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Bounding the queue length in a multiserver queue is a central challenge
in queueing theory. Even for the classic GI/GI/n queue with homogeneous
servers, it is highly non-trivial to derive a simple and accurate bound for
the steady-state queue length that holds across all scaling regimes. A recent
breakthrough by Li and Goldberg (2025) establishes bounds that scale as
1/(1 - p) for any load p < 1 and number of servers n, which is the correct
scaling in many well-known scaling regimes, including classic heavy-traffic,
Halfin-Whitt and Nondegenerate-Slowdown. However, their bounds entail
large constant factors and a highly intricate proof, suggesting room for further
improvement.

In this paper, we present a new 1/(1 — p)-scaling bound for the GI/GI/n
queue. Our bound, while restricted to the light-tailed case and the first moment
of the queue length, has a more interpretable and often tighter leading con-
stant. Our proof is relatively simple, utilizing a modified GI1/G1/n queue, the
stationarity of a quadratic test function, and a novel leave-one-out coupling
technique.

Finally, we also extend our method to GI/GI/n queues with fully hetero-
geneous service-time distributions.

1. Introduction. The GI/G1/n queue is one of the most fundamental multiserver queue-
ing models, with a wide range of applications [see, e.g., 80]. The GI/GI/n queue consists of
n servers and a central queue, where external jobs arrive over time and wait in the queue for
service in the first-come, first-served order. When a server frees up, it picks the first job in the
queue and starts serving it until the job is completed. An illustration of the GI/GI/n queue
is provided in Figure 1, The name “GI” refers to “general” and “independent”, indicating
that the interarrival times and service times are two i.i.d. sequences, where elements of each
sequence follow a general distribution.

In the theory of the GI/G1/n queue, a natural goal is to find a simple formula that predicts
the queue length (the number of jobs in the queue waiting for service). A prominent line
of work focuses on the scaling of the queue length, aiming to find asymptotically accurate
bounds or approximations when the system scales up in a certain sense. This pursuit has been
remarkably successful for the single-server case, dating back to the seminal work of Kingman
[47]. Kingman derives a simple upper bound for the steady-state mean queue length of the
GI/GI/1 queue, E,[Q]:

p*Var [uS] + Var [1A]
1 Eﬂ' = )

where S is the service time, A is the interarrival time, u = 1/E[S], 12 1/E[A],and p £ A/u
is the load. Despite its simplicity, Kingman’s bound is surprisingly accurate. In particular,
it is asymptotically tight in the so-called heavy-traffic scaling regime where p T 1 [48], so it
precisely captures the queue’s behavior in the scenario where the queueing delay becomes
significant.
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Fig 1: Anillustration of GI/GI/n queue, where each cycle denotes a server, and each rectangle
denotes a job.

In contrast to the single-server case, finding a similarly simple and accurate upper bound
for the GI/G1/n queue is a much greater challenge. This complexity arises from a rich set of
combinations of two basic scalings: the heavy-traffic scaling, where the load p T 1, and the
many-server scaling, where the number of servers n — oo. In practice, these two parameters
often scale jointly to balance utilization and delay [3, 6, 30, 57, 77], with different scaling
rates giving rise to dramatically different asymptotic behaviors. For example, in the classic
heavy-traffic scaling regime (p T 1 with fixed n), the limiting queue length distribution of
GI/GI/n queue is similar to that of GI/GI/1, depending only on the first two moments
the input distributions [see, e.g., 50]. In contrast, in the Halfin-Whitt (HW) regime (n — oo
and p = 1 — ©(1/+/n)) or the Non-Degenerate Slowdown (NDS) regime (n — oo and p =
1 — ®(1/n)), the limiting behavior is far more complex and can depend intricately on the full
input distributions [see, e.g., 1, 4, 9, 68].

A long-standing challenge has been to establish a queue length bound with the 1/(1 - p)
scaling that holds universally for all p < 1 and n. Achieving this is significant because this
scaling is known to be tight across a broad class of important operational regimes, including
classic heavy-traffic, NDS, and Halfin-Whitt [1, 4, 50], although better scaling could arise
when p = 1 — w(1/+/n) [67]. However, most prior work focuses on particular scaling regimes
without providing general upper bounds for the regimes between them (for instance, between
the HW and NDS regimes), so such a universal bound remained elusive until the recent
breakthrough by Li and Goldberg [53]. Their work provides the first such result, stated in their
Corollary 2 as:

E~[Q]
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where A = 1/E[A] and € € (0, 1/2). In addition to this bound on the mean queue length, Li
and Goldberg [53] also establishes several high-order moment and tail bounds with the same
universal scaling.

Although Li and Goldberg [53] shows the existence of a universal bound with the correct
1/(1 — p) scaling, the numerical constant in their bound is astronomically large. This stands in
stark contrast to Kingman’s bound for the single-server case, suggesting room for improvement.
Indeed, Li and Goldberg [53] themselves conjecture that Kingman’s bound may hold for any
M /GI/n queue. This leads to the central question of our paper: Can we prove a universal
1/(1 = p)-scaling bound for the GI|G1/n queue with a small constant factor?
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Our results. We prove that, in the GI/GI/n queue, the steady-state mean queue length
satisfies

3) E,[0] < 2RT™ + pVar [AA] —

2(1-p)

Ly (%E [(AA)?] - Rg““),



A NEW 1/(1 - p)-SCALING BOUND FOR MULTISERVER QUEUES 3

where Ry™ 2 sup, o E [uS —t | uS > t] (finite for a large class of light-tailed distributions),
and the second term E [(AA)2] /2 — R™" is a constant determined by the unitized arrival-time
distribution. This bound holds assuming E [A2] < 00, R < oo (Assumption 1), S is non-
lattice (Assumption 2), and a certain positive Harris recurrence condition (Assumption 3). In
the special case of the M /G1/n queue, (3) further simplifies into

max

“) E-[0] < I —.
-p

The above two bounds are given in Section 4 as direct corollaries of a more refined bound

(Theorem 1), which has a better leading constant when n =o(1/(1 — p)).

Our bounds scale as 1/(1 — p) universally for all p < 1 and n. Compared with the bounds
of [53], our bounds require stronger assumptions on the service-time distribution, but often
have much smaller constants when the assumptions are satisfied. For example, in the M /GI/n
queue whose service times follow the gamma distribution with the shape parameter « (i.e.,
with the squared coefficient of variation 1/a), RY™ = max(1, 1/@), so (4) implies E,[Q] <
max(1,1/a)/(1 - p). We will provide more examples in Section 4.

Our results also generalize to the GI/G1/n queue with fully heterogeneous servers. The
details can be found in Section 8.

Technical contribution. Our proof is built around a simple core argument that synthesizes
several techniques. We first define a modified GI/G1/n queue whose queue length stochasti-
cally dominates that of the original system, an approach also used by [53]. Our analysis of this
modified queue then proceeds in two steps. First, we use the stationarity of a quadratic function
to derive an expression for the mean queue length, representing it as the sum of a GI/GI/1
mean queue length and several "covariance" terms. Second, we bound these covariance terms.

The first step is a relatively standard application of the Basic Adjoint Relationship (BAR)
[see, e.g., 11, 12, 60, 62]. Our key innovation lies in the second step, where we introduce a
novel leave-one-out coupling to control the covariance terms. Similar covariance terms also
appear in previous papers based on BAR or equivalent approaches and are one of the main
obstacles to obtaining a universal bound with 1/(1 — p)-scaling [31, 36, 38, 72]. We provide a
more detailed overview of our technical approach in Section 5.

Paper organization. We first review the related work in Section 2. In Section 3, we formally
set up the model, introduce the modified GI/GI/n queue, and state the assumptions about
these systems. In Section 4, we state our main results and provide some examples. In Section 3,
we give a high-level overview of our proof and provide intuition. In Section 6, we formally set
up the analysis framework and state the supporting lemmas for our proof. In Section 7, we
prove our main results for the GI/GI/n queue. In Section 8, we generalize our results to the
G1/GI/n queue with heterogeneous servers. Finally, we conclude the paper in Section 9.

General notation. For any two real numbers a, b, we use a A b to denote their minimum.
For any positive integer k, we let [k] = {1,2,...,k}. We let R be the set of real numbers, let
R be the set of non-negative real numbers, let Z5( be the set of non-negative integers, and
let Zs be the set of positive integers. Unless otherwise specified, we use Bachmann—Landau
notation with respect to the limits where n — oo, p T 1, or both simultaneously; we treat other
parameters as constants and omit their dependence. We denote probability, expectation, and
variance by P[], E[-], and Var [-], respectively. The subscripts of these three symbols specify
the underlying probability distributions: for example, P,, [-] and E, [-] are taken under the
distribution v. When the distribution is clear from context, we omit the subscript.

2. Related work.
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General prior work on GI/GI/n queue. There has been a rich body of literature on the
queue-length scaling of GI/G1/n queue. Prior to Li and Goldberg [53], most papers focus
on a certain representative or useful scaling regime of p and n, without providing general
bounds for the regimes in between. In the following, we briefly review these papers and refer
the readers to [53] for a comprehensive review.

The most well-studied regime is the classic heavy-traffic regime, where 7 is fixed, and p T 1
[e.g., 5, 31, 36, 39, 46, 49-51, 55, 63-65, 69, 71, 74, 79]. In this regime, relatively simple
bounds or approximations are available, and the queue length is known to scale as 1/(1 — p)
for most well-behaved instances of GI/GI/n queue; exceptions arise when, for instance,
service times have infinite variances [69-71, 74]. Some of these papers contain bounds that
hold beyond the classic heavy-traffic regime, but they scale worse than 1/(1 — p) when n is
large [e.g., 31, 36, 51, 55]. For example, the bound proved by [31] scales as O(1/(1 — p) + n).

More recent papers also study the Halfin-Whitt regime (HW), where n — oo and p =
1 -0(1/yn) [e.g., 1, 7-10, 13, 18, 21, 27-29, 34, 35, 41-44, 56, 58, 66, 68], or the Non-
Degenerate Slowdown (NDS) regime, where n — oo and p = 1 — ©(1/n) [e.g., 3, 4, 34].
Asymptotic analysis has shown that the queue length in these regimes also scales as 1/(1 — p).
However, there is a key distinction between the results in classic heavy-traffic results and
these regimes: the analyses for the HW and NDS regimes are typically asymptotic, focusing
on the system’s limiting behavior as n — oco. Although some studies provide convergence
rates to this limit [e.g. 9], and some prove the tightness of the (1 — p)-scaled queue lengths
[e.g. 18, 27-29], the error terms or bounds are generally inexplicit outside of certain special
cases (e.g. exponential service times [8, 10, 29, 67], deterministic service times [41, 43],
lattice service times [28]). It is thus difficult to translate these results into the kind of explicit,
non-asymptotic performance bounds that are the focus of our work.

Some papers also consider scaling regimes with load further lighter than HW, i.e. p =
1 —w(1/4/n) [e.g. 8, 10, 34, 38, 67, 75]. Such regimes are referred to as sub-HW regimes. In
the sub-HW regimes, the mean queue length of the GI/G1I/n queue could be exponentially
smaller than 1/(1 — p), although the precise scaling of the mean queue length is only known
for very special models, such as the M /M /n queue [see, e.g. 8, 67].

Finally, apart from [53], some papers also provide results across scaling regimes, but under
highly specialized distributional assumptions. Some of them assume exponential service times
and provide universal approximations for all scaling regimes [e.g., 8, 10, 34, 67]. Another
paper [38] provides a 1/(1 — p)-scaling bound for some regimes between HW and NDS,
assuming Poisson arrivals and hyperexponential service times.

Basic Adjoint Relationship and similar methods. Basic Adjoint Relationship (BAR), also
known as the stationary equation in the earlier literature [61], is a set of equations that
characterize the stationary distribution of Markov processes. BAR allows us to extract infor-
mation about the stationary distribution of a Markov process by taking suitable test functions.
BAR and BAR-based analytical techniques have been studied in the literature under different
names, such as the drift method [see, e.g., 26] or the rate conservation law [60, 62, see,
e.g.,]. In this paper, we use BAR to refer to the particular framework in [11, 12], which
handles Markov processes with both continuous and discrete state changes, utilizing the
Palm distribution. This BAR framework has recently been applied to various queueing sys-
tems with general interarrival-time and service-time distributions under heavy traffic [e.g.,
11, 14, 15, 19, 20, 22, 32, 33, 37, 62].

Some prior work has derived queue length bounds for the GI/G1I/n queue based on BAR
or equivalent approaches [31, 36, 38, 72]. These bounds typically have small constant factors
in front of the 1/(1 — p)-scaling term, but they also contain additive error terms that depend on
n. These additive error terms cause these bounds to scale worse than 1/(1 — p) when n is large,
reflecting a common technical challenge in analyzing the GI/GI/n queue using BAR-based
approaches. We will discuss this challenge in more detail in Section 5.
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Leave-one-out techniques. Our core technical innovation, the leave-one-out technique, is
similar in spirit to the leave-one-out cross-validation in statistics [52], as well as some analyti-
cal techniques in learning theory [73] and matrix completion [24] that bear the same name. On
a high level, these methods allow us to isolate the effect of an input component on a stochastic
procedure by removing or replacing this component, and compare the changes in the outcome.

3. Problem setup. In this section, we define two queueing systems with homogeneous
servers: the GI/G1/n queue, whose queue length we want to upper bound, and a proxy system
named modified GI1/GI/n queue, which will be the focus of our analysis.

3.1. GI/GI/n queue. We consider the multiserver queue with general independent
interarrival-time and service-time distributions, also known as the GI/GI/n queue, under the
first-come, first-served (FCFS) scheduling policy. As illustrated in Figure 1, this queueing
system consists of a central queue and » identical servers, serving externally arriving jobs with
independent and identically distributed (i.i.d.) interarrival times. Each job joins the end of the
queue if all servers are busy, or starts service immediately if there are any idle servers. After
entering the service, the job picks an idle server uniformly at random, occupies the server for
a random amount of service time, and leaves the system after completing the service. The
service times of the jobs are also i.i.d. When a server completes a job, it either immediately
takes the next job from the head of the queue to serve it if the queue is non-empty, or becomes
idle if the queue is empty. If multiple servers complete the service simultaneously, we assign
the head-of-line jobs to these servers uniformly at random.

The GI/GI/n system starts running at the time ¢ = 0, possibly with some initial jobs in the
queue and in service. We allow arbitrary initial queue length (denoted as Q(0)), time until
first arrival, the set of initially busy servers, and the residual service times of the busy servers.
These data describe the status of the system at the time ¢ = 0, and we refer to them collectively
as the initial state.

The GI/GI/n queue is driven by two independent i.i.d. sequences of random variables,
which represent the interarrival times and service times. Specifically, under the FCFS policy,
we can index all jobs by the order in which they begin service. For the k-th job that begins
service after time 0, we let S* denote its service time and let A¥ denote the interarrival
time between the k-th and (k + 1)-th jobs. Note that {Ak}kQ:(?) correspond to jobs already
in the queue at time 0, so they do not play a role in the analysis and can take arbitrary
values. By the definition of the GI/G1/n queue, the interarrival times {A"}Z"= 0(0)+1 and the

service times {S k}le are independent, and each sequence is i.i.d. with its own distribution.
We represent the distributions of A¥ and S* using two generic random variables A and S,
respectively, and simply refer to them as the interarrival time and the service time. The
arrival rate A and service rate u of the system can therefore be defined as A = 1/E[A] and
u = 1/E[S]. We also defined the scaled arrival rate A to be A = A/n, which represents the
average arrival rate processed by each server. To characterize the tails of the unitized service
time xS and the unitized interarrival time AA, we consider the supremum of ©S’s mean
residual time Ry £ sup,.oE [uS — ¢ | uS >t], and the infimum of AA’s mean residual time
R™" =inf, s E[AA -t | AA > 1].
Next, we state two assumptions on the distributions of A and S.

ASSUMPTION 1. We assume that E [A?] < co and R™™ < oo.

ASSUMPTION 2. We assume that the distribution of § is non-lattice, i.e., the support of §
is not a subset of {§,26,36,...} forany 6 > 0.



Assumption 1 requires that the interarrival time has a finite second moment, and the
service time S has a bounded mean residual time. The assumption R}"®* < co has also been
used in [25, 31]. As shown in [25], R}"™ < co implies that the tail CDF of S decays at least
exponentially and hence that all moments of S are finite; for completeness, we also provide a
proof in Section A. The mean residual time is bounded for many common classes of light-
tailed distributions, including the phase-type, Increasing Failure Rate (IFR), New Better Than
Used in Expectation (NBUE), gamma distributions, etc. We will show Ry*** of some example
distributions in Section 4.

Assumption 2 can be roughly viewed as a continuous-time analogue of the aperiodicity
condition for renewal processes with the inter-event distribution S. The non-lattice condition
is required for some common versions of renewal theorem [2, Theorem V.4.3], which we will
use in the proof of Lemma 4.

The GI/G1/n queue is a Markov process whose state at time ¢ can be represented as

(5) X(t) = (Rs,l (I)’ RS,Q(t)’ ce Rs,n(t)a Ra(t)’ Q(t)),

where Q(t) denotes the queue length (not including the jobs in service), R, (t) denotes the
residual arrival time, and Ry ;(t) denotes the residual service time of the i-th server, for
i=1,2,...,n. We use the convention that all the state variables have right-continuous sample
paths, and let R; ; (¢) = 0 if the i-th server is empty at time 7. The set of all possible realizations
of X (¢) constitutes the state space of GI/GI/n queue, denoted as X = Rggl X Zx.

The load of the GI/G1/n system is defined as p 2 A/(nu) = A/u. We assume that p < 1,
which implies that the system is positive Harris recurrent [2, Theorem XII.2.2].

3.2. Modified GI/GI/n queue. Now we set up the modified GI/GI/n queue, which we
will focus on in our analysis as a proxy of the original GI/G1/n queue. On a high-level, the
modified GI/GI/n queue adds virtual jobs to the GI/GI/n queue to keep the servers busy.
Specifically, when the queue is empty and a server is about to idle, the server immediately
begins to serve a virtual job with a service time independently sampled from the distribution
of S. The server then works non-preemptively on this virtual job, becoming available to serve
the next job only after completing the virtual job.

The modified GI/G1/n queue has been studied by several papers ([5, 16, 35, 40, 45]; [see
also 78, Chapter 10]), and it is known that given the same initial states, the queue length
distribution of the modified GI/GI/n stochastically dominates that of the original GI/GI/n
at any time. This fact has been proved in, for example, Proposition 1 of [27], and we will also
include a proof in Section C for completeness. Due to this relation, an upper bound for the
modified GI/G1/n queue automatically holds for the original GI/G1/n queue, so it suffices
to focus on the modified GI/G1/n queue. This approach has been one of the key steps in [53],
and we will adopt the same approach in our analysis.

A nice property of the modified GI/GI/n queue is that its sample path is determined by
(n + 1) mutually independent renewal processes [27, Corollary 1]: the service-completion of
each server is a renewal process with the inter-event distribution S, and the arrival process is a
renewal process with the inter-event distribution A.

The modified GI/GI/n queue is a Markov process whose state can be represented by the
same tuple X (¢) as the original GI/G1/n queue (5), with the state space X = R’Z‘Bl X Zs0. The
dynamics of this Markov process is summarized below:

* Continuous dynamics. At any time ¢, the residual times (i.e., forward recurrence times) of
the renewal processes, R, (¢) and R ;(t) for i € [n], decrease at the constant rate 1.

¢ Discrete events. When one or more residual times reach zero at time ¢, discrete events
are triggered. Each type of event corresponds to a subroutine that maps an input state,
X = (RS‘J, ...R$ . R;,07), to an output state, X+ = (R;r,l, ...RY . RS, Q7), according
to the following rules:
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(i) Arrival event (R,(t—) =0): R} = R + A for some interarrival time A independent of
X7; Q" = Q™ + 1; other coordinates of the state remain unchanged.

(i) Completion event at server i (R ;(t—) = 0): R;”i =R ;+S for some service time
S independent of X—; Q" = Q™ — 1{Q~ > 0}; other coordinates of the state remain
unchanged.

Typically, only one event happens at a time, and the post-event state X (¢) is generated by
applying the corresponding subroutine to the pre-event state X (z—). In rare cases where
multiple events occur simultaneously, the subroutines are applied sequentially. Different
orders of applying the subroutines result in different system dynamics, so we stick to a fixed
order to avoid ambiguities: we first apply the arrival subroutine if there is an arrival event,
and then any completion subroutines in increasing order of their server indices.

Next, we make a stability assumption for the modified GI/GI/n queues. Note that in
addition to the main modified GI/GI/n queue under study, we will also construct a few more
auxiliary instances of modified GI/GI/n queues (Section 6.1); these auxiliary systems have
different numbers of servers but the same interarrival-time and service-time distributions after
proper scalings. Our assumption should also hold for all these systems; the load of each of
these systems is defined as the ratio of its arrival rate and the total service rate of its servers.

ASSUMPTION 3. Each modified GI/GI/n queue with homogeneous servers considered
in this paper is positive Harris recurrent if its load is less than 1. In addition, let v be its unique

stationary distribution, then limy_, % /OTE [Q(1)]dt =E,[Q] < .

REMARK 1. Assumption 3 has two parts: the positive Harris recurrence of the modified
GI1/GI/n queue, and the finiteness of its steady-state mean queue length. Essentially, only
the first part is restrictive, as the finiteness of the steady-state mean queue length could be
implied by the existing queue length bounds for modified GI/GI/n queues. In particular,
Corollary 2 in [53] holds for any modified GI/GI/n queue with load less than 1 that satisfies
positive Harris recurrent, aperiodicity, and some standard finite moment assumptions implied
by Assumption 1. We will discuss Assumption 3 in more detail in Section B, where we
argue that certain regularity conditions on the distributions of A and S are likely to imply
Assumption 3.

4. Main results. In this section, we state our main results for the GI/GI/n queue with
homogeneous servers under Assumptions 1, 2 and 3, and provide some examples. We will also
compare our results with those of [53]. We will present generalizations to the heterogeneous
setting in Section 8.

We begin with our main bound, presented in Theorem 1 below. This bound is a more refined
version of the bounds (3) and (4) from the introduction.

THEOREM 1. Consider the GI/GI[n queue with homogeneous servers under the FCFS
policy, whose service-time and interarrival-time distributions satisfy Assumptions 1, 2 and
3. When the load p < 1, let  be the unique stationary distribution of the system. Then the
steady-state mean queue length, B, [Q], is bounded as
pVar [AA] + Var [uS]+1-p

2(1-p)

+(%ERAAV]—R?ﬂ.

Ex[Q] <

+ min (n, )(R;mX - %E [(uS)z] )

l-p



We first comment on the scaling of the bound in (6). Observe that this bound only depends
on the distributions of the unitized service time uS and the unitized interarrival time AA.
Consequently, when we fix the distributions of uS and AA, this bound scales as 1/(1 — p)
universally for all p <1 and n. When specialized to the Halfin-Whitt regime [35] and the
Non-Degenerate Slowdown regime [3], the bound scales O (1/n) and O (n), respectively, which
match the correct scalings in these two regimes. The “min” in the second term of (6) leads to
a smaller leading constant when n = 0(1/(1 — p)), which includes the classic heavy-traffic
regime with n fixed.

As we might notice, the bound in (6) shares some similarities to Kingman’s approximation
for the GI/GI/1 queue [48], so it is natural wonder what each term in (6) represents and
where it comes from. In the following, we provide some high-level comments and leave more
detailed discussions to the technical overview (Section 5).

1. The first term in (6) matches Kingman’s approximation for the GI/GI/1 queue whose
server with interarrival time A and service time S/n, up to low-order errors; this GI/GI/1
queue can be interpreted as having a “super-server’” that is n-times faster than each server
in the GI/G1/n queue. Because the first term in (6) is dominant as p T 1 with n fixed, it
reflects the shared asymptotical behavior of GI/GI/n and GI/GI/1 in the classic heavy-
traffic regime. This connection between GI/GI/n and GI/GI/1 is well known in the
literature [see, e.g., 31, 36, 72]. In our analysis, this comparison between GI/GI/n and
G1/G1/1 is performed implicitly using the BAR technique.

2. The second and third terms in (6) bound the difference between the (modified) GI/GI/n
queue and the GI/GI/1 queue. In particular, the second term in (6) is associated with the
conditional distribution of the residual service time given Q = 0 in the modified GI/G1/n
queue, reflecting a certain “boundary effect” when the queue is empty. Note that this term
vanishes when § is exponentially distributed, since E [( us )2] /2 is the expectation of uS’s
excess distribution, and recall that R7™ = sup, o E [uS —¢ | uS >1].

3. The third term in (6) is associated with the conditional distribution of the residual in-
terarrival time given Q = 0 in the modified GI/GI/n queue, and it vanishes when A is
exponentially distributed.

Theorem 1 implies the following simpler bound after relaxing the minimum in (6) to
1/(1-p):
pVar [AA] — p +2RT™ 1 2 .
+=E [(AA)"| — R;™.
=) SE[(A4)*] - RS

When we consider the M /G1/n queue, the bound in (7) can be further simplified into:

) EA[Q] <

R}
(®) Ex[Q] <7 —.
—-pP
Next, we apply the bound in (8) to some examples. We assume that the examples under
consideration satisfy Assumption 3.

ExAMPLE 1 (NBUE distribution). Consider the M/GI/n queue whose service-time
distribution is non-lattice and New Better Than Used in Expectation (NBUE). NBUE is a
large class of distribution that contains all Increasing Failure Rate distributions; a distribution
is NBUE if its mean residual time conditioned on any age is no larger than its original mean.
Then by definition, we have RT* <E [uS] =1, so (8) implies E,[Q] < 1/(1 - p).

EXAMPLE 2 (Gamma distribution). Consider the M /GI/n queue with gamma-distributed
service times. Suppose S follows the gamma distribution with shape parameter @ and scale



A NEW 1/(1 - p)-SCALING BOUND FOR MULTISERVER QUEUES 9

parameter 6, then the unitized service time wS is also gamma-distributed with shape @ and
scale 1/a. When a > 1, uS has increasing failure rates, so Ry =E [uS] =1. When a < 1,
direct calculation shows that RT™ = 1/a. Because the gamma distribution is always non-
lattice, (8) implies E,[Q] < max(1/a,1)/(1 - p).

EXAMPLE 3 (Phase-type distribution). Consider the M /G /n queue whose service-time
distribution follows the phase-type distribution with d phases. For k € [d], let 7; be the
expected residual time of S conditioned on it being in the phase k. Then it is not hard to see
that R{™ < pmaxye[q) 7k < 00. Moreover, phase-type distributions are non-lattice. Therefore,

(8) implies Ex[Q] < pmaxge[q) 7c/(1 - p)-

EXAMPLE 4 (Bounded distribution). Consider the M /G /n queue whose service-time
distribution is non-lattice and bounded by some constant M > 0. Then we have Ry < uM,

so (8) implies E,[Q] < uM /(1 - p).

Comparing with Li and Goldberg [53]. Li and Goldberg [53] has proved a wide range of
queue length bounds that scale universally as 1/(1 — p). Those bounds are primarily in the
form of tail bounds (Theorems 1,2, and 3), which imply bounds on the steady-state mean
queue length E,[Q] as corollaries. Here, we restate one of their bounds on E,[Q] as an
example:

THEOREM (Adapted from Corollary 2 of [53]). Consider the GI1/GI/n queue with
homogeneous servers under the FCFS policy. Assume that (1) E [Az] < oo, (2) there exists
€€(0,0.5) s.t. E [52“] <00; (3) p<1; (4) the system has a unique limiting distribution n.
Then

E~[Q]

) 1

< (2.1 X 10ME [(uS)?] (B [(u8)2] " + B[ (1$)**] )(é)4 +49B [(A4)] | -—.

The bound in (9) achieves the 1/(1 — p)-scaling with the constant factor only depending
onE [(AA)Z], E [(,uS)z] and E [(/15)2+€]. However, this bound involves a huge numerical
constant. Similar large numerical constants also appear in all other bounds in [53] that achieve
the 1/(1 — p)-scaling. Our bounds improve upon the bounds in [53] when RT®* is reasonably
small.

Finally, note that in addition to the assumption that R}'** < oo, our non-lattice assumption
(Assumption 2) is also not needed in [53]. This technical condition ensures that the residual
service times converge to the equilibrium distribution in a proper sense, which is needed in our
proof of Lemma 4. [53] does not need this assumption partly due to their model setup, where
the initial residual service times are independently sampled from the equilibrium distribution.

5. Proof overview and intuition. In this section, we overview the main ideas in the proof
of Theorem 1. To make the overview accessible, we start from the special cases, the M /M /1
queue and the GI/G1/1 queue, and gradually build towards the GI/GI/n queue. Each step
of the generalizations corresponds to a refinement of the proof techniques, and the novelty of
this paper lies in the last step where we generalize from GI/GI/1to GI/GI/n.
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M/M/1 analysis: quadratic test function. Consider the M/M/1 queue with the arrival rate
A and service rate u. Although the stationary distribution of M/M/1 is straightforward to
calculate, here we present an alternative way of bounding its steady-state mean queue length
E.[Q]. Recall that the queue length of the M/M/1 queue, Q, jumps to Q + AQ at the rate
A+ u, where the size of the jump AQ conditioned on Q has the distribution

0= 1 with probability /(A + u)
-1{0>0} with probability /(A + ).

Now consider the quadratic function Q2: The instantaneous expected rate of change (so-called
“drift”) of Q2 is given by

(A+wWE[(Q +AQ0)* - 0| 0] =20 (A + WE[AQ | Q] + (A + WE[AQ?| Q]
=20 (1 —p1{Q >0}) + 1 + u1{Q > 0}
=-2(u—-1)Q0 + A+ ul{Q > 0}.

Observe that when Q follows its stationary distribution 7, Q2 is stationary, so the drift of Q>
1s zero, 1.e.,

(10) 2(u = DER[Q] =4+ uP7 [Q>0].

Because Pr [Q > 0] = p, we get Ex[Q] =4/(u— 1) = p/(1 - p).

The rationale behind using the quadratic test function Q2 is that the leading term of its
drift is almost a constant proportion of Q, because E [AQ | Q] = (4 — u1{Q > 0})/(A + u)
is almost constant except when Q = 0. Intuitively, the queue length drifts toward zero at a
constant rate whenever the queue is busy. Consequently, considering the drift of Q2 yields a
formula for E;[Q].

GI/GI/1 analysis: “smoothed” quadratic test function. Now we consider upper bounding
the mean queue length of the GI/GI/1 queue. As argued in Section 3.2, it suffices to focus
on modified GI/GI/1 queue. In the modified GI/GI/1 queue, the stationarity of the test
function Q? does not lead to a formula for E[Q], because Q no longer has a constant drift.
Instead, the jumps of Q are state-dependent, modulated by the residual arrival time R, () and
the residual completion time R (7).

To reduce the problem to the familiar case of constant drift, one can consider the test
function

f(RS7Ra’ Q) = (Q + UR; _/lRa)z-

Intuitively, the additional terms uR; — AR, smooths out the dynamics of Q, so that Q +
URs — AR, has the constant drift A — u except when Q = 0. In particular, when a job arrives,
O + 1R — AR, increases by 1 — 1A, and the amount of increase has a zero expectation; when
a job completes and Q > 0, the change in Q + uRs — AR, again has a zero expectation.

The stationarity of this “smoothed” quadratic test function (Q + uR; — AR,)? implies the
following:

pVar [1A] + Var [uS]+1-p
1-p)E =
ay  (-PEC] :
+Es[1{Q =0H(uRs — AR4)] — (1 = p)Er [R5 — AR4],
where E[-] denotes the expected value observed at a random completion event, to be formal-

ized in Section 6.2. Here, the cross term E;[1{Q = 0} (uRs — AR,)] again comes from the fact
that the drift of Q + uRs — AR, depends on whether Q = 0. Fortunately, this boundary effect
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is mild; in fact, we can upper bound this cross term by zero because R; = 0 at any completion
event. Thus, we obtain the upper bound E[Q] < (pVar [AA] + Var [uS] + 1 — p)/(2(1 = p)).

The above argument shall be formalized by the BAR framework, which we set up in
Section 6.2. The technique of using a “smoothed” test function in BAR is invented by
Miyazawa [62], and has been applied to various queueing systems with general interarrival-
time and service-time distributions [see, e.g., 11, 14, 15, 19, 20, 22, 32, 33, 37, 62].

G1/GI/n analysis: asymptotic independence. To upper bound the mean queue length of the
GI1/GI/n queue, we consider the modified GI/GI/n queue, and use the test function that
straightforwardly generalizes the smoothed quadratic test function for modified GI/G1/1:

w 2
f(Rs,l,---,Rs,n’Ra,Q)z(Q+,uZRs,j_ARa) .
=1

J
As we show in Lemma 7, applying BAR to this test function yields

(12) (1-p)Ex[Q]

pVar[AA] + Var [uS] +1-p <
= > +;Fs,j—ra,

where I'y ; and I, are given by
(13) Ts.j =Es[1{Q = 0}uRy ;| = (1= p)Er|uRy ;] Vj€ln]
(14) Lq =E[1{Q =0}AR,] — (1 = p)Ex [AR,].

Because Eg[1{Q = 0}] =1 — p, one can roughly view I ; (or I'y) as the covariance between
1{Q =0} and the residual service time Ry ; (or the residual arrival time R,). As in the case
of GI/GI/1, these covariances arise from the fact that drift of the Q + u Z;‘zl R, ; — AR,
is not constant and depends on whether Q = 0; but unlike GI/GI/1, now there are (n + 1)
covariance terms rather than 2. This manifests the complexity caused by multiple servers.
Equations similar to (12) have been used explicitly or implicitly in many prior studies of the
G1/GI/n queue and related models, where the steady-state mean queue length or workload is
expressed in terms of Var [AA], Var [uS], and similar covariance terms [31, 36, 38, 53, 72].
However, none of these papers can derive an O (1 /(1 - p)) bound valid for all p < 1 and n
through such equations, despite the conjecture to that effect [53, Conjecture 1].
The core technical challenge of this paper is to show that the sum of the covariances

ST = D) (B 1@ = 0huke ] = (1= p)Ex k. )
j=1

J=1

remains bounded as n — oo, or equivalently, I'y ; = O(1/n) for each j € [n]. This will imply
the desired O (1/(1 - p)) upper bound once combined with (12). Unlike the case for GI/G1I/1,
we can no longer argue that R, ; = 0 under the expectation E[-], given that there are multiple
servers.

Our idea is to show that 1{Q = 0} and the residual service time of the j-th server R, ; are
asymptotically independent, so that their covariance I's ; diminishes at the rate O(1/n) as
n — oco. Why should 1{Q =0} and Ry ; be nearly independent, given that the queue length
is constantly interacting with the j-th server’s completion process? Intuitively, the queue
length Q in a modified GI/GI/n queue is the joint effect of n independent service-completion
processes, so each process should only have 1/n fraction of “responsibility” for the realization
of the random variable T{Q = 0}. To capture the effect of the j-th server’s completion process
on the queue length, we ask the following motivating question:

How would the queue length change if the j-th server had not existed?
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Fig 2: An illustration of the j-th leave-one-out system, where the j-th server does not take
jobs from the queue.

An attempt to answer this question inspires a simple proof of the asymptotic indepen-
dence. We consider the counterfactual queue length Q_; if j-th server had not existed in
the modified GI/G1/n queue (see Section 6.1 for the precise definition). Crucially, the in-
dicator T {Q_ ji= O} serves as a “bridge” between 1{Q =0} and Rq ;: it is independent of
R;,; yet closely approximates 1{Q = 0}. This allows us to show that 1{Q =0} and R, ; are
asymptotically independent. The detailed argument can be found in the proof of Lemma 8 in
Section 7.2.

6. Technical framework and supporting lemmas. In this section, we formally set up
the technical framework and state the supporting lemmas for Theorem 1. We define the leave-
one-out systems in Section 6.1, set up the Basic Adjoint Relationship in Section 6.2, prove
some additional supporting lemmas in Section 6.3.

To simplify the presentation, we adopt the following assumption. Our results hold without
this assumption, and we will outline the necessary modifications for the general case in
Remark 2.

ASSUMPTION 4. In the modified GI/G1/n queue, no two events (i.e., an arrival and a
completion, two arrivals, or two completions) happen at the same time.

6.1. Leave-one-out systems. In this section, we construct a set of auxiliary systems,
referred to as leave-one-out systems. Each leave-one-out system captures the counterfactual
queue length if a certain server were removed from the main n-server modified GI/GI/n
system under study (referred to as the “main system” or simply “the modified GI/GI/n
queue” from now on). Leave-one-out systems play a crucial role in our proof of Theorem 1 in
Section 7, representing a key innovation of this paper.

For each j € [n], the j-th leave-one-out system is a modified GI/GI/(n—1) system coupled
with the main system; it shares the arrival events and the completion events of all but the j-th
server with the main system, as illustrated in Figure 2. In other words, each job arrival in the
main system also increases Q_;(z) by 1 for all j € [n], and each completion of the i-th server
reduces Q_;(r) by 1{Q_;(z=) >0} for j € [n]\i. We initialize Q_;(0) = Q(0) all j € [n],
and denote the joint queue lengths of all leave-one-out systems as 0 (r) = (Q —i(®)jen]-

As one would expect, the queue length of each leave-one-out system pathwise dominates
the queue length of the main system:

LEMMA 1. Foreach j=1,2,...n, the queue length of the j-th leave-one-out system
pathwise upper bounds the queue length of the main system, i.e.,

0_;i(=0(t) Vi=0.
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PROOF. We define the stopping time 7 = inf{z > 0: é_ j (1) £0(1) — 1}. It suffices to show
that T = oo for all sample paths. First, because Q_ j(0) = Q(0), by the right-continuity of
0_ j(t) and Q(z), we must have 7 > 0. Suppose that there exists a sample path such that 7 < oo,
then we have é_j(r—) =Q(r-) and é_j (1) < Q(7) — 1. This implies that at time 7, there
must be at least a completion event that affects the j-th leave-one-out system but not the main
system, or an arrival event that affects the main system but not the j-th leave-one-out system.
However, both cases are impossible, which is a contradiction. Consequently, for all sample
paths, 7= 00,50 Q_;(t) > Q(t) forall t > 0. |

Finally, note that by Assumption 3, each j-th leave-one-out system is positive Harris
recurrent when p < 1 —1/n.

6.2. Basic Adjoint Relationship. As outlined in Section 5, our analysis follows the frame-
work of Basic Adjoint Relationship (BAR) to perform the steady-state analysis. In this section,
we formally set up the preliminaries of BAR, following Section 6 of [14].

We first define some basic notation. We focus on analyzing the Markov process X (t), which
is either X(r) if 1 - 1/n<p <1or (X(1), Q(t)) if p <1 —1/n. Let the state space of X(t) be
X, which is R"“ X Z>0 Or R”” X Zﬁgl , depending on p. By Assumption 3, in both cases, X ()
has a unique statlonary d1str1but10n 7, capturing its long-run time-average behavior. From now
on until the end of Section 7, we slightly abuse the notation to let X (0) ~ &, which implies
X(t) ~ x forall r > 0.

On a high level, BAR is based on the fact that any function of the state has zero expected
changes in the steady state. In our case, this implies that the joint effects of the arrivals,
completions, and continuous decrease of the residual times on the function’s value should be
zero in the steady state. In the following, we define the concepts that help quantify these three
types of changes in function value.

We define the differential operator ‘A as

n+1

(15) AR 2= 0ff(F) Vielk,

=1

where d; denotes the right partial derivative with respect to the ¢-th coordinate, and f: X >R
is any function that has right partial derivatives with respect to the first (n + 1) coordinates
(the coordinates corresponding to R, ;’s and R,). This operator captures the instantaneous
changing rate of f in the state X caused by the decrease of the residual times; the corresponding
steady-state changing rate is thus given by E [ﬂ f(X )] .

Next, we consider the changes in f(X(¢)) caused by the arrivals. Since arrivals occur at
discrete points, we cannot define their rates. Instead, we use the so-called Palm distributions,
which are probability measures over X> and captures the probability of the pair of states
before and after a random jump in the steady state. Formally, the Palm distribution at arrivals
P, is defined as

[Se]

(16) P, [B] = AlhE D {(X (@), X(ek-)) e By {zf < n} |,
k=1

where B is any measurable subset of X? and 7¥ is the time of the k-th arrival event; & is
any positive number, and P, does not depend on the choice of & due to the stationarity of
X (1) [2, Theorem VIL6.3]. Roughly speaking, P, represents the long-run average distribution
evaluated at arrival events; this can be seen by taking a large %, and note that A is the long-term
average frequency of arrival events. We refer the readers to [2, Section VIL.6] or [14, Section 6]
for a detailed background of Palm distributions induced by point processes.
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Given the Palm distribution P, we can define the corresponding Palm expectation E, [-]:
For any measurable function g: X> — R, we have

a7 Bals(X%.X)] & 8|5 a(R(eh). Xeko) 1 {ek <}
k=1

where (X*,X ™) € X? is a pair of dummy variables following the distribution P,, and A is any
positive number. Then for any measurable function f: X — R, its long-run average rate of
changes caused by arrivals can be represented by AE,, [ (X - f(X _)] .
We similarly define P; ; and E; ;[-] for the completion events of the i-th server, for i € [n].
Now we are ready to state the main lemma for BAR, which connects the stationary distribu-
tion  with the set of Palm distributions P, and and P ; defined above. The proof of Lemma 2
is provided in Section D.2, which is adapted from [14, Section 6.1].

LEMMA 2 (Basic Adjoint Relationship for G1/G1/n). Consider the modified G1/G1/n
system satisfying Assumptions 1, 2 and 3, with load p < 1. For any function f: X — R that is
bounded, locally Lipschitz continuous, and partially differentiable from the right with respect
to its first (n + 1) coordinates, we have

(18)  Ba[AfX)] +AB[f(X*) = F(XT)] +p ) Byi[ F(XT) = fF(X7)] =0,
i=1

where X,X*, X~ € X are random elements following the distributions specified in the ex-
pectation subscripts. Moreover, the Palm distributions P, and Py ; satisfy the following with
probability 1:

() If (X*,X") ~Pg, then R, =0 and the coordinates of X* and X~ satisfy the relations:

19) RI=R,+A
(20) 0*=0"+1
@1 Qt;=07;+1 Vjeln] ifp<i-1l/n,

where A represents a generic interarrival time and is independent of X~ ; other coordinates
of X* are identical to X~.

(i) For each i€ [n), if (X*,X") ~ Py, then R_; =0 and the coordinates of X* and X~
satisfy the relations:

22) RY, =R, +5
(23) 0" =0"-1{Q" >0}
(24) ét,-:Q:j—ﬂ{Q:J.m} Vjen\{i} ifp<l-1/n,

where S represents a generic service time and is independent of X~ other coordinates of
X" are identical to X~

Next, we define some convenient notational shorthand. We define the Palm dis-
A l n

tribution Pg[-] £ 1 Psi[-] and the corresponding expectation Eg [g()_(+,)_(‘)] £

n
1yn

=1 Es.i [g()_( X ‘)] . Under this notation, (18) can be compactly rewritten as
(25) Ex[AS(X)] + ABa|[f(X*) = f(X7)] + nuBs [ f(X™) = f(XT)] =0.

! Any superscript applied to an element of X (e.g., X~ or X*) propagates to all of its coordinates.
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We also adopt the simplification that, when a Palm expectation only involves the pre-event
state, X, we omit its superscript and simply write X.

REMARK 2. We have adopted the assumption that no events occur simultaneously (As-
sumption 4) to simplify the presentation. However, our results still hold without this assump-
tion, and the necessary changes are outlined as follows.

The main changes are in the definitions of the Palm distributions. When m events happen at
time ¢, we use X (7,0), X (1, 1), ... X (z,m) to denote the intermediate states after sequentially
applying the state-updating subroutines for each type of event involved (see Section 3.2); in
particular, X(¢,0) 2 X(¢—) and X (t,m) = X(¢). Let (¥, mF) be the k-th (¢, m)-pair such that
X (t,m) is an intermediate state before an arrival update. Then the definition of P, should be
generalized as

E Z]]{()_((Ts,mla‘+l),)_((‘r§,m§))eB}]]{T(’;Sh} )
k=1

1
(26) Pa [B] = i
The Palm distributions P, ; for i € [n] should be generalized analogously. Intuitively, P, and
P, ; still represent the average state distributions observed by arrival events or completion
events, although the states at some time points could be counted multiple times or involved
in multiple Palm distributions. The same definition has also been used in [14] to deal with
simultaneous events.

With the new definitions of P, and P; ;, the statement of Lemma 2 is valid without requiring
any other changes. The other lemmas, including those for heterogenous G1/G1/n in Section 8,
also hold verbatim. We leave the detailed verifications to readers.

Finally, we mention an interesting detail. As we can see in Section 3.2 when constructing
the modified GI/GI/n, the order of updating the state in the presence of simultaneous events
could affect the system dynamics. However, our generalized proof should work for any order
of updates. Intuitively, whether we apply the arrival subroutine before or after a completion
subroutine would affect the distribution of the distribution of R, under P, ;, but not those facts
stated in Lemma 2.

6.3. Other supporting lemmas. In this section, we state some supporting lemmas for the
proof of Theorem 1. These lemmas are about some intuitive facts, so we briefly comment on
their intuitions and leave their proofs to Section D.

Recall that by our previous assumptions, conditioned on any age, the mean residual service
time is upper-bounded by RT'** (Assumption 1), and the mean residual arrival time is lower-
bounded by R™", Lemma 3 below further shows these bounds on the conditional expectations
remain true after conditioning on the queue lengths Q and Q. This is because the age of the
service time or interarrival time is effectively a sufficient statistic of the history of arrival and
completion events for inferring the residual times. Since the queue lengths are also determined
by this history, they provide no additional information relevant to the residual times.

LEMMA 3 (Bounded mean residual times). Consider the modified G1/GI [n queue satis-
fying Assumptions 1 and 3, with the load p < 1. If p <1 —1/n, for any j € [n],

27) uEy Ry ;| 0,0] <RI

(28) AE, [Ra

0.0 > R

where B, [-] can denote either Ex[-] or Ey;[] fori # j; if 1 —=1/n < p <1, we have analogs
of (27) and (28) without conditioned on Q.
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The following lemma establishes that R, ; and Q_ j are uncorrelated under the Palm
distribution Py ; for i # j. As the system under study is driven by mutually independent
renewal processes, the intuition for this lemma is straightforward: R; ; depends only on the
server j’s completion process, whereas Q —j and P ; are determined by the set of renewal
processes that exclude that of server j’s. The formal proof also involves a mixing argument of
the completion processes, which relies on S being non-lattice (Assumption 2). Notably, this

lemma is the only part of our analysis that requires the non-lattice assumption.

LEMMA 4 (Uncorrelation lemma). Consider the modified GI/GI/n queue satisfying
Assumptions 1, 2, and 3, with the load p <1 = 1/n. For any i, j € [n] such that i # j, we have

(29) B[]0y =0} Ry j| =P, |0-; = 0| B[Ry ).

The next lemma shows several basic equalities about the residual times of the renewal
processes and the idle probability of the queue. These equalities directly follow from BAR
and are proved in Section D.5.

LEMMA 5. Consider the modified G1/G1/n queue satisfying Assumptions 1 and 3, with
the load p < 1. For i, j € [n] such that i # j, we have

(30) Ex[Rs.i| = %#E [$%]

31 Ex[R.] = %A]E [A%]

(32) Eyi[Rs.j] + s j[Rsi] = B [S?]

(33) Ey,i[Ra] + Ea|Rs,| = %uE [$7] + %AE [A%]
(34 Ps[Q=0]=1-p

(35) %i;jps’i[é_j=0]=l—p—% ifp<1-1/n.

Next, we show that the queue length has finite means under the Palm distributions P,
and Py ;, utilizing the assumption that it has a finite mean under the stationary distribution 7
(Assumption 3).

LEMMA 6. Consider the modified GI/G1/n system satisfying Assumptions 1 and 3, with
the load p < 1. Then we have E,[Q] < 0o and E; ;[Q] < oo for alli € [n].

7. Proof of main theorem. This section is dedicated to proving Theorem 1, following
the two-step approach outlined in Section 5:

Step 1 (Section 7.1): We derive an exact expression for the mean queue length, E,[Q]. This
expression connects E . [Q] to the load p, the variances Var [uS] and Var [AA], and some
“covariance” terms.

Step 2 (Section 7.2): We bound these “covariance” terms.

The first step follows from the established framework of BAR, while the second step contains
the novel argument based on our leave-one-out technique. Substituting the bound in Step 2
into the expression in Step 1 proves Theorem 1.
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7.1. Step 1: exact expression of E [Q].

LEMMA 7. Consider the modified GI/G1/n system satisfying Assumptions 1 and 3, with
the load p < 1. We have

Var [AA] + Var [uS] + 1 — -
(36) (1= p)Eal0) = PR TSI 128 Sy
j=1
where Iy ; and I, are defined as:
(37) Ty,; =Es[1{Q =0}uR; ;| - (1 - p)Ex |[uRs ;| Vj€[n]

(38) Iy = Es[ﬂ {Q = O}ARa] - (1 _p)En [ARd]a

and recall that B[] = % i1 Es.i[-] is the Palm expectation with respect to all completion
events.

REMARK 3.  When n is large, the term I'y ; can be roughly viewed as the covariance be-
tween 1{Q =0} and R ; under the measure P, because P, [Q =0] =1 — p and E; [Rs,j] =
% 2i:i#j Bs.i [RS,J-] = ”T‘IE,, [Rs,j]. Here we use the fact that E; ; [RS,]-] =E, [Rs,j], which
is slightly stronger than (32) in Lemma 5, but can be shown by replacing 1 {é ;= O} with 1
in the proof of Lemma 4. We skip the detailed argument because it does not affect our results.

The term I', can be interpreted similarly if the interarrival-time distribution is non-lattice.

PROOF OF LEMMA 7. For any integer « > 0, we consider the test function

_ n 2
f(X):(Q/\K+/JZRS,J'/\K—AR(1/\K) s
j=1

2
which is a truncated version of the quadratic function (Q + u Z;‘zl Rs,j— ARa) . Since f is
bounded, locally Lipschitz continuous, and has right partial derivatives with respect to R, and
R;.;’s, Basic Adjoint Relationship (2) implies that
n n
0="2E, (Q/\K+/1 Rs,jAK—ARa/\K) (—MZH{RS,J- <k} +AI{R, sk})
j=1 j=1

1 2 1 2
+ AE, (Q/\K+IUZRS,]'/\K+H{QSK—1}—AA/\K) —(Q/\K-i-,uZRs’j/\K)
j=1 j=1

n
2
+ nuE; (Q/\K+,uZRS’j/\K—ARa/\K—]]{O<QSK}+/JS/\K)
j=1
n 2
—nuE; (Q/\K+,u Rs’j/\K—ARa/\K) .
j=1

Note that to get the E,[-] term above, we have used the fact that R, = 0 with probability 1
under P,. Expanding the squares and rearranging the terms, the above equation simplifies into

n

2B |(QA K+ Y Rej Ak= ARG AK) (1 D) 1Ry <6} = AV{R, <}

Jj=1 Jj=1
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— AE, 2(QAK+uZn:Rs,jAK)(n{QsK—1}—AA/\K)+(ﬂ{QsK—1}—AAAK)2
=1

n

+ nuE; 2(Q/\K+IUZRS’]'/\K—ARa/\K)(—]]{O<QSK}+,LIS/\K)

Jj=1

[ 2
+ nuE; (—ﬂ{0<QSK}+,uS/\K)

Now we let k — oo in the equality and attempt to apply the dominated convergence theorem.
To do this, recall the following finiteness results: E,[Q] < co (Assumption 3), E,[Q],Es[Q] <
oo (Lemma 6), E;[R,], By, i [Ra].Ex [Rs,i] »Eq [Rs,i] s Es.i [Rs,j] < oo (Lemma 5), Eq[R,] =
Eg i [Rs,i] =0, and E [Az] ,E [52] < oo (Assumption 1). Then in the last displayed equality,
it is not hard to see that the expression inside E,[-] is dominated by (Q + Z;‘.:] MR j +
AR,)(nu+ A), which is independent of x and has a finite mean under the measure 7. Similarly,
one can see that the expressions inside E, [-] and E;[-] are dominated by expressions that have
finite means under P, and Py, respectively. Therefore, the dominated convergence theorem
implies that

(39)

2(np— NBr|Q +p ) Ry j— ARq

=1
(40)
= AR, 2(Q + U 2 Rs,j) (1 - AA) + (1 - AA)2

41
+ nyE, 2(Q+u§Rs,_,~—ARa)(—n{Q>0}+uS)+(—n{Q>0}+us)2 .

Next, we simplify the terms in (40), which correspond to the arrival events:

AE, 2(Q +u§Rs,j)(1 —AA) + (1 —AA)2

=2AE, + AE

0 +MZRS,]-]E[1 —AA
=1

Jj=

(1 —AA)Z]

(42) = AVar [AA],

where the first equality is due to the fact that A is independent of Q and R;_;; the second
equality is due to AE[A] = 1.
We then simplify the terms in (41), which correspond to the completion events:

nuE, 2(Q+,uzn:RS,j—ARa)(—ﬂ{Q>O}+,uS)+(—1]{Q>O}+uS)2

Jj=1
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n

Q+,UZRs,j_ARa
=1

Jj=

=2nuEg El-1+uS

+ 2nuE;

(Q+n .n Ry = ARy)1{Q =0}]

j=1

+npuE [(=1 + uS)?| +2nuPs [Q = 0] E [—1 + uS] + nuP, [Q = 0]

+ nuVar [uS] + nuPs [Q = 0]

= 2nuE, [(uzn] Ry~ AR.)1{Q = 0}
j=1

+nuVar [uS] +nu(l - p),

(43) = 2nuE, [(u S Rey = AR, 1Q =0)
j=1

where the first equality uses 1{Q >0} = 1 — 1{Q = 0} and the fact that S is independence
of O, R ;, and R,; the second equality is due to E [uS] = 1; the third equality is due to
P, [Q=0] =1-p (Lemma 5).

Substituting (42) and (43) back to (40) and (41), we get

n

2(n = NEr|Q+ 4 ) Ry j— ARq

j=1
= 2nuE, (u RS,‘,‘—ARa)ﬂ{Q=O} + AVar [AA] + nuVar [S] + nu(1 = p).
=1

Dividing both sides by 2nu and using the fact that A/(nu) = p, the last equality becomes

n
(l_p)Eﬂ' Q+#ZRs,j_ARa
j=1

pVar [AA] + Var [uS]+1-p
> .

—E, (ﬂZn:RS,,- ~ AR, )1{Q =0} | +
=

Rearranging the terms, we get

_ pVar[AA] + Var [uS]+1-p
(1 _p)En [Q] - D)

(ﬂiRs,j _ARa)]]{Q :0}] - (1 _p)En[ﬂiRs,j _ARa],
J=1 J=1

+ Eg

which implies (36). O
7.2. Step 2: analyzing the covariance terms.

LEMMA 8. Consider the modified GI/GI|n system satisfying Assumptions 1 and 3, with
the load p < 1. Let I'y ; and Iy, be the terms defined in (37) and (38), respectively. Then

(44) I's,; <min (1 -p, %) (R?lax _ %E [(19)?] )

45 Ty <(1- p)(%E [(A4)?] - R?i“)
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PROOF. Recall that
37) [s,j =Es[1{Q = 0}uRy ;| = (1= p)Er[uRy ;] Vj€n]
(38) Ia =Es[1{Q =0}AR4] = (1 - p)Ex[ARa],
We first bound I’y ; and then bound —T,.

Bounding I's ;. We consider two cases based on whether p > 1 —1/n.

Casel:1-1/n<p<1.
Tyj =Bs[1{Q = 0}uRy ;] = (1 = p)Bx [ R /]

- % D B [H{Q =0}uR, ;] - (1 - p)Ba Ry ]
i=1

1
(46) <~ D BailQ =01 RT™ ~ (1= p)Er|uRs ]
i i#]
<Py [Q = 0] R{M™ ~ (1~ p)Ex[uRs ]
@7 = (1= p)RY™ = (1= p)Ex R ]
1
(48) = (1-p) (R = 3B [(u9)?] ),

where the inequality (46) is due to R, ; = 0 with probability 1 under P, ; (Lemma 2), and
Es,; [,uRs,j | Q] < RY™ (Lemma 3); the equality (47) is due to Py [Q =0] =1 — p (Lemma 5).
Because 1 — p < 1/n, (48) implies (44).

Case 2: p < 1 — 1/n. This is the most non-trivial part of the proof. Because 1/n <1 - p, we
need to to bound I'y_; by O(1/n) for each j € [n]. To this end, observe that when p <1 —1/n,
the load of the j-th leave-one-out system is less than 1, so it has a well-defined stationary
distribution (Assumption 3). We consider the indicator T {Q_ j= 0} as a “baseline” and subtract

it from 1{Q = 0}. This leads to the following key decomposition of Eg [1] {QO =0}uR;, j] :

(49) B,[1Q = 0buR, ;] =B, [ (11Q =0} - {0, =0} Jurs | +B,[1{G-, = 0} urs ]

We then bound the two terms on the right-hand side of (49) separately.
We bound the first term on the right-hand side of (49) using similar arguments as in Case 1,
i.e., by applying the conditional expectation bound of R, ; proved in Lemma 3:

G0 E|(11e=01-1{0 =0} )urc ;| <+ Y Eo[10 =0y 1[0, =0} |[rre
i i)

51) < (P[0 =0] —% > B0y =0] )Rre
iiitj
(52) =(1_p_(1_p_%))R§nax
= lR?laX,
n

where the inequality (50) is due to Rs; = 0 with probability 1 under P,; (Lemma 2),
Esi|1Rs,; | Q. 0-;] < R™ (Lemma 3), and 1{Q =0} - 1{Q_; =0} > 0 (Lemma 1); the
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inequality (51) is because Py [Q =0] = X7 | Py ; [Q =0] /n; the equality (52) is due to
Ps[Q=0]=1-pand ¥,,;Ps;[0-;=0]/n=1-p—1/n(Lemma 5).
To bound the second term on the right-hand side of (49), recall that 1 {é = 0} and Ry ;

are uncorrelated under the distribution P, ; for i # j (Lemma 4), so we can exactly calculate
this term as

Es[ﬂ{é—j =0}MRs,_i =% Z Es,i[“{é—j =0}#Rs,j]

i i)

(53) =1 3 2|0 =0|Baurs,
i i)

(54 = (1-p= 2 )EaluRss].

where (53) is due to Lemma 4, and (54) is due to Lemma 5.
Substituting the above calculations back to (49), we get

_ . l max _ _l .
B, [1{Q = 0}uR, ;] < - R} +(1 0 H)E,r[,uRw].

Therefore,
1 )
Foj = Eo[1HQ = 0}uRy ;] = (1= p)Ba Ry ;] < —(RI™ ~ B[Ry 1]

Because E [uRs,j] =E [(,uS)z] /2, this finishes the proof of (44) when p <1 —1/n.

Bounding -T',.  Finally, we prove (45), which uses a similar argument as bounding I’y ; in
the case where p > 1 —1/n:

Ty = (1 - p)Ex[AR,] - Es[1{Q = 0}AR,]
1 n
= (1= p)Ex[ARa] -~ ;Es,i[ﬂ{g = 0}AR,]
(55) < (1= p)Ex[AR,] - (1 — p)R™™

1 4
= (1-p)(3E[(AA] - RZ™).
where the inequality is due to Lemma 3 and Lemma 5. O

REMARK 4. The most non-trivial part of Lemma 8 is the bound
1

(56) rs,jg;( M B [(uS)?] /2) Vp<lneZs.

N

This bound is significant because it implies the mean queue length bound E,[Q] < Ry /(1 -
p) for M /G /n queues after combined with Lemma 7.

Notably, the proof of (56) exhibits a sharp "phase transition" in the proof techniques at the
threshold p = 1 — 1/n. For the regime p < 1 — 1/n, we use our leave-one-out technique. In the
complementary regime where p > 1 — 1/n, the leave-one-out systems are unstable, but a more
conventional approach yields Iy ; < (1 - p) (R™ — E [(uS)?] /2), which happens to suffice
because 1 —p < 1/n.

The necessity of two distinct techniques for two disjoint parameter regimes is intriguing.
Whether this sharp “phase transition” in the proof techniques at p = 1 — 1/n has a deeper
reason remains an interesting open question.
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8. Generalization to heterogeneous servers. In the previous sections, we have proved
a 1/(1 — p)-scaling bound for the steady-state mean queue length of the GI/GI/n queue
with homogeneous servers. In this section, we generalize our bound to the GI/GI/n queue
with fully heterogeneous servers, where the servers could have mutually distinct service-time
distributions.

The organization of this section roughly mirrors the high-level structure of Sections 3, 4,
6, and 7. Specifically, we first set up the GI/GI/n queue and modified GI/GI/n queue with
heterogeneous servers in Section 8.1. Then in Section 8.2, we state the assumptions and the
main theorem, Theorem 2. In Section 8.3, we establish the technical framework and state the
supporting lemmas, which then allows us to prove Theorem 2 in Section 8.4.

8.1. GI/GI/n queue and modified GI/GI/n queue with heterogeneous servers. We
consider the GI/G1/n queue with heterogeneous servers under the FCFS policy. This queueing
system consists of a central queue and n servers, where the service-time distributions could
be server-dependent. Jobs arrive according to a renewal process. A newly-arrived job joins
the end of the queue if all servers are busy, or start being served by one of the idle servers.
When a job is in service, it occupies the server for a random amount of time following the
service-time distribution of the server; the job leaves the system after completing the service.
When a server completes a job, it immediately starts serving a job from the head of the queue
if the queue is non-empty. We allow an arbitrary routing policy for assigning jobs to idle
servers when a new job arrives or when multiple servers free up simultaneously.

The definitions of initial state and sample paths of the GI/GI/n queue can be straight-
forwardly generalized to the heterogeneous setting, which we do not repeat here. We use
A to denote a generic interarrival time, and use S; to denote a generic service time of the
i-th server. We denote the service rate of the i-th server as y; 2 1/E [S;], and define the total
service rate as uy = >, | i;. Let the load p = A/us. Let RN £ inf, o E[AA —t | AA > 1]
and R = sup,E [p;S; — 1 | i Si > 1] for i € [n].

The GI/GI/n queue with heterogeneous servers has the same state representation as the
homogeneous setting: at any time ¢ > 0, its state X (#) is given by

X(t) = (Rs,l(t)’Rs,Z(t), ce Rs,n(t)aRa(t)’ Q(t)),

where R; ;(7) is the residual service time of the i-th server, R, (?) is the residual arrival time,
and Q(t) is the queue length. The state space of {X(¢)};s0 is X 2 R"* x Z.

As in the homogeneous setting, here we also consider the modified GI/G1I/n queue, which
introduces a virtual job whenever a server frees up and the queue is empty. The modified
system provides a queue-length upper bound for the original system, as shown in Lemma 9
below. We prove Lemma 9 in Section C.

LEMMA 9.  With the same initial states, at any time t, the queue length of the GI/GI /n
queue with heterogeneous server is stochastically dominated by the queue length of the
corresponding modified GI/GI [n queue.

With a slight abuse of notation, we also use X(¢) to denote the state of the modified
G1/GI/n system. Under the dynamics of the modified GI/GI/n system, Ry ;(?) is the forward
recurrence time of a renewal process with the inter-event distribution S;, for each i € [n];
R, (?) is the forward recurrence time of a renewal process with the inter-event distribution
A; the queue length Q(7) is determined by these (n + 1) independent renewal processes. The
detailed update rule of X (¢) is identical to those summarized in Section 3.2.
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8.2. Assumptions and results. Our results hold under the following three assumptions,
which are analogous to Assumptions 1, 2, and 3 in the homogeneous setting. Note that in
Assumption 7, the load of a modified GI/G1/n queue refers to the ratio of its arrival rate and
the total service rate of its servers.

ASSUMPTION 5. We assume that E [A?] < oo and R™ < oo for all i € [n].
ASSUMPTION 6. For each i € [n], the service-time distribution S; is non-lattice.

ASSUMPTION 7. Each modified GI/GI/n queue with heterogeneous servers considered
in this section is positive Harris recurrent if its load is less than 1. In addition, let v be its

unique stationary distribution, then limz_,c = T fo [0(1)]dt =E,[Q] < .

THEOREM 2. Consider the GI/GI/n queue with heterogeneous servers under the FCFS
policy, satisfying Assumptions 5, 6, and 7. When the load p < 1, let  be the unique stationary
distribution of the system. Then the mean queue length under n satisfies

pVar [AA] + 35, (uj/ps) Var [u;S;] +1-p

salel= 2(1-p)
S . ll ] max 1
(57) " ]Zz;mm (1. m)(zew - 5B [G$0?)

~E[(AA)?] - RT™.

The bound in (57) implies the following simpler bound after replacing each minimum with

i/ ((1=p)us):

s . <pVar[AA] p+2271(lh/ﬂ2) RYS ]E AA)2] — gmin
( ) n[Q]— 2(1_p) E [( )]_ a

When the arrival process is Poisson, the bound in (58) further simplifies into
2oy us) RYS

1-p ’
Notably, the bounds in (58) and (59) only depend on the service-time distributions through the
weighted average of R'%* across the servers. This makes these bounds relatively robust, in the
sense that having a small fraction of servers with bad tail distributions does not significantly

worsen the bounds. In particular, when Var [AA] and Z;‘: (] uz)Rf‘;‘.X are bounded by
constants, these bounds scale as 1/(1 — p) universally for all p < 1 and n.

(59) E-[Q] <

8.3. Technical framework and supporting lemmas. This subsection has a similar structure
as Section 6: we define leave-one-out systems, state the Basic Adjoint Relationship (BAR), and
then state four additional supporting lemmas. We also adopt the following no-simultaneous-
event assumption to simplify the presentation. The argument for removing this assumption is
identical to that provided Remark 2, so we do not repeat it here.

ASSUMPTION 8. In the modified GI/GI/n queue with heterogeneous servers, no two
events (i.e., an arrival and a completion, two arrivals, or two completions) happen at the same
time.
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We first define the leave-one-out systems in the same way as in Section 6.1: recall that
for each j € [n], the j-th leave-one-out system is a modified GI1/G1/n queue whose queue
length process, Q_;(¢), is driven by the arrival process R, (¢) and the completion processes
{Rs.i(t) }ie[n)\;} of the main modified G1/G1/n queue under study.

The following lemma states that the queue length of each leave-one-out system pathwise
dominates that of the main system. We omit the proof as it is identical to the one provided for
the homogeneous case in Lemma 1.

LEMMA 10. Consider the modified GI/GI[n queue with heterogeneous servers. For each
Jj=1,2,...n, the queue length of the j-th leave-one-out system pathwise dominates the queue
length of the main system under study, i.e.,

0_;(H)=0(t) V0.

Our analysis focuses on the main modified GI/G1/n system coupled with that subset of
leave-one-out systems that have well-defined stationary distributions. Specifically, we denote
the load of the j-th leave-one-out system as p_; = A/(us — ;) andlet J* = {j € [n]: p_; <
1} be the indices of the leave-one-out systems with subcritical loads. Then we define the
state-augmented Markov process, X (f) 2 (X (1), 0°(t)), where 0° = (Q-j)jess. The state of
{X(1)}:s0 is thus X £ RZED % Z;)”S'.

With the differential operator A and the Palm distributions defined in the same way as in
Section 6.2, we can prove BAR for the heterogeneous setting:

LEMMA 11 (Basic Adjoint Relationship for GI1/G1/n with heterogeneous servers). Con-
sider the modified GI/GI/n system with heterogeneous servers. Suppose Assumptions 5, 6
and 7 hold, and the load p < 1. For any function f: X — R that is bounded, locally Lips-
chitz continuous, and partially differentiable from the right with respect to its first (n + 1)
coordinates, we have

60)  Ex[Af(X)]+ABu[f(X) = F(X)] + D B i [f(X) = F(XT)] =0,
i=1

where X,X*, X~ € X are random elements following the distributions specified in the ex-
pectation subscripts. Moreover, the Palm distributions P, and P ; satisfy the following with
probability 1:

() If (X*,X") ~Pg, then R, =0 and the coordinates of X* and X~ satisfy the relations:

(61) RI=R,+A
(62) 0"=0"+1
(63) Q=0 +1 VjelJ,

A

where A represents a generic interarrival time and is_independent of X ;2 {je
[n]: p—j < 1}; other coordinates of X* are identical to X~ .

(ii) For each i€ [n), if (X*,X™) ~ Py, then R{; =0 and the coordinates of X* and X~
satisfy the relations:

(64) R:’i =R ;+S;
(65) 0*=0"-1{Q" >0}
(66) 0*;=07,-1{07,>0} Vjer\i,
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where S; represents a generic service time of the i-th server and is independent of X~
other coordinates of X* are identical to X ™.

Lemma 11 is proved in Section D.2. To simplify the notation, sometimes we would
equivalently write the main equation of BAR (60) as

(67) Ex|Af(X)] + AE.[f(XT) = £(X7)] + usEs [ f(XH) = f(XT)] =0,

where

Ev[] = ZI: llj_;Es,i[']~

We omit the superscript — from X~ when it does not appear together with X*.
Next, we state the four additional supporting lemmas that generalize Lemmas 3, 4, 5, and 6
to the heterogeneous case. Their proofs are provided in Section D.

LEMMA 12 (Bounded mean residual times, heterogeneous). Consider the modified
GI/GI/n queue with heterogeneous servers. Suppose Assumptions 5 and 7 hold and the
load p < 1. Then for any j € [n],

@7 wjBy[Rs;|0.0°] < RYY
(28) AE,|R.|Q.0%| > R
where B, [-] can denote either E;[-] or B ;[-] fori # j.

LEMMA 13 (Uncorrelation lemma, heterogeneous). Consider the modified GI/GI /n
queue with heterogeneous servers. Suppose Assumptions 5, 6, and 7 hold. Then for any
i,j € [n] such thati+ jandp_; <1,

(68) E, [ﬂ {Q_j - o}RS,j] =P, [Q'_j - o] E[Rs;]-

LEMMA 14. Consider the modified GI/G1/n queue with heterogeneous servers. Suppose
Assumptions 5 and 7 hold, and the load p < 1. Then for any i, j € [n] such that i # j,

(69) B [Ros] = 3 [87]

(70) Ex[R.] = %AE [A%]

71) Eyi[Rs;] + By j[Rei| = %,uiE 2] + %,qu [Sﬂ

(72) Es.i[Ra] +Ea|Rs,i| = %/Js’iE [s7] + %AE [A%]
(73) P, [0=0]=1-p

(74) ﬂiz i;jmps,i [0 =0]=1-p-22 oy <.

LEMMA 15. Consider the modified GI/GI [n system with heterogeneous servers. Suppose
Assumptions 5 and 7 hold, and the load p < 1. Then we have E,[Q] < co and E; ;[Q] < oo for
alli € [n].
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8.4. Proof of Theorem 2. We are now ready to prove Theorem 2. The proof follows
the same two-step structure used for the homogeneous case (Section 7), with the changes
being primarily notational. We first derive an expression of E [Q] involving covariance terms
(Lemma 16), and then bound these terms (Lemma 17) to establish the theorem. To avoid
repeating the detailed arguments from the previous section, we present only the key steps of
the proof and omit explicit citations to some of the corresponding lemmas.

LEMMA 16. Consider the modified GI1/GI/n system satisfying Assumptions 5 and 7, with
the load p < 1. We have

%) (1-pEL[0] = pVar [AA] + Zizl(ﬂi;ﬂZ)Var [1iSi] +1-p N Z Iyj-Ta.
j=1

where Iy ; and I', are defined as

(76) [y, =B [1{Q = 0}u;R; ;| = (1= p)Ex [1;Rs ;] Vj € [n]

(77) Ly =E[1{Q =0}AR,] = (1 = p)Ex[AR,].

PROOF. For any integer « > 0, we take the test function

— 1 2
f(X):(Q/\K+Z,usz,j/\K—ARa/\K) .
j=1

in the main equation of BAR (67). After rearranging the terms and taking k — oo, we get

n
(78) 2(ps = NEx|Q+ > iRy j— ARq
j=1

(79) =AE,|2(Q+ ; iR ) (1-A4)+ (1- AA)2

600+ 3 wBorl2(0 4 Y iRe ~ AR (1S~ 100 > 0)) 4 (S — 1105 0)) .
i=1 j=1

The interchange of the limit and the expectation is justified by an argument similar to that
in the proof of Lemma 7 (see Section 7.1). The key non-trivial condition for this step is the
finiteness of the moments E.[Q], E,[Q], and E; ;[Q], which is guaranteed by Assumption 7
and Lemma 15.

We now simplify the previous equality. First, by direct calculations and applying Lemma 14,
the arrival term in (79) simplifies into AVar [AA]. Second, each term within the summation in
(80) simplifies to:

n
24, Eg ; (Zu;Rs,j—ARa)ﬂ{Q=0} + p; Var [u; S ] + pi (1 = p).
j=1

Substituting these expressions back into (79) and (80) yields the following simplified form:

n

2z~ NEx|Q+ ) iRy ;= ARq
Jj=1
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n n

=2usE; (Z MR — ARa) 1{Q =0}| + AVar [AA] + Z piVar [p;S:] + ps (1 = p).
j=1 i=1

Dividing both sides by 2uys and rearranging the terms complete the proof of Lemma 16. O

LEMMA 17. Consider the modified G1/GI [n system satisfying Assumptions 5, 6 and 7,
with the load p < 1. Let Iy j and I, be the terms defined in (37) and (38), respectively. Then

81) F”<m1n(1—p,z])(Rmax——E (5] )

(82) -I', <(1 —p)(%E [(AA)Z] _ Rznin)

PROOF. We first bound I'y ; and then —I,.

Bounding I's ;. We consider two cases based on whether p_; > 1.
Casel:p_;>1.

Iy ; =E; [1] {0 = 0}/Jsz,j] - (1-p)E, [#sz5j]

1 &
B ,u_z ZﬂiEs’i [H{Q = O}ﬂjRS’j] - (1 _p)Eﬂ [,uRs,j]

(83) Z piPs,i [0 = 0] RIS = (1= p)Eq [uR, ]

i i#]

<Py [Q=0] Ry = (1 - p)Ex [uRs ;]
= (1-p)RYY = (1= p)Ex [uRy ]

(84 = (1= p) (R = 3B [ Gy5)°] ).

where the inequality (83) is by Lemma 12. Because A/(us —p;) = p—j > 1, we have 1 — p =
1 - A/us < uj/ps. Consequently, (84) implies (81).

Case 2: p_; < 1. In this case, the j-th leave-one-out system has a well-defined stationary
distribution by Assumption 7. We perform the following decomposition:

ES[H{Q zo}ﬂsz,j]

=By| (110 =0} - 1{0-; =0} JuRy ;| + B[ 1{0-; = 0}u;Ry .

We then bound the two terms on the right-hand side of (85) separately.
We bound the first term on the right-hand side of (85) by applying the conditional expecta-
tion bound of Ry ; in Lemma 12, and note that 1{Q =0} — 1 {Q _j= O} >0 (Lemma 10):

(85)

ES[(H{Q:0}—11{Q_j=0})ﬂj1es,] ﬂE” (T]{Q 0}—11{Q ]_0})]Rmax
( 10=01- 20 3} wipes 005 =0] ez
(s (s 2
= K gmax.

My
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For the second term on the right of (85), recall that 1 {é _j= 0} and Ry ; are uncorrelated
under the distribution Py ; for i # j (Lemma 13), so we can exactly calculate this term as

Es[ﬂ {Q_j:O},usz,j = Z Zl—;Es,i[ﬂ{é—j:O}ﬂjRS,j]
i i#j

= 7 P[0 =0 xRy,

i: H&/
i
= (1=p= 2L )Ba Ry ]
My

Substituting the above calculations back to (85), we get

Hi pma J
B [1Q =0y j] < L LRI + (1= p = L )Ex [uRs 5]

Therefore,
u
1—‘s,j = Es [ﬂ {Q = O}ﬂsz,j] - (1 - p)En [/‘[j ] < ’u_;(Rm;lX Eﬂ' [/Jsz,j])-

Because E [,ujRS,j] =E [(/J]'Sj)z] /2, this finishes the proof of (81) when p_; < 1.
Bounding -T",. Finally, we prove (82):
Iy = (1 - p)En [ARa] —Eq [ﬂ {Q = O}ARa]

= (1- p)Eq| Z“‘ «i[1{Q = 0}AR,]
(86) <(1-p)Ex[AR4] — (1 - p)RE®
(87) = (1 —p)( “E[(A4)?] - R;“i“).
where the inequality is due to the conditional expectation lower bound of R, in Lemma 12
and the fact that P; [Q =0] =1 - p. O

9. Conclusion. In this paper, we prove a new bound on the steady-state mean queue
length for the GI/G1I/n queue. Our bound achieves universal 1/(1 — p)-scaling and, while
requiring slightly stronger assumptions than those in [53], provides significantly smaller
constants. Our proof synthesizes three key elements: a modified GI/GI/n queue, the Basic
Adjoint Relationship (BAR), and our new leave-one-out technique. We also extend our proof
to analyze the GI/G1/n queue with fully heterogeneous servers.

A natural direction for future work is to investigate the tightness of our bounds. While it may
be unrealistic to expect any simple closed-form bound to be arbitrarily tight for the GI/GI/n
queue, there is potential for improvement. An ideal bound might resemble Kingman’s bound,
depending only on the low-order moments of the service-time distribution. Such a bound
would yield smaller constants for heavy-tailed systems. Furthermore, in sub-Halfin-Whitt
regimes, research in special cases suggests that scalings better than O(1/(1 — p)) may be
possible [e.g., 8, 67].

Another promising direction is to apply our proof techniques to other large-scale queueing
systems, such as load-balancing models with general service-time distributions.

Finally, it would be interesting to explore the theoretical connections between the leave-
one-out technique and other existing techniques for proving asymptotic independence [e.g.
76]. Clarifying their similarities and respective scopes would enrich the analytical toolbox for
queueing systems.
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APPENDIX A: BOUNDED MEAN RESIDUAL TIME IMPLIES EXPONENTIAL TAIL

In this section, we show that if a distribution has a bounded mean residual time given any

age,

it must have an exponentially decaying tail, so all of its moments must be finite. This fact

has also been proved in [25]. Given this fact, Assumption 1 and Assumption 5 automatically
imply that the service-time distributions have exponentially decaying tails and finite moments.

LEMMA 18. For any non-negative random variable V, suppose there exists a constant
C > 0 such that

(88)

E[V-t|V>t]<C Vt=>0,

Then we have

(89)

P[V>t]<Cexp(—(t—-1)/C) Vt=>1,

and consequently, B [V™] < oo for all m € Z.

PROOF. Let F(t) be the complementary CDF of V. The condition (88) can be rewritten as

(90)

/ mf(u)du <CF(t) Vt>0.
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We will mimic the proof of Gronwall’s inequality to derive an exponential tail bound for F(r).
We define the function G (¢) as

G(t)=exp(t/C)/mF(u)du.

Because F () is bounded on [0, o), it is not hard to see that ft ®F(u)du is locally Lipschitz

continuous, and thus almost everywhere differentiable. For any ¢ at which /Zoof(u)du is
differentiable, G (¢) is also differentiable, and G’ (¢) is given by

G’ (1) = exp(t/C) (é / " Fu)du - f(t)) ,

which is non-positive by (90). Moreover, G(t) is also locally Lipschitz continuous. Therefore,
on any compact interval, G (¢) is absolutely continuous and satisfies the fundamental theorem
of calculus. In particular,

G(1)=G(0) + /Ot G (u)du < G(0) = /Ooof(u)d(u) <CF(0)=C,

where the second inequality is due to (90). By the definition of G (¢), we have
/ F(u)du < Cexp(-t/C).
t

Because F(¢) is non-increasing and non-negative, we can bound F (7 + 1) as
_ t+1
F(t+l)s/ F(u)du < Cexp(-t/C).
t

This proves (89). The finiteness of E [V'™] follows straightforwardly from the exponential tail
bound. ]

APPENDIX B: STABILITY OF MODIFIED GI/GI/n

In this section, we discuss the conditions under which the modified GI/GI/n queue is
positive Harris recurrent and has a finite mean queue length. As mentioned in Remark 1, in
addition to p < 1, some regularity conditions are required on the distributions of the interarrival
time and service times. Our results have been proved by directly assuming the positive Harris
recurrence and the finiteness of mean queue length (Assumptions 3 and 5). In this section, we
will provide a more detailed discussion on these conditions, and sketch why they are likely
to imply Assumptions 3 and 5, without giving formal proofs. Throughout this section, we
focus on modified GI/GI/n queues with heterogeneous servers and simply refer to them as
“modified GI/GI/n queue”.

We consider adapting the results of Dai and Meyn [23], which considers queueing networks
consisting of single-server stations. In particular, their Theorem 6.2 shows that if such a
queueing network is fluid stable and satisfies certain conditions on the interarrival-time and
service-time distributions [23, Conditions A1)—A3)], it is is positive Harris recurrence, with
certain finite steady-state moments. We conjecture that a similar result can be shown for
the modified G1/G1/n queue. Specifically, in addition to Assumption 5, we further assume
that the interarrival-time distribution A is spread out and unbounded, and the service-time
distribution S; is spread out for each server i € [n]. > These assumptions are analogous

2A distribution v is spread out if there exists 7, such that the distribution of the sum of 7 independent variables
following v dominates a non-negative absolutely-continuous measure ([2, Section VIL.1]).
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to Conditions A1)-A3) of [23]. We conjecture that, under these assumptions, a modified
G1/GI/n queue is positive Harris recurrent with finite mean queue length whenever p < 1.

Instead of providing a rigorous full proof, we highlight an intermediate step to provide
intuition on why our conjectured result is likely to be true. In the proof of [23, Proposition
5.1], an important fact is is that the queue lengths of the queueing network converge to zero in
probability under fluid scaling, i.e.,

91) | | | | |Q (fo|x])] =0 in probability,
X

where x is a state of the queueing network, |x| represents the sum of all queue lengths and
residual times in state x, and Q*(¢) represents the queue length process with the initial state x.
This fact follows from the assumed stability of the queueing network’s fluid model, utilizing
the results in [17, Section IV].

To show (91) for the modified GI/G1/n queue, we invoke the following formula of queue
length:

92)  O(r) = max {Q(O) + Na(r) - Z Ni(1), sup (N 1) - Z N, t))}
0<t’'<t

where N, (t) denotes the number of real-job arrivals by time ¢, N;(¢) denotes the number of
completions at server i by time ¢, and N, (#',1) = N,(t) — No(t'), N:(¢',t) = N;(t) — N;(¢').
The special case of (92) is proved in [27, Corollary 1], under the additional assumptions that
0(0) =0, the servers are homogeneous and no events occur simultaneously; dropping these
assumptions is straightforward from their proof.

We intuitively argue that (92) implies (91): Let x = (ry, ..., 7n,7a,q) be the initial state of
the modified GI/GI/n queue. Then (92) implies that
(93)

HQx(to |x[)

:max{l |(q+N (tolxl)—ZN(t0|x|))

wp  (Nalttolsh = Nttt |x|>)} .
i=1

| | 0<t’'<ty|x|

Due to the properties of renewal processes, as |x| gets large, N, (o |x|) — X7 Ni(to|x])
is concentrate around their means Atg |x| — ugto |x|, if the residual times are initialized at
equilibrium. For other initial residual times, with high probability, N, (o [x|) — 27, Ni(to |x])
should not be significantly greater than

n n
Ato el + 1= pas (10 x| = ) rs) + 0(lxl) = = (s = Ao x| + 1+ Y pir + o(lx].
i=1 i=1

Therefore, intuitively,

q—(us = MNto x|+ 1+ X7, piri +o(|x])
|x|

(e Nataolal) - ZN(toIXI))

<maxu; — (us — A)to + o(1) with high probability,
l

So, taking # to be a sufficiently large constant, the first term inside the maximum of (93)
is negative with high probability. Moreover, supy,/ < x| (N (' 10 |x]) — XL Nt 1o lx]))
should also scale sublinearly in |x|, so the second term inside the maximum of (93) converges
to zero in probability as |x| — co. We have thus informally justified (91) for the modified
GI1/GI/n queue.
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Intuitively, (91) implies that no matter how large the initial state x is, the queue length
becomes significantly shorter after a time proportional to |x|. After some technical work that
mimic those in Proposition 5.1, 5.3, and 5.4 of [23], one can show that the state of the modified
GI1/GI/n queue would return to a compact subset of the state space reasonably fast and thus
satisfy a certain drift condition (Proposition 6.1 of [23]). Furthermore, the spread out and
unbounded conditions of A and S;’s can be used to show that compact subsets under the
system’s dynamics are petite. Theorem 5.3 of [59] then implies that the modified GI/GI/n
queue is positive Harris recurrence, with a finite mean queue length.

APPENDIX C: PROOF OF MODIFIED G1/G1/n QUEUE’S DOMINANCE

In this section, we prove that the queue length distribution of the modified GI/GI/n
queue stochastically dominates that of the GI/GI/n queue. We focus on the general case
of heterogeneous servers. The proof for homogeneous GI/GI/n can be also found in [27,
Proposition 1]; our proof follows essentially the same logic, but we include it for completeness.

LEMMA 9. With the same initial states, at any time t, the queue length of the GI/GI [n
queue with heterogeneous server is stochastically dominated by the queue length of the
corresponding modified GI/GI /n queue.

PROOF. We prove the lemma by constructing a coupling for the sample paths of the
GI1/GI/n queue and the modified GI/GI/n queue. First, by the assumption of the lemma,
two systems have the same initial queue length Q(0), the same set of initially busy servers
that are serving real jobs 7 (0), and the same initial residual service times for the real jobs
in service (Ry,;(0));er(0). For each k € Z> 1, consider the k-th real job that begins service
after time 0. We let this job arrive at time 7/ in both systems. This job may begin service
at different times in the original system and in the modified system, denoted as ¥ and ¥,
respectively. However, when this job begins service, we route it to the same server and let it
have the same service time S¥ in both systems. Note that here, since we allow the service time
distributions to be heterogeneous across servers, the sequence {Sk}Z":1 is not necessarily i.i.d.,
but this does not complicates our proof.

Let Q(¢) and O(¢) denote the queue lengths in the original and modified systems, respec-
tively. They can be represented as

(94) O(t)=[{k€Zsi: Tk <t,7¥ > 1}
(95) Ot)={keZsi: Tk <125 > 1},

Our goal is to show that Q(¢) < O(r) for all 7 > 0. By (94) and (95), it suffices to show that
th <tk forall k € Zs.

We define some additional notation. For k € Z, we let Z*(¢) be the number of jobs that
begins service no later than the k-th job, but has not left the system by time ¢ in the original
system. We define Z*(r) similarly for the real jobs in the modified system (excluding the
virtual jobs). We let Z%(r) and Z°(¢) be the number of real jobs initially in the two systems

and have not left by time ¢. Formally, for k € Z,

AOE

(k' €Zsy: k' <k, +5¥ >t}| +|{ieI:Ry;(0)>1}]

AOE

(k' €Zsy: k' <k, tK + 8% > z}| +[{iel: Ry (0)>1}].
We let V(1) be the number of virtual jobs in service at time .

Now we prove by induction that ¥ < #X for all k € Z,, i.e., each job in the original
G1/G1I/n queue begins service no later than in the modified GI/GI/n queue.
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» Base step: k = 1. Because job 1 is the first job that begins service after time 0, we have

rl=inf{r>7): 2% <n-1}

tl=inf{r>7): 2°%0) + V(@) <n-1}.

N

By definitions, Z°(r) = Z%(¢) for all t > 0, and V(r) > 0, so we have 7! < 7.
+ Induction step: Suppose we have proved 75" < #¥ for 1 < k’ < k, and we want to show
that 75! < #5*+1_ Observe that

i =inf{r > of ZK() <n -1}
i =inf{e > 280 + V() <n- 13

Because ‘rsk' + 5K < ff' + S¥ for all 1 <k’ <k, we have ZK(¢) < Z¥(¢) for all ¢t > 0.

Moreover, V() > 0, so we get Tk*1 < #5+1,

By induction, we have shown that 7X < #¥ for all k € Z>. Combining the induction results

and the formula of Q(r) and Q(r) in (94) and (95), we have finished the proof. O

APPENDIX D: PROOFS OF SUPPORTING LEMMAS

We prove the supporting lemmas for homogeneous GI/G1 /n (Section 6) and heterogeneous
GI1/GI/n (Section 8) together. This section is organized as follows. We first introduce some
additional notation and definitions in Section D.1. Then we prove BAR (Lemmas 2 and 11)
in Section D.2. Next, in Section D.3, we prove the lemmas of bounded mean residual times
(Lemmas 3 and 12). In Section D.4, we prove the uncorrelation lemmas (Lemmas 4 and 13).
Finally, in Section D.5, we prove the preliminary steady-state equalities (Lemmas 5 and 14)
and finiteness results (Lemmas 6 and 15).

Throughout Section D, we focus on the modified GI/G1/n, whose service-time distribu-
tions are allowed to be heterogeneous across servers. We focus on the case where p < 1, and
use the convention that the system is in steady state at time 0, consistent with Section 6.2.
Without out loss of generality, we assume that no events (arrivals or completions) happen at
the same time point (Assumption 4); see Remark 2 for the necessary changes to proof without
this assumption.

D.1. Additional notation and definitions. In this subsection, we introduce some addi-
tional notation and definitions regarding the modified GI/GI/n queue and the leave-one-out
systems. Since we do not consider the original GI/GI/n queue throughout this section, we
will reuse some notation in Section 3 and Section C that was reserved for the original GI/GI/n
queue.

Recall that the modified GI/G1/n queue is driven by a set of independent renewal processes
corresponding to the arrivals and completions. In the main body, we describe these renewal
processes mainly using the residual time processes (i.e., forward recurrence times), R, (#) and
{Rs,i(t)}ic[n]: here, we define the corresponding ages processes (i.e., backward recurrence
times): at each time ?,

¢ Let a,(1) be the time elapsed since the last arrival.
* Let a; () be the time elapsed since the last completion of the j-th server, for each j € [n].

Next, we define the alternative state representation based on the ages: we let Y (¢) =
(Y(1),0%(1)), where Y (¢) £ (a1 (1), ..., an(t),@q(1),Q(1)), and recall that the vector Q° rep-
resents the queue lengths of the set of leave-one-out systems whose loads are below 1.

We let Y (0) follow the stationary distribution. Each sample path of {Y (£)};s¢ is determined
by the initial state 7(0), and the sequences {AK Ykez., and {Sl’.‘ Ykez., fori € [n], defined as
follows:
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e A% — a,(0) is the time of the first arrival, and AX is the interarrival time between the
k-th and (k + 1)-th arrival events for k € Z>;. Then AK ~P[A € -] for k € Z, and
A" ~P[A€ - |A>a,(0)], where A denotes a generic interarrival time independent of
anything else.

. S? — «;(0) is the completion time of the initial job on the i-th server, and Sf‘ is the time
between the k-th and (k + 1)-th completion events on the i-th server, for each i € [n]
and k € Z5y. Then S¥ ~P[S; € -] for k € Z>, and SV ~P[S; € - | S; > @;(0)], where S;
denotes a generic service time of the i-th server and is independent of anything else.

The above-defined random variables and Y (0) are “mutually independent” in the following
sense: A is independent of Y (0) conditioned on a,(0); S? is independent of ¥ (0) conditioned
on ;(0); for each k € Z, A¥ is independent of everything else, i.e., Y (0), {Sl’.‘}ie[n],gezzo
and {A%}y4x; for each k € Zs; and i € [n], Sl’.‘ is independent of everything else, i.e.,
Y (0), {Sf}(j,f);a(i,k), and {A’} ez,

Now we can write some basic quantities using the stochastic primitives defined above:

For each k € Z51, the k-th arrival time is ¥ = Zk VA — @,4(0), and we let 70 = —a,(0).
For each time ¢ > 0, the number of arrivals by time ¢ is given by N, () 2 min{k € Z»o: 75 +
A¥ > 1}; the age at time # is a, (1) =1 — Na (D), ; the residual arrival time at time ¢ is R, (t) =
ANa() _ o (1).

Slmllarly, on the 1 -th server, for each k € Z 1, the k-th completion time is T = Zk ! Sf
a;(0), and we let ‘r = —q; (0) For each time ¢ > 0, the number of completlons by time ¢
is N;(t) = min{k € Z>: T + Sk > t}; the age at time 7 is a;(t) =t — Ni("). the residual
completion time at time ¢ is Ry ;(¢) = ghi () —a;(1).

We then define a set of filtrations, corresponding to the arrival process, completion processes,
and the whole system:

ﬁ’t:o-(aa(O),Ao,Al L ANa(=1 T ANa() 5 N““)}) V>0

T = o(@i(0), 80,81, MO MO 5 12N OY) vie n],r20

1271
Fi = o (V0. Fa Ve Fis) V220,

We denote Fy oo = Ur»0Fars Fioo = Urs0Fi s fori € [n], and Foo = Uss0F;.

It is not hard to see that N,(?),a,(t) € Fur for t > 0, but R,(t) # F4;. Similarly,
Ni(t),a;(t) € Fi; for each i € [n] and ¢t > 0, but R, ;(¢) # F; . Furthermore, since Q(t)
is determined by the initial state and the arrival and completion events by time ¢, we have
Q(1) € F;. Similarly, we have Q_; (1) € o(Q—;(0), Far, Uiz Fis) for j € [n] and £ > 0.

D.2. Proof of BAR. In this subsection, we prove BAR for the heterogeneous case
Lemma 11, which will imply Lemma 2 for the homogeneous case as a special case. The
arguments we use are adapted from Section 6 of [14].

LEMMA 11 (Basic Adjoint Relationship for GI/GI/n with heterogeneous servers). Con-
sider the modified GI1/GI[n system with heterogeneous servers. Suppose Assumptions 5, 6
and 7 hold, and the load p < 1. For any function f: X — R that is bounded, locally Lips-
chitz continuous, and partially differentiable from the right with respect to its first (n + 1)
coordinates, we have

60)  Ex[Af(X)]+ABu[f(X) = (X)) + D B i [f(X) = f(X7)] =
i=1
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where X,X*, X~ € X are random elements following the distributions specified in the ex-
pectation subscripts. Moreover, the Palm distributions P, and Ps ; satisfy the following with
probability 1:

() If (X*,X") ~Pg, then R, =0 and the coordinates of X* and X~ satisfy the relations:

(61) RI=R, +A
(62) 0 =0"+1
(63) Q=0 +1 VjelJ,

A

where A represents a generic interarrival time and is independent of X~; J* = {j €
[n]: p—; < 1}; other coordinates of X* are identical to X~

(i) For each i€ [n), if (X*,X~) ~ Py, then R{; =0 and the coordinates of X* and X~
satisfy the relations:

(64) R;’i =R ;+Si
(65) 0" =0 -1{Q™ >0}
(66) 0';=02,-1{07,>0} Vvjer\i

where S; represents a generic service time of the i-th server and is independent of X~;
other coordinates of X* are identical to X~.

PROOF. We let X (0) follow the stationary distribution 7 at time 0. Let 71,7, ... be the
times of all arrivals or completion events after time 0, indexed in temporal order. As assumed
throughout our proofs, no events occur simultaneously, and we have sketched what should be
changed for the general case in Remark 2.

Proving BAR. In the first part of the proof, we prove the main BAR eugation (60) utilizing
the fundamental theorem of calculus. We start by examining the differentiability of f(X())
between two consecutive events, 78 and 7%*!, for each k € Z>1. Observe that when ¢ €
(t%, 781, dX (1) /dt = -1 for £=1,2,...,n + 1, and the other coordinates of X (¢) remain
constant. This implies that X(¢) is Lipschitz continuous for ¢ € [7¥, 7¥*!]. Given the local
Lipschitz continuity of f(-) and the compactness of [7¥, 7¥*1], we deduce that f(X(¢)) is
Lipschitz continuous for 7 € [7%, 75*!]. Since Lipschitz continuity implies absolute continuity,
f(X(1)) is almost everywhere differentiable on [7%, 7¥*!]. Then for any ¢ where f(X(t)) is

differentiable, the derivative of f(X(f)) agrees with the right derivative:

dfX(0) o e e
P ;a[ f(X(0) £ AfXD)).

Moreover, because the fundamental theorem of calculus holds for absolutely continuous
functions, we have

A w)

PR A - p R = [

(96) - / C AR w)du
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for 1 <k <N(t) = min{k’: Tﬁ, > t}. Similarly, we can apply the fundamental theorem of
calculus to f(X (7! A 1)) — £(X(0)). Summing up all the resulting equations, we get

N(t)-1

O X)) - f(X(0) = /0 AfX@)du+ Y (fR(T) - X ().

k=1
Rearranging the terms based on different types of events, we get

f(X(1)) = f(X(0)) =./0 Af(X(u))du + Z (F(X(75) - F(X(zE-N)1{ck <1}
(98) o k=1
+ 3 (FE () - X (o)1 {ef <1}

i=1 k=1
Now we take the expectations on both sides of (98) to get
99)

E[f(X(1)) - f(X(0))] = [ / AF (X (w))du

+Zn:E

i=1

+E

S FE ) - FX ()1 <1}
k=1

D (FXEH) = FX D) {zf <}

k=1

Because X(0) follows the stationary distribution 7, X (0) 5% (u) ~ m for all u > 0. This
implies that

E[f(X(1) - f(X(0))] =0
E[‘/Otﬂf()_((u))du] =/OZE[.?lf()_((u))]du

=tE.[Af(X)],

where the interchange of E [-] with / is valid because A f(X (u)) = — Z”“ c')*f(X(u)) is
bounded for u € [0,7], due to the local Lipschitz continuity of f(-). Therefore, substltutmg
the above two equations back to (99) and taking t = 1, we get

(o)

0=E,[Af(X)| +E

+ZE

i=1

(F(X (5 - X (cE-M)1{zk < 1}

k=1

(100)

Z (FX ) = XN, < 1}] :

Note that the second and thlrd terms of (100) have similar forms as the Palm expectations: as
defined in Section 6.2, we have

Ea[f(X*) = f(X7)] = AE D (FX () = FX (k=) 1{zk <1}‘
k=1

E,i[f(X") - f(X7)] = 1g Vi € [n].

l

DFEE) - FE ) 1{f <1}
k=1

Substituting the definitions into (100), we get the main equation of BAR:

©0)  Ex[Af(X)]+AB[£(XT) = F(X)] + > wis i [f(X) = f(X7)] =0.
i=1
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Characterizing Palm expectations. In the remainder of the proof, we prove Lemma 11 (i)
and Lemma 11 (ii), which characterize the joint distribution of X* and X~ under the Palm
expectations P, and Py ; for i € [n].

We start by proving Lemma 11 (i). First, because R, (tX~) = 0 for all k € Zs1, by the
definition of P,, we have

E| > 1{Ra(i-) =075 <1}

k=1

=1.

Next, to understand the relations between the coordinates of X* and X~ under P,,, we examine
the expectation E, [ f(XT)g(XT-X ‘)] for any bounded measurable functions f,g: R"*! x

2Z1+|JS|-—>E§

B[ (X8R~ X)) = 1B

if()_((Tﬁ—))g(?_f(Tﬁ) - X(tk-))1{zk < 1}]

k=1
=—ZE (R(eh)g(X (k) - X(eh)1{zk < 1}].

By the definitions of the sample paths, for each k € Z1, at the time of arrival 7¥,
(101) X(t) =X(tk-) + Aea v eq+ D eq .
JeJS

where e, eq.eq.—j € X are one-hot vectors with the non-zero entries at the coordinates of

Ra, Q,and O _j, respectively. Note that A* is independent of (7%, X X (7¥-)) and has the same
distribution as A, so

Bu[ (X )g(X* - X~ ZE (X (i) 1{rk < 1}] [ (Aea+e,+ Zeq,_,)]
JjeJs
(102) =Ea[f(X7)] E[g(Aea teg+ Y eq,_j)}.
JjeJs

Because f and g can be arbitrary bounded measurable functions, (102) implies that under P,
X* — X~ is independent of X, and has the same distribution as Ae, + e, +2jcys €q,—j. This
proves Lemma 11 (i).

To show Lemma 11 (ii), note that for each i € [n] and k € Z>, we have Rs’i(Tik—) =0,
which implies that R_’; = 0 with probability 1 under Py ;. Moreover, by definitions,

(103)  X(e}) =X(ef=) + Ser - 1{o ko) > 0hey = 3 1{0 (=) > 0le,, .
JjeJs\{i}

where e; € X denotes the one-hot vector with the non-zero entry at the coordinate of Ry ;.
Because S{F is independent of (Tl.k,X (Tl.k—)) and has the same distribution as S;, for any
bounded measurable functions f: R**! x Z1*I/*l 5 R and g: R — R, we have

Esi[f(X)g(RY, - R, )]

= % Z E [f(‘)_((Tik_))g(Rs,i(Tik) - Rs,i(Tik_))ﬂ {Tik < 1}]
k=1

- LS B[Rt < 1}] Ble(so)]
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(104) =Ey:[f(X7)]E[g(S)].

This implies that under Py ;, RY ; — R_; is independent of X~ and has the same distribution as
S;. In addition, for any bounded measurable function f: R"*! x Z1*1/°I x 7 - R,

Es,i [f(‘)—(_’Q+)] = %ZE [f(‘)—((‘rik_)’ Q(Tzk))ﬂ {Tik < 1}]
k=1
1 & _
=~ Y E|f(X(tf-), 0(zf-) - 1{o(zF-) > 0} )1{zF <1
A; i { Hifek <1}

=E,[f(X~, 0" - 1{0" > 0})].

which implies that Q" = O~ — 1{Q~ > 0} under the distribution P, ; with probability 1.
Similarly, we can show that Q‘:J. =0”, -1 {Q:]. > 0} for j € J*\{i}, R} =R, and R;r’j =
R j for j € [n]\{i} under P, ; with probability 1. This proves Lemma 11 (ii). O

D.3. Proof of bounded mean residual times (Lemmas 3 and 12). In this section, we
prove Lemma 3 and Lemma 12, restated as follows:

LEMMA 3 (Bounded mean residual times). Consider the modified G1/GI [n queue satis-
fying Assumptions 1 and 3, with the load p < 1. If p <1 —1/n, for any j € [n],

@ uEy| R | 0.0 <RI

(28) AE,|Rq

0.0| = Ry

where E, [-] can denote either Ex[-] or B i[-] fori # j; if 1 —=1/n < p <1, we have analogs
of (27) and (28) without conditioned on Q.

LEMMA 12 (Bounded mean residual times, heterogeneous). Consider the modified
GI1/GI/n queue with heterogeneous servers. Suppose Assumptions 5 and 7 hold and the
load p < 1. Then for any j € [n],

27) By [Rs ;[ Q.0°] <RY
(28) AE,[R.|Q,0°] = RE™.
where E, [-] can denote either B, [-] or By ;[-] fori # j.

Below, we focus on proving Lemma 12 since it is a strict generalization of Lemma 3.

PROOF OF LEMMA 12. We first show (27) for v = n. By the construction of the sample
paths in Section D.1 and the tower property of conditional expectations,

Ex [Rs,j | 0, Qs] =E [Rs,j(o) | Q(O)’ QS(O)]
=E[E[R,,;(0)]0(0),0°(0),a;(0)] | 2(0),0%(0)]
(105) =E[B[$)-0;(0)|0(0).0°(0).0;(0)] | 0(0).8° 0)].
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The inner conditional expectation in the last expression can be bounded as follows:

(106) B [s9-a;(0) ‘ 0(0),0°(0),a;(0)| =2 [$) - a;(0) ‘ (0]
(107) =E[S; - ;(0)|S;>e;(0)]
(108) <Ry,

where (106) is because S0 is by definition independent of Q(0) and Q*(0) given a 7(0); (107) s
by the distribution of SO (108) is due to the definition Rmax Zsupso B[S —t" | i Si > t'].
Substituting the bound in (108) back to (105) yields ,E [Rw | 0. 0°] <R

Next, we prove (27) for v = P5; with i # j. Let (g, §*) be any realization of (Q,Q%). By
the definition of E; ;[-], we have

Es,i [Rs,jﬂ {(Q, QNY) = (q’ qq)}]

l

i {T <l, Q(Tk )Qé(Tk -) = (g, )}RS,J-(T!(—)}
k=

:;% E[EM F<1,(0(f),0° () = (4.4 )} 5. (Tf = ’Y(O) Faroos (Tt 25 T ”

L k=1

(109)

:% B [1{zf < 11{(Q(xf ). 0°(tf-)) = (4.3} B | Ry j (tf) | F(0), Faoos T s T ot |
L k=1

where (109) is because Tl-k, Q(Tik—), and O* (Tik—) are measurable with respect to the sigma
algebra

0 (V(0), Faoor (Ftn} o0 F ).

To bound the conditional expectation of Ry ; (Tik—) in (109), we rewrite it as:

B Ry j () | F(0), T Tt o} 2. F 1t

N;(tk= —
=E [sj ) (k) ‘ Y(0), Facon {Ft.c0t ez ?Z,Tik]
(110) = U [(87 -y (k) JH{N (o) = m} | F(0), T (T o Tt |
m=0
Because 7/ is measurable with respect (Y (0), % o), We can rewrite (110) as ¥.0v_o U (t5-),

where for each 7 > 0, U,,(¢) is the random variable define as
Un() 2 B [(87 = 0 (0 1{N; 1) = m} | F(0), Fap o (F.o b2 Tt |
For each ¢t > 0 and m € Z>(, U,,(t) can be bounded as
(111)
Un(0) =B [($7 = a;0))1{N; () =m} | 75,

(112) =E[( . m))n{r <r<tl +sm}|a,(0) (SO 1 {sm > (i - m)}]
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:( [S'"|a,(0) (St s > (1 - m)}]—(z‘— m)) e <t <4 ST
(113) :( [ |S >f—71 ] (t - m)) T]{T]'.”St<TJ""+S;”}
(114) < (RYfuj) - Mo <t <7+ 57}

where (111) is because (Sm (1), N;(t)) are conditionally independent of (T(?(O) Fa.00s 1T, w}[ij)

given a;(0), and a;(0) € F; ;; (112) is due to the definitions of Nj(t) and 7 ;; (113) is by
the definition of Sm and its independence with (a;(0), {S‘) ol 0 T ’") if m > 1; (114) follows

from the deﬁnltlon Rm3X = sup,»oE [,u, -t | MiSj >t ] Substituting (114) back to (110)
implies that for k € Z5 1,

B[Ry (t) | F(0), Faor (T2, T 21

< (R™ /1) - Zﬂ{r <tl<mesmy

= (R™ /u;) - ﬂ{r <tk <oo}

SRy as.

Further substituting the above inequality back to (109) yields

Es,i [Rs,j]] {(Q’ Qs) = (61, 675)}]
< (R /) - ZE 1ok <1}1{(Q(rf-), 0" (zf-)) = (4.4")}]

= (RYS /) - Pu[ 0.0°)=(q.4")].

where (g,§*) is an arbitrary realization of (Q, 0*). This proves E; ;| R;,; | 0, 0%] < RY™ [u;.
The proof for (28) mirrors the proof for (27) with the following two modifications:

1. All quantities associated with the j-th server’s completion process are swapped with the
corresponding quantities associated with the arrival process.
2. The definition of RZ"™ is used in place of R(*.

Given the similarity, the detailed proof for (28) is omitted. O

D.4. Proof of the uncorrelation lemmas (Lemmas 4 and 13). In this subsection, we
prove the uncorrelation lemmas, Lemma 4 and Lemma 13, restated as follows:

LEMMA 4 (Uncorrelation lemma). Consider the modified GI/GI/n queue satisfying
Assumptions 1, 2, and 3, with the load p < 1 —1/n. For any i, j € [n] such that i # j, we have

(29) Es.; [ﬂ {é—j = O}Rs,j] =Py, [Q—j = 0] Ex [Rs,j]~
LEMMA 13 (Uncorrelation lemma, heterogeneous). Consider the modified GI/GI/n

queue with heterogeneous servers. Suppose Assumptions 5, 6, and 7 hold. Then for any
i,j € [n] suchthati# jand p_;<1,

(68) E,.; [ﬂ {Q_j - o}RS,j] =P, [Q_j - o] E[Rs;]-
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We focus on the uncorrelation lemma for the heterogeneous setting (Lemma 13), since it is
a strict generalization of Lemma 4. The proof of Lemma 13 is based on the following lemma:

LEMMA 19. Consider the modified GI/G I /n queue with heterogeneous servers. For any
J € [n], consider the residual service time process of the j-th server, {Rs j(t)}:>0, and assume
that it has non-lattice service times. Then for any € > 0, there exists a deterministic Ty > 0
such that for any t > Ty + Ry ;(0), we have

|E [Ry,;(t) | Rs,;(0)] —Ex|[Ry ;]| <€ wp. L.
PROOF OF LEMMA 19. We first consider the case when R;_;(0) =0, so Ry ;(?) is a pure
renewal process. Because the inter-event time S; of this renewal process is non-lattice (As-

sumption 6), we can invoke the Key Renewal Theorem [2, Theorem V.4.3]. Restated in our
setting, this theorem implies that

lim B[Ry (1) | Rs,;(0) = 0] =Ex[Ry,].
if we can show that z(t) = E [max(S =t 0)] is directly Riemann integrable and satisfies

(115) E[RAg,j(z)lR.v,,-(O):o]=z(r)+/0 E Ry, (t —u) | Ry, ;(0) = 0] F;(du),

where / - F;(du) denotes the integral with respect to u when u follows the distribution of S ;.

We first show that z(z) is directly Riemann integrable. By Proposition V.4.1 of [2], z(¢)
is directly Riemann integrable if it is non-increasing and Lebesgue integrable on [0, o).
Obviously, z(#) is non-increasing. Moreover, z(¢) is non-negative and its Lebesgue integral
can be bounded as

/0 Z(t)=/0 E[max(Sj—t,O)]dt

:E[./o max (S —t,O)dt]

1 2
= 5Es3]

1 max 2
< S (RT)?,

which is finite by Assumption 5 (or Assumption 1 in the homogeneous case).
Next, we show that z(z) satisfies (115). Recall that SJI. is the service time of the job that starts

service at time R, ;(0). We decompose E [RS, (1) | R, ;(0) = 0] based on whether § ; >1to
get the following:

E (R, (1) | Rs.;(0) =0] =E [Rs,j(z)ﬂ {s!>1) ‘ Ry (0) = 0] +E [Rs,j(r)n (s <1} ] R,.;(0) = o]
-E [max(s} 1, 0)] + /Ot E [RS,_,.(z) | R ;(0)=0,8} = u] F;(du)

=z(1) +‘/0 ]E[Rs,j(t—u) | RS,]'(O) :0] Fj(du).

The above arguments verify the assumptions of the Key Renewal Theorem. Therefore,
given R ;(0) =0, for any € > 0, there exists Ty > 0 such that for any ¢ > Tp,

(116) |E [Ry.;(t) | Rs.j(0) =0] —Ex[Rs ;]| <.
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In general, when Ry ;(0) # 0, R, ;(¢) is a delayed renewal process and we have
E[Rs,;(t+ Ry ;(0)) | R, ;(0)] =E[Rs,;(t) | Rs,;(0)=0] Vi>0.

Substituting the last equation into (116) finishes the proof. O
Now we are ready to prove Lemma 13.

PROOF OF LEMMA 13. By the definition of the Palm expectation E; ;[-], for arbitrary
T > 0, we have

Es,i[ﬂ{é_j -0 Rs,j]
- MjTE ZH{T{‘ <T.0_;(tk-) = o}RS,,.(Tf—)]

- S B [B[ 1t <70 (th-) = 0} Re () |0 Fao, (T |
k=1
(117)
= MI_T D.E [“ {Ti" <T.0-(1f-) = 0} B[R, (7f-) |7(0>,%,w, {ﬁ,m}#,-]]
k=1
(118)

=1

=
=
-

where (117) is because Tl.k and é_j (Tik—) are measurable with respect to o (7(0), Fa.c0s {ﬁ,m}g#) ;
V(-) is defined as

VO 2[Ry (1) | T(0), Faoor (Frsbenj]  VE20,

and (118) is due to the fact that ‘rik € Fi,. Note that because the process Ry (1) is conditionally
independent of Y (0) given « 7(0), we can simplify V (¢) into
(119) V(1) =E|[Rs;(t)]|a;(0)].
In later arguments, we will use the fact that
(120) V(D) =E[E[Ry.;(1) | Rs,;(0)] [ 2;(0)].
which is true because R (1) = R, ;(0) + Zi,vzjl(l) S§ —tand «;(0) = S?. — Ry, ;(0) are condi-
tionally independent given Ry ;(0).
Next, we bounds the difference between V(Tik—) and E, [R 5. j] for each k € Z5. Recall

that by Lemma 19, for any € > 0, there exists a deterministic 7y > 0 such that for any ¢ >
To + R;,;(0), we have

(121) [E[Rs,;(t) | Rs,;(0)] —Ex[Rs ;]| <€ wp. 1.

Let the random variable K€ £ min{k’ € Z>;: Tik'“ >To+ Ry, ;(0)}. Then by (120) and (121),
we have

(122) [V(tf-) —Ex[Rs ]| <€ ifk>K®+1.
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Moreover, we argue that
(123) E[K€] < uiTo + iBr Ry ;| + B [(1:8:)?] < oo.

To see this, recall that Ti’"“ = Z’g':o Sf —;(0) = Z'g;] Sf + R;,;(0), where Sf are i.i.d. for
¢ > 1. We can thus rewrite K€ = inf{k’ € Z5: Y5_, S¢ > Ty + R, ;(0) — R, :(0)}, which
shows that K € is a stopping time with respect to the discrete-time random walk (Z'g;l Sf):izl.
By Wald’s equation and Lorden’s inequality [54], we have

KE

¢
2.5
=1

< max(To + Ry, (0) = Ry,i(0),0) + 4B [ 53],

E[K€|Rs,;(0),Rs,:(0)| E[Si] =E

Rs,j(o)’ Rs,i(o)]

which implies (123) after rearranging the terms.
Now we can finish the proof utilizing (118), (122), and (123). First, by the definition of

Ps.; [é_j = 0], we have that for any 7' > 0,

P, ; [Q_j - 0] - ﬁE

i 1 {le <T, é_j(le—) = 0}]
k=1

Combing the last equality with the equality in (118), we get

Ey [n {Q“_,- = o}Rs,,-] ~P,, [é-j = 0] Ex [Rs,j]|

= ujT E ;Zf 1 {Tik <T.0-;(tf-) = 0} (V(Tik_) ~Ex [RS’-"]) ‘
< ,LleE kZ:‘f Wl <1} |V(Tik_) ~Ex [Rs’j]’ '

Fixing any € > 0, we break the infinite sum above into two parts based on K €:

E,.; [11 {Q__, = O}RS,_,] - Py [Q—j = 0] Ex[Rs./] |

1|45
(124) <—FE Zn{r{‘gT} V(=) = Ex[Rs,]|
Hi k=1
1 (o)
(125) +o7B| ) WA <THV( ) - Ea[Ry ]|
k=K€+1
DRMNE [K€ &
(126) Sw—[]J, ‘E Z 1{rf <1}
wiT A P

wiT
Here, to get (126), we bound the expectation in (124) using the argument that
|V(Tik—) -Ex [RS,]-” < V(Tik—) +E, [Rs,j] < ZR?IE}X a.s.

To get (127), we use the fact that E [Z;"zl T {‘rl.k < T}] = u;T. Now, because E [K€] < oo, and
T and € are arbitrary, first taking 7 — oo and then taking € — 0 in (127) finish the proof. O
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D.5. Proofs of some steady-state equalities and finiteness results. In this subsection,
we will prove several basic equalities about the residual times of the completion processes and
the idle probability of the queue (Lemmas 5 and 14). We will also prove that modified G/G/n
have finite mean queue lengths under the Palm distributions P, and Py ; (Lemmas 6 and 15).
All the results in this subsection are derived from BAR (Lemma 11), which we restate below
for ease of reference:

LEMMA 11 (Basic Adjoint Relationship for GI/GI/n with heterogeneous servers). Con-
sider the modified GI1/G1 [n system with heterogeneous servers. Suppose Assumptions 5, 6
and 7 hold, and the load p < 1. For any function f: X — R that is bounded, locally Lips-
chitz continuous, and partially differentiable from the right with respect to its first (n + 1)
coordinates, we have

60)  Ex[Af(X)]+ABa[f(X*) = f(XT)] + D uiBsi[F(X*) = F(XT)] =0,
i=1

where X,X*, X~ € X are random elements following the distributions specified in the ex-
pectation subscripts. Moreover, the Palm distributions P, and Ps ; satisfy the following with
probability 1:

() If (X*,X") ~Pg, then R, =0 and the coordinates of X* and X~ satisfy the relations:

(61) RI=R,+A
(62) 0 =0"+1
(63) Qt;=07;+1 VjelJ,

where A represents a generic interarrival time and is independent of X~; JS £ {j €
[n]: p—; < 1}; other coordinates of X* are identical to X~

(ii) For each i€ [n), if (X*,X™) ~ Py, then R_ ;=0 and the coordinates of X* and X~
satisfy the relations:

(64) R, =R, +5i
(65) 0* =0 -1{0" >0}
(66) 0t;=02,-1{07; >0} Vjer\(,

where S; represents a generic service time of the i-th server and is independent of X~;
other coordinates of X* are identical to X~ .

Now, we restate Lemma 5 and its generalization in the heterogeneous setting, Lemma 14.
We will directly prove Lemma 14.

LEMMA 5. Consider the modified G1/G1/n queue satisfying Assumptions 1 and 3, with
the load p < 1. For i, j € [n] such that i # j, we have

1
(30) B [Ryi] = SuE[S]
(31) Ex[Ra] = %A]E [A%]

(32) Es,i [Rs,j] + Es,j [Rs,i] = /JE [Sz]
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(33) Esi[Ra] +Eo|Rs ] = %pE [$7] + %A]E [A?]
(34) Py [Q=0]=1-p

1 ~ 1
(35) ;i;jps,i[Q—jZO]:l—p—; ifp<l-1/n.

LEMMA 14. Consider the modified GI/G1/n queue with heterogeneous servers. Suppose
Assumptions 5 and 7 hold, and the load p < 1. Then for any i, j € [n] such that i # j,

©9) Be[Ros] = B[]
(70) Ex[R.] = %AE [A%]
1 2 1 2
(71) Boil Rof] +Eoj [Roi] = B [$2] + 50,8 |82
(72) Eyi[Ral +Ea[Ry,] = %us,iE [S7] + %AE [4%]
(73) Ps[Q=0]=1-p
1 . .
(74) — 3 P[0 =0|=1-p-2L ifp <1
Hx 5% Hx

PROOF OF LEMMA 14. Proof of (69). For any truncation threshold « > 0, consider the
test function f(X) = (Rs; A )%, which is bounded, locally Lipschitz continuous, and has
right partial derivatives. Consequently, Basic Adjoint Relationship (60) implies that

—2E [Rs’ﬂ] {Rs,i < K}] + AES’,‘ [((Rs,i + S,) A K)Z - (RS’,' A K)z] =0.
Because R ; = 0 with probability 1 under the measure Py ;, rearranging the terms, we get
1
Ex|Rs,i1{Rs,; <«}] = FAE [(Si A k)?].

Observe that R, ; 1 {Rs,,- < K} and (S; A k)2 are both non-negative and non-decreasing in «, by
the monotone convergence theorem,

(128)  Ex[Ryi| = lim Ex[R1{R;; <«}] = lim %AE [(Si A K)?] = %AE [S7].

which implies (69).
Proof of (70). This proof is identical to the proof of (69) except that Ry ; is replaced by R,,.
Proof of (71). For any « > 0, we take the test function f(X) = (R, ; A k)(Ry,j A k) in (60):

-E, []] {Rs,i < K} (Rs,j A K) + ‘“{Rs,j < K}(Rs’i A K)]
+ B i [ (Si AK)(Ry,j A k) = 0] + ;B ;[ (S; AK)(Rs: Ak)—0] =0,

where in the second and third expectations we have used the facts that R, , = 0 with probability
1 under Py , for any ¢ € [n]. Because S; is independent of Ry ; under the measures Py ;, and
S is independent of R, ; under the measure Py ;, we get

Ex [T] {Rs,i < K}(Rs’j A K) + T]{Rs,j < K}(RS’,' A K)]
= ;B [S: A k] Es,i [Rs,j A K] + /.le [S] A K] Es,j [Rs,i A K] .
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Because H{Rs’,‘ < K}(Rs’j A K), H{Rs’j < K}(Rs’i A K), Si ANk, Sj A K, Rs,j A k, and Rei Nk
are all non-negative and non-decreasing in «, by the monotone convergence theorem, we have
the following after letting x — oo:

Ex|Rs,j + Rsi| = tiE [Si1 By.i[Rs,j| + 1B [S;] Es,j[Rs.i]-
Note that E [S;] = 1/u;, E [S j] = 1/u;, so the last equality simplifies into
(129) Ex|Rs,; + Rsi| =Esi[Rs,j] +Es,j[Rs.i]-

By (69), the left-hand side of (129) equals ;E[S?]/2 + u jE[sg] /2. This proves (71).

Proof of (72). For any « > 0, we take the test function f(X) = (Rs.; A k)(R4 A k) in (60). The
rest of the proof is identical to the proof of (71) except that Ry ; is replaced by R,,.

Proof of (73). For any integer « > 0, taking the test function f(X) = Q A « in (60) yields
AB,[(Q+ 1) Ak—Q Akl +pusE[(Q- D" Ak—0 Ak| =0,
=  AE,[1{O<k-1}] —usEs[1{0<Q <«}] =0.

Because each term in the expectations is bounded, letting x — oo and invoking the bounded
convergence theorem, we get

(130) A —usPs [0 >0]=0.
Rearranging the terms yield (34). _
Proof of (74). This proof is identical to the proof of (73) except that Q is replaced by Q_;. O

Next, we restate Lemma 6 and its generalization in the heterogeneous setting Lemma 15.
We will directly prove Lemma 15.

LEMMA 6. Consider the modified GI/GI/n system satisfying Assumptions 1 and 3, with
the load p < 1. Then we have E,[Q] < o0 and E ;[Q] < oo for all i € [n].

LEMMA 15. Consider the modified GI1/G I /n system with heterogeneous servers. Suppose
Assumptions 5 and 7 hold, and the load p < 1. Then we have E,[Q] < oo and E; ;[Q] < oo for
alli € [n].

PROOF OF LEMMA 15. For any positive integer «, we consider the test function f(X) =
(Q A k —2AR, A k)2, which is bounded, locally Lipschitz continuous, and has right partial
derivatives. Consequently, Basic Adjoint Relationship (60) implies that

(131)  0=E,[2(Q Ak —2AR, Ak) - 2AT{Ry < &})]
(132) +AEa[((Q+1)/\K—2AAAK)Z—(Q/\K)Z]

(133) +yzEs[((Q —1{Q>0}) Ak—2ARs AK)* = (Q Ak —2AR4 AK)|,

where to get the term in (132), we have used the fact that R, = 0 with probability 1 under P,,.
We first simplify the term in (132): substituting (Q + 1) Ak=Q Ak + 1{Q <k -1} and
rearranging the terms, we get

((Q+1)/\/(—2/\A/\/<)2—(Q/\K)2
=2(QAK) - (1{O <k =1} —2AA A k) + (1{Q <k — 1} —2AA A k).
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Because A is independent of Q under the measure P,, we have
Ea[((Q + 1) Ak-2AA A K= (Q /\K)z]
=2E,[(QAK)T{Q <k—1}] —4E,[QO A k]E[AA A k]
+E.[(1{Q <k =1} =2AA A k)?].

We then simplify the term in (133). Substituting (Q - 1{Q >0})) Ak=0 Ak—-1{0< Q0 <k}
and rearranging the terms, we get

8,|((Q-HQ > 0D) Ak —2AR, A k)’ = (Q Ak = 2R, AK)?]
=E;[-2(Q Ak =2AR, ANK)T{0< Q <k} + 1{0 < Q < «}]
=-2E;[(QAK)T{0<Q <k} +4E;[(AR, A)T{0<Q <k} +P; [0< QO <«k].
Substituting the above calculations back into (132) and (133), we get
0=E;[2(0 Ak=2AR, ANk) - RQAT{R, < k})]
+2AE,[(Q AK)T{Q < k = 1}] = 4AE,[Q A KIE [AA A k] + AB, [(T{Q < k — 1} = 2AA A k)]
—2psBs[(Q A ) T{0 < Q <k} +4usE[(ARa A k) T{0 < Q < k}] + psPs [0 < Q <«].
Moving the terms involving E,[Q A «] and E¢[Q A k] to the left-hand side, we get

(134)
—2AE.[(Q A K)T{Q < k — 1}] + 4AEL[Q A K]E[AA A k] + 2usEs [(Q A €)1{0 < Q < k}]

=E[2(Q Ak =2AR, A k) - (2AT{R, < k})] + AE, [(1{Q <k — 1} = 2AA A k)]
+4usEs[(AR, Ak)T1{0< Q <«k}] + uzPs [0< O < k]
<4AE;[Q] + AE [(2AA)?] + A + 4usE[AR,] + .

Note that each term in the last expression is finite. In particular, E,[Q] < co due to Assump-
tion 7, and Eg[AR,] < oo due to the following argument:

1 n
Eo[AR,] = — " wiByi[AR]
M2
A n
< Do Hi(EsilRal + Bal Rel)
=1

- #ﬁz Z;: El(wiE[s?]) + AR [47] )

< o0

>

where the last equality follows from (72) of Lemma 14. Rearranging the terms in (134) and
using the fact that 1{Q <k -1} <1, we get

AE,[O A K] (415 [AA A K] - 2) + 2usEs [(O A K)T{0< 0 < )]

(135) <4AE,[Q] + AE [(2AA)?] + A+ 4usE [AR,] + pis

< 00,
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Now we try to take x — oo in (135). Because lim, o E [AA A k] = AE [A] = 1, there exists
ko such that for all « > ko, we have E [AA A k] > 1/2 and 4E [AA A k] —2 > 0. Because Q A k
and (Q A «)1{0 < Q < «} are both non-negative and non-decreasing in «, by the monotone
convergence theorem and (135), we obtain

DAEL[Q] + 2415, [Q] = lim (AEL[Q A ] (4B[AA A k] =2) + 205 B, [(Q AK)1{0 < Q < x}])
(136) <4AE,[Q] + AE [(2AA)?]| + A+ 4usE[AR,] + pis

(137) < co.

Recall that Es[-] = X7, iEs.i[-]/ s, so (136) implies that E,[Q] < co and E; ;[Q] < oo for
all i € [n]. This completes the proof. m]
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