One-dimensional topological superconductors with nonsymmorphic symmetries
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We present example four-band Hermitian tight-binding Bogoliubov-de-Gennes (BdG) Hamiltoni-
ans and Kramer’s degenerate Hamiltonians in one dimension. Starting from a generalized Rice-Mele
model, we incorporate superconducting terms to obtain a four-band BdG Hamiltonian with intrinsic
charge-conjugation symmetry, and constrain it using symmorphic or nonsymmorphic time-reversal
symmetries. In position space we find that each form of time-reversal symmetry, when applied to
random BdG matrices, results in a unique block diagonalization of the Hamiltonian when trans-
lational symmetry is also enforced. We provide representative models in all relevant symmorphic
symmetry classes, including the non-superconducting CII class. For nonsymmorphic time-reversal
symmetry, we identify a Z4 topological index with two phases supporting Majorana zero modes and
two without, and study disorder effects in the presence of topological solitons. We further generalize
a winding-number method, previously applied only to Zs invariants without Kramer’s degeneracy,
to compute indices for both the Z4 model and a non-superconducting AIT model with nonsymmor-
phic chiral symmetry and Kramer’s degeneracy. We propose topolectric circuit implementations of
the charge-density-wave and Z4 models which agree with the topological calculations. Finally, we
show that, in one dimension, nonsymmorphic unitary symmetries do not produce new topological

classifications beyond Z or Z. indices.

I. INTRODUCTION

Topological superconductors are a central focus of con-
densed matter research [1-9], with models such as the Ki-
taev chain [1] guiding the pursuit of experimentally real-
izable non-trivial superconducting phases [10]. Of partic-
ular interest are Majorana zero modes (MZM), topologi-
cally protected zero-energy modes localized at the ends of
a superconducting chain [1, 6-8, 11], which are promising
candidates for fault-tolerant qubits [3, 12]. This prospect
has driven extensive theoretical [2-5, 13] and experimen-
tal efforts on systems such as nanowires [14-16] and mag-
netic atom chains [17-19] that are primarily investigated
through scanning tunneling microscopy [17-20].

The topological properties of superconductors may
be categorized according to the ten-fold way classifi-

TABLE I. Altland-Zirnbauer classification of one-dimensional
BdG Hamiltonians in Nambu space with built-in charge con-
jugation and the Kramer’s degenerate AIl and CII classes
[21, 28]. T2, C?, and S? represent the form of time reversal,
charge conjugation, and chiral symmetry, respectively, where
the label ‘NS’ represents a nonsymmorphic symmetry and the
column ‘index’ lists the form of topological superconductor or
insulator for each model.

Class T C? 52 Index
D 0 1 0 Lo
BDI 1 1 1 Z
CII -1 -1 1 27
DIII -1 1 1 Zo
ATl -1 NS NS Zo
D NS 1 NS m
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cation of nonunitary symmetries [11, 21-27], specifi-
cally, time-reversal symmetry (TRS), charge conjuga-
tion symmetry, and chiral symmetry, as shown in Ta-
ble I [21, 28]. Recent work has included crystalline sym-
metries in this classification, leading to new topologi-
cal invariants and protected states [29-31]. Crystalline
symmetries may also mimic nonunitary ones, expand-
ing the ten-fold way without requiring that the Hamilto-
nian satisfies further nonunitary transformations [28, 32—
38]. A particularly important example of this in one
dimension is the comparison between the symmorphic
Su-Schrieffer-Heeger (SSH) model [39-43], with alternat-
ing hopping parameters, and the nonsymmorphic charge-
density-wave (CDW) model [39, 44-48], with constant
hopping and alternating onsite energy. The SSH and
CDW models can be considered as different phases of
the Rice-Mele model [39, 49], which has both alternating
hoppings and onsite energies. The SSH model is defined
by its symmorphic symmetries that act locally within a
unit cell, resulting in a Z topological index. Surprisingly,
the CDW model has nonsymmorphic symmetries that
involve a translation by half a unit cell, and mimic the
nonunitary charge conjugation and chiral symmetries of
the SSH model [44-46, 50-61], resulting in a Zs topolog-
ical index.

While example topological models for most symme-
try classes in one spatial dimension can be realized with
two bands [61], models with Kramer’s degeneracy require
at least four. A simple way to obtain four bands is
to write the Hamiltonian in the Bogoliubov-de-Gennes
(BdG) representation, which naturally enforces charge
conjugation as a ‘built-in’ symmetry that ensures super-
conductivity [7, 8, 62-64]. BdG classes can be differen-
tiated by their bulk topology, where varying symmetry
combinations result in different topological indices, Ta-
ble I, and also by energy level statistics, where varying
TRS results in the distribution of energy levels changing
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between different statistical ensembles [6, 65-68].

In this paper, we distinguish the BdG classes in Table I
using both the level statistics of large random matrices,
and also by identifying example four-band models in each
class, and calculating their corresponding topological in-
dex. Since nonsymmorphic TRS involves a translation of
half a unit cell, applying the operation twice yields a uni-
tary translational symmetry. In symmorphic models such
a translational symmetry can also be applied arbitrarily.
The presence of translational symmetry enables block di-
agonalization of large random matrices, with each block
belonging to a different statistical ensemble. The specific
combination of these blocks depends on the global form
of TRS in the matrix, which provides a way to distin-
guish topological classes. By imposing only translational
symmetry on nonsymmorphic matrices, we separate the
classes by analyzing the ratio of consecutive level spac-
ings [69, 70], with distributions belonging to different sta-
tistical ensembles depending on the overall TRS of the
matrix.

We then build example models in each of the classes
and calculate their respective topological indices, includ-
ing the non-superconducting nonsymmorphic AII class,
the topological indices of which are shown in Table I
[21, 28]. While the topology of the symmorphic classes
is understood, we include example models to introduce
the concepts used in the topological calculations of the
nonsymmorphic AII class, which has not been previously
discussed, and the nonsymmorphic Z, index described in
Ref. [71]. Specifically, we generalize the winding number
from the BDI class, e.g. the SSH model, for nonsym-
morphic chiral symmetry [44, 45], a method previously
only used for non-Kramer’s degenerate systems such as
the CDW model. We further investigate the Z4 model
due to its unique topology for noninteracting models in
one-dimension to understand the role of disorder in the
presence of solitons between its phases. We find that,
although the nonsymmorphic symmetries are broken by
disorder, solitons remain robust in a system with only
nearest-neighbor hopping parameters due to additional
symmorphic symmetries being satisfied exactly at the do-
main wall.

It has been found that topological models may be
physically emulated by simple RLC circuits known as
‘topolectric’ circuits [72-78]. We extend the topolectric
circuit methodology to nonsymmorphic systems, drawing
comparison between the SSH and CDW model, and the
Kitaev and Z4 chains. We find that the circuits agree
with the topological theory, and allow for an experimen-
tally measurable quantity (impedance) to be easily ob-
served. Finally, we show that, in one dimension, the
topology predicted by Ref. [28] for systems with an ad-
ditional nonsymmorphic unitary symmetry is equivalent
to that of the two-band models described in Ref. [61].

To build the random matrices and example models, we
first construct a four-band BdG Hamiltonian [6-8, 62—
64] that acts as two charge-conjugation partnered Rice-
Mele chains coupled by superconducting order param-

eters. The terms of this Hamiltonian may have infi-
nite range, such that all possible complex-valued param-
eters consistent with Hermicity are included. We then
constrain this system through the application of various
forms of TRS, resulting in four topological classes, in-
cluding the Z,4 class with nonsymmorphic TRS. To real-
ize the non-superconducting CII and AII classes we build
a model with similar structure to the BAG Hamiltonians,
but with different forms of the charge-conjugation sym-
metry.

Our results are summarized in Table I according to
the ten-fold way classification [21, 28]. The first col-
umn denotes the Cartan label of the symmetry class.
Time-reversal, charge-conjugation, and chiral symmetry
are denoted by the columns labeled T2, C2, and S?, re-
spectively, where a zero indicates an absence of symme-
try and “NS” indicates a nonsymmorphic symmetry. For
the nonsymmorphic classes we adopt the convention of
Ref. [28], where the nonsymmorphic symmetry is treated
as absent for the purposes of assigning a Cartan label.
The final column of Table I represents the topological in-
dex of the superconductor or insulator for each member
of the class. We find that the symmorphic D class has
a Zsy index represented by a Majorana number [1], the
BDI class by a Z integer winding number [11, 25, 27],
the DIII class by a Zy Fermi surface topological invari-
ant [24, 26, 79, 80], and the non-superconducting CII
class is defined by an even 2Z winding number [11, 81].
The nonsymmorphic D class has a Z4 index [71] described
by a Majorana number and two further phase transitions
with conditions depending on the sign of the Majorana
number, and the nonsymmorphic AlI class has a Zs in-
variant [28]. Both of these nonsymmorphic indices can
be calculated with a generalized winding number [44, 45],
the Z, index may also be calculated using an equivalent
integral formalism [28, 71]. Example paths of the gen-
eralized winding number for the Z, model are shown for
each of the four phases in Fig. 1.

In Sec. IT we describe the generalized Rice-Mele model
with added superconducting parameters and the con-
struction of the BdG Hamiltonian. Sec. III describes
the forms of symmorphic and nonsymmorphic symme-
tries applied to the Hamiltonian to constrain the system
in both k-space and position space. In Sec. IV we build
random matrices in position space with various forms of
TRS. We then introduce an example model and calcu-
late its topology for each of the symmorphic D, BDI,
DIII, and CII classes in Sec. V, and the nonsymmorphic
ATT and Z4 classes in Sec. VI and Sec. VII, respectively.
For the Z, class we also add disorder in the presence of
solitons in Sec. VII D. With the exception of class CII we
do not explore in detail models belonging to the C classes
with C? = —1, as these models are typically topologically
trivial for both symmorphic and nonsymmorphic symme-
tries, and have been cataloged in Ref. [61]. We show in
the supplementary material [82] that the 2Z index of the
CII class is destroyed in the presence of a nonsymmor-
phic unitary symmetry that anticommutes with the chi-
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FIG. 1. Four distinct topological phases of the Z4 model in
the nonsymmorphic D class, displayed as example trajectories
of the winding path E,(k), Eq. (35), across the Brillouin zone
—m/a < k < m/a. (a) Shows a trajectory in the phase NJ° =
2, and (b) a trajectory in the phase N5° = 4. Both (a) and
(b) have parameter values v = 0.5, As = 1, and ¢ = /4,
they are distinguished as for (a) u = —1 and for (b) p = 1. (c)
Shows a trajectory in the phase N)° = 3, and (d) a trajectory
in the phase N3° = 1. Both (c) and (d) have parameter
values p = 1.7, v = 1.2, and A, = 0.6, they are distinguished
as for (c) ¢s = 3m/4 and for (d) ¢s = w/4. It is possible
to adiabatically deform the parameters such that the path in
(a) may resemble the path in (b) without causing a phase
transition, however, a change in sign of p as displayed here
must cause a transition between the two paths. A similar
statement is true for a change in the sign of cos(¢s) between
the paths in (c) and (d).

ral symmetry operator. As it is also topologically trivial,
we do not write out an example model for the symmor-
phic AII class in this paper. A theoretical realization of
nonsymmorphic topology is included in Sec. VIII in the
form of topolectric circuits. Finally, in Sec. IX we show
that additional nonsymmorphic unitary symmetries do
not create novel topology.

II. MODEL

We consider a generalized Rice-Mele model with con-
stant chemical potential and alternating on-site energies,
in addition to both s- and p-wave superconducting or-
der parameters. There are two orbitals per unit cell de-
noted A and B, which may be interpreted as spin labels
1 and | for spinful fermions, which will give four com-
ponents in the BAG representation. The lattice constant

is a, with an additional distance s between the A and B
atoms within the same unit cell. In position space the
Hamiltonian with nearest-neighbor hopping parameters
takes the form

H=Y" [(—ntw)eh, jea + (—n—w)el, jep,
J
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where p is the chemical potential and w is an onsite
energy, taa, tpp, v, w and t3 are tight binding pa-
rameters, A,, A, and A,, are s-wave superconduct-
ing order parameters, A, and A} are p-wave super-
conducting order parameters, and H.c. represents the
Hermitian conjugate terms. For a finite system with
J orbitals we can write the Hamiltonian as a 2J x 2J

BdG matrix, e.g., for four orbitals in the ‘ladder’ ba-
sis Ot = (0271 0271 Ca,l CB1 CL,Q 023)2 Ca,2 6572) the
Hamiltonian is
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We can write the Hamiltonian (2) in the BdG repre-
sentation H = 13, \IILH(k)\Ilk + 23, tr(h(k)) where
\I/,TC = (clk C;,k Ca,—k cﬁ’,k) for wave vector k and
where the 4 x 4 Bloch Hamiltonian is

16 = (31 i) o
5 hi(k) ho(k)
09 = (3304) 1))
A Ay Ao (K
Alk) = (—A2 D Aing ’
where hq(k), ha(k), and h3(k) can take generic forms [61]
consistent with Hermicity,
hi(k) =—pu+u+ 2tgacos(ka+ ¢paa),
ho(k) =v (cos(ks 4 ¢,) + isin(ks + ¢,))
+w(cos(k(a — $) + ¢u) —isin(k(a — s) + ¢u))
+t3 (cos(k(a + s) + ¢3) + isin(k(a + s) + ¢3))
hg(k) =—pu—u+2tgpcos(ka+ ¢pp).
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FIG. 2. The tight binding parameters of two generalised Rice-
Mele model chains in parallel, where the upper chain (black)
represents an electron space, and the lower chain (blue) repre-
sents a hole space. (a) Nearest-neighbor couplings with con-
stant chemical potential +u, staggered onsite energy +u, and
staggered hoppings +v and 4+v between adjacent A and B
orbitals. The lattice constant is a, and a B orbital is located
at intracell distance s to the right of an A orbital. (b) Next-
nearest-neighbor coupling +t4 4 between A orbitals and +tpp
between B orbitals. (¢) Third-nearest-neighbor coupling +t3
between an A orbital and the second B orbital to its right.
Bars over parameters indicate that they are complex num-
bers, in general.

The superconducting pairing terms are

Aq(k,s) = 2iA,cos(¢,)sin(ka) — 2A, sin(¢,) cos(ka),
Ag(k,s) = Agcos(ks+ ¢s) + iAgsin(ks + ¢s)
+ AL cos(k(a—s)—¢.)—iAlsin(k(a—s)—¢.)
+ A, cos(k(a+s)—ds)+iA, sin(k(a+s)+ds),
As(k,s) = 2iA} cos(¢),) sin(ka) — 24 sin(¢y,) cos(ka).

As we are not concerned with numerical values of the
parameters but only the constraints placed upon them,
we do not consider them to be dependent on distances a
or s. As such, next nearest-neighbor and third nearest-
neighbor parameters are included because they become
nearest-neighbor in the limit of intracell spacing s = 0.
It is also simple to extend the model to infinite range
hopping, as detailed in the supplementary material [82].
A schematic of the hopping parameters between atomic
sites in the same chain can be found in Fig. 2, and for
superconducting pairings between atomic sites in differ-
ent chains in Fig. 3. The Hamiltonian is in the type I
or “periodic” representation for s = 0 [39, 83], and the
type II “canonical” representation for s 0, and can be
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FIG. 3. The superconducting pairing parameters between
two generalized Rice-Mele model chains in parallel, where
the upper chain (black) represents an electron space, the
lower chain (blue) represents a hole space, and lines between
them (red) represent superconducting pairings. (a) Nearest-
neighbor pairings with order parameter magnitudes A, and
A, between adjacent A and B orbitals with phases ¢, and ¢v.
The lattice constant is a, and a B orbital is located at intra-
cell distance s to the right of an A orbital. (b) Next-nearest-
neighbor order parameter magnitude A, between A orbitals
and A, between B orbitals with phases ¢, and ¢;,. (c¢) Third-
nearest-neighbor order parameter magnitude A, between an
A orbital and the second B orbital to its right with phase ¢s.

transformed between the two as

H(k,s) = Up(k, s)H (k,0)U] (k, s), (4)
where
eiks/4 0 0 0
vk =| 0 0 0 e
0 0 0 e the/d

By putting the Hamiltonian into the BdG form, Eq. (3),
there is now a ‘built-in’ charge conjugation symmetry im-
posed by the Pauli exclusion principle. With no further
constraints, other than that the Hamiltonian is Hermi-
tian, the Hamiltonian is now in the symmorphic D class,
Table I. We can apply different forms of time-reversal and
chiral symmetry to further constrain the Hamiltonian.

IIT. SYMMETRIES

The Hamiltonian (3) may satisfy any of the three
nonunitary symmetries of TRS (7'), charge conjugation



symmetry (C'), or chiral symmetry (S), with their respec-
tive operations in k-space being

time : Ul (k, s)H*(k, s)Up(k,s) = H(—k,s), (6)
charge : UL (k,s)H*(k,s)Uc(k,s) = —H(—k,s), (7)

UL(k,s)H(k,s)Us(k,s) = —H(k,s), (8)

~—

chiral :

where Ur, Uc, and Ug are unitary matrices with

Ur(k,s)Ur(—k,s) = +I, (9)
Uc(k,s)Up(=k,s) = £1, (10)
Us(k,s)Us(k,s) =1, (11)

written in shorthand as 7?2 = 41, C? = +1, and
52 = 1. These operators also obey the relationship
Us(k,s) = Ug(k,s)Ur(—k,s). For symmorphic models
the symmetry operators Ur, Uec, Ug are independent of
k for intracell distance s = 0. Conversely, for nonsym-
morphic models the operators are independent of k for
intracell distance s = a/2. Otherwise the operators gain
a k dependence according to

Different combinations of these symmetries result in dis-
tinct topological classes, Table I. We denote the corre-
sponding index for each symmorphic class as NS and for
each nonsymmorphic class as Ng}%, where ‘C'L’ indicates
the Cartan label of the symmetry class. In k-space, sym-
metry operators take the form of the tensor product of
two Pauli matrices, 7; ® o, or in shorthand 7;0;, where
i,7 = I,x,y,z for the identity matrix, and Pauli z, y,
and z matrices, respectively, and where 7 corresponds to
the chain space and o to the sublattice space. Each form
of TRS constrains the parameters of the Hamiltonian in
different ways, although these Hamiltonians are related
to one another by unitary transformations [61].
In position space the symmetry operations are

time : TYH*T =H; TT*=<+I; (15)
charge : C'H*C = —H; CC*=+I; (16)
chiral : STHS=-H; SS=1, (17)

where T, C, and S are unitary matrices, and § = 7*C.
For symmorphic models the forms of the symmetry oper-
ators in the ladder basis are effectively extensions of their
k-space counterparts, such that a given k-space operator
7;0; is represented by a size 2J x 2J matrix

TiOj 0
Sy=| 0 T (18)

The nonsymmorphic symmetries are represented by the
inclusion of a translation of a/2 [45, 46], which, in posi-
tion space, is represented as

0100000--000
0000100--000
0001000---000
0000001--000
0000010--000

Topp=|it it : (19)
0000000---010
0000000100
1000000000
0000000001
0010000---000

For nonsymmorphic models, the nonsymmorphic opera-
tors belong to groups 7;0, and 7;0,, while symmorphic
operators belong to groups 7,00 and 7;0,. Therefore,
there are only eight possible nonsymmorphic operators.
In k-space for s = a/2, operators 190, ToOy, T20z, and
7.0y are represented in position space by T, /2, T, /251,
Toy2S=1, and Ty 35.151, respectively. Operators 7,0,
TzOy, TyOz, and Ty0, also contain the matrix S, 7, which
effectively flips the electron and hole spaces, such that
the position space equivalents are Sy1T, /2, Serla/2S512,
Se1Tq/251, and SyT,/25:151., respectively. Symmor-
phic symmetries generally only hold for an even number
of atoms J, unless the operator is diagonal. Certain non-
symmorphic operators, namely those that do not contain
the matrix S, 7, hold for either an even or odd amount of
atoms, although the ends of a system with open boundary
conditions break the nonsymmorphic symmetry [44, 46].

IV. NONSYMMORPHIC RANDOM MATRICES

A large 2J x 2J Hermitian Hamiltonian with random
components that is unconstrained by any symmetry con-
tains ~ J? real independent parameters. Applying vari-
ous symmetries to the Hamiltonian results in a reduced
number of independent parameters and hence different
level statistics. Specifically, it has been found that the
addition of nonsymmorphic TRS results in only ~ J real
independent parameters [71], resulting in a transition in
the level statistics from the Gaussian unitary ensemble
(GUE) to Poisson statistics. As the nonsymmorphism is
represented by a translation of half a unit cell, applying
the operation twice will always result in a unitary trans-
formation, creating periodicity in the lattice and allowing
for block diagonalization of the position space Hamilto-
nian. The energy eigenvalues of each block represent a
different k value in the corresponding band structure, and
each block may possess a form of time reversal symme-
try. The individual blocks may be categorized by whether
they obey GUE statistics with 72 = 1, Gaussian orthog-
onal ensemble (GOE) statistics with T2 = 0, or Gaussian
simplectic ensemble (GSE) statistics with 72 = —1, de-
noted by 8 =1, § = 2, and 8 = 4, respectively [6, 65-68].



TABLE II. Forms of time-reversal symmetry belonging to each block of a block-diagonalized random matrix with a transla-
tional symmetry of period P and in-built charge conjugation symmetry under the application of further symmetries. Column
‘Symmetries’ indicates which symmetry is applied in addition to the translational and charge conjugation symmetries. The
second column indicates the corresponding topological index for the applied symmetries. The third column shows the number
of irreducible blocks with the fourth column representing their size. Columns 8 =1, 8 = 2, and 8 = 4 represent the number
of blocks satisfying Gaussian unitary, orthogonal and simplectic ensemble statistics, respectively. The final column indicates
the number of degenerate 8 = 2 blocks, i.e. blocks that do not have time-reversal symmetry individually, but do have a
time-reversal symmetric partner block with identical eigenvalues, resulting in Kramer’s degeneracy.

Symmetries Index No. of blocks Size of blocks f=1 B=2 B =4 No. degenerate S = 2 blocks
- Zo J/P 2P x 2P 0 J/P 0 0
Time-reversal (T2 = 1) Z J/P 2P x 2P 2 J/2P —2 0 J/P—2
Time-reversal (T? = —1)  Zo J/P 2P x 2P 0 J/P—2 2 J/P -2
Time-reversal (NS) Zs J/P 2P x 2P 1 J/P —2 1 J/P —2
Unitary (NS) Zs 2J/P PxP 0 2J/P 0 0

We consider the constraints imposed by both sym-
morphic and nonsymmorphic TRS (and, by extension,
chiral symmetry) in the presence of charge conjugation
and translational symmetry of variable periodicity P (in
terms of the number of electron orbitals), and also by
a nonsymmorphic unitary translational symmetry of pe-
riod P/2. For periodicity P = 2 this can be understood
as the randomized values of the Hamiltonian (3) in po-
sition space for all possible long range hoppings. In this
way we can distinguish between each of the four BdG
topological classes with C? = 1, Table. I, solely through
the level statistics related to TRS. We note that the pres-
ence or absence of charge conjugation symmetry only af-
fects the spectrum by ensuring every energy level has a
negative energy partner, however, for fixed translational
period this does not affect the level statistics away from
the band gap. For this reason, the level statistics may
only be used to distinguish between classes with C? =1,
as each of these classes has a distinct form of TRS. For
example, class DIII (T2 = —1, C? = 1, $? = 1) is not
distinguishable purely by level statistics from class CII
(T? = -1, C? = —1, S? = 1) as they have they both
have T? = —1.

Our results are displayed in Table II, where the first
column ‘Symmetries’ indicates which symmetry is ap-
plied in addition to the charge conjugation and transla-
tional symmetry, and the second column shows the corre-
sponding topological index for these applied symmetries.
The number of blocks in terms of the period of the trans-
lational symmetry P and the size of each block are listed
in the third and fourth column, respectively. Columns
B =1, =2, and 8 = 4 show the number of blocks with
GUE, GOE, and GSE statistics. Each individual g = 2
block does not possess TRS, however, we find that, when
the Hamiltonian as a whole satisfies TRS, many of these
blocks are paired together with another 8 = 2 block with
identical eigenvalues due to Kramer’s degeneracy. In k-
space these represent identical eigenvalues of the bulk
band structure at opposite k values. A count of the num-
ber of paired blocks with 8 = 2 statistics is displayed in
the final column of the table.

We find that, in the absence of any additional symme-

tries, the Hamiltonian belongs to the symmorphic D class
and hence has a Zy index. As the translational period is
not affected by additional constraints, there are J/P irre-
ducible blocks of size 2P x 2P in the block diagonal form
of the Hamiltonian. Each of these blocks has § = 2 statis-
tics and are paired to a charge conjugation partner, with
eigenvalues the negative of its own. Applying symmor-
phic TRS with T2 = 1 results in a transition to the BDI
symmetry class with a Z index. This does not change
the number or size of the individual blocks, but there are
now J/P —2 blocks with 8 = 2 statistics. The remaining
two blocks have TRS with two independent energy eigen-
values and 72 = 1 and therefore obey 3 = 1 statistics.
These correspond to the time-reversal invariant points at
k =0 and k = m/a in the bulk band structure. The num-
ber of degenerate blocks also increases to J/P — 2 due to
the TRS. In contrast to this, for 72 = —1, we find that
there are still J/P — 2 blocks with 8 = 2 statistics, but
now the two remaining blocks have § = 4 statistics and
individually satisfy T2 = —1. As a result the eigenvalues
of the § = 4 blocks display Kramer’s degeneracy such
that they each only produce a single independent eigen-
value. This is to be expected as the bulk band structure
of models in the DIII class [82] also display Kramer’s de-
generacy at the time-reversal invariant points k£ = 0 and
k=m.

Now consider the addition of nonsymmorphic TRS, re-
sulting in a Hamiltonian belonging to the nonsymmor-
phic D class with a Z, index. Similar to symmorphic
TRS there are J/P — 2 blocks with § = 2 statistics,
however, there is now one S = 1 block and one 3 = 4
block. The bulk band structure for the nonsymmorphic
D class, Fig. 8 has Kramer’s degeneracy only at one of
either & = 0 or kK = m/a depending on the representa-
tion, the energy eigenvalues at this point correspond to
the 8 = 4 block, while the = 1 block corresponds to the
energies of the non-Kramer’s degenerate time-reversal in-
variant point. For completeness we also include the effect
of an additional unitary translational symmetry, which,
as we describe in Sec. IX, despite K-theory predictions
[28], does not affect the topological classification, hence
the model remains in the symmorphic D class with a
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FIG. 4. Distributions of the ratio of consecutive level spac-
ings for random matrices satisfying different forms of time-
reversal symmetry, T2, in the presence of fixed charge conju-
gation symmetry. Label P is the periodicity of the transla-
tional symmetry in terms of the number of electron orbitals
J, where P = J is equivalent to its absence. For (a) T? = 0
and P = J, such that there are effectively no applied sym-
metries, for (b) 72 = 1 and P = J, for (¢) T? = —1 and
P = J, and for (d) time-reversal is nonsymmorphic, 7% = NS,
which enforces a translational symmetry which, here, is cho-
sen to have periodicity P = 2. In all plots, black solid lines
show numerical data, blue dashed lines show the prediction
of Poisson statistics, blue dotted lines show the prediction of
the GOE ensemble, blue dot-dashed lines show the prediction
of the GUE ensemble, and blue wide-dashed lines show the
prediction of the GSE ensemble. We numerically diagonal-
ized 2J x 2J random matrices with J = 1000, where every
independent real variable was taken from a standard normal
distribution and averaged over an ensemble of 100 matrices.
Only positive energy levels were used for all plots, and twofold
degeneracy was neglected (for a degenerate pair of levels, only
one was included).

Zo index. As the unitary symmetry is represented by a
translation, it effectively redefines the unit cell to be half
its previous size, resulting in a doubling of the number
of blocks and, by extension, halving their size.

We can further differentiate between classes by consid-
ering numerically the level distributions of the 2J x 2J
Hermitian random matrices under different forms of
time-reversal symmetry, where each independent real pa-
rameter in the matrix is taken from the standard normal
distribution (with mean zero and variance of 1). We nu-
merically determine the eigenvalues E,,, the level spacing
$n = (En+1—E,), and the ratio of consecutive level spac-
ings r, = min{s,, s,—1}/ max{s,, sp—1} [69, 70], and we
determine the distribution of ratios p(r). We compare

our numerical results with predictions for the Poisson
distribution, GOE, GUE, and GSE [67, 68]. For the ra-
tio distribution [69, 70],
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a2 Poisson,
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Figure 4 shows the numerically determined ratio dis-
tributions p(r) for each of the forms of TRS. For ran-
dom matrices that either do not have TRS or have sym-
morphic TRS we do not enforce a translational symme-
try, or, equivalently, we set the periodicity P = J. As
a result of the lack of translational symmetry we find
that for Fig. 4(a) with T2 = 0, Fig. 4(b) with T? = 1,
and Fig. 4(c) with T? = —1, the ratio distributions
closely match GUE, GOE, and GSE statistics, respec-
tively. Fig. 4(d) shows the distribution in the presence
of nonsymmorphic TRS, T? = NS, by definition the non-
symmorphic TRS must enforce a translational symmetry
for P < J/2. In Fig. 4(d) we have chosen P = 2, for
which the distribution closely matches the prediction for
the Poisson distribution. We note that, if we were to
arbitrarily enforce a translational symmetry on matrices
with 72 = 0, T? = 1, or T? = —1, we would also find
that their distributions followed the prediction for the
Poisson distribution. However, there is no requirement
to do so, unlike for matrices with nonsymmorphic TRS.
Varying the periodicity of the nonsymmorphic TRS also
shifts the distribution away from Poisson statistics and
towards GOE and GUE statistics [71], but GSE statistics
can not be obtained by changing the periodicity.

V. SYMMORPHIC MODELS

While the topology of symmorphic topological super-
conductors is already understood [7, 8, 11], the principles
used to calculate their respective topological indices lends
significantly to similar calculations in the nonsymmor-
phic classes. For this reason we introduce the topology
of the three symmorphic BdG classes D, BDI, and DIII,
beginning with class D which possesses only charge con-
jugation symmetry C? = 1. An exact D class model,
derived from Hamiltonian (3), is given in the supplemen-
tary material [82] alongside a numerically obtained bulk
band structure. Here, we only focus on the generalized
Zs topological index, which for D class Hamiltonians is
known as the Majorana number [1, 11] defined as

Np = sgn(Pt[Ha (0)]PE[Has (m/a))), (21)

where Hjs(k) is the Hamiltonian in the Majorana basis,
and Pf[H;(0)] and Pf[H s (7/a)] are the Pfaffians of the
Hamiltonian at £k = 0 and k = 7/a, respectively. The
physical significance of the Majorana number is that, for



a finite model in position space, there are MZM expo-
nentially localized onto the edges of the chain for param-
eter regions in which N§ = —1. The Majorana number
can be used to differentiate between topologically triv-
ial and non-trivial phases that host MZM for all super-
conductors. For example, the symmorphic BDI class,
with T? = 1, C? = 1, and S? = 1, has topological and
non-topological phases with different Majorana numbers.
However, this is only one part of the topology of the
BDI class, which has a Z topological index, Table I, due
to the presence of chiral symmetry. This index can be
understood in terms of a winding number, N3, simi-
lar to the two-band SSH model [40, 41]. As we use the
winding number formalism for the nonsymmorphic AIl
class, Sec. VI, and the nonsymmorphic D class, Sec. VII,
we work through an example model here to show how a
winding path can be constructed for four-band models.

We write an example with minimal parameters with
time-reversal operator Ur = I and chiral operator Ug =
7:00. The Bloch Hamiltonian is

(R Am)
1) = (afGh _im() )

> _( —ptu vt vetke
) = (o )
0 A, — Age tha
—Ag + Agetka 0 ’

where, from Hamiltonian (3), we have set w = v and
Al = Ag. Note that setting the alternating onsite en-
ergy to zero results allows for the block diagonalization of
the Hamiltonian into that of the two-band Kitaev chain,
as discussed in Sec. IX. In general, the band structure
for the first quantized Hamiltonian is an insulator. An-
alytic forms of the energy eigenvalues and a numerically
obtained band structure are given in the supplementary
material [82]. To see this we must first off-block diag-
onalize the Hamiltonian into a so-called Q-matrix with
Q(k) = ULH(k)UM, where

01 0 -1
1 {10 -1 0
Uat “2lor o o1
10 1 0
such that
_( 0 q(k)
) =ity V). (29
where
q(k) = (24)
0w+ u —v—vetka _ A+ A etke
—v—ve e L A — A etk w—u ’

We can define a winding number in this form by plotting
the path taken between —m/a < k < 7/a in the complex
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FIG. 5. Majorana zero modes and winding number for the
symmorphic superconducting BDI model (7% = 1, C? = 1,
5% = 1) described by Hamiltonian (22). (a) Energy levels E
in position space as a function of the chemical potential p for
48 unit cells. (b) Probability density per orbital site for an
example MZM. (¢) Example bulk band structure E(k) with
the corresponding path of Eg4(k) in (d) defining a winding
number Nppr = 1. Parameter values are u = 0.3, v = 0.5,
and A; = 0.5 in (a) and (b) with value g = 0.9 fixed in (b),
and p =0.7, u =0.3, v = 0.5, and A, = 0.5 in (c) and (d).

plane by the product of the eigenvalues of ¢(k), which we
denote as E4(k) [11, 25, 27]. For Eq. (24) we find that

E,(k) = 202 4+ 1% —u? — 20% — (2A2 + 20?) cos(ka)
+4iAsvsin(ka), (25)

where the number of times E, (k) encircles the origin de-
fines the winding number. For this minimal model we
find that this defines the following topological phases,

1 if E4(0)E,(n/a) <0 and Ag>0,
Nipr =40  if By (0)E,(r/a) >0, (26)
—1 if E4(0)E,(n/a) <0 and A, <O,

where E,(0) = p?—u?—4v? and Ey(r/a) = p?—u®+4A2.
Phases N5p; = 1 and N5p; = —1 host MZM in position
space and are differentiated by whether E,(k) follows
a clockwise or anticlockwise trajectory, respectively. In
general we consider Ag to be positive, although to define
N5pr = —1 with Ag < 0 we can consider a phase ¢5 = 7
that does not violate the symmetries of the system. We
plot the energy levels of a finite system in position space
for 48 unit cells as a function of the chemical potential u
in Fig. 5(a), where we find MZM for parameter values in
agreement with Eq. (26). The MZM are exponentially lo-
calized onto the ends of the chain, with an example wave-
function shown in Fig. 5(b). An example band structure



in the phase N35; = 1 is given in Fig. 5(c), with the
corresponding path of E,(k) in the complex plane shown
in Fig. 5(d).

The CII class, with 72 = —1, C? = —1, and S? = 1,
is also defined by a winding number, however, it always
winds around the origin an even number of times, result-
ing in a 2Z index. This index can be seen as the sum of
the winding number of two coupled chains [27]. An ex-
ample model is explored in the supplementary material
[82].

The DIII class, with 72 = —1, C? = 1, and S? = 1, de-
spite possessing chiral symmetry similar to the BDI class,
can not be defined by a winding number, as, by direct
calculation, the winding number can be shown to always
be zero [27]. Due to the Kramer’s degeneracy we can also
not simply use the Majorana formula, Eq. (21). Instead,
the topology of the DIII class is defined by a unique Zo
Fermi surface topological invariant [24, 26, 79, 80]. This
is not purely a result of the different form of TRS, as
we show in Sec. VI that nonsymmorphic models with
T? = —1 in the AII class can have an associated wind-
ing number equivalent. In general, the band structure for
the first quantized Hamiltonian is an insulator. The band
structure for this model displays Kramer’s degeneracy at
the time-reversal invariant points k& = 0 and k = 7/a,
such that the two positive energy bands are degenerate
at these points, and, similarly, the two negative energy
bands are also degenerate at these points. In position
space this manifests as every energy level being doubly
degenerate. We can define the Fermi surface topological
invariant as

Pf(T1g(m)) 1/ . -
Nipr=s5emexp| —5 [ dkTr[q (k)Okg(k

(27)
where N5, = +1, T is the time-reversal operator of

G(k), and g(k) is a component of the flat band Hamil-
tonian [24, 26, 79, 80]. A derivation of Eq. (27) for an
example system, derived from Hamiltonian (3), is shown
in the supplementary material [82] alongside a numeri-
cally obtained bulk band structure.

VI. NONSYMMORPHIC AII CLASS WITH A Z,
INDEX AND 7% = —1, C? = NS, 52 = NS

The AII class is generally topologically trivial when
only symmorphic TRS T? = —1 is present. By introduc-
ing nonsymmorphic charge-conjugation and chiral sym-
metry we can induce a non-trivial Z, index [28]. Al-
though charge-conjugation symmetry is present, we do
not consider this model a superconductor as the sym-
metry is nonsymmorphic. Therefore, we cannot write
the model in the BAG formalism with fixed charge con-
jugation symmetry. Note that there also exists a non-
symmorphic AlII class with no charge-conjugation or chi-
ral symmetry, but an additional nonsymmorphic unitary
symmetry that does not affect the trivial topology of the
symmorphic AII class, as discussed in Sec. IX.

We first write a generic Hamiltonian with four atomic
sites in the basis Ui = (ci"k,cgyk, cTc7k,cTD7k). This
model represents two coupled CDW chains that are time-
reversal partners of each other such that Ur = 1,0(. For
s = a/2, atomic sites A and C are at the same spatial
position, and sites B and D are at the same spatial po-
sition. The chains are described by a constant hopping
v and alternating onsite energy +u, and we introduce a
coupling parameter I between the chains to distinguish
from the superconducting order parameter Ay found in
previous models. A schematic of the system is given in
Fig. 6(a). The bulk Hamiltonian for this system can be

written as
h(k)  d(k)

where d(k) = —d¥(—k). Imposing charge-conjugation
and chiral symmetry satisfied by Uc = 7,04 and Us =
Tz0y, We have

U 2v cos(ka/2
h(k) = (Zvcos(ka/Q) —(u / )),
0 2Tcos(ka/2+¢
d(k) = (—2Fcos(ka/2—¢r) ( O/ F)>

In general the band structure for this Hamiltonian is in-
sulating, with energy eigenvalues

E? = 2T cos(2¢r) cos(ka) + 2v° cos(ka) + 2I'? 4 20>
4u? + 4T sin(¢r) sin(ka) /T2 cos?(¢r) + v2 .

An example band structure is given in Fig. 6(b), which
shows Kramer’s degeneracy at the time-reversal invari-
ant points k = 0 and k¥ = 7w/a. In position space this
may be written in the same form as Eq. (2) in the ba-
sis U = (c]:l,l’CTB,17CTC,17CTD,1’CTA,2’CTB727CTC'727CTD,2>7 with
finite u and v, Ay = =TI, ¢ = —¢r and all other pa-
rameters equal to zero. The topology of this model is
described by a Zs index which we can calculate by utiliz-
ing the chiral symmetry to define a @-matrix, Eq. (23),
with Q(k) = U;.yH(k)ny, where

t 0 — 0
1 10— 0 4
Uew="T510 1 01
10 10
such that
(k)= 2iT cos(ka/2 + ¢)—u 2v cos(ka/2)
9= 2v cos(ka/2) u+2il cos(ka/2 — @) ) -

We plot the path in the complex plane of the product of

the eigenvalues of ¢(k) which we denote as E,(k), and,

for this system, we find that

E,(k) = 4T%sin?(ka/2)—4T? cos®(¢r) —4v? cos? (ka/2)
—u? — 4iul sin(¢r) sin(ka/2) . (29)
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FIG. 6. Nonsymmorphic AII class with symmorphic time-
reversal symmetry and nonsymmorphic charge-conjugation
symmetry shown with intracell spacing s = a/2. (a)
A schematic of an example system described by Hamilto-
nian (28) with alternating onsite energy +u, constant nearest-
neighbor hopping v, and constant coupling I" with phase ¢r.
(b) An example band structure, as T2 = —1 Kramer’s degen-
eracy is present at both kK = 0 and k& = 7/a, (c) shows the
corresponding path of E4(k) for NN5 = 1. (d) An example
soliton state for an atomically smooth texture in the onsite
energy localized on the transition u = 0 with umax = 1, { = 12
and for 48 unit cells, with weak atomically sharp disorder in
the hopping parameter v of strength W = 10710 that lifts the
Kramer’s degeneracy. Figures (b), (c), and (d) have param-
eter values v = 0.4, ' = 0.8, and ¢r = /4, and (b) and (c)
also have a fixed value of u = 0.5.

Similarly to the Z4 model, Sec. VII, plotting E,(k) be-
tween k = —m/a and k = 7 /a results in an open path
with a guaranteed crossing of the real axis at k& = 0.
This is due to the 47 /a periodicity in the complex plane
induced by the nonsymmorphic symmetry, and is in con-
trast to symmorphic chiral symmetry which produces a
closed-loop winding number, Sec. V. An example path
of E,(k) is plotted in Fig. 6(c). As is the case of the
two-band CDW model, we can attempt to find the point
of the phase transition by setting E,(0) = 0, however,
this yields —u? — 402 — 4I'> = 0. As u?, v?, and I'?
are all positive constants, E,(0) < 0 for all nonzero
parameter values. We instead define the Zy index by
examining the constraints imposed on the end of the
path at & = m/a. To do this we first set Im[E, (k)] =
—4ul'sin(¢r) sin(ka/2) = 0, for which there are three so-
lutions for 0 < k < w/a: ¢r = 0, ' = 0, and u = 0.
For these solutions E,(k) traverses only the real axis,
and, as E,(0) < 0, the sign of E,(r/a) for each of these
solutions determines whether the path passes through
the origin, causing a phase transition. We find that
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E, (m/a,¢or = 0) = E,(r/a,T = 0) = —u?, and, for
nonzero u, these are always negative quantities such that
the path of E,(k) does not pass through the origin. How-
ever, Ey(m/a,u = 0) = 4I'?(1 — cos® ¢r) which is always
positive, such that the path of E,(k) does pass through
the origin, inducing a phase transition. It is not possi-
ble to adiabatically transform the parameters of E,(k)
to avoid this transition, and hence there is a topological
phase transition protected by the nonsymmorphic sym-
metry at u = 0.

We find that, similar to other nonsymmorphic mod-
els [61], neither phase hosts zero-energy edge states. To
emphasize the topological nature of this transition we
instead consider an atomically smooth soliton in the al-
ternating onsite energy described by the function

= (—1)! tmactanh <Z_NC_1/2) B0

for atomic site [, where uyax is the magnitude of the tex-
ture at infinity and ¢ is the soliton width. We find that,
for atomically sharp solitons (J — 0) or smooth solitons
on the length scale of the unit cell (J > a), the nonsym-
morphic symmetries are approximate in the presence of a
soliton that breaks translational invariance. This results
in energy levels that are not symmetric about £ = 0,
including the soliton with finite energy Fg, that does
not have a chiral partner at energy —FEg,. This effect
is minimized for an atomically smooth soliton described
by Eq. (30), the nonsymmorphic symmetries are not sig-
nificantly broken as the soliton energy level is pinned at
zero-energy and is doubly degenerate due to Kramer’s de-
generacy. The zero-energy mode has a wavefunction ex-
ponentially localized onto the center of the soliton at the
point u = 0, as shown in Fig. 6(d). To obtain Fig. 6(d)
numerically we broke the Kramer’s degeneracy by adding
small disorder to the hopping parameter v, drawn ran-
domly from a uniform distribution [—-W, W] of magnitude
W =10"10.

VII. NONSYMMORPHIC D CLASS WITH A Z,
INDEX AND 72 =NS, C? =1, S? =NS

A. Minimal model with Ur = o,

The Zy index belonging to the symmorphic D class,
Sec. V, is expanded to a Z4 index when nonsymmor-
phic TRS and chiral symmetry are enforced. We note
that the Z4 index does not refer to the degeneracy of the
ground state [1, 84, 85] or unique propagation of edge
currents [86], but rather four distinct topological phases,
with phase transitions that may be unrelated to the Ma-
jorana number. Here, we explore in more detail an exam-
ple model with Uy = m9o, and Ug = 7,0, when written
in the type II ‘canonical’ basis with s = a/2, as first de-
scribed in Ref. [71]. The BdG Bloch Hamiltonian for this



system is
_ ([ hk) Ak
16 = (&30 i) oy
“ — 2v cos(ka/2
hik) = (2vcos(llia/2) f(,u / )>’
R 0 2iAgsin(ka/2 + ¢
Ak) <2iAS sin(ka/2 — és) W )) :

where, from the generalized Hamiltonian (3), we have set
w=v, A; = A, and ¢, = —¢,. In general, the band
structure for the first quantized Hamiltonian is insulat-

ing, with energy eigenvalues

B = 2 + 2+ g* + S £ V22 + S22 + g7),

f(k) = 2vcos(ka/2),
S(k) = 2Agsin(¢s) cos(ka/2),
g(k) = 2A;cos(¢s)sin(ka/2).
In contrast to the case of real TRS T? = —1 for the

symmorphic DIII class, which displays Kramer’s degen-
eracy at both time-reversal invariant points £ = 0 and
k = m/a, the bulk band structure described by these
equations for nonsymmorphic TRS only has Kramer’s
degeneracy present at the Brillouin zone edges, k = 7/a
[61]. Numerically obtained examples for both cases are
shown in the supplementary material [82]. The only dif-
ferences distinguishing this Hamiltonian from the two-
band Kitaev chain [1] in the symmorphic D class with no
TRS is that the phase of the order parameter alternates
along the chain, as shown schematically in Fig. 7(a). This
change induces the nonsymmorphic TRS, resulting in two
additional topological phase transitions in addition to the
Zs Majorana number. These four phases can be related
to the phases of two band models, namely the noninter-
acting charge-density-wave (CDW) model, Fig. 7(b), and
the Kitaev chain, Fig. 7(c). This relation is possible as,
within a given phase, it is possible to adiabatically deform
certain parameters to zero such that the Hamiltonian be-
comes block-diagonalizable, i.e. the hopping parameter
v in the CDW related phases, and the phase of the order
parameter in the Kitaev chain related phases. Hence the
topological phase transitions for the Z4 model, as given
in the phase diagram in Fig. 7(d), can be related to the
phase transitions of the Zs and Z indices in the CDW
and Kitaev models. The corresponding phase diagram
for the Kitaev model is shown in Fig. 7(e).

As the Kitaev-like phases are related to the topolog-
ically non-trivial phases of the Kitaev chain we expect
NBIS = 1 and Ngs = 3 to support MZM. By plot-
ting the energy levels in position space, we confirm that
the Kitaev-like phases do support MZM while the CDW
phases do not, and also show gap closing points between
CDW phases and Kitaev phases. Fig. 8(a) shows the
energy levels as a function of the chemical potential for
parameter values v = 1, Ay = 1, and ¢, = 7w/4. We
find that this allows us to move from N5° = 2, across
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FIG. 7. (a) The Z4 model shown in the Bogoliubov-de-Gennes
(BdG) representation with two orbitals A and B per cell
with constant chemical potential u, nearest-neighbor hopping
v, and magnitude of the superconducting order parameter
As, with alternating phase of the order parameter ¢s. (b)
The noninteracting CDW model where A, acts as nearest-
neighbor hopping, and p is now an alternating onsite energy.
(c) The Kitaev chain in the BAG representation, now with
constant phase ¢s. (d) Phase diagram of the Z4 topological
superconductor with phases NN° = 1,2,3,4 and (e) the Ki-
taev chain with a real order parameter. In (d), each phase is
labeled using a phase of a two-band model. The CDW model
is in the nonsymmorphic AT class and has two phases denoted
NXP = 0,1, and the Kitaev chain with nearest-neighbor hop-
ping belongs to the symmorphic class BDI and has three pos-
sible winding numbers Nip; = 0, 1, and —1. For (d) and
(e), in the designation of the Kitaev chain phases, we assume
v > 0. Schematics are shown with intracell spacing s = a/2.

the Majorana phase transition and into N§® = 1, result-
ing in MZM, and then back into NDNS = 4 where those
zero modes dissipate back into the bulk. We also plot
the energy levels as a function of the superconducting
phase ¢ in Fig. 8(b) for parameter values p = v = 1
and Ag = 0.5. We observe topological phase transitions
between phases N3° = 1 and N5® = 4 and between
NE® =4 and N5® = 3, and both NY® =1 and N)® = 3
host MZM. This can be supported by a direct Majorana
number calculation, which we discuss in the next section.

B. Calculation of the Z, index for a minimal model

To calculate the parameter regions in which each of
the Z, phases exists we can take one of two approaches,



utilizing either a Pfaffian based equation [28, 71], or a
nonsymmorphic winding number equivalent. First with
the Pfaffian approach, we must transform the Hamilto-
nian into the form

~ X(k 1Y
H(k) = (iy(*(l)c) X((k?)> (32)
X(m/a) = X(=7/a), Y(r/a)=-Y(-7/a),

which we obtain through the unitary transformation
H(k) = U'H(k)U, where

U =

=NeNeNS
o= OO
—_ o o O
(=l )

Using this we can define the Z4 topological index as

NS = —%arg (Pflow Z(x/a)]}

1 w/a 0
+;/o dk&arg{det[%z(k)]}v (33)

where NN is defined modulo 4, Z(k) = X (k) + iY (k),

and arg(Z) = arg(re?) = ¢ for 7 < ¢ < 7 [28]. For
Hamiltonian (31) we find that

xw=(5 %)

V() — 2iAgsin(ka/2 + ¢s) 2v cos(ka/2)
¥ (k) = —2vcos(ka/2)  —2iAgsin(ka/2 — ¢s) )’
such that
Z(k) =
w+ 2iAg sin(ka/2 + ¢s) 2v cos(ka/2)
—2v cos(ka/2) —p— 2iAgsin(ka/2 — ¢5) )

)
1 if p? +4A2%sin?(¢,) < 40? and cos ¢s >0,
NS _ 2 if p? 4+ 4A2sin*(¢,) > 40? and p <0,
b 3 if ,u2 + 4A2%sin?(¢,) < 4v? and cos ¢, <0,
4 if p? 4 4A2sin%(¢,) > 40? and p >0,

as given in the phase diagram, Fig. 7(d). Here we have
taken into account a discontinuity in the integral for the
case p? + 4A%sin?(¢s) < 402 and pcos(ps) > 0.

Alternatively, the topology can be calculated more in-
tuitively from the utilization of the chiral symmetry, sim-
ilarly to the case of the nonsymmorphic AII class de-
scribed in Sec. VI. First, we transform Hamiltonian (3)
into the form of a Q-matrix, Eq. (23), with Q(k) =
Ul H(k)Uy, where

1
Ux;czi
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FIG. 8. Energy levels and winding number equivalent for the
nonsymmorphic superconducting D model (7% = NS, C? =1,
5% = NS) described by Hamiltonian (31). (a) Energy levels E
in position space for 48 unit cells as a function of the chemi-
cal potential u, and (b) as a function of the superconducting
phase ¢s. Numbers in each plot show the phase N5° of the
Z4 model. (c) Example bulk band structure E(k) with the
corresponding path of E, (k) in (d) defining a phase N3° =
Parameter values are v = 1, A; = 1 in (a) and (b), with
¢s = w/4in (a) and p = 1 in (b), and g = 1, v = 0.6,
Ag=0.2, and ¢s = 7/4 in (c) and (d).

such that

o(k) = <,u 2iAgsin(ka/2+ )

—2v cos(ka/2)
—2v cos(ka/2) > ’

pu—2iAgsin(ka/2—ps)

To characterize the topology we plot the product of the
eigenvalues of ¢(k) in the complex plane across the Bril-
louin zone, ie. for —w/a < k < w/a, where, for this
system, the product can be written as

E (k) = p® —4AZsin®(ka/2) +4AZsin?(¢5)  (34)
— 42 cos?(ka/2) — 4ipAg cos(ps) sin(ka/2).

An example band structure is shown in Fig. 8(c), with a
corresponding path of E,(k) shown in Fig. 8(d). Phase
transitions are defined for parameter values in which
E,(k) passes through the origin, and that can not be
avoided by adiabatically deforming the parameters. Un-
like the symmorphic BDI class described in Sec. V this
does not produce a closed-loop winding number, but
rather an open-loop path due to the 47 periodicity of the
imaginary and real components of E (k) induced by the
nonsymmorphic symmetry [44]. Typically, this method-
ology results in a Zs index, as the Hamiltonian symme-
tries enforce the path to be symmetric about the real axis



such that the only topological band gap closing occurs at
E,(0). This Zs index can be seen in the case of the non-
symmorphic Al class with two bands in Ref. [61]. For
the Z4 model we find two further topological phase tran-
sitions unrelated to the point E,(0) that can be defined
at variable k values depending on the parameter values
of the system. These additional transitions match those
predicted previously by Eq. (33).

We first examine the transition associated with
E,(0) = 0, which we find agrees with the prediction of
Eq. (33) between CDW and Kitaev-like phases. It is triv-
ial to see this by setting

E,(0) = p® + 4A2sin®(¢s) — 40* = 0, (35)

which immediately returns the expected formula. For
the other two transitions we must solve E (k) = 0 for
nonzero k, a problem that can be simplified by consider-
ing the imaginary and real parts in isolation. Specifically,
we must find parameter values such that Im[E (k)] =
—4pAg cos(ds) sin(k/2) = 0 for nonzero k. We assume
that the electron and hole chains remain coupled with
Ag # 0, leaving either g = 0 or cos(¢s) = 0 as solutions.
For 1 = 0 we find that E, (1) = —4AZsin?(¢,), which
is always less than zero. Since the path of E,(k) is con-
fined to the real axis for p = 0, this means that, for the
CDW-like phases with E,(0) > 0, the path must always
pass through the origin, resulting in a closing of the bulk
band gap that corresponds to the phase transition be-
tween CDW-like phases. For the Kitaev-like phases with
E,(0) < 0 both ends of the path are now negative and a
crossing is not guaranteed. The same logic can be applied
in the case of cos ¢5 = 0 for which E,(7) = p?, since this
is always positive, a transition is only guaranteed in the
Kitaev-like phases with E4(0) < 0. Therefore, we have
shown that the topology of the Z, model can be derived
purely from the utilization of the chiral symmetry.

Example trajectories for each of the four phases are
shown in Fig. 1. The CDW-like phases, shown in
Fig. 1(a) and Fig. 1(b), are related by a sign reversal
of p. As discussed previously, this sign change necessar-
ily drives a phase transition at 4 = 0. The Kitaev-like
phases, depicted in Fig. 1(c) and Fig. 1(d), are similarly
related by a sign reversal of cos(¢s), implying a phase
transition at cos(¢s) = 0. It is possible, however, to adi-
abatically deform A and ¢4 at fixed p in Fig. 1(a) to pro-
duce a trajectory resembling Fig. 1(b) without encounter-
ing a phase transition. In contrast, changing the sign of p
invariably induces a transition and reverses the direction
of the trajectory across the Brillouin zone. An analogous
relationship holds between Fig. 1(c) and Fig. 1(d) when
varying u and Ag at fixed ¢s.

By writing the Hamiltonian in the type I ‘periodic’
representation with s = 0 we can calculate the Majo-
rana number, Eq. (21), from which we find that the
corresponding Z, phase transition occurs when u? +
4AZ%sin?(¢s) = 4v°, the same transition predicted by
Eq. (33) between CDW and Kitaev-like phases. Hence
we expect that there would be MZM in the Kitaev-like
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phases, but not the CDW-like phases.

C. Solitons in the minimal Z; model

While the topological nature of the Majorana bound-
ary between Kitaev-like and CDW-like phases is well un-
derstood [1], the additional phase transitions at p = 0
in CDW-like phases and cos ¢s = 0 in Kitaev-like phases
are not. To provide further evidence of the topological
nature for these transitions we introduce solitons into
the system, where a texture in parameter values hosts a
zero-energy state that is topologically protected by the
symmetries of the system [39-41, 46, 87]. Consider an
atomically smooth soliton in the chemical potential de-
scribed by the function

My = —[imaxtanh (ZZVCW> + fhe, (36)

for atomic site | = 1,2, ..., J, where pmax is the magni-
tude of the texture at infinity for u. = 0, N = J/2 is
the number of unit cells, and ( is the soliton width in
dimensionless units, i.e., measured in units of the lattice
constant. Here, u. is a constant dependent on the other
parameters of the system and is used to shift all values
of the soliton across the chain. This is needed for sys-
tems with higher order parameters with transitions that
do not occur at p = 0, as discussed in Sec. VII E. For the
minimal model we consider here, we set p. = 0 such that
the soliton is centered on p = 0.

Disorder is applied identically in the electron chain
to the hole chain, in this way the symmorphic charge-
conjugation symmetry is maintained regardless of disor-
der strength. As the solitons break translational invari-
ance they also weaken the nonsymmorphic symmetries,
however, for a large enough system size and width ¢ the
symmetry is approximately maintained, allowing the soli-
tons to remain localized [44, 45, 52, 61, 88, 89]. We plot
the position space energy levels as a function of ¢4 for 48
unit cells, Fig. 9(a) with parameter values p =1, Ay =1,
and v = 0.3. As 4v? < p? there is no value of ¢, that
places the system in a Kitaev-like phase, hence there is
an energy gap for all values of ¢5. Replacing the constant
chemical potential of Fig. 9(a) with a texture described
by Eq. (36) with pmax = 1 and ¢ = N/4 = 12 results in
the energy levels of Fig. 9(b). We find that the addition
of the texture has removed the energy gap located in the
CDW-like phases, with zero energy states exponentially
localized onto the center of the chain where 1 ~ 0. There-
fore, the soliton marks the boundary between CDW-like
phases N)® = 2 and N5® = 4, Fig. 7(d). An exam-
ple soliton state highlighting the exponential localization
at the center of the chain is shown in Fig. 10(a), with
tmax = 1, Ay =1, v =0.3, and ¢5 = 7/2.

We also consider the case of a smooth soliton in ¢
described by the function

s = ¢5’;nax <1 + tanh <n—<N>> + s, (37)
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FIG. 9. Energy levels in the Z4 model in position space for
48 unit cells. (a) Position space energy levels as a function of
the superconducting phase ¢, parameter values are Ag = 1,
v = 0.3, and p = 1. (b) Position space energy levels of (a)
in the presence of a soliton in the chemical potential with
Umax = 1 and ¢ = N/4 = 12. (c) Position space energy
levels for 48 unit cells with no solitons as a function of the
chemical potential p, parameter values are Ag = 1, v = 1.5,
and ¢s = w/4. (d) Position space energy levels of (c) in
the presence of a soliton in the superconducting phase with
Psmax = m and ¢ = N/4 = 12. In (d) there are four zero
energy levels in total, with two localized onto the ends of the
chain and two localized on the solitons.

where @5 max is the magnitude of the texture at infinity,
and n = 1,2,...,J — 1 is an index representing the po-
sition between adjacent atomic sites. For the minimal
model we consider here, we set ¢, = 0 such that the
soliton is centered on ¢s = ¢s max/2. We plot the posi-
tion space energy levels for 48 unit cells in the absence of
solitons, now as a function of u, Fig. 9(c). For parameter
values A, =1, v = 1.5, and ¢, = w/4 we find a topolog-
ical phase transition at || = 2 and MZM in the region
|| < 2, as predicted in Fig. 7(d). Adding a texture in ¢
described by Eq. (37) for ¢smax = 7 and ¢ = N/4, we
obtain the energy levels as shown in Fig. 9(d). There are
now four near-zero energy states in addition to the two
MZM. While the Majorana states are exponentially lo-
calized onto the edges of the chain, the additional states
are localized at the center of the chain where ¢ = /2,
the same parameter value predicting the phase transi-
tion between Kitaev-like phases NN® = 1 and NJ® = 3.
An example probability density for ¢smax = 7, As =1,
v = 1.5, and g =1 is shown in Fig. 10(b).
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FIG. 10. Probability densities of near zero-energy soliton
states exponentially localized onto the center of a chain of 48
unit cells. (a) A system with a soliton in the chemical poten-
tial between CDW-like phases NY° = 2 and NJ° = 4, with
parameter values A; = 1, v = 0.3, ¢ = 7/2, and pimax = 1.
(b) A system with a soliton in the superconducting phase
between Kitaev-like phases NY° = 1 and NJ° = 4, with pa-
rameter values Ay = 1, v = 1.5, 4 = 2, and ¢Ps,max = 7. In
both systems there exists a second state localized onto the
soliton with opposite energy, for the system in (b) there also
exist two Majorana zero-modes localized onto the ends of the
chain.

D. Disorder in the minimal Z, model

In general the nonsymmorphic symmetries are not ro-
bust to disorder, although we can build random ma-
trices that preserve the nonsymmorphism as discussed
in Sec. IV. Here we introduce disorder in the chemi-
cal potential through the addition du; to the Ith atomic
site in the particle chain, as described by the Gaussian-
correlated potential [88, 90, 91] given by

_ Y Wmexp(—|l—m|*/n?)

Vel = mP /)

where 7 is the correlation length in dimensionless units.
The summation is over all atomic sites m = 1,2,...,2N
with w,, drawn randomly from a uniform distribution
W < w,, < W with disorder strength W. This al-
lows for atomically sharp disorder within a sample for
the case of n < 1 and sample-to-sample variations for
17 > N across an ensemble. We find that sample-to-
sample disorder does not affect topologically protected
zero modes in this model, as for each variation in the
ensemble the symmetries are not broken, hence we fo-
cus here on atomically sharp disorder within each mem-
ber of the ensemble. In this way chosen parameters can
be effectively randomized across the length of the chain.
This breaks the nonsymmorphic symmetry that relies
on translational invariance, while maintaining the sym-
morphic charge-conjugation symmetry that protects the
MZM localized onto the ends of the chain in Kitaev-like
phases. We can also use the right hand side of Eq. (38)
to calculate disorder terms for the hopping parameter dv;
and the superconducting phase d¢s;. We plot the den-
sity of states (DOS) for these finite systems numerically
by approximation in Fig. 11 using a Lorentzian of finite

oy (38)
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FIG. 11. Density of states (DOS) for various systems of the Z4 model in position space with 48 unit cells. (a) The DOS in the
phase N® =4 with =1, v = 0.3, A; = 1 and ¢ = 7/4, (b) is for the same system but in the presence of a soliton in the
chemical potential with pimax = 1 and width £ = 12. Figures (c)-(f) detail the DOS once disorder has been introduced to (b).
(c) and (d) show the DOS for atomically sharp disorder in v and ¢s, respectively. (e) and (f) show the same disorder as (c)
and (d) but for small energy of order A, x 1072 for disorder in v and ¢, respectively. (g) The DOS in the phase N5° = 3
with p = 1, v = 1.5, A; = 1, and ¢s = 7/4, (h) is for same system but in the presence of a soliton in the superconducting
phase with ¢s max = 7 and width £ = 12. Figures (i)-(1) detail the DOS once disorder has been introduced to (h), (i) and (j)
show atomically sharp disorder in v and u, respectively. (k) and (1) show the same disorder as (i) and (j) for a small energy
of order Ay x 1072 in v and u, respectively. A broadening width of £ = 0.04A, was used for Figures (a)-(d) and (g)-(j), and
& = 0.0004A; for figures (e)-(f) and (k)-(1). For plots with disorder we average over 20 disorder realizations with a disorder
magnitude of W = 0.5 and parameter 1 = 0.05, resulting in strong atomically sharp disorder within each sample.

system after a soliton in the chemical potential is added
with pimax = 1. There is now a small but distinct peak
in the DOS at zero energy, corresponding to a zero en-
ergy soliton exponentially localized at the center of the
chain, as depicted in Fig. 9(c). While maintaining the

width €,
1

9(E) =~ > ( : (39)

_ 2 2°
(B E. 2 +¢

We first plot the DOS with width £ = 0.04A4 for a sys-
tem of 48 unit cells, with no solitons or MZM and no
disorder. This system resides in the phase NDNS = 4 with
parameter values p =1, v = 0.3, A; =1, and ¢ = 7/4
and is shown in Fig. 11(a). As expected the DOS is
zero at zero energy, indicating the absence of any zero-
energy states. Fig. 11(b) shows the DOS for the same

soliton we now also introduce atomically sharp disorder
with n = 0.05: The disorder averaged DOS are shown
in Fig. 11(c) and Fig. 11(d) for disorder in v and ¢,
respectively. For all DOS plots with disorder we aver-
age over 20 disorder realizations. As the disorder breaks
the translational invariance of the system and hence the



nonsymmorphic symmetries, we expect that the soliton
states would delocalize into the bulk and move away from
zero energy. However, Fig. 11(c) and Fig. 11(d) clearly
show a zero-energy peak in the DOS.

To better understand the robustness of such soliton
states we plot the disorder averaged DOS for small energy
~ Ay x 1072 with disorder in v and ¢,. Fig. 11(e) shows
that disorder in v does delocalize the soliton state, in-
creasing its energy away from zero. In contrast, Fig. 11(f)
shows that disorder in ¢ does not delocalize the soli-
ton, as the energy eigenvalues across the ensemble re-
main fixed at zero energy. This apparent robustness of
the soliton in p can be attributed to the presence of ad-
ditional symmetries at precisely the point y = 0 at the
center of the chain, namely, symmorphic chiral symme-
try Us = 190, and TRS Ur = 7,.0,, and nonsymmorphic
charge-conjugation symmetry Uc = 79o,. In position
space, it is clear that the addition of disorder to the sys-
tem breaks all the nonsymmorphic symmetries, but not
the symmorphic symmetries, resulting in a model belong-
ing to the BDI symmetry class. The soliton in @ remains
in the case of disorder in ¢, as it is localized on a tran-
sition in the remaining symmorphic model that is not
affected by the disorder, while that same transition is af-
fected by disorder in v, resulting in the destruction of the
soliton.

We repeat this procedure for the case of solitons in
the superconducting phase ¢ by plotting the DOS with
¢ = 0.04A,. We start with a system in the NY° = 3
phase with no soliton and parameter values p = 1,
v =15 A; =1, and ¢s = w/4. As this is a Kitaev-
like phase there are MZM localized onto the edges of the
chain even in the absence of solitons. Fig. 11(g) shows the
DOS for this pristine system, where the MZM are shown
as a small but observable peak at zero energy. Adding
a soliton in ¢, between the Kitaev-like phases NDNS =3
and NDNS = 1, increases the magnitude of this peak, as
can be seen in Fig. 11(h). Adding disorder to the hopping
parameter v and chemical potential © does not appear to
significantly change the DOS, as shown in Fig. 11(i) and
Fig. 11(j), respectively. Fig. 11(k) and Fig. 11(1) shows
the disorder averaged DOS for small energy ~ A, x 1072
for disorder in v and pu, respectively. As we are focused
on the affect of disorder on the soliton states we separate
the MZM from the DOS by representing their contribu-
tion with the red dashed line in Fig. 11(k) and 11(1). In
Fig. 11(k), it is clear that the disorder in v has delocalized
the soliton state and moved its energy away from zero,
while disorder in g has not, with the soliton remaining
at zero energy. This can again be explained by the pres-
ence of additional symmorphic symmetries exactly at the
center of the soliton with ¢, = 7/2, namely, symmorphic
chiral symmetry Us = 1400 and time-reversal Ur = 7,00,
and nonsymmorphic charge conjugation Ugc = 1,0,. To
prevent the presence of symmorphic symmetries, we can
add further parameters to the system that change the
topological phase transitions.
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E. Higher order parameters in the Z, model

So far we have only considered the minimal required
parameters to realize the Z, topology, and this has led to
a surprising robustness of solitons localized on these tran-
sitions due to the presence of symmorphic symmetries
exactly at these transition points. Within the system
with time-reversal operator Ur = 7yo0,, there are two
first-order parameters from Hamiltonian (3) that have
not been added (excluding complex phases). These are
tas and A, with tgp =ta4 and A; = A,, and here we
focus on the addition of A,. If we consider the simple
case of switching off the s-wave superconducting param-
eter A; and switching on the p-wave parameter A, we
find that the Z, model is reduced to a Z, index due to
the creation of unitary symmetries. However, unlike typ-
ical superconductors in the symmorphic D class such as
the Kitaev chain [1], having both A, and A, be non-zero
results in a distortion of the topological phase transitions
between NNY® = 1 and N5® = 3 and between NYS = 2
and NY S = 4, although, as expected, the Majorana phase
transition remains unchanged. Introducing A, to the
Hamiltonian (31) keeps the noninteracting part the same
but results in a new coupling matrix of

2iAgsin(ka/2 + ¢s)
2iA, sin(ka) :

N 2tA, sin(ka
A(k) = (zms sin(ka/<2 —) bs)

Analytically deriving the topological transition points is
non-trivial, and is discussed in detail in the supplemen-
tary material [82]. We also include in the supplementary
material the derivation of topological transition points
for a Hamiltonian that includes the hopping parameter
taa. Here, we examine the effect of disorder on the DOS
for systems with solitons, where the zero energy states
are localized on domain walls corresponding to the new
transition points once A, coupling is accounted for. The
disorder-averaged DOS for small energy ~ Ay x 1072 is
shown in Fig. 12. We first examine the case of solitons in
1 between NSS = 2 and ]\/'Dl\IS = 4 as we previously did
for a minimal model, Fig. 11(a)-(f) for a soliton local-
ized on p = 0. Due to the introduction of the parameter
A,, the value of ;1 which corresponds to a phase transi-
tion has shifted. For a system with A, = 0.5, v = 0.3,
A; =1, and ¢ = 7/4, we find that the phase transition
occurs at pu ~ —0.255 [82]. This can be accounted for in
the soliton texture, Eq. (36), by setting p. = —0.255. In
this way the zero-energy state remains localized on the
soliton at the center of the chain. The disorder-averaged
DOS for this system and disorder in v and ¢ are shown
in Fig. 12(a) and Fig. 12(b), respectively. Similarly to the
minimal model with disorder in v, Fig. 11(e), the DOS
for a system with non-zero A, and disorder in v has mul-
tiple peaks near zero energy, rather than a single larger
peak at exactly zero energy. However, in the case of the
minimal model we found the soliton state to be especially
robust to the presence of disorder in ¢, Fig. 11(f), re-
maining at zero energy. In contrast to this, the presence
of A, shifts the states from zero energy, Fig. 12(b), and
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FIG. 12. Density of states (DOS) for small energy of order
A X 1072 for various systems of the Zs4 model in position
space with 48 unit cells and in the presence of a A, order
parameter. In each of these systems solitons are present of
width £ = 12 in addition to disorder of strength W = 0.5.
(a) The DOS for a system with a soliton in the chemical
potential between phases N3 ° = 2 and N5° = 4 and centered
on . = —0.255, with disorder in the hopping parameter v and
with parameter values A; =1, A, = 0.5, v = 0.3, ¢s = 7/4,
and fimax = 1. (b) DOS for the same system as (a) but in the
presence of disorder in ¢s. (c) The DOS for a system with a
soliton in the superconducting phase between phases N5y° = 1
and NN® = 3 and centered on ¢, = 2.02, with disorder in
the hopping parameter v and with parameter values A; = 1,
Ap =0.5,v =15 =1, and ¢smax = 7. (d) DOS for the
same system as (a) but in the presence of disorder in p.

can be attributed to the fact that additional symmorphic
symmetries don’t appear at the transition point anymore.

We plot the disorder averaged soliton energy for a soli-
ton in the chemical potential p against the value of A,
in Fig. 13, represented as a log-log plot with error bars
showing +1 standard deviation from the mean. Each
point is averaged across an ensemble of 20 disorder re-
alizations for disorder in the superconducting phase ¢g
with disorder strength W = 0.5. The approximately lin-
ear behavior indicates a power law relation between the
value of A, and the raising of the soliton energy level
from zero energy. This can be attributed to A, break-
ing the symmorphic symmetries induced at 4 = 0 and
A, =0.

We also examine solitons in ¢s between phases NY S =
1 and NYS = 3, as we previously did for a minimal model
as shown in Fig. 11(g)-(1) for a soliton localized on ¢, =
m/2. For a system with A, = 0.5, v = 1.5, A; = 1, and
u =1, we find that the phase transition occurs at ¢5 ~
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FIG. 13. Disorder averaged soliton energy for a soliton in the
chemical potential p in the Z4 model between phases NYS =2
and ND® = 4, plotted against the magnitude of the super-
conducting order parameter A, and represented as a log-log
plot. Each point is averaged across an ensemble of 20 disor-
der realizations for disorder in the superconducting phase of
strength W = 0.5. Error bars represent ranges of +1 stan-
dard deviation from the mean for each ensemble. The plot
shows approximately linear behavior indicating a power law
relation between increasing A, and the raising of the soliton
states from zero energy in the presence of disorder, which can
be attributed to A, breaking the symmorphic symmetries in-
duced at 4 =0 and A, = 0. Parameter values are pimax = 1,
As =1, ¢ = 7/4, and variable u. depending on the value of
A,.

2.02 [82]. This can be accounted for in the soliton texture,
Eq. (37), by setting ¢ . = 2.02 such that the zero energy
state remains localized on the soliton at the center of
the chain. The disorder-averaged DOS for this system
and disorder in v and p are shown in Fig. 12(c) and
Fig. 12(d), respectively. Similarly to the minimal model
with disorder in v, Fig. 11(k), the DOS for a system with
non-zero A, and disorder in v has multiple peaks near
zero energy, rather than a single larger peak at exactly
zero energy. However, in the case of the minimal model
we found the soliton state to be especially robust to the
presence of disorder in u, Fig. 11(l), remaining at zero
energy. In contrast to this, the presence of A, shifts the
states from zero energy, Fig. 12(d), and can be attributed
to the fact that additional symmorphic symmetries don’t
appear at the transition point anymore.

F. System with Z,4 index with Ur = 7,0, and
alternating onsite energy

So far we have only examined one possible realization
of the Z, model. Here, we briefly describe a model with
nonsymmorphic time-reversal operator Ur = 7,0,. In
comparison to the system with Ur = 7190, which has
constant chemical potential, this system has alternating
onsite energy similar to the CDW model [46, 61]. The



BdG Hamiltonian can be written as

_(hw) A
16 = (316 -in ) o

Lo u 2ivsin(ka/2+¢,)
h(k) = (—2ivsin(ka/2+¢v) —u >

. 0 2A cos(ka/2
A(k) = <2AS cos(ka/2) 0( / )),

where, from the generalized Hamiltonian (3), we have
set w = —v, ¢y = ¢y, and AL, = —A;. In general, the
band structure for the first quantized Hamiltonian is an
insulator, with energy eigenvalues

E* = 2+ 2+ g% + 87 £ V22 + S22 + g7),

f(k) = 2A;cos(ka/2),
S(k) = 2vsin(¢y,) cos(ka/2),
g(k) = 2vcos(¢,)sin(ka/2).

For this example, we calculate the phases using the Pfaf-
fian integral approach, finding that

Z(k) =
(u + 2ivsin(ka/2 + ¢y)

—2A; cos(ka/2)

2A; cos(ka/2)
—u — 2iwsin(ka/2 — ¢y) )

This results in phases

if u?+4v?sin®(¢,) <4A?% and cos ¢, >0,
NS if u?+4v?sin*(¢,)>4A2 and u <0,
)
)

<4A? and cos ¢, <0,
>4A2% and u > 0,

if u?2+4v2sin

NN NN

=W N

if u?2+4v?sin

which clearly resembles the topology previously calcu-
lated for a system with Up = 190, as seen in the phase
diagram Fig. 7(d).

VIII. TOPOLECTRIC CIRCUIT REALIZATION

OF NONSYMMORPHIC MODELS
A. General setup and two-point impedance

The use of electric circuits to realize topological sys-
tems has been studied extensively [72-78], however, cir-
cuits representing nonsymmorphic models have not been
explored. Here, we explicitly write out circuit realiza-
tions of the symmorphic SSH and Kitaev chain models
and the nonsymmorphic CDW and Z4 models. In gen-
eral, the electric current that flows into the ground and
the voltage of an RLC circuit at node a are related by
Kirchoff’s law [76-78] as

1 d

d d? 1
@Ia = ; [(Cab@JrLab + = Ry dt

(Ot g )

&) Ve =)

(41)
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FIG. 14. Schematic of a topolectric circuit realization of the
SSH and CDW models. Each node is connected to adjacent
nodes with staggered capacitors C1 and C3 and connected to
the ground through alternating inductors L1 and L2. The
SSH phase is realized for Ly = L1 and the CDW phase for
Cy = (3. In the CDW phase an atomically sharp soliton
may be implemented by swapping the order of L; and Lo, as
shown at the center of the diagram.

where I, is the current between node a and the ground,
V, and V, are the voltages at node a and b, Cyp, Lgp, and
R, are the capacitance, inductance, and resistance be-
tween nodes a and b, Cy, L, and R, are the capacitance,
inductance and resistance at node a, and the sum is taken
over all adjacent nodes b. We note that, by convention,
we take Cup, Lap, Rap, Cu, Lo, and R, to be positive. By
performing a Fourier transform V(t) = Vpe™!, we can
rewrite Eq. (41) as

w) = Z Jap(w)Vp(w), (42)
b

where

1 ) 1
—Cuwp + 2Lab+WRab+6ab< T2La

[O‘w_ wz;LaC B w;ab]>

where J,p(w) is the circuit Laplacian. The circuit Lapla-
cian can be related to position-space tight-binding Hamil-
tonians H via the relation Jyp(w) = iwHgp(w), or, in
k-space, as Jup(k) = iwHgp(k). The topological equiv-
alence of the circuit to the tight-binding Hamiltonian is
confirmed by the experimentally measurable quantity of
impedance under an applied current [78]. We inject an
incoming current I,(w) into node a, resulting in an out-
going current I (w) = I,(w) at node b. The voltage differ-
ence between these two nodes then defines the two-point
impedance as

Jap(w) = iw

B wR,

Zab(w) _ %(W;w;/b(W) _ Z W)n,a]n ’lpn,b| ’ (44)

where we have diagonalized the circuit Laplacian to ob-
tain eigenvalues j,, and corresponding eigenmodes with
components 1, , at node a. When at least one eigen-
value jy, is small, Z,;, diverges provided that 1, o # ¥n .
Therefore, edge states, MZM, and solitons may be de-
tected by measuring the two-point impedance.
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FIG. 15. Two-point impedance magnitudes across topolectric
realizations of the SSH model with 20 nodes in the topological
phase C1/C> = 0.4 with edge states and current input at the
first site in the chain. In (a) the output is at the edge state
on the opposite end of the chain and the logarithm of the
magnitude of the impedance In(|Z]) is plotted as a function
of the frequency, while (b) shows the on-resonance impedance
as a function of variable output node, where the value at site
20 corresponds to the peak in (a) at w/wo = 1.

B. Circuit realizations of the SSH and CDW
models

The SSH and CDW models have circuit realizations
that can be considered as different phases of one another.
To see this, consider a chain of nodes connected by stag-
gered capacitors C7 and Cy and grounded by inductors
Ly and Lo that alternate along the chain at nodes A and
B, respectively. With only these components, Eq. (43)
reduces to the position space Hamiltonian

1
Hab(w) = — ab+6ab<— WQLCL—’_ZCGC)7 (45)

where Cy, = Cy and L, = Ly for odd values of a and
Cuy = Cy and L, = Lo for even values of a. The SSH
phase is realized when Lo = L1, such that for an infinite
circuit in the type I representation (s = 0), this results
in

Cr+ Gy — o

Cy+ Cze_ika (46)
Cl _|_C«26ika !

Cy +Cy — —

w2L1

Hssnu(k) = (

where at the resonant frequency wg = 1/+/L1(Cy + Cs),

the onsite terms are zero and we find exact agreement
with the SSH model with Ci; = —v and Cy = —w.
Therefore, for C1/Cs < 1, the model is in the topolog-
ical regime and hosts edge states at zero energy on the
ends of the chain, while, for C;/Cs > 1, the model is in
the trivial phase. We note that, as C; and Cs are both
positive, we can not realize regimes with Cy/Cy < 0, al-
though this is possible by introducing subnodes into the
system [78]. By varying the frequency w across a sys-
tem in the topologically non-trivial regime (Cy/Cs < 1),
we find that there is a distinct peak in the two point
impedance between the two ends of the chain, where [
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FIG. 16. Two-point impedance magnitudes across topolectric
realizations of the CDW model with 200 nodes in the pres-
ence of a topological soliton between the two phases and with
current input at the first site in the chain. (a) and (b) are
for an atomically sharp soliton, Fig. 14, located at the cen-
ter of the chain, (a) is the logarithm of the magnitude of the
impedance In(|Z]) plotted as a function of the frequency with
current output at the position of the soliton at the center of
the chain. (b) is a plot of the on-resonance impedance as a
function of output node, where the peak at the center of the
chain corresponds to the peak in (a) at w/wo = 1. (c) and (d)
are for the same system as (a) and (b), but in the presence of
an atomically smooth soliton of width ¢ = 50. We find a sig-
nificantly larger peak in the impedance for a smooth soliton
when compared to the sharp soliton in (a) and (b). Figures
(a) and (b) use parameter values C; = 10F, L; = 0.2H, and
Ly =0.21H and (c¢) and (d) use C1 = 10F, umax = 1.

is the last node in the chain, as predicted by Eq. (44)
and shown in Fig. 15(a). This peak corresponds to the
zero-energy edge state of the SSH model. In Fig. 15(b),
we plot the two-point impedance for each node across the
chain when the system is at the resonant frequency and
for an input current injected at the first node. There is
a distinct peak in the impedance at the end of the chain
that matches the peak found in Fig. 15(a). Due to the
underlying sublattice symmetry of the SSH model, the
impedance is near-zero if the current output is on an A
node and non-zero on B nodes [78].

The CDW phase is realized by setting Cy = C7 in
Eq. (45). For an infinite circuit in the type II represen-
tation (s = a/2), this results in

20 — N%Ll Cy cos(ka/2) T
C cos(ka/2) 20; — =5

UJ2 L2

Hcpw(k) = (

The CDW model is characterized by an alternating on-
site energy 4+wu which we obtain by setting u = 2C, —



1/w?L; = —2C; + 1/w?La, a condition satisfied by the
resonant frequency

N 1
=1 . 4
Y=o\ o, T o, (48)

The constant hopping of the CDW model is related to
the capacitance as C; = v. At the resonant frequency,
the two topological phases are then defined by whether
20; — 1/w?L; > 0 (NP = 0) or 20; — 1/w?L; < 0
(NY® = 1). While the CDW model does not have zero
energy edge states, it can host a zero energy state expo-
nentially localized onto a soliton between the two phases
[46]. An atomically sharp soliton can be implemented by
swapping the values of L; and Lo at the center of the
chain. The two point impedance for current injected at
the edge of the chain and with current output at the cen-
ter of the chain is shown as a function of the frequency w
in Fig. 16(a). A sharp peak in the impedance is found at
the resonant frequency, and we find that the magnitude
of the peak is small when compared to the SSH model,
Fig. 15, due to the nonsymmorphic symmetry only being
approximate in the presence of a soliton, requiring large
system sizes to be close to zero energy [46]. We also plot
the two-point impedance for current injected at the edge
of the chain for each node in the chain in Fig. 16(b). This
shows a distinct peak in the impedance at the position
of the soliton at the center of the chain.

Although more difficult to implement experimentally,
requiring careful tuning of circuit components, a larger
peak in the impedance may be realized by considering an
atomically smooth soliton in the onsite terms. By fixing
the frequency as w = wg, we can define a smooth soliton
by continuously changing the value of L, according to

L,= [wg (201 —( —1)“umaxtanh(a_(N<+1)/2) )} _1,

where umax s the value of the alternating onsite energy
at infinity, NV is the number of nodes, and ( is the soliton
width. This results in a significantly larger peak in the
impedance as there are eigenvalues j, closer to zero en-
ergy when compared to an atomically sharp soliton [46].
We show this in Fig. 16(c) as a function of the frequency
for current injected at the first node and with output cur-
rent at the center of the chain, where a significantly larger
peak at w = wy is shown as compared to Fig. 16(a). In
Fig. 16(d), the two-point impedance for current injected
at the first node as a function of output node is shown,
and the impedance peaks at the center of the chain at
the position of the soliton.

We note that it is also possible to build a CDW circuit
by alternating the grounding component from capacitors
to inductors, however, this can not realize a phase of the
SSH model.
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FIG. 17. Topolectric circuit realization of the Kitaev model
with real superconducting pairing, a soliton causes a phase
transition from topologically trivial (NEDI = 0) to non-trivial
(NSpr = 1). The model is simulated by two channels, the
upper channel (black) represents the electron chain and the
lower channel (blue) represents the hole chain. The chains are
grounded by either inductors Ly or capacitors Cy depending
on the topological phase, nodes in the same channel are con-
nected by inductors L; and capacitors C', and the channels
are paired to one-another (red) by inductors Lp and capaci-
tors Cp [76, 77].

C. Circuit realizations of the Kitaev and Z, models

Circuit realizations of the Kitaev chain and the Z4
model closely resemble one another, and may be used as
a comparison between topolectric circuits with symmor-
phic and nonsymmorphic symmetries, respectively. The
Kitaev chain can be modeled with two coupled channels
as shown in Fig. 17, where the upper channel represents
the ‘electron’ nodes and the lower channel represents
the ‘hole’ nodes [76, 77]. A soliton at the center of the
chain marks the boundary between a topologically trivial
phase (N5p; = 0) and a topologically non-trivial phase
(NSp; = 1). The electron (hole) channel is grounded
by inductors Lo (capacitors Cp) in the non-trivial phase
and capacitors Cy (inductors Ly) in the trivial phase.
Nodes within the electron (hole) channel are connected
by capacitors C; (inductors L), and the two channels
are coupled by capacitors Cp and inductors Lp. The
Hamiltonian can be derived by Fourier transforming the
position space circuit Laplacian, Eq. (43), and reduces
exactly to the Kitaev chain at the resonant frequency,

wOEl/\/Locozl/\/Llcl:1/\/LPCP. (49)

The resulting k-space Hamiltonian can be written in the
type I representation as

HKit(k) = (;‘((]2) _%@(L)) s (50)

where

h(k) = —2C1 cos(ka) + 2C1 + &Cy,
g1 = —2iCpsin(ka),
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FIG. 18. Impedances across the topolectric realization of the
Kitaev chain, Fig. 17, for 400 nodes and a soliton between
phases Nip; = 0 and Nip; = 1. (a) shows the impedance as
a function of the input frequency where the current is inputted
into the first node in the electron channel and outputted at
the soliton at center of the chain. (b) shows the on-resonance
impedance as a function of output node, the central peak
corresponds to the same peak in (a). Parameter values are
Lo = 04H, Cy = 0.2F, L; = 0.4H, C; = 0.2F, Lp = 0.3H,
Cp = 0.267F.

where

if Njp;=0,

51
if NSpp=1, (51)

&:{:

such that the onsite energy u = —2C; + £:Cy, hopping
v = —C1, and pairing A; = Cp.

The Kitaev chain is topologically trivial for |u| > |2v]
and non-trivial for |u| < |2v|. Therefore, flipping the
sign of & by swapping the grounding component in the
electron (hole) chain from a capacitor (inductor) to an
inductor (capacitor) causes a topological phase transi-
tion between NS, = 0 and N5, = 1. Taking a finite
chain where the grounding components are swapped at
the center of the chain, Fig. 17, results in a soliton that
hosts zero-energy modes. These zero-energy modes result
in large measurable peaks in the impedance according to
Eq. (44). We plot the impedance as a function of the fre-
quency in Fig. 18(a) for 400 nodes, with an input current
at the first site in the chain and an output current at
the soliton node at the center of the chain. We also plot
the on-resonance impedance for an input current at the
first node in the chain and with variable output node in
Fig. 18(b), which shows large peaks in the impedance at
the edges of the topologically non-trivial section of the
chain. It is also possible to include an arbitrary phase
in the pairing parameters between the two channels [77].
Although this is useful for braiding of MZM we do not
include this here, as, for a single chain, the phase can
be gauged away and does not affect the topology of the
system.

In contrast to the Kitaev chain the alternating phases
of the Z4 model can not be gauged away [71], and must
be accounted for when constructing a topolectric circuit.
Example circuit realizations of the Z; model for each
possible topological phase are shown in Fig. 19, where
the inter-channel components of the Kitaev chain are re-
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FIG. 19. Examples of topolectric circuit realizations of the
Zs model. The model is simulated by two channels, the
upper channel (black) represents the electron chain and the
lower channel (blue) represents the hole chain. The chains are
grounded by a topological control unit that may be switched
‘on’ or ‘off’ to elicit a phase transition, nodes in the same
channel are connected by inductors L; and capacitors Ci,
and the channels are paired to one-another (red) by phase
control units [76, 77]. In (a) a soliton in the phase control
unit causes a phase transition from NJ° = 3 to N5° =
In (b) a soliton in the topological control unit causes a phase
transition from either N3° = 2 or N3® = 3, depending on
the value of other parameters, to N3° = 4. Each form phase
control unit is shown in Fig. 20.

placed by phase-control units (PCU), the structure of
which is shown in Fig. 20. Phase transitions are con-
trolled by a change in the grounding inductance from
Ly to L} and grounding capacitance from Cj to Cj,
Fig. 19(a), or by a change in the PCU from ¢; (¢})
to @2 (¢4), Fig. 19(b). The resonant frequency is iden-
tical to that of the Kitaev chain, Eq. (49), such that,
at this frequency, all possible circuit components the k-
space Hamiltonian can be written in the same form as
Eq. (3) with

hi(k) = hs(k) =20, — Cy, (52)
ho(k) = —2C; cos(ka/2), (53)
Ay(k) = As(k) =0, (54)
Aq(k) = (UtCP + WirCr EI;CP) gtha/?

- (mCP _wilrCp f{; CP) e~ka/2  (55)
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FIG. 20. Circuit diagrams of the phase-control units (PCU)
used in Fig. 19. There are four forms of PCU, (a) and (b) show
the intracell and intercell PCUs, respectively, which mimic
the superconducting pairing A, = A, with phase ¢, = —¢s
found in Hamiltonian (3) for 0 < ¢, < w/2. Figures (c)
and (d) correspond to the same parameters as (a) and (b),
respectively, but for 7/2 < ¢s < w. Figure (e) shows the
structure of the operational amplifier used in (a)-(d).

where Cy is interchangeable with Cj and

1
=Yg

From this, we can compare the components to the pa-
rameters of the Z, Hamiltonian, Eq. 31, as

PCU = ¢4,

PCU = ¢ . (56)

w = —2C1 +Cy, (57)
v = _Cl ’ (58)
Ay = Cp +LpCp/Rp, (59)
¢s = arg |:7]th + i/ LPCP/RP} . (60)

Substituting these expressions into the phase transitions
shown in Fig. 7(d) we find that

1 if X<0 and Y >0,
2 if X>0 and Z<0,

NYS = 61
b 3 if X<0 and Y <O, (61)
4 if X>0and Z>0,

where
4LpC
X = C2—4C,Co+ —L72, (62)
RP
LpC o
Y:mcp< ;2P+cg,> ; (63)
P
Z = pu=-2C1+Cy. (64)
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We can select parameter values such that by swapping
Cy for C{) we can flip the sign of X or Z, resulting in
a phase transition between NJ® = 4 and N5® = 3 or
between NN® = 4 and NN® = 2 at the position in the
chain that this swap occurs, Fig. 19(a). Similarly, we can
swap the PCU ¢ (¢}) for ¢o (¢5) which flips the sign
of Y, resulting in a transition between phases Ngs =
3 and N§® = 1. We note that the solitons shown in
Fig. 19 are example transitions, and, alternatively, there
may be different phase transitions or no phase transition
depending on the parameter values.

Taking finite chains, with topological transitions oc-
curring at the center of the chain, results in zero-energy
states hosted on solitons and corresponding peaks in the
impedance that are localized onto the solitons according
to Eq. (44). We first plot the impedance for a system with
400 nodes, current input at the first site in the ‘electron’
channel, and a soliton between N3® = 4 and N)® = 3 as
a function of frequency in Fig. 21(a). Here a large peak is
observed at the resonant frequency. For the same system
as Fig. 21(a), we plot the impedance as a function of the
output node, where peaks are observed at the edges of
the NS = 3 section of the chain which hosts MZM. By
deforming the parameter values, the transition may then
be between N5® = 4 and NY® = 2. As neither side of
this transition is in a phase that hosts MZM, the only
contribution to the impedance peak is from the soliton.
Fig. 21(c) shows that the on-resonance peak for current
output on the soliton is of the same order of magnitude as
the off-resonance impedances, although Fig. 21(d) does
show that there is some small localization on the soliton
despite the small magnitude. To obtain a more mea-
surable impedance, we instead construct an atomically
smooth soliton with a texture in the grounding compo-
nents Ly and Cp between phases NY® = 4 and N5® = 2.
The texture is described by

)

~N-1
— Mmax tanh (l NC /2> )

1
Lo, = [w2 (201 — [tmax tanh (

1
Coy = — =2C
0,1 Lo, 1

where [ is the index of a given node in the electron chain
and fimax is the value of the onsite energy, Eq. (57), at in-
finity. We plot the impedance in the presence of a smooth
soliton with width ¢ = N/4 as a function of frequency in
Fig. 21(e). This shows a much more distinct peak when
compared to the atomically sharp soliton in Fig. 21(c),
and the impedance as a function of output node shows
the corresponding peak at the center of the chain. Fi-
nally, we plot the impedance for a system with a soliton
in the superconducting phase, Fig. 19(b), between phases
NY® = 3 and N§® = 1 as a function of frequency in
Fig. 21(g) and as a function of output node in Fig. 21(h).
Large peaks in the impedance are found localized at both
ends of the chain in addition to localization on the soliton
at the center of the chain. This is due to both N)S = 3
and N5® = 1 hosting MZM.
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FIG. 21. Impedances across the topolectric realization of the Z4 chain, Fig. 19, for 400 nodes and input current at the first
node in the electron channel. The top row of figures measure the impedance as a function of frequency, with current inputted
at the first node in the chain and outputted at the center of the chain, while the bottom row measures impedance as a function
of variable output node. Figures (a)-(d) are for a system with an atomically sharp soliton in the grounding inductors and
capacitors, where (a) and (b) are for a system with a soliton between phases NN® = 4 and N§® = 3, while (c) and (d) are for

a soliton between phases NY° = 4 and N5° = 2. Figures g e) and (f) are for an atomically smooth soliton in the grounding
inductors and capacitors between phases ND = 4 and ND = 2. Flnally, (g) and (h) are for an atomically sharp soliton in
the phase-control unit between phases N3° = 3 and N)° = 1. Parameter values for (a) and (b) are Lo = 0.075H, Cy = 1.6F,

Ly = 0.171, Cy = 0.7 L1 = 0.4H, C; = 0.3F, Lp = 0.6H, Cp = 0.2F, Rp = 5Q, for (c) and (d) Lo = 0.047H, Co = 1.7F,
L) = 0.053H, C} = 1.5F, L, = 0.1H, C; = 0.8F, Lp = 0.3H, Cp = 0.267F, Rp = 0.2Q, for (e) and (f) L, = 0.1H, C; = 0.8F,
Lp = 0.3H, Cp = 0.267F, Rp = 0.2Q and jimax = 1, and for (g) and (h) Lo = 0.4H, Cyp = 0.2F, L, = 0.1H, C; = 0.8F,
Lp = 0.3H, Cp = 0.267F, Rp = 1€). For fixed resistance and at the resonant frequency, all other parameter values can be
identically scaled such that the two-point impedance as shown here is scaled by the same factor.

IX. ADDITIONAL NONSYMMORPHIC The predicted topologies for each class are given in
UNITARY SYMMETRIES Table III, however, we note that, although we can cal-

culate the corresponding index, we do not consider these

models as topologically distinct from models without an

It has been predicted by K-theory [28] that there ex- additional unitary symmetry. This is clear as the non-
ist additional nonsymmorphic unitary symmetries which symmorphic unitary symmetry is represented by a trans-
introduce new non-trivial topologies to the system, Ta- lation in position space, and, as such, acts simply as a
ble ITI. These unitary symmetries act on the k-space redefinition of the unit cell into two two-band models de-
Hamiltonian as UTH(k)U = H (k) and, in position space,  scribed by Ref. [61]. To see this, we examine an example
as UTHU = H. They may exist simultaneously with sym-  model in the BDI class with Ur = I, Uc = 7,00, and

morphic time-reversal and chiral symmetries allowing for a unitary symmetry whose operator U_ commutes with
the construction of nonsymmorphic models in the BDI the chiral operator Ug = 7,00, resulting in a predicted
and DIII classes. For the nonsymmorphic D class we de- 7 & Zo index. The Bloch Hamiltonian for this system is
note the unitary symmetry as U. Both BDI and DIII
nonsymmorphic classes are divided into subclasses based (k) A(k)

, , H(k) = | « ; : (65)
on whether the unitary symmetry commutes or anticom- At(k) —h"(—k)
mutes with the symmorphic chiral symmetry, with oper- .

. . . - — v + ve~ika

ators denoted U_ and U, respectively. It is also possible h(k) = ika ,
to have a nonsymmorphic unitary symmetry in the AII v+ ve —mu '
and C classes, although this does not affect the trivial A(k:) o 0 ‘ Ay — Agetka
topology of the symmorphic models. An exception to T\ —A 4+ Agetke 0 ’

this is the CII class. It has a symmorphic winding num-
ber that is destroyed by a U_ symmetry, as discussed in where, from Hamiltonian (3), we have set A, = A, and
the supplementary material [82]. w = v. A schematic of this system is shown in Fig. 22(a).



TABLE III. Altland-Zirnbauer classification of one dimen-
sional BdAG Hamiltonians with built-in charge conjugation
symmetry and the Kramer’s degenerate AlI class in the pres-
ence of additional nonsymmorphic unitary symmetries. 72,
C?, and S? represent the values of time reversal, charge conju-
gation, and chiral symmetry, respectively. Column U? repre-
sents the presence of an additional unitary symmetry, columns
U2 (Uf_) represents the presence of an additional unitary sym-
metry whose operator commutes (anticommutes) with the chi-
ral symmetry operator of either the BDI or DIII class, where
the label ‘NS’ represents a nonsymmorphic symmetry. The
column ‘index’ lists the form of topological superconductor
or insulator for each model.

Class 7% C* S* U? U? U} Index
D 0 1 0 NS 0 0 Zo®Zo
BDI 1 1 1 0 NS 0 YASY2)
BDI 1 1 1 0 0 NS Zsy
DIII -1 1 1 0 NS 0 Ly
DIIT -1 1 1 0 0 NS Z>
Al -1 0 0 NS 0 0 0

We have also written this in the Type I representation
such that we can easily define a winding number. In
this representation, the unitary symmetry is k depen-
dent with U_ = Uy(k, s)(1004), and transforms between
representations as U_(k,s) = U,I(k:, $)U_(k,0)U(k, s).
The winding number contributes the Z portion of the
topology, and can be calculated by first defining a Q-
matrix, Eq. (23), through the unitary transformation
Qk) = U;IH(k)UM, Eq. (V). For this system, this is
described by component

q(k) =

I 7’071)6ika+A3 7A36ika
—U—Ue_zka—As—i—Ase_lka U )

where the product of the eigenvalues of ¢(k) is

E,(k) = 2A% 4+ 4% — 20 — 2(A2 4 v?) cos(ka)

—4iAvsin(k). (66)

Plotting the path of E,(k) between —w/a < k < 7/a
defines the winding number as the number of times the
path encircles the origin, producing phases

-1 if |E| > |2v| and v <0,
Nppr =140 i |E] < |20, (67)

1 if |E|>|2v] and v > 0.
An example path of E, (k) is given in Fig. 22(Db).
To calculate the Zy contribution to the topologi-
cal index, we must first block diagonalize Hamilto-
nian (65) through the unitary transformation Hp(k) =
Ur (k) H(k)Ur,(k), where

0 eik:a/? 0 _eika/Q
1 0 1 0 1
Uz = 7 | etz o gk g (68)
1 0 1 0
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FIG. 22. Nonsymmorphic BDI class with symmorphic time-
reversal, charge conjugation, and chiral symmetries and an
additional nonsymmorphic unitary symmetry. (a) Schematic
of an example model with constant chemical potential 4,
hopping +v and superconducting pairing Ag, this is the Ki-
taev chain in a two-band representation shown with intracell
spacing s = a/2. (b) Example path of the winding number
with the corresponding band structure of the four-band rep-
resentation, Eq. (69), shown in (c), with eigenvalues of the
block Hi(k) in red and H2(k) in purple. (d) Phase diagram
for N§B; = (v1,v2, W), with 11 + 15 = W (mod 2). Fig-
ures (b) and (c) use parameter values p = 0.6, v = 0.7, and
A; =0.3.

such that
_ (Hi(k) 0
) = (1 ) (69
Hi(k) = w—2vcos(ka/2) —2iAgsin(ka/2)
! — \ 2iAgsin(ka/2) —p+2vcos(ka/2) )
(k) — u+2vcos(ka/2)  2iAgsin(ka/2)
2(k) = —2iAgsin(ka/2) —p — 2vcos(ka/2) )"
Eigenvalues for H; (k) are
E%(k) = 4A%sin®(ka/2) — 4v%sin®(ka/2)
—4pw cos(ka/2) + p? + 4v? (70)

and, for Ho(k), Eo(k) = E1(k+m/a). An example of the
combined band structure is given in Fig. 22(c). Kramer’s
degeneracy is present at k = 7/a as the nonsymmorphic
unitary symmetry also enforces nonsymmorphic time-
reversal, charge conjugation and chiral symmetries in ad-
dition to the symmorphic counterparts. Due to the 47w
periodicity of the diagonal Hamiltonian components, we
can not define a topological index for either 2 x 2 block.
By setting k = 0, we find that H;(0) and H»(0) are



zero-dimensional Hamiltonians with charge conjugation
symmetry Uc = o,. Both H;(0) and H3(0) are diago-
nalized such that their transitions may be immediately
calculated from their eigenvalues, although we can also
find the transitions by calculating the Majorana number
of each. We transform H; (k) to the Majorana basis by

Hipm = —iUmH LU}, where
11
i —i)’

0 2v-F
Hl’M_(—2U+E 0 ) (70

from which we define the Majorana number as vy =
sign(Pf[Hy a]), resulting in vy =0if E < 2v and vy =1
if E > 2v. Following the same procedure for Hs(0), we
obtain

Upi =

Sl

such that

20 + E) ’ (72)

0
Hzm = (—21} ~E 0

with Majorana number vo = sign(P{[Hz r]). We find
vy =0if £ > —2v and vy = 1 if E < —2v. The topologi-
cal invariants satisfy the constraint v +vy = NJS; (mod
2) thus defining a a Z®Zy index [28]. This can be under-
stood as each of the 2 x 2 sub-blocks of the Hamiltonian
at k = 0 corresponding to the transitions of the wind-
ing number, as the path of E,(k) only passes through
the origin at k& = 0. Therefore, for this minimal model,
there are four phases of the index which can be written as
NES; = (v1, 10, NYS,), and a full phase diagram is given
in Fig. 22(d).

We emphasize that, although we can calculate the
Z & Zs index, we do not consider the addition of non-
symmorphic unitary symmetries as topologically distinct
from models with only time-reversal, charge conjugation,
and chiral symmetries. Once block diagonalized, the Bril-
louin zone must be redefined as k — 2k. In this way, each
of the blocks H; (k) and Ha(k) are simply two-band sym-
morphic models in the BDI class, with winding numbers
that match that of the overall Hamiltonian defined by
the path of Eq. (66), up to the sign of v. This is the
result of the nonsymmorphic unitary symmetry acting
simply as a redefinition of the unit cell. It is clear to see
from the schematic in Fig. 22(a) that the model is ac-
tually a two-band Kitaev chain, and that extending the
unit cell introduces redundant degrees of freedom that
can be removed via unitary transformation. As all sys-
tems in this class are related by unitary transformation
to Eq. (65) [61], this holds for all possible variations of
the symmetry operators. Therefore, the Z & Zs topol-
ogy is not realizable in one-dimension, nor are any of the
other topologies given in Table III. The exception to this
is class DIII, which has topology that is not affected by
the additional nonsymmorphic symmetries.
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X. CONCLUSIONS

We describe superconducting one-dimensional BdG
tight-binding models on a periodic lattice with four en-
ergy bands, in addition to a noninteracting four-band
model belonging to the class AIl. For each supercon-
ducting symmetry class, we calculated the corresponding
topological index for an example system, finding agree-
ment with the tenfold way classification of symmorphic
models [11, 21-27] and the classification of Ref. [28] for
nonsymmorphic models. With this we complete the cata-
log of one-dimensional symmorphic and nonsymmorphic
tight-binding models started in Ref [61] for two-band
models, where certain topologies could not be explored
due to TRS inducing Kramer’s degeneracy.

While the topology of other symmetry classes can be
described as either topologically trivial, an integer Z
winding number, or a Z, index, we describe a Z4 in-
dex belonging to the nonsymmorphic D class, a topology
which is unique in one-dimensional non-interacting mod-
els. We calculate the topology based on a nonsymmor-
phic winding number equivalent, that has previously only
been used to calculate a Zs topological index without
Kramer’s degeneracy [44, 45]. We explore the Z, model
in detail, introducing solitons into the system and, by
plotting the disorder-averaged DOS, we find that, in gen-
eral, the zero-energy states hosted by the solitons are not
robust to disorder, although, for only nearest-neighbor
parameters, additional symmorphic symmetries may be
present exactly at the domain wall and protect the soli-
tons. We also show an example model in the AII class
with a Zs index that, although not superconducting, has
a similar topological calculation to the Z4 model due to
the nonsymmorphic chiral symmetry.

The translational symmetry of the models allows for
block-diagonalization of finite position space Hamiltoni-
ans. Fach of these blocks belong to a statistical ensemble
[67, 68], with the number of blocks in each ensemble de-
termined by the symmetries of the model. We catalog
this distribution of blocks for each possible combination
of symmorphic and nonsymmorphic symmetries.

We briefly describe the topology described by the pres-
ence of additional unitary symmetries. However, due to
the spatial constraints of the model, we find that this
simply acts as a redefinition of the unit cell, and hence
has no physical implications in one-dimension.

A theoretical realization of nonsymmorphic topology
is shown in the form of topolectric circuits, where elec-
trical components are used to mimic the position space
Hamiltonian, and the impedance through the circuit is
used to identify domain walls between degenerate ground
states [74, 76, 77]. We build circuits for symmorphic SSH
and Kitaev chains and compare them to nonsymmorphic
CDW and Z, chains, finding agreement with the topo-
logical k-space calculations.

The models presented here in the atomic basis in po-
sition space provide a guideline for experimental realiza-
tion of each symmetry class with four energy bands. Al-



though the topology of the superconducting models may
be realized by identical four-band noninteracting tight
binding parameters, it may be more experimentally vi-
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able to consider a two-band topological insulator, with
superconductivity induced by the proximity effect [92—
94] to replicate the topology.
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Supplementary material: One-dimensional topological superconductors with
nonsymmorphic symmetries

I. LONG-RANGE PARAMETERS

We generalize the superconducting Rice-Mele Hamiltonian (Eq. (3) in the main text) to include all possible long-
range tight-binding couplings

hi(k,s) = —p+u+ Zth cos(kan + ¢ap ), (S1)
n=1
ha(k,s) = Z[tgn_l coslk((n — 1)a+ 8) + dan—1] + itan—1 sin[k((n — 1)a + s) + d2n—1]
n=1
+t,y cos[k(an — ) + ¢, ] — it5,  sinfk(an — s) + ¢, 4], (52)
hs(k,s) = —p—u+ Z th,, cos(kan + ¢4, ), (S3)

n=1

where, for integer n, to, and t,, are A-A and B-B hoppings with phases ¢o, and ¢),, to,—1 and th, , are A-B
hoppings with phases ¢o,—1 and ¢4, ;. Similarly, we extend the superconducting pairings as

Aq(k,s) = Z[%Agmp cos(@an p) sin(kan) — 2Aq,, , sin(dan,p) cos(kan)], (S4)
n=1
(S5)
Ay(k,s) = Z[AQH,LS cosfk((n —1)a + 8) + dan—1,s] + iQdaop_1 ssin[k((n — )a + s) + Ppan—1]
n=1
+Al2n—1,s COS[]C(CLTL - S) - ¢l2n—1,s] - iAIQn—l,s sin[k(cm - S) - ¢,2n—1,s]]7 (86)
As(k,s) = Z[%A’Qnm cos(Py,, ,) sin(kan) — 2%, sin(¢y,, ) cos(kan)], (S7)
n=1
where A, , and Aj, , are A-A and B-B p-wave superconducting order parameters with phases ¢a,, and ¢3, ,,

and Ag,_1 and A}, _; , are A-B s-wave superconducting order parameters with phases ¢o,_15 and ¢4, ;.. In

terms of the nearest—neiéhbor parameters in the main text to = taa, th = tpp, ¢2 = daa, ¢ = dBs, 1=, t’l’ =w,

(bl = ¢U7 (bll = w, AQ,p = Apa AIQJ) = A;a ¢2,p = ¢p7 ¢/2,p = (b;a A1,s = AS7 All,s = A;, AS,S = As, ¢1,s = ¢87
1s = 0% P35 = b5, with t3 unchanged.

II. SYMMORPHIC MODELS

A. Symmorphic D class with Z, index and
T?°=0,C=1,5=0

While the topology of symmorphic topological superconductors is already understood [S1-S3], the principles used to
calculate their respective topological indices lends significantly to similar calculations in the nonsymmorphic classes.
For this reason we introduce the topology of the three symmorphic BdG classes D, BDI, and DIII, beginning with
class D which possesses only charge conjugation symmetry. As the charge conjugation symmetry is fixed for all
BdG Hamiltonians as Uxs = 7,00, and as there are no further symmetries constraining the system, the generalized
Hamiltonian (Eq. (3) in the main text) remains completely unconstrained. For simplicity we consider a minimal
version of this model, a Kitaev chain with a complex order parameter, where, from Hamiltonian (Eq. (3) in the main
text), we set A, = Ay and w = v. Additionally, we consider that the onsite energy alternates along atomic sites, and
that only the intracell order parameter has a complex phase, as, if the intercell order parameter has the same phase,
it could simply be gauged away inducing chiral symmetry.



A schematic for this system is given in Fig. S1(a). The k-space Bloch Hamiltonian for this example model is

_ (h(k) A
W = (31 i) (58)
) = (Lo ") (s9)
A(k) = (_Aseic/)so_'_Aseika Ase“i’s —OASe_Zk“> . (SlO)

In general, the band structure for the first quantized Hamiltonian is an insulator, and a numerically obtained band
structure is given in Fig. S2(a). From Hamiltonian (S8) we can define a Zs topological index known as the Majorana
number [S1, S4] as

NS = sgn(PE[Ha (0)]PE[Hay (r/a)]), (s11)
where
Hy (k) = % (;fil(llgf) 1%121(&))) ; (S12)
Hu(k) = A(k) + Al(k), (813)
Hio(k) = —h(k) —h" (k) + A(k) — AT(k), (S14)
Hyi (k) = h(k) 4+ hT (k) + A(k) — Af(k), (S15)
is the Hamiltonian in the Majorana basis, as defined by the basis transformation
Ca,k 5\1 Ca,k T+ CL’,k
Uy, = C?B’k Yy Gk T ch , (S16)
?,—k %\3 i(Cak — caﬁk)
C3,—k A i(cpr — CB,—k)
where \; are Majorana fermions. This transformation can be written as H; (k) = —z'UM”H(k)UJL, where
101 0
o= 03 (817)
07 0 —¢
The Hamiltonian (S12) is skew-symmetric at points k = 0 and k = 7, allowing for a well-defined Pfaffian, and resulting

in a Majorana number
NS = sgn[(2A2 + p? — u® — 4% — 202 cos()) - (u — u? + 2A2% + 2A% cos(¢,)] (S18)

The physical significance of this is that, for a finite model in position space, there are MZM exponentially localized
onto the edges of the chain for parameter regions in which W = —1. An example of this is shown for the BDI class
in Fig. 5 of the main text.

B. Symmorphic BDI class with Z index and
T°=1,C"=1,58=1

We write an example with minimal parameters with time-reversal operator Upr = I and chiral operator Us = 7,0¢.
This model can be obtained by setting the complex phase of the order parameter in the D class model to zero which
induces TRS, Fig. S1(b). The Bloch Hamiltonian is now

_ ([ hk) Ak
1) = (416 i) S
A — u v+ ve the
hk) = (v Lok 0 ) (S20)

. 0 A, — Agemika
N SN § (s21)
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FIG. S1. Schematics of example symmorphic models in the BAG basis, shown with intracell spacing s = a/2. (a) Schematic
for a system in the D class with constant chemical potential +4 and nearest-neighbor hopping +wv, alternating onsite energy
+u, and a nearest-neighbor s-wave order parameter of constant magnitude A that alternates between being real and complex
with phase ¢s. (b) Shows the same system but with ¢ = 0, transforming the model to the BDI class. (c) DIII model with
constant chemical potential, intercell nearest-neighbor hopping +w and third nearest-neighbor hopping of the same magnitude
but opposite sign, next nearest neighbor hopping +¢4 4, a nearest-neighbor real s-wave order parameter of constant magnitude
A, and a third nearest-neighbor order parameter of the same magnitude.

where, from the Rice-Mele Hamiltonian (Eq. (3) in the main text), we have set w = v and A, = A,. Note that setting
the alternating onsite energy to zero results allows for the block diagonalization of the Hamiltonian into that of the
two-band Kitaev chain, as discussed in Sec. IX in the main text. In general, the band structure for the first quantized
Hamiltonian is an insulator, with energy eigenvalues

E? = P +u’+ (k) +S(k) £/ 12 f (k) +u2S (k) +p?u?,
20%(cos(k) + 1),
S(k) = 2A%(1 — cos(k)).

g

—

o
I

An example band structure is given in Fig. S2(b). The topology of this model is explored in the main text in Sec. V
using a Q-matrix. It is also possible to calculate a Majorana number for this class, which determines the presence or
absence of MZM. In this case we find that

M = sgn((p? — u® — 40?)(u* — u® + 4A2)), (S22)

which is in agreement with the winding number calculations from the main text.

C. Symmorphic DIII class with Z; index and 7% = -1, C? =1, §? =1

We write a minimal example model in which the time-reversal operator Ur = 790, and the chiral operator Us =
Tz0y. This example includes a third-nearest neighbor hopping and order parameter to preserve the TRS. From the
generalized Rice-mele Hamiltonian (Eq. (3) in the main text) we set tpp = taa, t3 = —w, and A; = —A’, resulting
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FIG. S2. Example Bulk band structures with charge conjugation symmetry and no additional unitary symmetry. (a) Sym-
morphic D class system described by Hamiltonian (S8) with parameter values p = 0.8, u = 0.3, v = 0.6, A; = 0.2, and
¢s = /3. (b) Symmorphic BDI class system described by Hamiltonian (S19) with parameter values y = 1, u = 0.2, v = 0.4,
and A, = 0.2. (¢) Symmorphic DIII class system described by Hamiltonian (S23), with parameter values p = 0.5, w = 0.5,
taa = 0.2, and A, = 0.2. (d) Symmorphic CII class system described by Hamiltonian (S34), with parameter values I' = 0.5,
v=0.7, w = 0.3, ¢p» = ¢ = 7/3. (e) Nonsymmorphic AII class system described by Hamiltonian (28) in the main text, with
parameter values u = 0.3, I' = 0.5, v = 0.7, and ¢, = 7/4. (f) Nonsymmorphic D class system described by Hamiltonian (31)
in the main text, with parameter values p = 0.4, v = 0.6, As = 0.3, and ¢s = 7/3. The introduction of TRS with 7% = —1
induces Kramer’s degeneracy in the DIII band structure at the time-reversal invariant points & = 0 and k = 7 /a, while the D
class with nonsymmorphic time-reversal symmetry only has Kramer’s degeneracy at k = w/a.

in
(k) A(k)
H(k) = | N S23
; [ —u+2taacos(ka)  —2iwsin(ka)
hik) = ( 2iw sin(ka) —p+2t 44 cos(ka) )’ (524)
A _ 0 2A cos(ka)
Alk) = (—m; cos(ka) 0 ) : (525)
where, if we consider sites A and B to be spin indices, setting t3 = —w effectively mimics the role of Rashba spin-orbit

coupling in related models [S5]. A schematic of the model is shown in Fig. S1(c). In general, the band structure for
the first quantized Hamiltonian is an insulator, with energy eigenvalues

E? = pu+ A cos®(k) +4S%(k) +4f2(k) — 4uS(k) £ (4uf(k) — 8vS(k))

vsin(k),
S(k) = taacos(k).

=
5

~
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The band structure for this model displays Kramer’s degeneracy at the time-reversal invariant points £ = 0 and
k = 7/a, such that the two positive energy bands are degenerate at these points, and, similarly, the two negative
energy bands are also degenerate at these points. In position space this manifests as every energy level being doubly



degenerate. An example band structure is given in Fig. S2(c). Unlike the BDI class we can not immediately define a
winding number by plotting E,(k), as, by direct calculation, the winding number can be shown to always be zero [S6].
This is not purely a result of the different form of TRS, as we show in Sec.VI of the main text that nonsymmorphic
models with 72 = —1 in the AII class can have an associated winding number equivalent. Due to the Kramer’s
degeneracy we can also not simply use the Majorana formula, Eq. (S11), and instead must use a different form
of Fermi surface topological invariant. To calculate the corresponding Z, topological index we must first use the
chiral symmetry to off-block diagonalize the Hamiltonian (S23) into the Q-matrix (Eq. (23) in the main text) where
Q(k) = Ul H(k)Uyy with

(0 gt
o= (15 90) (520)
where

f(k) = —p —2taacos(ka), (S27)
g(k) = —2iwsin(ka) — 2iA’, cos(ka) . (528)

The eigenvalues of the Hamiltonian take values £\, (k) where n = 1,2 with corresponding eigenfunctions of Q(k)
defined as (x;(k), pE(k))T. It can be shown [S5] from the eigenvalue equation that the eigenfunctions of Q?(k) are

C(xE) 1 Un
s £) = (p?f) - (iqwmun/xn) ’ (529)

where u,, are the normalized eigenfunctions of q(k)q' (k). This allows us to define the flat band Hamiltonian as

- 5 0 UnUL q(k)
Q(k) = <q~T(()k) Q(ok)> = <q*<k> 0 . ) ) (830)

n=1,2 An

which, when expanded, results in

i =5 (L Ty T ) (s31)
and
O T s
From G(k) we can define the Fermi surface topological invariant as
Vo= prosa i esp( 3 [kt 9000 ) (533)

where N5,y = +1 and T = 10y [S5, S7-S9]. From this it can be shown that the system is topologically non-trivial
with NS;;; = —1 for |u| < 2v, in which case doubly degenerate MZM are present for a finite system. Otherwise the
system is topologically trivial with NS;;; = 1 for |u| > 2v, in which case there are no MZM.

D. Symmorphic CII class with 27 index and 7% = -1, C? = -1, §? =1

The C classes are defined by their charge conjugation symmetry C? = —1. In one dimension classes C and CI
with 72 = 0 and T? = 1 are topologically trivial, and have been cataloged for two-band models [S10]. Class CII
with T2 = —1 displays Kramer’s degeneracy and requires four bands to realize the 2Zy index. The addition of

nonsymmorphic symmetries does not change the topology of any of the C classes, with the exception of an additional
unitary symmetry U, that anticommutes with the chiral symmetry operator of the CII class [S11], resulting in trivial
topology as discussed in Sec. IV of the supplementary material. We write a generic Hamiltonian with two coupled
SSH chains such that C? = —1, the chains are described by staggered hoppings +v and 4w with phases ¢, and ¢,
and we introduce a coupling parameter I" between the chains to distinguish from the parameter A, used in previous
models. This Hamiltonian corresponds to two coupled SSH chains with complex hopping parameters, with symmetries



represented by operators Ur = 740, Uc = 7,00, and Us = 790,. The bulk Hamiltonian for this system can be written
as

(b0 Am
1w = (8l _ircw): (534)
ﬁ(k) - (Uei¢v +?Ueika+i¢w vem"—&—wg_lka_“i’w)’ (835)
A0 = (1t ) (536)

An example band structure of the CII class is given in Fig. S2(d) alongside example band structures of the nonsym-
morphic AIl and D classes as described by Hamiltonian (28) and Hamiltonian (31) in the main text, respectively.
The 27 index is defined by a winding number. A Q-matrix may be defined by swapping the second and third com-
ponents, and a winding number defined as the path of the product of its eigenvalues in the complex plane between
—n/a < k < m/a, denoted E,(k). The path circles the origin an even number of times, resulting in the Z, index. In
the case of this minimal model we find that

0 if |v] > |w|
NS —_ ’ S37
i {2 if v < |wl|, (S37)

which is simply the sum of the winding number of each individual SSH chain [S6].

III. CALCULATION OF Z, INDEX IN THE PRESENCE OF HIGHER ORDER PARAMETERS
A. Superconducting order parameter A,

In contrast to the minimal Z, model the introduction of further parameters significantly complicates the analytical
calculation of the phase transition points between phases N3® = 1 and N5® = 3, and between phases N3° = 2 and
NDNS = 4. However, the Majorana boundary remains unchanged from the minimal model. To see this we take the
approach described for the minimal model in Sec. VII of the main text by utilizing the chiral symmetry to create a
Q-matrix. The Hamiltonian with the addition of p-wave pairing can be written

H(k) = (AT(k) Ak) ) (S38)

(k) —hT(~k)
- — 2v cos(ka/2
hik) = <2v cos(ll:a/Z) —(u / )>’ (839)
N 2tA,sin(ka)  2iAgsinfka/2+¢s
A(k) = <2iAssin(k:a/(2—)¢5) QZ'AP(Sir{(ka)q5 )> (840)

We find the resulting Q-matrix (Eq. (23) in the main text) to be Q(k) = Ul H(k)U,, with
_ (f(k)  g(k)
= (5 %) (310

where

f(k) = p—2iAgsin(ka/2 + @), (S42)
g(k) = —2vcos(ka/2) + 2iA, sin(ka) . (S43)

We again characterize the topology by plotting the product of the eigenvalues of ¢(k) in the complex plane across the
Brillouin zone, i.e. for —7 < ka < 7, where, for this system, the product can be written as

E (k) = 4cos®(ka/2) (4A12, sin?(ka/2) + 4iApvsin(ka/2) + A2 —?)
+ 4iA psin(ka/2) cos(ds) — 4A% cos®(¢,) + p?. (S44)

From this, the Majorana number can be found by setting k¥ = 0 and determining whether E,(0) is greater than or
less than zero. As expected this yields the same Majorana phase transition as the minimal model. The other phase



transitions are not found as simply as those described in Sec VII of the main text, as the complex part of E (k) is no
longer zero across the Brillouin zone in the cases of ;1 = 0 or cos(¢s) = 0, such that we must consider the value of k
when calculating the phase transition points.

To calculate the topology we can utilize the symmetry of E,(k) about the real axis and consider only one half of
the path, between k = 0 and k = 7. Separating Eq. (S44) into its complex and imaginary parts we can recognize that
both these parts must be equal to zero at the phase transition as they pass through the origin, i.e. Im[E,(kr)] =0
and Re[Ey(k7)] = 0, where kr is the value of k at the transition point. As we are only interested in a transition that
is dependent on the physical parameters of the system, we rearrange both Im[E, (k)] = 0 and Re[E,(kr)] = 0 for kr
and equate them to one another. Rearranging for kr results in multiple solutions which arise from its periodicity, but
discarding solutions with negative k values and squaring each of these solutions results in two equations that can be
written as S1 = 0, where

—2AZ4+8A2+20 2/ Aypcos(ds)+4Av

= S45
2A24+8A2—202F2\/f Aspcos(¢s) (545)

S4

where
f=—16A2 cos®(¢s)AZ + 164, + (8A2 + 4p® — 8v*) AL + (v — A,)* (v + A,)*. (S46)

Solutions to these equations that correspond to real k values in the range 0 < k < 7 correspond to points of topological
phase transition between phases Ngs =2 and NSS = 4, and between phases Ngs =1 and NSS = 3 in the Z4 model.
In the limit A, — 0, these solutions approach the minimal model transitions of 4 = 0 and cos ¢, = 0 depending on
whether the Majorana number is 1 or -1. We find that

(S47)

S, — S+ if limkﬁkT Re[Eq(k)] = ()—"_7
ST\ SC i limgog, Re[E, (k)] =0,

while traversing the path from & = 0 to k = m. We note that an identical solution can be obtained through the
integral calculation (Eq. (33) in the main text) by tracking the path of the integral and calculating at which point it
first crosses the discontinuity at the origin.

B. Hopping parameter taa

Using a similar methodology as we did for A, we now calculate the topological phase transitions in the presence of
an additional hopping parameter between same sites in neighboring unit cells ¢4 4. The resulting Q-matrix (Eq. (23)
in the main text) is Q(k) = U, H(k)U,. with a q(k) of the same form as Eq. (S41), where now

f(k) = p+2iAgsin(ka/2 + ¢s) — 2t 44 cos(ka) (S48)
—2v cos(ka/2). (S49)

Q

=
=

S~—
|

We again characterize the topology by plotting the product of the eigenvalues of ¢(k) in the complex plane across the
Brillouin zone, i.e. for —w/a < k < 7/a, where, for this system, the product can be written as
E,(k) = 16t 44 cos*(ka/2) + 4cos?(ka/2) (A% — v? — 2utan — 414 4 — 4iA gt a4 sin(ka/2) cos(¢s))
— 40 cos? () + (1 + 2t aa)* + 4iA cos(¢s) (i + 2t aa) sin(ka/2). (S50)

Unlike for the addition of parameter A,, we find that ¢ 4 4 does change the Majorana number transition. This transition
can be found by setting E,(0) = 0, resulting in

16taa +4(A% — 0% — ptaas — 4% 4) — 40, cos? (ds) + (1 +2taa)? =0, (S51)

which reduces to the minimal model solution (Eq. (35) in the main text) for t44 = 0. The other transition points can
be calculated in the same way as described for A, in Sec III A of the supplementary material with solutions S4=0,
where here

_ 203483 gt At an+ 202 £2VF | pP 485+ Aptaa
2A24-8t2 | —dpt 4a—202F2\/f p2—4t% ,

Sj: 9 (852)



where
f= (=A%) (—2A% + 814 4 + dputaa + 20%) + 16A%t2 4 cos® ¢ . (S53)

Solutions to these equations that correspond to real k values in the range 0 < k < 7 correspond to points of topological
phase transition between phases N3° = 2 and N3 = 4, and between phases NY° = 1 and N5® = 3 in the Z, model.
In the limit t4 4 — 0, these solutions approach the minimal model transitions of = 0 and cos ¢5 = 0, depending on
whether the Majorana number is 0 or 1. The determining factor on which of the two equations are used is identical
to the case for the inclusion of A, pairing, Eq. (S47). We note that an identical solution can be obtained through the
integral calculation (Eq. (33) in the main text) by tracking the path of the integral and calculating at which point it
first crosses the discontinuity at the origin.

IV. C CLASSES WITH ADDITIONAL NONSYMMORPHIC UNITARY SYMMETRY

By setting the components of Hamiltonian (S34) as w = v and ¢, = ¢, we obtain the Hamiltonian

H(k) = (Af(k) A(k) >’ (S54)

(k) —h" (k)
5 0 veldv + yethaid
00) = (oo pttain . , (355)

A 0 [+ TLe ik
A(k) = (F+reika 0 ) (856)

In addition to the symmorphic symmetries with Ur = 7,0, Uc = 7,00, and Us = 190, this Hamiltonian also has a
nonsymmorphic unitary symmetry Uy = Ug(k, s)(7,0,), resulting in a path
E (k) = —v® —T? — (I% 4 v?) cos(2ka) (S57)
+ 2(I%v? cos(26,)) cos(ka)+i(I'? +v?) sin(2ka)
— 2i(I%—v? cos(2¢,)) sin(ka) .
Solving Re[E, (k)] = 0 and Im[E, (k)] = O for k we find that they share an identical solution

v2(1 — cos(2¢,)) + 2I'2 + v2
kr =+ , S58
r v2(1 + cos(2¢y,)) (858)
which guarantees a crossing of the origin at k = kp, forcing a band gap closing and eliminating the winding number.
This may also be understood by the block diagonalization of the Hamiltonian (S54) through the unitary transfor-
mation Hpp = U, (k) H(k)U.,(k) where

0 767ika/2 0 efika/Q
1 0 1 0 1
Uza = ﬁ e—tka/2 0 _e—tka/2 0 ’ (859)
1 0 1 0
such that
_ (Hi(k) 0
Hg(k) = ( 0 H2(k)> ; (S60)
 (2vcos(ka/2 — ¢,) —2iTsin(ka/2)
(k) = ( 2iT'sin(ka/2)  2vcos(ka/2 + ¢,) )’ (S61)
_ (—2vcos(ka/2 — ¢y) 2iT sin(ka/2)
Hy(k) = ( —2iUsin(ka/2) —2vcos(ka/2+ ¢y,) )" (862)
The eigenvalues for H(k) and Ho(k) are degenerate with each other, and both Hamiltonians have T2 = —1 with

Ur = oy such that Kramer’s degeneracy forces the band gap to close and ensuring trivial topology.
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