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ABSTRACT. We are concerned with a model describing the motion of two compressible, immiscible fluids with density-
dependent viscosity in the whole R3. The phases of the flow may have different pressure and viscosity laws and are
separated by a sharp interface, across which the (total) density is discontinuous. Our goal is to study the persistence of
the regularity of this sharp interface over time. More precisely, the dynamics of the flow are governed by three coupled
equations: two hyperbolic equations (for the volume fraction of one phase and for the density) and a parabolic equation
for the velocity field. We assume that, at the initial time, the density is α-Hölder continuous on both sides of a C1+α-
regular surface across which it may be discontinuous. We prove the existence and uniqueness of a global-in-time weak
solution in an intermediate regularity class that ensures the persistence of the piecewise Hölder regularity of the density
and the C1+α regularity of the sharp interface.
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1. INTRODUCTION

This paper deals with the following system of PDEs describing the motion of two compressible viscous fluids
with density-dependent viscosity in the three-dimensional space R3:

(1.1)


∂t c +u ·∇c = 0,

∂tρ+div(ρu) = 0,

∂t (ρu)+div(ρu ⊗u)+∇P (ρ,c) = div
(
2µ(ρ,c)Du

)+∇(
λ(ρ,c)divu

)
.

Above, c = c(t , x) ∈ [0,1] denotes the volume fraction, ρ = ρ(t , x) ∈ [0,∞) is the total density, and u = u(t , x) ∈ R3

represents the single velocity field of the fluid mixture. These are the unknowns of the problem. Meanwhile,
P = P (ρ,c), µ = µ(ρ,c), and λ = λ(ρ,c) are respectively the pressure, shear viscosity, and bulk viscosity laws of
the mixture. They are given W 2,∞

loc -regular functions of ρ and c. The derivation of system (1.1) from the classical
two-fluid model can be found in [44]. Specifically, this system corresponds to the single-velocity Baer-Nunziato
model, where ρ+ = ρc and ρ− = ρ(1−c) represent the densities of the fluid phases.

For initially immiscible flows, each phase occupies its own domain, and they are separated by a sharp interface
in such a way that we have ρ+|t=0ρ−|t=0 = 0, or equivalently (for positive total density) c0(1− c0) = 0. In order
words, the volume fraction c0 is the characteristic function of a domain D0. Based on DiPerna–Lions theory (see
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e.g [13,40]), any weak solution of (1.1) in the classical energy framework, with divu ∈ L1
loc([0,∞),L∞(R3)), preserves

the patch structure of the volume fraction (and hence the immiscibility of the phases):

(1.2) c(1−c) = 0,

so that c(t ) remains the characteristic function of a domain D(t ). In general, D(t ) corresponds to the image of the
initial domain D0 under the flow map associated with the fluid velocity.

In the case where both phases have the same constant viscosity coefficients, the existence of weak solutions in
the classical energy framework has been the subject of several works since 2019 (see, for instance, [40, Vasseur,
Wen and Yu], [31, Krac̆mar, Kwon, Nec̆esová and Novotný], [37, Novotný], [38, Novotný and Pokorný], [42, Wen],
and others). The velocity field is relatively weak in the sense that it is only known to satisfy

(1.3)
p
ρu ∈ L∞((0,∞),L2(R3)),∇u ∈ L2((0,∞)×R3).

This regularity is not sufficient to define a flow map for the velocity field, and thus to describe the dynamics of the
sharp interface that separates the fluid phases. Conversely, classical solutions (see, for instance, [10, 41]) are too
strong, in the sense that they do not allow for discontinuities in the densities or in the volume fraction.

The main purpose of this paper is to construct global-in-time weak solutions of (1.1) in an intermediate reg-
ularity class which allow for the immiscibility of the fluid phases and for the persistence of the regularity of the
sharp interface over time. In Section 1.1 below, we state our main results, which are then compared to existing
results in Section 1.2.

1.1. Main Results. This section is devoted to the statement of the main results. To simplify the presentation, we
first specify the assumptions on the initial data and on the pressure and viscosity laws.
Assumptions on the pressure and viscosity laws. Given that the density of the phase labeled "+ " (resp. "− ") is
ρ+ = ρc (resp. ρ− = ρ(1−c)), if P± denotes the pressure law of the phase "±", then the pressure P = P (ρ,c) in (1.1)
is defined as follows:

P (ρ,c) = P+(ρc)+P−(ρ(1− c)).(1.4)

A similar definition holds for the shear and bulk viscosity laws.
We always assume that the shear viscosity is strictly positive, the bulk viscosity is non-negative, and the pressure

is an increasing function of the density: for all ρ > 0, c ∈ {0,1}

µ(ρ,c) > 0, λ(ρ,c)⩾ 0, ∂ρP (ρ,c) > 0,(1.5)

Following our computations, we believe that the non-negativity assumption on the bulk viscosity can be waived.
We identify two particular cases where the algebraic structure of the model allows for proving that the pressure

and shear viscosity jumps are stable: either

⋄ the shear viscosity depends only on the volume fraction, µ(ρ,c) = µ(c) and there exists a W 2,∞
loc -regular

function ΨP such that

P (ρ,c) =ΨP
(

f (ρ,c)
)
,(1.6)

where the (ρ,c)-dependent function f satisfies

ρ∂ρ f (ρ,c) = ν(ρ,c), and where ν(ρ,c) = 2µ(ρ,c)+λ(ρ,c)(1.7)

denotes the total viscosity. Differentiating (1.6) with respect to ρ, we obtain

Ψ′
P

(
f (ρ,c)

)= ρ∂ρP (ρ,c)

ν(ρ,c)
.(1.8)

⋄ or the shear viscosity of one phase depends on the density (namely ∂ρµ(ρ,c) ̸≡ 0) and there exist W 2,∞
loc -

regular functions ΨP , and Ψµ such that

P (ρ,c) =ΨP
(

f (ρ,c)
)
, and µ(ρ,c) =Ψµ

(
f (ρ,c)

)
.(1.9)

In fact, in the latter situation, the jump of the pressure and shear viscosity at the sharp interface decay exponen-
tially in time. If, in addition to (1.9), there exists a W 2,∞

loc -regular function Ψλ such that

λ(ρ,c) =Ψλ

(
f (ρ,c)

)
,(1.10)
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then the jump of the viscosity bulk viscosity and velocity gradient decay exponentially in time as well. Assump-
tions (1.9)-(1.10) hold true, for example, when µ, λ, and P are independent of the volume fraction, which corre-
sponds to the Navier–Stokes model. Moreover, for power constitutive laws

P±(ρ) = b±ργ± , ν±(ρ) = a±ρα± , with γ± ∈ [1,∞), and b±, a±,α± ∈ (0,∞),

the assumption (1.6) holds if

γ+
α+

= γ−
α−

= γ̌, and b+
(
α+
a+

)γ̌
= b−

(
α−
a−

)γ̌
= b̌, and we have ΨP (ϱ) = b̌ϱγ̌.

Assumptions on the initial data. We consider the system (1.1), supplemented with initial conditions

(c,ρ,ρu)|t=0 = (c0,ρ0,ρ0u0)(1.11)

satisfying the following assumptions: there exists

⋄ a simply connected, bounded and open domain D0 ⊂R3 of class C1+α, such that

(1.12) c0 = 1Dc
0
.

⋄ a constant pressure equilibrium P̃ > 0 such that

(1.13) P (ρ0,c0)− P̃ ∈ L2(R3), and u0 ∈ H 1(R3), ρ0 ∈ L∞(R3), inf
x∈R3

ρ0(x) > 0.

⋄ some p0 ∈ (1,6/5), such that

(1.14) P (ρ0,c0)− P̃ ,ρ0u0 ∈ Lp0 (R3).

This (low-frequency) assumption allows us to derive time-decay estimates for the solutions. Finally, we
consider a shear-viscosity equilibrium state, µ̃, such that:

µ(ρ0,c0)− µ̃ ∈ L2(R3).

What we mean by the C 1+α regularity of D0 is the following.

Definition 1.1. Let D be an open, bounded and simply connected subset of R3, with boundary Σ= ∂D.
We say that D (or Σ) is of class C1+α if there exist a finite number of open sets B j ⊂ R2, j = 1, . . . J , and maps

τ j : B j −→Σ⊂R3 such that

⋄ τ j are C 1+α-regular, and are homeomorphisms onto their images; and Σ=⋃J
j=1τ j (B j ).

⋄ for all j ,k such that τ j (B j )∩τk (Bk ) ̸= ;, the map τ−1
j ◦τk is a C 1+α-diffeomorphism from

τ−1
k

(
τ j (B j )∩τk (Bk )

)
onto τ−1

j

(
τ j (B j )∩τk (Bk )

)
.

We introduce the following notations to quantify the regularity of Σ (or τ j if preferred):

(1.15) ∥Σ∥Lip = sup
j

∥∥∇τ j
∥∥

L∞ , |Σ|Ċ1+α = sup
j

∣∣∇τ j
∣∣
Ċα

, and |Σ|inf = inf
j

inf
s ̸=s′

s,s∈B j

( ∣∣τ j (s)−τ j (s′)
∣∣

|s − s′|
)
∈ (0,∞).

Furthermore, there exists1 a C 1+α-regular function ϕ : R3 →R such that

ϕ= 0 on Σ, D = {
x ∈R3 : ϕ(x) > 0

}
, and

∣∣∇ϕ∣∣
inf = inf

x∈Σ
∣∣∇ϕ(x)

∣∣> 0.

Since ϕ◦τ j = 0 on B j , the outward unit normal vector field to D is given by

nx (τ j (s)) = ∇ϕ(τ j (s))∣∣∇ϕ(τ j (s))
∣∣ .(1.16)

Recall that the relevant situations for the immiscible two-phase model is when the total density ρ = ρ++ρ− is
discontinuous. Since the densities ρ± of the fluid phases are different and ρ+ρ− = 0, the class of piecewise regular
functions (for the total density ρ) is suitable for the study of (1.1).

1Following [30], we construct ϕ as solution to −∆ϕ = g in D , and ϕ = 0 on Σ, where 0 < g ∈ C∞(D). Standard estimates for elliptic
equations (see, for instance, [21]) imply that 0 < ϕ ∈ C 1+α(D). The fact that

∣∣∇ϕ∣∣
inf > 0 is a consequence of Hopf’s lemma at boundary

points, which holds for C 1+α-regular manifolds (see [15]).
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In this paper, we will work with the space Cαpw,Σ(R3) of discontinuous functions on R3, which are α-Hölder con-

tinuous on either side of Σ (recall that R3 = D ∪Σ∪ (R3 \ D)):

Cαpw,Σ(R3) :=
{

g ∈ L∞(R3) : g ∈ Ċαpw,Σ(R3)
}

, where Ċαpw,Σ(R3) := Ċα(D)∩ Ċα(R3 \ D).

The semi-norm (resp. norm) associated with Ċαpw,Σ(R3) (resp. Cαpw,Σ(R3)) is defined as follows:∣∣g ∣∣
Ċαpw,Σ(R3) =

∣∣g ∣∣
Ċα(D) +

∣∣g ∣∣
Ċα(R3\D)

(
resp.

∥∥g
∥∥
Cαpw,Σ(R3) =

∥∥g
∥∥

L∞(R3) +
∣∣g ∣∣

Ċαpw,Σ(R3)

)
.

Given a function g ∈ Cαpw,Σ(R3), we define its traces g+ and g− on Σ, along with its average
〈

g
〉

avg and its jump JgK
across Σ, as follows: for all σ ∈Σ,

g+(σ) = lim
r→0+ g

(
σ+ r nx (σ)

)
, g−(σ) = lim

r→0+ g
(
σ− r nx (σ)

)
,
〈

g
〉

avg =
g++ g−

2
, JgK= g+− g−.(1.17)

In addition to the assumptions (1.12)-(1.13)-(1.14), we further suppose that the total density is Hölder continu-
ous on both sides of Σ0 = ∂D0, across which it may be discontinuous:

(1.18) ρ0 ∈ Ċαpw,Σ0
(R3), where α ∈ (0,1).

We denote by Π the Cauchy’s tensor

Π= 2µ(ρ,c)Du + (
λ(ρ,c)divu −P (ρ,c)+ P̃

)
I3.

When α ∈ [1/2,1), we additionally assume that there exists α̌ ∈ (0,3/2−α) such that (v̇ = ∂t v + (u ·∇)v)

(ρu̇)|t=0 = div(Π)|t=0 ∈ Ḣ−α̌(R3).(1.19)

If α ∈ (0,1/2), we will instead take α̌= 1.
Our result reads as follows:

Theorem 1.2. Assume the above assumptions hold for the constitutive coefficients and the initial data. There exist
constants ϵ,ϵ′ > 0 such that if

∥P (ρ0,c0)− P̃∥2
L2∩Lp0 (R3) +∥ρ0u0∥2

L2∩Lp0 (R3) +∥∇u0∥2
L2(R3) ⩽ ϵ,(1.20)

and

⋄ either
∥µ(ρ0,c0)− µ̃∥L∞(R3) ⩽ ϵ′,

⋄ or (1.6) holds and

∥Jµ(ρ0,c0), P (ρ0,c0)K∥L∞(∂D0) ⩽ ϵ′,(1.21)

then there exists a unique global-in-time weak solution (c,ρ,u) to the Cauchy problem (1.1)-(1.11) verifying:

P (ρ,c)− P̃ , u, ∇u ∈ L∞((0,∞),L2(R3));

u̇, σ
α̌
2 ∇u̇ ∈ L2((0,∞)×R3), and σ

α̌
2 u̇, σ

1+α̌
2 ∇u̇ ∈ L∞((0,∞),L2(R3));

σ
1+α̌

2 ü ∈ L2((0,∞)×R3); where σ(t ) = min{1, t }.

Additionally, we have
∇u ∈ L1((0,∞),L∞(R3)),

and hence the velocity admits a well-defined flow map. This flow map transports the initial domain D0 to a C1+α-
regular domain D = D(t ) andˆ ∞

0
∥∇u(t ′)∥Ċα

pw,∂D(t ′)(R
3)d t ′ <∞, and, for all t ∈ (0,∞), ρ(t ) ∈Cαpw,∂D(t )(R

3).

Furthermore, if (1.9)-(1.10) hold, then the jumps of the pressure, and the velocity gradient across ∂D(t ) decay expo-
nentially to zero in time.

The proof of Theorem 1.2 is presented in Section 4, based on the a priori estimates in Section 2 whose proofs is
given in Section 3.

Remark 1.3. The solution possesses additional regularity and decay rates described in Section 2.
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⋄ In particular, the classical energy controls the volume of the moving domain D(t ) as follows:

∀ t ∈ (0,∞), |D(t )|⩽ |D0|+ (P̃ )−1
ˆ
R3
ρ0(x)

(
|u0(x)|2

2
+
ˆ ρ0(x)

ρ̃+1D0 (x)
s−2 (

P (s,c0(x))− c0(x)P̃
)

d s

)
d x.(1.22)

This estimate is by no means predictable. Above, ρ̃+ denotes the constant equilibrium state of the density
of the fluid in R3 \ D(t ); it satisfies

P (ρ̃+,1) = P̃ .

Likewise, define ρ̃− by
P (ρ̃−,0) = P̃ .

For brevity, we will write ρ̃(c) in place of ρ̃± such that

P (ρ̃(c),c) = P̃ .

The smallness conditions on the pressure fluctuation (1.20)–(1.21) mean that the "+"-fluid density is close
to ρ̃+, while the "-"-fluid density is close to ρ̃−.

⋄ The low-frequency assumption (see (1.14)) helps to derive sufficient time-decay estimates for the solution,
which in turn imply the following uniform-in-time C1+α-regularity of D :

sup
t>0

(
∥∂D(t )∥Lip +|∂D(t )|Ċ1+α +|∂D(t )|−1

inf

)
<∞.

⋄ Finally, note that assumption (1.19) implies

∇u0 ∈ L6/(1+2α̌)(R3).

In general, this is the maximal integrability implied by (1.19).

Remark 1.4. A cornerstone of the proof of Theorem 1.2 is to derive a Lipschitz bound for the velocity. This is the
minimal regularity needed to propagate the sharp interface’s regularity. To achieve this, we express the velocity
gradient as (see (2.6)):

∇u =− 1

µ(ρ,c)
∇(−∆)−1P(ρu̇)+∇(−∆)−1∇

( 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

)
−∇(−∆)−1∇

(
P (ρ,c)− P̃

ν(ρ,c)

)
+ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Du)−∇(−∆)−1∇
( 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
)
,(1.23)

where K and Ǩ are combinations of second-order Riesz operators.

⋄ As a first step, we perform energy estimates (à la Hoff) for u̇, which yield Lp (R3) estimate for u̇, with p ∈
(3,∞). These energy estimates involve Lq (R3) norm of the velocity gradient and the pressure fluctuation
(with q ∈ {3,4,6}). To derive these bounds, we use the fact that Riesz operators are continuous on Lq (R3). In
particular, the norms of the first two terms of (1.23) are obtained via an interpolation inequality, whereas
the third is bounded by∥∥∥∥∇(−∆)−1∇

(
P (ρ,c)− P̃

ν(ρ,c)

)∥∥∥∥
Lq (R3)

⩽
C

inf
R3
µ(ρ,c)

∥∥P (ρ,c)− P̃
∥∥

Lq (R3).

Next, we observe that

d

d t

ˆ
R3

Hq−1(ρ,c)d x + 1

q

ˆ
R3

∣∣P (ρ,c)− P̃
∣∣q

d x ⩽
1

q

ˆ
R3
|F |q d x,

where
ρ∂ρHq−1(ρ,c)−Hq−1(ρ,c) = ∣∣P (ρ,c)− P̃

∣∣q−2
(P (ρ,c)− P̃ ),

and
F =−(−∆)−1 div(ρu̇)+ [Ǩ ,µ(ρ,c)− µ̃](2Du).

As for the first two terms of (1.23), we use an interpolation inequality to obtain an estimate for the Lq (R3)-
norm of the first term of F . Next, we prove that the Lq (R3)-norm of the last term of F , as well as the last
terms in (1.23) are small compared to the Lq -norm of ∇u, provided the jump of the shear viscosityµ(ρ,c) is
small in L∞(∂D). In total, one can close the energy estimate for u̇, assuming the shear viscosity is piecewise
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Hölder regular, its jump across ∂D is small; and the density is upper bounded and far away from vacuum.
Note that we use time weights, which makes the computations more technical than the heuristic above.

Let us notice that for constant shear viscosity coefficient, the Lp (R3)-bound for u̇ immediately yields
the propagation of the L∞-bound of the density (see [23]). However, this seems not to hold in the case of
density-dependent shear viscosity (see [43]), or in the case of general viscous tensor (see [3, 4]). Indeed,
the pressure and the velocity gradient appear to be of the same order, and propagating the L∞(R3)-bound
of the density requires a Lipschitz velocity.

⋄ Given the integrability of u̇ obtained above, the first term in (1.23) belongs to L∞(R3). In fact, modulo
the multiplicative factor 1/µ(ρ,c), this term is Hölder continuous on the whole space. The other terms
are even-order Riesz transform of discontinuous functions, and it is well-known that even-order Riesz
operators are not continuous on L∞(R3). Recent results (see [16,17]) prove that these operators are actually
continuous on Cαpw,∂D (R3)∩Lp (R3), with p ∈ (1,∞), with a norm depending on ∥∂D(t )∥Lip, |∂D(t )|inf and
|∂D(t )|Ċ1+α . These quantities are known to grow exponentially with the time integral of the Lipschitz norm
of the velocity: for instance

∥∂D(t )∥Lip ⩽ ∥∂D0∥Lipe
´ t

0 ∥∇u∥L∞(R3) , |∂D(t )|inf ⩾ |∂D0|infe
−´ t

0 ∥∇u∥L∞(R3) .

Thus, a non-uniform-in-time estimate forˆ t

0
∥∇u∥L∞(R3)(1.24)

leads to an exponential growth in time. For the one-phase model (Navier–Stokes system for compress-
ible fluid), this exponential growth is compensated by the exponential-in-time decay of the pressure and
velocity jumps. For the two-phase model, we are able to prove the exponential-in-time decay for the pres-
sure and velocity gradient jumps under the assumptions (1.9)-(1.10). This decay does not hold in general,
as we will discuss in the following remark. Our strategy is to use the low-frequency assumption (1.14) to
derive uniform-in-time estimate for (1.24).

Leveraging the continuity of Riesz operators on Cαpw,∂D (R3)∩Lp (R3), we prove that the L∞(R3)-bound

(resp. Ċαpw,∂D (R3)-bound) of the last two terms of (1.23) is small compared to the L∞(R3)-bound (resp.

Ċαpw,∂D (R3)-bound) of ∇u; provided that the viscosity jump is small in L∞(∂D). We apply similar arguments

to derive piecewise Hölder estimate for F , from which the propagation of the density’s piecewise Hölder
regularity follows, since we have (from the mass equation):

∂t f (ρ,c)+u ·∇ f (ρ,c)+P (ρ,c)− P̃ =−F, where ρ∂ρ f (ρ,c) = ν(ρ,c).

Above, the pressure fluctuation term is treated as a damping term.

Remark 1.5. We consider a simplified case of (1.1) in which the two phases have the same constant viscosity
coefficient but different power-law pressures:

µ(ρ,c) =µ, λ(ρ,c) =λ, and P (ρ,c) = A(c)ρβ(c).

From the mass equation, one readily obtains

(2µ+λ)
(
∂t logP (ρ,c)+u ·∇ logP (ρ,c)

)+β(c)
(
P (ρ,c)− P̃

)=β(c)(−∆)−1 div(ρu̇),

and the jump across the moving interface is:

(2µ+λ)
d

d t
Jlog

(
P (ρ,c)

)◦τ j K+
〈
β(c0 ◦τ0, j )

〉
avgJ

(
P (ρ,c)

)◦τ j K

= Jβ(c0 ◦τ0, j )K
(
(−∆)−1 div(ρu̇)◦τ j −

〈
P (ρ,c)◦τ j

〉
avg + P̃

)
.(1.25)

Similarly, from the mass equation we obtain

(2µ+λ)
[
∂t logρ+u ·∇ logρ

]+P (ρ,c)− P̃ = (−∆)−1 div(ρu̇),

and hence

(2µ+λ)
d

d t

〈
log(ρ ◦τ j )

〉
avg = (−∆)−1 div(ρu̇)◦τ j −

〈
P (ρ,c)◦τ j

〉
avg + P̃ .(1.26)
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From (1.25)-(1.26), it follows that

d

d t

r
log

(
A(c)

2
β(1)+β(0))ρ

)◦τ j

z
+ 1

2µ+λJ
(
P (ρ,c)

)◦τ j K= 0.

Under the assumption (1.6), the jumps appearing above are comparable in the sense that

inf

( J
(
P (ρ,c)

)◦τ j K

Jlog
(

A(c)
2

β(1)+β(0))ρ
)◦τ j K

)
> 0

and the exponential-in-time decay of jumps follows. Otherwise, it is unclear whether the exponential-in-time
holds in general. Specifically, under the assumption A(c) = 1, we should require

ϱ
β(1)
1 −ϱβ(0)

2

log(ϱ1)− log(ϱ2)
> 0, for ϱ1 close to ρ̃(1), and ϱ2 close to ρ̃(0);

which does not hold in general.

1.2. Review of known results. Understanding the interaction between two or more fluids has become a central
issue in modern science. Mixture flow occurs in various contexts: biological systems (blood, respiratory tract
fluid); geophysical phenomena (ice formation, river flooding, landslides, and snow-slides) and industrial appli-
cations (flows in chemical reactors or nuclear reactor channels), to name a few examples. For more interesting
examples, we refer to [26]. The constituents of the mixture (or phases) may have different densities, pressure laws,
temperatures and viscosities.

An interesting problem is the study of the dynamic of the interface separating the components of a mixture.
From a physical point of view, the interface is a narrow layer across which the fluid states (density, temperature)
may experience large variations or discontinuities, giving rise to two categories of interface models. On one hand,
there are diffuse interface models for which the components of the mixture are separated by a thin layer (non-zero
thickness). Within this thin layer, flow states experience large gradients while continuously passing from one pure
zone to another. On the other hand, there are sharp interface models for which the interface is a hypersurface,
with zero thickness. Although these models are derived from physical principles naturally, it is very expensive to
study them numerically. Moreover, changes in the topology of the interface are harder to track.

The mathematical study of the sharp interface model was first addressed by Tani in 1984 [39], where the solu-
tions were constructed in piecewise Hölder spaces. The initial density and velocity areC1+α andC2+α, respectively,
on both sides of a suitable C2+α interface. Taking into account surface tension, Denisova constructed solutions
with Sobolev regularity for both initial data and interface in [12].

In contrast to the aforementioned works based on a change in Lagrangian coordinates, other studies rely on
a transformation to a flattened interface. Piecewise Sobolev-regular solutions of high order (H 4k , k ⩾ 3) were
constructed in [27], where the interface is represented by a graph, considering scenarios with and without sur-
face tension. The Rayleigh-Taylor instability problem has been investigated in [28, 29], with the latter reference
addressing the zero surface tension limit problem. Finally, akin to the previous works, there is a study by Kubo,
Shibata and Soga [32] that relies on the maximal regularity property of the linearized system.

Note that only Tani’s work addresses density-dependent viscosity coefficients, and the result is only local in
time. The other results concern cases where each phase of the flow has constant viscosity coefficients, possibly
different. Existence of global-in-time solutions is established in this latter case under smallness of the piecewise
H 4k , k ⩾ 3 norm, and with almost flat interface. The present paper allows for density-dependent viscosity coeffi-
cients and low regular initial data and interface and establishes global-in-time result.

In the aforementioned papers, the system is solved on either side of the sharp interface, with a transmission
boundary condition. A different approach to tracking the interface is to construct weak solutions for the full model
in a class that allows for the study of its dynamic. The construction of weak solutions in the classical energy frame-
work to (1.1) was first addressed in 2019 by Vasseur, Wen, and Yu (see [40]), in the case where the viscosities coeffi-
cients are constant and common for both phases. The authors considered power-law for the pressure of the phases,
with a closeness constraint on the adiabatic exponents. This result has been improved by Novotný [38], Wen [42]
and Kračmar, Kwon, Nečesová, Novotný [31] by allowing a more general pressure law, and also by Novotný and
Pokorný [37] for multi-component fluid models. It is important to note that although the pressure laws of the
components of the mixture are different, the viscosities of the components are supposed to be the same constant.
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The solutions that they constructed are too weak to track down the discontinuity in the density or to study the
dynamic of the interface between the components of the mixture.

In one-dimensional space, Bresch, Burtea and Lagoutière [5,6] achieved global well-posedness for non-common
constant viscosity, with numerical considerations in [7]. However, for higher dimensions, d ∈ {2,3}, it has been ex-
plained for instance in [3, 4, 9] that, even the algebraic structure of the anisotropic one-phase model completely
eludes the theories developed in the isotropic case with constant viscosity coefficients [14,23,35]. The issue stems
from the complete degeneration of the quantity (namely, the effective flux) that links the velocity’s divergence to
the pressure, as it is now of the same order as the velocity gradient.

In a recent paper (see [44]), we establish the local-in-time well-posedness for the system (1.1) in a functional
framework tailored to our analysis. This serves as a building block for proving the existence and uniqueness of
discontinuous solutions to the two-dimensional (one-phase) Navier–Stokes system for a compressible fluid with
density-dependent viscosity (see [43]). We account for viscosity coefficients arising from homogenization (see,
e.g., [19, 20]), which are not covered by the work of Bresch and Desjardins [8]. Notice that the proof relies strongly
on the fact that the jumps of the pressure and the velocity gradient across the discontinuity curve decay exponen-
tially in time. As discussed in Remark 1.5 above, this exponential-in-time decay does not seem to hold in general
for the two-fluid model. Thus, we impose a low-frequency condition on the initial data to derive sufficient decay
for the solution, so that exponential decay of the jumps is not needed. Moreover, unlike the aforementioned result
(see [43]), which imposes smallness of the shear viscosity fluctuation in Cαpw,∂D0

, Theorem 1.2 only requires the

smallness of the shear viscosity fluctuation in L∞ and, in some cases, only of its jump.
We conclude this section by noting that, for the two dimensional incompressible model, a smallness condition

on the viscosity fluctuation also appears in [17, 18]. Recent work (see [34]) shows that, when the interface has low
regularity (∂D0 ∈ W 2,2+ε, for some ε in a sharp range (0,ε0)), the smallness on the viscosity fluctuation can be re-
placed by a smallness of the initial data. In this work, the key argument depends heavily on the fact that the system
is considered in the two dimensional space. The extension to three dimensional space, or to the propagation of
W 2,p -regularity (with p ∈ (2+ε0,∞)) of interfaces, or to the compressible model appears particularly involved.
Organization of the paper. The rest of the paper is organized as follows. In Section 2 we state all the a priori
estimates needed for the proof of Theorem 1.2. Their proofs are presented in Section 3. Finally, we prove Theorem
1.2 in Section 4.

2. STATEMENT OF A PRIORI ESTIMATES

This section is devoted to deriving all the key a priori estimates needed for the proof of Theorem 1.2. These
estimates consist of piecewise Hölder and energy-type bounds for approximate solutions of system (2.1) below,
from which the global-in-time persistence of the regularity of the discontinuity surface will follow. This final step,
concluding the proof of Theorem 1.2, is the focus of Section 4 below.

More precisely, we consider the following Cauchy problem (we temporarily omit the superscript n):
∂t c +u ·∇c = 0,

∂tρ+div(ρu) = 0,

∂t (ρu)+div(ρu ⊗u)+∇P (ρ,c) = div
(
2µ(ρ,c)Du

)+∇(
λ(ρ,c)divu

)
,

(c,ρ,u)|t=0 = (c0,ρ0,un
0 ),

(2.1)

where
(
un

0

)
n∈N is a sequence of initial velocities satisfying the same assumptions as u0 in Theorem 1.2, along with

the compatibility condition

(2.2) (ρu̇)|t=0 = div
(
2µ(ρ0,c0)Dun

0 + (
λ(ρ0,c0)divun

0 −P (ρ0,c0)+ P̃
)
I3

) ∈ L2(R3).

The construction of the sequence
(
un

0

)
n and the proof of its convergence toward u0 are given in Section 4 below.

Our main objective is to derive estimate for ∥∇u∥L1((0,t ),Cαpw,Σ(R3)), from which we will deduce the global-in-time

existence of the solution, as well as the persistence of interface regularity. This will be the focus of the next two
subsections.

2.1. Piecewise Hölder bounds. This subsection is devoted to deriving piecewise Hölder estimates for the velocity
gradient and the pressure fluctuation. The first step in obtaining these bounds is to derive an expression for the
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velocity gradient. To this end, we begin by rewriting the momentum equations (2.1)3 as follows
(
hereafter, G(ρ,c)

denotes the pressure fluctuation, namely G(ρ,c) = P (ρ,c)− P̃
)
:

(2.3) µ̃∆u +∇(
(µ̃+λ(ρ,c))divu −G(ρ,c)

)= ρu̇ −div
(
2(µ(ρ,c)− µ̃)Du

)
.

Next, we apply the Leray projector, P, to obtain:

µ̃∆Pu =P(ρu̇)−divP
(
2(µ(ρ,c)− µ̃)Du

)
,

and whence

µ̃∇Pu =−∇(−∆)−1P(ρu̇)+∇(−∆)−1 divP
(
2(µ(ρ,c)− µ̃)Du

)
=−∇(−∆)−1P(ρu̇)− (µ(ρ,c)− µ̃)∇Pu + [∇(−∆)−1 divP,µ(ρ,c)− µ̃]

(2Du).

It follows that

(2.4) µ(ρ,c)∇Pu =−∇(−∆)−1P(ρu̇)+ [∇(−∆)−1 divP,µ(ρ,c)− µ̃]
(2Du).

Similarly, applying the divergence operator to (2.3) yields

∆
(
(2µ̃+λ(ρ,c))divu −G(ρ,c)

)= div(ρu̇)−divdiv
(
2(µ(ρ,c)− µ̃)Du

)
,

and hence

(2µ̃+λ(ρ,c))divu −G(ρ,c) =−(−∆)−1 div(ρu̇)+ (−∆)−1 divdiv
(
2(µ(ρ,c)− µ̃)Du

)
=−(−∆)−1 div(ρu̇)−2(µ(ρ,c)− µ̃)divu

+ [
(−∆)−1 divdiv,µ(ρ,c)− µ̃]

(2Du).

It follows that

(2.5)
(
2µ(ρ,c)+λ(ρ,c)

)
divu −G(ρ,c) =−(−∆)−1 div(ρu̇)+ [

(−∆)−1 divdiv,µ(ρ,c)− µ̃]
(2Du).

Combining (2.4) and (2.5), we obtain the following expression for the velocity gradient:

∇u =∇Pu +∇(I−P)u

=∇Pu −∇(−∆)−1∇divu

=− 1

µ(ρ,c)
∇(−∆)−1P(ρu̇)+∇(−∆)−1∇

( 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

)
−∇(−∆)−1∇

(
G(ρ,c)

ν(ρ,c)

)
+ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Du)−∇(−∆)−1∇
( 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
)
.(2.6)

Above, K and Ǩ denote the following even order singular operators:

K =∇(−∆)−1 divP and Ǩ = (−∆)−1 divdiv.

We now assume that the density and the shear viscosity coefficients are bounded from above and below as
follows:

(2.7)


0 < ρ∗ := inf

t ,x
ρ(t , x)⩽ sup

t ,x
ρ(t , x) := ρ∗ <∞;

0 <µ∗ := inf
t ,x
µ(ρ,c))(t , x)⩽ sup

t ,x
µ(ρ,c))(t , x) =:µ∗ <∞.

Also, given that the pressure is strictly increasing with respect to the density, we have the following bounds

0 < a∗(c) := inf
ρ∈[ρ∗,ρ∗]

(
ρ∂ρP (ρ,c)

ν(ρ,c)

)
⩽ sup

ρ∈[ρ∗,ρ∗]

(
ρ∂ρP (ρ,c)

ν(ρ,c)

)
=: a∗(c) <∞,(2.8)

from which we define the ratio:

a = sup
c

a∗(c)

a∗(c)
.(2.9)

Throughout what follows, C will denote a generic constant that is independent of the bounds of the solutions. It
may depend on P̃ , µ̃, λ̃, α, or arise from embedding inequalities etc. In contrast, C∗ will depend on ρ∗, µ∗, µ∗.
Both C and C∗ may vary from line to line.
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Let us denote by ϕ(t ) =ϕ0(X −1(t )) the level-set function defining D(t ):

D(t ) = {
x ∈R3 : ϕ(t , x) > 0

}
, and let Σ(t ) = ∂D(t ).

Under a smallness condition on the shear viscosity jump we establish, in the following lemma, bounds for the
functionals ϑ, and ϑ̌ defined as (we recall the definition of the (ρ,c)-dependent function f in (1.7), which we
supplement with f (ρ̃+,1) = f (ρ̃−,0) = 0):

ϑ̌(t ) = |Σ(t )|Ċ1+α +
∣∣∇ϕ(t )

∣∣
Ċα +

∣∣ f (ρ(t ),c(t ))
∣∣
Ċαpw,Σ(t )(R

3) +
ˆ t

0

∣∣∇u,G(ρ,c)
∣∣
Ċαpw,Σ(R3);

ϑ(t ) =
ˆ t

0

∥∥G(ρ,c), ∇u, ∇Pu,
[
K ,µ(ρ,c)− µ̃]

(Du),
[
Ǩ ,µ(ρ,c)− µ̃]

(Du)
∥∥

L∞(R3).

Our result reads as follows.

Lemma 2.1. Let us introduce the functionals φΣ, φ̌Σ and δ defined by
φΣ(t ) = sup

[0,t ]

(∣∣µ(ρ,c), λ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥µ(ρ,c)− µ̃, λ(ρ,c)− λ̃∥∥
L∞(R3)

)
,

φ̌Σ(t ) = sup
[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +
(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
,

δ(t ) = sup
[0,t ]

∥∥Jµ(ρ,c), ν(ρ,c)K
∥∥

L∞∩Lp (Σ)

(2.10)

where PΣ is a polynomial in |Σ|, ∥Σ∥Lip and |Σ|−1
inf.

We now fix some p ∈ (6/α,∞). There exists a constant C > 0 such that if

4C

µ∗

[
aeα

´ t
0 ∥∇u∥L∞(R3) sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

(
1+ 1

µ∗

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

)
+ sup

[0,t ]

(
a
∣∣Jµ(ρ,c)K

∣∣
Ċα/2(Σ) +

µ∗

µ∗

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

)]
⩽ 1,(2.11)

then the following inequalities hold true:

⋄ Piecewise Hölder estimate:

ϑ̌(t )⩽C∗
(
ϑ̌(0)+

ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

)
exp

[
C∗K0eCϑ(t )

(
ϑ(t )+

ˆ t

0

∥∥ρu̇
∥∥1/2

L6(R3)

∥∥ρu̇
∥∥1/2

L2(R3)

)]
,(2.12)

where K0 depends on ∥Σ0∥Lip,
∣∣∇ϕ0

∣∣−1
inf, |Σ0|inf, and |Σ|.

⋄ Lipschitz estimate:

ϑ(t )⩽C∗
{∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

ˆ t

0
∥u̇∥L2(R3) +

ˆ t

0
φΣ

∥∥G(ρ,c), ∇u, (−∆)−1 div(ρu̇)
∥∥

Lp (R3)

+
(
1+δ(t )eαϑ(t )

)[∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L6/(2−α)(R3) +
(

sup
[0,t ]

∣∣µ(ρ,c)
∣∣
Ċα(R3) +δ(t )ℓ−αΣ

)ˆ t

0
∥∇u∥L6/α(R3)

]
+ ϑ̌(t )sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥
Cα/2(Σ)

(
1+δ(t )eαϑ(t )

)
+
ˆ t

0

(
ℓ
− α

2
Σ

∥∥JG(ρ,c)K
∥∥

L∞∩Lp (Σ) +
∣∣JG(ρ,c)K

∣∣
Ċα/2(Σ)

)
+ϑ(t )δ(t )

(
φ̌Σeαϑ(t ) + (

ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

))}
eC∗
´ t

0 ∥w∥L∞(R3) ,(2.13)

with

sup
[0,t ]

∥∥ f (ρ,c)
∥∥

L∞(R3) +
ˆ t

0
∥w∥L∞(R3) ⩽C a

(∥∥ f (ρ0,c0)
∥∥

L∞(R3) +δ(t )

ˆ t

0
∥∇u∥Cα/2

pw,Σ(R3)

)
+C a

ˆ t

0

(∥∥ρu̇
∥∥

L2(R3) +
∥∥ρu̇

∥∥
L6/(2−α)(R3) +φΣ∥∇u∥Lp (R3)

)
.

The proof of the above Lemma is the purpose of Section 3.1 below. The estimate of the functional ϑ involves
some norms of the jump of the pressure fluctuation G(ρ,c). These norms can be roughly be estimated as follows:

(2.14)
∥∥JG(ρ,c)K

∥∥
Lq (Σ) ⩽ |Σ|1/q

∥∥G(ρ,c)
∥∥

L∞(R3), with q ∈ [1,∞], and
∣∣JG(ρ,c)K

∣∣
Ċα/2(Σ) ⩽ 2

∣∣G(ρ,c)
∣∣
Ċα/2

pw,Σ(R3),
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and we will instead estimate the Cα/2
pw,Σ(R3)-bound as in (3.18)-(3.24) and we will require the pressure fluctuations

to be small. In particular situations such as (1.6) or (1.9), we can derive sharper estimates for the norms of the
pressure jump.

Lemma 2.2. Let q ∈ [1,∞], and 0 < a∗ = minc a∗(c), a∗ = maxc a∗(c). The following estimates hold.

⋄ Assume that (1.6) holds true. Then we have

sup
[0,t ]

∥∥J f (ρ,c)K
∥∥

Lq (Σ) +
ˆ t

0

∥∥JG(ρ,c)K
∥∥

Lq (Σ)

⩽
a∗

a∗
e

1
q

´ t
0 ∥∇u∥L∞(R3)

(∥∥J f (ρ0,c0)K
∥∥

Lq (Σ0) +C sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

Lq (Σ)

ˆ t

0
∥∇u∥L∞(R3)

)
,(2.15)

and

sup
[0,t ]

∣∣J f (ρ,c)K
∣∣
Ċα(Σ) +

ˆ t

0

∣∣JG(ρ,c)K
∣∣
Ċα(Σ)

⩽
a∗

a∗
eα
´ t

0 ∥∇u∥L∞(R3)

[∣∣J f (ϱ0,c0)K
∣∣
Ċα(Σ0) + sup

[0,t ]

∣∣Jµ(ρ,c)K
∣∣
Ċα(Σ)

ˆ t

0
∥∇u∥L∞(R3)

+ sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0

(
ℓ−αΣ ∥∇u∥L∞(R3) +|∇u|Ċαpw,Σ(R3)

)
+C∗ sup

[0,t ]

∣∣ f (ρ,c)
∣∣
Ċαpw,Σ(R3)

ˆ t

0

∥∥J f (ρ,c)K
∥∥

L∞(R3)

]
.(2.16)

⋄ Assume that (1.9) holds true. Then we have,∥∥J f (ρ,c)(t )K
∥∥

Lq (Σ(t )) ⩽ e−a∗t+C∗
´ t

0 ∥∇u∥L∞(R3)
∥∥J f (ρ0,c0)K

∥∥
Lq (Σ0),(2.17)

and∣∣J f (ρ,c)(t )K
∣∣
Ċα(Σ(t )) ⩽C∗e−a∗t+C∗

´ t
0 ∥∇u∥L∞(R3)e

α
´ t

0 ∥∇u∥
L∞(R3)

[∣∣J f (ϱ0,c0)K
∣∣
Ċα(Σ0)

+∥∥J f (ρ0,c0)K
∥∥

L∞(Σ0)

ˆ t

0

((
ℓ−αΣ + ∣∣ f (ρ,c)

∣∣
Ċα(Σ)

)∥∇u∥L∞(R3) +
∣∣ f (ρ,c), ∇u

∣∣
Ċαpw,Σ(R3)

)]
.(2.18)

⋄ In addition to (1.9), assume that (1.10) holds true. Then∥∥J∇u(t )K
∥∥

Lq (Σ(t )) ⩽C∗e−a∗t+C∗
´ t

0 ∥∇u∥L∞(R3)
∥∥J f (ρ0,c0)K

∥∥
Lq (Σ0)

(
1+∥∇u(t )∥L∞(R3)

)
.(2.19)

The proof of the above lemma is the purpose of Section 3.2 below. From these bounds, we immediately deduce
that the jump of f (ρ,c), viscosities, pressure, and velocity gradient decay exponentially in time, once the func-
tionals ϑ and ϑ̌ are uniformly bounded in time. The estimate obtained for these functionals in Lemma 2.1 above,
involves the Lp (R3) norm of ∇u, G(ρ,c), with p ∈ (6/α,∞); and the L2(R3)∩ L3/(1−α)(R3) norm of the material
acceleration u̇. In the following section, we derive these bounds from time-weighted energy estimates.

2.2. Time-weighted energy estimates. This section is devoted to deriving L1((0, t ),Lq (R3))-bounds for the veloc-
ity gradient, pressure fluctuation, and for the material acceleration as these appear in the estimates of the func-
tionals ϑ and ϑ̌ in Lemma 2.1. These L1((0, t ),Lq (R3)-bounds will follow from the fact that the following energy
functionals are uniformly bounded in time:

A1(t ) =
ˆ t

0
〈·〉1+r0

∥∥pρu̇
∥∥2

L2(R3) +
1

2
sup
[0,t ]

〈·〉1+r0

ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)|divu|2),

A2(t ) = 1

2
sup
[0,t ]

σ〈·〉 3
2 (1+r0)

∥∥pρu̇
∥∥2

L2(R3) +
ˆ t

0
σ〈·〉 3

2 (1+r0)
ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)|div u̇|2),

A3(t ) =
ˆ t

0
σ1+α̌〈·〉 3

2 (1+r0)
∥∥pρü

∥∥2
L2(R3) +

1

2
sup
[0,t ]

σ1+α̌〈·〉 3
2 (1+r0)

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)|div u̇|2).

(2.20)

Above 0 < r0 < 3
p0

− 5
2 (we recall that 1 < p0 < 6/5, see (1.14)); α̌ ∈ (0,1] is introduced in (1.19); and the time weights

〈·〉 and σ are defined by:

σ(t ) = min{1, t }, and 〈t〉 =
√

1+ t 2.
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From now on, the constants C and C∗may also depend on r0, and α̌. C0 will stand for a constant depending
on

∥∥ρ0u0, G(ρ0,c0)
∥∥2

Lp0 (R3) and on the initial energies E0 and Ě0 (see their definitions in ) as positive powers.

We denote by Č0 a constant that depends on the same quantities as C0, and additionally on ∥∇u0∥2
L2(R3)

and

∥(ρu̇)|t=0∥2
Ḣ−α̌(R3)

.

We obtain the following bounds.

Lemma 2.3. There exist constants C =C (α) > 0 and c∗ = c∗(ρ∗,ρ∗) such that if

C

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ) ⩽ 1, and E0 ⩽ c∗,(2.21)

then the following estimates holds true:

A1(t )⩽C∗
(
C0

(
1+ φ̌

6
α

ΣE0
)+∥∇u0∥2

L2(R3) +E
1
4
0

(
A1(t )

5
4 +C

5
4

0

))
,(2.22)

A2(t )⩽C∗C0

(
1+A1(t )2

)
+C∗A1(t )

(
1+A1(t )2 + φ̌

6
α

ΣC0

)
,(2.23)

A3(t )⩽C∗
(
Č0 +L

(
C0φ

2
α

Σ , A1(t )
))

eC∗C0

(
1+φ̌

6
α
Σ +A1(t )

)
,(2.24)

where L is a polynomial.

The proof of the above lemma is the purpose of Section 3.4. Prior to that, we derive in Section 3.3 some basic a
priori estimates for the solutions to the system (2.1). From these estimates, we immediately deduce:

Lemma 2.4. Let p ∈ [6,∞). There exists a constant ǩ = ǩ(p,ρ∗,ρ∗) > 0, such that if

C
ǩ

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ) ⩽
1

2
,

then we have ˆ t

0

(∥∥∇u, G(ρ,c)
∥∥

Lp (R3) +∥u̇∥L6/(2−α)(R3)

)
⩽C∗C0

(
1+ φ̌

3
α

(
1− 2

p

)
Σ

)
+C∗

(
A1(t )

1
2 +A2(t )

1
2
)
;

and ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3) ⩽C∗Ľ
(
Č0,C0φ̌

2
α

Σ , φ̌
6
α

ΣA1(t ), A1(t ), A3(t )
)
,

where Ľ is a polynomial.

The proof of Lemma 2.4 is the purpose of Section 3.5 below. This concludes the present section.
All the a priori estimates derived in this section will be closed with the help of a bootstrap argument in Section

4. We also prove the compactness of the approximate solutions, thereby obtaining Theorem 1.2.

3. PROOFS OF THE A PRIORI ESTIMATES

3.1. Proof of Lemma 2.1. We begin the proof of Lemma 2.1 by rewriting the expression of the velocity gradient
(see (2.6)):

∇u =− 1

µ(ρ,c)
∇(−∆)−1P(ρu̇)+∇(−∆)−1∇

( 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

)
−∇(−∆)−1∇

(
G(ρ,c)

ν(ρ,c)

)
+ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Du)−∇(−∆)−1∇
( 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
)
.(3.1)

Proof of (2.12). We estimate each term appearing on the RHS of the expression above as follows:
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⋄ First term: The first term in (3.1) is estimated as follows:

∣∣∣∣ 1

µ(ρ,c)
∇(−∆)−1P(ρu̇)

∣∣∣∣
Ċαpw,Σ(R3)

⩽
1

µ2∗

∣∣µ(ρ,c)
∣∣
Ċαpw,Σ(R3)

∥∥∇(−∆)−1P(ρu̇)
∥∥

L∞(R3) +
1

µ∗

∥∥∇(−∆)−1P(ρu̇)
∥∥
Ċα(R3)

⩽
C

µ2∗

∣∣µ(ρ,c)
∣∣
Ċαpw,Σ(R3)

∥∥∇∇(−∆)−1P(ρu̇)
∥∥1/2

L6(R3)

∥∥∇(−∆)−1P(ρu̇)
∥∥1/2

L6(R3) +
C

µ∗

∥∥ρu̇
∥∥

L3/(1−α)(R3).

⩽
C

µ2∗

∣∣µ(ρ,c)
∣∣
Ċαpw,Σ(R3)

∥∥ρu̇
∥∥1/2

L6(R3)

∥∥ρu̇
∥∥1/2

L2(R3) +
C

µ∗

∥∥ρu̇
∥∥

L3/(1−α)(R3).

We used the Gagliardo-Nirenberg’s inequality ∥g∥L∞(R3) ⩽ ∥∇g∥1/2
L6(R3)

∥g∥1/2
L6(R3)

, the embedding

Ẇ 1,3/(1−α)(R3) ,→ Ċα(R3) and the continuity of Riesz transforms on Lp (R3), with p ∈ (1,∞).
⋄ Second and third terms: The second term in (3.1) is a second-order Riesz transform of a discontinuous

function. Thus, we apply (A.45) to obtain:

∣∣∣∣∇(−∆)−1∇
( 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

)∣∣∣∣
Ċαpw,Σ(R3)

⩽C

∣∣∣∣ 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

∣∣∣∣
Ċαpw,Σ(R3)

+CPΣ

∥∥∥∥ 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

∥∥∥∥
L∞(R3)

|Σ|Ċ1+α

⩽
C

µ∗

∥∥ρu̇
∥∥

L3/(1−α)(R3) +
C

µ∗

∥∥ρu̇
∥∥1/2

L6(R3)

∥∥ρu̇
∥∥1/2

L2(R3)

(
1

µ∗

∣∣ν(ρ,c)
∣∣
Ċαpw,Σ(R3) +PΣ|Σ|Ċ1+α

)
.

We derive a similar estimate for the third term

∣∣∣∣∇(−∆)−1∇
(

G(ρ,c)

ν(ρ,c)

)∣∣∣∣
Ċαpw,Σ(R3)

⩽
C

µ∗

∣∣G(ρ,c)
∣∣
Ċαpw,Σ(R3)

+ C

µ∗

∥∥G(ρ,c)
∥∥

L∞(R3)

(
1

µ∗

∣∣ν(ρ,c)
∣∣
Ċαpw,Σ(R3) +PΣ|Σ|Ċ1+α

)
.

⋄ Remaining terms: Using (A.10), the next-to-last term in (3.1) is estimated as follows:

∣∣∣∣ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Du)

∣∣∣∣
Ċα

pw,Σ(R3)

⩽
1

µ2∗

∣∣µ(ρ,c)
∣∣
Ċα

pw,Σ(R3)

∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥

L∞(R3) +
1

µ∗

∣∣[K ,µ(ρ,c)− µ̃]
Du

∣∣
Ċα

pw,Σ(R3)

⩽
1

µ2∗

∣∣µ(ρ,c)
∣∣
Ċα

pw,Σ(R3)

∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥

L∞(R3)

+ C

µ∗

(∣∣µ(ρ,c)
∣∣
Ċα

pw,Σ(R3) +
(
ℓ−αΣ +PΣ|Σ|Ċ1+α

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇Pu,Du∥L∞(R3)

+ C

µ∗

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|Du|Ċα/2

pw,Σ(R3) +
C

µ∗

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)|∇u|Ċα
pw,Σ(R3).(3.2)

The same estimate also holds for | 1
µ(ρ,c) [∇(−∆)−1∇,µ(ρ,c)− µ̃](2Du)|Ċαpw,Σ(R3).
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Similarly, we apply (A.45)-(A.10) to obtain:∣∣∣∣∇(−∆)−1∇
( 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
)∣∣∣∣
Ċαpw,Σ(R3)

⩽
∣∣∣∣ 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

Du

∣∣∣∣
Ċαpw,Σ(R3)

+ C

µ∗

∥∥[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥

L∞(R3)PΣ|Σ|Ċ1+α

⩽
C

µ∗

( 1

µ∗

∣∣ν(ρ,c)
∣∣
Ċαpw,Σ(R3) +PΣ|Σ|Ċ1+α

)∥∥[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥

L∞(R3)

+ C

µ∗

(∣∣µ(ρ,c)
∣∣
Ċαpw,Σ(R3) +

(
ℓ−αΣ +PΣ|Σ|Ċ1+α

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L∞(R3)

+ C

µ∗

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|Du|Ċα/2

pw,Σ(R3) +
C

µ∗

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)|∇u|Ċαpw,Σ(R3).

Combining all these estimates, we arrive at:ˆ t

0
|∇u|Ċα

pw,Σ(R3) ⩽
C

µ∗

ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3) +
C

µ∗

ˆ t

0
ψ(s)

( 1

µ∗

∣∣µ(ρ,c)(s),ν(ρ,c)(s)
∣∣
Ċα

pw,Σ(s)(R3) +PΣ(s)
∣∣Σ(s)

∣∣
Ċ1+α

)
+ C

µ∗

ˆ t

0

(∣∣µ(ρ,c)
∣∣
Ċα

pw,Σ(R3) +
(
ℓ−αΣ +PΣ|Σ|Ċ1+α

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇Pu,∇u∥L∞(R3)

+ C

µ∗

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|Du|Ċα/2

pw,Σ(R3)

+ C

µ∗

ˆ t

0

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)|∇u|Ċα
pw,Σ(R3) +

C

µ∗

ˆ t

0

∣∣G(ρ,c)
∣∣
Ċα

pw,Σ(R3),(3.3)

where
ψ= ∥∥ρu̇

∥∥1/2
L6(R3)

∥∥ρu̇
∥∥1/2

L2(R3) +
∥∥G(ρ,c),

[
K ,µ(ρ,c)− µ̃]

Du,
[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥

L∞(R3).

To estimate the last term above, we first observe that the (ρ,c)-dependent function f = f (ρ,c) satisfies

∂t f (ρ,c)+u ·∇ f (ρ,c)+G(ρ,c) =−F.

We write the above equation along the velocity flow map X of the velocity and we obtain

(3.4) ∂t f
(
ϱ(t , y),c0(y)

)+G
(
ϱ(t , y),c0(y)

)=−F
(
t ,X (t , y)

)
,

whereϱ(t , y) = ρ(t ,X (t , y). Let y1 and y2 be two points located on the same side ofΣ. Evaluating (3.4) at y ∈ {y1, y2}
and taking the difference, we obtain:

∂t f
(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1
+ g (t , y1, y2) f

(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1
=−F

(
t ,X (t , y j )

)∣∣∣ j=2

j=1
,

where (notice that c0(y1) = c0(y2))

g (t , y1, y2) =
G

(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1

f
(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1

.

It follows that

f
(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1
= e−

´ t
0 g (τ,y1,y2)dτ f

(
ρ0(y j ),c0(y1)

)∣∣∣ j=2

j=1

−
ˆ t

0
e
´ t
τ

g (τ′,y1,y2)dτ′F
(
τ,X (τ, y j )

)∣∣∣ j=2

j=1
dτ,(3.5)

and

G
(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1
= g (t , y1, y2)e−

´ t
0 g (τ,y1,y2)dτ f

(
ρ0(y j ),c0(y1)

)∣∣∣ j=2

j=1

− g (t , y1, y2)

ˆ t

0
e−
´ t
τ

g (τ′,y1,y2)dτ′F
(
τ,X (τ, y j )

)∣∣∣ j=2

j=1
dτ.

Under the assumption (2.8), we have (recall that c0(y1) = c0(y2))

g (t , y1, y2) ∈ [
a∗(c0(y1)), a∗(c0(y1))

]
,
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and hence∣∣∣∣G(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1

∣∣∣∣⩽ a∗(c0(y1))e−t a∗(c0(y1))
∣∣ f (ρ0,c0)

∣∣
Ċαpw,Σ0

(R3)

∣∣y2 − y1
∣∣α

+a∗(c0(y1))

ˆ t

0
e−(t−τ)a∗(c0(y1))|F (τ)|Ċαpw,Σ(τ)(R

3)

∣∣X (τ, y2)−X (τ, y1)
∣∣αdτ.(3.6)

Recalling that the velocity flow map satisfies

X (t , y j ) = y j +
ˆ t

0
u

(
s,X (s, y j )

)
d s,

we deduce that for all 0⩽ t ′ ⩽ t

∣∣X (t ′, y2)−X (t ′, y1)
∣∣⩽ ∣∣X (t , y2)−X (t , y1)

∣∣+ˆ t

t ′
∥∇u(s)∥L∞(R3)

∣∣X (s, y2)−X (s, y1)
∣∣d s,

and Grönwall’s Lemma yields

∣∣X (t ′, y2)−X (t ′, y1)
∣∣⩽ e

´ t
t ′∥∇u(s)∥L∞(R3)d s

∣∣X (t , y2)−X (t , y1)
∣∣.

Returning to (3.6), we find that∣∣∣∣G(
ϱ(t , y j ),c0(y1)

)∣∣∣ j=2

j=1

∣∣∣∣
⩽ a∗(c0(y1))e−t a∗(c0(y1))+α´ t

0 ∥∇u(s)∥L∞(R3)d s
∣∣ f (ρ0,c0)

∣∣
Ċαpw,Σ0

(R3)

∣∣X (t , y2)−X (t , y1)
∣∣α

+a∗(c0(y1))
∣∣X (t , y2)−X (t , y1)

∣∣αˆ t

0
e−(t−τ)a∗(c0(y1))+α´ t

τ
∥∇u(s)∥L∞(R3)d s |F (τ)|Ċαpw,Σ(τ)(R

3)dτ,

and hence ∣∣G(ρ(t ),c(t ))
∣∣
Ċα(D(t )) ⩽ κ∗(0)e−a∗(0)t+α´ t

0 ∥∇u(s)∥L∞(R3)d s
∣∣ f (ρ0,c0)

∣∣
Ċαpw,Σ0

(R3)

+a∗(0)

ˆ t

0
e−(t−τ)a∗(0)+α´ t

τ
∥∇u(s)∥L∞(R3)d s |F (τ)|Ċαpw,Σ(τ)(R

3)dτ,

and ∣∣G(ρ(t ),c(t ))
∣∣
Ċα(R3\D(t )) ⩽ a∗(1)e−a∗(1)t+α´ t

0 ∥∇u(s)∥L∞(R3)d s
∣∣ f (ρ0,c0)

∣∣
Ċαpw,Σ0

(R3)

+a∗(1)

ˆ t

0
e−(t−τ)a∗(1)+α´ t

τ
∥∇u(s)∥L∞(R3)d s |F (τ)|Ċαpw,Σ(τ)(R

3)dτ.

Then, we deduce (recalling (3.5))

∣∣ f (ρ(t ),c(t ))
∣∣
Ċαpw,Σ(t )(R

3) +
ˆ t

0

∣∣G(ρ,c)
∣∣
Ċαpw,Σ(R3)

⩽ aeα
´ t

0 ∥∇u∥L∞(R3)

(∣∣ f (ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +
ˆ t

0
|F (τ)|Ċαpw,Σ(R3)

)
.(3.7)

To obtain an estimate for the piecewise Hölder semi-norm of

(3.8) F =−(−∆)−1 div(ρu̇)+ [
Ǩ ,µ(ρ,c)− µ̃]

(2Du),
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we use the embedding Ẇ 1,3/(1−α)(R3) ,→ Ċα(R3), and we follow the computations leading to (3.2) and we arrive at∣∣ f (ρ(t ),c(t ))
∣∣
Ċα

pw,Σ(t )(R3) +
ˆ t

0

∣∣G(ρ,c)
∣∣
Ċα

pw,Σ(R3)

⩽ aeα
´ t

0 ∥∇u∥L∞(R3)

(∣∣ f (ρ0,c0)
∣∣
Ċα

pw,Σ0
(R3) +C

ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

)
+C aeα

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣µ(ρ,c)
∣∣
Ċα

pw,Σ(R3) +
(
ℓ−αΣ +PΣ|Σ|Ċ1+α

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L∞(R3)

+C aeα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|∇u|Ċα/2

pw,Σ(R3)

+C aeα
´ t

0 ∥∇u∥L∞(R3) sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0
|∇u|Ċα

pw,Σ(R3).(3.9)

Now, we combine the above estimate with (3.3), and we use the smallness condition on the shear viscosity jump
(2.11) to derive (recall that |µ(ρ,c),ν(ρ,c)|

Ċ
β

pw,Σ(R3)
⩽C∗| f (ρ,c)|

Ċ
β

pw,Σ(R3)
):

∣∣ f (ρ(t ),c(t ))
∣∣
Ċαpw,Σ(t )(R

3) +
ˆ t

0

∣∣∇u,G(ρ,c)
∣∣
Ċαpw,Σ(R3)

⩽C∗eα
´ t

0 ∥∇u∥L∞(R3)

(∣∣ f (ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +
ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

)
+C∗eα

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċαpw,Σ(R3) +ℓ−αΣ +PΣ|Σ|Ċ1+α

)(
ψ+∥∇Pu, ∇u∥L∞(R3)

)
+C∗eα

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|∇u|Ċα/2

pw,Σ(R3).

With the help of Young’s and interpolation inequalities, we estimate the last term above as follows (η> 0):

C∗eα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
|∇u|Ċα/2

pw,Σ(R3)

⩽C∗eα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥

1
2

L∞(R3)
|∇u|

1
2

Ċαpw,Σ(R3)

⩽ η

ˆ t

0
|∇u|Ċαpw,Σ(R3) +

C∗
η

e2α
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣2
Ċα/2

pw,Σ(R3) +ℓ−αΣ
∥∥Jµ(ρ,c)K

∥∥2
L∞(Σ)

)
∥∇u∥L∞(R3)

⩽ η

ˆ t

0
|∇u|Ċαpw,Σ(R3) +

C∗
η

e2α
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċαpw,Σ(R3) +ℓ−αΣ

)
∥∇u∥L∞(R3).

Choosing η small, we finally obtain:∣∣ f (ρ(t ),c(t ))
∣∣
Ċα

pw,Σ(t )(R3) +
ˆ t

0

∣∣∇u,P (ρ,c)
∣∣
Ċα

pw,Σ(R3)

⩽C∗e2α
´ t

0 ∥∇u∥L∞(R3)

[∣∣ f (ρ0,c0)
∣∣
Ċα

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

+
ˆ t

0

(∣∣ f (ρ,c)
∣∣
Ċα

pw,Σ(R3) +ℓ−αΣ +PΣ|Σ|Ċ1+α
)(
ψ+∥∇Pu,∇u∥L∞(R3)

)]
.(3.10)

We now proceed to estimate |Σ(t )|Ċ1+α , ℓ−α
Σ(t ) and PΣ(t ) as they appear in the above bound.

First, let
(
τ0, j ,B j

)
, j = 1, . . . , J , denote the charts introduced in Definition 1.1 corresponding to the initial inter-

face Σ0. Since Σ(t ) is a free surface, it is covered by the family of charts
(
τ j (t ),B j

)
, where

τ j (t , s) = τ0, j (s)+
ˆ t

0
u

(
t ′,τ j (t ′, s)

)
d t ′.

From this, it follows that∥∥∇τ j (t )
∥∥

L∞ ⩽
∥∥∇τ0, j

∥∥
L∞e

´ t
0 ∥∇u∥L∞(R3) , |Σ(t )|inf ⩾ |Σ0|infe

−´ t
0 ∥∇u∥L∞(R3)
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and ∣∣∇τ j (t )
∣∣
Ċα

⩽
∣∣∇τ0, j

∣∣
Ċα

+eα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(
∥∇u∥Ċαpw,Σ(R3) +∥∇u∥L∞(R3)

∣∣∇τ j
∣∣
Ċα

)
.

We conclude that

PΣ(t ) ⩽PΣ0 eC
´ t

0 ∥∇u∥L∞(R3)

and

|Σ(t )|Ċ1+α ⩽ |Σ0|Ċ1+α +eα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(
∥∇u∥Ċαpw,Σ(R3) +∥∇u∥L∞(R3)|Σ|Ċ1+α

)
.

On the other hand, we have

D(t ) = {
x ∈R3 : ϕ(t , x) > 0

}
, where ϕ(t ) =ϕ0 ◦X −1(t ).

It is not difficult to prove ∣∣∇ϕ(t )
∣∣
inf ⩾

∣∣∇ϕ0
∣∣
infe

−´ t
0 ∥∇u∥L∞(R3) ,

and ∣∣∇ϕ(t )
∣∣
Ċα ⩽

∣∣∇ϕ0
∣∣
Ċα +eα

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0

(
∥∇u∥Ċαpw,Σ(R3) +∥∇u∥L∞(R3)

∣∣∇ϕ∣∣
Ċα

)
.

Finally, we come back to (3.10) and we obtain

ϑ̌(t )⩽C∗eC
´ t

0 ∥∇u∥L∞(R3)

(
|Σ0|Ċ1+α +

∣∣∇ϕ0
∣∣
Ċα +

∣∣ f (ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +
ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

)
+C∗eC

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0
ψ̌

(∣∣ f (ρ,c)
∣∣
Ċαpw,Σ(R3) +

∣∣∇ϕ∣∣
Ċα +|Σ|Ċ1+α

)
,(3.11)

where

ψ̌= K0

(
ψ+∥∇Pu,∇u∥L∞(R3)

)
, and K0 = 1+ ∣∣∇ϕ0

∣∣−1
inf +PΣ0 .

Grönwall’s Lemma yields

ϑ̌(t )⩽C∗
(
|Σ0|Ċ1+α +

∣∣∇ϕ0
∣∣
Ċα +

∣∣ f (ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +
ˆ t

0

∥∥ρu̇
∥∥

L3/(1−α)(R3)

)
×exp

(
C

ˆ t

0
∥∇u∥L∞(R3) +C∗eC

´ t
0 ∥∇u∥L∞(R3)

ˆ t

0
ψ̌(s)d s

)
.

Estimate (2.12) finally follows from the fact thatˆ t

0
ψ(s)d s ⩽C∗ϑ(t )+C∗

ˆ t

0

∥∥ρu̇
∥∥1/2

L6(R3)

∥∥ρu̇
∥∥1/2

L2(R3).(3.12)

This concludes the first part of the proof of Lemma 2.1. □

Proof of (2.13). In this second part of the proof of Lemma 2.1, we aim to obtain a Lipschitz estimate for the ve-
locity field. To this end, we proceed by estimating each term appearing in (3.1). For clarity, our estimates will be
expressed in terms of the functional φΣ and φ̌Σ defined in (2.10) above.

⋄ First, second and fourth terms: Similarly to (3.12), we apply the Gagliardo–Nirenberg’s, Sobolev’s and
Young’s inequalities to obtain:ˆ t

0

∥∥∥∥ 1

µ(ρ,c)
∇(−∆)−1P(ρu̇)

∥∥∥∥
L∞(R3)

⩽C∗
ˆ t

0

(∥∥pρu̇
∥∥

L2(R3) +
∥∥ρu̇

∥∥
L6/(2−α)(R3)

)
.(3.13)

Next, we express the second term in (3.1) as follows:

∇(−∆)−1∇
( 1

ν(ρ,c)
(−∆)−1 div(ρu̇)

)
=

[
∇(−∆)−1∇,

1

ν(ρ,c)

]
(−∆)−1 div(ρu̇)

+ 1

ν(ρ,c)
∇(−∆)−1∇(−∆)−1 div(ρu̇).
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Estimate (3.13) also applies to the last term above. For the remaining term, we use the commutator esti-
mate (A.9) with α′ =α/2, p = r ∈ (6/α,∞), and we obtain:

ˆ t

0

∥∥∥∥[
∇(−∆)−1∇,

1

ν(ρ,c)

]
(−∆)−1 div(ρu̇)

∥∥∥∥
L∞(R3)

⩽
C

µ2∗

ˆ t

0

(∣∣ν(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +ℓ−α/2
Σ

∥∥ν(ρ,c)− ν̃∥∥
L∞(R3)

)∥∥(−∆)−1 div(ρu̇)
∥∥

Lp (R3)

+ C

µ2∗

ˆ t

0

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

∥∥(−∆)−1 div(ρu̇)
∥∥
Cα/2(R3)

⩽C∗
ˆ t

0
φΣ

∥∥(−∆)−1 div(ρu̇)
∥∥

Lp (R3) +C∗
ˆ t

0

(∥∥pρu̇
∥∥

L2(R3) +
∥∥ρu̇

∥∥
L6/(2−α)(R3)

)
.(3.14)

We also apply (A.9) to estimate the second-to-last term in (3.1) as follows:

ˆ t

0

∥∥∥∥ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Du)

∥∥∥∥
L∞(R3)

⩽C∗
ˆ t

0
φΣ∥∇u∥Lp (R3)

+ C

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0
∥∇u∥Cα/2

pw,Σ(R3).(3.15)

⋄ Remaining terms: We express the third and last terms in (3.1) as follows:

−∇(−∆)−1∇
(

1

ν(ρ,c)

(
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

))
=−

[
∇(−∆)−1∇,

1

ν(ρ,c)

](
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

)
− 1

ν(ρ,c)
∇(−∆)−1∇

(
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

)
.(3.16)

Similarly as in the preceding step, we apply (A.9) and we obtain

ˆ t

0

∥∥∥∥[
∇(−∆)−1∇,

1

ν(ρ,c)

](
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

)∥∥∥∥
L∞(R3)

⩽
C

µ∗

ˆ t

0
φΣ

(∥∥G(ρ,c)
∥∥

Lp (R3) +
∥∥µ(ρ,c)− µ̃∥∥

L∞(R3)∥∇u∥Lp (R3)

)
+ C

µ2∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0

∥∥G(ρ,c)+ [
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
∥∥
Cα/2

pw,Σ(R3)

⩽
C

µ∗

ˆ t

0
φΣ

(∥∥G(ρ,c)
∥∥

Lp (R3) +
∥∥µ(ρ,c)− µ̃∥∥

L∞(R3)∥∇u∥Lp (R3)

)
+ Cµ∗

µ2∗
ϑ(t )sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

+ C

µ2∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0

∣∣G(ρ,c)+ [
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
∣∣
Ċα/2

pw,Σ(R3).

Applying (A.46) with β=α/2, we obtain:

ˆ t

0

∣∣[Ǩ ,µ(ρ,c)− µ̃]
(2Du)

∣∣
Ċα/2

pw,Σ(R3) ⩽C
(∣∣µ(ρ,c)

∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L6/α(R3)

+C

ˆ t

0

(∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L∞(R3)

+C

ˆ t

0

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)|∇u|Ċα/2
pw,Σ(R3),(3.17)
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and following the computations leading to (3.7), we arrive at:

∣∣ f (ρ(t ),c(t ))
∣∣
Ċα/2

pw,Σ(t )(R
3) +
ˆ t

0

∣∣G(ρ,c)
∣∣
Ċα/2

pw,Σ(R3)

⩽ aeα
´ t

0 ∥∇u∥L∞(R3)

(∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0
|F (τ)|Ċα/2

pw,Σ(R3)

)
⩽C aeα

´ t
0 ∥∇u∥L∞(R3)

(∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

(∥∥ρu̇
∥∥

L6/(2−α)(R3) +
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)|∇u|Ċα/2

pw,Σ(R3)

))
+C aeα

´ t
0 ∥∇u∥L∞(R3) sup

[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L6/α(R3)

+C aeα
´ t

0 ∥∇u∥L∞(R3)

ˆ t

0

(∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L∞(R3).(3.18)

Gathering all the above estimates, we deduce the following bound for the first term in the expression (3.16):
ˆ t

0

∥∥∥∥[
∇(−∆)−1∇,

1

ν(ρ,c)

](
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

)∥∥∥∥
L∞(R3)

⩽
Cµ∗

µ2∗
ϑ(t )sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ) +
C

µ∗

ˆ t

0
φΣ

(∥∥G(ρ,c)
∥∥

Lp (R3) +
∥∥µ(ρ,c)− µ̃∥∥

L∞(R3)∥∇u∥Lp (R3)

)
+ C a

µ2∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)e
α
´ t

0 ∥∇u∥L∞(R3)

{∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L6/(2−α)(R3)

+ sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0
|∇u|Ċα/2

pw,Σ(R3) + sup
[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L6/α(R3)

+ sup
[0,t ]

(∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L∞(R3)

}
.(3.19)

For the remaining term of (3.16), we shall write

w :=G(ρ,c)+ [
Ǩ ,µ(ρ,c)− µ̃]

(2Du) = we + (w −we ),

where we denotes a Cα-extension of w that verifies (A.26)-(A.27)-(A.28)-(A.29). With the help of (A.44), we
estimateˆ t

0

∥∥∥∥ 1

ν(ρ,c)
∇(−∆)−1∇(

w −we)∥∥∥∥
L∞(R3)

⩽
C

µ∗

ˆ t

0

(
ℓ
− 3

p

Σ

∥∥w −we
∥∥

Lp (R3) +
∥∥w −we

∥∥
Cα/2

pw,Σ(R3)

)
⩽

C

µ∗

ˆ t

0

(
ℓ
− α

2
Σ

∥∥JwK
∥∥

L∞∩Lp (Σ) +
∣∣JwK

∣∣
Ċα/2(Σ)

)
.(3.20)

Then, we use the logarithmic interpolation inequality

∥∥∇(−∆)−1∇w e
∥∥

L∞(R3) ⩽C
∥∥we

∥∥
L∞(R3)

(
1+ log+

( |we |Ċα/2(R3)

∥we∥L∞(R3)

))
(3.21)

and we obtain (with the help of (A.26)-(A.29))∥∥∥∥ 1

ν(ρ,c)
∇(−∆)−1∇w e

∥∥∥∥
L∞(R3)

⩽
C

µ∗
∥w∥L∞(R3)

(
1+ log+

( |w |Ċα/2
pw,Σ(R3) +ℓ−α/2

Σ

∥∥JwK
∥∥

L∞(Σ)

∥w∥L∞(R3)

))
.

Following the computations that lead to (3.7), we arrive at (here a∗ = minc a∗(c))∣∣G(ρ,c)(t )
∣∣
Ċα/2

pw,Σ(t )(R
3)

⩽C∗eα
´ t

0 ∥∇u∥L∞(R3)

(
e−a∗t

∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0
e−a∗(t−s)|F (s)|Ċα/2

pw,Σ(s)(R
3)d s

)
,
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and (3.17) implies

|w(t )|Ċα/2
pw,Σ(t )(R

3) ⩽C∗eα
´ t

0 ∥∇u∥L∞(R3)

{
e−a∗t

∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0
e−a∗(t−s)

∥∥ρu̇
∥∥

L6/(2−α)(R3)

+ ∣∣[Ǩ ,µ(ρ,c)− µ̃]
(2Du)(t )

∣∣
Ċα/2

pw,Σ(t )(R
3) +
ˆ t

0
e−a∗(t−s)

∣∣[Ǩ ,µ(ρ,c)− µ̃]
(2Du)(s)

∣∣
Ċα/2

pw,Σ(s)(R
3)d s

}
.

It follows thatˆ t

0

∥∥∥∥ 1

ν(ρ,c)
∇(−∆)−1∇w e

∥∥∥∥
L∞(R3)

⩽C∗
ˆ t

0
∥w(s)∥L∞(R3)

{
1+
ˆ s

0
∥∇u∥L∞(R3)

+ log+
[

C∗
∥w(s)∥L∞(R3)

(
e−a∗s

∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +ℓ−α/2

Σ(s)

∥∥Jw(s)K
∥∥

L∞(Σ(s)) +
ˆ s

0
e−a∗(s−s′)∥∥u̇(s′)

∥∥
L6/(2−α)(R3)d s′

+ ∣∣[Ǩ ,µ(ρ,c)− µ̃]
(2Du)(s)

∣∣
Ċα/2

pw,Σ(s)(R
3) +
ˆ s

0
e−a∗(s−s′)∣∣[Ǩ ,µ(ρ,c)− µ̃]

(2Du)
∣∣
Ċα/2

pw,Σ(R3)(s′)d s′
)]}

.

Next, using the elementary bound log+(x)⩽ 2
e

p
x, Hölder’s inequality and (3.17) we infer thatˆ t

0

∥∥∥∥ 1

ν(ρ,c)
∇(−∆)−1∇w e

∥∥∥∥
L∞(R3)

⩽C∗
∣∣ f (ρ0,c0)

∣∣
Ċα/2

pw,Σ0
(R3) +C∗

ˆ t

0

(∥∥ρu̇
∥∥

L6/(2−α)(R3) +∥w∥L∞(R3)
(
1+∥∇u∥L1((0,s),L∞(R3))

))
d s

+C∗
(ˆ t

0
∥w∥L∞(R3)

)1/2(ˆ t

0

(
ℓ−α/2
Σ

∥∥JwK
∥∥

L∞(Σ) +
∣∣[Ǩ ,µ(ρ,c)− µ̃]

(2Du)
∣∣
Ċα/2

pw,Σ(R3)

))1/2

⩽C∗
∣∣ f (ρ0,c0)

∣∣
Ċα/2

pw,Σ0
(R3) +C∗

ˆ t

0

(∥∥ρu̇
∥∥

L6/(2−α)(R3) +∥w∥L∞(R3)
(
1+∥∇u∥L1((0,s),L∞(R3))

))
d s

+C∗
(ˆ t

0
∥w∥L∞(R3)

)1/2{ˆ t

0

(
ℓ−α/2
Σ

∥∥JwK
∥∥

L∞(Σ) +
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)|∇u|Ċα/2

pw,Σ(R3)

)
+ϑ(t )sup

[0,t ]

(∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
+ sup

[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L6/α(R3)

}1/2

.(3.22)

We will now estimate the L∞-bound of w and JwK appearing in the above estimate and (3.20). To
achieve this, we go back to (3.4) and we write

(3.23) f
(
ϱ(t , y),c0(y)

)= e−
´ t

0 ǧ (t ′,y)d t ′ f
(
ρ0(y),c0(y)

)−ˆ t

0
e−
´ t

t ′ ǧ (τ,y)dτF
(
t ′,X (t ′, y)

)
d t ′,

where (from (2.8))

ǧ (t , y) = G
(
ϱ(t , y),c0(y)

)
f
(
ϱ(t , y),c0(y)

) ∈ [
a∗(c0(y)), a∗(c0(y))

]
.

We can now readily deduce that∥∥ f (ρ,c)(t )
∥∥

L∞(R3) +
ˆ t

0

∥∥G(ρ,c)
∥∥

L∞(R3) ⩽ a
∥∥ f (ρ0,c0)

∥∥
L∞(R3) +a

ˆ t

0

∥∥F (t ′)
∥∥

L∞(R3)d t ′.

Recalling the expression of F in (3.8) and applying the Gagliardo-Nirenberg’s inequality together with
(3.15), we obtain∥∥ f (ρ,c)(t )

∥∥
L∞(R3) +

ˆ t

0

∥∥G(ρ,c), [Ǩ ,µ(ρ,c)− µ̃]Du
∥∥

L∞(R3) ⩽ a
∥∥ f (ρ0,c0)

∥∥
L∞(R3)

+C a

ˆ t

0

(∥∥ρu̇
∥∥

L2(R3) +
∥∥ρu̇

∥∥
L6/(2−α)(R3) +φΣ∥∇u∥Lp (R3)

)
+C a sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0
∥∇u∥Cα/2

pw,Σ(R3).(3.24)
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Next, we take the jump across the discontinuity surface in (2.5) and we obtain:

Jν(ρ,c)divu −G(ρ,c)K= q[
Ǩ ,µ(ρ,c)− µ̃]

(2Du)
y

.(3.25)

We observe that the balance of forces at the discontinuity surface suggests that the normal component of
the stress tensor is continuous, namely:

J2µ(ρ,c)Du ·nx +
(
λ(ρ,c)divu −G(ρ,c)

)
nxK= 0.(3.26)

where nx denotes the outward normal vector of the surface. Scalar product with nx leads to:

J2µ(ρ,c)nx ·Du ·nx +λ(ρ,c)divu −G(ρ,c)K= 0.(3.27)

Let τx and τx be two orthonormal vector fields spanning the tangent plane to Σ, which can be obtained
from nx × e⃗ j , where e⃗ j , j = 1,2,3 are the vectors of the canonical basis of R3. Then we have (here we use
the notation ∂w g = w ·∇g ):

nx ·Du ·nx = nx ·∂nx u = divu −τx ·∂τx u −τx ·∂τx
u.

Hence (3.27) implies

(3.28) Jν(ρ,c)divu −G(ρ,c)K= 2Jµ(ρ,c)K
(
τ ·∂τu +τ ·∂τu

)
,

and consequently (see (3.25))

J[Ǩ ,µ(ρ,c)− µ̃](2Du)K= 2Jµ(ρ,c)K
(
τ ·∂τu +τ ·∂τu

)
.

It immediately follows that for all q ∈ [1,∞],∥∥J[Ǩ ,µ(ρ,c)− µ̃](2Du)K
∥∥

Lq (Σ) ⩽C
∥∥Jµ(ρ,c)K

∥∥
Lq (Σ)∥∇u∥L∞(R3).

From (1.16), we readily obtain ∣∣nx , τx , τx
∣∣
Ċα(Σ) ⩽Cℓ−αΣ ,(3.29)

and therefore∣∣J[Ǩ ,µ(ρ,c)− µ̃](2Du)K
∣∣
Ċβ(Σ) ⩽C

(∣∣Jµ(ρ,c)K
∣∣
Ċβ(Σ) +ℓ

−β
Σ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)
∥∇u∥L∞(R3)

+C
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)|∇u|

Ċ
β

pw,Σ(R3)
.

Gathering (3.19)-(3.20)-(3.22)-(3.24) together with the computations above, we infer:
ˆ t

0

∥∥∥∥∇(−∆)−1∇
(

1

ν(ρ,c)

(
G(ρ,c)+ [

Ǩ ,µ(ρ,c)− µ̃]
(2Du)

))∥∥∥∥
L∞(R3)

⩽C∗
∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L2(R3) +C∗
ˆ t

0
φΣ

∥∥G(ρ,c), ∇u
∥∥

Lp (R3) +C∗
ˆ t

0
∥w(s)∥L∞(R3)ϑ(s)d s

+C∗
(
1+eαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

){∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L6/(2−α)(R3)

+ sup
[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L6/α(R3)

}
+C∗

ˆ t

0

(
ℓ
− α

2
Σ

∥∥JG(ρ,c)K
∥∥

L∞∩Lp (Σ) +
∣∣JG(ρ,c)K

∣∣
Ċα/2(Σ)

)
+C∗ϑ̌(t )sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥
Cα/2(Σ)

(
1+eαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

)
+C∗ϑ(t )

(
φ̌Σeαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ) +
(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞∩Lp (Σ)

)
+ C

µ∗
ϑ(t )

(
sup
[0,t ]

∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

1

µ∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

(
µ∗+aeα

´ t
0 ∥∇u∥L∞(R3) sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

))
.(3.30)

We have thus completed the estimate for the third and last terms of (3.1).
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Gathering (3.30)-(3.13)-(3.14)-(3.15) we deduce the bound below:ˆ t

0
∥∇u∥L∞(R3) +

1

µ∗

ˆ t

0

∥∥G(ρ,c),
[
K ,µ(ρ,c)− µ̃]

(Du),
[
Ǩ ,µ(ρ,c)− µ̃]

(Du
∥∥

L∞(R3)

⩽C∗
∥∥ f (ρ0,c0)

∥∥
L∞(R3) +C∗

ˆ t

0
∥u̇∥L2(R3) +C∗

ˆ t

0
φΣ

∥∥G(ρ,c), ∇u (−∆)−1 div(ρu̇)
∥∥

Lp (R3) +C∗
ˆ t

0
∥w(s)∥L∞(R3)ϑ(s)d s

+C∗
(
1+eαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

){∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L6/(2−α)(R3)

+ sup
[0,t ]

(∣∣µ(ρ,c)
∣∣
Ċα(R3) +ℓ−αΣ

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)ˆ t

0
∥∇u∥L6/α(R3)

}
+C∗

ˆ t

0

(
ℓ
− α

2
Σ

∥∥JG(ρ,c)K
∥∥

L∞∩Lp (Σ) +
∣∣JG(ρ,c)K

∣∣
Ċα/2(Σ)

)
+C∗ϑ̌(t )sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥
Cα/2(Σ)

(
1+eαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

)
+C∗ϑ(t )

(
φ̌Σeαϑ(t ) sup

[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ) +
(
ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

)
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞∩Lp (Σ)

)
+ C

µ∗
ϑ(t )

(
sup
[0,t ]

∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

1

µ∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

(
µ∗+aeα

´ t
0 ∥∇u∥L∞(R3) sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

))
.(3.31)

By applying the Leray projector P to (3.1) and repeating the same computations as above, we recover estimate
(3.31) for ∇Pu, so that we can include ∥∇Pu)∥L∞(R3) on the LHS of (3.31). Then, we use the smallness of

C

µ∗

[
sup
[0,t ]

∣∣Jµ(ρ,c)K
∣∣
Ċα/2(Σ) +

1

µ∗
sup
[0,t ]

∥∥Jν(ρ,c)K
∥∥

L∞(Σ)

(
µ∗+aeα

´ t
0 ∥∇u∥L∞(R3) sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)]
to absorb the last term above into the LHS. Finally, we apply Grönwall’s Lemma to obtain

ϑ(t )⩽C∗
{∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

ˆ t

0
∥u̇∥L2(R3) +

ˆ t

0
φΣ

∥∥G(ρ,c), ∇u (−∆)−1 div(ρu̇)
∥∥

Lp (R3)

+
(
1+δ(t )eαϑ(t )

)[∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +

ˆ t

0

∥∥ρu̇
∥∥

L6/(2−α)(R3) +
(

sup
[0,t ]

∣∣µ(ρ,c)
∣∣
Ċα(R3) +δ(t )ℓ−αΣ

)ˆ t

0
∥∇u∥L6/α(R3)

]
+ ϑ̌(t )sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥
Cα/2(Σ)

(
1+δ(t )eαϑ(t )

)
+
ˆ t

0

(
ℓ
− α

2
Σ

∥∥JG(ρ,c)K
∥∥

L∞∩Lp (Σ) +
∣∣JG(ρ,c)K

∣∣
Ċα/2(Σ)

)
+ϑ(t )δ(t )

(
φ̌Σeαϑ(t ) + (

ℓ−α/2
Σ +PΣ|Σ|Ċ1+α/2

))}
eC∗
´ t

0 ∥w∥L∞(R3) ,

where

δ(t ) = sup
[0,t ]

∥∥Jµ(ρ,c), ν(ρ,c)K
∥∥

L∞∩Lp (Σ).

The estimate (2.13) follows upon recalling (3.24). □

3.2. Proof of Lemma 2.2.

Proof. We first recall that the (ρ,c)-dependent function f = f (ρ,c) satisfies

∂t f (ρ,c)+u ·∇ f (ρ,c)+G(ρ,c) =−F.

We write this equation along the flow map of the velocity and we then take jump at the discontinuity surface to
obtain:

∂tJ f (ϱ,c0)K+ JG(ϱ,c0)K=−JF ◦X K.

Here, X denotes the flow map of the fluid velocity and ϱ= ρ ◦X . The expression (3.28) then implies

∂tJ f (ϱ,c0)K+ JG(ϱ,c0)K=−2Jµ(ϱ,c0)K
(
τx ·∂τx u +τx ·∂τx

u
)
◦X .

Under the assumption (1.6), we write the pressure jump in term of the jump of f (ρ,c), and we obtain

∂tJ f (ϱ,c0)K+ gPJ f (ϱ,c0)K=−2Jµ(ϱ,c0)K
(
τx ·∂τx u +τx ·∂τx

u
)◦X ,(3.32)

where

gP = JΨP
(

f (ϱ,c0)
)
K

J f (ϱ,c0)K
=
ˆ 1

0
Ψ′

P

(
r f (ϱ+,1)+ (1− r ) f (ϱ−,0)

)
dr.
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From (1.8)-(2.8), we have gP ∈ [a∗, a∗] ⊂ (0,∞); and it follows that∣∣J f (ϱ(t ),c0)K
∣∣⩽ e−a∗t

∣∣J f (ρ0,c0)K
∣∣+C

ˆ t

0
e−a∗(t−t ′)∣∣Jµ(ϱ(t ′),c0)K

∣∣∥∥∇u(t ′)
∥∥

L∞(R3)d t ′.(3.33)

From this, it is straightforward to deduce (2.15).
Taking difference in (3.32), we obtain

∂tJ f (ϱ,c0)K
∣∣∣s2

s1

+ gP (s2)J f (ϱ,c0)K
∣∣∣s2

s1

=−2Jµ(ϱ,c0)K
(
τx ·∂τx u +τx ·∂τx

u
)◦X

∣∣∣s2

s1

− (
gP (s2)− gP (s1)

)
J f (ϱ(s1),c0)K,

and whence, ∣∣∣∣J f (ϱ(t ),c0)K
∣∣∣s2

s1

∣∣∣∣⩽ e−a∗t
∣∣∣∣J f (ϱ0,c0)K

∣∣∣s2

s1

∣∣∣∣+ˆ t

0
e−a∗(t−t ′)∣∣gP (s2)− gP (s1)

∣∣∣∣J f (ϱ,c0)(s1)K
∣∣d t ′

+C

ˆ t

0
e−a∗(t−t ′)

∣∣∣∣Jµ(ϱ,c0)K
(
τx ·∂τx u +τx ·∂τx

u
)◦X

∣∣∣s2

s1

∣∣∣∣d t ′.(3.34)

Since we have

gP (s2)− gP (s1) =
ˆ 1

0

ˆ 1

0

(
r f

(
ϱ+(s),1

)∣∣∣s2

s1

+ (1− r ) f
(
ϱ−(s),0

)∣∣∣s2

s1

)
Ψ′′

P

(
r ′(r f (ϱ+(s2),1)+ (1− r ) f (ϱ−(s2),0)

)
+ (1− r ′)

(
r f (ϱ+(s1),1)+ (1− r ) f (ϱ−(s1),0)

))
dr dr ′,(3.35)

it is not difficult to derive (we use (3.29))∣∣J f (ρ,c)(t )K
∣∣
Ċα(Σ(t )) ⩽ e−a∗t+α´ t

0 ∥∇u∥L∞(R3)
∣∣J f (ρ0,c0)K

∣∣
Ċα(Σ0)

+C

ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∣∣Jµ(ρ,c)K

∣∣
Ċα(Σ)∥∇u∥L∞(R3)d t ′

+C

ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)

(
ℓ−αΣ ∥∇u∥L∞(R3) +|∇u|Ċαpw,Σ(R3)

)
d t ′

+C∗
ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∣∣ f (ρ,c)

∣∣
Ċαpw,Σ(R3)

∥∥J f (ρ,c)K
∥∥

L∞(R3)d t ′,

and hence

sup
[0,t ]

∣∣J f (ρ,c)K
∣∣
Ċα(Σ) +

ˆ t

0

∣∣JG(ρ,c)K
∣∣
Ċα(Σ)

⩽
a∗

a∗
eα
´ t

0 ∥∇u∥L∞(R3)

[∣∣J f (ϱ0,c0)K
∣∣
Ċα(Σ0) + sup

[0,t ]

∣∣Jµ(ρ,c)K
∣∣
Ċα(Σ)

ˆ t

0
∥∇u∥L∞(R3)

+ sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

(ˆ t

0
ℓ−αΣ ∥∇u∥L∞(R3) +

ˆ t

0
|∇u|Ċαpw,Σ(R3)

)
+C∗ sup

[0,t ]

∣∣ f (ρ,c)
∣∣
Ċαpw,Σ(R3)

ˆ t

0

∥∥J f (ρ,c)K
∥∥

L∞(R3)

]
.

This concludes the proof of (2.16).
Under the assumption (1.9), we have ∣∣Jµ(ϱ,c0)K

∣∣⩽C∗
∣∣J f (ϱ,c0)K

∣∣,
and by applying Grönwall’s lemma to (3.33), we find:∣∣J f (ϱ(t ),c0)K

∣∣⩽ e−a∗t+C∗
´ t

0 ∥∇u∥L∞(R3)
∣∣J f (ρ0,c0)K

∣∣.(3.36)

It is then straightforward to deduce (2.17).
To prove (2.18), we express

Jµ(ϱ,c0)(s)K
∣∣∣s2

s1

= gµ(s2)J f
(
ϱ,c0

)
(s)K

∣∣∣s2

s1

+ (
gµ(s2)− gµ(s1)

)
J f (ϱ,c0)(s1)K,
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where

gµ =
ˆ 1

0
Ψ′
µ

(
r f (ϱ+,1)+ (1− r ) f (ϱ−,0)

)
dr.

Hence, proceeding as in (3.35), we find that (3.34) implies:∣∣J f (ρ,c)(t )K
∣∣
Ċα(Σ) ⩽ e−a∗t+α´ t

0 ∥∇u∥L∞(R3)
∣∣J f (ρ0,c0)K

∣∣
Ċα(Σ0)

+C∗
ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∣∣J f (ρ,c)K

∣∣
Ċα(Σ)∥∇u∥L∞(R3)d t ′

+C∗
ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∥∥J f (ρ,c)K

∥∥
L∞(Σ)

(
ℓ−αΣ ∥∇u∥L∞(R3) +|∇u|Ċαpw,Σ(R3)

)
d t ′

+C∗
ˆ t

0
e−a∗(t−t ′)+α´ t

0 ∥∇u∥L∞(R3)
∣∣ f (ρ,c)

∣∣
Ċαpw,Σ(R3)

∥∥J f (ρ,c)K
∥∥

L∞(Σ)

(
1+∥∇u∥L∞(R3)

)
d t ′.

Whence, Grönwall’s lemma and (3.36) yields

∣∣J f (ρ,c)(t )K
∣∣
Ċα(Σ(t )) ⩽C∗e−a∗t+C∗

´ t
0 ∥∇u∥L∞(R3)e

α
´ t

0 ∥∇u∥
L∞(R3)

[∣∣J f (ϱ0,c0)K
∣∣
Ċα(Σ0)

+∥∥J f (ρ0,c0)K
∥∥

L∞(Σ0)

ˆ t

0

((
ℓ−αΣ + ∣∣ f (ρ,c)

∣∣
Ċα(Σ)

)∥∇u∥L∞(R3) +
∣∣ f (ρ,c), ∇u

∣∣
Ċαpw,Σ(R3)

)]
.

This proves (2.18) and we now turn to the decay estimate for the velocity gradient jump.
To this end, we first express

∇u j = ∂τx u jτx +∂τx
u jτx +∂nx u j nx ,

and since ∂τx u j and ∂τx
u j are continuous across Σ, we have

J∇u j K= J∂nx u j Knx .(3.37)

From (3.27), we have

J2µ(ρ,c)nx ·∂nx u +λ(ρ,c)divu −P (ρ,c)K= 0,

and since

divu = τx ·∂τx u +τx ·∂τx
u +nx ·∂nx u,

we deduce that

Jν(ρ,c)nx ·∂nx uK= JP (ρ,c)K− Jλ(ρ,c)K
(
τx ·∂τx u +τx∂τx

u
)
.

and hence

nx · J∂nx uK= 1〈
ν(ρ,c)

〉
avg

JP (ρ,c)K− Jλ(ρ,c)K
〈divu〉avg〈
ν(ρ,c)

〉
avg

−2Jµ(ρ,c)K
nx ·

〈
∂nx u

〉
avg〈

ν(ρ,c)
〉

avg

.

Similarly, scalar product of (3.26) with the tangential vector fields τx and τx yields:

τx · J∂nx uK=− Jµ(ρ,c)K〈
µ(ρ,c)

〉
avg

(
nx ·∂τx u +τx ·∂nx u

)
,

and

τx · J∂nx uK=− Jµ(ρ,c)K〈
µ(ρ,c)

〉
avg

(
nx ·∂τx

u +τx ·∂nx u
)
,

Estimate (2.19) simply follows from (3.37) and these expressions. This completes the proof of Lemma 2.2. □
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3.3. Basic a priori estimates. In this subsection, we derive some basic a priori bounds for the solutions to the
system (2.1). These estimates consist of mass conservation and energy balance, and follow from the renormalized
form of the equations for the volume fraction and the density (see (2.1)1,2):

∂t b(ρ,c)+div
(
b(ρ,c)u

)+ (
ρ∂ρb(ρ,c)−b(ρ,c)

)
divu = 0.(3.38)

Above, b is any W 1,∞
loc -regular function of the density and volume fraction.

Conservation of mass. Let H =H (c) be a W 1,∞
loc -regular function. We observe that b(ρ,c) = ρH (c) satisfies

ρ∂ρb(ρ,c)−b(ρ,c) = 0,

and (3.38) becomes
∂t

(
ρH (c)

)+div
(
ρH (c)u

)= 0.

As a result, we have ˆ
R3
ρ(t , x)H (c(t , x))d x =

ˆ
R3
ρ0(x)H (c0(x))d x,

as soon as ρ0H (c0) ∈ L1(R3). This bound, as well as those in the following paragraph, holds true even when the
volume fraction is not an indicator function.
Energy balance. Here, we consider b as solution of the ODE

ρ∂ρb(ρ,c)−b(ρ,c) = P (ρ,c)− P̃ .(3.39)

Since this is a first-order ODE, an additional condition is required to uniquely determine b. In order to work within
a framework that allows for densities close to two constants (ρ̃(1) in Dc (t ), and ρ̃(0) in D(t )) we shall impose the
following condition:

b(ρ̃(c),c) = 0.

Such a function b, now denoted by H1(ρ,c)), is therefore given by

H1(ρ,c) = ρ
ˆ ρ

ρ̃(c)

1

ϱ2

(
P (ϱ,c)− P̃

)
dϱ.

Moreover, in view of (3.38), it satisfies the equation

∂t H1(ρ,c)+div
(
H1(ρ,c)u

)+ (
P (ρ,c)− P̃

)
divu = 0,

and consequently

d

d t

ˆ
R3

H1(ρ,c) =−
ˆ
R3

(
P (ρ,c)− P̃

)
divu.(3.40)

Differentiating (3.39) with respect to the density, and using the fact that the map ρ 7→ P (ρ,c) is non-decreasing,
we deduce that ρ 7→ H1(ρ,c) is convex. The non-negativity of (ρ,c) 7→ H1(ρ,c) then follows from H1(ρ̃(c),c) =
∂ρH1(ρ̃(c),c) = 0.

As is standard, to compute the classical energy balance, we use the velocity field u as a test function in (2.1)3

and we obtain

d

d t

ˆ
R3
ρ
|u|2

2
−
ˆ
R3

divu
(
P (ρ,c)− P̃

)+ˆ
R2

(
2µ(ρ,c)D j k u∂k u j +λ(ρ,c)(divu)2

)
= 0.(3.41)

We have already computed the second term above in (3.40), and now, using the symmetry of Du we have∑
j ,k
D j k u∂k u j =∑

j ,k
D j k u∂ j uk =⇒ ∑

j ,k
D j k u∂k u j = 1

2

∑
j ,k
D j k u

(
∂k u j +∂ j uk)= |Du|2,

and therefore (3.41) leads to

d

d t
E +
ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)(divu)2

)
= 0,(3.42)

where the energy functional E is given by

E(t ) =
ˆ
R3

(
ρ
|u|2

2
+H1

(
ρ,c

))
(t , x)d x, and we set E(0) = E0.
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The term contributing to the energy potential in (3.41) can be computed as follows:

−
ˆ
R3

(
P (ρ,c)− P̃

)
divu =−

ˆ
R3

(P (ρ,c)− cP̃ )divu − P̃

ˆ
R3

(c −1)divu.

From the equation on the volume fraction (see (2.1)1), we express the last term above as:

−P̃

ˆ
R3

(c −1)divu = P̃
d

d t

ˆ
R3

(1− c),

and thanks to (3.38), the previous one is

−
ˆ
R3

(P (ρ,c)−cP̃ )divu = d

d t

ˆ
R3

Ȟ1(ρ,c), where Ȟ1(ρ,c) = ρ
ˆ ρ

cρ̃

1

ϱ2

(
P (ϱ,c)− cP̃

)
dϱ⩾ 0.

As a result, we have

Ě(t )+
ˆ t

0

ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)(divu)2

)
= Ě(0) =: Ě0,(3.43)

where

Ě(t ) =
ˆ
R3

(
ρ
|u|2

2
+ Ȟ1

(
ρ,c

)+ P̃
(
1− c

))
(t , x)d x.

All the computations above remain valid even when the volume fraction is not an indicator function. In the
indicator-function setting, we have 1−c(t ) = 1D(t ) and (3.43) yields

|D(t )| =
ˆ
R3

(
1− c

)
(t , x)d x ⩽ P̃−1Ě0.(3.44)

This provides a sharper estimate of the volume of the moving domain than the one obtained using the flow of the
velocity field.
The potential energies Hl . In the spirit of (3.39), for l ∈ [1,∞) we define the potential energy Hl = Hl (ρ,c) as the
solution of {

ρ∂ρHl (ρ,c)−Hl (ρ,c) = ∣∣P (ρ,c)− P̃
∣∣l−1(

P (ρ,c)− P̃
)
,

Hl (ρ̃(c),c) = 0.
(3.45)

It reads

Hl (ρ,c) = ρ
ˆ ρ

ρ̃(c)

1

ϱ2

∣∣P (ϱ,c)− P̃
∣∣l−1(

P (ϱ,c)− P̃
)
dϱ,

and is clearly nonnegative as

ρ∂2
ρHl (ρ,c) = l∂ρP (ρ,c)

∣∣P (ρ,c)− P̃
∣∣l−1

⩾ 0, and ∂ρHl (ρ̃(c),c) = Hl (ρ̃(c),c) = 0.

In particular, the map ρ 7→ Hl (ρ,c) is convex, which leads to the inequality

0 = Hl (ρ̃(c),c)⩾ Hl (ρ,c)+∂ρHl (ρ,c)
(
ρ̃(c)−ρ)

,

and combined with (3.45), this implies

ρ̃(c)Hl (ρ,c)⩽
∣∣P (ρ,c)− P̃

∣∣l−1(
P (ρ,c)− P̃

)(
ρ− ρ̃(c)

)
.(3.46)

For some functions g = g (ρ,c), and al = al (c) to be specified later, let us consider

gl (ρ,c) = Hl (ρ,c)

ρ
− al (c)

ρ

∣∣P (ρ,c)− P̃
∣∣l−1(

P (ρ,c)− P̃
)
g (ρ,c),

and compute

ρ2∂ρgl (ρ,c) = (
P (ρ,c)− P̃

)∣∣P (ρ,c)− P̃
∣∣l−1 −al (c)ρ∂ρg (ρ,c)

∣∣P (ρ,c)− P̃
∣∣l−1(

P (ρ,c)− P̃
)

−al (c)g (ρ,c)
(
lρ∂ρP (ρ,c)

∣∣P (ρ,c)− P̃
∣∣l−1 − ∣∣P (ρ,c)− P̃

∣∣l−1(
P (ρ,c)− P̃

))
= (

P (ρ,c)− P̃
)∣∣P (ρ,c)− P̃

∣∣l−1
[

1−al (c)
(
ρ∂ρg (ρ,c)− g (ρ,c)

)− l al (c)
ρg (ρ,c)∂ρP (ρ,c)

P (ρ,c)− P̃

]
.
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⋄ Choosing g (ρ,c) = ρ−ρ̃(c) and al (c) = 1/ρ̃(c) ensures that the expression within the square bracket is non-
positive, as the map ρ 7→ P (ρ,c) is non-decreasing. As a result, the map ρ 7→ gl (ρ,c) is non-decreasing on
[0, ρ̃(c)], non-increasing on [ρ̃(c),∞), with gl (ρ̃(c),c) = 0. This implies that g ≤ 0, which in turn leads us
again to (3.46).

⋄ Setting

g (ρ,c) = 1− 2ρ̃(c)

ρ+ ρ̃(c)
,

the expression inside the square bracket above becomes

1−al (c)

[
1−

(
ρ

ρ+ ρ̃(c)

)2

+ l
ρ

ρ+ ρ̃(c)
∂ρP (ρ,c)

ρ− ρ̃(c)

P (ρ,c)− P̃

]
.

We now choose al (c) > 0 such that

al (c)

(
1+ l∂ρP (ρ,c)

ρ− ρ̃(c)

P (ρ,c)− P̃

)
⩽ 1,

and, following the same reasoning as before, we obtain that gl ⩾ 0, which in turn implies

al (c)
∣∣P (ρ,c)− P̃

∣∣l−1(
P (ρ,c)− P̃

)(
ρ− ρ̃(c)

)
⩽

(
ρ+ ρ̃(c)

)
Hl (ρ,c).(3.47)

In general, al (c) depends only on l and the upper bound of the density. However, in specific cases, such
as when the pressure law of the phase "+" (resp. "-") is polynomial, al (1) (resp. al (0), can be chosen
independently of the density’s upper bound.

The potential energies Hl will serve to derive an estimate for the Ll+1
t ,x -norm of the pressure fluctuation. Indeed,

from (3.45)-(3.38), one readily obtains

d

d t

ˆ
R3

Hl (ρ,c)+
ˆ
R3

∣∣P (ρ,c)− P̃
∣∣l−1(

P (ρ,c)− P̃
)

divu = 0.(3.48)

Next, we express the velocity divergence in terms of the flux F given by

F = ν(ρ,c)divu −P (ρ,c)+ P̃ ,(3.49)

and apply Hölder’s and Young’s inequalities, and we arrive at

d

d t

ˆ
R3

Hl (ρ,c)+ 1

l +1

ˆ
R3

1

ν(ρ,c)

∣∣P (ρ,c)− P̃
∣∣l+1

⩽
1

l +1

ˆ
R3

1

ν(ρ,c)
|F |l+1.(3.50)

We have already known (see (2.5)) that this flux can be rewritten as

F =−(−∆)−1 div(ρu̇)+ [(−∆)−1 divdiv,µ(ρ,c)− µ̃](2Du),(3.51)

and its Ll+1
t ,x -bound will follow from energy estimates for the material acceleration u̇.

3.4. Proof of Lemma 2.3. The goal of this section is to derive estimates for the functionals A1, A2, and A3. The
starting point (see Section 3.4.1) will be to prove that, under the low frequency assumption (1.14), we gain a time
decay for the classical energy.

3.4.1. Time-decay of the classical energy. This paragraph is dedicated to proving the following estimate.

Lemma 3.1. There exists a constant c∗ > 0, depending only on the lower and upper bounds of the density, such that
if E0 ⩽ c∗, then the following holds:

sup
[0,t ]

〈·〉1+r0 E +
ˆ t

0

〈
t ′

〉r0 E(t ′)d t ′+
ˆ t

0

〈
t ′

〉1+r0

ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)(divu)2)d t ′ ⩽C∗C0.(3.52)

Proof of Lemma 3.1. The proof of (3.52) proceeds as follows: we establish a uniform-in-time bound on the
L2((0, t )×R3)-norm of both the high- and low-frequency components of the velocity and pressure fluctuations.
These in turn lead to (3.52). Our method is similar to that in [25],but with major differences.

We shall introduce the following notations: F will denote the Fourier transform:

F f (ξ) =
ˆ
R3

f (x)e−i x·ξd x.
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For a smooth real functionψ satisfying,ψ(ξ) = 1 for |ξ|⩽ 1/2, andψ(ξ) = 0 for |ξ|⩾ 1, we define the low-frequency
part of f , denoted f l , and high-frequency part of f , denoted f h , as follows:

f l =F−1(ξ 7→ψ(ξ)F( f )(ξ)
)
, f h = f − f l .

Step 1: L2
t ,x -bound for the high-frequency components. By applying the Plancherel–Parseval identity, we obtain:

∥uh∥2
L2(R3) =

ˆ
R3

(
1−ψ(ξ)

)2|Fu(ξ)|2dξ

⩽
ˆ
|ξ|⩾1/2

|Fu(ξ)|2dξ

⩽ 4

ˆ
|ξ|⩾1/2

|ξ|2|Fu(ξ)|2dξ

⩽ 4∥∇u∥2
L2(R3).

It immediately follows that (see (3.42))

(3.53)

ˆ t

0

〈
t ′

〉r0∥uh(t ′)∥2
L2(R3)d t ′ ⩽C∗

ˆ t

0

〈
t ′

〉r0
∥∥∇u(t ′)

∥∥2
L2(R3)d t ′.

Next, from the expressions of the effective flux (see (3.49)-(3.51)), we have

G(ρ,c) = (−∆)−1 div(ρu̇)+ν(ρ,c)divu − [(−∆)−1 divdiv,µ(ρ,c)− µ̃](2Du)

and it follows that
ˆ
R3

G(ρ,c)ϱh =
ˆ
R3

(
(−∆)−1 div(ρu̇)

)
ϱh

+
ˆ
R3

(
ν(ρ,c)divu − [(−∆)−1 divdiv,µ(ρ,c)− µ̃](2Du)

)
ϱh ,

where ϱ denotes the density fluctuation around its equilibrium states

ϱ= ∂ρP (ρ̃(c),c)
(
ρ− ρ̃(c)

)
.

We estimate the last term above as:∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
ν(ρ,c)divu − [(−∆)−1 divdiv,µ(ρ,c)− µ̃](2Du)

)
ϱhd t ′

∣∣∣∣
⩽ η

ˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′+ C∗

η

ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.

We express ρu̇ = ∂t (ρu)+div(ρu ⊗u), and the remaining term is computed as

ˆ
R3

(
(−∆)−1 div(ρu̇)

)
ϱh = d

d t

ˆ
R3

(
(−∆)−1 div(ρu)

)
ϱh

−
ˆ
R3

(
(−∆)−1 div(ρu)

)
∂tϱ

h +
ˆ
R3

(
(−∆)−1 divdiv(ρu ⊗u)

)
ϱh .(3.54)

We bound the last term as:∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 divdiv(ρu ⊗u)

)
ϱh

∣∣∣∣⩽C∗
ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)∥u∥2
L4(R3).
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Observing that ϱ solves ∂tϱ+div(ϱu)+ ρ̃(c)∂ρP (ρ̃(c),c)divu = 0, writing ρ = (ρ− ρ̃)+ ρ̃, and applying Hölder and
Sobolev’s inequalities, we obtain :∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 div(ρu)

)
∂tϱ

h
∣∣∣∣⩽ ∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 div(ρu)

)
div(ϱu)h

∣∣∣∣
+

∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 div(ρu)

)(
ρ̃(c)∂ρP (ρ̃(c),c)divu

)h
∣∣∣∣

⩽
∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 div

(
(ρ− ρ̃)u

))
div(ϱu)h

∣∣∣∣+ ρ̃∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 divu

)
div(ϱu)h

∣∣∣∣
+

∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 div

(
(ρ− ρ̃)u

))(
ρ̃(c)∂ρP (ρ̃(c),c)divu

)h
∣∣∣∣

+ ρ̃
∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

(
(−∆)−1 divu

)(
ρ̃(c)∂ρP (ρ̃(c),c)divu

)h
∣∣∣∣

⩽C sup
[0,t ]

(
1+∥ρ− ρ̃∥L3(R3)

)(
1+∥ϱ∥L3(R3)

)ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3).

The time integral of the remaining term in (3.54) is∣∣∣∣ˆ t

0

〈
t ′

〉r0 d

d t

ˆ
R3

(
(−∆)−1 div(ρu)

)
ϱhd t ′

∣∣∣∣⩽C sup
[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
)

+C

ˆ t

0

〈
t ′

〉r0−1∥ρu∥L2(R3)∥ϱ∥L2(R3)d t ′.

Summing everything together, we obtain:ˆ t

0

ˆ
R3

G(ρ,c)ϱh ⩽ η

ˆ t

0

〈
t ′

〉r0
∥∥ϱ∥∥2

L2(R3)d t ′+C sup
[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
)

+C

ˆ t

0

〈
t ′

〉r0−1∥ρu∥L2(R3)∥ϱ∥L2(R3)d t ′+C∗
ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)∥u∥2
L4(R3)d t ′

+C∗ sup
[0,t ]

( 1

η
+∥ρ− ρ̃∥L3(R3)

)(
1+∥ϱ∥L3(R3)

)ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.

Recalling that P̃ = P (ρ̃(c),c), we infer

G(ρ,c) = (
ρ− ρ̃(c)

)ˆ 1

0
∂ρP

(
rρ+ (1− r )ρ̃(c),c

)
dr,(3.55)

and using the monotonicity of the map ρ 7→ P (ρ,c), we obtain

1

C∗

ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)d t ′ ⩽
ˆ t

0

〈
t ′

〉r0

ˆ
R3

G(ρ,c)ϱd t ′

=
ˆ t

0

〈
t ′

〉r0

ˆ
R3

G(ρ,c)ϱl d t ′+
ˆ t

0

〈
t ′

〉r0

ˆ
R3

G(ρ,c)ϱhd t ′

⩽ η

ˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′+

ˆ t

0

〈
t ′

〉r0

ˆ
R3

G(ρ,c)ϱl +C sup
[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
)

+C

ˆ t

0

〈
t ′

〉r0−1∥ρu∥L2(R3)∥ϱ∥L2(R3)d t ′+C∗
ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)∥u∥2
L4(R3)d t ′

+C∗ sup
[0,t ]

( 1

η
+∥ρ− ρ̃∥L3(R3)

)(
1+∥ϱ∥L3(R3)

)ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.

From (3.55), we estimate the second term of the RHS above as:∣∣∣∣ˆ t

0

〈
t ′

〉r0

ˆ
R3

G(ρ,c)ϱl
∣∣∣∣d t ′ ⩽ η

ˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′+ C∗

η

ˆ t

0

〈
t ′

〉r0∥ϱl∥2
L2(R3)d t ′.
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Holder’s and Young’s inequalities imply (since r0 ∈ (0,1))

C

ˆ t

0

〈
t ′

〉r0−1∥ρu∥L2(R3)∥ϱ∥L2(R3)d t ′ ⩽ η

ˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′+ C

η
E0.

Interpolation inequality yields

C∗
ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)∥u∥2
L4(R3)d t ′ ⩽C∗

ˆ t

0

〈
t ′

〉r0∥ϱ∥L2(R3)∥u∥
1
2

L2(R3)
∥∇u∥

3
2

L2(R3)

⩽C∗
(ˆ t

0

〈
t ′

〉r0∥ϱ∥4
L2(R3)∥u∥2

L2(R3)d t ′
)1/4(ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′

)3/4

⩽ η

ˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′+ C∗

η
E

2
3
0

ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.

It follows thatˆ t

0

〈
t ′

〉r0∥ϱ∥2
L2(R3)d t ′ ⩽C∗

ˆ t

0

〈
t ′

〉r0∥ϱl∥2
L2(R3)d t ′+C sup

[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
)

+C∗E0 +C∗
(
1+E 2/3

0 + sup
[0,t ]

∥ρ− ρ̃∥L3(R3)
(
1+∥ϱ∥L3(R3)

))ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.(3.56)

Estimates (3.56)-(3.53) conclude this paragraph, and we will now derive bounds for the low-frequency component
of the velocity and density fluctuations.
Step 2: L2

t ,x -bound for the low-frequency components. In order to derive an estimate for the L2
t ,x -bound of the

low-frequency component of the velocity and density fluctuations, we first write the following equations from
(2.1): 

∂tϱ+∂ρP (ρ̃,1)div(ρu) = div
(
∂ρP (ρ̃,1)(ρ− ρ̃)u −∂ρP (ρ̃(c),c))(ρ− ρ̃(c))u

)
+(
ρ̃∂ρP (ρ̃,1)− ρ̃(c)∂ρP (ρ̃(c),c)

)
divu

=: F,

∂t (ρu)+∇ϱ − µ̃
ρ̃∆(ρu)− 2µ̃+λ̃

ρ̃ ∇div(ρu)

=−div(ρu ⊗u)−∇(
P (ρ,c)−∂ρP (ρ̃(c),c)ϱ− P̃

)+div
(
2(µ(ρ,c)− µ̃)Du

)
+∇(

(λ(ρ,c)− λ̃)divu
)+ µ̃

ρ̃∆
(
ρ̃−ρ)u

)+ 2µ̃+λ̃
ρ̃ ∇div

(
ρ̃−ρ)u

)
=:G.

Defining the differential operator A by

A=
(

0 ∂ρP (ρ̃,1)div

∇ − µ̃
ρ̃∆− 2µ̃+λ̃

ρ̃ ∇div

)
,

the pair (ϱ,ρu) can then be written as:(
ϱ

ρu

)
(t ) = e−tA

(
ϱ

ρu

)
(0)+

ˆ t

0
e−(t−s)A

(
F

G

)
(s)d s.(3.57)

The semi-group
(
e−tA

)
t⩾0 is known (see [11, 33]) to satisfy the following property: there exist positive constants C

and k0 depending only on the constants coefficients of A, such that:∣∣F(
e−tAU

)
(ξ)

∣∣⩽Ce−k0t |ξ|2∣∣F(
U

)
(ξ)

∣∣, for all |ξ|⩽ 1.(3.58)

It immediately follows that for all m ∈N, and U ∈ Lq (R3), with q ∈ [1,2], we have∥∥∥(
e−tA∇mU

)l
∥∥∥

L2(R3)
⩽C〈t〉− 3

2 ( 1
q − 1

2+m
3 )∥U∥Lq (R3), for all t > 0.

As a result, we have the following bounds.
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⋄ With p0 ∈ (1,6/5) and r0 ∈ (0,3/p0 −5/2), we have r0 − 3
p0

+ 3
2 < −1, and we can estimate the first term on

the RHS of (3.57) as:

ˆ t

0

〈
t ′

〉r0

∥∥∥∥∥e−t ′A
(
ϱ

ρu

)l

|t=0

∥∥∥∥∥
2

L2(R3)

d t ′ ⩽C
∥∥(ϱ,ρu)|t=0

∥∥2
Lp0 (R3)

ˆ t

0

〈
t ′

〉r0− 3
p0

+ 3
2 dτ

⩽C
∥∥(ϱ,ρu)|t=0

∥∥2
Lp0 (R3).

⋄ The source term G is expressed as

G=G1 +G2, where G2 = µ̃

ρ̃
∆

(
ρ̃−ρ)u

)+ 2µ̃+ λ̃
ρ̃

∇div
(
ρ̃−ρ)u

)
,

and we estimate

∥∥∥∥∥
ˆ t ′

0
e−(t ′−s)A

(
0
Gl

2

)
(s)d s

∥∥∥∥∥
L2(R3)

⩽C

ˆ t ′

0

〈
t ′− s

〉− 5
4 ∥ρ− ρ̃∥L2(R3)∥u∥L6(R3)(s)d s.

Given that for all s ∈ (0, t ′), we have
〈

t ′
〉 r0

2 ⩽ 〈s〉 r0
2 +〈t − s〉 r0

2 , we have

∥∥∥∥∥〈
t ′

〉 r0
2

ˆ t ′

0
e−(t ′−s)A

(
0
Gl

2

)
(s)d s

∥∥∥∥∥
L2(0,t ),L2(R3))

⩽C sup
[0,t ]

∥ρ− ρ̃∥L2(R3)

∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 5
4+

r0
2 ∥u∥L6(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C sup
[0,t ]

∥ρ− ρ̃∥L2(R3)

∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 5
4 〈s〉 r0

2 ∥u∥L6(R3)(s)d s

∥∥∥∥∥
L2((0,t ))

,

and Young’s inequality for convolution and Sobolev embedding yield:

∥∥∥∥∥〈
t ′

〉 r0
2

ˆ t ′

0
e−(t ′−s)A

(
0
Gl

2

)
(s)d s

∥∥∥∥∥
L2(0,t ),L2(R3))

⩽C sup
[0,t ]

∥ρ− ρ̃∥L2(R3)

(
∥∇u∥L1((0,t ),L2(R3)) +

∥∥∥〈·〉 r0
2 ∇u

∥∥∥
L5/4((0,t )×R3)

)
.

For the remaining term, we first observe that (see (3.44))

∥∥ρ̃(c(t ))− ρ̃, ∂ρP (ρ̃(t ),c(t ))−∂ρP (ρ̃,1)
∥∥

Lp (R3) ⩽C |D(t )|1/p ⩽C Ě 1/p
0 ,

and via Taylor expansion

∥∥P (ρ,c)−ϱ− P̃
∥∥

L1(R3) ⩽C∗∥ϱ∥2
L2(R3).
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It then follows that (recall that r0 < 1/2)∥∥∥∥∥〈
t ′

〉 r0
2

ˆ t ′

0
e−(t ′−s)A

(
F

G1

)l

(s)d s

∥∥∥∥∥
L2((0,t )×R3)

⩽C∗

∥∥∥∥∥
ˆ t ′

0
〈t − s〉− 5

4+
r0
2 ∥ϱ∥2

L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C∗

∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 5
4 〈s〉 r0

2 ∥ϱ∥2
L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C∗
(
E

1
2
0 + Ě

1
2
0

)∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 3
4+

r0
2 ∥∇u∥L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C∗
(
E

1
2
0 + Ě

1
2
0

)∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 3
4 〈s〉 r0

2 ∥∇u∥L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C∗
(
E

1
2
0 + Ě

1
2
0

)∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 5
4+

r0
2 ∥∇u∥L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

+C∗
(
E

1
2
0 + Ě

1
2
0

)∥∥∥∥∥
ˆ t ′

0

〈
t ′− s

〉− 5
4 〈s〉 r0

2 ∥∇u∥L2(R3)(s)d s

∥∥∥∥∥
L2(0,t )

⩽C∗
(
E

1
2
0 + Ě

1
2
0

)(∥∇u∥L1((0,t ),L2(R3)) +
∥∥∥〈·〉 r0

2 ∇u
∥∥∥

L5/4((0,t ),L2(R3))

)
+C∗

∥∥∥〈·〉 r0
4 ϱ

∥∥∥2

L4((0,t ),L2(R3))
.

Summing all these computations, we arrive at

ˆ t

0

〈
t ′

〉r0
∥∥∥ϱl , (ρu)l

∥∥∥2

L2(R3)
(t ′)d t ′ ⩽C

∥∥(ϱ,ρu)|t=0
∥∥2

Lp0 (R3) +C∗E0

ˆ t

0

〈
t ′

〉r0
∥∥ϱ∥∥2

L2(R3))

+C∗
(
E0 + Ě0

)(∥∇u∥L1((0,t ),L2(R3)) +
∥∥∥〈·〉 r0

2 ∇u
∥∥∥

L5/4((0,t ),L2(R3))

)
.(3.59)

Applying Hölder’s and Sobolev’s inequalities, we have

∥ρ̃ul∥2
L2(R3) ⩽ ∥(ρu)l∥2

L2(R3) +∥ρ− ρ̃∥2
L3(R3)∥∇u∥2

L2(R3).

Combining these with (3.53) and (3.56), and the smallness of E0 (to absorb the second term on the RHS of (3.59)
into the LHS) we derive:

ˆ t

0

〈
t ′

〉r0∥ϱ,u∥2
L2(R3)d t ′ ⩽C∗

(
E0 +

∥∥(ϱ,ρu)|t=0
∥∥2

Lp0 (R3) + sup
[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
))

+C∗
(
E0 + Ě0

)(∥∇u∥L1((0,t ),L2(R3)) +
∥∥∥〈·〉 r0

2 ∇u
∥∥∥

L5/4((0,t ),L2(R3))

)
+C∗

(
1+E 2/3

0 + Ě 2/3
0

)ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.

With this estimate in hand, we multiply (3.42) by
〈

t ′
〉1+r0 and integrate in time to obtain:

〈t〉1+r0 E(t )+
ˆ t

0

〈
t ′

〉r0 E(t ′)d t ′+
ˆ t

0

〈
t ′

〉1+r0

ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)(divu)2)(t ′)d t ′

⩽ E0 +C

ˆ t

0

〈
t ′

〉r0 E(t ′)d t ′

⩽C∗
(
E0 +

∥∥(ϱ,ρu)|t=0
∥∥2

Lp0 (R3) + sup
[0,t ]

(〈·〉r0∥ρu∥L2(R3)∥ϱ∥L2(R3)
))

+C∗
(
E0 + Ě0

)(∥∇u∥L1((0,t ),L2(R3)) +
∥∥∥〈·〉 r0

2 ∇u
∥∥∥

L5/4((0,t ),L2(R3))

)
+C∗

(
1+E 2/3

0 + Ě 2/3
0

)ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′.
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It is straightforward to obtain the following inequalities:

ˆ t

0

∥∥∇u(t ′)
∥∥

L2(R3)d t ′ ⩽
(ˆ t

0

〈
t ′

〉−2r (1+r0)d t ′
) 1

2
(ˆ t

0

∥∥∇u(t ′)
∥∥2

L2(R3)

) 1
2−r (ˆ t

0

〈
t ′

〉1+r0
∥∥∇u(t ′)

∥∥2
L2(R3)d t ′

)r

⩽C (r )E
1
2−r
0

(ˆ t

0

〈
t ′

〉1+r0
∥∥∇u(t ′)

∥∥2
L2(R3)d t ′

)r

, with
1

2(1+ r0)
< r < 1

2
;

∥∥∥〈·〉 r0
2 ∇u

∥∥∥5/4

L5/4((0,t ),L2(R3))
⩽C (r )E

5
8−ř
0

(ˆ t

0

〈
t ′

〉1+r0∥∇u(s)∥2
L2(R3)d s

)ř

, with
5

8
− 1/4

1+ r0
< ř < 5

8
;

ˆ t

0

〈
t ′

〉r0∥∇u∥2
L2(R3)d t ′ ⩽ E

1
1+r0
0

(ˆ t

0

〈
t ′

〉1+r0
∥∥∇u(t ′)

∥∥2
L2(R3)d t ′

) r0
1+r0

.

We choose

ř = 5

4
r, with max

{
1− r0

1+ r0
;1− 2/5

1+ r0

}
< 2r < 1,

and apply Young’s inequality to obtain

sup
[0,t ]

〈·〉1+r0 E +
ˆ t

0

〈
t ′

〉r0 E(t ′)d t ′+
ˆ t

0

〈
t ′

〉1+r0

ˆ
R3

(
2µ(ρ,c)|Du|2 +λ(ρ,c)(divu)2)d t ′

⩽C∗
(
E0

(
1+E0 + Ě0

)+E
r

1−r
0

(
E0 + Ě0

) 1
1−r +∥∥(ϱ,ρu)|t=0

∥∥2
Lp0 (R3)

)
.

This completes the proof of (3.52), and we now proceed to the bound of the functionals A1, A2, and A3 defined in
(2.20). □

3.4.2. Bounds for the functional A1. This subsection aim to provide a bound for the functional A1 defined in
(2.20).

Proof. To achieve this, we use the material acceleration u̇ as a test function in the momentum equation (2.1)3 and
we obtain

d

d t

ˆ
R3

[
µ(ρ,c)|Du|2 + 1

2
λ(ρ,c)|divu|2

]
+
ˆ
R3
ρ|u̇|2 =−

ˆ
R3

(
ρ∂ρµ(ρ,c)−µ(ρ,c)

) |Du|2 divu

−2

ˆ
R3
µ(ρ,c)D j k u∂k ul∂l u j − 1

2

ˆ
R3

(
ρ∂ρλ(ρ,c)−λ(ρ,c)

)
(divu)3

−
ˆ
R3
λ(ρ,c)divu∇uk∂k u + d

d t

ˆ
R3

G(ρ,c)divu

+
ˆ
R3

(ρ∂ρP (ρ,c)−G(ρ,c))(divu)2 +
ˆ
R3

G(ρ,c)∇uk ·∂k u.(3.60)
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We multiply (3.42) by a constant L ⩾ 1 and add it to the above equality, then multiply the resulting expression by
κ1(t ) = 〈t〉1+r0 before integrating in time:

κ1(t )

2

ˆ
R3

[
2µ(ρ,c)|Du|2 +λ(ρ,c)|divu|2

]
(t , x)d x +

ˆ t

0
κ1

ˆ
R3
ρ|u̇|2

+Lκ1(t )E(t )+
ˆ t

0
κ1(t ′)

ˆ
R3

[
2Lµ(ρ,c)|Du|2 + (

Lλ(ρ,c)−∂ρP (ρ,c)
)
(divu)2

]
(t ′)d t ′

= LE0 +
ˆ
R3

[
µ(ρ0,c0)|Du0|2 + 1

2
λ(ρ0,c0)|divu0|2

]
+L

ˆ t

0
κ′1(t ′)E(t ′)d t ′

+
ˆ t

0
κ′1(t ′)

ˆ
R3

[
µ(ρ,c)|Du|2 + 1

2
λ(ρ,c)|divu|2

]
d t ′−

ˆ
R3

G(ρ0,c0)divu0

+κ1(t )

ˆ
R3

G(ρ,c)divu −
ˆ t

0
κ′1(t ′)

ˆ
R3

G(ρ,c)divu −2

ˆ t

0
κ1(t ′)

ˆ
R3
µ(ρ,c)D j k u∂k ul∂l u j

−
ˆ t

0
κ1(t ′)

ˆ
R3

(
ρ∂ρµ(ρ,c)−µ(ρ,c)

) |Du|2 divu − 1

2

ˆ t

0
κ1(t ′)

ˆ
R3

(
ρ∂ρλ(ρ,c)−λ(ρ,c)

)
(divu)3

−
ˆ t

0
κ1(t ′)

ˆ
R3
λ(ρ,c)divu∇uk∂k u −

ˆ t

0
κ1(t ′)

ˆ
R3

G(ρ,c)(divu)2 +
ˆ t

0
κ1(t ′)

ˆ
R3

G(ρ,c)∇uk ·∂k u.(3.61)

In view of the classical energy balance (3.42) and (3.52), the terms appearing in the second and third lines above
are all bounded by

C∗
(∥∇u0∥2

L2(R3) +LC0
)
.

With the help of Hölder and Young’s inequalities the term that follows can be bounded as follows:∣∣∣∣κ1(t )

ˆ
R3

G(ρ,c)divu

∣∣∣∣⩽ κ1(t )

ηL
∥divu(t )∥2

L2(R3) +Lηκ1(t )
∥∥G(ρ,c)

∥∥2
L2(R3).

Next, using (3.40) we have:

−
ˆ t

0
κ′1(t ′)

ˆ
R3

G(ρ,c)divu = κ′1(t )H1(ρ(t ),c(t ))−
ˆ t

0
κ′′1(t ′)H1(ρ,c)(t ′)d t ′,

and hence ∣∣∣∣ˆ t

0
κ′1(t ′)

ˆ
R3

G(ρ,c)divu

∣∣∣∣⩽C∗C0.

All the remaining terms in the RHS of (3.61) are bounded by

C∗
ˆ t

0
κ1(t ′)

(∥∇u∥3
L3(R3) +

∥∥G(ρ,c)
∥∥3

L3(R3)

)
(t ′)d t ′.

In sum, we obtain

A1(t )+Lκ1(t )E(t )+
ˆ t

0
κ1(t ′)

ˆ
R3

[
2Lµ(ρ,c)|Du|2 + (

Lλ(ρ,c)−∂ρP (ρ,c)
)
(divu)2

]
(t ′)d t ′

⩽ Lηκ1(t )∥G(ρ,c)∥2
L2(R3) +

1

ηL
κ1(t )∥divu(t )∥2

L2(R3)

+C∗
(
∥∇u0∥2

L2(R3) +LC0 +
ˆ t

0
κ1(t ′)

(∥∇u∥3
L3(R3) +

∥∥G(ρ,c)
∥∥3

L3(R3)

)
(t ′)d t ′

)
.

Given that

∥G(ρ,c)∥2
L2(R3) ⩽C∗

ˆ
R3

H1(ρ,c),

we first fix η small to absorb the first RHS term into the left, and then choose L large, depending on the shear
viscosity lower bound, to ensure that the last LHS term is nonnegative and the second RHS term is absorbed into
the left. It then follows that

A1(t )⩽C∗
(
∥∇u0∥2

L2(R3) +C0 +
ˆ t

0
κ1(t ′)

(∥∇u∥3
L3(R3) +∥G(ρ,c)∥3

L3(R3)

)
(t ′)d t ′

)
.(3.62)

What remains is to estimate the last two terms above.
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To achieve this, we recall the expression of the velocity gradient (2.6), from which we deduce

∥∇u∥Ll+1(R3) ⩽
1

µ∗
C 1/(l+1)

l

(∥∥(−∆)−1∇P(ρu̇)
∥∥

Ll+1(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥
Ll+1(R3) +

∥∥G(ρ,c)
∥∥

Ll+1(R3)

)
+ 1

µ∗
C 1/(l+1)

l

(∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥

Ll+1(R3) +
∥∥[

Ǩ ,µ(ρ,c)− µ̃]
Du

∥∥
Ll+1(R3)

)
.(3.63)

Next, we recall (3.50), from which we deduce:

κ1(t )

ˆ
R3

H2(ρ,c)(t )+ 1

3µ∗

ˆ t

0
κ1(t ′)

∥∥G(ρ,c)
∥∥3

L3(R3)(t ′)d t ′

⩽
ˆ
R3

H2(ρ0,c0)+
ˆ t

0
κ′1(t ′)

ˆ
R3

H2(ρ,c)d t ′+ 1

3µ∗

ˆ t

0
κ1(t ′)∥F∥3

L3(R3)(t ′)d t ′.

It then follows that (see the expression of F in (3.51))

κ1(t )

ˆ
R3

H2(ρ,c)(t , x)d x + 1

3µ∗

ˆ t

0
κ1(t ′)

(∥∥G(ρ,c)
∥∥3

L3(R3) +µ3
∗∥∇u∥3

L3(R3)

)
(t ′)d t ′

⩽C

(ˆ
R3

H2(ρ0,c0)+
ˆ t

0
κ′1(t ′)

ˆ
R3

H2(ρ,c)

)
+ C

µ∗

ˆ t

0
κ1(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥3

L3(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥3
L3(R3)

)
(t ′)d t ′

+ C

µ∗

ˆ t

0
κ1(t ′)

(∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥3

L3(R3) +
∥∥[

Ǩ ,µ(ρ,c)− µ̃]
Du

∥∥3
L3(R3)

)
(t ′)d t ′.

We will now estimate the terms appearing in the RHS above.

⋄ From (3.46)-(3.47), we have:

ρ̃(c)Hl+1(ρ,c)⩽
∣∣P (ρ,c)− P̃

∣∣l (
P (ρ,c)− P̃

)(
ρ− ρ̃(c)

)
⩽C∗

∣∣P (ρ,c)− P̃
∣∣l−1(

P (ρ,c)− P̃
)(
ρ− ρ̃(c)

)
⩽C∗

ρ+ ρ̃(c)

al (c)
Hl (ρ,c).(3.64)

In particular, we have (see (3.52))
ˆ
R3

H2(ρ0,c0)+
ˆ t

0
κ′1(t ′)

ˆ
R3

H2(ρ,c)⩽C∗C0.

⋄ Owing to the expressions (2.4)-(2.5) and Gagliardo-Nirenberg’s inequality, we have:

C

µ∗

ˆ t

0
κ1(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥3

L3(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥3
L3(R3)

)
(t ′)d t ′

⩽
C

µ∗

ˆ t

0
κ1(t ′)

∥∥ρu̇
∥∥ 3

2

L2(R3)

∥∥(−∆)−1∇P(ρu̇), (−∆)−1 div(ρu̇)
∥∥ 3

2

L2(R3)
(t ′)d t ′

⩽C∗
(ˆ t

0
κ1(t ′)

∥∥ρu̇
∥∥2

L2(R3)

)3/4(ˆ t

0
κ1(t ′)

(
∥∇u∥6

L2(R3) +
∥∥G(ρ,c)

∥∥6
L2(R3)

)
(t ′)d t ′

)1/4

⩽C∗E
1
4
0

(
A1(t )

5
4 +C

5
4

0

)
.

⋄ Applying (A.8) with p = 3 and α′ = α
2 , we obtain∥∥[

K ,µ(ρ,c)− µ̃]
Du

∥∥
L3(R3) ⩽C

(∣∣µ(ρ,c)
∣∣
Ċα/2

pw,Σ(R3) +
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)ℓ

−α/2
Σ

)
∥∇u∥L6/(2+α)(R3)

+C
∥∥Jµ(ρ,c)K

∥∥
L∞(Σ)∥∇u∥L3(R3)

⩽C
(
φ̌Σ∥∇u∥L6/(2+α)(R3) +

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)∥∇u∥L3(R3)

)
,(3.65)
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and henceˆ t

0
κ1(t ′)

∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥3

L3(R3)d t ′ ⩽C sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥3

L∞(Σ)

ˆ t

0
κ1(t ′)∥∇u∥3

L3(R3)d t ′

+C

ˆ t

0
κ1(t ′)φ̌3

Σ∥∇u∥3
L6/(2+α)(R3)d t ′.

The same estimate holds for ˆ t

0
κ1(t ′)

∥∥[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥3

L3(R3)d t ′.

Combining all these estimates, we infer

κ1(t )

ˆ
R3

H2(ρ,c)(t )+ 1

3µ∗

ˆ t

0
κ1(t ′)

(∥∥G(ρ,c)
∥∥3

L3(R3) +µ3
∗∥∇u∥3

L3(R3)

)
(t ′)d t ′

⩽C∗C0 + C

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥3

L∞(Σ)

ˆ t

0
κ1(t ′)∥∇u∥3

L3(R3)d t ′

+C∗E
1
4
0

(
A1(t )

5
4 +C

5
4

0

)+C∗
ˆ t

0
κ1(t ′)φ̌3

Σ∥∇u∥3
L6/(2+α)(R3)d t ′.

Therefore, if

C
µ∗

µ∗

(
1

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)3

⩽
1

6
,(3.66)

the second term on the RHS above can be absorbed into the LHS, and applying interpolation and Young’s inequal-
ities to the last term we obtain:

κ1(t )

ˆ
R3

H2(ρ,c)(t )+
ˆ t

0
κ1(t ′)

(∥∥G(ρ,c)
∥∥3

L3(R3) +∥∇u∥3
L3(R3)

)
(t ′)d t ′

⩽C∗
(
C0 +E

1
4
0

(
A1(t )

5
4 +C

5
4

0

))+C∗
ˆ t

0
κ1(t ′)φ̌

3
α

Σ
∥∇u∥3

L2(R3)d t ′.(3.67)

Returning to (3.62), we deduce:

A1(t )+κ1(t )

ˆ
R3

H2(ρ,c)(t )+
ˆ t

0
κ1(t ′)

(∥∥G(ρ,c)
∥∥3

L3(R3) +∥∇u∥3
L3(R3)

)
(t ′)d t ′

⩽C∗
(
C0 +∥∇u0∥2

L2(R3) +E
1
4
0

(
A1(t )

5
4 +C

5
4

0

))+C∗
ˆ t

0
κ1(t ′)φ̌

3
α

Σ
∥∇u∥3

L2(R3)d t ′.

We estimate the last term above as
ˆ t

0
κ1(t ′)φ̌

3
α

Σ
∥∇u∥3

L2(R3)d t ′ ⩽ φ̌
3
α

Σ sup
[0,t ]

(
κ1∥∇u∥2

L2(R3)

)1/2
(ˆ t

0
κ1(t ′)∥∇u∥2

L2(R3)

)1/2(ˆ t

0
∥∇u∥2

L2(R3)

)1/2

and we apply Young’s inequality to obtain:

A1(t )+ sup
[0,t ]

κ1

ˆ
R3

H2(ρ,c)+
ˆ t

0
κ1(t ′)

(∥∥G(ρ,c)
∥∥3

L3(R3) +∥∇u∥3
L3(R3)

)
(t ′)d t ′

⩽C∗
(
C0

(
1+ φ̌

6
α

ΣE0
)+∥∇u0∥2

L2(R3) +E
1
4
0

(
A1(t )

5
4 +C

5
4

0

))
.

This completes the proof of (2.22). □

3.4.3. Bound for the functional A2. This section is devoted to deriving a bound for the functional A2 defined in
(2.20) above.
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Proof. The functional A2 arises when applying the material derivative ∂t · +div(·u) to the momentum equation
(2.1)3, followed by a testing against u̇. This yields

1

2

d

d t

ˆ
R3
ρ|u̇|2 +

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2

)
=
ˆ
R3

(ρ∂ρλ(ρ,c)−λ(ρ,c))(divu)2 div u̇

+
ˆ
R3
λ(ρ,c)∇uk ·∂k u div u̇ +

ˆ
R3
λ(ρ,c)divu∂ j uk∂k u̇ j +2

ˆ
R3
µ(ρ,c)∂k u ·∇u̇ jD j k u

+
ˆ
R3
µ(ρ,c)

(
∂ j u ·∇uk +∂k u ·∇u j )∂k u̇ j +2

ˆ
R3

(
ρ∂ρµ(ρ,c)−µ(ρ,c)

)
divuD j k u∂k u̇ j

+
ˆ
R3

G(ρ,c)
(

divu div u̇ −∂ j uk∂k u̇ j )−ˆ
R3
ρ∂ρP (ρ,c)divu div u̇.

The computation is similar to that of the one-phase model (see e.g. [43, Appendix A]), and we do not repeat it in
this paper. The last term is

−
ˆ
R3
ρ∂ρP (ρ,c)divu div u̇ =−1

2

d

d t

ˆ
R3
ρ∂ρP (ρ,c)(divu)2 − 1

2

ˆ
R3
ρ2∂2

ρP (ρ,c)(divu)3

−
ˆ
R3
ρ∂ρP (ρ,c)divu∇u j ·∂ j u.

By combining the above expressions and multiplying by κ2(t ′) =σ(t ′)
〈

t ′
〉 3

2 (1+r0) we obtain (since κ2(0) = 0):

κ2(t )

2

ˆ
R3
ρ
(
|u̇|2 +∂ρP (ρ,c)(divu)2

)
(t , x)d x +

ˆ t

0

ˆ
R3
κ2(t ′)

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2

)
d t ′

⩽
1

2

ˆ t

0
κ′2

ˆ
R3
ρ
(
|u̇|2 +∂ρP (ρ,c)(divu)2

)
+C∗
ˆ t

0
κ2

(∥∥∇u, G(ρ,c)
∥∥4

L4(R3) +∥∇u∥3
L3(R3)

)
.(3.68)

In the following items, we estimate the terms on the RHS above.

⋄ Since κ′2(t ′) ⩽ C〈t ′〉 1+3r0
2 ⩽ Cκ1(t ′), it follows that the first term on the RHS of (3.68) can be estimated as

follows:

1

2

ˆ t

0
κ′2(t ′)

ˆ
R3
ρ
(
|u̇|2 +∂ρP (ρ,c)(divu)2

)
(t ′, x)d xd t ′ ⩽C∗

(
C0 +A1(t )

)
.(3.69)

⋄ Multiplying (3.50) by a time weight κ̌, and integrating in time yields

κ̌(t )

ˆ
R3

Hl (ρ,c)(t , x)d x + 1

(l +1)µ∗

ˆ t

0
κ̌
∥∥G(ρ,c)

∥∥l+1
Ll+1(R3) ⩽ κ̌(0)

ˆ
R3

Hl (ρ0,c0)(x)d x +
ˆ t

0
κ̌′
ˆ
R3

Hl (ρ,c)

+ 1

(l +1)µ∗

ˆ t

0
κ̌
(∥∥(−∆)−1 div(ρu̇)

∥∥l+1
Ll+1(R3) +

∥∥[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥l+1

Ll+1(R3)

)
.

Combining this with (3.63), we obtain

κ̌(t )

ˆ
R3

Hl (ρ,c)(t )+ 1

(l +1)µ∗

ˆ t

0
κ̌(t ′)

(∥∥G(ρ,c)
∥∥l+1

Ll+1(R3) +µl+1
∗ ∥∇u∥l+1

Ll+1(R3)

)
(t ′)d t ′

⩽ κ̌(0)

ˆ
R3

Hl (ρ0,c0)(x)d x +C

ˆ t

0
κ̌′
ˆ
R3

Hl (ρ,c)

+ Cl

(l +1)µ∗

ˆ t

0
κ̌(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥l+1

Ll+1(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥l+1
Ll+1(R3)

)
(t ′)d t ′

+ Cl

(l +1)µ∗

ˆ t

0
κ̌(t ′)

(∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥l+1

Ll+1(R3) +
∥∥[

Ǩ ,µ(ρ,c)− µ̃]
Du

∥∥l+1
Ll+1(R3)

)
(t ′)d t ′.
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Applying the commutator estimate (A.8) with α′ = α/2, and p = l +1, we obtain the following bound for
the last term above:ˆ t

0
κ̌(t ′)

(∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥l+1

Ll+1(R3) +
∥∥[

Ǩ ,µ(ρ,c)− µ̃]
Du

∥∥l+1
Ll+1(R3)

)
(t ′)d t ′

⩽Cl sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥l+1

L∞(Σ)

ˆ t

0
κ̌(t ′)∥∇u∥l+1

Ll+1(R3)
d t ′+Cl

ˆ t

0
κ̌(t ′)φ̌l+1

Σ ∥∇u∥l+1
Lr (R3)d t ′,

where 1
r = α

6 + 1
l+1 . Hence, under the smallness of the shear viscosity jump

Cl
µ∗

µ∗

(
1

µ∗
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

)l+1

⩽
1

2(l +1)
,

we have

κ̌(t )

ˆ
R3

Hl (ρ,c)(t )+
ˆ t

0
κ̌(t ′)

(∥∥G(ρ,c)
∥∥l+1

Ll+1(R3) +∥∇u∥l+1
Ll+1(R3)

)
(t ′)d t ′

⩽C∗,l

(
κ̌(0)

ˆ
R3

Hl (ρ0,c0)(x)d x +
ˆ t

0
κ̌′
ˆ
R3

Hl (ρ,c)+
ˆ t

0
κ̌(t ′)φ̌l+1

Σ ∥∇u∥l+1
Lr (R3)d t ′

)
+C∗,l

ˆ t

0
κ̌(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥l+1

Ll+1(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥l+1
Ll+1(R3)

)
(t ′)d t ′.(3.70)

Next, we interpolate

ˆ t

0
κ̌(t ′)φ̌l+1

Σ ∥∇u∥l+1
Lr (R3)d t ′ ⩽

(ˆ t

0
κ̌(t ′)∥∇u∥l+1

Ll+1(R3)
d t ′

)1− α(l+1)
3(l−1)

(ˆ t

0
κ3(t ′)φ̌

3
α

(l−1)
Σ

∥∇u∥l+1
L2(R3)d t ′

) α(l+1)
3(l−1)

;

and we express ˆ t

0
κ̌′
ˆ
R3

Hl (ρ,c) =
ˆ σ(t )

0
κ̌′
ˆ
R3

Hl (ρ,c)+
ˆ t

σ(t )
κ̌′
ˆ
R3

Hl (ρ,c).

By iterating (3.64), it is straightforward to obtain Hl (ρ,c)⩽C∗,l H1(ρ,c) and therefore
ˆ σ(t )

0
κ̌′
ˆ
R3

Hl (ρ,c)⩽C∗,l C0

ˆ σ(t )

0
κ̌′,

while for the second term, we obtainˆ t

σ(t )
κ̌′
ˆ
R3

Hl (ρ,c)⩽
(ˆ t

σ(t )
κ̌

ˆ
R3

Hl (ρ,c)

)η(
C∗,l

ˆ t

σ(t )

(
κ̌′κ̌−η

) 1
1−η
ˆ
R3

H1(ρ,c)

)1−η
, for η ∈ (0,1).

We now refer back to (3.70), from which Young’s inequality provides

κ̌(t )

ˆ
R3

Hl (ρ,c)(t )+
ˆ t

0
κ̌(t ′)

(∥∥G(ρ,c)
∥∥l+1

Ll+1(R3) +∥∇u∥l+1
Ll+1(R3)

)
(t ′)d t ′

⩽C∗,l

[
C0

(
κ̌(0)+

ˆ σ(t )

0
κ̌′

)
+
ˆ t

0
κ3(t ′)φ̌

3
α

(l−1)
Σ

∥∇u∥l+1
L2(R3)d t ′+

ˆ t

σ(t )

(
κ̌′κ̌−η

) 1
1−η
ˆ
R3

H1(ρ,c)

]
+C∗,l

ˆ t

0
κ̌(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥l+1

Ll+1(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥l+1
Ll+1(R3)

)
(t ′)d t ′.(3.71)

In particular for l = 3, and κ̌= κ3 =σ(t )
1
2 〈t〉2(1+r0), we inferˆ t

0
κ3(t ′)φ̌

6
α

Σ
∥∇u∥4

L2(R3)d t ′ ⩽C∗φ̌
6
α

ΣC0A1(t ),

and for η= 1+r0
2+r0

,
ˆ t

σ(t )

(
κ′3κ

−η
3

) 1
1−η
ˆ
R3

H1(ρ,c)⩽C∗
ˆ t

0

〈
t ′

〉r0

ˆ
R3

H1(ρ,c)d t ′ ⩽C∗C0.
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Next, Gagliardo-Nirenberg’s inequality yields

ˆ t

0
κ3(t ′)

(∥∥(−∆)−1∇P(ρu̇)
∥∥4

L4(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥4
L4(R3)

)
(t ′)d t ′

⩽C sup
[0,t ]

[
σ

1
2κ1

∥∥ρu̇
∥∥

L2(R3)

∥∥∇u, G(ρ,c)
∥∥

L2(R3)

]ˆ t

0
κ1

∥∥ρu̇
∥∥2

L2(R3)

⩽C∗A2(t )1/2(C 1/2
0 +A1(t )1/2)A1(t ).

From these, we deduce the following bound for the next-to-last term in (3.68):

κ3(t )

ˆ
R3

H3(ρ,c)(t )+
ˆ t

0
κ3(t ′)

(∥∥G(ρ,c)
∥∥4

L4(R3) +∥∇u∥4
L4(R3)

)
(t ′)d t ′

⩽C∗
(
C0

(
1+ φ̌

6
α

ΣA1(t )
)+A2(t )1/2(C 1/2

0 +A1(t )1/2)A1(t )
)
.(3.72)

To estimate the last term, we start with

ˆ t

0
σ

1
2 〈〉 3

2 (1+r0)∥∇u∥3
L3(R3) ⩽C

(ˆ t

0

〈
t ′

〉(1+r0)∥∇u∥2
L2(R3)d t ′

) 3
4
(ˆ t

0
σ(t ′)2〈t ′

〉3(1+r0)∥∇u∥6
L6(R3)d t ′

) 1
4

⩽C∗C 3/4
0

(ˆ t

0
σ(t ′)2〈t ′

〉3(1+r0)∥∇u∥6
L6(R3)d t ′

) 1
4

.(3.73)

In (3.71), we take l = 5, κ̌= κ4 =σ2〈〉3(1+r0) to obtain

κ4(t )

ˆ
R3

H5(ρ,c)(t )+
ˆ t

0
κ4(t ′)

(∥∥G(ρ,c)
∥∥6

L6(R3) +∥∇u∥6
L6(R3)

)
(t ′)d t ′

⩽C∗C0
(
1+ φ̌

12
α

Σ A1(t )2)+C∗
ˆ t

0
κ4(t ′)

∥∥(−∆)−1∇P(ρu̇, (−∆)−1 div(ρu̇)
∥∥6

L6(R3)d t ′

⩽C∗C0
(
1+ φ̌

12
α

Σ A1(t )2)+C∗
ˆ t

0
κ4(t ′)

∥∥ρu̇
∥∥6

L2(R3)d t ′

⩽C∗C0
(
1+ φ̌

12
α

Σ A1(t )2)+C∗A1(t )A2(t )2.(3.74)

Finally, we combine (3.74)-(3.73)-(3.72)-(3.69)-(3.68) and we obtain:

A2(t )+ sup
[0,t ]

κ3

ˆ
R3

H3(ρ,c)+
ˆ t

0
κ3(t ′)

(∥∥G(ρ,c)
∥∥4

L4(R3) +∥∇u∥4
L4(R3)

)
(t ′)d t ′

⩽C∗C0

(
1+A1(t )2

)
+C∗A1(t )

(
1+A1(t )2 + φ̌

6
α

ΣC0

)
.

This completes the proof of (2.23). □

3.4.4. Bound for the functional A3. This section aims at obtaining bound for the energy functional A3.

Proof. To obtain the functional A3, we first apply the material derivative ∂t ·+div( ·u) to the momentum equations
(2.1) and obtain

∂t (ρu̇ j )+div(ρu̇ j u) = ∂k {Π̇ j k }+∂k {Π j k divu}−div{∂k uΠ j k },(3.75)

where

Π̇ j k = 2µ(ρ,c)Du̇ −µ(ρ,c)∂ j ul∂l uk −µ(ρ,c)∂k ul∂l u j −2ρ∂ρµ(ρ,c)D j k u divu

+
(
λ(ρ,c)div u̇ −λ(ρ,c)∇ul ·∂l u −ρ∂ρλ(ρ,c)(divu)2 +ρ∂ρP (ρ,c)divu

)
δ j k .
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We use κ5ü, with κ5 =σ1+α̌〈〉 3
2 (1+r0) as a test function to obtainˆ t

0
κ5

∥∥pρü
∥∥2

L2(R3) +
1

2
κ5(t )

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2)(t , x)d x

= 1

2

ˆ t

0
κ′5

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2)−κ5(t )

ˆ
R3
ρ∂ρP (ρ,c)div u̇ divu

+
ˆ t

0
κ′5

ˆ
R3
ρ∂ρP (ρ,c)div u̇ divu +

ˆ t

0
κ5

ˆ
R3
ρ∂ρP (ρ,c)(div u̇)2

+κ5(t )J1(t )−
ˆ t

0
κ′5 J1(s)d s +

ˆ t

0
κ5 J2(s)d s +

ˆ t

0
κ5 J3(s)d s.(3.76)

Above, J1, J2, J3 are of the form

J1 =
ˆ
R3
φ(ρ,c)∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6 +

ˆ
R3
∂ j1 u̇ j2∂ j3 u j4G(ρ,c),

J2 =
ˆ
R3
φ(ρ,c)∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6∂ j7 u j8 +

ˆ
R3
∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6G(ρ,c)+

ˆ
R3
ψ(ρ,c)∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6 ,

J3 =
ˆ
R3
φ(ρ,c)∂ j1 u̇ j2∂ j3 u̇ j4∂ j5 u j6 +

ˆ
R3
∂ j1 u̇ j2∂ j3 u̇ j4G(ρ,c),

(3.77)

whereφ is either the viscositiesµ, λ or ρ∂ρµ , ρ∂ρλ, ρ2∂2
ρµ or ρ2∂2

ρλ, whileψ corresponds to either ρ∂ρP or ρ2∂2
ρP .

The computations are analogous to those in [43, Section B.2] and we do not repeat it here. In the following steps,
we provide estimates for the RHS terms of (3.76).
Step 1. In this paragraph, we will estimate the first term of the RHS of (3.76). For α̌= 1, it is clear that the underlying
term is controlled as follows

1

2

ˆ t

0
κ′5

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2)⩽CA2(t ).

Even if α̌ ∈ [0,1), we still have

1

2

ˆ t

σ(t )
κ′5

ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2)⩽CA2(t ),

and to address the case of small time, we shall make use of a duality method. Hence, we write u̇ = v + v̌ where v
and v̌ satisfy: {

∂t (ρv)+div(ρv ⊗u) = div
(
2µ(ρ,c)Dv

)+∇(
λ(ρ,c)div v

)
,

(ρv)|t=0 = (ρu̇)|t=0,
(3.78)

and {
∂t (ρv̌)+div(ρv̌ ⊗u)−div

(
2µ(ρ,c)Dv̌

)−∇(
λ(ρ,c)div v̌

)= div(R),

(ρv̌)|t=0 = 0,
(3.79)

with

(divR) j =−∂k
(
µ(ρ,c)∂ j ul∂l uk +µ(ρ,c)∂k ul∂l u j +2ρ∂ρµ(ρ,c)D j k u divu

)
−∂ j

(
λ(ρ,c)∇ul ·∂l u +ρ∂ρλ(ρ,c)(divu)2 −ρ∂ρP (ρ,c)divu

)+∂k
(
Π j k divu

)−div
(
∂k uΠ j k)

.

Recalling that (ρu̇)|t=0 ∈ L2(R3) (see (2.2)), one can establish the existence and uniqueness of v , and thus of v̌ ,
through a regularizing argument. We now aim at deriving bounds for v and v̌ , which will then imply the desired
bound for u̇.

For τ ∈ (0,σ(t )], and ϕ̌ ∈ L2((0,τ)×R3), we consider the linear nonhomogeneous problem{
ρ∂t w +ρ(u ·∇w)+div(2µ(ρ,c)Dw)+∇(λ(ρ,c)div w) = ρϕ̌,

w|t=τ = 0.
(3.80)

The existence of w can be established by reversing the arrow of time, and we readily have (recall that τ ∈ [0,1])

1

2
sup
[0,τ]

∥∥pρw
∥∥2

L2(R3) +
ˆ τ

0

ˆ
R3

[
2µ(ρ,c)|Dw |2 +λ(ρ,c)(div w)2

]
⩽C

ˆ τ

0

∥∥pρϕ̌∥∥2
L2(R3).
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Next, using ẇ as a test function, we obtainˆ τ′

0

∥∥pρẇ
∥∥2

L2(R3) +
1

2

ˆ
R3

[
2µ(ρ,c)|Dw |2 +λ(ρ,c)|div w |2](τ′, x)d x

⩽
ˆ τ′

0

∥∥pρẇ
∥∥

L2(R3)

∥∥pρϕ̌∥∥
L2(R3) +C

ˆ τ′

0
∥∇u∥L3(R3)∥∇w∥2

L3(R3).(3.81)

Repeating the computations that led to (2.6), we find

∇w =− 1

µ(ρ,c)
∇(−∆)−1P

(
ρ(ẇ − ϕ̌)

)+∇(−∆)−1∇
( 1

ν(ρ,c)
(−∆)−1 div

(
ρ(ẇ − ϕ̌)

))
+ 1

µ(ρ,c)

[
K ,µ(ρ,c)− µ̃]

(2Dw)−∇(−∆)−1∇
( 1

ν(ρ,c)

[
Ǩ ,µ(ρ,c)− µ̃]

(2Dw)
)
;

and by means of the commutator estimate (A.8), it follows, under the assumption of a small viscosity jump (see
(3.66))

∥∇w∥L3(R3) ⩽C∗
(∥∥(−∆)−1∇(

ρ(ẇ − ϕ̌)
)∥∥

L3(R3) + φ̌
1
α

Σ
∥∇w∥L2(R3)

)
⩽C∗

(
∥∇w∥1/2

L2(R3)

∥∥ρ(ẇ − ϕ̌)
∥∥1/2

L2(R3) + φ̌
1
α

Σ
∥∇w∥L2(R3)

)
.

Therefore, by Young’s inequality, (3.81) leads to:ˆ τ′

0

∥∥pρẇ
∥∥2

L2(R3) +
ˆ
R3

[
2µ(ρ,c)|Dw |2 +λ(ρ,c)|div w |2](τ′, x)d x

⩽C∗
ˆ τ′

0

∥∥pρϕ̌∥∥2
L2(R3) +C∗

ˆ τ′

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)
∥∇w∥2

L2(R3),

from which Grönwall’s Lemma yieldsˆ τ

0

∥∥pρẇ
∥∥2

L2(R3) + sup
[0,τ]

∥∇w∥2
L2(R3) ⩽

(
C∗
ˆ τ

0

∥∥pρϕ̌∥∥2
L2(R3)

)
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.(3.82)

We now use w as a test function in (3.78) and we obtain∣∣∣∣ˆ τ

0

ˆ
R3

(ρv)(τ′, x)ϕ̌(τ′, x)dτ′d x

∣∣∣∣= ∣∣∣∣ˆ
R3

(ρv)|t=0(x)w(0, x)d x

∣∣∣∣
⩽

∥∥(ρv)|t=0
∥∥

Ḣ−1(R3)∥w(0)∥Ḣ 1(R3)

⩽C∗
∥∥(ρv)|t=0

∥∥
Ḣ−1(R3)

∥∥ϕ̌∥∥
L2((0,τ)×R3) exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

By duality, it follows thatˆ τ

0

∥∥ρv(τ′)
∥∥2

L2(R3)dτ
′ ⩽C∗

∥∥(ρv)|t=0
∥∥2

Ḣ−1(R3) exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
,

and using σv as a testing function in (3.78) yields

sup
[0,τ]

σ
∥∥pρv

∥∥2
L2(R3) +

ˆ τ

0
σ∥∇v∥2

L2(R3) ⩽C∗
ˆ τ

0

∥∥pρv
∥∥2

L2(R3)

⩽C∗
∥∥(ρv)|t=0

∥∥2
Ḣ−1(R3) exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

As well, by using v as a test function in (3.78) it is straightforward to obtain

sup
[0,τ]

∥∥pρv
∥∥2

L2(R3) +
ˆ τ

0
∥∇v∥2

L2(R3) ⩽C∗
∥∥(ρv)|t=0

∥∥2
L2(R3).

Finally, we apply a Riesz-Thorin theorem to conclude that

sup
[0,τ]

σα̌
∥∥pρv

∥∥2
L2(R3) +

ˆ τ

0
σα̌∥∇v∥2

L2(R3) ⩽C∗
∥∥(ρu̇)|t=0

∥∥2
Ḣ−α̌(R3) exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.(3.83)

This ends the estimate for v and we now turn to the one of v̌ .
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To achieve this, we rather consider the following Cauchy problem{
ρ∂t w̌ +ρ(u ·∇)w̌ +div

(
2µ(ρ,c)Dw̌

)+∇(
λ(ρ,c)div w̌

)= 0,

w̌|t=τ = ϕ̌,
(3.84)

where 0 < τ⩽σ(t ) and ϕ̌= ϕ̌(x) ∈ L2(R3) is a given function. A basic energy estimate yields

1

2
sup
[0,τ]

∥∥pρw̌
∥∥2

L2(R3) +
ˆ τ

0

ˆ
R3

[
2µ(ρ,c)|Dw̌ |2 +λ(ρ,c)(div w̌)2]⩽ 1

2

∥∥pρ(τ)ϕ̌
∥∥2

L2(R3).

Let στ denotes the time weight στ = τ− s, s ∈ [0,τ]. Using στ ˙̌w as a test function in (3.84) and following the same
computations that lead to (3.82), we inferˆ τ

0
στ

∥∥pρ ˙̌w
∥∥2

L2(R3) + sup
[0,τ]

στ∥∇w̌∥2
L2(R3) ⩽C∗

∥∥pρ(τ)ϕ̌
∥∥2

L2(R3) exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

We now use w̌ as a test function in (3.79) and we obtain∣∣∣∣ˆ
R3

(ρv̌)(τ, x)ϕ̌(x)d x

∣∣∣∣= ∣∣∣∣ˆ τ

0

ˆ
R3
R j k (τ′, x)∂k w̌ j (τ′, x)d xdτ′

∣∣∣∣
⩽C∗

ˆ τ

0

(
∥∇u∥2

L4(R3) +
∥∥G(ρ,c)

∥∥2
L4(R3) +∥∇u∥L2(R3)

)
(τ′)

∥∥∇w̌(τ′)
∥∥

L2(R3)dτ
′

⩽C∗
∥∥pρ(τ)ϕ̌

∥∥
L2(R3)

[
E

1
2
0 +
ˆ τ

0
σ
−1

2
τ

(
∥∇u∥2

L4(R3) +
∥∥G(ρ,c)

∥∥2
L4(R3)

)]
×exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

Hence, by duality we obtain∥∥pρv̌(τ)
∥∥

L2(R3) ⩽C∗
[

E
1
2
0 +
ˆ τ

0
σ
−1

2
τ

∥∥∇u, G(ρ,c)
∥∥2

L4(R3)

]
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

Note that for all r ∈ (
0,4/(2+ α̌)

)
, we have∥∥∥∥∥∇u, G(ρ,c)

∥∥2
L4(R3)

∥∥∥2

Lr (0,σ(t ))
⩽Cr

ˆ σ(t )

0
σ

α̌
2
∥∥∇u, G(ρ,c)

∥∥4
L4(R3),

and Hardy-Littlewood-Sobolev’s inequality (see [1, Theorem 1.7]) yields∥∥∥∥τ 7→ ˆ τ

0
σ
−1

2
τ

(
∥∇u∥2

L4(R3) +
∥∥G(ρ,c)

∥∥2
L4(R3)

)∥∥∥∥2

L2r /(2−r )(0,σ(t ))
⩽C

ˆ t

0
σ

α̌
2
∥∥∇u, G(ρ,c)

∥∥4
L4(R3).

By Hölder’s inequality, it follows that for r ∈ (
2/(1+ α̌),4/(2+ α̌)

)
ˆ σ(t )

0
τα̌−1

∥∥pρv̌(τ)
∥∥2

L2(R3)dτ⩽Cr
∥∥pρv̌

∥∥2
L2r /(2−r )(R3)

⩽C∗,r

(
E0 +
ˆ σ(t )

0
σ

α̌
2
∥∥∇u, G(ρ,c)

∥∥4
L4(R3)

)
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.

We now use σα̌v̌ as a test function in (3.79) and we obtain

sup
[0,σ(t )]

σα̌
∥∥pρv̌

∥∥2
L2(R3) +

ˆ σ(t )

0
σα̌∥∇v̌∥2

L2(R3) ⩽C∗
(
E0 +
ˆ σ(t )

0
σα̌−1

∥∥pρv̌
∥∥2

L2(R3) +
ˆ σ(t )

0
σα̌

∥∥∇u, G(ρ,c)
∥∥4

L4(R3)

)
⩽C∗

(
E0 +
ˆ σ(t )

0
σ

α̌
2
∥∥∇u, G(ρ,c)

∥∥4
L4(R3)

)
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.(3.85)

Finally, from (3.83)-(3.85) and u̇ = v + v̌ , we obtain that

sup
[0,σ(t )]

σα̌
∥∥pρu̇

∥∥2
L2(R3) +

ˆ σ(t )

0
σα̌∥∇u̇∥2

L2(R3)

⩽C∗
(
E0 +

∥∥(ρu̇)|t=0
∥∥2

Ḣ−α̌(R3) +
ˆ σ(t )

0
σ

α̌
2
∥∥∇u, G(ρ,c)

∥∥4
L4(R3)

)
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.
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Following the computations that go from (3.71) to (3.72), we obtainˆ σ(t )

0
τ
α̌
2
∥∥G(ρ,c), ∇u

∥∥4
L4(R3)(τ)dτ⩽C∗

(
C0

(
1+ φ̌

6
α

ΣA1(t )
)+A1(t )

(
C 1/2

0 +A1(t )1/2) sup
[0,σ(t )]

σ
α̌
2
∥∥pρu̇

∥∥
L2(R3)

)
,(3.86)

and Young’s inequality yields

sup
[0,σ(t )]

σα̌
∥∥pρu̇

∥∥2
L2(R3) +

ˆ σ(t )

0
σα̌∥∇u̇∥2

L2(R3)

⩽C∗
(
C0

(
1+ φ̌

6
α

ΣA1(t )
)+∥∥(ρu̇)|t=0

∥∥2
Ḣ−α̌(R3) +A1(t )2(C0 +A1(t )

))
exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
,

and we conclude this step with the following bound for the first term on the RHS of (3.76)

Ǎ2(t ) := sup
[0,t ]

σα̌〈〉 3
2 (1+r0)

∥∥pρu̇
∥∥2

L2(R3) +
ˆ t

0
σα̌〈〉 3

2 (1+r0)
ˆ
R3

(
2µ(ρ,c)|Du̇|2 +λ(ρ,c)(div u̇)2)

⩽C∗
(
A2(t )+C0

(
1+ φ̌

6
α

ΣA1(t )
)+∥∥(ρu̇)|t=0

∥∥2
Ḣ−α̌(R3) +A1(t )2(C0 +A1(t )

))
×exp

[
C∗
ˆ τ

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
.(3.87)

The others terms are estimated in the following steps.
Step 2. In what follows, we estimate all the remaining RHS terms in (3.76), except for the last one, which is ad-
dressed next.

⋄ We readily bound the second term on the RHS of (3.76) as follows:∣∣∣∣κ5(t )

ˆ
R3
ρ∂ρP (ρ,c)div u̇ divu

∣∣∣∣⩽ ηκ5t )∥div u̇(t )∥2
L2(R3) +

C∗
η

∥divu(t )∥2
L2(R3)

⩽ ηκ5t )∥div u̇(t )∥2
L2(R3) +

C∗
η

A2(t ).

The two terms that follow are∣∣∣∣ˆ t

0
κ′5

ˆ
R3
ρ∂ρP (ρ,c)div u̇ divu

∣∣∣∣+ ∣∣∣∣ˆ t

0
κ5

ˆ
R3
ρ∂ρP (ρ,c)(div u̇)2

∣∣∣∣⩽C∗
(
E0 + Ǎ2(t )

)
.

⋄ Next, using (3.72)-(3.86), we estimate the sixth and final terms in the expression of J2 (see (3.77)) as follows:∣∣∣∣ˆ t

0
κ′5 J1(s)d s

∣∣∣∣+ ∣∣∣∣ˆ t

0
κ5

ˆ
R3
ψ(ρ,c)∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6

∣∣∣∣
⩽C∗

ˆ t

0
σα̌〈〉 3

2 (1+r0)
(
∥∇u̇∥2

L2(R3) +∥∇u∥4
L4(R3)

)
⩽C∗

(
Ǎ2(t )+C0

(
1+ φ̌

6
α

ΣA1(t )
)+ (

C0 +A1(t )
)
A1(t )2

)
.

Following the computations leading to (3.74), we estimate the remaining terms of J2 as follows:∣∣∣∣ˆ t

0
κ5

ˆ
R3
φ(ρ,c)∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6∂ j7 u j8

∣∣∣∣+ ∣∣∣∣ˆ t

0
κ5

ˆ
R3
∂ j1 u̇ j2∂ j3 u j4∂ j5 u j6G(ρ,c)

∣∣∣∣
⩽C∗

ˆ t

0
κ5

(
∥∇u̇∥2

L2(R3) +
∥∥∇u,G(ρ,c)

∥∥6
L6(R3)

)
⩽C∗C0

(
1+ φ̌

12
α

Σ A1(t )2)+C∗A2(t )
(
1+A1(t )Ǎ2(t )

)
.(3.88)

⋄ For the first term in the last line of (3.76), we have we estimate

|κ5(t )J1(t )|⩽ ηκ5(t )∥∇u̇(t )∥2
L2(R3) +

C∗
η
κ5(t )

∥∥∇u(t ),G(ρ,c)(t )
∥∥4

L4(R3).

From (3.47), we have |G(ρ,c)|4 ⩽C∗H3(ρ,c); and (3.72) yields:

σ(t )
1
2 〈t〉2(1+r0)

∥∥G(ρ,c)(t )
∥∥4

L4(R3) ⩽C∗
(
C0

(
1+ φ̌

6
α

ΣA1(t )
)+A2(t )1/2(C 1/2

0 +A1(t )1/2)A1(t )
)
.
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From (3.63) and the commutator estimate (A.8), it follows that

∥∇u∥L4(R3) ⩽
C

µ∗

(∥∥(−∆)−1∇P(ρu̇)
∥∥

L4(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥
L4(R3) +

∥∥G(ρ,c)
∥∥

L4(R3)

)
+ C

µ∗

(∥∥[
K ,µ(ρ,c)− µ̃]

Du
∥∥

L4(R3) +
∥∥[

Ǩ ,µ(ρ,c)− µ̃]
Du

∥∥
L4(R3)

)
⩽

C

µ∗

(∥∥(−∆)−1∇P(ρu̇)
∥∥

L4(R3) +
∥∥(−∆)−1 div(ρu̇)

∥∥
L4(R3) +

∥∥G(ρ,c)
∥∥

L4(R3)

)
+ C

µ∗

(
φ̌Σ∥∇u∥L12/(2α+3)(R3) +

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)∥∇u∥L4(R3)

)
and, using the smallness of the shear viscosity jump together with interpolation and Young’s inequality,
we obtain

∥∇u∥L4(R3) ⩽C∗
∥∥(−∆)−1∇P(ρu̇), (−∆)−1 div(ρu̇), G(ρ,c)

∥∥
L4(R3) +C∗φ̌

3
2α
Σ
∥∇u∥L2(R3).

Then, Gagliardo–Nirenberg’s inequality yields

σ
1
2+α̌〈〉 11

4 (1+r0)
∥∥(−∆)−1∇P(ρu̇), (−∆)−1 div(ρu̇)

∥∥4
L4(R3)

⩽C∗
[
σ〈〉 3

2 (1+r0)
∥∥pρu̇

∥∥2
L2(R3)

] 1
2
[
σα̌〈〉 3

2 (1+r0)
∥∥pρu̇

∥∥2
L2(R3)

][
〈〉1+r0

∥∥∇u, G(ρ,c)
∥∥2

L2(R3)

] 1
2

⩽C∗Ǎ2(t )A1(t )1/2(C 1/2
0 +A1(t )1/2),

and hence

sup
[0,t ]

σ
1
2+α̌〈〉 3

2 (1+r0)
∥∥∇u, G(ρ,c)

∥∥4
L4(R3) ⩽C∗

(
C0 + φ̌

6
α

ΣA1(t )
(
C0 +A1(t )

))
+C∗A1(t )1/2(A1(t )+A2(t )+ Ǎ2(t )

)(
C 1/2

0 +A1(t )1/2).(3.89)

Finally, we have the following estimate for the first term in the last line of (3.76):

|κ5(t )J1(t )|⩽ ηκ5(t )∥∇u̇(t )∥2
L2(R3)

+ C∗
η

(
C0 +A1(t )φ̌

6
α

Σ

(
C0 +A1(t )

)+A1(t )1/2(A1(t )+A2(t )+ Ǎ2(t )
)(

C 1/2
0 +A1(t )1/2)).

The remaining term will be addressed in the following item.

Step 3. We estimate the remaining term in (3.76) as follows:∣∣∣∣ˆ t

0
κ5 J3(s)d s

∣∣∣∣⩽C∗A2(t )+C∗
(ˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)∥∇u̇∥3

L3(R3)

)2/3(ˆ t

0
σ

1
2 〈〉 3

2 (1+r0)∥∇u∥3
L3(R3)

)1/3

.

We now express ∇u̇ in order to estimate its L3(R3)-norm. To achieve this, we apply to (3.75) the computations that
lead to (2.6). Indeed, applying the Leray projector P to (3.75), we obtain

P(ρü) = divP
(
2µ(ρ,c)Du̇

)+divP
((
Π−2ρ∂ρµ(ρ,c)Du

)
divu −Π ·∇u −µ(ρ,c)

(∇u ·∇u + (∇u ·∇u)t ))
and since

divP
(
2µ(ρ,c)Du̇

)= divP
((
µ(ρ,c)− µ̃)

(2Du̇)
)+ µ̃∆Pu̇,

it follows that

µ(ρ,c)∇Pu̇ =−(−∆)−1∇P(ρü)+ [
K ,µ(ρ,c)− µ̃]

(2Du̇)

+∇(−∆)−1 divP
((
Π−2ρ∂ρµ(ρ,c)Du

)
divu −Π ·∇u −µ(ρ,c)

(∇u ·∇u + (∇u ·∇u)t )).(3.90)

Next, applying the divergence operator to (3.75), we obtain

div(ρü) = divdiv
(
2µ(ρ,c)Du̇

)+∆(
λ(ρ,c)div u̇ −λ(ρ,c)∇ul ·∂l u −ρ∂ρλ(ρ,c)(divu)2 +ρ∂ρP (ρ,c)divu

)
+divdiv

((
Π−2ρ∂ρµ(ρ,c)Du

)
divu −Π ·∇u −µ(ρ,c)

(∇u ·∇u + (∇u ·∇u)t )),
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and therefore, F̌ given by

F̌ = ν(ρ,c)div u̇ −λ(ρ,c)∇ul ·∂l u −ρ∂ρλ(ρ,c)(divu)2 +ρ∂ρP (ρ,c)divu

can be expressed as

F̌ =−(−∆)−1 div(ρü)+ [
K ′,µ(ρ,c)− µ̃]

(2Du)

+ (−∆)−1 divdiv
((
Π−2ρ∂ρµ(ρ,c)Du

)
divu −Π ·∇u −µ(ρ,c)

(∇u ·∇u + (∇u ·∇u)t )).(3.91)

In turn, we can express div u̇ as

ν(ρ,c)div u̇ = F̌ +λ(ρ,c)∇ul ·∂l u +ρ∂ρλ(ρ,c)(divu)2 −ρ∂ρP (ρ,c)divu.(3.92)

From (3.92)-(3.90) it follows that

∥∇u̇∥L3(R3) =
∥∥∇Pu̇ −∇(−∆)−1∇div u̇

∥∥
L3(R3)

⩽C∗
(∥∥(−∆)−1∇P(ρü), (−∆)−1 div(ρü)

∥∥
L3(R3) +

∥∥∇u, G(ρ,c)
∥∥2

L6(R3) +C∗∥divu∥L3(R3)

)
+ C

µ∗

∥∥[
K ′,µ(ρ,c)− µ̃]

(2Du),
[
K ,µ(ρ,c)− µ̃]

(2Du̇)
∥∥

L3(R3),

and the commutator estimate (A.8), together with the smallness of the shear viscosity jump yields

∥∇u̇∥L3(R3) ⩽C∗
∥∥(−∆)−1∇P(ρü), (−∆)−1 div(ρü)

∥∥
L3(R3)

+C∗
(∥∥∇u, G(ρ,c)

∥∥2
L6(R3) +∥divu∥L3(R3) + φ̌

1
α

Σ
∥∇u̇∥L2(R3)

)
,(3.93)

and thereforeˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)∥∇u̇∥3

L3(R3)

⩽C∗
(ˆ t

0
κ5

∥∥pρü
∥∥2

L2(R3)

)3/4
(ˆ t

0
σ2+3α̌〈〉 3

2 (1+r0)
∥∥(−∆)−1∇P(ρü), (−∆)−1 div(ρü)

∥∥6
L2(R3)

)1/4

+C∗
ˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)(∥∥∇u, G(ρ,c)

∥∥6
L6(R3) +∥divu∥3

L3(R3) + φ̌
3
α

Σ
∥∇u̇∥3

L2(R3)

)
.

With the help of the expressions of (−∆)−1∇P(ρü) and (−∆)−1 div(ρü) in (3.90)-(3.91), we haveˆ t

0
σ2+3α̌〈〉 3

2 (1+r0)
∥∥(−∆)−1∇P(ρü), (−∆)−1 div(ρü)

∥∥6
L2(R3)

⩽C∗
ˆ t

0
σ2+3α̌〈〉 3

2 (1+r0)
(
∥∇u̇∥6

L2(R3) +
∥∥∇u, G(ρ,c)

∥∥12
L4(R3) +∥divu∥6

L2(R3)

)
⩽C∗

(
C0A1(t )2 +A3(t )2

ˆ t

0
σα̌∥∇u̇∥2

L2(R3) +
[

sup
[0,t ]

σ
3
4+ 3α̌

2
∥∥∇u,G(ρ,c)

∥∥4
L4(R3)

]2
ˆ t

0
σ

1
2
∥∥∇u,G(ρ,c)

∥∥4
L4(R3)

)
.

It follows thatˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)∥∇u̇∥3

L3(R3) ⩽C∗A3(t )3/4
(
C0A1(t )2 +A3(t )2Ǎ2(t )

)1/4

+C∗A3(t )3/4
[

sup
[0,t ]

σ
3
4+ 3α̌

2
∥∥∇u,G(ρ,c)

∥∥4
L4(R3)

]1/2
(ˆ t

0
σ

1
2
∥∥∇u,G(ρ,c)

∥∥4
L4(R3)

)1/4

+C∗
ˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)(∥∥∇u, G(ρ,c)

∥∥6
L6(R3) +∥divu∥3

L3(R3) + φ̌
3
α

Σ
∥∇u̇∥3

L2(R3)

)
,

and we recall the estimates (3.89)-(3.72)-(3.73)-(3.74).
Summing all the estimates above and applying Young’s inequality, we conclude that

A3(t )+
ˆ t

0
σ

5
4+ 3

2 α̌〈〉 3
2 (1+r0)∥∇u̇∥3

L3(R3) ⩽C∗
(
Č0 +L

(
φ̌

2
α

ΣC0, A1(t )
))

exp

[
C∗
ˆ σ(t )

0

(
∥∇u∥2

L3(R3) + φ̌
2
α

Σ
∥∇u∥L3(R3)

)]
,
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where L is a polynomial, whose exact expression is not needed for the remaining steps in the proof of Theorem
1.2. Estimate (2.24) finally follows from (see (3.67))ˆ σ(t )

0
∥∇u∥3

L3(R3) ⩽C∗C0
(
1+ φ̌

3
α

ΣE
1
2
0 A1(t )

1
2
)+C∗E

1
4
0

(
A1(t )

5
4 +C

5
4

0

)
.

□

3.5. Proof of Lemma 2.4.

Proof. From(3.93), we haveˆ t

0
σ

1
2+α̌〈〉1+r0∥∇u̇∥2

L3(R3)

⩽C∗
(ˆ t

0
σ1+α̌〈〉 3

2 (1+r0)
∥∥ρü

∥∥2
L2(R3)

)1/2(ˆ t

0
σα̌〈〉1+r0

∥∥(−∆)−1∇P(ρü), (−∆)−1 div(ρü)
∥∥2

L2(R3)

)1/2

+C∗
ˆ t

0
σ

1
2+α̌〈〉1+r0

(∥∥∇u, G(ρ,c)
∥∥4

L6(R3) +∥divu∥2
L3(R3) + φ̌

2
α

Σ
∥∇u̇∥2

L2(R3)

)
⩽C∗A3(t )1/2

(ˆ t

0
σα̌〈〉1+r0

(
∥∇u̇∥2

L2(R3) +∥∇u∥4
L4(R3) +∥divu∥2

L2(R3)

))1/2

+C∗
ˆ t

0
σ

1
2+α̌〈〉1+r0

(∥∥∇u, G(ρ,c)
∥∥4

L6(R3) +∥divu∥2
L3(R3) + φ̌

2
α

Σ
∥∇u̇∥2

L2(R3)

)
.(3.94)

Using (3.86), we deduceˆ t

0
σα̌〈〉1+r0

(
∥∇u̇∥2

L2(R3) +∥∇u∥4
L4(R3) +∥divu∥2

L2(R3)

)
⩽C∗

(
Ǎ2(t )+C0

(
1+ φ̌

6
α

ΣA1(t )
)+ (

C0 +A1(t )
)
A1(t )2

)
,

and with the help of (3.88), the remaining terms can be estimated as follows:ˆ t

0
σ

1
2+α̌〈〉1+r0

(∥∥∇u, G(ρ,c)
∥∥4

L6(R3) +∥divu∥2
L3(R3) + φ̌

2
α

Σ
∥∇u̇∥2

L2(R3)

)
⩽

(ˆ t

0
〈〉1+r0

∥∥∇u,G(ρ,c)
∥∥2

L6(R3)

)1/2(ˆ t

0
σ1+2α̌〈〉1+r0

(∥∥∇u, G(ρ,c)
∥∥6

L6(R3) +∥divu∥2
L2(R3)

))1/2

+C∗φ̌
2
α

Σ Ǎ2(t )

⩽
(ˆ t

0
〈〉1+r0

∥∥∇u,G(ρ,c)
∥∥2

L6(R3)

)1/2(
C∗C0

(
1+ φ̌

12
α

Σ A1(t )2)+C∗A2(t )
(
1+A1(t )Ǎ2(t )

))1/2

+C∗φ̌
2
α

Σ Ǎ2(t ).

The L2((0, t ),L6(R3))-norm of 〈〉(1+r0)/2
(∇u,G(ρ,c)

)
will be estimated in what follows.

To achieve this, we first deduce from (3.48)-(3.49) to obtain

d

d t

ˆ
R3

H5(ρ,c)+
ˆ
R3

1

ν(ρ,c)

∣∣G(ρ,c)
∣∣6 =−

ˆ
R3

1

ν(ρ,c)
FG(ρ,c)

∣∣G(ρ,c)
∣∣4,

and from (3.46)-(3.47), we have

ρ̃(c)g (ρ,c)Hl (ρ,c)⩽
∣∣G(ρ,c)

∣∣l+1 ⩽
ρ+ ρ̃(c)

al (c)
g (ρ,c)Hl (ρ,c), where g (ρ,c) = G(ρ,c)

ρ− ρ̃(c)
.(3.95)

We will use the following notations:

al ,∗ = inf
c

al (c), g∗ = sup
ρ,c

g (ρ,c), g∗ = inf
ρ,c

g (ρ,c), k∗ = ρ∗g∗
2ρ∗g∗ and k∗

l = ν∗

al ,∗ν∗
.(3.96)

It follows that

d

d t

ˆ
R3

H5(ρ,c)+
ˆ
R3
ρ̃(c)

g (ρ,c)

ν(ρ,c)
H5(ρ,c)⩽

(ˆ
R3

1

ν(ρ,c)
|F |6

)1/6(ˆ
R3

ρ+ ρ̃(c)

a5(c)

g (ρ,c)

ν(ρ,c)
H5(ρ,c)

)5/6

⩽
1

ν∗

(
2ρ∗g∗

a5,∗

)5/6

∥F∥L6(R3)

(ˆ
R3

H5(ρ,c)

)5/6

.
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Hence

3
d

d t

(ˆ
R3

H5(ρ,c)

)1/3

+ ρ∗g∗
ν∗

(ˆ
R3

H5(ρ,c)

)1/3

⩽
1

ν∗

(
2ρ∗g∗

a5,∗

)5/6

∥F∥L6(R3)

(ˆ
R3

H5(ρ,c)

)1/6

,(3.97)

and Young’s inequality yields

3
d

d t

(ˆ
R3

H5(ρ,c)

)1/3

+ ρ∗g∗
2ν∗

(ˆ
R3

H5(ρ,c)

)1/3

⩽
ν∗ν−2∗
2ρ∗g∗

(
2ρ∗g∗

a5,∗

)5/3

∥F∥2
L6(R3).

Upon multiplying by the time weight κ1 = 〈〉1+r0 and integrating in time, we obtain:

κ1(t )

(ˆ
R3

H5(ρ,c)(t )

)1/3

+ ρ∗g∗
6ν∗

ˆ t

0
κ1

(ˆ
R3

H5(ρ,c)

)1/3

⩽
(ˆ

R3
H5(ρ0,c0)

)1/3

+
ˆ t

0
κ′1

(ˆ
R3

H5(ρ,c)

)1/3

+ ν∗ν−2∗
6ρ∗g∗

(
2ρ∗g∗

a5,∗

)5/3ˆ t

0
κ1∥F∥2

L6(R3).

From (3.64)-(3.52) we infer (ˆ
R3

H5(ρ0,c0)

)1/3

+
ˆ t

0
κ′1

(ˆ
R3

H5(ρ,c)

)1/3

⩽C∗C0,

and (3.95), yields ˆ t

0
κ1

(ˆ
R3

H5(ρ,c)

)1/3

⩾
( a5,∗

2ρ∗g∗
)1/3
ˆ t

0
κ1

∥∥G(ρ,c)
∥∥2

L6(R3).

It then follows that

k2
∗

ˆ t

0
κ1

∥∥G(ρ,c)
∥∥2

L6(R3) ⩽C∗C0 +k∗
5

2
ˆ t

0
κ1∥F∥2

L6(R3).

Once again, we combine (3.63)–(A.8) to deduce that

k2
∗

ˆ t

0
κ1

(∥∥G(ρ,c)
∥∥2

L6(R3) +µ2
∗∥∇u∥2

L6(R3)

)
⩽C∗C0 +C∗

ˆ t

0
κ1

∥∥(−∆)−1∇P(ρu̇), (−∆)−1 div(ρu̇)
∥∥2

L6(R3)

+C
(
k2
∗+k∗

5
2)ˆ t

0
κ1

∥∥[
K ,µ(ρ,c)− µ̃]

Du,
[
Ǩ ,µ(ρ,c)− µ̃]

Du
∥∥2

L6(R3)

⩽C∗C0 +C∗
ˆ t

0
κ1

(∥∥pρu̇
∥∥2

L2(R3) + φ̌2
Σ∥∇u∥2

L6/(1+α)(R3)

)
+C

(
k2
∗+k∗

5
2)sup

[0,t ]

∥∥Jµ(ρ,c)K
∥∥2

L∞(Σ)

ˆ t

0
κ1∥∇u∥2

L6(R3).

Under the smallness assumption on the shear-viscosity jump

C

µ2∗

(
1+ k∗

5
2

k2∗

)
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥2

L∞(Σ) ⩽
1

2
,

the last term can be absorbed into the LHS, and Young’s inequality gives
ˆ t

0
κ1

∥∥G(ρ,c), ∇u
∥∥2

L6(R3) ⩽C∗
(
C0

(
1+ φ̌

2
α

Σ

)+A1(t )
)
.

This completes the estimate of the last term in (3.94).
Using an interpolation inequality, we have:

ˆ t

0
∥u̇∥L6/(2−α)(R3) ⩽C∗

(ˆ t

0
κ1∥u̇∥2

L2(R3)

) 1−α
4

(ˆ t

0
σκ1∥∇u̇∥2

L2(R3)

) 1+α
4

(ˆ t

0
κ−1

1 σ− 1+α
2

) 1
2

,

and
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⋄ if α ∈ (0,1/2),ˆ t

0
∥u̇∥L3/(1−α)(R3) ⩽C∗

ˆ t

0

∥∥ρu̇
∥∥1−2α

2
L2(R3)

∥∇u̇∥
1+2α

2
L2(R3)

⩽C∗
(ˆ t

0
κ1

∥∥ρu̇
∥∥2

L2(R3)

)1−2α
4

(ˆ t

0
σκ1∥∇u̇∥2

L2(R3)

)1+2α
4

(ˆ t

0
κ−1

1 σ− 1+2α
2

)1/2

;

⋄ If α ∈ [1/2,1), we have α̌ ∈ (0,3/2−α) and whenceˆ t

0
∥u̇∥L3/(1−α)(R3) ⩽C∗

ˆ t

0
∥∇u̇∥2(1−α)

L2(R3)
∥∇u̇∥2α−1

L3(R3)

⩽C∗
(ˆ t

0
σα̌κ1∥∇u̇∥2

L2(R3)

)1−α(ˆ t

0
σ

1
2+α̌κ1∥∇u̇∥2

L3(R3)

)α− 1
2
(ˆ t

0
κ−1

1 σ
1
2−(α+α̌)

) 1
2

,

The final step is devoted to obtaining an L1((0, t ),Lp (R3)) estimate for ∇u and G(ρ,c), with p ∈ [6/α,∞).
To achieve this, we follow the computations that lead to (3.97) and we obtain

p
d

d t

[ˆ
R3

Hp−1(ρ,c)

] 1
p

+ ρ∗g∗
ν∗

[ˆ
R3

Hp−1(ρ,c)

] 1
p

⩽
1

ν∗

(
2ρ∗g∗

ap,∗

) 1
p′ ∥F∥Lp (R3),

and time integration, together with (3.95), yields:

k∗
ˆ t

0

∥∥G(ρ,c)
∥∥

Lp (R3) ⩽C∗C0 +k∗
p

ˆ t

0
∥F∥Lp (R3).

It follows that (using again (3.63)–(A.8)):

k∗
ˆ t

0

∥∥G(ρ,c), µ∗∇u
∥∥

Lp (R3) ⩽C∗C0 +C∗
ˆ t

0

(∥∥ρu̇
∥∥

L3p/(3+p)(R3) + φ̌Σ∥∇u∥L6p/(1+pα)(R3)

)
+C

(
k∗+k∗

p

)
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ)

ˆ t

0
∥∇u∥Lp (R3).

Under the smallness assumption on the shear-viscosity jump

C

µ∗

(
1+

k∗
p

k∗

)
sup
[0,t ]

∥∥Jµ(ρ,c)K
∥∥

L∞(Σ) ⩽
1

2
,

the last term can be absorbed into the LHS, and Young’s inequality givesˆ t

0

∥∥G(ρ,c), ∇u
∥∥

Lp (R3) ⩽C∗C0 +C∗
ˆ t

0

(∥∥ρu̇
∥∥

L3p/(3+p)(R3) + φ̌
3
α

(
1− 2

p

)
Σ

∥∇u∥L2(R3)

)
⩽C∗C0

(
1+ φ̌

3
α

(
1− 2

p

)
Σ

)
+C∗

(ˆ t

0
κ1∥u̇∥2

L2(R3)

) 1
4+ 3

2p
(ˆ t

0
σκ1∥∇u̇∥2

L2(R3)

) 1
4− 3

2p
(ˆ t

0
κ−1

1 σ
− 1

2+ 3
p

) 1
2

.

This completes the proof of Lemma 2.4. □

4. PROOF OF THE MAIN RESULT

This section is devoted to the final step in the proof of the main result, Theorem 1.2. It is divided into three
steps. First, (see Section 4.1) we construct an approximate sequence (cn ,ρn ,un)n∈N for the Cauchy problem (2.1).
This sequence comes with the a priori estimates summarized in Section 2. In Section 4.2, we close these estimates
using a bootstrap argument.

4.1. Construction of approximate solutions. Usually, the approximate sequence (cn ,ρn ,un) is constructed as
the solution of the Cauchy problem (1.1) with initial data (cn

0 ,ρn
0 ,un

0 ) obtained by mollifying (c0,ρ0,u0) with a
smooth kernel. This approach is unsuited here, because smoothing the initial data would remove the density
discontinuity. Furthermore, classical arguments à la Feireisl-Novotný-Petzeltová, or à la P.–L. Lions fail in the
density-dependent viscosity case; in particular, the well-known effective flux and vorticity degenerate completely.
Motivated by this, we establish in [44] a local-in-time existence of weak solutions to the system (2.1) within a func-
tional framework tailored to our setting. In particular, beyond the initial data assumptions (1.12)-(1.13)-(1.18), it
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is enough to require (ρu̇)|t=0 ∈ L2(R3) to construct the approximate sequence (cn ,ρn ,un) to (2.1). In other terms,
we shall consider the Cauchy problem:

∂t cn +un ·∇cn = 0,

∂tρ
n +div(ρnun) = 0,

∂t (ρnun)+div(ρnun ⊗un)+∇P (ρn ,cn) = div
(
2µ(ρn ,cn)Dun

)+∇(
λ(ρn ,cn)divun

)
,

(cn ,ρn ,un)|t=0 = (c0,ρ0,un
0 ),

(4.1)

with un
0 ∈ H 1(R3)∩Lp0 (R3), fulfilling the so-called compatibility condition

(ρnu̇n)|t=0 = div
(
2µ(ρ0,c0)Dun

0 + (
λ(ρ0,c0)divun

0 −P (ρ0,c0)+ P̃
)
I3

) ∈ L2(R3).

We construct the sequence of initial velocity (un
0 )n as follows.

Lemma 4.1. There exists a sequence (un
0 )n of initial velocities such that

div
(
2µ(ρ0,c0)Dun

0

)+∇(
λ(ρ0,c0)divun

0

)−∇P (ρ0,c0) ∈ L2(R3);

and

∥un
0 −u0∥2

H 1(R3) +∥un
0 −u0∥2

Lp0 (R3)
n→∞−−−−→ 0.(4.2)

We provide the proof of Lemma 4.1 below. With the sequence (un
0 )n in place, we construct (cn ,ρn ,un)n by

applying the Theorem A.1. This theorem refines our recent work in [44], where local-in-time well-posedness for
(4.1) was obtained assuming ∥∥µ(ρ0,c0)− µ̃∥∥

Cαpw,Σ0
(R3) ≪ 1.

Indeed, here we only require smallness of the shear viscosity jump. In particular, when the shear viscosity is
continuous, the condition holds trivially. Thus, our result aligns with the well-posedness theory for smooth data.

Proof of Lemma 4.1. Following Section 3.5 of [43], we consider a sequence of nonnegative and smooth mollifier
(ωn)n∈N, and we denote by Π0 the stress tensor at the initial time

Π0 = 2µ(ρ0,c0)Du0 +
(
λ(ρ0,c0)divu0 −P (ρ0,c0)+ P̃

)
I3.

We now consider the elliptic equation

(4.3) −div
(
2µ(ρ0,c0)Dun

0 + (
λ(ρ0,c0)divun

0 −P (ρ0,c0)+ P̃
)
I3

)
+dnun

0 =−div
(
ωn ∗Π0

)
,

where (dn)n∈N is a sequence of positive real numbers is a sequence of positive real numbers to be specified later.
For each n ∈N, the existence and uniqueness of un

0 ∈ H 1(R3) follow from the Lax–Milgram theorem. We are now
left to prove (4.2). We add div

(
Π0

)
to both sides of (4.3)

−div
(
2µ(ρ0,c0)D

(
un

0 −u0
))−∇(

λ(ρ0,c0)div
(
un

0 −u0
))+dnun

0 =−div
(
ωn ∗Π0 −Π0

)
,(4.4)

and basic energy estimate yieldsˆ
R3

(
2µ(ρ0,c0)|D(un

0 −u0)|2 +λ(ρ0,c0)|div(un
0 −u0)|2)(x)d x +dn

ˆ
R3
|un

0 |2(x)d x

=
ˆ
R3

(
ωn ∗Π0 −Π0

)
(x)D(un

0 −u0)(x)d x +dn

ˆ
R3

un
0 (x)u0(x)d x.

Applying Young’s and Korn’s inequalities, we getˆ
R3

[
µ(ρ0,c0)|D(un

0 −u0)|2 +λ(ρ0,c0)
(

div(un
0 −u0)

)2](x)d x + dn

2
∥un

0 ∥2
L2(R3)

⩽
1

µ∗
∥ωn ∗Π0 −Π0∥2

L2(R3) +
dn

2
∥u0∥2

L2(R3),(4.5)

and therefore
lim

n→∞∥∇un
0 −∇u0∥L2(R3) = 0 and limsup

δ→0
∥un

0 ∥L2(R3) ⩽ ∥u0∥L2(R3),

as soon as (dn)n satisfies

dn
n→∞−−−−→ 0 and d−1

n ∥ωn ∗Π0 −Π0∥2
L2(R3)

n→∞−−−−→ 0.(4.6)
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As a consequence, un
0

n→∞−−−−→ u0 strongly in H 1(R3). It now remains to prove ∥un
0 −u0∥Lp0 (R3)

n→∞−−−−→ 0.
To achieve this, we set vn

0 = un
0 −u0, and we rewrite (4.4) as

−µ̃∆vn
0 − (

µ̃+ λ̃)∇div vn
0 +dn vn

0 =−dnu0 −div
(
ωn ∗Π0 −Π0

)
+div

(
2
(
µ(ρ0,c0)− µ̃)

Dvn
0

)+∇((
λ(ρ0,c0)− λ̃)

div vn
0

)=: hn
0 .

From this, we deduce (recall that P denotes the Leray projector)

Pvn
0 =Zn ∗Phn

0 , and
(
I−P)

vn
0 = Žn ∗ (

I−P)
hn

0 ;

where (
FZn

)
(ξ) = 1

dn + µ̃|ξ|2 , and
(
FŽn

)
(ξ) = 1

dn + (2µ̃+ λ̃)|ξ|2 .

For any a > 0, we have
1

1+a|ξ|2 =
ˆ ∞

0
e−t (1+a|ξ|2)d t ,

and whence

Ǩa(x) :=F−1
(
ξ 7→ 1

1+a|ξ|2
)
(x) =

ˆ ∞

0
e−tF−1

(
ξ 7→ e−at |ξ|2

)
d t = a−3/2

ˆ ∞

0
e−tKt

( xp
a

)
d t ,

where (Kt )t>0 denotes the heat kernel. As a result, for all q ∈ [1,∞] and p ∈ [1,3/2), we have∥∥∥Ǩa

∥∥∥
Lq (R3)

⩽C a− 3
2 (1−1/q), and

∥∥∥∇Ǩa

∥∥∥
Lp (R3)

⩽C a−2+3/(2p).

Since Zn = dn
−1Ǩµ̃/dn , it is straightforward to derive the following bound (for some p ∈ (1, p0), and 1/p̌ +1/p =

1/2+1/p0):∥∥Zn ∗divP
(
2
(
µ(ρ0,c0)− µ̃)

Dvn
0

)∥∥
Lp0 (R3) +

∥∥Zn ∗P∇((
λ(ρ0,c0)− λ̃)

div vn
0

)∥∥
Lp0 (R3)

⩽C∥∇Zn∥Lp (R3)∥∇vn
0 ∥L2(R3)∥µ(ρ0,c0)− µ̃, λ(ρ0,c0)− λ̃∥Lp̌ (R3)

⩽C∗d
1− 3

2p
n ∥∇vn

0 ∥L2(R3)∥µ(ρ0,c0)− µ̃, λ(ρ0,c0)− λ̃∥Lp̌ (R3).

Hence, from (4.6)–(4.5), we obtain∥∥Zn ∗divP
(
2
(
µ(ρ0,c0)− µ̃)

Dvn
0

)∥∥
Lp0 (R3) +

∥∥Zn ∗P∇((
λ(ρ0,c0)− λ̃)

div vn
0

)∥∥
Lp0 (R3)

n→∞−−−−→ 0.(4.7)

Next, for R > 0 we write

dnZn ∗Pu0 = Ǩµ̃/dn ∗Pu0

= Ǩµ̃/dn ∗P
(
1BR u0

)+Ǩµ̃/dn ∗P
(
1B c

R
u0

)
,

and it follows that

∥dnZn ∗Pu0∥Lp0 (R3) ⩽C∗
(
d

3
2 (1/p−1/p0)

n R3(1/p−1/p0)∥u0∥Lp0 (R3) +∥1B c
R

u0∥Lp0 (R3)

)
.

Choosing R = d
− 1

4
n , it is immediate that the first term converges to zero as n →∞; the same holds for the second

term by the dominated convergence theorem. In the following will now prove∥∥Zn ∗divP
(
ωn ∗Π0 −Π0

)∥∥
Lp0 (R3)

n→∞−−−−→ 0.(4.8)

Following the computations that led to (4.7), we obtain (4.8) provided that

d
− 1

2
n ∥ωn ∗Π0 −Π0∥Lp0 (R3)

n→∞−−−−→ 0.

However, this would require assuming Π0 ∈ Lp0 (R3), and hence ∇u0 ∈ Lp0 (R3) which we aim to avoid. To this end,
we express

Π0 = 2
(
µ(ρ0,c0)− µ̃)

Du0 +
(
λ(ρ0,c0)− λ̃)

divu0 + µ̃∆u0 +
(
2µ̃+ λ̃)∇divu0 −P (ρ0,c0)+ P̃

=:Π0,1 + µ̃∆u0 +
(
2µ̃+ λ̃)∇divu0,

and assuming that

d
− 1

2
n

∥∥ωn ∗Π0,1 −Π0,1
∥∥

Lp0 (R3)
n→0−−−→ 0, we readily obtain

∥∥Zn ∗divP
(
ωn ∗Π0,1 −Π0,1

)∥∥
Lp0 (R3)

n→∞−−−−→ 0.
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Then we write the remaining term as

−µ̃F−1
(
ξ 7→ |ξ|2

dn + µ̃|ξ|2FP
(
ωn ∗u0 −u0

))− (
2µ̃+ λ̃)

F−1
(
ξ 7→ ξ

dn + µ̃|ξ|2 ξ ·FP
(
ωn ∗u0 −u0

))
,

and a Fourier multiplier theorem (see e.g. Theorem 6.2.7 of [22]) yields∥∥∥∥µ̃F−1
(
ξ 7→ |ξ|2

dn + µ̃|ξ|2FP
(
ωn ∗u0 −u0

))+ (
2µ̃+ λ̃)

F−1
(
ξ 7→ ξ

dn + µ̃|ξ|2 ξ ·FP
(
ωn ∗u0 −u0

))∥∥∥∥
Lp0 (R3)

⩽C∗∥ωn ∗u0 −u0∥Lp0 (R3)
n→∞−−−−→ 0.

Putting everything together, we obtain

∥P(
un

0 −u0
)∥Lp0 (R3)

n→∞−−−−→ 0.

Following the same computations, we also get

∥(I−P)(
un

0 −u0
)∥Lp0 (R3)

n→∞−−−−→ 0.

This completes the proof of Lemma 4.1. In addition, from (4.4) one readily deduces the strong convergence

div
(
2µ(ρ0,c0)Dun

0

)+∇(
λ(ρ0,c0)divun

0

)−∇P (ρ0,c0)
n→∞−−−−→ div

(
Π0

)
,

in Ḣ−α̌(R3), as soon as div
(
Π0

) ∈ Ḣ−α̌(R3). □

4.2. The bootstrap argument and final steps. This section is devoted to closing all the a priori estimates derived
in Section 2. Since the initial density is bounded away from zero and, in view of the assumptions on the shear
viscosity coefficient µ=µ(ρ,c), we have the following bounds

0 < ρ0,∗ = inf
R3
ρ0 ⩽ sup

R3
ρ0 = ρ∗

0 <∞;

0 <µ0,∗ := inf
R3
µ(ρ0,c0)⩽ sup

R3
µ(ρ0,c0) =µ∗

0 <∞.

Let us define

L0 =
∣∣ f (ρ0,c0)

∣∣
Ċαpw,Σ0

(R3) +∥Σ0∥Lip +|Σ0|Ċ1+α +
∣∣∇ϕ0

∣∣−1
inf +|Σ0|−1

inf,

and let us consider the constants ε1, and ε2 given in Theorem A.1 below, forα′ =α/2. It is obvious that there exists
δ0 = δ0(µ0,∗,µ∗

0 ,L0) > 0 such that if ∥∥Jµ(ρ0,c0)K
∥∥

L∞(Σ0) ⩽ δ0,

then
1

µ0,∗

∥∥Jµ(ρ0,c0)K
∥∥

L∞(Σ0) ⩽
ε1

10
, and Ψ

(
Σ0,µ(ρ0,c0),ν(ρ0,c0)

)
⩽
ε2

10
.

As a consequence, Theorem A.1 ensures the existence of a unique solution (cn ,ρn ,un) to (4.1), defined on a max-
imal time interval [0,Tn). On this time interval, the solution has enough regularity such that the computations
performed in the Section 2-3 make sense. We now consider the functionals ϑ, ϑ̌, δ, A1, A2 and A3, with (c,ρ,u)
replaced by (cn ,ρn ,un). Let T ∈ (0,Tn) be such that, for every t ∈ [0,T ] we have0 < ρ0,∗

10
⩽ inf

x∈R3
ρn(t , x)⩽ sup

x∈R3
ρn(t , x)⩽ 10ρ∗

0 ,

ϑ(t )⩽ L1, ϑ̌(t )⩽ L2, δ(t )⩽ 10δ0, A1(t )⩽ L3;

where L1, L2, and L3 will be fixed later. On the time interval [0,T ] the density and the viscosity are lower and upper
bounded as in (2.7). In particular, whenever δ0, E0 are below thresholds depending only on the upper and lower
bounds of density (and viscosity), Lemma 2.3 ensures that

A1(t )⩽C∗
(
C0

(
1+ φ̌

6
α

Σn
E0

)+∥∇u0∥2
L2(R3) +E

1
4
0

(
A1(t )

5
4 +C

5
4

0

))
,

so that we can choose

L3 = 5C∗
(
C0

(
1+ φ̌

6
α

Σn
E0

)+∥∇u0∥2
L2(R3)

)
and deduce that on the time intervale [0,T ], we have

A1(t )⩽
3

5
L3.
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Recalling the expression of φ̌Σn from (2.10), it follows that

φ̌Σn ⩽C∗L
1
2
2

(
1+δ0K0eC ′L1

)
,

and we shall assume that

C∗L
1
2
2

(
1+δ0K0eC ′L1

)(
C0 +∥∇u0∥2

L2(R3)

)β⩽C , for some β ∈ (0,α).

This implies that

φ̌
6
α

Σn

(
C0 +∥∇u0∥2

L2(R3)

)
⩽C ,

and Lemma 2.4 provides us withˆ t

0

(∥∥∇un , G(ρn ,cn)
∥∥

Lp (R3) +
∥∥u̇n

∥∥
L6/(2−α)(R3)

)
⩽C∗L1/2

3

(
1+L3

)
, and

ˆ t

0

∥∥ρnu̇n
∥∥

L3/(1−α)(R3) ⩽C∗Ľ3,

where Ľ3 depends nonlinearly on ρ∗,0, ρ∗
0 , Č0.

Let us denote by ϱn the density ρn along the flow map X n of un . It is straightforward to deduce from the mass
equation (4.1) that:

∂t log
(
ϱn/ρ̃(c0)

)+ 1

ν(ϱn ,c0)

P (ϱn ,c0)− P̃

log
(
ϱn/ρ̃(c0)

) log
(
ϱn/ρ̃(c0)

)=− 1

ν(ϱn ,c0)
F n ◦X n ,

and hence

log
(
ϱn/ρ̃(c0)

)= e−
´ t

0 g n (t ′)d t ′ log
(
ρ0/ρ̃(c0)

)−ˆ t

0

e−
´ t

t ′ g n (t ′′)d t ′′

ν(ϱn(t ′),c0)
(F n ◦X n)(t ′)d t ′,

where

g n = 1

ν(ϱn ,c0)

P (ϱn ,c0)− P̃

log
(
ϱn/ρ̃(c0)

) .

It follows that

sup
x∈R3

ρn(t , x)⩽ ρ∗
0 eC∗

´ t
0 ∥F n∥L∞(R3) , and inf

x∈R3
ρn(t , x)⩾ ρ0,∗e−C∗

´ t
0 ∥F n∥L∞(R3) ,

where the L1((0, t ),L∞(R3)) norm of F n is estimated asˆ t

0

∥∥F n
∥∥

L∞(R3) ⩽C∗
ˆ t

0

(∥∥ρnu̇n
∥∥

L2(R3) +
∥∥ρnu̇n

∥∥
L6/(2−α)(R3) +φΣn

∥∥∇un
∥∥

Lp (R3)

)
+C∗ sup

[0,t ]

∥∥Jµ(ρn ,cn)K
∥∥

L∞(Σn )

ˆ t

0

∥∥∇un
∥∥
Cα/2

pw,Σn
(R3).

From the expression of φΣn given (2.10), we obtainˆ t

0

∥∥F n
∥∥

L∞(R3) ⩽C∗L1/2
3

(
1+K0eC ′L1 L1/2

2

)(
1+L3

)+C∗δ0L1/2
1

(
L1/2

1 +L1/2
2

)
.

We assume that C0, ∥∇u0∥L2(R3) and δ0 are small so that the RHS above is less than 2log(3). This implies

sup
x∈R3

ρn(t , x)⩽ 9ρ∗
0 , and inf

x∈R3
ρn(t , x)⩾

ρ0,∗
9

.

Under the assumption that

C∗δ1/2
0

(
δ1/2

0 eC ′L1 +L1/2
2

)
⩽ 1,

(2.11) holds and and the bounds (2.12)–(2.13) follow. In particular, one can choose

L2 = 3C∗
(
ϑ̌(0)+ Ľ3

)
eC∗K0(L1+L1/2

3 (1+L3))eC L1
.

What remains is to close the estimates for ϑ and δ. Recall that

ϑ(t )⩽ eC∗
´ t

0 ∥w n∥L∞(R3)

{
C∗

∣∣ f (ρ0,c0)
∣∣
Cα/2

pw,Σ0
(R3) +C∗L1/2

3

(
1+L3

)(
1+L2

)+C∗δ1/2
0

(
1+δ1/2

0 L2
)
K0eC ′L1 L1/2

3

(
1+L3

)
+C∗δ1/2

0 L1/2
2

(
L2 +δ1/2

0 L1
(
1+K0eC ′L1

))+C∗
ˆ t

0

[
ℓ
− α

2
Σn

∥∥JG(ρn ,cn)K
∥∥

L∞∩Lp (Σn ) +
∣∣JG(ρn ,cn)K

∣∣
Ċα/2(Σn )

]}
,
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with

sup
[0,t ]

∥∥ f (ρn ,cn)
∥∥

L∞(R3) +
ˆ t

0

∥∥wn
∥∥

L∞(R3)

⩽C∗
(∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

(
1+L1/2

2

(
1+K0eC ′L1

))
L1/2

3

(
1+L3

)+δ0L1/2
1

(
L1/2

1 +L1/2
2

))
.(4.9)

From the rough bounds (2.14)–(3.18) for the pressure jumps, we derive
ˆ t

0

[
ℓ
− α

2
Σn

∥∥JG(ρn ,cn)K
∥∥

L∞∩Lp (Σn ) +
∣∣JG(ρn ,cn)K

∣∣
Ċα/2(Σn )

]
⩽C∗eC ′L1

(
L1/2

2 K0
∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +L1/2

3

(
1+L3

)(
1+L2 +K0eC ′L1

)
+ (

1+L1/2
2

(
1+K0eC ′L1

))
L1/2

3

(
1+L3

)+δ1/2
0 L1/2

1 L1/2
2

(
L1/2

1 +K0δ
1/2
0

(
L1eC ′L1 +L1/2

2

)))
.(4.10)

One can first choose

L1 =
[

105C∗
((
ϑ̌(0)+ Ľ3

)1/2K0
∥∥ f (ρ0,c0)

∥∥
L∞(R3) +

∣∣ f (ρ0,c0)
∣∣
Ċα/2

pw,Σ0
(R3) +L1/4

3

)]
eC∗

(
1+L1/2

3 +∥ f (ρ0,c0)∥L∞(R3)

)
,

and then L3 and δ0 small enough so that

ϑ(t )⩽
(
10−4L1

)
eC∗K0(L1/2

1 +L1/2
3 (1+L3))eC L1

.

Therefore, under the smallness assumption on
∥∥ f (ρ0,c0)

∥∥
Cα/2

pw,Σ0
(R3) and L3, we have

ϑ(t )⩽
9

10
L1.

Observe that when the constitutive coefficients satisfy (1.6) or (1.9), we obtain sharper bounds (see Lemma 2.2)
for the pressure jump, which we shall use instead of (4.10). This sharper bounds allow us to require smallness only
on δ0 and L3, rather than

∥∥ f (ρ0,c0)
∥∥
Cα/2

pw,Σ0
(R3). Furthermore, one readily proves that

δ(t )⩽ 9δ0,

assuming that ∥J f (ρ0,c0)K∥Cα/2(Σ0) (and also ∥Jµ(c0)K∥Cα/2(Σ0) = cnst, if (1.6) holds) is small enough. If neither (1.6)
nor (1.9) holds, we should make use of the rough bound (4.9) and deduce the above conclusion assuming that L1

and L3 are small. A continuation argument yields T = Tn .
To complete Theorem 1.2, we shall show that Tn =∞ using the continuation criterion (see item 3 of Theorem

A.1). The convergence of the sequence (cn ,ρn ,un)n to a solution (c,ρ,u) of (1.1) follows by arguments analogous
those of [43, Section 3.2]. The solution (c,ρ,u) has the regularity stated in Theorem 1.2. In particular the velocity
u is Lipschitz, which allows a change of variables to Lagrangian coordinates and, by adapting Proposition 3.1 of
the above reference, yields the uniqueness of (c,ρ,u). Let us observe that we will need σ∇u ∈ L2

loc([0,∞),L∞(R3)).
This improved time integrability follows by repeating the computations leading to (2.13). This proves Theorem
1.2.
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APPENDIX A. LOCAL-IN-TIME WELL-POSEDNESS

This section aims to outline how the smallness condition on the shear viscosity fluctuation in Theorem 1.1 and
Corollary 1.5 of [44] can be relaxed to a smallness condition on the viscosity jump, as stated in Theorem A.1 below.



54 MARCEL ZODJI

Theorem A.1. Consider the system (1.1) with initial data (c0,ρ0,u0) satisfying (1.12)-(1.13)-(1.18)-(2.2), and let
α′ ∈ (0,α). There exist positive constants ε1, and ε2 depending only on α and α′ such that if

1

infR3 µ(ρ0,c0)

∥∥Jµ(ρ0,c0)K
∥∥

L∞(Σ0) ⩽ ε1,(A.1)

and 2

Ψ
(
Σ0,µ(ρ0,c0),ν(ρ0,c0)

)
:= 1

infR3 µ(ρ0,c0)

(∣∣Jµ(ρ0,c0)K
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥Jµ(ρ0,c0)K

∥∥
L∞(Σ0)

)
+

(
1

infR3 µ(ρ0,c0)

∥∥Jµ(ρ0,c0)K
∥∥

L∞(Σ0)

) α
α′

{
1

infR3 µ(ρ0,c0)

[∣∣µ(ρ0,c0)
∣∣
Ċαpw,Σ0

(R3)

+∥∥Jµ(ρ0,c0)K
∥∥

L∞(Σ0)

(
1

infR3 µ(ρ0,c0)

∣∣µ(ρ0,c0), ν(ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−αΣ0

)]
+

(
1

infR3 µ(ρ0,c0)

) α
α−α′

[∣∣µ(ρ0,c0)
∣∣
Ċα−α′pw,Σ0

(R3) +
∥∥Jµ(ρ0,c0)K

∥∥
L∞(Σ0)

×
( 1

infR3 µ(ρ0,c0)

∣∣µ(ρ0,c0), ν(ρ0,c0)
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−α+α′
Σ0

)] α
α−α′

}
< ε2,(A.2)

then there exist a time T > 0 and a unique solution (c,ρ,u) satisfying the following properties.

(1) Energy bounds:

u ∈C([0,T ], H 1(R3)), u̇ ∈C([0,T ],L2(R3));
p
σ∇u̇,σü ∈ L∞((0,T ),L2(R3));

∇u̇,
p
σü,σ∇u̇ ∈ L2((0,T )×R3).

(2) Piecewise Hölder bounds: There exists rα ∈ (0,8/3) such that

σrα/4∇u ∈ L4((0,T );L∞(R3)).

As a consequence, the velocity field u admits a flow map X that transports the initial domain D0 to D(t ) =
X(t )D0, and c(t ) = 1D(t ), t ∈ [0,T ]. Moreover, we have: for all t ∈ [0,T ],

ρ(t ) ∈Cαpw,∂D(t )(R
3), and

ˆ T

0
σrα

∥∥∇u(t ′)
∥∥4
Ċα

pw,∂D(t ′)(R
3)d t ′ <∞.

(3) Continuation criterion: Let T ∗ be the lifespan of (c,ρ,u). If T ∗ <∞, then we have either

limsup
t→T ∗

(∥∥∥∥ρ(t ),
1

ρ(t )
,

1

µ(ρ(t ),c(t ))

∥∥∥∥
L∞(R3)

+∥∥ρ(t )
∥∥
Ċαpw,∂D(t )(R

3) +∥∇u(t ), u̇(t )∥L2(R3)

)
=∞,

or

limsup
t→T ∗

(
∥∂D(t )∥Lip +|∂D(t )|Ċ1+α + 1

|∂D(t )|inf

)
=∞,

or

limsup
t→T ∗

(
1

infR3 µ(ρ(t ),c(t ))

∥∥Jµ(ρ(t ),c(t ))K
∥∥

L∞(∂D(t ))

)
⩾ 10ε1,

or

limsup
t→T ∗

Ψ
(
∂D(t ),µ(ρ(t ),c(t )),ν(ρ(t ),c(t ))

)
⩾ 10ε2.

As pointed out in Remark 1.2 of [44], the smallness assumption of the shear viscosity fluctuation is imposed to
derive an estimate for the Lp (R3)∩Cαpw,Σ0

(R3)-norm (with p ∈ (2,16]) for the gradient of the solution v = v(x) ∈R3

of the following (stationary) elliptic equation:

(A.3) −div
(
2µDv +λdiv v I3

)= divG .

2Recall that PΣ is a polynomial in |Σ|, ∥Σ∥Lip, and |Σ|−1
inf.
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Here µ=µ(x);λ=λ(x) ∈Cαpw,Σ0
(R3), and G = (

G j k (x)
)

1⩽ j ,k⩽3 ∈ Lp (R3)∩Cαpw,Σ0
(R3) are given. The argument was to

perturb the shear viscosity around the constant state µ̃

−µ̃∆v −∇(
(µ̃+λ)div v

)= divG +div
(
2(µ− µ̃)Dv

)
.

From this we deduce

(A.4)

{
−µ̃∆Pv = divPG +divP

(
2(µ− µ̃)Dv

)
,

−∆(
(2µ̃+λ)div v

)= divdivG +divdiv
(
2(µ− µ̃)Dv

)
,

and hence

µ̃∇v = µ̃∇Pv + µ̃∇(
I−P)

v

=∇(−∆)−1 divPG − µ̃∇(−∆)−1∇div v +∇(−∆)−1 divP
(
2(µ− µ̃)Dv

)
=∇(−∆)−1 divPG −∇(−∆)−1∇

( µ̃

2µ̃+λ (−∆)−1 divdivG
)

+∇(−∆)−1 divP
(
2(µ− µ̃)Dv

)−∇(−∆)−1∇
( µ̃

2µ̃+λ (−∆)−1 divdiv
(
2(µ− µ̃)Dv

))
.(A.5)

Since the linear operators ∂ j (−∆)−1∂k are continuous on Lp (R3), with p ∈ (1,∞), it follows that there exists a con-
stant C (p) > 0 such that

µ̃∥∇v∥Lp (R3) ⩽C (p)∥G∥Lp (R3) +C (p)
∥∥µ− µ̃∥∥

L∞(R3)∥∇v∥Lp (R3).

Then we assume that the shear viscosity fluctuation is small

(A.6) C (p)
∥∥µ− µ̃∥∥

L∞(R3) < µ̃,

in order to absorb the last term on the LHS, and whence derive an estimate for the Lp (R3)-norm of ∇v . By a similar
(yet more technical) perturbation argument, we derived piecewise Hölder bound for the velocity gradient.

To pass from the smallness condition of the viscosity fluctuation to that of its jump across the discontinuity
surface, we first derive the following expression from (A.4)1 (see the computations that led to (2.6)):

∇v =∇Pv −∇(−∆)−1∇div v

= 1

µ
∇(−∆)−1 divPG −∇(−∆)−1∇

( 1

2µ+λ (−∆)−1 divdivG
)

+ 1

µ

[∇(−∆)−1 divP,µ− µ̃](
2Dv

)−∇(−∆)−1∇
( 1

2µ+λ
[
(−∆)−1 divdiv,µ− µ̃](

2Dv
))

.(A.7)

We estimate the Lp (R3) and piecewise Hölder norms of the last two terms above using the following lemma, whose
proof is deferred to the end of this section.

Lemma A.2. Let T be a singular integral operator of Calderón-Zygmung type of even-order, associated with a ho-
mogeneous kernel K . Assume that the assumptions and notations in Definition 1.1 hold for Σ. Let p ∈ (1,∞),
w, g ∈Cαpw,Σ(R3), and g ∈ Lp (R3).

(1) Lp (R3)- estimate. Let α′ ∈ (0,α]∩ (0, 3
p ′ ) (p ′ denotes the Hölder conjugate exponent of p), and assume that

g ∈ Lr (R3), with 1
r = α′

3 + 1
p < 1. We have

(A.8)
∥∥[

T , w
]
g
∥∥

Lp (R3) ⩽C |w |
Ċα

′
pw,Σ(R3)

∥∥g
∥∥

Lr (R3) +C
∥∥JwK

∥∥
L∞(Σ)

(
ℓ−α

′
Σ

∥∥g
∥∥

Lr (R3) +
∥∥g

∥∥
Lp (R3)

)
.

(2) L∞(R3)- estimate. Let α′ ∈ (0,α], r ∈ ( 3
α′ ,∞], and assume that g ∈ Lr (R3). We have∥∥[

T , w
]
g
∥∥

L∞(R3) ⩽C
(
|w |

Ċα
′

pw,Σ(R3) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3)

+C
(∥∥JwK

∥∥
L∞(Σ)

∥∥g
∥∥
Cα

′
pw,Σ(R3) +ℓ−α

′
Σ ∥w∥L∞(R3)

∥∥g
∥∥

Lp (R3)

)
.(A.9)
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(3) Ċ
β

pw,Σ(R3)- estimate. Let β ∈ (0,α] and α′ ∈ (0,min{α,β}]. Then, we have∣∣[T , w
]
g
∣∣
Ċ
β

pw,Σ(R3)
⩽C

(
|w |

Ċ
β

pw,Σ(R3)
+ (
ℓ
−β
Σ +PΣ|Σ|Ċ1+β

)∥∥JwK
∥∥

L∞(Σ)

)∥∥T g , g
∥∥

L∞(R3)

+C
(
|w |

Ċ
β−α′
pw,Σ (R3)

+ℓ−β+α′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∣∣g ∣∣
Ċα

′
pw,Σ(R3) +C

∥∥JwK
∥∥

L∞(Σ)

∣∣g ∣∣
Ċ
β

pw,Σ(R3)
.(A.10)

Above, PΣ is a polynomial in |Σ|, ∥Σ∥Lip, and |Σ|−1
inf.

The constant C is independent of g , w and Σ.

The proof of Lemma A.2 combines, in a nontrivial manner, the extension theorem for piecewise Hölder regular

functions (see [24]), and the continuity of Calderón-Zygmung operators on Lq (R3)∩C
β

pw,Σ(R3), with q ∈ (1,∞)
(see [16, 17]).

We now apply it to the last terms of (A.7).
Estimate of the Lp (R3) norm. We consider p ∈ (2,∞), and r ∈ [2, p) such that 1

r = α′
3 + 1

p , for some α′ ∈ (0,α]. By
applying (A.8) to the last terms in (A.7), we obtain∥∥∥∥ 1

µ

[∇(−∆)−1 divP,µ− µ̃](
2Dv

)
;∇(−∆)−1∇

( 1

2µ+λ
[
(−∆)−1 divdiv,µ− µ̃](

2Dv
))∥∥∥∥

Lp (R3)

⩽
C

µ∗

∥∥JµK
∥∥

L∞(Σ0)∥∇v∥Lp (R3) +C∗∥∇v∥Lr (R3)

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)ℓ

−α′
Σ0

)
,(A.11)

and it follows that

∥∇v∥Lp (R3) ⩽
C

µ∗

∥∥JµK
∥∥

L∞(Σ0)∥∇v∥Lp (R3)

+C∗
(
∥F∥Lp (R3) +∥∇v∥Lr (R3)

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)ℓ

−α′
Σ0

))
.(A.12)

Let us fix an arbitrary ε ∈ (0,1) and assume that

(A.13)
C

µ∗

∥∥JµK
∥∥

L∞(Σ0) ⩽ ε.

The first term on the RHS of (A.12) can then be absorbed into the LHS, yielding:

∥∇v∥Lp (R3) ⩽
C∗

1−ε
(
∥F∥Lp (R3) +∥∇v∥Lr (R3)

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)ℓ

−α′
Σ0

))
.

An energy estimate on (A.3) yields

∥∇v∥L2(R3) ⩽C∗∥F∥L2(R3),

and interpolation inequality gives

∥∇v∥Lr (R3) ⩽C∥∇u∥1−θ
Lp (R3)∥∇v∥θL2(R3) ⩽C∗∥∇u∥1−θ

Lp (R3)∥F∥θL2(R3), with
1

2
− 1

p
= α′

3θ
.

Finally, applying Young’s inequality, we obtain:

(A.14) ∥∇v∥Lp (R3) ⩽
C∗

1−ε∥F∥Lp (R3) +C∗(1−ε)−
1
θ ∥F∥L2(R3)

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)ℓ

−α′
Σ0

) 1
θ

.

We emphasize that only the smallness of the shear viscosity jump is required (see (A.13)), rather than that of the
overall shear viscosity fluctuation (see (A.6)). We now turn to deriving an estimate for the piecewise Hölder norm
of ∇v .
Estimate of theCαpw,Σ0

(R3) norm. We fix someα′ ∈ (0,α) and r ∈ (3/α′,∞). First, we apply (A.9) and (A.10) to obtain∥∥[∇(−∆)−1 divP,µ− µ̃](
2Dv

)∥∥
L∞(R3) ⩽C

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +ℓ−α
′

Σ0

∥∥µ− µ̃∥∥
L∞(R3)

)
∥∇v∥Lr (R3)

+C
∥∥JµK

∥∥
L∞(Σ0)∥∇v∥

Cα
′

pw,Σ0
(R3),(A.15)
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and ∣∣[∇(−∆)−1 divP,µ− µ̃](
2Dv

)∣∣
Ċαpw,Σ0

(R3)

⩽C
(∣∣µ∣∣

Ċαpw,Σ0
(R3) +

(
ℓ−αΣ0

+PΣ0 |Σ0|Ċ1+α
)∥∥JµK

∥∥
L∞(Σ0)

)∥∥∇(−∆)−1 divPDv,Dv
∥∥

L∞(R3)

+C
(∣∣µ∣∣

Ċα−α′pw,Σ0
(R3) +ℓ−α+α

′
Σ0

∥∥JµK
∥∥

L∞(Σ0)

)
|∇v |

Ċα
′

pw,Σ0
(R3) +C

∥∥JµK
∥∥

L∞(Σ0)|∇v |Ċαpw,Σ0
(R3).(A.16)

Next, we estimate the second-to-last term in (A.7) as follows:∣∣∣∣ 1

µ

[∇(−∆)−1 divP,µ− µ̃](
2Dv

)∣∣∣∣
Ċαpw,Σ0

(R3)

⩽
1

µ2∗

∣∣µ∣∣
Ċαpw,Σ0

(R3)

∥∥[∇(−∆)−1 divP,µ− µ̃](
2Dv

)∥∥
L∞(R3) +

1

µ∗

∣∣[∇(−∆)−1 divP,µ− µ̃](
2Dv

)∣∣
Ċαpw,Σ0

(R3)

⩽
C

µ2∗

∣∣µ∣∣
Ċαpw,Σ0

(R3)∥∇v∥Lr (R3)

(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +ℓ−α
′

Σ0

∥∥µ− µ̃∥∥
L∞(R3)

)
+ C

µ∗
∥∇u, ∇Pv∥L∞(R3)

[∣∣µ∣∣
Ċαpw,Σ0

(R3)

(
1+ 1

µ∗

∥∥JµK
∥∥

L∞(Σ0)

)
+ (
ℓ−αΣ0

+PΣ0 |Σ0|Ċ1+α
)∥∥JµK

∥∥
L∞(Σ0)

]
+ C

µ∗
∥∇v∥

Ċα
′

pw,Σ0
(R3)

[∣∣µ∣∣
Ċα−α′pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

(
ℓ−α+α

′
Σ0

+ 1

µ∗

∣∣µ∣∣
Ċαpw,Σ0

(R3)

)]
+ C

µ∗

∥∥JµK
∥∥

L∞(Σ0)|∇v |Ċαpw,Σ0
(R3).(A.17)

Applying (A.45), the last term in (A.7) can be estimated as∣∣∣∣∇(−∆)−1∇
( 1

2µ+λ
[
(−∆)−1 divdiv,µ− µ̃](

2Dv
))∣∣∣∣

Ċαpw,Σ0
(R3)

⩽
C

µ∗

( 1

µ∗

∣∣2µ+λ∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α

)∥∥[
(−∆)−1 divdiv,µ− µ̃]

(2Dv)
∥∥

L∞(R3)

+ C

µ∗

∣∣[(−∆)−1 divdiv,µ− µ̃](
2Dv

)∣∣
Ċαpw,Σ0

(R3),

and hence (similar estimates to (A.15)-(A.16) also hold for [(−∆)−1 divdiv,µ− µ̃](2Dv))∣∣∣∣∇(−∆)−1∇
( 1

2µ+λ
[
(−∆)−1 divdiv,µ− µ̃](

2Dv
))∣∣∣∣

Ċαpw,Σ0
(R3)

⩽
C

µ∗
∥∇v∥Lr (R3)

( 1

µ∗
|ν|Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α

)(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +ℓ−α
′

Σ0

∥∥µ− µ̃∥∥
L∞(R3)

)
+ C

µ∗
∥∇v∥L∞(R3)

[∣∣µ∣∣
Ċαpw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗
|ν|Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−αΣ0

)]
+ C

µ∗
∥∇v∥

Ċα
′

pw,Σ0
(R3)

[∣∣µ∣∣
Ċα−α′pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗
|ν|Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−α+α′
Σ0

)]
+ C

µ∗

∥∥JµK
∥∥

L∞(Σ0)|∇v |Ċαpw,Σ0
(R3).(A.18)

Combining (A.7), (A.17), and (A.18), we deduce that

|∇v |Ċαpw,Σ0
(R3) ⩽ |∇uG |Ċαpw,Σ0

(R3) +
C

µ∗
∥∇v∥Lr (R3)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α

)(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +ℓ−α
′

Σ0

∥∥µ− µ̃∥∥
L∞(R3)

)
+ C

µ∗
∥∇v, ∇Pv∥L∞(R3)

[∣∣µ∣∣
Ċαpw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−αΣ0

)]
+ C

µ∗
∥∇v∥

Ċα
′

pw,Σ0
(R3)

[∣∣µ∣∣
Ċα−α′pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−α+α′
Σ0

)]
+ C

µ∗

∥∥JµK
∥∥

L∞(Σ0)|∇v |Ċαpw,Σ0
(R3).
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Hereafter, ∇uG denotes

∇uG = 1

µ
∇(−∆)−1 divPG −∇(−∆)−1∇

( 1

2µ+λ (−∆)−1 divdivG
)
.

The smallness of the shear viscosity jump (see (A.13)) helps absorb the last term above into the LHS. Next, we use
the interpolation inequality

(A.19) |∇v |
Ċα

′
pw,Σ0

(R3) ⩽ 2∥∇v∥1− α′
α

L∞(R3 |∇v |
α′
α

Ċαpw,Σ0
(R3)

and Young’s inequality to obtain

|∇v |Ċαpw,Σ0
(R3) ⩽

C

1−ε |∇uG |Ċαpw,Σ0
(R3) +CΨε∥∇v, ∇Pv∥L∞(R3)

+ C

µ∗(1−ε)
∥∇v∥Lr (R3)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α

)(∣∣µ∣∣
Ċα

′
pw,Σ0

(R3) +ℓ−α
′

Σ0

∥∥µ− µ̃∥∥
L∞(R3)

)
,

where,

Ψε = 1

µ∗(1−ε)

[∣∣µ∣∣
Ċαpw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−αΣ0

)]
+ 1(

µ∗(1−ε)
)α/(α−α′)

[∣∣µ∣∣
Ċα−α′pw,Σ0

(R3) +
∥∥JµK

∥∥
L∞(Σ0)

( 1

µ∗

∣∣µ, ν
∣∣
Ċαpw,Σ0

(R3) +PΣ0 |Σ0|Ċ1+α +ℓ−α+α′
Σ0

)] α
α−α′

.

For the reader convenience, we shall denotes by C∗∗ a generic constant that depends on the piecewise regularity
of µ, λ, as well ℓΣ0 , PΣ0 , |Σ0|Ċ1+α . For instance the above estimate can be written as

|∇v |Ċαpw,Σ0
(R3) ⩽

C

1−ε |∇uG |Ċαpw,Σ0
(R3) +

C∗∗
1−ε∥∇v∥Lr (R3) +CΨε∥∇v, ∇Pv∥L∞(R3).(A.20)

We will now derive an estimate for the L∞-norm of ∇v,∇Pv .
Observe that (A.15) already provides a bound for the second term in the expression (A.7). We express the last

term as

−∇(−∆)−1∇
( 1

2µ+λ
[
(−∆)−1 divdiv,µ− µ̃](

2Dv
))=−

[
∇(−∆)−1∇,

1

2µ+λ
][

(−∆)−1 divdiv,µ− µ̃](
2Dv

)
− 1

2µ+λ∇(−∆)−1∇
([

(−∆)−1 divdiv,µ− µ̃](
2Dv

))
,(A.21)

and applying (A.9)-(A.46), we obtain∥∥∥∥[
∇(−∆)−1∇,

1

2µ+λ
][

(−∆)−1 divdiv,µ− µ̃](
2Dv

)∥∥∥∥
L∞(R3)

⩽
C

µ∗

( 1

µ∗
|ν|

Ċα
′

pw,Σ0
(R3) +ℓ−α

′
Σ0

)∥∥[
(−∆)−1 divdiv,µ− µ̃](

2Dv
)∥∥

Lr (R3)

+ C

µ2∗

∥∥JνK
∥∥

L∞(Σ0)

∥∥[
(−∆)−1 divdiv,µ− µ̃](

2Dv
)∥∥

Cα
′

pw,Σ0
(R3)

⩽C∗∗
(
∥∇v∥Lr (R3) +∥∇v∥L3/(α−α′)(R3)

)
+ C

µ2∗

∥∥JνK
∥∥

L∞(Σ0)

∥∥JµK
∥∥

L∞(Σ0)∥∇v∥
Ċα

′
pw,Σ0

(R3)

+ C

µ2∗

∥∥JνK
∥∥

L∞(Σ0)

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)
∥∇v∥L∞(R3).
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Using (A.44)-(A.9)-(A.46) we can estimate the last term of (A.21) as follows∥∥∥∥ 1

2µ+λ∇(−∆)−1∇
([

(−∆)−1 divdiv,µ− µ̃](
2Dv

))∥∥∥∥
L∞(R3)

⩽
C

µ∗
ℓ
− 3

r
Σ0

∥∥[
(−∆)−1 divdiv,µ− µ̃](

2Dv
)∥∥

Lr (R3) +
C

µ∗

∥∥[
(−∆)−1 divdiv,µ− µ̃](

2Dv
)∥∥

Cα
′

pw,Σ0
(R3)

⩽C∗∗
(
∥∇v∥Lr (R3) +∥∇v∥L3/(α−α′)(R3)

)
+ C

µ∗

∥∥JµK
∥∥

L∞(Σ0)∥∇v∥
Ċα

′
pw,Σ0

(R3)

+ C

µ∗

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)
∥∇v∥L∞(R3).

By combining all these computations, we obtain the following estimate (we freely use 1
µ∗

∥JνK∥L∞(Σ0) ⩽C ):

∥∇v∥L∞(R3) ⩽ ∥∇uG∥L∞(R3) +C∗∗
(
∥∇v∥Lr (R3) +∥∇v∥L3/(α−α′)(R3)

)
+ C

µ∗

∥∥JµK
∥∥

L∞(Σ0)∥∇v∥
Ċα

′
pw,Σ0

(R3)

+ C

µ∗

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)
∥∇v∥L∞(R3).

Applying the Leray projector P to (A.27) and repeating the above computations, we observe that a similar estimate
also holds for ∇P. Next, (A.19) and Young’s inequality yield

∥∇v, ∇Pv∥L∞(R3) ⩽C∥∇uG , P∇uG∥L∞(R3) +C∗∗
(
∥∇v∥Lr (R3) +∥∇v∥L3/(α−α′)(R3)

)
+

( C

µ∗

∥∥JµK
∥∥

L∞(Σ0)

) α
α′ ∥∇v∥Ċαpw,Σ0

(R3)

+ C

µ∗

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)
∥∇v∥L∞(R3),

and (A.20) leads to

∥∇v, ∇Pv∥L∞(R3) ⩽C∗∗(ε)
(
∥∇v∥Lr (R3) +∥∇v∥L3/(α−α′)(R3)

)
+C∥∇uG ,P∇uG∥L∞(R3) +

1

1−ε
( C

µ∗

∥∥JµK
∥∥

L∞(Σ0)

) α
α′ |∇uG |Ċαpw,Σ0

(R3)

+
[
Ψε

( C

µ∗

∥∥JµK
∥∥

L∞(Σ0)

) α
α′ + C

µ∗

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)]
∥∇v,∇Pv∥L∞(R3).(A.22)

Assuming that

Ψε

( C

µ∗

∥∥JµK
∥∥

L∞(Σ0)

) α
α′ + C

µ∗

(∣∣JµK
∣∣
Ċα

′ (Σ0) +
(
ℓ−α

′
Σ0

+PΣ0 |Σ0|Ċ1+α′
)∥∥JµK

∥∥
L∞(Σ0)

)
< ε′ < 1,(A.23)

the last term can be absorbed in the LHS and interpolation and Young’s inequalities imply:

∥∇v, ∇Pv∥L∞(R3) ⩽C∗∗(ε,ε′)∥∇v∥L2(R3) +C (ε,ε′)
(
∥∇uG ,P∇uG∥L∞(R3) +|∇uG |Ċαpw,Σ0

(R3)

)
.(A.24)

Upon inserting this estimate into (A.20), we obtain

∥∇v, ∇Pv∥L∞(R3) ⩽C∗∗(ε,ε′)∥∇v∥L2(R3) +C (ε,ε′)
(
∥∇uG ,P∇uG∥L∞(R3) +|∇uG |Ċαpw,Σ0

(R3)

)
.(A.25)

The above two estimate with divG = divF −ρu̇, will replace estimate (3.11) in [44]. We shall use (A.14) to derive
an estimate for the Lp (R3)-norm of ∇u and ∇u̇, and hence close the energy estimates for u̇ and ü. Here, we only
rely on (A.13)–(A.23), which is significantly more favorable than the smallness condition (3.5) in [44], in the sense
that only the smallness of the viscosities jump is required, not that of the full fluctuation of the viscosities. The
remainder of the proof proceeds identically.
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Proof of Lemma A.2. To prove Lemma A.2, we first observe that since w ∈ Cαpw,Σ(R3), there exists a Cα-regular ex-
tension we of w that satisfies the following properties:∥∥we

∥∥
L∞(R3) ⩽C∥w∥L∞(R3), we = w on Dc ,(A.26) ∥∥w −we

∥∥
Lq (R3) ⩽Cℓ

1
q

Σ

∥∥JwK
∥∥

Lq (Σ) for all q ∈ [1,∞],(A.27) ∣∣w −we
∣∣
Ċ
β

pw,Σ(R3)
⩽C

∣∣JwK
∣∣
Ċβ(Σ) +Cℓ−βΣ

∥∥JwK
∥∥

L∞(Σ), β ∈ (0,α],(A.28) ∣∣we
∣∣
Ċβ(R3) ⩽C |w |

Ċ
β

pw,Σ(R3)
+Cℓ−βΣ

∥∥JwK
∥∥

L∞(Σ), β ∈ (0,α].(A.29)

The above extension result is an updated version of Lemma A.2 in [44], originally established in [24, Lemma 5.2]
for the two-dimensional case.
Proof of (A.8). Our approach consists in substituting w with we + (w −we ), which yields

(A.30)
[
T , w

]
g = [

T , w e]g + [
T , (w −we )

]
g .

Given that we is Cα(R3)-regular (in the whole space), the first term is now more regular than the LHS. In particular,
we have ∣∣[T , w e]g (x)

∣∣= ∣∣∣∣ˆ
R3

K (x − y)
(
we (y)−we (x)

)
g (y)d y

∣∣∣∣
⩽C

∣∣we
∣∣
Ċα

′ (R3)

(|·|−3+α′ ∗ ∣∣g ∣∣)(x), for all α′ ∈ (0,α].

For 0 <α′ < 3
p ′ , we can apply Hardy-Littlewood-Sobolev’s inequality (see [1, Theorem 1.7]) to obtain:

∥∥[
T , w e]g

∥∥
Lp (R3) ⩽C

∣∣we
∣∣
Ċα

′ (R3)

∥∥g
∥∥

Lr (R3), recall
1

r
= α′

3
+ 1

p
< 1

⩽C
(|w |

Ċα
′

pw,Σ(R3) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3), recall (A.29).(A.31)

To estimate the Lp (R3)-norm of the last term of (A.30), we rely on the boundedness of commutators between
Calderón–Zygmund operators and B MO(R3) functions on Lp (R3):∥∥[

T , (w −we )
]
g
∥∥

Lp (R3) ⩽C
∥∥w −we

∥∥
L∞(R3)

∥∥g
∥∥

Lp (R3)

⩽C
∥∥JwK

∥∥
L∞(Σ)

∥∥g
∥∥

Lp (R3), recall (A.27).(A.32)

Estimate (A.8) follows directly from (A.31)–(A.32). We now proceed to the proof of (A.9).
Proof of (A.9). We recall that the first term of the expression (A.30) reads:

([
T , w e]g

)
(x) =

ˆ
R3

K (x − z)
(
we (z)−we (x)

)
g (z)d z

=
ˆ

B(x,1)
K (x − z)

(
we (z)−we (x)

)
g (z)d z +

ˆ
R3\B(x,1)

K (x − z)
(
we (z)−we (x)

)
g (z)d z.

To estimate the first term, we use the Cα
′
(R3) regularity of w e to mitigate the singularity of the kernel K :∣∣∣∣ˆ

B(x,1)
K (x − z)

(
we (z)−we (x)

)
g (z)d z

∣∣∣∣⩽C
∣∣we

∣∣
Ċα

′ (R3)

ˆ
B(x,1)

|x − z|−3+α′∣∣g (z)
∣∣d z

⩽C
∣∣we

∣∣
Ċα

′ (R3)

∥∥g
∥∥

Lr (R3)

(ˆ 1

0
τ(−3+α′)r ′+2)dτ

) 1
r ′

⩽C
∣∣we

∣∣
Ċα

′ (R3)

∥∥g
∥∥

Lr (R3), recall that
1

r
< α′

3
,

⩽C
(|w |

Ċα
′

pw,Σ(R3) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3) recall (A.29).



DISCONTINUOUS SOLUTIONS FOR THE TWO-FLUID MODEL 61

Using the decay of the kernel K , we derive:∣∣∣ˆ
R3\B(x,1)

K (x − z)
(
we (z)−we (x)

)
g (z)d z

∣∣∣⩽C
∥∥we

∥∥
L∞(R3)

ˆ
R3\B(x,1)

|x − z|−3
∣∣g (z)

∣∣d z

⩽C
∥∥we

∥∥
L∞(R3)

∥∥g
∥∥

Lp (R3)

(ˆ ∞

1
τ−3p ′+2dτ

) 1
p′

⩽C
∥∥we

∥∥
L∞(R3)

∥∥g
∥∥

Lp (R3), recall that p ′ > 1,

⩽C∥w∥L∞(R3)

∥∥g
∥∥

Lp (R3), recall (A.26).

It follows that

(A.33)
∥∥[

T , w e]g
∥∥

L∞(R3) ⩽C
(
|w |

Ċα
′

pw,Σ(R3) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3) +C∥w∥L∞(R3)

∥∥g
∥∥

Lp (R3).

To estimate the L∞(R3)-norm of the last term of (A.30), we use the fact that (w −we )1Dc = 0 to express:

⋄ for x ∈ D , [
T , (w −we )

]
g (x) = [

T , (w −we )
](

g1D
)
(x)− (w −w e )(x)T

(
g1Dc

)
(x).(A.34)

⋄ for x ∈ Dc ,

(A.35)
[
T , (w −we )

]
g (x) =T

(
(w −w e )g1D

)
(x).

Since (w −we ) ∈ Cα′
(D), we follow the computations leading to (A.33) to estimate the first term in the expression

(A.34): ∥∥[
T , (w −we )

](
g1D

)∥∥
L∞(D)

⩽C
(∣∣w −we

∣∣
Ċα

′ (D) +ℓ−α
′

Σ

∥∥Jw −w eK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (D) +C
∥∥w −we

∥∥
L∞(D)

∥∥g
∥∥

Lp (D)

⩽C
(∣∣JwK

∣∣
Ċα

′ (Σ) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3) +C
∥∥JwK

∥∥
L∞(Σ)

∥∥g
∥∥

Lp (R3), recall (A.27)− (A.28).

To estimate the last term of (A.34) we express:

T
(
g1Dc

)
(x) =

ˆ
Dc∩B(x̌,ℓΣ)

K (x − y)
(
g (y)− g (x̌)

)
d y + g (x̌)

ˆ
Dc∩B(x̌,ℓΣ)

K (x − y)d y

+
ˆ

Dc∩B c (x̌,ℓΣ)
K (x − y)g (y)d y,

where x̌ ∈ ∂D such that d(x,Dc ) = |x − x̌|. It follows that∣∣∣∣ˆ
Dc∩B(x̌,ℓΣ)

K (x − y)
(
g (y)− g (x̌)

)
d y

∣∣∣∣⩽C
∣∣g ∣∣

Ċα
′

pw,Σ(R3),

and ∣∣∣∣ˆ
Dc∩B c (x̌,ℓΣ)

K (x − y)g (y)d y

∣∣∣∣⩽Cℓ
− 3

p

Σ

∥∥g
∥∥

Lp (R3).

Using the extra-cancellation of even-order Riesz kernels ( [2, 36]), we bound the remaining term as∣∣∣∣g (x̌)

ˆ
Dc∩B(x̌,ℓΣ)

K (x − y)d y

∣∣∣∣⩽C
∥∥g

∥∥
L∞(R3).

We thus obtain the following bound for the last term of (A.34):

(A.36)
∣∣(w −w e )(x)T

(
g1Dc

)
(x)

∣∣⩽C
∥∥JwK

∥∥
L∞(Σ)

(∥∥g
∥∥
Cα

′
pw,Σ(R3) +ℓ

− 3
p

Σ

∥∥g
∥∥

Lp (R3)

)
.
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For (A.35), we consider x̌ ∈ ∂D such that d(x,D) = |x − x̌| and we express:[
T , (w −we )

]
g (x) =

ˆ
D∩B(x̌,ℓΣ)

K (x − y)
(
(w −w e )(y)− (w −we )(x̌)g (y)d y

+ (w −we )(x̌)

ˆ
D∩B(x̌,ℓΣ)

K (x − y)g (y)d y

+
ˆ

D∩B c (x̌,ℓΣ)
K (x − y)(w −we )(y)g (y)d y.

Estimate (A.36) also applies to the last two terms above, whereas the first one can be bounded as follows:∣∣∣∣ˆ
D∩B(x̌,ℓΣ)

K (x − y)
(
(w −w e )(y)− (w −we )(x̌)g (y)d y

∣∣∣∣⩽C
(∣∣JwK

∣∣
Ċα

′ (Σ) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3).

In sum, we obtain the following bound for the last term of (A.30) (recall that 3
r <α′):∥∥[

T , (w −we )
]
g
∥∥

L∞(R3) ⩽C
(∣∣JwK

∣∣
Ċα

′ (Σ) +ℓ−α
′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

Lr (R3)

+C
∥∥JwK

∥∥
L∞(Σ)

(∥∥g
∥∥
Cα

′
pw,Σ(R3) +ℓ−α

′
Σ

∥∥g
∥∥

Lp (R3)

)
.(A.37)

Finally, (A.9) follows directly from (A.33)–(A.37). We now move on to the proof of (A.10).
Proof of (A.10). Let x, y be two points located on the same side of Σ and let us assume δ = ∣∣x − y

∣∣ ∈ (0,ℓΣ/2).
Without lost of generality, assume that x, y ∈ D . By taking the difference of the first term in expression (A.30), we
obtain: ([

T , w e]g
)
(x)− ([

T , w e]g
)
(y) =

ˆ
B(y,2δ)

K (x − z)
(
we (z)−we (x)

)
g (z)d z

−
ˆ

B(y,2δ)
K (y − z)

(
we (z)−we (y)

)
g (z)d z

+ (
we (y)−we (x)

)ˆ
R3\B(y,2δ)

K (x − z)g (z)d z

+
ˆ
R3\B(y,2δ)

(
K (x − z)−K (y − z)

)(
we (z)−we (y)

)
g (z)d z.(A.38)

One derives easily the following bound for the first two terms of the expression above:∣∣∣∣ˆ
B(y,2δ)

K (x − z)
(
we (z)−we (x)

)
g (z)d z

∣∣∣∣+ ∣∣∣∣ˆ
B(y,2δ)

K (y − z)
(
we (z)−we (y)

)
g (z)d z

∣∣∣∣
⩽C

∣∣we
∣∣
Ċβ(R3)

∥∥g
∥∥

L∞(R3)

∣∣x − y
∣∣β.

To estimate the third term on the RHS of (A.38), we expressˆ
R3\B(y,2δ)

K (x − z)g (z)d z =T g (x)−
ˆ

D∩B(y,2δ)
K (x − z)g (z)d z −

ˆ
Dc∩B(y,2δ)

K (x − z)g (z)d z,(A.39)

and we estimate:∣∣∣∣ˆ
D∩B(y,2δ)

K (x − z)g (z)d z

∣∣∣∣⩽ ∣∣∣∣ˆ
D∩B(y,2δ)

K (x − z)
(
g (z)− g (x)

)
d z

∣∣∣∣+ ∣∣g (x)
∣∣∣∣∣∣ˆ

D∩B(y,2δ)
K (x − z)d z

∣∣∣∣
⩽C

∣∣g ∣∣
Ċα

′
pw,Σ(R3)

∣∣x − y
∣∣α′ +C

∥∥g
∥∥

L∞(R3),(A.40)

where we make use of the extra cancellation of even-order Riesz transform (see [2, 36]) to bound the last term of
the RHS of the first line. For the last term of (A.39), we expressˆ

Dc∩B(y,2δ)
K (x − z)g (z)d z =

ˆ
Dc∩B(y,2δ)

K (x − z)
(
g (z)− g (x̌)

)
d z + g (x̌)

ˆ
Dc∩B(y,2δ)

K (x − z)d z,
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where x̌ ∈ ∂D is such that d(x,∂D) = |x − x̌|. We observe that that the estimate (A.40) also holds for the last term of
(A.39) and we obtain:∣∣∣∣(we (y)−we (x)

)ˆ
R3\B(y,2δ)

K (x − z)g (z)d z

∣∣∣∣
⩽C

(∣∣we
∣∣
Ċβ(R3)

∥∥g , T g
∥∥

L∞(R3) +
∣∣we

∣∣
Ċβ−α′ (R3)

∣∣g ∣∣
Ċα

′
pw,Σ(R3)

)∣∣x − y
∣∣β.

To estimate the last term of (A.38), we observe that∣∣K (x − z)−K (y − z)
∣∣⩽ ∣∣x − y

∣∣ˆ 1

0

∣∣∇K
(
τx + (1−τ)y − z

)∣∣dτ
⩽C

ˆ 1

0

∣∣x − y
∣∣∣∣τx + (1−τ)y − z

∣∣4 dτ.

Hence, for all z ∉ B(y,2δ), and τ ∈ (0,1), we have:∣∣τx + (1−τ)y − z
∣∣⩾ ∣∣y − z

∣∣−τ∣∣x − y
∣∣

⩾
1

2

∣∣y − z
∣∣+ (1

2

∣∣y − z
∣∣−τδ)

⩾
1

2

∣∣y − z
∣∣+ (1

2
(2δ)−τδ

)
⩾

1

2

∣∣y − z
∣∣.

In consequence, we have:∣∣∣∣ˆ
R3\B(y,2δ)

(
K (x − z)−K (y − z)

)(
we (z)−we (y)

)
g (z)d z

∣∣∣∣
⩽C

∣∣we
∣∣
Ċβ(R3)

∥∥g
∥∥

L∞(R3)

∣∣x − y
∣∣ˆ

R3\B(y,2δ)

∣∣y − z
∣∣β−4d z

⩽C
∣∣we

∣∣
Ċβ(R3)

∥∥g
∥∥

L∞(R3)

∣∣x − y
∣∣β.

We finally obtain: ∣∣[T , w e]g
∣∣
Ċ
β

pw,Σ(R3)
⩽C

(∣∣we
∣∣
Ċβ(R3)

∥∥g ,T g
∥∥

L∞(R3) +
∣∣we

∣∣
Ċβ−α′ (R3)

∣∣g ∣∣
Ċα

′
pw,Σ(R3)

)
⩽C

(
|w |

Ċ
β

pw,Σ(R3)
+ℓ−βΣ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g ,T g
∥∥

L∞(R3)

+C
(
|w |

Ċ
β−α′
pw,Σ (R3)

+ℓ−β+α′

Σ

∥∥JwK
∥∥

L∞(Σ)

)∣∣g ∣∣
Ċα

′
pw,Σ(R3),(A.41)

where we make use of (A.29).
Using (A.34) we express[

T , (w −we )
]
g (x)− [

T , (w −we )
]
g (y)

=
ˆ

D∩B(x,δ)
K (x − z)

(
(w −w e )(z)− (w −w e )(x)

)
g (z)d z

−
ˆ

D∩B(x,δ)
K (y − z)

(
(w −w e )(z)− (w −w e )(y)

)
g (z)d z

+
ˆ

D∩B c (x,δ)

(
K (x − z)−K (y − z)

)(
(w −w e )(z)− (w −w e )(x)

)
g (z)d z

+ (
(w −w e )(y)− (w −we )(x)

)(ˆ
D∩B c (x,δ)

K (y − z)g (z)d z +
ˆ

Dc
K (y − z)g (z)d z

)
− (w −we )(x)

ˆ
Dc

(
K (x − z)−K (y − z)

)
g (z)d z.(A.42)
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As in the previous step, we estimate the first three terms on the RHS as follows:∣∣∣∣ˆ
D∩B(x,δ)

K (x − z)
(
(w −w e )(z)− (w −w e )(x)

)
g (z)d z

∣∣∣∣+ ∣∣∣∣ˆ
D∩B(x,δ)

K (y − z)
(
(w −w e )(z)− (w −w e )(y)

)
g (z)d z

∣∣∣∣∣∣∣∣ˆ
D∩B c (x,δ)

(
K (x − z)−K (y − z)

)(
(w −w e )(z)− (w −w e )(x)

)
g (z)d z

∣∣∣∣⩽C
∣∣w −we

∣∣
Ċ
β

pw,Σ(R3)

∥∥g
∥∥

L∞(R3)

∣∣x − y
∣∣β.

To bound the last term, we express:ˆ
Dc

(
K (x − z)−K (y − z)

)
g (z)d z

=
ˆ

Dc∩B(x̌,2δ)
K (x − z)

(
g (z)− g (x̌)

)
d z −

ˆ
Dc∩B(x̌,2δ)

K (y − z)
(
g (z)− g (y̌)

)
d z

+ (
g (y̌)− g (x̌)

)ˆ
D∩B(x̌,2δ)

K (y − z)d z +
ˆ

Dc∩B c (x̌,2δ)

(
K (x − z)−K (y − z)

)(
g (z)− g (x̌)

)
d z

− g (x̌)

ˆ
D

(
K (x − z)−K (y − z)

)
d z.

Following the preceding step, all terms on the RHS, except for the last, are bounded by

C
∣∣g ∣∣

Ċβ(Dc )

∣∣x − y
∣∣β.

Next, we apply Theorem 2.3 of [16] to estimate the last term as∣∣∣g (x̌)

ˆ
D

(
K (x − z)−K (y − z)

)
d z

∣∣∣∣⩽C
∥∥g

∥∥
L∞(R3)PΣ|Σ|Ċ1+β

∣∣x − y
∣∣β,

where PΣ is a polynomial in |Σ|, ∥Σ∥Lip and |Σ|−1
inf. For the remaining term of (A.42), we expressˆ

D∩B c (x,δ)
K (y − z)g (z)d z +

ˆ
Dc

K (y − z)g (z)d z =T g −
ˆ

D∩B(x,δ)
K (y − z)g (z)d z,

and we estimate∣∣∣∣ˆ
D∩B c (x,δ)

K (y − z)g (z)d z +
ˆ

Dc
K (y − z)g (z)d z

∣∣∣∣⩽C
(∥∥g , T g

∥∥
L∞(R3) +

∣∣g ∣∣
Ċ
β

pw,Σ(R3)

∣∣x − y
∣∣β)

.

In sum, we obtain:∣∣[T , (w −we )
]
g
∣∣
Ċ
β

pw,Σ(R3)
⩽C

∥∥JwK
∥∥

L∞(Σ)

∣∣g ∣∣
Ċ
β

pw,Σ(R3)

+C
(∣∣JwK

∣∣
Ċβ(Σ) +

(
ℓ
−β
Σ +PΣ|Σ|Ċ1+β

)∥∥JwK
∥∥

L∞(Σ)

)∥∥T g , g
∥∥

L∞(R3).(A.43)

Estimate (A.10) simply follows from (A.41)-(A.43). This completes the proof of Lemma A.2.
Let us observe that following the same computations as above, one obtains (r ∈ [1,∞) and α′ ∈ (0,α]):

(A.44)
∥∥T g

∥∥
L∞(R3) ⩽C

(
ℓ
− 3

r
Σ

∥∥g
∥∥

Lr (R3) +
∥∥g

∥∥
Cα

′
pw,Σ(R3)

)
,

and

(A.45)
∥∥T g

∥∥
Ċαpw,Σ(R3) ⩽C

(∣∣g ∣∣
Ċαpw,Σ(R3) +

∥∥g
∥∥

L∞(R3)PΣ|Σ|Ċ1+α

)
.

Also, we may notice that in the case β ∈ (0,α), the third term on the RHS of (A.38) can be estimated as∣∣∣∣(we (y)−we (x)
)ˆ

R3\B(y,2δ)
K (x − z)g (z)d z

∣∣∣∣⩽C
∣∣we

∣∣
Ċα(R3)

∣∣x − y
∣∣αˆ

|x−z|⩾2δ
|x − z|−3

∣∣g (z)
∣∣d z

⩽C
∣∣we

∣∣
Ċα(R3)

∥∥g
∥∥

L3/(α−β)(R3)

∣∣x − y
∣∣β

leading to ∣∣[T , w
]
g
∣∣
Ċ
β

pw,Σ(R3)
⩽C

∥∥JwK
∥∥

L∞(Σ)

∣∣g ∣∣
Ċ
β

pw,Σ(R3)
+C

(
|w |Ċα(R3) +ℓ−αΣ

∥∥JwK
∥∥

L∞(Σ)

)∥∥g
∥∥

L3/(α−β)(R3)

+C
(∣∣JwK

∣∣
Ċβ(Σ) +

(
ℓ
−β
Σ +PΣ|Σ|Ċ1+β

)∥∥JwK
∥∥

L∞(Σ)

)∥∥T g , g
∥∥

L∞(R3).(A.46)

□
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