GLOBAL-IN-TIME DISCONTINUOUS SOLUTIONS FOR THE TWO-PHASE MODEL OF COMPRESSIBLE
FLUIDS WITH DENSITY-DEPENDENT VISCOSITY

MARCEL ZODJI

ABSTRACT. We are concerned with a model describing the motion of two compressible, immiscible fluids with density-
dependent viscosity in the whole R3. The phases of the flow may have different pressure and viscosity laws and are
separated by a sharp interface, across which the (total) density is discontinuous. Our goal is to study the persistence of
the regularity of this sharp interface over time. More precisely, the dynamics of the flow are governed by three coupled
equations: two hyperbolic equations (for the volume fraction of one phase and for the density) and a parabolic equation
for the velocity field. We assume that, at the initial time, the density is a-Holder continuous on both sides of a @1+%-
regular surface across which it may be discontinuous. We prove the existence and uniqueness of a global-in-time weak
solution in an intermediate regularity class that ensures the persistence of the piecewise Holder regularity of the density
and the C1*¥ regularity of the sharp interface.
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1. INTRODUCTION

This paper deals with the following system of PDEs describing the motion of two compressible viscous fluids
with density-dependent viscosity in the three-dimensional space R*:

0;c+u-Vc=0,
(1.1 0:p+div(pu) =0,
d:(pw) +div(pu® u) + VP(p,c) = div(2u(p, c)Du) + V(A(p, ¢) div u).

Above, ¢ = c(t,x) € [0,1] denotes the volume fraction, p = p(t, x) € [0,00) is the total density, and u = u(t, x) € R
represents the single velocity field of the fluid mixture. These are the unknowns of the problem. Meanwhile,
P =P(p,0), u=pulp,c), and A = A(p, c) are respectively the pressure, shear viscosity, and bulk viscosity laws of
the mixture. They are given Wlié’o -regular functions of p and c. The derivation of system (1.1) from the classical
two-fluid model can be found in [44]. Specifically, this system corresponds to the single-velocity Baer-Nunziato
model, where p; = pc and p_ = p(1 — ¢) represent the densities of the fluid phases.

For initially immiscible flows, each phase occupies its own domain, and they are separated by a sharp interface
in such a way that we have p+;_op-;=o = 0, or equivalently (for positive total density) co(1 - cp) = 0. In order
words, the volume fraction ¢ is the characteristic function of a domain Dy. Based on DiPerna-Lions theory (see
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e.g [13,40]), any weak solution of (1.1) in the classical energy framework, with divu € LllOC ([0,00), L (R)), preserves
the patch structure of the volume fraction (and hence the immiscibility of the phases):

(1.2) c(l-¢c)=0,

so that c(#) remains the characteristic function of a domain D(#). In general, D(#) corresponds to the image of the
initial domain Dy under the flow map associated with the fluid velocity.

In the case where both phases have the same constant viscosity coefficients, the existence of weak solutions in
the classical energy framework has been the subject of several works since 2019 (see, for instance, [40, Vasseur,
Wen and Yu], [31, Kracmar, Kwon, Necesovéd and Novotny], [37, Novotny], [38, Novotny and Pokorny], [42, Wen],
and others). The velocity field is relatively weak in the sense that it is only known to satisfy

(1.3) VPUE L®((0,00), L*(R*)), Vi € L?((0,00) x R®).

This regularity is not sufficient to define a flow map for the velocity field, and thus to describe the dynamics of the
sharp interface that separates the fluid phases. Conversely, classical solutions (see, for instance, [10,41]) are too
strong, in the sense that they do not allow for discontinuities in the densities or in the volume fraction.

The main purpose of this paper is to construct global-in-time weak solutions of (1.1) in an intermediate reg-
ularity class which allow for the immiscibility of the fluid phases and for the persistence of the regularity of the
sharp interface over time. In Section 1.1 below, we state our main results, which are then compared to existing
results in Section 1.2.

1.1. Main Results. This section is devoted to the statement of the main results. To simplify the presentation, we
first specify the assumptions on the initial data and on the pressure and viscosity laws.

Assumptions on the pressure and viscosity laws. Given that the density of the phase labeled " + " (resp. " —") is
p+ = pc (resp. p— = p(1—¢)), if P, denotes the pressure law of the phase "+ ", then the pressure P = P(p, ¢) in (1.1)
is defined as follows:

(1.4) P(p,c) =P.(pc)+ P-(p(1-0)).

A similar definition holds for the shear and bulk viscosity laws.
We always assume that the shear viscosity is strictly positive, the bulk viscosity is non-negative, and the pressure
is an increasing function of the density: for all p >0, c € {0, 1}

(1.5) u(p,c)>0, A(p,c)=0, 0,P(p,c)>0,

Following our computations, we believe that the non-negativity assumption on the bulk viscosity can be waived.
We identify two particular cases where the algebraic structure of the model allows for proving that the pressure
and shear viscosity jumps are stable: either

. . . . 2,
o the shear viscosity depends only on the volume fraction, u(p,c) = u(c) and there exists a Wlos°-regular
function ¥ p such that

(1.6) P(p,c)=¥p(f(p,0),

where the (p, c)-dependent function f satisfies

1.7) P9, f(p,c) =v(p,c), and where v(p,c) =2u(p,c) + A(p,c)
denotes the total viscosity. Differentiating (1.6) with respect to p, we obtain
pd,P(p,c)
(1.8) Y (f(p,0) = ———.
p(f(p,0) v(p, c)

o or the shear viscosity of one phase depends on the density (namely 0, u(p, c) # 0) and there exist Wl(z)so
regular functions ¥p, and ¥, such that

(1.9) P(p,c) =¥p(f(p,c)), and u(p,c) = ¥u(f(p, ).

In fact, in the latter situation, the jump of the pressure and shear viscosity at the sharp interface decay exponen-
tially in time. If, in addition to (1.9), there exists a Vlflifo-regular function ¥, such that

(1.10) Ap,c)=¥(f(p,0),
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then the jump of the viscosity bulk viscosity and velocity gradient decay exponentially in time as well. Assump-
tions (1.9)-(1.10) hold true, for example, when pu, A, and P are independent of the volume fraction, which corre-
sponds to the Navier—Stokes model. Moreover, for power constitutive laws

P.(p)=bip"*, vi(p)=arp®, with yie[l,00), and by,as,a+ € (0,00),

the assumption (1.6) holds if

¥ Yoo, .
Y—+=Y—_=)7, and b+(ﬁ) =b_(£) = b, and we have ¥p(p) = bp".
oL a_ a a_

Assumptions on the initial data. We consider the system (1.1), supplemented with initial conditions
(1.11) (¢, p, pu) =0 = (co, Po, Po Uo)
satisfying the following assumptions: there exists
o asimply connected, bounded and open domain Dy < R? of class C'*¢%, such that
(1.12) co =Tp.
& aconstant pressure equilibrium P > 0 such that

(1.13) P(po, co) — P e L2(R®), and ug € H'(R®), poe L [R®), ir[le po(x) > 0.
X€E

© some py € (1,6/5), such that
(1.14) P(po, o) — P, poug € L (R?).

This (low-frequency) assumption allows us to derive time-decay estimates for the solutions. Finally, we
consider a shear-viscosity equilibrium state, [, such that:

1(po, co) — i€ L*(R®).
What we mean by the €' ¢ regularity of Dy is the following.

Definition 1.1. Let D be an open, bounded and simply connected subset of R3, with boundary X = dD.
We say that D (or ) is of class C'*® if there exist a finite number of open sets Bj < R?, j = 1,...], and maps
7j: Bj — Z <R such that
o Tjare glta -regular, and are homeomorphisms onto their images; and X = U§=1 7(Bj).
o forall j, k such thatt j(Bj) NTr(By) # @, the map T]_.l oTrisa glta -diffeomorphism from
7. (1 (Bj) N1 (By)) onto 7 (7(Bj) NTk(B)).

We introduce the following notations to quantify the regularity of = (or 7 if preferred):

(T =T
(1.15) IZzip = Sup| VT j{| joor IZle1ea = sUP|VT |6, and |Zly,p=inf inf |——————|€ (0,00).
j j Jj o os#s |s—s|
s,s(—:Bj
Furthermore, there exists' a 6'*®-regular function ¢ : R® — R such that
— - 3. — i
¢=00nZ, D={xeR’: ¢(x)>0}, and |Vo|, = )1Cr61£|V<p(x)| > 0.

Since 9 o1 j =0 on B}, the outward unit normal vector field to D is given by
Vo(t;(s))
Vo ()]
Recall that the relevant situations for the immiscible two-phase model is when the total density p = p+ + p— is

discontinuous. Since the densities p+ of the fluid phases are different and p.p_ = 0, the class of piecewise regular
functions (for the total density p) is suitable for the study of (1.1).

(1.16) ny(7;(8)) =

1Following [30], we construct ¢ as solution to —A¢@ = g in D, and ¢ = 0 on X, where 0 < g € C*°(D). Standard estimates for elliptic
equations (see, for instance, [21]) imply that 0 < ¢ € €1*¥(D). The fact that |V(p|inf > 0 is a consequence of Hopf’s lemma at boundary
points, which holds for €1*%-regular manifolds (see [15]).
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In this paper, we will work with the space Ggw Z(IR:“}) of discontinuous functions on R3, which are a-Hélder con-
tinuous on either side of Z (recall that R =DuZu®R3\D)):

eo,s®):={ge [°®): ge €L, R, where €%, ®):=E*(D)nE*®*\ D).
The semi-norm (resp. norm) associated with @gw‘Z(R?’) (resp. nglz([R{?’) ) is defined as follows:

|g|@zw_z([R3):|g|@“(5)+|g|€“(R3\D) (resp. ||g“e; IRP):||g||L°°(R3)+|g|égw_z(me3))'

w,):(
Given a function g € GZW,Z([RB)’ we define its traces g* and g~ on X, along with its average (g)avg and its jump [g]
across X, as follows: forallo € Z,
o1 I _§+g e
(1.17) g"(0) = lim g(o +rny(0), g7 (@) = im g(o =), (§) =" [8]=8"-¢"

In addition to the assumptions (1.12)-(1.13)-(1.14), we further suppose that the total density is Holder continu-
ous on both sides of £y = Dy, across which it may be discontinuous:

(1.18) po € Ch, 5 (R), where a e (0,1).
We denote by I1 the Cauchy’s tensor
I =2u(p,)Du+ (A(p, c)divu— P(p, c) + P) L.
When « € [1/2,1), we additionally assume that there exists & € (0,3/2 — a) such that (? =0;v + (u-V)v)
(1.19) (1) 1=0 = div(IT) ;= € H ¥(R®).
If ¢ € (0,1/2), we will instead take & = 1.
Our result reads as follows:

Theorem 1.2. Assume the above assumptions hold for the constitutive coefficients and the initial data. There exist
constants e,e' > 0 such that if
(1-20) ”P(PO; CO) - ﬁl'ianpo (R3) + ”PO Up ”iszPO (R3) + ”vu() “iZ(RS) < €,
and
o either
(o, co) — ﬁIILm(Rs) <€,
o or (1.6) holds and
(1.21) koo, co), P(po, co)]llzoapy) < €',
then there exists a unique global-in-time weak solution (c, p, u) to the Cauchy problem (1.1)-(1.11) verifying:
P(p,¢)— P, u, Vue L®((0,00), L*([R*));
. a_ 2 3 g . Lia | o) 2 m3
i, o02Vine L7((0,00) xR?), and o211, 0 2 Ve L*((0,00), L*(R”));
o2 ii € I2((0,00) x R®); where o(t) =min{l, £},
Additionally, we have
Vue L' ((0,00), L(R%),

and hence the velocity admits a well-defined flow map. This flow map transports the initial domain Dy to a G-
regular domain D = D(¢t) and

[e.0]
/0 IVu(t) ”ézw,aumm:‘)dt, <oo, and, forall te (0,00), p(t) € sz,aD(t) (R3).
Furthermore, if (1.9)-(1.10) hold, then the jumps of the pressure, and the velocity gradient across 0D(t) decay expo-
nentially to zero in time.

The proof of Theorem 1.2 is presented in Section 4, based on the a priori estimates in Section 2 whose proofs is
given in Section 3.

Remark 1.3. The solution possesses additional regularity and decay rates described in Section 2.
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o In particular, the classical energy controls the volume of the moving domain D(¢) as follows:

(1.22) V1€ (0,00), |D(t)|<|Do|+(§)_1/

2 Po(x) _
po(x)(|u0(2x)| +/ s72(P(s, co(x)) — co(x)P) ds | dx.
R3 i

+1]D0 (x)

This estimate is by no means predictable. Above, p. denotes the constant equilibrium state of the density
of the fluid in R3 \ D(¢); it satisfies

P(p,,1) =P.
Likewise, define p_ by

P(p_,0)=P.
For brevity, we will write p(c) in place of p. such that

P(p(c),c) = P.

The smallness conditions on the pressure fluctuation (1.20)—(1.21) mean that the "+"-fluid density is close
to P4, while the "-"-fluid density is close to p_.

o The low-frequency assumption (see (1.14)) helps to derive sufficient time-decay estimates for the solution,
which in turn imply the following uniform-in-time C'*®-regularity of D:

sup (IIOD(t)IILip +10D(0)lpr1+a + |aD(t)|i_nlf) < oo.

>0

o Finally, note that assumption (1.19) implies

Vu() € LG/(I‘FZ&) (RS)'
In general, this is the maximal integrability implied by (1.19).

Remark 1.4. A cornerstone of the proof of Theorem 1.2 is to derive a Lipschitz bound for the velocity. This is the
minimal regularity needed to propagate the sharp interface’s regularity. To achieve this, we express the velocity
gradient as (see (2.6)):

b Aoy A1 L i o a-l (P(p,c)—ﬁ)
Vi = VAP + V(=) VEEIB(A) divipm) - V(-A) v
1
(1.23) + [Z,H(P,C)—ﬁ](Z[Du)—V(—A)—1V(—[,],/,p(p,c)—ﬁ](g[[])u)),
ulp, ) v(p, )

where £ and £ are combinations of second-order Riesz operators.

o As a first step, we perform energy estimates (¢ la Hoff) for 1, which yield L” (R3) estimate for 1, with p €
(3,00). These energy estimates involve L7 (R3) norm of the velocity gradient and the pressure fluctuation
(with g € {3,4,6}). To derive these bounds, we use the fact that Riesz operators are continuous on L7 (R%). In
particular, the norms of the first two terms of (1.23) are obtained via an interpolation inequality, whereas
the third is bounded by

P(p,c) -p ~
—) ||P(p’c)_P||L‘7(R3)‘

v(p,c)

V(—A)lv(

LRy iﬂ%fﬂ(P» c)

Next, we observe that

d 1 ~1q 1
N _ — — < — q
dt/Rqu 1(p,c)dx+q/RS|p(p,c) P|%dx< q/Rlel dx,

where
pOp Hg-1(p,¢) — Hg-1(p,) = |P(p,0) — B| " *(P(p,c) - P),
and
F=—(-A)"Ydiv(pw) + [.Z, u(p, c) — il 2Dw).
As for the first two terms of (1.23), we use an interpolation inequality to obtain an estimate for the L9 (R3)-
norm of the first term of F. Next, we prove that the L9 (R3)-norm of the last term of F, as well as the last

terms in (1.23) are small compared to the L7-norm of Vu, provided the jump of the shear viscosity u(p, ¢) is
small in L*°(0D). In total, one can close the energy estimate for 1, assuming the shear viscosity is piecewise
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Hoélder regular, its jump across 8D is small; and the density is upper bounded and far away from vacuum.
Note that we use time weights, which makes the computations more technical than the heuristic above.
Let us notice that for constant shear viscosity coefficient, the L” (R3)-bound for @ immediately yields
the propagation of the L°°-bound of the density (see [23]). However, this seems not to hold in the case of
density-dependent shear viscosity (see [43]), or in the case of general viscous tensor (see [3, 4]). Indeed,
the pressure and the velocity gradient appear to be of the same order, and propagating the L™ (R3)-bound
of the density requires a Lipschitz velocity.
Given the integrability of # obtained above, the first term in (1.23) belongs to L®(R3). In fact, modulo
the multiplicative factor 1/u(p, ¢), this term is Hélder continuous on the whole space. The other terms
are even-order Riesz transform of discontinuous functions, and it is well-known that even-order Riesz
operators are not continuous on L™ (R3). Recent results (see [16,17]) prove that these operators are actually
continuous on Ggw,aD (R3) N LP (R?), with p € (1,00), with a norm depending on [|0D(¢) lILip, [0D(t)|ins and
|0D(£)|p1+a- These quantities are known to grow exponentially with the time integral of the Lipschitz norm
of the velocity: for instance

13 t
10D ll1ip < 10Do I ipelo V¥, [dD(0)ling > 10 Dolinge™ o1V ¥,

Thus, a non-uniform-in-time estimate for

t
/ ”vu”Loo(Ri)
0

leads to an exponential growth in time. For the one-phase model (Navier-Stokes system for compress-
ible fluid), this exponential growth is compensated by the exponential-in-time decay of the pressure and
velocity jumps. For the two-phase model, we are able to prove the exponential-in-time decay for the pres-
sure and velocity gradient jumps under the assumptions (1.9)-(1.10). This decay does not hold in general,
as we will discuss in the following remark. Our strategy is to use the low-frequency assumption (1.14) to
derive uniform-in-time estimate for (1.24).

Leveraging the continuity of Riesz operators on €7 5 [®%) N LP (R3), we prove that the L (R3)-bound
(resp. C‘?SW, aD(IR*?’)-bound) of the last two terms of (1.23) is small compared to the L®(R3)-bound (resp.
éffw, oD (R%)-bound) of Vu; provided that the viscosity jump is small in L>(0D). We apply similar arguments
to derive piecewise Holder estimate for F, from which the propagation of the density’s piecewise Holder

regularity follows, since we have (from the mass equation):

d,f(p,c)+u-Vf(p,c)+P(p,c)— P=—F, where pd, f(p,c) =v(p,c).

Above, the pressure fluctuation term is treated as a damping term.

Remark 1.5. We consider a simplified case of (1.1) in which the two phases have the same constant viscosity
coefficient but different power-law pressures:

1(p,0) =, Alp,0) = A, and P(p,c) = A(c)pP©.

From the mass equation, one readily obtains

@2u+A)(d;logP(p,c) + u-VlogP(p,c)) + B(c)(P(p, c) — P) = B(c)(=A) ' div(p),

and the jump across the moving interface is:

(1.25)

d
u+ A)E[[log(P(p, 0)) o]+ (BlcooT0,1)),gl(Pl0:C)) 0T)]

= [[,B(cooro,j)]]((—A)_1 div(pi)o7; - (P(p,c) oTj>avg+ﬁ)'

Similarly, from the mass equation we obtain

@u+M)[0;logp+u-Vlogp] + P(p,c) - P=(-A)"tdiv(pw),

and hence

(1.26)

d 1 4. . =
(2u+1)%(log(porj)>avg =(=A) ldlv(pu)orj —(P(p,c) orj>avg+P.
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From (1.25)-(1.26), it follows that

4 [[log(A(c)mp)orjﬂ + [(P(p,0))o7;] =0.

dt

Under the assumption (1.6), the jumps appearing above are comparable in the sense that

i [(Ptp.)o;] |-
[log (A(c) P+ p) o]

1
2u+A

and the exponential-in-time decay of jumps follows. Otherwise, it is unclear whether the exponential-in-time
holds in general. Specifically, under the assumption A(c) = 1, we should require

1 (0)
ot -

>0, forp;closeto p(1), and close to p(0);
log(o1) - log(02) 01 P 02 p

which does not hold in general.

1.2. Review of known results. Understanding the interaction between two or more fluids has become a central
issue in modern science. Mixture flow occurs in various contexts: biological systems (blood, respiratory tract
fluid); geophysical phenomena (ice formation, river flooding, landslides, and snow-slides) and industrial appli-
cations (flows in chemical reactors or nuclear reactor channels), to name a few examples. For more interesting
examples, we refer to [26]. The constituents of the mixture (or phases) may have different densities, pressure laws,
temperatures and viscosities.

An interesting problem is the study of the dynamic of the interface separating the components of a mixture.
From a physical point of view, the interface is a narrow layer across which the fluid states (density, temperature)
may experience large variations or discontinuities, giving rise to two categories of interface models. On one hand,
there are diffuse interface models for which the components of the mixture are separated by a thin layer (non-zero
thickness). Within this thin layer, flow states experience large gradients while continuously passing from one pure
zone to another. On the other hand, there are sharp interface models for which the interface is a hypersurface,
with zero thickness. Although these models are derived from physical principles naturally, it is very expensive to
study them numerically. Moreover, changes in the topology of the interface are harder to track.

The mathematical study of the sharp interface model was first addressed by Tani in 1984 [39], where the solu-
tions were constructed in piecewise Holder spaces. The initial density and velocity are G!*® and "¢, respectively,
on both sides of a suitable C2** interface. Taking into account surface tension, Denisova constructed solutions
with Sobolev regularity for both initial data and interface in [12].

In contrast to the aforementioned works based on a change in Lagrangian coordinates, other studies rely on
a transformation to a flattened interface. Piecewise Sobolev-regular solutions of high order (H*¥, k > 3) were
constructed in [27], where the interface is represented by a graph, considering scenarios with and without sur-
face tension. The Rayleigh-Taylor instability problem has been investigated in [28, 29], with the latter reference
addressing the zero surface tension limit problem. Finally, akin to the previous works, there is a study by Kubo,
Shibata and Soga [32] that relies on the maximal regularity property of the linearized system.

Note that only Tani’s work addresses density-dependent viscosity coefficients, and the result is only local in
time. The other results concern cases where each phase of the flow has constant viscosity coefficients, possibly
different. Existence of global-in-time solutions is established in this latter case under smallness of the piecewise
H**, k > 3 norm, and with almost flat interface. The present paper allows for density-dependent viscosity coeffi-
cients and low regular initial data and interface and establishes global-in-time result.

In the aforementioned papers, the system is solved on either side of the sharp interface, with a transmission
boundary condition. A different approach to tracking the interface is to construct weak solutions for the full model
in a class that allows for the study of its dynamic. The construction of weak solutions in the classical energy frame-
work to (1.1) was first addressed in 2019 by Vasseur, Wen, and Yu (see [40]), in the case where the viscosities coeffi-
cients are constant and common for both phases. The authors considered power-law for the pressure of the phases,
with a closeness constraint on the adiabatic exponents. This result has been improved by Novotny [38], Wen [42]
and Kra¢mar, Kwon, Necesovd, Novotny [31] by allowing a more general pressure law, and also by Novotny and
Pokorny [37] for multi-component fluid models. It is important to note that although the pressure laws of the
components of the mixture are different, the viscosities of the components are supposed to be the same constant.
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The solutions that they constructed are too weak to track down the discontinuity in the density or to study the
dynamic of the interface between the components of the mixture.

In one-dimensional space, Bresch, Burtea and Lagoutiére [5,6] achieved global well-posedness for non-common
constant viscosity, with numerical considerations in [7]. However, for higher dimensions, d € {2, 3}, it has been ex-
plained for instance in [3, 4, 9] that, even the algebraic structure of the anisotropic one-phase model completely
eludes the theories developed in the isotropic case with constant viscosity coefficients [14,23,35]. The issue stems
from the complete degeneration of the quantity (namely, the effective flux) that links the velocity’s divergence to
the pressure, as it is now of the same order as the velocity gradient.

In a recent paper (see [44]), we establish the local-in-time well-posedness for the system (1.1) in a functional
framework tailored to our analysis. This serves as a building block for proving the existence and uniqueness of
discontinuous solutions to the two-dimensional (one-phase) Navier-Stokes system for a compressible fluid with
density-dependent viscosity (see [43]). We account for viscosity coefficients arising from homogenization (see,
e.g., [19,20]), which are not covered by the work of Bresch and Desjardins [8]. Notice that the proof relies strongly
on the fact that the jumps of the pressure and the velocity gradient across the discontinuity curve decay exponen-
tially in time. As discussed in Remark 1.5 above, this exponential-in-time decay does not seem to hold in general
for the two-fluid model. Thus, we impose a low-frequency condition on the initial data to derive sufficient decay
for the solution, so that exponential decay of the jumps is not needed. Moreover, unlike the aforementioned result
(see [43]), which imposes smallness of the shear viscosity fluctuation in (?gw, Dy’ Theorem 1.2 only requires the
smallness of the shear viscosity fluctuation in L* and, in some cases, only of its jump.

We conclude this section by noting that, for the two dimensional incompressible model, a smallness condition
on the viscosity fluctuation also appears in [17, 18]. Recent work (see [34]) shows that, when the interface has low
regularity (0D € W>?*¢, for some ¢ in a sharp range (0, &), the smallness on the viscosity fluctuation can be re-
placed by a smallness of the initial data. In this work, the key argument depends heavily on the fact that the system
is considered in the two dimensional space. The extension to three dimensional space, or to the propagation of
W?2Pregularity (with p € (2 + £9,00)) of interfaces, or to the compressible model appears particularly involved.
Organization of the paper. The rest of the paper is organized as follows. In Section 2 we state all the a priori
estimates needed for the proof of Theorem 1.2. Their proofs are presented in Section 3. Finally, we prove Theorem
1.2 in Section 4.

2. STATEMENT OF A PRIORI ESTIMATES

This section is devoted to deriving all the key a priori estimates needed for the proof of Theorem 1.2. These
estimates consist of piecewise Holder and energy-type bounds for approximate solutions of system (2.1) below,
from which the global-in-time persistence of the regularity of the discontinuity surface will follow. This final step,
concluding the proof of Theorem 1.2, is the focus of Section 4 below.

More precisely, we consider the following Cauchy problem (we temporarily omit the superscript n):

0;c+u-Ve=0,
0:p +div(pu) =0,
0:(pw) +div(pu® u) + VP(p,c) = div(2u(p, c)Du) + V(A(p, ¢) div u),

(¢, p, W|¢=0 = (co, Po, Ug),

(2.1)

where (uf'), ., is a sequence of initial velocities satisfying the same assumptions as ug in Theorem 1.2, along with
the compatibility condition

2.2) (p10)1=0 = div (22(po, co)Duf! + (A(po, co) div el — P(po, co) + P)I3) € L*([R®).

The construction of the sequence (') ,, and the proof of its convergence toward ug are given in Section 4 below.
Our main objective is to derive estimate for ||Vu/| L1(0,0,€5,, 5 (%)), from which we will deduce the global-in-time
existence of the solution, as well as the persistence of interface regularity. This will be the focus of the next two
subsections.

2.1. Piecewise Holder bounds. This subsection is devoted to deriving piecewise Holder estimates for the velocity
gradient and the pressure fluctuation. The first step in obtaining these bounds is to derive an expression for the
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velocity gradient. To this end, we begin by rewriting the momentum equations (2.1)3 as follows (hereafter, G(p, ¢)
denotes the pressure fluctuation, namely G(p, c) = P(p,c) — P):
(2.3) FAu+V(({E+Alp, o) divu—G(p,c)) = pu—div(2(u(p, ¢) — B)Du).
Next, we apply the Leray projector, P, to obtain:

BAPu =P(pu) - divP(2(u(p, ¢) — Du),

and whence
fVPu=-V(-A)"'P(pw) + V(-A) "' divP(2(u(p, ¢) — H)Du)
=-V(=A)""P(ow) - (u(p, c) - HVPu+ [V(-A) " divP, u(p, c) — fi] (2D w).
It follows that
(2.4) up, )VPu = -V (=A)"'P(pi) + [V(-A) L divP, u(p, ¢) — fi] 2Dw).

Similarly, applying the divergence operator to (2.3) yields
A+ Ap, ) divu—G(p, ) = div(pu) — divdiv (2(u(p, ¢) - @)Du),

and hence
@fi+Mp, ) divi—G(p, ¢) = —(~=A) L div(pw) + (-A) " divdiv(2(u(p, ¢) — D u)
= —(=A)"div(pir) — 2(u(p, ¢) — ) divu
+ [ (=)t divdiv, u(p, ¢) - fi] (2Dw).
It follows that
(2.5) (2u(p, ©) + A(p, 0)) divu— G(p, ¢) = —(=A) ' div(pw) + [(=A) " divdiv, u(p, c) - fi] 2Dw).

Combining (2.4) and (2.5), we obtain the following expression for the velocity gradient:
Vu=VPu+V({l-Pu
=VPu-V(-A)"'Vdivu

__ 1 1 1g(_ 1 1 ] (G(p,C))
=g VN P + V-8) v( s )( A)” dw(pu)) QN
-1
2.6) +#(pyc)[ 1(p, ©) — [i] @D ) — V(=A) v( o )[Jf (o, ¢) — ](Z[Du)).

Above, # and % denote the following even order singular operators:
H =V(-A)'divP and & = (-A)"!divdiv.
We now assume that the density and the shear viscosity coefficients are bounded from above and below as
follows:
0<p.:=infp(t,x) <supp(t,x):=p* <oo;
t,x t,x

2.7 . .
O<ps:= ltnxfu(p, €))(t,x) <supu(p,c))(t,x) =y <oo.
’ t,x

Also, given that the pressure is strictly increasing with respect to the density, we have the following bounds

0,P(p,c 0,P(p,c
pp(p))< “u (pp(p))
PELP+,p*]

(2.8) 0O<a.(c):= iIn (
pelo.p* 1\ v(p,c) v(p,c)

a*(c) < oo,

from which we define the ratio:
a*(c)

2.9 a=sup O

Throughout what follows, C will denote a generic constant that is independent of the bounds of the solutions. It
may depend on P, fi, A, a, or arise from embedding inequalities etc. In contrast, C, will depend on p*, ., i
Both C and C, may vary from line to line.
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Let us denote by (1) = (2~ (1)) the level-set function defining D(¢):
D(t) = {xeR>: ¢(t,x) >0}, and let Z(¢) = dD(2).

Under a smallness condition on the shear viscosity jump we establish, in the following lemma, bounds for the
functionals 9, and 9 defined as (we recall the definition of the (p, ¢)-dependent function f in (1.7), which we
supplement with f(p4,1) = f(p-,0) =0):

t
f)(l)=|Z(I)|@1+a+|V<p(l‘)|@a+|f(p(l‘),c(t))|@g ()(R3)+/ |Vu,G(p,c) o @)
w, 2 (1) 0 w,2

t
() = / 1Gp, 0), Vu, VPu, [#, u(p, c) = {] @w), [ A, (o, €) = ] (DU | jco e -
0
Our result reads as follows.

Lemma 2.1. Let us introduce the functionals ¢z, s and § defined by
¢=(1) = ?(;1}]) (|H(Pr c), Alp,c) |@;$Z(R3) + 03 | pp, 00 = 1, Mp, )~ I||L°°([R3))’
2.10) ¢s(1) = sup (Iuto, 0 lea @y *+ (657 + B lZlersar) [ i, ] [
5(1) =il)l}})”[[ﬂ(p,d,V(p,C)ﬂHLoomL,,(z)
where*Ps is a polynomial in|Z|, |21y and Ilefn}.
We now fix some p € (6/ a,00). There exists a constant C > 0 such that if
4C
jis

— afO[”VIl”LOO(RSJ ( , ) . 1+i ( , ) .
ae ?é,l}])”[[HPCHHL (2)( o v, o1l (z))

<L

_ p*
(2.11) + ( l} ) oal2 +— ( » ) )
ng(al[[u P Oleweey + -1V Ol o)

then the following inequalities hold true:
o Piecewise Holder estimate:

t
(2.12) é(t)gc*(é(on / ||pu||L3’(1")(R3))eXp
0

t
C. KoeCoD (19([) +/ ||| s, ||Pll||i£?u@3))
0

-1
where Ky depends on | 2ol 1y, |V<p0|inf, 120l inp and |Z].
o Lipschitz estimate:

’

t t
19(t)<c*{|| F(00,€0)|| foo sy + / Il 2 sy + / ¢ G, ¢), Vu, (-8 div(pid) | s,
0 0

+ (1+6(t)e"“9(”)

t t
|f(p0»00)’eg[jZO(R3)+ /0 ol Le/(z_a,(m+(?315>|u(p,c)|eam3)+6(t)€g“) /O IV uell 6t gs)
t a
+9(1) ?élg” [[M(P’C)]]“ew(n(l+5(t)eaﬁm)+/0 (522 I [[G(Pvc)]]”pomm(z)+|[[G(P’C)]]|éa/2(2))
2.13)  +9()8() ((Z)zeaﬁ(t) + (0592 +mz|2|@+a,z)) }eC* JoNwleoges,

with

t t
Sup”f(P, C) ||Loo(|R3) +/ ” w”LOO([R3) < Ca(”f(pO) CO) ||L°°(|R3) + 6(0/ ”Vu”eDt/Z (R3))
[0,£] 0 0 pwE

t
+ CE/(; (”pu”LZ(RS) + ||pu||L6/(2—a) (R3) + (/)Z ||Vu||Lp([R3))-

The proof of the above Lemma is the purpose of Section 3.1 below. The estimate of the functional 9 involves
some norms of the jump of the pressure fluctuation G(p, ¢). These norms can be roughly be estimated as follows:

(2.].4) ||[[G(p,c)ﬂ ||Lq(2) < |Z|1/q”G(P; C) ||L°°(|R3)’ with q € []-roo]r and MG(P; C)ﬂ|éa/2(z) < 2|G(P; C)|eg‘fv2z([R3);
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and we will instead estimate the Gg‘fvzz (R3)-bound as in (3.18)-(3.24) and we will require the pressure fluctuations
to be small. In particular situations such as (1.6) or (1.9), we can derive sharper estimates for the norms of the
pressure jump.

Lemma 2.2. Letqe€ [1,00], and0 < a, = min; a.(c), a* = max, a*(c). The following estimates hold.
o Assume that (1.6) holds true. Then we have

r
?(;1}]3” [[f(PrC)]]”Lq(z) +/0 ” [[G(prc)]]“Lﬂ(Z)

a* 1t , !
(2.15) < a—eqﬁ) ”V””L""m(ll [[f(PoyCo)]]”m(zo)+C~°[‘ul]3|| [[M(P»C)]]”M(Z)/ ”V””Loo(u@))'
* 0,t 0
and

t
?élgl[[f(p,c)]]|@a(z)+ /0 [1G(p, )]sy

a* P t
< a_eafo IVl oo 3, [H[f(po,co)]ﬂéa(zo) +s[u[])|[[u(p,c)]]|ea(z)/ IVl oo 3
* 0,1 0

t
+?81¥])”[[u(p,c)]]”yo(z)/o (fg“”Vu”Loo(Rs)+|VM|QZW‘Z(R3))

t
(2.16) +C S[élg|f(l’rc)|egwyz(m3)/0 I ﬂf(P,C)]]”Loo(RS)]'
o Assume that (1.9) holds true. Then we have,
2.17) ” [[f(p’c)(t)]”lm(zu)) < e WG Jo 1Vl foo g3, ” [[f(pO’CO)]]”LW(zO)'
and

aflIvul o
|[[f(pyc)(t)]]|ea(z(t)) < C* e_a* t+C fozllvu”LOO(R?i)e ’ e [H[f(QOICO)]Héa(ZO)

t
(2.18) + 11 (oo, €| ooz, /0 ((ég“ +|£(0,0)| a1V Ull Lo sy + | f (0, ©), Vu|@gmm3)) .
o In addition to (1.9), assume that (1.10) holds true. Then
(2.19) IV Loz < Cee™ J WVl |1 £ g, co)] | o o (L IVUD o @s))-

The proof of the above lemma is the purpose of Section 3.2 below. From these bounds, we immediately deduce
that the jump of f(p, ¢), viscosities, pressure, and velocity gradient decay exponentially in time, once the func-
tionals 9 and ) are uniformly bounded in time. The estimate obtained for these functionals in Lemma 2.1 above,
involves the L”(R3) norm of Vu, G(p,c), with p € (6/a,00); and the L2(R%) n 1309 (R3) norm of the material
acceleration . In the following section, we derive these bounds from time-weighted energy estimates.

2.2. Time-weighted energy estimates. This section is devoted to deriving L' ((0, £), L9(R®))-bounds for the veloc-
ity gradient, pressure fluctuation, and for the material acceleration as these appear in the estimates of the func-
tionals 9 and 9 in Lemma 2.1. These L'((0, ), L(R3)-bounds will follow from the fact that the following energy
functionals are uniformly bounded in time:

t 1
() = / OB 7oy + 5 sup / (2utp, 0IDUP + Alp, o)l divul?),
0 [0,1] R

1 t
2200 (D) :Esupa(-)%(“m)||\/ﬁu||iz(R3)+ / g (yz 0+ / (2u(p, DT + Alp, )l div al®),
[0,7] 0 R

t . 1 .
A3(1) :/ 0““(-)2(1”")||\/ﬁil||i2m3)+Esupal+“(~)g(l+r°)/ (2u(p, O IDU? + Alp, c)Idiv il?).
0 [0,7] R3

Above 0 < rg < % - g (we recall that 1 < pg < 6/5, see (1.14)); & € (0,1] is introduced in (1.19); and the time weights
(-) and o are defined by:
o(t) =min{l, 1}, and () =V 1+ 2.
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From now on, the constants C and C,may also depend on ry, and &. Cp will stand for a constant depending
on ||pouo, G(Po,Co)”ipo ® and on the initial energies Ey and Ey (see their definitions in ) as positive powers.
We denote by Cy a constant that depends on the same quantities as Cp, and additionally on IIVuOIIi2 @)
. 2
1ot =01l gs)-
We obtain the following bounds.

and

Lemma 2.3. There exist constants C = C(a) >0 and c. = c«(p«, p*) such that if
C
(2.21) ﬂ—sup” [0, O] joosy <1, and Ey<ec.,
* [0,1]

then the following estimates holds true:

L8 1 5
(2.22) (1) < Cu(Co(1+ i o) + Vo) + By (4 (07 + CJ)),
6
(2.23) (1) < CoCo[1+ 1 (1) + Cast (01 + 51 (10% + 48 Co),
. 2 (8
(2.24) A3 (1) < C*(CO +$(Co¢>§, .Qfl(t)))eC*Co(l+¢z +eth (1))

where £ is a polynomial.

The proof of the above lemma is the purpose of Section 3.4. Prior to that, we derive in Section 3.3 some basic a
priori estimates for the solutions to the system (2.1). From these estimates, we immediately deduce:

Lemma2.4. Let p € [6,00). There exists a constant k= k( p, P, p") >0, such that if

v

k 1
C—su O || oo < =
. [0}]’” [uo ]]”L ® X5
then we have

0-3)

+Cu (1 (D)2 +oo(D)2);

t 3
/O (1924, Gp, | e + Nl e ) < Cu Co(l + e
and

! .. L2 6
/O ot 310-0 g3y < C+Z(Co, Cods, g (1), (1), 5(1)),

where £ is a polynomial.

The proof of Lemma 2.4 is the purpose of Section 3.5 below. This concludes the present section.
All the a priori estimates derived in this section will be closed with the help of a bootstrap argument in Section
4. We also prove the compactness of the approximate solutions, thereby obtaining Theorem 1.2.

3. PROOFS OF THE A PRIORI ESTIMATES

3.1. Proof of Lemma 2.1. We begin the proof of Lemma 2.1 by rewriting the expression of the velocity gradient
(see (2.6)):

G(p, C))

. 1 B 1 . B 1 1 _ —1 q: N _ -1
U= V(-A)'P(pw) + V(-A) v(—( A) d1v(pu)) V(=4) V(V(p’c)

u(p,c) v(p,c)

1
3.1) + [, u(p, c) - i (2[Du)—V(—A)_IV(m[lf,u(p,c)—ﬁ] (Z[Du)).

wuip, )

Proof of (2.12). We estimate each term appearing on the RHS of the expression above as follows:
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¢ First term: The first term in (3.1) is estimated as follows:

V(A Pow)|

pw z (RS)

u(p,c)

1 -1 . 1 -1 ]
s M—2|#(p,c)|engzm3) [VELT PO ooy + u_”V(—A) P10 || pa s,

1/2

poen [V PG | 1o

C s .
< E|,u(p, ANes @ [VVEOT PR eyt o]l oo @s)-

C : , Co..
< = |1p, 0ea 5 (R3) ”pu”%?u@) ”Punigiﬂﬁ) + —[lot]| oo o)-
,U* pw, /J*

We used the Gagliardo-Nirenberg’s inequality || gl joms) < IIVgII%%RS) [ gllié%Rs), the embedding
W3- (R3) — C%(R3) and the continuity of Riesz transforms on L” (R3), with p € (1,00).

¢ Second and third terms: The second term in (3.1) is a second-order Riesz transform of a discontinuous
function. Thus, we apply (A.45) to obtain:

’w A 1v(—( A)_ldlv(pu))
(p,c) Ce, (@)
< _A_ld. . + _A_ld. . S lora
V(P,C)( ) IV(pu)' s () CPz (P, )( ) divip) Loo(uqas)l lex
/ / 1
u_”pu”wﬂ o Rs) T ”'0””2620&3) ”pu”izzu@)( s |V(p,c)|@SW’Z(R3) +§‘BZ|Z|'@““)'

We derive a similar estimate for the third term

—|G(P,C)|@a IR3)

G(p,
e, s @) e

v(p,c)

C 1
+#—||G(P’C)||L°°(R3) u_|V(P’C)|égW‘Z(R3)+m2|z|él+a :

< Remaining terms: Using (A.10), the next-to-last term in (3.1) is estimated as follows:

(A, 1(p,0) — ] (2Duw)|

‘ H(p,c) es, s ®)

1 ~

<H_2|“(p’c)|égw,z(ﬂ3)“ [H, 10, ©) = F] D1 oo g, + o |[Z p(p, €)= Dule“ 5 ([®3)
1 ~

S ﬂ_2|N(P’C)|(?gWVZ(R3) I[# 1o, ©) = BIDU|| oo s,
C -

+ M—(Iu(p, C)i@,?W,z(W) + (657 +PxIZlgrva) | [ulo, O] HLOO(Z)) IVPu, Dull oo g3)

C _ C
3.2 * Z(W(p’cﬂegffz‘m) +:77 [[,U(P,C)]]||L°°(2))|Du|€gv’fz(n&3) + ,u_*” [[IJ(PrC)]]||L°°(Z)|V”|égwyz(me3)‘

The same estimate also holds for |—— u(P ) [V(=A) "'V, u(p, ¢) — il (2D w) loe w3
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Similarly, we apply (A.45)-(A.10) to obtain:

V(- A)—lv( (7, o, 0) - ] @D )

v(p,c) Ce, s (®)

. _ C . .
[, u(p, c) - i|Du s 12 1o, €) = BID U ;o0 gy B Zl 11

<
v(p,c) Ca s (®)

C 1 ; i
< ;T(—Iv(p, Oles, oy + BrlZlonse || [ 1(0,0) = B0 oy

L

_ C
+ ™ UIJ(P, c) |@§JVZ,Z(R3) +057%| [utp, )] ”LDO(Z)) |Du|egva%z(n&3) + 0 ko, O oo ) |Vu|éngz(ue3)-

@ +(¢ §“+&BZIZ|@M)|| [[:“(P’C)]]||L°°(2))“v”“L°°(R3)

Combining all these estimates, we arrive at:
! 1
/ Vulgs @) < / ot 13r0-0 sy + / 1//(3)(;|/J(p, C)“)'V("'C)“)|égw,z(s) ®) + Bz |2(s)|em)
to /O ko 0)ea oy * (€% +BrlZlgra) [ [lo, 0] ||Lm(z))||vuﬂ>u,w||poms)
C _
+ ™ (|H(p, C)|@SV’VZ,Z(R31 + 054 Iute, )] ||L°°(>:))|D”|@g‘ifz(R3)

c [! c [!
(3.3) +#—*/O ||[[u(p,c)]]||Lw(z)|Vu|@ngz(R3)+;/0 |G(p’0)|égW,z(R3>’

where 172 1/2
V= ||pu||L‘5(R3)”pu”L2(R3) + ”G(P’C)r [#, ulp, ) - E]Du, [ A, u(p, c) _ﬁ]D””Lw(R%-

To estimate the last term above, we first observe that the (p, c)-dependent function f = f(p, ¢) satisfies
0if(p,0)+u-Vfp,)+Glp,c)=-

We write the above equation along the velocity flow map & of the velocity and we obtain

where p(t, y) = p(t, Z (¢, ). Let y1 and y, be two points located on the same side of Z. Evaluating (3.4) at y € {y1, y»}
and taking the difference, we obtain:

j j=2 j
atf(p(r,yj),co(yl))(jzl +g(t:J/l:J/z)f(Q(f,J’j),CO(J/I))|],:1 = —F(,% (1, yj))\jzl,

where (notice that ¢y(y1) = ¢o()2))

j
G(o(t, Vi) co(y)) ’j:l
gL, y1,y2) = =2
f(Q(t,yj),Co(yl))|j:1

It follows that
j=2 =2
flot,yp, CO(J/I))’ = e loswn yZ)de(Po(y]) Co(Jﬁ))’
(3.5) —/ eﬁg("'”’yZ)dT’F(T,%(T,yj))|]._ldr,
0 J=
and

J _ [t J=
G(o(t, yj),Co(yl))|j:1 = g(t,y1,ya)e o 8TV £ (30, CO(yl))|j:1

4 t , , i—o
- g(trylryz)/ e_f‘r g(T vylry2)dT F(T;%(T,y]))'] ld‘[‘
0 j=
Under the assumption (2.8), we have (recall that cy(y1) = co(y2))
g(t,y1,¥2) € [ax (co(y1)), a” (co(y1))],
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and hence
j=2 _
G(Q(t,yj).m(y1))|j:1‘ <a*(co(y))e m*(c(’(yl))|f(P0»Co)|@gw’ZO(R3)|y2 —y1|“
t
(3.6) +a*(co(y1)) / e D F(7)| 60 @ [ X @y = @y dr.
0 pwW,E(T

Recalling that the velocity flow map satisfies

t
Z(t,y)) :yj+/ u(s, Z(s,yj))ds,
0

we deduce thatforall0 < ¢/ < ¢

t
|Z (', y2) - (¢, )| < |Z (8, y2) — X (1, 11))| +/ IV ()l ooy |2 (5, y2) — (s, y1)|ds,
t/
and Gronwall’s Lemma yields

|2 (1, y2) - 2 (¢, )| < eIV e S| 92 (1, y) — 2 (£, 1)

Returning to (3.6), we find that

j=2

Glettyp )| |

<a*(co(y)e '@ (Co()’l))‘HXfOt||VU(S)||L00(R3)d5|f(pO’ co) |@SW,ZO & |3{(t, y2) = Z (L, y1) |“
@ QU Z (4 y2) -2 (6, y)|* /f e_(t—m,,(co(yl))mff||Vu<s)||Looms)ds|F(T)|eg )
0 wE(r
and hence
| G0, ) o iy < " O™ ORIVt €3] g, ) - o
+ a*(o)/te—(t—r)a*(0)+6¥f,t||Vu(S)|Loom3)d5|F(-[)|ea ®» 4T,
0 pW,Z(7)
and
|G(p(t), C(t))|éa(R3\D(t)) <a* (1)e_a*(1)t+af0[”vu(3)"me3]ds|f(p0’CO)|GZW,ZO(R3)

t t
rat (1)/ e—(t—r)a*(l)ﬂxfr ”VU(S)||L°°(N3)dS|F(T)|éa . )(Rs)dT-
0 PwW,E(T

Then, we deduce (recalling (3.5))

t
|f(P(f)»C(’f))|égw_mm3) +/0 |G(p’c)|@3w,z(ﬂ3)
N t
— Ul ;o0 . 6
3.7) <ae%lo L (R3)(’f(pO,CQ)|GgWYZO(R3) +/0 |F(T)|@gw'z([|qg3)).

To obtain an estimate for the piecewise Holder semi-norm of

(3.8) F=—(=N""div(pw) + [ A, u(p, ) - i] 2Du),

15
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we use the embedding W% 1-® (R3) — €% (R?), and we follow the computations leading to (3.2) and we arrive at
t
|f(p(t),C(t))i@gw'zmms) +/0 |G(p, C)|(ggwyz(uqe3)
. t
< e o1Vl iooges) (|f(PO,Co)|égW,ZO(R3) + C/O ”Pu”p/ﬂ-a)m%)
ot t
+ Cﬁeajo ”VUHLOQ(RSJ /0 (|/J(p’ C)|GSWZ(R3) + ([Ea + ‘lezlena) || [[u(p, C)H ||L°°(Z)) ||Vu”L°°(R3)
Jiivul ' 12
— a Ull ;00 -
+Cge®Jo I (R3)/0 (|u(p,c)|@gév2'z(R3) +€za “ [, 0] ||L°°(Z))|Vu|@g‘ifz(R3)

t
t
(3.9) +C5€af°llvu”L""‘R3)Sup||ﬂﬂ(P’C)]H|L°°<Z)/|V”|('3a ®)"
0,1 0 P

Now, we combine the above estimate with (3.3), and we use the smallness condition on the shear viscosity jump

(2.11) to derive (recall that |u(p, ¢),v(p, )l e L®) S Gl f(p, Ol pp Z(Rg)):
pw, pw,.

t

|Fe@,clee g+ /0 Vi, Gp, O)lea o)

ot 4
<C.e%ho ”v”"L""(“3)(|f(100’00)|ég . (R3)+/ ||pu||L3/““")(R3))

w,2( 0

. t

+ C. e oIVl o / ( F0.0es o+ 5" + PslZlore) (W + IVPU, Vil o)
0 "

t t _
+Cres "V”"”"’(Rs)/o (|f(p,6)|égv/f,z(m3)+€za/2||[[H(P»C)]]||L°°(z))|vulégv’f,z(u@3)'

With the help of Young’s and interpolation inequalities, we estimate the last term above as follows (1 > 0):

ot g
C. eajo IVl oo gs) / (lf(p’ c)
0

t 1 1
a [y IVUll oo 3 , —al2 2 2
S Ceem 0T "“/0 (lf(P’C)|egjjz(R3)+£z I [[#(P’C)]]”Loo(Z))”vu”Lw(RS)IV”'@gw‘z(Ra)

~a/2
ez @ T 05" [ luto, 0] ||L°°(2))|v”|é“’2 (R?)

pw,Xz

t t
Cx 2a [l IVul,e 2 - 2
<n/0 IVuléngz(R3)+?e a [y IV ull oo g3, i (|f(p,c)|eg‘ifzm3)+€Z“H[[H(p,c)]]||Loo(z))||Vu||Loo(R3)

t t
Cx e [ 1Vl oo —a
§77/0 IVulegw'z(R3)+ ” e~ Lo@3) i (|f(p,C)|€,EW'Z(R3)+€z )l|vu”LOO(R3).

Choosing 1 small, we finally obtain:
t
| f(p(t),c(r))|@gwmms) + /0 |Vu, P(p, ")|égw,z<R3>
t
t
g C* eZ(Xfo ||VMHL00([R3) ['f(po, Co)iég . (RS) +/ ”pu”L3/(1_a) ([RS)
w,Zg 0

t
(3.10) +/0 (‘f(p,c)|@gw’zmg) 05+ Pl ) (¥ + 1 VPU, Vil o)

We now proceed to estimate 1Z()]p1+a) !gz"[) and Pxy as they appear in the above bound.

First, let (TO, j»B j), j=1,...,], denote the charts introduced in Definition 1.1 corresponding to the initial inter-
face 2. Since (1) is a free surface, it is covered by the family of charts (7 (1), B;), where

t
Tj(t,S)=To,j(S)+/ u(t',r;(t',9)dr’.
0
From this, it follows that

VT o < [ V70, ||Looeﬁ)twu“m°m3’» IZ(O)linf = |ZO|infe_ﬂ1[”V””L°°<R3J
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and
t v ¢
971 (0)] o < | V70, + €0 710 / (192l + IV | 97 -
0 v,
We conclude that

t
Vull ;0
mZ(t) < mzo ecfo IVuell oo g3)

and

¢ t
120l 10a < 1Z0lprea + @1Vl /0 (||Vu||egwlms)+||Vu||Loo(Rs)IZ|@1+a)-

On the other hand, we have
D(t) = {x e R®: (¢, x) > 0}, where ¢(t) = poo Z ' (2).
It is not difficult to prove
V(D) > |V‘P0|infe_f°t”vu”p°m3)’
and

t
V(D)5 < |v(p0|éa+eaf0’||Vu||L°0(mz3)/ (lquIIeg z(Rg,)+||Vu||Loo([R3)|qu|éa).
0 W

Finally, we come back to (3.10) and we obtain
v t t
H(1) < C.eClo ”v””mes)(mO'elw +|Vepo| ga + \f(PO’CO)|ég 5 (®9) +/ ”Pu”p/“-w(n&%)
w,2() 0

P t
(3.11) +Cy eIVl / (| rie.0
0

GSW,Z(RS) + |V(P Qa + |Z|él+a)y

where
o -1
V= Ko(’(//+ ||V[|:Du,VU||Loo(R3)), and Kop=1+ |V(p0|inf+mzo'

Gronwall’s Lemma yields

t
ﬁ(t) < C* ('Zﬂlélﬂz + |V(P0 Ca + |f(P0, CO)|@3 5 (R3) +/ ||pu||L3/(1a)(|R3))
W 0

t . t
X exp (C/ ||Vu||Loo(R3) + C* eCfO ”vu”L‘x’(Rs) / w(s)dS)
0 0

Estimate (2.12) finally follows from the fact that

t t
3.12) / w(s)dsgc*ﬁ(r)+c*/ o] o [l 02| 12500:-
0 0

This concludes the first part of the proof of Lemma 2.1. O

Proof of (2.13). In this second part of the proof of Lemma 2.1, we aim to obtain a Lipschitz estimate for the ve-
locity field. To this end, we proceed by estimating each term appearing in (3.1). For clarity, our estimates will be
expressed in terms of the functional ¢s and (Z)z defined in (2.10) above.

o First, second and fourth terms: Similarly to (3.12), we apply the Gagliardo-Nirenberg’s, Sobolev’s and
Young’s inequalities to obtain:

t t
(3.13) /O H(p, C) < C* /O (” \/ﬁu”LZ(R3) + ||pu||L6/(2—a) (R3))-

Next, we express the second term in (3.1) as follows:

V(-A)'P(pu)

L°(R3)

V(_A)_lv(;(_A)—l le(pu)) = [V(‘A)_IV; ﬁ

IR T .
v(p,c) ]( A div(pw)

+ V(-A) "V (=A) "t div(pw).

v(p,c)
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Estimate (3.13) also applies to the last term above. For the remaining term, we use the commutator esti-
mate (A.9) with a’ = a/2, p = r € (6/ @, 00), and we obtain:

r

c [! - - g
g E/O (|V(p! C)|eg\fv2,2(R3) +[Za/znv(p,c)_V”Loo(Rj))”(_A) ldIV(,Du) ||Lp(|R3)

1

[V(—A)_IV,
v(p,c)

] (-A) " div(p )

L>(R3)

C t -_— . .
+ﬂ_2/o |||IV(;O’C)]]||L00(Z)|’(_A) 1d1v(pu)||ea,2(R3)

t t
(3.14) <C. / x| (=87 div(pin) | @) + Cs / (VB sy + 07t - o)
0 0

We also apply (A.9) to estimate the second-to-last term in (3.1) as follows:

t
/0 L (R3)

C t
(3.15) +H—*S[(1)1§|| [0, O] | o5 | Witz oy

t
[«ZJ/,,U(P, C) —ﬁ] (2Duw) < C*/ O=IVullppgs)
0

u(p,c)

o Remaining terms: We express the third and last terms in (3.1) as follows:

o 1 . _
—V(-A) v(—(G(p,c) + [, o, 0) ] (ZIDu)))

v(p,c)
=- [V, L (Glo,0)+ [, p(p, ©) - ] 2Dw)
v(p,c)
_1 , ~
(3.16) AR V(G 0+ [#, p(p, 0) - ] 2Dw)).

Similarly as in the preceding step, we apply (A.9) and we obtain

r

C t
<o /0 ¢5(1G0, 0| 1oy + 10, ©) = Bl o oy IV Ul o)

o1 ; _
[vi-a) Vo (Glo,0)+ [, p(p, ) - 1] (2Dw)

L (R3)

C ' 7 i
sl [vip, Ol | 160,04 (2,10, 0)~ ) 2D0 g, o

c [! - Cu*
< /0 ¢5(1G 0, 1oy + 110, ©) = Bl ooy IV Ul oy ) + H’; 800 5up | [v(p: )] s

C ! . N
+ iz ?(‘)15” [vip, o) ”LDO(Z)/O |Gp, 0) + [ A, ulp, c) -] QDu)'%sz(W)‘
Applying (A.46) with = a/2, we obtain:
t
/O 12, 10, €)= ) @Dt 2 ey < (1101 Oy + E | [0, O | oy )1Vl ey
t
+ C/O (| [0, O |garz gy + (€52 + Bz Zlrear) | [, O] ||Loo(z)) IV ull oo g3)

t
3.17) +C /O | Luto, O oy IV el sy
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and following the computations leading to (3.7), we arrive at:
t
| f(p(t),C(t))|@:v/v%z(t)(R3) + /0 |G(p,c)|@gv/v%z(R3)

t
=@ Jo 1Vt oo : '
<ae®h [®® )(|f(p°’C°)|€3&2,zo(R3)+/0 |F(T)|GZJVZ,X(R3))

—_ rt t .
g Caeajo “VLL”LOO(RS] (|f(P0, CO) '@g‘{VZ‘ZO (R3) + /0 (”Pu”Le/(z-m (R3) + ” [[ﬂ(Py C)]] ”Loo(z) |Vu|ég‘fv%z(R3)))

P t
+ Cae®JoIV 1l sup (|.U(P, ey + =" [1tp, )] ||L°°(Z)) / IVl sta @)
0,1 0

¢ t
(3.18) +Cae®ly ”W”LOO(RS)/ (H[H(P,C)]] eerz(zy t (5% + Bl Zlprvar) | [[ﬂ(P'C)]]||L°°(Z))”V””L°°(R3)-
0

Gathering all the above estimates, we deduce the following bound for the first term in the expression (3.16):
t
)

Cu* c [' ~
< Mizﬁ(t) ?515” [V, O] || ooz + H_/o (,bz(HG(p,c) I o gy + 11005 €)= ]| oo sy ||Vu||L,,(R3))

*

IS ; _
Ve, o (Gto, 0+ [, o, 0) - ] 2Dw)

L (R3)

Ca ‘ _ b
+ 7 sup | V(6,0 e e | oo, el o+ | Noil oo

*

t t
+?515||HN(P’C)H||L°°(2)/O |V”|egv’f_z(m3)+?§5’(|N(Pr0)|éw(m3)+€§a||[[N(P'C)]]||L°°(2))/O IVl pora )

t
(319) +sup (l [[‘U(p, C)]] |ea/2(z) + (ﬁga/z + SBZ|Z|(§1+¢1/2) ” IIIJ(‘O; C)]] ||Loo(z)) / ||Vu||L°°(R3) }
[0,7] 0

For the remaining term of (3.16), we shall write
w:=G(p,c) + [ A, up, ) — | 2Du) = w’ + (w — wo),

where w® denotes a C%-extension of w that verifies (A.26)-(A.27)-(A.28)-(A.29). With the help of (A.44), we
estimate

t

/
C [V -«

(320 S E/o (42 N wlll sorps) + H[w]”éw(z))-

Then, we use the logarithmic interpolation inequality

V(=AY (w-w

c [t -3
v(p,c) ) [0(R3) s I/o (gzp lw = w®|| 1 gy + | w - we“egv/vz,zma))

_ |we|ea/2(R3)
(3.21) V2"Vl joosy < C| we||Lw(R3)(1 +log* (m))

and we obtain (with the help of (A.26)-(A.29))

V(-A)'Vw?®

|wlarz gy + 57 [ [w]] o) ))

C
< — ” w”LOO([R3) (1 + 10g+ (

v(p,c) [o®3) M= lwll oo g3

Following the computations that lead to (3.7), we arrive at (here @, = min_ a.(c))

16, OOl ,

"IVl t ! t
< Coe®hIVu me(e_a* f(Po,Co)|€$/2z0(R3) +/ e _S)lF(s)léS/Zz( )(RS)ds)'
W, 0 w,Z (S
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(3.22)

(3.23)

(3.24)
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and (3.17) implies

t
|w(t)|(ga/2 @) S CeafollvullL""(R3){ Co)|€"’”2 ,®) /e_a*(t_S)”Pu”Lﬁ”Z-“’(W)
0

t
+|[ A, uip, ©) — f] 2Du) (1) eore, @+ / e—ﬁ*”—”Hj,p(p,c)—ﬁ](znmu)(sneg,z Rg)ds}
w, 2 (1 0

r s
< C*/ ||W(S)||Loo(nqg3){1+/ V1]l oo (w3
L (R3) 0 0

N
m( o f(p"’c‘))'@;'&z.zotw +l5 a/2||[[w(s)]]||L°°(2(S)) /0 e_g*(s_”||u(s,)||L6/<2*“’(R3)dS,

Next, using the elementary bound log+ x) < %\/}, Hoélder’s inequality and (3.17) we infer that
t
J,
t
< C.|f(po, C°)|@§’220(R3) + C*/ (||Pu||Le/(z—a)(R3) + 1wl oo ey (1 + ||Vu||L1((o,s).Lw(R3))))d3
w, 0
t 1/2 ¢ 5
/0 || wums)) ( /0 (1] i) + [ 10, )~ ] (wwlegg_zm))
t
< Cy if(PO, CO)|@a/2 L) +Cx / (”pu”Ls/u—a)(Rs) +l W||L°°([R€3)(1 + ”Vu”Ll((O,s),Lm(W))))ds

1/2
e AT I T T PR

éalZ(z) + ([E(X/Z +m2|z|@1+a/2) || [[,U(P; C)]] ||L°°(Z))

It follows that
t
/

log

V(-A)'Vw?®

v(p,c)

+

+|[ A, ulp, 0) - ] 2Du)(s)

N
. —a,(s=s|[ z _ i N
eg\{vZ,Z(s)(Rs) +/0 e 4,(5=8 |[=Z'/; IJ(P: C) IJ] (ZDu)|egﬁz(R3)(s )ds )

V(-A)'Vw?®

V(p, C) L (R3)

1/2
+Cy

+9(1) sup(|[[u(p,c)]]
[0,1]

t 1/2
+SUP(|,U(P’C)|GG(R3)+[£a||[[ﬂ(9»c)]]”p°(z))/ ”Vu”LG’“([RP)} .
[0,1] 0

We will now estimate the L*°-bound of w and [w] appearing in the above estimate and (3.20). To
achieve this, we go back to (3.4) and we write

[ ’ ¢ [
Flott, ), co) = el 8UDA p (503, o (1)) - / e Je8ENAT B (¢ a0 y))dt
0

where (from (2.8))
Gle(t,y),c0()

———————= € |a.(c(),a” (co(y)].
fle(ty),c0(1)) [ax (ol o(y)]

gt,y)=

We can now readily deduce that

t t
£ (0, VD] oo o) +/0 1G 0, )| oo sy < @[ £ (00, €0) | oo sy +E/0 IFE | oo oy At

Recalling the expression of F in (3.8) and applying the Gagliardo-Nirenberg’s inequality together with
(3.15), we obtain

t
”f(P, C)(t) ||L°°(R3) +/0 “G(P, C); [j; ﬂ(P, C) _Ij][Du”Loo(RS) < a||f(p07 CO) ||L°°(|R3)
t
+ Cﬁ/o (“pu“Lz(Ra) + ||pu||L6/(2—aJ(R3) + (pr”vu”LP(R3))

t
+Casup| [0, O || joorg) [ IVUllgerz ).
(0,1] 0 prik



(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Next, we take the jump across the discontinuity surface in (2.5) and we obtain:
[v(p,c)divu—G(p, )] = [[[,Z?,u(p, ¢)—[i] (ZlDu)]] .

We observe that the balance of forces at the discontinuity surface suggests that the normal component of
the stress tensor is continuous, namely:

[2up, 0Du- ny + (Alp, o) divu— G(p, ¢)) ny] = 0.
where n, denotes the outward normal vector of the surface. Scalar product with n, leads to:
[2u(p, c)ny-Du-ny+ Alp, ¢)divu — G(p, ¢)] = 0.

Let 7, and 7, be two orthonormal vector fields spanning the tangent plane to X, which can be obtained
from n, x é i, where é j» ] =1,2,3 are the vectors of the canonical basis of R3. Then we have (here we use
the notation 8,,g = w-Vg):

Ny-Du-ny=ny-0pu=diviu—7y-07 U—Ty 07 U.
Hence (3.27) implies
[v(p,0)divu—G(p, )] = 2[ulp, O] (7 - 0r u+T-d7u),
and consequently (see (3.25))
[[Z, up, 0) — m2Dw] = 2[ulp, O] (v 0: u+T - 07 u).
It immediately follows that for all g € [1,00],
” [1Z, ulp, ¢) - {1 (2Dw)] ”L‘MZ) < C” [r(p, )] ||L‘7(Z) IV ull oo g3)
From (1.16), we readily obtain
|72, T, T gy < CL57,
and therefore
117, 1(p, ©) = B @D] | 5y < (|10, O gy + €5 1140, | oy )1 Vel o
+Cllluto, O sy Vidgr oy

Gathering (3.19)-(3.20)-(3.22)-(3.24) together with the computations above, we infer:

r

t t t
g C* ||f(P0; CO) “Lw(RS) + / ”Pll”Lz(Rs) + C* / (,bz ||G(P» C)y vu”Lp(RS) + C* / ” ll/(S) ||L00(R3)"9(5)ds
0 0 0

V(—A)‘lv( (60,00 + [#, utp, ) - ] (ZIDu)))

V(‘D,C) Lo°(R3)

t
R )| O S ey P s

t I o
+ ?(1)1;:]) (l[.t(p, C) | (‘Z“(R% + [Ea || [[[J(p, C)]] “LOO(Z)) /0 IIVullLsxa(Rs) } + C* /0 ([2 ¢ || [[G(P» C)]] “L"OHLP(Z) + H[G(Pr C)]] | ea/Z(z))

+ b0 sup| (o, O] | ez (1+ € supl [V(p, O | )
(0,1 (0,11
+C. (1) ((Z)ze“ﬂ(” ?gllf]’“ Vo, O] || poos) + (€% + Bz IZl p1var2) ?éllf]’“ [uo, 0] ||LoomLp(z))
VL N3

C 1 « — alff
+ —B(t)(supl[[u(p, A garzg) + —sup|[[vip, Ol || oo s, (H + e o 1V ull o e3) sup||[(p, 0] ||L°°(Z)))'
Hx [0,7] H« 10,11 [0,7]

We have thus completed the estimate for the third and last terms of (3.1).
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Gathering (3.30)-(3.13)-(3.14)-(3.15) we deduce the bound below:
t I .
/ Vel oo 3y + ,u__/ |G, 0), [Z,ulp, 0) - B](Dw), [ A, ulp, c) - f] (I]J>u||LOQ(R3)
0 + Jo
t t t
< G| £ (0, €0)|| joo gy + C / 22l 2 sy + Co / $x[Glo, ), Vu (D) "' divipi) | 1 s, + Cx / 1w ($)l oo 3y D(s)dl's
0 0 0
t
9 .
. (150 supl [0, O] i |{ L1 00 g, o+ [ Nl
t t a
+?31¥])(|y(p,c)|@am3)+Zza||[[p(p,c)]]’|po(z))/0 IIVuIILe/a(Rs)}+C*/O (fzz I [[G(p,C)]]HLooﬂLp(z)+H[G(P,C)ﬂ|@a/z(z))
+C. A sup| [u(p, O parz s, (1 +e*Dsup||[v(p, 0] “L°°(Z))
(0,11 (0,11
+C*ﬁ(t)(gbzeaﬁ(t)sup||[[v(p,0)]]||Lm(z) + (59 + P52 prearz) sup||[[u(p,0)]]||Looan(z))

3.31) + —ﬁ(t)(sup\[[y(p, Ol garig) + — sup 11v(0, 7| oo sy (ﬂ* + T Jo 1Vl o) sup||[(p, )] ||mz)))_
M [0,1] H+ 10,11 [0,2]

By applying the Leray projector P to (3.1) and repeating the same computations as above, we recover estimate
(3.31) for VPu, so that we can include VP u)| j g3y on the LHS of (3.31). Then, we use the smallness of

1 .
— | sup|[u(p, )] @a,z(z)+—sup|||1v(p,c)]]||Lw(z)(u + Ge® Jo 1V ull oogs) sup|| [[H(P»C)]]“Loo(z))
[0,] K+ 10,1

*

to absorb the last term above into the LHS. Finally, we apply Gronwall’s Lemma to obtain
t t
(1) < C*{ | £ (o, €0 || joo s, + / il 12 gsy + / ¢z Glp, ), Vu (=) " divipi)|| . gs,
0 0

+(1+6(t)e“’9(’))

t t
| £ (0o, c0)| pare (R3)+/ ||pu||Le/<zfa)(Rs)+(supIu(p,C)|@a(R3)+6(t)€§“)/ IVl f6ra gs)
pw.Zo 0 [0,¢] 0
t a
+9(1) 5[515“ [up, 0] ”ea/Z(Z)(l +5(t)eaﬂm) +/0 (gz G, Ol onir s + [[Glo, 0] |€a/2(2))

+9(0)6(1) ((I)ze“@(” + (057 + mzlilém/z)) }ec* Jo ol ooy

where
5(6) = ?élgn [ro, ), v(p, )] ||L°°r‘1L”(Z)‘

The estimate (2.13) follows upon recalling (3.24). O
3.2. Proof of Lemma 2.2.

Proof. We first recall that the (p, ¢)-dependent function f = f(p, c) satisfies
0:f(p,0)+u-Vf(p,c)+Glp,c)=—

We write this equation along the flow map of the velocity and we then take jump at the discontinuity surface to
obtain:

0:[f (0, co)] + [Glo, co)] = —[F o ZT].
Here, & denotes the flow map of the fluid velocity and p = p o &'. The expression (3.28) then implies

0:[f (o, )] + [G(o, co)] = —2[ (o, co)] (Tx 07 U+Ty-07, u) oX.
Under the assumption (1.6), we write the pressure jump in term of the jump of f(p, ¢), and we obtain

(3.32) 0:[f (0, co)] + gr[f (0, co)] = =2[ 1@, )| (T - O, + Ty - 07 U)o X,

where

[¥e(f(oco) ]]
[f (o, co)]

gp=—7 p(rflet, D+1-nf(e~,0)dr.
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From (1.8)-(2.8), we have gp € [a., a*] < (0,00); and it follows that

t
(3.33) |Lf @), co]| < e *!|[f(po,co)]| +C / e D [, co)] ||| V()| oo sy -
0

From this, it is straightforward to deduce (2.15).
Taking difference in (3.32), we obtain

a:lf .l +grsf0col]]

=—-2[u(, )] (tx 07, u+Ty 07 U)o X
—(gp(s2) — gp(s)))[f(o(s1), c)],

2
s

1

and whence,

2 —a.t
[[f(Q(t),Co)]]‘sl <e

t
[[f(Qo,Co)]]‘z +/ e~ "D\ gp(s2) — gp(s1)||[f (0, o) (s1)] | d i’
i Jo

[, co)](tx- 07, u+Ty-07 u)o | "|dr'.

S$2
s

1

t
(3.34) +C / e (=1
0

Since we have

1 1 s s
gP(52)—gP(81)=/ / (rf(p+(s),1)| +(1—r)f(p_(s),0)| )‘If};(r’(rf(g+(52),1)+(1—r)f(g‘(sz),0))
0 Jo 51 51
(3.35) +A=-r)(rfe* ), D+ -1 [l (s1),0))drdr',

it is not difficult to derive (we use (3.29))

|[[f(P, c) (t)]] |éa(2(t)) < e t+aﬁ) ||Vu||L00(R3) | [[f(PO’ CO)]] |(:fa(20)

t , P
+ C/ e—a*(t—t)+afo IIV”IILOO(R3)|[I:H(p’ C)]Héa(z) ”vu”Loo([RS)dt,
0
L at) JoIvul
—a, (r—t")+ o - /
+ CA e a @ Jo IV U oo g3) ” [[H(p, C)]] ||L°°(Z) (£2a||vu||Loo(R3) + |Vu|égw,):(R3))dt

t .
+ C*/ e_u*(I_t/)mjot”vu”mmﬁ |f(P,c)|(fa ®3) ” [f(p,0] ||L°°([R3)dt”
0 pw,z

and hence

Ca(x)

t
Squf(Prc)]”éa(Z)"'/ [[G(p, )]
[0,£] 0

a* P t
< a_eafo 1Vl oo g3) [H[f(go, c0)] | e s,y +sup| [, )] |éa(z)/ IVl oo sy
* [0,7] 0

t t
+supl| [[H(P»C)]]||Loo(z)(/ @anvu”m(wﬁ/ IVl ga Z([RS))
(0,11 0 0 P

t
+C. %’15|f(9,6)|@gw2(@3)/0 IS, | o sy

This concludes the proof of (2.16).
Under the assumption (1.9), we have

[Tk, co)]| < Ci|[f (s 0],
and by applying Gronwall’s lemma to (3.33), we find:

(3.36) I e(0), c]| < e % +CeJo 1Vl [ £ (oo, co)] |-

It is then straightforward to deduce (2.17).
To prove (2.18), we express

(o, co)(9)] |i = gu(2)[f (0, c0)(8)] |zj +(8u(s2) — gus)) [f (0, co) (s1)],
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where
1
gu:/ Y (rfle", D+ -nfl",0)dr.
0
Hence, proceeding as in (3.35), we find that (3.34) implies:
| IIf(p’ C)(t)]] |ea(2) < e—(l* t+af0 ”vu”LOO(IR?)) | [[f(po’ CO)]] |éa(zo)

t , P
+ C. / e_a*([_t )+af0 1V2tl oo, | IIf(pr C)]] |éa(z) ”vu”Loo([R?')dt,
0

¢ o
+C. /O o= =0y Vi) | [ £ (0, O] | oo ) (£ IVl oy + Vidgs @4t

t , .
+C*/ e (=0Tl IVl | £(p, ¢) ez ) 11 (0 Ol | ooy (14 1V el o)) 2
0 W

Whence, Gronwall’s lemma and (3.36) yields

r
\%
eaf() I ”"LOO(RS

|[[f(py C)(t)]] |éa(z(t)) < C* e_a* t+C. JU ”VMHLOO(RSJ ) [H[f(pﬂ: CO)]HG“(ZO)

t
Loy [ (621700l gm )V + 1160101 Vil
This proves (2.18) and we now turn to the decay estimate for the velocity gradient jump.
To this end, we first express

Vul =0, T, + 0z, W7o +0, u ny,
and since 0;, u/ and G;X u/ are continuous across X, we have
(3.37) [Vu!] = [0n, u/] ny.
From (3.27), we have

[2up,c)ny -0, u+Alp,c)divu—P(p,c)] =0,

and since

divie =Ty 07 U+Ty 07 U+ Ny 0p U,
we deduce that

[v(p, &) ny -0, u] = [P(p,0)] — [AMp, )] (Tx - 07, u+T 07, u).

and hence

(div u) avg

Ny - (On, u}avg
<V(p, C)>avg

P( ,C) - A( ,C) .
[P(p, 0] - [A(p, )] V0 Ny

N [0n, u] = —2[ulp, )]

<V(p’ C)>avg

Similarly, scalar product of (3.26) with the tangential vector fields 7, and 7 yields:

Ty [0n,u] = —M(nx-aTqurTx-anxu),
(10, €)) ayg
and
Ty [0n,u] = —M(nx-éfxu+?x-6nxu),

<,U(p, C)>avg

Estimate (2.19) simply follows from (3.37) and these expressions. This completes the proof of Lemma 2.2.
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3.3. Basic a priori estimates. In this subsection, we derive some basic a priori bounds for the solutions to the
system (2.1). These estimates consist of mass conservation and energy balance, and follow from the renormalized
form of the equations for the volume fraction and the density (see (2.1)12):

(3.38) 0:b(p,c)+div(b(p,c)u) + (pd,b(p,c) — b(p,c))divu = 0.

Above, b is any Wléfo-regular function of the density and volume fraction.
Conservation of mass. Let /# = .//(c) be a V\/l(l)’é’o-regular function. We observe that b(p, ¢) = p-#(c) satisfies

pd,b(p,c)—b(p,c) =0,
and (3.38) becomes
0¢(p#(c)) +div(p#(c)u) =0.

As a result, we have
/ p(t,x)Jf(C(t,x))dx=/ po(x).A(co(x))dx,
R3 R3

as soon as po#(cp) € L' (R3). This bound, as well as those in the following paragraph, holds true even when the
volume fraction is not an indicator function.
Energy balance. Here, we consider b as solution of the ODE

(3.39) pd,b(p,c)—b(p,c) = P(p,c) — P.

Since this is a first-order ODE, an additional condition is required to uniquely determine b. In order to work within
a framework that allows for densities close to two constants (g(1) in D¢(#), and p(0) in D(#)) we shall impose the
following condition:

b(p(c),c) =0.

Such a function b, now denoted by H (p, c)), is therefore given by

1 .
Hi(p,c) :p/~ ?(P(Q, c) —P)dp.

p(c)

Moreover, in view of (3.38), it satisfies the equation
0. Hy (p, c) +div(Hi (p,c)u) + (P(p,c) - P)divu =0,

and consequently

d VT
(3.40) — [ Hi(p,0) = —/ (P(p,c) - P)divu.
dt R3 R3

Differentiating (3.39) with respect to the density, and using the fact that the map p — P(p, ¢) is non-decreasing,
we deduce that p — Hj(p,c) is convex. The non-negativity of (p,c) — H;(p,c) then follows from H;(p(c),c) =
0p,H;(p(c),c) =0.

As is standard, to compute the classical energy balance, we use the velocity field u as a test function in (2.1)3

and we obtain

d lul? . ~ ik i )

— [ p—— [ divu(P(p,c)-P)+ (Z,U(p,c)lDf udru’ + Ap, c)(divu) ) =0.
dt R3 2 R3 R2

We have already computed the second term above in (3.40), and now, using the symmetry of Du we have

(3.41)

Z[D]kuakuf :Zlkaua]—uk = ZID]kquuf = —ZIkau(Oku’ +6juk) = |Dul?,
ik ik ik 25k
and therefore (3.41) leads to
d
(3.42) —E+/ (Zu(p,c)llDulz+/1(p,c)(divu)2):0,
dt RS

where the energy functional E is given by

2
E(t):/ (p%+H1(p,c))(t,x)dx, and we set E(0) = E.
RS
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The term contributing to the energy potential in (3.41) can be computed as follows:

—/ (p(p,c)—ﬁ)divuz—/ (P(p,c)—cP)divu—P [ (c-1)divu.
R3 R3 R3

From the equation on the volume fraction (see (2.1);), we express the last term above as:

d
(c-1)divu=P— (l—C),
R3 dt

and thanks to (3.38), the previous one is

~ d . . Pl ~
—/ (P(p,c)—cP)divu = —/ Hi (p,c), where Hy(p,c) = p/ —Z(P(Q, c)— cP)dQ = 0.
R dt Jgs cp @
As aresult, we have
t
(3.43) E( +/ / (Zu(p,c)llDulz +Ap,0) (divu)z) = E(0) =: By,
0 JRs
where

E()= /(pu+H1(p, )+ﬁ(1—c))(t,x)dx.

All the computations above remain valid even when the volume fraction is not an indicator function. In the
indicator-function setting, we have 1 — c(¢) = Ip(; and (3.43) yields

(3.44) ID(t)I:/ (1-¢)(t,x)dx < P Ep.
R3

This provides a sharper estimate of the volume of the moving domain than the one obtained using the flow of the
velocity field.

The potential energies H;. In the spirit of (3.39), for [ € [1,00) we define the potential energy H; = H;(p, ¢) as the
solution of

(3.45) {Pasz(P,c)—Hz(p,c) |P(o,¢)- | (P(p,0) - P),

H(p(c),c)=0
It reads
| ~11-1 ~
Hi(p,c)=p | —|Pe,c)=P|" (P(g,c) - P)dp,
plo @
and is clearly nonnegative as
~ = ~ ~
pd2 Hy(p,¢) = 10,P(p,c)|P(p,c) ~ P|' ' >0, and 8, Hy(5(0), ¢) = Hy(B(c),¢) = 0
In particular, the map p — H;(p, ¢) is convex, which leads to the inequality
0= H;(p(c),c) = Hy(p,c)+0, Hi(p,c)(p(c) - p),
and combined with (3.45), this implies
(3.46) BV H(p,0) < |P(p,c) - B|' ' (P(p,0) - B)(p - p(0)).
For some functions g = g(p, ¢), and a; = a;(c) to be specified later, let us consider

Hy(p,
gl(p,c)=l(TpC) “’(C)|P(,)—P| (P(p,0) - P)g(p,0),

and compute
020,81(0,0) = (P(p,0) - P)|P(p,0) - B|' " - al(c)papg(p,cnp(p o) B|""'(P(p,c) - P)

~ a(0)g(p,0)(1p0,P(p, O|P(p,0) - | = [P(p,0) - | (P(p, ) - P))

pg(p,c)0,P(p,c)
P(p,o-P |

= (P(p,c)- B)|P(p,c) - B|"" [1 —a;(0)(pd,g(p,c)— gp,0) — lay(c)
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o Choosing g(p,c) = p—p(c) and a;(c) = 1/p(c) ensures that the expression within the square bracket is non-
positive, as the map p — P(p, ¢) is non-decreasing. As a result, the map p — g;(p, ¢) is non-decreasing on
[0, p(c)], non-increasing on [p(c),c0), with g;(p(c), c) = 0. This implies that g < 0, which in turn leads us
again to (3.46).

o Setting
2p(co)
glp,o)=1- =
p+plc)
the expression inside the square bracket above becomes
2
1-ay0)|1-|—& ) +1—F_5,p (,)p—p”
p+p(c) p+p(c) P(p,c) -

We now choose a;(c) > 0 such that
al(c)(l + lapP(p,c)ﬂ) <1
P(p,c)—-P

and, following the same reasoning as before, we obtain that g; > 0, which in turn implies

(3.47) a1(0)|P(p,¢) - B} (P, ¢) - B) (0 — p(c)) < (0 + B() Hilp, c).

In general, a;(c) depends only on [ and the upper bound of the density. However, in specific cases, such

as when the pressure law of the phase "+" (resp. "-") is polynomial, a;(1) (resp. a;(0), can be chosen

independently of the density’s upper bound.

The potential energies H; will serve to derive an estimate for the thj;l -norm of the pressure fluctuation. Indeed,
from (3.45)-(3.38), one readily obtains

d ~ -1 ~ o
(3.48) — | Hi(p,o)+ [ |P(p,c)—P| "(P(p,c)—P)divu=0.
dt R3 R3

Next, we express the velocity divergence in terms of the flux F given by
(3.49) F=v(p,c)divu—P(p,c) + P,

and apply Hélder’s and Young’s inequalities, and we arrive at

1 1 1 |+

d 1
3.50 H —_—
( ) o, + l+1 r3 vV(p,C)

P(p,c)-P
dt I+1 v(p,c)| ;) |
We have already known (see (2.5)) that this flux can be rewritten as

(3.51) F=—(-A)"tdiv(pw) + [(-A) "L divdiv, u(p, ¢) — fil 2Dw),
and its thj;l -bound will follow from energy estimates for the material acceleration i:.

3.4. Proof of Lemma 2.3. The goal of this section is to derive estimates for the functionals </, <%, and «#;. The
starting point (see Section 3.4.1) will be to prove that, under the low frequency assumption (1.14), we gain a time
decay for the classical energy.

3.4.1. Time-decay of the classical energy. This paragraph is dedicated to proving the following estimate.

Lemma 3.1. There exists a constant c. > 0, depending only on the lower and upper bounds of the density, such that
if Ey < ¢+, then the following holds:

t t
(3.52) sup(-)!*"E +/ (Y E(thdt + / (¢ / (2u(p, ) IDul* + Ap, o) (divw)?)dt’ < C.Cy.
[0,2] 0 0 R3
Proof of Lemma 3.1. The proof of (3.52) proceeds as follows: we establish a uniform-in-time bound on the
L2((0, 1) x R%)-norm of both the high- and low-frequency components of the velocity and pressure fluctuations.
These in turn lead to (3.52). Our method is similar to that in [25],but with major differences.
We shall introduce the following notations: J will denote the Fourier transform:

Ff& :/ f(x)e_"x"tdx.
R3
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For a smooth real function v satisfying, (&) = 1 for |{| < 1/2, and ¢ () = 0 for [£| > 1, we define the low-frequency
part of f, denoted f*, and high-frequency part of f, denoted f", as follows:

fl=F (e ypOFN©), fr=r-f.

Step 1: L% -bound for the high-frequency components. By applying the Plancherel-Parseval identity, we obtain:

" 12 sy = / (1-v@)*1Tu@Pdé
R3

< / |Fu(&)Pdé
[¢1>172
<4/ I Fu@)Pdé
[&1>1/2
LANVUlT, g
It immediately follows that (see (3.42))
t T g T 2
(3.53) /0(t’)°||uh(t’)||i2m3)dt’<c*/0 () |Vt || o sy dt'.

Next, from the expressions of the effective flux (see (3.49)-(3.51)), we have
G(p,c) = (—A)_1 div(pit) +v(p, c)divu — [(—A)_1 divdiv, u(p, ¢) — ] 2D u)
and it follows that
/ G(p,c)p" = / ((-a) " divipw)o"
23 R3
+ / (v(p, ©)divu - [(-A) "L divdiv, u(p, ¢) — il 2Dw))e",
R3

where p denotes the density fluctuation around its equilibrium states

0=0,P(p(c),c)(p—p(0).

We estimate the last term above as:
t
/ (£)" / (v(p, o) divu — [(—-A) L divdiv, u(p, ¢) — 1 2Dw))e"dt’
0 R3

t t
C
gn/o (r’>’°||9||§2(R3)dz’+7/0 () IVUl, gy L.

We express ptt = 0;(pu) + div(pu ® u), and the remaining term is computed as
-1 3: . h d -1 3: h
(=)~ divipw)e" = — [ ((-A) " div(pw)e
R3 dt R3
(3.54) —/ (=)' div(pw)d.o" +/ (=) tdivdiviou® w)e".
RS R3

We bound the last term as:

t
T

t
/<t/>ro/ (=)~ divdivipu® w))o"
0 RS
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Observing that p solves 0,9 + div(pu) + p(c)0, P(p(c), c)divu = 0, writing p = (o — p) + p, and applying Holder and
Sobolev’s inequalities, we obtain :

t
‘/ ()" / (-A) M div(pw)d.e"| < /(t’)r"/ ((-=n) " div(pw)) diviouw)"
0 R3
/(t)“/ ()" div(pw) (3(c)3, P(B(c), ¢) dive)"
0 R3
t t
< /(t’)"’/ (=AY div((p - pyu)) diview)” /(t’)"’/ (=)' divu) diview”
0 R3 0 R3

t
(r’)r‘)/ (=) div((p - P u)) (3(0)d, P(B(0), ©) divu)h‘
0 R3

+

+p

t
+;o'/ (t')r"/ ((—A)_ldivu)(ﬁ(c)apP(ﬁ(c),c)divu)h’
0 R3

< Csup(1+1lp—pPllpey) (1 +lolsgs) /(t)’°||Vu||L2(R3).
[0,7]

The time integral of the remaining term in (3.54) is

t
‘/ (t’}”’i/ (=) div(pw)o"dt’
0 dt R3

< Csup (" llpull 2@y llelzwe))
[0,£]

t
-1
+C/ <tl>r0 ”pu”LZ(R3)||Q||L2(R3)dt/.
0

Summing everything together, we obtain:
t t
/ / G- <77/ ()" ol 2@ @t + Csup () lpull 2@ ol 12)
0 JR3 0 [0,1]
t -1 t
+ C/ <[/>r0 ||pu||L2([R3) ||Q||L2(R3)dtl + C* / <t/>r0 ”Q"Lz(Rs) ” u“i4(R3)dt/

+Ci sup( +lp- p”L‘([R3)(1+||Q"L3(R3))/ <t>r°||Vu||L2 @4
(0,61 *7

Recalling that P= P(p(c), c), we infer

1
(3.55) G(p,c)=(p-p(0) / 0pP(rp+Q1—-r)plo),c)dr.
0

and using the monotonicity of the map p — P(p, c¢), we obtain

1 t t
& | @ tetzadr < [ () [ Gpoear
C* 0 0 RS
t t
:/ <t’>r°/ G(p,C)Qldtl+/ (t')r‘)/ G(p,c)ghdt'
. , ,

<n/<t'>’°||p|| Rs)d”/ <t>’°/ G(p, )" + Csup ()" lpul sy ol 2es))

[0,1]

-1
+C/ <t/>r0 ||,0u||L2(|R3)”Q”LZ(Rfi)dtl+C*/ <t/>r0||Q”L2(IR3)”u”%4 R3)dtl

+C, sup( +lp- P||L3(R5))(1+||Q"L3(R3) /(t)r°IIVuIIL2(R3)
(0,11

From (3.55), we estimate the second term of the RHS above as:

t t C* t
/(t,>r0/ G(P;C)Ql dt,gn/ <t,>r()||9||iZ(R3)dt,+_/< >r0”9 ”LZ(RS)dt
0 R3 0 nJo
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Holder’s and Young’s inequalities imply (since ry € (0, 1))

t t
- C
C/o ()" 1||pu||Lz<Rs)||g||LzaRa)dt’<n/0 <t’>r0||0||iz(ms)dl‘/+;Eo-

Interpolation inequality yields
t t
C. / () lol 2oy 4l gy AT < C. / (Yo 2y 1l o 171
0 0
1/4 3/4
r T
(/ <t 0|IQ||L2(R3)||M||L2(R3) ) (/ <t> U||vu||L2(R3)dt

<n/ <t>’°||p||Lz(R3)dr+—E3/ ()Y IVulf gy dt

It follows that

t t
/ (") loll%, gaydt' < Cu / ()10 172 gy dt + Csup ()l pull 2@ llol 12 @)
0 0 [0,7]

(3.56) +CuEo+Ci(1+ B3 +supllp— pll sy (1 + ol 3 ws)) /(t)r°||Vu||L2(R3)
[0,1]

Estimates (3.56)-(3.53) conclude this paragraph, and we will now derive bounds for the low-frequency component
of the Velocity and density fluctuations.

Step 2: L -bound for the low-frequency components. In order to derive an estimate for the L2 -bound of the
low—frequency component of the velocity and density fluctuations, we first write the followmg equatlons from
(2.1):

0,0+0,P(p,div(pu) =div(d,P(p,1)(p—p)u—0,P(p(c),c))(p—plc)u)
+(ﬁapp(ﬁ, 1) - p(c)0,P(p(c), ¢))divu
{0:(pu)+Vp A(p u) — lev(pu)
——dlv(pu®u) V(P(p,c) - apP(ﬁ(c),c)Qjﬁ)+div(2(p(p,c)—ﬁ)[ﬂ)u)
+V((A(p, 0) - D diva) + EA(p - p)u) + ZZ2v div(p - p)u)
=:G.

Defining the differential operator A by

0  0,P(p,1)div )
Cfa 2ftAg . |
V. —zA-=5=Vdiv

the pair (g, pu) can then be written as:

t
[ _ e —(-9a [F
(3.57) (pu)(t)—e (pu) (0)+/O e (G) (s)ds.

The semi-group (e~ ") r>0 is known (see [11,33]) to satisfy the following property: there exist positive constants C
and ky depending only on the constants coefficients of A, such that:

(3.58) |F(e” " U)©)| < Ce ™ P |F(U) @), forall €] <1
It immediately follows that for all m e N, and U € L9 (R3), with g €[1,2], we have

|| (e~ Avmy)! o+

3,1
<C(ty 2% 2 DUl g ey, forall £> 0.

L2(R3)

As a result, we have the following bounds.
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o With pg € (1,6/5) and ry € (0,3/po —5/2), we have ry — % + % < —1, and we can estimate the first term on
the RHS of (3.57) as:

[y

2

l t
e_t’A( e ) dr’ < C” (Q,pu)“_()”ipo(w)/ <t’>r0_%+%dT
pu [t=0 12(R3) 0

< Cllte, pwii=o||3 R

o The source term G is expressed as

i 2fi+ 1
G =G + Gy, where Gp_:%A(ﬁ—p)u)+ Hg Vdiv(p - p)u),

and we estimate

L w-9a[0
—(t'-s
/Oe (Gé)(s)ds

o 7 i
Given that for all s € (0, '), we have (/)2 < (s)2 +(r—s)2, we have

[ e—“"—”A\( 0 )(
1| (9)ds
0 G,

¢ 5.7
/ <t,—S> ite ||L£||L6(R3)(S)d8
0

N

lo— ﬁ”]}(u@) [ u||L6(R3)(S)dS-

t
<C / (F=s)
L2(R3) 0

L2(0,8),L2(R%))

< Csupllp - pll 23
[0,7]

L?(0,1)

+ Csupllp - ﬁ||L2(R3)
[0,7]

)

L2((0,£)

t .
/ (t' - s)_% ()7 llull sy ($)d's
0

and Young'’s inequality for convolution and Sobolev embedding yield:

I ¢ ,
<t/>70 e—(l‘ —S)A( O[)(S)ds
0 <[;32

~ o
< Csuplp- p”LZ([R3)(||Vu||L1(((),t),L2(R3)) + “ (V2 Vu
[0,]

L2(0,0),L2(R3))

L5/4((0,t)xuqz3))'
For the remaining term, we first observe that (see (3.44))
|5(c() = B, 0, PB(8), (1)) = 0y P(B, D 1y sy < CIDDIMP < CEY'?,
and via Taylor expansion

”P(P, C) - Q - ﬁ||L1(R3) < C* ”Q”%}(RS)-
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It then follows that (recall that ry < 1/2)

T t/ ’ l
(t’>2°/ e A (gl) (s)ds
0

lJ
_5470
/0 (t= )75 2 oI, oy () s

L2((0,0)xR3)

< C* +C*

L?(0,1)

l,f
_3 o
/0 (' =) ") 2 ol s (9)ds

L2(0,1)

v

O i
~—

+C*(E%+

t’ ]
_3;Io
0 / <t,—S> 472 ”Vu”LZ(RS)(S)dS
0

L2(0,1)

1 1 v _3
+C(E +Ej) /0 (' = $)71(s) 2 | Vull sy (9)ds

L2(0,1)
11 ¢ 5.7
+Cu (B +E) / (' =) 2 | Vull gy ()ds
0 12(0,0)
1ol ¢ 5
+C(E; + ) / (' = $)75(8) 7 | Vull 2 sy (9)ds
0 I200,0)
5,5 L} o 12
< Ci(Ej + o)(||V”||L1((o,t),L2(R3))+H<'>2V“ L5/4((0,t)'L2(R3)))+C* RN LO.0.L2RY)

Summing all these computations, we arrive at

[y

v o
(3.59) + C* (EO + EO) (||Vu||L1((O’t),L2(R3)) + || () 2Vu

Ql,(pu)l

2 4 9
LZ(RS)(tl)dt, < C” (vau)\t:O ||ip0(R3) + C*EO/O <t/>r0 ||Q||L2(|R3))

L514((0,1),L2 (RS)))’
Applying Holder’s and Sobolev’s inequalities, we have

~ 12 ~n12 2

Combining these with (3.53) and (3.56), and the smallness of Ej (to absorb the second term on the RHS of (3.59)
into the LHS) we derive:

t
/0 ()Nl ull 72 gsydt' < Cu (Eo + [l @ pwie=o| o sy + sup (N pul 2gs) ||Q||L2([R3)))

. o
+ Cu(Eo + Eo) IVl 0,0, 20 + | ) F Vu

L5’4((0,t),L2(R3)))
t

+C.(1+ B3 + B33) / () IV Ul gy d .

0

1+ry

With this estimate in hand, we multiply (3.42) by {¢') " ° and integrate in time to obtain:

t t
<t>1+’°E(r)+/ (t’)"’E(r’)dt’+/ <r’>““’/ (2u(p, O)IDul* + Ap, o) (divw)?) (£ dt’
0 0 R3

t
gE0+C/ (Y E(thdr
0
< e (o + . prni-oll e+ 5up () ol s el m)
, b

v o
+ C, (EO + E())(”VU”LI ((0,1), 12 (R3)) + || (HY2Vu

L5/4((0,t),L2(R3)))

t
+C.(1+E23 +E§’3)/ () NV Ul 72 ey d 1.
0
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It is straightforward to obtain the following inequalities:

t t 3 rt 3= ot r
JIvu e < { [y ar) | [vae o) ([ @ 190 ar
0 0 0 0

1 t r 1
< C(NE; (/0 (t')“’“||Vu(r’)||iz(R3)dr’)  with oS <7

’

5/4 Y ) o5 1/4
L5’4((0,t),L2([R3))gC(r)ES (/0 () IV 2y ds) » with 2=

v

’

1
<2
8

t 1 t e
/ (If')m ||Vu||i2(R3)dt’ < Eowo (/ <t'>1+r° ||Vu(t') ”iZ([R@)dt’) 0.
0 0

We choose

I . 2/5
1+l’0, 1+r0

5
F=-—r, with max{l— }<2r<1,

and apply Young’s inequality to obtain

t t
sup(.)1+r0E+/ (t’)r"E(t’)dt’+/ (t')“ro/ (2,u(p,c)||Du|2+/1(p,c)(divu)2)dt’
[0,] 0 0 R3

. o .1
<G (EO(l +Eo+ Eo) + Ej " (Bo+ Eo) ™ +| (QrPU)IFOHino(W))'

This completes the proof of (3.52), and we now proceed to the bound of the functionals <, o, and «/3 defined in
(2.20). O

3.4.2. Bounds for the functional <#,. This subsection aim to provide a bound for the functional </ defined in
(2.20).

Proof. To achieve this, we use the material acceleration 1 as a test function in the momentum equation (2.1)3 and

we obtain

d 1
E/ [,u(p,c)l[DuI2+E/l(p,c)ldivulz]+/ p|u|2=—/ (papy(p,c)—p(p,c))ll]])ulzdivu
R3 R3 R3
; |
—2/ u(p,c)l])]kuakulalu]—i/ (p3pA(p, 0) = Alp, ©) (divw)®
R3 R3
d
—/ /l(p,c)divuVukaku+—/ G(p,0)divu
R3 dt R3

(3.60) +/ (papP(p,c)—G(p,c))(divu)2+/ G(p,c)Vuk-aku.
R3 R3
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We multiply (3.42) by a constant L > 1 and add it to the above equality, then multiply the resulting expression by
k1 (1) = (£)170 before integrating in time:

10 ) o ' 2
/ [Z,u(p,c)llDul + Ap, o)ldivu| ](t,x)dx+/ K1/ plul
2w 0 R

t
+LK1(t)E(t)+/ Kl(l'/)/ [2Lu(p,c)|l]]>u|2+(L)L(p,c)—dpP(p,c))(divu)z](t')dt’
0 R3

1 t
:LE0+/3 [,Lt(po,co)lﬂ])uo|2+E)L(po,co)ldivuglz] +L/ Ky (E(dt'
R 0

! 1
+/ K’l(t’)/ [p(p,c)llDu|2+—/l(p,c)ldivulz]dt'—/ G(po, co) div ug
0 R3 2 R3
t t
+x1(1) G(p,c)divu—/ Ky () G(p,c)divu—z/ Kl(t’)/ wp, oD *udulo ul
R3 0 R3 0 R3
! ! 2 3: 1 ! ! : 3
= [ x| (08pulp,0) = ulp,0)) Dul divu—- | x1(t) | (p9pA(p,0) = Alp,0) divu)
0 R 0 R

t t t
(3.61) —/ Kl(r’)/ A(p,c)divuwkaku—/ Kl(t’)/ G(p,c)(divu)2+/ Kl(t’)/ G(p,c)Vu*-d,u.
0 R3 0 R3 0 R3

In view of the classical energy balance (3.42) and (3.52), the terms appearing in the second and third lines above
are all bounded by
Cs (IIVuO ”iz(fR@) + LC()).

With the help of Hélder and Young’s inequalities the term that follows can be bounded as follows:

. x1(8) | ..
x1(8) G(p,o)divu| < #Ildlvu(t)ll2 + Lk (1) ||G(p,c) ”iZ(RB)-
RS

L?(R®)

Next, using (3.40) we have:

t t
—/ K’l(t’)/ G(p,C)divu=K’1(t)H1(p(t),C(t))—/ Ky (Y Hi(p,c)(thdt,
0 R3 0

t
/K’l(t’)/ G(p,c)divu
0 R?

All the remaining terms in the RHS of (3.61) are bounded by

and hence
< C.Co.

t
C*/ Kl(t/)(llvu”iS(RS) + HG(,D,C) ||:23(R3))(t,)dt/
0

In sum, we obtain

t
dl(t)+L1<1(t)E(t)+/ Kl(t’)/ [2Lu(p,c)|Du|2+(L/l(p,c)—apP(p,c))(divu)z](t’)dt’
0 R

1
2 : 2

t
+c*(||Vuo||iz(R3)+LCo+ / xl(t’)(nwnisms)+||G(p,c)||is(R3))(r’)dt’).
0

Given that
1G(p, &) 172 sy < Co / Hi(p, ),
R3

we first fix n small to absorb the first RHS term into the left, and then choose L large, depending on the shear
viscosity lower bound, to ensure that the last LHS term is nonnegative and the second RHS term is absorbed into
the left. It then follows that

t
(3.62) 2 (1) < Co | Vg |17 sy + Co + / K1 () IVl s sy + 1G(0, g5 gs)) (L |.
0

What remains is to estimate the last two terms above.



DISCONTINUOUS SOLUTIONS FOR THE TWO-FLUID MODEL

To achieve this, we recall the expression of the velocity gradient (2.6), from which we deduce

1
IVl o sy < H—c}"“”(n (=) VPP 1) | 11 oy + || (=) div(pid) || 11 oy + [ G, €) ||L,+1(R3))

(3.63) +u1 C”(’+”(|| [H,1(p, c) - fi] Dy

Ll+1(R3) + ” LZ IJ(P, C) Du”LHI(RS))

Next, we recall (3.50), from which we deduce:

Kl(t)/ H;(p,
R3

1 [! 3
- /0 K1 ()| Glp, ) || 13 s (£

t 1 t
</ Hz(Po,Co)+/ K/l(l‘/)/ Hy(p,0)dt' + / K1(I)||F||L3 Rs)(t’)dt/-
R3 0 R3 3« Jo

It then follows that (see the expression of F in (3.51))

x1(0) [ Ha(p,0)(t,x)dx
RS

Kl(t )(”G(pr C)HLS(R’&) +I'£>x< ”vu”LS(RS))(t/)dt,
0

3u*
t
éC(/ Hz(po,00)+/ K’l(t’)/ Hz(p,C))
R3 0 R3

C t
o / K1 ([ (=8 VP [ s gy + | (1) divipid) [ 15 sy ) ()
*Jo

c [t .
+ ,u_/ Kl(t/)(” [Jf,,u(p,c) _ﬁ]Du”iS([R% + ” [JJ/’N(P»C) —ﬁ]Du||i3(R3))(t/)dt/'
«Jo

We will now estimate the terms appearing in the RHS above.
o From (3.46)-(3.47), we have:

B(O) Hy1 (p, €) < |P(p,C)—ﬁ|l(P(p,C)—~)(p—ﬁ(0))
< C.|P(p,0) - B (P(p,0) - B)(p-p(0)

p+p)

3.64
(364 a(c)

N

Cs

H;(p, ).
In particular, we have (see (3.52))

t
/Hz(po,60)+/ K'l(t’)/ Hy(p,¢) < C.Cy.
R3 0 R3

o Owing to the expressions (2.4)-(2.5) and Gagliardo-Nirenberg’s inequality, we have:
c [ _ ) IR
v / K1 (1) [ =0V [ sy + | (-8 7 divipin) [ 13 sy ()
*Jo

C ¢ 3 3
<u—/0 K1 ()| o] 72 s, | (= 2) VR (p2), (=) divipa) | 7, e, ()Y

1/4

t 3/4
<c*(/ Kl(tr);|pu||§2(R3)) (/ Kl(t)(IIVull w0, 160,052, R3))(t)dt)
0 0
Bl (et (0)7 +C).

o Applying (A.8) with p =3 and &’ = %, we obtain

I[# 1o, €)= BIDu|| 3y < (|H(P’C) eorz @) * | [0, | oy 5 alz)”VL‘”Lﬁ“Z*“)(W)
+ C” [uip, 0] ||Loo(2) IVull 3 sy

(3.65) < C((Z)z ||Vu||L6/(2+a) (R3) + || Hﬂ(p, C)]] ||L°°(Z) ||Vu||L3(R3)),

35
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and hence
t
/ Kl(r’)||[ch,u(p,c)—ﬁ]munis(ms)dr’<C?u;])||[{u(p,c)]]||imm / K1 (O IV Ul 33 e d
0 0,t

t
+C / K1 (VP NV Ul 120 oy AT
0

The same estimate holds for

t
/Kl(t’)ll[J?,/u(p,C)—ﬁ]lDullis(Rs)dt’.
0

Combining all these estimates, we infer

1 t ’ /
K1 (D) R3ngo,c)(t)+3m/0 Kl(t)(||G(p,c)||L3(R3)+u*||Vu||L3(R;))(t)dt
C
* [0,1]

1 5 5 4 v
+C*E8 (dl(t)4 +Cé)+c*/0 Kl(t,)(P%||Vu||is/(2+a)m3)dt/~

Therefore, if

[ ° 1
(3.66) c—(ﬂ—supll[[u(p,c)]]||Lw(z)) <o

the second term on the RHS above can be absorbed into the LHS, and applying interpolation and Young’s inequal-
ities to the last term we obtain:

xl(t)/ Hz(p,c)(t)+/ Kl(t)(||G(p,c)||L3 R%) +||Vu||L3(R3))(r’)dt’
(3.67) <C*(C0+Eg(,sz¢1(t)4+C6‘))+C*/0t1<1(t)<pz IV, g, dr'.
Returning to (3.62), we deduce:
dl(r)ﬂq(n/ Hz(p,c)(t)+/ K1 ()G, ) [ e, + IVl g | 1A
<C*(C0+||Vu0||iz(R3)+Eg(£¢1(t)5 +C§‘))+C*/Ot1<1(t)¢z IVl g dr'.
We estimate the last term above as

t 3 t 1/2 t 1/2
Ya 1/2
/xl(tnpznwan gy @1 < B2 sup (k1 IVul7 gs)) (/ Kl(r’)uwniz(m) (/ ||Vu||§2(R3))
0 [0,7] 0 0

and we apply Young’s inequality to obtain:

o) (1) +supk; Hz(p,6)+/ Kl(t)(”G(P;C)”Le.(Rs)+||vu||L3R3))(t/)dt/
o0 Jrs

.8 2 1 5 5
< C*(Co(l + % Eo) + IV ol 2, g + Eg (1()F +C6‘)).

This completes the proof of (2.22). |

3.4.3. Bound for the functional /. This section is devoted to deriving a bound for the functional <% defined in
(2.20) above.
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Proof. The functional </, arises when applying the material derivative 9; - +div(- #) to the momentum equation
(2.1)3, followed by a testing against #. This yields

1d

EVT: plul +/ (Z,U(p,c)lﬂ)ul +/l(p,c)(d1vu) /(pdp/l(p,c) A(p, ) (divuw)? divi

+/ Alp,0)Vu -akudivu+/ AMp,c)divud;u akuf+z/ ,u(p,c)aku-vufﬂ])jku
R3 R3 R3
+/ ,u(p,c)(aju-Vuk+6ku-Vuj)6kuj+2/ (00,110, ) — p(p, ¢)) div ub’F udy i/
R3 R3
+/ G(p,c)(divudivu—0juk6kuj)—/ pd,P(p, c)divudivi.
R R

The computation is similar to that of the one-phase model (see e.g. [43, Appendix A]), and we do not repeat it in
this paper. The last term is

1d 1
—/ papP(p,c)divudiVL't:———/ papP(p,c)(divu)z——/ ,0262P(p,c)(divu)3
R3 2dt R3 2 R3 p

—/[Rs p9d,P(p,c) divuvu/ 0ju.

By combining the above expressions and multiplying by k2 (") = o (£'){#') 20419 (e obtain (since k2 (0) = 0):

K2 (1)

t
/p(lulz+6PP(p,c)(divu)z)(t,x)der/ / Kz(t')(Zu(p,c)l[Dulz+Mp,c)(divu)2)dt’
R3 0 JR3

(3.68) g—/ Klz/ p(|d|2+apP(p,c)(divu)2)+C*/ Ko ([| Vi, G, )| 1 sy + 1Vl 3 gy )-
2.Jo R 0

In the following items, we estimate the terms on the RHS above.

o Since x5 (t") < C(t )% < Cx (1), it follows that the first term on the RHS of (3.68) can be estimated as
follows:

1 t
(3.69) 5/ K’z(t')/ p(111? +9,P(p, ) (divan?)(t', dxdt < C.(Co+ (1)
0 R3

o Multiplying (3.50) by a time weight k, and integrating in time yields

y 1 L
K(t)/RSHl(p,c)(t,x)dx+m/ K

1 t

Combining this with (3.63), we obtain

t
c)||’Jﬂl(Rs)\1<(0) / Hi(po, co)(x)dx + / ' / Hilo,0

I+1
Ll+1(R3

Ll+l (R3) + ” .],/ I.l(p, C) [D)ul

. 1 tv ! I+1 I1+1 I+1 ! !
(1) Rst(p,C)(th/O K(l‘)(”G(p,C)”LzH(Rs)+u* ||Vu||Ll+1(R3))(t)dt

t
<&(0) [ Hi(po,co)(x)dx+C / & [ Hp,c)
R3 0 R3

C ! -1 4: BNTEAR! N
+m/ k(|2 P |1 oy + | 07 divip |5 gy ) (1t

C

+m/ K(H(H[Jf w(p,©) — F]Du| it o, + || [ 1o, ©) — M]DuHLM(Rg))(t)dt
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Applying the commutator estimate (A.8) with @’ = a/2, and p = [ + 1, we obtain the following bound for
the last term above:

/K(r)(n K19, ©) = FDu| 1% gy + | [, 100, 0) - BIDU| 7 g | Dl
0

Czsup||[[#(P,C)]]||Loo(z) / RNVUlT] gy dt' +Ci / K PE IV Ul sy At

where % =5+ 1%1 Hence, under the smallness of the shear viscosity jump

)l+1 1

CZ“—(_ SuP” (k00| <5057y

P \ [ |

we have

Ly + IV L g YD

K(t)/ Hl(p,c)(t)+/ x(&)([Gep, 0|7+

t
<c*,l(f<(0) H,(po, co) (x)dx + / &' | Hip,c)+ / RVPL IVl sy d ’)
R3 0 R3 0

t
(3.70) +Cu / K (&) (|0 VP it sy + | (-8 divip i) | 1 gy ) (.
0

Next, we interpolate

1— au+l) a(l+1)

Yl+1 l+1 / tv ! I+1 / 34D ! nie l+1 ¢ 30D

and we express
t o(1) 4
/1?’ H,(p,c):/ 4 Hl(p,c)+/ &' [ Hp,c).
0 R3 0 R3 oty JR3

By iterating (3.64), it is straightforward to obtain H;(p, ¢) < C.,; H; (p, ¢) and therefore

o(t) o(t)
/ f(, Hl(P’C) < C*,ICO/ f(,)
0 R3 0

while for the second term, we obtain

t t n
/ &' Hz(p,C)S(/ K Hz(p,C)) (C*/ / Hl(p,C)) , for ne(0,1).
o(t) R3 o(t) R3 o(t)

We now refer back to (3.70), from which Young’s inequality provides

I+1 / /
Ll+1(R3) + ”Vu”LlH(RS))(t )dt

K(t)/ Hz(p,c)(t)+/ x| G, )| A

o(t) v*(l—l) ; t iR
Co(k(0)+ / k’)+ / K3((NPg IVl h s At + / (&'&xM™ [ Hi(p,0)
0 0 o R3

(1

< C*,l

t
B7)  +Cuy / k() (| =) VP 110 gy + | - T divCo i) |1 gy ) (.
0

In particular for [ =3, and Kk = k3 =0 (f)2 (t)z(“”’) we infer

t U6 6
/ K3 () IVl }, o At < Cug Costi (1),
0

141y
2+1g’

t
/ (xhxg" /Hl(p,c) */<r’>’°/ Hy(p,c)dt' < C.Cy.
o(r) 0 R3

and forn =
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Next, Gagliardo-Nirenberg’s inequality yields
! 4 4
/ Ks(r’)(n (=A)'VP (1) | 11 gey + [| (=) divipir) ||L4(R3))(r’)dt’
0

t
< Csup bl pil g, |90 G0, 0 o] [ sl
< Custr(DV2(Cy"* + 2ty (0)2) (1)
From these, we deduce the following bound for the next-to-last term in (3.68):
t
K3 (1) / Hs(p,c)(1) +/ Kg(t')(HG(p,C) 7 sy + 1V ul s RS))(t’)dr’
R
(3.72) <Co(Co1+ i ) (1) + sty (1)2(CL? +a1(0'12) s (1)).

To estimate the last term, we start with

t 3
3
/ 0-2<>2(1+r0) ”vu”LS(RS < (/ <Z— >(1+r0) |Vu||L2(|R3) ,) (/ O'(t) <t> (1+r0) |Vu||L6(|R3 /)

0

(3.73) <C*C§’4(/ o (V)T T ullS o d ) :
0

In (3.71), we take [ = 5, & = x4 = 02()31*70) to obtain
K4(r)/ Hs(p,C)(t)+/ 1<4(t)(||G(p,c)||L6 rey + 1V 2l Rg))(r’)dt’
<C.Co(1 +J>;.Q¢1(r)2)+c*/ k4(1) | (~D) VP (pi, (~8) " div(pin) | s s, A1
0

12 t
< CuCo(1+ g oti (%) + C*/ Ko (D) ptl| sy’
0
12
(3.74) <CuGo(1+ 5 s (1)?) + Cush (Dt (1),

Finally, we combine (3.74)-(3.73)-(3.72)-(3.69)-(3.68) and we obtain:

t
,szfg(t)+sup1<3/ Hg(p,c)+/ Kg(t’)(||G(p,c)||4L4(R3)+IIVu||i4(R3))(t/)dt’
[0,7] R3 0

< C*Co(l +&¢1(t)2) + C*dl(t)(l + oty ()2 +¢3§ co).

This completes the proof of (2.23). |

3.4.4. Bound for the functional «#3. This section aims at obtaining bound for the energy functional ;.

Proof. To obtain the functional <3, we first apply the material derivative 9; -+ div(- u) to the momentum equations
(2.1) and obtain

(3.75) 3 (pu) + div(pu! u) = 0, {I1%} + 0,17 * div u} — divi{o, ull/*},
where
ik = 2u(p, c)Du— pu(p,c)d; uloju® - uip, 0)oruto,ul —2p0p1(p, oD/*udivu
+ ()l(p, c)divii— A(p, c)Vul -0ju—p0opAlp,c)(div w? + P9, P(p,c) divu) 57k,
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. — . .
We use k5ii, with x5 = g1 *%()2(1770) a5 a test function to obtain

! 1
/K5“ﬁﬁ|’iz(R3)+zK5(t)/ (2u(p, 0)IDal* + Alp, o) (divin?) (¢, x)dx
0 RS

1 t
:E/ K’s/ (Zp(p,c)I[DL’tlz+/1(p,c)(divu)2)—K5(t)/ pd,P(p,c)divirdivu
0 R3 R3

t t
+/ 1(/5/ papP(p,c)divudivu+/ K5/ papP(p,c)(divu)2
0 R3 0 R3
t

t r
(3.76) +K5(t)]1(t)—/ K/5]1(S)ds+/ 1<5]2(s)ds+/ x5J3(s)ds.
0 0 0

Above, J1, J», J3 are of the form

nho= / 3qb(p,c)a,-lufza,-suhajsufﬁ+ /R 36j1uf26j3uj4G(p,c),

B.70) X, = 3g[)(,o,c)aj1 L'tjzékuj“stuj66j7uj8+/[R3(3j1 uj26j3uj40j5uj6G(p,c)+/st(p,c)djluj26j3uj40j5uj6,
I3 :ﬁ¢(p,c)ajlufzaj3uf4aj5uf6+/ d;,120 ;, 1 G(p, ¢),
R3 R3

where ¢ is either the viscosities y, A or pd, i, p0pA, pzaf)u or pzaf)/l, while y corresponds to either pd, P or pZG%P.
The computations are analogous to those in [43, Section B.2] and we do not repeat it here. In the following steps,
we provide estimates for the RHS terms of (3.76).

Step 1. In this paragraph, we will estimate the first term of the RHS of (3.76). For & = 1, it is clear that the underlying
term is controlled as follows

1 [t
5/ 1<'5/3 (2,u(p,c)||Du|2+7L(p,c)(divu)2)<C.sz¢2(t).
0 R
Even if & € [0, 1), we still have
1 [t
= / K5 / (2u(p, OIDE® + Ap, o) (divi)®) < Ceta (1),
2 Joy T me

and to address the case of small time, we shall make use of a duality method. Hence, we write & = v + ¥ where v
and 0 satisfy:

(3.78) {at(p v) +div(pv e u) = div(2u(p, c)Dv) + V(A(p, ¢) divv),
(PV)1t=0 = (0T |¢=0,
and
(3.79) { 0:(pD) +div(pv ® u) — div(2u(p, D) — V(A(p, ¢) div ) = div(R),
(PD)¢=0 =0,
with

(divR) = -0 (ulp, )0 u'd;uf + u(p, c)dxu'0;u! +2p0,u(p, D/ *udivu)
~8;(Alp,0)Vu' -0;u+pd,Alp, ) (divi)* - pd, P(p, ¢) divu) + 0k (VX divu) — div (0 ull/*).

Recalling that (p#t)|;=¢ € L2(R3) (see (2.2)), one can establish the existence and uniqueness of v, and thus of 7,
through a regularizing argument. We now aim at deriving bounds for v and ¥, which will then imply the desired
bound for 1.

Fort e (0,0(f)],and ¢ € L2((0,7) x R%), we consider the linear nonhomogeneous problem

(3.80) {patw +p(u-Vw) +divu(p, c)Dw) + V(A(p,c)divw) = p@,

LU| t=7 = 0.

The existence of w can be established by reversing the arrow of time, and we readily have (recall that 7 € [0, 1])

1 T T
_sup||\/ﬁw||i2m3)+/ / [2u(p,c)||n>u;|2+)L(p,c)(divw)2] gc/ ||\/5<p||iz(R3).
2 [0,7] o Jrs 0



DISCONTINUOUS SOLUTIONS FOR THE TWO-FLUID MODEL 41

Next, using i as a test function, we obtain

T/ 1
/0 ||\/ﬁw||ig(R3) + E/Rs [Z,u(p,c)llDwIz+A(p,c)ldivw|2](r',x)dx

(381) </0v ”\/ﬁw”Lz(Rs)”\/ﬁ(anz(Rs)+C/0 ”VullLa(RS) ”Vw”%a(ws)
Repeating the computations that led to (2.6), we find
_ 1 1 1 1 .
w= u(p,c)w ANP(o(w - @) +V(=A)~ v( o S0 div (o (i - (p)))
_1q -1
e [ &, 1(p, 0) - fi] @Dw) - V(-A) v(—( > A, 0) - Al enw)

and by means of the commutator estimate (A.8), it follows, under the assumption of a small viscosity jump (see
(3.66))

L1
IVwll s gy < C*(||(—A)_1V(p(w—¢))||L3 rs) + s ||vW||Lz(R3))

C.(Ivwl}2

12 [R3) + ¢Z ”Vw”LZ(IR3 )

Therefore, by Young’s inequality, (3.81) leads to:
T!
/ ||\/ﬁw||i2(R3) +/3 [21(p, O IDwI* + A(p, o) Idivw|*| (z', x)d x
0 R

7 T 2
v 12 2 Ya 2
< C* 0 (R3)+C*/0 (”vu”L3(R3)+(PZ ||vu||L3(R3))”vw”LZ(RS)r

from which Grénwall’s Lemma yields

(3.82) /”\/_WHLZ(RS)+SUP”V“’”L2([R3) ( /||\/_(p”L2(R3))eXp

We now use w as a test function in (3.78) and we obtain

/ (||Vu||L3(R3)+¢2||Vu||La(R3)) .

T
/(pv)(r',x)(b(r/,x)dr’dx =
0 Jrs

/ (pV))r=0(x) w(0,x)dx
[R3

<[ v ie=oll g1 @y | WOl 1 sy

< Cu[[ov)ie=ol| g1 oy | D | 20,y ey €XP | €

/ (190124 gy + B2 IVl 3|
By duality, it follows that

T
/||pv(r’)||iz(R3)dT’<C*Il(pl/)u:ollil_lms)eXp Ca / (IIVuII R3)+¢ZIIV14IIL3([R3)
0

and using o v as a testing function in (3.78) yields

T T
?511?0||\/5V||iz(m3)+/0 IV VI o) <C*/O ||\/5V||i2(u@3)
T

< Ce]l 0vie=oll -1 sy exp

T 2
C*/ (IIVullis(Ra)H/)g IIVullLs(Rs)) .
0

As well, by using v as a test function in (3.78) it is straightforward to obtain

Sup||\/_U”L2(R3) /||VV||L2(R3 C*||(pv)lt=0||iZ(R3)-

Finally, we apply a Riesz-Thorin theorem to conclude that

(3.83) sup0d||\/ﬁv||ig(R3)+/ o IIVUII R3)<C*H(pu)‘[ 0||H ams) €Xp | C
[0,7]

2
/ (”vu” (IR3)+¢)§ ||VM||L3(R3))]

This ends the estimate for v and we now turn to the one of .
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To achieve this, we rather consider the following Cauchy problem
.80 {patw +p(u- V)b +div(2u(p, D) + V(A(p, ¢) divib) =0,
' II}| =T = (Z):

where 0 <7 < o(f) and ¢ = ¢(x) € L2([R% is a given function. A basic energy estimate yields
1 T 1
5 sup| VO 72y + / / [2u(p, YD + Alp, ) (divib)’] < 5 | VO@P|| 72
[0,7] 0 JR3

Let o, denotes the time weight 0; =7 -, s € [0,7]. Using o i as a test function in (3.84) and following the same
computations that lead to (3.82), we infer

T T 2
v |12 Ya
/ Ot || \/_w”LZ(R?’) + Sup (OF - ”V w”LZ(R3) C* ” \/ﬁ(T)(P”Lz(Rs) exp C* / (llvu|liS(R3) + ng ||Vu||L3(R3)) .
0 [0, 0

We now use w as a test functlon in (3.79) and we obtain

/ (D)1, x)P(x)dx| = Rk x)0r 0! (7', x)dxdt’
RS

R3

T
< C* / (”vu|li4(R3) + || G(P, C) ||i4(R3) + ||vu||L2(R3))(T/) ||VlZ/(T/) ||L2(|R3) dT/
0

1 T 1
5 - 2
ES +/ (o 2 (IIVu||i4(R3) + ”G(P» c) ||L4([R3))
0

T 2
C*/ (IIVuIIiS(Ra)Hbg ||Vu||L3(R3)) .
0

<G| \/E(T)qv’”LZ(u@)

X exp

Hence, by duality we obtain

exp

T 1 T L2
IVeT@) | 2@y < Cs E2 / 2 Vi, Glp, 0| Gy C. / (172 gy + B2 1Vl 5y ) |
0 0

Note that for all r € (0,4/(2 + &@)), we have

o) 4
C,/ o2 ||Vu, G(p,c) ||L4(R3),
0

and Hardy—Littlewood-Sobolev s inequality (see [1, Theorem 1.7]) yields
2

T [ 2.
TH/ (IIVu||L4(R3 +||G(P;C)||i4(R3)) <C/ o2 | Vi, G(p, 0| 1 s -
0 12712=1) (0,0 (1)) 0

By Hélder’s inequality, it follows that for r € (2/(1 + &),4/(2 + &))

” IVu, G, o) ||L4([Rz3)

L7(0,0(1)

o)
/ Ta_l || \/ﬁlj(T) ||i2(|R3) dT < Cr || \/ﬁi) ”in/(Z—r)(RS)
0

< C*,r

o(t) . T 5
a 4 L2
E0+/0 o |V, G(p,C)HL4(R3))eXp c*/o (||Vu||§3(R3)+¢g ||Vu||L3(R3)) .

We now use 0% as a test function in (3.79) and we obtain

o(1) o(t) | 9 o(t) 4
sup o[ VBila+ [ oWy <C (B [ o Bl [ oIV G0 )

[0,0(1)]

(3.85) < Gy

o(1) L2
E0+/ 02||Vu G(p, c)||L4(R3))exp / (IIVu||L3(R3)+¢g IIVuIILs(Rs)) )
0

Finally, from (3.83)-(3.85) and & = v + U, we obtain that

o(r)
[Osu(ft))] g ” \/_u”Lz(RS) / o ”Vu”LZ(RS)

o(r) L2
<C. Eo+||(pu)|[:0||§ldm3)+/ o |Vu, G, C)||L4(R3))6Xp / (||Vu||L3(R3)+<pg ||Vu||ms)) .
0
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Following the computations that go from (3.71) to (3.72), we obtain

o .5 &
(3.86) / 75| Glp, 0), Ve agus) (DT < Cu(Co(1+ P () + A (D(Co/2 + 1 (0'72) sup % ||/t 12
0 [0,0(8)]

and Young'’s inequality yields
. ) o)
sup Ua“\/ﬁu“LZ(RS)JF/ oIVl T s
[0,0(1)] 0

)

<C. (Co(l + g ety (1) + || (o) =0 ||§~{_Q(R3) +at) (1)?(Co+ s (r))) exp

T 2
c. / (170121 g + B2 IVt
0

and we conclude this step with the following bound for the first term on the RHS of (3.76)
t
()= supa® (21 | /B3, e + / o (2t / (2u(p, 0)IDu* + Ap, o) (divin?)
[0,2] 0 R3
.6
< C, (-sz(l‘) + Co(1+ 2 (1) + || (0i)1=0 | Fy-a oy + 1 (1% (Co + 1 (r)))

(3.87) x exp

T 2
c*/ (172 gy + B2 1V Ul 3y |
0

The others terms are estimated in the following steps.
Step 2. In what follows, we estimate all the remaining RHS terms in (3.76), except for the last one, which is ad-
dressed next.

o We readily bound the second term on the RHS of (3.76) as follows:
< s 0l diva(o) 7,

®) T ®?)

Cs
K5(t)/ p0,P(p,c)divudivu —IIdivu(t)Ili2
R3 n

L C.
< s D) 1div (017 g, + 5 -

The two terms that follow are

t t
/ Ké/ pd,P(p,c)dividivu / K5/ pGpP(p,c)(diVL't)2
0 R3 0 R3

o Next, using (3.72)-(3.86), we estimate the sixth and final terms in the expression of J, (see (3.77)) as follows:
t t
/ k5 J1(s)ds / Ks/ w(p, )0, 1?0, u 0, u’
0 0 R3

t
i 2 .
<c*/0 a2 IV, gy + 192} )

+

<C*(Eo +Q¢;(z)).

+

<C, (&Jz(t) +Co(1+p2ati (1)) +(Co +£¢1(t))£¢1(t)2).

Following the computations leading to (3.74), we estimate the remaining terms of J, as follows:
t . . .
/ K5/ 0,20 ,u0;,u*G(p,c)
0 R3

t
<C. / w5 (IV 222 g0 + V24, G (0, ) G5 s |
0

+

t
/ Ks | ¢(p,)0;, U0 u’0ju 0 u”
0 R-

(3.88) < C.Go1 +<,7>;72dl(t)2) + Costo (1) (1 + (Dt (D).

¢ For the first term in the last line of (3.76), we have we estimate
C.
Ik5 (1) ]1.(0)] < M5 (DIVED) 172 g, + FKS(t) V), G, ) (1) | 7 asy-
From (3.47), we have |G(p, ¢)|* < C. H3(p, ¢); and (3.72) yields:

a2 G, ) (D) 4 gs) < C (Co(l + Lot (1) + oo ()2 (Cy' +g¢1(n1/2)ﬁ¢1m).
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From (3.63) and the commutator estimate (A.8), it follows that

c
IVull sy < u_(” (=8 VP | ey + | (=) div(0id) | sy + |G (P, ) o)
C _ - ~
+ ,u_(” [H 1(p, ) = BIDu|| gy + ([ (o, 00 _ﬂ]Du||L4(R3))
C _ . -1 4 .
< #—(||(—A) PO | oy + [~ v o gy + G0, 0| e

C .
+ ﬂ_((pz ||Vu||L12/(2a+3) (R3) + H [[‘Ll(p, C)ﬂ ||L°°(Z) I|Vu|IL4(R3))

and, using the smallness of the shear viscosity jump together with interpolation and Young’s inequality,
we obtain

3
IVull s sy < Cu [ (=)' VP (o), (—=8) " div(p i), G(p, )| s, + Cx P2 IV ull 2 g
Then, Gagliardo-Nirenberg’s inequality yields
g2 T )| (- A) TP (pd), (~A) T divip ) || s e,

1 ~
C. [0<>%(1+r0) I \/ﬁu”iz(ms)] 2 [Uaogmro) I \/5u||izms)]
Custo (1)t ()V2(CY? + 1 (1)),

1
OV, G, 0 ||22(R3)] 2

NN

and hence

3 U6
supoz ()21 | vy, G(p, o) |7y < Ca(Co+ b 1 (0 (Co + s41(1)))
(0,1

(3.89) + Custh (Y2 (1 () + o (1) + o (1)) (CL/? + a1 (1)112).
Finally, we have the following estimate for the first term in the last line of (3.76):
ks (1)1 (D] < x5 (DIVED1 7 gs)

C. 6 .
+ ?(Co T+ oy (D2 (Co+ <1 (D) + o1 (D2 (1 (2) + o (1) + 2o (1)) (CL'? +Q¢1(t)1/2)).

The remaining term will be addressed in the following item.
Step 3. We estimate the remaining term in (3.76) as follows:

t t 2/3 t 1/3
/sts(s)ds <c*a¢z(t)+c*(/ ai+3“<>3“+’°>||Vulliams)) (/ 05<>3“”°)||Vullisms)) :
0 0

0
We now express Vit in order to estimate its L3(R3)-norm. To achieve this, we apply to (3.75) the computations that
lead to (2.6). Indeed, applying the Leray projector P to (3.75), we obtain

P(pii) = divP(2pu(p, ©)D1L) + divP( (1T - 200, (0, ODu) divu—T1-Vue - p(p, 0)(Vue- Vu+ (Vu- Va ')
and since
divP(2u(p, 0)Du) = divP((u(p, ©) — ) (2Dw)) + GAP,
it follows that
u(p, VP = —(=A)'VP(pii) + [ A, ulp, ¢) — fi] 2Di)
(3.90) +V(—A)_ldiVIP((H—Zp@py(p,c)IDu) divu—T-Vu-p(p,c)(Vu-Vu+ (Vu-Vu)f)).
Next, applying the divergence operator to (3.75), we obtain
div(pii) = divdiv (2u(p, 0)Du) + A(A(p, ¢) divii— A(p, ovul-ou- PO, Ap, ¢)(div w)? + p0,P(p,c)divu)

+divdiv((1'[—2p6pp(p,c)ﬂ1>u) divu—-TI-Vu—p(p,0)(Vu-Vu + (Vu-Vu)t)),
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and therefore, F given by
F=v(p,c)divii—A(p, vVu'-0,u— P, A(p, ) (divu)® + pd,P(p,c)divu
can be expressed as
F=—(=N""div(pid) + [, ulp, ¢) - [i] (2D w)
(3.91) + (—A)_ldivdiv((H—Zpapp(p,c)[Du) divu—TI-Vu—pu(p,c)(Vu-Vu+ (Vu-Vu)t)).
In turn, we can express diviz as
(3.92) v(p,c)divii = F + A(p, ovul -ou+ P9, A(p, ) (div u)? - p0,P(p,c)divu.
From (3.92)-(3.90) it follows that
IVl s sy = VP = V(=A) "' Vdivi| ;3 g,
<C([ =07 VP i), (-8) 7 div(pid) | s sy + [Vt Glp, O[30 g + Co il s
+ NE [ £ 1o, 0 - A @DW), [£, 10, €)= B] DD 13 g5,
and the commutator estimate (A.8), together with the smallness of the shear viscosity jump yields
IVl 3 sy < Co [ (=) T VR(pid), (=)' div(pid) | 13 g,
(3.93) + C (Y1, Glp, ©) [ 25 g, + 1divul e, + $E IVl p@),

and therefore
/Otai@doiﬂ”o) V235 s,
< [ wollvpilgs) [ [ #5030 e vptp, - o o)
+C, /Otgi@doi(l”o)(”w, G(p, || o s + iV Ul o, +J>§ IV, o)

With the help of the expressions of (-A)"!VP(pii) and (-A)~! div(pii) in (3.90)-(3.91), we have

g - _ . 1o qt6
/ o? P30 (—A) TP (i), (—A) T div(pid) || gs)

0
<c. [ orrangiasn (yys + ]|V, Gp, 0)|| 5 s, + 1div 8
S ) ? Ul sy T IV G0 O gy AV I 2 gs)

. 3, 3d 2 [t
<C*(c0g¢1(t)2+g¢3(t)2/ TNV, oy + [sup ot * % | Vit G(p, ) s e /02||W’G(P’C)||i4m3>)-
0 (0,11 0
It follows that

P s s, 3 v 1/4
/ AR T, o < Custy (03 Costh (0 + sty (0% (1))
0

3
2

V2 [t 1/4
+C*.sz¢3(t)3/4[supai+ [Vu,Gp,0) ||i4(u@3)] (/ o ||Vu, Gp, 0) ||i4(R3))
[0,7] 0

t . . 3
343,43 6 . ' .
+C*/ U4+2a<>2(1+r0)(||vu; G(p;C)HLG(R?;)_'-||dlvu||iS(R3)+(p§ ”vu”:zZ(RS)))
0

and we recall the estimates (3.89)-(3.72)-(3.73)-(3.74).
Summing all the estimates above and applying Young’s inequality, we conclude that

’

¢ 5,35 3 “ L2
-Qfe.(t)+/ ERERVERL (L] A, QC*(C0+$(¢§C0,&¢1(I)))eXP
0

o(1) ) L2
Co [ (19 gy + 95 19 k3
0
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where . is a polynomial, whose exact expression is not needed for the remaining steps in the proof of Theorem
1.2. Estimate (2.24) finally follows from (see (3.67))

o(D) L3 1 1 1 5 5
/0 IV el 33 sy < CCo(1+ g Eg 1(1)2) + CLEg (a1 (D)7 +Cy ).

3.5. Proof of Lemma 2.4.

Proof. From(3.93), we have
t
lig .
/002+“<>“’°||Vullisms)

t 1/2 t 1/2
éc*(/ g1t (y20+m) ||pu||§2m3)) (/ a0 | (AT VP (pi), (—A)_ldiv(pij)”izmg)
0 0

t 2
lig 4 . Ya .
+ C* / 02+a<>1+r0(||vuy G(pr C) ”LG(RS) + ”dlvu”is(Rs) +(/)Z ||vu||iZ(R3))
0

t 1/2
<c*,9¢3(t)”2(/0 a“<>1+’°(||vu||izms)+||Vu||§4m3)+||divu||§2m3)))

¢ 2
1ra 1 4 : 2 a2
(3.94) + C*/O 02+a<> +I‘0(||Vu, G(P» C) ||L6(|R3) + ”dlvullL3(|R3) +(;bz ||vu||L2(R3))
Using (3.86), we deduce
t
/0 O (V2 g + IV 2l g + iV ]2, )
v L8
< Cu[eh(0)+ o1+ pg i (1) +(Co+ o1 (1) st (1)2),

and with the help of (3.88), the remaining terms can be estimated as follows:

t 2
1.5 4 . Ya .
/ oz OV (Vi G, ©) || s sy + 11V el 73 o) + P IV, )
0

1/2 )

t 1/2 t
<( /O <>1”°||vu,G(p,c)||ie(Rs)) ( /0 o F2EOI (| Vi, Glp, 0| Joggey + IdivUlZga)) |+ Capl (D)
t 1/2 12 5 1/2 L2
<(/ <>“’°||Vu,G(p,c)||iﬁ(R3)) (C*co(1+</3§dl(t)z)+c*g¢z(r)(1+a¢1(t)£¢2(t))) + Copg o (1).
0

The L2((0, 1), L} (R%))-norm of ()1 *70)/2(Vu, G(p, c)) will be estimated in what follows.
To achieve this, we first deduce from (3.48)-(3.49) to obtain

i/ Hs(p c)+/ L|G(p c)|6=—/ ;FG(p o|G, o
dt Jg 0 & V(p,C) ’ g3 V(p, ) ' S

and from (3.46)-(3.47), we have

_ 1+1 _ p+plc) G(p,c)
(3.95) (c)glp,c)Hi(p,c) < |G(p,0) < (p,0)H;(p,c), where g(p,c) = —.
p()glp,c)Hy(p |G(p, )| w0 SPOHIp 8o.0=""=5
We will use the following notations:
. . . 8 .V
3.96 « =inf , = ,0), g« =1infg(p,c), ks = d k; = .
(3.96) ai =infa;(c), g s;gg(p 0, 8 lpl}cg(p c) 20" and K ALV

It follows that

d _g(p,0) (/ 1 6)”6(/ p+p(c) g(p,c) )5/6
— [ Hs(p,0)+ Hs(p, ¢) < F Hs(p,
dt/Rs 5(0,¢) /Rgp(c)v(p,c) 5(0,¢) Rw(p,c)l | o @ vip,o 5(0,¢)

1 (2 * _%\H5/6 5/6
<—(ﬂ) ||F||L5(R3)( / Hs(p,c)) .
Vx as « R3




DISCONTINUOUS SOLUTIONS FOR THE TWO-FLUID MODEL 47

Hence

d 1/3 0+8 1/3 1 2p*g* 5/6 1/6
(3.97) 3—(/ Hs(p,C)) +— (/ Hs(p.C)) <—( ) ”F”LG([R3)(/ Hs(p,C)) )
dr\ Jps v R3 Vel a5« R3

and Young'’s inequality yields

d 1/3 08+ 1/3 V*V;2 2p*g* 5/3 ,
3—| [ Hs(p, +——| [ Hsl(p, So—\|—]| IF :
dt( R 5(.0 C)) 2’\/* (/R;?) 5(p C)) zp*g* ( (,15'* ) ” ”LG(R?,)

Upon multiplying by the time weight x; = (1’0 and integrating in time, we obtain:

1/3 0+8 t 1/3 1/3 t 1/3
Klm(/ Hs(p,c)(t)) + / xl(/ H5(p,c)) <(/ Hstpo,co)) +/ Kg(/ Hs(p,c))
w3 6V 0 R3 R3 0 R3

V*V;z 20* o 5/3 t
- —(&) / K1 P2 g
60+8+\ a5« 0

1/3 t 1/3
(/ Hs(Po,Co)) +/ K/l( Hs(p,C)) < Cy Gy,
R3 0 R3

t 1/3 t
/Okl(/R3H5(p,C)) 2(2p*g*) /OK1HG(p,c)||L6(R3)'

t r
2 2
ki / K1 ||G(py C) ||L6([R3) g C* CO + k; / K1 ”F”is(Rs)
0 0

From (3.64)-(3.52) we infer

and (3.95), yields

It then follows that

Once again, we combine (3.63)—(A.8) to deduce that
k? /0 t1<1 (||G(p, 0| oy + 12 ||Vu||§6(R3)) < C.Cy+Cy /0 t1<1 | =8)7VP(pw, (~A) divipi) | g,
+C(K: +Kk3%) /O o |[# 1o, 0) = BlDu, [#, 1ip, )~ HDu | 1o s,
<C.CorCo [ wa{IVPllgey + BRIV )

t
+C(ki+kgz)?élgn[[/‘t(p’c)ﬂ”i‘x’():)/o K1”Vu”i6([m3)~

Under the smallness assumption on the shear-viscosity jump

C k*?_ )
E(l t=% )%}gll [utp, O | 7o) <

* *

’

1
2
the last term can be absorbed into the LHS, and Young’s inequality gives
t ) L2
/ x1[G(p, ©), Vuul[Fo gy < Cu (Co(1+ §5) + 1 (1)),
0

This completes the estimate of the last term in (3.94).
Using an interpolation inequality, we have:

1-a Ita 1
‘o t - - t - - SRR
; ||u||L6/(2—aJ(R3)<C*( ; K1||u||L2(R3)) ( ; 0K1||VuIIL2(R3)) ( A K, 0 2 ) ,

and
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o ifae(0,1/2),

1+2a

/ 2l 10-0) sy < / ”pu”Lz(Rs IVl 5,

a 14+2a
t 2 1 t . 1 t L 1 1/2
< Cy . K1||pu||L2(R3) o UK1||vu||L2(R3) o Ky o 2 )

o Ifae[1/2,1), we have & € (0,3/2 — @) and whence

2(1 2a-1
/”u”Ls/(la R3) /||Vu||Lg(Rf)||vu||LgR3)

l-ag rt a-1 t ) 3
<C*(/0 o K1||Vu||%2(R3)) (/0 02+aK1||VL'L|I%3(R3)) (/0 Kl_lo-g_(ﬂf+05)) ,

The final step is devoted to obtaining an L' ((0, £), L” (R3)) estimate for Vu and G(p, ¢), with p € [6/a,c0).
To achieve this, we follow the computations that lead to (3.97) and we obtain

pdt /Hp 1(p,6) /Hp 1(p,0)

and time integration, together with (3.95), yields:

t t
k* / ||G(py C) ||Lp(R3) < C* CO + k;/ ”F”LP(IR‘)
0 0

It follows that (using again (3.63)—(A.8)):

12**
PP (pg

<_

*

1
F
IFll Lp gs)»

ap,

t t
k. / || G(p, c), u*Vu||L,,(R3) < Cy C() +C, / (||pL't||L3,,,(3+p) (R3) + (ﬁz”vu”L&;/(Hpa)(RS))
0 0

t
Clke +kp)sup [Tue, O /0 IV ull 1y gy -

Under the smallness assumption on the shear-viscosity jump

*

ky 1
—(1+ k_ supH [, O ooy < S5
the last term can be absorbed into the LHS, and Young’s inequality gives
3 (1_ 2

t t
/ 1G(p, ), V]| 1y sy < CuCo + Co / (] P— p)”vunms))
0 0
3

v%(l‘%) ! 12 T 12 EE B R U :
<C*C0 1+(PZ +C* K1||u||L2(R3) O-Klllvu”LZ(RS) K, O S [
0 0 0

This completes the proof of Lemma 2.4. U

NS
-

4. PROOF OF THE MAIN RESULT

This section is devoted to the final step in the proof of the main result, Theorem 1.2. It is divided into three
steps. First, (see Section 4.1) we construct an approximate sequence (c", p”, u"*) ,en for the Cauchy problem (2.1).
This sequence comes with the a priori estimates summarized in Section 2. In Section 4.2, we close these estimates
using a bootstrap argument.

4.1. Construction of approximate solutions. Usually, the approximate sequence (c", p”, u") is constructed as
the solution of the Cauchy problem (1.1) with initial data (cO , po, uo) obtained by mollifying (co, po, o) with a
smooth kernel. This approach is unsuited here, because smoothing the initial data would remove the density
discontinuity. Furthermore, classical arguments a la Feireisl-Novotny-Petzeltovd, or a la P-L. Lions fail in the
density-dependent viscosity case; in particular, the well-known effective flux and vorticity degenerate completely.
Motivated by this, we establish in [44] a local-in-time existence of weak solutions to the system (2.1) within a func-
tional framework tailored to our setting. In particular, beyond the initial data assumptions (1.12)-(1.13)-(1.18), it
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is enough to require (pit)|;=¢ € L?(®3) to construct the approximate sequence (c", p”, u") to (2.1). In other terms,
we shall consider the Cauchy problem:

0;c"+u"-Ve* =0,

0:p" +div(p"u'*) =0,

0¢(p"u™) +div(p"u" ® u™) + VP(p",c") = div (2u(p™, c"Du") + V(A(p", ") divu™),

(Cnv Pn; un)lt:(] = (CO) pO) ug))

(4.1)

with u! € H'(R%) n LP*(R3), fulfilling the so-called compatibility condition
(0" ") 120 = div (21(po, co)Duf! + (A(po, co) div g — P(po, co) + P)I3) € L*(R?).
We construct the sequence of initial velocity (ug) n as follows.
Lemma 4.1. There exists a sequence (ug) n Of initial velocities such that
div (2u(po, co)Du) + V(A(po, co) div ) — VP(po, co) € L*(R%);
and
n—oo

2 2
(4-2) ” u(;l - uO”HI([RS) + ” ug - uOlILpO (R3) —0.

We provide the proof of Lemma 4.1 below. With the sequence (i), in place, we construct (c",p", u"), by
applying the Theorem A.1. This theorem refines our recent work in [44], where local-in-time well-posedness for
(4.1) was obtained assuming

”.U(PO» CO) _ﬁ||egw£0(R3) < 1.

Indeed, here we only require smallness of the shear viscosity jump. In particular, when the shear viscosity is
continuous, the condition holds trivially. Thus, our result aligns with the well-posedness theory for smooth data.

Proof of Lemma 4.1. Following Section 3.5 of [43], we consider a sequence of nonnegative and smooth mollifier
(wn) nen, and we denote by I, the stress tensor at the initial time

Iy = 211(po, co)Dutg + (A(po, co) div ug — P(po, co) + P) Is.
We now consider the elliptic equation
4.3) ~ div (2p(po, coDuf + (A(po, co) div e — Plpo, co) + P) ) + dy} = = div (@, * TTy),

where (d,) nen is a sequence of positive real numbers is a sequence of positive real numbers to be specified later.
For each n € N, the existence and uniqueness of u(’)Z e H(R3) follow from the Lax—Milgram theorem. We are now
left to prove (4.2). We add div (Ip) to both sides of (4.3)

(4.4) —div (2u(po, co)D(ug — o)) — V(A(po, co) div (uf — uo)) + dnuf = —div(wp * o — ),

and basic energy estimate yields

/ (214(po, ) ID (e — o)1 + A(po, co)div(ug — uo)*) (x)dx + dn/ lug 1?(x)dx
R3 R3

:/ (wn*Ho—Ho)(x)[D(ug—uo)(x)dx+dn/
[RS

uy (x) up(x)dx.
R3

Applying Young’s and Korn's inequalities, we get

d
/ [1po, co)ID (g = o) + Ao, co) (diviuey — up)*] () dx + 5 1140172 e
R

(4-5) < _*”wn *HO_HO”LZ(Rs) + ?” uOllLZ(R3)’

and therefore
r}in;oIIVu(’} — Vil 2@s) =0 and limsupllug [l 2ws) < luoll 2ws),
- 5—0
as soon as (dj), satisfies

n—oo n—oo

(4.6) dp —=0 and d," |y * To =TI 7 s, —— 0.



50 MARCEL ZODJI

n—o0 . . n—oo
As a consequence, U up strongly in H' (R3). It now remains to prove | uy — gl o @sy —— 0.
To achieve this, we set v = ug — up, and we rewrite (4.4) as

~FAVY — (G+ AV divv] + dp vl = —dnug — div(w, * T — o)
+div(2(u(po, co) — B)DvE) + V((Alpo, co) — )leUO) =:hy.
From this, we deduce (recall that I’ denotes the Leray projector)
Pvl =2, *Ph, and (1-P)v} =2, « (1-P)hl;

where
1

dn+ 2+ M)EP

1 .
FZ,) (&) = ———, and (FZ,)() =
(%) dn + filé)? (F20)

1 *° 2
5 :/ g~ t+al] \dt,
1+ als| 0

where (K;) s~0 denotes the heat kernel. As a result, for all g € [1,00] and p € [1,3/2), we have

For any a > 0, we have

and whence

' Ka

Since Z,, = dn’lﬂvCﬁ/d”, it is straightforward to derive the following bound (for some p € (1, pg), and 1/p+1/p =
1/2+1/pog):

[ Zn * divP(2(u(po, co) - )n3>uo)||L,,0([st +1|Z * PV((A(po, co) — )dlvv0)||L,,0(R3)
S CIVZullpr @) IV UG I 2 @) | £(Po0, €0) — s A(po, €o) — IIILﬁ(Rs)

< Ca2t3/en,
LP(R3)

<Ca” 2= V) - and HVJC

L‘i(R3)

-2 _ ~
< C.d, @ ||VV61||L2(R3) (oo, co) — i, A(po, o) — M|Lﬁ(RS)-
Hence, from (4.6)-(4.5), we obtain

n—oo

4.7) |2 * divP(2(1(p0, co) = E)DVF) | 100 ®)+ [ Zn * PV((A(00, co) - )dlv v | v @) — 0.
Next, for R > 0 we write
ann * [P’uo = j(:/‘]/dn * Puo
= jVCﬁ/dn * IP(HBR uo) +jv<ﬁ/dn * H:D(HBIE? Lt()),
and it follows that

(1/p—=1/pyg)
ldnZn * Pl Lo @s) < (dz "

R3(l/p—1/}70) || Up ”L!’O (R3) + “/I]B;? U ||Lp0 (R3))'

_1
Choosing R = d,, *, it is immediate that the first term converges to zero as n — oo; the same holds for the second
term by the dominated convergence theorem. In the following will now prove

(4.8) || Zy * div[P’(a)n * [ — Ho) ||L,,0 ®3) ==,
Following the computations that led to (4.7), we obtain (4.8) provided that

1
-5 n—oo
dn Nwp * T - H0||LPO(R3) —0.

However, this would require assuming ITy € L (R?), and hence Vg € L (R%) which we aim to avoid. To this end,
we express

Mo = 2(1(po, co) — f)Duy + (A(po, co) — A) divug + il ug + (2fi+ A)Vdivug — P(po, co) + P
=:Tlp,1 + HAup + (20 + A)V div uy,
and assuming that

n—oo

_1 _
dy?||wn %oy — o1 | v, ®) 2200 we readily obtain |2, * divP(w, * o1 — o) || ®) — 0.
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Then we write the remaining term as

— 1§12
e P
dy+ /.t|f|2
and a Fourier multiplier theorem (see e.g. Theorem 6.2.7 of [22]) yields
o 1§1°
e 0
dn + I

< Cullwy * ug — upll Lro g3)

S

* Uy — -@E+ AT =g
FP(wn * o uo)) (2E+A)F (5 dy + HEP

&-FP(wp * up— uo)),

3

fﬂP(wn*uo—uo) d+—ﬁ|£|2
n

+(z,7+1)3r-1(5H £ TP (0 * o - uo))

LPo(R3)
n—oo

0.

Putting everything together, we obtain
n—
||P(u(r)l - uO)”LPO (R3) ==0.

Following the same computations, we also get
1(0=P) (g’ = 10) | oo sy —
This completes the proof of Lemma 4.1. In addition, from (4.4) one readily deduces the strong convergence
div (2p(po, co)Dug) + V(A(po, co) div u ) — VP(po, co) div (Iy),
in H-%(R3), as soon as div (Tp) € H4(R3). O

=.0.

n—oo

4.2. The bootstrap argument and final steps. This section is devoted to closing all the a priori estimates derived
in Section 2. Since the initial density is bounded away from zero and, in view of the assumptions on the shear
viscosity coefficient u = u(p, c¢), we have the following bounds

0 < po,« =infpg < sup pg = p§ < 00;
Rs R3

0 < g, 1= i“%fu(po, co) < sup p(po, co) = g < co.
RS

Let us define
-1 -1
LO = |f(p0: CO)|@; s (R3) + ”Z'OHLip + |ZO|@1+O¢ + |V(p0|inf+ |zo|inf)
w,Z(

and let us consider the constants €7, and &, given in Theorem A.1 below, for @’ = /2. It is obvious that there exists
80 = 8o (Ho,«, i, Lo) > 0 such that if
|Tktoo, )]l oo,y < B,

then )
&1 €2
on 1[kpo, Ol oo s,y < 1o and W (2o, 1(po, €o), v(po, €o)) < o
As a consequence, Theorem A.1 ensures the existence of a unique solution (c¢”, p", u") to (4.1), defined on a max-
imal time interval [0, T;;). On this time interval, the solution has enough regularity such that the computations
performed in the Section 2-3 make sense. We now consider the functionals 9, 9, 8§, </, < and «#3, with (c, p, u)

replaced by (¢”, p", u"). Let T € (0, T,) be such that, for every ¢ € [0, T] we have
0< % < inf p"(£,x) < sup p" (£, x) < 10p;,

3
xeR xeR3

9 <L, 9)<Ly, 6()<108g, (1)< Ls;

where Ly, Ly, and L3 will be fixed later. On the time interval [0, 7] the density and the viscosity are lower and upper
bounded as in (2.7). In particular, whenever 6, Ey are below thresholds depending only on the upper and lower
bounds of density (and viscosity), Lemma 2.3 ensures that

.8 1 5 5
(1) < Ca(Col1+ G5, Eo) + Vol + B¢ (w4 (01 +CJ)),
so that we can choose )
Ly =5C.(Co(1+ G5 Eo) + IVuol, o))

and deduce that on the time intervale [0, T], we have

3
(1) < 5L3-
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Recalling the expression of ¢z, from (2.10), it follows that

v

1 )
¢z, < CuL} (1+80Koe“ M),
and we shall assume that
1 '
C. L% (1+80Koe® ) (Co+ ||Vu0||%2(R3))ﬁ <C, forsome € (0,a).

This implies that

L6

¢g (Co+IVuplfogs) < C,
and Lemma 2.4 provides us with

t t
/ (”vun» G(Pn, Cn) ”LP(R3) + ” ul’l ||L6/(2’“)(|R3)) < C* Lélz(l + Lg), and / ”pnun ||L3/(1—a) ([RS) < C* L3)
0 0

where L3 depends nonlinearly on p. o, p§, Co.
Let us denote by p” the density p” along the flow map " of u”. It is straightforward to deduce from the mass
equation (4.1) that:

- 1 Pp"co)-P _ 1
0:log(p"/p(cy)) + - log(p"/p(cy)) = ———F" o X",
tlog (0" /(o)) Vo™, o) oz (0" p(a) g(o"/p(co)) Yo <)
and hence .
I nj~ — o~ Jo g"whar ~ te_f[,g (rd n NPV
og(0"/p(cp)) =e o log(po/p(co)) — m(P oM()dt,
0 )
where B
gl = 1 P(p",co)— P
v(p", co) log(0"/p(co))
It follows that

- . _ tign
supp”(t, .X') < P; eC* fo IF ||Looune3), and 1nf3p"(t, x) 2 pO,*e C. fg I|F ||Loo(u;e3),
xeR3 xeR

where the L!((0, 1), L°°(R3)) norm of F" is estimated as

t
P A P S e

t
vu" ||LP(R3))
0
t
n n n
Cosupl ™ M,y | 170 N, o
[0,1] 0 pw.sn
From the expression of ¢z, given (2.10), we obtain
t
/ IE" || ooy < CoLg'* (1+ Koe© M Ly?) (1 + Lg) + CuBoLy'* (L* + Ly?).
0

We assume that Co, Vil ;2®s) and 6 are small so that the RHS above is less than 21og(3). This implies

sup p"(t,x) <9pg, and inf p"(t,x)}w,
xeR3 9

xeR3
Under the assumption that
C*6(1)/2(6(1)/2eC’L1 +L§/2) <1,
(2.11) holds and and the bounds (2.12)—(2.13) follow. In particular, one can choose
Ly =3C. (§(0) + L) eC-Kotlr+ 13" (L Lanetts,

What remains is to close the estimates for 9 and é. Recall that

(1) < e fJ"W""Looms){c* | £ (po, c0)|egv,vz% @+ Ce L3 (14 La) (1 + La) + C.63/2(1+ 832 Lo) Koe© M1 LY? (1 + Ls)

Gal2 (o) ] };

t a
+C8Y 2 LY (Ly +81/° L1 (1 + Koe© 1)) + C.. / [@f IG@™ e ooz, + [G0", ]
0
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with
t
n n n
supl £(0"c" |+ | 110"
[0,1] 0
(4.9) <C, (”f(po, 00) || poogeeny + (1+ Ly2 (1 + Ko 1)) LY? (1 + Lg) + 8oL} ? (L2 + 13%) |.
From the rough bounds (2.14)-(3.18) for the pressure jumps, we derive
! _a
1
0 n

< C* eC’Ll (L%/ZKO “f(p()! CO) ||Loo(|R3) + |f(p0) CO)'GS/ZZ (RS) + Lé/z(l + Lg)(l + L2 + KO@C/LI)
w,Z()

[[G(Pn, Cn)]] ||L°°ﬁLp(Zn) + |[[G(pn» Cn)]] @a/Z(Z")]

(4.10) +(1+ L2 (1 + Koe® 1)) LY2(1+ L) + 612 L2 LY2 (LY + Ko63/2 (L1 €1 +L§’2))).
One can first choose
L= [IOSC*((E(O) +i3)1/2Ko 1/ 00, €0) | oy + |f(p°’C°)|@3v’fzo(R3) +Lé/4)]eC*(1+L§/2+||f(P0,Co) IILoom3>),
and then L3 and §( small enough so that
9(0) < (1070 Ly &Kol TP Laneh,

Therefore, under the smallness assumption on || f(po,co)

/ and L3, we have
eng,ZO (R3) 3

9
() < —1L;.
() oH

Observe that when the constitutive coefficients satisfy (1.6) or (1.9), we obtain sharper bounds (see Lemma 2.2)
for the pressure jump, which we shall use instead of (4.10). This sharper bounds allow us to require smallness only
on 6 and Ls, rather than || f (0o, co) || a2 ®- Furthermore, one readily proves that

pw,Zo

6(1) <960,

assuming that || [ f(po, co)] llearz (5, (and also | [u(co)] llearz(s,y = cnst, if (1.6) holds) is small enough. If neither (1.6)
nor (1.9) holds, we should make use of the rough bound (4.9) and deduce the above conclusion assuming that L;
and L3 are small. A continuation argument yields T = T,.

To complete Theorem 1.2, we shall show that T}, = oo using the continuation criterion (see item 3 of Theorem
A.1). The convergence of the sequence (c”, p", u"), to a solution (c, p, u) of (1.1) follows by arguments analogous
those of [43, Section 3.2]. The solution (c, p, u) has the regularity stated in Theorem 1.2. In particular the velocity
u is Lipschitz, which allows a change of variables to Lagrangian coordinates and, by adapting Proposition 3.1 of
the above reference, yields the uniqueness of (c, p, u). Let us observe that we will need oVu € leoc([O,oo), L®(R3)).
This improved time integrability follows by repeating the computations leading to (2.13). This proves Theorem
1.2.
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APPENDIX A. LOCAL-IN-TIME WELL-POSEDNESS

This section aims to outline how the smallness condition on the shear viscosity fluctuation in Theorem 1.1 and
Corollary 1.5 of [44] can be relaxed to a smallness condition on the viscosity jump, as stated in Theorem A.1 below.
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Theorem A.1. Consider the system (1.1) with initial data (cy, po, Uo) satisfying (1.12)-(1.13)-(1.18)-(2.2), and let
a' € (0, ). There exist positive constants €1, and €, depending only on a and ' such that if

1
. _ <é,
(A.1) infgs 1£(po, co) [Teo, s,y < 21

and?

\P(ZO,H(F)O» CO);V(PO; CO)) = (H[IJ(PO»CO)]] |@a’(20) + wg:/ +‘BZO|ZO|@1+“') || [[H(pO! CO)]] ||L°°(Zo))

1
infgs 14(po, co)

| {100, c0)] HLO"(ZO)) ’ {

|k(po, o) |égmo ®3)

1 1
+ —_— —_—
(inf[R3 K (po, co) infgs (o, co)

+ || [1(po, co)] ||L°°(Zo)(

1 -
mhj’(p()r CO); V(PO, CO)|€ZW20(R3) +q320|20|el+,, + [ZO )

1 e
+ N ) e ll—a/ + ) o0
(infRsu(po,Co)) |k(po, co) Gl (@) ko0, )| oo,
1 ) ) —a+a’' -
X (m |,U(Po, ¢o), v(po, €o) ea, 5, (®) + P, Zolprea + 520 )] }
(A.2) <&y,

then there exist a time T > 0 and a unique solution (c, p, u) satisfying the following properties.
(1) Energy bounds:

ue C([0, T1, H'®*), e C([0, T1, L*(R*));
Vavi,aite (0, T), L* ®%);
Vi, Voii,oVice L*((0, T) x RY).
(2) Piecewise Holder bounds: There exists r, € (0,8/3) such that
o !*Vue L*((0, T); L ([®?)).
As a consequence, the velocity field u admits a flow map X that transports the initial domain Dg to D(t) =

X () Dy, and c(t) =1py, t € [0, T1. Moreover, we have: for all t € [0, T,

T
a 3 Ta INIE: !
p(1) €Ch,ap0n R, and/o o ||Vu(t)||@ZLUyaDUIJ(R3)dt < oo.

(3) Continuation criterion: Let T* be the lifespan of (c,p, u). If T* < oo, then we have either
1

1
limsu ( (t); ) + (t) oa +||Vu(t), u(t)” 2 (T3 )ZOO,
t—>T*p P p(8) plp(t), () || Lo ws) ”p ”erfw,aD(t)(Rs) L2(R%)
or
1
limsu (II@D(t)II - +10D(D)]; +,l+—)=oo,
v tp 10D () g
or
1
li n),c(t o = 10¢y,
lfrisﬁp(infw(p(n,c(t)) [Tkt @, el (‘?D(”)) é
or

limsTup‘I’(OD(t),p(p(t),C(t)),V(p(t),C(t))) > 10¢3.
P

As pointed out in Remark 1.2 of [44], the smallness assumption of the shear viscosity fluctuation is imposed to
derive an estimate for the L” (R3) N Ggw Sy (R3)-norm (with p € (2,16]) for the gradient of the solution v = v(x) € R3
of the following (stationary) elliptic equation:

(A3) —div(2uDv + Adivv ) = divG.

ZRecall that Py is a polynomial in |Z|, |2l jp, and 2| L.
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Here = p(x);A=A(x) € Cy (R3),and G = (ij(x))lgj,k<3 e LPR3) N e 5o (R3) are given. The argument was to
perturb the shear viscosity around the constant state i

—[iAv-V((E+ A dive) = divG +div(2(u - @Dv).

From this we deduce

Al —[APv = divPG + divP(2(u— )Dv),
' -A(@E+ A dive) = divdivG + divdiv (2(u— pDv),
and hence
EVv=pfavVPv+pv(l-P)v
=V(-A) "' divPG - iV(-A) " 'Vdive + V(-A) " divP(2(u - Do)
=V(—A)‘ldivPG—V(—A)‘lv(#(—A)‘ldivdivG)
20+ 2
(A.5) +V(=0) " divP(2(u - D) - V(=A) 1V( i ! divdiv(2(u- D).

Since the linear operators 0; (—=A)~18; are continuous on L” (R3), with p € (1,00), it follows that there exists a con-
stant C(p) > 0 such that

BV VI @y < COIGHr@s) + C(p) | e — ﬁ”Loo(RS) IVl sy -
Then we assume that the shear viscosity fluctuation is small
(A.6) Cp) || = ]| poo sy < 1

in order to absorb the last term on the LHS, and whence derive an estimate for the LP (R3)-norm of Vv. By a similar
(yet more technical) perturbation argument, we derived piecewise Holder bound for the velocity gradient.

To pass from the smallness condition of the viscosity fluctuation to that of its jump across the discontinuity
surface, we first derive the following expression from (A.4); (see the computations that led to (2.6)):

Vv=VPv-V(-A)"'Vdivy
1 1
= —V(=1)" divPG - V(~A) V(- (1) ! divdivG]

) 2u+A

1 1
(A7) + —[V(=A) " divP, - i] (2Dv) - V(- A)‘lv( [0 divdiv, ] (20)).

H 2p+
We estimate the L” (R®) and piecewise Holder norms of the last two terms above using the following lemma, whose
proof is deferred to the end of this section.

Lemma A.2. LetJ be a singular integral operator of Calderon-Zygmung type of even-order, associated with a ho-
mogeneous kernel K. Assume that the assumptions and notations in Definition 1.1 hold for X. Let p € (1,00),
w,g e G;W’Z(RE‘), and g € LP (R3).
(1) LP(R3)- estimate. Lera’ € (0,a] N (0, %) (p' denotes the Hélder conjugate exponent of p), and assume that
geL R, witht =% + 1 <1. We have

(A.8) I, w]g||LP(R3) < C"’”'ég;z(u@)”g L (R3) +C”[[w]]HL°°(Z) (@a’ le ey T ”g”LP([R3))‘

(2) L°(R®)- estimate. Let o’ € (0,a], r € (,00], and assume that g € L" (R®). We have

1T wlgl o) < (|W|G“’ ®) Tz a”[[wﬂ”Lw(Z))"g Lr®

(Ag) + C(” [[W]] ||L°°(Z) ||g||eglu,Z(R3) + [Za || w"L"O(IR3) ||g||LP(R3))



56 MARCEL ZODJI

3) Ggw,z(R3)' estimate. Ler € (0, a] and &' € (0, min{a, B}]. Then, we have

[T w g|eﬁ (RS) (le ) +(f£ﬁ+‘ﬁz|2|el+ﬁ)||[[W]] ||L°°(Z))||“O/—g’g”L°°(R3)
(A.10) + C(l W|@ﬁ;/g(R3) + @ﬁw |[w] ||L°°(Z)) |g|ég,’m(u&3) +Cl[[wh| s |g|€§w,z<ﬂ3>'
Above, By is a polynomial in |Z|, | Z|l i, and IZ|7 ]

inf
The constant C is independent of g, w and X.

The proof of Lemma A.2 combines, in a nontrivial manner, the extension theorem for piecewise Holder regular
functions (see [24]), and the continuity of Calder6n-Zygmung operators on LIR3) n G’g W,Z([RS)’ with g € (1,00)
(see [16,17]).

We now apply it to the last terms of (A.7).

Estimate of the L” (R?) norm. We consider p € (2,00), and r € [2, p) such that % S

5t , for some a’ € (0,a]. By
applying (A.8) to the last terms in (A.7), we obtain

HH[V( N divP, p - 1] (2Dv); V(-8) 71 ul [(=2)" divdiv, - fi] (2D )

LP(R3)
(A.1D) S || [0 o) 1V V2 ey + Co V0l oy (|ﬂ|egv’vy20 @ + 11D oz 27 )
and it follows that
||VU||LP([R%) — ” Hﬂﬂ ||Loo(20) ||VU||LV([R3
(A12) +C (||F||Lp(R3)+||VU”Lr R3)(|H|ea R3)+ ” [[H]] ||L°°(20)€ZU ))
Let us fix an arbitrary € € (0, 1) and assume that
C
(A.13) —[lu]ll oy < &
L
The first term on the RHS of (A.12) can then be absorbed into the LHS, yielding:
C* —a
IVl < T (1E e + 10 (Jlew g+ Ny 55 )
An energy estimate on (A.3) yields
||VU||L2 R3) X < Cy ||F||L2 (R3)>
and interpolation inequality gives
. 1 a
”vy”L’ R3) X C”Vu”Lp(R3 ”vv”LZ(RIS) C*”vu”Lp(RS)”F”LZ(RS ’ Wlth 5_;:@'
Finally, applying Young’s inequality, we obtain:
C b
(A.14) IVolirey < T IFlr@s) +C.A -8 TN Fl 2oy (|N|ea’ oM (L] Py ) :

We emphasize that only the smallness of the shear viscosity jump is required (see (A.13)), rather than that of the
overall shear viscosity fluctuation (see (A.6)). We now turn to deriving an estimate for the piecewise Holder norm
of Vu.

Estimate of the Ggw % (R3) norm. We fix some &’ € (0, @) and r € (3/a’,00). First, we apply (A.9) and (A.10) to obtain

I[V=2)7"divP, u— 1] (2D 0) | oo sy < (|:“|ea [R3)+£Zo M- ””L""(RS))WU”U(W)
(A.15) +C|[u] ||L°°(ZO) ”vvnegv’w% (R3)’



DISCONTINUOUS SOLUTIONS FOR THE TWO-FLUID MODEL 57

and

[[V(=2) "t divP, u - y](zu)v)|@a 5 )

<C(|N|éa - @)+ (5, +PxolZolera) | [[H]]||Loo(zo))||v(_m_ldiVPDV'DV“LOO(W)
(A.16) +C(|u|@a ¢ ®) +l5, ara || [ ||L°°(Zo))|vv|(§g‘:v’20([|&3)+C” [[N]]HLoo(zo)lvvlégw,ZO(RS)'

Next, we estimate the second-to-last term in (A.7) as follows:

i[V(—A)_l divP, u - i) (2Dv) |

)

1 1 ~ !

<E|”|égw£0(n&3)” [V(=2) 1dlvp’ﬂ—ﬂ](2"}”)”m(n&3) . —|[[V(-8)""divP, u~ i] (2Dv) |e“ 5y )
C

glu_zlru|(§a @) 1Vl R3)(|.“|ea [szi)"'[zo ||,u :U||L°<>(R3))

+ —”Vu, V[FDV”LOO R3)

|F‘|e“ %o (R3)( ” [u] ||L°°():0)) (€55 + Pz, Zolerea) | 1] ”LOO(ZO)

+ I ”V V” eg\:‘/,}:o (R3)

|/~‘|ég‘;_‘;’0 ®t I [[“]]HLOO(ZO) (fi?m + _|N|ea ([R3))

pw,Zg

C
(A.17) o [Te0l s IV Ve @)

Applying (A.45), the last term in (A.7) can be estimated as

v /,t1+ [(-A) divdiv,,u—ﬁ](ZIDv))

Chwz, ®)

C(1 ~
gu—(—|2p+/1|éa (Rs)+q320|20|@1+a)||[(—ﬁ)_ divdiv, i = fi] 2DV) || oo g,

*

+—|[( A~ divdiv, u— ,u](Z[DvHGa @)

and hence (similar estimates to (A.15)-(A.16) also hold for [(—A) ! divdiv, ©—ul(2Dv))

‘V(—A)‘lv(ﬁ [(—A)" divdiv, u— ] (2|D>u))

Chwz, ®)

C 1
<”—||W||U(Rs)(u—|v|ea_ R3)+qszo|zo|el+a)(|u|ea 05 |- Al o)

C
+ — ||VV||L00(R3)
s

|ﬂ|égw,20 ®) T (k] ||L°°(ZO) (; |V|égw‘20 ®) T Pzl Zolprea + @:)

+ ¢ IVl
‘u Cow, ([R3

1 "
|N|(’2a*f;:’0 @ + 111 o sy (E'Vléngz() @) + Pro Zoleea + 05,7 )

(A.18) - —|| [0l s IV ¥l -

Combining (A.7), (A.17), and (A.18), we deduce that
C 1 —a ~
|VU|@3WYZO(R3) < |VMG|QSW'ZO([R3) + z ”VU”L’([R3) (H_* |/J, V|égw,zo(R3) +q320|20|@1+a) (|H|eg\:v,):0(m3) + [ZO ”[J - H”LOO(RS))

C
+ N_ IIVV, VIPV”LOO(RE»)

1 _
|u|egw'20 (R3) + || [[H]] ||Loo(20) (E“l; ’V|égwy):0 (R3) +q320|z()|él+a + (Zéx)

C
+—IVollgw
M+ pw,Zo

1 Y,
(R3) |H|egv;,az/0 (RS) + ” [[u]] ||L°°(Zo) (E |l’t’ v @gw‘zo (RS) +€BZO |ZO|@1+a + [Z(?H'a )

C
+ o ([ ||L°°(ZO) |Vv|égw20 (R3)



58 MARCEL ZODJI

Hereafter, Vug denotes
Vig = Lv(a) divPG—V(—A)‘lv(L(—A)‘l divdivG).
7} 2u+A

The smallness of the shear viscosity jump (see (A.13)) helps absorb the last term above into the LHS. Next, we use
the interpolation inequality

!

IVVI“

(A.19) Vol 2||Vv||Loo(R3 S\ @

and Young’s inequality to obtain

C
|vyléng20 (R3) < :|qu|@gW,ZO (R3) +C¥|Vy, v[|:DV||L°°(IR3)

C 1 —a ~
+ —HVI/”LT(RS)(Z“J; V|égw,zo(R3) +m20|20|@1+a)(|,u eg\/'v,Zo(R3) +€2005 ||u_u||Loo(|R3))!

s« (1—¢)
where,

-
M (1—¢€)
1

(/J* 1- 8))a/(a—a’)

£:

1 _
|H|egw,20 (R3) + || [[H]] ||Loo(20) (E |H; V|égw,20 (R3) + (’BZO |ZO|@1+a + [zg)

—a
a-a’

+

|H|égv;§'o(ma3) + || [1] ||Loo(20)( |,Lt, V|ea 5y ) +PBs,|Z0lprea +€—a+a)

For the reader convenience, we shall denotes by C. . a generic constant that depends on the piecewise regularity
of u, A, aswell £5, P, 1Zol 1+ For instance the above estimate can be written as

C C
(AZO) IV U|@ngzo (R3) < Elqulelo)‘w,Zo (R3) + IT*Z‘ ||VU”Lr(|R3) + C‘Pg”vl), VPU”LOO([RS).

We will now derive an estimate for the L°°-norm of Vv, VPv.
Observe that (A.15) already provides a bound for the second term in the expression (A.7). We express the last
term as

-1 1 1
—V(-A) V(m[(—A) divdiv, u— ,u](ZIDU) [V( ATV, —][( A)~tdivdiv, p— i) (2Dv)
1
(A21) —mV(—A)‘IV([(—A)_ldivdiv,p—ﬁ](Z[Dv)),

and applying (A.9)-(A.46), we obtain

“[V(—A)—lv —][( A~ divdiv, - fi] (2Dv)

L (R3)
<£(i|v|~, +€‘“')||[(—A)‘1divdiv - fi](2Dv)
T U Gz B TR0 G LT®)

C 1 s s ~
+ iz IV ooy 1 1= "divdiv, u— 1] (2Dv) | e @)
C
< Cys (HVUHL’(R?’) + ”vv”LIi/(a—a/) (IR3)) + E ” [[V]] ||Loo(20) || [[/Jﬂ ||L°°(Zo) ”Vvlleg‘:vzo (R3)

C o
+ E v ||L°°(ZO) (| [kl ar o T (65 +Ps, Zolerear) || [12] ||L°°(Zo)) VOl o g3).-
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Using (A.44)-(A.9)-(A.46) we can estimate the last term of (A.21) as follows

1 [ T N L
qumv( N7V ([-a) divdiv, -] (2Dv))

L°° ®3)

[(=A)~* divdiv, u - ] (2Dv)

Cc -3
< 'u—fz r @)t || [(=A)~ divdiv, u - ] (2Dv) ||ear )
*
C
< Cix (||VV”L’(R3) +IVUl 31@-an (|R€3)) + I || 1] ||L°°(Zo) ||V1/||(-?gv/v‘ZO ®)

C .
+ M—U [l |ewr g, + (€58 +BoIZolerear ) || 1] ”L‘X’(Zo)) IVl 20 @)
*
By combining all these computations, we obtain the following estimate (we freely use ui 1[V] oy < O):
C
190l @) < IV 2 oy + Cos (IV 01y + 190 00| + L LR N
* pw,2o

C i
#o (e sy + (625 + Bt Zolgrew) | [ sy )19V

Applying the Leray projector P to (A.27) and repeating the above computations, we observe that a similar estimate
also holds for VPP. Next, (A.19) and Young’s inequality yield

U=

190, VPOl o) < ClIVtiG, PV UG o) + Cos (IV 01ty + 190 0o sy ) + (H£ 11 sy ) 100l @)
+ H_C:k (| (1] |éa’ co Tt (gg;x' +Ps, |20|él+a’) ” [1] ||L°°(ZO)) IVUI oo @3)s
and (A.20) leads to
Vv, VP V|| o3y < C**(£)(||VU||U(R3) + ||VV||L3/(a7a')(R3))

1 4
+C||VUGr”]’VuG||L°°(R3)+1—( ||[[H]]||Lw(20)) Vucles @)

C 2 »
(A.22) + \PE(”— 1] ||L°°(20)) + ,u_(| [l 6wz + (€5 + B Zolerear) [ [1] ||L°°(Zo)) VY, VPVl oo @)
Assuming that
C v C —a ,
(A.23) \PE(E 1] ||L°°(ZO)) + ZU [1]] e o T (€5, +PBx Zolerew) 1Tk ||L°°(Zo)) <& <l

the last term can be absorbed in the LHS and interpolation and Young’s inequalities imply:

(A.24) V0, VPO ooy < Con (6, €IV 25) + Cles € )(IIVuG,PVugllLoo(Rs) +IVucles o ))
Upon inserting this estimate into (A.20), we obtain

(A.25) 190, VPOl o) < Con (6,190l 20y + Ce, €)1Vt PV UG oy + Vuglg: (Rs)).

The above two estimate with divG = divF — pu, will replace estimate (3.11) in [44]. We shall use (A.14) to derive
an estimate for the L” (R®)-norm of Vu and Vii, and hence close the energy estimates for i and ii. Here, we only
rely on (A.13)-(A.23), which is significantly more favorable than the smallness condition (3.5) in [44], in the sense
that only the smallness of the viscosities jump is required, not that of the full fluctuation of the viscosities. The
remainder of the proof proceeds identically.
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Proof of Lemma A.2. To prove Lemma A.2, we first observe that since w € C
tension w® of w that satisfies the following properties:

gw z([R€3), there exists a C*-regular ex-

(A.26) ||| foo ) < Cllwl o @s),  w®=won DS,

(a27) - ] o gy < CE2 | [10] | o, for all g € [1,00),

(A.28) |w - w*| & < Cllwl|eps) + CEP N [wl | jorsy  BE Oal,
(A.29) |l < Cltlgy oy + CO MWl ey BE O,

The above extension result is an updated version of Lemma A.2 in [44], originally established in [24, Lemma 5.2]
for the two-dimensional case.
Proof of (A.8). Our approach consists in substituting w with w® + (w — w¢), which yields

(A.30) (T, wlg=[T,w|g+ [T, (w-w]g.

Given that w? is G (IR%B)-regular (in the whole space), the first term is now more regular than the LHS. In particular,
we have

[T, w’]gx0)] = ‘/ K(x=y)(w’(y) - w(x)gy)dy
R3
< C|w®|pw sy (117349 |g[) (), for all @’ € (0, .
For0<a'< %, we can apply Hardy-Littlewood-Sobolev’s inequality (see [1, Theorem 1.7]) to obtain:

Hl_a’ 1
L,(Rg),reca ;_§+E<l

17 welgl| oy < Clw®|ow sy | 8

(A31) <Clwlger oy * 05" 1[0 o) 18]l ooy ecall (4.29).

To estimate the LP(R3)-norm of the last term of (A.30), we rely on the boundedness of commutators between
Calder6n—Zygmund operators and BM O(R3) functions on LP (R3):

” [T, (w~ we)]g||LF’(R3) < C” w- we||L°°(R3) ||g||L!’(R3)
(A.32) <C|[w]| ooy €]l Loy, Tecall (A.27).

Estimate (A.8) follows directly from (A.31)—(A.32). We now proceed to the proof of (A.9).
Proof of (A.9). We recall that the first term of the expression (A.30) reads:

([7, we]g)(x)z/ K(x—2)(w(z) - w®(x)g(z)dz
Rf)’

= / K(x—2)(w(z) - w®(x)g(2)dz +/ K(x—2)(w’(z) - wé(x))g(2)dz.
B(x,1) R3\B(x,1)

To estimate the first term, we use the C% (R%) regularity of w® to mitigate the singularity of the kernel K:

/ K(x—2)(w(2) - w®(x)g(z)dz
Bx,D)

<C|we|'@a’(R3)/ |x—Z|_3+a/|g(Z)|dZ
B(x,1)

1 )
Lr([RaS)(/O LA +2)dT)

1 o
L (®3) recall that - < EX

< C|we|éa’(m3) ”g

< C|we|éa’(m3) ||g

< Cllwlew @y + 037 | [w] | o)) | € | 1 sy Tecall (A.29).
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Using the decay of the kernel K, we derive:

|/ K(x-2)(w(2) - w'(0)g@dz| < C| we||Lw(R3)/ x—2z17%|g(2)|dz
R3\B(x,1) R3\B(x,1)

1
o0 -
<c| we”Lm(Rg)ug”Lw)( /1 -3p'+2 dT) ;

< C” we||Loo(R3) ”g”LP(IR{?’)’ recall that p, >1,
< Clwll o || &) pgs)y  Tecall (A.26).

It follows that

(A.33) 1Ex we]g||L°°(R3) < C(' w'égv’v‘z(ws) + [Ea’ I[w] ”LOO(Z)) lg

To estimate the L™ (R?)-norm of the last term of (A.30), we use the fact that (w — w®)Tpc = 0 to express:

o forxe D,
(A.34) [T, (w-w]gx)=[T,(w-w](glp)x) - (w-w) ()T (g1p) ().
o for x € D,

(A.35) [T, (w-w"]gx) =T ((w-w®glp)(x).

sy T Clwl poms) ||gHLP(R3)'

61

Since (w - w®) € e (D), we follow the computations leading to (A.33) to estimate the first term in the expression

(A.34):

17, w—w*](g10) | ;o)

To estimate the last term of (A.34) we express:

T (glpe)(x) = / Kx-y) (g -gX)dy+gX) K(x-ydy
DnB(X,lx) D¢nB(X,lx)

+/ Kx-y)g(y)dy,
DNBE(X,0lx)

where X € 0D such that d(x, D°) = |x — %|. It follows that

/ K(x—y)(g(y)—g(fc))dJ/‘<C|g|éa’ R’
DeAB(E,L5) P

and

3
/ K(X—J’)g(y)dJ"<C€zp”g“m(m3)'
DnB¢(%,05)

Using the extra-cancellation of even-order Riesz kernels ( [2,36]), we bound the remaining term as

‘g(fc) K(x—y)dy‘ < C| 8 roos)-

D¢nB(x,¢5)

We thus obtain the following bound for the last term of (A.34):

_3
(A.36) |(w - w®) ()T (g1pe) )| < C||[w] | ;o (||g|| ex oy s Ig] L,,(RS)).
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For (A.35), we consider X € D such that d(x, D) = |x — X| and we express:

[T, (w-w?]gx) =/ Kx-y((w-w) Q) - (w-w)X)gydy
DB, ls)
+(w—-w (X K(x-y)g(y)dy
DB, ls)

+/ Kx-y)(w-w)(y)gydy.
DABC(%,5)

Estimate (A.36) also applies to the last two terms above, whereas the first one can be bounded as follows:

/D ps )K(x—y)((w—w@)(y)—(w—we)(ic)g(y)dy‘gC(|[[W]]|ea/(z)+££a'”[[w]]“m(z))||g @
NB(x,0s

In sum, we obtain the following bound for the last term of (A.30) (recall that % <a’):

7 (w- we)]g||L°°(R3) S C(M“’Méa’(z) +€§al||[[w]] ||L°°(Z))”g |L’(R3)
(A.37) +C| [w] ||L°°(Z) (Hg” e @) " gga, [ g||LP(R3))'

Finally, (A.9) follows directly from (A.33)—(A.37). We now move on to the proof of (A.10).

Proof of (A.10). Let x, y be two points located on the same side of £ and let us assume 6 = |x— y| € (0,¢x/2).
Without lost of generality, assume that x, y € D. By taking the difference of the first term in expression (A.30), we
obtain:

([7,w]g)x) - ([T, w’]g) :/ K(x—2)(w’(2) - w®(x))g(2)dz
B(y,26)

—/ K(y-2)(w(z) - w(y)g(z)dz
B(y,26)

+ (W) - w) / K(x—-2)g(2)dz
R3\B(y,26)
(A.38) +/ (K(x-2)-K(y—2)(w’ (=) — w’(y)g(z)dz.
R3\B(y,26)

One derives easily the following bound for the first two terms of the expression above:

+

/ K(x-2)(w(2) - w(x))g(2)dz
B(y,20)

/ K(y-2)(w(z) - w(y)gz)dz
B(3,26)

< Clwe|éﬁ(R3)||g||L°°(R3)|X— J’|ﬁ-

To estimate the third term on the RHS of (A.38), we express

K(x—z)g(z)dz—/ K(x-2)g(2)dz,

(A.39) / K(x—z)g(z)dz:f/_g(x)—/
R3\B(y,2) DeNB(y,26)

DNB(y,26)

and we estimate:

/ K(x-2)g(2)dz
DNB(y,2)

(A.40) < C|g|@5v’q,z("*3) |~ J’|a + C||g||L°°(R3)’

+|g(x0)]

<

/ K(x—2)(ge)—gx))dz / K(x—-2z)dz
DNB(y,26) DNB(y,26)

where we make use of the extra cancellation of even-order Riesz transform (see [2,36]) to bound the last term of
the RHS of the first line. For the last term of (A.39), we express

/ K(x—2)g(z)dz =/ K(x—2)(g(2) - g(X))dz+g(X) K(x-2z)dz,
DnB(y,26) DnB(y,26) DnB(y,26)
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where X € 0D is such that d(x,0D) = |x — X|. We observe that that the estimate (A.40) also holds for the last term of
(A.39) and we obtain:

‘(we(y)— we(x))/ K(x—2)g(2)dz
R3\B(y,268)

e ®) |x— y|ﬁ-

pw,

gC(|we|éﬂ(u%3) lg: T 8 poogey + | Wl p-e oy |8

To estimate the last term of (A.38), we observe that

1
|K(x—2)-K(y-2)| < |x—y|/ |VK(tx+(Q-1)y-2z)|dt
0

! |x—y|

2ar.
0 |tx+(1-1)y-7]

<C

Hence, for all z ¢ B(y,26), and 7 € (0, 1), we have:

|Tx+(1—r)y—z| > |y—z|—r|x—y|
1 1
> 31yl + (5ly-2l -v0)
1 1
> Sly-zl+ (@8 -o)
> 1|
= 5 y—Z|.

In consequence, we have:

/ (K(x—2)-K(y—2)(w(2) - w’(y)gzdz
R3\B(y,26)

<Clwlplelmglr-y [ fy-ads
R3\B(y,26)

<C| we|éﬁ(R3) ||g||L°°(R3) |~ J’|ﬁ'

We finally obtain:
[T, we]g|e§w'z(R3) <C(|w|epmn |8 T 8ll pooy + |we|éﬁfa’(w3)|g|égv’vyz(uza3))
<C(wlgs gy + N0 ey I8 T 8 o
(A.41) + C(|w|é€v§§/(R3) +€£ﬁ+a H[[w]] ||L°°(2))|g|ég;_z(u%3)’

where we make use of (A.29).
Using (A.34) we express

[T, (w-w?]g) - [T, (w-w]|gy)

=/ K(x—2)((w-w®(2) — (w—-w)(x))g(2)dz
DnB(x,0)

—/ K(y-2)((w-w®(z) - (w-w)(y)g(2)dz
DnB(x,5)

+ (K(x—2)-K(y—2)((w—w)(2) - (w-w)(x)gz)dz
DnB¢(x,0)
+((w-w* () - (w- we)(x))(/ K(y- z)g(z)dz+/ K(y—2)g(2)dz
DnB¢(x,0) D¢
(A.42) —(w-ww [ (K(x-2)-K(y—2)gz)dz.

DD
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As in the previous step, we estimate the first three terms on the RHS as follows:

+

/ K(x—2)((w-w®)(2) - (w—w°)(x))g(2)dz
DNB(x,)

/ K(y—-2)((w-w®(z) - (w—-w)(y)g(2)dz
DnB(x,5)

/ (K(x-2)-K(y—2)((w-w)(2) — (w—w)(x)g(2)dz
DnB¢(x,0)

<Clw=wles o |8l x= 31"
To bound the last term, we express:

/ (K(x—2)-K(y—2)g(2)dz

= / K(x-2)(g(2) - g(X))dz —/ K(y-2)(g2)-g(3))dz
D¢nB(X,20) D¢NB(%,20)
+(g —g(fc))/ K(y—z)dz+/ (K(x-2)—K(y—2))(g(2) - g(®)dz
DnNB(X,20) D¢nB¢(%,206)

-g(X) / (K(x—2)-K(y—2))dz.
D
Following the preceding step, all terms on the RHS, except for the last, are bounded by

x—y|ﬁ.

Clglespey
Next, we apply Theorem 2.3 of [16] to estimate the last term as

S C||g||L°°(R3)§BZ|Z|@1+p |x - y|ﬁ,

560 [ (Ktx-21- K1y~ 2)dz
D

where P is a polynomial in |X], 1 ZLip and IZIi_nlf. For the remaining term of (A.42), we express

/ K(y—z)g(z)dz+/ K(y—z)g(z)dz:ﬂ”g—/ K(y-2)g(2)dz,

DNB¢(x,8) D¢ DnNB(x,5)

and we estimate

/ K(y—z)g(z)dz+/ K(y—-2)g(z)dz
DNBe¢(x,8) D¢

In sum, we obtain:

|[3—,(w— we)]g|é£w,):(R3) < Cll [[W]] ||L°°(Z)|g|éngz(R3)

(A.43) + C(| [wles) + (f;_ﬁ + PzZlers) [ [w] ||L°°(Z)) |17 8 &ll o)

Estimate (A.10) simply follows from (A.41)-(A.43). This completes the proof of Lemma A.2.
Let us observe that following the same computations as above, one obtains (r € [1,00) and a' € (0, a]):

< C(”g, *Gfg”LOO(RS) + |g|e§w£(R3)|x—y|ﬁ).

_3
(A.44) [ERPNEIES (;(gzr lel . e + ”g”eg;d(mﬁ))’
and

(A.45) ”gg”égwlz(u@) S C(|g|é;wz(u@3) + Hg”L"O(Ri“)lez'@“"‘)'

Also, we may notice that in the case § € (0, @), the third term on the RHS of (A.38) can be estimated as

(wey) - we(x))/ K(x-2z)g(z)dz
R3\B(y,25)

< Clwpage|x = y[* lx—z|7%|g(2)|dz

|x—2z|=20

< Cl we|éa(R3) ” g”LS/(a-ﬁJ ®3) |x - ylﬁ
leading to

&2 w]g|e{jw_z(m3) <C[lw]ll ) |g|€§W_Z(R3) + C(' Wleags) + 5" [[[w] ||L°°(Z)) |81l oo sy

(A.46) +C(|[w] ooy + (65 + P tZlera) | [0 o)) 178 8l gy
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