, we obtain

Uy (r) > o > 5 forr = Rs.
This together with (5.5) yields that for 1 < p < 3, we obtain
Uy (r) > 2(7") forr > Rs. (5.8)
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We also need the following upper bound of the solution ,:

Lemma 5.3 (Upper estimate of 4,,). Let 1 < p < 3 and @, be a positive solution to (2.4). For any e > 0, put

~ e~V (1—g)au]r|
Ye(r) = ——.
7|
Take R,, > 0 such that
Bu ~p—1 1,
> —uP  (R,) + —u, (R, 5.9
o> P2 (Ry) + i (R) (5.9
Then, for any w > 0, one has
_ Uy (Ry)
w(r) < = w,e(r forr > R,. 5.10
(r) T (Ro) =(r) (5.10)
Proof. Immediately, one has
_ Uy, (Ry)
w Rw = Yw Rw
U ( ) Yw,s(Rw) 75( )

Note that }7—‘%8 satisfies
~AY, .+ (1—-8)a,Y,c =0  inR3\{0}.

Observe from (5.9) that
—Aty, + (1 — €)ayly, = —eay, Uy, Butl + 172 = (—anﬁwﬂf)_l + Ef,)ﬂw < 0.

Then, from the maximum principle theorem, we see that (5.10) holds. O

5.2 (Case 1) 2<p<3and (Case 2) p=2
5.2.1 (Casel)2<p<3

In this subsection, we shall give the proof of Proposition 5.1 (i). Theorem 2.4, which has been proved in Section
4, implies that the limit equation of (2.4) is (1.9). This suggests that the terms oy, and S,u?, involving in
(2.4) are error terms. Thus, to study the coefficients «,, and (,, we need to consider the error 7, := @, — W.

Then, we can easily verify that 7, satisfies

(_A_5W4+aw>77w = Fw(nw)> (511)

where

Fo(nw) == =0, W + BoWP + (W +n,)° = WP — 5Wh, + Bu{(W +n.)? — WP}

It follows that
|Fo ()] S W + BuWP + W37702J + |77w|5 + 5pr_1|77w‘ + Bulnwl?- (5.12)

We can rewrite (5.11) by
Nw = (1 =5(=A + a,) "WH ™ H A+ a,)  F,(n). (5.13)
It follows from Theorem 2.4 that

lim n, =0 strongly in H' N LY(R3) (¢ > 3). (5.14)

w—0
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Put
1
AW = §W +x-VW. (5.15)

Then, we see that AW € H'(R?) satisfies
(~A=5WHAW =0  in R5.

To prove Proposition 5.1, we recall the following resolvent expansion by Jensen and Kato [31] (see also Remark

2.3 of Coles and Gustafson [17]):

Lemma 5.4 (Lemma 4.3 of Jensen and Kato [31]). Let s satisfy 3/2 < s < 5/2. Then, we have the following

exrpansion

(1—5(=A+a,) Wt = 3%04;% (WHAW, VAW + Cj + o(1) (5.16)

as w — 0 in B(H},, _(R3),H},, _(R3)) for 3 < s < 3. Here, C§ is an explicit operator and |lul|;n =

rad,—s

I+ |22) = 2l
It follows from (5.11), (5.13) and Lemma 5.4 that
Nw = (1 - 5<_A + aw)_1W4>_1(_A + aw)_le(nw)

_ 3304;%<W4AW,(—A+aw)*1Fw(nw)>AW (5.17)

s

+C&(—A+aw)_1Fw(nw) +0(1) in H!

rad,—

J(R3) as w — 0.

At least formally, we see from (5.12), (5.14), (5.17) and lim,_,o a;% = oo (see (2.7)) that (—A + a,) 'F,
satisfies the orthogonal condition

111%<W4AW,(—A+%)—1Fw> =0. (5.18)
w—

In fact, we can show this rigorously. To explain this more precisely, we need several notations. For a given

v > 0 and a function f on R3, we define S, f by

Suf=v ).

Observe that
IV(Sy )iz =V Iz, 1Sy flls = Ifllzs  for all f € HY(R?).

We also define 4, ,, := S, u,, for v > 0. We see from (2.4) that u,, , satisfies

~ ~ - ~5 . 3
_Auwvl’ + Qoo — BUJWULZ/)J,Z/ — Uy = 0 in R?,
where Qv = awyi4 and ﬂw,u = ﬂwl/p75. We deCOHlpOSG ﬂwﬂj as
U,y = W+ Nw,v-

Then, we can verify that 7, , satisfies
(7A - 5W4 + O‘w,u)nw,u - Fw,zu (519)
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where

Fw v = _aw,yW + Bw,l/Wp + Nw,V7

and

Nuw = (W +1mu,,)° = WP =Wy, o, + Bup {(W + 1, )P — WP}

)

We can rewrite (5.19) as

Now = (1= 5(=A+a, ) ' WH™ N (~A+a,,) .. (5.20)
Then, by an argument similar to [17, Lemma 3.8], we can obtain the following result:
Lemma 5.5. Let 1 <p < 3. For any w > 0, there exists v, > 0 with lim,,_,o v, = 1 such that

(WAAW, (A +ay,,) " Fu,,) =0. (5.21)
Remark 5.3. Since lim,, o v, =1, we see from (5.21) that (5.18) holds.
Define
U] = Uy, M) = 2] =W 02 = Qo Bo) = Bowes  Flu) = Fup,

where v, > 0 is the number given in Lemma 5.5. Note that since lim,,_,o %, = W strongly in H! NLY(R3) (¢ > 3)

(see Theorem 2.4) and lim,,_,o v, = 1, we have
ii_}rr}) Nw) = 0 strongly in H' N LI(R3) (¢ > 3). (5.22)
Furthermore, one can see from (5.19) that 7y, satisfies
(=& = 5W* + gy = Flaj, (5.23)
where Fi) = —a W + B, WP + N, and
Nig) == (W +1n))° = WP = 5Wnp + By { (W + )P = WP } . (5.24)
We can rewrite (5.21) by
(WAAW, (—A + o))~ Flp) = 0. (5.25)
It follows from (5.25) and Fi,) = —a)W + B, W? + Ny, that

0= -y <W4AVV, (—A + Oé[w])_1W> + ﬁ[w] <W4AW, (—A+ Oé[w])_1WP> + <W4AVV, (—A + a[w])_lN[w]>.

(5.26)
Dividing (5.26) by /@[], we obtain
_1
0=~/ (WAW, (=A + ap) " 'W) + Bujag (WAW, (A + ap) " WP)
(5.27)

+ Oé[;]% <W4AW, (—A + Oé[w])ilN[wD.

We will use the following result obtained by Coles and Gustafson [17]:
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Proposition 5.6 (Lemma 2.7 of Coles and Gustafson [17]). (i) For any 2 <p <5 and any 0 < §; < p — 2,
we have

_ S5—p LY
(WAIAW, (= + o) "W )= = ES W + Olag), (5.28)

(ii) For any §, > 0, we have

6 ki
Q] < WAAW, (—A+ a[w])—lw >: —571' + O(Oz[i}). (5.29)

We now estimate the third term of the right-hand side of (5.27). Concerning this, we claim the following:

Lemma 5.7. Let 2 < p < 3. Then, the following estimate holds for any sufficiently small € > 0 and w > 0:

p—1—(p+2)e
2

H(—A-l-a[w])_lN[w]HLoo S a[w] . (5.30)

The proof of Lemma 5.7 is similar to that of Lemma 2.6 of [5]. However, in [5], we consider the case where
w > 0 is large, so that the details are different. For this reason, we shall give the proof of Lemma 5.7 in

Subsection 5.2.4 below. Admitting Lemma 5.7, we will give a proof of Proposition 5.1 (i):

Proof of Proposition 5.1 (i). By the Holder inequality and Lemma 5.7, one can estimate the last term on the
right-hand side of (5.27) as follows: for any sufficiently small € > 0,

p—1—(p+2)e
2

(WAAW, (=A + a) " N | < [WHAW |21 [[(=A + aw) " Nigllz= S oy (5.31)
By (5.31) and p > 2, we have
—% 4 1 < %
ap, (WEAW, (A + o)™ N [S ap, =0 as w — 0. (5.32)
From (5.27), (5.29), (5.28) and (5.32), we see that
. Bl i VL= A + ) W WHAAW) — oy 7 (WHAW, (A + o))~ Niwy)
w=0 o] T w0 (A + a[w])*lwp, WAAW)
s ((—A + ap) " W, WAAW
iy YORH(EA+ op) )
w—0 ((—A + a[w]>_1Wp, W4AW>
6 10(p+1) 127(p+1)
=TETx T pFl | = pH1
(5 =W (5 =pIWILr
Since lim, g v, = 1, we see that (5.1) holds. This completes the proof of Proposition 5.1. O

5.2.2 (Case 2) p=2.

In this subsection, we shall give the proof of Proposition 5.1 (ii). We remark that when p = 2, the decay of W?
is slow, so that we cannot regard the term uf BELE! perturbation of WP. Thus, we rewrite the equation (5.23)

by

(=2 = 5W* + )y = Fluy =~ W + Bluyh ) + N, (5.33)

32



where
j\}[w] =W+ 77[0.;])5 —W° - 5W47][w]. (5.34)
Tt follows from (5.21) and (5.33) that

0= —ap (WIAW, (A + ap)) " W) + B (WAAW, (A + apy) 18 ) + (WAAW, (—A + o) " Ny

2,[w]
(5.35)
We will use the following result:
Proposition 5.8. Let p =2. We have
. - 1 3v3
ilgb |log aup] | HWHAW, (=A + ayy)) 1“5,[w]> = (5.36)

We will show Proposition 5.8 in Subsection 5.2.3 below. Next, we consider the third term of the right-hand

side of (5.33). Concerning this, we claim the following:
Lemma 5.9. Let p = 2. Then, the following estimate holds for any sufficiently small € > 0 and w > 0:

1(=A + ape)) " Nl S o™

We shall give a proof of Lemma 5.9 in Subsection 5.2.4 below. We are now in a position to give the proof

of Proposition 5.1 (ii):

Proof of Proposition 5.1 (ii). By the Holder inequality and Lemma 5.9, one can estimate the last term on the
right-hand side of (5.27) as follows: for any sufficiently small € > 0,

[(WHAAW, (A + ap)) " Nigp) | < [WHAW |1 [ (A + ape) ™ Nyl S e (5.37)

By (5.37), we have

04[;]%<W4AI/V, (=A+ ap) "N |S aZ? 50 as w — 0. (5.38)

~ ]

From (5.35), (5.29), (5.36) and (5.38), we see that

1
. Bl log ajy|
w—0 a[w]

i Hos 0l [ o (WHIAW, (A + agy) "TW) — (WHAW, (A + ) " Niwy)
(WAAW, (=A + o)) b v,)

w—0 a[w]

VI WAAW, (= A + a) " W) — a2 (WAW, (—A + age) " Nyp)

w50 | log vy ["L(WEAW, (—A + a[w])—luﬁ,,,J
B —gw 2
EENCRANEY
Since lim,, 0 v, = 1, we see that (5.2) holds. This completes the proof. O
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5.2.3 Estimate of the principle term (proof of Proposition 5.8)

In this subsection, we will prove Proposition 5.8. We shall use the following inequalities which we can obtain

from the Young inequality (see, e.g., (9) in Section 4.3 of [36])

Lemma 5.10. Let @ >0, and let 1 < s < g < o0 and 3(% - %) < 2. Then, we have

(5.39)

3(1_1y_
I(=A+ )7 Ls(R3)La(R3) S az(zma)7h
We are now in a position to prove Proposition 5.8.
Proof of Proposition 5.8. We shall divide the proof into 3 steps.
(Step 1). Note that
1
|lz[*) 2 1 P b 1 3
W)= (145 ) = VBlel (14 30l ) = VBlal 4 0l s fal o
3
|| |z[*) 2 1 2\~ 3 1 3
x~VW:f? <1+3) = V3|27 (1 +3[z[72) % = —V3|z| ' + O(|2|7®) as |z| — oo.

Thus, if we put Z := AW — (fé\xrl), we find from AW = W + - VW that Z = O(|z|3) as |z| — co. In

addition, since —AAW = 5W*AW and AW = —§|ﬂc|_1 + Z, we have
~ 1 ~
(A + o) 1P, WAAW) = 5((—A + o) taP, —AAV)

V3

1
=~ (FA+aw) 7T, AT + S ((-A + aw) T, —AZ).

10

Recall (see, e.g., Section 6.23 of [36]) that for any a > 0 and any function f on R3,

e—Valz—y]
(A +a) fz) = / F(y)dy.

re 4mlz —y|

In addition, note that —A|z|~! = 478y in D' (R?) (see e.g. [36, Page 156]). Thus, it follows that

7\1/7(?<(*A + 0@;)71@2, (*A)|1‘|71> = 7@ {(7A + Oéw)flﬂﬁ 0)
e~ Vau|z|
= 76 , —— P (z) dx.
10 Jgs ||

By the Holder inequality and Lemma 5.10, u?, = O(|z|™?) and Z = O(|z|73) as |z| — oo, we have
(A4 ) 1, A2)|= (-8 + 0) T fan - (-8 +0) 2)

3, 5
< aull(=A+aw) @ e 21 g + el 21l g < 0w x ™ AL a4 l1Z] g +1 S 1.
From (5.40), (5.42) and (5.43), we obtain

\/g e_m‘xl/v

(A + ay,) ', WAAW) = ——= al (z) dx + O(1).
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(Step 2). From (5.44) and (5.5), we obtain

(A + o) taP , WAAW)

\/g €_m|x‘~p
S L 1
10 /e 7] aP (z) dr + O(1)
1—¢)P oo L —/a,T
< V3-er 477/ € YP(r) x rdr + O(1)
10 R T

€

2(1 —e)Pm ppr [ e (PHOVELT
/ et

dr+ O(1)

R,

_1
p+1 a“’2 ef(p“rl)\/awT oo 67(17“”1)\/0‘&:7“
= / 71dr+/ , ——————dr p +0(1)
rP— al 2 rP—

1 1

2(1 — )P » aw? g aw® —(p+D)vaor _ o o—(ptl)vaor
g [ e e L
«

p—1 p—1 -3 p—1
R. T R, T w2 T

1

aw? ,=3yaor
/ _ dr
1

rP—

_1
o 2
@ Jagr
7‘“0[7«517
r

1

_1
Y dr @ ® gy log v,
/ rp—1 :/ 7:‘g72|_10gR87
R, Re

where we have used the elementary inequality e V@™ — 1 — \/ar < 0 for all r > 0 in the second inequality.

o0 6_38
< / ds < 1.
1 8

In addition, since p = 2, we obtain

. dr

2 7"1’1

/ e (p+1)mr

These together with p = 2 imply that

~ 1
limsup |log ay,| " H{((=A + ay,) 'al, WAAW) < -~ -
w—0 5 2 5

We see from (4.1) that

_1
2

U (7) < 329527t for all r > 1,

where v, = —ay, + B, + 1. This together with 0 < @, (z) < 4, (0) = 1 and p = 2 implies that

1

e—vaslal 1 by o_p [ emVELT e vaLr
/ 7uﬁdx§47r/ e‘mrrdr+47rx3§'yw2/ o d7‘+47r><32’y / L, ———dr
R3 0 0w2

|| 1 r ret
-3
1 s 1 1 > ef\/ﬁr
< O(Q1) + 47 x 3, —dr +4m x 37, L dr
1 r al? T
=27 x 37, log e, | + O(1).
(5.46)
It follows from (5.44), (5.46) and lim,, oy, = 1 that
~ 3 33
liin_}{)lf |log a, | H{(=A + ay,) ', WAAW) > —% X2 x 3= —?271 (5.47)
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Since € > 0 is arbitrary, we see from (5.45) and (5.47) that
~ -1 “1=p 4 3%
lim |log o | H{(—A + o) taP, WHAW) = — 7.
w—0 5

Thus, (5.36) holds. This concludes the proof. O

5.2.4 Estimate of the remainder term (Proof of Lemmas 5.7 and 5.9)

In this subsection, we give the proof of Lemmas 5.7 and 5.9. To this end, we need several preparations. We will

use the following inequalities (see, e.g., [17, (2.10)])

Lemma 5.11. Let a > 0. For any ¢ > 0, we obtain

<
R?’)QL%’E(RB)HLOO(R?,) ~ L. (548)

-1
I-A+a) 7 3e,
Lemma 5.10 does not deal with the case where 3(% - %) = 2. In that case, we use the following:

Lemma 5.12. Let o > 0, and let 3 < q < co. Then, we have

< 1.

~

A+ s
7 (R3)—>La(R?)
We also need the following L>-estimate of (—A + a)~tz| 1
Lemma 5.13 (Lemma 3.13 of [28]). The following estimate holds for all o > 0:

[(=A+a) ol Hze Sa7F,

where the implicit constant is independent of «.

From the resolvent expansion in Lemma 5.4, Coles and Gustafson [17, Lemma 2.4] obtained the following

resolvent estimate:

Lemma 5.14 (Coles and Gustafson [17]). Let 3 <r < oo.
11 =5(=A+aw) " WH ™ fllr S e (5.49)
for any f € L"_,(R3) with (WAAW, f) = 0.

rad

1
Remark 5.4. Note that the resolvent expansion (5.16) has a singularity o, ?. However, we see from Lemma
5.14 that if we have the orthogonal condition (W*AW, f) = 0, we can remove the singularity in the resolvent
estimate (5.49).

Next, we estimate (3, by ay,.
Lemma 5.15. Let u,, be the positive solution to (2.4).

(i) Let 2 < p < 3. There exists a constant Cy; > 0 such that
Buw < Cry/ay,. (550)
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(ii) Let p=2. There exists a constant Cy > 0 such that

fu < Co Voo (5.51)

|log av, |

(iii) Let 1 < p < 2. There exists a constant Cs > 0 such that

B, < Csan? . (5.52)

We now give the proof of Lemma 5.15.

Proof of Lemma 5.15. (1) We first consider the case of 2 < p < 3. It follows from Theorem 2.4 and W €
LPTH(R3) that there exists C), > 0 such that

@72 = Gy
for 2 < p < 3. In addition, by Lemma 4.3 (i), we have

)32 < Cai? (5.53)
for some C' > 0. These together with (2.8) yields that

5-p +1 ~ 12
2(p+ 1) CpBu < 2( )BwHuwHIzwl = ay |ty |7 < Cvag.

Thus, (5.50) holds.
(ii) We now consider the case of p = 2. By (5.5) and p = 2, we have

_1

_ o ? e~ (p+1)yvagr oy S 1
it zo [ Sz o [ Lar> o ogal g ).
Rs rP R, T

It follows from (2.8) and (4.6) that

B

CBullogay| < —- |‘~w||11);-¢1—1 = O‘wHawHQLQ < Cyay,

This yields (5.51).
(iii) Finally, we consider the case of 1 < p < 2. Putting s = \/a,r, we see from (5.8) that

~ +1 e —(p+Dvaur p=2 e —(p+1)s p—2
||UWHIZ,P+1 > C/ d?" = Caw2 / T dS > Cozw
1

-1 s

for some C' > 0. By (2.8) and (4.6), one has

p=2 5—0p - ~
< pHl 2, < Cy/a,.
CBua = (p+ 1)5w” w||Lp+1 O‘w”Uw”H < Cyay,
Therefore, (5.52) holds. O

Next, we obtain the following estimate of ||| L.

Lemma 5.16 (c.f. Lemma 2.5 of [5]). Let 2 < p < 3. For any small w > 0, the following estimate holds:
M)l S V) (5.54)
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Proof. We shall divide the proof into 2 steps.
(Step 1). By (5.20), Lemma 5.14 with f = (—A + Oé[w])_lF[w], (5.25) and Flo) = —auW + ,B[M]Wp + Ny

one can see that

[yl = (1 = 5(=A + ap) " WH™H=A + ) " Flullze
(5.55)

[ (=B + ) T Wizt B l(=A + o) T WP [z + [(=A + age)) T Nyl
We consider the first two terms on the right-hand side of (5.55). It follows from Lemmas 5.10 and 5.13, (1.8),
(5.50) and p > 2 that

1 p=2_p,
RaRvaTm i I 11

g [(=A + ) " Wlzoe + By (=4 + ) 7 W[l S ey, L
(5.56)
< Bt —he o
S V0w Tt oy S V-
Concerning the last term on the right-hand side of (5.55), we claim that
I(=A + ape)) ™ Nigllzee < on(llnellz=)- (5.57)

Once we obtain (5.57), we see that the last term on the right-hand side of (5.55) can be absorbed into the
left-hand side. Hence, the claim (5.54) follows from (5.55)—(5.57).
(Step 2). It remains to prove (5.57). It follows from (5.24) and the triangle inequality that

I(=A + o) ™ Mgl < (=2 + ag) ™ { (W +mpp)® = WP = 5W ey } e
(5.58)

+ Bl (=2 + apw) "H{W +1)? = WP e
We consider the first term on the right-hand side of (5.58). By Lemma 5.11, elementary computations, the

Holder inequality and (5.22), one can see that

(A + ap) ™ L (W +n)° = W = 5Win bl

L2

SH (W + "7[&)])5 - W5 - 5W477[w] HL%H 3—¢

SIW Pl e o+ gl ose o (5.59)

2 NL 2

SIWPH opear oz I llsllmnlloe + gl sge o5

= on(L)[[nwllze-
Next, we consider the second term on the right-hand side of (5.58). It follows from elementary computations

and Lemma 5.10 that

B[w] H(_A + a[w])_l{(W + n[w])p - Wp}||L°°

S Bl (A + ap) ™ { WP gl } Il + ﬁ[w]ll(—A + ) { gl } Il (5.60)

p—3—¢

Sﬂ[w}a[w W=,

Consider the first term on the right—hand side of (5.60). By the Holder inequality and (5.50), one can see that

o e Pl

pP—2—¢
By e el o5, S« HW||ps<p 1 1M llzee S ap®  lImplizes.
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Similarly, we obtain

p—2—¢ _ p—2—¢
5[w]04[w Hl’mlp S oy’ Hm“’]”ii(lfffi [l < Oé[w 7l -
Therefore, we obtain
p—2—¢
Brall(=A + ap) THW +1)? = WPz S o )” Ilnellzee = 0n (D)0 llze- (5.61)

Putting the estimates (5.58), (5.59) and (5.61) together, we obtain the desired estimate (5.57). This completes
the proof. O

We are now in a position to prove Lemma 5.7.
Proof of Lemma 5.7. As in (5.58), we see that

I(=A + o) ™ Niggllzoe < (=D + o)™ { (W +)° = W = 5W i, } 1
(5.62)
+ B | (= A + ) H{IW + P W + ) = WPz

We consider the first term on the right-hand side of (5.62). By Lemma 5.12, (5.39), the Holder inequality and

Lemma 5.16, one can see that
I(=A+ ap) ™ { (W +m)° = WP = 5Wn, } [l

SI=A 4 ap) "HW Pl P Hlze + 1(=A + ap) " w1l
(5.63)

IVl g e 3 + Ml e s

3

pg—selme e + lnl? g

< HWHi%-me ——35||77w]||L°° A -

NL2
Next, we consider the second term on the right-hand side of (5.62). It follows from (5.39), the Holder inequality,
(5.51) and Lemma 5.16 that if ¢ > 0 is sufficiently small, we have

B[w]”( A+aw]) ! { (W+n[w})p - wr } ||L°°

S B l(=A + ) WP g Hize + Bgll(—A + Oé[w])_1|77[w]|pHL°°

p737gp+2)£ p—1 P— *( +2 »
S By, WPl e + Pl Hln[w]l [ (5.64)
p—2— (p+2) p—1 2—(17
Sag WP e alles +agy * o Il e
Lp—1—(p—1) Lr—1-(p-1)

< p—l—;p+2)€

~ Yol
Putting (5.62), (5.63) and (5.64) together, we obtain the desired estimate (5.30). O

Next, we shall give the proof of Lemma 5.9, which is similar to that of Lemma 5.7.
Lemma 5.17. Let p = 2. For sufficiently small € > 0 and w > 0, the following estimate holds:
Il S o, (5.65)
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Proof. Similarly to (5.55), by (5.20), Lemma 5.14 with f = (=A + ay,)) "' Fj.j, and (5.21), one can see that
Il S 1(=A + @) = 5W*) ™ Fyl| =
= |(1 = 5(=A+ o) "W TH(=A + ap) Tyl (5.66)

< (A + o)) T W oot B ll(=A + o)) 18, Nl + 1(=A + apw)) ™ Nig)ll o -

We consider the first two terms on the right-hand side of (5.66). Since p = 2, we have by Lemmas 5.10 and
5.13, (5.51) that

[ (=A + ap) T WL + B ll(—A + ap)) 'ab,, |l

wi”w

1 Oz[w] -
< €| P
~ a[w]a[w]Q + ‘ loga[ ]|Ol[w] Huw,vw ”Lﬁ (567)
< VO + Ozé}]g < Oé[i]is.
Concerning the last term on the right-hand side of (5.66). We claim that
1(=A + aw) " Nigllz= < o[l ll=)- (5.68)

Indeed, as in (5.59), by (5.34), Lemma 5.11, elementary computations, the Holder inequality and (5.22), one

can see that

[(=A + o) " Nigglow < (A +ap) ™ { (W +0e) = W2 = 5W ) } ||z

2

SNV 4 m)® = WP = 5W gy || age o

3,2 5
S ||W n[w]||L3;5 mLC";E + Hn[w]HLB;EOLSEE
< ||W3”L6(93j;) ﬂLG(Ei:EE) ‘77[:,_;] ||L6 H??[w] ||Loo + ||77Elw] HL3-§E mLs;a Hn[w] HL"C B on(l) ||77[w] ||L°O~

Thus, we obtain the desired estimate (5.68).
Notice that by (5.68), the last term on the right-hand side of (5.66) can be absorbed into the left-hand side.
Hence, (5.65) holds from (5.66), (5.67) and (5.68). O

We now give the proof of Lemma 5.9.
Proof of Lemma 5.9. As in (5.63), we see from (5.65) that
I(=A + ap) " Nigllze < I1(=A+ a) ™ { (W +1)° = W = 5Wn, } ||
SN2+ ap) "W P iz + [1(=A + ) ™ il e

3—

e
2 NL 2

I Pl e o+ s

SUIWI g 45y 3 -se IallZoe + 0l g v5e 8 se I lTe S 0

Thus, we have obtained the desired result. O
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5.3 (Case 3) 1<p<2.

In this section, we consider the case of 1 < p < 2. We shall give the proof of Proposition 5.1 (iii).

5.3.1 Convergence to a singular solution

We rescale the solution u,, as follows:

_1 1
Uy (8) = a2y, (1), s=adr. (5.69)
Then, u,,, satisfies the following:
d*u 2du . B, - ~ .
TaF T sds 0T @ =00 in(000). (5.70)

In this subsection, we will show that the rescaled function %, converges to a singular solution Up, ~ to some
scalar field equation as w tends to zero (see Proposition 5.19 below more precisely). To this end, we prepare

the following lemma.

Lemma 5.18. Let 1 < p < 2 and u,, be the positive solution to (2.4). There exists a constant C} > 0 such that
3-p
B > Cia® . (5.71)
Proof of Lemma 5.18. Putting s = /a7, we see from (5.8) that
> —1 [ 1
22 > C/ L e VT dr = Cay, / e 2% ds > Cay,? (5.72)
a;é 1

for some C' > 0. Next, we obtain an upper bound of u, by applying Lemma 5.3. By (5.52) and (4.1), we have

_ 1 1 1 C 3=p_q,p-t 3 C 3
ﬂ—wuiil(LOéfz) + — Uy (Lad) < ——ow® 3 —|—C% =1 +C’a—j <

1
Qs O - Lp-1 2’

for sufficiently large L > 0. We take L > 0 satisfying above and fix it. Then, it follows from Lemma 5.3 with
1
R, = Lo and (4.1) that

1 C =77 ay
~ e, (Lad ~ 1/2 e 2 " L e V2T
Uy (r) < WU“’( ‘”)l Yo1/2(r) < \L/(%L =CLevVi —— (5.73)
Yo/2(Las) eV Free T "
’ Lay,
1
for » > LaZ. Observe that
-3
Lyjpaw 00
lal2tL, = 4n / T dr 4 A / attar,
0 L1/20¢w2

By (4.1), we obtain

—2

_ _1

Ly, L Lijgo, ? ] p—2

/ uf)+ r2dr < C/ r7 Pl dr < Ca,?” .
0 0

In addition, by (5.73), we have

o0 . o0 X p—=2 o0 pP—2
/ N uf,“rg dr <C . e~ (PHDA—e)Vawr,.—p+l g < Oq, 2 / e~ PHD=9)s 4o < Oa,? .
L

1/200 7 L1/20‘;§ Li/2
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These yields that

@ lrth, < Cau® . (5.74)

By (2.8), (5.72) and (5.74), one has

~ 5—p ~ 1 222
C\/ (07%) S aw”“w”%ﬁ = mﬁw”uw”it+1 S Cﬁwawz .

Therefore, (5.71) holds. O

Let {w,} be a sequence in (0,00) with lim, oo w, = 0. By (5.52) and (5.71), we see that there exists a

constant 6y > 0 such that

Note that the limit 8y depends on the sequence {w,} in general. However, we will find that 6, is a universal

number, that is, it does not depend on the choice of the sequence {w,}. To this end, we first show the following:

Proposition 5.19. Let 1 < p < 2 and u,,, be a function defined by (5.69). For any finite interval I C (0, 00),

we have
li_>m Uy, (1) = Upy,00(T) uniformly in I,
where Ug, o 15 a solution to
2
Uy — ;UT +U—-6,U =0 in (0,00) (5.75)
satisfying
lim 7Up, o (r) = V3. (5.76)
r—0

Remark 5.5. We see from the result of [32, Theorem 2] that the equation (5.75) has infinitely many positive
singular solutions U satisfying

lim sU(s) = C

s—0
for some C > 0. However, we can specify the singular solution Ug, o which is obtained in Proposition 5.19 by

using the uniqueness of positive solution to (2.11).

Lemma 5.20. For any L > 0 and € > 0, there exists and R, > 0 ng > 0 such that

1-— - 1 L
V3T Ee L < Uy, (1) < V3 +e (R. <1< ). (5.77)
r r v A,

forn > ny.

Proof. Note that

o, (r) < (1 + %ﬁ)_é for all r > 0,

This together with lim, o Y., = 1 (see (4.2) for the definition of +,) implies that u,, (r) < ﬂ% for
sufficiently large n € N.
On the other hand, it follows from (5.5) that for any € > 0, we obtain

L
an(T)Z\/g(l—g)eT for R. <1 < —L

N

This completes the proof. O
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Putting @, (s) = st (s), we see that @, satisfies the following:

Uss — U+ ﬁwnawn 51 PP + ay,, s 405 =0 in (0, 00),
u(s) >0 in (0, 00), (5.78)
u(0) = 0, u5(0) = O}w , lims o0 u(s) =0

We obtain the following:

Lemma 5.21. For any finite interval I in (0,00), one has lim,_,oc U, (s) = To(s) for s € I, where Ty(s)
satisfies
% — g + Ops' PTh =0 on (0, 00),

UQ(O) = \/g, limg_y oo HQ(S) =0.

(5.79)

Proof. Observe from Lemma 5.20 that for any L > 0 and 6 > 0, there exists C; > 0 and C3 > 0 such that

Cy < iy, (r) < Cy for r € | ]. This together with @, (s) = st (s) = a:,n% Sy, (r) and s = /o, r

\/7 \/7
implies that C; <, (s) < Cy for s € [4, L]. In addition, we see from (5.78) that
dQEw,,, _ 1 p=—P —45 <
75 ($)|< Ty, (5) + ,Bwnawn uw(mn)(s) +ay, s uw(mn)(s) <s1 for any s € [4, L].

Then, by the Ascoli-Arzela theorem, there exists Uy such that

nll)n;oﬂw (s) =wo(s), nh_}n;o dZ—:(s) = CZ;( ) uniformly in [§, L]. (5.80)
Observe that w,,, satisfies
dZ:n (s) — dz:" (9) /68(uwn( )~ B ? Kan Pub, (o) + aw, 0"y, (0))do. (5.81)
It follows from (5.80), (5.81) and lim,_, @, = 0 that
Ts) = G20) = [ (@o(o) - tuo T (0)) o (582)

Since § > 0 and L > 0 are arbitrary, we see from (5.82) that ug satisfies the equation in (5.79).
Next, we shall show that T (0) = lim,_,0%o(s) = v/3. For any so > 0, we see that

Tig(s0) = liminf @, (s9) = lim inf soi, (s0)

.. S0~ So
= lim inf Uy,
n—oo /awn A /awn

> (1 — ¢) lim inf —2 wa< %0 >
n—00 /awn ’ /aw”

o _ s
= V3(1 — &) liminf —0_ x Y Wn Vo i
n—00 m S0

=V3(1 —e)e .

This implies that %o (so) > v/3(1 — e)e™%0.
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On the other hand, by (4.1), lim, e @, = 0 and lim, o Y, = 1 we obtain

o (sp) = limsup @y, (so) = limsup Sot.,, (So)

n—oo n—oo
. S50 ~ 50
= limsup U,
n—o0 (675% vV Y,
1
2 -3
, S
< lim sup 1+ M —0
n—00 Ay, Ay,

1
Ba ~3
= lim sup 50 V30w, < 3 <a2"> —|—1>
n—o00 awn SO\/’Ywn 'Ywn
3
= limsup V3 ( 3 (aw") +1) =/3.
n—oo /Y Yo 50
S0 < Tg(sg) < /3 for any sg > 0. Since ¢ > 0 is arbitrary, we see that 7y(0) =

-

Thus, we have v/3(1 — €)e™
O

lim,, 0 o(s0) = v/3. This completes the proof.
Proof of Proposition 5.19. We put Up, «(s) := To(s)s~ . Then we see that Up, ~(s) is a solution to (5.75)
_1
satisfying (5.77). Then, from Lemma 5.21 and r = «,,2 s, we obtain
3 —1
=To(s)s " = Upy,00(S)

1
lim ag, Uy, (0w?s) = lim @, (s)s "
n—oo n—oo
O

uniformly in s € I.

This concludes the proof.

5.3.2 Proof of Proposition 5.1 (iii)

In this subsection, we prove Proposition 5.1 (iii). To this end, we need several preparations

Lemma 5.22. Let 1 < p < 2. Then, for any q € [2,3), we obtain

3—q
hIIl aw ”uWn ”Lq - ||U9o OOHLq (583)
Proof. For any € > 0, we have
_1 _1
co,y e tag,?
T / W (r)r? dr 4+ dr / T (e dr
0 eag,?

(5.84)

— 2
lawn

+ 471'/ Ul (r)r? dr
1>
= Il,n + IQ,n + IS,n~

By (4.1), one has
1
: a=3

By (5.52) and (4.1), we have
_ b1
La,r T 4 Ce*a = CeP™! 4 Ce*al < CeP™ L.

1 1 1
ﬁ—wﬂfj’l(e a2) + —al(e7tad) < CeP™!

Qg Qg
1
Applying Lemma 5.3 with R, = e *a2, we have by (4.1) that
1 (23
~ —-1,2 - _ —/ HEr
Ta(r) < — € 0d) Y cor(r) < CeV-Cer et E T 7 (5.85)
2) r
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for r > 5’1aé. It follows from (5.85) that

q
o0 e~ 4 g a=3 [ 7 V3° a=3 [ a=3
— 2 2 -
Is, < R dr = a,? s ds < ag? T ds < <eay?
B

e lay,? e—1 -1

for any small € > 0. These imply that

3

3—4q 3—4q _
awi Il,n7 awi IS,n 553 q. (586)

1 1
Observe from 1, (1) = ad, Uy, (e, r) for r > 0 that

1 1

s’lawn ) £ T, q -3 € )
— 74 — 2 5q — o
I —477/ ,ad (r)r dT—47T/ o, ag,ul (ozwn r)r?dr = 47rozwn / ud, (s)s” ds.
13 g

2
Quwp EQunp,

In addition, it follows from Proposition 5.19 that

—1

3—q €
ay? I, — 47r/ Ug, (s )s® ds as n — 00.
g
Since € > 0 is arbitrary, we see from (5.84), (5.86) and (5.55) that (5.83) holds. O

Lemma 5.23. Let 1 < p < 2 and up be the solution to (5.79), obtained in Lemma 5.21. Then, we have

2o (0) = 0.

Proof. 1t follows from (2.8) that

. 5—0p -
2 = 5y B N N
This yields that
b 5-p L S-p , o
Oéfzn\|uwnH%2 = 20p + )@unawn ‘|uwnHi—1t+l = mﬂwnawi X Olwn ||anHLp+1

This together with (5.83) and Up, ~(s) = Up(s)s~! yields that

1
p=3 2 1) a2, ||t |I? 2 1) ||U 2
o = tim ool = i 204D STl 2+ ) [Uhocele
n—oco n—oo 5 —p awi ||anHiJz§i1 5—p 1Ub6,00 I 71

(5.87)
2(p+1) fow72( ) ds
Sop o ug (s)s e ds

Multiplying the equation in (5.79) by Uy and integrating the resulting equation from 0 to oo, we obtain

dug , . *° dug ? _ p+lgl—p
T(O)UO(O) = — e + (Uo) — GQ(UO) ds. (588)
s 0 ds
This implies that ’%(0)’ < 00. Moreover, observe from (5.79) that

d (1 (dug\® (up)? 1P ()P p—1_
~ |z _ = — 0 p P+l 5.89
ds <2<ds> 2 + 0o p+1 p+10° (o) (5.89)

In addition, multiplying the equation in (5.89) by s and integrating the resulting equation from 0 to co, we get

1 (dug\®  (@)?*  (H)"tls' p—1 /“: .
=) - ds = 0 prigl=r g, 5.90
/0 {2(d5> 2 T s= oo ), ([@)TsTrds (5.90)
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This together with (5.87) implies that

© /dtio \ /°°, ) 2(p —2) /°°, B 3p—3 [™ _
=) ds= ds+ 22— 29 pHlgl=p gg — / 2 ds.
/0 <d5> ’ 0 (to)" ds + p+1 ) (@)™ T 5p 0 (to)” ds

Tt follows from (5.88), (5.89) and (5.87) that

om0 =- [ { (%) + o - eo<uo>p+1s1—f’} ds

3p—3 2(p+1)}/°° 9 (5.91)
=- +1- Up(s)s~ ds
{ 5-p 5op S
=0.
Since %o (0) = /3, we see from (5.91) that <@ (0) = 0. Thus, we have obtained the desired result. O

We are now in a position to prove Proposition 5.1 (iii).

1
Proof of Proposition 5.1 (iii). We put Tg = 67~ '@o. Then, 7y satisfies

o
ZT;J — T+ 8PP =0 on (0, 00),

1 (5.92)
7(0) = V30577, 42(0) = 0, limg 00 To(s) = 0.

Note that the equation in (5.92) has a unique positive solution V in H'(0,00) (see Proposition 2.1). Thus, we
1 _
see that g = V, so that we have V(0) = 9,(0) = v/36¢ ' . This implies that 6 = 3_pT1Vp_1(O). O

6 Uniqueness of the large solution u,, and proof of Theorem 2.1

In this section, following [1], we shall give the proof of Theorem 2.5 (i) (uniqueness of the positive solution wu,,
to (1.1) for sufficiently small w > 0) by contradiction. Suppose to the contrary that there exists a sequence
{wn} in (0, 00) with lim, o w, = 0 such that for each n € N, ul? (i = 1,2) is a solution to (1.1) with w = w,

satisfying u + ul? and limy,_, o Hugf) ||Lee = co0. For i = 1,2, we set
M = ud e, AP () = (M) P (M40) ),

n

o) = wn (M), B = (M

and
M
Up = ——.
n M’,sl)
It follows from (2.5), (5.1), (5.2) and (5.3) that
1 . 12 1
lim wy é(M,(LZ))]k3 = Lp)_u when 2 < p < 3,
n—oo G = pIWlen
1 , , 2
lim wp, é(M,(f))p*?’| log(a{)| = 7 when p = 2, (6.1)
n—oo
p—3 . p—
lim w,? (MD)P+t = 3_TIVP_1(0) when 1 <p <2

n—oo

for 4 = 1,2. This implies the following lemma:
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Lemma 6.1. For 1 < p < 3, up to subsequence, we have

lim v, = 1. (6.2)

n—oo

Proof. The case of p # 2 is clear. Thus, we give the proof only for the case of p = 2.

Changing the order of My, M and M ) if necessary, we may assume that limsup,,_, . v, > 1. It follows from
(6.1), p=2and al?) = wn(MT(LQ))_ = wp (vn M, (1)) = V,j‘loz%l) that
(1)

) |log a(1)| . log o,
1= lim v, 5y = lim v, = |- (6.3)
n=oo | log oz% )| n=o | _4log v, + log ot
We claim that up to subsequence, one has
1

lim ——8 =0, (6.4)

n—o0o ( 10g an, )
If (6.4) holds, we have by (6.3) that

log aly) 1
1= lim v, 08 On o= lim v, loy‘ lim v,,.
n—o00 —4log v, + log o, n—o00 4(@#1)) +1 n—00

Thus, we see that (6.2) holds. Suppose to the contrary that (6.4) does not hold. Then, since limsup,, ., vn > 1,
up to subsequence, we see that one of the following occurs
log v,

lim sup ———+~
n—00 ( loga( ))

=k for some £ € (0, 0.

Since lim,,—, oo (— log a( )) = 00, we obtain lim,, .., v, = oo, which implies that lim,, log—"yn = oo. Then, up
to subsequence, we see from (6.3) that

(1)

(1)
v, log ay, vy |logan’|
1= lim I o= 1 — = 0%,
n—oo log vy, 4+ (— llggg;x ) n—oo logry, 4+ -
which is a contradiction. Thus, we see that (6.4) holds. This completes the proof. O

We see from Theorem 2.4 and (6.2) that

lim ([l — Wl = Lim ||, P (12) =W = 0. (6.5)

n—oo

Next, we define
(@) = uD (M) 22) = u@ (MP)22) = MO {@D (@) - i (v2a) }

and
~ U, (x)

Zn(x) = 7||V\IJ7LHL2 .

Since @y and unﬂﬁf)( v2z) are positive solutions to the following equation:
—AT+oWVa = pWar +a°,
we can verify that z,, satisfies

1 1
_AZ, + a3, = ps) / VP, 0)d03, + 5 / Vi(z,0)d0%,, (6.6)
0 0
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where

Va(,0) = 0uP (2) + (1 = O)nti?) (V). (6.7)
We prepare the following lemma, which is needed later.

Lemma 6.2 (Lemma 4.3 of [1]). Let 1 < p < 3. Then, there exists C; > 0 such that for any x € R® andn € N,
[Zn(@)] < Chla| ™ (6.8)
Remark 6.1. Although we assumed the condition d > 5 in [1, Lemma 4.5], the proof still works for d = 3.

Since ||VZ,||z2 = 1 for all n € N, we find that there exists a subsequence of {Z,} (we still denote it by the

same letter) and a function Z., € HL  (R?) such that

lim Z, = Z weakly in H'(R?) and almost everywhere in R3.
n—r oo

By the elliptic regularity, we can see that

lim z, = Z in C2 _(R3).
oo M 00 ]oc( )

Here, we shall drive a contradiction dividing into 2 cases (case of 2 < p < 3 and case of 1 < p < 2).

6.1 Caseof2<p<3

In this subsection, we consider the case of 2 < p < 3. We first obtain the following:
Lemma 6.3. Let 2 <p<3. Z, #0.

Proof of Lemma 6.3. Suppose to the contrary that Z,, = 0. Multiplying (6.6) by z,, and integrating the resulting

equation, we have

1 1
IVElEs + oIzl =) [ [ vt oyzde 45 [ [ Vi 0)as32 da. (6.9)
R3 JO R3 JO

We claim that

1
lim %Y sup / / VP (x,0)doz2 de = 0 (6.10)
=00 0el0,1] JR3 Jo

for 2 < p < 3. First, we will show that

lim sup / / V.4~ (x,0)df 72 dx = 0. (6.11)
R3

n=0 gelo,1]

for any ¢ > 2. It follows from (6.7) that for each ¢ > 2,z € R3,
sup [V~ (2,0)] < Cy (0 @) + @D (@)"). (612
0€l0,1]
where Cy; > 0 is a constant depending only on ¢ > 2. For any R > 0, using (6.12), (4.1), Lemma 6.2 and ¢ > 2,

we have

1 o'}
sup / / VI (z,0)d0 22 dx < / ((ﬂ;l))q_l + (ﬂf))q_l) Z2dr < / It =22 g < RTIT2,
z€(0,1] J|z|>R JO |z|>R R

(6.13)
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Since limy,_y00 2, = 0 weakly in H LR3), we see from ||ﬂ,(f)|| L= = 1, the Holder inequality and the Rellich—

Kondrachov theorem that for any sufficiently small € > 0, one has

1
swp [ [vit@oas Raes [ (@D @2)) e
0€l0,1] J|z|<R JO |z|<R

< ~(1)19—1 ~(2)(19—1 =~ 12
o e e 1 =

2—¢ 2—¢
—0 as n — oo.

From (6.13) and (6.14), we deduce that (6.11) holds for ¢ > 2.

(6.14)

Next, we obtain the upper bound of . We take e > 0 arbitrary and fix it. Observe from (4.1), (5.1), (5.2)

and 2 < p < 3 that

(@) (@)
. , 1 . 4 an , - ,
5 @D ()7 E) + 5 @) (af)) ) £ o (al)) eI ()T 47 al) <
o an | log aur,

Then, applying Lemma 5.3, we obtain

. (0 (1)y—1 - -V (1—e)ay’r )
asLZ) (T') —= i (g(an (’L)) 2)1 Ywn,a,i(r) S CGE 17876 fOI‘ T Z 8(0&7(7‘1))7%,
Yo, ei(elan’)™2) "

where

- e—(l—e)\/ (xﬁf)r
)= ———.

r

(6.15)

Now, we pay our attention to the case of p = 2. Using ||ﬂ$f)||Loo =1, Lemma 6.2 and (4.1) for 1 < |z| <

(ag))_%, (6.15) for |z| > (ag))_% and p = 2, we have

/ @) 122 da
R3

1

[ @z | @R [ @i de
lz|<1 <Jz|<(afD) "2 z|>(ai) 72

1 (0‘511))7% oo
S / dr + / =D =2p2 g 4 / e (1= =DV alr.~(p=1),-2,2 4.
~Jo 1 (@)%

(D)3 oo o
<1+ / r~Ytdr + / e~ (1= p-DVailrp -1 g,
1

(aP)~3

§1+|loga;1)|+/ o~ (1=e)(p—1)s 1 g
1

< [loga(V].

Then, by (5.2), (6.12) and (6.16), we obtain

1 (1)y 1
ﬂ,(g)/ / VP (2, 0)d672 do < |(0‘n)(f)|10ga7<11>| L0050 asno oo
R? JO log v,

when p = 2. We see from (6.11) and (6.17) that (6.10) holds when 2 < p < 3.
We now derive a conclusion. It follows from ||VZ, ||z = 1, (6.9), (6.10) and (6.11) with ¢ = 5 that

1< ”vgnH%? + 047(11)||En||%2
1 1
:pﬁg)/ / Vf‘l(m,e)dé’ﬁdw+5/ / Vi x,0)d0Z2de — 0 asn — oo,
rs Jo rs Jo
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which is a contradiction. Thus, we see that 2z, # 0. O
For any ¢ € C§°(R?), we see from (6.6), ||VZ,||z: = 1 and (2.3) that

(A — 52, )
en 55 by — { (—Ata® — g0 [ vt eds—5 [ Vi .
(—A — 52, ) <( A+ -5 [yt ow—s [ v ,e>d0) m¢>>
= <(_A - 5W4)Eooa ¢> - <(_A - 5W4)zn7 ¢>

1 1
+ (W — /0 VA(2,0)d0)Z, 8) + (. — B /0 VP12, 0)d0)Zn, )

—0 as n — oo.

This implies that
(—A —5WHZ, =0.

This together with Z., # 0 yields that Zo, = kAW for some x € R\ {0}. Here, AW is the function defined by

(5.15). Replacing z,, by —z, if necessary, we may assume that x > 0. Similarly to (2.8), we can obtain

i 5—p i 1 .
wllu;)HQH = 20p + 1) HU;)”IEIH fori=1,2. (6'18)
It follows from (6.18) that
MY 5-p MY
_Mn (1))2 2))12.) — p n (1))p+1 (2))p+1
wn ([|uy, — ||uy, = Wy |5 e — e |7 pin 6.19

For the left-hand side of (6.19), we observe that

MY ul (2) — ul ()
M W2, _ y@12.) — 37D n n (1) @) () d
||V\Dn”L2 wﬂ(”un HL2 ||un ||L2) n Wn [}%3 ”V\I/nHL? ( n (I‘) + Up, (:C)) €z

= o @) + vnti? (V7). Zn)-

Similarly, for the right-hand side of (6.19), we obtain

5— MY 5_ 1 » M _ @
: s, = it = 5200 [ ([ fousd o+ 1= 0] a0) o a
2 rs \Jo V|22

2(p + 1) ||V\IJ7LHL2
_ 1
=230 ([ et oz, ).
0

(6.20)
where V,, is the function defined by (6.7). These imply that
oD + 02 (), 5 = 2P </01 V(e 9)d9,5n> . (6.21)
Here, we claim the following:
Proposition 6.4. For 2 < p < 3, we have the following:
lim inf @ @D (z) + v, u? (2, 2,) > —6mk. (6.22)

n—roo
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Proposition 6.5. For 2 < p < 3. The following holds:

5(1) 1
lim sup ——= </ Vf(x,@)d0,3n> = —67K. (6.23)
n—00 a(l) 0

Let us admit Propositions 6.4 and 6.5 for a moment. Then, we can give the proof of Theorem 2.5 (i) in the

case of 2 < p < 3.

Proof of Theorem 2.5 (i) in the case of 2 < p < 3. It follows from (6.21)—(6.23) that

_ (1) 1
—3mk(h—p) = > 5 P lim sup b </ Vf(x,@)d9,5n>
0

n—oo a(l)

(6.24)

= liminf 4/ aS)(a;l) + v, 0P (2, %,) > —6mk.

n—roo
It follows from (6.24) and x > 0 that p > 3, which contradicts the condition p < 3. Thus, we conclude that the

solution u,, to (1.1) satisfying limy, ¢ ||ty |/~ = oo is unique for sufficiently small w > 0. O
Remark 6.2. Note that W € L*(R%) when d > 5. Thus, in [1], it was shown that

lim o) =W (i =1,2), strongly in L*(R?)

n—oo

when d > 5. Namely, we have the L*-convergence. Then, once we obtain the identity (6.19), we can derive a
contradiction just by taking a limit in n € N. On the other hand, since W, AW ¢ L?(R?) when d = 3, we cannot
do the same way. To overcome the difficulty, we use the resolvent estimate of Lemma 5.14, which comes from

the resolvent expansion by Jensen and Kato [31] (see Lemma 5.4).

6.1.1 Proof of Proposition 6.4

As we see before, we need to obtain Proposition 6.4 in order to show Theorem 2.5 (i). Here, we shall give the

proof of Proposition 6.4. To this end, we put

) i) (2

U, = 5
We have
o (Un, Za) = YD (@) + vl (02), 22
Then, (6.22) can be written by
lim inf a%”(Un,En) > —37k. (6.25)

Thus, it suffices to show (6.25) holds. In order to prove (6.25), we use the resolvent estimate (5.49) of Lemma
5.14, which comes from the resolvent expansion by Jensen and Kato [31]. Based on the resolvent estimate
(5.49), we decompose U, as follows:

U, = C,W*AW + g, (6.26)
where
(=A+ aD)~1U,, WAAW)

C, = " .
(A + o) LWAAW, WAAW)
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Observe that
\ Om(zl) <Un7 5n> = 041(11)Cn<W4AVVa zn> + V agll)<gm gn> (6'27)

From the decomposition (6.26), we have
(A + aD) "Ly, WAAW) = 0, (6.28)

which implies that we can apply the resolvent estimate (Lemma 5.14) for (—A + 04,(11))_1 gn- This enables us to

estimate the second term of (6.27). More precisely, we will show the following lemma:

lim \/ o (gn, Zn) = 0. (6.29)

n—oo

Lemma 6.6. Let 2 <p < 3. One has

To prove Lemma 6.6, we need the following lemma:

Lemma 6.7 (Claim 4 of [7]).

lim ((~A + o) TIWAAW, WAAW) = %(AW, WAAW)  asn — oo. (6.30)
Using Lemmas 5.13 and 6.7, we give the proof of Lemma 6.6.
Proof of Lemma 6.6. Observe that (6.6) can be rewritten by
(A + oM —5WHZ, = R,Z,,
where
R, = pBY /01 VP (z,0)df + 5 (/01 V4 (z,0)do — W4> . (6.31)

Then, we have
Zy = (-A+ oM —5WH IR, Z,
= (a —5W4(—A+a,<3>)-1)(—A+a§3>))_1ann (6.32)
= (A 4+ a1 —5WiH=A + o) "H IR, Z,.
This yields that

(gn>Zn) = (gn, (A + 04511))_1(1 - 5W4(_A + agzl))_l)_anzn>
(6.33)
= <(1 - 5<_A + agl))—lw4)—l(_A + agzl))_lgna ann>

Note that (—A + asll))*lgn satisfies the orthogonal condition (6.28). Then, applying Lemma 5.14 with f =
(—A+ a%l))_lgn, we obtain

<gn7 gn) = <(1 - 5(_A + OZ?(zl))_1W4)_1(_A + a%l))—lgn, Rngn>
<11 = 5(=A + aD) WA =A + (D) g [ 1o | RnZall 1 (6.34)
< (=A+ o) g, | o | BuZall 11
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We shall show that lim,, o || Ry 2n|/z1 = 0. It follows from U,, = O(|z|~1) (see (4.1) and (6.26)), Lemmas 3.5,
6.7 and 5.13 that

1
|Cal S H(=A +afD) " Uy, WHAW)| = SI(=A+ )T [WHAW | 1
(6.35)
SI=A+al) ™ a| Mo [WAW |11 S (o).
Since g, = U,, — C,W*AV, one has by (6.35), Lemmas 5.11-5.13 and U,, = O(|z|™!) (see (4.1)) that
I(=A+al) gallze <ICalll(=A+al)TWHAW |0 + [[(=A + o)) " U | £
1 1y
S @) THWAAW| g g+ (A +al)) a7 e (6.36)
S )7+ (o) < () E
Using (4.1) for 1 <r < (a%l))*% and (6.15) for r > (oz%l))’%, we have by (6.12) that
o 1 @2 0 o—(p-1)(1-e)yair
sup [|[VP=H(,0)Za |l S dr + — dr + X — dr
0€[0,1] 0 1 rP (@)= 3 rP (6.37)
_ _ © —(p—1)(1—¢)s _
ST+ + ()7 [ s s )
1
We put 1, (z,0) := V,(x,0) — W. Then, it follows from (6.5) and (6.7) that
lim - sup |10 (-, ) g a = O- (6.38)
N 9¢lo,1]
for any ¢ > 3. This together with (6.31), the Holder inequality, (4.1) and (6.37) yields that
[RnZnllzr S sup [[(V,(,0) + Wona(,0)Zall 1 + B sup VI, 0)Z] e
0€0,1] 0€0,1]
p=3
S osup Va0 +IWI2 s | 1Zallze sup [l (- 0)]lzs + Brmas (6.39)
6€(0,1] Lz Lz 0€(0,1]
p=3
S sup (|7 (5 0)|lzs + Brney 3, -
0€[0,1]

-3
By (5.1) and (5.2), we see that lim,, Blmafﬁ =0 for 2 < p < 3. This together with (6.38) and (6.39) yields
that lim,, o || RnZn||rr = 0. Thus, by (6.34), (6.35), (6.36) and (6.39), we obtain

Nl=

p=3
(@1,0)2 (g, Z0)] S (@1,0) 2 (@1,0) 2| RuZnll e = [RuZallr S sup [0 (0)|lzs + By, —0  asn— co.
0<b<1
Thus, we see that (6.29) holds. This completes the proof. O

Next, we pay our attention to the first term of the right-hand side of (6.27). Note that W*AW has a good
decay, that is, [W*AW| ~ |z|~° as |z| — oco. Using this and lim,, o Z, = kAW weakly in H'(R?), we obtain

lim (W*AW, Z,) = s(W*AW, AW). (6.40)

n—r oo

In order to estimate of the coefficient 4/ asll)Cm we will use the followings:

53



Lemma 6.8. Let 2 < p < 3. We have

lim inf <( A+ a0, WAAW) > —3%. (6.41)

n— oo

Proof of Lemma 6.8. As in (5.44), we obtain

\/an \:r|
aD((=A + aD)LU,, WAAW) = \/ /  U.dz+0,(\ oY)

1

Using (4.1) for 0 < |z| < g(a ¢ )) 2 and (6.15) for |z| > 6(04%1))_%, we obtain

lim inf \/ « A+ a(l)) ., W4AW>

n—oo
o \/aEE o
:——hmlnf o / U,, dx
n—oo

v

ca)E .
—é X 47 lim sup ag) 2\/5/ ~Vayr dr + f(l + 5)/ e~ (2—e)V allr dr
10 0 (@)~% (6.42)

n—oo

2 1
\/>7T {2\/> 1 —e ) + \/32—1—§€_(2_5)€}

> =
=357 “2=¢

for 0 < e <« 1. Since € > 0 is arbitrary small, we have

lim inf a,@((—A + a7, WAAW) > —3%.
n—oo
This concludes the proof.
We are now in a position to prove Proposition 6.4.
Proof of Proposition 6.4. It follows from (6.27), (6.29), (6.30), (6.40) and (6.41) that
lim inf ag)(Un, Zn)
n—o00
= liminf \/a{ C,, (WAAW, Z,)
n—oo
1
= liminf \/ o' (= A + o)) U, WAAW) x 5 x (WAW, Z,)
n—oo (A + ap )" TWAAW, WAAW)
3T )
> X WAAW,AW) = -3
> 5X<AVV’W4AW>XH< ; ) K,
which yields (6.25).
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6.1.2 Proof of Proposition 6.5
In this subsection, we shall prove Proposition 6.5. We first give the proof in case of 2 < p < 3.

Proof of Proposition 6.5 in the case of 2 < p < 3. Since

1
lim [ VP(-0)d0 = WP  strongly in L7 (R?),

n—oo 0

lim,, o0 2, = kAW weakly in HI(R3) and AW = %W +x - W, we have

1
. ~ 5—p
(. — P WPt 6.43
nhm </0 VP( ,9)d9,2n> . WP (z)kAW (z) dx Ii2(p 0 W s (6.43)

By (5.1) and (6.43), we have

(1) 1
n ~ 12 1 5—
tim < / %?(-79)d0,zn> - et (n . ||W|itil) = 6.
o o Mo GRS 20 +1)

n

Thus, we see that (6.23) holds. O

Next, we consider the case of p = 2. We remark that since W ¢ LPT1(R3) when p = 2, (6.43) does not hold

in this case. Thus, it becomes a subtle problem. To overcome the difficulty, we need the following lemma:

Lemma 6.9. Let p = 2. We have the following:

1
lim sup | log oV |71 / ( / V,f(a;,@)d@) %, () de = —3V/37k (6.44)
R3 0

n— oo

We will give the proof of Lemma 6.9 later. Admitting it, we shall give the proof of Proposition 6.4.

Proof of Proposition 6.5 in the case of p=2. By (5.2) and (6.44), we have

(1) 1 D100 oV 1
lim sup Pr (/ VP(x, 9)d0> Zn(x) dx = lim sup M| log a{M| 1 / (/ VP (z, 9)d9) Zn () dz
0 R

n—00 1 3 n—00 1 3
‘/an) R 1/a£) 0

X (—3V31k) = —67k.

Sl

Therefore, we find that (6.23) holds. O

We now give the proof of Lemma 6.9. As in the proof of Proposition 6.4, based on Lemma 5.14, we decompose

fol VP (z,0)dl as follows:

1
/ VP (2,0)d0 = C, WA (2) + gn (2), (6.45)
0
where .
T (A + ) T TWAAW, WAAW) '
It follows from (6.45) that
1
[logaD| ™! / / VP(x,0)d0z, (x) dz = Cp|log oV |"HWAAW, 2,.) + |log oM |~ {gn, Z0). (6.47)
R3 JO

From the decomposition (6.45), we can easily verify that
(=A + an) Lgn, WAAW) = 0.

As in Proposition 5.8, we obtain the following:
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Lemma 6.10.

1 3\/3
lim nf | log o] 1((—A+an)’1/ VE(,6)d0, WHAW) = -2 (6.48)
0
Since the proof of Lemma 6.10 is almost same as that of Proposition 5.8, we omit the proof.
Next, we shall show the following:
Lemma 6.11. Let p = 2. Then, we have
1
-a+a@) [ Va0l S llogall), (6.49)
0
Proof. We use the formula (5.41) and divide the integral as follows:
-V an ‘CE yl
(—A +a$}>)*1/ VP(x,0)do = Z/ / VP (y, 0)dody,
0 |$ — 0
where
Ay = {y€R3 |z -y < |§|},
Ay = {y€R3: |z —y| > |§—|, ly| < 2|x]
Az = {y ER: |z —y| > L;—', ly| > 2a:|}
We first consider the region A;. Observe from (4.1) and (6.7) that
1
‘/ VP (a, 9)d9‘§ 2| (6.50)
0

Note that |y| > |z| — | — y| > |z|/2 for y € A;. This together with (6.50) and p = 2 implies that

e—Valllz—y| 1 e~ Vailz—y| eVt lz—y|
/ ey / V2(y,0)d0dy < / e Yy = / e Y
A 0 Aq B(z,|z|/2)

lz =yl [z — yllylP lz — yllylP

VDl j2/2 g=/alr jol/2
<i/ - lyld'<1/ T g L e=Vairy. gy
B(0,lx/2)

[P '] el

1 |=|/2
5 W/ rdTSl.
LI Jo

Observe that |x — y| > |z|/2 for y € A2 and the function

~Valr . o
€——— is decreasing in r > 0. We have by (6.50)

and p = 2 that

oD
e~V ag,,l)|:v7y\ 1 e*\/ag)‘I*?A eia+|1| 1
| e [ vy s | dy < J
Asg 0 Asg A

|z -yl |z —yllyl? |z 2 lylP
e*#)m 1 e*% 2] .2 Vel
57/ —dygi/ —dr<e 2l <y,
|| l<2lz| [YIP || o 1P
Finally, we shall estimate f As ‘Z" y‘lz v fo 0)dfdy. We first consider the case of || > 1. We note that

|z —y| > |yl — |=] > |yl — |yl/2 > |y|/2 for y € A3. This together with (6.50), the monotonicity of the function
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@,
¢ > " and p =2 yields that

T

(1)

/ oVt lz—y| /IVP( )dbd </ —VaP|z— y\d </ ef%ly\d
— (Y, (S S — W
A le—=ylJo As 2 —yllylP As lylPt?

(1) (1) (1)

Xn Xn

oo — r o0 — r oo — r
(& 2 e 2 e P]
5/ Tr2dr§/ Tdr:/ ——dr.
20z T 20 T 2|z| r

NN )

. 00 _'7n7‘
We estimate le | e =

(Case 1) 1 < Jz| < (Otn )—%/2_
One has

dr dividing into 3 cases

(1) (1)

ValD n

_1 « _1
e T2 T (@)72 =¥ e e~ =2 " @72 gy e 3
——dr< —dr + , ————dr < — + ds
2|z r 2|z r (a2 r 1 r 1 S

(Case 2) |z| > (o))~ 7 /2.
We see that

(Case 3) |z| < 1.
It follows that

e~ Vallz—y| (1 e—Vai|z—y|
/ 7/ Vf(y,@)d@dy:/ / 0)dody
As |"I‘._y| 0 Agﬂ\:vfy|>2 |x_y|
7\/04511 ‘:E yl
+/ 7/ VP(y,0)d0dy.
Agn|z—y|<2 |z

Since Hfol VP (y, H)dHHL <1, we have

eVl lz—y| e—Vail|z—y|
/ 7/ VP (y, 0)dody </ —dy
Asn|z—y|<2 |z Asn|z—y|<2

|z -y

e~ Va Dyl
g/ dy</ Vo‘""rdr</rdr<1
i<z Y1

For |z —y| > 2 and |z| < 1, we have |y| > |z —y| — |x| > 1. Using this together with (6.50), |x —y| > |y| — || >

ap T

ly| — |yl/2 > |y|/2 for y € Ag, the monotonicity of the function € and p = 2, we obtain

o)
e=Verle—yl 1 e~ Ver =yl Vi
/ 7/ V%’(y,@)cwdyé/ —————dy 3 ———dy
AsN|z—y|>2 0 A

e
<
|$ - y| sNjz—y|>2 |$ - y”y‘p AsN|z—y|>2 ‘y|p+1

/oD (1) 1 N (1)
</ e </OO€‘ T /(ag)”e‘ y /oo e
- - ar<  dr+ AE—
~ TN 1 > 1 1 1
> |yt 1 P 1 P @)=z TP

(a(l))_z oo _ s
1 e % W W
< — dr + ds <logay,’| +1 < |logag,”|.
1 P 1 ST

~ 1

This completes the proof. O
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Next, we study the second term of (6.47). Following Lemma 6.6, we can obtain the following:

Lemma 6.12.
Tim [logal)| (g, Z) = 0. (6.51)
Proof. We shall show that
I(=A+ af)gnll = < [logafl]. (6.52)

Once (6.52) holds, we can prove Lemma 6.12 by a similar argument in the proof of Lemma 6.6. Observe from

(6.45) that
1
I(=A+al) " gallze < [Calll(=A+al) T TWAAW |0 + [[(=A + )~ / Vi, 0)do<.  (6.53)
0

As in (5.44), we have

1 Vo ||
(—A + aw)*l/ VP(.,0)d0, WAW) — ‘g / VP(2,0)d0 dz + O(1).
0 R3
This together with (6.50) and p = 2 yields that
1 f —/ aTL)‘a:l 1
‘((—A + 04511))*1/ VP(-,0)de, W4AW>’ ’ 10 x|/ VP(x,0)d0 dx + O, (1)
0 0
(a( )) 2 o) e ’/04511)7"
1
/ dT‘+/ /(agll))_é rp—1 dr+0n( ) (654)
Shogal |+ [~ S5m0,
1
< [ogafl].
By (6.46), (6.54) and Lemma 6.7, we have
Cnl < [og D] (6.55)

Thus, we see from (6.53), (6.55) and (6.49) that

1
=+ ) a1 < [CAlI(-A +al) WA 1 + (=8 + ) [ VI )8l
0

S Nog afP[[WHAW| sge e + [logal))|
S [logafl].
This completes the proof. O

We now give the proof of Lemma 6.9.

Proof of Lemma 6.9. Note that since lim,, o0 2, = &AW weakly in H'(R3) and WA*AW ~ |z|75 as |z| — oo,
we see that

lim (W*AW, Z,) = s(W*AW, AW). (6.56)

n—roo
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Then, it follows from (6.47), (6.51), (6.56), (6.46), (6.30) and (6.48) that

1
lim sup | log (V| 7! /3/ VP(x,0)d0z, () dx
R3 J0

n—oo
= liminf (Cullog o[~ (W*AW.Z,) + [log V| (9. %))
n—oo
= k(W*AW, AW) lim inf C,, | log o (V)| !
n—oo

(A +a,)~" [ VP(,0)do, WAAW)

= k(W*AW, AW) lim inf | log oV |~
WA AW it [log n 1 = A ST Aw, wiaw)

1
— 5w liminf | log 1|~ (A + an)_l/ VP(-,0)d0, WAAW)
n o 0

= —3V3nk.

Thus, we see that (6.44) holds. O

6.2 Caseof l<p<?2
In this subsection, we consider the case of 1 < p < 2. Here, we will show the following:

Proposition 6.13. Let 1 < p < 2. We obtain the following:

liminf \/ a5 @0 (2) + 1,0 (v2-), Z,) = 0. (6.57)

n— oo

Proposition 6.14. Let 1 < p < 2. We obtain the following:

(1) 1 00 ,—(p+1)s

¢ _ 27 v p
lim sup b VP(x,0)do,z, ) < N £ s (6.58)
n— 00 a(l) 0 " ) 0 sp~l

From Propositions 6.13 and 6.14, we can prove Theorem (ii) in the case of 1 < p < 2 immediately.

Proof of Theorem 2.5 (i) in the case of 1 < p < 2. Suppose to the contrary that there exists {w,} in (0,00)
with lim,, o w, = 0 such that for each n € N, ugf) (1 = 1,2) is a solution to (1.1) with w = w,, satisfying
uy # ul? and lim,_, e Hug)HLoo = oo. Then, we can derive a contradiction from (6.21), (6.57) and (6.58).
This completes the proof. O
6.2.1 Proof of Proposition 6.13

In this subsection, we will prove Proposition 6.13. To this end, we need the following lemma;:

Lemma 6.15. We take § and L > 0 arbitrary and fiz it. For any e > 0, there exists Ng = No(8, L,e) € N such

that for n > Ny, we obtain
Fa)l <= for anyr e [p(al)"F, L(al) 3], (6.59)
Proof. We put Z,,(s) = Z,(r) and s = (agll))%r. Then, we see that z,, satisfies

2 s [ 1
DuEn— 20,50 + 20 = pBD (a5 / Pr-1(s,0)d0%, + 50D / Vs, 0)d0%,. (6.60)
s 0 0
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where

Vin(s,0) := 00 (s) + (1 — ) 0@ (vs) (6.61)
and ﬂg)(s) = (ag))’%ﬂg)(r) for i =1 and 2. In addition, we put
Zn(8) = 52(9). (6.62)
Then, we see from (6.60) that z,, satisfies
p—3 ! —p—1 ! —4
DysZn + Zn = pBY (D) g~ D) / 77 (s,0)d0%, + 505~ / V(s,0)d0%,,  (6.63)
0 0
where
Va(s,0) == sV (s,0) = 0uD(s) + (1 — O)v; a? (v1s). (6.64)

Here ﬁgf)(s) = sﬂg)(s) for i =1 and 2. From Lemma 6.2, we see that sup, cy ||Zn||z < Ci for some C; > 0.

In addition, it follows from (4.1) and Lemma 5.21 that
[ (s)] <1 for all s > 0.

and

, du, du,
. —(3) _ . Wn, _ 0 . .
HILH;O uy’(8) =uo(s) nl;rr;o I (s) T (s) uniformly in s € [4, L],

where Ty is the unique positive solution to (5.4). Then, as in the similar argument in the proof of Lemma

5.21, we can apply the Ascoli-Arzela theorem and find that there exist a subsequence of {Z,,} (we still denote

dzg

it by the same letter) and a function Zo such that lim,,_,e Z,(s) = Zo(s), limy, 00 E2(s) = L

o (s) uniformly in

s € [0, L]. Then, we see that Z, satisfies
—0ssZ0 + Z0 = p00ﬂ€71§0 inseld L]
Since § > 0 and L > 0 are arbitrary, we see that Z, satisfies
—045%Z0 +7Z0 = pﬁoﬂg_lzo in s € (—o0,00).

Tt follows from non-degeneracy of U (see Proposition 2.1) that Zg = 0. Thus, for any € > 0, there exists N. € N
such that for n > N, we have

[Zn(s)] < € for all s € [4, L].
This together with Z,,(s) = rz,(r) and s = (agll))%r yields that

) = 2

for all r € [5(04%1))7%,11(04511))7
,

[N

RN

This completes the proof. O

We are now in a position to prove Proposition 6.13.
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Proof of Proposition 6.13. We take d and L > 0 arbitrary and fix it. It follows that

Vot @D (@) + v, 1@ (v2-), 7))

s(al) "z
<VaPar / (@D () + v @) Zlr? dr
0
L(aM)~%
+ oD ar / @D () + v TD) Zalr dr
5(a(1))—§

+ oz%l)élﬂ/ (ﬂ%l)( )+ vnt u )|zn|r dr
La)~3

= I, +II, +ITII,

From (4.1), (6.8), (6.15) and (6.59), we see that there exists Ls > 0 such that if L > Ls, we obtain

5(alD)"3 1
I, <\ a (1) / r2 dr < ol x 5(05%1))_% = 4.
RVACE
111, < /ol / T dr SemF <6

L(a “))"
Applying Lemma 6.15 with ¢ = §/L, there exists Ny € N such that for n > Ny, we have

- )
|Zn ()] < 7 for all r € [0, L].

This together with (4.1) yields that

1

(1 L(aiLl))’2 L(Ot( T2 0 . ) 5
SVa / 1727' 2dr < \Jal! / —r Zdr =\ an’ x L(aV) 2><Z:(5.

s(al)"2

Since § > 0 are arbitrary, we see from (6.65)—(6.68) that (6.57) holds. This completes the proof.

6.2.2 Proof of Proposition 6.14

(6.65)

(6.66)

(6.67)

(6.68)

Here, we shall show Proposition 6.14. As in the proof of Proposition 6.4, based on Lemma 5.14, we decompose

fol VP(x,0)do as follows:
1
/ VP(z,0)do = C, W*AW (z) + gn(z),
0

where )
(A + )t [ vp(.,0)d0, WAAW)

’I’L

(A + o)~ 1W4AW WAAW)

Tt follows from (6.69) that

ol

o) Vol

From the decomposition (6.69) and (6.70), we can easily verify that
(=A + o))" Lg,, WAAW) = 0.

Using the resolvent estimate (5.49), we shall show the following;:
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(1) 1 (1) ﬁ(l)
L </ VP (x,0)do, zn(x)> =C,= <W4AW, Zn) + L(gm Zn).
0

(6.69)

(6.70)

(6.71)



Proposition 6.16. Let 1 <p < 2. We obtain

2—p
Jim () 7 | gn 20} = 0.

To prove Proposition 6.16 , we need the following:

Lemma 6.17. Let 1 < p < 2. One has

1
(=4 +a®) ! / VP, 0)d0] e < (D)~ (6.72)
0

Proof. We use the formula (5.41) and divide the integral as follows:

- O‘n ‘1 yl 1
(A + o) /vp d9|<2/ e [ ey,
r—y
where
Al::{y€R3| y|<|;|},
._ 3.1 |z
Ay =y eR’: |z —y| > 2,\y|S2\$| ,
A e 3.0 |z
3=y ER: Jx —y|> 2,\y|>2\$| :
Note that

lyl > |z| — |z —y| > [z[/2  fory e A;. (6.73)

_1
For |z| < a2, we obtain

—Vai lz—y| e—Vai|z—y| Vet lz—y|
/|- / vewoldsy s [ s [ cm T Ty
Ay Ay (

e lz —yllylp B(z|zl/2) |7 —yllzlP
@), o
| —VaDly| 1 plel/2 —/allr L el
< 7/ ' 5 7/ C PdrS — e Vorry gy (6.74)
1ZP 50,2 /2) Y| |z [P r |z|P

1 |z]/2 =2
< ||p/ rdr < |z)2P < (a,gU)
TEJo

. . —Vanr . R -3
Moreover, since |z —y| > |z[/2 for y € Az and the function “—— is decreasing in 7 > 0, for |z] < an ?, we

have by (6.50) that

Dzl

—Van|z—yl e~ Vaillz—y| e 1
[ P [ STy
A, lz— Ayl —yllylP Ed A, Yl

(6.75)
G-LE - T e L VD =

< 7/ —dy < 7/ 2 dr < e E Il 2r < (a<1>) :

~ |z| lyl<2la) lWIP T |z o TP ~AT

Finally, we shall estimate ng e Veile ) fo [VP(y,0)|d0dy. We note that |z —y| > |y|—|z| > |y|—|yl/2 > |y|/2

\w ul
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for y € As. This together with (6.50) yields that

)
/ Vo lz—y| o~ Vol lz—y| / =5yl
A3 AS

1
———— [ [ViZ(y,0)|dody 5/ Ay S | 7y
|z -y /0 As T —yllylP |y [P+ -
- . (6.76)
0 73 T e z T
< 2ar < d
/2| et ' /2|x| et
It follows that
s e_\/znl)r S an),r_ (ag))*% e—V‘;"Ur oo e_\/znl)r
2| rpP— 0 rpP— 0 rpP— (asLl))—% rp—
@72 g b2 oo % (6.77)
1 2 e 2 .
< / 1 + (0451)) / gp—1 ds
0 1
p=2 p=2 p=2
(o) T+ () T s ()
From (6.74)— (6.77), we see that (6.72) holds. O

Using Lemma 6.17, we will show Proposition 6.16.

Proof of Proposition 6.16. The proof is similar to that of (6.29). However, we need several modifications. By

(6.33), we have

(g Zn) = (1 = 5(=A + o) TTWH (A + oY) gn, RuZn),

where R, is given by (6.31). As in (6.34), we obtain

[{gns Z0)] S (=2 + afP) " gull = || RuZnl| 1 (6.78)

Similarly to (6.35), we observe from by Lemmas 3.5, 6.17 and 5.13, that

p—2

1 L=
Cal S (=4 +af)™ / V(000 WAW)| S (o) T
0
Using this, by a similar argument to (6.36), we have

1
I(=A+af) gnllre < [Call(=A+ D) T TWIAW |1 + | (-A + aﬁf))_l/ Vi (2, 0)d0]| L
0

< (@) T (WA 4

3
L§+EﬂL§_E

+ (o) (6.79)

p=2
< (o) ?

We shall show that lim, o0 [|RnZn|/r = 0. Using (4.1) and Lemma 6.2 for 0 < r < 504;7%, (4.1) and Lemma

6.15 with & = 2 for § (a%)l)_i <r<L (agi)l)_i, and (6.15) and (6.8) for r > L (agi)l)_i, we obtain
(1))*% L(af) -3 _eon D

5(al,n 1 1,n ) o0 e T
p—1% < - - -
il 5 = /5<as>)é s /Lw)% e

1,n

(p=1 ¢

<o (o) T o (o) T (o) T [T ez (o) T
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We put n,(z,0) := V,(x,0) — W. Then, as in (6.39), we have by (6.31) and the Holder inequality that

1RnZallzr S sup ([ + W2)in(0)Zall 0 + 080 i 20 | 10
0<0<1

S (1l 5 + 112 3 ) IZalle sup_flna(-,0)lze + 9805 (afh)) 7 (6.80)
Lz Lz 0<6<1

p—3

< sup (- 0) o + 05 (o)) 7
0<0<1
This together with (5.3) and (6.38) yields that
limsup ||RnZn |1 < 6. (6.81)
n—oo

Thus, by (6.78), (6.79) and (6.81), we obtain

: (1)) 252 < 0 0

limsup [(a7 ;,) 2 (gn, 2n)| S limsup(ay ) ( ) ||ann||L1 = limsup || R, Zy||pr < 6.

n— o0 n—o0o n—00

Since § > 0 is arbitrary, we have obtained the desired result. O

Proof of Proposition 6.14. From (6.69) (6.70), Proposition 6.16, (6.30) and lim, o 2, = kAW weakly in

H'(R3), we obtain
ﬁ(l) 1
" </ Vf(m,&)d9,2n>
n—00 Oé%l) 0

lim sup

(1)

= limsup (CL,WHAAW + g0, 2 )
n—oo a(l)
" (1) (6.82)
W ((~-A VP(-,0)do, WAAW
= lim sup —— (ZA+an (1) fo w(6) ) <W4AW, 3n>
n—+00 asll) (A +ap’)~ 1VV4AVV7 WAAW)
(1) - 1
= bk lim sup ﬁ x (D)= (-A + an)_l/ VP(-,0)d0, W*AW).
n—00 (an )T 0
We put Z := AW — <f§|x\*1). Then, as in the proof of Proposition Proposition 5.8, we have
1 1 1
(-840l [ VRC 08, WAW) = (- +al) [ vz o8, -aaw)
0 0
1
= _\1/70?;((—A +aih)™ [ VP, 0)de, —Alx| ) (6.83)
0

In addition, note that —A|z|~! = 47dy in D' (R?) (see e.g. [36, Page 156]). Thus, it follows from (5.41) that

1
‘1/(?<(A+o<£}))1/0 VP (x,0)d6, (—A)|z| ™)
— _2‘/53” {(-A+a5}>)1/0 V,f(z,e)do} (0) (6.84)
VB[ eVl 1
BT e /0 VP(x,0)dl dz.
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By the Hoélder inequality and Lemma 5.10, fo (z,0)d0 = O(|z|~P) and Z = O(|z|~3) as |z| — oo, we have

‘((—A +al)) ™ /01 VP (x,0)df, AZ>‘: ’((—A +alh)™ /01 V(. 0)d0, {ou — (- +a)} z>‘

1
< aull(—=A + o)~ / V7 (o, 000l |1 Z1] s + H/ Ve, 0)d6| 1ZI| (6.85)
0 L6
3 5 1
sP—1
ol (afl) I [ Vet oyan) 5 1Z),g 150
From (5.40), (6.84) and (6.85), we obtain
1 \/7 O‘w |m|
(—A +a5}>)*1/ VE(r, 0)d0, WAW) = - 32 / VP (2,0)d0 dz + O(1). (6.86)
0

From (6.86) and (5.5), we obtain
1
(-2 +a)t [ Ve o)de, wiaw)
0

—VaD |a|
_ V3 [ v VP(z,0)d0(z) dz + O(1)
10 Jgs || 0

YP(r) x r2dr 4+ O(1)
,

TR U
—— X 47 D

21— )P, s /  e~rnvallr
737 -
R

=— 5 ] dr+0(1)
21 — )P —(p+1)s
_ _&3¢ S ds+0(1).
5 v
1 [eS)
—p 21 — VP _» —(p+1)s p
(@) 7 (-2 + )1 [ VE( o) WAW) < —%3% / S s+ 00T,
0 Re §
Thus, we have
1 _
L 21 — )P » (p+1)s
umsup(a;l))%«—A+a,<3>)—1/ VP(-,0)d0, WAW) < —wg#/ s,
n—oo 0 5 0 sP
Since € > 0 is arbitrary, we see that (6.58) holds. This concludes the proof. O

6.3 Proof of Theorem 2.1

By using Theorems 2.3 (i) and 2.5 (i), we shall show Theorem 2.1.

Proof of Theorem 2.1. Suppose to the contrary that there exists {w,} in (0, 00) with lim,, . wy, = 0 such that
for each n € N, !} (1 =1,2,3) is a solution to (1.1) with w = w,, satisfying ul) # uld) (1 # 7). We first consider

the following case:
(Case 1). limsup,,_, ., Hu,(f)HLoo < oo fori=1,2.

We can verify from (Case 1) does not occur from Theorem 2.3 (i). Next, we consider the following case:
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(Case 2). There exists a subsequence of {usf)} (i = 1,2) (we still denote it by the same symbol)

such that lim,, Hugf)HLso =oo fori=1,2.
Then, we can deny the possibility of (Case 2) by Theorem 2.5 (i). Finally, we consider the following case:

(Case 3). There exists a subsequence {u,(f,z} of {ugf)} (i = 1,2) (we still denote it by the same

symbol) such that limg_, Hu%lk)HLm = oo and limsupy_, ., Huﬁf,jum < 0.

: . 3 . 3 ;
Then, we see that either limy_, oo ||U$Lk)||Loc = oo or limsupy,_, ||U£“3||Loo < oo occurs. Then, using Theorems

2.3 (i) and 2.5 (i), we can show that neither of the two cases occurs by a similar argument as above. O

7 Non-degeneracy of the large solution u,,

In this section, we shall show the non-degeneracy of the positive solution u, for sufficiently small w > 0
(Theorem 2.5 (ii)). The proof is similar to that of the local uniqueness of u,, (Theorem 2.5 (i)). We shall show
the non-degeneracy of the positive solution w,, by contradiction. Suppose to the contrary that there exist a

sequence {wy} with lim,, e w, = 0 and 2, € H! ;(R3?)\ {0} such that
(—A+w, —pul, ' —5ul )z, =0  inR3. (7.1)
By the elliptic regularity, we see that z, € C?(R?). We put
Myi= o ey (@) = My, (M%), 3o o= 2 (M) (72)

Then, Zz, satisfies

(A + oy — pBuil™ —5ul)zZ, =0  in R?, (7.3)

where

o —4 ._ -5
O = wa MY By = MPTP,

Since equation (7.3) is linear, we may assume that ||VZ,||z = 1 for all n € N.

Then, as in [1, Page 22], we obtain the following lemma:
Lemma 7.1. Let 1 < p < 3. Then, there exists C; > 0 such that for any x € R? and n € N,
[Za(@)] < Cila] L.

It follows from ||Vz,||r2 = 1 for all n € N that there exists a subsequence of {Z,} (we still denote it by the

same letter) and a function Z, € HL ;(R?) such that

a

lim Z, = Zoo weakly in H'(R?3) and strongly in LI(R3) (3 < ¢ < 6).

n—oo

Since limy,_,o0 Uy, = W strongly in H* N L4 (R?) (3 < ¢ < 6) and lim,, 00 @ty = lim,, 00 B, = 0, we see that
(A = 5Wh)Z, ¢) = (A = 5W")Zw, 0) — (A + ey — Bt ' = 50y, )20, ¢)
= (A = 5W)Z, 8) — (= A = 5y, )Z0, ) + {(an — BTl )Zn, 6)
—0 as n — 0o
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for any ¢ € C5°(R3). This implies that
(~A-5WHZ,, =0  in H'(R?). (7.4)
Next, similarly to [1], we can derive the following identity:

Lemma 7.2 (c.f. Page 22 of [1]). Let 1 < p < 3, @, and z, be the functions defined by (7.2). Then, we have

n -~ o — S
;— /3 Upzp dr = Tp /3 ubz, dx for all n € N. (7.5)
n JR R

We rewrite (7.5) as follows:

SO 5 — n oy~

7.1 Caseof2<p<3

In this subsection, we will give the proof of Theorem 2.5 (ii) in the case of 2 < p < 3. By a similar argument in

the proof of Lemma 6.3, we can prove the following:
Lemma 7.3. Let 2 <p < 3. Z, #0.

It follows from (7.4) and Lemma 7.3 that Zoo = kAW for some x € R\ {0}. Without loss of generality, we

may assume that x > 0.  Then, we shall derive a contradiction if we obtain the following propositions:

Proposition 7.4. Let 2 < p < 3 and Z, be the functions defined by (7.2). Then, we have

lim inf\/an/ Up 2p dx > —37kK. (7.7)
RIB

n—oo

Proposition 7.5. Let 2 < p < 3 and z, be the functions defined by (7.2). Then, we obtain

lim —= / ubz, do = —67k. (7.8)
R3

n—oo /0y,

We can prove Propositions 7.4 and 7.5 by similar arguments to those of Propositions 6.4 and 6.5. Thus, we

omit the proof. We now prove the non-degeneracy of i,,.

Proof of Theorem 2.5 (ii) in the case of 2 < p < 3. It follows from (7.6), (7.7) and (7.8) that

~ 5 — n U 3(5 —
_37T/£§nli_>ngoq/an/R3unzndm:Tp Ban R3UﬁzndI:_(2p)

which implies p > 3 because k > 0. However, this contradicts our assumption p < 3. This completes the

TK,

proof. O

7.2 Caseof l<p<?2

In this subsection, we will prove Theorem 2.5 (ii) in the case of 1 < p < 2. We can obtain the following

propositions:

40therwise, we replace Z,, by —Zn.
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Proposition 7.6. Let 1 < p < 2 and Z, be the functions defined by (7.2).

lim inf v/, (U, 2,,) = 0. (7.9)

n—oo

Proposition 7.7. Let 1 < p < 2 and z, be the functions defined by (7.2). We have

- O pi1 [ e~ (PHD)s
b T L/ £ s (7.10)
0

1 P = R
v A A

Since the proof of Propositions 7.6 and 7.7 are similar to those of Propositions 6.13 and 6.14, we omit them.

Proof of Theorem 2.5 (ii) in the case of 1 < p < 2. Suppose to the contrary that there exist a sequence {wy,}

with lim,, 0wy, = 0 and 2, € HL ;(R3)\ {0} satisfying (7.1). Then, we can derive a contradiction from (7.6),

rad

(7.9) and (7.10). This completes the proof. O

8 Uniqueness of minimizer for E,,;,(m) and E;, —(m)

In this section, we shall obtain a uniqueness of minimizer R,y for Epin(m) and Ry, (), — for Eyin,—(m), where
Emin(m) and Epin — (m) are defined by (1.10) and (1.16), respectively.
The uniqueness is required to study the continuity of R, (see Proposition 9.4 below). We shall show the

following:

Theorem 8.1. (i) Let % < p < 3. There exists my > 0 such that the minimizer R, ) for Emin(m) is unique
in H: (R?) for m € (0,m,).

rad

(ii) Let1 <p < %. There exists my > 0 such that the minimizer Ry (m),— for Emin,—(m) is unique in H},,(R?)

rad

for m € (0,ma).
Remark 8.1. It seems that Theorem 8.1 does not follow from Theorem 2.5 (i) because it is non-trivial whether
the Lagrange multiplier w(m) is determined uniquely or not.

4

In what follows, when 1 <p <1+ 7,

we write Ry, (m),— and w(m) simply as R,y and w(m) for the sake

of clarity.
Remark 8.2. Since lim,, o w(m) = 0,1limy, 0 || Rym)|lL> = 00 and Ry, satisfies (1.1), we see from Theorem

2.5 (i) that Ry(m) = Uy (m) = U2,u(m) for sufficiently small m > 0.

8.1 Caseof2<p<3
8.1.1 Relation between ||R, )|z« and m

In this subsection, we shall study the relation between || R, (m)llz« (¢ > 3) and the parameter m to prove

Theorem 8.1 in the case of 2 < p < 3. More precisely, we shall show the following:

Proposition 8.1. Let 2 < p < 3 and w(m) > 0 be the Lagrange multiplier given in Theorems 1.2 and 1.8 (ii).
Putting My, = || Rym) L=, we have the following:
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(i)

. p—1 __ —1
nligomMm =67C, ",

where
Cy 1= mgs WIS
(i)
ms0 ]\jf%?ﬁ =Gy

(i) Let ¢ > 3.

Ry |l e
i | Reo () Il 2

6
m—0 4

malp—1)

— (67C, )~ T || W a.

(iv)

Proof of Proposition 8.1. (i) We define Ry, by
Then, we can verify that ﬁm satisfies

—ARy, + amBRy — B RE, — R2. =0, ||Rpllz~ =1,
where

Q2= Qy(m) = w(m)M, 2, Bm = Bu(m) = MP5,
We see from Remark 8.2 and Theorem 2.4 that

lim, Ry =W  in HNLIYR3) (¢ > 3).
m—

Applying (2.8) to Uy () = Ry that

5-p Bm;z pt1
R BT
2(p_|_1) am|| ||Lp+1

1RmIZ> =
This together with 3, = M?~> and (8.6) yields that

— o — 5_p Bm
m = | Rymllze = My | B2 = My* x

™ 2p41) o T 2(p+1)

In addition, one has by (5.1) that

where C), is given by (8.2). This together with (5.1), (8.2) and (8.9) yields

. _ 5-p Bnys 5-p
p—1 _ Fm pHl 2 pt+1
nlllglomMm nlzlgO 2(p+ 1) m, ||Rm||LP+1 2(p+ 1)Cp HW||LP+1

Thus, (8.1) holds.
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(ii) It follows from (5.1), (8.2), ayp = w(m)M,,* and B,, = MP5 that

Vom V M,?
O, = lim Yo — i YWM® L Vw(m)

m—0 B m=0 MP m=0 Jp=3 "

Thus, (8.3) immediately holds.
(iii) Since Ry (m)(z) = My, R, (M2 ) for 2 € R3, we have

HRw(m) ||%q = Mn_z(6_q) HRm”%q

This together with (8.1) and (8.9) yields that

—(6—-q) __
R M,, ¢ R —(6—q) ~ __6—
tim VRstmlie iy Mo Wonllin _ iy (1 apt) 858 R0 = (605775 |1
m—0 mm m—0 mm m—0

(iv) We see from (8.1) and (8.3) that

M2p—6 o o _ 4
lim “’EJZZ = lim w(zml T— = lim % lim (771M,’7’L_1)2vp—16 = C’f, X (67rC’p_1)2Pp—16 = (6m) =y Cy.
m—0 mop=1 m—0 Mmp m” -1 m—0 Mmp m—0

This completes the proof.
We also show the following:

Lemma 8.2. Let ¢ > 1. Then, we obtain ||Ryim, )T S M53_4q_3p+9.

~

Proof. By (8.3), we obtain

am = w(m)M,,* ~ M2P~10 as m — 0.

Since Ry, (m)(x) = My, R,y (M2 ) for 2 € R3, we have
HRw(m)H%q = Mn_m(ﬁ_Q)H}sz”%‘r

Then, it follows from (4.1), (6.15) and (8.13) that

1

oo

1 am?® _
|Rmll%s = 47r/0 RY (r)r? dr+477/1 R (r)r? dr+47r/_% R (r)r? dr
.

m
1

Qm oS
<1 —|—/ r2idr + /,; r2le=Vemr g
1 Qm

_1l(3_ _1l(3— o0 o _ L3 .
5 1 +Oém2( q) +05m2( Q)/ 82 1045 g 5 Oémz( q) ~ M;I;v,q 3p 5q+15.
1

Thus, by (8.14), we obtain

[Rom)|%a = MO~ D|| R, |9, < MPa—4a=30+9,

This completes the proof.
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8.1.2 Proof of Theorem 8.1 in the case of 2 < p < 3

This subsection is devoted to the proof of Theorem 8.1. We shall show this by contradiction. Suppose to the
contrary that there exists a sequence {m,,} in (0, 00) such that lim, ., m, = 0 and for each n € N, Eyi,(my,)

has two minimizers R, (m,.)s Ruws(m,) With Ry, (m,.) # Buws(m,)- For j = 1,2, we set

Mn,j = ij(m”)(o)7 En,j (1‘) = Mn_,}ij(m")(M_2$)7

n,j
C— . M4 - MP—5
Qp,j = Wj (M) Br.j :

n,j’ n,j

By (8.1) and (8.3), we see that

. 1 wilm
lim nL o _ lim ( n) _ 17
n—oo My, 2 n—00 Wy (mn)
which implies
. Qp B
lim —= | B — .
n—oo an72 n—oo ﬂn72

Let

Rwl (mn) — Rw2(mn)

7, = , (8.15)
[ Ry () = B (o) lLoe + [wi(mg) — wa(m)|
o = w1(1mn) = walma) . (8.16)
[ Ry () = B (ma) lLoe + [wi(ma) — wa(my)]
Clearly, we have
L= (|Zp]lLo + |kl (8.17)
We can verify that the pair (Z,, k,,) satisfies
1 1
~AZ, 4+ wi(mp)Zn —p/o VP 1)dr Z, — 5/0 Vi@, 7)dT Zy, = —Kn Ry () (8.18)
where
Vo (2,7) = 7Ry, (m,) (@) + (L = T)Ruy(m,y () (1 €(0,1), z € R?). (8.19)
We shall show the following:
2
Lemma 8.3. Let 2 < p < 3. Then, There exists a constant C' > 0 such that |k, | < CM;, R IVZ,|lL2 for

allm € N.

Proof. By a similar argument of (2.8), we see from the Pohozaev identity of R, (,,,) that

5-p .
wj(mn)mn = wj(mn)”ij(mn)H%Z = m”ij(mn)Hitj—l for J = 132~

Taking a difference, we obtain

5—p 1 1
(wrlmn) = wama))n = 5o ds (1Rosmall 3 = | Resn 733 )
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This together with (8.1) and (8.15) yields that

w1 (M) — "J2(mn)|

|kn| =

”Rwl(mn) - sz(mn) Lo+ w1 (mp) — wa(my)|

1
<1 / (Bus oy |” + | Russ oy IP)] Zo| it

my Jr3
o1 » (8.20)
% (R 2 g, 4 1 Reson 12, ) 120
<z TR 9 7
<ML TRV Z, 1

O

_2
Lemma 8.4. Let 2 < p < 3. Then, there exists a constant C > 0 such that |VZ,|2. < Cmf " for alln € N.

Proof. Multiplying (8.18) by Z,, and integrating the resulting equation on R?, we have

1 1
1V Z0 122 + or (mn)l| Zo |2 :p/ / V,{"l(x,f)dr|Zn\2dm+5/ / VA (2, 7)dr| 202 do
R3 JO R3 JO

- Hn/ Rw2(mn)Zn dzx
R3

12 =m/?, (8.1), Lemma 8.3 and (8.3), we obtain

(8.21)

By the Hélder and Young inequalities, || R, (m,.)

1 2_1l,413
< |l Ry tmo 2211 Znll 2 < mEME ™ 2772 |V 2y 12| Z | 2

Hn/ RwQ(mn)anx
R3
2
S ME =NV Z | 2| Za | 2

- 27
SOV Za|lZs + 67 M T Z, |7

2_
SOIVZy)2e + 6 w(my) 5 (| Za )20

for 2 < p < 3. Note that 1’2;6%” >1for 2 <p<3and 0 < w(m,) < 1 for sufficiently large n € N. Thus, one

has
S 5||VZTLH%2 + 5W(mn)||ZnH%2'

Iin/ ng(mn)an:C
3

Since Ry, (m,)(-) = M. JR j(M? ), we have by (4.1) and (8.19) that

1
Vo, < .
Valz, 7)1 S min{ M, 1, My 2}

For any § > 0, we observe from (8.3) that
1
min{M?7" Mp21}

n,l >

Vi (2, T)P~L < SPTIMITT S SPTMTC < 20  w(my,) (8.22)
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7—3p
for || > 6~'M,";" . In addition, by the Hélder inequality and (8.19), we obtain

’ /|a:|<6 1M
rsp 2] P=1|Z,|? dx

S 1
mm{Mp Mp2 }Jlal<s-1a, 0

/ VP2, 7)dT| Z,|? da

nl

whe , (8.23)
5
SM Y (/ T—3p El i dx) IV Zn |72
2| <61 M,y
(7= ’317)(3 p) . 2
SPIMPIM, [V Za|2e < Cort M T vz, 2.
Therefore, by (8.22) and (8.23), we obtain
! 1 2 2cp—1 2 =1 (p—2)(p—5) 2
‘P/ / Vir— (@, 7)dr| Z, | do| < ACH0P T w(mn ) (| Zn |72 +C§p_3an)_11 IVZ.|72- (8.24)
r3 Jo
For any £ > 0, we have by (8.4) that
oD L
| Re, mn)||L4+5 N for j =1,2.
By the Holder, Young inequalities and (8.17), we obtain
1
5 [ [ iz, as] S [ (Rl + R )12,
r3 Jo R3
< (1Rl e + 1 Basmnll? 201120l 75
(8.25)
<Cmi '||VZ,|33°
=1, 1 2
From (8.21), (8.23)—(8.25) and 2 < p < 3, we have obtained the desired result. O
From Lemma 8.4, we have lim, ., Z,, = 0 strongly in Hl(R?’). In addition, we have the following:
Lemma 8.5. Let 2 < p < 3. Then, there exists a constant C' > 0 such that
2 11 11
|kn| < CM;, 2P for all n € N. (8.26)
Proof. From Lemmas 8.2, 8.4 and (8.1), we have
] S METEPE Q7| < MY TRV R T < Y
This completes the proof. ]
Remark 8.3. Note that p*> — 5'p+ L <0 for 2 < p < 3. This together with (8.26) yields that
lim &, =0. (8.27)

n—r oo

From this and (8.17), we have lim,, o || Zn||r= = 1.

We are now in a position to prove the uniqueness of the minimizer R ).
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Proof of Theorem 8.1 in the case of 2 < p < 3. Since Z, is radially symmetric, we have by Lemma 8.4 that
|Z,(2)| < |2|~Y/2 for || > 0 (see Berestycki and Lions [10, Lemma A.III]). Using the elliptic regularity argument
and lim,,_,~ Z,, = 0 strongly in Hl(R?’) (see Lemma 8.4), we have lim,,_, Z,, = 01in C’IQOC(R3), which contradicts

limy s oc | Zn || e = 1. O

8.2 Case of p=2

In this subsection, we will give the proof of Theorem 8.1 in the case of p = 2. The strategy is similar to that of
the case of 2 < p < 3. However, since the relation between o,y and B, is different (see Proposition 5.1),

we need to investigate individually.

8.2.1 Relation between ||R, )|z« and m

Here, similarly to the case of 2 < p < 3, we shall study the relation between [|Ry,(m)llz« (¢ > 3) and the

parameter m to prove Theorem 8.1 in the case of p = 2. We will prove the following:

Proposition 8.6. Let p = 2 and w(m) > 0 be the Lagrange multiplier given in Theorem 1.3 (i) and M, =
| Re(myllLoe . Then, we have the following:

(1)

TGO N (8.28)
m—0 My,“(log My,)?
(ii)
m ~ M, (log M,,) ™" as m — 0. (8.29)
(i1i) Let g > 3.
6—gq
| Ros(myllLa ~ (m(—logm)) as m — 0. (8.30)
(iv)
w(m) ~m?(—logm)* as m — 0. (8.31)
Proof of Proposition 8.1. (i) First, we shall show that
2
timint 20 o (8.32)

m—0 (log My, )?
Suppose to the contrary that there exists a sequence {m,, } with lim,,_, ., m, = 0 such that

. w(mn)ann
nm00 (log My, )?

Then, it follows from (5.2), (8.8), p = 2, logw(m,) < 0 and (8.33) that

—0. (8.33)

2 . Bm,|logam,, | . |logw(m,) —4log My, |
im ———" = lim

— lim (_ logw(mn) + 410g an)
log M, (534
og Mm,,

> liminf 4 ——2 M0
n—oo w§(mn)an

= 00,
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which is a contradiction. Thus, (8.32) holds.
Next, we claim that
. w(m)M?
lim sup ———% < oo. 8.35
mo” (log My,)? (8.35)

Suppose to the contrary that there exists a sequence {m,, } with lim,_, ., m, = 0 such that

lim 20 M, (8.36)
ntoo (log My )2 '

Thus, for any L > 1, there exists ny, € N such that for n > ny, we have

W(mn)ann

In addition, we see from (8.36) that lim, o w(m,)M?2, = oo. These together with (5.2), (8.34) and (8.37)
yield that

2 . Bm, |logam,| . (=logw(m,) +4log M,, )
lim ——— = lim T z
\/g n—oo [, n—o00 anw§ (mn)
(f log (LMnibf (log an)Q) +4log an)

< lim sup T
n—00 anwi (mn) (838)
) log M, log(log M,,,) log L

= limsup <6 —— —2 T — ;
N0 M, w2 (my,) My, w2 (my,) My, w2 (my,)

1

6
<—=<—=
VL V3
for sufficiently large L > 0, which is absurd.
Then, we see from (8.32) and (8.35) that up to subsequence (we still denote it by the same letter), there

exists Cy > 0 such that

. w(mp) M2
i ogar, 2 ~ ¢ (8:39)
. w(mn)M?n .
Puttlng én = W, one has hmn_mo En = CQ and

—logw(my) log ¢,, 2 2log(log My,,)

My, wi(mn)  Vealog My, VO Vllog My,

which yields that

. —logw(my) 2
lim = . 8.40
n—00 anw%(mn) Vs ( )

Then, it follows from (8.34) and (8.40) that

2 tm (—logw(my,) +4log M,,,) lim —logw(my,) 4 6
V3 noee anwé (M) nree anw%(mn) e e

This implies that Cy = 27. Thus, (i) holds.
(ii) Observe from (8.10) that

5—p Bm,3 3
—||R . 8.41
ol B R (s.41)

”Eo.)(m)H%2 =

(0]



From (4.1) and (6.15), we obtain

o0

1 am?® -
||Rm||i3 = 477/0 Rf’n(r)r2 dr + 47r/1 an(T)TQ dr +4x /_% an(T)TQ dr
«@

1
2
m e 8.42
< 1+/ Pt d7"—|—/7l rle 3vVamT gy ( )
1 am?

m

§1+|logam|+/ s7le 3% ds < |log o).
1

Moreover, by (5.8), we have

1

Qo 00

~ . e ~ : ~. ~
| R |35 :47r/ R3 (r)r? dr+4ﬂ'/ R3,(r)r? dr+47r/7% R3 (r)r®dr
° o o (8.43)

U 2 _
= / Rf’n(r)rz dr 2 / r~ldr 2 |log ayy .
Rz R2

It follows from (8.41), (8.42), (8.43) and (5.2) that

B log ay|
~N — ~ (X

m

~ 1
||Rw(m)|\%2 m> as m — 0. (8.44)

for sufficiently small m > 0. By (8.28) and (8.44), we obtain

N

m = [ Ruml3e = My | Ry 132 ~ My = w™ 3 (m) My,> ~ My, (log M) ™"
(iii) Since Ry (m)(z) = My, R,y (M2 ) for 2 € R3, we have

1Rwim 170 = My, V| R0 (8.45)

In addition, it follows from (8.29) that

logm ~ —log M,,, — log(log M,,,) ~ —log M,, as m — 0. (8.46)

Thus, (8.29) can be written by the following:

m(—logm) ~ M, * as m — 0. (8.47)

This together with (8.45) yields that

—(6—q)

| Ry ll Lo My @ ||Rol|La _Ga ~
o~ o=y ~ (m(=logm)M;,)" " @ |[Rpllra ~ [W]|La.

(m(=logm)) = (m(=logm))

(iv) We see from (8.28), (8.29) and (8.46) that
w(m) w(m)  M,*(log My,)* wim) M, (log My,)~*(log My,)*
M;*(log My,)? m?(—logm)? M2 (log M,,)? m?(—logm)*

m?(—logm)*
~1 as m — 0.
This completes the proof. O
Lemma 8.7. Let p = 2 and 1 < q < 3. Then, there exists a constant C > 0 such that Hij(m)Hqu <
CM322(log M,,)~ =9 for alln € N.
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Proof. By (8.28), we obtain
m ~ M, S(log M,,)*>  asn — oc. (8.48)

Since Ry, (m)(®) = MRy () (M2,z) for € R?, we have
1R 130 = M Restomy 1 .- (8.49)

Then, it follows from (4.1), (6.15) and (8.48) that

1

o0

1 am? ~
| Res(m) 1, = 471'/0 Rz(m) (1")1"2 dr + 47?/1 Rz(m)(r)r2 dr + 4m /7% RZ)(m) (r)r2 dr

m
1

2 o)
<1+ / ) /,; P2l 3VamT gy
1 «

2
m

St 0?7 4 a2 / $706™0 ds 5 o 70 S MBC (log M) =07,
1
Thus, by (8.49), we obtain

Rty [0 = Mo | R[50 5 M 24105 1,) =)

8.2.2 Proof of Theorem 8.1 in the case of p =2

This subsection is devoted to the proof of Theorem 8.1 in the case of p = 2. The strategy of the proof is the
same as the one in the case of 2 < p < 3. We shall show this by contradiction. Suppose to the contrary that
there exists a sequence {m,,} in (0,00) such that lim, . m, = 0 and for each n € N, Ry, (m,); Ruw,(m,) and
Ry (my) # Rus(my)- For j =1,2, we set

Mg = Busy ) (0); R () = My [ Ruy o,y (M 30),

anj =wj(mn) M5, Bag =MD

By (8.1) and (8.3), we see that

M, . n
lim Mrd gy, @1lmn) (8.50)
n—oo 77,,2 n—oo Q_}Q (mn)
which implies
lim 2nd _ gy Oml g,
n—00 Ot 9 n—o0o Bn,2

Let

RUJI (mn) B RWQ (mn)

Ly = , (8.51)
||Rw1(mn) - sz(mn)||L°° + |w1 (mn) - WQ(mn>|
w1 (my,) — wa(my,)
Ky = . (8.52)
HRwl(mn) - Rwa(mn)HL"C + |W1(mn> - w2<m7l)|
Clearly, we have
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We can verify that the pair (Z,, k,) satisfies

1 1
—AZ, +wi(my)Z, fp/ VPYz, 1)drZ,, — 5/ Vi, T)drZ, = —Kn Ry (mn)s (8.54)
0 0
where
Vn(va) = TRwl(mn)(x) + (1 - T)ng(mn,)(x) (T € (Oa 1)a S RS) (855)

—1
Lemma 8.8. Let p = 2. Then, there exists a constant C > 0 such that |k,| < CM,, { (log My, 1)2 |V 212 for
alln € N.

Proof. As in (8.20), we have
< 1 2 2
al S — (1B 2 22 + 1 Ruvsiom 212 ) 1 Zal .
This together with (8.29), (8.50) and Lemma 8.7 yields that
_3 _1
[in] S M1 (log My 1) X My, (log My 1) "2V Zull 12 S My, f (108 My 1) [V Zs | 2.
This completes the proof. O

Lemma 8.9. Let p = 2. Then, there exists a constant C > 0 such that |V Z,|2, < CM;? for all n € N.

Proof. Multiplying (8.54) by Z,, and integrating the resulting equation on R?, we have

1 1
IV 2l +entmlZule =2 [ [ VatoryirizaPda s [ ] Vi a2, e
R3 JO R3 JO

(8.56)
— Iin/ RW2(m")Zn dx
R3
By the Hélder and Young inequalities, || Ry, (m,)llz2 = m}/Q, Lemma 8.7, (8.29) and (8.31), we obtain
11
Kn /3 Ry () Zn du| < |’€n|||Rw2(mn)||L2||ZnHL2 <mpM, | (10g]\/fn,1)_%HVZHHL?HZn”L2
R
S M1 (log M) "MV Zal 22| Za |2
(8.57)
SOIVZl72 + 67 M, 3 (log My ) 2|1 20|72
< 5IVZ, |2 571%2712-
SANVZ s+ a2l
Thus, one has
o [ Rty 2| S 190l + 22 2,12
R3

for sufficiently large n € N. Since R, (m,)(7) = Mn,jf%n,j (M7 ;z) for x € R?, we have by (4.1) and (8.55) that

1
<
‘Vn(xﬂ’r” ~ Mn7lr.
For any § > 0, we observe from (8.28) that
1
Va2, 7)| < WlaM;}(log M, 1) S 6M, 3 (log My 1)? S dw(my,)
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for |z| > 67 *M,, 1 (log M, 1)~2. In addition, by the Hélder inequality and (8.55), we obtain

1
/ Vn(x,T)dT\Zanx
0

Ji
’ || <61 My, 1 (log My 1)~2
1

Mn,l /zgélM,,,yl(log My,1)—2

A

||~ Zn|? da
2
3
sat( [ ol dz | [VZa|2%
"\ V2| <61 My, 1 (log My )2
S 5M L x My (log My, 1) 2(|V 2|22 < 67 (log Myu1) ™2V Zn 22

Therefore, we obtain

1
'2/ / Vi (2, 7)d7| Z,, | da
’3 Jo

For any € > 0, we have by (8.30) and (8.47) that

< AC28w(mn)|| Zn|l72 + C5 ™ (log My 1) 72|V Zn |17 (8.58)

24 SMn

4+e

g for j =1,2.

”ij(mn) HL

By the Holder, Young inequalities and (8.17), we obtain

1
‘5/ / Vi x,7)dT|Z,|? do
r3 J0

S | URas !+ R 120 da

< 4 4 Za %3¢
< (HRwl(m'n)”L% + HRwQ(mﬂ)”L%)” ||L6 (859)

< M5V 2|5
21 2
< OM2 4 LIV Z s
From (8.56)—(8.59), we have obtained the desired result. O

From Lemma 8.4, we have lim,, ., Z, = 0 strongly in H! (RB). In addition, we have the following:

Lemma 8.10. Let p = 2.
_3
[tin| S My ? (log M) 2. (8.60)

Proof. From Lemmas 8.8 and 8.9, we have

_3
2

ln] S M,y 2 (log My 1) 2 |V Zo 12 S My 2 (log My1)? x Myt S M, ? (log M, )%

n7

This completes the proof. O

From Lemmas 8.8 and 8.10, we can prove the uniqueness of the minimizer R, (,,) as in the case of 2 < p < 3.

Thus, we omit it.

83 Caseofl<p<?2
8.3.1 Relation between ||R, )|z« and m

In this subsection, as in the previous cases, we shall study the relation between ||R,,m)|/ze (2 < ¢ < 3) and the

parameter m to prove Theorem 8.1 (ii) in the case of 1 < p < 2. More precisely, we shall show the following;:

79



Proposition 8.11. Let 1 < p < 2 and w(m) > 0 be the Lagrange multiplier given in Theorem 1.3 (i) and

My, = |Ry(m)llL=. Then, we have the following:

(i)
lim pr_s(m)Mrln*p = 371}7_1‘/7’71(0).

m—0

(ii)

_gp=1

w(m) ~ My, > as m — 0.

(iii)
7—3p

m ~ w2@=D (m) as m — 0.

(iv)
_7=3p
m o~ My, >°" as m — 0.

Proof of Proposition 8.11. (i) It follows from (5.3), ay, = w(m)M,,* and 3, = MP > that

3TV 0) = i 2 i 5 ) M
Qe

Thus, (8.61) holds.
(ii) We see from (8.61) that (8.62) immediately holds.
(iii) By (5.8), one has

1

am? oo SIS )
||§mH%2 = 47T/ R2,(r)r? dr +47r/ | R% (ryr*dr > 47T/ L\ R% (r)yr?dr > / L e vemTdr
0 am? am? am?
_1 [ 1
= am? / e %ds 2 am?.
1
It follows from (8.6), (4.6) and (8.65) that
~ _1
m = || RomlI7e = My [ Rnl|Z2 ~ My om® ~ w™2 (m)M,,”.
This together with (8.61) yields that
m ~ w—%(m)lw_2 ~w 2(m)wr-1(m) = w2@=D (m).
(iv) Using (8.61) and (8.63), one has

7-3p —22=1x
m e~ w2e=0 (m) ~ My, °°

7—3p 3p—7
2(p-1) 3—p
Mm .

This completes the proof.

Next, we estimate the L7-norm of R,,,). More precisely, we obtain the following:

3p—2g—3

Lemma 8.12. Let ¢ > 1. Then, we obtain ||Rym)llT« S M, ;"

~ n
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Proof. Since Ry (m)(x) = My Ryy(m) (M2 x), we have
1Rwim 170 = M, =P Ryt [0 (8.66)

By (8.62), we obtain
,2%

Qo ~ My, °77 as m — 0. (8.67)

Then, it follows from (4.1), (6.15) and (8.67) that

1

o0

1 am® -
| Roim)l|Ta = 471'/0 RE (r)r? dr + 47r/1 Ri(m)(r)TQ dr +4m /_% R (r)r®dr
«

m

1

am > 8.68
<1 +/ r2=4dr +/ , r2Tlem3VaAnT g (8.68)
1 [e%

2
m

(5—p)(3—q)

_Ll3_ _ L3 > . _aq _Ll3_
§1+Oém2( Q)+am2( q)/ 82 q6 gsdssamz( q)NMm 3—p
1

Thus, by (8.66), we obtain
p—2q—3

~ 3
”Rw(m)”%q = Mn;((;i(J)”Rw(m)H%q = Mp "

This completes the proof. O

8.3.2 Proof of Theorem 8.1 in the case of 1 < p < 2

This subsection is devoted to the proof of Theorem 8.1 in the case of 1 < p < 2. As in the previous cases, we
shall show this by contradiction. Suppose to the contrary that there exists a sequence {m,,} in (0, c0) such that
lim,, 00 My, = 0 and for each n € N, Ry, (;m,.)s Ruy(m,,) and Ry, (m,.) # Buwy(m,,)- For j =1,2, we set

My ; = ij(mn)(0)7 Ry (:l?) = Mn_,lewJ(mn)(M_jx)a

n

_ —4 _ AyP—5
g =wj(mn) M5, By = M7

By (8.1) and (8.3), we see that

which implies

Let

Rwl (my) — ng(mn)

Ly = , (8.69)
||Rw1(mn) - RW?(mn) L + |w1 (mn) - wQ(m’ﬂ”
wi(my) — wa(mpy)
Ky = . (8.70)
HRwl(mn) - ng(m") Lo + |LU1 (mn) - w2(mn)|
Clearly, we have
1= |Zallz + [l (8.71)
We can verify that the pair (Z,,, k) satisfies
1 1
~AZ, + wi(mp)Zn —p/ VP Yz, 1)dr Z, — 5/ Vi@, 7)dT Zy, = —Kn Ry () (8.72)
0 0
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where

Vo, 7) = TRy, (m,) () + (1 = T) Rey, (m,,) () (t €(0,1), 2 € R®). (8.73)
Since Z,(r) is radially symmetric, (8.72) can be written by the following:
d*Z, 2dZ, 1 1
— 5 (r) — =——(r) + wi(my) Zn(r) — p/ VP (e, 7YdT Z (1) — 5/ VA(r, m)dT Z,(7)
dr r dr 0 0 (8.74)
= _’ian(mn)(T)a

We put Z,(p) = Zn(r) and p = M7 r. Then, since Ry (m,)(r) = anjﬁmj(]\/[ﬁ’jr) = M, ;R ;(p), Zn(p)

satisfies the following:

d*Z, 2dZ, ~ . - L, -
= 2 ()= === (p) + an1(mn) Zn(p) = PBni(mn) | V™ (p,7)dTZ0(p) =5 | Vi (p, 7)dT Zu(p)
P p ap 0 0
= _HnM;i)éwz(mn)(p)a
(8.75)
where
—~ ~ ~ Mn,?
Vn(p» T) = TRou(mn)(p) + (1 - T)Vanz(mn)(p) (T € (07 1))a Vp = ]\471

We will obtain a following uniform decay of {Z,}

Lemma 8.13. Let 1 < p < 2. Suppose that lim,, ||V2n||L2 = 00. Then, there exists a constant Cy > 0 such

that for any p > 1 and n € N, we have
|Zo(p)| < C1[|V Zp |2 (8.76)

Proof of Lemma 8.13. Note that (8.75) can be written by

1 1
—AZy, + an1(my)Zy, — pPna / VP Y, r)drZ, -5 | VM, 1)drZ, = —IinMT;?Rw2(m") in R3. (8.77)
0 0

We denote by K[u] by the Kelvin transform of a function u on R3, that is,

Ku)(z) := |x|*1u<#>.
Then, we sce that K[Z,] satisfies
(679 1(mn) 4
AK|Z, . K|Z,
2]+ =t K2,
4 ' r ! a4 T = 3 » r
= |Jj‘7 |:pﬁn,1 A Vfﬁl(w, 0)d0 + 5/0 Vn ($|2,0)d9:| K[Zn] — “nMn_,1|x|75sz(mn)(W) in RS.
(8.78)
Put _
_ _ K(Z)]
IVE[Z][| >
It follows from (8.78) and || VK [Z,]|l2 = ||V Zn]|| 12 that W, is a solution to the following:
AW, 4 Qo)
jz[*
1 Ly x Lo« K/nMn_i) ~ x
=t [P [T 00 45 [V 0008 W - R ()
[2f* { 0 o2 0o "l AR F ) af?
(8.79)
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In order to Lemma 8.13, we will apply Proposition B.1 to the equation (8.78). We see that

/ In,1 \K[Z,)(x)v(z)| dz < oo for any v € Hg(By).
B

e

From the proof of Lemma 4.3 in [1], we find that

1
sup Ln’l(T") / fo*l (582,0) do < 00
neN || 0 || L0 (By)
for any qg > % and
1 ! ~4f T
sup —4/ v, (2,0> do < 00.
nen || |z]* Jo || Lo°(By)
It suffices to show that .
KoM~ ~
sup || —="L (2] 75 Ry ) (g < . (8.80)
neN HVZTL||L2 |£L'| W—1,2q0(34)
We take rg, sg > 1 so that
3 5—p 1 1
—<rg < ——, — 4+ —=1. 8.81
2 o 2 To + S0 ( )

This yields that sg < 3 < 2¢p. By the Holder and Hardy inequalities, we obtain

kM3 ~
1 Ry (m )(i)
IVZnl L2 e
n W—1,2q0(B4)
IinM7:f ~ x
= —= Su |<|x|_5Rw (mn)(7)7f>‘
IV Zlln2 rew 200 (Ba). ) lly1 200 5, =1 2
M1 45 x
< —="— sup 2|7 Reoy () (773) [{EZra (P
||VZ7L||L2 fGlequ(34)7HfHW1>2<10(B4):1 2 |-T|2 L70(By) L#0(By)
M3 15 x
< —="— sup 2|7 Reoy (o) (773) IV£llLe0s
||VZn||L2 f€W1,2q0(B4),HfHW1)2,IO(B4):1 2 |$|2 L70(Bua) 0(B4)
M3 ~ P
< ~7n T 74Rw m T2 .
||VZn||L2 | ‘ 2 n)(|x|2) L7™0(By)
Then, for sufficiently small § > 0, we have
n,l —47
—=— ||[2]7 Ruym, (73)
IV Z, |2 S o 4
—3 -3
n,1 -4 € n,1 -4 L
ST AT || sz(mn)(w) NE I || sz(mn)(w)
IVZy|| 22 Lro(Bs say) IV Zy |2 Lro(Ba\Bs s, 7)
=1, +1I,.
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Tt follows from (8.67) and (8.81) that
fo Mai ( /
IVZnllL2 \/Bs oy

5\/“7;,1
-3
5 Mn,l /0

Qn 1 \/m F
ot ([ e
0

1

VAn 1 %
< M;il)’ (/ p3ro+2 dr)
0

3 _3 3(2rg—5+p)

<M 30l 7 < M, {77 =0 (n — 00),

~ n,1%n,1 ~

1
To 0
dx

45 xZ
|x‘ RW2(mn)(W)

_ 1
r 4Rw2(7nn) (;)

M—3 . r0
I, =l / 2] Ry ()|
IVZullze \ BB+ oy ||
4 . 1 T0o %
/S Mn_? / 7’74Rw2(mn)(7) T2 dr
’ Lil,/anyl r
1
Lil‘/an,l )
< M;il)’ (/ p3rot2 dr)
0
1
Qp 1 0
< M;‘rl)’ </ p3rot2 dr)
0
3 _ 3 3(2'7'075«#;))
SMjay PSM, T =50 (n—o0).
Thus, we see from Proposition B.1 that [|[W,,||p~ < C for some C > 0. This yields (8.76). O

—p+1
Lemma 8.14. Let 1 < p < 2. Then, there exists a constant C > 0 such that |k,| < CM, ™" |V Zy|| L2 for all

n € N.

Proof. As in (8.20), we have

1
nl S — (1B 2 12 + 1 Russom 232 ) 1 Za .

This together with (8.63), (8.50) and Lemma 8.12 yields that

7-3p sp-13 el
|fin| S M7 X MY IV Zy|2 S M7 IV Z | 2.
This completes the proof. O

In addition, we put Z,(s) = pZn(p)/||VZnllr2 and s = \/a@n1p. Then, we see that Z,(s) satisfies the

following:

ds? 3~ o " )
.t (8.82)
Ko, Y MS 5)
= - = : wa(mna)\S)s
AT
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where

~

Vo (r, 7) = TRy, (mn) (8) + (1 = T)vn Ry () (8) Ry (m,)(s) = pﬁwi(mn)(p) (r€(0,1), s>0).

We see from (8.76) that
1Znllz~ < C. (8.83)

1
Remark 8.4. From Lemma 8.13 and s = \/ap 1p = , /anJM,%’lr = w (my)r, we see that

1 ~ M? 1 ~1
C1 > —=—1pZu(p)| = — 2| Zy(r)| = | Za(r)| forr € (Swy F(ma), Loy * (m)-
AT A P 72 I : Lo
(8.84)
Lemma 8.15. Let 1 < p < 2. Suppose that lim,,_, ||V2n||L2 = 00. Then, we have the following:
Kn /3 Ry (mn) Zn d| < M 1|V Zyl 2] Zn 12, (8.85)
R
1 p—5 C
p/ / Vg*l(m,T)dT|Zn‘2 dx S 0(57P+3 -+ Mr?:lp (mn)”VZn”%Z + le(mn)HZn”%h (886)
R3
/ / Vi w, 7)dr|Z, | dz|< i ||VZ 12.. (8.87)
R3
Proof. We first show (8.85). For any ¢ > 0 and L > 0, we have
Kn/ sz(mn)anJ) < |/€n|/ RW2(mn)|Zn|d$
R3 R3
Lw, 2 (my) ) 00 )
< |I€n|4ﬂ'/ sz(mn)|Zn|r dr+|/-@n|47r/ 7%( sz(mn)|Zn|r dr
0 sz My

= I,+1I,.
First, we estimate I,,. By the Holder inequality, (4.1), (8.62) and Lemma 8.7, we obtain

1
2

Lw2 (mn)
I, < M7V |V 2, 1 / B2 ()2 dr | (1 a1

Nl=

27’)7‘2 dr 1 Zn]l L2

n7

e Pea tlm) )
<MD |V Z, 12 / M2 LR (M

2

sy 1 r 2
< M Z, 12 Zall 22 / 2 s (0

[ eIV

s)w;% (my,)s® ds)

1
2

S I 1 L
SMT wy (mn)ag oIV Zal 2| Znl| 2 /0 ds

1 —
S LMV Za 2 M1 Zn 2

85



Similarly, one has by (6.15) that

[I < M2(3 p) ||VZ ||L2 (/ 1 Riz(m")(T‘)rQ dr> HZn||L2
L

Wzi(mn
%
—p+l oo
S MV 20l (/ S MRMxMin)r?dr) 1Zulzz
wy < (mn

1

—ptl 49 1 _3
5 M;’(f—p) ||VZ ||L2||Z ||L2 (/ Rw2(mn (Ozné s)w2 2 (mn)s2 d8>

-

EEEDRE S 3 Tetas)
< MTET U Yo IV Za 2] Za 1o ( | e zds)
<Se % ;}||VZn||L2||Zn”L2~

~

Next, we show (8.86). We have

'//VpledT|Z|dm
R3

1
N/ / \VP=Y(z, 7)|dT|Z, |2dx+/ L . / VPN, 1)|d7| Z,|? da
dwy 2 (mp)<|z|<Lw; % (my) JO

le|<bw) 2 (mn)

1
+/ ; / \VP=Y(x, 7)|d7| Z,* d =: I,, + II,, + I11,,.
|#|>Leoy 2 (mn)

[N

Note that

=~ M, ; 1
0 < ij(mn)(l') = MnJRYLJ (Mg,jx) S 1

< = . (8.88)
M3 jl| - M|

This implies that

1
/ V,ffl(x, 7)dT|<
0

Thus, it follows from (8.62) that there exists C' > 0, which is independent of n € N, such that

0<

w1 (M) wa (M)

(B @)+ B (@) S (M7 4 M 7)o =0,

1
M (p 1)w1 (my,) < wi (my,) for |z] ELW;%(mn)~

1
-1
/OV,{’ (z,7)dr|< i1 S [p

This yields that

1
C
=\ [ ez, e e )2
\m|>L6w 2 (my) L
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By the Holder inequality, (4.1) and (8.62), we obtain

1
_ ‘/Iw gaw;%(mn>/ VP (2, 7)dr| 2, |? d
0

2
3
3(p-1)
< (/ 0 (Buymy (@) F Rugmy (2)) 2 dw) 1Zn 136
|z|<dw, 2 (my)

w1 (M) wa (M)

Sw (my)
st ([T (BN + B0z 0) 2| vzt
0

w1 (my)

é ~3 (0 _1 ~3 (0 % _1 3
< M (my,) ( / <R3f€’mi’><an,is>+R3§€m3<(“2(m”>) %;s))s?ds) IV Za 2
1 ° 2(p—1) _3p41 ’
Mﬁl wl_l(mn) /o an sT2PT2 g5 ||VZnH%2
p 1
S ME o (ma)ay,d 6P|V Z, 17

=5 P3|V Z,|2,.

In addition, by (8.88), (8.84) and (8.62), we have

1
/ y / VP (x, 7)dT|Z,)? da
Sw; 2 (mp)<|z|<Lw, 3 (mn) J0O

ROy @) 4 RO (2)) 1202 da

I, =

)<zl <Lw] ® (mn )< wi(man)

—

S/SLW; M*&P D =(p— 1)M—2 ||VZ2||L2 2 dr

n, r
1
Lwlz(mn)
SMATNVZE [y et
B 2

wy ? (man)

—p—1 p=2 >
S M T IVZow ™ (m )<CM31 IV Zn 17

Finally, we give the proof of (8.87). By the Holder inequality and Lemma 8.12, we obtain

1
‘5/ / Vi x, 7)dr|Z,|? da
R3 JO

S [ Rl + R )12, ds

< (1R om0 + 1 Ress o) 1261 Zn 1 6

<M, 57 |V 23
This completes the proof.
Lemma 8.16. Let 1 <p < 2. We have sup,,cy IV Zy|| 12 < oc.

Proof. Multiplying (8.72) by Z,, and integrating the resulting equation, we obtain

1 1
||VZnH%2 +w1(mn)||ZnH%2 fp/ / Vfﬁl(x,r)dT\Zanx - 5/ / Vf(z,T)dT|Zn\2d:v
r3 Jo r3 Jo

= —/{n/ RW2(m")Zn dx.
R3
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Suppose that lim, . |V Zy]||12 = co. From Lemmas 8.15, we obtain

2(p—5)

f p=5 c
IV Zn||72 + wi(mn) || Znl7: < C6PF + 2 M7 () |V Za 72 + le(mn)llZnHiz +COM, 77 IV Zall7-

LM V2, + M IV Zall 21 2l
This implies that |V Z, |32 4+ wi(my)||Z,]|32: < 0, which is absurd. This completes the proof. O
We see from Lemma 8.16, Z,(p) = Z,(r) and p = M 7 that
IV Zn|lL> < CM,; 3 (8.91)
for some C' > 0, which yields that lim,,_,, Z, = 0 strongly in H'(R?). In addition, we have the following:
Lemma 8.17. Let 1 <p < 2.

lim k, =0. (8.92)

n—r oo

Proof. Tt follows from Lemma 8.14 and (8.91) that

—p+1 p—5
fin| < CMT7 (V2|2 <CM,T™" =0 as m — 0o.

This completes the proof. O

Since the rest of the proof is similar to that of the case of 2 < p < 3, we omit it.

9 Differentiability of the minimizer R, with respect to w in the L*-
supercritical case

To prove Theorem 2.5 (ii), we apply the abstract theory of Grillakis, Shatah and Strauss [27]. To this end, we

need to show that Ry |,—,(m) is differentiable with respect to the frequency w > 0 for sufficiently small m > 0.

9.1 Continuity of the minimization value E,;,(m)
In this subsection, we shall obtain the continuity of Ep,(m) with respect to m.
Proposition 9.1. Let 7/3 < p < 6. Epin(m) is continuous on (0,00).

To prove Proposition 9.1, we collect several basic properties of the minimization problem Ep;,(m). By an

elementary computation, we can obtain the following:

Lemma 9.2. Let 7/3<p <6 and u € HY(R3) \ {0}. Then, there exists a unique A(u) > 0 such that

>0 if A e (0, A(u)),
KA2u(A){ =0 A = Au),
<0 if A € (Mu),00).
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Lemma 9.3. Let 7/3 <p <6, m > 0 and u € H'(R?) with K(u) = 0 and ||ul|3: = n for 0 < n < m. There
ezist p = p(m,n) € (0,1) and v € H'(R?) with ||[v||3. =m and K(v) = 0 such that

£(0) = £(u) ~ g U {(3p = 11 = plon, ) + (5 91 = o, m, )30} (0.1
where
sy <l o
Vull.

Remark 9.1. It follows from (9.1) that Eyin(m) < E(v) < E(u). Taking the infimum over u € H'(R3) with

ull2: = n and K(u) = 0, we have Empin(m) < Ewin(n). Thus, Ewin(m) is non-increasing function of m.

Proof of Lemma 9.3. Tt follows from K(u) = 0 that

3(p—1)

st Il = Va3 (1~ 5(w)) (9.2)

We see from (9.2) that 0 < 8(u) < 1. Putting

v(-) = \/ﬁ)\%u()v) for A>0and 0 < p <1,

we have
IVollze = plVulZz,  lollie = p*llulle,
(9.3)
_ pil _5-p
lollFe = A2 ullFa,  Nollfhe = 0™ A= a0
This together with (9.3) yields that
3(p—1) psr 5 1
K(v) = p[|Vull72 — mp TATE ||u||ﬁ+1 — p*|lulls
o1 5
= plVul3: (1= p" A (1= B(w) - p*B(w))
Note that 0 < S(u) and p < 1. Then, choosing
0 pw)\
p - B(u
Au,p) = | L= "2 : 9.4
(sl ( 1= ?B(u) ) o4
we see that A(u, p) is positive and satisfies
p=1 . 5-p 2
L—p = A7 7 (u,p)(1 = B(u) — p~B(u) = 0.
Then, we obtain K(v) = 0. We claim that there exists p(m,n) € (0,1) so that
[vllZ> = pm, n)A™2(u, p)llullZ> = m. (9-5)

By (9.4), [[ul?: = n and n < m, (9.5) is equivalent to

4

3p=7 — p2(m,n)B(u)\ 57 m
p_sp(m,n)<1 ’ifﬁ’(u))ﬂ( >> =2 (> 1),

We put



Clearly, we have f(1) = 1. In addition, since p > %, we see that lim, o f(p) = +oo0. Thus, by the intermediate
theorem, there exists p(m,n) € (0,1) such that f(p(m,n)) = . Thus, (9.5) holds.
Since K(v) = 0, we have by (9.3) that

2
£(v) = £) ~ 305K

3p—1T7 9 5—p 6

= V|52 + v 9.6
3p—1T7 9 S5—p 4 6

= m,n)||Vu|l52: + ——=<p°(m,n)||u||76-
IVl + 5o E o m, )l

Similarly, by K(u) = 0, we obtain
- B 2 _ 3p—T 9 5—0p 6
g(u) - g(u) 3(p _ 1)]C(’LL) - 6(p _ 1) ||V’LL||L2 + 6(p _ 1) ||fu‘||L6

This together with (9.6) yields that

£0) = () ~ { =150 = plm, )Vl + 52 =251 gl |
wl|?,
— £0) — § T {(3p = T = plonan) + 5= (1= )3}
Thus, (9.1) holds. O

We are now in a position to prove Proposition 9.1.
Proof of Proposition 9.1. Let 0 < n < m. It follows from Remark 9.1 that
Emin(m) S Emin(n). (97)

In addition, note that ||(n/m)%Rw(m)||2L2 =n. Since K(Ry(m)) = 0 and n/m € (0,1), we see that

1 n 3p—1) yn\2 n\2
K((n/mmw(m)):m{nvz%w(m)nirz(pﬂ) (2) 7 MR 25 - () Rm)n%s}

n
—K(R, =0.
> m ( w(m))
Then, it follows from Lemma 9.2 that there exists A, , > 1 such that
E 1
K (A ((n/m)2 Riy(my) (Am,n-)) = 0.

We can easily verify that lim,,_,,,, Ap, = 1 and H)\,%n,n((n/m)%Rw(m))(Am7n~)||2L2 = n. This together with the
definition of Fi,(n) yields that
3
Bunin(1) < ENun((1/) % Restn)) Arm )

3(p—1 +1
A%(%:L ) ptl

n\ % XS m3
e (o) T MReeliE = =5 () IRen s

Ao 1
= =5 IV RumlI72 —

1 ) 3 " (9.8)
n 3(p—1 ny\ z
= Enin(m) + 5 (X2, (=) = 1) IVRuu e — — (Aﬁé’; (=) T - 1) | R 1554

p+1
1 n\3
=5 (%0 (2) 1) IR
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By K(R,(m)) = 0 and (9.7), we obtain

2

Eunin(n1) 2 Bunin(m) = €(Rumy) = €(Ruim) = 57—73

K(Ry(m))
N 5 (9.9)
P — p 6
=—||VR ————1|Ry, .
6(]) )” w(m)”L2 + 6( 1)” w(m)”LG
This together with (9.8), ||Ru(m) |72 = m and the Holder inequality yields that there exists a constant C' > 0
such that

Emin(n) S Emin(m) + CEmin(n)

2 (%) _ 1’+C’m =B (n )‘Agn(vﬁl) (£>T B 1‘

m
(9.10)
: 6 (M) _
+ CBin(n) 7S, () 1‘
Then, it follows from (9.8) that for any £ > 0, there exists § > 0 such that for n < m < n + 9, we have
Emin(n) < Enin(m) + €. (9.11)
From (9.7) and (9.11), we have obtained the desired result. O

9.2 Continuity of the mapping m € (0,00) = Ry(m) € Hppq(R?)

This subsection is devoted to the following:

Proposition 9.4. Let 7/3 < p < 6 and my > 0 be the number given in Theorem 8.1. The map m € (0,mq) —
(w(m), Ruy(m)) € (0,00) x H}

L 4(R3) is continuous.

To prove Proposition 9.4, we need several preparations. First, we obtain the following lower bound of

Epnin(m):
Lemma 9.5. Let 7/3 < p < 6. For each m > 0, there exists a constant C = C(m) > 0 such that Epin(m) > C.

Proof. Let u € HY(R?)\ {0} satisfy ||u[|2, = m and K(u) = 0. Since K(u) = 0, we see that

1 3p—T7 1
E(u) = E(u) - SK(u) = T )II ull75 + gHuIIGm-

In addition, it follows from K(u) = 0, the Gagliardo-Nirenberg and the Sobolev inequalities and |[ul|3, = m
that

3(p—1)
2(p+ 1)
for some C' > 0. Observe that @ > 2ifp > Z. We see from (9.12) that there exists a constant C'= C(m) > 0
such that ||Vu| 2 > C for all uw € H*(R?) satisfying |u[[3, = m and K(u) = 0. We have by K(u) = 0 that

—1)
+1
IVullz= = lull25L + [lullfs < Cm ™" ||VUHL2 +C||Vul 2 (9.12)

e) =€)~ = Lyoupz, +

1
™ o > LIVl > .

( 1)

This completes the proof. O
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Lemma 9.6. Let 7/3 < p < 6. For each m > 0, we have

Ewin(m) = inf {J(u): w € H'(R®)\ {0}, |ull7: =m, K(u) <0}, (9.13)
where
1 3p—T7 P+l 1
T () = E(u) = 5K(u) = 0 )|| ull7h +g\|u||§5. (9.14)

Proof of Lemma 9.6. We denote the right-hand side of (9.13) by Emin(m), that is,

~

Ein(m) == inf {J (u): u € H'(R*)\ {0}, [Jul[7> =m, K(u) <0}

From the definitions Euin(m), Emin(m) and (9.14), we have Eupin(m) < Emin(m). Let u € H'(R3) satisfy
|ul2, = m and K(u) < 0. Then, it follows form Lemma 9.2 that there exists A(u) € (0,1) such that
KA (u)u(M(u)-)) = 0. Clearly, we have [|A2(w)u(A(u)-)||2, = |ul|2, = m. From the definition of Epin

and 0 < A(u) < 1, we obtain

Fin(m) < EOF (whu(A(w))) = EXF (wu(A(w) ) — JKOF (wu(A(w)))
= (A2 (wu(A(u)-))
=T 301 i1 A%(u
— Ml + S s < T
Taking an infimum on u, we have Eni,(m) < Emin(m). This completes the proof. 0

In order to prove Proposition 9.4, we use the following result obtained by Soave [44]:
Lemma 9.7 (Proposition 1.5 (2) of Soave [44]). Let 7/3 < p < 6. For each m > 0, we have

Emin(m) < O'%, (915)

W =

where o is the constant defined by (4.18).
We are now in a position to prove Proposition 9.4:

Proof of Proposition 9.4. We divide the proof into 4 steps.

(Step 1). We take m, € (0,m;) arbitrary and fix it. Let {m,,} in (0, 00) be a sequence with lim,,_,, m, =
ms. By (9.9), (9.15) and || Ry (m,) |32 = mn, we have sup,,cy || Ry (m,) |l 2 < +00. In addition, similarly to (2.8),
we see from N, (m)(Ru(m)) = 0 and (R () = 0 that

5—p
"*’(771)HRM(M)H%2 = m”Rw(m)HLPH (9-16)

From (9.16), || Ry (m.,)

2 = My, SUP, N | Ris(m) | < 400 and limy, o My, = M, we see that

sup |w(my,)| < +oo.
neN

Up to a subsequence, there exists (Weo, Roo) € (0,00) x H(R?) such that lim,, o, w(m,) = wee and

lim Rym,) = R weakly in H!(R3) and strongly in L(R?) for 2 < ¢ < 6.

n—roo
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(Step 2). We claim that R. # 0. Suppose to the contrary that R., = 0. Then, it follows from

K(Ruy(m,)) = 0 that, passing to some subsequence, we have

0= lim K(Rugm,)) = lim |[VRypmo |52 = lm || R se - (9.17)

n—oo n—oo n— oo

|r2 = 0. It follows from the boundedness of {R(m,)} in H'(R3) and the

Suppose that lim, e ||V Ry (m,,)
Holder and the Sobolev inequalities that lim, eo ||Ry(m,)llze = 0 for all 2 < ¢ < 6. This together with

Proposition 9.1 and Lemma 9.6 yields that

Enin(ms) = lim Enyin(m,) = lim J(Rymm,,)) = 0.

n—roo n—roo
However, this contradicts the result of Lemma 9.5. Therefore, by taking a subsequence, we may assume

hmn—>00 ||VR1.«)('mn)||L2 > 0.
Now, (9.17) with the definition of o gives us

2
Jim [V R |12 2 0 i || R [ > 0 1 [V Rugn17s (9.18)
From this, lim, . [|[VRy(m,)llz2 > 0 and (9.18), one has
ot <t [V Rutmoln < 0 [[Rotom - 919

Let J be the functional defined by (9.14). We see from (9.14) and (9.19) that

lim Eyin(my,) = lim J(Ry(m,.))

n—oQ n—oQ
: 3p—7 1, 1 6
> tim { T Rl + 3R
1. 6 1 s
> 3 i [[Rogm,[lpe = 302

However, this contradicts the fact that Fyi,(m) < %0% (see Lemma 9.7). Thus, Ry # 0.
(Step 3). We shall show Ro, = R, (). First, we claim that K(R) < 0. It follows from MR699419

lemma (see Lemma 4.4) that

Timn {[[Rumll22 = [ Butmn) = RocllZs — [ RucllZ} =0, (9.20)
nhHII;O {]C(Rw(mn)) - ’C(Rw(mn) - Roo) - ’C(Roo)} =0, (9.21)
nh_)ngo {j(Rw(mn)) — J(Ru(m,)) — Reo) — j(ROO)} = 0. (9.22)

Suppose to the contrary that (R ) > 0. Then, it follows from (9.21) and K(R,(m,)) = 0 that K(Ry(m,) —
Roo) < 0. We see from (9.20) that ||Ry(m,) — Roc |72 < [[Rw(ma)ll32 = my. This together with Remark 9.1 and
Lemma 9.6 yields that

Ein(mn) < Emin ([[Ru(m,) — Rooll72) < T (Rus(m,) — Roo)-

Since J(Ruy(m,)) = E(Ruym,)) = Emin(mn), and J(Rym,)) — Roo) > Emin(m,), we have by (9.22) that
J(Rs) < 0, which contradicts Ro, # 0. Thus, we obtain (R ) < 0.
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By the weak lower semicontinuity and Proposition 9.1, we have

|Reoll?2 < himint || Ry, 132 = e,
(9.23)
J(Roo) < liminf J(Ry(m,)) = Uminf Enin(my,) = Ein (m).

n—oo n—oo

Then, by (9.23), Remark 9.1, Lemma 9.6 and K(Rs) < 0, we have
Emin<m*) S Emm(HRooH%Z) S j(Roo) S Emin(m*)-

This implies that J(Roo) = Emin(m«), so that R, is a minimizer for E;,(m.). In addition, by the uniqueness
of the minimizer (see Theorem 8.1), we have Roo = Ry (m,). By (9.22), lim, oo and J(Re) = T (Ry(m.)) =
Emin(m*), we obtain

lim j(Rw(mn) - Rw(m*)) = 0,

n—oo
which together with the boundedness of {Ry(m,)} in H'(R?) implies that lim, o0 Ry(m,) = Ru(m,) strongly
in LY(R?) (¢ € (2,6]). Moreover, since K(Ry(m,)) = K(Rum.)) = 0, we have

. . 3p—1
19 R = i {3 R 1 + R 5 |

3(p—1)
= m”Rw(m*) iﬁl + | Ry () e = IV Rym.) 12
In addition, since lim,, o ||Rw(mn)||%2 = liMy oo My, = My = ||Rw(m*)||2L2, we see that limy, co Ry(m,) = Ro,

strongly in H*(R3).
(Step 4). We derive a conclusion. It follows from (9.16) and limy, e Ru(m, ) = Ru(m.) strongly in H'(R?)

that 1 1
. 5—0p . ||Rw(m ) I[),p-%—l 5—p HRw(m ) I[),p-*—l
_ 1 _ 1 n — * — ).
Woo = lim w(my,) = S+ D) lim - S+ D) . w(my)

Therefore, we obtain lim,, o, w(Mm,) = wWe = w(my). Since {m,} is an arbitrary sequence with lim,,_, ., m,, =
my, we obtain the desired result. O

9.3 Differentiability of the mapping w € (0,00) — R, € H], 4(R?)

rad

In this subsection, we prove that the mapping w € (0,00) — R, € H.  (R3) is differentiable. To prove this, we
use the implicit function theorem. Thus, it is convenient that we regard (1.1) as a nonlinear eigenvalue problem,
that is, we say that a pair (w., R, ) satisfies (1.1) if R,,, is a solution to (1.1) with w = w,.

Observe that lim,, ,ow(m) = 0. Thus, by Theorem 2.5 (ii), we can take my € (0,m1) such that R, is

non-degenerate for m € (0,ms). We first show the following;:

Proposition 9.8. Let m, € (0,my), where my > 0 is given by Theorem 8.1 and Ry, n,.) be the minimizer for

Ein(my). There exist § > 0 and r > 0 satisfying the following:
(i) If (w,uw) € (w(ms) — 0,w(ms) + ) X Blugm,),r) satisfies (1.1), we have u, = u,,, where

B(Uw(m*)ﬂ") = {u € Hiad(R(s) Hu - uw(m*)”Hl < T} .
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(ii) w € (w(ms) — §,w(my) +6) = u, € HL (R3) is a C' mapping.

rad

(iii) There exists € > 0 such that if [m —m.| < &, we have w(m) € (W(m.) — 0, w(Mmy) +9), Rym) = Uy(m) and

the mapping w € (w(m.) — 8§, w(my) 4+ 6) = Ry luewim) € Hiy(R?) is CL.

rad
Proof of Proposition 9.8. We first show (i) and (ii). We put g(u) = u” + u® and define a mapping F : (0, 00) x
H}a(R?) — H}q(R?) by

rad
Flw,u) =u— (A +w) tg(u) (w>0,uc H: 4 (R?)).

It follows that (w,u,) € (0,00) x H}

rad

that F(w(m.), twm,)) = 0. It follows from Theorem 2.5 (ii) that

af —1 7
%(w(m*)ﬂ uw(m*)) =TI+ (7A + w(m*)) lg (uw(m*))

(R3) is a solution to (1.1) if and only if F(w,u) = 0. We can easily verify

is injective from H! ;(R?) to itself. In addition, we observe from lim 400 Ues(m, ) () = 0 that (fAer(m*))’lg’(uw(m*))
is a compact operator on H_, ;(R3). This together with the Fredholm alternative theorem yields that R (‘Z—f (w(m.), Rym.))) -
H! ,(R3?), that is, %—f(w(m*), Ry (m,)) is surjective. Thus, we can apply the implicit function theorem, which
prove (i) and (ii).

Finally, we give the proof of (iii). From Proposition 9.4, there exists sufficiently small € > 0 such that if
|m —m.| < e, we have (w(m), Ry (m)) € (W(my) — 06, w(my) +6) X B(Ry(m.),r). By Proposition 9.8 (i), (ii) and
Ugs(m) = Ru(m) (see Remark 8.2), the mapping w € (w(mx) — 6, w(ms) 40) = Ry w—w(m) € HL (R} isCl. O

rad
Proposition 9.9. w(m) is a strictly increasing function on (0,msz).

Proof. We shall show that there is no open interval I C (0, m2) such that w(m) is constant on I by contradiction.
Suppose to the contrary that w(m) is constant on I for some open interval Iy C (0,m3). Let mg € Ip. Then
we have
w(m) = wm, for all m € I.

Then, by Proposition 9.8 (iii), we have R, (m) = Ru(m,) for all m € Iy. Note that if m € Iy \ {0}, we have
|Ro(m)l[32 = m # mo = || Ry (me) |32, which is absurd.

Next, we shall derive the conclusion. Suppose to the contrary that w(m) is not an increasing function of m.
Then, since lim,,_,ow(m) = 0, w(m) is continuous on m (see Proposition 9.4) and there is no open interval such
that w(m) is constant, there exists m, € (0,msy) where w(m,) is a strict local maximum. Then, there exists

1, 2 € (0,m2) such that

B < p2, ‘,ul_m*| <e€ (Z: 172)7 W(Ml) ZW(M2)7

where £ > 0 is a positive number given in Proposition 9.8 (iii). Then, using Proposition 9.8 (iii) again, we have
Rey(u1) = Ru(us)- However, this cannot happen because || Ry () [|72 = p12 > p11 = ||Ru(uy)l|72- This completes

the proof. O

10 Morse index of R,

This section is devoted to the proof of Theorem C (iv). We study the Morse index of R, ().

95



10.1 The Morse index is either 1 or 2

In this subsection, we shall show for each m > 0, the Morse index of R, is either 1 or 2. We put

3(]7 - I)Rp

—— Rim) ~ 6R. (10.1)

w(m)

Gm = —2AR,(m) —

Note that K'(Rym))u = (gm,u)r2. By the standard elliptic regularity (see e.g. Gilberg and Trudinger [26]),
we see that g, € H'(R?). First, we shall show the following:

Lemma 10.1. Let I < p < 3. For each m > 0, K'(Ry(m)) and (||Ru(m)l|22)" are linearly independent.

Proof. We shall prove this lemma by contradiction. Suppose to the contrary that there exists a constant C' € R

such that K'(Ry(m)) = C(||Rum)l|32)’/2. This can be written as

3p—1)
9 Rw(m)

—2AR,(m) — —6R} () = CRy(m)  in R (10.2)

Multiplying (10.2) by R, and integrating the resulting equation, we have

3(p—1)
2

2|V R(m) 72 — Rt 2551 = 6] Resomy 196 = Cl| Ry 172

This together with IC(R,,(,)) = 0 and p > 1 yields that

3p—1) 3(p-1
((p ) _ 3 ))|Rw(m)||’gi§i1—4||Rw(m)||%6

C|R T2 =
|| w(m)||L2 p+1 2

3p—1) ( 2
T2 (pﬂ - 1) 1R 154 = 4l Ry 16 < 0.
Thus, we see that C' < 0. Multiplying (10.2) by 2 - VR, ;) € H'(R?) and integrating the resulting equation,
we obtain
9(p—1) 3
2 +1 6 )
IV Ry mllz2 — m”Rw(m)”ip+l = 3| Rum)ll 76 = §C||Rw(m)||L2, (10.3)

Multiplying (10.2) by %Rw(m) € H'(R?) and integrating the resulting equation, we have
9(p—-1) 3
3HVRw(m)||%2 - T”Rw(m)Hijil - 9||Rw(m)||%6 = ic‘lRw(m)”%% (10'4)

Subtracting (10.3) from (10.4) gives us that

9(p—1)*

2||VRw(m) ”%2 - m

1
| Ry 15541 = 6] Res(myl|Ss = 0

Using K(R,(m)) =0 and p > Z, we obtain

3p—1)Bp—17)

=TT

”Rw(m) Hit—%l—l - 4HRw(m) ”%6 < Oa
which is absurd. Thus, we see that K'(Ry(n)) and (|| Ry (m)|l32)" are linearly independent. O

It follows from Lemma 10.1 that g,, and R, are linearly independent. We define the linearized operator

associated with the equation (1.1) around R, () on L?*(R?) with the domain H?(R?) by
L+ = —A+w(m)—pRY\ —5RY .

w(m)

We show the following:
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Proposition 10.2. Let g <p<3andm >0. Ifue H'(R?) satisfies
(u, gm)r2 = (W Ry(m))r2 = 0,
then we have (L, +u,u) > 0.
Proof of Proposition 10.2. Let u € H'(R?) satisfy (10.5). Define a function Z : R* — H!(R%) by
Z(a,b,c) := Ryy(m) + au + bgm + cRym)-

It is obvious that

0z 0Z 0z

%(a, b,c) = u, %(a,b7 ¢) = gm, %(a,b,c) = Ry(m)-
Define @ : R? — R? by

K(Z(a,b,c))
®(a,b,c) :=
1Z(a,b,c)[[72 —m
Note that
®(a,b,c) = =
(a,b,c)=(0,0,0) ||Rw(m) ”%2 - m 0

By (10.5), (10.6), gm = K'(Ry(m)), (10.1) and K(R,(m)) = 0, we see that

(Z(a,b,c)) = (K (Rus(m))s 9m) = llgml72 >0,

(a,b,c)=(0,0,0)

%IC
0

%K(Z(a, b,¢c))

= <K:I (Rw(m) ) s Rw(m)>
(a,b,c)=(0,0,0)

= <gma Rw(m))

3p—1)
= 2||VRy(mll72 — 5 (R [ [ [
3(p—1)2 .
“3p 1) el = 4lReem 7 <0

Moreover, by (10.6) and (10.8), we have

9 2
%HZ(a,b, C)HL2

(a,b,¢)=(0,0,0)

_ ) .
= —pTHRw(m)HiLl = 8||Ruy(m) 172+ <0,

0
% ”Z(a» bv C)”%ﬂ
(a,b,c)=(0,0,0)

Put
5K(Z(a,b,0)) LK (Z(a,b,c))
J(a,b,c) :=
LN Z(a,b, 07, £llZ(a,b,0)3,
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By (10.7)—(10.10) and the Cauchy-Schwarz inequality , we obtain

lgmliZz (gm» Rugm))
det J(0,0,0) = det

2
= 2/|gm 32 | Ry 132 = 2 ({gm> Rstom)))

> 2|l gml[72 1 Rumy 122 = 2llgm 122 [ Rugm 72 = 0.

Note that since g,, and R,,,) are linearly independent (see Lemma 10.1), the Cauchy-Schwarz inequality
becomes strict. Hence, the implicit function theorem shows that there exist g > 0 and a C?-function h :

(—€0,€0) — R? such that

K(Z(a,h(a))) 0 0
®(a,h(a)) = = for all a € (—¢o, o), h(0) = . (10.11)
|Z(a,h(a))[|7> —m 0 0
Note that we can write
Im
Z(a,h(a)) = Ry(m) + au + -h(a) (10.12)
Rym)

and
HK(Z(a,h() LK (Z(a,h(a))
FlZ(an@)li.  Zl1Z(a ha)]
(K'(Z(a,h(a), K (Rupm))  (K'(Z(a,h(a))), Rum))
(2Z(a,0(a)), K" (Rum))  2(Z(a,0(a)), Rusom))
(K'(Z(a,1(a))), gm)  (K'(Z(a,0(a))), Ry(m))

2<Z(avh(a’))7gm> 2<Z(a7h(a))7Rw(m)>
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By (10.11) and (10.12), we see that

0 d (K'(Z(a,h(a))), 45 Z(a, h(a)))
= %@(a, h(a)) =

_ (eczan@n) (@) K @b R g,
(2Z(a, h(a)), u) 2Z(a (@), gm)  2Z(a,h(a), Rugmy) | ©
(K'(Z(a, h(a))), u)

- +J(a, h(a) T (@)

so that

dh . [ (K'(Z(a,h(a))), u)
%(a) = —J(a,h(a))”
(2Z(a,h(a)),u)

det J(a,h(a)) —<22(a,h(a)),K,(Rw(m))> <’C/(Z(a,h(a)))79m>

1 (2Z(a, h(a)), Ru(m)) —(K'(Z(a,h(a))), Rum)) | [ (K'(Z(a,h(a))),u)
(2Z(a, h(a)),u)

It follows from h(0) = 0 (see (10.11)), Z(0,0,0) = Ry,(m); gm = K'(Ru(m)) and the assumption (10.5) that

dh (0) —1 <2Rw(m)a Rw(m)> _<gm7 Rw(m)> (gmv U)L2 0 (10 13)
da"’ ~ detJ(0,0,0 - ' '
a et J( ) —(2Rw(m), Gm) (gms Gm) Q(Rw(m), w)pe 0

By (10.12), we have

g"n.
diaZ(a,h(a)) =u+ ( ) : %(a). (10.14)
Rw(m)
It follows from ||Z(a), h(a)||2. = m (see (10.11)) and (10.14) that
eezlant@) = 5 (U512 @)l + (2Gn0))
(10.15)
, Im dh
= <w(m)Z(a,h(a)) +&'(Z(a,h(a)),u+ ( ) . da(a)> .
Rw(m)
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Furthermore, by (10.15) and (10.14), one has

d2
—&(Z(a,h
& ez ()
d , Gm dh
=— | { w(m)Z(a,h(a) + & (Z(a,h(a)),u+ - —(a)
da da
Rw m
(m)
(10.16)
9 Im dh Im dh
= ( (w(m) +&"(Z(a,h(a))) § u+ c——(a) p,u+ -—(a)
da da
Rw(m) Rw(m)
, Gm d’h
+ (w(m)Z(a, h(a)) +&(Z(a, h(a). @)
Rw(m)
Since Ry (m) is a minimizer for Epi,(m) and
Z(0,h(0)) = Rymy,  K(Z(a,h(a))) =0,  [|Z(a,h(a))|7: =m
(see (10.11)), £(Z(a,h(a))) takes a minimum at a = 0, which implies
L e Zah@)aa =0, o E(Z(a,h@) o > 0
da Cl, a a=0 — Y, da2 Cl, a a=0 = .
This together with (10.16), S/, , ) (Ru(m)) = w(m)Rym) + &' (Ruim)) =0 % and (10.13) yields that
d2
0= S E(Z(a.h(@)lamo
Gm dh gm dh
da da
Rw(m) Rw(m)
= (L, +u,u).
This completes the proof. O

Let I(m) be the Morse index of R, (), that is,
I(m) := {dim H: H is a subspace of H*(R?) satisfying (Ly, +h,h) <0 for all h € H\ {0}}.
Then, we obtain the following:
Lemma 10.3. Let 7/3 < p < 5. Then, for each m > 0, we have I(m) =1 or 2.

Proof. From the result of Proposition 10.2, we can verify that I(m) < 2 for each m > 0. Suppose to the contrary
that I(m.) > 3 for some m, > 0. Then, there exists a function v, such that (v«,gm,)r2 = (Vs, Rym.))r2 = 0

and (Ly,, 4+, vs) < 0, which contradicts the result of Proposition 10.2.

Since S:u(m) (Ru(m)) = 0, we can easily find that
<Lm7+Rw(m)>Rw(m)> = —(p - 1)||Rw(m)||1;i1 - 4||Rw(m)H6L6 <0, (10-17)
which implies that I(m) > 1. This completes the proof. O

5Rw(m) satisfies (1.1) with w = w(m)

100



10.2 Proof of Theorem 2.5 (iii)

In this subsection, we conclude the proof of Theorem 2.5 (iii). We see from Lemma 10.3 that for each m > 0,
I(m) =1 or 2. Thus, to prove Theorem 2.5 (iii), it suffices to show that I(m) # 1 for sufficiently small m > 0.

To this end, we use ideas from Grillakis, Shatah and Strauss [27]. For any £ > 0, we put
U i={u€ HL4(R*R): |lu— Ry i <& llullzz = || Rogmllrz} - (10.18)
Then, we shall show the following:

Lemma 10.4. Let 7/3 <p <3, m € (0,mz) and R () be the minimizer for Enin(m). Suppose that

9| Rw |72

(i) ——55 |w=w(m) > 0.

(i) I(m)=1.
Then, there exists constant C > 0 and € > 0 such that
£(u) = E(Rum)) = Cllu = Ry ||
for alluw e U..

Proof. We divide the proof into 3 steps.
(Step 1). First, we claim that
(L, +u, u) >0 (10.19)

for all u € H]  (R®) with (u,Ry(m))r2 = 0. We denote by Ai(m) and xi(m) a negative eigenvalue and

eigenfunction of Ly, 1 satisfying ||x1(m)|/r2 = 1. We decompose

0w Rl w=w(m) = aox1(m) + po,

where ag € R and py € HL ;(R3) satisfying (x1(m),po)r2 = 0. By the Weyl’s essential spectrum theorem, we

rad

have Oess(Li,4) = [w(m),00). It follows from Theorem 2.5 (ii) and Remark 8.2 that Ker Ly, |1 = {0}
These together with our assumption I(m) = 1 imply that there exists a constant C,,, > 0 which is independent

of u such that

(Lim,+P0,P0) > Cillpol|F:-

Similarly, for u € H! ,(R3) with (u, Ry(m)) > = 0, we decompose
u = axi1(m) + p,
where a € R and p € H! ;(R?) satisfying (x1(m),p)r2 = 0. It follows that
(Lin.+0,9) 2 Cr D31
Note that R, satisfies (1.1) with w = w(m). Then, differentiating (1.1) with respect to w, we have
L4 0uRy|w=w(m) = —Ru(m)-
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. ORuI? .
Thus, from the assumption e S aw”Lz | _ > 0, we obtain
w=w(m)

10| Ry |2
0> _§T|w:w(m) = - (Rw(m)a awa|w:w(m))L2 = 2<Lm,+8wa|w:w(m)a awa|w:w(m)>
(10.20)
= agA1(m) + (Lm 1+ po, po)-
In addition, one has
0= (u, Rw(m))L2 = _<U>Lm,+awa|w:w(m)> = —<(IX1(m) +p, Lm,-l-(aOXl(m) +p0>>
= —aagA1(m) — (Ln+po, p)-
In addition, we can find that
m,+P0, P, >~ m,+P0, P0o m,+P>D)- .
(L ))? < (L (L ) (10.21)
Therefore, by (10.20)—(10.21), one has
Lo +p0,D))? (—apari(m))?
Ly 4t 1) = —a? X1 (m)? + (L 4p, p) > —a’ X m2+(<#>a2)\ m)? — —— 2 —.
< ,+ > 1( ) < 4D p> = 1( ) <Lm,+po,po> 1( ) a(2)/\1(m)2
Thus, (10.19) holds.
(Step 2). We claim that there exists Cp > 0 such that
(L v u,u) > Collul|%: - (10.22)

for all uw € H!

rad

(R3) with (u, Ry(m))r2 = 0. We shall show (10.22) by contradiction. Suppose to the contrary
that (10.22) fails. It follows from (10.19) that there exists a sequence {u,} with ||u,|z1 = 1 (n € N) such that
limy, 00 (L, +Un, Un) = 0. Since the sequence {u,} is bounded, there exists a subsequence of {u,} (we still
denote it by the same symbol) and uq, € Hrlad(]Rg) such that lim, .o U, = Us weakly in Hrlad (R3). We claim
that us # 0. Suppose to the contrary that u., = 0. Since im0 Ry(m)(x) = 0, [|unlgr = 1 and ue = 0,
we have

0= lim (L 4 tn,up) 21— lim [ (pRP 4+ 5RE | |up|? de > 1,

n— o0 n—00 Jp3 w(m) w(m)
which is a contradiction. Thus, we see that us 7# 0. Then, by the lower semicontinuity, v, # 0 and (10.19),
we have

0> lim <Lm,+unaun> > <Lm,+uo<nuoo> >0,
n—oo

which is a contradiction. Thus, we infer that (10.22) holds.

(Step 3). We conclude the proof. For each u € Ue, we put n = u — R,,(;,) and decompose

n= aRw(m) +p,

102



where a € R and (R, (), p)r2 = 0. Then, since |[u[|32 = [|[Ry(m) |32 (see (10.18)), we obtain
1Ry ll72 = llul72
= || Resmy +nllz>
= | Ru(m)ll72 + 2(Resgmy» m) 2 + 01z
= | R 172 + 2(Rum)s aRuo(my + P) 12 + [0l 7
= [Rugmll72 + 20l Rugmyll72 + il

This implies a = O(||n||3.). Observe that S, (Ru(m)) = 0. Thus, the Taylor expansion gives that

w(m)

1

1

Since ||UH%2 = ||Rw(m)H%2a Sw(m)(u) = 5(“’) +CU||U||%2/2, n= aRw(m) +p and a = O(Hn”QL?)a one has

1 1
E(u) = E(Ruim)) = 5 (Lmsm,m) + o(|[nll71) = 5{Lm,+p,p) + Olallpl ) + Oa?) + o([lnllF1)
1 2
= L pp) + ol
Then, it follows from (10.22) that
£ o 2 2 10.23
(W) = ERuimy) = - llpll + ollnlz)- (10.23)

In addition, since a = O(||n||2.) and ||n||z2 = € > 0 is small, we have
Pl = 0 — Ryl 2 Inllzs — lall|Regmy = Il + O(lnll3)
This together with (10.23) implies that
£(w) ~ E(Rutm) = Ll
This completes the proof. O

Proposition 10.5. Let 7/3 < p < 3, m € (0,mz) and Rym) be the minimizer for Eyin(m). Assume that

A||Rw |7 2 |
ow w=w(m)

> 0. Then, we have I(m) = 2.

Proof. Tt follows from Lemma 10.3 that I(m) = 1 or 2 for each m > 0. Thus, it suffices to eliminate the
possibility that I(m) = 1. Suppose to the contrary that I(m) = 1. Then, it follows from (10.7) that Ry, is

the unique minimizer of the energy E on U.. This implies that

2 s
W5(/\3RW(,,L)(X))\A:l > 0. (10.24)

On the other hand, observe from Remark 8.2, Theorem 2.4 and lim,,, o w(m) = 0 that

. . 3
T [R5 = T [ty |56 = W80 = o2,
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where o > 0 is defined by (4.18). Using K(Ry(,,)) = 0 and 7/3 < p < 5, we can compute

d? 3 2 9(10 - 1)2 p+1 6
d)\gg(AQRw(m)()"))|)\:1 = 2”v-Rw(m)HL2 - 4(p+ 1) ||Rw(m)||Lp+1 - 6||Rw(m)HL6
3(p—1)
= =15 B~ DI Remlh = 4R 5 (10.25)

< 4| RugmylI%e < —20% <0

for sufficiently small m > 0. Since H)\%Rw(m)()\-)HLz = [|Ry(myllz2 for all A > 0, (10.25) contradicts (10.24).
This completes the proof. O]

W " AR 12
e see from Proposition 10.5 that %| 7
w=w(m)

: AR 2 2
the sign of ——

> 0 implies that I(m) = 2. Thus, we need to compute

‘ _ . Concerning this, we obtain the following;:
w=w(m)

Lemma 10.6. Let 7/3 < p < 3 and R,y be the minimizer for Ewnin(m). We have

0| Ru |72

% |w:w(m) >0 almost all m € (0, ma). (10.26)

Proof. 1t follows from Proposition 9.9 that dw(m)/0m > 0 for almost all m € (0,mz). For such a point, we

have by || Ry (m)l|7. = m that

om AR
ow w=w(m)

Therefore, we see that (10.26) holds. O

0 < Ow(m) 1

We see from (10.17) and the min-max theorem that A;(m) is written by

<Lm,+ua u>

A -
1(m) ueflfq(m's) ||| 2

(10.27)

and A1(m) < 0. We shall show the following:

Lemma 10.7. The maps A\1(m) : (0,00) — R and x1(m) : (0,00) — H}

1 J(R3) are continuous on m > 0.

Proof. Let {m,} be a sequence in (0,00) with lim, o, m, = m, for some m, > 0. We shall show that
lim,, 00 A1(mp) = Ar(my). Note that sup,,cy || Ru(m,)llmr < +oo. Then, by the elliptic regularity (see e.g.
Soave [44, Proposition B.1]), we have sup,,cy | Ry (m,,)llL> < +00. This together with (10.27) and ||x1 (7, )2 =
1 yields that

0> A (mn) = <Lmn,+X1(mn)7X1(mn)> 2> ||VX1(mn)H%2 + w(my,) _pHRw(mn)Hi;l - 5||Rw(mn)||%°°

> [[Vxa(ma)|Z: = C,

where the constant C' > 0 is independent of n € N. This together with |xi(my)||zz = 1 implies that
sup,,en |1X1(mp) || 1 < 4+00. Since A (my) = (L, +X1(My), x1(Mmy)), one has sup,, ¢y [A1(my)| < +00. Then,
up to a subsequence, there exist x1,00 € H'(R?) and A1 o € R such that lim, o x1(mn) = X1,00 weakly in
H(R?) and lim,, 00 A1 (M) = i co-
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We shall show that X100 7 0. Suppose to the contrary that xi,.. = 0. Then, by the weak lower semiconti-

nuity, im ;o Ry (m,)(z) = 0 and lim,, o0 w(my,) = w(m.) (see Proposition 9.4), we see that

0> lim A;(my)

n—0o0

> tim {19 am)ls +wlm)latm) 13

p w 7711 |X1(mn)|2dx 5 lzi My ‘Xl(mn”z dx
R3 R3

> w(my) >0,

which is absurd. Thus, we find that x1 . # 0.
By Proposition 9.4, we have lim,,_,o w(m,) = w(m,) and lim, e Ry(m,) = Ru(m.) strongly in H*(R?),

which yields that

Moo = lim Aj(my,)
n—oo

< lim <me+X1 (m*)7 X1 (m*»

n—roo

IN

(Lonecxa(ma) xa(ma) + Jim {om) = wm.)

+p [ ARG = BE ba(ma)Pde+5 | [|RY, ) — RY,
R3 R3

am.)P ds

= (L. +x1(ma), x1(ma)) = A1 (ma).

Thus, we have A1 oo < A1(my).

Next, we shall show that ||x1,00||z2 = 1. By the weak lower semicontinuity, we have

X100l 22 < lminf||x1(my)|lrz = 1.
n— oo

Suppose to the contrary that ||x1,00||z2 < 1. Then, there exists ¢ > 1 such that ||ax1,c0| 2 = 1. Then, it follows
from (10.27), lim, 00 A1(Mp) = M0 < A1(ms) < 0 that

Ar(ms) < a2<Lm*,+X1,007X1,OO> < a? 1iminf<me+X1 (mn), x1(mn))

n—oo
=a? linl)inf A (my) = a*A1 0o < @*A(ms) < Ai(my),

which is a contradiction. Thus, we see that ||x1,00l/z2 = 1.

Since ||x1,00]|2 = 1, we obtain

A (my) < (L 4X1,000 X1,00) = linH_ligf<Lmn,+X1(mn)vXl(mn)> = nh_{go AM(My) = M oo < A1(ma).

This implies that lim, oo A1 (M) = A 0o = A1 (Ms) = (Lim, +X1,00, X1,00)- Namely, X100 is the first eigenfunc-

tion of Ly, +. From the simplicity of A;(m.), we have x1.00 = x1(Mx).
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Finally, we claim that lim, . x1(m,) = x1(m.) strongly in H'(R?). Since lim, oo x1(mn) = x1(m.)

weakly in H'(R3),lim, 0 A1(mp) = Moo = A1 (ma) and limy, 00 w(my,) = w(m,), we obtain
IVx1(ma) |72 = (L. 4x1 (), X1 (m)) — w(me)

[ RIG halmP e+ [ R atm) P ds

— lim {Al(mn)w(mnHP/ Rf}(;*)lxl(mn)lzdfv+5/ Rf)(m*)lxl(mn)lzdx}
R3 R3

n—oo

= tim {19 () s + (m) = (m.))

o [ R = R bl do =5 [ (R = B ham)da |

— 1 2
= 1 [[Vxi(ma) 3.

Namely, one has lim,, o [ Vx1(mn)||72 = [[Vx1(ms)||32. This together with lim,, o x1(my) = x1(m.) weakly
in H'(R3) concludes the proof. O

We are now in a position to prove Theorem 2.5 (iii).

Proof of Theorem 2.5 (iii). By Proposition 10.5 and Lemma 10.6, we have I(m) = 2 for almost all m € (0, mz).
Thus, for any m, € (0,ms2), we can take a sequence {m,} in (0,ms2) such that lim, ., m, = m. with
I(my) =2 for all n € N. Let Aa(m,,) be the second eigenvalue of the operator L,,, 1 and xa2(m,) € H'(R3) be

the corresponding eigenfunction with ||x2(my,)||rz = 1. Thus, it follows that
(L, +x2(mp), x2(my,)) <0 for all n € N.

Then, by a similar argument of the proof of Lemma 10.7, we can prove that sup,cy || x2(mn)| g < 400 and

Sup,en [A2(my)| < +00. Let pg € C5°(R?) \ {0} be a cut-off function satisfying po(z) > 0 for all z € R3. We

put
I = X2(mn) + ano ’ . ~ Oee(ma), xa(ms)) 12 (10.28)
[x2(mn) + anwpoll L2 (¢0, X1(m)) L2
Then, we see that
(fanl(m*))L2 = 07 an”L2 =1
This yields that
. (Lo, +u,u)
inf =" < (L, 4 frs [
wEH(R?),(ux1(ma))2=0  |ul|3, (L. +-fos fn)
Lm mnjy n Lm* mnj)s
(L. +X2(mn) Xz(”; ) +2an< +X2(mn) <Pg> (10.29)
[x2(mn) + anpoll7: [x2(ma) + anspol|7-

e (Lm.,+¥0; $o)
"lIx2(mn) + aanUOH%z
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By Lemma 10.7, sup,,cy [|x2(mn) || < 400, (10.28), (x2(mn), x1(my))r2 = 0 and lim,, o x1(my) = x1(my)
strongly in H*(R3) (see Lemma 10.7), one has
(x2(mn), x1(m.)) 2

nh~>nolo In =" nlLH;O (¢0, x1(mx)) L2
_ o S Getma) xama))ee | (xa(mn), xa(ma) = xa(mn))re 10.30
B nl—)oo { ((po,xl(m*))L2 + ((vaXl(m*))L2 } ( )
=0.

In addition, we have

(Lin, +X2(mn), x2(mn)) = (L, +x2(mn), x2(mn)) + (Wi — w(ma))

- p/Rg(Rf]nlq*) — R ) xa(m)[? da — 5 /Rs (Rsmy = Bosgmo)) xa(ma) | daz,
which implies
lim sup (L, +x2(my), x2(m,)) <O0.

n—oo

In addition, by (10.30), we obtain

Ix2(mn) + anolliz = [Ix2(mn)l|72 + 2an(x2(mn), ©0) L2 + a3 ll@olliz = 1+ 2an(x2(mn), vo) L2 + al || ¢ol|7
—1 as n — o0.

These together with (10.29) yield that

L L
in < m*,+2ua u> < lim Sup<Lm*,+fn, fn> — lim sup < m*,+X2(mn)7 X2(T;Ln)>
UEHl(R3)»(U7X1("L*))L2:O ”u”Lz n—oo n—o00 ||X2(mn) +an§00”L2

<0,

which implies that Az(m.) exists and Az(m.) < 0. We see from Theorem 2.5 (ii) and Ry m) = Uy (m) that
A2(my) # 0. Thus, we obtain As(m.) < 0, which concludes the proof. O

A Non-existence of positive solution

In this appendix, we shall show the there exists no positive solution to (1.1) for sufficiently large w > 0 when
1 < p < 3 by contradiction. Suppose to the contrary that there exists a sequence {w, } with lim, . w, = o
such that for each n € N, (1.1) has a positive solution w,, at w = w,. Then, by the result of [1], we obtain the

following:

Lemma A.1 (Lemma 2.3 of [1]). Let 1 < p < 3. For each n € N, we put M, := |uw, ||L=. Then, we have

lim M, = oo. (A1)
n—oo
As in Section 4, we put
Uy = M, tuy, (M%), (A.2)
Then, we see that u,, satisfies
— Ay, + aptiy, — Bl — U2 =0 in R3, (A.3)

where v, := w, M, * and 3, := MP~>. Then, by a similar argument to the proof of Theorem 2.4, we obtain

the following:
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Proposition A.2. Let 1 < p < 3 and {u,} be the sequence of positive solutions to (A.3) defined by (A.2). we
have

U, > W strongly in H* 0 L9(R3) (¢ > 3) as n — oc. (A4)

Remark A.1. As we mentioned in Remark 2.2, it seems difficult to obtain the boundedness of ||ty || g1. due to

this, we cannot obtain the non-existence of the positive solution to (1.1) for large w > 0 before.
Once we obtain Proposition A.2, we can show the following lemmas:

Lemma A.3. Let 1 < p < 3 and {u,} be the sequence of positive solutions to (A.3) defined by (A.2). Then,

there exists a constant C > 0

lim inf /o, ||t ||22 > C. (A.5)
n—oo
Proof. We can show that 1, satisfies (8.65), which yields (A.5). O

Lemma A.4. Let 1 < p < 3 and {u,} be the sequence of positive solutions to (A.3) defined by (A.2). Then,
there exists a constant C; > 0 (i = 1,2,3) such that

lim sup ||y, | ’iﬁl <y when 2 < p < 3, (A.6)
n— oo

lim sup ||ﬂnH’£ﬁ1 < Cs|log ay| when p = 2, (A7)
n— oo

lim sup ||17nH’£ﬁ1 < Cgoz;% when 1 < p < 2. (A.8)
n— oo

Proof. We see that the estimate (4.1), (8.42) and (8.68) also hold for @,. Then, from these, we see that
(A.6)—(A.8) holds. O

We are now in a position to prove Theorem 2.6.

Proof of Theorem 2.6. As in (2.8), we have

~ 5—p ~ 1

When 2 < p < 3, it follows from Lemmas A.3, A.4 (i) and (A.9) that

Va, < OBy, (A.10)

for some C' > 0, which does not depend on n € N. Since o, = w, M,;* and 3, = MP~5, we see from (A.10)
that \/w, < CMP~=3, which is absurd because lim,, o w, = 0o, while lim, . MP~3 = 0. We can derive a

contradiction similarly for the case of 1 < p < 2. O

B Boundedness of L°*° norm of solutions

Here, we obtain a boundedness of L*> norm of solution to elliptic equations. Although the following result
can be proved by a variant of Brézis-Kato type argument and the Moser iteration ([13, 25]), we give the proof
because we don’t find any proper references. In fact, we follow the argument of the arxiv version (Version 1) of

[1] (see https://arxiv.org/abs/1801.08696 for the detail).
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Proposition B.1. Let d > 3, a(z) and b(z) be functions on By, and let u € H'(By) be a weak solution to
—Au+a(z)u =b(x)u+ f(x) in By. (B.1)
Suppose that a(x) and u satisfy that
a(z) >0 for a.a. x € By, /B a(x)|u(x)v(z)|dr < oo for each v € H(By). (B.2)
4

Let s > d/2 and assume thatb € L*(By) and f € W~125(By). Then, there exists a constant C(d, s,
such that

s(Ba)s I llw-125(By))

l[ull oo 5,y < C (d,

B | fllw 1228y lull 2= (By)-

Here, the constant C(d, s,

s(Ba)s Iflw-125(By)) in (i) and (ii) remain bounded as long as t; and ||b]

L= (By)

are bounded.
Proof. We argue as in [37, Proof of Proposition 2.2]. Let T' > 1 and set

T if u(z) > T,
ur(z) == u(z) if ju(z)| < T,
—-T if u(x) < -T.
For 1 <r < R < 4, choose an 1, g € C§°(R?) so that 0 < .. g < 1, . r(z) = 1if [z| < r and 0, g(z) = 0if |z| >
R. For ¢ > 0, we set ¢(x) := 07 gz )|uT( )|?%u(x) € H}(By4). Since f € W~149(By), there exists f; € LI(By)

for i =1,2,...,d such that f = ZZ 1 87 (see e.g. Brezis [12, Proposition 9.20]). Since a(z)u(z)e(x) > 0 for
a.a. € By due to (B.2), it follows from (B.1) that

Vu - Vedr < / b(x)nfyR(xﬂuT( ) u(z) > dx + Z ( )dx
B B

’ ’ (B.3)

o

< [ b@m el Pu)as + 3 / i) o2

By j=1 Ba
Next, it follows from ¢(x) = nZ z(x)|ur (x)[*?u(z) that

i 2 877TR 29—2 dur 24 Ou
2 _ 9, a 2 =24, 24T y B.4
e, = 2N Rlur|Mu———= oz, + 207 glur** uru oz, + 7 glur| 9, (B.4)
Vo = 20, glur[*1uVn, g + 2q07 glur|* *uruNur + 17 glur[*7Vu (B.5)

and that Vur = Vu a.e. [[u] < T] and Vur =0 a.e. [[u| > T]. Thus, by (B.5), we get

/ Vu-Veodr = 2/ nnR\uT|2un77r’R - Vudz + 2q/ nfyR|uT|2q*2uTuVuT -Vudr
By By By

4 / 02l 29 Vul? d
By
= 2/ Do lur PV, g - Vuda + 2q / 02 lur | Vur |2 do
B4 B4

4 / 02 plur 21 Vulde
By

109



On the other hand, since

juz |17 5| Vul?

S o P VP,

|20r, rlur | UV, g - Vu| <
u=up for z € [|u] < T] and %% =0 a.e. [Ju| > T], we have
Vu-Vedz

By

(B.6)

1

> /B 2 plur 2 Vulde — 2 /B Vi ? fur P + 2 /B 72 plur 4 [Vur[? de.
4 4 4

=2

In addition, observe from (B.4) that
d d
dyp
S [ pgfdr=23" [ na
j=1 /34 ]6xj j=1 By '
ou
2 2qg 7 d
4wk g de

d
=23 [
j=1"Ba

ou
+/ my plur| 5 — f; de
By 7 axj ’

d
87] R 6UT
2q T, 2 2q—2
ur|*fu———f;dx + 2q / N rlUT| uru——f; dx
ail,'j ; B, T 8{Ej

d
2q rnR o 2 2q .
ur| uiaxj fidx +2q ;:1 /34 777-,R|UT| oz, fidx

We see that

d d
0
23" [ lur PSR e <Y [ fur?
j=1 By Lj j=1 By

877T,R
aLCj

2 d
dot 3 [ o lun s do
j=17Ba

d
< / Vol JurPrutdz + 3 / 72 plur )£, de,
By j=1"DBa

d d
8UT
2" [ alurPt G de<a [ o gl (Vurl o’y [ o plurf P ds
j=1 By Lj By j=1 By

uT|2q

d ou 1

2 2¢q 2
> e pluri—fide < = / )
= /;4 R axj J 4j:1 B, ™R

ou 2 d
ool o2 [ plur I da
Ty j=17Ba

d
1
<1/ malurPvup o2y [k plurPols P e
By j=17Ba

Then, we obtain

d

0 1
> fjai de < 1/ nf,R\uT|2q|VUI2dx+/ |V77r,R|2|UT\2qu2d$+Q/ 2 glur 9 |Vur|* de
i=1/Ba 0T By Bs By

) (B.7)
Ha+ )Y [ alur1f o
j=17/Ba

Thus, it follows from (B.3), (B.6) and (B.7) that

/ 02 lur 21V ul? di + 2 / 02 plur 2 [Vur|? d
B4 B4

(B.8)
§12/ u2|uT|2‘1|VnT’R\2d:E+4/
By

By

d
bn? glur|*uPde + 4(q + 3) Z/ 2 glur | f;1? da.
j=17Ba
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Next, observe that

. lur|?Vu if |Ju(x)| > T,
V (Jur|fu) = qlur|? *uruNVur + |ur|?Vu =
(¢ + Dlur|'™Vur if |u(z)] <T.

Hence, (B.8) gives

[ 19 urit) de

By

(g+1)%+2¢

< { [ o aluroiup dr +20 [ nf,RuTFQWuTde}
2q By By

d
+1)2+2
<l q/ 120? [ur|*| Vg, o + 4607 gur [*u? + 4( q+3§ nylur £ ¢ do
B4 :

<

2(q+ 1) +4q a

<= ——(a+3) / uur ||V, m? + bn? glurP7u? + > 02 glur 2] £51? b da.
By Jj=1

In addition, from V (0, glur|iu) = 0 gV (Jur|%u) + |ur|9uVn, g, it follows that

/ IV (e sz |90) dxsz{ / 02 IV (Jur|t) Pde + / u2|uT|2q|Vnr,RQda:}
B4 B4

By
d
4(q+1)% +8q
< LT IR gy [ aRlur (Ol + o alurl? + Y 02 glur P4 do
By j=1
+ 2/ u2|uT\2q|Vnr)R|2dx
By
d
<Oy [ QP ur P af? + a2 glur P10l + 5 alur PSP
By j=1
where
4(g+1)2+38
o, = MNat 7 +8q g o (B.9)
Recalling 7, g|lur|?u € H}(B4) and using Sobolev’s inequality, we see that
q 2 -1 q 2
|7, rlur| ul[7 2 < o™ IV (0, mlur|®u)|| 7,
d B.10)
< Cyo™! / w?[ug 9V, m? + b0 glur*u® + > 02 plur P £ ¢ da.
By

Jj=1

Letting T' — oo in (B.10), we see from the monotone convergence theorem that

d
2 _
[, mlul [ < Coo 1/ [T V0l o+ [B0F g 272 Y glul? £ de
By j=1
Noting 0, g =1 on B, n,,r = 0 on B}, and ||V, rllre < Co/(R —r) where Cj is independent of r and R, and

using Holder’s inequality, we see that

d
2 1) _
3520 gy < Cao™ [ | IV I 4 b 152 4+ 30 bl |
4 j=1

C |B4|1 s 2 2 — 2
< Gy [ ol | FlPE2. DS R
q (R—7r)? (Ba4) ( t)'(BR) ]Zl JIlL2s(By) (2at2)s (Bx)
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Writing ¢ := ¢+ 1 and s* := s/(s — 1), we have

1
37
C3|Bal'/* 27 : 2
|y 2xg << Co ™ [ 2= 1 b|lLes ul| ™z, +Cyo? fill% 2 ul|*%s.
Iy 3 Coo™ | T2 Wl | s+ Coo™ DUl ol
(B.11)
For n > 1, we define
S Gn =Ty, R1 =2 =R L R, = > L _ (B.12)
To = 95+’ an = To, 1= 4 T =1u 9’ n = Tn—-1 > Tn-1 on =iTn. .
We remark that since s > d/2, we have 19 > 1, so that ¢, — oo and 2*q,_1 = 2s*q,. We claim that
sup ||u||Lz*an(Bl) < 4o00. (B.13)

neN
Then, we may assume that |[u[| 2+, p,) > 1 for any n € N. Then, setting ¢ = g,, R = R,, and r = r,, in (B.11),
we see that
Cg|B4|1/S a 1/(2qn)
m + 16l s (By) + Z Hfj||2L25(B4) 1wl L2dns* (B ) - (B.14)

j=1

ull p2=an (B, < § 2Cq, 0"

By (B.9), (B.12) and (B.14), we find Cy = C4(d, s) > 0 such that for each n > 1,

1/(2Gn 1/(2qn)
lull 2 5,y < CF 5 [2 (4" + D] | 2o ()

Tn

which implies
n

n_ L 1/(2qw 1/(2qx)
s, < O /T (H @ (45 + 1)) /O ) el o0
k=1

for n > 1. From the definition of g,, one sees from 79 > 1 that the right hand side is bounded as n — oo.

Therefore, we obtain

~ 1@ [ T1 1/(2G)
||UHL°°(Bl) S Clzk71 /(2) <H [‘qv]% (4k + 1)] a* > ||’LLHL2*(B4).
k=1

Hence, our assertion holds.
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C Table of notation

Symbols

Descriptions

{urw}
a1,(;.1
Ml,w

~

Ul,w

T,w
{uz,w}
My,
a2 w
Ba2.w

uw; va aw? BUJ

a family of positive solutions to (1.1) with limsup,,_, ||u1,w|/ L~ < 00

Nl=

() = w T Ty (W™

)

Mo = ||u1,wll Lo
~ -1 -5
ul,w(') = Ml,wuLw(Ml,w )

—(p—1)
ay . = WMl,w

TMw = 01w + 1+ Mi;p

a family of positive solutions to (1.1) with limsup,,_, ||u2w| L = 00

Ms = |ugw|lL=

Uy = U2,w, M, = MQ,UJ? Ay = 02, ﬁw = ﬁ2,w

_d=2
Aubin-Talenti function W(z) = (1 + d(|d”37\_22)> ’

+1 *
E(u) = 3IVul2s — S lullhh = 3 llull 2
d(p—1 +1 *
K(u) = [IVul3. — S ullttt — [[ull e
+1 -
Sulu) = 3Vul2s + §lul2s — S5 lulihh = & flul 2

Enin(m) =inf {E(u): u € P(m)}
P(m) ={u € S(m): K(u) =0} = {uc H'(RY): [|u]|2. =m, K(u) =0}
S(m) = {u e H' (RY): [[ul|3. =m}

Emin,+(m) =inf {E(u): u € Py(m)}

d2(p—1)2 N .

P (m) = {u e Pm): 2Vul2, > LEE Jullfih + 27 ul2- |
d2(p—1)2 N w

P_(m) = {u e Pm): 2Vul2, < GE Jullfih + 27 |lul2.- |

ground state to (1.1) when w = w(m)
minimizers for Ep,(m)
minimizers for Eyin,—(m)

-2

Lot =—-A+w—pulst — (28 — 1u2

w
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