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In this paper, we study the late-time cosmic acceleration of the Quintessence model within the

framework of Hoyle–Narlikar Gravity, consisting of a creation field. Using the Hubble tension as a

function of the density parameter for matter, the density parameter for radiation, and the density

parameter for dark energy in the covariant formulation, we find the gravitational field equations in

the spatially flat, homogeneous, and isotropic spacetime to examine the dynamical mechanism that

leads to cosmic acceleration in the late-time universe. We analyze the observational constraints on

the late-time density parameters using various recent observational datasets, including the Hub-

ble datasets, Pantheon+, and joint compilation, Pantheon++BAO. Consequently, it is explicitly

demonstrated that late-time cosmic acceleration can be consistent with recent observational data

in Hoyle–Narlikar Gravity with non-minimal matter interaction. In contrast with other modified

theories of gravity, it is observed that the creation field theory with non-minimal matter interaction

renders more compact constraints on the Hubble tension together with density parameters, and

extensively explains the accelerating expansion of the universe, which makes it a more plausible

option compared to the ΛCDM model. Furthermore, the w−w′ phase analysis confirms alternating

thawing and freezing behaviour of the model, with all trajectories ultimately converging toward the

ΛCDM point, thereby confirming the model stability and the observational consistency.
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I. INTRODUCTION

Einstein’s General Relativity in 1915 [1] changed our understanding of gravity and the structure of the Universe

forever. This was justified when Edwin Hubble discovered in 1929 that the universe is expanding, and this provided

the first piece of evidence for the Big Bang [2]. The additional confirmation came in 1965 with the discovery of cosmic

microwave background radiation by Arno Penzias and Robert Wilson [3], which confirmed that model. Initially, it was

thought that the expansion of the Universe would be slowly depressed by gravity. However, in the late 1990s, teams

led by Saul Perlmutter, Brian Schmidt, and Adam Riess observed distant Type Ia supernovae, which led them to

conclude that expansion is now accelerating [4–13]. The inference drawn from this new acceleration was the presence

of some unknown energy component with high negative pressure, known as dark energy, which is now considered to

comprise around two-thirds of the total energy density of the universe [14–19]. We already knew that the universe

is expanding, which is an important insight that has shaped our understanding of its structure and evolution. Since

then, modern cosmology has relied more and more on astrophysical observations to tune and test theoretical models.

Evidence for its expansion has come primarily from two kinds of observation: the cosmic microwave background and

high-redshift Type Ia supernovae. However, from cosmological observations, it can be inferred that the Universe had
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two different phases in which it expanded: First, the early deceleration phase of the expansion dynamics, and then

the late phase, which is characterized by accelerated expansion, which started around 6 billion years after the Big

Bang and is still ongoing.

Dark energy is a kind of mysterious form of energy that is thought to pervade the universe and act as the cause

of its accelerated expansion, exerting a strong negative pressure. Scientists categorize different types of dark energy

based on something called the equation of state (EOS), which describes the relationship between pressure and energy

density. When the EoS lies between −1 < w < − 1
3 , the dark energy is referred to as quintessence type [20–22]. If

w < −1, it’s known as Phantom-type dark energy [23]. Some models allow ω to cross the critical divide w = −1

from either side; these are called Quintom-type dark energy [24]. Additionally, certain cosmological theories propose

an Ekpyrotic phase before the Big Bang, where the universe contracts with a very stiff equation of state, w ≫ 1

[25, 26]. Another approach to explaining the late-time acceleration of the universe is through modifications to gravity

rather than introducing dark energy. These models suggest that gravity may behave differently on large scales than

predicted by Einstein’s general relativity, and many arise from higher-dimensional theories such as string theory and

M-theory [27–30]. Unlike some exotic dark-energy models, these do not require negative kinetic terms. They can

explain both early-time inflation and the smooth transition to late-time acceleration. Although these modified gravity

theories are gaining traction as alternatives to General Relativity, they face stringent observational and theoretical

constraints [31–33].

The three key observations pillar of modern cosmology, which are the expanding universe, primordial nucleosynthe-

sis, and the observed isotropy of cosmic microwave background radiation, are all phenomena that big-bang cosmology,

based on Einstein’s field equations, was supposed to explain successfully. However, Smoot et al. [34] revealed that

the previous predictions of the FLRW types of models do not always fully align with our expectations. The redshift

results of the extragalactic objects shown in this approach are essentially contradictory for describing the space pro-

duction trend in the Big Bang-type models. And cosmic microwave background radiation was not a decisive victory

for Big Bang theory either. Narlikar et al. [35] demonstrated the possibility of a non-relativistic interpretation of

cosmic microwave background radiation. All these theories have been proposed from time to time to explain such

a phenomenon. In the early universe, Hoyle [36], Bondi and Gold [37] suggest steady state cosmology, according to

which the universe sustains itself in a single persistence without beginning or end in the cosmic time scale. They

have also shown that the large-scale features of the universe exhibit the same statistical properties. Furthermore,

continuous creation of matter, rather than the creation of matter that occurs instantaneously, infinitely explosively

at t = 0, has ensured that the mass density remains constant over time. But this formalism violated the principle of

conservation of matter. To resolve this issue, Hoyle and Narlikar [38] went to a field theoretic approach, namely, they

introduced a massless and chargeless scalar field C, in the Einstein-Hilbert action to describe the matter production.

There is no cosmic bang kind of singularity like that in the C-field theory introduced by Hoyle and Narlikar as in

steady state theory [37].

Narlikar and Padmanabhan [39] showed that the solutions of Einstein’s field equations allow for the presence of

radiation in the form of a negative energy massless scalar creation field C. Chatterjee and Banerjee [40] derived

the theory of Hoyle and Narlikar [38, 41, 42] for a space-time of more than four dimensions, whereas Raj et al. [43]

studied the case for a flat FRW model with C-field model and scale-dependent G. More models have been constructed,

such as those by Bali et al. [44], and studies of anisotropic cosmologies like the Kasner metric [45] have provided

important insights into the nature of singularities in general relativity. Singh et al. [46] studied several Bianchi-type

models and the Kantowski-Sachs model in C-field cosmology. Recently, Maurya et al. [47] analyzed various dark

energy observations with the help of Hoyle–Narlikar gravity and demonstrated that such models are consistent with

the current data, providing evidence for a transition from deceleration to acceleration in the expansion of the Universe.
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The paper is structured as follows: In Section I, a fundamental assessment of general relativity and various other

modified theories and their cosmological implications. We present the late-time cosmic acceleration and the reasons

behind this gravitational theory. In Section II, we study the fundamental formalism of the model in the Hoyle-

Narlikar Gravity and find the modified Einstein field equations. In Section III, we present the function of the Hubble

parameter H(z) and discuss the solutions of the field equations, and the behavior of the C-field according to our

model. In Section IV, we constrain the Hubble tension and the density parameters using recent observational data.

In Section V, we concentrate on the physical interpretation and diagnostic profile of the model. In Section VI, we

perform the thawing and freezing analysis in the w−w′ plane to distinguish between different classes of dark energy

models. Finally, we summarize the results and the consequences of the model in the concluding section VII.

II. HOYLE-NARLIKAR CREATION FIELD THEORY

The massless scalar field introduces the C-field known as the creation field that modifies Einstein’s field equations.

The modified field equations have been furnished in the following form [35, 38, 39, 41, 42, 48]

Rij −
1

2
Rgij = −8π

[
T

(m)
ij + T

(C)
ij

]
, (1)

where R is the Ricci curvature scalar, Rij is the Ricci tensor, gij is the metric tensor, and the energy momentum

tensors T
(m)
ij , T

(C)
ij , corresponding to the perfect fluid matter source and the creation field, respectively, are given as

T
(m)
ij = (ρ+ p)uiuj + pgij , (2)

and

T
(C)
ij = −sζ

(
CiCj −

1

2
C2gij

)
, (3)

where we have introduced a new parameter s = ±1 to keep track of the sign convention. In this work, Latin indices

(i, j, . . .) are used for the spatial coordinates (1, 2, 3), while the time coordinate is denoted separately by the index 4.

Hence, the spacetime indices extend over i = 1, 2, 3, 4, with x1, x2, x3 representing the spatial components and x4 = t

corresponding to the temporal coordinate. Here ρ, p are the energy density and pressure, respectively. Also, ui is

the four-velocity vector, uiu
i = −1 and ui = 0 for i = 1, 2, 3 , C is the creation field, Ci = dC

dxi and the creation field

C ∝ t. We take the creation field to evolve with cosmic time as C(t) = k tanh(αt), since homogeneity and isotropy of

the FLRW background rule out any spatial dependence. This functional form is smooth, bounded, and monotonic,

ensuring a regular time evolution of the creation field. It provides a simple representation in which the field grows

gradually at early times and asymptotically approaches a constant value at late times, thereby capturing the essential

physics of a uniform matter–creation process. ζ > 0 as a coupling constant between matter and creation field.

For s = +1, the creation field contributes with a negative effective energy density, while for s = −1 the sign

is reversed and the creation field contributes positively. The precise condition on the sign of ζ will be obtained

later when we apply the present-day boundary condition H(a0) = H0 and introduce the matter density parameter

Ωm0 = 8πρ0/(3H
2
0 ). In this work we adopt the convention s = −1, which leads to a consistent formulation of the

model and allows a positive value of ζ.

In that case, the component T
(C)
44 = − s

2ζĊ
2 determines the effective contribution of the creation field. Depending

on the value of s, the creation field can either act as a repulsive source term for s = +1 or as a positive-energy
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FIG. 1: The evolution of the creation field C in terms of time t with k = 0.18 and α = 1.05.

contribution for s = −1.

To analyze cosmological dynamics, we consider the flat FLRW metric in the form [49]

ds2 = −dt2 + a2dx2
i , i = 1, 2, 3, (4)

where a(t) is the scale factor that characterizes the expansion of the Universe over time.

Now, by substituting Eqs. (2), (3), and (4) into Eq. (1), we obtain the modified field equations as follows

8πρ = 3H2 + 4πsζĊ2, (5)

8πp = −
(
2Ḣ + 3H2

)
+ 4πsζĊ2. (6)

The energy conservation equation is given by

ρ̇− sζĊC̈ + 3H(ρ+ p− sζĊ2) = 0. (7)

The creation field gives the effect of the cosmological constant Λ-term. The case ζ = 0 corresponds to the model in

the GR form, and ζ > 0 describes the interaction of the creation field and matter model.

In the present work, we consider the creation field to evolve with cosmic time as

C = k tanh(αt), (8)

where k sets the late-time value and α controls the characteristic time scale. In our analysis, we adopt k = 0.18

and α = 1.05. As shown in Fig. 1, the field starts from zero at t = 0, grows rapidly during the early epoch, and

asymptotically approaches the constant value k at late times. This behaviour provides a smooth and physically

consistent description of a creation process that is initially strong but stabilizes as the universe evolves, effectively

acting as a negative-pressure component influencing cosmic acceleration.
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III. PARAMETRIZATION OF HUBBLE PARAMETER

In this paper, we employ the cosmological parameterization method to solve the field equations and examine

the dynamical evolution of the universe. Various studies have proposed different parameterizations of cosmological

quantities to characterize significant epochs, particularly the transition from early-time deceleration to late-time

acceleration. The parameters introduced through this approach can be constrained using observational datasets such

as Hubble data, Pantheon+, and their combination with BAO measurements. The literature presents a range of

parameterization schemes, commonly based on the deceleration parameter (q), the Hubble parameter (H), or the

equation of state (EoS) parameter. In our analysis, we adopt the following specific parameterization of the Hubble

parameter

H(z) = H0

√
(1 + z)3Ωm + (1 + z)4Ωr +ΩΛ, (9)

where H0, Ωm, Ωr and ΩΛ represent the present value of the Hubble parameter, density parameter for matter, density

parameter for radiation, and density parameter for dark energy, respectively. These density parameters are defined

by Ωi = ρi0/ρc; ρc = 3H2
0/(8πG), where ρi0 denotes the present energy density of the component (i = m, r,Λ).

Substituting the relation H = ȧ
a and a = 1

1+z into Eq. (9), we obtain cosmic time t as a function of redshift as

t =
−2Ωm + 6Ωr(1 + z)− ΩΛ

12H0Ω
3/2
r (1 + z)3

. (10)

It links cosmic time t with the observable redshift z, providing a useful connection between the theoretical formulation

and cosmological data.

IV. STATISTICAL OBSERVATION FOR MODEL PARAMETERS

Emphasizing the importance of a comprehensive assessment of parameter values when investigating cosmological

models, the present section performs observational analyses of the prevailing scenario [50]. We find the best-fit values

of the parameters using Markov chain Monte Carlo (MCMC) analysis with emcee as the Python implementation [51].

We impose the following prior ranges for the parameters: H0 ∈ [60, 80], Ωm ∈ [0.2, 1], Ωr ∈ [0, 0.2], and ΩΛ ∈ [0.5, 1].

Our analysis combines data from the H(z) and Pantheon datasets, and the form of the χ2 function for various

datasets is provided below.

A. Hubble Dataset

The Hubble parameter H(z) is a measure of the rate of expansion of the universe at a redshift z. We can estimate

using the relationship

H(z) =
ȧ

a
= − 1

1 + z

dz

dt
≃ − 1

1 + z

∆z

∆t
, (11)

where ȧ is a derivative of the scale factor a(t) with respect to time. Here ∆z and ∆t are the change in redshift and

cosmic time of two passively evolving galaxies. The spectroscopic shift ∆z is determined by a set of spectroscopy, and

∆t is derived by the differential age method. All this together makes it possible to observationally measure without

any model for H(z). In this work, we use a compilation of 77 values of the Hubble parameter covering the interval
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FIG. 2: Posterior distributions for the model parameter pairs with the iso-surfaces correspond to 1σ and 2σ CLs for
all data compilations.

0 ≤ z ≤ 2.360 [52]. To test the theoretical predictions against the observations, we use the chi-squared statistic.

χ2
HD =

77∑
i=1

(
Hth(zi)−Hobs(zi)

σH(zi)

)2

, (12)
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where Hobs(zi) and Hth(zi) are the observed and theoretical Hubble parameter at redshift zi, respectively, and σH(zi)

is the observational uncertainty.

B. Pantheon+ Dataset

The expansive Pantheon+ + SH0ES dataset consists of 1701 Type Ia Supernovae (SNIa) obtained from various

surveys [53]. This dataset covers the redshift range (0.001 < z < 2.2613 ), enabling a detailed study of cosmic

expansion. Building on previous compilations like Union [54], Union 2 [55], Union 2.1 [56], JLA [57], and Pantheon [58],

Pantheon+ [59] includes the latest observations, enhancing its value for cosmological research through precise distance

measurements using SNIa as standard candles. The Pantheon+ + SH0ES dataset refines systematic uncertainties,

leading to more precise estimates of the cosmological parameters. Its primary purpose is to compare actual distance

measures with theoretical expectations, particularly in the context of the Hubble tension and dark energy studies.

χ2
SNe = DTC−1

SNeD, (13)

Here, CSNe [53] denotes the covariance matrix for the Pantheon+ + SH0ES dataset, capturing both statistical and

systematic uncertainties. The vector D is defined as

D = mBi −M − µth(zi), (14)

where mBi is the apparent magnitude and M is the absolute magnitude. In addition, µth(zi) represents the distance

modulus of the theoretical model, which is calculated using the equation below.

µth(zi) = 5 log10

(
DL(zi)

1 Mpc

)
+ 25, (15)

In this expression,DL(z) represents the luminosity distance, defined as the distance to an object based on its luminosity

and the observed brightness of the light it emits. For the specified model, it can be calculated as

DL(z) = c(1 + z)

∫ z

0

dz′

H(z′,θ)
, (16)

where θ = (H0,Ωm,Ωr,ΩΛ). In contrast to the Pantheon dataset, the Pantheon+ + SH0ES compilation successfully

reduces the degeneracy between H0 and M by reformulating the vector D as

D̂ =

mBi −M − µCeph
i , i ∈ Cepheid hosts,

mBi −M − µth(zi), otherwise.
(17)

where µCeph
i is independently estimated using Cepheid calibrators. Consequently, Eq. (13) becomes χ2

SNe = D̃TC−1
SNeD̃.

C. BAO Dataset

Since BAO observations provided efficient ultimate constraints in the analysis presented in this work, we include a

description of the BAO studies. BAO studies reveal oscillations that were excited in the early Universe, originating
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FIG. 3: The Error Bar plots exhibit the consistency of our model with the ΛCDM model across all data
compilations.

from cosmic perturbations, within a fluid comprising photons, baryons, and dark matter that are loosely coupled

through Thomson scattering. BAO observations include the Sloan Digital Sky Survey (SDSS), the Six Degree Field

Galaxy Survey (6dFGS), and the Baryon Oscillation Spectroscopy Survey (BOSS). The dilation scale, Dv(z), is

expressed as follows [60–62]

Dv(z) =

(
d2A(z)z

H(z)

)1/3

, (18)

Here, the comoving angular diameter distance, dA(z), is defined by

dA(z) =

∫ z

0

dz′

H(z′)
. (19)

The chi-squared function used in the BAO analysis is given by

χ2
BAO = ATC−1

BAOA. (20)

In this expression, A is specific to the survey being analyzed, and C−1 represents the inverse of the covariance

matrix [63].

D. The ΛCDM Model

The most well-known and straightforward model of dark energy in standard cosmology is the ΛCDM model, where

Λ denotes the cosmological constant. In this case, the energy density and pressure of the dark energy are time

independent and are represented by ρΛ ≡ Λ
8πG and pΛ = −ρΛ, respectively. This corresponds to a constant equation

of state (EoS) parameter wΛ = −1.

The Hubble parameter in a spatially flat Friedmann–Lemâıtre–Robertson–Walker (FLRW) universe in the frame-
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TABLE I: Outcomes of data analysis for this model

Dataset H0
a Ωm

b Ωr ΩΛ ztr
c q0

d

H(z) 72.00± 0.00010 0.40+0.00010
−0.000088 0.009± 0.00011 0.70+0.00011

−0.000095 0.482 −0.441

Pantheon+ 70.99± 0.000093 0.30± 0.000091 0.01± 0.00011 0.69± 0.00011 0.584 −0.514

Pantheon+ + BAO 72.00± 0.012 0.398± 0.010 0.012± 0.011 0.69± 0.011 0.477 −0.440

a kms−1Mpc−1

b Ωi ≡ Ωi,0 (i = m, r,Λ)
c Transitions from deceleration to acceleration
d The present value of the q

work of the ΛCDM model is given by

H(z) = H0

[
Ωm(1 + z)3 + (1− Ωm)(1 + z)3(1+w)

]1/2
, (21)

where H0 and Ωm are the current value of the Hubble parameter and the density parameter of matter.

Table I presents the constrained values of the model parameters for all three datasets. The constrained values are

evaluated by the Posterior distributions for the model parameter pairs, with the iso-surfaces corresponding to 1σ and

2σ CLs for all data compilations shown in Fig. 2. The Error Bar plots exhibit the consistency of our model with

ΛCDM for all data compilations shown in Fig. 3. The Hubble parameter H > 0 in the evolution indicates that our

model is in an expanding state of the Universe.

The covariance matrix in Fig. 4a is obtained from the joint analysis of the Pantheon+ and BAO datasets. It

reflects the uncertainties and correlations between the cosmological parameters H0, Ωm,0, Ωr,0, and ΩΛ,0. The

diagonal elements represent the variances of each parameter, indicating their associated uncertainty. The terms

except diagonal terms in the matrix indicate covariances, where positive values imply that two parameters increase or

decrease together, while negative values suggest inverse relationships. The model parameters H0, Ωm,0, and ΩΛ,0 are

positively correlated, while H0 and Ωr,0 are negatively correlated. The intensity of the color in the matrix represents

the magnitude of the covariance values, with the brightest region indicating the highest variance for H0.

The correlation matrix in Fig. 4b is derived from the combined Pantheon+ and BAO dataset. It shows the correla-

tions among the model parameters as H0, Ωm,0, Ωr,0, and ΩΛ,0. The diagonal elements are unity, indicating perfect

self-correlation, while the off-diagonal elements are significantly large, reflecting strong inter-parameter correlations.

Specifically, H0, Ωm,0, and ΩΛ,0 are positively correlated, whereas Ωr,0 shows strong negative correlation with the

others. This indicates a high degree of parameter degeneracy, where variation in one parameter can significantly

influence the others.

V. COSMOGRAPHIC ANALYSIS OF THE MODEL

In this section, we characterize the significance of some important physical quantities such as the deceleration

parameter, the jerk parameter, the statefinder parameters, and the energy conditions of the cosmological models.
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FIG. 4: Covariance and correlation matrices among the model parameters for all data compilations.

The deceleration parameter is defined as

q = − 1

H2

ä

a
= −

(
1 +

Ḣ

H2

)
, (22)

which can be reduced in terms of redshift z as

q = −1 +
(1 + z)

(
3Ωm(1 + z)2 + 4Ωr(1 + z)3

)
2 (Ωm(1 + z)3 +Ωr(1 + z)4 +ΩΛ)

. (23)

by using the relation Ḣ = −(1 + z)H(z)dHdz , and substituting the expression of H(z) from Eq. (9) into Eq. (22).

The deceleration parameter q > 0 indicates a decelerating expansion; q = 0 corresponds to a constant expansion

rate, and q < 0 indicates an accelerating expansion. In addition, the universe exhibits exponential expansion or de

Sitter expansion when q = −1, and superexponential expansion when q < −1. It is also noted that the sign of q

already provides some key insight into how dynamically the Universe behaves.

Figure 5a illustrates the evolution of the deceleration parameter q(z) based on the observational dataset. The model

predicts an early decelerating expansion phase (q > 0) during the matter-dominated era, followed by a transition to

accelerated expansion (q < 0) as dark energy begins to dominate. This transition marks a significant shift in the

expansion history of the universe. By examining the behavior of q(z), the study investigates how modifications to

gravity can impact cosmic evolution. The redshift transition and the present value of the deceleration parameter are

summarized in Table I.

A. Jerk Parameter

To find the accelerated expansion of the universe, we study the higher-order time derivative of the scale factor. Jerk

is a dimensionless parameter that includes the third derivative of the scale factor with respect to time. It is defined
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FIG. 5: Cosmic evolution of the deceleration parameter (q) and the jerk parameter (j) for all data compilations.

as

j(t) =
1

H3

( ...
a

a

)
. (24)

The jerk parameter is extremely useful to distinguish a specific departure from the standard ΛCDM model. Also, it

can be expressed in terms of the redshift z as

j(z) = (1 + z)
dq(z)

dz
+ q(z) (1 + 2q(z)) . (25)

Using Eqs. (23) and (25), we have the expression for the jerk parameter corresponding to our model is given by

j(z) =
Ωm(1 + z)3 + 3Ωr(1 + z)4 +ΩΛ

(1 + z)
3
(Ωm +Ωr +Ωrz) + ΩΛ

. (26)

A cosmic jerk is believed to be responsible for the universe switching from deceleration to acceleration in its

expansion [66]. For instance, the ΛCDM models is characterized by a constant jerk parameter, j(z) = 1 [67].

As shown in Fig. 5b, the jerk parameter j(z) stays positive throughout the history of the universe. According

to [67], a constant value of j = 1 is a key feature of the standard ΛCDM model. Interestingly, as seen from Eq. (26),

our model yields j(z) ≈ 1 at the present epoch, indicating close agreement with the ΛCDM model in the current

epoch. However, its predictions may differ at earlier or later times.

B. The physical features of the Model

We study how modifications to gravity affect key cosmological parameters, emphasizing physical interpretation over

an exhaustive characterization of the full parameter space. Using best-fit values for the model parameters, we show

that the considered models are consistent with current observations and thus represent plausible scenarios for cosmic

evolution. These results contribute to improving our understanding of dark energy, dark matter, and the mechanisms
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FIG. 6: Cosmic evolution of the energy density (ρ), the isotropic pressure (p), and the EoS (w) parameters of the
constrained model.

driving the Universe’s accelerated expansion. By substituting the model expressions for ρ(z) and p(z) into Eqs. (5)

and (6), and fixing ζ = 1, k = 0.18, and α = 1.05, we obtain explicit redshift-dependent forms for the energy density

and pressure.

X(z) = m0(1 + z)3 + r0(1 + z)4 + λ0, (27)

Q(z) =

(
α

2H0
√
r0 (1 + z)3/2

−
α
(
− 2m0 + 6r0(1 + z)− λ0

)
4H0r

3/2
0 (1 + z)4

)2

, (28)

S(z) = sech4

(
α
(
− 2m0 + 6r0(1 + z)− λ0

)
12H0r

3/2
0 (1 + z)3

)
, (29)
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FIG. 7: The cosmic evolution of the EoS in 3D of the constrained model for Pantheon + + BAO data.

ρ(z) =
3H2

0

8π
X(z)− 1

2
H2

0k
2(1 + z)2 Q(z)X(z)S(z), (30)

p(z) = −H2
0 (1 + z)3

8π

[
3m0 + 4r0(1 + z)

]
+

3H2
0

8π
X(z)− 1

2
H2

0k
2(1 + z)2 Q(z)X(z)S(z). (31)

As shown in Fig. 6a, the energy density ρ(z) remains strictly positive and increases monotonically with redshift,

consistent with the expected matter and radiation domination at earlier epochs. The isotropic pressure p(z), displayed

in Fig. 6b, takes negative values at low redshift, driving the late-time accelerated expansion, but becomes positive at

higher redshifts, reflecting the decelerated expansion in the past universe.

In Fig. 6c, we show the evolution of the EoS parameter w(z). It approaches w ≈ −1 around the present epoch,

indicating a dark energy-like behaviour, and exhibits a mild crossing of the quintom divide (w = −1) before stabilizing

in the quintessence regime (−1 < w < −1/3) at late times. This evolution suggests that the universe undergoes a

transition from radiation and matter domination at high redshift to a dark energy-dominated phase at low redshift

with the present dynamics consistent with quintessence-type dark energy. In addition, the red zone in Fig. 7 indicates

that the model is dark energy dominated, suggesting that Quintessence dark energy is dominant in late times for the

joint dataset Pantheon + + BAO.

1. Statefinder Diagnostic Tool

The approach used to investigate the similarities between different classes of DE models and the ΛCDM model

is the statefinder diagnostic technique (SDT) [68–70]. The statefinder diagnostic is a geometric parameter that is

essential for understanding the evolution of the universe. It is proposed by Alam et al. [71] and Sahni et al. [67]

defined as a pair of parameters (s, r), and can be written in explicit forms as:

r =

...
a

aH3
= −q + 2q(1 + q) + (1 + z)

dq

dz
,

s =
r − 1

3
(
q − 1

2

) , where q ̸= 1

2
.

(32)
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FIG. 8: The cosmic evolution of the statefinder diagnostic pairs {s, r} and {q, r} of the constrained model.

The statefinder diagnostic is a useful tool for distinguishing between different dark-energy models, as each cosmological

scenario exhibits a unique evolutionary trajectory in the s–r plane. The ΛCDM model corresponds to the point

(s, r) = (0, 1), the Standard Cold Dark Matter (SCDM) model corresponds to (s, r) = (1, 1). The quintessence model

corresponds to s > 0, the Chaplygin gas model yields s < 0 and r > 1, and the holographic dark-energy model is

characterized by (s, r) =
(
2
3 , 1
)
.

In addition to the (s, r) pair, a pair (q, r) is also commonly used, where the de Sitter state is defined by the point

(q, r) = (−1, 1) and the ΛCDM model is defined by the line r = 1. The statefinder parameters for our model are

given by

r =
Ωm(1 + z)3 + 3Ωr(1 + z)4 +ΩΛ

(1 + z)
3
(Ωm +Ωr +Ωrz) + ΩΛ

,

s =
4Ωr(1 + z)4

3Ωr(1 + z)4 − 9ΩΛ
.

(33)

Figure 8a depicts the behavior of the statefinder pair (s, r). From Eq. (33), we find r → 1 and s → 0 as redshift

z → −1. Now using the best-fit value, the trajectories in planes s − r and q − r can be seen in Fig. 8. The arrows

in the plots indicate the evolution of the trajectories over time, highlighting the phase transition of the Universe and

convergence towards the ΛCDM model [72, 73].

The point (q, r) =
(
1
2 , 1
)
in the q–r plane represents the Standard Cold Dark Matter (SCDM), while the point

(q, r) = (−1, 1) corresponds to the Steady State (SS) model. The horizontal purple dotted line at r = 1 in Fig. 8b

shows the path followed by the ΛCDM model. As shown in Fig. 8b, the evolution of the cosmological models is

illustrated. The model transits from a decelerating state to an accelerating state, and finally approaches a steady-

state point at later times [74].
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FIG. 9: The dynamic analysis of the NEC, DEC, and SEC of the constrained model.

2. Energy Conditions

In cosmology, the deceleration parameter (DP), energy density (ρ), and the EoS parameter (w), etc., are very crucial

to study. However, another vital part of modern cosmology research focuses on the energy conditions originating from

the Raychaudhuri equation [75–79]. These energy conditions serve to constrain the expansion of the Universe. We

assume that the matter fields in the universe satisfy the energy conditions [80, 81]: null energy condition (NEC), weak

energy condition (WEC), dominant energy condition (DEC), and strong energy condition (SEC) These conditions

relate the energy density ρ and pressure p as follows: ρ+p ≥ 0 and ρ ≥ 0 (WEC), ρ+p ≥ 0 (NEC), ρ ≥ |p| and ρ ≥ 0

(DEC), ρ+ 3p ≥ 0 (SEC).

As the Universe expands, the energy density decreases, which can be summarized as the violation of the NEC

and explains the energy dilution phenomenon on cosmological scales. Similarly, the SEC violation indicates the

accelerated expansion of the Universe [82]. Our interpretation of the energy conditions is presented in Fig. 9. Here,

we observe that from Fig. 9a and 9b, we can see that the NEC and DEC conditions behave positively for the chosen

model parameters. Since the WEC depends on both energy density and the NEC, it also holds throughout the entire
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FIG. 10: The dynamic analysis of DEC in 3D of the constrained model for Pantheon+ + BAO data.

redshift range. Interestingly, Fig. 9c shows that the SEC turns negative at lower redshifts, which represents the idea

of cosmic acceleration [83–85]. This pattern also appears in the deceleration parameter seen earlier in Fig. 5a.

The dominant energy condition (DEC) is a constraint on the stress-energy tensor in GR, ensuring that energy and

momentum cannot flow faster than light. The evolution of the DEC is a physically inspired requirement that helps

to define realistic matter distributions. Certainly, for any future illustration, the causal vector, which indicates the

possible flow of energy, the energy flux measured in that direction cannot exceed the speed of light. When the DEC

is violated, leading to scenarios where energy and momentum appear to travel faster than light, this has implications

for causality. The physical significance of the DEC is crucial for ensuring that models of matter and gravity are

physically plausible, and helps rule out exotic scenarios that might otherwise arise in general relativity calculations.

In Fig. 7, we find that the energy and momentum do not travel faster than light in the evolution of the model, and

satisfy all the physical laws in the model.

VI. THAWING AND FREEZING ANALYSIS IN THE w − w′ PLANE

The w − w′ diagnostic was first introduced by Caldwell and Linder [86] as a tool to distinguish between different

classes of dark energy models, which are broadly classified into thawing and freezing behaviors. In the framework of

the w − w′ plane, w′ = dw
d ln a measures the variation of w with respect to the logarithmic scale factor. Rather than

presenting the lengthy explicit expression for w′(z) obtained by direct differentiation of w(z), we give here the compact,

exact relation in terms of p(z) and ρ(z) given in Eqs. (30) and (31), from which w′(z) can be straightforwardly derived.

The trajectories in Fig. 11a reveal that w′(z) oscillates around the present epoch, with brief positive excursions,

but eventually settles into negative values and asymptotically approaches zero at late times. This indicates an overall

freezing behavior, where the rate of change of w slows as the Universe expands. Figure 11b shows the corresponding

phase space trajectories in the w − w′ plane. The point (−1, 0) corresponds to the cosmological constant or ΛCDM

model, which acts as the late-time attractor. The trajectories in the figure show that the system does not approach

this point monotonically but instead follows a spiral path with damped oscillations. When the curves pass through

the region with w > −1 and w′ > 0, the field exhibits thawing behavior, meaning that it temporarily moves away

from the cosmological constant value. On the other hand, when the trajectories enter the region with w > −1 and

w′ < 0, the system shows freezing behavior, where the field evolves back toward ΛCDM. Portions of the curves lying

near w < −1 correspond to excursions into the phantom regime [87, 88], but these too are drawn back toward the
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FIG. 11: The cosmic evolution of w′(z) and w − w′ for all observational datasets.

attractor point. Overall, the figure demonstrates that the dark energy model alternates between thawing and freezing

phases, producing oscillatory motion around (−1, 0). Despite these intermediate deviations, the long-term trend is a

stable convergence toward the cosmological constant, consistent with the observational bounds [89, 90], highlighting

that the model eventually mimics ΛCDM at late times [91].

VII. CONCLUDING REMARKS

In this work, we perform a comprehensive analysis of the freezing quintessence framework in the late-time acceler-

ating expansion. We consider the massless scalar field C-field known as the creation field that modifies Einstein’s field

equations. Using the specific Hubble parameter as H(z) = H0

√
(1 + z)3Ωm + (1 + z)4Ωr +ΩΛ, where H0, Ωm, Ωr,

and ΩΛ , we obtain the cosmological solution. The model parameters are constrained using 77 H(z) measurements,

the Pantheon+ supernovae dataset with 1701 data points, and their combination with BAO data. The summary of

the best-fit values is presented in Table I, which are consistent with observational data. Additionally, we examined

the role of the C-field in the context of dark energy, assuming C(t) = k tanh(αt). As shown in Fig. 1, the C-field grows

rapidly at early times and then saturates to a constant value, effectively behaving as a negative-pressure component

that drives the late-time acceleration of the Universe.

Moreover, we have observed the different physical performances of the model, such as

(i) the present values of the Hubble parameter are in good agreement with the Planck collaboration (H0 = 67.4 ±
0.5 kms−1Mpc−1) [89],

(ii) the deceleration parameter q transits from decelerating state to the accelerating state,

(iii) the jerk parameter converges to the ΛCDM model in the late-times,

(iv) the energy density ρ > 0 during the cosmic evolution,

(v) the matter pressure is negative in the late times,

(vi) The EoS parameter shows the perfect fluid behaviour on high redshift and converges to the quintessence model

as z → −1 according to the constrained values of the model parameters. At present, the values of the EoS for the

datasets H(z), Pantheon+, and Pantheon+ + BAO are w0 = −0.65, w0 = −0.71, and w0 = −0.69, respectively.

(vii) The cosmic evolution of the EoS in 3D of the constrained model for Pantheon + + BAO data also shows the
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quintessence behavior in late times (see Figs. 5–7).

The behavior of Statefinder Diagnostic pairs {s, r} and {q, r} could be seen from Fig. 8. The model starts with the

deceleration era, passes through the quintessence and enters the Chaplygin regime, and finally seems to converge to

the ΛCDM model in the parametric space {s, r}. Projection in the parametric space {q, r}, the model passes from

the deceleration region to the acceleration region, and approaches the de Sitter state. The energy conditions shown

in Fig. 9 exhibit the positive nature of NEC and DEC conditions for all redshift values. However, there is one that

the SEC has violated at the late-time epochs, corresponding to the observed accelerated expansion of the universe.

In Fig. 10, we find that the energy and momentum do not travel faster than light in the evolution of the model, and

satisfy all the physical laws in the model.

We further investigated dynamical stability through the w−w′ phase trajectories, which confirm alternating thawing

(w > −1, w′ > 0) and freezing (w > −1, w′ < 0) behavior. Despite brief excursions, the system ultimately converges

toward the ΛCDM fixed point, confirming the model stability and consistency with late-time cosmic acceleration (see

Fig. 11). Finally, we conclude that the Hoyle-Narlikar gravity model is consistent with recent observational datasets

as a quintessence-like accelerated expanding model of the universe.
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