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TRIANGULATED CATEGORIES ADMITTING LINEAR GENERATORS
MARINA GODINHO AND DAVE MURPHY

ABsTRACT. The main result of this paper is that there is an additive equivalence between C,,, the Paquette-Yildirim completion
of the discrete cluster categories of Dynkin type Ao, and the perfect derived category of a certain DG algebra. This additive
equivalence preserves some of the triangulated structure: it commutes with the suspension functor and preserves triangles
with at least two indecomposable terms. In the process, we introduce the notion of a linear generator G in a Krull-Schmidt,
Hom-finite triangulated category. It turns out that the existence of a linear generator affords a large amount of control over J.
For example, it allows us to describe all indecomposable objects in T in terms of G, to determine all triangles of T with at least
two indecomposable objects, and to show that the Rouquier dimension of T is at most one. Moreover, we prove that there is an
additive equivalence (which preserves some of the triangulated structure) between T and the perfect derived category of a
certain DG algebra. Finally, we show that any triangulated category with a linear generator is additively equivalent to a thick
subcategory of C,,.
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Cluster categories been studied extensively as examples of triangulated categories which exhibit remarkable algebraic
and combinatorial structure, and which have connections to other areas of mathematics, such as singularity categories
and cluster algebras (see, for example, [Ami09; BKL08; Bua+06; CCS05; HJ10; Lam15; Tod07]). Indeed, cluster
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categories have often been studied through the lens of triangulations of marked surfaces; see [BZ11; Sch08; QZ17] for
finite rank cases, and [cKP; Fis14; Fra25b; Fra25a; GHJ19; GZ23; IT15; LP17] for infinite rank cases.

In this paper, we are interested in a family of infinite rank cluster categories @n forn > 1, constructed in [PY21] called
Paquette-Yildirum completions of discrete cluster categories of Dynkin type A . These categories have exceptionally
powerful combinatorial properties, and can be used to develop combinatorial techniques in the study of representation
theory of triangulated categories containing infinitely many indecomposable objects up to isomorphism. Moreover,
these categories are algebraic, so that, given a compact generator G € C,, there is a DG algebra End®®(G) and a
triangle equivalence e, — perf End®S(G) by a result of Keller [Kel94].

In [Aug+23], the authors construct a compact generator G € €, and find that EndP%(G) is the DG algebra with
underlying graded algebra k[x], where x concentrated in degree —1, and with trivial differential. Furthermore, in
[Mur25a], the second named author classifies the compact generators G of @, for n > 1. Thus, a natural question
arises: can we describe the DG algebra End®®(G) such that G, is triangle equivalent to the perfect derived category of
End”%(G)?

With this question in mind, we introduce in Section 2 the concept of triangulated categories with linear generators.
Given a triangulated category 7, and an object G € T, let (G); € T denote the smallest full subcategory containing G and
closed under direct sums, direct summands, and suspension. Roughly, a linear generator G of 7 is a classical generator
G € T such that the set ind({(G);) of indecomposable objects in (G); admits a total order where Q < P € ind({G),)
implies that 7 (P, Q) = k and 7 (Q, P) = 0. Moreover, we place some conditions on the total ordering concerning the
factorisation of morphisms.

Throughout, we work within the following setup.

Setup 1. Let k be a field and let T be a k-linear Hom-finite, Krull-Schmidt triangulated category.

It turns out that the existence of a linear generator provides us a large amount of control over 7. For example, in
Section 2, we describe all indecomposable objects of T in terms of G, we describe all triangles in T with at least
two indecomposable terms, and we compute the Rouquier dimension of J. Most importantly, the properties of linear
generators allow us to prove our main result in Section 2.

Theorem 2 (Theorem 2.29). Let T and S be triangulated categories satisfying Setup 1 and admitting linear generators
G and G’, respectively. If there is a fully faithful additive functor F: {(G); — (G’)| that commutes with the respective
suspension functors, then there exists a fully faithful additive functor & : T — & which commutes with suspension and
preserves triangles with at least two indecomposable terms. Further, F is an additive equivalence if and only if F is.

Moreover, using the results of Section 2, we are able to compute the graded endomorphism algebra of minimal linear
generators. By a minimal generator G, we mean that there does not exist a proper direct summand H of G, such that H
is a generator of T.

Proposition 3 (Proposition 3.2). Let T be a triangulated category satisfying Setup 1 and admitting a minimal linear
generator G = @:ﬁl G, with m indecomposable summands. Then, EndZ.(G) is isomorphic to the upper triangular
m X m-matrix algebra x©, with

k[x] ifi=jand G; < G;[1]

X =140 ifj<i

k[x*] otherwise.

where x is concentrated in degree —1.
We may view y© as a DG algebra with zero differential. Let us denote such DG algebra as A®. Then, as an

application of Theorem 2, we obtain the main result of Section 3.
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Theorem 4 (Theorem 3.5). Let G € T be a minimal linear generator of a triangulated category satisfying Setup 2.1.
Then, there is an additive equivalence F : T — perf(AC) which commutes with the respective suspension functors and
preserves triangles with at least two indecomposable terms.

In Section 3.2, we focus on triangulated categories satistying Setup 1 and admitting a minimal linear generator
H = @lzfl_ 'H ; with H; = H;[1] if and only if i is even. Let A, denote the graded endomorphism algebra of such a
generator. Then, Section 3.2 shows that A, is isomorphic to the path algebra of a graded quiver with relations.

More precisely, consider the quiver Q

B2 Pa Bon-2
() [ N,
0: LN LI SO /IS S S BN M
] az Q ay H‘QZ ‘YQI

Let Q¢ denote the set of vertices of Q and for each a € Qg write ¢, for the trivial idempotent path in Q at vertex a.
Moreover, let B C Qg be the set of vertices such that there is no loop §j for b € B. Let I be the ideal

I:={aafa = ta, Ba®a = la> ®bObb+1 = Ob b+1Ab+1, Baba,a+10a+1,a+2 = Oa,a+10a+1,a+2Ba+2)s

forl <a,b<2n-1,anda ¢ B.

Theorem 5 (Theorem 3.7). Let T be a triangulated category satisfying Setup 1, and let H € T be a minimal linear
generator with H = @12:1_ ! P;, where P; = P;[1] if and only if i = 0mod 2. Then there is an isomorphism of graded
k-algebras,

Ay = kQ/I,

Our interest in A,, is motivated by [Mur23], which proves that there exists a classical generator E € @, called a fan
generator, satisfying the assumptions placed on H in Theorem 5. The construction of E and the fact that it does indeed
satisfy the assumptions of Theorem 5 are discussed in Section 4. This allows us to combine Theorem 5 and Theorem 4
to partially answer our motivating question and prove the main result of Section 4.2.

Theorem 6 (Theorem 4.8). There is an additive equivalence F : C, > perfA,, which commutes with the respective
suspension functors and preserves triangles with at most two indecomposable terms.

Moreover, let 8 be a triangulated category satisfying Setup 1 and admitting a linear generator G. Then 8 is additively
equivalent to a thick subcategory of C, for some n € Z.

It is possible that the additive equivalence & is in fact a triangulated equivalence, however our techniques are not
currently able to prove this. The interested reader is encouraged to investigate if it is possible to lift F to a triangulated
equivalence.

Conventions

Throughout, we let k be an algebraically closed field. All modules will be considered as right modules, unless
otherwise stated, and we will compose paths from left to right. That is, if @ and b are paths, then we write ab to mean
first apply a then b. However, morphisms will be composed right to left, i.e. if f : X — Y and g : Y — Z, then
gf : X — Z. For a category C and two objects X,Y € C, we write C(X,Y) = Home(X,Y).

We will assume that the suspension functor [1]+ for a triangulated category T has a natural inverse, [—1], and we
will simply denote the suspension functor by [1] if the category is clear from context. We will always take triangle to
mean a distinguished triangle in a triangulated category.

For a graded/differential graded algebra A, we denote the degree m € Z component of A by A™.
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2. Triangulated Categories with a Linear Generator

This section introduces the concept of triangulated categories with linear generators. It turns out that the existence of
such generators imply very strong and interesting properties on the triangulated category and its morphisms. We are
interested in these types of categories as the main examples of categories in this paper satisfy this setup and, moreover,
the abstract properties of this setup that are proved in this section will play a key role in the remainder of the paper.

Throughout, we will be interested in triangulated categories satisfying the following setup.

Setup 2.1. Let k be a field and let T be a k-linear Hom-finite, Krull-Schmidt triangulated category.

2.1. Linear Generators

We begin by recalling some standard notation and terminology concerning generators of triangulated categories.

Let T be a triangulated category and consider a subcategory 8 of 7. Recall 8 is thick if it is a triangulated subcategory
of T closed under direct summands. Moreover, given an object X € T, we are interested in the following subcategories
associated to X.

(1) The thick closure {X) of X is the smallest thick subcategory of T containing X.

(2) The category (X); is the smallest additive full subcategory of T which contains X, and is closed under direct
summands and the suspension functor [1] of 7.

(3) The category (X),, is defined inductively as the full subcategory of T consisting of objects A € (X),, which fit
into a triangle

B—A— C— B[],
where B € (X); and C € (X),,—1. In other words, (X),, := (X)1 * (X)m-1.
A classical generator of T is an object G € T such that (G) = T. A classical generator is, moreover, a strong

generator if (G),, = T for some integer m > 1. Given a strong generator G, let n be the smallest positive integer such
that (G),, = T. Then, the generation time of G is n — 1.

This section investigates the properties of Krull-Schmidt, Hom-finite, k-linear, triangulated categories equipped with
a classical generator G such that (G); satisfies a certain property.

Definition 2.2. Let T be a triangulated category satisfying Setup 2.1 and suppose that G € T is a classical generator.
Then, we say that G is a linear generator if it satisfies the properties:

(G1) The set of classes of indecomposable objects in (G); admits a total ordering defined as:
For indecomposable objects Q, P € (G);, then Q < P if and only if 7 (P, Q) = k. Moreover, if Q % P,
then 7(Q, P) = 0.
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(G2) Given an indecomposable object P € (G);, then P < P[1].

(G3) For indecomposable objects P, Q € (G), then P < Q < P[1] implies that Q is isomorphic to at least one of P
and P[1].

(G4) For indecomposable objects R < Q < P in (G), then any morphism from P to R factors non-trivially through
0.

Lemma 2.3. Let T be a triangulated category satisfying Setup 2.1 and admitting a linear generator G. Suppose
that f: P — Q is a non-zero morphism between non-isomorphic, indecomposable objects in (G);. Then, cone f is
indecomposable in 7.

Proof. We will prove the statement by proving that cone f has a local endomorphism ring.

Given that f is non-zero and G is a linear generator, then it must be that O < P by property (G1) in Definition 2.2. If
Q = P, then, since 7 (P, Q) = k, it follows that f is an isomorphism and we may conclude that cone f = 0. Hence, it
suffices to consider the case where P and Q are not isomorphic.

Consider the triangle

P L 0 iconef — P[1].
Applying the covariant functor 7 (P[1], —) induces the long exact sequence

T, (el
It follows from properties (G1) and (G2) in Definition 2.2 that 7 (P[1], P) = k and 7 (P[1], Q) = k. Further, observe
that 7 (P[1], f) and 7 (P[1], f[1]) are not the zero map since f is nonzero, and therefore, by dimension arguments,
they must be isomorphisms. As a result, we may conclude from the long exact sequence that 7 (P[1], cone f) = 0.
Similarly, applying 7 (P, —) to the triangle defining cone f shows that 7 (P, cone f) vanishes.

Moreover, since P ¢ Q, then 7 (Q, P) = 0 by Definition 2.2 (G1). Therefore, applying the functor 7 (Q, —) to the
triangle defining cone f shows that 7 (Q, cone f) = k.

Finally, the contravariant functor 7 (—, cone f) applied to the triangle defining cone f induces the exact sequence

7 (1], Py~ (P11, 0) — T(P[1], cone £) — T(P[1], P[1])

T (P[1],cone f) — T (cone f,cone ) — 7 (Q,cone f) — 7 (P,cone f).

Since 7 (P, cone f), 7 (P[1], cone f) vanish, and 7 (Q, cone f) = k, then it must be that 7 (cone f, cone f) = k. That
is, cone f has a local endomorphism ring, whence cone f is indecomposable. O

Given indecomposable objects P, Q € (G)y, it is worth noting that the cones cone f and cone g of any two nonzero
morphisms f: P — Q and g: P — Q are isomorphic. To see this simply observe that, since there exists nonzeor
morphisms P — Q, then 7 (P, Q) = k. Therefore, there exists a scalar A € k such that f = A - g. In other words, since
composition is k-linear, f = g o A - idp. We may thus construct the following commutative diagram

P ! > 0 > cone f ——— > P[1]

. |
via | | | |
P il > 0 > coneg — > P[1]

showing that cone f = cone g.

Notation 2.4. In view of the remark above, given any non-zero morphism f: P — Q, the indecomposable object cone f
will be denoted Xp ¢.
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2.2. Morphism Spaces

Given a triangulated category 7T as in Setup 2.1 and a linear generator G in 7, this subsection aims to describe
morphisms in 7 (X,Y) where X and Y are indecomposable objects in (G),. In order to do so, we first describe
morphisms whose domain or codomain objectis Xp ¢.

Lemma 2.5. Withnotation as above, then T (Xp o, R) = k ifandonlyif Q[1] < R < P[1]. Otherwise, T (Xp,0,R) = 0.

Proof. Applying the functor 7 (—, R) to the triangle

defining Xp o induces the long exact sequence

Observe that Q < P since Xp ¢ is the cone of a non-zero morphism P — Q by assumption.

Suppose first that Q[1] < R < P[1], then we will show that 7 (Xp o, R) = k. Since R < P[1], T (P[1],R) = k.
Moreover, since Q < Q[1] < R, then 7(Q, R) and 7 (Q[1], R) vanish and so we may conclude that 7 (Xp o, R) = k.

For the converse, suppose that Q[1] < R < P[1] does not hold. Then, either R = Q[1], R < Q[1] or P[1] < R.
Consider the latter case where Q < P < P[1] < R. Then, 7 (P, R), 7 (Q, R), and 7 (P[1], R) all vanish, which, by the
long exact sequence, forces 7 (Xp ¢, R) to vanish and proves the the claim for the P[1] < R case.

Assume next that R < Q[1] < P[1]. Then, the Hom spaces 7 (Q, R), 7 (P, R), T (Q[1], R), and T (P[1], R) are
all one-dimensional. Hence, if 7(f, R) and 7 (f[1], R) are nonzero, then they are isomorphisms, and so it must be that
T (Xp,0, R) = 0 by the long exact sequence.

To see that 7 (f, R) is non-zero, observe that since, 7 (P, R) is one dimensional, then we may choose a non-zero
morphism ap g € 7 (P, R). By property (G4) of Definition 2.2, there are morphisms 8 € 7 (Q,R) andy € 7 (P, Q)
such that @p g = B - y. Moreover, since f is nonzero and 7 (P, Q) is one-dimensional, there is a non-zero ¢ € k such
that f = ¢ - y. Since composition is k-linear, this means that

1 1
T(f’R)(E.B):Z.B'fzﬂ"y:aP,RiO

as required. A similar proof works to show that 7(f[1], R) # 0.

Finally, suppose that R = Q[1]. If O < Q[1], then, 7(Q, R) vanishes, and 7 (P[1],R), 7 (Q[1], R) are one-
dimensional since R < Q[1], P[1]. Thus, if 7 (f[1], R) # 0, then it also must be that 7 (Xp o, R) = 0. The fact that
T (f[1], R) is nonzero follows from similar arugements as in the R < Q[1] case.

On the other hand, if R = Q[1] and Q = Q[1], then the Hom spaces 7(Q,R), 7 (P,R), 7 (Q[1],R), and
T (P[1], R) are all one-dimensional. That is, similarly to before, since 7 (f, R) and 7 (f[1], R) are nonzero, then they
are isomorphisms, and we may conclude that 7 (Xp o, R) vanishes. O

Lemma 2.6. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Then,
T(R,Xp,p) = kifand onlyif Q < R < P. Else, T (R, Xp,p) = 0.

Proof. The proof is analogous to that of Lemma 2.5 by considering the functor 7 (R, —). O

Corollary 2.7. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Then, Q
and P are the unique (up to isomorphism) indecomposable objects in (G)| which sit in a triangle

P—Q— Xpo— P[]
In other words, Xp o = Xp: o' ifand only P = P’ and Q = Q’.
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Proof. Suppose that there is a nonzero morphism g: P’ — Q’ such that coneg = Xp o = Xp o. We will show
that P” = P and Q' = Q. Well, since Xp: o = Xp o by assumption, there are nonzero morphisms O’ — Xp o and
0 — Xp/,o-. By Lemma 2.6, it must be that Q < Q" and Q’ < Q. Thatis, Q = Q’. Hence, we may construct the
following commutative diagram

P—7L o > Xp.o s P[1]
|
. * H !
P £ 50 S Xp.o s P[1]
showing that P = P’. O

Lemma 2.8. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Suppose that
P,Q,R, S are indecomposables in {G)| such that Q < S < R < P. Then, a morphism f: R — Xp ¢ factors through S.

Proof. Applying the functor 7 (R, —) to the triangle
P—-Q 5, Xp,0 — P[1],

induces the exact sequence

T(R,
T(R.P) = T(R.Q) ~% T(R. Xp 0) — T(R. P[1]).
Since R < P < P[1], it follows from the definition of a linear generator that 7 (R, P) = 7 (R, P[1]) = 0, hence 7 (R, g)
is an isomorphism. Therefore, any morphism f: R — Xp o factors through a morphism g: R — Q. Moreover,
because Q < § < R, then property (G4) in Definition 2.2 implies that g (and thus f) also factors through S. O

An analogous proof to Lemma 2.8, with the application of the functor 7 (—, S) proves the following.

Lemma 2.9. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Suppose
that P, Q, R, S are indecomposables in (G) such that Q[1] < S < R < P[1]. Then, a morphism f: Xp o — S factors
through R.

These lemmas allow us to completely describe the indecomposable objects in (G); in terms of indecomposable
objects (G)1 and the cones Xp o.

Proposition 2.10. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G.
Suppose that X € (G), is an indecomposable object. Then, X is either isomorphic to an object P € {(G) or to Xp o,
where P, Q are indecomposable objects in {G).

Proof. Tt suffices to show that any morphism f: P — Q € (G); is such that cone g = A @ B, where A € (G); and
B = @(P,’Q,)el Xpr o where [ is a set containing tuples (P’, Q") of indecomposable objects in (G);. We will do so
by considering three cases.

(1) Consider first a morphism f: P — @?:1 P;, where P and P; are indecomposable objects in (G);. We may
write f = (f;)[,. If there is a j where f;: P — P; is the zero morphism, then cone f = cone (f;)ix; ® P;.
Hence, we may reduce to the case where none of the f; are the zero morphism. Thus, by reindexing if necessary,
we may assume that P; < Py < P for all 1 < i < n. By property (G4) in Definition 2.2, it follows that

fi: P — P; factors through a morphism g;: P — Pj for all 2 < i < n. By rescaling the morphisms g; if
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necessary, we may assume f; = g; o fj. We may thus construct the following morphism of triangles.

S
0

P——— P Pi ——— Xpp P, Pi —— Pi1[l]

L | ! |

P ;) P, Pi s cone f s P[1].

idp

& gy,

idp 0

—8 id@?:z P

(2) Next, consider a morphism f = (fl-j)l.’i’lrfj:l : @Tzl Q; — P, Pi, where f;;: Q; — P; is a morphism
between indecomposable objects in (G); for all i, j. We will show by induction on m that cone f = A ® B

where A € (G); and B = @(P,,Q,)GI Xpr . Observe that (1) proves the statement for m = 1, and suppose by
induction that it holds for m — 1.

By reindexing if necessary, assume that Q; < Q for all 1 < j < n. If there is an iy such that P;; > Qy, then

fio,j = 0forall j and cone f = cone (f;;)izi,,; ® Pi,- Hence, we may reduce to the case where P;, Q; < Q;
forall 1 <i<mand1 < j < m. Consider the diagram

1

b

01— @Tzl Qj ——— @?:2 Q; — O]
I

1 b

(fi)iL, n n

Or —— @i:lPi — Xo..p, EB651’:2101' — 0

|
|
~ \L ~ ~

0----—--- »>cone f ————=--%» cone (WD V) ———---- >0

!
l g
v - v

0i[1] — @™, 0,11 —— B, 0, — 01121,

Here, h = ( ) and g = (g;)",: P — @:;2 P;. Observe that £ is an isomorphism, as it admits

the inverse h~! = ( ) We may thus conclude that cone f = Xp p, ® @:1:2 P;.

v
1

The top left square of this diagram clearly commutes. The bottom two rows in this diagram, as well as the dashed
morphisms, are obtained by the octahedral axiom. In fact, it follows from this axiom that the diagram commutes
and all four columns and rows are distinguished triangles. The fact that the cone (f;))7, = Xg,.p, ® D, Pi
follows from (1) above.

Furthermore, observe that w can be written as w = (w;: Q; — Xp, p, );?1: | and, by Lemma 2.6,
T(Qj,Xp,,p,) =0since Q; < Q;. Thus, w = 0, and so there is an isomorphism cone f = conev & Xg, p,.
However, by the inductive hypothesis, the cone of the morphism v: @722 Q;— @:‘:2 P; is of the required
form. Hence, our claim follows by induction. m|

In view of Proposition 2.10, it is possible to separate nonzero morphisms between indecomposable objects in (G ),
into two classes, which will play an important role in controlling the behaviour of the Hom spaces.

Definition 2.11. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Let
Y,Z € (G); be indecomposable objects, and let f : ¥ — Z be a non-zero morphism. Then, f is a forwards morphism
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if there exists a pair of triangles

p > 0 > Y > P[1]
|

:f] :fo \Lf :
~ ~- ~
P’ > Q' > Z > P'[1],

where P, P’, Q, Q" € (G); and a pair of morphisms fj and fy # 0 making the above diagram a morphism of triangles.
A morphism which is not a forwards morphism is called a backwards morphism.

Lemma 2.12. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Suppose
that P € {G)| and X € {G), are indecomposable objects. Then,
(1) a non-zero morphism f: P — X is a forwards morphism,

(2) a non-zero morphism g : X — P is a backwards morphism if and only if X ¢ (G),.

Proof. We begin by proving (1). By Lemma 2.9, it suffices to consider the cases f: P — Q or f: P — X ¢ for
P, O, R indecomposable objects in (G ). Suppose X = Q, then the natural morphism of triangles

0 > P L _sp 5 0
R
0 > 0 > 0 > 0,

proves that f is a forwards morphism.

Suppose next that X = Xg o. Since f: P — Xg ¢ is a nonzero morphism, then R < P < Q by Lemma 2.6. Observe
that by Lemma 2.8, there are nonzero morphisms g: P — Q and h: Q — Xg ¢ such that f = h o g. Moreover, by
rescaling if necessary, we may assume that 2: Q — Xg ¢ is the morphism in the triangle that defines Xg . Hence, we
may construct the following commutative diagram

0 s P ! s P )
! I I !
R s 0 "y Xpo —— R[],

which is a morphism of triangles, proving that f is a forward morphism.

To prove (2), consider a nonzero morphism g : X — P. If X € (G),, then, since X is indecomposable, we are in the
situation of (1), and we have already proved that in such cases g is a forward morphism. For the converse, suppose that
X ¢ (G)1. Then, X = Xg ¢ for indecomposables R, Q € (G); by Lemma 2.9. By Corollary 2.7, it suffices to check
that there does not exist a morphism of triangles as in the diagram

R > Q > Xro —— R[]
|

' ' lg :

~ <+ | ¥
0 > P > P > 0.

with & # 0. Suppose for a contradiction that such diagram exists. Because g is nonzero, then Q[1] < P < R[1] by
Lemma 2.5, and so Q < P. Thatis, h = 0, since there does not exist a nonzero morphism Q — P. This contradicts the
assumption that g is a forwards morphism, whence it is a backwards morphism. O

Due to Lemma 2.12, it is possible to complete the classification of Hom-spaces between indecomposable objects in 7.

Lemma 2.13. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Let
P,Q,R, S be indecomposable objects in {(G)y. Then, T (Xp,0, Xr,s) = k if and only if one of the following holds;



(D
2)

MARINA GODINHO AND DAVE MURPHY

S<QO<R<P,
QO[1]<S<P[1] <R

Else T (Xp,0, Xr,s) = 0. Moreover, a morphism of type (1) is a forwards morphism, and a morphism of type (2) is a
backwards morphism.

Proof. Applying the functor 7 (—, Xg s) to the triangle

Pi)QE)XP,Q%P[I]

defining Xp o induces the long exact sequence

(D

2

T(Q[1], Xr,s) = T (P[1], Xg,s) = T (Xp,0,Xr,s) = T(Q,Xr,s) = T (P, XRr,s). (2.A)

Consider first the case S < Q < R < P. Then, we will show that 7(Xp o, Xg,s) = k and, moreover, any
morphism f € 7(Xp g, Xr,s) is a forwards morphism. Observe that by Lemma 2.6, since S < Q < R, then
7(Q, Xr.s) = k. Moreover, because R < P < P[1] and by Lemma 2.6, then 7 (P, Xg s) and 7 (P[1], Xr.s)
both vanish. Thus, it follows from the exact sequence Equation (2.A) that 7 (Xp o, Xg,s) = k, as required.
Moreover, given f € 7 (Xp,o, Xgr,s), it is possible to construct the morphism of triangles

P s Q £ Xpog —— P[]

|

' f o lf l (2.B)
&

R > S > XRr.s > R[1]

in (G),. To see this, observe that, by Lemma 2.9, since § < Q < R, then the morphism fog: O — Xgs
factors through a nonzero morphism fy: O — S. Moreover, by the axioms of triangulated cateogries, there
exists amap f;: P — R completing the diagram into a morphism of triangles. Thus, f is a forwards morphism.
Next, suppose that Q[1] < § < P[1] < R. Then, since Q < Q[1] < S, Lemma 2.6 implies that 7 (Q, Xr.s) and
T (Q[1], Xg.s) both vanish. Moreover, since S < P[1] < R, then Lemma 2.6 implies that 7 (P[1], Xr.s) = k.
It thus follows from Equation (2.A) that 7 (Xp o, Xr,s) = k, as required. To see that a morphism f €
T (Xp,0, Xr,s) is a backwards morphism, it suffices to check that there does not exist a morphism of triangles
as in 2.B with fy # 0. However, by assumption, Q < S and so there do not exist nonzero morphisms Q — S.

(3) We now begin to prove the converse statements. Suppose that neither § < O < R < PnorQ[1] < S < P[1] <R

hold. Then, we are in one of the following cases: § = Q[1] < R < P[1], S = Q[1] < P[1] < R,
S<Q<P<R=P[l], P[1]<S, R<Q, O<S<R<P[l]and S <Q[1] < P[1] £ R. We will show
that in any of these cases, 7 (Xp o, Xr,s) vanishes.

Well, note that Lemma 2.6 implies that 7 (P[1], Xg_s) vanishes if P[1] < Sor R < P[1],and 7 (Q, Xr.s)
vanishes if Q < § or R < Q. Therefore, if S = Q[1] < R < P[1], P[1] < S, O <S <R < P[]
or R < Q,then both 7 (P[1], Xg,s) and 7 (Q, Xr s) vanish, so that 7(Xp o, Xr,s) must also vanish by
Equation (2.A).

Consider the case S < Q < P < R = P[1]. Then, Lemma 2.6 implies that 7 (P[1], Xrs) = 0 and
that 7 (Q, Xgr.s) and 7 (P, Xgr.s) are one dimensional. Hence, if 7 (e, Xrs) # 0, then it follows from
Equation (2.A) that 7 (Xp, o, Xg,s) vanishes. The fact that 7 (@, Xg s) is nonzero follows from the observation
that, by Lemma 2.8, any nonzero morphism P — Xg s factors through a morphism P — Q. Since the
Hom-spaces are all one dimensional and composition is k-linear, then any nonzero morphism P — Xg s factors
through a. That is, any nonzero morphism is in the image of 7 (@, Xg s)-

Similarly, suppose that S = Q[1] < P[1] < R. Then, by Lemma 2.6, 7(Q, Xg,s) vanishes, and
T (P[1], Xr,s) and 7 (Q[1], Xr.s) are both one dimensional. Observe, moreover, that 7 («[1], Xg.s) is
nonzero for similar reasons as in the S < Q < P < R = P[1] case above. Whence, Equation (2.A) implies that
T (Xp,0, Xr,s) vanishes.
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Finally, consider the case that S < Q[1] < P[1] < R. Then, by Lemma 2.6, the Hom spaces 7 (P, Xr.s),
T7(Q,Xr.s), T(P[1],Xr.s), and 7(Q[1],Xr,s) are all one dimensional. Moreover, the morphisms
T (o, Xr,s) and 7 («[1], Xg,s) are nonzero, by the same arguement as in the S < Q < P < R = P[1]
case above. Hence, it follows from Equation (2.A) that 7 (Xp o, Xr,s) vanishes, as required. ]

Remark 2.14. As a corollary of Lemma 2.13, we see that there is a canonical isomorphism between cones of a morphism
P — Q € (G);, when P, Q are indecomposable. Consider the morphism of triangles

[

H luly
I

, v

p—Lyo0 55 x 1y P

Since 7 (X, X’) is one dimensional, there is a A € k* such that v = Au. However, commutativity of the diagram implies
that 4 = 1.

2.3. Rouquier Dimension

This section uses the properties of linear generators established in the previous sections, in order to compute the
Rouquier dimension of a triangulated category admitting a linear generator.

Lemma 2.15. Let T be a triangulated category satisfying Setup 2.1 and equipped with a linear generator G. Let P be
an indecomposable object in {(G)| and let f: P — Z be a nonzero morphism with Z € {G),. Then, cone f € (G),.

Proof. Since T is Krull-Schmidt, we may write Z = @?:1 Z; where Z; are indecomposable objects in (G ),. Moreover,
we may write f = (f;: P — Z;)!,, and we may assume without loss of generality that f;: P — Z; is nonzero for all i.

By Proposition 2.10, Z; = Q € (G); or Z; = Xr s for R,S € (G)|. Foreach 1 <i <n,let Q; = Z; if Z; € (G);.
Otherwise, let Q; = Sif Z; = Xg s. Similarly, foreach 1 <i <n,let P; =0if Z; € (G); andlet P; = Rif Z; = Xg 5.
Observe, then, that here is a natural morphism h = (h;), : @?:1 Q; — Z whose cone is @:‘:1 P;[1].

Furthermore, for all 1 <i < n, we claim that there are nonzero morphisms g;: P — Q; such that 4 o (g,-)lf’:l =f.To
construct such g;, if Z; € (G)y, let g; = f;, which is nonzero by assumption. On the other hand, if Z; = Xg s, then,
by Lemma 2.8, there is a nonzero morphism g;: P — § such that f = h; o g;. Thus, an application of the octahedral
axiom induces the commutative diagram

g=(gi)},

P—"= QL0 —— Xpo ® DL, 0 —— P[1]

: " l
P ! > Z > cone f s P[1]
0 ——— @iy Pilll ————— D, Pl > 0

I Jiw

P[] ——— P, Qill] ——— Xp o, (1l P, 0i[1] —— P[2].

which has exact rows and columns. The fact that cone g = Xp o, ® @:;2 Q; follows from Proposition 2.10 1. If u = 0,
then cone f = Xp o, ® conev, where v: P, P;[1] — €D, 0;[2] is a morphism in (G}, whence conev € (G),
by definition of (G),. That is, if u = 0, then cone f = Xp o, ® conev € (G).
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To see that u = (u;: P;[1] — Xp ), = 0, observe that, if Z; € (G)1, then P; = 0 by construction, and so u; = 0.
Otherwise, P; = R, and the assumption that f;: P — Xg s is nonzero means that § < P < R = P; by Lemma 2.6. By
the same lemma and since P < P; implies that P[1] < P;, then 7 (P;[1], Xp,p,) = 0. Whence, u; = 0. |

Theorem 2.16. Let T be a triangulated category satisfying Setup 2.1, and equipped with a linear generator G. Then,
category {G), is triangulated, and hence equivalent to T. In other words, the generation time of G is 1.

Proof. To show that (G), is triangulated, it suffices to show that (G)3; = (G),. That it is, it is enough to show that the
cone of any morphism f: P — Z with P € (G); and Z € (G), is in (G),. Since T is Krull-Schmidt, we may write
P = EB?:] P;, where P; are indecomposable objects, and f = (f;: P; — Z)! . We will show that cone f € (G), by
induction on n. The n = 1 case is Lemma 2.15. Suppose by induction that cone f’ € (G), for all f': Q — Z where
0= @::11 Q; for indecomposable objects Q; € (G);.

By reindexing if necessary, assume P; < P for all 1 <i < n. By applying the octahedral axiom, it is possible to
construct the following commutative diagram with exact rows and columns.

(1,0,...)

Pi s P s P/Py > P1[1]
2 \Lf lh l
P, g:(fl’o’"& Z > coneg —— P[1]

l | l !

0 ——> conef —— coneh ————> 0

Ll | l

Pi[1] > P[1] > P/Pi[1] — P1[2].

By Lemma 2.15, cone g € (G),. By the inductive hypothesis, since P/P; has exactly n — 1 indecomposable summands,
cone h € (G),. Since cone f = cone h, it follows that cone f € (G),.
Therefore (G), is the smallest triangulated subcategory of 7T containing G. Hence (G ), = 7. O

As an immediate corollary of Theorem 2.16, we are able to compute the Roquier dimension of certain triangulated
categories equipped with a linear generator. Recall that the Orlov spectrum O(8) of a triangulated category 8 is
the collection of generation times across all classical generators in 8 [Orl09]. Further, the Rouquier dimension of a
triangulated category is the infimum of O(8) [Rou08].

Corollary 2.17. Let T be a triangulated category satisfying Setup 2.1, and equipped with a linear generator G. Then,
T has Rouquier dimension 1 if and only if G # G[1].

Proof. Suppose that G # G[1]. In view of Theorem 2.16, it is suffices to show that the Rouquier dimension of T is
greater than zero. That is, it suffices to show that there does not exist an object G’ € T such that (G’); = 7.

Observe first that, since T is Krull-Schmidt, G’ is a finite direct sum of indecomposable objects in T, and so (G”);
has finitely many indecomposable objects up to suspension. However, when G 2 G| 1], then we can fix P € (G); such
that P 2 P[1], which in turn, implies that P[i — 1] < P[i] for all i € Z. Thus, by Corollary 2.7 the collection of objects
{Xp,p[i] }i<o is infinite. Again, by Corollary 2.7, since P is fixed, then Xp p[;1 & Xp p[i1[j], foralli,i’ <Oand j € Z.
Hence, the collection {Xp p[;]}i<o is an infinite collection of indecomposable objects which are not isomorphic and are
not suspensions of each other. It thus follows that this collection is not in {(G’), from which we conclude that (G’); € T
for all objects G’ € T, and so the Rouquier dimension of T is greater than zero.

Now consider the case G = G[1]. Then, (G); has finitely many isomorphism classes of indecomposable
objects. Hence, it follows from Proposition 2.10 and Theorem 2.16 that T has finitely many isomorphism classes of
indecomposable objects {P;}!",. Hence, by letting G’ = @L P;, then T = (G’)| and we may conclude that T has
Rouquier dimension 0 if there exists a linear generator G = G[1]. m]
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Corollary 2.18. Let T be a triangulated category satisfying Setup 2.1, and equipped with a linear generator G. Let
X € T be an indecomposable object, then there exists a triangle
P—X—Q— P[],
such that P, Q € (G)1, with P indecomposable, and Q either indecomposable or trivial.
Proof. Suppose X € (G)1, then we may take X = P and Q = 0 to obtain the identity triangle for X. Now suppose that
X ¢ (G)1, then X = Xp(_1],p by Proposition 2.10 and Theorem 2.16. |
2.4. Cones

Throughout this section, let T be a triangulated category satisfying Setup 2.1, and equipped with a linear generator G.
The properties of linear generators are strong enough to afford control over cones of morphisms between indecomposable
objects in T. In this section, we present such results.

Lemma 2.19. Let Q < R < P be indecomposables in (G)\, and let g : R — Xp o be a non-zero morphism. Then,
coneg = P[1] ® Xg 0.

Proof. Consider the diagram

R > > Xro — R[1]

Lol | l
|

R—5 Xp,0 > coneg — R[1]

l |

P[1] > P[1] 5 0

] L |

R[1] > O[1] > Xrolll — R[2].

where the top leftmost square exists and commutes by Lemma 2.8. Thus, the diagram commutes and has exact rows and
columns by the octahedral axiom. Moreover, the morphism u is trivial, as 7 (P[1], Xg,o[1]) = 0 by Lemma 2.6, hence
coneg = P[1] & Xg o. O

o
~

Lemma 2.20. Let Q[1] < R < P[1], and let g : Xp o — R be a non-zero morphism. Then cone g = Q[1] & Xpy1},r.

Proof. By Lemma 2.9, the top leftmost square in the diagram

Xp.0 > P[1] > O[1] > Xp.ol1]
lz lh
8 \ \ l
Xp,0 > R > coneg — Xp,oll]

| | ! |

0 — Xpjij,gr — Xpipg —— 0

| ! |

Xp,ol1] > P[2] > 0[2] > Xp,ol2].

exists and commutes. Thus, the diagram exists, commutes and has exact rows and columns by the octahedral axiom.
Since 7 (Xp[1],r, Q[2]) = 0 by Lemma 2.5, then cone g = Q[1] ® Xp[1],r- o
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Understanding the cone of a morphism from R — Xp o allows us to establish further factorization properties.

Lemma 2.21. Let P, Q € (G) and Xg s € T be indecomposable objects. Then, a nonzero morphism f: P — Q does
not factor through Xg s.

Proof. First, note that if there does not exists a nonzero morphisms g: P — Xg s and h: Xg s — Q, then f cannot
factor through Xg s. Hence, we may assume that such morphisms exists, and so we may assume by Lemma 2.6 and
Lemma 2.5 that S < Q0 < P < R[1].

Applying the functor 7 (—, Q) to the triangle

P Xps — R[1] @ Xps — P[1],
induced by Lemma 2.19 yields the exact sequence

T(P[11.0) — T(R[1]  Xp.5.0) = T (Xr.5.0) —=2, (P, ).

By Definition 2.2, and Lemma 2.5, and Lemma 2.13 this simplifies to the following exact sequence of vector spaces.

ko k2 k 82

This is only possible if 7 (g, Q) = 0. That is, for any pair of maps g: P — Xg s and h: Xgs — Q,thenh-g =0 # f,
and we may conclude that f does not factor through W. O

Lemma 2.22. Let R, Xp o € T be indecomposable objects, such that there exists a non-zero morphism f : R — Xp g.
Then, f factors through Xpr o' ifand only if 0 < Q" < R < P < P'.

Proof. Suppose first that Q < Q’ < R < P < P’. Then, by Lemma 2.6, there is a nonzero morphism g: R — Xp/ o.
Moreover, by Lemma 2.19, there is a triangle

RS Xp o — P'[1]® Xg.or — R[1].
By applying the functor 7 (—, Xp o) to this triangle, we obtain the long exact sequence

) T(2.Xp.q)
T(P [1] @XR,Q/,XP,Q) —_— T(pr’Q/,Xp,Q) 4&’ L T(R, XP,Q) j
2.0

[-> T(P' & Xgr o [-1],Xp,0) — T (Xpr 0, Xp,o[-1])

We claim that 7 (g, Xp,¢) is an isomorphism, so that we may conclude that f factors through g. Well, by Lemmas 2.6
and 2.13, the Hom spaces 7 (P’'[1] ® Xg o', Xp,0) and 7 (P’ & Xg,o'[-1], Xp,o) vanish, and so we may conclude
that 7 (g, Xp,o) is an isomorphism.

To prove the converse, suppose that Q < O’ < R < P < P’ does not hold. Observe that since f is nonzero, it must be
that Q < R < P by Lemma 2.6. Moreover, if 7 (R, Xp o’) = 0, then f cannot factor through Xp- .. Hence, it suffices
to consider cases where 7 (R, Xps /) # 0. By Lemma 2.6, this means that we may assume Q' < R < P.

Similarly, it suffices to consider cases where 7 (Xp/, o/, Xp,0) # 0. By Lemma 2.13, we may assume that either
(HQO<Q <P<Por2)Q[1] <Q < P[1] < P. Combining (1) with the inequality Q" < R < P implies that
Q < Q' <R < P < P/, which is a contradiction since we assumed that this does not hold. Hence, (2) must hold.
Combining (2) and the fact that Q < R < P’ implies Q’[1] < Q < R < P’ < P’[1] < P. However, in this case,
Lemmas 2.6 and 2.13 imply that the exact sequence (2.C), seen as a sequence of vector spaces, becomes

T(g,X,
g Z&Xre) g2
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This is only possible if 7(g, Xp,0) = 0. Since this is true for any g: R — Xps o, given any pair of morphisms
g € T(R,Xp o) and h € T(Xp', 0/, Xp,0), then h- g = 0 # f. Thus, f does not factor through Xp: o/, as
required. o

Lemma 2.23. Let R, Xp o € T be indecomposable objects, such that there exists a non-zero morphism f : Xp .o — R.
Then f factors through Xp: o if and only if Q'[1] < Q[1] < R < P’[1] < P[1].

Proof. The proof is analogous to that of Lemma 2.22, by applying the functor 7 (Xp ¢, —) to the triangle
Xpor = R— Q'[1] ® Xp r — Xpr o [1].

]

Lemma 2.24. Let Xp o, Xp/, o' € T and R € {G)| be indecomposable objects. Let f : Xp o — Xp,o' be a non-zero
morphism. Then f factors through R if and only if Q[1] < Q' < R < P[1] < P’.

Proof. Suppose that Q[1] < Q" < R < P[1] < P’. Then, since Q" < R < P, it follows from Lemma 2.6 that there is a
nonzero morphism g: R — Xpr o-. Therefore, applying 7 (Xp o, —) to the triangle

RS Xp o — P'[1]® Xg.o — R[1]
given by Lemma 2.19, induces the long exact sequence

, T(Xp,0-8) ,
= T (Xp,g, P ®Xg o [-1]) > T(Xpo,R) —— T (Xp,0,Xp.0) = T (Xp,g,P'[1]® Xr o) — -

Therefore, it suffices to prove that 7 (Xp ¢, g) is an isomorphism. Well, it follows from Lemma 2.6 and Lemma 2.13
that under the assumptions Q[1] < Q" < R < P[1] < P’, then the Hom spaces 7 (Xp,o, P’ ® Xg o/[-1]) and
T (Xp,0, P'[1] ® Xg,o) vanish, so that we may conclude that 7 (Xp ¢, g) is an isomorphism.

To prove that converse, assume that Q[1] < Q’ < R < P[1] < P’ does not hold. Observe that we may assume
T(R,Xpr,0) #0,7(Xp,0,R) #0and 7 (Xp,o, Xp,0’) # 0, since otherwise, the statement is clear. Thus, we may
assume that 9’ < R < P/, Q[1] < R < P[1] and that either (1) Q' < Q <P < Por(2) Q[1] < Q' < P[1] < P.
Combining (2) with Q” < R < P[1] implies that Q[1] < Q" < R < P[1] < P’, which s a contradiction since we assumed
this does not hold. Hence, (1) must hold. Combining (1) and Q[1] < R < P’ impliesthat ' < Q < Q[l]<R<P' <P
holds. Similarly to the proof of Lemma 2.22, this implies that there is an exact sequence of vector spaces

T(X s
LX) o g

and so 7 (Xp,p, &) = 0. That is, the morphism f cannot factor through g. m]

We may now complete our computations for the cone of a morphism between indecomposable objects.
Lemma 2.25. Let Xp o, Xp' o' € T be indecomposable objects and let f : Xp o — Xp,o be a non-zero morphism.
Then,
Xp.pr[1] ® Xp,0 ifQ'<Q<P <P
Xp o1 ® Xp1,00 ifQ[1] <Q < P[1] <P

Equivalently, cone f = Xp p/[1] ® X, o' if f is a forwards morphism. Else, f is a backwards morphism and
cone g = XP’,Q[I] @Xp[l],Qf.

cone f = {



16 MARINA GODINHO AND DAVE MURPHY

Proof. Let Q' < Q < P’ < P, then by Lemma 2.22, the top left square of the diagram

0 — Xpo > P[1] > O[1]

2 \Lf lbi:(ulsuz)

0 — Xpo SN P'[1]® Xp,00 — 0[1]

l | l l

0 —>conef ———>conef ———> 0

! l ! |

O[1l] — Xp,oll] > P[2] > 0[2].

commutes. Hence, the full diagram with exact rows and columns exists and commutes by the octahedral axiom.
By Lemma 2.6, 7 (P[1], Xp.o’) = 0. Hence, if u # 0, then cone f = coneu; ® Xp. o = Xp,p/[1] ® Xp, o' by the

definition of Xp p/. To see that u # 0, observe that applying 7 (Xp o, —) to the second row of the diagram yields the
exact sequence

T(Xp.o.h) )
T (Xp,0.0) — T (Xp,0,Xp.0') e T (Xp,0,P'[1] ® Xp.,0') = T (Xp,0,0Q[1])

It therefore follows from Lemma 2.5 that 7 (Xp, o, k) is an isomorphism. Hence, O # /- f = u - g and we may conclude
that u # 0.

Next, suppose that Q[1] < Q' < P[1] < P’, then by Lemma 2.24, the top left square of the following diagram
commutes.

Xp.0 > Q' > Oll] ® Xp[i1,00 — Xp.oll]

lz l !

XP,Q L} Xpr’Q/ _ conef _ XP’Q[I]

l | | l

0 — P[l] ——— P[l] ——— 0

! [

Xpoll] — Q'[1] —— Q[2] ® Xp(i1.0/[1] — Xpol2].

Therefore, this diagram commutes and has exact columns and rows by the octahedral axiom. By assumption, P[1] < P’
and so Lemma 2.6 implies that 7 (P’, Xp[1],0/) = 0. Hence, w, = 0. It follows that cone f = cone w{[—1] ® Xp[],o'-
That is, cone f = Xp/ or11 ® Xp[1],0» as required.

The final statement follows directly from Lemma 2.13. O

2.5. Factorisation Properties, Composition and Triangles

In this section, we consolidate the results established thus far into a handful of propositions that are easier to track.
Our first result summarises the factorisation properties of morphisms between indecomposable objects.

Proposition 2.26. Let Y, Z € T be non-isomorphic indecomposable objects such that T (Y, Z) = k. Then, any nonzero

morphism f 1Y — Z factors through an indecomposable object W if and only if there exist non-zero morphisms
g:Y—>Wandh: W — Z, such that

(1) if f is a forward morphism, then g and h are both forward morphisms,
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(2) if f is a backwards morphism, then one of g or h is a backwards morphism and the other is a forwards
morphism.

Proof. There are eight cases for us to consider, where each of Y, Z, W are either of the form R € (G); or of the form
Xp,p. However, seven of these cases have been considered.

First, when Y, Z, W € (G),, then the statement follows from Definition 2.2 and Lemma 2.12 (1). Further, for
Y,W e (G); and Z = Xp o, then the statement is a consequence of Lemmas 2.8 and 2.12 (1). The third case, where
Y =Xp pand Z,W € (G),, is implied by Lemmas 2.9 and 2.12 (2). Next, whenY € (G)|,Z = Xp,g and W = Xp: o/,
then the statement is entailed by Lemmas 2.12, 2.13 and 2.22. The fifth case, where Y = Xp o, Z € (G); and
W = Xp o/, can be deduced by applying Lemmas 2.12, 2.13 and 2.23. Additionally, the situation where ¥ = Xp o,
Z = Xpr,gr and W € (G); results from applying Lemmas 2.12, 2.13 and 2.24. The seventh case, where Y, Z € (G);
and W = Xp o follows from Lemmas 2.12 and 2.21.

Consider the final case, where Y = Xp o, Z = Xpr o and W = X s. If there does not exists a nonzero morphism
g:Y — W, then the statement is clear. Hence, we may assume that such a morphism exists. The functor 7 (-, Z)
induces the exact sequence

T(Y[1],Z) — T(coneg, Z) — T(W.Z) —52 (¥, Z) — T(coneg[~11.2) - T(W[-11.Z)  (2.D)

We begin by showing that if either (1) or (2) hold, then f factors through W. Suppose first that (1) holds. That

is, f: Y — Z is a fowards morphism and there exist forwards morphisms g: ¥ — Wand h: W — Z. We will

show that f factors through W by proving that 7 (g, Z) is an isomorphism. Due to Lemma 2.13, it must be that

Q' <85 <0 <P <R <P. Moreover, by Lemma 2.25, cone g = Xp g ® Xg s. It thus follows from Lemma 2.13 that
T (cone g, Z) = 0, and so (2.D) implies that there is an exact sequence

0k 282,
Hence, we may conclude that 7 (g, Z) is an isomorphism, as required.

Next, assume that f: Y — Z is a backwards morphism and that there exist a forwards morphism g: ¥ — W
and a backwards morphism A: W — Z. Again, we will show that f factors through W by showing that 7 (g, Z)
is an isomorphism. Our assumptions imply that S < Q[1] < Q' < R[1] < P[1] < P’ by Lemma 2.13 and that
coneg = Xp g ® Xp s by Lemma 2.25. As before, this implies that 7 (cone g, Z) = 0 and we may deduce that 7 (g, Z)
is an isomorphism.

Finally, assume that f: Y — Z is a backwards morphism and that there exist a backwards morphism g: ¥ — W and
a forwards morphism 2: W — Z. Then, Q[1] < Q" < S < P[1] < P’ < RbyLemma2.13 andconeg = Xr o ® Xp_s
by Lemma 2.25. Therefore, 7 (cone g, Z) = 0 and 7 (g, Z) is an isomorphism. Consequently, if either (1) or (2) hold,
then f factors through W.

To prove the converse, suppose that f: Y — Zissuchthat f = hogwhereg: Y — Wand h: W — Z. Assume
first that f is a forwards morphism. We will show that (1) holds by showing that all other cases lead to a contradiction.
If f is forwards and both g and & are backwards, then Lemma 2.13 implies that S < Q' < Q0 < Q[1] < S, which is a
contradiction. Whence, g and & cannot both be backwards.

On the other hand, if f is forwards, g is backwards and h is forwards, then O’ < Q[1] < § < P’ < P[1] < R by
Lemma 2.13. By the same lemma, (2.D) induces the exact sequence

T(8.Z
T(Y[1],2) — k2 — k —&2, k.
Since 7 (Y[1], Z) is at most one dimensional, then 7 (g, Z) cannot be an isomorphism, whence it is zero. We conclude
that f = h o g = 0, which is a contradiction.
By the same arguement, it cannot be that f is a forwards morphsm, g is a forwards morphism and # is a backwards
morphism. We thus conclude that if f is a forwards morphism, then both g and % are forwards morphisms. That is, (1)
holds.
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Next, suppose that f is a backwards morphism. We will show that (2) holds by showing that the two other possible
cases lead to contradictions. If both g and & are backwards, then by Lemma 2.13, (2.D) induces again the exact sequence
(2.5). Therefore, it must be that 7 (g, Z) = 0 and f = h o g = 0, which is a contradiction. Furthermore, if g and / are
both forwards, then Lemma 2.13 implies that S < O < Q[1] < Q’ < S, which is a contradiction. Consequently, if f is a
backwards morphism, then (2) holds. ]

With Proposition 2.26 in hand, we are able to prove that for all indecomposable objects X,Y € T, there is a choice
of generators XY € 7°(X,Y) which respects composition in a suitable sense. This is a subtle result, but it is the key
technology we use to write down functors between triangulated categories with linear generators. It is also helpful for
describing certain triangles in 7.

Proposition 2.27. Let ind T denote the set of indecomposable objects in T. Then, there is a choice of morphisms
{@¥"?:Y — Z}y zcinaT such that for any pair of indecomposable objects Y,Z € T
oV Z = W ZQ¥ W

whenever oY% : Y — Z factors through an indecomposable object W.
Proof. The proof of this result is quite long and subtle, so we postpone it to Appendix A. O

Finally, we may completely determine the triangles containing at least two indecomposable terms up to isomorphism
of triangles.
Corollary 2.28. Let {a¥*?} be a choice of generators as in Proposition 2.27. Then,
(1) Any triangle
X->Y—>Z->X|[1]
in T with three indecomposable objects is isomorphic to the triangle

XY ¥z SaZ-XM

X Y z22 X[

where 6 € k™ is a scalar that does not depend (up to a sign) on the objects X,Y or Z.
(2) Any non-split triangle in T with exactly two indecomposable summands is isomorphic to the triangle

( ";ZZ,) (az,y’_az',y) X111

Y,
x-2"Lzez Y1) 2 xq1],

Jor indecomposable objects Z, 7' and § € k™ is the same scalar as in (1).

Proof. Let us begin by proving (1). Since morphism spaces between indecomposable objects in T are at most
one-dimensional, it follows that any triangle in T with three indecomposable objects is of the form

XY La¥Z 302X

X Y zZ = X[1]

with A1, A3, 43 € k*. We may thus construct the following isomorphism of triangles

ﬂ]dX’Y /Izay’z /13(IZ‘X[]]

X > Y > Z > X[1]

H A7 tidy | @ A3tz | H
XY Y,Z A bz a2-X]

X d > Y d y 7 22 > X[1]

as required.
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It remains to show that ¢ does not depend on X, Y or Z. Due to the above and Section 2.4, there we only need to
consider four cases:

aPQ aQyXP,Q 6QXP,QVP|1|

P Q Xp.0 P[1]

o*R.0-XP R[] aXP.RXP, SaXP.0XR.0
Xrg T Xp r[1] T Xp o[1] 25 Xpol1]

o*P.s-XQ.s 0,5 XP,0 s§a5P.0XP.s
XP,S E— XQ,S E— XP,Q[I] — XP S[l]

o<R.P[1]'XR.Q o<R.0-XP.Q SaXP.QXR.P[1]
Xrp1) — Xg,o — > Xpoll] ———— Xg p(1[1]

for objects P,Q, R, S € (G);. _
As in the proof of Proposition 2.27, there are objects P,Q € (G); and X = X5 o such that for any Xp ¢, there are

forwards morphisms X5 o — Xp,g and Xp , — X. Hence, by the definition of forwards morphisms, the following
commutative diagram exists

P.O 0.Xp o S Xp,o-Pll]

a @ @

P > Q > Xp.o > P[1]

aPP 2.9 o B0 XP QT a/FP[l]
WF0 22%F 0 5 XF0 Pl

?
I
Sl
N —— v
8
©
o
Q| <——©
R
>
]
©
)
I
]
(;

from which we may conclude that § = §" = §”’. Thus, the scalar ¢ is the same for all triangles of the form

P Xo) o2 XP.0 sa<p.0-PlI

P 0 Xp,o P[1].

Now, consider an arbitrary tiangle with three indecomposable objects. Then, a case by case analysis shows that there
are objects P, O such that (up to rotation) it is always possible to construct the left hand diagram below or the right hand
diagram below.

X,Y Y.Z § aZ-Xli XY Y.Z § X112

x —=¢ s Y @ s Z s X[1] x —¢ s Y a s Z s X[1]

lax,g l Y.Xp o lh aZ-Pl1] leQ TQ,QX TUXP’Q’Y T aPllLZ TQQX
Q.Xp.0o XPQ oPlLell] 2P0 o<p.0-PlI PII]QII]

0 "% Xpp P[1] 2—= QJ1] 05X > P[1] %2 o[1].

In either diagram, the left most square commutes, and so the axioms of triangulated categories implies that there must
existan h: Z — P[1] or #’: P[1] — Z making either diagram into a morphism of triangles. By commutativity of the
central square, this forces & = @ P! or b’ = o2, Whence, because the right most square commutes, we may
conclude that §* = §. That is, ¢ is independent of the objects X,Y and Z.

Next, let us prove (2). Consider a non-split triangle with exactly 2 indecomposable summands. Then, we may assume
all morphisms in the triangle are nonzero. Moreover, as in (1), we may use Proposition 2.27 and the fact that Hom-sets
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between indecomposable objects in T have dimension at most one to write

2 aXZ
( x,z’ (/l3 dZ'Y,/MClZ/‘Y)

A y
il ZoZ y = X[1],

ford; € k* with1 <i <5.
There are four cases to consider, depending on whether or not X,Y € (G);. By Lemmas 2.19, 2.20 and 2.25, we
have one of the four following triangles;

N
R El—)—’ O[1] ® Xpp11,r e, Xp,oll] LS R[1], (2.E)
bil

Xp.0 @), P[1] & Xr.0 ~225 RI11 S Xp o1, .

(Q) (f2.82) h
Xrs — Xpr(l]® Xos —— Xpoll] = Xgr,s[1], 2.G)

(£)

8 (f2.82) h

XRr.s — Xr.o[1] ® Xp[i].s —— Xpo[1] = Xr.s[1]. (2.H)

It is straightforward to check, by using Lemmas 2.5, 2.6 and 2.13 and the assumption that Z @ Z’ is not indecomposable,
that in each case there are nonzero morphisms X — Y. Moreover, at least one of f| or f, and at at least one g; or g»
are forwards morphisms. Hence, the compositions f; o f; and g, o g are nonzero by Proposition 2.26. Therefore,
frofi+grogr = (Ads + A)a®Y by Proposition 2.27. However, f; o g; + g2 0 g1 = 0, and so we may write
Ag = —A41 345 ! We can, thus, construct the isomorphism of triangles

’l'"XqZ, zY 1.7y
L aXZ . , (/1311 LA, @ ‘\) Asa¥-X11 .
X A VA > Y > X[1]
(ﬂ;lazz 0 )
0 ' a?? (qaz)~ e
(lXZ) ’
zYy _ 7'y
Xz’ (cx TL,mate ) L ads @Y X1
X sZaZ s Y S s X[1]

as required.

It remains to show that ¢ is independent of X,Y, Z, and Z’. Consider a triangle with exactly two indecomposable
summands and assume that it is written as in one of the four cases (2.E)-(2.H). Then, a straightforward case by case
analysis shows that there is an indecomposable Y’ such that there is a commutative diagram

H/X’Z ’
(O/X,Z’ ) (az’ys—(lz ’Y) S5 oYX
X >y ZoZ' > Y > X[1]
| Lo o |
X.Z z,y' Y’ X[1]
X @ s 7 @ Sy’ da s X[1]
where both rows are triangles, and all maps in the diagram are nonzero. Therefore, §" = 4. O

2.6. Functors Preserving Linear Generators

We aim to understand functors between triangulated categories satisfying Setup 2.1 with linear generators, and what
properties these functors may preserve under mild assumptions.
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Recall that a functor # : T — & between triangulated categories commutes with the respective suspension functors
if there exists a natural isomorphism ¢: & o [1]g — [1]s o F. Moreover, the functor # preserves a triangle

x5y 2 X1,
in T if
7x) 2L 7(v) 22 7 (z) 22 #(x[119),

is a triangle in 8.

Theorem 2.29. Let T and S be triangulated categories satisfying Setup 2.1 and admitting linear generators G and G’,
respectively. If there is a fully faithful additive functor F: {G); — {(G’)| that commutes with the respective suspension
Sfunctors, then there exists a fully faithful additive functor F . T — 8 which commutes with suspension and preserves
triangles with at least two indecomposable terms.

Proof. Let {a¥? }v.zeina 7 be a choice of generators in as in Proposition 2.27. Then, by Corollary A.2, the generators
{F(a¥%)}y ze(G), 7 can be extended to a choice of generators {#Y*#}y zes which is compatible with composition.

Let P, Q € (G); be non-isomorphic indecomposable objects. Then, by Corollary 2.28, any triangle with vertices
P # Q in T and any triangle with vertices F(P), F(Q) € 8 is isomorphic to

P o) 5TGQ,XP,Q QXP,QVP[I]

P o Xp.0 P[1] 2.0

BFP).F(Q) 5557 @ XF(P).F(Q) BEF(P)F(@)-FP
F(P) F(Q) Xp(p),F(@g) — F(P)[1] 2.0

respectively. Here, 6, 8g € k™ are scalars that only depend on the generators for Hom spaces that we have chosen in T
and 8 and not on the objects P, Q.

We may "change basis" {#%Y} in § in the following way. We first let y*-€" = g2’ for all indecomposable
objects P’,Q’ € (G’);. Then, for indecomposable objects F(Q) € (G')1 and Z = Xp(p) Fro) ¢ (G'), let
yF(@.Z - 655(}1,8’7@)’2. Moreover, for indecomposable objects Q" € (G"); and Z’ = Xps o ¢ (G’)1 which are not
in the essential image of F, let y2-% = B2"-Z_ Then, we use Proposition 2.27 to complete this choice of generators to
{y¥*%}y zeinas- By the proof of Proposition 2.27, it is straightforward to check that yZFPI = pZ.F(P)I1]  Under
this choice of basis, we may rewrite the triangles (2.1) to

oP-0 (;(J,Q,QXP,Q o <p.0-Pl

P 0 Xp.0 P[1] 2.K)

F(P),F(Q)

sy’ (@ XF(P)F(Q) YyXFP),F(@)-F(PI
F(P) F(Q) Xr(p),F(g) — F(P)[1]. (2.L)

Let us now define the functor #: T — 8. Note that, since § and T are Krull-Schmidt, it suffices to define &
on indecomposable objects. For ¥ € T indecomposable, if Y € (G); then we let #(Y) = F(Y). Otherwise, if
Y ¢ (G)|,thenY = Xg 5 for some R, S € (G) and so we let #(Y) := Xz (r),#(s). For a morphism a¥? e T, we let
F(a¥?) = y¥-Z and extend linearly over .

Given indecomposable objects Y, Z € T, the linear map & : 7 (Y, Z) — S(F (Y), F (Z)) is bijective since it maps
basis to basis. Since our categories are Krull-Schmidt, this is enough to conclude that & is fully faithful.

Moreover, ¥ commutes with the suspension functor. To see this, let P,Q € (G);. Then, there is a natural
isomorphism

Y

F(P[1]) = F(P[1]) = F(P)[1] = #(P)[1]
by assumption on F. On the other hand, for Y = Xp: ¢ € S and Z = Xp ¢ € T, recall that by Remark 2.14, there are
canonical isomorphisms Y [1] — Xp/[1],0/11] and Z[1] — Xp[1],0[1]> S0 that we may identify Y [1] = Xp/(1],0/[1] and
Z[l] = XP[IJ,Q[1J~ Therefore,

F(Z[1]) = F(Xpmy.011) = Xrpr1)),F[1]) = XFp)[11,F0)[1] = XFp),F(o)[1] = F(Z)[1].
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where the isomorphisms involved are natural by assumption on F. Again, since our categories are Krull-Schmidt, this is
enough to conclude that ¥ commutes with suspension.

Finally, given the definition of %, then Corollary 2.28 implies that # preserves all triangles with three indecomposable
objects. Hence, it remains to show that & preserves triangles with exactly two indecomposable terms. Well, the image
of a triangle in T with two indecomposable summands under F is

(ﬁ(xw(m )
F (0.7 (2") F(2).F () F(Z).FY) 5y FN.F O]

)L L gmeFiz) Y L) 2 g (x0]

which, by Corollary 2.28 and our choice of {yY>#}, is a triangle in 8. o

We find an immediate corollary to Theorem Theorem 2.29.

Corollary 2.30. Let T and S be triangulated categories satisfying Setup 2.1 and admitting linear generators G and
G’, respectively. Let F: (G)| — (G’ be a fully faithful additive functor which commutes with suspension. Then, the
Sfunctor F constructed in Theorem 2.29 is an additive equivalence if and only if F is an equivalence.

Corollary 2.31. Let T and 8 be triangulated categories satisfying Setup 2.1. Suppose that T admits a linear generator
G and that 8 admits a generator G’. Let F: (G); — (G’)| be an additive equivalence which commutes with suspension
and is such that F(G) = G’. Then, G’ is a linear generator of 8§ and the functor F constructed in Theorem 2.29 is an
additive equivalence.

Proof. In view of Corollary 2.30, it suffices to to prove that G’ is a linear generator of G. Let G = @?:1 G;, where
G; are indecomposable. Then, since G’ = F(G) and F is an additive equivalence, G’ = @?:1 F(G;), with F(G;)
indecomposable. Since F is an equivalence which commutes with suspension, it is thus straightforward to check that G’
satisfies the conditions of Definition 2.2. O

Remark 2.32. 1t is possible that the functor & constructed in Theorem 2.29 is in fact a triangulated functor which
induces a triangulated equivalence under the conditions of Corollary 2.30. In fact, it is even possible to show that for
any triangle
xLy&zm xmy,
in T, then there exists a triangle of the form
F(X) 5 F(¥) S F(2) 5 P(O[s,

in 8. However, it is a delicate question whether this triangle in § is isomorphic to the image of the above triangle in T
under the functor &.

3. Graded Endomorphism Algebras of Linear Generators

3.1. The Algebra A®

In this subsection, we are interested in computing the graded endomorphism algebra of a minimal linear generator G.
of J. Recall from [Mur25a] that a generator is minimal if there exists no proper direct summand H of G, such that H is
a generator of 7.

Definition 3.1. Let 7 be a triangulated category. Recall that the graded endomorphism ring of an object Y € T is the
graded ring End?(Y) which, at degree i, is given by

End}(Y) = ExtS.(Y,Y) = (Y, Y[i]).
For f € End"T(Y) and g € End,jI(Y), multiplication is given by the rule

g~ f =glil o f € End’ (M).



LINEAR GENERATORS 23

Notice that if T is Krull-Schmidtand ¥ = @:ﬁl Y;, then End’-(Y) can be written as a graded generalised m X m-matrix

T
ring
End (Y1) Ext; (Y2, Y1) -+ Ext;(Yim, Y1)
. Eth}(Yl, Y>) Endf}(Yz) s EXt*,I(Ym, Y>)
End%.(Y) = . . . .
Ext; (Y1, V) Extg(Y2,Yn) - End (Y;,)

where End:; (Y;) are seen as graded rings and Ext;(Y;,Y;) are seen as graded End?.(Y;)-End:; (¥;)-bimodules.

Proposition 3.2. Let T be a triangulated category satisfying Setup 2.1 and admitting a minimal linear generator
G = EB:ZI G; with m indecomposable summands. Then, EndZ.(G) is isomorphic to the upper triangular m X m-matrix
algebra x©, with
klx] ifi=jand G; < G;[1]
X =10 ifj<i
k[x*] otherwise.
where x is concentrated in degree —1.

Proof. Let {a/Y’Z}y, Zeind T be a choice of generators of Hom spaces as in Proposition 2.27. Moreover, by reordering if
necessary, we assume that G; < G; for all j <i. By the definition of a linear generator, these assumptions imply that
G,[t] < G, forall t € Z. To simplify notation, let A := End.(G). Throughout the proof, k[x] and k [x*] are graded
rings with grading defined by considering x as a homogeneous element of degree —1.

We begin by constructing isomorphisms A; ; = )(fj that repect grading. Observe first that the definition of a linear
generator implies that

A{; =Homg(G;,Gi[t]) = k - @©rCl!]

foralli, j,t € Z, and where might possibly be zero.

If j < i, then G, < G;[t] for all t € Z and so a®/Cil!l = 0 by the definition of a linear generator. Hence,
Ai,j = 0 = ij

Consider next the case j =i and G; < G;[1]. If 0 <7, then G; < G;[t] so that Al . = 0. If, however, ¢ < 0, then
Aﬁ’i # 0. In fact, For ¢, s < 0, observe that ’

qCiGiltl | (Gi.Gils] = ,,Gi.Gilr] [5]

G;.Gi[t]

O(ZG'-’G‘-[SJ — aGi,Gilt+SJ’

and we may construct a graded algebra isomorphism
A — k[x]: @Gl o i

forallz < 0.
On the other hand, if j = i and G; = G;[1], then A} i* 0 for all ¢ and so there is an algebra isomorphism

Aii = k[x®]: @GOl it

forall ¢t € Z.
Next, suppose i < j, so that G; < G and G;[t] < G, forallt € Z. Lets,{ € Z. If s <0 or G; = G;[1], and if
t <0or G; = G;[1], then

oCi-Gilsl | ,,G;.Gilt] — Gilt].Gils+t]  ,,G).Gilt] — ,G;,Gils+1]

aCi-Giltl | ;,Gj.G;lt] Gjltl.Gilt+t] o ,,Gj-GlE] = ,,Gj.Gill+1]

=a
Hence, under the identification A;; = k[x] or k[x*] and A; ; = k[x] or k [x*], then there is a graded A; ;-A;, j-bimodule
isomorphism

Aij = k[x*]: @90Cil o 5t
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forallz € Z.
Finally, we let ¢: A — x© be the graded ring morphism specified by

xt ifi=j,G;<Gi[l]andt <0
G 0 ifi=j,G;<G;[1]and0 <t
Gi,Gjlt] o i i
a~" I ) i, = .
[(1 IMIIVESS P
x'  otherwise.
It is straightforward to check that this is indeed a graded ring isomorphism. O

Let G € T be a linear generator of a triangulated category satisfying Setup 2.1. Then we define A® to be the
differential graded algebra with underlying graded algebra y© and with a trivial differential, d = 0. Our goal for the
remainder of this section is to show that A is a linear generator of the triangulated category perf(A®), so that we may
construct an equivalence T — perf(AY). We first recall a well-known lemma that will be useful to us.

Lemma 3.3 (See e.g. [Kral5, Prop. 2.3] or [JY22, A.1 (iv)]). Let A be an additive idempotent complete category and
consider objects X,Y,Z € A. If Y € add4 X, then functor AX— induces an isomorphism

A(Y,Z) — Homgyg , (x) (A(X,Y), A(X, Z)).
which is natural inY and Z.

Proposition 3.4. Let G € T be a minimal linear generator of a triangulated category satisfying Setup 2.1. Then, the
functor

Ext3(G,-): (Gh — (A%)
is an equivalence.

Proof. LetG = @:’il G,. We begin by showing that the functor ExtZ.(G, —) is fully faithful. This amounts to showing
that the assignment

7 (G, G; [t]) = Homyc (EX'[*U-(G, G)), EXt;-(G, G; [t]))

sending f: G; — G [t] to f o (-) is bijective. This is essentially a consequence Lemma 3.3, as we will explain below.
Observe first that morphism f € Homa (ExtZ.(G, G;), Ext$.(G, G[t])) is equivalent to the data

(f*: 7(G.Gils]) » T(G,Gjls +1]))sez.

where for all for all @ € 7(G, G;[s]) and A € (A®)!, fS(a) - A = f*(a- Q).

We claim that f is uniquely determined by f°. To see this, note that, under the graded algebra isomorphism of
Proposition 3.2, then @ € 7 (G, G;[s]) can be written as @ = (ax*);L, withay € kforall 1 < <m. LetI_5 € AC
denote the m X m diagonal matrix with entries x~* along the diagonal. Then,

FH@) - Ios = fPUaex®)fL 1-s) = U@Ly,
and so
fs(a) = fo((a(’);?nzl)ls-
Hence, the morphisms f* are all uniquely determined by f°. That is, f is determined by its component f°.

Furthermore, morphisms f° are precisely the morphisms in Hom 610 (7 (G, G;), T (G,G,[t])). By definition,

(A)? = 7(G,G) and G; € addy G, so that by Lemma 3.3, there are isomorphisms
7(Gi,G;[t]) = Hom 6y (T(G,G;),T(G,G;[t]))

sending h: G; — Gj[t] to ho (-).
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Since morphisms f € Homc (Ext;:(G, G;), Ext7.(G, G [t])) are determined by the component f 0, this is enough

to conclude that the assignment
T (G, Gj [t]) — Hompc (Ext*T(G, Gi), EXtS«(G, Gj [l]))
sending f: G; — G[t] to f o (-) is bijective.

To conclude that Ext.(G, -): (G)1 — (A% is an equivalence, it remains to show that it is essentially surjective.
This is essentially the same arguement as in the proof of [Kral5, p. 2.3]. An objectY € (A%); is a summand of (A%)*[¢]
for some intergers s, r. Hence, there is an idempotent morphism é&: (A¢)* — (A%)%and morphisms p: G* — Y [-t],
i:Y[-1] > G*suchthatiop=¢éand poi=idy[].

Since the functor Extf‘I(G, —) is fully faithful and additive, there is an idempotent e¢: G* — G°® € T such that
€ = e o (—). Because 7 is idempotent complete (since it is Krull-Schmidt), e splits so that there are morphisms
p:G* - Xandi: X —» G® withiop =eand p oi =idy.

It is straightforward to check that the morphisms

(po (=) oi:Y[-t] - Ext3(G, X),
(io(=))op: Extg(G,X) = Y[-1]
are inverses. Hence, since Ext*T(G, —) commutes with suspension, Ext*T(G, X[t]) =Y, as required. m]

Theorem 3.5. Let G € T be a minimal linear generator of a triangulated category satisfying Setup 2.1. Then, there is
an additive equivalence F : T — perf(A®) which commutes with the respective suspension functors and preserves
triangles with at least two indecomposable terms.

Proof. This is a direct consequence of Corollary 2.31 and Proposition 3.4. O

Recall that an algebraic triangulated category is a triangulated category 7T such that there exists a Frobenius exact
category € and a triangulated equivalence € = 7. Here, € denotes the stable category of E.

Corollary 3.6. Let G € T be a linear generator of a triangulated category satisfying Setup 2.1. Suppose that T is
algebraic. If G is indecomposable, then there is a triangulated equivalence T — perf(AC).

Proof. If G is indecomposable, then A® = k[x*] or A® = k[x], depending on whether or not G = G[1]. If G = G[1],
then A® = k[x*] and the morphisms in T are isomorphisms. Hence, the only triangles in T are triangles isomorphic to

direct sums of shifts of the triangle 0 — G X, G — 0. Thus, it is straightforward to see that the equivalence F of
Theorem 3.5 preserves all triangles.

On the other hand, if G < G[1], then A® = k[x], with x in degree —1. It follows from [Aug+23, Lemma 3.1] that
AY is intrinsically formal, which, by definition, implies that A% is quasi-isomorphic to EndgG(G). Hence, since T is

algebraic, [Kel94, §4.3] implies that there is a triangulated equivalence T — perf(A©). O

3.2. The Algebra A,

With applications to Discrete Cluster Categories of type A in mind, we consider a triangulated category 7T satisfying
Setup 2.1 and equipped with a minimal linear generator G = @1221_ ! P; such that P; = P;[1] if and only if i = 0 mod 2.

For such a generator G, we know by Proposition 3.2, that y© is the upper triangular (2n — 1) X (2n — 1)-matrix algebra
k[x] ifi=jandi odd,
EXt*j«(Pi,Pj) =10 if j <1,
k[x*] otherwise.

From now on, we shall denote )(G by A,. Let e; € A, correspond to the idempotent matrix whose entries are zero
everywhere except at index (Z,7), in which case the entry is 1.
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The algebra A,, admits a particularly nice presentation as the path algebra of a graded quiver. More precisely, let O
be the quiver

ﬁZ ﬁ4 ﬁ2n—2
0: S12 \Q 523 634 Q o ZQZ 62n-2,2n-1 1.
3 -2 @pn-1

Let Q¢ denote the set of vertices of Q and for each a € Q() write ¢, for the trivial idempotent path in Q at vertex a.
Moreover, let B C Qg be the set of vertices such that there is no loop §j for b € B. Consider the ideal / is given by

I:= <a'a,8u —la, ﬁua'a —la, abéb,b+l - 5b,b+lab+ls ﬂaéu,a+16a+l,a+2 - 6u,a+16a+l,a+2,3a+2>,

forl <a,b<2n-1,and a ¢ B. The goal of this section is to prove the following result.

@2” ' P;, such that P; = P;[1] if and only if

1

Theorem 3.7. Let G be a minimal linear generator of T, with G
i = 0mod 2. Then there is an isomorphism of graded k-algebras,

An — kQ/I.
To prove this theorem, we begin with some lemmas concerning submodules of kQ/1.

Lemma 3.8. Let a, b be different vertices in Qq, and let m € Z. Then (1o(kQ /D)™ = (14(kQ/I)t3)° as k-vector
spaces. Moreover, the dimension of (1o (kQ/I)wp)™ as a k-vector space is at most 1. In fact, if there is a nonzero path
o € (tq(kQ /D)™, then it is equivalent to
0---00a™™ ifm <0,
o=1{0---00" ifm=>0andb ¢ B,
0---0B™5 ifm=>0andb e B.

Proof. In order to avoid cluttered notation, given arrows d, 5, @, and 5,, we may supress the indices a and b when
there is no ambiguity.

Suppose o = pdpd - - - pdp is a path of degree m € Z, starting at ¢ and ending at b where each p is some path
consisting combinations of cycles a., ., and ¢, for a ¢ € Qy.

By the relations in I, we know that @0, = dapap and @B, = Baa,, and so we may "commute”" @ with 8 and §.
Hence

o=0' =p"16p25---Briépral,

where m = Y. (i) — i

Similarly, according to the relations in /, for a vertex ¢ € B, BcOc c+10c+1,c+2 = Oc,c+10c+1,c+28c+2, and so we may
"commute" S with paths starting and ending at vertices not in B. Hence, we have either

oc=o{ = 5---66a' B,
or
o=y =6--6p6d,
where, in both o{" and ¢}’, we must have m = j —1i, as o is in degree m and all paths ¢ are in degree 0.
Thus, one of the following is true;

0---00a™™ ifm<O,
og=1{06---008" ifm>0and b ¢ B,
6---68m5 ifm>0andb € B.
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That is, any non-zero path from a to b of degree m, is equivalent to one of the above paths in kQ/I, determined by
m and b. Indeed, such a path exists if and only if a path of degree O between a and b exists, as any path starting
and ending at different vertices must pass through a vertex not in B. Hence there is a k-vector space isomorphism
(ta(kQ/Dtp)™ = (1,(kQ/I)13)°, and it follows that the dimension as a k-vector space is at most 1 as Q is atree. O

Lemma 3.9. There is an isomorphism of graded k-algebras,
ta(kQ/Ntq = eqAyeq = EndS(Py),
for any a € Q.

Proof. By Lemma 3.8, there exists at most one non-zero equivalence class of paths of degree i starting and ending at
vertex a: If i < 0, then all nonzero paths are equivalent to o', and so (t,(kQ/I)t,)" = k - a'. On the other hand, if
i = 0, then all nonzero paths can be represented by ¢, and so (¢, (kQ/I)t4)" = k - 1,. Ifi > 0 and a € B, then there is no
loop B, at a and so there are no nonzero paths of degree i. However, if i > 0 and a ¢ B, then all nonzero paths are
equivalent to 8, so that (1, (kQ/I)iy) =k - B'..

Suppose first that a € B, then a is odd and P, < P,[1] by definition of the linear generator G. Hence, there is
an isomorphism End?(P,) = k[x], with [x| = —1 by Proposition 3.2. Moreover, since a € B, then, by the above,
there are no nonzero paths starting and ending at a of degree i > 0. We may thus construct a graded k-linear map
Ya.a : ta(kQ/Diy — k[x] sending @’ +— x~% for i < 0 and sending ¢, — 1. This is clearly a graded algebra
isomorphism.

Next, consider the case a ¢ B. Then, a iseven, P, = P,[1] and End%.(P,) = k[x*], with |x| = —1 by Proposition 3.2.
Thus, similarly to before, we may construct the k-linear map ¢, 4 : ta(kQ/Dty — k[x*'], taking o + x 7% fori < 0,
ta = 1,and B, — x~ fori > 0. Again, it is clear that this is an isomorphism of graded k-algebras given the relations
@afa —tqg and Baag — tg. ]

Lemma 3.10. Let a, b be distinct vertices in Q. Then there is an isomorphism of graded End* (P, )-End* (P},)-bimodules
ta(kQ /Dy = eqAnep = EXt:;'(Paa Pp).

Proof. If b < a, then there are no paths from a to b, and so ¢, (kQ/I)t, = 0. Similarly, by definition of the linear
generator G, b < a implies that Extf}(Pa, Pp) = 0. Whence, we may assume a < b.

There are two cases to consider: the case where a € B and b ¢ B or vice-versa. Let us first assume that a € B
and b ¢ B. By Proposition 3.2 and the of G, we know that there are algebra isomorphisms End*(P,) = k[x],
End*(Pp) = k[x*]. Moreover, Ext;.(Pg4, Pp) = k[x*] as a k[x]-k[x*]-bimodule. Hence, it suffices to show that
ta (kQ /Dty = k[x*] as a k[x]-k[x*]-bimodule.

There is only one degree zero path from a to b given by 0 = 64.4+1 - 0p—1.p, SO that (ta(kQ/D1p)° = k - o
Moreover, by Lemma 3.8, any path a — b of degree m < 0 is equivalent to o™, and any path a — b of degree j > 0
is equivalent to o8/. Hence, (1, (kQ/I)t,)"™ = k - ca™ and (1, (kQ/I)1p)) = k - /. We may thus construct the
graded bimodule isomorphism ¢, ¢ to(kQ /1)ty — k[x*] via the assignment o™ + x™™, o+ 1,and o/ > x~/
form <0and j > 0.

The case where a ¢ B and b € B is similar, and and so we omit it. O

We are now in a position to prove Theorem 3.7.

Proof of Theorem 3.7. We combine Lemmas 3.9 and 3.10, and Proposition 3.2 to construct a k-linear isomorphism
h: kQ/I — A, sending a path o between vertices a — b to ¢, (o). Here, we mildly abuse notation and denote the
composition of ¢, p: takQ /Ity — ea\,ep With the natural inclusion iy p: egAnepr — Ay as @ap: takQ /1ty — Ay

All that is left to show is that & is an isomorphism of graded k-algebras. Let oo € kQ/I be a path a — b of degree i
and let T € kQ/I be a path b — ¢ of degree j. We would like to show that k(o 1) = h(o)h(7).
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A case by case analysis of Lemma 3.8 together with the definition of ¢, 5 and ¢, . implies that
W) = @ap(0) = iap(x')
h(7) = @ (7) = ip.c(x)).
Thus, h(c)h(T) = ig . (x").

Moreover, since paths o "commute" with paths ¢ due to the relations 7, then, by Lemma 3.8, there is a degree zero
path vy such that

voa~ 77 ifi+j <0,
voB*7  ifi+j>0andc ¢ B,
YoB'*/6 ifi+j>0andc € B,
o ifi+j=0.

oT =

In any of the cases above, o
hoT) = ¢u.c(07) =i (') = h(o)h(7),
as required. O

4. Discrete Cluster Categories

Discrete cluster categories of Dynkin type A, labelled C,, for n € Z*, were introduced by Igusa-Todorov [IT15], as
an example cluster categories arising from cyclic posets. These categories may be thought of as an infinite rank version
of the cluster categories of Dynkin type A, first studied independently in both [Bua+06; CCS05]. Also, discrete cluster
categories of Dynkin type A, can be seen as generalisation of a category studied by Holm—Jgrgensen [HJ10], namely
the perfect derived category of k[x] viewed as a differential graded algebra, with x in homogeneous degree —1 and
equipped with a trivial differential. In the case n = 1, there is a triangulated equivalence between C; and perf & [x].

The categories C,, are Hom-finite, k-linear, Krull-Schmidt, 2-Calabi-Yau, triangulated categories. Becuase these
categories are well-behaved examples of cluster categories of infinite rank, they have been studied by many authors
since their introduction [Fis14; GHJ19; GZ23; LP17; Mur25b]. The category C,, admits a combinatorial model, with a
discrete set of infinitely many marked points on the boundary of a closed orientated disc, and n so-called accumulation
points. The indecomposable objects of C,, are in bijection to isotopy classes of non-contractible curves between marked
points, such that the curves are non-isotopic to the boundary.

Paquette—Yildirim introduced a completion of €, in [PY21] by considering a Verdier localisation of Cy, by a thick
subcategory, labelled C,. The category @, also admits the same combinatorial model as €,,, however we now also
consider isotopy classes of curves with endpoints in the set of accumulation points and marked points.

The categories én have since been studied in their own right [Aug+23; Fra25b; Mur25a; Mur25b], and are our
primary example of triangulated categories admitting a linear generator.

4.1. Paquette-Yildirrm Completions of Discrete Cluster Categories of Dynkin Type A,

By adapting a construction found in [GHJ19], we construct the category @, via a combinatorial model, namely the
closed disk D? with marked points on the boundary. We will consider D? to have an anti-clockwise orientation on the
boundary dD? = S'.

Definition 4.1 ((GHJ19]). A subset .Z of dD? = S! is called admissible if it satisfies the following conditions:

(1)  has infinitely many elements,

(2) # c S'is a discrete subset,

(3)  satisfies the two-sided limit condition, i.e. each x € S' which is the limit of a sequence in . is a limit of
both an increasing and decreasing sequence from .# with respect to the cyclic order.
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The points at which the two-sided limits in .# converge are called the accumulation points. Note that these
accumulation points are not in ., as they do not have defined successors and predecessors, meaning .# would not
be discrete if they were to be included. As in [GHJ19], we may think of . as the vertices of the co-gon. For an
admissible subset .Z € S', we label the set of accumulation points L(.Z), and give them a cyclic ordering induced by
the orientation of S'.

Let a € L(.#) be an accumulation point, we define a, € L(.#) (resp. a- € L(.#)) to be the accumulation point
suchthat a < b < a* withb € L(A) (resp. a- < ¢ < a with ¢ € L()) implies b = a or b = a, (resp. ¢ = a_ or
¢ = a). Moreover, we say that a is its own successor and predecessor, thatis a = a* = a~. Let M = L(M) U M.

FiGURE 1. An admissible subset . of S'. The marked points in .# converge to the accumulation
points represented as small circles, and each marked point x has both a predecessor and a successor,
labelled x~ and x™ respectively.

Definition 4.2 (See [GHI19]). A arc of . is a subset £x = {xo,x1} C . with x| ¢ {x;,x0,x} }, where x* and x~

are the successor and predecessor respectively to x € M. 1f fy = {y0,y1} is another arc, then €x and {y cross if
X0 < Yo <X <y <Xxporxp<y| <xj <Yy <xo. We will call the points xg and x| the endpoints of {x.

We may think of an arc £x = {x¢, x; } as being a representative of the isotopy class of non-self-intersecting curves in
D? between the marked points x and x;. Two arcs cross if any of their representative curves cross in the interior of D?.

There are four types of arcs for us to consider; short arcs, long arcs, limit arcs, and double limit arcs. An arc
¢ = {x, y} with endpoints in .# is a short arcifa <x <y < a;,andisalongarcifa_- <x < a <y < a4, for some
a € L(M). An arc £ = {x,y} is a limit arc if x € L(#) and y € 4, or vice versa, and ¢ is a double limit arc if
x,y € L(M).

Note that there are no long arcs, nor double limit arcs when n = 1. We write (double) limit arcs to mean the set of all
limit arcs and double limit arcs.

In [PY21], the authors construct a Hom-finite, Krull-Schmidt, k-linear, triangulated category, denoted G(Dz, %)
here, such that the indecomposable objects are in bijection to the arcs of M, for |L(M)| = n. The suspension functor
of @(D?, M) acts on indecomposable objects by taking endpoints in . to their predecessor, and taking an endpoint
in J/ to itself. The authors of [PY21] show that (D2, .#)(X,Y) = k if and only if £x and ty[-1j cross for X,Y
indecomposable objects in C(D2, /), and C(D?, #)(X,Y) = 0 otherwise.

These categories are known as the Paquette-Yildirim completions of discrete cluster categories of Dynkin type A,
however we shall hereafter refer to them as Paquette-Yildirim categories.

Let ./ and .# be admissible subsets of S' such that |L(.Z)| = |L(#)| = n, then there is an equivalence of categories
between (D2, /) and C(D?, ). Therefore for all n € Zs;, we will consider an admissible subset of S! with n
accumulation points, .#,, and so we consider the category @, = C(SY, M ,) as the representative of the equivalence
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Ficure 2. Four arcs of %, where {x is a short arc, ¢y is a long arc, {y is a limit arc, and £z is a
double limit arc.

class of discrete cluster categories of Dynkin type A, with n accumulation points. From now on we shall make no
distinction between indecomposable objects in @, and arcs of /.

Let X = {xo,x1} and Y = {yg, y1} be indecomposable objects in ©,, such that Yo < X9 < y1 < X1, then there exists
two triangles in @n;

X—>A®B—-Y — X|[1],
Y—->CoeD—-X->Y[l]

where A = {Y1,x1i, B ={yo,x0}, C = {yo,x1},and D = {xg,y1}. Moreover, for indecomposable objects U = {a,u}
andY = {a, v} in C, with a < u < v < q, then there also exists a triangle in C,, of the form;

X—>Z->Y - X|[1],

where Z = {u, v}.
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X0 N

Y1

Ficure 3. The arcs corresponding to triangles coming from non-split extensions between
indecomposable objects.

Definition 4.3. Let X be an indecomposable object in C,. Let Mx C M be the set of marked points that are the
endpoints of the arcs corresponding to suspensions and desuspensions of X. If A = @5:1 X;, with all X; indecomposable,
then %A = 5:1 %Xi' We call %A the orbit of A in M . If we have %A = % then we say A has a complete orbit in
M.

The following lemma shows how the Ext!-spaces are given in C,.

Proposition 4.4 ([PY21], Prop. 3.14). Let X,Y € @,, be indecomposable objects. Then @n(X ,Y[1]) is at most one
dimensional. It is one dimensional if and only if one of the following conditions are met for the arcs {x and ly:
o X,Y cross,
e X # Y share exactly one accumulation point, and we can go from X to Y by rotating X about their common
endpoint following the orientation of S',
e X =Y are double limit arcs.

Lemma 4.5. Let Y, Z € C, be non-isomorphic indecomposable objects such that C,(Y,Z) = k, and write Y = {y1, y2}
and Z = {z1,22}. Then any morphism f : Y — Z factors through an indecomposable object W = {w1, w,} if and only
ifz1 > wi >y and zp > wy > yo with respect to (S', M).

Proof. This is a direct consequence of [IT15, Lemma 2.4.2], and [PY21, Lemmas 3.8, 3.9]. O

4.2. Linear Generators of @n

The classical generators of @, were classified in [Mur25a], using a notion of an object being homologically connected.
An object X in a triangulated category T is homologically connected, if for any two indecomposable objects Y, Z € (X),
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there exists a sequence of non-zero, irreducible morphisms between indecomposables in (X), starting and ending at Y
and Z. Note that there is no requirement on the direction or composition of the morphisms.

Theorem 4.6 ([Mur25a]). Let G be an object in @,.. Then G is a classical generator if and only if G is homologically
connected and G has a complete orbit in M.

FiGure 4. A fan generator of G

LetE € @, be the object in Figure 4, then E is a generator by [Mur23, Lemma 4.3.2], and we call E a fan generator
of C,,.

Lemma4.7. LetE € C, be a fan generator. Then E is a linear generator.

Proof. By Proposition 4.4, we have the Hom spaces @n(E,-,E]- [[]) 2 kifandonly ifi < j,ori = jand ! < 0.
Hence we may impose a linear ordering on the indecomposable objects in (E){, such that E;[/] < E; if and only if
Cu(Ei,E 7[1]) = k. It also follows from Proposition 4.4 that P < P[1] for all indecomposable objects P € (E);.

Suppose that P < Q < P[1] for some Q € (E);, and suppose that P = {aj,x} for some x € 4. Then
P[1] = {a1,x"}, and let Q = {ay, y}. By Proposition 4.4, and the construction of the linear ordering above, P < Q if
and only if a; < y < x < ay, similarly Q < P[1] if and only if a; < x~ <y < a;. Hence either y = x or y = x~, and so
either Q = Por Q = P[1].

Finally, if R < Q < P in (E);, then a morphism from P to R factors non-trivially through Q by Lemma 4.5. O

Lemma 4.7 means that we may apply the results of Sections 2 and 3 to the category @, as it is a Hom-finite,
Krull-Schmidt, triangulated category with a linear generator. Importantly, this means that by Theorem 3.5, there is an
additive equivalence €,, — perf(AE).

In fact, it follows from subsection Section 3.2 (see also [Mur23, Theorem 4.3.10]) that the graded endomorphism
ring of E is isomorphic to A,,. We thus have the following result.

Theorem 4.8. Let C,, be a Pagquette-Yildirim category with n accumulation points. Then there is a additive equivalence

F: @n > perfA,,
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such that & commutes with the respective suspension functors, and preserves triangles with two indecomposable terms.
Moreover, let S be a triangulated category satisfying Setup 2.1, admitting a linear generator H. Then 8 is additively
equivalent to a thick subcategory of C,, for some n € Z.

Proof. 1tis clear that the fan generator E satisfies the assumptions of Section 3.2. Hence, the existence of the additive
equivalence & : C, > perfA,, follows from Theorem 3.5.

For the second statement, let & me a thick subcategory of @, for some n € Z, and suppose that H is a linear generator
for 8. To prove our claim, it is enough to show that there exists a fully faithful additive functor F’: (H); — (E); C G,
for some n € Z* by Theorem 4.8 and that the image %’ ((H)) of (H) under the induced functor #” is a thick subcategory
of @n.

Suppose that H = @:’il H;,andlet E € @m.'.]. Then we define the functor F’: (H); — (E); such that;

Eoyiy if Hy < Hi[1],

F(Hl) - {Ezl if H; EHL[I]
Then it is clear that F”’ is a fully faithful additive functor by Definition 2.2, and the construction of E € @m+ 1.

Finally, to see that ' ((H)) is a thick subcategory of @, consider that we need to prove that ¥’ ((H)) = (E’)
for the direct summand E’ = F’(H) of E. Since ' is an equivalence, and (E’) is a full subcategory, it suffices to
show that the objects in (E’) are the same as the objects in F’({H)). Given that E’ is itself a linear generator of
(E"), then every indecomposable object of (E’) fits into a triangle with at least two indecomposable terms in (E’); by
Corollary 2.18. However, the functor &’ preserves triangles with at least two indecomposable terms by Theorem 4.8,
and F'((H)1) = (E’)1, an indecomposable object is in the thick closure of E’ if and only if it is in the image of 8 = (H)
under F’. Hence 8 is additively equivalent to a thick subcategory of Consl- O

Remark 4.9. We note that the characterisation of § as additively equivalent to a thick subcategory of Cyue1 is nOL unique.
For instance, we may consider a linear generator H = @:ﬁl H; such that H; < H;[1] for all i. Then one may check that

8 is also additively equivalent to a thick subcategory of @, under that assignment F'(H;) = Ey;_.

Appendix A. Choice of Generators for Hom-sets in Categories with Linear Generators

The goal of this section is to present a proof and explore some corollaries of the following result.

Proposition A.1. Let ind T denote the set of indecomposable objects in T. Then, there is a choice of morphisms
{@¥"?:Y — Z}y zeinaT such that for any pair of indecomposable objects Y,Z € T

V% = gV 2V W
whenever oY% Y — Z factors through an indecomposable object W.

Proof. Since T is Krull-Schmidt, then G is a finite direct sum of indecomposable objects {P;}'"_|. Throughout this
proof, let P = P; and Q = Py where Q = P < P; < P; = Pforall1 <i<n.
(1) We first choose {CL’P’Q}P’QEind<G>1.
Let oP*P be the identity, and fix nonzero morphisms aPQ for Q < P. For 0 < j € Z, choose nonzero

morphisms aPUL-P andlet@Pli1-Q := oPli1-P 5o P2 Extend this choice to include all shifts of the morphisms
defined.
Let P, Q € (G); such that there is a nonzero morphism P — Q. Equivalently, 0 < P. Then, there are

integers i, j and s, t such that P = P;[s] and Q = P;[t]. Let m > max(s, t). Then, by Proposition 2.26 there is
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a morphism & making the diagram

Plm] i
aF[mfs],Py Xf’l\m—tl,Pj [r]
R > Q= Pli]

commute. We let o€ := h. In fact, h is independent of choice of m. To see this, let m, m> > max(s, )
andlet h;: P — Q and hy: P — Q be the morphisms induced by m; and m,, respectively. Without loss of

generality, suppose my < m so that there is a morphism aPlm1.Plm] Then, we have the following diagram.

P[m]

_ Plm].Q
aPlm]s @

P[m>]

QF["‘IZLQ

hy
P 2 0.

sy ’

By construction of the maps aPIKLR , the top two triangles commute. Hence,

Plmi].P Plm 1.0 _ ,Plm].Q o Plmil.Plm] _ hy o oPlml.P o o Plmi].Plm] _ hy o oPlmil.P

hioa =«

Since the Hom spaces are one-dimensional, 7 (a”l"11-F | Q) is either zero or an isomorphism. Since o™ 1.Q
is nonzero, then it must be an isomorphism. Hence, h; = h», as required.
(2) The choice of af*€ is compatible with composition.
To see this, note first that a”>€ cannot factor through W ¢ (G); by Proposition 2.26. So, suppose that a’*-€
factors through R € (G);. Then, Q < R < P and we may choose a large enough m such that diagram

P[m]

exists. The top two triangles and the outer triangle commute by construction of a” -k, %€ and o-2.
Therefore,

R o oPR o o PIMLP _ o PIm.Q _ (PO, o Plm].P.

As before, this is enough to conclude that @®-C o PR = o2, as required.

(3) We next choose morphisms {a?%} peind (G, Zeind T\ind (G, -
For each indecomposable object Z ¢ (G)1, Theorem 2.16 implies that Z = Xp ¢ for P, Q € (G);. For each
such Z, choose a nonzero morphism a2-% € 7(Q, Z,). Moreover, for R € (G); such that there is a nonzero
morphism R — Z, then there is a morphism R — Q by Proposition 2.26. Thus, define a®-% := ¢2-% o aR-C.
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(4) Let us choose forwards morphisms {a¥*?}y zcind T\ind (G, -
Since Y, Z € ind T\ ind(G);, then Y = Xp ¢ and Z = Xp: o'. Therefore, by Proposition 2.26, there exists
for any O < R < P a morphism 4 making the diagram

R
ally \aiz
Xpo ————- P Xpgr

commute. We let a¥># := h. As in the proof of (1),  is actually independent of the choice of R by construction
of the morphisms o®Y and o®-%.
We will postpone showing compatibility of this choice with composition until we have defined our choices
for backwards morphisms.
(5) We now choose morphisms {2} gcind (G),.v ind T\ind (G}, -

To ease notation, let X ! =X Pl

Y
for S € (G); and r > 0, there exist morphisms aX -l/*1] and o
commute.

=0 = _
1.5+ Choose anonzero morphism a* -* m. x° - p[y. By Proposition 2.26,

Xpi1.s-PL*1] making the following diagram

ot
X5 X wt 70
a Pltl.S aX X

Xprns — > Xpme — — * Xpao
o I
X510 oo Ple+1] | X! Ple+1] | X,P[1]
Plt].S ,
@ [z] <~ L % <~ B B @
aP P41 GPIHLPI =

Plt+1] —————— P[t+1] —*—— P[1]

Now, let Y ¢ (G);, so that we may assume ¥ = Xgrs, where R = P;[t] for integers i and t. By

choosing kpa.x > max(z,0), we have that R < P [kmax] so that, by Lemma 2.13, there is a forwards morphism

Y.R[1

XPlkna].S _ x Rr.s- Thus, by Proposition 2.26, there is a nonzero morphism « I making the following

diagram commute.

QXF[kmax]aSYY e
P[kmaxJ,S R’S
|
laxp[kmax]’s,l’[kmax*l] LRI
— QPlimax+1.RT Y

P[kmax+ 1] _— R[l]

X

As before, our choice of ¥Rl does not depend on which kp,x we choose.

Next, suppose that there is a nonzero morphism Y — Q. Then, S < Q < R by Lemma 2.5, and so we let
a¥Q = RI1Q o oY-RI1]

(6) It remains to check that our choice of {aY’Q}Qeind (G),,Yeind T\ind (G), 18 compatible with composition.

To see this, suppose that a morphism Y — Q factors through an indecomposable object W. If W € (G), then
it is easy to check that, by construction, Y2 = aW-€Q o oYW, So, suppose that W ¢ (G);. Then, W = Xp/ o
and, by Proposition 2.26, morphisms ¥ — W are forwards morphisms. Moreover, by taking low enough
kmin and high enough k., there are forwards morphisms X P.O[A] [kmax] — Y and X P.O[A] [kmax] — X. For
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brevity, let Z := X5 olA] [kmax]. We thus have the diagram

where the top two triangles and the outer triangle commute by construction of the morphisms in the diagram. It
is straightforward to check that

V20 a%Y = a%2 = a2 6 %W = W2 6 VW 6 %Y

which, as in the proof of (1), is enough to conclude that a¥-2 = o€ o o¥'W as required.
We complete our choice by choosing backwards morphisms {a/Y’Z}y, Zeind T\ind (G); -

Write Y = Xg s and Z = Xp: o/, and suppose that ¥ — Z is a backwards morphism. Then, for any
Q’ < P < R[1], Proposition 2.26 implies the existence of the diagram

Y ———-F- - > Z
QY,P

\ ﬁz
P

where we define a¥># to be the morphism making the diagram commute. As before, this choice is independent
of P.
Finally, we show that our choices are compatible with composition.
Consider a¥-#: Y — Z, and suppose it factors through an indecomposable object W. If both Y, Z € (P)y,
then W € (G); by Proposition 2.26, and we have shown in (2) that compatibility of composition holds.
Suppose that Y € (G); and Z = Xg_s. If and W € (G), then by (1) and the definition of @¥*# and a"-%,

AVZ o "W = 05Z 0 aWS 0 ¥ W = oSZ 0 VS = o¥ 2

=a
as required. If, on the other hand, W = Xp ¢, then morphisms W — Z are forwards by Proposition 2.26.
Hence, @+ o oV = o¥+% by definition of forwards morphisms @">Z in (4).

The case where Y = Xp o and Z € (G); was shown in (6). Hence, it remains to consider the setting of
Y= XP,Q and Z = XR,S-

Under the assumption ¥ = Xp o and Z = Xg_s, suppose that a¥Z is a forwards morphism. Then by
Proposition 2.26, W = Xp: o and the morphisms a”*V and aV+# are forwards. It follows from Lemmas 2.6
and 2.13, as well as the choice of forwards morphisms in (4) that there is that there is a diagram
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where the top two triangles and the outer triangle commute. It is easily checked that this implies that the entire
diagram commutes (see e.g. (2) ), which proves compatibility with composition.

Finally, suppose that Y = Xp o, Z = Xg s, and a¥+Z is a backwards morphism. If W € (G);, then
compatibility follows from the definition of @¥+Z in (7). If W = Xp: o and @V is a backwards morphism,
then &">Z is forwards and the following diagram exists by Lemmas 2.6 and 2.13 and Proposition 2.26.

Here, the top left triangle and the outer triangle commute by the choice of backwards morphisms in (7), and the
top right triangle commutes by the choice of forwards morphism in (4). As before, it is easily checked that this
implies that the entire diagram commutes, as required.

On the other hand, if, under the assumption that W = Xp/ o, @YW is a forwards morphism, then «
backwards and the following diagram exists by Lemmas 2.6 and 2.13 and Proposition 2.26.

W W.Z ;

18

The triangle with vertices Y, Q, W commutes by construction of forwards morphisms in (4), and the triangle
with vertices Y, S, W commutes by (6). Moreover, the triangles with vertices Y, S, Z and Z, S, W commute by
choice of backwards morphisms in (7). Hence,

a,W,Z ° a,Y,W ° CL’Q’Y — O.’W’Z ° CL’Q’W — G’S’Z o (lW’S w S.Z Y.,S Y Y.z

0 @2 W = 5Z 6 g¥sS 6 QY = o¥Z 4 QY

which implies that «V-% o o¥*W = oY%, as required.
o

Corollary A.2. Let T be a triangulated category satisfying Setup 2.1 and admitting a linear generator G. Let G’ be a
summand of G, let § = (G'Y C T and suppose that {a’**¥ }x yecina s is a choice of generators for 8 as in Proposition 2.27.
Then, there is a choice of generators {%Y }x ycina7 such that BXY = a*¥ whenever X,Y € 8.

Proof. As in the proof of Proposition 2.27, P and 13’_be the biggest (with respect to the order on (G)1) indecomposable
summands of G and G’, respectively. Observe that P’ < P.

(1) We first construct a collection {87*2}p peind(G), compatible with composition such that g€ = o€

whenever P, Q € (G');.
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We are given morphisms a2 for all Q < P’ and Q € (G'),. Extend this collection by making choices of
morphisms a2 for all Q < P’ and Q € (G); \ (G’);. Moreover, we are also given morphisms aP'U1P for
0<jeZ

Next, fix a morphism ﬂ’; P’ Note that for 0 < j €Z,P' < P < P[j]. Hence, by the definition of linear
generators, there is an 4 such that

o' LP oﬁﬁ,ﬁf (7] :ﬁP,P’ oh.

We let gPLLP .= p,

Furthermore, for all Q < P’ € (G),, let 872 = a2 o BP-P". On the other hand, for Q € (G); with
P’ < Q < P, just fix a choice of morphisms 87-2. Finally, let 87-F be the identity. With this initial choice of
morphisms, apply Proposition 2.27(1) to get a collection {87C} p pcind (G, -

It remains to prove that 82 = o€ whenever P, Q € (G’);. Well, by the proof of Proposition 2.27 and
our choices for € and 8-, there is an integer m such that there is a diagram

P[m]

ﬁP,Q

where the triangle with vertices P, Q, P[m] and edge B-2, as well as the triangle with vertices P, Q, P’ [m]
and edge a2 commute by construction of S7>€ and a”>€. Moreover, the top left triangle commutes since

aP'ImP o gPP (1) = o PP o o P'lml. P’ o gP P[] (Since {¥+€} is compatible with composition)
= oF"P Oﬁﬁ’ﬁ, O,BF[’"]’F ( By definition of gPIm1-P)
= gPlml.P, (By definition of gPIm1-P)

Similarly, the top right triangle also commutes. Hence,
e Oﬁﬁ[m],P = oPQ o P Iml.P Oﬁﬁ,ﬁ [m] = oF'Iml. OIB?,?’ [m] = IBF[m],Q :ﬁP,Q Oﬂﬁ[m],P

which is enough to conclude that "2 = g€, as required.
(2) For the morphisms {87%} pcind (G),.zeind 7\(G),» We make the obvious choice: If Z = Xg s € S, then we let
B57% = 5%, otherwise if Z = Xg s ¢ S, then we fix some morphism 85-4. For any R € (G); such that there is
a nonzero morphism R — S, we let &% = 5% o gR-S_ Thus, it is clear that -4 = aP-% whenever P, Z € 8.
(3) The construction forwards morphisms {[SY’Z }y,zeind T\(G), follows exactly as in Proposition 2.27(4). It is clear
from (1) that ¥4 = o¥-“ for ¥, Z € 8.
(4) To choose morphisms {BY’P } Peind (G),,Y €ind T\(G), » consider the object X =X .0 and note that we are given
XLP . X S X,

a morphism « — P’[1]. Since there are forwards morphisms X5 5, — X 5.0 and X5

P.Q’ .0’
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Proposition 2.26 implies that there are morphisms g and 4 making the diagram

ﬁXF o X!

X =, X5 =
5 P.O""P.O =,
Xpg—— Xpg ——— X

gl Bl laxtﬁ'[l]
+ + o

— P.P’ —
P[1] < Py £

commute. Let X := Xp 5 and BX-FPUI .= ¢, Then, construct the morphisms {8Y°F} pcind (G),.yeind 7\(Gy, as in
Proposition 2.27(5).

It remains to show that this choice of morphisms 8Y? restricts to a¥>F. To see this, let S € (G’);. We may
construct the diagram

5 X506 %XpP.0 ngPS PO’ ﬁXF,S’XF’,s BXF',S*XF',Q’ =,
% XP Q/ \ Xﬁ’s > Xﬁ/,s > X
lﬁ .G JP[1] lﬁxié,,ﬁm \LBXF’S'F[I] laxﬁ'vsﬁ[l] laix',P[l]
P[] ——— P[] —— P[l] —— P'[1]] ——— P'[1]
BE-F[1] BEP(1] BEP] BE-F1]

where all the morphisms in the first row are forwards. The two leftmost squares and the rightmost square
commute by construction of the vertical morphisms. The outermost square commutes by (4). It is then
straighforward to check that the third inner square commutes.

Next, let Xg s € 8, then, as in the proof of Proposition 2.27(5), there is an integer ¢ such that there are
forwards morphisms X s — XRsS and X Pl).s > XR.Ss and so following diagram exists

) B Plls ¥Pirs
XP'[t N Xﬁ[r],s
H B I8 RS Xpie),sXR.S ‘
P’[t > Xr,s < Xﬁ[z],s
P s [z+1]l aXRYS,R[l]uBXR,S.R[l] \Lﬁxl;[t],s,ﬁ[tﬂ]

p’ \ Z D
P [IH+ 1] BF'ItH],R[]l/ R[l] \BF|t+1|,R|1| P[t“*_ 1]
P'lt+1] < Plr+1].

'BF[HI].F'[HI]

Here, the outer square commutes commutes by (4). Moreover, the two middle squares commute by construction
of the morphisms aX®-s-RI1T and gXr.s-RU1 Tt s, thus, straightforward to check that this implies aX®.s-RI11 =
BXrsRUI g required.

. . Y.Z . ... .
Finally, we construct backwards morphisms {,BY’ Ziin 4T\(G)y exactly as in Proposition 2.27(7). It is clear from
the construcition that if Y, Z € 8 then BY’Z =ao¥Z,

]
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