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Flat histogram methods, such as Wang–Landau sampling, provide a means for high-throughput
calculation of phase diagrams of atomistic/lattice model systems. Many parallelisation schemes
with varying degrees of complexity have been proposed to accelerate such sampling simulations. In
this study, several widely used schemes are benchmarked—both in isolation and in combination—to
establish best practice. The schemes studied include energy domain decomposition with both static
sizing of energy sub-domains, as well as a dynamic sub-domain sizing scheme which we propose.
We also assess the benefits both of replica exchange and of including multiple random walkers per
sub-domain, to determine which factors have the largest impact on parallel efficiency. Additionally,
the influence of energy sub-domain overlap regions is discussed. As an illustrative test case, we
implement and apply the aforementioned strategies to a lattice-based model describing the internal
energies of the AlTiCrMo refractory high-entropy superalloy, which is understood to crystallograph-
ically order into a B2 (CsCl) structure with decreasing temperature. We find that—while all of the
proposed strategies confer a non-negligible speedup—parallelisation across energy domains which
are non-uniform in size offers the most appreciable performance improvements. This work offers
concrete recommendations for which parallelisation strategies should be prioritised to optimally
accelerate flat-histogram Monte Carlo simulations.

Keywords: Parallelism, Monte Carlo methods, Wang–
Landau sampling, Alloys, Phase diagrams, Thermody-
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I. INTRODUCTION

Monte Carlo (MC) methods are the workhorse tool
for studying the phase diagrams, thermodynamics and
phase equilibria of a wide range of atomistic/lattice mod-
els of materials [1]. However, a longstanding limitation
of standard MC methods, based on the Metropolis algo-
rithm [2], is their restriction to obtaining results for only
a single simulation temperature for a given simulation
instance, and their inefficiency (particularly their slow
rate of convergence) near discontinuous phase transitions.
Near such discontinuous transitions, it is typically found
that accurate characterisation of sharp features in state
functions, such as peaks in specific heat, often requires a
large number of independent simulations, each of which
must utilise a substantial number of trial MC moves.
To overcome this issue, several so-called ‘enhanced’ sam-
pling techniques have been developed, including umbrella
sampling, transition matrix MC, andWang–Landau sam-
pling [3–9].

The root cause of the inefficiency of conventional sam-
pling techniques in some settings is the fact that, in com-
plex materials, ergodicity can be severely limited. This is
a particularly significant problem when large free energy
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barriers separate regions of configuration space. Um-
brella sampling (for example) addresses this by intro-
ducing a bias potential that facilitates transitions across
these barriers, enabling more uniform sampling through-
out the configuration space of the model. This method
is part of a broader class of re-weighting techniques, in
which the usual Boltzmann factor is replaced by a mod-
ified weight function, in order to remove the ‘real’ ther-
modynamics such that a more uniform sampling is ob-
tained. From this (biased) more uniform sampling, the
(unbiased) Boltzmann statistics are subsequently recov-
ered during post-processing.

Building on this concept, the Wang–Landau (WL) [10–
14] sampling algorithm can be used to obtain the density
of states (DOS) of a given model in the canonical ensem-
ble, which can then be used to compute physical proper-
ties such as specific heat and internal energy—both as
functions of temperature—as a simple post-processing
step. The WL algorithm samples configurations in in-
verse proportion to the DOS, an initial estimate of which
is iteratively refined during the sampling process until
a uniform sampling distribution in energy is obtained.
In this way, from a single simulation, one obtains both
a set of samples which span the entire energy domain
of interest, and the DOS over that same energy do-
main. WL sampling has found utility across a range
of research areas, including the study of phase transi-
tions [15–17], polymer physics [18–20], solubility predic-
tion [21, 22], magnetic materials [23–28], and surface
adsorption (adhesion of atoms/ions/molecules to sur-
faces) [29–31]. Methods to update the statistical temper-
ature of the system instead of the DOS within WL have
also been proposed and used to develop an algorithm
equivalent of WL for molecular dynamics known as sta-
tistical temperature molecular dynamics (STMD) [32].
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Various schemes have been proposed to parallelise the
WL algorithm [33], and more broadly to parallelise other
classes of multicanonical simulations [34, 35], with the
aim of optimising utilisation of compute resource and
minimising simulation runtime. However, there is no con-
sensus on which scheme—or combination of schemes—is
the most efficient and offers the most speedup per WL
instance, where each instance corresponds to one CPU
core in the context of the present work. (This is because
evaluation of our model Hamiltonian is performed using
a single CPU core.) A common feature among many
proposed parallelisation strategies is the decomposition
of the energy domain (the total range of energies acces-
sible to the simulation system) into energy sub-domains
(smaller windows of energy). The WL algorithm is then
applied concurrently in each energy sub-domain, and sub-
sequently these are combined to produce the DOS across
the entire energy range of interest.

This paper aims to identify the most efficient parallel
implementation of the WL algorithm, with a particular
focus on iterative runtime load balancing. The context
of our work is the need to perform a great many high
throughput WL calculation with varying Hamiltonian
parameters and material compositions. We are hence pri-
marily concerned with maximising per-core parallel effi-
ciency rather than reaching the highest possible speedup
or core count for a single WL calculation. A key devel-
opment of the present work is the demonstration that,
despite the challenging nature of achieving perfectly op-
timal load balancing, it can be closely approached by dy-
namically adjusting the size of each energy sub-domain
after each WL iteration, thereby leading to improved
computational performance over long simulation runs.
We also demonstrate how the performance of the algo-
rithm can dramatically depend on several factors, includ-
ing: the choice of the number of energy sub-domains and
their size; the number of walkers within each energy sub-
domain; and the size of the overlap between neighbouring
energy sub-domains.

The remainder of this manuscript is structured as fol-
lows. First, in Sec. II A we give an overview of the
WL sampling algorithm. Subsequently, in Sec. II B, we
discuss the various means by which the algorithm may
be parallelised. Following on from this, in Sec. II C
we present the model system used for benchmarking—a
high-entropy alloy—and how it was implemented, along
with a brief reprise of metrics for assessing parallel effi-
ciency with respect to number of sub-domains and walk-
ers. Proceeding in Sec. III, we present results comparing
the efficiency of parallelisation schemes in the context
of a benchmark model system, both in isolation and in
combination. Finally, in Sec. IV, we conclude with rec-
ommendations on which parallelisation scheme(s) to pri-
oritise when implementing flat histogram MC methods.
Throughout the paper we will note where we expect con-
clusions to be specific to the system and where they are
more generally applicable.

II. METHODS

A. Wang–Landau (WL) Sampling

WL sampling [1, 10] is a flat energy histogram tech-
nique with broad applicability. For a given model
system—with an associated Hamiltonian that defines the
energy as a function of the model’s configuration—the
algorithm determines the DOS, from which thermody-
namic quantities can subsequently be calculated for any
temperature. This is in contrast to the simpler Metropo-
lis MC algorithm, in which a separate simulation is re-
quired at every discrete temperature of interest. In order
to obtain the DOS, we must first define an accessible
energy domain of interest. This is perhaps most easily
found by performing a simulation using the Metropolis
algorithm to determine the extrema of the energy at the
highest and lowest temperatures of interest. Using the
energies found as a guide, we can choose an energy do-
main which is uniformly divided into N bins of equal
size, with each bin representing an energy macrostate
containing multiple model system configurations. Given
a model in which microstates are discrete—such as the
lattice-based model in this study—the partition function
Z is expressed as a sum over all microstates. This can be
re-written as a sum over all the discrete energies E [1],
i.e.

Z =
∑
i

exp(−Ei/kBT ) ≡
∑
E

g(E) exp(−E/kBT ), (1)

where Ei is the energy of the ith microstate, kB is the
Boltzmann constant, T is the temperature, and g(E) is
the density of states corresponding to energy E. The
expression on the right of Eq. 1 is then approximated
and re-written as a sum over ‘binned’ energy macrostates,
taking the form

Z ≈
∑
j

g(Ej) exp(−Ej/kBT ), (2)

where Ej is the energy of the centre of the jth energy bin,
and g(Ej) is the DOS corresponding to the jth energy
bin. (Note that the first summation appearing in Eq. 1
is the usual summation over microstates, and that the
second summation of Eq. 1 is taken over all energies ac-
cessible to the system. This is in contrast to the approxi-
mate summation of Eq. 2, which is a sum over the newly-
defined energy bins, taken to represent macrostates.)
In order to obtain the DOS, the WL algorithm per-

forms a random walk in the configuration space of the
model. Trial moves from an initial configuration, labelled
n, to a proposed configuration, labelled m, are accepted
with probability

Pn→m =

{
g(En)
g(Em) , g(En) < g(Em)

1, g(En) ≥ g(Em),
(3)

where En is the energy of the initial configuration and
Em is the energy of the proposed configuration. In the
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context of the fixed-lattice high-entropy alloy simulations
considered in this work, MC trial moves consist of two
randomly selected atoms within the system swapping po-
sitions, accepted according to the probability in Eq. 3.
This algorithm is not self-starting however, as the DOS
is not known at the start of the simulation and an initial
estimate for the DOS is required. This is usually taken as
g(E) ≡ 1, and is iteratively refined throughout the simu-
lation, with the uniformity of sampling being a measure
of how accurately the DOS is currently estimated. Once
the DOS is sufficiently accurate, a uniform distribution
of samples is obtained. The estimate of the DOS is re-
fined in iterations by modifying the DOS after each trial
move according to

g(Ei) → g(Ei)fk, (4)

with Ei being the energy of the resulting state, while
fk is known as the modification factor at WL iteration
k, which in practice takes a value close to, but slightly
greater than, unity. (Note that this means that there are
no ‘wasted’ moves; even a rejected move results in the
DOS being updated.) Due to the many orders of magni-
tude over which the DOS varies, it is often numerically
convenient to work with log g(E) rather than g(E) itself,
incremented by log(fk) at each trial move. To further ad-
dress the issue of magnitude, the logarithm of the DOS is
periodically shifted such that the minimum value is zero.
At the start of the simulation, the iteration number is
k = 1 and log(f1) is set to some appropriately small
value—we choose log(f1) = 0.05. A histogram of the
visited energies, H(E), is maintained, and the WL iter-
ation number is incremented once the histogram reaches
a desired level of ‘flatness’, F , defined as

F =
min(H(E))
1
N

∑N
i H(Ei)

, (5)

where the target value of F is typically chosen to be close
to 0.8 (80%), indicating that the simulation is now ex-
ploring all energy windows near-equally. If this flatness
condition is met, the sampling is paused, and the modi-
fication factor f is reduced to be closer to unity for the
next iteration, e.g. fk+1 =

√
fk. The histogram, H(E),

tracking the visited energies is reset to be uniformly zero,
and the sampling continues until f falls below a set tol-
erance f = 1+ ε for some appropriately small value of ε,
defining the degree of convergence of the DOS. The DOS
is then taken to be that obtained after the final WL it-
eration. In this work, we take ε = 2 · 10−5 purely as a
convenient level of convergence to use as a benchmark.
In practice, ε could be taken as much smaller than this
for generating accurate results, and convergence of any
calculated output quantities for a given model system
should always be thoroughly tested.

Once the DOS for the system is obtained, the energy
probability distribution at a particular temperature can
be calculated as a simple post-processing step,

P (Ei, T ) =
g(Ei) exp(−Ei/kBT )

Z
, (6)

where Z is calculated according to Eq. 2. From this dis-
tribution, various system properties can then be derived.
An example of such a property is the specific heat, given
by

C =
⟨E2⟩ − ⟨E⟩2

kBT 2
, (7)

where ⟨E2⟩ and ⟨E⟩ are the average values of the square
of the simulation energy and the simulation energy at a
particular temperature, respectively. These averages can
be calculated using the energy probability distribution of
Eq. 6. In this manner, it can be seen that, once a suf-
ficiently accurate estimate of g(E) has been obtained, it
is possible to run a simulation which samples all energies
and temperatures of interest without further modifica-
tion of the DOS (f = 1). In principle, the distribution
for any observable sampled during this phase of the sim-
ulation (e.g., a choice of order parameter describing a
phase transition) can also be re-weighted to calculate its
value at any temperature of interest.
Independently of any parallelisation strategy, there

have been efforts to optimise both the algorithm’s ‘mod-
ification factor’ and ‘flatness criterion’ [36–39]. The
WL algorithm was quickly improved by the introduction
of energy domain decomposition into sub-domains [10].
This decomposition allowed for independent random
walks to be performed either in serial or concurrently.
Further optimisation can be achieved by dynamically
adjusting the size of each energy sub-domain, although
achieving maximally optimal load balancing is challeng-
ing due to the complex nature of the free energy land-
scape for a given system, several methods have been pro-
posed for the dynamic adjustment of sub-domain size
within a WL simulation [40–42]. These methods typi-
cally rely on restricting the energy domain over which a
single WL random walk occurs. Once the flatness crite-
rion has been met on a subset of the total energy domain,
that portion of the energy domain is excluded from the
current available energy for sampling during the itera-
tion. With the advent of more accessible multi-process
computing, these methods can be further expanded by
combining non-uniform energy sub-domains with adap-
tive energy sub-domain sizing, instead of just modifying
the total sampling energy domain for a single WL in-
stance.

B. Parallelisation Strategies

In the context of parallel simulations, as mentioned in
Refs. [12, 13], it is possible to subdivide the total sim-
ulation energy domain into smaller energy sub-domains,
each sampled by an independent WL simulation, also re-
ferred to as a WL instance. Within each sub-domain,
multiple independent WL simulations can operate con-
currently, with each separate simulation being referred
to as a ‘random walker’ or ‘walker’. The combination of
multiple sub-domains with potentially multiple walkers
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FIG. 1. Conceptual illustrations of the schemes discussed in this work for parallelising and/or accelerating parallel Wang–Landau
sampling implementations. Panel (a) illustrates uniform energy domain decomposition, where the energy domain [Emin, Emax]
is evenly partitioned into sub-domains, with fixed percentage overlapping regions (shaded). Panel (b) illustrates non-uniform
energy domain decomposition, where the energy domain [Emin, Emax] is partitioned into non-uniform sub-domains, with fixed
percentage overlapping regions (shaded). Panel (c) illustrates replica exchange, where independent walkers sampling within
overlap regions can (occasionally) exchange configurations with neighbouring sub-domains (illustrated by red/blue particles),
which allows for crossing configuration barriers. Finally, panel (d) represents dynamic load balancing, where energy sub-domains
are adaptively adjusted after each Wang–Landau iteration based on the time taken to converge each sub-domain.

per sub-domain leads to many instances of the WL al-
gorithm. The optimal distribution of a finite number
of available instances (due to finite computational re-
source) to walkers and windows will be explored below.
It is further possible to tune the sizes of the energy sub-
domains by making them occupy unequal portions of the
energy domain, which is particularly useful when there
are significant differences between the total number of
configurations available in different energy sub-domains.
These parallelism approaches have been combined with
replica–exchange MC (a method that facilitates configu-
ration exchange between walkers in neighbouring energy
sub-domains) [43–46] and studied previously [33].

Building on these ideas, all parallelisation schemes
compared in this work make use of energy domain de-
composition in some form. This involves subdividing the
total energy domain considered in the simulation into
smaller energy sub-domains, each of which is sampled by
one or more independent WL instances, i.e. a random
walker or set of walkers. In our implementation, each
random walker constitutes an independent CPU process
concurrently evolved throughout the simulation. A con-
ceptual illustration of the two different energy domain
decomposition schemes considered in this work is given

in panels (a) and (b) of Figure 1.
When the simulation begins, each energy sub-domain

is assigned a walker (or set of walkers) and is initialised
with a given physically relevant system configuration. (In
the context of the alloys studied in this work, each walker
is initialised with a random, lattice-based atomic config-
uration.) Frequently, these initial configurations have en-
ergies which lie outside the energy sub-domain assigned
to the WL instance. Before sampling can begin, these
walkers must be evolved so that they lie in the assigned
energy sub-domain. In this work, this is achieved by run-
ning an MC simulation with an acceptance probability of

Pn→m =

{
1, (Em − ET )

2 − (En − ET )
2 ≤ 0

0, (Em − ET )
2 − (En − ET )

2 > 0,
(8)

where ET is the ‘central’ energy of the target sub-domain.
In complex energy landscapes, it remains possible for
a walker to become ‘trapped’ in a region of configura-
tion space. To remedy this potential issue in the present
study, if a walker is not within its specified energy sub-
domain following a chosen number of trial MC moves,
its atomic configuration is reinitialised to a random state
and re-evolved towards its targeted energy using the ac-
ceptance probabilities defined in Eq. 8 once more. We
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note that this approach functions in the case of the
present work, but might not necessarily be broadly ap-
plicable. In other contexts with more complex energy
landscapes it may be appropriate to apply a harmonic
umbrella potential [47] to each walker to encourage it to-
ward its assigned window during this initial “burn-in”
phase of the simulation.

Each energy sub-domain overlaps with its adjacent en-
ergy sub-domains to facilitate combining the local DOS
(the DOS associated with each energy sub-domain) into a
global DOS across the whole domain. After each WL it-
eration has concluded, the global DOS is pieced together
starting with the lowest energy sub-domain. The first
and second energy sub-domains have their DOS com-
bined by finding where the statistical temperature

β =
d log [g (E)]

dE
≈ log g(E +∆E)− log g(E)

∆E
,

computed from each local DOS, best coincides within the
overlap region. This is done by calculating β for each pair
of neighbouring bins within the overlap region and then
selecting the β that best coincides between the two neigh-
bouring energy sub-domains as the joining point for the
DOS. This process is repeated for each subsequent energy
sub-domain until a pieced together DOS is obtained for
the whole energy domain. If there are multiple walkers
within an energy sub-domain, their individual DOS are
averaged before the DOS are combined.

Due to the division of the energy domain into multiple
sub-domains, and non-uniformity of simulation conver-
gence times across these various sub-domains, additional
modifications are made to determine when a WL iter-
ation is finished. The modification factor remains con-
stant across all sub-domains during an iteration and is
only updated once the WL iteration ends. All walkers
continue sampling with the current modification factor,
even if they have satisfied the flatness criterion, until all
walkers within the simulation also meet the flatness cri-
terion. This avoids wasted CPU time by preventing WL
instances from idling while ‘waiting’ for other walkers to
converge.

1. Choice of Energy Domain Overlap Size

In the case of uniform energy domain decomposition,
construction of energy sub-domains begins with uni-
formly dividing the energy domain into equal-sized sub-
domains, after which the overlap is determined as a fixed
percentage of the preceding sub-domain. This creates an
overlap between an energy sub-domain and both of its
neighbours.

The overlap calculation proceeds from lower to higher
energy sub-domains. The first sub-domain is kept at its
original size. Each subsequent sub-domain (sub-domain
i+1) is extended to include a fixed percentage of the up-
dated size of the preceding sub-domain (sub-domain i),
rounded up to the nearest integer number of energy bins.

In the present study, we always require a minimum over-
lap of 2 bins between neighbouring energy sub-domains
to facilitate reliable construction of the global DOS.

2. Non-Uniform Energy Domain Decomposition

The time taken for each WL iteration is given by the
time to converge of the slowest-converging sub-domain,
since each walker must first converge their local (sub-
domain) DOS histogram before the WL iteration can
finish and create a combined global DOS. In general, the
time taken to converge each sub-domain is non-uniform
across the total energy domain, tending to take longer
to converge around phase transitions or at low energy
in the presence of degenerate microstates. In the former
case, systems may exhibit entropic bottlenecks which are
difficult to sample, and in the latter case the number
of accessible configurations necessitates long sampling
times. This non-uniform convergence time can be some-
what mitigated by altering the size of each WL energy
sub-domain, however optimal load balancing is impossi-
ble a priori, as that requires the converged DOS states,
which is the quantity being computed via simulation. By
adjusting the individual size of each sub-domain, one can
obtain an energy decomposition which is non-uniform
in energy. This is done before the first iteration via a
pre-sampling step, which evolves the WL algorithm un-
til each energy bin across the entire energy domain has
been visited by at least one walker per sub-domain a
thousand times. Performing a pre-sampling step that
is much longer than this is inefficient, since the simula-
tion is progressing with sub-domain sizes which are non-
optimal. This pre-sampling step is performed with uni-
formly sized sub-domains and lasts on the order of one
WL iteration. The time taken per sub-domain is used to
obtain the initial non-uniform energy domain decompo-
sition. The details of the explicit means by which this
initial non-uniform energy domain decomposition is ob-
tained are discussed below, in Sec. II B 4. A conceptual
illustration of a non-uniform energy domain decomposi-
tion scheme is given in Figure 1, panel (b).

3. Replica Exchange

Due to the often complex nature of the configuration
space and associated energy landscape of the alloy being
studied, replica exchange has been implemented within
our test case to investigate its effectiveness in the con-
text of the present work. Replica exchange allows for en-
ergy sub-domains to exchange walkers with neighbouring
energy sub-domains provided that both configurations
have energies which lie within the shared overlap region.
This can, in principle, provide a way for walkers to reach
potentially inaccessible regions within their assigned en-
ergy sub-domain by crossing energy barriers that require
higher energies to access. This is anticipated to be par-
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ticularly useful at low energies, where it could prevent
walkers lying within a low-energy sub-domain from be-
ing trapped within a local minimum of the energy land-
scape. A conceptual illustration of replica exchange is
given in Figure 1, panel (c). Within the model simula-
tion, replica exchange swaps are proposed every 10 MC
sweeps—where each MC sweep consists of a number of
MC moves equal to the total number of atoms in the sim-
ulation cell—and the replica exchange swap is accepted
based on acceptance probability of Eq. 3, i.e. the same
acceptance probability as for any regular trial MC move.

4. Dynamic Load Balancing

As mentioned above, in Sec. II B 2, perfectly optimal
load balancing is anticipated to be impossible in general
for arbitrary model systems. However, one can begin to
approach optimal load balancing by iteratively adjust-
ing the size of energy sub-domains after each complete
WL iteration based on the time taken to converge the
individual sub-domain visit histograms. A conceptual il-
lustration of how such an iterative scheme might function
is given in Figure 1, panel (d).

In this work, we propose a dynamic load balancing
scheme which adjusts the sizing of energy sub-domains
based on the run-time(s) of the walker(s) operating in
that sub-domain at the end of the current WL iteration.
This dynamic adjustment occurs after each WL iteration,
and is carried out using the same algorithm as was pro-
posed in the pre-sampling step for non-uniform energy
domain decomposition, Sec. II B 2. The number of en-
ergy bins, di, assumed to be the optimal number to be
included in energy sub-domain, i, for a given iteration, k,
is computed simply based on the relative MC steps taken
to converge each sub-domain in that iteration according
to

di,k =
1/ti,k∑
i 1/ti,k

N, (9)

where i is the index of the energy sub-domain, ti,k is the
number of MC steps taken per bin for energy sub-domain
i to reach the flatness criterion in iteration k, and N is
the total number of energy bins across the entire energy
domain.

Our proposed extension of this scheme also updates
the sub-domain size at each subsequent WL iteration ac-
cording to

di,k+1 = ak · di,k−1 + bk · di,k

ak + bk = 1
(10)

where di,k is the size of sub-domain i after iteration k
as a fraction of the total number of bins, and ak and bk
are scaling factors. To ensure the entire energy domain
is covered, the

∑
i di,k+1 = N . The purpose of ak and

bk is to introduce memory (i.e. incremental changes to

previous sub-domain sizing) into the size of the energy
sub-domains in order to reduce overcompensating after
an outlier in convergence time. With each subsequent
WL iteration k, bk decreases such that the sub-domain
adjustment decreases with each iteration. Explicitly, in
this work, ak and bk were chosen according to

ak = 1− bk,

bk = α · βk,

a0 = 1− b0,

b0 = α · β0,

(11)

where α controls the memory, and β controls the ad-
justment rate of sub-domain size. We find α = 0.2 and
β = 0.9 to be a reliable choice of parameters for use
in the context of the present work. Of note, the initial
update following the pre-sampling step is performed us-
ing a uniformly initialised d with b = 1. Additionally,
in this work, to prevent zero-bin energy sub-domains, a
minimum sub-domain size is imposed of 2% of the total
number of bins across the entire energy domain.
After such a sub-domain adjustment, walkers may no

longer be in their designated sub-domain and as such
they are moved into their appropriate energy domain,
as outlined at the start of this section, i.e. by perform-
ing (and restarting as necessary) an MC simulation with
acceptance probability as defined in Eq. 8. (Note that
accumulation of the histogram(s) and refinement of the
DOS are paused during this adjustment process.) The
sizes of energy overlap regions are also re-computed for
the adjusted sub-domain sizing. We note here that a re-
lated approach has previously been explored, in which a
single load balancing step was performed following the
pre-sampling step [33], but where there was no further
adjustment of energy sub-domain sizing following this
initial load-balancing.

C. Model Implementation

As a test case for the parallelisation strategies studied
in this work, we consider the application of WL sam-
pling to the study of the phase behaviour of multicom-
ponent, high-entropy alloys (HEAs). The application of
WL to multicomponent alloys is an emerging area of re-
search [48–50] and is therefore a relevant test case for this
study.
HEAs are an intriguing class of disordered material,

typically containing a mixture of four or more metallic
elements combined in near-equal ratios, and are of inter-
est for a range of next-generation technological applica-
tions as they have been shown to frequently possess su-
perior physical properties when compared to traditional
binary/ternary alloys. The large contribution made to
the free energy of these materials by the configurational
entropy is generally understood to stabilise disordered
‘solid solutions’ [51], in which there is a fixed, underlying
crystal lattice, but where the constituent elements of the
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material occupy these lattice sites in a random fashion.
Several of such systems have been shown to exhibit both
partial crystallographic ordering and/or phase decompo-
sition with decreasing temperature. Computational mod-
elling can shed insight into such diffusional solid-solid
phase transformations. However, in the context of HEAs,
computational simulation of phase equilibria faces several
key challenges [52–55]. Primary among these is that the
space of possible configurations (henceforth referred to
as the ‘configuration space’) grows combinatorially both
with the number of elements present in a considered com-
position, as well as with the number of atoms in a given
simulation cell [56]. This means that a large number of
configurations must be sampled for there to be confidence
that results are well-converged and recovered quantities
are representative of the relevant thermodynamic phases.
WL sampling is hence extremely valuable in this context.

In this work, we consider the application of WL sam-
pling to a fixed lattice model of the AlTiCrMo high-
entropy alloy as a benchmark system, which is classified
as a refractory high-entropy superalloy [57] and forms a
(partially) chemically ordered structure with decreasing
temperature [58, 59]. The parallelisation schemes consid-
ered in this study are implemented within the BraWl
package [60], which focuses specifically on fixed-lattice
simulations of substitutional alloys. In particular, the
code implements the Bragg–Williams model [61, 62],
which describes the internal energy of a given alloy as
a sum over atom-atom effective pair interactions, which
are assumed to have finite range. Explicitly, this Hamil-
tonian takes the form

H({ξiα}) =
1

2

∑
iα;jα′

Viα;jα′ξiαξjα′ , (12)

where Viα;jα′ denotes the effective pair interaction (EPI)
between an atom of chemical species α on lattice site i
and an atom of chemical species α′ on lattice site j. {ξiα}
indicates the site occupancies, where ξiα = 1 if site i is
occupied by an atom of chemical species α, and ξiα = 0
otherwise. It is helpful to observe that this Hamiltonian
can be thought of as a generalisation of the Lenz–Ising
model used in elementary studies of magnetic phase tran-
sitions [63]. The EPIs of Eq. 12 are generally assumed
to be homogeneous, isotropic, and of finite range, which
simplifies evaluation of this expression. In this work, the
EPIs used are those obtained in Ref. [59] for the AlTi-
CrMo HEA using the S(2) theory for multicomponent
alloys [64–66].

D. Performance Metrics

In order to quantify the relative performance of the
parallelisation schemes studied in this work, the following
performance metrics are defined. First, we define the
speedup, S, via

S (h,m) =
N(1,m)

N(h,m)
, (13)

where N(h,m) is the time taken to reach the flatness
criterion by the slowest energy sub-domain, h is the total
number of energy sub-domains, and m is the number of
walkers per window.
We then define two metrics for measuring simulation

efficiency. The first of these, ϕh, is used to quantify sub-
domain efficiency and is defined as

ϕh (h,m) =
N(1,m)

h ·N(h,m)
, (14)

while the second, ϕm, is used to quantify walker efficiency
and is defined as

ϕm (h,m) =
N(1,m)

m ·N(h,m)
. (15)

The sub-domain efficiency, ϕh, measures the mean
speedup per sub-domain with a fixed number of walkers
per domain, whereas the walker efficiency, ϕm, measures
the mean speedup per walker at fixed number of sub-
domains. In previous work [33], efficiencies of greater
than 100% have been observed, and we expect the same
to be observed here. Though initially counter-intuitive,
efficiencies greater than 100% are possible in this con-
text since not only does domain decomposition divide
the work over concurrent CPU processes, it also has the
potential to reduce the total number of energy evalua-
tions required to converge the WL sampling simulation.
This reduction in the work needed can be distinguished
from traditional measures of efficiency in the context of
CPU parallelism, since this reduction in work and hence
speedup from sub-domain decomposition can be observed
even on a single CPU sampling multiple sub-domains in
order [41].
We can demonstrate approximately how the time taken

for a sub-domain to converge is anticipated to scale with
energy sub-domain size using a simple argument based on
dimensional analysis. For a single walker, we model the
energy sampled over time as a diffusive random walk in
energy space. The time it takes for the probability distri-
bution of finding the walker at energy E to evolve from
an initial Dirac delta function to an eventual uniform
distribution can be inferred from dimensional analysis as

t ∝ Dα · Lβ ,

where t is the ‘time’ (i.e. number of MC trial moves)
taken for a walker to diffuse across the sub-domain, D is
the diffusivity and L is the size of the sub-domain. Using
dimensional analysis one can obtain α = −1 and β = 2
which leads to

t ∝ L2

D

from which we can see that t ∝ L2 for any fixed diffusiv-
ity, D. As such, the time taken for a walker to explore a
sub-domain scales quadratically with the size of that sub-
domain. In the case of h uniformly sized sub-domains the
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Method Label Parallelism Scheme(s)

1 Dynamic Load Balancing Non-Uniform Sub-domains Replica Exchange

2 Dynamic Load Balancing Non-Uniform Sub-domains

3 Non-Uniform Sub-domains Replica Exchange

4 Non-Uniform Sub-domains

5 Uniform Sub-domains Replica Exchange

6 Uniform Sub-domains

TABLE I. Parallelism methods and associated labels used within the present study. All available combinations of the three
separate parallelism methods are listed. Of note, it is not possible to have dynamic load balancing unless the energy sub-
domains are non-uniform, as dynamic load balancing has non-uniform energy sub-domain sizing as a pre-requisite.

time taken, th, to converge is thus proportional to
(
L
h

)2
per domain. Assuming that the same constant of propor-
tionality holds for both the total energy case and the case
of h uniform sub-domains, we have that th/t = 1/h2, and
it follows that

hth =
t

h
, (16)

i.e. the total simulation time when the total energy do-
main is subdivided into h energy domains, hth, is re-
duced by a factor of h compared to the simulation time
when running across the total sub-domain alone. Within
this simple model, simulating each sub-domain on a sep-
arate CPU process can in principle result in a h2 speedup
and a sub-domain efficiency of h · 100%. However, this
is a highly idealised model which does not account for
overlaps between sub-domains, variation in diffusivity D
across the energy domain and communication overheads.
There is also an upper limit to h, beyond which there is an
insufficient number of bins per sub-domain for the algo-
rithm to function, motivating the use of multiple walkers.
In principle however, the use of non-uniform sub-domain
sizes should exactly compensate for the non-uniformity of
D and hence it should be possible to approach the ideal
speedup of h2 provided the size of overlap regions, as
well as practical details such as parallel communication
overheads, are both minimised.

III. RESULTS AND DISCUSSION

In order to investigate the various outlined paralleli-
sation schemes, the possible parallelisation schemes are
grouped and labelled as ‘methods’, as shown in Table I.
Once grouped, the effect of the schemes on speedup per
WL instance, efficiency per sub-domain and efficiency per
walker, was investigated over a range of h and m. The
specific model system being simulated was equiatomic
AlTiCrMo HEA, the phase behaviour of which has been
investigated in an earlier work [59]. In this benchmark-
ing study assessing the efficiency of various parallelisation
schemes, we use a simulation supercell made up of 4×4×4
bcc cubic unit cells for a total of 128 atoms. We find that

128 atoms is sufficient to represent the sampling chal-
lenge with tests at larger lattice sizes (6×6×6 bcc cubic
unit cells, 432 atoms) confirming the trends illustrated
here. Our WL sampling simulations used N = 512 en-
ergy bins over an energy domain of E = −99 meV/atom
to E = 0 meV/atom, completing 12 full WL iterations
starting with log f1 = 0.05, where each iteration used half
of the logarithm of the modification factor of the previ-
ous iteration. The AlTiCrMo HEA model is well-suited
as a benchmark system as it exhibits two phase transi-
tions which occur at two separate temperatures [59], and
hence convergence of the DOS is non-trivial. We investi-
gated performance for a range of parameters within our
parallelisation schemes with the number of walkers per
sub-domain m varying from 1 to 6, the number of sub-
domains h varying from 1 to 16 and the sub-domain over-
lap varying from 0% to 75% for both overlap schemes. It
is important to note that we impose a requirement that
a minimum of two bins must lie in the overlap region. As
such, the case which we refer to as 0% overlap still has
two bins in the overlap region. This minimum overlap
does not change based on the sub-domain size.

Throughout, we plot results as a function of the total
number of WL instances (m×h) used in the calculation.
We emphasise once again here that, in this work, evalu-
ation of the model Hamiltonian (Eq. 12) is performed on
a single CPU core, and hence the number of CPU cores
strictly refers to the number of parallel WL simulation
instances. If a more complex model Hamiltonian were
to be studied, requiring multiple cores to be utilised for
evaluation of the Hamiltonian, the total core count for
a simulation would be m × h × nH , where nH was the
number of cores used for evaluation of the model Hamil-
tonian. We therefore assert that our results will remain
relevant for larger-scale simulations than those presented
here.

Where error bars are presented on quantities, these
are obtained by running five independent WL sampling
simulations using different seeds on the pseudorandom
number generator (PRNG) for the given choice of par-
allelisation scheme and associated settings. The data
points represent the obtained average, while the error
bars represent the standard deviation calculated across
the five samples. We note that the default PRNG used
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FIG. 2. Comparison of the speedup per WL instance for dif-
ferent choices of energy sub-domain overlap, taken relative
to the case of a single walker across the entire energy do-
main. This plot is for simulations using Method 3 with a
single walker per energy sub-domain. The dotted red line
shows the square of the number of energy sub-domains, i.e.,
the number of WL instances used squared (h2), while the
solid red line shows the number of energy sub-domains, i.e.,
the number of WL instances (h). It can be seen that, for all
choices of energy sub-domain overlap region size (excluding
the 75% case), the speedup is significantly above 100% and
that the choice of size of overlap region between energy sub-
domains has noticeable impact on speedup.

in Brawl [60] uses the Mersenne Twister algorithm [67],
which has a long period and is well-suited to long sam-
pling runs.

A. Effect of energy sub-domain overlap

We begin by considering the effect of energy sub-
domain overlap. We choose to use Method 3 to illustrate
this effect. We also choose to employ only a single walker
per energy sub-domain, as we do not expect the number
of walkers per sub-domain to change the impact of over-
lap region size on simulation speedup. Figure 2 compares
the obtained simulation speedup as a function of number
of WL instances employed for several choices of energy
sub-domain overlap region size. It can be seen that the
degree of overlap does not have a significant impact on
the speedup achieved through WL sampling. Across all
sub-domain counts, only in the 75% overlap case does
the speedup begin to reduce significantly relative to the
other choices of overlap region size.

Of the overlaps, the 25% to 50% overlap cases appears
to be the ones with the most speedup, although not by a
statistically significant amount. Such sub-domain over-
lap allows for better combining of the DOS, as well as
a larger region for replica exchange, while still allowing
walkers to focus more narrowly on their assigned sub-
domain, resulting in more efficient sampling and higher
speedup. The other cases introduce either too much or
too little overlap, with too little overlap potentially harm-
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FIG. 3. Normalised root mean square error (RMSE) as a
function of the percentage overlap. The RMSE was obtained
by comparing 23 iteration sampling runs with 16 windows to
a well-converged 36 iteration sampling run with 1 window.
The error bars correspond to the standard deviation of time
taken of 5 repeat WL simulations. For each number of over-
lap bins, 5 separate 23 iteration simulations were performed
and averaged. These data show that there is no correlation
between the size of the energy sub-domain overlap region and
the accuracy of the obtained global DOS up to a 50% overlap.
Beyond 50% overlap the averaging power of the sampling is
reduced hence the increase in normalised RMSE though not
to a statistically significant extent.

ing the DOS combining and too mush overlap leading to
a greater portion of the configuration space being sam-
pled by multiple walkers, which reduces the benefits of
parallelisation. For the remainder of this study a 25%
overlap is used. This deliberate choice allows for evalua-
tion of performance with an overlap width which remains
optimal to within the statistical uncertainty of our data,
but still provides a significant range of overlap to realise
any benefit from including replica exchange.
It is important to note the super-linear scaling ob-

served in some cases. This greater than 100% speedup
per WL instance arises from the reduced number of total
MC steps required when sampling due to the energy do-
main decomposition as explained in the previous section.
This effect was discussed above, in Sec. IID, and is also
examined further in Sec. IIID, below. Of further note
is the speedup for the first 3 WL instances matches the
theoretical limit of h2, derived in Sec. IID to within the
uncertainty of our measurements.
To assess the effect of overlap on DOS convergence, in

Figure 3 we show the normalised root mean square er-
ror (RMSE) between a 36 iteration (well-converged) WL
simulation in one sub-domain and 23 iteration WL sim-
ulations of varying overlap size with 16 sub-domains. It
can be seen that there is no correlation between DOS
convergence accuracy and the percentage overlap in the
energy sub-domain overlap region up to 50%. Beyond
this point the averaging power of the overlap regions is
decreased resulting in an increased normalised RMSE. Of
note, however, is that this increase in normalised RMSE
increases from 0.15% to 0.3% which is not a statisti-
cally significant increase. While remaining at or below
a 50% overlap, that the primary benefit of the energy
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FIG. 4. Comparison of the speedup per WL instance for dif-
ferent numbers of walkers per energy sub-domain, taken rel-
ative to the case of a single walker across the entire energy
domain. This plot is for Method 3 with a 25% energy sub-
domain overlap. The error bars correspond to the standard
deviation of time taken of 5 repeat WL simulations with dif-
ferent seeds on the PRNG. These data show that the optimal
choices for efficiency are the 1 and 2 walker cases, with the 2
walker case marginally increasing the efficiency of each sub-
domain. Additional walkers beyond this appear to confer no
further benefit.

sub-domain overlap region(s) is to facilitate replica ex-
change and does not harm the sampling.

B. Influence of number of walkers used per energy
sub-domain

Proceeding, we now consider the effect of including
more than one walker per energy sub-domain. A nat-
ural choice for reducing calculation time in WL is to in-
crease the number of walkers that sample the configura-
tion space, as seen in Ref. [33] where 16 walkers are used
per sub-domain. However, evidence of the resulting per-
formance gains has not generally been reported, and we
investigate this aspect explicitly here.

Figure 4 shows a comparison of the speedup per WL
instance (taken relative to one walker per energy sub-
domain) for different numbers of walkers per energy sub-
domain for Method 3, i.e. using statically-sized non-
uniform energy sub-domains. It can be seen that useful
speedup can be obtained, which is across all walker cases.
In all cases, the efficiency remains super-linear for the
majority if not for all sub-domains, however going be-
yond around 60 instance the efficiency drops below 100%
while also appearing to plateau in terms of speedup. The
initial improvement from the walkers can be attributed
to the Central Limit Theorem [68]. By increasing the
number of walkers, the number of samples increases (e.g.
2 walkers give twice as many samples, etc.) which leads
to a reduction in statistical error on the estimate of the
DOS proportional to 1/

√
n, where n is the number of

samples. As the number of walkers increases this reduc-
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FIG. 5. Comparison of the walker efficiency per WL instance
for different numbers of walkers per energy sub-domain, taken
relative to the case of a single walker across the entire energy
domain. This plot is for Method 3 with a 25% energy sub-
domain overlap. The error bars correspond to the standard
deviation of time taken of 5 repeat WL simulations with dif-
ferent seeds on the PRNG. The plot shows the efficiency of
each walker introduced across 3 methods, with the 1 and 2
walker cases displaying the highest maximum efficiency per
Wang–Landau instance.

tion in error goes as 1/
√
2, 1/

√
3, etc. which results in

a quickly diminishing improvement in efficiency with re-
spect to additional walkers. Our single sub-domain case
with a varying quantity of independent walkers can be
compared to the implementations found in Refs. [34, 35],
however we only share statistics (i.e. the visit histogram
and DOS) every 50 sweeps.
We then consider the efficiency of the walkers, as de-

fined in Eq. 15 above. Figure 5 shows the efficiency of
the instances seen in Figure 4. After the introduction
of an additional walker, the maximum efficiency exceeds
that of the single walker case, however going beyond two
walkers per sub-domain, the efficiency begins to decrease
substantially which would align with the previously out-
line Central Limit Theorem explanation. This increased
efficiency from walkers stems partially from the minimum
sub-domain size. Since the convergence time is limited
by the slowest sub-domain, once the slowest sub-domain
reaches the smallest allowed size, further addition of sub-
domains will not result in increased efficiency. For the re-
mainder of this study, all results presented are obtained
using one walker per energy sub-domain.

C. Choice of method for construction of energy
sub-domains

Next, we consider the importance of the use of energy
sub-domains. Figure 6 shows the sub-domain efficiency
relative to a single walker operating within the entire
energy domain. Within this plot we can see the sub-
domain efficiency for Methods 1, 3 and 5 (from left to
right respectively) across a range of sub-domains. When
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FIG. 6. Comparison of the energy sub-domain efficiency rel-
ative to the case of a single walker exploring the entire en-
ergy domain. Each method uses one walker per energy sub-
domain and a 25% energy sub-domain overlap, and in all cases
replica exchange was enabled. The error bars correspond to
the standard deviation of time taken of 5 repeated WL sim-
ulations with different seeds on the PRNG. Panel (a) shows
Method 1, i.e. dynamically load-balanced non-uniform sub-
domains. Panel (b) shows Method 3, i.e. statically-sized
non-uniform sub-domains. Panel (c) shows Method 5, i.e.
uniformly-sized sub-domains. The plot shows the efficiency of
each sub-domain introduced across 3 methods, with Method
1 showing the greatest and longest-lasting efficiency with its
efficiency peak occurring at a smaller number of sub-domains.
For the case of uniformly-sized energy sub-domains (Method
5), the sub-domain efficiency remains close to, or slightly be-
low, unity regardless of the number of energy sub-domains
used.

the three options for sizing of the energy sub-domains are
considered, it can also be seen that the greatest increase
in terms of performance is gained by implementing non-
uniform energy domain decomposition. By further aug-
menting the sub-domains and introducing load balancing,
a greater efficiency can be maintained at a higher h as
compared to using non-uniform energy domain decom-
position with static sub-domain sizes. The performance
gain observed from energy domain decomposition can be
attributed to a reduction in the time taken for any walker
to diffuse across the sub-domain, which reduces wasted
sampling time spent on easily converged bins. Further
discussion of this aspect can be found in Sec. IIID.

To demonstrate the efficacy of our proposed dynamic
energy sub-domain sizing scheme, we plot the compar-
ative sizes of the energy sub-domains for an illustrative
simulation run in Figure 7, for the case where a total
of six energy sub-domains were used. The first iteration
here corresponds to the pre-sampling step with initial
uniform domain decomposition. It can be seen that there
is a difference in the size of the sub-domains at iteration 2
as compared to iteration 13. This demonstrates the diffi-
culty of a priori load balancing in the pre-sampling step
and the benefits conferred by iterative load balancing.
Also of note is the fact that the relative sizes of domain
settle over the course of many iterations, demonstrating
the numerical stability of our proposed load-balancing
scheme.
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FIG. 7. A plot of the relative sizes of energy sub-domains for
the proposed dynamic load-balancing scheme as a function of
WL iteration number, to demonstrate the effect of load bal-
ancing on sub-domain size over the duration of a simulation.
This plot is for Method 1 with one walker per energy sub-
domain, a 25% energy sub-domain overlap, and a decomposi-
tion of the total energy domain into 6 sub-domains. The first
iterations shows the initial uniform domain decomposition.
It can be seen that the load balancing algorithm continues to
make substantial adjustments to the relative sizes of energy
sub-domains for the first few WL iterations, and that adjust-
ment following an initial pre-sampling step is not enough to
achieve good load balancing.

D. Origins of observed super-linear efficiency

Now that greater than 100% efficiency for energy
sub-domain decomposition has been demonstrated (evi-
denced in Figures 2 and 4), we support our initial analysis
given in Sec. IID and confirm that super-linear efficiency
results in a reduction in the total number of MC steps
needed (summed over all WL instances) to converge the
DOS. This is broadly equivalent to the statement that
division of the total energy domain into sub-domains—
and restricting walkers to operate in these sub-domains—
reduces the total number of MC steps required to ade-
quately explore the configuration space for the construc-
tion of the DOS.
Figure 8 shows the relative total number of MC steps

required to complete all WL sampling iterations as a
function of WL instance count, i.e. number of energy
sub-domains, as compared to the case of a single walker
operating across the entire energy domain. It can be
seen that the total number of MC steps required to con-
verge the simulation substantially drops once energy sub-
domains are introduced. For the case of uniform energy
sub-domains (panel (c)), as the number of sub-domains
increases the total number of MC steps (sum of all steps
taken across all m · h walkers) increases. In our con-
ceptual model of a diffusive random walk in energy, this
lack of reduction in MC steps required is due to the non-
uniformity of ‘diffusivity’, D, quantifying the speed of
walker exploration across the energy domain. In turn,
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FIG. 8. MC steps taken to complete all WL sampling it-
erations relative to a single walker across the entire energy
domain. Each method uses one walker and 25% overlap.
Panel (a) shows results for Method 1, i.e. dynamically load-
balanced non-uniform sub-domains. Panel (b) shows results
for Method 3, i.e. statically-sized non-uniform sub-domains.
Finally, panel (c) shows results for Method 5, i.e. uniformly-
sized sub-domains. The plot shows that domain decompo-
sition reduces the overall number of MC steps required to
converge the WL sampling simulation.

this results in the WL convergence being dominated by
the sub-domain which has the lowestD. However, for the
two cases in which non-uniform energy sub-domains are
employed (panels (a) and (b)), the total number of MC
steps needed to fully converge the simulation decreases,
which is particularly prominent for the first few addi-
tional WL instances, i.e. energy sub-domains. In this
case, not only is the total work across the entire energy
domain divided across WL instances, the total amount of
work to be done is reduced (by around a factor of two for
the case of two WL instances, i.e. energy sub-domains),
which broadly agrees with the ∼ 4× speedup seen in
particular towards the left-hand data points of Figure
9. This analysis confirms our earlier assertion that the
super-linear speedup, observed in both this study and in
an earlier work, can be concretely understood in terms
of a reduction in the total number of MC steps, i.e. the
work, required to converge a given simulation.

E. Results summary

To summarise the key findings of our study, in Figure 9
we compare the overall simulation speedup (the most rel-
evant metric for parallel performance of an algorithm for
applications) across all six of the studied methods, i.e.
parallelisation schemes. Here, all data points presented
are for simulations run using a 25% energy sub-domain
overlap and one walker per energy sub-domain.

It can be seen that all of the proposed methods achieve
an appreciable speedup, with even the worst-performing
methods (5 and 6) achieving near linear speedup out
to 16 WL instances, i.e. energy sub-domains. How-
ever, the methods which stand out are 1, 2, 3, and 4,
i.e. those using non-uniform energy domain decompo-
sition. This result reinforces the idea that the greatest
gain in performance is obtained via non-uniform domain
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FIG. 9. Comparison of the speedup per WL instance, taken
relative to the case of a single walker across the entire en-
ergy domain. The dotted line shows sub-domains squared
(h2). Each method has one walker and 25% overlap. The
plot shows the greatest increase in performance can be ob-
tained through non-uniform domain decomposition with load
balancing further increasing performance.

decomposition. Methods 1 and 2, which make use of the
proposed dynamic energy sub-domain sizing scheme, of-
fer modest improvements over the case of statically-sized
non-uniform energy sub-domains. The increase in perfor-
mance between the load-balanced (Methods 1, 2) and not
load balanced (Methods 3, 4) allows for the simulation to
retain its sub-domain efficiency for a greater number of
sub-domains giving access to greater speedups. Of note,
replica exchange does not appear to significantly impact
performance either positively or negatively.

IV. SUMMARY, CONCLUSIONS, AND
RECOMMENDATIONS

In summary, several parallelisation strategies for the
WL sampling algorithm have been presented, imple-
mented, and their performance assessed. The schemes
studied, both in isolation and in combination, included
energy domain decomposition, replica exchange, and a
dynamic load-balancing scheme proposed in this work.
From the performance evaluation within this study, sev-
eral important insights emerge for the effective imple-
mentation of parallel WL sampling, which should—in
principle—be extensible to other flat-histogram methods
such as transition matrix MC [9].
The most significant factor in determining parallel per-

formance is the choice of energy domain decomposition
scheme, with use of non-uniform energy sub-domains
consistently providing the largest gains in both speedup
and overall simulation efficiency. Dynamic load balanc-
ing offers a modest further enhancement in performance
by allowing the energy domain decomposition scheme to
adjust itself ‘on the fly’ and adapt to the sampling de-
mands of complex energy landscapes, with energy sub-
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domain boundaries shifting between each WL iteration.
Careful attention to the number of walkers allocated to
each energy sub-domain also proves critical. While em-
ploying multiple walkers may seem like a natural choice
when seeking to parallelise the WL sampling algorithm,
our results indicate that this produces rapidly diminish-
ing returns as a function of number of walkers, and po-
tentially a reduction in efficiency. In this study, we found
that the use of one or two walkers per sub-domain is gen-
erally sufficient to realise any performance improvements
available through the use of multiple walkers per energy
sub-domain. Also of note is that replica exchange does
not noticeably influence efficiency in this test case, but
nor does it compromise performance, which suggests that
it may be included where needed to improve sampling
without penalty. This is likely due to the non-physical
MC moves (long-range atomic swaps) in our test system
which result in the ergodicity not being limited by the
need to cross energy barriers. Finally, the construction
of overlap regions between sub-domains is shown to have
a negligible effect on performance unless it is in excess
of a 75% overlap, underscoring that large overlap is nec-
essary only for replica exchange and not for the reliable
combination of local DOS histograms to form the global
DOS.

A. Recommendations

On the basis of these findings, we recommend that
parallel implementations of WL sampling prioritise using
non-uniform energy domain decomposition as a primary
route to improved simulation efficiency. Subsequently,
one should implement multiple walkers per sub-domain
for further efficiency and performance. Once those two
features have been implemented, dynamic load balanc-
ing should subsequently be incorporated wherever feasi-
ble for modest improvement of per-instance efficiency. If
reduced runtime is more important than efficiency, and
if adding further sub-domains hurts performance, further
increasing the number of walkers can be employed as a
complementary tool, though they will decrease compu-
tational efficiency. Finally, overlap regions of a modest
size should be included primarily to facilitate replica ex-
change, as they have little to no impact on the accuracy
of the reconstructed total DOS, though excessively-sized
overlap regions should be avoided due to the associated
drop in parallel performance.
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