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Abstract

Theories with pseudoscalars that couple through anomalies (such as axion models) are of

particular phenomenological interest. We carry out a comprehensive analysis of all bounds

obtainable from bootstrapping the amplitudes when a pseudoscalar couples to photons and

gravitons. This allows us to find new cutoff scales of theories with anomalies that are more

restrictive than those obtained from naive perturbative analysis. Our results are especially

relevant for holographic models, as the bounds determine the allowed region of the five-

dimensional EFTs, for example, by imposing strong bounds on Chern-Simons terms. We

also consider modifications of General Relativity in photon–graviton couplings and show that

current experiments are sensitive to these effects only if new physics appears at ∼ 10−10 eV.
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1 Introduction

The S-matrix bootstrap program, which consists of imposing fundamental principles such as uni-

tarity, causality, and crossing symmetry on scattering amplitudes, has proven to be a very powerful

tool for constraining Effective Field Theories (EFTs) [1–52]. By relying only on general consistency

conditions, this approach has provided robust, model-independent constraints on the (Wilson) co-

efficients of higher-dimensional operators.

Theories with anomalies are of special interest in this context, as certain higher-dimensional

operators, such as those describing the coupling of a Goldstone boson to photons or gravitons,

are entirely fixed by symmetry considerations. In such cases, bootstrap techniques can be used

to determine new cutoff scales for the theories, which are more stringent than naive perturbative

estimates [25, 48]. In the present work, we build upon the analysis of Ref. [48] and undertake

a systematic study of all bounds that can be derived from bootstrapping amplitudes involving

pseudoscalars, photons, and gravitons.

The inclusion of gravitons plays a central role. The spin-2 nature of the graviton causes scatter-

ing amplitudes to grow more rapidly with energy, making the leading Wilson coefficients directly

accessible through dispersion relations. Moreover, gravity provides a double-subtracted dispersion

relation whose positivity allows one to constrain higher-dimensional operator coefficients as a func-

tion of the Newton constant GN . The price to pay is that dispersion relations must be smeared in
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order to obtain nontrivial bounds [18,26,27]. Nevertheless, the smearing method has already been

proven to be very efficient in many processes (see for example [10,28,39,42,44,45,47,49–51]). Alter-

natively, one could use a time-delay analysis [53], where similar bounds could also be derived [25].

We will show that in theories with anomalies, such as axion models, causality imposes a cutoff

scale which lies below that determined by perturbativity. At this cutoff scale, massive states with

spin J ≥ 2 must necessarily appear. In particular, we will derive the bound

MJ≥2 ≲

√
c4γ
GN

F 2
π

κκg

, (1.1)

where κ (κg) is the coupling of the pseudoscalar to photons (gravitons) dictated by anomalies, Fπ

is the decay constant and c4γ is the 4-photon coupling at low-energies, c4γe
4F 4

µν . For completeness,

we will also study bounds on other non-minimal couplings. For example, we will show that the

coupling κ1 between photons and gravitons, arising from the RµνρσF
µνF ρσ interaction, is related

to the presence of J ≥ 3 states:

e2|κ1| ≲
1

M2
J≥3

, (1.2)

where e is the electric charge.

We will show that our bounds, although derived in four dimensions (4D), can be applied to

constrain 5D theories with Chern–Simons terms. They may thus have significant implications for

5D holographic duals of strongly-coupled theories [54]. For example, the Chern–Simons terms can

play an important role in holographic duals of hydrodynamical systems at finite temperature and

chemical potential [55–64], where sizeable Chern–Simons coefficients have been shown to lead to

phase transitions, instabilities, or causality violations [58, 59,62,63].

Furthermore, our results can be straightforwardly generalized to theories involving scalar fields

instead of pseudoscalars [25], although in that case the relevant couplings are not fixed by anoma-

lies.

The paper is organized as follows. In Sec. 2, we introduce all possible 3-point couplings involving

pseudoscalars, photons and gravitons (η, γ, h), and their relation to anomalies. In Sec. 3, we derive

the needed dispersion relations and discuss which 2 → 2 amplitudes are relevant to bootstrap in

order to get bounds on anomalous and non-minimal couplings. In Sec. 4, we explicitly derive the

bounds on κκg and κ1. In Sec. 5, we discuss the implications of the bounds in axion models, strongly-

coupled theories, and 5D (holographic) models, and conclude in Sec. 6. In three Appendices we

present technical details on the derivations of the bounds. In Appendix A, we introduce a novel

way to derive improved dispersion relations for t ↔ u symmetric amplitudes. In Appendix B, we

list the explicit forms of smeared Wigner d-functions used in the main text. In Appendix C, we

discuss all details for the positivity of smeared Wigner d-functions.
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2 Three-point interactions involving η, γ, and h

Let us begin by examining all possible on-shell 3-point (3-pt) interactions in theories containing a

pseudoscalar η, a photon γ and a graviton h, which will define the EFT LEFT(η, γ, h) that we want

to bootstrap. We will use the spinor-helicity formalism [65] with the convention that all states are

incoming. In this work, we restrict for simplicity to a CP-symmetric EFT.

We first construct the on-shell 3-pt amplitudes characterizing the anomalous couplings of a

pseudoscalar (dashed line) to two photons (curly lines) and to two gravitons (double-curly lines).

These are given by

η

γ

Mηγ+γ+ =
e2κ

Fπ
[23]2

γ

A A

A A

h h

A A
A A

A A
A A

Mηh+h+ =
κg

FπM2
P

[23]4η

h

h

(2.1)

where MP denotes the Planck scale, Fπ the decay constant of the pseudoscalar η, e the electric

coupling, while κ, κg are dimensionless anomaly coefficients. The parametrization is chosen such

that each graviton contributes a factor of 1/MP , each photon a factor of e, and each pseudoscalar

a factor of 1/Fπ in the amplitudes. As shown in Eq. (2.1), we will mark with a red diamond (circle)

the vertex involving κ (κg). The amplitudes in Eq. (2.1) arise in theories with an anomalous U(1)η

symmetry, under which η → η + θ. They come from the following terms in the Lagrangian:

ie2κ

Fπ

η εµνρσFµνFρσ and
iκg

Fπ

η εµνρσRµναβR
αβ

ρσ , (2.2)

where Fµν and Rµνρσ are the field strength and Riemann curvature tensors. Therefore κ charac-

terizes the U(1)η × U(1)EM × U(1)EM anomaly, while κg corresponds to the U(1)η-gravitational

anomaly.

Additionally, there are 3-pt amplitudes involving non-minimal couplings of a graviton to two

photons and three gravitons:

A A

A A

h h

A A
A A

A A
A A

Mh+h+h+ =
κ3

M3
P

[12]2[23]2[31]2h

h

h

h

γ

Mh+γ+γ+ =
e2κ1

MP
[12]2[31]2

γ

(2.3)

where the coefficients κ1, κ3 have mass dimension −2. These amplitudes arise respectively from
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h±h±γ+ Bose symmetry

h+h−γ+ Factorization consistency

h+γ+η & h+γ−η Factorization consistency

γ+γ+γ+ & γ+γ+γ− Bose symmetry

γ+ηη Bose symmetry

ηηη CP symmetry

Table 1: Forbidden 3-pt on-shell interactions involving η, γ, and h.

the following higher-dimensional operators:

e2κ1RµνρσF
µνF ρσ and κ3RµνρσR

ρσαβR µν
αβ . (2.4)

Apart from the 3-pt amplitudes discussed above, the EFT also contains the minimal gravitational

couplings of a pseudoscalar, a photon, and a graviton, as described in General Relativity (GR).

They correspond to the interactions h±ηη, h±γ+γ− and h±h+h−.

Other 3-pt interactions are forbidden for the reasons shown in Table 1. In particular, the

amplitudes with two identical particles are antisymmetric under spinor exchange, violating Bose

symmetry; CP symmetry excludes the interaction of three pseudoscalars, and the remaining cases

do not generate any 4-pt amplitude consistent with factorization [65].

3 Bootstrapping LEFT(η, γ, h) from four-point amplitudes

Our goal is to provide an analysis of all possible 4-pt amplitudes involving η, γ, and h that can yield

bounds on anomalous and non-minimal couplings, Eq. (2.1) and Eq. (2.3) respectively. We begin by

reviewing how analyticity, crossing symmetry, and unitarity impose constraints on the low-energy

parameters of scattering amplitudes. We will consider that the UV completions of LEFT(η, γ, h)

consists of theories with (infinite) weakly-coupled particles, such that 4-pt amplitudes are mediated

by the exchange of single states. This makes the analysis less cumbersome. Nevertheless, our results

also extend to the case where this assumption is relaxed.4 Effects of gravity loops have been

considered in [49,50].

3.1 Smeared dispersion relations

Let us consider 2 → 2 processes whose amplitudes M can be expressed as functions of the Man-

delstam variables s, t, u. For fixed real t < 0, causality ensures that M(s, u) is analytic throughout

the complex s-plane, except along the real axis. In the case of amplitudes mediated by tree-level

4For example, new physics appearing in the amplitudes at the loop level were considered in [66], where it was
shown that causal bounds persist.
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−M2
u − t

C∞

M2
s

0 −t

Figure 1: Contours in the complex s-plane used to obtain dispersion relations. The red crosses
mark the poles from massless exchanges in the amplitudes at low-energies, while the purple crosses
indicate poles associated with the heavy states of the UV completion.

exchange, the singularities reduce to simple poles only on the real s-axis, as depicted in Fig. 1

where Ms (Mu) corresponds to the mass of the first UV state in the s-channel (u-channel).

We can derived what is called a k-subtracted dispersion relation in the following way. Let us

consider the function M(s, u)

s1+k−l(s+ t)l
, (3.1)

where k and l ≤ k are nonnegative integers to be specified later. By Cauchy’s theorem we have that

the integration of this function along the C∞ contour of Fig. 1,
∫
C∞

M/(s1+k−l(s + t)l) ≡ 2iR∞,

is equivalent, by deforming the contour, to the integral along C0 and C1 of Fig. 1. The contour

integral along C1 picks up the non-analytical part of the amplitude that is related to its imaginary

part. This provides the following relation:

1

2i

∮
C0

ds′
M(s′,−s′ − t)

s′1+k−l(s′ + t)l
=

∫ ∞

M2
s

ds′
ImM(s′,−t− s′)

s′1+k−l(s′ + t)l
+ (−1)k

∫ ∞

M2
u

ds′
ImM(−t− s′, s′)

(s′ + t)1+k−ls′l
+R∞(t) .

(3.2)

We can expand ImM in partial-waves [67] using the Wigner d-functions. In particular,

ImMλ1,λ2,λ3,λ4(s,−t− s) =
∑
J

(2J + 1)ρJ(s)d
J
λ12,λ43

(
1 +

2t

s

)
,

with (2J + 1)ρJ(s) = π
∑
i

gλ1λ2,i gλ3λ4,i m
2
i δ(s−m2

i ) δJ,Ji , (3.3)

where λab = λa−λb with λa being the helicity of the external state a, and the couplings g2λaλb,i
appear

from the residues of the s-channel poles. The corresponding u-channel expression follows from
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Bound derived No bound derived

Ref. [48]

h+h+h−h− κ2
g & κ2

3 k = 3 h+h+h+h+ κ2
g & κ3 k = 2

h+h−ηη κ2
g k = 2

ηηηh+ κg k = 2h+h+h−η κg & κgκ3 k = 2

This work

h+h+γ−γ− κκg & κ1κ3 k = 2
γ+γ−h+η κg & κκ1 k = 2

h+h+γ+γ+ κκg & κ1 k = 2

h+h−γ+γ+ κ1 k = 2
γ+γ+h−η κ1κg k = 2

h+h−γ+γ− κ2
1 k = 3

Table 2: External states, η, γ± and h±, of an amplitude whose k-subtracted dispersion relation
involves the anomaly coefficients (κ, κg) or non-minimal couplings (κ1, κ3). The first line shows
the amplitudes studied in Ref. [48], while the second are those discussed in the present work. We
also indicate whether a bound on the 3-pt coefficients can be obtained. Amplitudes not shown do
not involve the 3-pt couplings of Eq. (2.1) and Eq. (2.3).

Eq. (3.3) with the replacement s → u together with λ2 ↔ λ4. We also introduce, for convenience,

the “high-energy average”

⟨(...)⟩ = 1

π

∫ ∞

M2
s,u

dm2

m2

∑
J

(2J + 1)ρJ(m2)(...) . (3.4)

With all this, Eq. (3.2) can be recast in the following way:

1

2πi

∮
C0

ds′
M(s′,−s′ − t)

s′1+k−l(s′ + t)l
=

〈
dJλ12,λ43

(1 + 2t/m2)

m2(k−l)(m2 + t)l

〉
+ (−1)k

〈
dJλ14,λ23

(1 + 2t/m2)

(m2 + t)1+k−lm2l−2

〉
+R∞(t) . (3.5)

The dependence on R∞ makes the above relation no very useful. In principle, the Froissart-Martin

bound [68,69] tells us that for k ≥ 2, R∞ → 0. Nevertheless, we are dealing with γ and h as internal

massless states, and therefore the Froissart-Martin bound is not directly applicable. To get rid of

R∞ in Eq. (3.5), we will integrate this relation over t with a proper “smearing function” A(t) to

be discussed later. The reason for this smearing is twofold. On one hand, we avoid singularities

1/t due to the graviton pole in the amplitudes. On the other hand, it can be proven [26] that∫ 0

−|t|max
dtA(t)R∞(t) → 0 for k ≥ 2. In this way, we get the smeared dispersion relation:

1

2πi

∫ 0

−|t|max

dtA(t)

∮
C0

ds′
M(s′,−s′ − t)

s′1+k−l(s′ + t)l
=

∫ 0

−|t|max

dtA(t)

[〈
dJλ12,λ43

(1 + 2t
m2 )

m2(k−l)(m2 + t)l

〉
+(−1)k

〈
dJλ14,λ23

(1 + 2t
m2 )

(m2 + t)1+k−lm2l−2

〉]
.

(3.6)
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Figure 2: Contributions to the process γ+γ+ → h+h+. All helicities are indicated in the all-incoming
convention. The red diamond and circle represent resprectively the anomaly couplings κ and κg,
while the blue diamond and circle correspond to the non-minimal couplings κ1 and κ3.

3.2 Relevant four-point amplitudes with η, γ and h

Armed with the smeared dispersion relations Eq. (3.6), we aim to obtain all possible bounds on the

couplings of Eq. (2.1) and Eq. (2.3) using all amplitudes involving as external states η, γ and h. In

Table 2 we present a summary of the amplitudes whose k-subtracted dispersion relation involves

any of the couplings of Eq. (2.1) and Eq. (2.3). The table also specifies whether a bound can be

obtained or not. A brief comment is in order.

Amplitudes involving only η and h as external states were already studied in Refs. [25,48], and

bounds on κg and κ3 were obtained there. Therefore we will not discuss them here any longer.5

We will center in processes involving γ. In particular, we will consider γ+γ+ → h+h+ that is

sensitive to κκg and κ1κ3, as shown in Fig. 2. From this process we will be able to derive a bound

on κκg. Similarly, the process γ+γ+ → h−h− also involve κκg and a bound will also be derived,

although it will be more model dependent.

Additionally, we will consider the process γ+h+ → γ−h+, shown in Fig. 4, which is sensitive

to κ1 thanks to the γ and h exchange, that will allow to bound this coupling. The elastic process

γ+h− → γ+h− could also be used to bound κ1, although it leads to a similar bound, and we will

not derive it here.

In Table 2 we also show other 4-pt amplitudes from which, although their dispersion relations

involve anomalous or non-minimal couplings, we have not been able to derive any bound. This is

because we always encounter infinitely many Wilson coefficients in these cases. Other amplitudes

not shown in Table 2 do not involve the 3-pt couplings of Eq. (2.1) and Eq. (2.3).

4 Bootstrapping κκg and κ1

4.1 γ+γ+ → h+h+

At low-energies the amplitude for the scattering γ+γ+ → h+h+ is given by (see Fig. 2)

Mγ+γ+h−h− = s3
(

e2κκg

F 2
πM

2
P s

+
e2κ1κ3tu

M4
P s

+ · · ·
)
, (4.1)

5The presence of γ as an internal state does not afffect the dispersion relations of these amplitudes.
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Figure 3: Contributions to the three elastic processes γ+γ+ → γ+γ+, h+h+ → h+h+, and γ+h− →
γ+h−. The red and blue markers correspond to the couplings introduced in Fig. 2. The black circle
represents the gravitational minimal coupling.

where κκg appears from the s-channel η exchange, while κ1κ3 from the h exchange.6 Here the

symbol · · · corresponds to contact-term polynomials in s, t, u.

Because Eq. (4.1) is an inelastic amplitude, for which positivity bounds do not hold, we must

relate it to elastic amplitudes: γ+γ+ → γ+γ+, h+h+ → h+h+, and γ+h− → γ+h−, shown in Fig. 3.

At low-energies these are given by

Mγ+γ+γ−γ− = s2
(

1

M2
Pw

+
e4κ2

1w

M2
P

− e4κ2

F 2
πs

+ e4c4γ + · · ·
)
, w ≡ tu

s
, (4.2)

Mh+h+h−h− = s4
(

1

M2
P stu

− κ2
g

F 2
πM

2
P s

+
κ2
3tu

M6
P s

+ · · ·
)
, (4.3)

Mγ+h−γ−h+ = −su3

(
1

M2
P stu

− e4κ2
1

M2
Pu

+ · · ·
)
. (4.4)

For the four-photon amplitude we have introduced a new variable, w = tu/s. The reason is the

following. k = 2 dispersion relations at fixed t involve infinitely many low-energy Wilson coefficients

from contact terms, and are therefore impractical. Nevertheless, taking the amplitude at fixed w,

we will be able to obtain dispersion relations that only depend on one Wilson coefficient, c4γ (see

Appendix. A for details). That is, in the case of t ↔ u symmetry, the variable substitution of w

can directly obtain the improved dispersion relation in [18,26].

Let us derive k = 2 dispersion relations for these four processes. Using Eq. (3.5) with l = 0 and

6We omit a little-group helicity phase, which has no impact on analyticity.
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Eq. (4.1) for the inelastic process, we get

e2κκg

F 2
πM

2
P

− e2κ1κ3t
2

M4
P

=

〈
dJ0,0

(
1 + 2t

m2

)
m4

〉gγ+γ+

gh−h−

+

〈
m2(−1)JdJ3,3

(
1 + 2t

m2

)
(m2 + t)3

〉gγ+h−

gγ+h−

+R∞(t) . (4.5)

For the elastic processes, we have using Eq. (A.5) with Eq. (4.2):

1

M2
Pw

+
e4κ2

1w

M2
P

+e4c4γ =

〈
dJ0,0

(√
1− 4w

m2

)
m4

〉gγ+γ+

gγ−γ−

+

〈
dJ2,2

(
m2−w
m2+w

)
m8

(m2+2w)(m2+w)

〉gγ+γ−

gγ−γ+

+R∞(t) ,

(4.6)

and from Eq. (3.5) with l = 0 and 2, together with Eq. (4.3) and Eq. (4.4) respectively, we get

− 1

M2
P t

=

〈
dJ0,0

(
1 + 2t

m2

)
m4

〉gh+h+

gh−h−

+

〈
m2dJ4,4

(
1 + 2t

m2

)
(m2 + t)3

〉gh+h−

gh−h+

+R∞(t), (4.7)

− 1

M2
P t

=

〈
dJ3,3

(
1 + 2t

m2

)
(m2 + t)2

〉gγ+h−

gγ−h+

+

〈
m2dJ1,1

(
1 + 2t

m2

)
m2(m2 + t)

〉gγ+h+

gγ−h−

+R∞(t). (4.8)

The super- and subscripts denote the couplings appearing in the residues of the s- and u-channel

poles, respectively. As we commented before, smearing over these relations with smearing functions,

A(t), B(t), ..., we can get rid of R∞ and obtain

∫ 0

−|t|max

dtA(t)

(
e2κκg

F 2
πM

2
P

− e2κ1κ3t
2

M4
P

)
=

s-ch∑
i

As(mi, Ji) gγ+γ+,i gh−h−,i,+
u-ch∑
i

Au(mi, Ji) g
2
γ+h−,i, (4.9)

∫ wmax

0

dwB(w)

(
1

M2
Pw

+
e4κ2

1w

M2
P

+ e4c4γ

)
=

s-ch∑
i

Bs(mi, Ji) |gγ+γ+,i|2 +
u-ch∑
i

Bu(mi, Ji) |gγ+γ−,i|2, (4.10)

∫ 0

−|t|max

dtC(t)
−1

M2
P t

=
s-ch∑
i

Cs(mi, Ji) |gh+h+,i|2 +
u-ch∑
i

Cu(mi, Ji) |gh+h−,i|2, (4.11)

∫ 0

−|t|max

dtD(t)
−1

M2
P t

=
s-ch∑
i

Ds(mi, Ji) |gγ+h−,i|2 +
u-ch∑
i

Du(mi, Ji) |gγ+h+,i|2, (4.12)

where the explicit forms of smeared Wigner d-functions As,u, Bs,u, Cs,u, and Ds,u are presented in

Appendix. B.

Toward deriving the bounds, the first condition on the smeared Wigner d-functions is their

positivity in terms of all allowed values of mi and Ji. This allows to derive the following simplified

10



inequalities for the dispersion relations of the elastic processes:

Bs,u(mi, Ji) ≥ 0 ⇒
∫ wmax

0

dwB(w)

(
1

M2
Pw

+
e4κ2

1w

M2
P

+ e4c4γ

)
≥

s-ch∑
i

Bs(mi, Ji) |gγ+γ+,i|2, (4.13)

Cs,u(mi, Ji) ≥ 0 ⇒
∫ 0

−|t|max

dtC(t)
−1

M2
P t

≥
s-ch∑
i

Cs(mi, Ji) |gh+h+,i|2, (4.14)

Ds,u(mi, Ji) ≥ 0 ⇒
∫ 0

−|t|max

dtD(t)
−1

M2
P t

≥
s-ch∑
i

Ds(mi, Ji) |gγ+h−,i|2. (4.15)

Secondly, in order to bound the inelastic process Eq. (4.9), we demand the conditions

|As(mi, Ji)| ≤
√

Bs(mi, Ji)Cs(mi, Ji) , |Au(mi, Ji)| ≤ Ds(mi, Ji) , (4.16)

that respectively lead to

s-ch∑
i

|As(mi, Ji) gγ+γ+,i gh−h−,i| ≤
s-ch∑
i

|
√
Bs(mi, Ji) gγ+γ+,i| |

√
Cs(mi, Ji) gh−h−,i|, (4.17)

u-ch∑
i

|Au(mi, Ji) g
2
γ+h−,i| ≤

s-ch∑
i

Ds(mi, Ji) |gγ+h−,i|2 . (4.18)

Notice that the smeared Wigner d-functions As,u are not required to be positive. In order to relate

the RHS of Eq. (4.17) to the RHS of Eq. (4.13) and Eq. (4.14), we use the Cauchy–Schwarz

inequality

s-ch∑
i

|
√

Bs(mi, Ji) gγ+γ+,i||
√
Cs(mi, Ji) gh−h−,i

∣∣
≤

√√√√( s-ch∑
i

Bs(mi, Ji)|gγ+γ+,i|2
)( s-ch∑

i

Cs(mi, Ji)|gh+h+,i|2
)
. (4.19)

Collecting all the formulas discussed above, we can construct the following relation:∣∣∣∣ s-ch∑
i

As(mi, Ji) gγ+γ+,i gh−h−,i,+
u-ch∑
i

Au(mi, Ji) g
2
γ+h−,i

∣∣∣∣
≤

√√√√( s-ch∑
i

Bs(mi, Ji)|gγ+γ+,i|2
)( s-ch∑

i

Cs(mi, Ji)|gh+h+,i|2
)
+

s-ch∑
J, i

Ds(mi, Ji) |gγ+h−,i|2, (4.20)
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leading to the inequality between the low-energy sides,∣∣∣∣ ∫ 0

−|t|max

dtA(t)

(
e2κκg

F 2
πM

2
P

− e2κ1κ3t
2

M4
P

)∣∣∣∣
≤

√{∫ wmax

0

dwB(w)

(
1

M2
Pw

+
e4κ2

1w

M2
P

+ e4c4γ

)}{∫ 0

−|t|max

dtC(t)
−1

M2
P t

}
+

∫ 0

−|t|max

dtD(t)
−1

M2
P t

,

(4.21)

that provides a bound on the anomalous couplings. This bound simplifies when neglecting sub-

leading 1/MP terms:

∣∣∣∣ κκg

F 2
πM

2
P

∫ 0

−|t|max

dtA(t)

∣∣∣∣ ≤
√

c4γ
M2

P

∫ wmax

0

dwB(w)

∫ 0

−|t|max

dtC(t)
−1

t
. (4.22)

The smearing functions must be chosen to satisfy all the conditions mentioned above. A choice

of these functions is (see Appendix C for a detailed discussion)

A(t) = C(t) = (1−
√
−t/|t|max)

5, (4.23)

B(w) = 4 (1−
√

w/wmax)
5, (4.24)

D(t) = 1.1 J0

(
9
√
−t/|t|max

)
(1−

√
−t/|t|max)

5, (4.25)

where J0(x) is the Bessel function of the first kind. We take wmax = |t|max/4 to satisfy the inequality

in Eq. (4.17).7 The smearing functions are chosen to satisfy all positivity conditions when |t|max

is smaller than the mass of the lightest heavy state appearing among the three elastic processes.

The value of |t|max plays a crucial role, since the LHS of the bound Eq. (4.22) depends linearly on√
|t|max, as can be easily deduced on dimensional grounds. Therefore the larger the value of |t|max,

the stronger the bound. Nevertheless, |t|max cannot exceed the mass of the lightest spin J ≥ 2 UV

state, denoted by MJ≥2, otherwise we lose the positivity of the functions Bs,u, Cs,u and Ds,u (see

Appendix C). For this reason, we take

|t|max = M2
J≥2 . (4.26)

We will later discuss a particular case where MJ≥2 corresponds to the mass of a J = 2 state,

which couples to γ+γ+ and h−h−, and can be exchanged in the processes γ+γ+ → γ+γ+ and

h+h+ → h+h+. This is consistent with causality bounds for higher-spin particles in the large Nc

limit [70–73].

7The factor 4 in the smearing function was introduced such that the integrals on the high-energy side yield the
overall factor |t|max, rather than |t|max/4.
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Figure 4: Contributions to the process γ+h+ → γ−h+.

Plugging Eqs. (4.23)–(4.25) and Eq. (4.26) into Eq. (4.22), we get the bound

MJ≥2
|κκg|
F 2
πMP

≲ 1.4
√
c4γ ln

1
2

(
MJ≥2

MIR

)
, (4.27)

where we have had to introduce the IR cutoff MIR to regularize the logarithmically divergent

integral
∫
dtC(t)/t. This requirement is a well-known feature of 4D gravity, also manifest in con-

straints from time delays in the eikonal limit [53] (and the time delay experienced by photons is

positive not only at tree level but also at one-loop order).

4.2 γ+γ+ → h−h−

In addition to the bound in Eq. (4.27), we can derive an alternative bound on κκg from the process

γ+γ+ → h−h−, which amplitude at low-energy, written in terms of the variable w, is given by

Mγ+γ+h+h+ = s

(
e2κκg s

2

F 2
πM

2
P s

+
e2κ1 s

2

M2
P w

+
e2b2,0 sw

M2
P

+ · · ·
)
, (4.28)

where the first term arises from the η exchange in the s-channel, the second one is for the γ

exchange in the t- and u-channel, and b2,0 is a Wilson coefficient.

Following the procedure outlined in Sec. 4.1, we get the bound

MJ≥2

∣∣∣∣ κκg

F 2
πMP

+
b2,0M

2
J≥2

8MP

∣∣∣∣ ≲ 1.4
√
c4γ ln

1
2

(
MJ≥2

MIR

)
, (4.29)

that is similar to Eq. (4.27) but contains the additional contribution from b2,0.

4.3 γ+h+ → γ−h+

Having established the bounds on κκg, we also derive a bound on the non-minimal coupling κ1.

For this purpose we use the process γ+h+ → γ−h+ whose low-energy amplitude is given by

Mγ+h+γ+h− = s2u2t

(
e2κ1

M2
P stu

+ · · ·
)
, (4.30)
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where κ1 appears due to the γ exchange in the s- and u-channels, and h exchange in the t-channel

–see Fig. 4. The s ↔ u symmetric property of the amplitude leads to the following simple form of

the dispersion relation with k = 2 and l = 1 or 2:

e2κ1

M2
P

=

〈
(2m2 + t)dJ3,1(1 + 2t/m2)

m2(m2 + t)2

〉gγ+h+

gγ+h−

+R∞(t) . (4.31)

To bound κ1, we need to compare this to the elastic γ+h− → γ+h−, whose contributions are shown

at the bottom of Fig. 3 and its dispersion relation is given in Eq. (4.8).

Next, we integrate over the dispersion relations Eqs. (4.31) and (4.8) with some arbitrary

smearing functions, E(t) and F (t), respectively:

∫ 0

−|t|max

dtE(t)
e2κ1

M2
P

=
s-ch∑
i

Es(mi, Ji) gγ+h+,i gγ+h−,i, (4.32)

∫ 0

−|t|max

dt F (t)
−1

M2
P t

=
s-ch∑
i

Fs(mi, Ji) |gγ+h−,i|2 +
u-ch∑
i

Fu(mi, Ji) |gγ+h+,i|2, (4.33)

where in Eq. (4.32) we have combined the s- and u-channels using the s ↔ u symmetry. The

explicit forms of Es and Fs,u are presented in Appendix B. As in the procedure for bounding κκg

in Sec. 4.1, the smeared Wigner d-function Es for the process γ
+h+ → γ−h+ can be either positive

or negative depending on i. With this fact in mind, we impose the following conditions on Es and

Fs,u:

|Es(mi, Ji)| ≤
√
Fs(mi, Ji)Fu(mi, Ji) and Fs(mi, Ji), Fu(mi, Ji) ≥ 0 , (4.34)

that lead to the inequality

s-ch∑
i

|Es(mi, Ji) gγ+h+,i gγ+h−,i| ≤
s-ch∑
i

|
√
Fs(mi, Ji) gγ+h−,i| |

√
Fu(mi, Ji) gγ+h+,i| . (4.35)

This inequality remains valid even without the absolute value bars on the LHS. Due to angular

momentum conservation, the summation on the RHS must start from J = 3, as indicated by the

s-ch symbol. Using the Cauchy–Schwarz inequality,

s-ch∑
i

|
√
Fs(mi, Ji) gγ+h−,i||

√
Fu(mi, Ji) gγ+h+,i

∣∣
≤

√√√√( s-ch∑
i

Fs(mi, Ji)|gγ+h−,i|2
)( u-ch∑

i

Fu(mi, Ji)|gγ+h+,i|2
)
, (4.36)
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in Eq. (4.35), we get

∣∣∣∣ s-ch∑
i

Es(mi, Ji) gγ+h+,i gγ+h−,i

∣∣∣∣ ≤
√√√√1

2

( s-ch∑
i

Fs(mi, Ji) |gγ+h−,i|2 +
u-ch∑
i

Fu(mi, Ji) |gγ+h+,i|2
)2

.

(4.37)

This, together with Eqs. (4.32) and (4.33), leads to∣∣∣∣e2κ1

M2
P

∫ 0

−|t|max

dtE(t)

∣∣∣∣ ≤ 1√
2M2

P

∫ 0

−|t|max

dt F (t)
−1

t
, (4.38)

implying the linear |t|max dependence of the bound.

One choice of the smearing functions satisfying the conditions in Eq. (4.34) is given by8

E(t) = (−t/|t|max)
5/8(1−

√
−t/|t|max)

5, (4.39)

F (t) = J0(9
√

−t/|t|max)(1−
√

−t/|t|max)
5 . (4.40)

As discussed in Sec. 4.1, we must take the largest possible value for |t|max without violating the

positivity of Fs,u. This corresponds to (see Appendix C for details)

|t|max = M2
J≥3, (4.41)

which is the mass of the lightest spin J ≥ 3 UV states. In the particular case where this UV state

has J = 3, and couples to γ+h+ and γ−h+, this is the first massive UV state encountered in the

processes γ+h+ → γ+h+ and γ−h+ → γ−h+.

Plugging Eqs. (4.39) and (4.40) into Eq. (4.38) with (4.41) we obtain the bound

e2|κ1|M2
J≥3 ≲ 226 ln

(
MJ≥3

MIR

)
, (4.42)

where the IR cutoff MIR is required to regulate the logarithmic divergence in
∫
dtF (t)/t.

4.4 γ+h− → γ+h−

The elastic scattering γ+h− → γ+h−, whose EFT amplitude is given in Eq. (4.4), can solely yield

the same type of bound as Eq. (4.42). As shown in Table 2, the appearance of κ2
1 in the dispersion

relation at k = 3 allows us to bound it by comparing it with the dispersion relation at k = 2.

This procedure is the same as that used to bound κg from the elastic scattering h+h+ → h+h+ in

Ref. [48]. We leave the explicit computation to the reader, as the full procedure has already been

presented in Ref. [48].

8For the function E(t) the overall factor (−t/|t|max)
5/8 was chosen to satisfy the condition Eq. (4.35) at large J

(see Appendix C.2).
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5 Phenomenological implications

There is a large class of models whose spectrum contains a pseudoscalar, a photon and a graviton

with the couplings of Eq. (2.1). The most popular examples are axion models, where the axion is a

pseudo-Goldstone boson arising from the spontaneous breaking of a U(1)PQ symmetry, which can

be identified with η and generically couples to photons and gravitons as in Eq. (2.1). They can

either be generated from UV physics or from a mixing of the axion with the QCD π0 and η′.

In the bound Eq. (4.27), MJ≥2 can be interpreted as the scale at which states with J ≥ 2 must

appear in the theory coupled linearly to γγ and hh –see Eq. (4.26)– and therefore corresponds

to an upper bound for the cutoff scale of LEFT(η, γ, h). We will refer to this cutoff scale as Λcaus.

From Eq. (4.27), taking MIR = O(MJ≥2), the scale Λcaus is parametrically given by

Λcaus ∼ MP

√
c4γ F

2
π

|κκg|
. (5.1)

This cutoff scale can be smaller than Λpert, the naive perturbative cutoff scale of LEFT(η, γ, h)

defined as the scale at which loops become of tree-level order. Λpert can be estimated by the energy

scale at which the contribution mediated by η to the amplitude of γγ → hh (first term of Eq. (4.1))

becomes O(1). We find

Λpert ∼
√

MPFπ

e (κκg)1/2
. (5.2)

For sufficiently small c4γ or e, one finds Λcaus smaller than Λpert.

Since c4γ is expected to be generated by physics at the cutoff, we can assume c4γ ∼ 1/Λ4
caus. In

this case Eq. (5.1) leads to

Λcaus ∼
(
MPF

2
π

|κκg|

)1/3

, (5.3)

that tells us that for κκg ∼ 1 the cutoff scale lies between MP and Fπ.

We can also interpret Eq. (4.27) as a bound on the smallest value of γγ → γγ at low-energies.

Taking as an example the largest value for the causal cutoff, Λcaus ∼ MP , one finds

c4γ ≳

(
κκg

F 2
π

)2

. (5.4)

5.1 Strongly-coupled gauge theories

Strongly-coupled gauge theories with NF fermions and spontaneous breaking of global symmetries,

e.g., U(1)× U(1) → U(1), contain a light pseudoscalar state, η, in their spectrum.9

9In theories like QCD this is the chiral symmetry breaking U(1)L×U(1)R → U(1)V . In this case the axial U(1)A
current Jµ

A =
∑

f f̄γ
µγ5f is not conserved at the quantum level due to the axial anomaly, and η gets a mass of

order m2
η ∼ NFM

4/F 2
π [74, 75]. Nevertheless, in the large-Nc limit this mass is suppressed since F 2

π ∼ NcM
2 → ∞

and then m2
η → 0.
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We can estimate the size of the parameters as a function of NF and Nc, the number of fermions

and “colors” respectively, of the gauge group. In the large-Nc limit the scaling of couplings follows

the planar expansion [76,77], and bootstrap bounds on strongly-coupled theories in this limit have

been derived recently [29, 30, 34, 35, 37, 38] (see also [70–73]). For the particular case of SU(Nc)

gauge theories, with fermions in the fundamental representation, we have

κ ∼ κg ∼ Nc

√
NF , Fπ ∼

√
Nc , c4γ ∼ NcNF . (5.5)

As stated in [48], demanding that loop corrections to the graviton propagator are smaller than

tree-level, leads to a bound on the theory around MP/Nc ≡ ΛQG. Plugging the relations (5.5) with

MP = ΛQGNC into Eq. (5.1), we get

Λcaus ∼ ΛQG

√
Nc

NF

. (5.6)

We see that Λcaus is larger or of order of ΛQG and therefore no meaningful bound can be derived

for the J ≥ 2 states.

Our analysis can be used however to put bounds on 3-pt couplings generated from these models.

For example, Eq. (4.42) leads to a bound on κ1 as a function of the mass of the lightest J ≥ 3

state that parametrically is given by

e2|κ1| ≲
1

M2
J≥3

. (5.7)

Since κ1 can be generated from loops of charged fermion, it scales as
∑

F q2FNc, where qF is the

charge of the fermion, and therefore the bound Eq. (5.7) seems very restrictive in the large-Nc

limit. Nevertheless, one must take into account that e2 is also sensitive to
∑

F q2FNc as fermions

affect the photon propagator. In particular, one has

1

e2(µ)
=

1

e2(µ0)
+
∑
F

q2FNc

6π2
lnµ0/µ . (5.8)

From Eq. (5.8), we can estimate a lower limit for the gauge coupling at µ ≲ µ0, e
2 ≳ 1/

∑
F q2FNc,

that used in Eq. (5.7) leads to
|κ1|∑
F q2FNc

≲
1

M2
J≥3

. (5.9)

The above bound is specially interesting for strongly-coupled models with an holographic descrip-

tion (see later for details). In these models the J ≥ 3 states can be parametrically much heavier

than the J < 3 states, and therefore Eq. (5.9) tells us that κ1 must be suppressed.
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5.2 5D models and holography

Another class of models whose low-energy spectrum consists of η, γ, and h are 5D models with

U(1)V × U(1)A gauge invariance. Its Lagrangian can be written as

L5 =

∫
d4x dz

√−g

[
M3

P5R+M5

(
V 2
MN + A2

MN + c4V V
4
MN + · · ·

)
+κ5 ϵMNPQRA

MFNPFQR + κg5 ϵMNPQRA
MRNPA

B RQRB
A

]
, (5.10)

where M,N, ... = µ, 4; VMN and AMN are the field-strength tensors of the U(1)V and U(1)A,

while R and RMNPQ are respectively the Ricci scalar and Riemann tensor; MP5 and 1/M5 are

respectively the 5D Planck scale and gauge-coupling squared, and κ5, κg5 are the dimensionless

coefficient of the Chern-Simons terms related to U(1)A anomalies. The Lagrangian Eq. (5.10) is

derived as an expansion in fields and derivatives, with Dim[AM ]=Dim[VM ] = 1, and we have only

included one term of dimension 8, V 4
MN , that will play an important role in our analysis.

We will assume that the extra dimension z is compactified in a segment (orbifold) and will take

as boundary conditions ∂zVµ = 0 and Aµ = 0 at both boundaries. For the graviton the boundary

condition depends on the metric and it is usually referred to as the Israel junction condition [78].

At low-energies, E ≪ 1/L, the model has the following massless states: Vµ that we identify with

the photon, the fifth-component of AM , A5 (a pseudoscalar) that we identify with η, and the

graviton hµν . The theory also contains massive states, the Kaluza-Klein (KK) modes, for Vµ, Aµ,

and hµν . The Chern-Simons terms proportional to κ5 and κg5 leads respectively to the couplings

of Eq. (2.1).

Let us start considering the case in which the 5D space is flat. We then have [79]

F 2
π ∼ M5/L , M2

P ∼ M3
P5L . (5.11)

In this theory c4γ could either be generated from integrating the KK states or from the higher-

dimensional operator V 4
MN . We find that in flat space there is no coupling of a single KK mode to

two massless Vµ (the photon), due to translational invariance in the 5th dimension. Therefore, c4γ

cannot be generated at tree-level from integrating out the KK modes, and its only contribution

arises from c4V , i.e. c4γ ∝ c4V . Given this and Eq. (5.11), we have that the causal bound Eq. (5.1)

can be written as

Λcaus ∼
√

M3
5M

3
P5c4V

κ5κg5

. (5.12)

The scale Λcaus corresponds to the mass of the lightest J ≥ 2 state that couples to γγ, that could

in principle be the lightest KK graviton, of mass ∼ 1/L. Nevertheless, as we mentioned before,

KK gravitons do not couple to γγ and therefore Λcaus must be associated to the mass of a new

state. Additionally, since c4V is expected to scale with the 5D cutoff scale of the theory, which can
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Figure 5: Bounds on the cutoff scale of the 5D model Eq. (5.10). The black lines corresponds to
the perturbative bounds Eq. (5.14), while the red (blue) corresponds to the bound from causality
Eq. (5.13) (Eq. (5.15)).

be identified with Λcaus, i.e. c4V ∝ 1/Λ4
caus, we obtain from Eq. (5.12)

Λcaus ∼
√
M5MP5

(κ5κg5)1/3
. (5.13)

Notice that this bound does not depend on L, so it applies even in the decompactification limit

L → ∞.

How Eq. (5.13) compares with other bounds? We can naively get bounds on the cutoff scale of

the 5D Lagrangian Eq. (5.10) by demanding that loops are smaller than tree-level effects, i.e. naive

dimensional analysis [80]. In particular, we can estimate the cutoff scale Λ5 pert as the scale at which

loops in 3-vertices involving VM and hMN become of order of their tree-level value. This leads to

Λ5 pert = Min

{
M5,MP5,

M5

κ
2/3
5

,

√
M5MP5

κ
1/3
5

,
10
√

M5M9
P5

κ2
g5

,
5
√

M2
5M

3
P5

κ5κg5

,
7
√

M5M6
P5

κ2
g5

}
. (5.14)

Depending on the parameters of the model, we find regions where the causal cutoff Eq. (5.13)

is smaller (and therefore more relevant) than the perturbative cutoffs Eq. (5.14). This can be

appreciated in Figure 5, where for completeness, we have also included the causal bound obtained

in [48]:

Λcaus ∼
4
√

M5M3
P5

κ2
g5

. (5.15)

It is easy to see for example that the causal upper bound Eq. (5.13) becomes the smallest of all in

the limit κg ∼ κ → ∞ and M5/MP5 ∼ κd for 0 < d < 2/3.

Let us now consider the case of warped extra dimensions, for example, the case of an AdS5
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metric, ds2 = (L/z)2(ηµνdx
µdxν − dz2), being L now the AdS curvature radius. We also consider

that the extra dimension is limited by two branes, one at z = 1/ΛUV (UV-boundary) and another

at z = 1/ΛIR (IR-boundary) with ΛUV ≫ ΛIR [81]. In holographic language, this setup is dual to a

large-Nc CFT with IR breaking [54], which also induces corrections to the graviton propagator [82].

The KK masses are of order ∼ ΛIR and the scale at which gravity loops are important is given by

ΛQG ∼ ΛUV. We now have F 2
π ∼ (M5L)Λ

2
IR and M2

P ∼ (MP5L)
3Λ2

UV. Contrary to the flat case,

now c4γ can be generated from KK modes. For abelian theories, there is no 3 gauge vertices and

the only contribution to c4γ comes from the exchange of KK gravitons. One gets the estimate

c4γ ∼ M2
5

M3
P5L

1

Λ4
IR

. (5.16)

Furthermore, now Λcaus can be associated with the mass of the lightest KK graviton ∼ ΛIR. Taking

all these aspects into account, we derive from Eq. (5.1) the bound

κ5κg5

(M5L)2
≲

ΛUV

ΛIR

, (5.17)

which is naturally interpreted in the dual 4D theory via large-N scaling [54]. Finally, for explicit

D3/D7-type holographic realizations, see [83] and [84] for a conformal-collider perspective in

holographic CFTs.

The AdS/CFT correspondence relates theories in AdS5 to 4D strongly-coupled gauge theories

in the limit Nc → ∞ and λ ≡ g2YMNc → ∞. In these limits, the J > 2 states (associated with

string excitations) become infinitely heavy, and the light spectrum consists only of states with

J = 0, 1, 2, as described by Eq. (5.10). The AdS/CFT correspondence dictates

M5L ∼ N r
c , κ5, κg5 ∼ N r

c , and thus
κ5κg5

(M5L)2
∼ N0

c , (5.18)

where r = 1 for fermions in the fundamental representation and r = 2 for fermions in representa-

tions whose number of states grows as N2
c , such as the symmetric or antisymmetric representations.

In both cases, we find that Eq. (5.17) provides an Nc-independent bound on the parameters of the

model.

The bound Eq. (5.7) is also particularly interesting for strongly-coupled models in the limit

λ → ∞. In this regime, in the holographic dual, states with J ≥ 3 become infinitely heavy, and

therefore Eq. (5.7) implies that κ1 must vanish.

5.3 Astrophysical constraints on the non-minimal coupling κ1

The hγγ non-minimal coupling κ1 in Eq. (2.4) modifies the photon propagation in curved space-

time, leading to birefringence and helicity-dependent Shapiro delays. The most stringent bound

on κ1 is obtained from the timing of binary pulsar PSR B1534+12 signals that gives e2|κ1| ≲
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6 km2 [85–87], and complementary constraints based on other astrophysical observations can be

found in Ref. [88–91].

Astrophysical bounds on κ1 are typically of order e2|κ1|/r2g ≲ O(1), meaning that deviations

must remain below the curvature scale set by the gravitational radius rg, which for black holes

corresponds to the horizon radius. For M87* (rg∼109 km), this implies e2|κ1|≲1018 km2, while for

stellar-mass black holes (rg∼10 km) one finds e2|κ1|≲102 km2.

A e2|κ1| ∼ 6 km2, implies, using our bound Eq. (4.42), that there should be new physics at

energies

Λ ∼8× 10−11 eV . (5.19)

This could correspond to new particles with J ≥ 3 coupled to γh, or, in the case where new

physics appears at the loop level, to new states coupled to γ. Such low-mass states should therefore

have been observed in other experiments, for example, through their effects on stellar evolution.

Our bounds indicate that searches for modifications of GR in binary pulsar timing or similar

experiments are not competitive with existing experimental constraints.

6 Conclusion

We have obtained causality bounds by bootstrapping all possible 2 → 2 amplitudes EFTs consisting

of a pseudoscalar η, a photon γ, and a graviton h, and whose interactions are dictated by U(1)η

anomalies, as shown in Eq. (2.1).

To bootstrap amplitudes containing the gravitational t-pole divergence, we integrated the dis-

persion relation over t or w = tu/s using a weighting function that smears out such divergent

contributions. This allowed us to derive, from the process γ+γ+ → h+h+, the bound Eq. (4.27)

on κκg as a function of the mass of the J ≥ 2 states in the EFT’s UV completion. For EFTs

with anomalies, such as axion models, this bound can be interpreted as a causal UV cutoff of

LEFT(η, γ, h) [see Eq. (5.1)]. We have shown that this scale can lie below the perturbative UV

cutoff estimated in Eq. (5.2).

In addition, from the process γ+h+ → γ−h+, we derived a bound on the non-minimal hγγ

coupling κ1, given in Eq. (4.42), as a function of the mass of the lightest J ≥ 3 UV state.

We further analyzed the implications of our results in strongly-coupled gauge theories and in

5D models with Chern–Simons terms. In the latter case, we showed that the causal cutoff can

be smaller than the naive perturbative cutoff scale Λ5pert of Eq. (5.14), especially in the limit

κg ∼ κ → ∞ and M5/MP5 ∼ κd for 0 < d < 2/3. We also discussed the implications of these

bounds for warped extra-dimensional models, which, thanks to the AdS/CFT correspondence, are

related to strongly-coupled gauge theories in the large-Nc and large-λ limits. Our bound Eq. (4.27)

provides an Nc-independent constraint on the anomaly coefficients [Eq. (5.17)], while Eq. (5.7)

implies that κ1 → 0 as λ → ∞.

Finally, we have shown that modifications of General Relativity arising from the photon–graviton
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coupling κ1 would require new physics at very low energies, ∼ 10−10eV, in order to be detectable

in current or near-future binary pulsar timing experiments.

Although our bounds were derived in 4D, it would be interesting to obtain these results directly

in 5D where log divergences are absent, and analyze their implications for 5D holographic duals

of hydrodynamical systems at finite temperature and chemical potential [55–64]. For example, it

would be interesting to explore whether violations of our causal bounds are connected to instabil-

ities in these theories. One could also attempt to extend our analysis to theories involving scalar

fields, as in [25]. We leave these directions for future work.
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A Improved dispersion relation for t ↔ u symmetric am-

plitudes

The k = 2 dispersion relation for the amplitude γ+γ+ → γ+γ+ at fixed t involves infinitely many

low-energy Wilson coefficients from contact terms. This can be avoided by keeping another variable

fixed instead of t in the dispersion relations, as shown in [12, 37, 46, 51, 92] for s-t-u symmetric

amplitudes. We present here a similar approach, valid for t ↔ u symmetric amplitudes, which was

in parallel elaborated in [93].

We consider the particular case where

w ≡ tu

s
, (A.1)

is taken fixed in a t ↔ u symmetric amplitude. The expressions for t(s, w) and u(s, w) are given

in this case by

t = −s

(
1−

√
1− 4w/s

2

)
, u = −s

(
1 +

√
1− 4w/s

2

)
, (A.2)

where w > 0 in the physical region.10 For amplitudes symmetric under t ↔ u, the presence of

the square roots in Eq. (A.2) does not introduce any non-analyticity, since t and u always appear

together in combinations such as t+ u, tu, etc.11 For this reason, the non-analytic parts continue

10The signs in front of
√

1− 4w/s in the expressions of t and u could also be chosen oppositely. In our convention,
for s → −∞, we have u → ∞ while t → 0, indicating nonzero ImM in the u-channel at s < 0. On the other hand,
the opposite case leads to nonzero ImM in the t-channel at s < 0.

11It indicates that any t ↔ u symmetric amplitude is independent of the signs in front of
√

1− 4w/s.
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to arise only from the real s axis due to s- and u-channel particle exchanges. They give rise to

ImM which, as in Sec. 3.1, we expand in partial-waves:

ImM(s, w) =
∑

J=even

(2J + 1)ρJ(s) dJλ12,λ43

(√
1− 4w

s

)
for s ≥ 0 , (A.3)

ImM(s, w) =
∑
J

(2J + 1)ρJ(u) dJλ14,λ23

(
u− w

u+ w

)
for u ≥ 0 . (A.4)

The presence of the squared root in Eq. (A.3) does not pose any problem for t ↔ u symmetric

amplitudes, as it can be understood in the following way. The t ↔ u symmetry requires that either

the incoming or the outgoing particles are the same. Considering the first case, we have λ12 = 0,

and consequently that J must be even in Eq. (A.3). In addition, λ43 must also be even so, dJ0,λ43
is

an even polynomial in its argument, which guarantees the absence of the square root in Eq. (A.3).

Taking w fixed, we can write the following dispersion relation for M(s, w)/s1+k using Eq. (A.3)

and Eq. (A.4):

1

2πi

∮
C0

ds′
M(s′, w)

s′1+k
=

〈
dJλ12,λ43

(√
1− 4w

m2

)
m2k

〉
+ (−1)k

〈
dJλ14,λ23

(
m2−w
m2+w

)
m4k

(m2 + 2w)(m2 + w)k−1

〉
.

(A.5)

B Explicit expressions of the smeared Wigner d-functions

In this section, we present the explicit formulas for the smeared Wigner d-functions used in the

main text.

Those in Eq. (4.9) for γ+γ+ → h+h+ are given by

As(m,J) =

∫ 0

−|t|max

dtA(t)
dJ0,0(1 + 2t/m2)

m4
, Au(m,J) =

∫ 0

−|t|max

dtA(t)
m2(−1)JdJ3,3(1 + 2t/m2)

(m2 + t)3
,

(B.1)

corresponding to the s- and u-channel respectively.

The ones in Eqs. (4.10), (4.11), and (4.12) for γ+γ+ → γ+γ+, h+h+ → h+h+, and γ+h− →
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Figure 6: Winger d-functions dJλ,λ(1− 2p2).

γ+h− are given respectively by

Bs(m,J) =

∫ wmax

0
dwB(w)

dJ0,0

(√
1− 4w

m2

)
m4

, (B.2)

Bu(m,J) =

∫ wmax

0
dwB(w)

dJ2,2

(
m2−w
m2+w

)
m8

(m2 + 2w)(m2 + w), (B.3)

Cs(m,J) =

∫ 0

−|t|max

dtC(t)
dJ0,0

(
1 + 2t

m2

)
m4

, Cu(m,J) =

∫ 0

−|t|max

dtC(t)
m2dJ4,4

(
1 + 2t

m2

)
(m2 + t)3

, (B.4)

Ds(m,J) =

∫ 0

−|t|max

dtD(t)
dJ3,3

(
1 + 2t

m2

)
(m2 + t)2

, Du(m,J) =

∫ 0

−|t|max

dtD(t)
m2dJ1,1

(
1 + 2t

m2

)
m2(m2 + t)

. (B.5)

In Eq. (4.32) for γ+h+ → γ−h+, we have defined

Es(m,J) =

∫ 0

−|t|max

dtE(t)
(2m2 + t)dJ3,1

(
1 + 2t

m2

)
m2(m2 + t)2

. (B.6)

Finally, the functions in Eq. (4.33) for γ+h− → γ+h− are

Fs(m,J) =

∫ 0

−|t|max

dt F (t)
dJ3,3

(
1 + 2t

m2

)
(m2 + t)2

, Fu(m,J) =

∫ 0

−|t|max

dt F (t)
m2dJ1,1

(
1 + 2t

m2

)
m2(m2 + t)

, (B.7)

which are the same as Eq. (B.5), except for the smearing function.
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C Positivity of smeared Wigner d-functions

In this section we discuss in detail how to choose the smearing functions and determine |t|max such

that Bs,u(m, J), Cs,u(m, J), Ds,u(m, J) and Fs,u(m, J) are positive. All these functions appear in

elastic processes so their corresponding Winger d-functions have λ12 = λ34 ≡ λ.

We first consider Cs,u(m, J), Ds,u(m, J) and Fs,u(m, J), that can be written in a generic way as

SJ
λ,λ =

∫ pmax

0

dp 2p S(p) dJλ,λ(1− 2p2) with p =
√

−t/m2 . (C.1)

Notice that in S(p) we incorporate not only the smearing function but also possible powers of

m2/(m2 + t) = 1/(1− p2).

We begin by deriving a necessary condition for the positivity of Eq. (C.1) in the limit J → ∞ at

fixedm2. As shown in Fig. 6, the Winger d-functions monotonically increases or decreases for p > 1,

leading to dJλ,λ → (−1)J∞ as p → ∞, except for d00,0 = 1.12 Furthermore, the divergence toward

±∞ becomes stronger as J increases; therefore, it cannot be tamed by any smearing function in

the J → ∞ limit. This forces us to impose pmax ≤ 1 in order to ensure that Eq. (C.1) remains

positive as J → ∞.13

Fig. 6 also shows that the Wigner d-functions with identical sub-indices are positive around

p ∼ 0 for all J , while oscillates as p approaches 1. Thus, the smearing function must be chosen to

enhance the region p ∼ 0 and suppress the oscillatory behavior. This can be achieved by setting

the smearing function proportional to

S(p) ∝ (1− p/pmax)
r = (1−

√
−t/|t|max)

r with r ≥ 0, (C.2)

where p/pmax is introduced to prevent the smearing function from depending on m. In the main

text, we set r = 5, which is sufficient to suppress oscillatory contributions. We note that although

many alternatives of the smearing function could satisfy the positivity conditions discussed so far,

they do not result in a significant difference in the final bound [27].

We can proceed in the same way for Bs,u(m, J) in which the smearing is performed over w

instead of t. In this case, a few remarks are in order. For Bs(m, J) we observe that the Wigner

d-function involved monotonically increases (decreases) for even (odd) J/2 > 0 in the region

w > m2/4.14 Thus, we must require

wmax ≤ m2/4 for Bs(m, J), (C.3)

to ensure positivity for all J . On the other hand, we find that for Bu(m, J) one can always find

a smearing function that guarantees positivity. This is because the argument of the Wigner d-

12We will deduce this limit in Eq. (C.6).
13Cs(m,J) escapes this logic since only even J is allowed, and therefore its positive sign for p ≫ 1 is fixed; with

a proper smearing function, it can be made always positive.
14For p =

√
4w/m2, we have dJ0,0(

√
1− p2) ∝ (−1)J/2(p− 1) near p = 1 for even J > 0.
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function is (m2−w)/(m2+w) that is always between 1 and −1 where the Wigner d-function does

not diverge for any J .

C.1 Maximal |t|max as a function of J

In the previous section, we have seen that a generic bound to have Eq. (C.1) positive for all J

corresponds to pmax =
√

|t|max/m2 ≤ 1. This fixes |t|max = Min[Ms,Mu], where we recall that Ms,u

are the masses of the s- and u-channel lightest UV state.

Nevertheless, one can consider the possibility of taking larger values of |t|max, as this would

lead to stronger bounds. We aim here to identify the largest J for which we can take |t|max = M2
J

without losing positivity, where MJ denotes the mass of the lightest UV state with spin J . As

shown in the main text, this will determine the spin of the states that must appear at the causal

cutoff Λcaus, providing crucial information about the UV completion.

The above goal requires a detail inspection of smearing each Wigner d-function as a function

of J , starting from its lowest possible value. We obtain the following result. Taking |t|max = M2
J ,

the values of J are

• J ≥ 2 for Bs ≥ 0 ,

• J ≥ 3 for Bu ≥ 0, Du ≥ 0, Fu ≥ 0 ,

• J ≥ 4 for Cs ≥ 0, Ds ≥ 0, Fs ≥ 0 ,

with no restriction on J for satisfying Cs ≥ 0. In the rest of the section, we provide a detailed

explanation of the cases of Bs(m, J) and Fu(m, J), which determine the J values in Eq. (4.26) and

Eq. (4.41), respectively. These are essential for interpreting the bounds Eq. (4.27) and Eq. (4.42).

The remaining cases can be straightforwardly obtained by following the argument presented here.

Bs(m, J) includes dJ0,0 allowing, in principle, J = 0, 2, 4, ....15 For J = 0, d00,0 is constant, so it

is easy to guarantee the positivity of Bs(m, 0) for any wmax. Next, we consider d20,0. It decreases

for ωmax > m2/4, requiring then to take wmax = M2
J=2/4, or equivalently, |t|max = M2

J=2 to have

Bs(m, 2) ≥ 0. The UV state of mass MJ=2 couples to γ+γ+ and h−h−.

For Fu(m, J) (with the same structure as Du(m, J)), involving dJ1,1/(m
2 + t), we can have

J = 1, 2, 3, ... . The proportionality,

dJλ,λ(1− 2p2) ∝ (1− p2)|λ|P
(0,|λ|)
J−|λ| (1− 2p2), (C.4)

with P
(α,β)
n the Jacobi polynomial, guarantees that d11,1/(m

2 + t) is constant, and Fu(m, 1) ≥ 0

for any |t|max. On the other hand, d21,1/(m
2 + t) decreases monotonically to negative values for

|t| > m2. In spite of this, by taking the smearing function to involve a Bessel function, we can

cancel the negative contribution and obtain Fu(m, 2) ≥ 0. In contrast, the Bessel function cancels

15Recall that Bs(m,J) arise from the s-channel of γ+γ+ → γ+γ+, restricting J to even values.
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the positive contribution of d31,1/(m
2 + t) for |t| > m2, determining that |t|max cannot be larger

than M2
J=3 in order to have Fu(m

2, 3) ≥ 0. The UV state of mass MJ=3 couples to γ+h+ and γ−h+.

C.2 High-J asymptotics of the smeared Wigner d-functions

To confirm the positivity of Bs,u(m, J), Cs,u(m, J), Ds,u(m, J) and Fs,u(m, J), and also the validity

of Eqs. (4.16) and (4.34) for all J , we must understand the high-J asymptotics of the smeared

Wigner d-functions as numerical evaluation cannot access the J → ∞ limit.

We first consider the aymptotics of SJ
λ,λ′ with different sub-indices from Eq. (C.1) for any

pmax ≤ 1, applicable to the smeared Wigner d-functions with the variable t. For the lower pmax < 1,

the smearing function with (1− p/pmax)
r suppresses the oscillatory contributions more strongly.

Therefore, it suffices to evaluate the asymptotics of SJ
λ,λ′ only at pmax = 1, leading to our target:

Aλ,λ′(J) ≡ lim
J→∞

SJ
λ,λ′ = lim

J→∞

∫ π

0

sin θdθ

2
S(sin θ

2
)dJλ,λ′(cos θ), (C.5)

where we have changed variables, cos θ ≡ 1 − 2p2. In the high-J limit, the Wigner d-function

becomes rapidly oscillatory, but the stationary phase method [94,95] shows that bulk contributions

cancel while the endpoint contributions remain. This allows us to use the asymptotic expressions

of the Wigner d-function instead of the exact form:16

dJλ,λ′(θ) ∼

 (−1)
λ−+|λ−|

2 J|λ−|(Jθ) for θ ≪ 1,

(−1)
−|λ−|+|λ+|−2J

2 J|λ+|
[
J(π − θ)

]
for π − θ ≪ 1

, (C.6)

at J ≫ 1 where λ± = λ ± λ′ and Jλ is the Bessel function of the first kind. This is because the

two asymptotics match the Wigner d-function at the endpoints, θ = 0 and π, respectively, while

their magnitude is suppressed as 1/
√
J in the bulk, enabling us to rewrite Eq. (C.5) as

Aλ,λ′(J) = lim
J→∞

{
(−1)

λ−+|λ−|
2

∫ a

0

sin θdθ

2
S(sin θ

2
)J|λ−|(Jθ)

+ (−1)
−|λ−|+|λ+|−2J

2

∫ π

b

sin θdθ

2
S(sin θ

2
)J|λ+|

[
J(π − θ)

]}
, (C.7)

in terms of arbitrarily finite cutoffs, a > 0 and b < π.

Due to the endpoint dominance, we can use the Taylor expansion of the smearing function with

the sine factor near the endpoints. The smearing function that we consider is

S(sin θ
2
) ≡ (sin θ

2
)αS̃(sin θ

2
) with 0 ≤ α < 1, (C.8)

16In this work, we adopt the convention of the d-function in Ref. [96].
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which is non-analytic at θ = 0 for α > 0. Expanding this as

sin θ

2
S(sin θ

2
) =

θα

21+α

[
θS̃(0) +

θ2

2
S̃ ′(0) + · · ·

]
for θ ≪ 1, (C.9)

sin θ

2
S(sin θ

2
) =

1

2

[
θS̃(1)− θ2

24

[
(4 + 3α)S̃(1) + S̃ ′(1)

]
+ · · ·

]
for π − θ ≪ 1, (C.10)

at each endpoint, we can get the asymptotics by putting the expansions above into Eq. (C.7):

Aλ,λ′(J) = (−1)
λ−+|λ−|

2

{
Γ[(2 + |λ−|+ α)/2]

J2+αΓ[(|λ−| − α)/2]
S̃(0)(0) +

Γ[(3 + |λ−|+ α)/2]

J3+αΓ[(|λ−| − 1− α)/2]
S̃(1)(0) + · · ·

}

+ (−1)
−λ−+|λ+|−2J

2

{
|λ+|
2J2

S̃(0)(1)− |λ+|(|λ+|2 − 4)

48J4

[
(4 + 3α)S̃(0)(1) + 3S̃(1)(1)

]
+ · · ·

}
,

(C.11)

Here, we used the analytic integral,

lim
J→∞

∫ a

0

θ1+nJλ(Jθ) dθ =
21+nΓ

(
1 + λ+n

2

)
J2+nΓ

(
λ−n
2

) + a-dependent oscillatory terms, (C.12)

where we neglected the oscillatory terms, ensured by the stationary phase method.

Similarly to the case of smeared Wigner d-functions with the variable t, we can derive the

asymptotics of those with the variable w. Taking the critical case wmax = m2/4 in Eq. (C.3), the

asymptotics involving dJλ,λ(
√

1− 4w/m2) can be given by

∫ π/2

0

sin 2θ dθ S(sin θ) dJλ,λ(cos θ), (C.13)

where we use
√
1− 4w/m2 = cos θ. Note that the integration region is restricted to π/2, allowing

only the endpoint θ = 0 contribution to be dominant due to the 1/
√
J supression of the Winger

d-function at bulk.

As mentioned before, the argument (m2 − w)/(m2 + w) of the Wigner d-function is put only

between −1 and 1, allowing to make always the relevant smeared ones positive via a suitable choice

of the smearing function. However, as shown in Eq. (C.3), our choice making Bs(m, J) positive

for wmax ≤ m2/4 leads Bu(m, J) to be negative for a specific J value. It is easy to see where the

negativity arise from by writing the smeared one as∫ Θmax

0

2 sin θ dθ

(1 + cos θ)2
S

(
1− cos θ

sin θ

)
dJλ,λ(cos θ), (C.14)

where we use (m2 − w)/(m2 + w) = cos θ with Θmax = cos−1[(m2 − wmax)/(m
2 + wmax)]. For the
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function S adopting the smearing function in Eq. (4.24) is proportional to

S

(
1− cos θ

sin θ

)
∝ 4

(
1− 1− cos θ

∆max sin θ

)5

with ∆max =
1− cosΘmax

sinΘmax

, (C.15)

which vanishes at θ = Θmax. This function cannot cancels the monotonic growth of the factor

sin θ/(1 + cos θ)2 for θ → π and moreover, the extra factor (m2 + 2w)(m2 + w)k−1 is replaced to

involve an additional power of 1/(1 + cos θ) in the integral in Eq. (C.14). Since dJλ,λ is oscillatory

near θ = π, it leads us to lose the positivity for all J .
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