AUTOEQUIVALENCES OF FUKAYA CATEGORIES OF SURFACES AND
GRADED GENTLE ALGEBRAS

SEBASTIAN OPPER

ABSTRACT. We compute the derived Picard groups of partially wrapped Fukaya categories of
surfaces in the sense of Haiden-Katzarkov-Kontsevich and the related graded gentle algebras. An
important ingredient in characteristic zero is the exponential map from Hochschild cohomology to
the derived Picard group introduced in recent work by the author. To prove our results in positive
characteristic, we combine deformation theory and formality results for Hochschild complexes.
Along the way we show that the surface together with its decorations forms a complete derived
invariant of partially wrapped Fukaya categories and we prove analogous results for graded gentle
algebras. This removes all previous restrictions from earlier results of this kind.
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INTRODUCTION

The study of equivalences between triangulated categories has a long history [RicR9, [Or197],
[STOT]. In practice, most triangulated categories in algebraic settings are enhanced and therefore
arise as a subcategory of the derived category of a dg category. The derived Picard group is then the
‘enhanced’ variant of the autoequivalence group of an enhanced triangulated category. Formally,
the derived Picard group of a dg category C is the group DPic(C) formed by the C-bimodules
which admit a two-sided inverse under ‘multiplication’ via the derived tensor product. In other
words, DPic(C) is the Picard group of the monoidal category of C-bimodules. Depending on the
setting, there are several equivalent incarnations of this group: as the automorphism group of
C in the Morita category of dg categories [Toé07], as equivalence classes of certain A..-functors
[COS19, [COS24] or, as the group of kernels of invertible Fourier-Mukai transforms [Toé07) [Orl03].
Many classical symmetry groups, such as the Picard and automorphism group of a variety or
the outer automorphism group of an associative algebra, constitute subgroups of the associated
derived Picard group. Every element of DPic(C) induces an autoequivalence of both the derived
category of C and its category of perfect complexes. This yields a comparison map from DPic(C)
to the group of autoequivalences of either category which is injective or surjective in common
1
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setups [Orl03] [Genl6]. One advantage of focusing on DPic(C) instead of the autoequivalences of
the associated triangulated categories is the fact that one has access to higher invariants such as
Hochschild cohomology which are not defined on the purely triangulated level.

In this article we give a description of the derived Picard groups of all partially wrapped Fukaya
categories of surfaces in the sense of [HKK17], including the punctured cases considered earlier in
[Boc12|] and more recently in [BvdK24| [vdK23]. To define such categories, one starts with a graded
marked surface, an oriented surface with additional decorations which consists of a distinguished
subset of its boundary and a line field. The latter can be viewed as an ‘orientation-free’ general-
isation of a vector field. To a graded marked surface ¥ the authors of [HKKI7] assign a certain
triangulated As-category, the partially wrapped Fukaya category Fuk(X). For punctured surfaces,
this agrees with the wrapped Fukaya category considered in [Boc12] and another version discussed
in the appendix of the same work.

Apart from the punctured cases, the Fukaya categories of [HKK17] are equivalent to the cat-
egories of compact objects in the derived categories of certain graded algebras. Without gradings,
these so-called gentle algebras were first studied by Assem and Skowronski [AS87] and since then
have been featured in the works by many others. Gentle algebras are often studied in two vari-
ants: proper (=finite dimensional) ones and those which are homologically smooth in the sense of
[Kel06]. Proper graded gentle algebras appear as Koszul duals of the homologically smooth and
the latter are exactly those graded gentle algebras which appear as generators of Fukaya categories.
The Koszul dual of a proper graded gentle algebra on the other hand is a graded completion of
a homologically smooth graded gentle algebra [OPS18]. In this sense, the relationship between
homologically smooth and proper graded gentle algebras generalises the well-known relationship
between the polynomial ring and the ring of power series.

The passage from Fukaya categories to graded gentle algebras has a counterpart in the other
direction. To every proper or homologically smooth graded gentle algebra A one can associate
a graded marked surface ¥4 [LP20, [OPS18]. In the homologically smooth case, this yields an
equivalence Fuk(X 4) ~ Perf(A) and in the proper case, provides an equivalence between category
D:a(A) of dg A-modules with finite-dimensional cohomology and a (derived) completion of the
Fukaya category of ¥ [OPS18| [BGO25].

The following is our first main result and is stated in a simplified form. Throughout the entire
paper we will work over a fixed field k and to simplify some arguments we will assume that its
characteristic is different from 2.

Theorem A (Corollary 10.6| & [Corollary 11.4). Let & be a graded marked surface and let Fuk(X)
denote the associated partially wrapped Fukaya category. If chark = 0 or Fuk(X) is homologically
smooth and proper, there exists an isomorphism

DPic(Fuk(X)) 2 N x MCGg, (%), (0.1)

where MCGyg,(X) denotes the graded mapping class group of ¥ and N is an explicit group which
can be read off from X. There is an analogous description for the derived Picard group of a proper
graded gentle algebra A as a semi-direct extension of MCGy,.(X4) by a normal subgroup N .

The condition that Fuk(X) is smooth and proper is equivalent to simple conditions on X, cf.
For a punctured surface ¥, one has N = H (X, k*) (with one exception, Cf
and in the other cases A is described in [Corollary 10.6] and [Corollary 11.4] The graded mapping
class group is a central extension of the mapping class group of ¥ by the shift functor. Here, ele-
ments in the mapping class group are assumed to preserve all decorations of ¥ and the homotopy
class of the line field. The section MCGyg, (X) — DPic(Fuk(X)) which corresponds to the semi-direct
product arises from an action of MCGg, (X) on the Fukaya category which was first
constructed in [DK18|. The group N is determined by the first Hochschild cohomology of Fuk(32)
and admits a description in terms of singular cohomology of ¥ and the boundary components of
>} and their winding numbers with respect to the line field. The entire Hochschild cohomology
of a graded gentle algebra and the Gerstenhaber bracket are computed in upcoming work by the
author [Opp| which builds on a number of earlier computations [Lad12l [RRIS8| [CSS20, [CSSS24] in
the ungraded case. For the case of punctured surfaces, we rely on the description of Hochschild
cohomology from [BvdK24].
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Our second result is concerned with the question of when two Fukaya categories or derived
categories of gentle algebras are equivalent. It is known that a diffeomorphism ¥ = ¥/ which is
compatible with the decorations on both sides induces an equivalence Fuk(X) ~ Fuk(X%’) [HKK17]
and as a result up to Morita equivalence Fuk(X) only depends on the orbit of the graded marked
surface ¥ under the action of the (ungraded) mapping class group MCG(X). Therefore, if A, A’
are homologically graded gentle algebras and ¥4 = X4/ we get an equivalence D(A) ~ D(A").
The converse, that is, whether D(A) ~ D(A’) implies ¥4 = X4, as graded marked surfaces is a
subtle question. It requires one to extract geometric invariants such as the surface ¥ 4 purely from
algebraic information in the triangulated category D(A).

Theorem B (Theorem 12.17). X, %/ be graded marked surfaces. Then Fuk(X) and Fuk(X') are
equivalent if and only if ¥ and X' are isomorphic as graded marked surfaces. Likewise, if A, A" are
graded gentle algebras which are homologically smooth or proper (but not necessarily both), then
D(A) ~ D(A") if and only if X4 = X 4. Finally, Fuk(X) ~ Perf(A) if and only if ¥ = X4 as
graded marked surfaces.

The work [LP20] provides numerical invariants which allow one to decide whether two graded
marked surfaces are isomorphic. Thus, provides an effective derived equivalence clas-
sification of Fukaya categories and graded gentle algebras. generalises several earlier
results: [APS19, [Oppl9] prove an analogous result for A proper and concentrated in degree 0
and [JSW23] proves it under the assumption that A is graded and homologically smooth which
implies M Theorem A for Fuk(X) in all but the punctured cases. In particular, our results for the
proper (but not necessarily homologically smooth) case and for punctured surfaces are new and our
proof provides a unified approach to all cases. Finally, we note our strategy is quite different from
[JSW23] and the proof of is based on a connection between equivalences between the
triangulated categories in and maps between arc complexes of the associated surfaces.

The proof of follows the same general strategy of [Oppl9]. First, one constructs a
‘geometrisation map’ DPic(Fuk(X)) — MCGg,(X) and in a second step the its section. In the final
step, one describes the kernel of the geometrisation map. In particular this last step was a serious
limiting factor for the generalisation of [Oppl9| since it requires a good control over all elements in
DPic(Fuk(X)) which are ‘close’ to the identity in a certain sense. Roughly speaking, elements of
N preserve the isomorphism classes of ‘most’ objects in Fuk(X) and map the remaining ones to a
‘deformation’. The new key tool which allows us to classify such ‘almost identities’ are results from
recent work of the author [Opp25]. The idea is to treat DPic(Fuk(X)) like a Lie group and view the
kernel N as its neutral component. In analogy to the exponential map between a Lie group and its
Lie algebra, one constructs a purely algebraic exponential which ‘integrates’ a portion of the first
Hochschild cohomology of an A,.-category in characteristic zero to elements in the corresponding
derived Picard group. The multiplication of the derived Picard group is then encoded through
the Baker-Campbell-Hausdorff formula and the Gerstenhaber bracket. When combined with the
description of the Hochschild cohomology from [Opp], this proves the characteristic zero case of
[Mheorem Al

In positive characteristic, where the exponential is no longer available, we are able to sidestep
the occurring difficulties by exploiting the fact that the Hochschild complex of a homologically
smooth and proper graded gentle algebra is formal as a dg algebra.

Finally, to prove a variant of for proper graded gentle algebras, we rely heavily on
the fact that the category of perfect complexes over such algebras are reflezive [BGO25] in the
sense of [KS23]. In a nutshell, reflexivity implies a strong duality between an enhanced triangu-
lated category T and the category Dgq (7). For example, a reflexive category 7 and D¢y(7) have
isomorphic Hochschild cohomology and derived Picard groups [Goo24].

Structure of the paper. The first five sections are predominantly expository and review the
necessary background material about A..-categories, Fukaya categories of surfaces, gentle algebras
and their surface models as well as other topics. Section [0] discusses and constructs the geomet-
risation homomorphisms. It also contains proof of some cases of [Theorem Bl [Section 7.1| discusses
actions of the mapping class group and establishes the existence of a section for the geometrisation

homomorphism. recalls the exponential map from [Opp25] while discusses the
Hochschild cohomology of graded gentle algebras. provides a description of the group
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N in [Theorem Al and [Section 11] proves [Theorem A]in positive characteristic. Finally,
contains the proof of for the Fukaya categories of punctured surfaces.
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my questions about comparison maps between Hochschild complexes and the Bardzell resolutions
as well as Raf Bocklandt and Jasper van de Kreeke for answering questions regarding the Hochschild
cohomology of Fukaya categories. Finally, I thank Isaac Bird and Alexandra Zvonareva for their
comments on an earlier draft of this article. Throughout this project, I was supported by the
Primus grant PRIMUS/23/SCI/006.

1. REMINDER ON A..-CATEGORIES AND THEIR HOCHSCHILD COHOMOLOGY

We review some aspects of the theory of A, -categories. We will follow the notation from [Opp25]
and, in particular, use cohomological grading conventions.

1.1. Hochschild spaces and brace operations.

Definition 1.1. A k-quiver G is a set of objects Ob(G) together with a collection of graded
vector spaces {G(X,Y)}x yeon(g)- Its Hochschild space is the graded vector space C(G) whose
homogeneous component in degree n is

c@=11  TI  Homi (90Xt X))@+ © G(Xo, X1)[1],G(Xo, X,)[1]),  (11)

p=0 Xo,...,X1€0b(G)

Here, Homﬁ;(—7 —) denotes the space of homogeneous graded k-linear maps of degree ¢ and an
empty tensor product is interpreted as k.

For p = 0, the expression the interior product of ranges over all Xy € Ob(G) with factors
Homy, (k[1], G(Xo, X0)[1]) = G™ (X0, Xo). We refer to a homogeneous element f € C™(G) through
a tuple f = (f*)i>0, where f* denotes the product of all i-ary components of f (the case p =i in
(L.1)). The Hochschild space C' = C(G) is filtered by its weight filtration

C=WCOWC2D---,

where W;C is defined by restricting the index p in to p > 4. It endows each C™(G) as well
as C(G) with the structure of a Banach space such that W;C(G) coincides with the closed ball of
radius 27% and center 0 with respect to the metric. The Hochschild space admits continuous linear
operations of degree 0,

—{- Yt ¢

where r > 1, which are called braces. If G has a single object and hence is equivalent to a graded
vector space V, then for homogeneous f = (f*)i>0, g1,--.,gr With g; = (g;-)igo and each m > 0,
the expression f{g1,...,gr} is defined as

(Hgrs 9 )™ =) e (Id{‘?ﬁ] ©g1" ® AP © 5% © - @ gi @ 1Py, ) (1.2)

where the sum is indexed by all (ig,...,%,n1,...,n.) € NZZ’}]“ so that Z;ZO ij +Z§:1 n; =m-—r.
We employ the Koszul sign rule to evaluate a tensor product of functions f ® g on an element
u ® v. The case of arbitrary graphs is analogous. We drop the index r from the notation of the
braces whenever it is apparent from the context. The brace operations are compatible with the
index shifted weight filtration, that is, —{- - - }, restricts to maps
Wl+moc Q- ® W1+m7‘0 —— WlJrZ::O miC’
for all mg, ..., m, > —1 and where W,C := 0 for j < 0. The binary operation —{—} is referred to
as the composition product and will be denoted by — x —. It is not associative but a so-called
pre-Lie algebra and hence determines a graded Lie bracket on C(G) via its graded commutator

[fog] = frg— (—)9lgx f.
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The identity 1 := Idg € C''(G) whose components are the identities on all spaces G(X,Y), X,Y €
Ob(9), is a left unit of the composition product and satisfies 1{g1,...,gr}» =0 for all r > 2.

1.2. A-categories and A..-functors.

Definition 1.2. A (shifted) A-category is a k-quiver A together with an element s € W1C1(A)
such that pa * pa = 0.

Using the shift map s : V' — V1] of degree —1 of a graded vector space V and the Koszul sign rule,
the family ua = (uk)i>o is equivalent to a family of maps (mf )i>o of degree 2 — i between tensor
products of the vector spaces A(—, —) instead of their suspensions. These satisfy the quadratic
relations in [Kel02) [GJ90] for A.,-categories. Equivalent sign conventions which are commonly
used in symplectic geometry can be found in [Sei08, [HKK17]. All A-categories in this paper
will be strictly unital which means that every object A € A possesses a strict identity morphism
Id4 € A%(A, A) subject to the conditions

mi(faldA):f:mi(IdA'af) and miA(fnw"afl):Ov

for all f € A(A,A"), i > 3, and whenever at least one of the f; is of the form Id4. Like dg
categories, the operation pu! are differentials on the morphism spaces of an A..-category and every
Aso-category A has an associated graded homotopy category H®*(A) whose composition is induced
by pZ. Restricting to morphisms in degree 0 then yields the homotopy category HO(A). An A..-
category A is minimal if 1} = 0 vanishes identically. In this case, A, -category has an underlying
graded k-linear category with composition p%. In general however, unless A is minimal, ;3 fails
to be associative. The datum of a dg category U is equivalent to an A.-category U with the same

objects such that uz} = 0 for all ¢« > 3 such that the differentials and composition law of U are

encoded in the operations m}) and mz%{.
An A-functor F: A — B between A.,-categories A and B consists of a map FY: Ob(A) —

Ob(B) and a family {F"},>1 of multi-linear maps, also called Taylor coefficients,
F: A(Aa-1, Ag)[1] @ - ® A(Ao, A1)[1] —— A(F(Ao), F*(Aa))[1],

of degree 0 which satisfy a generalisation of the covariance condition for ordinary functors. All
Aso-functors in this paper will be unital, cf. [COS24] for the definition. Any A..-functor induces
a functor between the associated (graded) homotopy categories and an A.-functor F is strict if
F? =0 for all d > 2. After suspension, a dg functor G: A — B between dg categories is equivalent
to a strict A,.-functor whose first Taylor coefficient F'* encodes the action of G' on morphisms.
For any pair (A, B) of A-categories the set of (unital) A-functors A — B form the objects of an
Aso-category Fun(A, B). Functors F, G € Fun(A, B) are weakly equivalent, denoted by F =~ G, if
F and G are isomorphic in H’(Fun(A, B)). A finer notion of equivalence, called homotopy, implies
weak equivalence. Both relations are compatible with composition of A..-functors.

An A-functor is weakly invertible if it admits an inverse up to weak equivalence. A special
case of these are quasi-equivalences, A, -functors which induces an equivalence between the
associated graded homotopy categories. For an A, -category A, we denote by Aut®(A) the group
of weak equivalence classes of weakly invertible A..-functors A — A. Throughout the paper, we
are often interested in the following special case of A.-functors.

Definition 1.3. Let A be an A-category. An A..-isotopy of A is an A.-functor F: A — A
such that F' =Id,.

The set of As.-isotopies of an A,.-category A is closed under composition. Moreover, are all
Aso-isotopies are invertible (in the strict sense) and therefore weakly invertible.

Definition 1.4. We denote by Auti°(A) € Aut™(A) the group consisting of the weak equivalence
classes of A..-isotopies of A.

We note that A.-isotopies of a graded k-linear category are homotopic if and only if they are
weakly equivalent. This is a consequence of a more general criterion, cf. [Opp25, Propsition 6.15]
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and the discussion thereafter. The A, -functor equations as well as compositions of A..-isotopies
can be expressed through the brace operations.

Lemma 1.5 (cf. [Sei23] Remark 2.12], [Opp25}, Section 3.6]). Let F and G be A-isotopies of an
Aoo-category A. Write Fy == F —1Idy € WoC(A) and G4 = G —1dp € WoC(A). Then Go F is
the unique Aso-isotopy such that

(GoF), =G4 O F, ::ZG+{F+7"'7F+}T7

r>1

where G {--- }o = G4. The A -functor equation of F is equivalent to
0= [MA7F+] +ZMA{F+?" '7F+}7‘-

r>2

1.3. Twisted complexes and (perfect) derived categories.

Every strictly unital A..-category A has a derived category D(A) which is constructed in the same
way as the derived category of a dg category. The category of A-modules forms a dg category and
there is a derived Yoneda embedding V: H’(A) — D(A). An A, -category A is pretriangulated
(resp. perfect) if the essentially image of its Yoneda embedding is a triangulated (resp. thick)
subcategory of D(A). For a perfect As-category the essential image of ) is equivalent to the
category of compact objects of D(A) and will be denoted by Perf(A). We define Dgg(A) C D(A)
the full subcategory (resp. dg subcategory) spanned by the A-modules M such that M (A) € Perf(k)
for all A € A. By abuse of notation, we also denote by Perf(A) and D¢y(A) the canonical Aqo-
categories consisting of all A-modules whose image in D(A) lie in Perf(A) and D¢q(A) respectively.

The triangulated hull of A inside D(A) admits a particularly simple A.-enhancement through
the A..-category of one-sided twisted complexes Tw™ (A) over A, cf. [HKKI7]. Objects in Tw™(A)
a certain pairs (X, d), where X is a finite formal sum of formal shifts of objects in A and §: X — X
is a differential. In other words, Tw™ (A) is the equivalent of the category of finite chain complexes
of free modules over an algebra. Instead of recalling the general definition here, we only mention
that A — Tw"(A) defines a monad whose multiplication map Tw™ (Tw*(A)) — Tw'(A) is a
quasi-equivalence of A, -categories and is given by a direct sum totalisation.

1.4. The Hochschild A,-algebra of an A, -category.

The Hochschild space C' = C(A) of an As.-category A naturally carries the structure of an Ao.-
algebra whose shifted A,.-operations are given by

pe(f) = [IJAMf] =paxf— (—1)|f‘f*,uA,
pe(fise o fi) = palfi, o fi} i > 2,

where f, f1,..., f; € C are homogeneous.

(1.3)

Remark 1.6. An equivalent formulation of Lemma is that F' is an A..-isotopy if and only if
F. € W2C'(A) is a Maurer-Cartan element of the A-algebra C = C(A), that is, ( = Fy
satisfies

ZM%’(C?”WC)ZO (14)
i=1

Here, the left hand side is considered as the limit of its finite partial sums, which exists due to the
fact that p& (¢, ..., ¢) € W;C.

If A is a dg category, then C(A) is a shifted dg algebra, which we will refer to as the Hochschild
dg algebra. The operation m% is also known as the cup product, usually denoted by U. The
cohomology group

HH'(A,A) == H"" (C(A)),
is called the i-th Hochschild cohomology of A. The total Hochschild cohomology HH®(A, A)
inherits the structure of a graded algebra while the Lie bracket determined by the composition
product endows HH"H(A7 A) with a compatible graded Lie algebra structure. Its Lie bracket is
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the Gerstenhaber bracket and was first described by Gerstenhaber for associative algebras. The
weight filtration on C'(A) is compatible with the A,.-operations and descends to a filtration

HH*(A,A) = W, HH*(A,A) D W; HH*(A,A) D - - .

which we call the (cohomological) weight filtration.

2. TOPOLOGICAL FUKAYA CATEGORIES AFTER HAIDEN-KATZARKOV-KONTSEVICH

We briefly recall the construction of the topological Fukaya category of a marked surface after
Haiden-Katzarkov-Kontsevich. All manifolds, maps and homotopies between them will be smooth
unless specified otherwise.

2.1. Marked surfaces.

A marked surface is an oriented, compact surface ¥ with non-empty boundary 0% and a compact
subset M C 0% which has non-trivial intersection with each boundary component. A boundary
component B is fully marked if B C M and we say that ¥ is punctured if all its boundary
components are fully marked. Equivalently, fully marked boundary components are in bijection
with connected components of M which are homeomorphic to S'. The remaining connected
components of M, namely the contractible ones, are called marked intervals. A boundary
segment is the closure of a connected component of 9%\ M. A morphism of marked surfaces
p: (X, M) — (X', M) is an orientation preserving immersion mapping M to a subset of M’ and
boundary segments to distinct non-isotopic paths. Isotopies of morphisms are isotopies of the
underlying immersions which fixes M’ setwise.

By a line field on ¥, we mean a section n: ¥ — P(TX) of the projectivisation P(TX) of the
tangent bundle of ¥. For example, every non-vanishing vector field x induces a line field by taking
the 1-dimensional vector space spanned by x(z) at every point € ¥. A triple (X, M, n) is called
a graded marked surface but frequently we drop M and 7 from the notation. A morphism
E,M,n) — (X, M) is a pair (p, ), consisting of a morphism ¢ between the underlying
marked surfaces and the homotopy class (E of a path from ¢*n’ == p*n = [FD(Tgp)_1 on oy tonin
the space of line fields, that is, the space of sections of P(T'X). Here, ¢*n’ is the unique line field
determined by the commutativity of the diagram

s £ pery)
WJ |pcre)

’

v 1 p(Ty).

Compositions of morphisms are defined via concatenation of maps and paths and notions such as
isotopy extend in the natural way.

A curve on ¥ is an immersion y: 0 — X, where () is a compact connected 1-dimensional
manifoldﬂ such that y~1(M) = 99. When want to be more precise, we say that v is a loop if
Q= S! and an arc otherwise. A boundary arc is an arc which is homotopic relative end points
to a map with image in 9¥. An infinite (resp. semi-infinite) arc is one which has at least one
(resp. exactly one) end point in a fully marked component. The remaining arcs are called finite.
A homotopy between curves is a homotopy H: Q x [0,1] = % relativeﬂ to (02, M) so that that
Hi = H|gxqy: Q@ — X is a curve for all ¢ € [0,1]. A curve v is simple if its interior, that is,
the restriction 7|g to Q=0 \ 09, is an embedding. An arc system is a collection of pairwise
non-homotopic and pairwise disjoint simple arcs on X.

n other words, € is diffeomorphic to [0,1] of the 1-sphere ST.
2This means that the image of points in 92 are allowed to move freely inside M.
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2.2. Gradings and winding numbers.

Every line field n allows one to associate a winding number w,(y) € Z to any loop v: S* — &
given by the (signed) intersection number of the submanifold 7(3) C P(TX) with the image of
the derivative 4: S — P(TX) of 4. Discarding 7 from the notation from now on, the integer
w(7) only depends on the regular homotopy class of « (which preserve the homotopy class of 7).
Moreover, if v bounds no “tear drops”, cf. [HKKI1T, Figure 3], then w(v) in fact only depends on
the homotopy class of 7. Every closed curve 7 is homotopic to one without tear drops and for
any two such curves homotopy and regular homotopy coincide. A line field n determines a Z-fold
covering 7, : Iﬁn — P(TY). A grading on a curve v: Q — X is a lift 4 of the derivative 4 along 7,
and the pair (v,7) a graded curve. As before, we will drop 7 from the notation in most instances.
As a consequence of the definition, every arc admits Z possible gradings, whereas a loop admits a
grading if and only if w(y) = 0.

2.3. Marked intervals versus marked points.

It is often convenient to contract connected components of M to a point so that marked interval
are identified with a marked boundary point and fully marked boundary components are identified
with punctures. This creates an intersection between arcs with end points in the same marked
interval. Homotopy classes of curves on the original surface are in bijection with homotopy classes
of curves on the new surface. Here an arc is a path with end points at marked points (which
includes punctures) whose interior is required to be disjoint from the set of marked points and
homotopies of arcs are understood to be relative end points and such that all intermediate paths
are arcs. Throughout the paper, we will switch freely between those two points of view without
further notice and the chosen perspective should be apparent from the context.

2.4. Topological Fukaya categories.

Definition 2.1. Let v,7 be arcs. A flow from ~ to 7/ is an orientation preserving immersion
f:10,1] = M such that f(0) is an end point of v and f(1) is an end point of .

Flows f and g are composed in the same way as paths if f(1) = g(0) and are considered up to
homotopy. The set of homotopy classes of flows from ~ to 7' is denoted by Flow(vy,~’). As a result
if 7v,7’ have end points p € v, ¢ € 7/ in the same fully marked component B, there is an embedding
N>o C Flow(v,~’) corresponding to all the clockwise traversing paths in B starting on p and ending
on g. If v and 7' are graded, then, as explained in [HKKI7, Section 3.2 (3.15)], each flow f from
v to v inherits a well-defined degree deg(f) € Z which endows the vector space k Flow(~y,~") with
a grading.

Definition 2.2. Let I' be a graded arc system. Then let C = Cr denote the category with objects
I and graded morphism spaces

Home(v,7") =k @ k Flow(y,~").

The composition is given by composition of flows with the copies of k acting as identity morphisms.
We denote by Flowiy, (7,7") C Flow(y,7’) the set of irreducible flows, that is, flows which are
not themselves non-trivial compositions of flows between arcs of T'.

The category algebra Ar of Cr is isomorphic to the algebra of a graded quiver with relations
(Qr, Rr) with Q% = T with arrows af: v — 7' corresponding bijectively to irreducible flows
f € Flowiy (7,7’). The set of relations Rr consists of the paths aga; such that f(1) # g(0). We
call any quiver of the form (Qr, Rr) a gentle quiver. This stems from their connection to gentle
algebras which we discuss in the next section.

Let I' be an arc system on (X, M) and consider a marked surface (D, N) such that D is diffeo-
morphic to a closed disk with A consisting of m > 3 components and let fi,..., f,, denote the
distinct components of A/ in clockwise order considered as flows between the boundary segments.
For any map ¢: (D,N) — (X, M) sending all boundary segments of (D, N') to arcs of I, the se-
quence @o f1,...,po fi, is a sequence of flows and any such cyclic sequence of flows on ¥ obtained
in this way is called a disk sequence. This is used in the definition of Fukaya categories.
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Definition 2.3 ([HKKI1T7]). Let I" be a graded arc system on . Let F = F(I') denote the minimal
Ao-category whose underlying graded category is Cr and whose higher multiplications are given
by the following rule:

pr(dy, .. dnf) = (D) f
M]:(gdlv cee 7dm) =9,

for every disk sequence dy,...,d,, and flows f, g such that god; # 0 # d,, o f in Cp.

Definition 2.4. An arc system I' C (X, M) is full if ¥\ I is homeomorphic to a disjoint union
of topological disks and it is formal if it does not admit any disk sequences, that is, if F(T')
has no higher A.,-compositions. It is proper if all its arcs are disjoint from the fully marked
components and a proper arc system is finitely full if ¥\ T is a disjoint union of topological disks
and topological cylinders C such that M D 9C N9x = S,

In other words, each cylinder C shares exactly one of its boundary components with the boundary
of ¥ and this component is fully marked. Of course, on a marked surface without fully marked
components, full coincides with finitely full but not in general. We collect a few facts on the
category F(I') which are either proved in [HKK17] or which follows immediately from Definition
[2:3 or general facts.

Proposition 2.5 ([HKKI17, Lemma 3.3, Proposition 3.3., Proposition 3.5]). Let (X, M) be a
marked surface and let T' C X be an arc system. The following are true.

(1) (X, M) admits a full arc system and if M C 9%, then it admits a full formal arc system.

(2) If M C 0%, then a full arc system is formal if and only if it is minimal with respect to
inclusion within the set of full arc systems.

(3) If M C I%, then F(T') is homologically smooth and if T is formal, then so is F(T').

(4) The Aso-category F(TI') is proper if and only if no arc in T' has an end point on a fully
marked component.

Definition 2.6. Let I' C ¥ be a full graded arc system. The (topological) partially wrapped
Fukaya category of X is the A, -category Fuk(X) := Tw™' F(I'). If ¥ is punctured, we refer to
Fuk(X) as the wrapped Fukaya category.

Remark 2.7. It was proved by Abouzaid in the appendix of [Bocl6] that the wrapped Fukaya
category of a punctured surface in the sense of [Bocl6, [HKKI17] agrees with its symplectic version.
We will make use of this fact in our discussion of derived Picard groups of such categories of this
case in Section [[21

As proved in [HKK17], the Morita class of Fuk(X) is independent of the choice of the graded arc
system and hence a well-defined invariant of the graded marked surface (X, M, n). Their result is
a consequence of the following statement.

Proposition 2.8 ([HKKI17, Lemma 3.2]). Let (X, M,n) be a graded marked surface and T' C
IV C 3 be two full arc systems. Then the canonical inclusion functor F(T') — F(I') is a Morita
equivalence.

The same proof as in loc.cit. shows that an inclusion I' < I" of finitely full arc systems yields a
Morita equivalence F(I') — F(I'V). One obtains the following.

Proposition 2.9 ([HKKI1T, Proposition 3.3],[BGO25, Proposition 9.2.5]). Let ¥ be a graded
marked surface and A,B C X two full (resp. finitely-full) arc systems. Then F(A) and F(B)

are Morita equivalent.

A non-obvious fact is that the converse is also true: the Morita class of F(A) determines the
graded marked surface ¥ up to isomorphism, cf. the discussion in Section |3| The category Fuk(X)
enjoys the following localisation property.
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Theorem 2.10 ([HKKIT7, Proposition 3.6]). Let ¥ be graded marked surface and let v C 0% be
a boundary arc. Denote by T C Fuk(X) the thick closure of v and ¥/ the graded marked surface
obtained from ¥ by adding v to the set of marked points. Then Fuk(X') is a Drinfeld quotient of
Fuk(X) and there exists a triangle equivalence

Fuk () / T = Fuk(z).

3. GRADED GENTLE ALGEBRAS

The category algebras of the k-linear category underlying the A,-category F(T') of a full or finitely
full formal arc system on a graded marked surface belongs to the class of so-called graded gentle
algebras. As shown in [LP20, [OPS18] every graded gentle algebra A which is homologically smooth
or proper arises non-uniquely from a graded arc system on graded marked surface (X4, Ma,n4).
Hence, for the purposes of this paper we define a graded gentle algebra as any graded algebra
which is isomorphic to Azr) for some full or finitely full formal graded arc system I'. As such
and unless specified otherwise, every graded gentle algebra which we consider in this paper will be
assumed to be homologically smooth or proper. In the former case one can assume that I" is full
and in the latter case that I is finitely full. For an equivalent definition of graded gentle algebras in
terms of graded quivers with relations we refer the reader to [OPS18]. We often treat the two cases
of graded gentle algebras - the homologically smooth ones and the proper ones - simultaneously.
To facilitate discussions, we use the following short hand notation.

Notation 3.1. Let A be a graded gentle algebra. Define

T Dta(A), if A is proper;
a4 Perf(A), if A is homologically smooth.

We record the following:

e If A is homologically smooth and proper then there is a quasi-equivalence Perf(A) =~
Dtq(A), so that, up to quasi-equivalence, the category T4 is well-defined in either case.

e The category T4 contains a thick subcategory Tj” consisting of all objects Y € T4 such that
Homf, (X,Y) has finite-dimensional total cohomology for all X € T4. If A is homologically
smooth then Dgg(A) = TA» C T4. Similarly, if A is proper then 7" = Perf(A) C D (A) =
Ta.

e If Ais proper, then the category 74" admits a Serre-functor and Auslander-Reiten triangles

as follows from [OPSI8, [Opp19]. Throughout the paper, we denote by 7: T — T1® the
Auslander-Reiten translation in this case.

Finally, we recall the following description of the category T4 in the proper case.

Theorem 3.2 ([BGO25, Theorem 9.4.4]). Let A be a proper graded gentle algebra. Then Dgq(A)
is equivalent to the thick subcategory of D(A) generated by the simple A-modules, or equivalently,
the thick closure of A/rad(A), considered as a dg A-module with trivial differential.

We note that is far from trivial since we do not make any assumptions on the grading
of A. Theorem is closely connected to the reflezivity of T4 which we discuss in Section

3.1. Koszul duality: smooth versus proper.

The classes of proper and homologically smooth graded gentle algebras are Koszul dual to each
other. Given a graded marked surface (X, M,n) and a boundary component B C 0¥ equipped
with its induced orientation, the winding number of B is by definition the winding number of
any orientation preserving diffeomorphism S* = B.
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Proposition 3.3. Let A be a proper graded gentle algebra. Then there exists a homologically
smooth graded gentle algebra Al such that A is quasi-isomorphic to the Koszul dual of Al and
triangulated functors

Perf(A) — D (Af) and Perf(Al) — Dgg(A),

such that the first map is a fully-faithful embedding and the second map is essentially surjective.
Moreover, either of these functors is an equivalence if and only if ¥ 4 contains no fully marked
components with vanishing winding number.

Proof. The essential surjectivity follows from [OPSI8| Appendix C, Step 6] while the assertion
about fully-faithfulness of the first functor is a consequence of the definition of Koszul duality. O

The failure of the functors in to be equivalences is explained by the fact that there
is an equivalence Diq(A) ~ Perf(Ai), where Al ~ (A" ~ A'. denotes the (graded) completion of
Al at its arrow ideal Z. From a categorical view point the double Koszul dual is equivalent to the
derived completion in the sense of [Efi10] along the thick subcategory generated by Ai/Z € Perf(Al).

The algebra A is quasi-isomorphic to the “left” Koszul dual Q(AY) of A, where Q2 denotes the
cobar construction and AV the dual coalgebra with respect to the duality (—)¥ = Homg(—, S) over
the semi-simple algebra & = A/rad(A4). The inverse of this process starts from a homologically
smooth graded gentle algebra B and passes to its usual Koszul dual B' over S which is quasi-
isomorphic to a proper graded gentle algebra. In terms of arc systems, the duality can further be
interpreted as follows. Suppose A is a homologically smooth graded gentle algebra and I' C ¥ is a
full formal arc system such that A = Az ). Then A' is quasi-isomorphic to A F(rty, where rrcy
is the dual arc system, cf. [BGO25, Section 9.3]. In combinatorial terms this says that if (Qr, Rr)
denotes the gentle quiver associated to I', then the gentle quiver (Qr:, Rrt) is its quadratic dual
obtained by reversing the direction of all arrows in Qr and Ry = {af | a, 8 € QL,aB & Rr}.
Likewise, if A is proper instead, the quadratic dual allows one to pass back to Al. After additionally
passing t?’ arrow completions of the associated path algebra one can also give a description of
A~ (AN

Remark 3.4. The proof of actually shows something slightly stronger: the cat-
egory Dgq(Al) has an orthogonal decomposition of the form

Dia(Al) ~ Perf(A) x [ [ Dra(k[z, 2~ )). (3.1)
c

where |z| = 0 and C ranges over all fully marked boundary components of ¥4 with vanishing
winding number.

3.2. Geometric model for derived categories of gentle algebras.

We recall a few basic facts about the structure of derived categories of graded gentle algebras A
local system on a curve v: £ — 3 on a graded marked surface is a vector space valued functor
from the fundamental groupoidﬂ 7m1(2) of Q. Upon the choice of a base point * € Q) the category
of such local systems is equivalent to representation of (€2, *) and hence equivalent to modules
over k if Q ~ [0, 1] or k[t,t71] if Q ~ S1.

Theorem 3.5 ([HKKI7, [OPS18]]). Let A be a graded gentle algebra. Then the following is true.

e If A is homologically smooth, there exists a bijection between isomorphism classes of in-
decomposable objects in Perf(A) and homotopy classes of graded curves on ¥4 equipped
with the isomorphism class of an indecomposable local system.

o If A is proper, there exists a bijection between isomorphism classes of indecomposable o0b-
jects in Dgg(A) and homotopy classes of graded curves on ¥ 4 equipped with an isomorphism
class of an indecomposable local system, which are not isotopic to a fully marked boundary
component.

3For a topological space X, objects in the category w1 (X) are points of X and for =,y € X, Hom xy(z,y) is the set
of homotopy classes of paths from x to y in X. Composition is defined via concatenation.
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Given an indecomposable object X € T4, we denote by v(X) the associated homotopy class of
curves and by yx any representative in there. Likewise, given such a curve 7, we denote by
X, a representative in the corresponding isomorphism class of objects. An arc is further called
projective, if it represents the isomorphism class associated to a shift of a direct summand of A.
There also descriptions of the morphism spaces in T4 if A is proper, cf. [OPS18, Appendix A].
Here, we will not need the full extent of the description of morphisms in 74 in this case but we
only record the following

Proposition 3.6 ([OPSIS8| Theorem A.2]). Let A be a proper graded gentle algebra. Let X, Y € Ty
be indecomposable and let vx and vy be representing curves on %4 which we regard as a surface
with marked points. We may and will assume that vx and vy are in minimal position, that is, the

number of intersections between yx and vy s minimal within their respective homotopy classes.
If vx and vy intersect, then Hom®*(X,Y) # 0.

4. DERIVED PICARD GROUPS

Being central to the present article, we remind ourselves of a few basic facts about the relationship
between A..-functors, morphisms in the homotopy category of dg categories and derived Picard
groups.

4.1. The homotopy category of dg categories and derived Picard groups.

The category dgcat of small dg categories admits a Dwyer-Kan type model structure whose weak
equivalences are the quasi-equivalences [Tab05]. We denote by Hgqe, its homotopy category, the
homotopy category of dg categories. This is a symmetric monoidal category whose tensor product
is given by the derived tensor product of dg categories. We also denote by Hmo the Morita
category, the full subcategory of Hqe consisting of all perfect dg categories. We denote by A,.-cat
the category of small A..,-categories with A..-functors as morphisms and A,.-cat® the category of
strictly unital A..-categories and strictly unital A, -functors. Canonaco-Ornaghi-Stellari compared
the category Hge with the homotopy theory of A..-categories.

Theorem 4.1 ([COS19]). The inclusion of dgcat C A.-cat® descends to equivalences
Hge ~ Ho(A-cat) o~ Acc-Cat® /|

where Aw—catc/z denotes the quotient of Aso-cat® modulo weak equivalences and Ho(Aso-cat) de-
notes the localisation of As.-cat along the class of quasi-equivalences (“homotopy category of Ao -
categories”).

The result allows us the freedom to choose to work with A..-categories whenever convenient.
The category Hqe is a closed symmetric monoidal category due to a result by Toén [Toé07]. An
internal Hom object [A, B] can be described in terms of special bimodules: a cofibrant bimodule
M : A@B°P — Ch(k) is right quasi-representable if for all A € A, the right dg B-module M (—, A) is
quasi-isomorphic to a representable one. Such bimodules are also called quasi-functors in [Genl6]
and the dg categories formed by them are a model [A,B]. However, for the most part we will
use the following alternative description which was suggested by Kontsevich and later proved by
Canoncao-Ornaghi-Stellari.

Theorem 4.2 ([COS19, [COS24]). Let A and B be (strictly unital) Ao-categories. Then the
internal Hom object [A,B] inside Ho(Ax.-cat) is quasi-equivalent to the A -category Fun(A,B).
Moreover, the quasi-equivalence is natural in A and B.

In particular, Hompge (A, B) is naturally in bijection with the set of weak equivalence classes of
A-functors A — B for arbitrary strictly unital A..-categories.

The category Hge = Ho(As-cat) is the correct framework of universal properties for various con-
structions.
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Proposition 4.3 ([Toé07, Theorem 7.2]). The assignment A — Perf A descends to a left adjoint
to the inclusion of the full subcategory of Ho(Ax-cat) consisting of all perfect Ao, -categories.

The unit of the adjunction corresponds to the canonical morphism in Hqe
t: A — Perf(A).

which induces a fully-faithful functor on the level of homotopy categories. asserts
that for each A..-functor F': A — A, the composition ¢ o F' can be extended to an A..-functor
Perf(A) — Perf(A) in a unique way up to weak equivalence and hence yields a canonical embedding

Aut™(A) —— Aut™ (Perf(A)), (4.1)

For later use, we record the following observation which allows one to replace the objects in the
image of an A-functor by quasi-isomorphic ones.

Lemma 4.4. The image of (4.1) agrees with the weak equivalence classes of all functors F €
Aut™ (Perf(A)) such that for all A € A, there exists A’ € A such that F(A) = A’ in D(A).

Proof. One inclusion is clear, so let F': Perf(A) — Perf(A) be an A-functor such that F(A) = A
in D(A) for all A € A. The embedding is natural in A with respect to weakly invertible
functors and hence we may assume up to quasi-isomorphism that A is a dg category and that A —
Perf(A) is a fully-faithful dg functor, that is, induces isomorphisms on morphism complexes. Let
F(A) :={F(A) | A € A} denote the full dg subcategory of the category of dg A-modules spanned
by the image of F'. By our assumptions on F, the inclusions A — AUF(A) and ¢: FI(A) — AUF(A)
are quasi-equivalences between full dg subcategories of Perf(A) and hence weakly invertible. Let
k: AUF(A) — A denote a weak inverse of the first inclusion. We claim that the composition G
of ko with A < Perf(A) is weakly equivalent to the inclusion F(A) < Perf(A). The diagram of
dg functors

Perf(A)

I

AU F(A)

A F(A)

commutes. As such, it commutes in Ho(A-cat) and the claim follows from the fact that x is
the inverse to A < A U F(A) in Ho(As-cat). We conclude that F' := Go F|y &~ jo F|y = F
as Ao-functors A — Perf(A), where F|a: A — F(A) denotes the restriction of F to A and
j: F(A) < Perf(A) the inclusion. Now F’ extends canonically to an element of Aut™ (Perf(A))
which is weakly equivalent to F' and which satisfies F'(A) € A by construction. O

Definition 4.5. Let A be a cohomologically unital A..-category. Its derived Picard group is the
group DPic(A) of units of Hompqe (Perf(A), Perf(A)), or, equivalently, the group Aut® (Perf(A)).

For dg categories A and using quasi-functors, one can give an equivalent definition of DPic(A) in
terms of bimodules cf. [Kel04, [Toé07]. The category D(A ® A®) is closed non-symmetric monoidal
with tensor product the derived tensor product — ®% — and monoidal unit the diagonal bimodule.
T6en’s description of the internal hom in Hge and Theorem then imply DPic(A) is isomorphic
to the Picard group of D(A ® A). Hence for every X € DPic(A), the functor — ®% X is a
coproduct prerserving exact autoequivalence of D(A) and any such equivalence restricts to an
exact equivalence of Perf(A). In this sense, DPic(A) may be viewed as dg enhanced symmetry
group of Perf(A) and D(A) respectively. In particular, there exists a comparison homomorphism
one obtains a comparison homomorphism

DPic(A) —— Aut(Perf(A)). (4.2)

In the next section, we look at subgroups of derived Picard groups defined by special A..-functors,
called isotopies.
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4.2. Special subgroups of the derived Picard group.

Throughout this section, we fix a graded k-linear category C and an A..-category A.

4.2.1. Outer automorphism groups.

We denote by Out(C) the outer automorphism group of C, the group of k-linear autoequival-
enceﬁ of C modulo natural isomorphisms. This generalises the outer automorphism group of an
ordinary algebra. If k is algebraically closed and the category algebra of C is finite-dimensional
(which implies that Ob(C) is finite) then Out(A) naturally admits the structure of an algebraic
group whose identity component we denote by Out,(C). Each autoequivalence of C is naturally
identified with a strict A..-endofunctor of C which, via , induces a series of embeddings

Outo(C) —— Out(C) —— Aut™(C) —— DPic(C), (4.3)
cf. [Opp25, Section 4.2].

4.2.2. A candidate for the identity component of the derived Picard group.

In [Opp25l Section 4.3] the author gave a conjectural description of the identity component of
the derived Picard group of a graded category C which is a “thickening” of Out°(C). One of the
expected properties of this group is its Morita invariance. Indeed, the results of this paper verify
this for graded gentle algebras.

Definition 4.6. Suppose the category algebra of C is finite-dimensional. Let Auty”(C) C Aut™(C)
the subgroup consisting of all A, -functors F such that F! € Out,(C). Likewise, we denote by
Auty (C) € Aut™(C) the subgroup consisting of the weak equivalence classes of all A-functors F
such that F'' = Idc.

By [Opp25, Proposition 4.14], the projection F' +— F* induces a split surjective homomorphism
Autg®(C) —— Outo(C). (4.4)

The section is the obvious embedding Out,(C) — Auty’(C) as strict Aoo-functors as in (4.3). The
kernel of (4.4) is isomorphic to Aut?”(A) which yields the decomposition

Aut?(C) = AutT (C) x Outo(C),

If k is algebraically closed, then Autg®(C) is a locally algebraic group, see [Opp25], Proposition 4.14].
In practice, Autc®(C) is very amenable to computations. This is classical problem for Out,(C) at
least in the case of algebras, e.g. [GAS99al [GAS9Ib]. On the other hand, if chark = 0, Aut3(C)
is isomorphic, as a group, to a concrete subspace of HHI(C ,C) together with its group structure
defined by a Baker-Campbell-Hausdorff-type product. Details are recalled in Section

With the expectation that Autc”(C) describes the identity component of DPic(C) under addi-
tional assumptions on C, the author conjectured in [Opp25, Conjecture 4.10, Remark 6.19] that
Aut®(C) is a Morita invariant. Implicitly this requires every element in the identity component of
DPic(C) to be representable by an A,-endofunctor of C which may not be the case. The root of
the issue is related to possible non-trivial deformations of objects of C inside D(C).

Example 4.7. Consider the graded gentle algebra B associated to the gentle quiver

where |a| + 1 = |8] = 1 and with the only relation a8 = 0. It surface g is a cylinder with a
single marked interval on each boundary component. The line field is determined in this case by
the winding number w of the unique simple loop which is w = 0 in this case. Let P denote the
dg module corresponding to the vertex s(a) = t(8). The associated projective arc is the boundary
segment and for every A € k, the dg module P\ = (P, \fa) (with Sa defining the differential)
can be seen as a deformation of P = Py in the sense of Definition [6.2] One has an equivalence
Dta(B) ~ Dgq(K) ~ D*(K) where K denotes the Kronecker algebra. Under Beilinsons’ equivalence
D'B ~ Db(PY), P and its deformations correspond to the skyscraper sheaves k(z) € D°(P!),

43uch functors preserve the grading on the morphism spaces.
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x € PL. The automorphism group PGLy (k) of P! agrees with the entire derived Picard group and
acts transitively on their isomorphism classes. Thus, some of the elements of PGLz(k) cannot be
represented by an A..-endofunctor of B. In order to avoid additional technicalities, we however
circumvent the problem instead by passing to derived equivalent gentle algebras. For example,
the problem does not occur when working with IC instead of the algebra B because the direct
summands of B inside D(B) do not admit any non-trivial deformations for degree reasons.

5. REFLEXIVE DG CATEGORIES

We recall a few results on reflexive dg categories. By [Goo24, Proposition 6.6], the assignment
U +— Dgg(U) induces an adjoint pair of functors

Dsa(—): Hae

Its unit is the evaluation map and a dg category U is reflexive is the evaluation i — Dsq(Dsq(U)) is
a Morita equivalence, or equivalently if U/ is perfect, it is a quasi-equivalence. The name stems from
the fact that such categories are precisely the reflexive objects in the closed monoidal category Hmo
[Goo24]. The definition is due to Kuznetsov-Shinder [KS23| but precursors appeared in [BZNP17].
Reflexive dg categories generalise the duality found between bounded and perfect derived categories
of projective schemes and finite-dimensional algebras.

For any pair of dg categories A, B, the functor D¢(—): Hge — Hqe®® induces a dg functor

Fun(A, B) —— Fun(Dsa(B), Dsa(A)), (5.1)

quOpZ Dfd(—).

which is natural in A and B. The following theorem was proved by Kuznetsov-Shinder for functors
on the triangulated level and for morphisms in Hge follows directly from the results in [Goo24].

Theorem 5.1 ([KS23, Corollary 3.16], [Goo24]). Let A, B be perfect dg categories with B reflexive.
Then is a quasi-equivalence and restricts to an equivalence between the corresponding sub-
categories of quasi-equivalences. Likewise, there exists a bijection between the isomorphism classes
of triangulated functors A — B and triangulated functors Dgg(B) — Dgg(A) which restricts to a
bijection between the set of equivalences.

If A is reflexive, then the naturality of ([5.1)) implies the existence of a canonical isomorphism of
groups
HomHmo(A, A) ——— HomHmo(Dfd(A), Dfd(A))OP.

After composition with the canonical anti-automorphism f +— f~1 of DPic(Dgq(A)), one therefore
has the following.
Corollary 5.2. Let A be a reflexive dg category. There exists an isomorphism of groups

DPic(A) = DPic(Dgg(A)). (5.2)
Moreover, if A is proper, then the inverse DPic(D:(A)) — DPic(A) is given by restriction of quasi-
equivalences to the subcategory Perf(A) C Dgg(A) and the isomorphism DPic(A) ~ DPic(Perf(A))ﬂ

Our main interest in reflexivity stems from the following result.

Theorem 5.3 ([BGO25, Theorem 9.4.3]). Let A be a proper graded gentle algebra. Then A and
D:a(A) are reflexive. In particular, DPic(A) = DPic(Dgg(A)).

Remark 5.4. The example A = k[z] already shows that the analogue of Theorem [5.3|is false for
homologically smooth graded gentle algebras in general. Of course, if A is homologically smooth
and X 4 has contains no fully marked components with vanishing winding number,
shows that Perf(A) ~ D¢q(A') which is reflexive.

5This was pointed out to the author by Isambard Goodbody.
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6. DERIVED EQUIVALENCE CLASSIFICATION AND GEOMETRISATION HOMOMORPHISMS

We recall some results from [Oppl9] about the relationship between autoequivalence groups of
proper graded gentle algebras and mapping class groups. Subsequently we then extend these
results to the homologically smooth case, and in Section [I2] to wrapped Fukaya categories of
punctured surfaces. Throughout this section we fix a graded marked surface (2, M, n).

6.1. Deformations of loop objects and rigidity.
Definition 6.1. A boundary component B C 0¥ is degenerating if w, (B) = 0 and BNM = [0, 1].

Equivalently, a boundary component B is degenerating if w,(B) = 0 and B contains a single marked
interval. In particular, B contains a unique boundary arc v and we note that every grading of the
simple loop " around B canonically induces a grading on « and vice versa. We recall the following
equivalence relation from [Opp19).

Definition 6.2. Let v,7' C X be graded curves both equipped with indecomposable local systems.
We write v ~, v if ¥ =~ v as graded curves, or if the set {v,7'} contains both a graded boundary
arc of a degenerating boundary component B as well as the corresponding simple loop around B
with the induced grading equipped with a local system corresponding to a k[x, z~!]-module of the
form k[z]/(X — X), A € k*. If v ~, v/ we say that X, is a deformation of X,. A curve v is
rigid if its ~,-class contains no loops. A graded gentle algebra is rigid is all its projective arcs
are rigid.

In other words, a rigid arc is one which is not homotopic to a boundary arc on a degenerating
boundary component. In plain terms, the equivalence relation ~, forgets any information about
local systems but also blurs the lines between arcs and loops around degenerating boundary com-
ponents. The reason for this equivalence relations is to rectify a inevitable imperfection of the
correspondences from Theorem which arises even in very simple situations, cf. Example

Proposition 6.3 (|[Oppl9, Proposition 2.16]). Suppose A is a proper graded gentle algebra and let
X € Ta = Dt (A) be indecomposable. If X & Perf(A), then vx is rigid. If X € Perf(A), then vx
is rigid if and only if TX % X.

Example 6.4. Contrary to the Kronecker algebra /C, the Morita equivalent gentle algebra B from
is not rigid. This is because the projective arcs of B correspond to the object P
and a projective K-module under the equivalence Dq(B) =~ D¢ (K). If A & {0,00}; then under
the equivalence Dgq(B) ~ Dgg(K), the object Py € Dgy(B) corresponds to the indecomposable
object Cy € Dg(K) associated to the central simple loop in which case A is encoded in the
associated local system. The special cases A = 0,00 on the other hand are represented by the
two boundary segments. If A = [a : b] € P!, then C) is the mapping cone of aa + b3 where
a, 8 denote the arrows of IC. Algebraically Cy and C, are degenerations of the family Cy where
a = 0 or § = 0. Topologically one may view the boundary segments as deformations of the
central simple loop whose local system ‘degenerated’ in one of two possible ways. As we saw
before Aut(Dsq(B)) = PGL2(k) acts transitively on all these objects, which show that whether an
indecomposable object of D?(K) corresponds to an arc or a loop is only a property of the chosen
geometric model of the triangulated category Dgq(cK) =~ D¢q(B) but not intrinsic to its triangulated
structure. One may think of the rigid arcs as those which correspond to indecomposable objects
which are represented by arcs in all geometric models.

showcases that rigidity is not preserved under Morita equivalences and the following
proposition shows that all graded gentle algebras are rigid up to Morita equivalence.

Proposition 6.5. Let A be a graded gentle algebra. Then it is Morita equivalent to a rigid graded
gentle algebra.

Proof. We start with the special case that X4 is a disk D,, with a single puncture of winding
number w € Z whose boundary component contains a single marked point. The only two arc
systems on D, correspond to the the graded algebras B, = k[z]/(2?) with |2| = w + 1 and
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B!, = k[t] where |t| = w. The algebra B,, is rigid as the simple loop around the puncture does not
correspond to objects in Dgg(A). The algebra B, is rigid as the relation ~, only applies to arcs on
the degenerating boundary component but the projective arc of B’ connects the puncture with the
marked point on the degenerating boundary component. From now on we will assume that >4 is
not of the form D,,. In this case, we show that ¥ = ¥ 4 admits a formal arc system, finitely full or
full depending on the case, which does not contain boundary segments of degenerating boundary
components. Then the assertion follows from there. Suppose A C ¥ is an arc system and suppose
that v € A is the segment on a degenerating boundary component B. There must be a flow
between v and another curve v/ € A\ {y}. Indeed, otherwise connectedness of the underyling
quiver of A would imply that {v} = A and hence that A = B, for some w € Z. Consequently,
there is a unique +' € A which has a (necessarily unique) irreducible flow v — 4’ and we denote
by ¢ the concatenation of v and ' along that flow equipped with an arbitrary choice of grading.
The collection A" := (A \ {~}) U{y'} is a formal arc system, which is finitely full (resp. full) if and
only if A is finitely full (resp. full) and which contains a strictly smaller number of segments of
degenerating boundary components. After induction, we obtain an arc system B C ¥ without such
boundary segments. By construction, its associated graded gentle algebra is Morita equivalent to
A by Proposition 2.8 and its analogue for finitely full arc systems. O

6.2. The geometrisation homomorphism in the proper case and its lift to the graded
mapping class group.

6.2.1. Mapping class groups.

Definition 6.6. Let (3, M) be a marked surface. The extended mapping class group of ¥ is
the group MCG* (X)) of isotopy classes of diffeomorphisms f: ¥ — % such that f(M) = M with
respect to isotopies relative M. The mapping class group is the subgroup MCG(X) C MCG* (%)
of index two consisting of isotopy classes of orientation preserving diffeomorphisms. If 7 is a line
field on ¥, then the graded mapping class group of the graded marked surface (X, M,n) is

the group of isotopy classes of isomorphisms (f, f): (2,7) — (2,7).

By construction, there is a natural forgetful homomorphism MCGy, (X) — MCG(X) with kernel
Z.

Remark 6.7. The forgetful morphism is not surjective in general. For example, the Dehn twist D
about any non-gradable loop § on X is not in its image. To see this, note that for any immersed
loop v, w(D(¥)) = w(y) +n - w(d), where n denotes the (algebraic) intersection number of v and
0. If w(d) # 0, then D does not preserve all winding numbers and hence cannot be extended to a
graded mapping class.

Theorem 6.8. Let A and B be proper graded gentle algebras. Then any triangle equivalence
Ta — Tp induces a diffeomorphism X4 — X g of graded marked surfaces. Moreover, there exists a
group homomorphism

U =0 Aut (Ta)

MCG(Xa),
such that for all rigid arcs v C X 4, and all F' € Aut (TA), U (F)(vx) >~ vr(x)-

Proof. This follows from the main result in [Opp19] which shows that such a homomorphism exists
if Ta is a surface-like category in the sense of [Oppl9l Definition 2.1]. The relevant part works
equally when the assumption 2) III) is replaced by the assumption that the elements “B(q)(j)”
form a Schauder basis instead of a basis, cf. [OPS18, Theorem A.2], in other words if we pass
to graded completions of the morphism spaces. All other assumptions in [Opp19, Definition 2.1]
except for 4) are a direct consequence of the results in the appendices of [OPS18]. Finally, [Opp19,
Definition 2.1, 4)] is proved with minor adaptations in the same way as [Oppl9, Theorem 2.8]. O

The general version of [Oppl9] (under the assumptions of [Oppl9]) allows arbitrary curves but
replaces ~ by the weaker relation ~, and states that ¥'(F)(X,) ~. Xp(x) for any curve v and
all local systems, under the assumption that k is algebraically closed. We don’t expect this to
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change in the case of proper graded gentle algebras but it requires more care in verifying whether
the proofs still work. The following is a small but important improvement to Theorem

Proposition 6.9. Let A be a proper graded gentle algebra. The homomorphism V4 admits a
unique lift
U =U,s: Aut(Ta) = MCCyr(Za)
along the forgetful homomorphism MCGg (X4) = MCG(X4) with the property that
Xu(F)) = Xr(x,)
for all F € Aut(T4) and all rigid arcs v C X 4.

Proof. The kernel of the projection MCGg(X4) — MCG(X4) is given by the shift and hence
uniqueness follows immediately. Let A C ¥4 be a finitely full arc system consisting of rigid arcs.
This exists by [Proposition 6.5 and we denote by x C Ta the collection of objects X, v € A. By
construction of ¥’ in|Theorem 6.8} the essential image of y under an autoequivalence F' € Aut(7,)
corresponds to a graded arc system Ap C ¥ whose underlying ungraded arc system is A" = f(A),
where f := ¥/,(F). Since A is finitely-full and F' commutes with the shift functor, the grading
on the arcs of A’ can be extended to a graded diffeomorphism W(F) := (f, f) such that for each
v € A and each point z = y(t) € v, the path fﬂ/(t) in P(TY), = St from f*n(z) to n(z) coincides
with the concatenation 1 * do, where

e 4y denotes the path from f*n(z) to 4(¢) which is associated to the f*(n)-grading on =
obtained by pulling back the given n-grading on f(v) ~ vp(x) € A" along f;

e 05 denotes the path from 4(t) to n(z) given by the inverse of the path associated to the
given n-grading on ~.

]
Definition 6.10. Let A be a proper graded gentle algebra. Define
Tt DPic(Ts) — MCGy (3 4)
as the composition W4 : Aut(74) = MCGy,(X4) with the comparison homomorphism .

We refer to W4 and U as geometrisation homomorphisms.

6.3. Geometrisation homomorphisms in the homologically smooth case.

Our next objective is the generalisation of W 4 to all homologically smooth graded gentle algebras.
There are two natural pathways here. The first would require us to extend the geometric models
to this case, e.g. via localisation techniques, cf. Section Whilst we do not expect any major
difficulties, a proof would require the discussion of a number of details as in the special case
considered in [Opp24]. To avoid this, we propose a more direct approach via Koszul duality.
For what follows, we recall that the graded marked surface of the homologically smooth gentle
algebra k[t], || = 0, is a cylinder with a single marked interval and a fully marked component
with vanishing winding numberﬂ Consequently, its Koszul dual, the proper graded gentle algebra
k[z]/(2?), |z| = 1, has the same surface.

Theorem 6.11. Let A and B be homologically smooth graded gentle algebras. Then every quasi-
equivalence Perf(A) — Perf(B) induces a diffeomorphism of graded marked surfaces ¥4 — Xp.
Moreover, there exists a group homomorphism

U™ = U : DPic(A) —— MCGy(Ea),

which factors over a homomorphism W 4: Aut(Ta) — MCGg(X4). It has the property that for
every simple rigid arc v C ¥4 which is finite or semi-infinite and all F € Aut(Ta), Va(F)(y) ~
YF(X)-

6Note that this data specifies the graded marked surface uniquely up to isomorphism.
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Proof. Let F be a triangle equivalence T4 — 7. Then F restricts to an equivalence TE“ — Tgn.

By [Remark 3.4 7'}:‘“ admits an orthogonal decomposition
TA" ~ Perf(A') x [ [ Da(k[z, 2~ 1)), (6.1)
c

where |z| = 0 and C ranges over all fully marked components with vanishing winding number. The
same decomposition exists for B and we want to show that F' restricts to an equivalence between
Perf(A') — Perf(B') in which case the result follows from the proper case. In the case A = B we
then define W (F) simply as W 41 (F|per(at)). We observe that Perf(A') is indecomposable in the
sense that is cannot be further decomposed as product of of a pair non-trivial orthogonal categories.
This immediately follows from and the fact that every two curves on a marked
surface, considered as a surface with marked points, can be connected by a finite sequence of curves
so that each consecutive pair in the sequence is in minimal position and intersects at a marked
point or the interior. Each block Dgg(k[z,z7]) itself admits an orthogonal decomposition into
indecomposable blocks which are homogeneous tubes of rank 1, that is, equivalent as a triangulated
category to Perf(k[z]/(2?)) =~ Perf(]k[t}l) with || = 1 and [¢| = 0. Now, we observe that by
an equivalence Perf(A') ~ Perf(R), R = k[z]/(2?) implies that ¥4 = ¥4 = %y as
graded marked surfaces. Hence, if all indecomposable blocks of Perf(A) ~ Perf(B) are isomorphic,
then ¥ 4 & Y = Y p as graded marked surfaces. But there is only one finitely full arc system on X
and hence we must have A = B = R. From now on, we will therefore assume that X 4 2 X g % X p.
Under these assumptions and by our previous discussion it follows that the indecomposable block
Perf(A') is distinguished among all the others and shows that F' restricts to a triangle equivalence
of Perf(A') — Perf(B'). Composition with the isomorphisms DPic(Dg(A')) = DPic(A') and
Aut(Dgg(A")) = Aut(A') from with W, and ¥ yields the desired homomorphisms
W4 and UY. The claimed additional property of W 4 (F) follows immediately for all X € Perf(A') C
Ta from the corresponding property of W 4 and hence for all finite arcs § which are not boundary
arcs on a degenerating boundary component.

Next, let 0 be a simple semi-infinite arc. Then by adapting the proof of [BGO25], Proposition
9.4.1], one can show that Perf(A) admits a semiorthogonal decomposition (U,V), where V ~
Perf(k[t]), |t| € Z, denotes the thick closure of X;. We make a few observations about this
decomposition. First, up to shift Xs is the unique indecomposable object in V with infinite-
dimensional graded endomorphism ring. Secondly, «/ = 1V is uniquely determined as the left
orthogonal class to V and likewise, V = Y. We claim that +V = +(V N D¢q(A)). The inclusion
“C” is automatic. For the other, let E € +(V N Ds(A)) and suppose E ¢ +V. We will use the
graded module structure of £ = Hom*(E, X;) over k[t] = End®(Xs). By regarding ¢ as part of a full
arc system, the definition of morphisms and composition in Fuk(X4) and a generation argument
show that the £ is finitely generated over k[t] and hence noetherian. Now, assume that f: £ — X,
is a non-zero morphism. It is sufficient to show that there exists an object Y € VND¢(A) and a non-
zero morphism E — Y. Let M C £ denote the graded k[¢]-module generated by f. If M is torsion
free, then because £ is noetherian, there exists f’ € £ and n > 0 such that f = ¢".f’ and such that

n is maximal with this property. Consider the distinguished triangle Y[—1] — X5 — X Sy

corresponding to the triangle k[—1] — k[t] = k[t{] — k. Then Y € Dg(A)NV and 0 # Bo f
by maximality of n. Likewise, if f is torsion and u € k[t] is an element in the annihilator, then
uo f = 0 and hence f factors through a non-zero morphism from E to the mapping cone Z of u[—1].
Here, the latter is identified with a morphism Xs[—1] — X;5[—1]. Since Z € D¢q(A) this proves our
claim. The equivalence F' maps (U, V) to another semiorthogonal decomposition (U’,V’). For all
finite arcs y such that X = X, € V, we know that W (F)() ~ vp(x). We conclude that ¥4 (F)(d)
generates another semiorthogonal decomposition (U”, V") such that V"’ N Dg(A) = V' N Dga(A).
Thus, it follows U” = +(V" N Dia(A)) = +(V' N Dg(A)) = U’ and hence V' = V" which in turn
implies that WA (F)(0) ~ vp(x;)- O

In closing this section we provide a preliminary yet simple characterisation of elements in the kernel
of U 4 in the rigid case.

Lemma 6.12. Let A be a rigid graded gentle algebra such that A is proper or such that the projective

~

arc system on ¥4 consists of finite and semi-infinite arcs. Then F € ker U 4 if and only if F(C) =
C for all direct summands of C' of A in Perf(A).
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Proof. If F € ker ¥ 4, then F(X) = X for all indecomposable X € T4 such that vx is homotopic
to a simple arc and hence for all direct summands of A. For the converse suppose F'(C) = C for
all such summands C' of A. Then [Theorem 6.8/ and [Theorem 6.11|imply that W4 (F)(X,) ~ Xp(,)
for all simple rigid semi-infinite arcs . Thus by rigidity of A, ¥4(F) is a mapping class which
acts as the identity on the full (resp. finitely-full) projective arc system of ¥ 4. The complement
of such an arc system is a disjoint union of annuli and disks and hence the arc system forms an
Alexander system in the sense of [FM12] Section 2.3]. The ’Alexander method’ [FM12, Proposition
2.8] implies that the projection of ¥4 (F) into MCG(X) is trivial. The triviality of ¥4 (F') itself
then follows again from F(C) = C for all summands of A. O

Corollary 6.13. Let A be a rigid graded gentle algebra which satisfies the assumptions of[Lemma 6.13
Then ker U C Aut™ (A).

Proof. Follows from [Lemma 4.4] and |[Lemma 6.12] (|

The previous corollary reduces the study of the kernel of ¥ to the study of a much smaller group
of As-endofunctors of A and eventually, as we shall see, to the group Auts°(A) from Section

7. GROUP ACTIONS AND SECTIONS OF GEOMETRISATION HOMOMORPHISMS

We recall the construction of a (weak) group action of the graded mapping class group of a graded
marked surface on the associated Fukaya category. We then establish an analogous action of on
the bounded derived category of a proper graded gentle algebra. The main result of this section is
the following.

Theorem 7.1. Let A be a graded gentle algebra. The action homomorphism a: MCGgr(X4) —
Aut™(Ta) of the group action on Ty by MCGg(X4) is a section of UE.

In Section we will extend the theorem to wrapped Fukaya categories of punctured surfaces.
However, calculations in this case would be more challenging and instead we will reduce to the
homologically smooth case. We record the following immediate consequence of

Corollary 7.2. Let A be a rigid graded gentle algebra which satisfies the assumptions of[Lemma 6.13
Then, DPic(A) = ker ¥ x MCGg(Z4).

Proof. Follows from [Lemma 6.12] and [Theorem 7.1] O

7.1. Actions by the mapping class group.

7.1.1. From simply-connected categories to group actions.

We recall the relationship between functors from a simply-connected category with a group action
and group actions on their colimits. A basic familiarity of the reader with nerves of categories and
their homotopy groups is assumed.

Let I be a small category and let D: I — C be functor into an arbitrary category C. A strict action
of a group G acts [ is a group homomorphism « from G to the group of automorphisms of the
category C'. If G acts on C, then D is said to be invariant under the G-action if D = D o «a(g) for
all g € G. We abbreviate the action of an object ¢ € G on an object or morphism z in C by g.x.

Lemma 7.3. Let D: I — C be a functor. Suppose that D(f) is invertible for all morphisms f in
I and that the nerve N'(I) of I is simply connected. Then the following are true.

(1) The colimit colim D exists in C and for each iy € I, the structure map D(ig) — colim D is
an isomorphism.

(2) If a group G acts strictly on C so that D is invariant, then G acts canonically on colim D €
C.
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Proof. Let i,j € I. By connectedness of N'(I), there exists a zig-zag v =i —> i1 < ig —> -+ + J
of morphisms in I connecting i with j. By assigning D(u) to every morphism 2 % y and D(v)~!
to every morphism x <~ y in this sequence, v defines a canonical morphism @?: D(i) — D(j).
By the same reasoning, the morphism @f depends only on the homotopy class of v and hence is
independent of the concrete choice since N (I) is simply connected. By concatenating paths and
using simply-connectedness once more, we derive goé“ ol = cpl for all i, 5,k € I.

Next, we observe that for each ig € I, D(ig) is a colimit of D as the maps ((pm) jer satisfy the
universal property of colim D. In partlcular we also see that all the structure maps ¢;: D(i) —
colim D, are isomorphisms and z,j 1 = @] for all 4,5 € I. Next, suppose D is invariant under
the action of a group G. For (g,i) € G x I, set By = 140 Li_l. As the notation suggests, the
endomorphism 3, of colim D is independent of ¢ which follows from the invariance of D by the
calculation
glon = 9h =98 =1t ot
Hence, ¢4 ;0 L;l = 1440 L;l and the independence implies that the collection (54)4ecc gives rise to
an action on colim D. ]

As typical application of the previous lemma is that an object X which is defined through the
choice of an input datum, e.g. a category, is in fact independent of our choice, up to suitable
equivalence. Successful implementations of this idea can be found in several places of the literature,

g. [HKKIT, [DK18]. Moreover, if a group G acts naturally on the set of input data, one may use
Lemma to establish the existence of a G-action on X. When X is a category itself and G acts
on X via endofunctors this allows to establish a G-action without the need to verify a potentially
very complicated set of relations on functors.

Remark 7.4. We note that in Lemma we have 34 = @fﬂ‘i“ under the isomorphism ¢;,: D(ig) —
colim D.

7.1.2. The mapping class group action on the Fukaya category.

We recall the construction of the mapping class group action on the topological Fukaya category
of a surface whose existence was first proved in [DK18|. We give a different proof here based on
the work of [HKK17] which we use to give an explicit description of the action on indecomposable
objects. We do not claim any originality to the proof of this fact which was included mainly for
the reader’s convenience and lack of suitable references for the material. By there
exists a functor

F: Arcy ,; —— A-cat,

where Arcy, ,, denotes the category of full graded arc systems on X. More precisely, we regard such
arc systems as tuples (I, ¢, g), where I is a ribbon graph, ¢: I' = ¥ is an inclusion and g is choice
of an n-grading on the image arcs. The set of morphisms from A to B in Arcy, is a singleton
set if A C B (ignoring gradings) and empty otherwise. Likewise we denote by Arcy, the analogous
category of ungraded arc systems. The canonical forgetful map 6: Arcy , — Arcy, induces a weak
homotopy equivalence between their nerves. To see this note that Arcy, is fibred and cofibred
in groupoids over Arcs, via 6 which implies that N(6) is a Kan fibration by [Lur09, Proposition
2.1.1.3]. Moreover, the fiber over any full arc system .4 C ¥ is the full subcategory corresponding
to all the possible gradings on A and is contractible. By F maps morphisms in

Arcs; , to Morita equivalences and hence induces a functor

Fuk: Arcs; , —— Ho(A-cat),
(7.1)

Ir— Twt F(D)

which maps all morphisms to isomorphisms. The colimit of F is the topological Fukaya category of
¥ from The category Arcy is contractible by a famous result of Harer [Har85] (see
also [DK15, Appendix A]) and hence so is Arcs; ,. Finally, the mapping class group MCG(X, )
acts on Arcy, ,, via its canonical action on the pair (¢, g). With the help of one recovers
the following result from [DK18].
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Theorem 7.5 ([DK18, Theorem 4.1.3]). Let ¥ be a graded marked surface. Then MCGg, (%) acts
on Fuk(X).

In particular, if A is a homologically smooth graded gentle algebra, then MCGg (X 4) acts on
Perf(A) = T4. In the next step we like extend the result to proper graded gentle algebras. First,
we note that the mapping class group of the surface of k[z]/(2?), |z| € Z, is trivial and hence we
will exclude this case in the discussion that follows.

Let B be a proper graded gentle algebra and let A = B be the corresponding homologically
smooth graded gentle algebra. By [Theorem 7.5, MCGg,(X5) = MCGg (2 4) acts on Perf(A4) and
as we saw in the proof of[Theorem 6.11|this restricts to an action on Perf(B) ~ Perf(A') C Perf(A).
Because A is reflexive bm it therefore extends to an action on 7p = Diq(B) which
restricts to the action on Perf(B) we just constructed. By taking into account how we defined the
map V¥ we have therefore proved the following.

Corollary 7.6. Let B be a proper graded gentle algebra. Then there exist a group action by
MCGg (Xp) on Dw(B) and Perf(B). Moreover, if ap and api denote the corresponding action
homomorphisms c(—y: MCG(X_y) = T(—), then ¥poap = Vp; o ag;.

It follows in particular that the mapping class group action on Dgq(B) provides a section to U if
the corresponding action on Perf(B!) provides a section to ¥p;.

7.2. The functor associated to a pair of arc systems.

If A,B C X are full, formal arc systems on a graded marked surface 3, we will use the notation
o5 Twh F(A) — Tw' F(B) for the functor induced by We compare these functors
with explicit dg functors T%: Tw" F(A) — Tw" F(B) which we define in an ad-hoc manner for
every pair of formal arcs systems. To define them, we give a slightly generalised notion of a string
complez in the sense of [Bobl1] and singleton maps and graph maps from [ALP16].

7.2.1. String complexes and singleton maps. For A an A,.-category, let ZA denote the k-quiver
with objects Upez Ob(A)[n] and ZA(X[n],Y[m]) = A(X,Y)[m — n] for all X, Y € Ob(A).

Definition 7.7. Let A be an A,.-category. A string complex over A is an object (X, ) € Tw™ (A)
with the property that there exists a finite quiver P of type A (with any orientation of the arrows)
and a map of k-quivers y: kP — ZA with the property that X = EBpePo X(P), 6 = > pep, X(@)
and such that for all paths ¢ = a; ---a; in P, a; € Py, we have ph(a1,...,a;) = 0.

Every string complex is uniquely encoded in a diagram of the form

X1 X2 X1

o o “en .’

whose edges are oriented, that is arrows, and where each node encodes an object in A and an arrow
with label y; encodes an element in morphism space between the objects corresponding to its start
and end point. We will also consider special maps between these objects. Every map f: X — Y
in Tw™(A) between string complexes X and Y can be encoded in terms of a collection of arrows
from vertices of X to vertices of Y which are labeled by maps between the corresponding objects
of A.

Definition 7.8. Let X and Y be string complexes over A. A graph map of degree n € Z is a
cohomology class f € H° (Hom&‘\w(/\) (X,Y)) which has a cocycle representative of the following
form: if X and Y are modeled by pairs (Px, xx) and (Py, xy ), then there exists a finite quiver Q
of type A which is embedded inside Px and Py as a full subquiver via maps tx and ¢ty such that

f =2 4coo fx, Wwhere

fo € HOmT\v+(/-\\)(XX oux(w), xy o LY(f))
is a multiple of the identity for at least one vertex of Q and all inner vertices of Q, that is, vertices
of @ which have two distinct adjacent vertices. Similarly, a (boundary) singleton single map is
defined in the same way by requiring that Q has a single vertex z, the only component f, is not
invertible, and tx(z) and ¢y (z) are both outer vertices of Px and Py respectively, that is, they
have at most adjacent vertex.
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A

FIGURE 1. A diagrammatic representation of a graph map (left) with identities
indicated by double lines and a boundary singleton single map (right).

Graph and singleton maps can represented diagrammatically as in

7.2.2. The functors.

Given two formal arc systems A and B on X, every graded arc v € A determines a unique
sequence of graded arcs 7y1,...,7 which are shifts of arcs in B together with a unique sequence
fi,- -, fi—1 of non-constant flows f; € Flow(;,7;+1) such that ~ is homotopic to the concatenation
of v1, f1,7v2, fo, .-, fi—1,7 in the given order and such the canonically induced grading on the
concatenation agrees with the given one on v under homotopy. The above data determines a
unique string complex Y, in Fp obtained by replacing «; by its corresponding object in F and
regarding the morphisms associated to the flows f; in F(A) as the components of the differential.
It is not difficult to check that every f € Flow(y,v), v € A, determines a canonical morphism of
twisted complexes f 1Y, — Y,/ of the same degree. More precisely, if 1 # i, then a; is simply
the singleton single map with component induced by f. Otherwise, ay is the canonical graph
map whose overlap corresponds to the maximal index ¢ > 1 with the property that (y1,...,7) =
(7, ---,7%). The construction is compatible with composition in the sense that if g € Flow(y"”,~"")
such that f and g are composable flows, then ajoa; = ayg. s, where g* f denotes the concatenation.
In [OPS18], the reader can find more details on how one associates a morphism of complexes
to a flow, or equivalently an intersection of curves at a marked point on the boundary. The
correspondence

X, —Y,
therefore extends canonically to a dg functor F(A) — Tw™' F(B) and hence a dg functor
T8: Twt F(A) — Tw" F(B)
after totalisation. The functors Tf satisfy the following “base change” property.
Lemma 7.9. Let (A, B,C) be a triple of proper formal arc systems. Then
TSTS = T9.

Proof. Tt is sufficient to prove this in the case, where BUC is an arc system and BU{§} = BUC =
CU{e} for arcs 6 € C and € € B. It then follows by induction that every base change functor is
the composition of such special ones and such associated to a change of grading. From this the
general case follows immediately. We set S := T§T%. Let v € A and denote by v1,...,7 € B
and p1,...,p;_1 the associated sequence of arcs and intersections appearing in the definition of Tf.
Likewise we denote by d1,...,6,, € Cand q1, ..., gn_1 the sequences for § and by Zs the associated
string complex. The functor S maps the object X, to the twisted complex over C which is obtained
from Y., in the following way. Every occurence of § as a vertex v of the underlying string diagram
of Y, is replaced by the string diagram of Zs and every component of the differental going in or
out of v is replaced by the corresponding component of the singleton single map or graph map
which has a single component in the given situation. The result is a “generalised” string complex
which potentially features subdiagrams of the form

—————— ° o 4. o o —————- (7.2)

with edges labeled by identity maps. A simple calculation (similar to [CD18, Lemma 2.1]) shows
that such a string diagram C., is isomorphic to the direct sum C’i/ of string complexes obtained by
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replacing each subdiagram of the form (7.2) by the disconnected diagram

uv

Since such subdiagrams arise from a graph map with a single component, the path uv is non-zero in
A. Explicitly, C,’Y is obtained from C, by conjugation of its differential with a base change ©: C,, —
C,. It is given by ©, = Idc, +6, where § = },0p is the sum of k-linear endomorphisms
0p: C, — C, of the underlying graded vector space of C. The sum is taken over all subdiagrams
D of the form and for every such D, the only two non-trivial components of 8 are given by
the two dotted arrows in inside of D.

—————— ° [ IR ® - (7.3)

U

Because 6p o 0p, = 0 for all D # D’, the maps pp = Idc, +0p, commute pairwise and their
composition agrees with ©.,.

We then observe that the only connected component of the underlying diagram of C.+ which
does not represent an acyclic complex is the string diagram of Tf\ (X,). By pre- and postcomposing
with the projection and inclusion maps associated with the identification of TE\(X’Y) as a direct
summand of C!,, the functor T = T induces a dg functor 7" = T with T"(X,,) = C!, for all v € A.
It is then not difficult to see that S agrees with T” after conjugation with ©.,. O

7.3. Explicit description of the mapping class group action and section property.

We prove the following auxiliary result.

Proposition 7.10. Let A C ¥ be a full formal graded arc system. For all F € MCGg(%,7),

F(A) _ pF(A)

Prp=p T = in the Morita category.

Proof. As before there exists a sequence A = Ay, ..., A, = F(A) of proper formal graded arc
systems such that for all 7 € [0, m), either A; and A;4; only differ by their grading, or A; U A;41
is an arc system and |A;| + 1 =A4; U A;11 = |A;+1] + 1. According to Lemma we have

T =Ty o T
Likewise and by construction, ¢ is equal in the Morita category to the composition of the functors
goﬁj“ defined at the end of Section Thus, it suffices to show that ¢85 = T5 whenever B
and B’ are graded proper formal arc systems such that BU B’ is an arc system and B U {7} =
BUB' =B U{~v} for arcs v € B and 7' € B’. As in [Bocl6, Lemma 6.5] one proves that X/ is
Ane-isomorphic in Twt Fgr to Yo € Tw' Fg. If 1,0 F(x) — F(BUB'), x € {B,B'}, denote the
inclusions, then using this isomorphism between X, and Y./, one can build a weak equivalence

between 13 = 1 0 f¢B and the restriction of TBB/ to F(B) C Tw'(F(B)). Because t5 is a Morita
equivalence and hence invertible in Hmo, we this provides us with the desired result. (|

With the help of the previous proposition, we are prepared to prove the main result of this section.

Proof. Let v C X be a graded essential arc and let F' € MCGg,.(2,n). By Proposition
P(F)(X,) = TE(A) (Xy) = Xp(y) and hence (¥ o @) (F') = F. This finishes the proof. O

Proof of Theorem[7.1 By Corollary [7.6] we may restrict ourselves to the case when A is a ho-
mologically smooth graded gentle algebra. Let a: MCGg (X4) — DPic(A) denote the action
homomorphism of the group action from Theorem For any full, formal arc system A C X4
and any mapping class F' € MCGg, (2 4), Propositi shows that ¥4 o a(F)) = TE(A)) and
hence o(F)(X,) = Xp(, for all v € A. As in the proof of Lemma the fact that A is an
Alexander system implies that W4 («(F')) = F. This finishes the proof. O
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8. INTEGRATION OF HOCHSCHILD COHOMOLOGY VIA EXPONENTIAL MAPS

We recall the integration map from Hochschild cohomology to the derived Picard group from the
author’s previous work [Opp25].

8.1. The Hochschild exponential. As before, we denote by * the composition product on the
Hochschild complex of an A,-category on an A.-category A, cf. Section We also recall the
definition of the weight filtration (W;C(A));>o on the Hochschild complex, cf. Over a
field of characteristic 0, the composition product defines an exponential map

exp: WoCY(A) —— C°(A),
(8.1)

— 1
P

¢ Z Z'!C ’

i=0

where ¢ € W;,1C*(A) is inductively defined as '™ = ¢! x ¢ and ¢ := Ids. The assumption on ¢
guarantees that the sum converges in the topology on C(A). The latter is a Banach space with a
basis of neighbourhoods around 0 given by the the weight filtration. The map exp is injective and
its image is the set of group-like elements

Ida +WQCO(A) = {IdA +c | c e WQCO(A)}
The inverse log: Ida +WoC1(A) — W2CY(A) is given by the pre-Magnus expansion, cf. [EFM09].

8.2. Exponential groups and integration. The weight filtration turns £ := WoC'(A) (and
similarly HH! (A, A) = W, HH'(A, A)) into a complete (dg) Lie algebra in the sense that F;L =
Wit2C(A) defines a descending filtration by subvector spaces such that [F;L, F;L] C F;4;L for
all 4,5 > 1 and such that

L=lim £/ pr
as dg Lie algebras. In particular, the Lie bracket is a continuous bilinear map £ x £ — L. Over

a field of characteristic zero, any complete Lie algebra £ admits a strictly associative product, the
Baker-Campbell-Hausdorff product

o] (_1)1'—1 1 1

BCH(u,v) =u+v+ g - g - [u™ ™ ™ o™,
; i . |m + n| m!n!
i=1 m,neN?: m;4n; >0

(8.2)
for all u,v € L. Here, we used the following shorthand notation:

e Forpe [\ p! =pilpa!---pi! and [p| = Z;lej;

o [ui',uy’, ... up'] = ady} oad;? ---oadyi”! oadz_l(ui).
The pair exp(£) = (£,BCH) forms a group with neutral element 0 € £ and is called the expo-
nential group of £. Note that if [u,v] = 0, then BCH(u,v) = u 4 v recovers the usual addition
and the classic formula exp(u + v) = exp(u) o exp(v) which shows that —[ is the inverse to [ € L.
One of the main results of [Opp25| is the following.

Theorem 8.1 ([Opp25, Theorem A & Section 6.5]). Let A be an A -category over a field of
characteristic zero. Then, the map exp from (8.1 descends to a group homomorphism

expy: (HHY (A, A),BCH) —— DPic(A),
with image Aut¥ (A). If A is a graded k-linear category, then exp, is injective.

Representatives of elements of DPic(A) are interpreted as elements in C°(A) by means of the Taylor
coefficients of their associated A,-functor. The injectivity result is a special instance of a general
criterion and one of several big classes of A, -categories with injective exponential, cf. [Opp25|
Proposition 6.15] and its subsequent paragraph.
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As [u,u] = 0 for all u € HHL(A,A), every non-zero u yields a l-parameter subgroup A —
exp(Au), A € k, and hence a copy of G, = (k,+) inside DPic(A). More generally, if uy,...,u, €
HHi(A, A) commute pairwise, that is, [u;,u;] = 0 forallé,j = 1,...,n, the exponential determines
an embedding

G? —— DPic(A). (8.3)

This type of contribution appears in our discussion of derived Picard groups of graded gentle
algebras. A second and more complicated contribution which we encounter is related to the Witt
algebra.

8.3. Exponential group of the Witt algebra.

The complete positive Witt algebra is the complete Lie algebra (WJr, [—, —]) with underlying

k-vector space [];~; kw, equipped with the filtration FjW+ =II> j kw;. Its Lie bracket is the
unique continuous Lie bracket such that for all m,n > 1,

[Win, Wn] = (B — M)Wy 4.

As is well-known, W' can be realised as a Lie algebra of differential operators on k[z] with w;
corresponding to the derivation —z'*1-L . Given any derivation D of k[z], then because k[z] is
complete, we may define the exponential exp(D) by the usual power series with multiplication
being interpreted as composition of power series. It is well-known that exp(D) is a continuous

k-linear automorphism of k[z] and exp induces an isomorphism between the exponential group

of W and the group of continuous automorphisms of k[z]. Every such automorphism ¢ is
uniquely determined by its value on ¢(z) which we may write as ¢(x) = z - (4 for some unit
Cp € 1+ ak[z] C (k[z])™. This identifies the set of continuous automorphisms with the set
1+ ak[z]. We note however that the group structure on the two sets are different. Since k is a
(discrete) field, every algebra automorphism of k[[z] is continuous which implies the following.

Corollary 8.2. Assume that chark = 0. Then, there exist an isomorphism

Wt = exp (W+) =~ Aut(k[z]).

9. HOCHSCHILD COHOMOLOGY OF GRADED GENTLE ALGEBRAS

We present some of the results on the Hochschild cohomology of a graded gentle algebra in terms
of the boundary of its surface. The computations of the entire Hochschild cohomology along with
applications will appear in [Opp]. Throughout the entire section we fix a graded gentle quiver
(Q,I) along with its associated graded gentle algebra A which is assumed to be smooth or proper.

For d € Z and n > 0, we denote by ¢ 4(n,d) the number of boundary components B of ¥ 4 with
exactly n boundary segments and winding number w := n—d. In particular, ¢ 4(0,0) is the number
of fully marked components with vanishing winding number and ¢ 4(1,0) describes the number of
degenerating boundary components. If A is proper, this is the Avella-Alaminos-Geiss invariant
¢a: N xZ — N from [AAGO8], and for A homologically smooth, its generalisation from [LP20].
For proper A and from a categorical perspective ¢ 4(m,n) counts isomorphism classes up to shift
of special collections of (m,m — n)-fractional Calabi-Yau objects, that is, objects X € Perf(A)
such that S™X = X[m — n], where S denotes a Serre functor. This interpretation of ¢4 is found
originally in [AAGO§]| in the ungraded case and follows from [Opp19} Proposition 2.16] for arbitrary
gradings. Next, we describe the first Hochschild cohomology of A. We use the notation W for

the Lie subalgebra @, kw, C [[,~; kw, = W+, that is, the positive portion of the Witt algebra.

Proposition 9.1 ([Opp]). Let A be a graded gentle algebra. Then there exists an isomorphism of
Lie algebras

HH' (4, 4) 2 (K400 x £0400) 0 Hy (84, k),
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where L = WY if A is homologically smooth and L = wh if A is proper, and where k and
Hy(X4,k) are abelian Lie algebras. All copies of W' lie in HH! (A, A) but neither do Hi (X4, k)
nor do the copies of WT.

Remark 9.2. The image of Hy(X4,k) inside HH'(A, A) from is related to the

fundamental group 71 (A) of A in the sense of [MVD83] which can be generalised to graded algebras
in the natural way. In general, the fundamental group depends on a chosen presentation of an
algebra but is an invariant of the isomorphism class for monomial algebras in which case it is free
abelian. There is a natural identification 71 (A) = 71 (X 4) and following [d[PnS01], for any ordinary
algebra B there is an explicit embedding Hom (7 (B),k) < HH'(B, B). This can be generalised
here in a straightforward way and interpreted via the bigraded Hochschild cohomology of A. The
work [BRyD23] shows that if B is monomial, then the rank of 71 (B) agrees with the rank of any
maximal torus in HH' (B, B). If k is algebraically closed, then every maximal torus in HH' (B, B)
corresponds to a maximal torus in the outer automorphism group of B. For A the situation is
more complicated due to the fact that the outer automorphism group of a graded algebra is no
longer a derived invariant [Opp25 Example 4.7].

10. THE KERNEL OF THE GEOMETRISATION HOMOMORPHISM

We generalise the results from [Oppl9] and give a description of the kernel of
VY : DPic(A) = MCGg, (X)

for any graded gentle algebra A which is homologically smooth or proper. A key ingredient in
characteristic zero is the Hochschild exponential from In positive characteristic, we
exploit a formality result for the Hochschild complex to describe the kernel under mild assumptions.

10.1. Tori in the derived Picard group and action by invertible local systems.

As before we fix a graded gentle quiver (Q,I), its associated gentle algebra A and ¥ = X4 its
graded marked surface. We describe the subgroup of Out(A) corresponding to the Lie subalgebra
H;($4,k) € HH'(A, A). Because I C kQ is generated by monomial relations, every tuple A =
(Aa)aco, € ([l<§X)Q1 determines an outer automorphism O(A) € Out(A) which maps each vertex
idempotent to itself and every arrow a € @1 to A,a. As in [Oppl9] we refer to such outer
automorphism as rescaling automorphisms. They form a subgroup R C Out(A) which by
[Oppl19, Lemma 8.3.] fits into a short exact sequence of groups

1 —— kX 2 (k)% — &) 2o R —— 1. (10.1)

with A denoting the diagonal embedding. The middle homomorphism is given by (u.) —

zE€Qo
(ut(a)us_(la))ate. In particular, we have the following.

Proposition 10.1 (|[Oppl9, Proposition 8.4.]). There exists a group isomorphism R = Hl(Zreg, k*).

Equivalently, elements of R can be realised as an action by invertible local systems on X 4, that
is, the invertible objects in the symmetric monoidal category of local systems. Because these are
exactly the 1-dimensional local systems, one obtains a string of isomorphisms

Pic(Locs, ) = Homz (m1 (24, z),k*) = H (24, k),

where Pic(Locy,) denotes the Picard group of Locy,. To make this explicit, every isomorphism
class [£] € Pic(Locs,) induces a canonical element Rj;) € R as follows. Up to isomorphism we
may and will assume that £(z) = k for all x € ¥4 and that £(vy) = Idi for all arcs v in a fixed
projective arc system. This allows us to identify £(f) of a flow f with a non-zero scalar and by
definition, Rz) maps an arrow a € Qy to L(f,) - o, where f, denotes the flow which is associated
with «. The following proposition sums up our previous discussion.
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Proposition 10.2. Let A be a graded gentle algebra. The assignment [L] w Rz induces an
isomorphism

H' (2 4,k*) = Pic(Locs,, ) —— R C Out(A4) C Aut™(A).

Remark 10.3. The same definitions still make sense for the case when A is the A.-algebra (or
category) associated to a full arc system on any marked surface 3, including punctured surfaces.
It is straightforward to see that R, still defines a strict Ao-functor of A in these cases. Indeed, if
at,...,ap is a disc sequence and Rizj(a;) = Ajay, then [T"_, A\i = 1 because £ maps contractible
curves to the identity and hence R respects the defining A..-relations.

10.2. The kernel in characteristic zero via the Hochschild exponential.

Lemma 10.4. Let A be a rigid graded gentle algebra If A is proper, then Auty®(A) C ker U, [f
A is homologically smooth and its projective arc systems on 34 consists of finite and semi-infinite
arcs, then Auty (A) C ker U,

Proof. By Lemma F € DPic(A) lies in ker ¥*° if and only if yp(py ~ vp for all indecomposable
direct summands P of A. In particular, Auty (A) C ker ¥*°. In the proper case, the projection
of A onto its radical quotient induces a map of algebraic groups m: Out(A) — Out(4/rad A) =
Autg, (A/rad A). The latter is discrete and isomorphic to the symmetric group over Q. Thus,
m(Outo(A4)) = {Id} and hence for every f € Outo(A), ¥>°(f) preserves the homotopy classes of
every projective arc which proves Outo(A) C ker U, O

Theorem 10.5. Assume that chark = 0 and let A be a rigid graded gentle algebra which is proper
or such that the projective arc system on X4 consists of finite and semi-infinite arcs. If A is derived
equivalent to the path algebra of the Kronecker quiver, then ker W = PGLy(k). If not and

(1) A is proper, then
ker U 22 Aut>(A) = (@;fA(lvl) X Aut(k[[m]])¢A(0’O))  HY (24, k%),
(2) A is homologically smooth, then

ker U = (Gg’A“vl) x Aut(k[x})m(o’o)) x H (S 4, k%),

where ¢ o denotes the Avella-Alaminos-Geiss invariant.

Proof. Let F € ker ¥¢. Then because A is rigid, it follows from [Theorem 6.8 and [Theorem 6.11]
that F' maps each indecomposable direct summand of A to itself up to isomorphism. Because
Fo (F')™!' € Aut(A) C ker ¥, it follows that F' € ker U™°. Again, because A is rigid,
it now follows in the same way as in the proof of [Oppl9, Lemma 5.9] that every element in
ker ¥ N Out(A) is a composition of an element of R and an algebra automorphism of the form
Id +Ah which corresponds to a copy of k in Such automorphism were called affine
coordinate transformations in [Opp19). If A is proper, this proves F'* € Outo(A). By composing
F with the inverse of F'', we may reduce to the case F' € Aut3°(A). Since chark = 0, Theorem
implies that Aut3°(A) is isomorphic to the exponential group of HH) (A, A). The structure of the
latter is a consequence of [Corollary 8.2|and [Proposition 9.1] It follows from [Theorem 6.8| that every
rigid graded gentle algebra which is derived equivalent to the Kronecker algebra K is isomorphic
to it. Hence the result is already contained in [Oppl9] and PGLs (k) = Out(K) = ker ¥§e. O

Corollary 10.6. Assume that chark = 0 and let A be a graded gentle algebra which is homologically
smooth or proper. If A is derived equivalent to the path algebra of the Kronecker quiver, then
DPic(A) = PGLa(k) X MCGg(X4). If not and

(1) A is proper, then
DPic(A) = ((Gg’A(lvl) x Aut(k[z])** ) x Hl(ZA,kX)> 1 MCGy(S4),
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(2) A is homologically smooth, then
DPic(A) = ((@2/4(171) x Aut(k[z])*4 ) x Hl(EA,kX)) 1 MCGyr(24),

where ¢4 denotes the Avella-Alaminos-Geiss invariant.

Proof. Follows from [Proposition 6.5} [Corollary 7.2| and the fact that every graded gentle algebra
is Morita equivalent to a graded gentle algebra satisfying the assumptions of If
A is proper, this is If A is homologically smooth, we may replace it by virtue

of with a derived equivalent rigid graded gentle algebra which has a projective
arc system consisting of finite and semi-infinite arcs. To find such an algebra, one inductively

constructs an arc system on ¥ 4 with the desired properties. O

In the subsequent section, we prove an analogue of the previous theorem in positive characteristic.
Due to the absence of the exponential map, we exploit a different feature, namely the formality of
the dg algebra structure of the Hochschild complex.

Remark 10.7. Because the Kronecker algebra K is concentrated in degree 0, Auti®(K) = 0.
The surface of the Kronecker quiver is the only surface where distinct boundary components are
homotopic as curves and are gradable.

11. FORMALITY AND DERIVED PICARD GROUPS IN POSITIVE CHARACTERISTIC

In a large number of cases we show that the dg algebra structure on Hochschild complex of a
graded gentle algebra is formal. We then use this result to show that the group Aut (A) in those
cases is independent of the characteristic of the underlying field. Ultimately, this will lead to the
proof of Theorem [A|in positive characteristic. We fix a graded gentle quiver (@, ) and denote by
A its associated graded gentle algebra.

11.1. Formality of the Hochschild dg algebra. We recall that an anti-path in A is a path
p=ai---qp o € Q1 such that aya; 41 € I for all 1 < ¢ < [. Moreover, p is mazimal if it is not
properly contained in another antipath. If p is a maximal antipath, then by the types of relations
in a gentle quiver, there exists at most one parallel path pg, that is, (s(p),t(p)) = (s(pe, t(ps)),
such that pg & I. If pe does not exist, we indicate this by writing po = 0. If pg, exists, then it is
automatically maximal due to the gentle relations and the maximality of p.

Proposition 11.1. Suppose that A is a homologically smooth and proper graded gentle algebra.
Then the Hochschild dg algebra of A is formal.

Proof. Tt is shown in [Opp] shows that under the given assumptions HH®(A, A) has a basis over
k consisting of elements f, of the following form. For p = ay - - a; a maximal antipath of length
I such that pg # 0, we define an element f, € HH”(A, A), where w = |pg| — |p| + | so that
fp has a single non-zero component function f: A®! — A, which maps an element u; ® --- ®
composed of paths u; in @ with u; € I, to pe if u; = «; for all 1 <4 < and to zero otherwise.
Given another but possibly identical maximal antipath g, the chain level cup product f, U f; is
zero because the product of py and qq is necessarily zero due to maximality. It follows that the
inclusion HH®* (4, A) < C(A) via the chosen basis is a quasi-isomorphism of dg algebras. O

We expect formality beyond the discussed cases, however, a proof seems to require more refined
arguments and we hope to investigate this problem in the future. While it might often be possible
to guess a certain number of elements in the group Auti(B) of a graded algebra B, it is difficult
to verify whether one has found all of them. In cases where the Hochschild dg algebra of B is
formal we provide an easily computable upper bound for Aut?(B) in|Proposition 11.2|below using
deformation theory.
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11.2. Maurer-Cartan theory for dg algebras.

Let us briefly recall the relevant portion of Maurer-Cartan theory for dg algebras. In what follows,
we will always assume that F is a non-unital dg algebra which admits a complete descending
filtration £ = F1E DO FoE O ---, compatible with the differential and the multiplication. For any
dg algebra B, the dg algebra W;C(B)[—1] is an example. The elements E° form a group with
multiplication e ® f := e + f + ef. For each e € E°,

0 . .
et =14 (-1)¢,
1=0

where the infinite sum is understood as the limit of its finite partial sums in the metric topology
induced by the filtration. By regarding E as a subalgebra of the unital dg algebra ET = E ® k1
with the obvious differential and multiplication, ® is equivalently defined as the unique group
operation such that the map E° =2 1+ E° C (E*)X, e — 1+ e becomes a group homomorphism.

The set of Maurer-Cartan elements in F is
MC(E) = {¢ € B" | di(¢) +¢? = 0}.
It is acted upon by the group (E°, ®) with x =1 + ¢ € 1 + EY acting via the formula
r.¢ = aCx™t —dp(r)z~t € B

Then ¢,& € MC(E) are said to be gauge equivalent (denoted by ~) if they lie in the same orbit
under this action and the set of gauge equivalence classes in MC(E) is denoted by MC(E). We
note that if F is graded commutative, dg = 0 and chark # 2 (as we assume), e.g. £ = HHi_ (4, A),
then E' =2 MC(E) = MC(E). Any filtration of E induces a filtration on MC(E): if F C F is a step
of the filtration, then
{CeMC(B) 3¢ e F: ¢~ ('}

is the corresponding filtration step on MC(E). Finally, we denote by MC, (C(B)) € MC(W,C(B))
the subset associated to the filtration 0 C C; (B) € W1C(B). It then follows from [Opp25 Lemma
6.10] that MC, (W1C(B)) is in bijection with the group of homotopy classes of A,.-isotopies and
as such, there exists a surjection MC_(C(B)) — Aut’(B). Moreover, if B is a graded algebra,
then Aut(B) = Auti(B) by [Opp25} Proposition 6.15] and hence MC, (W, C(B)) = Auty(B).

11.3. Bounding Auti’(B) through formality.

The next proposition provides an upper bound for the group Aut3”(B) in terms of Maurer-Cartan
sets.

Proposition 11.2. Let B be a graded algebra. If the Hochschild dg algebra of B is formal, then
there exists a bijection

MC(HH! (B, B)) —~~ MC,(W:C(B)) = Aut>°(B).
In particular, if chark # 2, there exists a bijection
HHY (B, B) = Aut?(B).

Proof. Set C = Cy(B)[-1], WhC = W,C(B)[—1] so that W;C is a dg algebra and C; a dg
subalgebra of C' = C(B)[—1]. We note that because B has trivial differential, for every d € Z,
the subspaces Hom"+d(B®”,B), n > 0, form a subcomplex Z; of C' and because cohomology
commutes with products, one has H*(C) = [],., H*(Z4). Moreover Zq U Zy C Zgiq for all
d,d € Z. Let (U;C);>1 denote the subspace of C defined by

(U;) = [l  Homl((B[1)*",B).
n>max{i+7,0}
In other words, U; := [[,;,; Z4. Following the above discussion we see that U;C' is a dg subalgebra
of C and (U;);>1 defines a complete descending filtration of U;C. We observe that Ul = C}r and
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UY = (W10)° which implies MC(U;C) = MC,(C). Next, we take the analogous filtration (Vi)ix1
of the cohomology HH® (B, B) defined by
Vo= Il ®HY(B,B).

7
n>max{i+7,0}

Then V; C HH®*(B, B) is a complete dg algebra and H*(U;) = V; for all i+ > 1. Moreover,
Vi' = HH. (B, B) and hence

MC(HH! (B, B)) = MC(HH! (B, B)) = MC(V;) = MC(V;) = {b € HH! (B, B) | bUb = 0}.

because HH® (B, B) is graded commutative and where HHi_ (B, B) is canonically viewed as a com-
plete dg algebra equipped with the trivial filtration 0 C 0 C --- C HH}_(B,B). By assumption,
there exists a quasi-isomorphism ¢ of dg algebras between C and H := HH®*(B, B) and, after com-
position with a graded algebra automorphism of H, we may assume that ¢ induces the identity
on the level of cohomologies. Here, we strictly identified H®*(#) and H. As a consequence of our
constructions, ¢ restricts to a filtered quasi-isomorphism between U; and Vi, which means that it
restricts to quasi-isomorphisms between U; and V; for all i« > 1. Now the A.,-Goldman-Millson
theorem [MR23, Theorem 1] implies MC(U;C) = MC(V;H) which finishes the proof. O

Applied to graded gentle algebras we can now prove the following.

Theorem 11.3. Assume that chark # 2 and let A be a rigid graded gentle algebra which is
homologically smooth and proper. Then

ker U = Aut>®(A4) = G241 « HY (24, k).
In particular, Theorem[4] holds true in this case.

Proof. Because bUb =0 for all b € HHi(B, B) by graded commutativity, Proposition and
Propositionabove show that there exists a bijection 7: HH! (B, B) = Aut>°(B). The explicit
description of the quasi-isomorphism between C(B) and HH®(B, B) from Proposition [11.1]implies
that 7 maps a class h = Zj Ajfp;» with f, as in the proof of |Proposition 11.1[, Aj € k, to the
Axc-isotopy exp(h) = Ids +h. The rest of the assertion now follows as in [Theorem 10.5} ]

Again, the assumption that chark # 2 does not seem essential and was chosen for convenience
due to the slightly different nature of Hochschild cohomology in such cases. Since every graded
gentle algebra is Morita equivalent to a rigid graded gentle algebra and ¢4 is a Morita invariant,
we conclude the following.

Corollary 11.4. Let A be a homologically smooth and proper graded gentle algebra and assume
chark # 2. Then

DPic(A) = (G241 x H (S 4,k*)) % MCGgr (S 4),

where ¢4 denotes the Avella-Alaminos-Geiss invariant.

12. DERIVED PICARD GROUPS OF WRAPPED FUKAYA CATEGORIES

We extend the results in previous sections to wrapped Fukaya categories of punctured surfaces.
The proofs follow a similar approach to other cases but require special treatment, also due to the
fact that these categories do not admit (known) formal models. Throughout we fix a punctured
graded marked surface (X, M, n), that is, 9% = M and hence all boundary components are fully
marked. As before, we freely exchange fully marked components with punctures. We also fix a full
graded arc system A C ¥ whose cardinality is minimal with this property and denote by F = F(.A)
the associated model for the wrapped Fukaya category Fuk(X) of 3.
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12.1. Geometric model, geometrisation homomorphism and splitting property.

There are two natural routes to extend the geometric model of Fuk(X) to the punctured case. One
uses the identification of the category with a subcategory of the derived wrapped Fukaya in the
symplectic sense following the discussion by Abouzaid in the Appendix of [Boc12] and Bocklandt’s
results in loc.cit. which show that Fuk(X) is equivalent to the “usual” wrapped Fukaya category
in the symplectic sense. In this category, the relationship between intersections, morphisms and
so forth are part of the definition but it only follows from [HKKIT7] that all objects are actually
represented by curves of the surface. Alternatively, one could deduce this similar to [Opp24] from
the homologically smooth and proper case which treats a particular punctured surface.

Next, we want to use the geometric model to show a following generalisation of Its
proof follows a similar route as in the non-punctured case in [Opp19] and relies on the relation-
ship between self-diffeomorphisms of a punctured surface and simplicial automorphisms of its arc
complex.

12.1.1. Arc complezes, simplicial automorphisms and the mapping class group. We recall a few
results about arc complexes of punctured surfaces. The reader can find further information on the
arc complex of a punctured surface in [IM10].

Definition 12.1. Let ¥ be a marked surface. The arc complex of ¥ is the simplicial complex
A(X) whose set of n-simplices consists of all arc systems of ¥ of cardinality n + 1.

The first result which we will need is that the surface can be recovered from the arc complex.

Theorem 12.2 ([BDT19, Theorem 2.2]). Let X1, %o be marked surfaces and suppose that there
exists an isomorphism A(31) & A(3s). Then X1 and Yo are diffeomorphic.

Next, we turn to the symmetries of an arc complex for a punctured surface. The extended
mapping class group MCG™(X) acts on A(X) via simplicial automorphisms and we denote by
a: MCGT(Z) — Aut(A(X)) the associated action homomorphism into the simplicial automorph-
ism group of A(X). We call a punctured surface ¥ with genus g and b punctures exceptional if
(g9,0) € {(0,1),(0,2),(0,3),(1,1)}. We note at this point that the case (g,b) = (0,1) is irrelevant
for us as the corresponding Fukaya category is trivial.

Theorem 12.3 ([IMI0, Theorem 1.1]). The homomorphism « is surjective and its kernel is the
center of MCG™ (X)) if & is exceptional and trivial otherwise. If ¥ is non-exceptional, then o is an
isomorphism.

The center of MCG™(X) in the exceptional cases is easily determined and can, for example, be
found in the proof of [IM10, Theorem 2.1]. If g = 0, ker « is generated by an orientation reversing
involution and if (g,b) = (1,1), then MCG™(X) = GLy(Z) and ker « is generated by the hyperel-
liptic involution. Geometrically, the latter is a rotation with the four fixed points (a, b), a,b € {£1}
and corresponds to —I € GLy(Z), where I denotes the identity matrix.

Corollary 12.4. If (g,b) € {(0,2), (0,3)}, then the restriction of a to MCG(X) is an isomorphism
onto Aut(A(X)).

12.1.2. Interior morphisms. Similar to [Opp19l [Opp24] we first construct a homomorphism
Aut(Fuk(X2)) — Aut(A(X))

whose image lies in the a(MCG(X)). Then postcomposition with the inverse of a|ycq(x), yields the
desired homomorphism ¥: Aut(Fuk(X)) - MCG(X) which we then promote to a homomorphism
to the graded mapping class group. In order to do so, we need to translate the notion of interior
intersection to a property of morphisms in Fuk(Y).

Definition 12.5. Let Z C Fuk(X) denotes the full subcategory whose objects are isomorphic to
finite direct sums of objects corresponding to graded loops. Let v,d C X be graded arcs in minimal
position. A morphism f: X, — X; is interior if it factors over an object from Z.
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In other words, an object X € Fuk(X) lies in Z if and only if it is a finite direct sum of objects
whose curves are disjoint from JX. For X,Y € Fuk(X), we denote by

Hompy,(X,Y) C Hom(X,Y)
the subset of interior morphisms and as with morphisms we write

Homy, (X,Y) := P Homp (X, Y[n)).

nez

Lemma 12.6. The category I coincides with the full subcategory of Fuk(X) of objects with finite-
dimensional graded endomorphism ring. In particular, T is a hom-finite thick subcategory of
Fuk(X%).

Proof. Follows from the relationship between morphisms and intersections, cf. Section [12.1 O

Corollary 12.7. Every triangle auto-equivalence of Fuk(X) restricts to an auto-equivalence of T
and induces a triangle auto-equivalence on the Verdier quotient Q = Fuk(X)/Z.

Corollary 12.8. For all X,Y € Fuk(X), Homp,(X,Y) coincides with the kernel of the canonical
map

HomFuk(E) (X7 Y) - HOI’I]Q(X, Y)7

induced by the Fuk(X) — Q. Thus, {Hompu:(X,Y)}x veru(s) defines a shift closed ideal of
the underlying additive category of Fuk(X) which is invariant under triangle auto-equivalences
of Fuk(X), that is, for every auto-equivalence F of Fuk(X) and all X, Y € Fuk(X), the canon-
ical isomorphism Hom(X,Y) — Hom(F(X), F(Y)) restricts to an isomorphism Homy,(X,Y) —
Homp (F(X), F(Y)).

The following is an equivalent characterisation of interior morphisms.

Proposition 12.9. Let v, 0 be graded arcs on ¥ and f: Xy, — X; be a morphism in Fuk(X). Then
f is interior if and only if its support consists of interior intersections.

Proof. The proof is similar to [Opp24], Lemma 7.35]. The description of compositions in Fuk(X),
implies that every basis morphism which factors over Z must be supported at an interior inter-
section, cf. [Opp24, Lemma 4.19]. Thus, the support of any interior morphism consists of interior
intersections. For the converse, let p be an interior intersection between arcs v and § and let
f = fp: Xy = Xs denote the associated morphism. Consider a closed curve ¥ioop as defined in
[Opp24, Remark 6.6] where in the construction one replaces the clockwise primitive closed loops
around the boundary components A and B in [Opp24] Figure 15] by their n 4-th and np-th powers
for na,np € Z such that naw,(A) = —npw,(B) is the smallest common multiple of |w,(A)| and
|wy(B)|. Then one argues as in [Opp24, Remark 6.6] to show that the resulting loop is primitive
and gradable as long as it is not contractible. By construction this would require A and B to be
homotopic in the sense that their boundary curves y4,v5: S' — 9% C ¥ are homotopic as maps
with target . However, this happens only if (g(2),b(X2)) = (0,2) and + is the up to homotopy
unique arc on Y. But v does not have self-intersections outside the boundary in this case, so we
were never in this situation to begin with. Finally, it follows from the geometric description of

compositions that f factors over X, __ . g

12.1.3. The geometrisation homomorphism. We are ready to show the existence of the geometrisa-
tion homomorphism.

Proposition 12.10. There exist a homomorphism ¥': Aut(Fuk(X)) — MCGT(X). If (9(X),b(X)) €
{(0,2),(0,3)}, it has image in MCG(X).

Proof. We denote by g the genus of ¥ and by b the number of its boundary components. Any
triangle autoequivalence F' of Fuk(X) preserves indecomposablitity of objects as well as their en-
domorphism ring. Thus by Lemma and the correspondence between indecomposable objects
and curves implies that F' induces a permutation A(F) on the set of arcs on X. By Proposi-
tion a collection of arcs {vo,...,7} C X constitutes an n-simplex of A(X) if and only if
Homy,((X,, X,,) = 0 for all 4,5 € {0,...,n}. Consequently, A(F) restricts to a bijection of the
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set of vertices of A(X) and defines a simplicial automorphism. If ¥ is exceptional but (g, b) # (1,1),
then Corollary implies that A(F") corresponds to a unique (orientation preserving) mapping
class of 3 which we denote by WU(F). Similar, if ¥ is non-exceptional, then by Theorem A(F)
corresponds to a unique extended mapping class ¥(F'). Finally, if (g,b) = (1,1), then |A] = 2.
We identify ¥ and its puncture with S* x S! and the point (1,1). Since MCG(X) acts transit-
ively on the simple closed curves we may assume that A contains the simple arc v with image
St x {1}. Then up to homotopy, the other arc of A must be the simple arc 4/ with image {1} x S*.
Thus there are two irreducible flows from v to 4’ and two irreducible flows from 4’ to . The
hyperelliptic involution fixes the arcs v and 7’ but permutes the irreducible flows. By Proposition
below, there therefore exists a unique extended mapping class W(F') such that A(F) is the
simplicial automorphism induced by ¥(F') and such that ¥(F) maps each irreducible flow to its
image under F. O

Next, we show that the image of the homomorphism from the previous proposition always has
image in the mapping class group. As a preparation we analyse the structure of endomorphism
algebras and the corresponding module structure on the morphism spaces in Fuk(X).

Lemma 12.11. Let v C X be a simple graded arc with endpoint in boundary components By 2 v(0)
and By 3 (1) and let E, := End®(X,) denotes its graded endomorphism algebra in Fuk(X). Then
the following hold.

(1) There exist an isomorphism of graded k-algebras

B o k<1’,y>/(1’2,y2), ZfBO = Bl?
T\l yl/(xy),  if Bo # B

with |z| = wy(p) and |y| = wy(q). The isomorphism identifies the irreducible flow which
starts at v(0) with x and the irreducible flow which starts at (1) with y. The group
of algebra automorphisms of E., is generated by the involution which exchanges x and y
and the automorphisms of the form (x,y) — (ax,By) for o, B € k*. Thus, Aut(E,) =
(k*)2 % Zs.

(2) For any simple graded arc 6 C % such that {v,d} is an arc system and with endpoints in
boundary components Cy > 6(0) and Cy > 6(1), let H(d,7) = Hompyy s (Xs, X5). Then
there exists an isomorphism of graded left E.-modules

(z,9), if {Bo, B1} = {Co, C1};
H(5, ) = (z,y)/(2y), if{Bo,B1} # {Co,C1} and By € {Co, C1 };
’ (z,y)/(22), if{Bo, B1} # {Co,C1} and By € {Co, C1 };
0 otherwise,

where 2z, = x and zy = y if By # B1 and 2, = yx and zy = vy if By = B1. The
isomorphism identifies the irreducible flow with end point v(0) with x and the irreducible
flow with end point v(1) with y. Every E.-module automorphism of H(v,0) is of the form
T Ax and y — py, A\ pu € k*.

(3) There are analogous results for the right Es-module structure of H(J,7).

Proof. Because v and ¢ are simple, the description of the ring £, and the E,-module H(d, ) is a
direct consequence of the correspondence between basis morphisms and flows between v and § and
their compositions. For the description of algebra automorphisms of F,, we distinguish between
two cases.

First, if By # B, there exist injective algebra homomorphisms ¢: k[z] — E, and : k[y] — E,
where ((2) = 2 and (y) = y. Their images intersect in the subalgebra generated by the identity and
jointly span E., as a vector space. In particular, every automorphism of £, is uniquely determined
by its restrictions F, := F o and F), = F ok. Now if F': E, — E, is an automorphism, we
may write F,(z) = A+ P, + P, for polynomials P, € k[x] and a scalar A\ € k. Similarly, we can
decompose F;(y) as a sum p + @z + Q. Because F' is an automorphism and because zy = 0,
it follows P,Q, = 0 = PyQ,. Hence 0 = A\p + P,Q, + P,Q, which implies Ay = 0 as well as
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P,Q; = 0 and P,Q, = 0. Moreover, if P, = 0 (resp. @, = 0), then P, # 0 (resp. Q, # 0) as
otherwise the image of F, would be finite-dimensional in contradiction to F' being an isomorphism.
Similarly, if P, = 0, then @, # 0 since F, and F, are jointly surjective. Thus upon exchanging
z and y via the obvious involution, we may assume P, = 0, , = 0. But this means that F
restricts to an isomorphism of k[z] and k[y] (considered as subalgebras) and are hence of the form
F,(x) = A+ azx and F,(y) = p+ By, where o, 8 € k*. Again, the relation xy = 0 then implies
0 = F(z)F(y) = F,(z)F.(y) and hence A = p = 0. Hence F is of the form F(z) = az and
F(y) = By, o, B € k*.

Next, in the case By = B, we observe that £, is isomorphic to the category algebra of the graded
free k-linear category U generated by two objects Uy, U; and a single morphism f;: U; — Uy _; for
each i € {0,1}. It follows that automorphisms of E, are in bijection with automorphisms of I. It
is easy to see that all such automorphisms are generated by the involution which exchanges U; and
Uy and the automorphisms which act trivially on the set of objects but multiply f; by a non-zero
scalar. Finally, the assertion about automorphisms of the E,-module H(d,v) follows from very
similar arguments. ]

The previous lemma is now used to show the following.

Proposition 12.12. Let §,7v be non-homotopic graded simple arcs, F a triangle auto-equivalence
of Fuk(X) and f: X; — X, be a morphism corresponding to an irreducible flow o. Then F(f)
corresponds to a scalar multiple of the morphism associated to the irreducible flow F o a.

Proof. Trreducible flows correspond to the generators x and y of H(4,~) and H(F(d), F(v)) respect-
ively. Since I induces isomorphisms of £, = Ep(,y and E,-isomorphisms between H(d,7) and
H(F(3),F(7)), it follows from Lemma and the description of automorphisms of ., that
F must map a generator of H(d,v) to the scalar multiple of the generator of H(F(6), F(y)). O

Suppose now that we are given a finite set of disjoint simple arcs {v1,...,¥m}, where v;: [0,1] = X
and where we now consider ¥ as a surface with fully marked boundary. Then on every component
B C 90X the set of end points of the arcs divide B into a set intervals Z = Zg each of which
corresponds to an irreducible flow between them and each of which follows the induced orientation
on B. The set Z inherits a cyclic order from B where g € 7 is the successor of f € 7 if and only if
the end of f coincides with the start of g. We also define a label function I: Z — {1,...,m} which
assigns to an irreducible flow f the unique index i such that f(1) € ;. By assigning to element of 7
its label, we obtain a cyclic sequence mp with values in the set {1,...,m}. Via the correspondence
with generators in the £, -modules H(7;,7;), the cyclic order and the label function are encoded
categorically as follows: a generator corresponding to an irreducible flow ¢ is the successor of the
generator of an irreducible flow f if and only if g o f # 0. The label of a morphism is simply
the index ¢ of its codomain ;. Here we note again that the choice of generators for H(v;,~;)
as an E, -module is unique up to scalar multiples which implies that the cyclic sequence mp is
well-defined.

If now F' is a triangle auto-equivalence, we can now compare Z and [ to the cyclically ordered
set IPE(B) and its label function [ II{T(B) — {1,...,m} obtained from the arcs F(v1),..., F(Vm)
and the boundary component F(B). We denote by mg( B) the associated cyclic sequence with
values in {1,...,m}. Because every triangle auto-equivalence of Fuk(X) covariantly commutes
with compositions and maps generators of H(v;,;) to generators of H(F(v;), F(v;)), we conclude
the following.

Corollary 12.13. Let Zp and IE(B) be as defined above. Then every triangle auto-equivalence of
Fuk(X) induces an isomorphism of cyclic ordered sets p: ITp — Ig(B) such that 1(i) = ¥ (¢(i)) for
alli € Ip.

We are finally prepared to prove the following.

Proposition 12.14. For all X, the homomorphism U’ from Proposition [12.10] has image in
MCG(X).
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Proof. Let v1,...,7vm be a sequence of disjoint simple arcs and B C 0% be a boundary component.
Let further F' be a triangle auto-equivalence of Fuk(X) and let mp and mg( B) denote the asso-
ciated {1,...,m}-valued cyclic sequences. It is clear that if U(F) was orientation reversing then
the cyclically ordered set II{T( B) from Corollary would be abstractly isomorphic as a cyclic-
ally ordered set to Zp when equipped with the opposite of its cyclic order as defined previously.
Moreover, the isomorphism would be compatible with the label functions which implies by Corol-
lary that the cyclic sequence mp = 4y .. .4, would coincide with its inverse sequence %, .. .41
up to rotation. Thus, in order to prove that W(F') is orientation preserving it is now sufficient to
find a suitable configuration of arcs as above and a boundary component B for which this is not
the case. Since W(F') is orientation preserving by construction if (g,b) € {(0,2), (0,3)}, we assume
that (g,b) = (1,1) or that ¥ is non-exceptional. An arc system 71,72,73 can be chosen in a way
that the associated cyclic sequence is

(1,2,3), ifg=0,b>4;
mp —
(1,3,2,1,3,2), ifg> 1.

The existence of such arc collections is clear if g = 0. If g = 1 we may identify ¥ with S x S with
a puncture at (1,1) € S x S* so that its other punctures are disjoint from the set {(s,s) | s €
S1}U{(s,t) | s=1ort=1}. One can choose 7; and 72 as the longitudinal and latitudinal arcs
obtained from the homeomorphism of S* with the subsets S x {1},{1} x S C S x S* and for
~3 the diagonal inclusion S' — S x S'. If g > 2, one chooses the arcs in the analogous way. [J

Proposition 12.15. The homomorphism ¥': Aut(Fuk(X)) - MCG(X) admits a unique lift to a
homomorphism U: Aut(Fuk(X)) — MCGg (X) along the projection MCGg, (2) — MCG(X) with
the property that

Xu(r)(m) = Xr(x,)
for all F € Aut(Fuk(X)) and all v € A.

Proof. Analogous to the proof of O

Proposition 12.16. Let F' € Aut(Fuk(X)). Then F € ker ¥ if and only if F(X,) = X, for all
v e A.

Proof. Analogous to the proof of and follows from an application of the Alexander
method to A. 0

As the final result of this section, we show that the graded marked surface is an invariant of the
wrapped Fukaya category.

Theorem 12.17. Let 31,35 be graded marked surfaces. If Fuk(X1) ~ Fuk(Xs;), then ¥ = ¥
as graded marked surfaces. Moreover, if A, B are graded gentle algebras which are homologically
smooth or proper and Fuk(X;) ~ Ta, then X1 = X4 as graded marked surfaces. Finally, if
Ta =~ Tg, then X4 = X as graded marked surfaces.

Proof. We may and will assume that A or B (say A) are proper as otherwise the cases involving
the two are already covered by the comparison between Fukaya categories. Let us assume that
Fuk(X;) ~ Fuk(X3). Then, if neither of ¥; and X3 is a punctured surface, this follows form

Next suppose that ¥; is a punctured surface but ¥y is not. Then Fuk(X¥;) ~ Fuk(3;) is
not proper and hence must have a fully marked boundary component but also a marked interval
because it is not a punctured surface. Hence Y5 contain a semi-infinite simple arc and therefore
there exists X € Fuk(X2) such that End®(X) = k[z], |x| € Z. But by the same arguments as in the
proof of (1), the graded endomorphism algebra of every object in Fuk(X;) contains
zero-divisors whereas k[z] does not. Thus Fuk(3;) cannot be equivalent to Fuk(3s).

As our next case, we assume that 3; and X5 are punctured surfaces. Then by the same
arguments as in [Proposition 12.10} one constructs an isomorphism A(¥;) ~ A(X2) which implies
that ¥, and X, are diffeomorphic by Then one proceeds as in [Proposition 12.14]
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to show that the induced diffeomorphism preserves the orientation. Finally, one can argudﬂ as
in [Oppl9, Proposition 4.21] to show that the homotopy classes of the line fields of X; and X
correspond to each other under the diffeomorphism. Thus, ¥; = X5 as graded marked surfaces.
Next, if Fuk(X) ~ T4, we may assume that A is not homologically smooth as otherwise, again,
this case would be already covered. Hence A and Fuk(X) are proper and the result follows from

Mheorem 6.8

Finally if T4 ~ Tp, then B must be proper too because T4 is proper, and hence the result

follows from [Theorem 6.3 O

12.1.4. Splitting property. We show that the mapping class group action on Fuk(X) provides a
section to the geometrisation homomorphism in the punctured case.

Proposition 12.18. The group action of MCGg(X) on Fuk(X) constitutes a section to the geo-
metrisation homomorphism V.

Proof. Set T := Fuk(X) and let & denote the graded marked surface obtained from ¥ by removing
a set homeomorphic to [0,1] U [0,1] from each connected component of M. Then T := Fuk(X)
is homologically smooth and proper and by [HKKI1T, Proposition 3.5], there exists a localisation
functor 7 — 7 whose kernel is generated by the boundary segments of X. The boundary segments
on each component of B C 9% correspond to an exceptional cycle Egz = E5 @ E% in the sense of
[BPP17, Definition 3.2]. As such it has an associated twist functor Tg: T — T € DPic(T) defined
as the mapping cone of the evaluation map ev: 7 — T given by evy : RHom?(E B, X)®L . Ep —
X. The functor T is a quasi-equivalence and, by construction, comes with an associated natural
transformation o2 : Id7 — Tp. Let A denote the Drinfeld quotient of T along the collection of
mapping cones of all the maps {c¥: X — T(X) | X € T,B C 0X}. By construction the thick
subcategory B generated by these cones lies in the full subcategory £ generated by the object Ep.
On the other hand, the cone of og, a shift of Ep which implies £ = B. We also note that the
different twist functors commute pairwise since the Fp and Ep: are orthogonal whenever B and
B’ are distinct components of 9%. This shows that A and 7 are quasi-equivalent. Moreover, a
straightforward calculation as in [Opp24, Lemma 7.8] shows that ¥*°(T) € MCG(X,n) is the
fractional twist Rp around B, that is, the mapping class of a diffeomorphism which acts as the
identity outside a collar neighbourhood of B and which rotates B clockwise by an angle less than
27 so that it permutes the two boundary segments of B. Now if F' € DPic(T), then ¥ (F)
maps boundary segments to boundary segments and because ¥ has no degenerating boundary
components, it follows that F'(Ep) is isomorphic to a shift of Eyee(py(py. It follows that F' restricts
to an autoequivalence of the kernel of the functor 7 — 7. Thus, by the universal property of the
Drinfeld quotient in Ho(Aso-cat) [Tabl0], there exists a restriction homomorphism

res: DPic(T) — DPic(T).

Each natural transformation o?: Id — Tp descends to an isomorphism on 7 which implies
Tp € kerres. We obtain the following commutative diagram of groups and group homomorphisms

1 —— ][ (Bn)

BCT

MCGg (2) —— MCGg(2) —— 1

47
2l
ST
)

11— (Rp)
BCYT

MCGy (5) —— MCGy(8) —— 1.

"The proof of [Oppl19, Proposition 4.21] relies on the notion of an interior morphism. By definition, in loc.cit., a
boundary morphism is a morphism which is not interior. With the help of [Corollary 12.7] one can repeat the proof

using [Definition 12.5|but one can ignore the assumptions that the arc is “finite” or “not 7-invariant.
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Its first and last row are exact. Here, @ denotes the action homomorphism of the mapping class
group action and ¢p € ker \I!%o the element determined by the equality @(Rp) o T V>~ yp. In
particular, @ is a section to WZ and by we have ker U2 = H'(Z,k*). From
the commutativity and exactness of the first row we now conclude that resoa induces a group
homomorphism a: MCGy, (X) — DPic(T) which is a section to W5°. That « in fact agrees with
the action homomorphism of the MCGy,(X)-action follows from the following observation: the
precomposition of the functor Fuks , from with the natural projection Arci77 — Arcs
that identifies an arc on ¥ with its homotopy class on ¥ is naturally isomorphic to the functor
with assigns to an arc system A € Arcg the Verdier quotient of Fukg , (A) by the boundary
segments. |

Combining all our previous results we have proved the following generalisation of

Theorem 12.19. Let X be a graded punctured surface. Then there exists a split surjective group
homomorphism

U : DPic(Fuk(X)) —— MCGy (%),

which factors through a split surjective homomorphism V: Aut(Fuk(X)) = MCGg,(X). A section
to U and U™ is given by the action homomorphism of the action of MCGg (X) on Fuk(X) from
Section [

12.2. The kernel of the geometrisation homomorphism.

By [12.16] it follows that G € ker U if and only if G(X) = X for all X € Ob(F). Hence by
[Cemma 4.4] G € ker U™ is weakly equivalent to the canonical extension to perfect complexes of
an A.-functor G: F — F with G° = Idoy(r) and we may and will henceforth view ker U>° as a
subset of Aut™ (F) consisting of functors which act trivially on objects.

Lemma 12.20. Suppose F = G* for some G € ker U*°. If (g,b) # (0,2), then F is a rescaling
automorphism. In particular, F defines a strict As-automorphism of F and F € ker U=, If
(g,b) = (0 2), then Fuk(X) has a single object up to shift and F' corresponds to an automorphism

of K[z, y]/(x.1). cf [Comima 217

Proof. First, let us assume (g,b) = (0,2). The only arc v on X is the one which connects the two
boundary components. Thus the strict morphism F' is simply an automorphism of the endomorph-
ism ring of X, and the result follows from For the remainder of the proof, let us
assume that (g,b) # (0,2). Then any full arc collection A C ¥ contains at least two distinct arcs,
say 71 and 2 corresponding to objects X7, Xo € Ob(F). Furthermore because ¥ is connected
we may also assume that there exists an irreducible flow f from 7; to v2. The mapping cone
C of the corresponding morphism a: X; — X» is represented by the simple arc vy obtained by
concatenating v, and 7, via f. Consequently, G' € ker > preserves the isomorphism class of C'.
Because the homotopy class of ¢ determines f uniquely among the irreducible flows, F' must map
a to a non-zero multiple of itself. F' further induces automorphisms ¢; of E,, := End®(X,,) and
by Lemma each is a composition of an involution which exchanges the respective generators
z,y € E,, and scalar multiplications of the generators with non-zero elements of k. Suppose now
that ¢;, i € {1,2} maps the ordered pair (z,y) to the ordered pair (py, Az) for some A,y € k*.
But because F is minimal, F' commutes with the composition operation ps and hence this yields a
contradiction to Lemma which says that that every E,,-module automorphism of H (7y1,72)
simply multiplies each generator by a non-zero scalar. It follows that F' must be of the claimed
form. Because F' acts trivially on objects it lies in ker ¥°. (|

From the previous lemma it follows that the projection ker ¥>° — Out(F), G — G* has image in
R if (g,b) # (0,2). Regarding the latter as a subset of strict As.-automorphisms of F, this yields
the following result.

Corollary 12.21. If (g,0) # (0,2), then ker U = R x Aut3®(F) = H' (Syeq, k™) 3 AutT(F).
Otherwise, ker U™ 22 ((k*)? x Z3) x Aut (F) = (H' (Sreq, k*) % Zg) x Aut(F)
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As before and over a field of characteristic 0, the previous corollary reduces the study of ker >
to the structure of the Lie algebra HH1+(]-' ,F) as well as the kernel of the exponential map. The
entire Hochschild cohomology of F was computed by Bocklandt and van de Kreeke in [BvdK24].

Proposition 12.22. The subspace HH! (F, F) is trivial. Thus, if chark = 0, then Auty(F) is
trivial.

Proof. As shown in [BvdK24l Section 3.2], the cohomology class of a Hochschild cocycle ¢ € C(F)
is determined by its components ¢ and ¢'. In particular, ¢ is a coboundary if ¢® and ¢! are trivial
which readily implies that every class in HH}F (F,F) is trivial by definition. But over a field of
characteristic 0, the group Aut3’(F) is exactly the image of the integration map exp . O

As a corollary we obtain the punctured case of

Theorem 12.23. Let X be a graded punctured surface of genus g and with b punctures. Suppose
chark = 0. Then, there exists an isomorphism of groups

DPic (Fuk(X)) & Z x MCGy, (%),

where Z = (k*)% x Zy if (9,b) = (0,2) and Z = H'(,k*) otherwise.
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